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HYPERBOLA METHOD ON TORIC VARIETIES

MARTA PIEROPAN AND DAMARIS SCHINDLER

ABSTRACT. We develop a very general version of the hyperbola method which
extends the known method by Blomer and Briidern for products of projective
spaces to a very large class of toric varieties. We use it to count Campana
points of bounded log-anticanonical height on many split toric Q-varieties with
torus invariant boundary. We apply the strong duality principle in linear
programming to show the compatibility of our results with the conjectured
asymptotic.
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1. INTRODUCTION

EEEIREEREFEERERR ===

This paper stems from an investigation of the universal torsor method [Sal98|
[FPT16] in relation to the problem of counting Campana points of bounded height on
log Fano varieties in the framework of [PSTVAT9, Conjecture 1.1]. Campana points
are a notion of points that interpolate between rational points and integral points
on certain log smooth pairs, or orbifolds, introduced and first studied by Campana

[Cam04! [Cam11l [Cam15]. The study of the distribution of Campana points over
number fields was initiated only quite recently and the literature on this topic is

still sparse [BVVI2, [VV12, BY19, [PSTVAT9]. In this paper we deal with toric

varieties, which constitute a fundamental family of examples for the study of the
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distribution of rational points [BT95b, [BT95al, [BT96, BT9I8, [Sal9g|, [dIBO1a], via
a combination of the universal torsor method with a very general version of the
hyperbola method, which we develop.

We use the universal torsor method, instead of exploiting the toric group struc-
ture, because we hope to extend our approach to a larger class of log Fano varieties
in the future. Indeed, the hyperbola method is well suited to deal with subvarieties
[Schi4l [Schi6, BB17, [BBIR, Migl6), [BHI9], and all log Fano varieties admit neat
embeddings in toric varieties [ADHL15, [GOST15] which can be exploited for the
universal torsor method.

One of the key technical innovations in this article is the development of a very
general form of the hyperbola method, which is motivated by work of Blomer and
Briidern in the case of products of projective spaces [BB18]. With our approach we
extend this from products of projective spaces to a very large class of toric varieties
with additional flexibility to change the height function.

Let f: N° = R>o be an arithmetic function for which one has asymptotics for
summing the function f over boxes, see Property (I) and Property (II) in Section [
Let B be a large real parameter, K a finite index set and a; , > 0 for 1 <4 < s and
k € K. The goal is then to use this information from sums over boxes to deduce an
asymptotic formula for sums of the form

ST = > f(y)-

[T, v, "*<B, Vkek
vy €N,1<i<s

We define the polyhedron P C R® given by
Y oigw 't <1, kek (1.1)
i=1

and

t; >0, 1<i<s. (1.2)
Here the parameters w;, 1 < i < s are defined in Property I for the function f.
The linear function ) ;_, t; takes its maximal value on a face of P which we call
F. We write a for its maximal value.

Theorem 1.1. Let f : N® — R>q be a function that satisfies Property I and
Property II from Section[g), as well as Condition (4.1) for all subsets T C {1,...,s}
and all vectors yz.

Assume that P is bounded and non-degenerate, and that F' is not contained in
a coordinate hyperplane of R®. Let k = dim F'. We assume that Assumption
holds. Then we have

ST = (s —1—k)ICppep(log B)*B* + O (Cy,p(loglog B)*(log B)* "' B*)

where Cyar and Cy g are the constants in Property I and cp is the constant in
equation (4.0]).

The case treated in [BBI8] would in this notation correspond to an index set K
with one element where all the a; = o for all 1 < ¢ < s and some a > 0, and
k = s — 1. Our attack to evaluate the sum S/ starts in a similar way as in [BBIS].
We cover the region given by the conditions []}_, y;"* < B, k € K with boxes
of different side lengths on which we can evaluate the function f. One important
ingredient in the hyperbola method in [BBIS§| is a combinatorial identity for the

generating series
E it ts
)

Jittis<J
ji>0, 1<i<s
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which needs to be evaluated for J going to infinity. By induction the authors give
a closed expression. For us this part of the argument breaks down, as we have in
general more complicated polytopes that arise in the summation condition for S¥
and are not aware of comparable combinatorial identities for the tuples (ji,...,Js)
lying in general convex polytopes. Instead, we approximate the number of integers
points in certain intersections of hyperplanes with a convex polytope by lattice point
counting arguments and then use asymptotic evaluations for sums of the form

Z mlom
0<m<M
for0 < 8 < 1landl, M € N. To be able to control the intersections of the underlying
polytopes with hyperplanes we need a geometric assumption on the polytope, i.e.
on the data K and a; 5, 1 <i < s, k € K, see Assumption .14
Our main application of Theorem [[T] is a proof of [PSTVA19, Conjecture 1.1]
for many split toric varieties over Q with the log-anticanonical height:

Theorem 1.2. Let X be the fan of a complete smooth split toric variety X over Q.
Let {p1,...,ps} be the set of rays of X. For eachi € {1,...,s} fix a positive integer
m; and denote by D; the torus invariant divisor corresponding to p;. Assume
that L = Y7, m%_-Di is ample and satisfies Assumption [6.14] Let Hy be the
height defined by L as in Section [6.3 Let 2" be the toric scheme defined by 2
over Z, and for each i € {1,...,s}, let 9; be the closure of D; in & . For every
B > 0, let N(B) be the number of Campana Z-points on the Campana orbifold
(2,50 (1 =1/my)Z;) (in the sense of [PSTVATI, Definition 3.4]) of height Hy,
at most B. Then for sufficiently large B > 0,

N(B) = c¢B(log B)"~' 4+ O(B(log B)"?(log log B)*), (1.3)

where r is the rank of the Picard group of X, and c is a positive constant compatible
with the prediction in [PSTVAI9L §3.3].

In the situation of Theorem [[.2 the Assumption [6.14], which is the counterpart of
Assumption [£.14] is satisfied in many cases, including products of projective spaces,
the blow up of P? in one point, and all smooth projective toric varieties with Picard
rank 7 > dim X 4+ 1. We are not aware of any examples of toric varieties that don’t
satisfy Assumption [6.14l For all toric varieties that satisfy Assumption [6.14] our
application of the hyperbola method recovers Salberger’s result [Sal98] and improves
on the error term.

Theorem[I.2could also be deduced from work of de la Breteche [dIBO1b], [dIB0O1a],
who developed a multi-dimensional Dirichlet series approach to count rational
points of bounded height on toric varieties. Another approach could be via har-
monic analysis of the height zeta function, even though such a proof would probably
be more involved than the case of compactifications of vector groups [PSTVAT9|.
Our proof proceeds via the universal torsor method introduced by Salberger in
[Sal98] in combination with Theorem [T One of our main motivations for this
approach is that it opens a path to counting Campana points on hypersurfaces in
toric varieties.

When we apply Theorem [[L1] to prove Theorem [[L2, we need to verify that
both the exponent of B as well as the power of log B match the prediction in
[PSTVA19]. The exponent a in Theorem [[T] is the result of a linear optimization
problem. Similarly, the construction of the height function leading to the exponent
one of B in Theorem [[.2] involves another linear optimization problem. We use the
strong duality property in linear programming to recognize that the exponents are
indeed compatible, and that this holds heuristically also in the more general setting
where the height is not necessarily log-anticanonical. For the compatibility of the
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exponents of log B we exploit a different duality setup, which involves the Picard
group of X.

The paper is organized as follows. In Section 2l we provide some auxiliary esti-
mates on variants of geometric sums which are used later in Sectiondl In Section 3]
we study volumes of slices of polytopes under small deformations. In Section [ we
develop the hyperbola method and give a proof of Theorem [T} Sections Bl and
are dedicated to the application of the hyperbola method to prove Theorem [[2l In
Section [B] we study estimates for m-full numbers of bounded size subject to certain
divisibility conditions, and we produce the estimates in boxes for the function f
associated to the counting problem in Theorem In Section [6] we describe the
heights associated to semiample Q-divisors on toric varieties over number fields,
we study some combinatorial properties of the polytopes that play a prominent
role in the application of the hyperbola method, and we show that the heuris-
tic expectations coming from the hyperbola method agree with the prediction in
[PSTVA19, Conjecture 1.1] on split toric varieties for Campana points of bounded
height, where the height does not need to be anticanonical. We conclude the section
with the proof of Theorem

1.1. Notation. We use #S or |S| to indicate the cardinality of a finite set S.
Bold letters denote s-tuples of real numbers, and for given x € R*® we denote
by z1,...,2zs € R the elements such that x = (z1,...,zs). For any subset S C R®
we denote by cone(S) the cone generated by S.

We denote by I, the finite field with p elements and by Fp an algebraic closure.
For a number field K, we denote by Ok the ring of integers, and by 9%(a) the norm
of an ideal a of Og. We denote by Qg the set of places of K, by 2 the set of finite
places, and by ., the set of infinite places. For every place v of K, we denote by
K, the completion of K at v, and we define | - |, = [Ng, /g, (-)[s, where ¥ is the
place of Q below v and | - |5 is the usual real or p-adic absolute value on Q3. We
denote by |- | the usual absolute value on R.

We denote the Picard group and the effective cone of a smooth variety X by
Pic(X) and Eff(X), respectively. For a divisor D on X we denote by [D] its class
in Pic(X). We say that a Q-divisor D on X is semiample if there exists a positive
integer t such that tD has integer coefficients and is base point free.

2. PRELIMINARIES

In the hyperbola method in the next section we need good approximations for
finite sums of the form

g(M,0) = > m'om,

0<m<M

for some 0 < § < 1 and natural numbers I, M > 0 (here and in the following we
understand 0" := 1). In this subsection we also write g;(M) for g;(M, ).
We will use the following result.

Lemma 2.1. For an integer | > 0 and 0 < 8 < 1 and a real number M > [ we
have

(0 — 1) g (M) = (1) 4+ 0,1 - 0) + O (0 MY .

Lemma 2] can be deduced from the following statement.
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Lemma 2.2. Assume that M >1>0 and 6 > 0. Then we have

(9 . 1)l+lgl(M) _ § : om Z (l + 1) (_1)l+1—h(m . h)l
0<m<li+1 h=0
+1

S 9m2(l+1) 1) hZ()Mkm h)l-

o<m<i+1

For the proof of Lemma and Lemma 2.J] we need the following identity. For
an integer 0 < a <[ we have

+1
i (l ‘; 1) (—=1)HF1=hpe = . (2.1)

h=0

To see this consider the identity

1+1
(t—1) = i (l J;L 1)th(—1)l+1—h.

h=0

Now take derivatives with respect to ¢ and then set ¢t = 1.

