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POSITIVE REINFORCED GENERALIZED TIME-DEPENDENT
POLYA URNS VIA STOCHASTIC APPROXIMATION

WIOLETTA M. RUSZEL AND DEBLEENA THACKER

ABSTRACT. Consider a generalized time-dependent Pdlya urn process defined
as follows. Let d € N be the number of urns/colors. At each time n, we dis-
tribute oy, balls randomly to the d urns, proportionally to f, where f is a valid
reinforcement function. We consider a general class of positive reinforcement
functions R assuming some monotonicity and growth condition. The class R
includes convex functions and the classical case f(xz) = 2%, a > 1. The nov-
elty of the paper lies in extending stochastic approximation techniques to the
d-dimensional case and proving that eventually the process will fixate at some
random urn and the other urns will not receive any balls any more.

1. INTRODUCTION

The classical Pélya urn model with two urns (colors) to which balls are added
randomly was introduced by Eggenberger and Pélya in 1923, ﬂﬂ] Since then, man
generalizations and extensions of the classical model have been studied, see e.g. ﬂﬁ%
for a survey. One of the fundamental questions is how the composition of the urns
will look like and how it depends on the way balls are added as time goes to infinity.
There are numerous applications in economics, computer science and biology where
the model is better known as balls and bins model, @, @, B, E, |ﬂ, ] to mention
a few.

A popular generalization is the non-linear Pdlya wrn model or balls and bin
model with feedback. The probability of a new ball choosing a bin with x existing
balls is proportional to f(x) where f will be referred to as the feedback function,
[13]. A common choice of the feedback function is f(z) = 2%, o > 0.

For the original case a = 1 , it was proven in Nj}lthat the proportion of balls in
each bin converges to a beta-distributed random variable. In the positive feedback
regime o > 1, which is also referred to as preferential attachment, the authors in
ﬂﬁ] proved dominance, i.e. almost surely the proportion of each bin converges to a
{0, 1}-random variable. A stronger result which we call fization or monopoly was
proven by @] Fixation refers to the event that eventually one bin receives all but
a finite number of balls. The onset of the time of fixation (speed of convergence
towards the stationary distribution) in the positive feedback regime was studied
in M] In fact, the author in M] studies the onset of fixation for more general
feedback functions satisfying some growth conditions and being perturbations of
the canonical case z. In particular for that class of feedback function we have
that 3207 7757 < oo
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The negative feedback regime is characterized by a < 1, and in this case the
proportion of balls in the urns converges towards the uniform distribution on
{1,2,...,d} where d is the number of bins, [13]. A time-dependent version of
positively reinforced 2-urn models was studied in [25, 130] where at each time n, o,
balls (satisfying some growth condition) were randomly added to either one urn [25]
or independently to both [30]. In both cases there will be dominance. Depending
on some growth conditions of o, |30] demonstrates there might be no fixation.

Other generalizations include considering d urns or colors, d > 2 and more
general addition rules like addition generating matrices and convex resp. concave
feedback functions, [2,13, 21, [22]. The replacement matrix H = ((H;;));; models
the placement of H;; balls to urn j when urn ¢ is chosen. In |22] the authors prove
that if the feedback function is strictly concave and H bi-stochastic, then the urn
composition converges towards the uniform distribution (1/d,---,1/d). The lim-
iting distribution will not be uniform with probability one if f is convex. Finally
they prove in the same paper that for d = 2, f convex and H irreducible, the
limiting proportion converges towards the equilibrium points of the corresponding
mean-field function resulting from the stochastic approximation approach. A con-
cave feedback function, which includes the negative reinforcement regime, tends to
equalize the asymptotic distribution of the proportion of different colors, whereas
a convex f which includes the positive reinforcement regime tends to amplify the
effect of the generating matrix H. In [19], the author proves CLT type results
for the proportion vector of colors around the uniform distribution in the negative
reinforcement setting, when H is double-stochastic and f Lipschitz.

Urn models with infinitely many colors were treated in [, 16, [18]. In [6] the au-
thors introduce a class of balanced urn schemes with infinitely many colors indexed
by Z% where the replacement schemes are given by the transition matrices associ-
ated with bounded increment random walks. They show that the urn composition
of the n-th selected ball follows a Gaussian distribution. The authors in [23] gen-
eralized the possibly infinite space or urns to general Polish spaces and study the
asymptotic behaviour of these measure-valued Pélya urn processes. The author in
[18] generalizes results obtained in [6] and [23] and studies measure-valued Pélya
urn processes under stochastic replacement matrices H.

A simplistic model for the reinforcement of neural connections in the brain using
positive reinforced interacting Pélya urns was introduced in [16]. The urns/colors
represent the edges of a graph. Roughly speaking, one first chooses a random sub-
set of colours (independent of the past) from n colours of balls, and then positively
reinforce a colour from this subset. In [16] the stability of equilibria and exam-
ples of different graphs were studied. Interesting follow-up research on percolation
questions on different positively reinforced tree-like graphs and its application for
neuronal connections were studied in |15, [17].