Lemma 22 implies Lemma 21l We start in observing that

(9 _ 1)l+1gl(M) — Z g Z (l ‘; 1) (_1)l+1—h(m _ h)l + 0O, (GZMMI)

0<m<I+1 h=0

S 3 3 (W [T

0<m<1lh=0
+0,(10 — 1[) + O, (M M) .
We further compute

(9 - 1)l+1gl(M) _ Z Z <l + 1) l+1 h(m . h)l

0<m<Il+1h=0
I+1

Z(Hl) DR 41— )

+0,(10 — 1)) + O, (QMMZ) .

Note that the term in the second line is equal to zero by equation (ZI]). Hence we
have

(6 — 1)l+1gl(M) _ Z Z (l + 1) ~1) I+1— h(m _ h)l

0<m<I+1 h=0
+0y(10 — 1]) + Oy (M M) .
We now switch the summation of m and h to obtain

(9 - 1)l+1gl(M) _ Z (l ‘; 1) (71)l+1—h Z (m . h)l

0<h<i+1 h<m<I+1
+ 0|0 — 1]) + O (M M)

= Y (lzl)(l)mh S

0<h<I+1 0<t<l+1-h
+0y(|0 — 1]) + O, (M M?) .
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By the Faulhaber formulas >, _,, fion t! is a polynomial in h with leading term

(l I h)lJrl B (71)l+1 hlJrl

T = + lower order terms in h.

Using equation (2I]) we hence obtain

D N O e

0<h<I+1 [+1
+0y(10 — 1]) + Oy (6™ M)

:H% 3 (121)(_1)%1“

0<h<I+1
+0y(10 — 1]) + Oy (M M) .

By equation (1.13) in [Gou72] we have

S (1) e oy

0<h<I+1
Hence we get

0 — 1) g (M) = (—1)" 1+ 0410 — 1)) + Oy (M M) O
We finish this section with a proof of Lemma

Proof of Lemma[ZZ4. We compute

(9 _ 1>l+1gl(M) _ (9 _ 1)l+1 Z mlom

0<m<M

z1
I+1 h(—1)i+1—h 1om
(h )9 E m'o

0<m<M

l 1) l+1 h Z +h
mlom
( 0<m<M
1) l+1 h Z (m o h)lem

(l
h=0 h<m<M+h

> +

> +
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We split the last summation into three ranges depending on the size of m and get

+1
(9 _ 1)l+lgl(M) — Z ( b )(_1)l+1 h Z (m _ h)le
h=0 I+1<m<M
l

2 <l , 1) e D (RN

h=0 h<m<i+1
1+1
[+1
" Z < Z )(_1)l+1h Z (m — h)lg™
h=1 M<m<M-+h

s e S

I+1<m<M k=0 h=0

" Z Z<l+1) 1A (g — !

0<m<i+1  h=
I+1
m [+1 -
+ Z 0 Z ( ! )(_1)l+1 h(m_h)l
M<m<M+I+1  h=m-M
We now use the identity (Z.I) for the third last line and deduce that

(9 - 1)l+1gl(M) _ Z om Z (l + 1) l+1 h(m . h)l (22)

0<m<i+1 h=0

I+1
[+1
+ 0y 9M+mz ( i ) —1)!HM(M 4 m — b)) (2.3)
0<m<i+1
Now the lemma follows in expanding each of the terms (M +m — h)’. O

3. VOLUMES OF CERTAIN SECTIONS OF POLYTOPES

In this section we provide some estimates on the volumes of intersections of
convex polytopes with certain hyperplanes. These will be used in the next section
in the development of our generalized form of the hyperbola method.

Proposition 3.1. Let P C R?® be an s-dimensional convex polytope with s > 1.
Let F be a face of P. Let H C R® be a hyperplane such that H NP = F. Let
w € R® such that P C H + R>ow. For § >0, let Hs := H + dw. Let k := dim F.
We denote by meas; the j-dimensional measure induced by the Lebesgue measure
on R*. Then

(i) for § > 0 sufficiently small,
meas,_1(Hs NP) = c6° 1 7F 4+ 0(5°7%),
where ¢ is a positive constant that depends on P, F and H.
(i) If s > 2, for § > 0 sufficiently small we have

A6 L O R, ifk<s—2,

meass_2(0(Hs N'P)) = {c’ +0(5) fk=s—-1

where ¢’ is a positive constant that depends on P, F and H.
(i1i) Let T C R® be a hyperplane and u € R® a vector such that P C T + R>ou
and TN'P is a face of P. For k >0, let T,, =T + [0, k]u. Then for § and
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K sufficiently small and positive,

KGSTIR if FLT,

s—1(HsNPNTy) K
meas; -1 (Hs ) {min{n,é}éSQk if FCT,

where the implicit constant is independent of k and §.

Proof. For parts and we proceed by induction on k. If k = 0, then F is a
vertex of P. Up to a translation, which is a volume preserving automorphism of
R?, we can assume that F is the origin of R®. We denote by @ the cone with vertex
F generated by P. Then, for ¢ small enough, Hs NP = Hs; N Q = §(H; N Q) and
O(Hs N'P) = 60(H, N Q). Thus meass_1(Hs NP) = 6 tmeas,_1(H; N Q) and
meass_2(0(Hs NP)) = §° 2 meas;_2(0(H1 N Q)).

Now we assume that s > 2 and k£ > 1. Let Py,...,Py C R® be simplices of
dimension s such that P = [JI¥ | P; is a triangulation of P. Then meas,_;(HsNP) =
Zf.vzl meass_1(Hs NP;). For § small enough, we have Hs N P; # § if and only if
P;NF #0. Fori e {1,...,N} such that P, N F # 0 and dim(P; N F) < k we have
meas,_1(HsNP;) = O(6°7%) by the induction hypothesis. Since Uf-vzl(ﬂ- NF) =F,
there is at least one index i € {1,..., N} such that dim(P; N F) = k. Therefore, in
order to conclude the proof of|(i)|it suffices to prove the desired asymptotic formula
in the case where P is a simplex.

From now on we assume that P is a simplex. We denote by vy, ..., v the vertices
of F and by vg41,...,vs the vertices of P not contained in F. Up to a translation,
which is a volume preserving automorphism of R?, we can assume that vy is the
origin of R®. We observe that vy, . .., vs form a basis of the vector space R®. Let C be
the cone (with vertex vy) generated by vgy1,...,vs. We observe that CNH = {vg}
as HN'P = F and C is contained in the cone (with vertex vy) generated by P. Let
Q:=F+C. Then PC Q and HNQ = F. Let L C R?® be the hyperplane that
contains vy, ...,vs. Then LT = L + R<gv; is the halfspace with boundary L that
contains vg, and P = Q N L*. Let L~ = L + R>ovy. Then meas,_1(Hs NP) =
meass_1(Hs N Q) —meas;_1(HsNQNL™). Let H” = H; +R<ow be the half space
with boundary H; that contains . Then H; N Q is bounded, and for § small
enough, HsNQNL™ = Hs;N(H{ NQNL~) and Hf NQN L~ is an s-dimensional
polytope that intersects H in the (k — 1)-dimensional face with vertices vy, ..., vg.
Hence, by induction hypothesis we have meas,_;(Hs N Q N L~) = O(6°7%). We
observe that meas;_1(Hs N Q) = meass;_1((Hs N Q) — dw), and

(HsNQ)—dw=HN(F+C—dw)=F+ (HN(C —éw)).
Hence, there is a positive constant a (which is the determinant of the matrix of a
suitable linear change of variables in H) such that
meass_1(Hs N Q) = ameasy (F) meass_,_1(H N (C — dw)).
We conclude the proof of|(i)| as
meas;_,—1(H N (C — dw)) = meass_,_1(Hs NC) = g k=1 meas;_,—1(H1 N C).

If s = 2, part holds. Hence, it remains to prove it for s > 3 and k >
1. Let Fi,...,Fm be the faces of P, then 0(Hs N P) = U£1(H6 N F;). For §
small enough, we have Hs N F; # ( if and only if F; N F # @. Moreover, for
0 small enough we can assume that Hs does not contain any vertex of P. Since
meass_2(Hs N F;) = 0 whenever Hs N F; has dimension strictly smaller than s — 2,
we have meas;_2(0(Hs N P)) = Zi\il meass_2(Hs N F;), where the sum actually
runs over the maximal faces of P that intersect F. Let F be an (s — 1)-dimensional
face of P that intersects F such that F £ F, and let k = dim(}z N F). By part
()] applied replacing P by F, we have meas,_s(Hs N F) = ¢6°~ 2% 4 O(55~1-F),
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If k < s — 2, there is an (s — 1)-dimensional face F of P that contains F, hence
k = k, and we conclude. If k = s — 1, then there is an (s — 1)-dimensional face F
of P such that k = s — 2, hence meas,_o(d(Hs NP)) = ¢ + O(6).

For part we observe that if F NT = ), then for § and x small enough we
have Hs NP N T, = 0. Hence we can assume that F NT # 0. Let P = Uzj\il P;
be the triangulation of P in the proof of part Up to reordering we can assume
that there is N’ < N such that dim(P; N F) = k and P, N F NT # 0 if and only if
1 < N'. Then

N

meass_1(Hs NPy) = Z meass_1(Hs N P; NT,) + O(&s_k).

i=1
Fix i € {1,...,N’}. Let vo,,...,vs,; be the vertices of P; such that vo, € FNT
and vy i, . .., Vk,; are the vertices of 7 NP;. Since the Lebesgue measure is invariant
under translation, we can assume without loss of generality that vg; is the origin
of R®*. Let C; be the cone (with vertex vg;) generated by vgt1,...,0ss, and
Qi = (FNP;)+C;. Then meas, 1 (HsNP;NT,) = meas,_1(HsNQ;NT,)+O(5°7F)
and
meas;—1(Hs N Q; NT,;) < measg(F NP; NT,)meass_1-(H N ((C; NT,) — dw)),
where the implicit constant is independent of x and §. Since F N P; is a simplex
(it is a face of a simplex) and vg; € F NP; NT, there is j; € {1,...,s} such that
(R>ovj, i) N T} is bounded, i.e. (R>ovj, ;) N T, = [0, 1]kay, ;vj, : for some aj, ; >0
independent of k. Let Ty ; j, := {D i_; Aivi : 0 < \j, < Kaj, i}

If FZT, then FNP; £ T and we can choose j; < k. Then FN'P; NT, C
FNP;iNTy; ;- Let Fj, ; be the maximal face of F NP; that does not contain vy, ;.
Then meas,(F NP; NT,) < Kaj, ; meask—1(F}, ;) < K, and meas,_1_,(H N ((C; N
T,.) — 6w)) < meass_1_x(H N (C; — dw)) < §° 7% where the implicit constants
are independent of x and §.

If FCT,then j; > k+1,and C;NT, C C;NT,,; . Hence,

meass_1—;(H N ((C; N T,;) — dw))
S 58_1_k meass,l,k(Hl n Cz N (5_1Tl<a,i,j-;)) < 58_2_k min{5, fi}. O

4. HYPERBOLA METHOD

We consider a function f : N* — R>( with the following properties.

Property I: Assume that there are non-negative real constants Cy py < Cy g and
A>0and w; >0,1<i<ssuch that for all By,...,Bs € R>; we have

s S -4
> Iw=o]lBEro (Cf’E 115 (1@325 Bi) )

1<y;<B;, 1<i<s =1

where the implied constant is independent of f.

Property II: Assume that there are positive real numbers D and v such that
the following holds. Let Z C {1,...,s} be a non-empty subset of indices and fix
some (y;)ier € NI, Write y7 for the vector (y;)ic 7 and |yz| for its maximums
norm. Then there is a non-negative constant Cy as,z(yz) such that for all B; € R>1,
i€{1,...,s}\Z one has

> ) =Cruzlyn) [[ BY +0(Cyulyzl” [ BY (min Bi)™9),

1<y;<B;, i¢T i¢T i¢T

uniformly in [yz| < ([];z7 Bi)"
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Remark 4.1. Assume that f : N® — R satisfies Property I and Property II. Fix
a vector yz and set

fYI(yI) = f(yIay/)a
for y' = (yi)igr. Assume furthermore that
Crmz(yz) < Celyz|”. (4.1)

Then the function fy, in |Z°| variables satisfies Property I with constants

Cem =Crmz(yz)

and o )
Cie=Crelyzl”,
for some D’ sufficiently large, depending on v, A and w;, i ¢ Z.

Next we need an analogous statement to Lemma 2.3 in [BBIS§].

Lemma 4.2. Assume that f : N®* — R>¢ satisfies Property I and Property II above.
Let B; € R>q fori € Z. Then one has

> Cruzlyr) =Crm [[BF +0 <Cf,E 1187 (min Bz’)_A) :

1<y;<B;, i€Z i€T i€T
Proof. Let Z > 1 be a real parameter. Then by Property II
> J)=Crualyn) 7= 4 0 (Crplyr P75 272) - (42)
1<y;<Z, i¢T

uniformly in |yz| < Z¥|T°1. Now assume that B; € R>1, ¢ € Z, are real parameters
with B; < Z¥/Z°l for all i € Z. Summing the relation #2) over y; < B; fori €T
we obtain that

Yo fy)y=2zxe= Y Cruzlyn)

1<y;<Z i¢1 1<yi<B;, i€l
1<y:<B; i€l

+0 <cf,E(H B;)| max B;|P Zz%iez Wizﬂ> :
ieT

On the other hand, if we evaluate the sum on the left hand side using Property 1

we obtain (if we take v sufficiently small such that v|Z¢ < 1)

_ DT Wi w; DT @i i (1 N—A

> fy) =CruZ=er= [[BF +0 (Cf,EZ w0 [ [ B (min B) ) :
1<y <Z i¢T €T i€z

1<y;<B; 1€

Comparing these two asymptotics implies that

Z Crmz(yz) =Cyrum H BT

1<yi<B;, i€ i€T
. D 7—A T : N—A
+0 <Cf,E(HBZ)|mZaXBZ| Z ) +0 (CﬁEHBz' (rirélng) ) )
ieT i€
The lemma follows in taking Z sufficiently large. (|

Let B be a large real parameter. Let K be a finite index set and s € N. Let
ajp>0for1 <i¢<sandkek.
Our goal is to evaluate the sum (if finite)

5= > F(y)-

s yai,k§B1 vkek

i=1 94

yi€N,1<i<s
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More generally, let By € R>1, k € K be real parameters and write B = (By)rek.

We define
S7(B) = > ()
[I5_, v; “* <Bu, VkeK
Y €N, 1<i<s
Let

bi :=log By /logB, ke€K.
We assume that there are absolute positive constants C's and Cy such that
0< 03 <b < 04, kek. (43)

In applications we can later choose C'5 and Cy very close to 1.

We start with a heuristic for the expected growth of the sum S/. Let B be a
large real parameter. Consider the contribution to the sum S/ from a dyadic box
where each y; ~ Bt@i ' say for real parameters t; > 0 (for example we could think
of %Btiw;1 <y < Btwi ' 1<i< s). Such a box is expected to contribute about

> fly) ~ Bt
yinBYT 1<i<s

to the sum S7. In order for such a box to lie in the summation range we roughly
speaking need

Y oigwit <by, keK (4.4)
1=1
and

ti>0, 1<i<s. (4.5)
The system of equations (£4]) and (L) define a polyhedron P C R®.

Assumption 4.3. We assume that P is bounded and non-degenerate in a sense
that it is not contained in a s — 1 dimensional subspace of R®.

The linear function
S
Dt
i=1

takes its maximum on a face of P. We call the maximal value a and assume that
this maximum is obtained on a k-dimensional face of P.
Let Hs be the hypersurface given by

zs:ti =a—0.
=1

It comes equipped with an s — 1 dimensional measure which is obtained from the
pull-back of the standard Lebesgue measure to any of its coordinate plane projec-
tions. In the following we write meas for this measure.

Assumption 4.4. We assume that there is a constant cp such that for § > 0 which
are sufficiently small (in terms of P) we have

| meas,_1(Hs NP) — cpd* 1% < €557k, (4.6)

for a sufficiently large constant C, depending only on P. Moreover, we assume that
the measure of the boundary of the polytope Hs NP is bounded by

meas;—2(0(Hs NP)) < 1. (4.7

Here we mean by meass_s the s — 2 dimensional boundary measure.
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We note that Assumption [£4] is a consequence of Proposition [B.1] parts (i) and
(i)}
Assumption 4.5. The face F' on which the function > 7_, ¢; takes its maximum
on P is not contained in a coordinate hyperplane of R® (with coordinates ¢;).

Let 1 € Z%; and 1 < 6 < 2 a parameter to be chosen later. We define box
counting functions

Bf(1,0) = > fy),
yi€l6hi,00 T 1<i<s
where
;=07 , 1<i<s.
Assume that f satisfies Property I and Property II. We use Property I and inclusion-
exclusion to evaluate

By(1,60) = Cpar [[07 Y = 07%) + O(Cpp [ 04 (min 61)2)

=1 i=1

=Cru(@—1)°J[0" +0(Cre]]0" (min i) =4).

i=1 i=1
We deduce that
By(1,6) = Crar(6 = 1)°6%1=1 1 4 O(Cp pt>i=1 " (min 67 1) ~2),
Recall that we assumed in Property I that
Cru < Cyg.

Hence we have
B(1,0) < Cf ph>i=1ti, (4.8)
We note that the sum

Ef = > f(y)

Sy, " <By, kek

i=1 94

yi€N, 1<i<s
[, v " >B"
is empty.
Let A be a large natural number, which we view as a parameter to be specified

later.
We set

Sipi= > F),

[Tiy v, "F<Bx, kek
yi€N, 1<i<s
yi>(log B)AV1<i<s

and note that

Sy = Z f(y)-

[T ., v; “"<Bs, kek
yi€N, 1<i<s
-
[Ty ' <B*
yi>(log B)*V1<i<s

Let 1 < 6 < 2 be a parameter to be chosen later. We now cover the sum S ¢ with
boxes of the form By(l,0). Let £ be the set of 1 € Z%, such that the following
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inequalities hold

- log B
Y aiww; < ok kek
‘ ’ log 6

w;A loglog B

li+1> I<i<s

3

log 6
Similarly, let L~ be the set of 1 € Z% such that the following inequalities hold

log B
Zazkw lLi+1)< 08 7k ke

logf ’
I > wiAloglogB, l<i<s.
log 6
Let C5 be a positive constant such that
1og By,
i, kek.
Za = logB

We define £~ to be the set of 1 € Z%, such that the following inequalities hold

> _ log B, log By,
1
E k@ i < - C , kek
, ViR b S log 6 5logB <

I > w;Aloglog B l<i<s
log 6
Then we have
ZBf 1f<Slf<Slf_ZBf19)
leL— leL+

where we read the last line as a definition for 5; , and Sfr’ - Note that the coverings
into boxes do not depend on the function f but only on the summation conditions
on the variables y;, 1 <14 < s.

Let v (1) (resp. 7~ (1)) be the set of 1 € LT (resp. £7) such that

Z l; = 1.
1=1
We recall that
By(1,60) = Cyar(6 — 1)°0=i=11 4 O(Cy.p0=i=1 1 (min 6= 11)=2),
This leads to

> B0 =Cpu Y == (0 -1)°+0 (cf,E > 6=t (log B)A*‘>

leL— leL— leL—

=0-1)°Cru >, T (10'+0 (Cf,E > 6>i=1"i(log B)—M>

i<alog B/log# leL—

Every vector 1 € L™ satisfies the bound
- log B
Z lz S a o8 ’

p log 6

log B
a
— log#

and hence

1< <s.
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This leads to the bound

s log B\°®
o oEiat« ( o8 ) B*.
log 6

leL—
We deduce that
S BiLO)=(0-1)Crar >, (D

leL— i<alog B/log6
log B\ * _AA
o|cC B%(log B .
" ( f’E(10g9) (o 2)

Let 7(I) be the number of 1 € Z%, such that Y77, I; = [ and the following
inequalities hold

- log B log B
Zai,kwflli <Xk g2 pek
= log 0 log B

Note that 7(I) is the number of lattice points in the polytope given by

Finally, for 1 <io < slet r5, (1) be the number of 1 € Z%, such that y°;_, I; =1
and

L wi;lloglogB
0= log 6 ’
and
- log B
Zai kw'illz >~ 8 k, k K
e log 6

Note that we have

We now stop a moment to introduce some more auxiliary polytopes. We recall that
P C R® is the polytope given by the system of equations (£4]) and (@X).

For 1 < iy < s and x > 0 we introduce the polytope P;, .. given by the system
of equations

S

Zai7kw;1ti < 10gBk/10gB, ke

i=1
and

ti>0, 1<i<s,
and
ti[) S K.

Le. P, is obtained from intersecting P with the halfspace t;, < k. Let Hs be
defined as before, i.e. the hyperplane given by

zs:ti =a—0.
=1
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Assumption 4.6. Let 0 < k < s—1. Assume that k < € for € sufficiently small as
well as § > 0 sufficiently small in terms of the data describing P. Then we have

meas(Hs N P, ) < k5517
Moreover, we have
meas 0(Hs NPy ) < 1.

Remark 4.7. Note that in the case K = 0 and where the maximal face F' is not
contained in a coordinate hyperplane, the intersection Hs NP, . is empty for € and
0 sufficiently small.

Remark 4.8. Assumption is a consequence of Assumption together with
Proposition [3.11

loglog B

In our applications it would already be sufficient to take k of size k < =3 <D

We next evaluate the function r~ (1) asymptotically.