In this article we consider a generalized time-dependent Pdélya urn model with d
urns, d € N. More precisely, at each time step, o, many balls are added randomly
to the d urns, f-proportionally to their weight with instantaneous replacement. We
will assume that

ZZ Uj—oo and (i Z(Zjl ><oo.

n=1
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Condition (i) ensures that o, > 1 for all n € N hence we keep on adding balls
throughout the whole time-evolution, whereas condition (ii) restricts the growth of
0y. Polynomial growth is allowed but not exponential growth, since it contradicts
(ii). This condition is necessary to ensure that the process, seen as a stochas-
tic approximation (SA) scheme is not subjected to a large noise term which will
hinder the process to converge. Both conditions appear naturally when using SA
techniques from the dynamical systems viewpoint, see e.g. 28] or [11, Section 1].
The class of reinforcement functions R (see Section 21T for its definition) is very
general and satisfies some natural continuity and monotony conditions. W.l.o.g.
we will evaluate f not on the number of balls in an urn but on the proportions.
Additionally, we assume that

zf'(x)

zc0.) f(z)

o= > 1. (1)
Note that if f is convex or of the type f(z) = 2%, « > 1 then () is necessarily
satisfied but the converse is not necessarily true. A similar condition can be found
in 22, 124], in |22] the authors assume additionally that f is convex and H irre-
ducible. Our case is not covered in [22], since taking H to be the identity matrix
is not irreducible. We will prove in Theorems [I] and ] that there is dominance
and fixation for this class of general reinforcement functions R and generalized urn
model. Extending ideas from [30] we will prove that infinitely often the process will
move away from non-trivial equilibrium points. Using SA techniques, [7,19, [10] and
coupling the process to an appropriate ODE we will prove that the only possible
stationary points of the process are the extremal points of the simplex [0, 1]¢. In
fact, condition (IJ) ensures that the Jacobian of the ODE at all non-trivial points
will have positive eigenvalues. This will imply that the dynamical system is not
stable around non-trivial points. The novelty of the paper lies in proving dominance
in this general setting where we consider d urns, d > 2, f not necessarily convex,
and the addition of balls o,, is variable. We extend SA techniques to this setting.
To the best of our knowledge, SA techniques in the positive reinforcement regime
were only applied to d = 2 case in the literature, e.g. [22].

1.1. Outline of the paper. The structure of the manuscript is as follows. In
Section 2l we introduce the model and assumptions on the class reinforcement func-
tions f. The results are presented in Section [B] whereas Section [ is devoted to
their proofs. Finally, in the Appendix [Al we introduce stochastic approximation
techniques and relevant results.

2. MODEL AND DEFINITIONS

2.1. Model. We assume that all random variables are defined on the same proba-
bility space (€, F,P). We consider the following generalization of Pélya urn scheme
where colors are indexed by a non-empty finite set S := {1,2,...,d}, d € N. For
n € N we denote the composition of the urn at time n by U, := {U, ;},cs, where
U,,; is the "weight” of the j—th color at time n.

We start with a non-trivial initial composition Uy, a given non-negative rein-
forcement function f and a sequence of positive integers (0,,),,~,. At every discrete
time point (n 4 1), g,,41 balls or colors are added f- proportional to their weight,
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with instantaneous replacement. That is, given Uy, Uy, ..., Uy, (XZ-("H))
1Si§0'n+1

are i.i.d. random vectors, such that

P (X" = ¢, | Uy, Un,... Uy :M, (2)
i J d
Zkzl f(en,k)
where ¢;, 1 < j < d is the unit vector corresponding to the canonical basis in
R? and 0, = (0n1);cpey is defined by 6, = b
the proportion of balls of color k at time n. The urn composition is then updated

ST In other words, 0, is
i= n,
according to the following rule:

On+41
U1 = Un + > XY, (3)
i=1
In words, at time (n+1) if the j-th color is selected at the i-th trial for 1 < i < g,,41,
then we add a single ball of the same color to the urn.
Let us denote by 7, the total number of balls at time n. Observe that

n+1 d n—1
Tn = HUn”l =70+ Z 0; = ZUO)]‘ + Z aj,
Jj=1 Jj=1 j=0
where | - || is the ¢!(N%)-norm. Using this notation, #,, = 2= and 6, € {y €

REN {0} v =1}
Definition 2.1. We call the event & dominance if
9 ={Fie{l,--,d} st. lim (0n1, - Ona) =e;} (4)
n—oo

where e; is the i-th coordinate vector in R,

Dominance means that eventually the proportion of different colors in the urn
becomes trivial, except for a single color.

Definition 2.2. We say the urn model (Un)nZO fizates if almost surely,
F={3IN>landie{l,---,d}st. foralln> N, Uyy1;,=U,; +0n+1}. ()

It is important to note here that if the process fixates at some color J out of
{1,---d} (which is random), then all other colors stop growing after the random
time of fixation. It is also clear that if the process fixates, it implies that there is
almost surely dominance. The converse is not always true, (see [30] for examples).

2.1.1. Class of reinforcement functions R. For the purpose of this paper, we will
assume that f:[0,1] — R satisfies

(A) f is a strictly non-decreasing and continuous, such that f(0) = 0 and

f(1)=1.
(B) f € C1((0,1)) and the semi-derivatives lim,_,o+ f'(z) and lim,_,,- f’(z)
exist.
(©)
aim it @ (6)

z€(0,1) f(x)



POSITIVE REINFORCED GENERALIZED TIME-DEPENDENT POLYA URNS 5

The assumption (A) that f is non-decreasing, and f(0) = 0 and f(1) =1ia a
natural assumption that ensures that ”the higher the proportion of a color, more
likely it is to be chosen”. The assumption (B) is for technical purposes. Let R be
the class of all functions that satisfy (A), (B) and (C).

Examples are:

() f(2) = 2%, a>1

(i) f(z) = 2% e 2t >0
A classical example of such a function is example (i). From assumption (C), it
may seem that for all f € R, f has to be is convex. However, this is not the case
as we will show in the following counterexample. Let ¢ > 0 and consider example
(ii) Then f satisfies trivially assumptions (A) and (B). For the third assumption
(C), note that

fl(x) = (2+€—z)a!Tee ot

so that inf,c (1) % =14 € > 1. This function is not convex, indeed

(@) = (@ =22+ o + (L+ ) ())a‘e !

and we see easily see that for e small, e.g. € = 0.1, the second derivative is changing
sign for z € (0,1).