Lemma 4.9. Assume that 0 <k <s—1. Assume that Assumption[].0] holds. Let
l be an integer with

log B log B
-0 — <Il< — .
(a=9) ( log 0 05> =t=a < log 0 05>
) = log B\* ™" 1og9l sk
" -or log 6 “ log B
loo B s—2 loo B s—1 1 s—k
+0 o8 + o8 a— 089 l
log 6 log 6 log B
loglog B (log B\"™" 1 sTiok
L0 og log og o og@l .
log B log 6 log B
Here we read 0° = 1.
log B
I _
>a < log 0 C5> s

If
Remark 4.10. Note that exactly the same asymptotic also holds for r*(I), but
then in the range

Then we have

then we have r~ (1) = 0.

log B log B
(a—é)Og §l§a0g .

log 6 log 6
Proof. We recall that 7(I) counts lattice points in the polytope P(l, B,6) given by

S

Zti:l;

i=1

u log B log B
Yoy < ok o BER D pek,
~ log 6 log B

t; >0, 1<i<s.

We observe that P(l, B, 0) is equal to the polytope (llzgg]g - 05) P, i.e. the polytope

‘P blown up by a factor of lfz)gg ]g —(C5, intersected with the hyperplane (11‘; gg ? — 05) Hs

2 _ (logB ,
> ti= (10g9 —05) (a—0d),

i=1

given by
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where 8’ > 0 is chosen such that

I = (IOgB - 05) (a— o).

log 6

If we assume the estimate ([@0) then we have

s—1—k
log B sl log B -1
P(l,B,0) = — — — l
meas P(l, B,0) = cp <10g9 C5> (a <10g9 Cs
s—k
log B sl log B -t
a — — 05 l

log 6 log 6

We can rewrite this as

log B sl log 6 sk
P(,B,0) = - l
meas P(l, B, 0) CP<10g9> <a log B

1 s—1 s—k s—2
0 og B o 1og9l n log B .
log 6 log B log 6

If we assume the estimate (7)), then the measure of the boundary of P(l, B, ) is

bounded by
log B 52
< ( Tog 0 ) .

As our lattice is of fixed shape we deduce that for § sufficiently small

#l) = c log B\* ™" . 1og9l sk
- log 6 log B
loo B s—2 log B s—1 log 0 s—k
0 og 4 (log o, logb, .
log 6 log 6 log B
Finally, by Assumption 4.6l we have for any 1 < iy < s that

i loglog B ('log B sl log 0 sk log B 2
FEORS: log B <1og9 ailogBl + log 6 '

We write

Sip=Myp+Esgp+Ey ¢

with
Ly =0-1)°Cruy > r=(1)60"
(a—d)(log B/ log —C5)0<l<a(log B/log §—C5)

and
_ log B\* _AA
E C —— | B%logB
o< Cre (127) Bh(oxB)

and

Ey ;< (0—1)°Cyu > r= ()6
1<(a—6)(log B/ log 6—C')
First we bound the error term £, .. For this we observe that if | < (a—d)log B/ log ¥,
then
0" < B*°.
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Moreover, as each of the [; in the counting function r~(I) is bounded by <« llzgg 5

we have

Y o< (iggg)

i<alog B/ log6

This gives the estimate

log B\®
E;; < (0—1)Cru < 08 ) B,

log 6

We conclude that

Sty :Ml_,erO(E?:f).

We now use Lemma [£.9] to first evaluate the main term M 2 We have

L =(0-1)°Csu > r=(1)6"
(a—d)(log B/ log§—C5)<l<a(log B/log0—C5)
log B\*™! logf \* ' 7F .
=(0-1)°C — l 0
( V'Cru Z °r ( log 0 ) (a log B

(a—d)(log B/ log 0—C5)<l<a(log B/log 6—CS5)

log B * 2
+o|Cru0-1° Y <g> 0!

log 6
i1<alog B/log0

log B\* ™" log \*F
+O | Crm(0 1) Z (logt?) (a_logBl) o

i1<alog B/log0

loglog B log B\*™! log 0 soimk .
0| —=———(0-1)°C - l 0
+ log B ( )Crm Z r (logt? “ log B
i<alog B/log6

We can also write this as

k s—1—k
_ log B log B !
=(0—-1)°C —1 0
Lf ( V'Cru °r ( log 0 ) (a log 0 )
(a—6)(log B/ log 0—C5)<I<a(log B/log 6—CS5)

IN
A

log B\*?
+olomm@-1° Y <lg > 9!

i<alog B/log

loge B\*7' / logB sk
+olomm@-1° Y <10gg9> <“10gggl> 9!

i<alog B/log#

loglog B log B i log B sk .
Ol —=—=—(0-1)°C -1 0
+ log B ( )Crm Z ( log 6 “ log 6
1<alog B/log6
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or
1

0 — k
- k s—k
Ml,f = Cf,]\/[Cp(logB) (—10g9) (9 — 1)

>

(a—6)(log B/ log 6—C5)<l<a(log B/ log6—Cs5) (

_, (logB\*?
_1ys—1 a
+O<CfﬁM(9 1) (10g9) B )

0—1\"" log B sk
1 B k—1 -1 s—k+1 _ !
+ O | Cfm(log B) (logt?) (0 ) g (logﬁa l) 0

0<i<alog B/log6

loo B s—1—k
a 082 _ l) 6!
log 6

loglog B s [0—1 F K log B smimk !
—— log B)" [ —— —1)* -
log B Cr.1(log B) ( log 6 (0 ) Z “ log 6 : o

0<i<alog B/log6

+0

In the second line we computed the geometric series.

log B

Assumption 4.11. Assume that for B large we choose 6 in a way such that a

log 6
is an integer.
Under Assumption [£11] we have
0—1\"
- k — _ 1\s—k s—1—kpalog B/logf—m
M ;= Cymcp(log B) <—1og9) 0-1) Z m G o8 5/ loe
aCs<m<(a—03)Cs5+dlog B/ log 0
log B 52
O|Crar(0—1)71 B®
+ (f,M( ) <1og9) )
o—1\""
olc 1 Bk—l 0 —1 s—k+1 s—kealogB/logG—m
0| Crutormr (15) @-) > o
0<m<alog B/log0
loglog B k(0—1 * —k —1-kpalog B -
2 2" (loc B e 0—1)° s g2 log /log6—m
200 B B g (U 0o S
0<m<alog B/ log#
We further rewrite this as
M;, = Cy.arcp(log B)F B b-1 k(971)5*k > ms~ kg™
Lf f log 6
aCs5<m<(a—08)Cs+dlog B/log 0
log B\ * 2
O|Cra(0—1)"1 B®
+ <f,M( ) (1og9) )
9 _1\*!
1 B klea 9 -1 s—k-+1 sfkefm
o Crutosmy s (=5) 1) S ow
0<m<alog B/ log 6
loglog B & 0—1\" _k kg
———(log B)*B* 0—1)° s =™
T (=) U D DI

0<m<alog B/ log 6

We recall the notation

g1 (M, 0) = Z mlem.
0<m<M
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With this notation we have
M ;= Cymcp(log B) )k Be < > 0 —1)°"*gs_1_1((a—6)Cs + dlog B/ log6,6~")
1

+ 0 <Cf]\/[(10gB) B* (?Og@) (9 1) )

_, [logB\*7?
_1ys—1 a
+O<CfﬁM(9 1) (10g9) B )

k— 1
+O<C’fM(logB)k 1Ba<log9> —1)% k“gsk(alogB/logH,@l))

loglogB
+O<CfM log B <

We now apply Lemma [2.1] and obtain

g—1\"
- k pa s—k
M;; = Cyarep(log B)*B <—1og9) 0 k(s —1— k)

_1(logB 52
—1)8 1 B¢
+0 (cf,Mw (127 )

+ 0 (CﬁM(logB)k*lBa)
+ O (Cp,mB*(log B)*(6 — 1))

loo B s—1—k loo B s—k
+ o (CﬁMBa_é(lOgB)k (E)ggt?) + Cf,]u(logB)k_l ( 06 ) )

loglog B & _s . [log B .
O|Crpy———=| (logB)*"B*+ B °(log B .
+ (ﬁM oz B <(0g JPB+ B (log B)” { 1055

Next we need to choose 8. We assume that

1 1
I —— <<l ——0 4.
T ogByor == log )Y “9)

where A > s is a fixed parameter. Then we have
0—1\" 1
=140 —%7
(10g9) i <(10gB)A)’

0—1\°? 1
—1 =0(——].
01 (%ez) =0 (@)
We deduce that

M p=(s—-1- k)!Cy arep(log B)*B* + O (Cy,m B (log B)* ! loglog B) .

> (6 —1)°~ gslk(alogB/log9,91)> .

and

We now turn to the treatment of the error term. Recall that we have

_ log B\* —AA
E C —— | B%logB
o< Cre (127 ) Bo(ogB)
We now observe under the assumption of equation (@3] that we have that
1
1 B 10A
Togd < (log B) ™7,
and .
E;; < Cy.p(log B)*T1°4 B%(log B)~ 24



20 MARTA PIEROPAN AND DAMARIS SCHINDLER

Let At be a positive real parameter. If we take A sufficiently large depending on
A, At, s and A, then we get

Ej, < CypB*(log By~
Observe that the same calculations are also valid for Sfr’ 5 in place of S; 5o We
deduce that
Sy =51y =50
and
Slyf = (S —1- k)!nyMCP(log B)kBa
+0 (Cy.as(loglog B)(log BY*1B) + O (CﬁEBa(log B)*A*) .
We recall that we have made the assumption that
alog B/log6

is integral. Hence we need to show that for every B sufficiently large there is a 6 in
the range (£9) such that this expression is integral. Note that the conditions on
in ([4.9) translate into saying that
log B - log B < log B
a a a .
log(1 + (log B)=4) log 6 log(1 + (log B)—104)

or
log B
log 6
which for B growing certainly contains an integer.

More generally, let W; > 0, 1 <4 < s be parameters such that there exists N > 0
with

log B(log B)* < a < (log B)'*(log B),

(log B)* < W; < (log B)N, 1<i<s.
Set
S1s(W.B):= > f(y)
Ty, " <Bu, kek
yi€N,1<i<s
yi >W; V1<i<s
We rephrase our findings in the following lemma.
Lemma 4.12. Let f : N°* — R>q be a function satisfying Property I. Assume that

Assumption[{.3 and Assumption[{.5] hold and that ({{.3) holds. Then, for any real
At >0 one has

S1(W,B) = (s — 1 — k)!C} prep(log B)* B
+0 (Cy.a(loglog B)(log BY* ' B*) + O (cf,EBa(log B)—A*) .
where the implied constants may depend on N, A" and A and the polytope P.