Lemma 2.3. Let f € R. Then
(i) f is Lipschitz on (0,1).
(i)

tim 19 _ f(0) > 0,

z—0t T

is well-defined.

(iii) The map x f@) increasing for all x € (0,1).

X

(iv) For all x € [0,1] we have that f(x) < x, where « is defined in (6.

Proof. (i) follows immediately from assumption (B). For (ii), observe that f’(0)
exists finitely is a part of the assumption (B), and f/(0) > 0 follows from assump-
tion (A). The statement (iii) follows from the observation that derivative of @
is given by

o)~ @)
x? -

from assumption (C). Finally (iv) follows from (C) and

log (%) = /: d(log f(t)) = alog <é>

for x € (0,1) and « was defined in ({G]). O

A major disadvantage of the class of functions R is that it does not include
functions that decay exponentially, for example f(z) = ﬁ(az —1) for a > 0, as
it fails to satisfy (C) (a = 1 instead of o > 1). It is clear that Theorem [ should
hold even for exponentially decaying functions, since similar result is shown in [20],
where 0, = 1. However, we could not apply the general stochastic approximation

techniques for exponentially growing functions and for a general sequence (0y,),,-
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2.1.2. Connections to Stochastic Approximation Theory. In this section, we will
connect the proportion vector (6,),~, to a standard form of recursive equations
of the stochastic approximations (SA) method, see e.g. [9-11]. One of the most
general forms of the recursion equation associated with SA is of the form

Yor1 = Yo + g1 [H (Yo, Zo) +70s1], Yo €RY, 020, (7)
where (v,),,~ is the sequence of step sizes, (Z,),,~ is a sequence of i.i.d. random
vectors and (7,),,~, is the sequence of ”error” or remainder terms and H : R x

R? — R? is measurable function.
A general practice is to re-write the above equation () in the following form

Yor1 =Y, + 7 [E [H (Ym Zﬂ) |Y07 ATRRRE Zﬂ] + AMH-H + Tﬂ+1] ) (8)
where AM,,+1 = H(Y,,Z,) —E[H (Y,,Z,) |Yo, Z1,. .., Zn].

The advantage of such a representation is that under suitable conditions on H
and (Z,),,, one can relate the asymptotic properties of Y;, to the zeros of the mean
field function, which we will define and discuss in details for our model.

Recall our basic recursive equation ([B). We can re-write this equation as follows

On+41
B[$ e

=1

9n+1 =0, +

— Opy10n + AMnJﬂ] ) (9)
Tn+1

where F,, is the sigma algebra generated by Uy, U;....,U,, and

On+41
Yo x ’]—"n] . (10)

i=1

On41
AMH+1 = Z Xi(’ll'i‘l) _ ]E
i=1
Let us define the function fy : R* — R? as follows y — (f(y1), f(42),-- -, f(ya))
for any vector y = (y1,¥y2,.-.,Yd) € R% and f € R. It is easy to see that

fﬁ(en)

On+1

(n+1) o
Xi = On+1 .
; FZICOIE

An immediate consequence of the construction is the following corollary.

E

Fn

Corollary 2.4. Given F,, the d-dimensional random vector > ;"' Xi("-H) fol-

lows a Multinomial distribution with parameters (0n+1, %), i.e. forx =
(w1, ,2q) € N? such that 2?21 Ti = Onyt,

Intl | z1 g
(n+1) . On+41- f(on,l) f(en,d)

P X"t — g = .

<¥ : ) ol [fa@ll Tfaa)ll

Re-writing (@), we have

i Tot1 [“ M@l T o
— g, 4 [h<9n> i ! AMW] , (1)
Tn+1 On+1

where we define h : RY \ {0} — R% by y — (Hj'fdd((j;l))”l - y) This function A is

well-defined as f is strictly non-decreasing and f(0) = 0. h will be the mean field
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function, and we later see the relations of h to the limit points of the sequence
(0n),>o- Comparing (1) with (&), we observe that it is not exactly in the form
of the standard recursive equation as in practice in SA, due to the presence of
the coefficient ﬁwhieh is multiplied with the martingale difference AM,, ;. We
present all necessary results related to SA required for this paper in the Appendix

Al

3. RESULTS
In this section we will present our main results.

Theorem 1. Suppose that (0r),> s as in [[I)). Assume the following conditions:

(i) Let (0n),>, be such that 3>, -, 2= =00 and ), -, (%)2 s
(i) f e R,
then we have that
P(2) =1,
where 9 was defined in Definition [21.

Theorem 2. Under the assumptions of Theorem [ we have that
P(F) =1, (12)
where & was defined in Definition [Z2

Remark 3.1. Ideally, Theorem [Il should be stated as a corollary of Theorem
However, we state the theorems in reverse order. This is because, we will prove
Theorem [2] using Theorem [II

4. PROOFS

The proof of Theorem [l will be divided into four parts. The first Lemma [4.]]
will identify equilibrium points for the mean-field function h. The equilibrium set
of a function h is the set

E(h) ={y € [0,1]* : h(y) = 0},
We call trivial equilibrium points the standard orthonormal basis of R, {e1, ...y ed}
Lemma will ensure that the process (6,)n>0 converges and the possible limit
points are given by the equilibrium points of the mean-field function h. Proposition
[43] will show that almost surely the process will infinitely often move away by a

small enough distance from the non-trivial equilibrium points. Finally Lemma
will conclude that the only possible limit points are the trivial equilibrium points.

Lemma 4.1. Let f € R. Then the equilibrium set is equal to

1
5(h)—{y€V:yj—d_—|I|f0rj€ICandyl-—()forief}, (13)
where I = {i € {1,...,d} : y; = 0}.

Proof. To find the equilibrium points of h, we need to find all solutions y € {y €
R\ {0} : Ele y; = 1} for the set of self-consistency equations given by

_ ) fya)
NS TR YT Tl (14)
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Since y € {y € R‘i \ {0} : Zle y; = 1}, it follows immediately that there exists
some 4, such that y; > 0, and thus || f4(y)|l1 > 0. It is clear that the unit coordinate
vectors e; for 1 <4 < d are equilibrium points by assumption (A).

So let us assume that yi, ..., yx # 0 for some 2 < k < d. Observe that to prove
(@), it is enough to show y; = yo = ... =y = % The previous set of equations
(@) can be written as

(y1) f

Wallh = 292 = L9 (15)
Yk

and f(y;) =0 for all (k+ 1) <i < d by assumption (A). W.l.o.g., we may assume

that y; > y2. Then by Lemma (iii), we know that % > %, which is a

contradiction to ([H]). This shows that y; = yo, and in particular, y; = y2 = ... = yi

~
<
=

and also y; = yo = ... =y = 7, since Ele yi = 1.
O

Note that the statement of Lemma A1 is similar to Proposition 2.4 from [22].
They prove the statement under the assumption that f is concave or convex, which
we do not need here. The following lemma is a consequence of Corollary from
the appendix and Lemma (.11

Lemma 4.2. Let (0,,)n>0 be a stochastic process defined by the recursion

. 1
Opi1 = On + 2L | 0(6,) + AM, 1
Tn+1 On+1

Then
6, L5 9

as m — oo, where 6* € E(h).

The following proposition is actually a stronger version of Proposition 4.1 of [30],
where we show that for any 1 < k < d, e = %(61 +eg+ ...+ eg) is likely to be
unstable. The case d = 2 is covered in Proposition 4.1 of [30], so we extend this to
d> 3.

Proposition 4.3. Let (0y,),, and (7,),, be as in the assumptions of Theorem [Il For
any e = %(el +es+...+e), where 1 < k < d, there exists d,, > 0, such that

(i)

nl;lgo dn, =0, (16)
(i)
6" n
PPRAEE IR (17)
n>1 Tn+1

(iii) For any such sequence (dy),,>
P ((Hn,l, 97,)2 ceey 9n7d_1, en,d) S Bg(e, 571) 10) =1, (18)
where for a € R? and 7 > 0, Ba(a,7) := {z € R?: ||z — a2 < r}.

Remark 4.4. By symmetry, it is clear from the above Proposition that any
e # e;, for 1 <i < d is likely to be unstable as an equilibrium point and therefore,
the only possibility is that §,, — e; almost surely as n — oo, for some 1 <17 < d.
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Proof. (1)4(ii): Recall that by our choice, we have chosen (o), and (7,)n, such
2
that, >, 2= = oo and Y, 7% < oo, therefore there always exists d,, that satisfies

5n0'n+1 n0'n+1
2721 i Tony < 00, which unphes that En21 L <00 88 Tl = Tn + Ondl

We can simply choose 0 < 4,, < . It is immediately clear that lim,, o 0, =
0.
(iii): For e = 1(e1 +e2+... +ey), where 1 < k < d, define

Hum(e) :={(0n1,0n2--.,0n,d-1,0n,4) € Bale,d,) for all n > m}.

On41
Tn+20n41

Since H.y,(e) is non-increasing, therefore it is enough to show that

lim P(Hm(e)) =0

m—r oo

to show (I8).

Recall that from (3), we have

Tnen,l + Bn+1,1
9n+1,1 -
Tn+1

where given F,,, Bp41,1 follows Bin(on41, ¥(0,,1)), ¥ is short for

f(Iz)
U(z;) = (19)
[Ifa(@)Il”
and z = (x1, - ,x4) € R‘i, f € R. Re-write the above equation as
7'nen,l + O'nJrl\IJ(en,l) + en\/o'nJrl\IJ(en,l)(l - \I/(on,l))
Ons11 = — , (20)
n+

_ Bni1,1—0nt1%(0n,1) . d d L.
where €, = o ToyTE Ty Let Uy :R* = R* by y — (U(y1),---, U(ya)).

By Taylor’s theorem, we have for any = € {y € R% \ {0} : Z'Z:l y; =1}

<OV a(Es .
E: ! @)

where &, lies on the straight line joining z and e = (é1,62...,é84) € E(h), since
U(6,,1) = é1. Re-writing (20), using the Taylor expansion, we get

d—1
~ Tn ~ On+1 8\11(1(50 ) ~
0, — €1 = On1— "= (O, — €
+1,1 — €1 — (On,1 —€1) + P ; o, (On,i — €:)
O © (0 ) (1 = T(B, 1)) 29
e fon W) (1= ¥ 0n). (22)

9n+1,1 - é1 - ’{n(on) (on,l - él) + Qn(en) +

Tn+1
(23)
where k,(6,) = (% + —::ﬂ 78@55519")), and
d—1
Tnt1 x— IWVa(&o, ) .
n(ln) = "2 (0n.s — €;). 24
Quip) = 2Ly Tl ) (24)

1=2
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Re-iterating the above equation, we obtain

n—1
1 —é1 = #;(07) | Om1 — &1+
1 1 31:_’[” L ]Z"L (Hl mkl(el))
n—1 n—1 1 \/Uj-i-llll(ejl)(l —‘I’(ng))
+ Kj(ej) - €; 2 ,
jll J;n ( i kl(el)) Tit1

By continuity of the partial derivatives of U4, for z € By_1(e, d,,) for all n (large
OV,(€x) _ OTq4(e)

Q;(0;)

enough), we have
Step I: In this step we analyse the asymptotic behavior of H?:l k1(6;). Observe

that at an equilibrium point e = (€1,...,€&4)
OWale) _ f'(é1) CfE@) @) - fd-éa—é—...—éa1))
dz1 f(é1) +... + f(éa) (f(E1) 4 ...+ f(Eq))?
Therefore,
oW (e) a(ér), if &1 = éa,
0z - afé )_w ifée, =0 (25)
A VICR IR TCR L a=

From Assumption (C), (I3 and the observation that f/'(0) > 0, we have
OU4(e) {: alér) > 1, if &) = éq,

26
85171 > (1—61)0[(51), if éd:O, ( )

where a(z) 1= z{gg) and f € R. Therefore, on Hp, we obtain for e = 1 (e1 + ez +
ot ek)

Tn On+41 u ~ . B
Ko (0) = 4 T + 78 (Fralé) +0(6,)), ifl<k<(d-1),
(€1) + O(dn)) if k= d.