Next we turn to the treatment of the contributions where some variables in the
sum ST can be small. Let J € {1,...,s} and Let (Vi);¢; and (W;);cs be real
parameters all bounded by < (log B)" for some N sufficiently large and

W; > (log B)A, i€l
We consider the sum
STV, W) = > F(y)-
[T, v, "*<B, kek
y; €N, 1<i<s

yi<V; VigJ
y;i >W,; YieJ
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If J = () then we have
SY (VW) < > f(y) < Cre(log B)N ===,
yi<V; VI<i<s
by Property I and the upper bound for each V;, 1 < i < s. As a > 0 by Assumption
we have .
S? {(V,W) < Cy,pB*(log B) ™', (4.10)
for any fixed AT > 0.

We now follow the approach in section 2.6 in [BB18]. Let U be a real parameter
to be chosen later that is a power of log B and R € N a large natural number also
to be chosen later. We set

Uo=1, Uh=U, Uj:Uinlﬂ 2<j<s, Uerl:Bamaxiw;l.
In particular,
Us=UR"
is bounded by a power of log B. We now have the intervals
Uo =[Uo,U1], Uj=(U;,Ujs1], 1<j<s.
These are s+ 1 disjoint intervals. If we consider a vector y counted by the sum Sy,
then there exists at least one such interval Uf; which does not contain any of the
coordinates y;, 1 < i < s. By the bound (£I0) and the non-negativity of f it is
now sufficient to show that terms of the form
S{(V, W)
are bounded by
S{ +(V,W) < Cf,g(loglog B)*(log B)* "' B*,

where J C {1,...,s} with J # 0 and each of the V; and W is equal to one of
Uy, ...,Us and where we may assume that

R
max Vj < min W;.
i¢J ieJ

I.e. we divide the coordinates i = 1,...s into small and large coordinates and may
assume that there is a gap between them.

Remark 4.13. The terms where all coordinates y; are considered large can either
be treated as in section 2.6 in [BB18] or we can observe that their sum is equal to
the main term where we have the restrictions y; > U; for all 1 <34 < s.

We write

J
S VW) = Y > Fy)-
YiSVi VigJ [1:_, 4" <B, kek
yi€N, 1<i<s
yi>W; Vied

We next aim to apply Lemma to the inner sum
S ((yi)ig.s, W) = > f(y)-

[lics y; " <B [Tigs v, F, kek

yi €N, VieJ

yi>W; YieJ
Note that the function f((y;)ics) = f(y) in the variables y;, i € J, satisfies Property
I by Remark [Tl if we assume that f satisfies Assumption F1] for all vectors yz.
We may assume that

yi < (logB)N, i¢J, (4.11)

for some sufficiently large N (which is independent of B).
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For a non-empty subset J C {1,...,s} and a vector (y;)¢; with y; € N, for i ¢ .J
we introduce the polytope P7((yi)i¢.s) C RV by

Zaiﬁkwiflti <log <BHyla”“> /logB, kek
icJ i¢J
and
t; >0, i€l

We note that Assumption B3] implies that the polytope P”((y;)i¢s) C RI/I is
bounded.

Now consider the linear form ., #;. It takes its maximal value on a face
F7((y3)ig.s) of the polytope P ((y;)i¢.;), say that this maximal value equals a((y;)i¢.;)-

If we have a((y:)igs) < a— C’loloil%;g, then by a dyadic intersection into boxes,
the contribution of those terms S”((y;);¢s, W) to the sum Si{f(V, W) is bounded
by

< Cj.p(log BYN* B C10 55" « O pB®(log B)N*—C1o.

Hence for Cp > Ns they are of acceptable size. Let Cyg in the following be a fixed
constant with Cyg > Ns.

Assumption 4.14. If
loglog B
log B
then we assume the following. The dimension k;((y;)i¢) of the face F7((yi)ig.)
is at most k — 1 if J C {1,..., s}, and this holds uniformly in the range (II]).

a((yi)igs) = a— Cro

Proposition 1] implies that the following estimates hold. Let Hy ((yi)igs) be
the hyperplane given by
Zti = a((yi)ig.) — 6.
ied
Then for § > 0 sufficiently small, there is a constant C' > 0 with
|meas“]‘_l(H(';]((yi)ieJ>ﬁP']((yi)igJ))701]((yi)i¢‘]>5|J|717k~/'((yi)i¢J)| < C’5|']|*k.l((yi)i€J)7
(4.12)
for some real constant c;((yi)i¢s). Moreover, if |J| > 2, we assume that the measure
of the boundary of the polytope Hy ((yi)igs) NP’ ((yi)ig.s) is bounded by

meas| 7|2 (O(HJ (yi)ig.) NP7 ((yi)igs))) < 1. (4.13)
We observe that all the constants involved in these estimates are uniformly bounded
in the range ([@.I1)) as P is bounded.
For a vector (y;)i¢.s satisfying (1)), 4o € J and k£ > 0 we introduce the polytope
P; ((yi)ig.s) given by the system of equations

20,
Zai,kwflti < log (B Hyz_a"> /logB, kek,

i€J i J
t; >0, 1€J,
and
tio S K.

Assumption 4.15. We assume that the following holds uniformly in the range
(@10). For 6 > 0 and & > 0 sufficiently small we have for |J| > 2 the bound
meas| -1 (Hy (i)igs) N Py, o((43)igs)) < min{r, 535171 =2 s (@iies),

and
meas j_» O(HJ NP} ) < 1.
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We note that Assumption LT3l is a consequence of Proposition Bl parts |(iii)}
and and of the boundedness of P for the uniformity.
Moreover, we observe that if k;((yi);¢s) < |J| — 1, then the bound

meas 1 (Hy ((y:)igs) NP ((Yi)igs)) < 6171717k (widigs)
leads to
ST (Wi)igs» W) < Crar,5(4i)igs) (log B)Fs (widies) pallvies)
+ Cr.p (i)igs) B @) (log B,
and the bound

meas| 71 (Hy (y)igs) N P; o ((1i)igs)) < ko1 1=2 =k (i)ig )

leads to
loglog B
ST ((yi)igs, W) < C $Vigg)————(1
((yi)igs, W) < Cyar g ((yi)igs) log B (

+ Cf7E7J((yi)igj)Ba((yi)ieJ)(log B)fAT’

which are both sufficient for our purposes. Note that here we extended the above
calculations to the case where possibly k = s.
If |J| < ks((yi)igs), then a dyadic intersection leads to

ST ((i)ig.s, W) < Cn1,5((yi)ig.s) (log Bl pe(wi)ies)
< nyM,J((yz')igJ)(log B)kJ((yi)ie‘])Ba((yi)ig.l)_

og B)kJ((yi)ieJ)+1Ba((yi)i¢J)

Assume that (1)) holds. We now apply Lemma 12 and its proof strategy and
find that under Assumption 14l and Assumption [£.15 we have

S7((yi)ig.s. W) < Car,5((yi)ig ) (loglog B)(log B)F~1 Be(iig.)
+Cf.5, (i) ig7)B* W27 (log B~

Next, we observe that

Hy?iBa((yi)igJ) < B®

i¢J
by definition of the optimization problem defining a((y;);¢s). We make use of
Remark 1] and bound

Sﬂf(V,W) < Z Cr o, ((Yi)igs) H y; @i (loglog B)(log B)*~' B*

yi<Vi, VigJ i¢J

! —w; pa —Af

+ > Crpl)igs|” [y ™ B (log B)™*".
yi<V;, VigJ igJ

Now we use Lemmald.2together with the non-negativity of the constants C'y as 7 ((i)ig.s)
and dyadic intersections of the ranges for y;, ¢ ¢ J to deduce that

Sﬂf(V,W) < Cy.g(loglog B)®(log B)*~ ' B®
+ Cf, p(max \/;)SJFD,Ba(log log B)*(log B)fAT :
Hence for AT sufficiently large we obtain the bound
57 +(V, W) < Cf,g(loglog B)*(log B)*1Be,

This completes the proof of Theorem [L.11
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4.1. The technical assumption. We conclude the section by discussing Assump-
tion .14

We recall that P C R® is the polyhedron defined by (@4)) and [@3H). Fix ¢ > 0.
For every nonempty subset J C {1,...,s}, let J°:={1,..., s}~ J. For every vector
7 = (7)icge, with 0 < 7; < e for every i € J¢, we define P/ = PN{t; =, Vi € J¢}.
We recall that a is the maximal value of Y. _, ¢, on P and k is the dimension of
the face F' of P where Y7, t; = a. We denote by a; the maximal value of Y7_, ¢;
on P/ and by k7 the dimension of the face F of P/ where Y7 t; =a’. If 7, =0
for all i € J¢ we write 0 instead of 7: P, Fy, af, k{.

Assumption 4.16. There exists n > 0 such that for sufficiently small € > 0, the
following holds for every J and 7 as above: if al > a —n then k7 <k — 1.

We observe that if Assumption .16 is satisfied, then Assumption [£.14] holds for
P. The next two lemmas present two typical situations where Assumption 414l
holds.

Lemma 4.17. Assume that P is bounded and nondegenerate, and that F' is not
contained in a coordinate hyperplane. Then the following statements hold.
(i) f Fn{ti=7 Vi€ J}#0, then k) <k —1.
(ii) If |J| < k, then kI <k — 1.
(111) For sufficiently smalle > 0, if |J| > s—k and FN{t; =0Vi € J} # 0,
then k;] <k-1.
() If FN{t; = 0Vi € J°} =, there exists n > 0 such that for sufficiently
small € > 0 we have ai <a-—n.
(v) If s <2k +1, then P satisfies Assumption[{.13)

Proof. Part holds simply as kJ < |J| — 1. For part we observe that if
FNP? #(then F/ = FNP/ and kJ < k—1 as F is not contained in any coordinate
hyperplane. For partlet (F’) be the affine space spanned by F'. We observe that
(FYN{t; = 0Vi € J} # 0 implies (FYN{t; = 7; Vi € J¢} # () by dimension reasons.
The for sufficiently small € > 0, we have F N {t; = 7, Vi € J°} # ), and we can
conclude by part It remains to prove part If FNn{t; =0Vi e J} =0 then
aj < a. Fix a positive real number n < a —ag. Since Py N{>;_,t; > a—n} =0,
for sufficiently small £ > 0 we have also P/ N {}.7_, t; > a — n} = (), and hence,
al <a—n. Part is a consequence of the previous ones. O

Lemma 4.18. Assume that P is bounded and nondegenerate, and that F' is not
contained in a coordinate hyperplane. Assume that P has s + |K| distinct facets.
If P is simple (i.e., every vertex of P is contained in exactly s facets of P) then
Assumption [{-14] holds (for N and B sufficiently large).