Tn On+1 (
Tn+1 Tn+1

Writing mp, n—1(k) := Hﬂ_l (M)

J=m Tj+1
n—1 n—1 0(6)0
k:(05) = Tmmi(k 1+J7J+1),
T o) = mmea@ TT (14 207t
where 8 = k—;la(él), ifl<k<d-1,and B = a(é;) for k =d.
n—1 n—1
I1 (1+¢) — exp ZM
Pl Tj + Broj+1 = Ti T Beoin

Since1 > (1—+) > 4 and a(&;) > 1, by our choice of §;, in (IT7), >
Hence, for all m large enough

n]:[l (1 + %> = (14 o(1)).

7j + Broji1

—_— 0.
J Ty+ﬁkgg+1 <

Jj=m

Therefore, for all m large enough and on H,,, we have

1:[ Kj(05) = Tm,n—1(k)(1 + o(1)). (27)
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Step II: In this step we analyse the sum over Q;(6;), where @Q); was defined in (24]).
From our Assumption (B), for 2 < i < k, we have a%d—w(f’”) = a‘giie) + O(0y) is
bounded for all n > m.

On H,p,
o
Q;(0;) = O(5;) =L, (28)
Tj+1
Recall that in Step I we proved that H_lj:m kj(0;) = mmi(k)(1 4+ o(1)), where
moa(k) =TT, (22 ).
Case i: When k£ =d,
1

Tm,1(k) = exp Z log (1 + (a(é1) — 1)%) — 00,
Jj=m+1 Tit+1

as | — oo since a(é1) > 1 and Y, Z = oco. Therefore,
J

l

)Qj( (1+o0(1 Z exp | — Z (a(ér) — 1)@ Jitt ——=0(4;) < o0,

M |

j=m—+1 T+t | Tt

= ( <el>
by our choice of §;.
Case ii: When1 < k < d—1. mpn (k) = exp (ZJ s log (1 + (ELa(é) — 1)‘;5_:11)) -
exp (Z§:m+1(k%1a(él) — 1)@) o(1) by the assumptions of Theorem [

If a(éy) > k 7, then it follows similar to Case i, that

n—1 1
—( T kl(9z)) Q;(05)

!
(1+o0(1 Zexp - Z (%a(éﬂ—l)w UJ—HO(&)

j=m+1 Ti+1 | Tj+1

Il
3

If a(é1) < #£, then because of our choice of §; for all m,n (large enough)

n—1 n—1
1

1:[ ki (05) ]

j=m j=m (Hf:m kl@l)) @)

n—1 —
= H ki(0) | Q5(6;) (29)
j=m \Il=j+1
s k—1 oy o
- 1 +1
(14+0(1 Zexp Z (Ta( )—1) ler_l O(9; )7_;:1 <€,

I=j+1

since £ta(ér) < 1, Y, ZH = 0o and Y, ;2 < oo,

J Tit1 Tit+1
Step 3: In this step we will explore the last part of the summand in
Zr} 1 1 E_\/<7j+1‘1‘(9]‘,1)(1*“1’(91',1))
J=m (TI]_,, ki (6:)) 7 Tit+1 '
Proposition 4.1 in [30], so we present only those details that are crucial and slightly

The argument is similar to that of
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different from those in [30]. From Step 1, and ¥(6;1) = 1 + O(J;), we get for
appropriate constants cy,

it1P(0;1)(1 — (b, j
1 5 Vo419 (0;1)( 051)) _ (cx + of1))e; YT
(IT_, k(0)) it T T

We know that if X ~ Bin(n,p), then
4 X-mnp — (1. £ 2\ 2 _t 12
e oo (12 )] = (1= 540 ()" —ew (-5 +0(2)), v
[t| < 0 for some ¢ > 0. Therefore,
E F r @ r
exp (ite; i1 =exp| ——= + ,
exp its) | F5a] = exp (= +0 (=)

since given F;_1, €; ~ Bin(oj, ¥(0;j—1,1)). And hence, we have by tower-property

n—1 n—1 —t2 t3
E lexp [ it €; ‘}'ml = exp —+0 < )
j;n j;n 2 v Tj+1

Hence, we can write

i ol 2 8\ =L
E |exp Z € | [Fm—1| =exp | -5 +0O ( 3 ) 3 J% , (30)
mn 2 Hinn /= Tm,i Ti41

n—1 T+l
where =y z .
/Lm,n Z‘]fm 7772n,j7—j+1
. -1 j
For e = é(el +es 4 ...+ eq), it follows that #31 Z?:m ﬁaajffe — 0 as
m,mn m,j j+1
m,n — oo.

When e = %(el +e+...4+e) for 1 <k <d-1, and sup,, o, = 00, exactly
same argument as in [30] gives us #31 Z?;}l —— — 0 as m,n — oo,
m.n i Tik

For e = %(el +ex+...+e) forl <k <d-1, and sup,, o, < 0o, we observe
that if (&) > £ then similar argument as in [30] works.

Therefore, the only case we need to discuss in details is for e = %(el +ea+...teg)
for 1 <k <d-—1, and sup,, o, < 00, and o < k—fl
It is easy to see that

n—1

k—1 j
g <—a—1+(’)(5j)) i+l — 0, as m,n — o0, (31)
. k Tj+1
j=m+1 Jt+

n—1
H kj(0;) =exp | —
j=m

since limy, o0 0 = 0, and 3 Z = 0.
J

it n—1 n—1 GFm)
E |exp T Z H ki(61) ] €5 J }]-'ml
m,n—1 j=m \i=j+1 Tj4+1
3
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1
2 =
where Ty o= | S0 (TS ma(0)) %2

Ti+1
Since sup,, o, < 00, j < 7; < C7j for suitable constant C' > 0. From (BI]), we get
2

n—1 n—1 n—1
ST wen) =00y i2 = <% - %) (33)

j=m l=j+1 .7+1 ':m

By similar arguments,

3
n—1 n—1 n—

S IT meen | % =0 ig = (% _ %) (34)

j=m \Il=j+1 jt+l j=m

—

Therefore, as m — oo,
3

n—1
1 Oj+1 1
Iil 91 J =0(1)— 0. 35
> 1 5o =0 — (35)

F3

o=l j=m \1=j+1
For this case, choose the subsequence n,, = 2m and choose ¢,, = O(l)ﬁ, for
some § > 0. Finally from all previous observations,
P(Hm(e)) <P ((Tpn, N € [—0n,,,0n,]) — 0 as m — oo, (36)
since Fi =0(1)-5 — 0 as m — oo. O

Proposition 4.5. Let (0y)n>0 be the process defined recursively in ([I]). Then
0, =5 e,
as n — oo where e* € {eq, ..., eq} are the trivial equilibrium points.

The proof of this proposition is similar to parts of Theorem 1.2. from [30] adapted
appropriately for the class of reinforcement functions R, the main difference is in
the final argument leading upto the conclusion. We present all details for the sake
of completeness.

Proof. For each n € N and i € {1, ...,d} we have that

neni Bn A
9n+l,i — Tv—’——"'l’ (37)
Tn+1

where B,,; ~ Bin (op, Y (0,,)) given F,, where ¥ was defined in (I9). We can
express the system of equations for i € {1, ...,d} by

On 1
Ony1,i = On,i + — ((‘I’(ew') — i) + (Bn+1 — Un+1‘1’(9n,i))>
Tn+1 On+1 (38)
Bn 1 Un \I] eni n
=0, + +1, oni1¥( , ) _ Ontl (em _ 111(9,”-))
Tn+1 Tn+1
For every n > 0, we have by the above recursive relations that
Ontni = Oni+ Mni(n) = Rni(n) (39)

where

n-+n
B‘J' - o»\11(9<_171-)
M) =y B ol
j=n+1 J
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fort=1,...,d and

n+n
o
Roi() =) (0510 = W(05-1,0)).
j=n+1 7

Then the vector M, (n) = (Mp1(n),..., Mn.a(n)) is a martingale w.r.t. (Fpiy)n,
since E[Bpy1, | Fn] = 0nt1¥(0n,i). Note that up to now, we did not use the
specific definition of 7, which we will define later. For simplicity of notation, we
write My, ; instead of M, ;(n). Let us show that the martingale is bounded in
L?(R%). Note that we can write

Bn+ i — O \11(9 — )
n,1 n+n n+n—1,3
fwn,i - n—1,3

Tn_;,_»,]
and further estimate
E((My, My)|Fy) ZE Fn)
Bn i Un v 971 —1,2 2
—ZIE ne1.i) )+]E<< 403 = Ot By 1’)) }',7>
TnJr?]

d
Bn 1 Un \Ilen —1,7
12) E 4,0 — OV (Ongy—1,i) M,
TnJr?]

)

= Y B0 15) + 2B (o ¥ty 1)(1 = U0riy-1,0)| 7,
()

Since 0p4y U (Onin—1,)(1 — ¥(0nin-1,)) < onty and by recursivity we can esti-
mate

n+n
E((M, M)|Fy) <d > 2.
J=n+1 J
n+n ) n+n o 0 T © 1
Y %= Z/ —dz < / —de:/ —dr=—, (41
T T x T
e R N e j=n+1 7T ™ "
so that M,, is bounded in L?(R9):
d
E(E({Mn, M)|Fy)) = E((Mpn, Mn)) < — (42)
U

which implies that M,, converges almost surely and in L*(RY) to some M., €
L2(R9).

Observe that there exists a sequence (6,),~, (see Lemma 5.1 from [30]), such
that, it satisfies (i) and (ii) from Proposition 23] and

For any € > 0, choose N7 > 0, such that, for all n > N;

ON 4d
P M,1(Ny) > L)< — <e. 43
( 1(N1) > 2)_512\/17N1_6 (43)
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By Proposition 3] for d,, as in {@3]) W.l.o.g., we may assume that P(N2 < c0) >
0, where N5 := inf {n 10n1 < % — 5n}. Choose n = max{Ny, Na}. Henceforth, we
will work with M, 1(n) and R, 1(n) for this choice of n. As before, we write M, 1
and R, ; for notational simplicity.

Lemma [£.2] yields that 6,, — 6* as n — oo, hence together with M,, — M, a.s.,
we deduce that R, has to converge as well. It remains to show that 6* # e where
e=4(e1+...+e) and 2 < k < d. Assume that 0 = e. Recall that ¥(0}) = 1
for 1 < i <k, and ¥(07) = 0 for all other 7. Since W (-) is continuous, and E(h)

fo

consists of isolated points, either ¥ (z) < x for all z € (k%rl, 1) and z < ¥ (z) for
allz € (1, 27) or ¥ (2) >z forallz € (k+r1’ $)and z > U (z) for all z € (4, 17).