Proof. Tt suffices to show that there exists n > 0 such that for sufficiently small
e > 0, the following holds for every J and 7 as above: if a/ > a—n then k < k—1.

Fix € > 0, J and 7 as above. By Lemma IZ:EZI we can assume without loss
of generality that F' N {t; = 0 Vi € J°} # (). Let n; > 0 such that every facet of Py
that does not intersect Fyj is contained in the half space defined by Yiesti <a—ny.

For every k € KC, let ap(t) :== >, ai,kwflti. For every K’ C K and every
k€ K, we define By -0 =1 -3, e aipw; "7 if k € K’ and By, - xr = 1 otherwise.
For every subset K’ C K, let 7)}],10 =Pd N{ax(t) < brrx Yk € K'}. We denote
by aiﬁ,c/ the maximal value of ), ¢; on P;{,C/, and by k}I,IC/ the dimension of the
face F;{,C, of 7)}],10 where ), t; = ai,c,. We want to show that k'T],,C/ <k-1
for every K' C K. We proceed by induction on the cardinality of K'. If ' = 0,
then we are done as kj < k — 1 by Lemma EI7(i)] Assume that [K’| > 1 and that
kY <k —1 for a subset K" of K’ of cardinality [K’| — 1. Let k be the unique
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clement in K/~ K”. Let F = P icn N {a(t) = Bt.r.xcn} be the facet corresponding
to k. If I does not contain F;{,C,,, then for € > 0 small enough, P'T],,C/ N FTJ,,C// # 0,
hence FT{,C, C FTJJC//. Hence, we can assume that F contains FTJJC//. Let K" be the
set of indices k € K such that ax(t) — Bk -k vanishes on F;{,C//. Let J' C J be
the set of indices 7 such that t; vanishes on FT{ - Since P is simple, then also Py,
P;{,CU and P;{,CN are simple by construction. Then |K"'| + |J'| = |J| — k'T],,C,,, and
the affine space < FTJ x> spanned by FTJ «r is the set of solutions of the full rank
linear system

t;=0Vje J, ap= Bi,r i Yk € K. (4.14)
Let P’ be the convex polyhedron given by
t-ZOVjEJ’, ak(t) < Br.rxr Yk e K. 4.15
j T

By construction, the hyperplane Y ._;t; = aiﬁ i intersects P’ exactly in the face

i€
< FTJJC,, >, and hence defines a supporting hyperplane of P’. So we have ), ; t; =
ZjeJ’ At + D reiom e (t) with Aj <0 for all j € J" and py > 0 for all k € K.
Now we observe that since the linear system ([@I4]) has full rank |K"| + |J/|, the
linear system
t;=0Vje J, a(t) = Brrxr Vk € K"

has an affine space of solutions F’ of dimension || + |J/|. If € > 0 is small
enough, we have F’ N ’PTJJC, # (). Since Yoicsti < D pexom MkBrr i on 7)}],10’
and Y .o ti — D pciom MkBrr .k vanishes on F', we get FTJJC, C F’, and hence
k;{,o <k —1. We can take n = mingyc1,... s} 7J- [l

We observe that for the applications of Theorem [[LTlwe can assume without loss

of generality that P has s+ |K| distinct facets. Otherwise, some of the conditions
indexed by the set K are redundant and can be removed.

5. m-FULL NUMBERS

Let m > 1 be a natural number. We recall that an integer y is called m-full if
for each prime divisor p of y, we have that p™ divides y. We introduce the function
that counts the number of m-full natural numbers less than B

Fin(B) : = {1 <y < B,vp(y) € {0} U ZxnVp}
= {1 <y < B,y is m-full}.
Lemma 5.1 ([ES34, BG58]). For each m > 1 and B > 0 we have
Fo(B) = CouB™ + O,, (B*™), (5.1)
where C1 =1, k1 =0, and for m > 2,

2m—1

Co=]]{1+ Y » = o = —— (5.2)

P Jj=m+1
For a square-free positive integer d, we define
Fon(B,d) :=t#{1 <y < B,d|y, yis m-full}. (5.3)
In this section we prove an asymptotic formula for the function F,,,(B,d). We will
first do it for the case that d is a prime. We will then inductively on the number of
prime factors of d provide a general asymptotic formula. First we provide a form
of inclusion-exclusion lemma, which expresses F,,(B,p) for a prime number p in

terms of sums of the function F,,(B). Before we state the lemma, we introduce a
convenient piece of notation. For r > 1 and k € Z let

pm(k,r) =t{1<ky,.....<(m—-1): k=ki+...+k-}.
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Note that p,,,(k,r) is zero, unless r < k < r(m — 1).
Lemma 5.2. For m > 2 one has

oo?rm 1

FulBo) —Ful B ™)+ 3 3 2By
r=1 k=2r
oo (2r—1)(m—1)

+Z Z pm (K, 2r — 1>Fm(Bp_(27‘—1)m—k>
r=1 k=2r—1

oo (2r—1)(m—1)

-y Z pm(k, 2r — 1) F,, (Bp~2rm=F)
r=1 k=2r—1
oo 2r(m—1)

= " pmlk,2r)Fp(Bp~2 ).

r=1 k=2r

Note that the summations in Lemma are in fact finite, as F,,,(P) = 0 if
P <1

Proof. We start the proof in reinterpreting terms of the shape F,,(Bp~) for some
K >0 as

Fon(Bp™ &) = #{1 < p®1 < B, 1 is m-full}.
Then the right hand side in the identity in Lemma becomes

RHS =${1 < p™1 < B, 1 is m-full}
oo 2r(m—1)
+3° 3 pulk, 2081 < p®FHmR < B is mefull}
r=1 k=2r
oo (2r—1)(m—1)
+3°0 > pmlk,2r — 1)g{1 < p*r=UmHEL < B 1is m-full}
r=1 k=2r—1 (5.4)

oo (2r—1)(m—1)

= > pmk2r = 1)8{1 < p*™ R < B, 1Lis m-full}
r=1 k=2r—1

oo 2r(m—1)

=" pmlk,2r)#{1 < p* L < B, 1 is mofull}.

r=1 k=2r

For any K > 0 we use the identity

#{1 < pX1 < B, 1is m-full} = #{1 < p¥l < B, 1 is m-full, p t I}
+#{1 < p&*™ < B, is m-full}

m—1
+ ) {1 <pTRL < B, 1 is mofull, p £ 1}
k=1

(5.5)

We use this identity for the terms in the third line in (54). We observe that the
terms counting 1 < p?"™*+* < B with | m-full identically cancel with the fourth
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line in (5.4). Hence we obtain
RHS =#{1 < p™ < B,l is m-full}
oo 2r(m—1)
+Y 0> pmlk 2r)8{1 < pPrTIMTEL < B 1 is m-full}
r=1 k=2r
s (2r—1)(m—1)
+3° Y pa(k2r = 1)#{1 < pP UM< B Lis mefull, pt 1)
r=1 k=2r—1
%o (2r=1)(m—1) m—1
Y > D pky2r = {1 < pPr TR < B is mofull, p £ 1}
r=1 k=2r—1 k,.=1
oo 2r(m—1)
=3 > pmk20){1 <p* < B, 1 is mofull}
r=1 k=2r
Recalling the definition of the functions p,,(k,r) we can further rewrite this as
RHS =#{1 < p™ < B,l is m-full}
oo 2r(m—1)
+3 ) pmlk,2r)#{1 < p@rTImTEL < B 1 is m-full}
r=1 k=2r
oo (2r—1)(m—1)
+ P (K, 2r — 1)8{1 < pPr=Dm+r] < B [is m-full, p 1 1}
r=1 k=2r—1
oo 2r(m—1)
A3 palk,20)3{1 < p* ™R < B is mefull pf 1}
r=1 k=2r
oo 2r(m-—1)
=3 Y pmlk20)8{1 < p*™ R < B, 1 is m-full}.

r=1 k=2r

(5.6)

We now use the identity (5.0) for the terms in the last line in equation (5.6]). The
resulting terms with p?*™**] < B and p { [ cancel with the terms in the fourth line.
Moreover, the terms with 1 < p(2T+1)m+kl < B and | m-full identically cancel with
the terms in the second line in (5.6). Hence we obtain
RHS =4{1 < p™I < B, 1 is m-full}

oo (2r—1)(m—1)

+30Y pm(k2r — 1)#{1 < pPTUmHEL < B Lis mefull, p 1}
r=1 k=2r—1
oo 2r(m—1) m—1

=0T Y pmlk2r)g{1 < prEmtktkra ] < B 1 is m-full, p {1}

r=1 k=2r kops1=1
Again using the definition of the functions p,,(k,2r) we can rewrite this as
RHS =#{1 < p™l < B, is m-full}
o (2r—1)(m-1)
+30 > pmlk2r — 1)8{1 < p* UM < B s mofull, p t 1}
r=1 k=2r—1
o (2r+1)(m—1)
= > pmk2r + 1)8{1 < pCrTIMHEL < B 1 is mofull, p £ 1.
r=1 k=2r+1
(5.7)
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The last two sums in (7)) cancel except for the terms with » = 1 in the second
line. Hence we get
RHS =#{1 < p™l < B,l is m-full}

m—1

+ ) #H{1 <p™MI < B, lis mefull,p £ 1}
k=1

Similarly as in (5.5]) we now observe that on the right hand side we count exactly
all 1 <1 < B such that p | [ and [ is m-full, which completes the proof of the
lemma. ]

Lemma now allows us to deduce an asymptotic formula for F,,,(B,p) given
that we know (G.I)). We recall that the sums in Lemma [5.2] are all finite and hence
we can first reorder them to take into account cancellation between different sums
and then complete the resulting series to infinity. First we rewrite the expression
for F,,,(B,p) in Lemma [5.2] as

oo

Fu(B,p) =Fn(Bp™™) + > am(u)Fm(Bp™"), (5.8)
p=m-+1

with coefficients a,,(¢) that are given by

oo 2r(m—1)

“):Z Z P (K, 27) 1 (24 1)mtk)

r=1 k=2r
oo (2r—1)(m—1)

3 > ok 2r = 1) 12— 1y

oo (2r—1)(m—1)

_ Z Z P (K, 2r — 1) 1y—ormi

r=1 k=2r—1
oo 2r(m—1)

_ Z Z pm(k, 2r) IT i ——

r=1 k=2r

Note that all the appearing sums are in fact finite and hence we can reorder them
freely. Our next goal is to get more understanding on the coefficients a,, (1) (in
particular their size) and hence we group them in a generating series. Define

oo

G (2) = Z ().

p=m+1

A first rough bound on the coefficients a,, () can be obtained via the estimate

For m > 3 we obtain
(i) < 2(m — 1) 551
whereas for m = 2 we have the estimate

am (1) < Ly
m

In particular we deduce that there is some constant R, only depending on m such
that the power series G, () is absolutely convergent for |z| < R,,. Moreover, in
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choosing R,, sufficiently small we can also assume that the sum

o0 t(m—l)