W.lo.g., we may assume that ¥ (z) < z for all z € (k+r17 ).

On the event E,, := {9,,71 < % — 5n}ﬁ{Mn71(n) < %}, we have 0, 1 =¥ (6,,1) >0

and from @3) P(E,) > 0 . Now let show by induction that on E,, 0,1 < 4+ — %
for n > n. The base step of the induction for n = 7 is obvious. Let us assume
that 6,-11 < & — %, which implies that R,1 > 0 and ;1 — ¥(6;1) > 0 for
n < j <n—1. Therefore,

oy 1 6y

2 % 2

Therefore, on E,, we have 6,1 — ¥(0,,1) > 0 for all n > n and 0 < lim,, 00 Rn1 <

oo. But this is a contradiction, since on E,

1
en,l < 977,1 + Mn,l S E - 577 +

)
lim R, 1= lim (0,1 + Mp1—6p1) < ——L (44)
n— oo

n—oo 2

O

Our proof for Theorem [2is simpler than the proof of Proposition 7.1 from [30].
2
This is due to the assumption (”—”) < 00.

Proof of Theorem[d. From Theorem [I we know that
P(D) =1.

By symmetry, W.l.o.g. we may assume 6,7 — 0 as n — co. To prove (2,
it is enough to show that conditioned on the event 6,1 — 0 as n — oo, if
sup,,>1 Un,1 = 00, then we get a contradiction.

Let us assume that sup,;~; U,1 = oo. Since U, ; is non-decreasing, it follows
Up1 — 00, as n — oo. B

W.lo.g. we may assume that for some m, n(large enough), U; 411 — U; 1 > 0 for
n < i < m. For some C' > 0 by assumption (C),

" . — U Um,1
ZMZ/ LI (45)
i=n Ula Un T Uv?,;

Recall that we know from the (8]
UnJrl,l - Un,l + BnJrl,l;

where B,,41,1 follows Bin(on41, U(0,,1)).
Let us re-write the above equation as

Un—i—l,l = Un,l + 0n+1\11(9n,1) + 6n\/0'714-1\1](971,1)(1 - \Il(en,l))a (46)
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Brt1,1=0n41¥(0n1)
Vo1 9 (0n,1) (1= (0n,1))

Since 1 + 22 + ... + x4 = 1, and f is non-decreasing, we have Zle flxy) >
f(%) =:C;", which implies that

where €, =

¥(z) < Caf(x). (47)

By the estimate from Lemma [Z3] (iv) applied to (@), we get

Un+1,l S Un,l + CdUn-i-le?;l + 6n\/0'714-1\1](971,1)(1 - \11(911,1))

Uni11 — U On+t1 1
Ini11 = Un1 o o e )T U0, ) (1 — BB, 1) 48

e S G e oan V)L - V) (49)

Thus,

> UfL ’L K3
3 “(}a L < ¢, Z"“ Z \/am\p (L= U(0:1).  (49)
i=n i>n Ti i>n 17

Combining this with (@5), we get

aC Z L. Z UCY \/0i+1‘1’(9i,1)(1 = (0i1))- (50)

U”J i>n l i>n b1

We obtain using arguments similar to (£IJ), for some suitable constant C’ > 0,

Yo [ Sa-o
T T, T

i>n ) n n

Using the above bound in (B0]), we obtain where C,C’ > 0 are suitable constants
that may change accordingly

C
W < Z 1 \/Uz-i-l\l’ 11 1_\1’(9 ))
n,l

i>n Z

C

IN

01937 Uoc 1 Z U \/O'Z-Jrl\I/(eiJ)(l — \11(9171)) (51)

i>n i1

Let us denote by

—ue YL U eir/o11 0 (0:1)(1— W(6:1). (52)

i>n 6l

Using (@17) and f(z) < 2, we get for some C’' >0

1
T, < C'UeT! i1 — (1 — (6, 1)).
<Cus' Yy Tit1 — ( (0:,1))

i>n Uil C
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. . .. U,
Since U, 1 is non-decreasing in n, we have U_’ll < 1. Therefore, from the above
, .

equation, we get

Ol

€ UZ+1 o, (1—\11(9 1))

Ty

z>n

J—Z Oi+1 ( . ) (1= W(0:1))

< cmEey s (3) o

where we have used (1 — ¥(6;1)) <1, and U, 1 < 7.
It is easy to see that

On41
Un+1 Tn+1
T - 1— On41 ° (54)
n T4l

2
Observe that by our assumption Zn>1 i—g < 00, we have lim,,_,~ ‘;—: = 0 and
hence, from (B4)) we have 2 — 0, as n — oc.
Therefore, for all n(large enough) we obtain
i—1
- = I
Tn X Tj
j=n

i—1
— 1 4+ UJ+1
. Tj

Jj=n

—

= (1+o0(1)"", foralli>n. (55)

Therefore, using the above inequality and a > 1,

o1 a—1
(%) —z(m) e

i>1

Similar to ([@2), it can be easily shown (N Y€

L?(R) bounded martingale, and we have for some C' > 0

supE [N2] < OZ ( >a1 < 00, (57)

n>1 i—1

where we have used (B3) and 25 — 0, as n — oc.
Since N,, is an L?(R) bounded, N,, converges almost surely and in L?(R). This

Ti Ti

a—1
implies that <El>n €4 ) Tt (T—") < 00, almost surely.

Therefore, since we assumed that U, ; — 0o as n — 0o, we get
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From (&1I), we get on the event {6, — 0},
C<COT + T, — 0, asn — oo,

which is a contradiction since C > 0. O

APPENDIX A. STOCHASTIC APPROXIMATION

In this section we will introduce relevant quantities and results for the stochastic
approximation techniques which are relevant for our model. We will use notation
from [7, [10]. Define the following recursive scheme on a filtered probability space
(, F, (Fn)n>0,P) with values in a compact set I' C R%:

n 1
9n+1 =0n + Tnil h(en) +
Tn+1 On+1

AM, 11|, (59)

where (22),>0 is a positive sequence of numbers, h : I' — R? is a continuous
>

function, (AM,)n>0 a (Fp)n>o-martingale increment, defined in (I0). The mean-
field function h was defined as

_ Jaly) _
M) = Thwl Y (60)

for y e I'.

The main idea of stochastic approximation techniques is to show that the recur-
sive system defined in (B9) behaves like an ODE perturbed by a small noise term.
Then the recursive system is shown to converge towards the equilibrium points of
the deterministic flow induced by the driving term h.

Call L({wp }n>1) the limit set of the sequence {wy, },>1 is the set of points x € R¢
such that there exists s subsequence (ny)r>1 such that limy_, o nr = oo for which
limg_y 00 Wy, = .

Consider furthermore the ODE

y = h(y) (61)
and associated to h look at (®(¢,x))i>0,zer the I'-valued flow of the system. The
family {®;}ier, , where ®;(x) = ®(t,x), satisfies the group property. ®; =Id and
for all (¢,s) € R?

(I)t+5 = (I)t [¢] (I)S.
For every z € I', (®(¢, x)):>0 is the unique solution to the ODE (&1
d
Ly (a) = (@ (a). (62)

It exists since h is locally Lipschitz which follows from continuity of the function
f. Denote by E(®) = {p € T': ®,(p) = p for all t > 0} the equilibrium set for the
flow .

Definition A.1. A compact subset A C I' is called internally chain recurrent if and
only if for each x € A is chain recurrent for the flow ® restricted to A. The point
x is called chain recurrent in A if and only of for all § > 0, and T > 0, there exist
k € N and points yg, ...,yx—1 € A and t1,...,tx_1 such that for all 4 = 0,....k — 1
and yp = x

t; >T; d(yo,z) <8 d(Py, (yi): yiv1) <0
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where d(,-) denotes the Euclidean distance in R?. The set of all chain recurrent
points of the flow ® will be denoted by CR(®).

The omega limit set of ® is defined by £(®) = J, . w(z), where

zel
w(z) = {p € T': 3(tg)x such that ¢, — oo and p = klim Dy, (:v)} .
— 00

One has that
E(P) C L(P) C CR(D), (63)
see page 21 of [10].

We will need the notion of a strict Lyapunov function for the flow ®, see also
Section 3 of [7].

Definition A.2. A strict Lyapunov function for the flow ® (or i) on I is a continuous
map V : R? — R such that t — V(®(z)) is constant for 2 € ' and strictly
decreasing for all x € R4\ T for all ¢ > 0. If such a V exists we call h a gradient-like
vector field.

Lemma A.3. Let the flow ® be defined in (62) and h in Q) and F : [0,1]¢ — R

by
d A
- if(z)

Then V = —F is a strict Lyapunov function for ® on E(D).
Proof. For i =1,...,d, write the ODE (61) as

o wt) [fm)
O = TGO | v 2

j=1

__w®) 9 &
= Tt \ 3”1~ 2,607 F(t)

where F : R? - R and F(y) = Zle F;(y;). We have that F(0) = 0 and

(64)

0 f (i)
Fy) = .
i (v) m
For each coordinate i = 1,--- ,d we can write,
Yi a Yi
0 0 <

where z € R. The function —F is strictly Lyapunov for ® since

;yz ayl y(®))
2 d 2
= s { S0 (o) ‘(Zyi“%myw) 20

=1
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where the last step follows from Jensen’s inequality. Finally note that it is constant
on the equilibrium set £(h) = £(P):

d P 2 d P 2
S0 (50 - (Z (o) ZF(;,@))
d 4o 2
> Ll (Z f(yz(t))>

d
= Z [ faCyE 1 f (i) = I faly ()T =0,

where in the before last equality we used (IHl). O

Proposition A.4. Let ® be the flow on I', where I' is compact. Furthermore, let
A C T be compact invariant set and V : I' — R a Lyapunov function for & on A
with finite V(A), then

CR(®) C A.

The last proposition is same as Proposition 1.2 from |7]. Choosing V = —F and
A = &(®) in the last proposition together with (63]) implies that

£(®) = L(®) = CR(D).

The following theorem is equivalent to Theorem 6 from [19], based on Theorem
5.7 from |10].

Theorem A.5. Let {0,}n>1 be a solution to (BI) and assume that

2
(i) ¥, (&) <.
(ii) h is a local Lipschitz function.
(iii) sup,>, E(|AM,|3|F,) < oo a.s.

Then almost surely L({0,}n>1) is a connected set, internally chain-recurrent for

the flow ® induced by h, L({0,}n>1) C CR(®D).

Proof. The first assumption is trivially satisfied, the second follows from the fact
that f is locally Lipschitz since it is C*((0,1)) and the third follows trivially from
writing the martingale difference as in ({I0)). O

The next corollary is analogous to Corollary 3.3. from [7], the proof is adapted.

Corollary A.6. Let {0,},>1 be defined in (B9). Then 6, — 0* a.s. asn — o
where 0* € E(h).

Proof. Let ® be the flow induced by h defined in (@0) and let I' = L({6,,} ,>1) the
set of all almost sure limiting points of {6, },>1. By Theorem [A.5is a connected
set, internally chain-recurrent for the low @ induced by h. By Lemma[A 3] we know
that there exists a Lyapunov function for the flow on I' and by Proposition [A.4] the
set L({0}n>1) consists of equilibria, £(®) = £(h). Since they are isolated (Lemma
A1), L({0n}n>1) is an equilibrium. O
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