Z Z Pm(k7 t):Cthrk

t=1 k=t
is absolutely convergent. Our next goal is to write the generating series Gy, () as
a fractional function and in this way realise that it has a larger radius of absolute
convergence than the bound that is obtained from the very rough estimate on
am (). For this we observe that for |z| < R,, we can express G, () as

oo?rm 1

Z Z pon (e, 27) 2r DR

r=1 k=2r
o (2r—1)(m-1)

+30 > (k20 — 1)gRrobmk

r=1 k=2r—1
o (2r—1)(m-—1)

— Z Z pm(k,2r — 1)z2rm+k

r=1 k=2r—1

oo 2r(m—1)

_ Z Z pm k/’ 27“ 27‘m+k

r=1 k=2r

We can now compute the generating function G,,(x) as
00 m—1 2r 0o m—1
ZC) — Z x(2r+1)m (Z .’L'k> + Z $(2T—1)m (Z ,Tk)
r=1 k=1 r=1 k=1
o0 m—1 2r-1 ) m—1 2r
() xS
r=1 k=1 r=1 k=1
In the area of absolute convergence one may reorder the sums as

:Z(i t (t+1 (Z T ) +Z(71)t+1xtm <; zk>

t=1

=™ - 1)(-1)z™ (Z xk> <1 — (=1)z™ <Z zk>>
k=1 k=1

2™l -1 a1\ !
:17 my . m 1 m—+1
@ mamenat e (1 )

2r—1

x™
:17 my,..m+1
(1—2™)z 71

(z—1)(z— 142" (@™ - 1))

=(1 — ™)™ (™! —1 -t

:(1 _ xm)$m+1($m_1 -1
We observe that
2 ™ e 1= (2™ - 1)@+ 1) 2@ - 1) = (2™ - 1)(a™ -z +1).

Hence we obtain

(z—142m @' -1))

(EE -1 4 x2m _ :L_m-i-l)*

)
)

Gm(z) = =™ @™ ' 1)@ —z+1)""

In the interval x € (0,1) the function 2™ — 7 takes its minimum at x = m~ w1,

and at this point ™ —x = m™ ™~ 1( —1). In particular we observe that the
Taylor series for G, (z) is absolutely convergent in the interval z € (0, 1).
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We can now deduce an asymptotic for F, (B, p).

Lemma 5.3. Let m > 2. Let p be a prime number. Then we have
Fy(B,p) = CyuB* (p*l + Gm(p*#)) + Oy, (Bfmp=msm) |
Here the implicit constant is independent of p.

Proof. We start in recalling equation (&.8))
F(B,p) = Fu(Bp™™)+ Y am(u)Fon(Bp™").
p=m+1
From the asymptotic formula in (&) we deduce that

Fon(B,p) =Co(Bp™™) 7 + Cv > am(u)(Bp™")
p=m-+1

+ On, ((Bpm)nm + Z |am(ﬂ)|(Bp'u)Km> )

p=m-+1

—C,,B% (p_l + Gm(p—%))

oo
+ Om (BRan_me + Bnmp_m’inL Z |am(u)|2(_p‘+m)”m> .
p=m+1
The last sum is absolutely convergent (consider the generating function =G, (x)
at the point = 27%m) and hence we have established the asymptotic

Fm(Bap):CmB# (pil—’—Gm(pi#)) + O (Bnmpimnm). O

Next we aim to generalize Lemma [5.3] to obtain an asymptotic formula for
F,.(B,d) for a general square-free number d. For this we start with a general-
ization of Lemma

Lemma 5.4. Let d > 0 be a square-free integer and p a prime with p | d. Write
d =d/p. Form > 2 one has
oo 2r(m—1)
Fn(B,d) =Fu(Bp™™,d)+ > > pm(k,2r)Fp(Bp~ ™= )
r=1 k=2r
oo (2r—1)(m—1)
+> > pm(k2r = 1)F(Bp~ @M )
r=1 k=2r—1
oo (2r—1)(m—1)
= > pm(k2r = 1)Fu(Bp R d)
r=1 k=2r—1
oo 2r(m—1)
- Z Z pm(kv 2T)Fm(Bp72Tmikﬂ d/)
r=1 k=2r
The proof of Lemma [5.4] is exactly the same as the proof of Lemma where
the condition ! is m-full is replaced by the condition that [ is m-full and d’ | I.
Moreover, as in equation (5.8)) one can rewrite the identity from Lemma [5.4] as
Fp(B,d) = Fpn(Bp™™,d)+ Y am(u)Fn(Bp ™, d). (5.9)
p=m-41
Via induction on the number of prime factors of d we now establish the following
lemma.
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Lemma 5.5. Let d > 0 be a square-free integer. Write w(d) for the number of
prime divisors of d. Then for each integer m > 2 there exists a positive constant
K,, such that we have

Fon(B,d) = CpuB [ (07! + Galp™ %)) + O (KD B ).
pld
Here the implicit constant is independent of d and
B 1
Cl4p-pt
For m =1 the asymptotic holds with C; =1, K1 =1, k1 =0 (and G1 =0).

Pl G(p™ ) (5.10)

Proof. For m = 1 the statement is immediate. Let us assume that m > 2. If d is
prime, then the statement follows from Lemma [5.3] (or note that if d = 1 then the
statement reduces to the assumption in (&I)). Let d > 0 be squarefree and ¢ a
prime with ¢ | d. Assume that we have established the asymptotic

Fun(B,d) = CuB7 [T (07! 4 Gnlp™ %) ) + O (K B,
pld’

with a constant K, given by

Kpn:=1+ Z | ()27 (),
p=m+1

Note that K, is indeed a convergent sum. Then by Lemma [5.4] and equation (5.9)
we deduce that

Fn(B,d) =Fn(Bg™™,d) + > am(u)Fn(Bg ", d')
p=m+1
1 _ _1 _ - _
=Cn B [ (p L Galp m)) <q " am(ug m)
pld’ p=m+1
+ Om <K7“;’l(d/)B"imq_m'€md/_m"im <1 + Z |am(u)|q_ﬁm(ll_m)>> .
p=m-+1
By definition of K, we obtain
Fon(B,d) =CoaB% [ (07" 4 G0 7))
pld
+ Om <Kfn(d’)Bnmqmnmd/mnm <1 + Z |am(ﬂ)|2ﬁm(#m)>>
p=m-+1
~Cn BT[] (07" + Guup™ 7)) + O (K H1 B (g )~ )
pld
—CnB [ (;f1 + Gm(p*%)) 4 O (K;@B”md*mM) .
pld

O

Next we given an upper bounds for the leading constant in Lemma For
squarefree d we introduce the notation

Cm.a=Cm ] (p_l + Gm(p—%)) : (5.11)

pld
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We observe that ¢; ¢ = 1/d and we recall that
1

1+p— meil .
For every fixed m > 1 there is a positive constant ca(m) < 1 such that

P+ G(p™ ) (5.12)

m—1
pm < ca(m)p,

holds for all primes p > 2. Hence we deduce from equation (5.12)) that there exists
a constant cz(m), only depending on m, such that

_ 1 wid) 1

I1 (p Lt Glp #)) < eg(m)“—. (5.13)

pld

Hence, we get
1
Cm,d K Cm03(m)w(d)a L e d-1te. (5.14)
Moreover, for m > 2 we have
m 1 2

kp=——=1-— > —, 5.15
mn m+1 m+1-3 (5.15)

5.1. An auxiliary counting function. For any s-tuple of positive integers m =
(m1,...,ms) and any s-tuple of squarefree positive integers d = (di,...,ds), let
fm,a : Z%y — R be the function defined by

1 ifd; | y; and y; is m-full Vi € {1,..., s},

0 otherwise.

fm,d(yla" -;ys) = {

Lemma 5.6. Let m = (my,...,my) € Z,. For every s-tuple of squarefree positive
integers d = (dy,...,ds) and every e > 0 we have

Z fm,d(yla-'-;ys)

1<y;<B;,1<i<s
s s N s _%+E s 1 —0
= (H Cmi,di> HBi 4+ Om,e <H di> <H B, i) (112128 B¢>

i=1 i=1 i=1 i=1 ==
for all By,...,Bs >0, where 6 = min{1/3, minj<;<, 1/(m;(m; + 1))}.
Proof. We observe that

Z fm,d(yla-'-ays):HFmi(Bivdi)-
1<y;<B;,1<i<s i=1

For i € {1,...,s} such that m; > 2 apply Lemma 55 for i € {1,...,s} such that
m; = 1 use the estimate Fy(B;,d;) = B;/d; + O((B;/d;)?/?). Then apply (5.14)
and (B.I3) to estimate the error term. O

Lemma [5.6implies that the function fm q satisfies Property I with the constants

2
s s —3te
quM = Hcmiydi7 CfﬁE = (H d1> y
i=1 1=1

1
w,=—, 1<1<s
m;

and

and
A =min{1/3, 1ré111<1 1/(mi(m; + 1))}
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Similarly, Lemma implies that fm a satisfies Property II. If d; | y; and y; is
m;-full for ¢ € 7 then

Craz(yr) =[] cmi.a
i¢T
and Cyar,z(yz) = 0 otherwise. Moreover one can for example take D = 2s/3
and v > 0 some arbitrary positive constant. Moreover, up to multiplying Cy g

by a positive constant depending only on m and e, with this choice of parameters
Condition (ZI]) holds.

6. CAMPANA POINTS ON TORIC VARIETIES

6.1. Toric varieties over number fields. Let X be a complete smooth split toric
variety over a number field K. Let T C X be the dense torus. Let ¥ be the fan
that defines X. We denote by {p1,...,ps} the set of rays of ¥ and by X4, the
set of maximal cones of ¥. For every maximal cone o we define Z, to be the set
of indices i € {1,...,s} such that the ray p; belongs to the cone o, and we set
I =A{1,...,8} N~ _#,. Then we have | #,| = n and |.#,| = r for every maximal
cone o of ¥, where n is the dimension of X and r is the rank of the Picard group
of X. In particular, s = n + r. For each i € {1,...,s}, we denote by D; the
prime toric invariant divisor corresponding to the ray p;. We fix a canonical divisor
A;Y:::_'E:izll)b

By [Cox95] the Cox ring of X is K[y, ..., ys] where the degree of the variable y;
is the class of the divisor D; in Pic(X). For every y = (y1,...,ys) € C* and every
D= Zle aiDZ-, let

S
y? =11
i=1

Let Y — X be the universal torsor of X as in [Sal98, §8]. We recall that the variety
Y is an open subset of Af whose complement is defined by y”+ = 0 for all maximal
cones o, where D, := Ziey‘j D; for all o € ¥,00-

The integral model 7 : # — 2 of the universal torsor Y — X as in [Sal98]
Remarks 8.6] gives a parameterization of the rational points on X via integral points
in Of = A*(Ok) as follows. Let C be a set of ideals of Ok that form a system of
representatives for the class group of K. We fix a basis of Pic(X), and for every
divisor D on X we write ¢ := [[_, ¢ where [D] = (b1,...,b,) with respect to

i=1 "1

the fixed basis of Pic(X). Then, as in [Piel6l, §2],

X(K)=X(Og) = | | 7 (Z*(Ox)),

ceCr

where 7¢ : #¢ — 2 is the twist of 7 defined in [FP16, Theorem 2.7]. The fibers
of T|g«(oy) are all isomorphic to (Og )", and #¢(Ok) C A®(Ok) is the subset of
points y € @@;_, ¢ that satisfy

> yPrePe = 0. (6.1)

0E€¥max

Let N be the lattice of cocharacters of X. Then ¥ C N ®z R. For every
i €{1,...,s}, let v; be the unique generator of p; N N. For every torus invariant
divisor D = Zle a;D; of X and for every o € Yy,4z, let us p be the character
of N determined by us p(v;) = a; for all j € #,, and define D(o) := D —
> i tue,p()D;. Then D and D(o) are linearly equivalent. For every i,j €
{1,...,s}, let Boi; := —uo,p,(v;). Then, for every i,j € {1,...,s}, we have
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Bo,i,; = 0 whenever j € .#,, and whenever ¢ # j are both in _#,. Hence,

D; if j € ,,
Dj(o) =1 Y (6.2)
Yies, BoiiDi it j € Fo.
Lemma 6.1. For everyi,j € {i,...,s} and 0,0’ € ¥4 we have
ﬂa,i,j = - Z ﬂo”,i,lﬂa’,l,j-
IS

Proof. From the equality D;(c’) = (D,(0))(c") we get

O_ZUUD 4] Dl ZUUD Vl Dl ZUU’DL Vz
= Z (uaD Vz ZUUD (Vl)ua’ Dl(Vz)Dz> Dz O

=1

6.2. Polytopes. In this section, we fix a semiample Q-divisor L = >"7_; a;D;, and
we study a number of polytopes associated to L. The content of this section is
purely combinatorial, in particular, it does not depend on the base field K where
X is defined.

For each 0 € Epax, we write L(0) = Y ;_, @i o D;. Then o, =0 for alli € 7,
by construction.
Remark 6.2. Since L is semiample, L(o) is effective for all o € ¥, by [CLS11]
Proposition 6.1.1]; that is, a;, > 0 for all ¢ € {1,...,s} and all 0 € Epax. If,

moreover, L is ample, then a;, > 0 for all i € ., and all 0 € £, by [CLSII]
Theorem 6.1.14].

Assumption 6.3. We assume that for every i € {1,...,s} there exists 0 € Jpax
such that o; » > 0.

We observe that Assumption [6.3lis satisfied if L is ample by Remark[6.2] or if L is
linearly equivalent to an effective divisor Y ;_, b;D; with b; > 0 foralli € {1,...,s}
by Lemma [6.4] below.

6.2.1. The polytope Pr,. We describe a classical polytope associated to L that we
use in Section to study the height function defined by L.

We denote by M the lattice of characters of T', dual to N, and by Mg the vector
space M ®z R. Similarly, we set Pic(X)r := Pic(X) ®z R. We recall that there is
an exact sequence (e.g. [CLS1Il Theorem 4.2.1])

0 — Mg — @O RD; 5 Pic(X)z — 0,
i=1
such that the effective cone Eff (X) of X is the image under ¢ of the cone generated
by the effective torus invariant divisors

C .= {Z%Di Y1, ... ,05 > 0} - @RDZ-.
i=1 i=1
Since L is semiample,
Pp:={me Mg :m(v)+a; >0Vie{l,...,s}}.

is a polytope with vertices {—u, : 0 € ZYmax} by [CLS1Il Proposition 4.3.8,
Theorem 6.1.7]. In particular,

Pp = { Z Aol * (As)oeSma € Rgg"‘“‘, Z Ao = 1} ) (6.3)

0EX max 0€Ymax
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Lemma 6.4. For every t € Rx,

(tL+ Mg)NC = { D> AL(0) t (Ao )oespm € Rz0)7m, Y Ay = t} .
0EX max 0E€ X max
Proof. By (63) L + Py, is the polytope with vertices {L(0) : 0 € Xiax}. Since
(tL + Mr)NC =tL + P, = t(L + Pr) by [CLS1Il Exercise 4.3.2], the statement
follows. O

Remark 6.5. If L is ample, then there exists a positive integer ¢ such that [t71L] =
[Z;l mLDZ} with my,...,ms € Zso. Indeed, [L] has at least one representative of

the form >0, b;D; with by,...,bs € Q5o by Lemma and Remark Hence,
it suffices to choose any positive integer ¢ such that tb;l €Zforallie{l,...,s}.

6.2.2. The polytope P. We investigate some polytopes associated to [L] that we use
for the application of the hyperbola method in Sections

We identify R® with the space of linear functions on @;_; RD; by defining
t(D;) =t; for alli e {1,...,s} and all t = (t1,...,ts) € R®. Under this identifica-

tion, the dual of Pic(X) is the linear subspace H of R® defined by
tj = Z Bg,id‘ti Vj e /g’, (64)
1€So

for one, or equivalently all, 0 € Y. (cf. Lemma [6.1]).
Let P C R® be the polyhedron defined by

t; >0Vvie{l,...,s} and Zaiﬁti <1Vo € Yax- (6.5)
i=1

Then P is a full dimensional convex polytope by Remark and Assumption [6.3]

Moreover, cone(P) is dual to the cone C defined above. For every o € Ypax, let

15(7 := P N cone (ﬁﬂ {Z o oti = 1}) ,
i=1

U P.=r (6.6)

so that

We observe that the polytopes P and P, depend only on the class of L in Pic(X)
and not on the chosen representative Z;l a;D;.

Lemma 6.6. (i) For every o,0’ € Emax,
ﬁa’ ﬂ]Sa/ = ﬁg n {tj = Z /Bg‘ﬁihjti Vj e {l € jg‘ Ty ot 7& 0}}
€I,

(i) Under Assumption we have (\,cx, P,=PnNH.
(i11) If L is ample, then

P,=Pn {tj < Z Boyijti Vi€ /a}
e,

for every o € ¥ ax. In particular, ]50 is the polytope in R® defined by
t1,...,ts 20, t; < Z Bo,ijti Vi€ Fo, Z o ot < 1.

€Iy €I
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Proof. By definition, P, is the set of clements t € P such that t(L(c")) < t(L(c))
for all 0’ € ¥pnax. By (62) we have

t(L(o) = L(o")) =t Zaj,a'(Dj(U) -Dj)| = a0 ((Z 5o,i,jti> —tj>

Jj€E I €Iy

Hence, and the inclusion 2 in follow. For the reverse inclusion in we fix
Jj € Zo. By [Sal98, Lemma 8.9] there is ¢’ € Xpax such that 7,0 7 = Z~{j}.

Then
Oéj70’< Zﬂaz; )t( ( )7L(O’))§O

€I,

for all t € P, and ajo > 0 by Remark Part follows from as
ﬂaezmax P, = P, N H for every 0/ € Y. by together with Assumption [6.3]

and we conclude by (6.6]). O
Lemma 6.7. Assume that L is ample. Let w = (w1,...,ws) € RS,. Let F be the
face of P where the mazimum value a(L,w) of Py wzt is attained. Then

(i) a(L,@) >0 and F C H.
(i) 1f, addztwnally, L] = Do wiDy] in PiC(X)]R, then a(L,w) = 1 and
F=Hn {3°7, wit; = 1}. In particular, F{ty,....ts>0}£0.

Proof. Since s > 1 and P is full dimensional, we have a(L,w) > 0. For every
0 € Ymax, let F _FOP Fix 0 € Yax- LettEP < H. By (6-4) and Lemma
there exists j € _#, such that t; < Y., Boijti. Let t) :== 37, Bojti-
For each i € {1,...,s} ~ {j} let ¢} := ¢;. Then (t’l, ...,t.) € P,, and > _1 wzt’
Dy wzt by construction. Hence t ¢ F,. Thus F, C H which implies F,, C F,/
for all 0/ € Y.x. Since this proof works for every o € X,.x, we conclude that

F = F for all 0,0’ € Yiax. Now |(i)] . follows, because F' = Uanmax Fa.

For we recall that a;, = w; + dej w;Be,; for all i € F,. Hence,
Zzefa Qiot; = Yi_qwt; for all t € H and for all ¢ € %, Since H is the
subspace of R* dual to Pic(X)g, a torus invariant divisor D satisfies t(D) = 0 for
all t € H if and | only if D is a principal divisor. Since Dy, ..., Dy are not principal

divisors, then H N {t1,...,ts > 0} # 0. Let t € H Wlth tl,...,ts > 0, up to
rescaling t by a positive real number we can assume that Y ;_, @;t; = 1, and hence

te L. ]

6.2.3. The geometric constant. We compute certain volumes of polytopes that ap-
pear in the leading constant of the asymptotic formula

Fix ¢ € Ypax. Since X is smooth, we know that Pic(X) = D¢, Z[Dil.
We identify R" with the space of linear functions on B, , R[D;] by defining
Z(Zie% ai[Di]) = Zie.ﬂ, a;z; for all z = (2i)icr, € R". Let A\) : R = R
be the evaluation at [L]; that is, A\iz)(z) = Y ;c s @iozi- Fix i € 4, such that
@; , # 0. The change of variables x = \(1)(z), dz = o; ,dz;, gives

/ Hdzz—/ /_( - )/ ga{; H dz; | dz
L=\T T sy izt Yi0Ri )/ QG & z

i€, i€ Iy it

for all integrable functions g : R" — R.
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Lemma 6.8. The volume

a(L) ::/ dz;
Eff(x)*m[;l]u) %o H

zeﬂa,wéz
is positive and independent of the choice of i and of the choice of o.

Proof. The transversal intersection Eff (X)*NA; L]( ) is an (r —1)-dimensional poly-

tope, hence the volume is positive. The independence of the choice of ¢ is clear.
The independence of the choice of ¢ is a consequence of Lemma [6.1] (I

Lemma 6.9. Assume that L is ample and [L] = [Y.]_, @w;D;] with @, ..., ws > 0.
For § > 0, let Hs be the hyperplane defined by >.; wit; = 1 — 6. Then for
d > 0 small enough, meas;_1(Hgs N ]5) = 057" + O(657 "), where meas,_1 is the
(s — 1)-dimensional measure on Hs given by [[,<,<, ;4;(widt;) for any choice of
1€{l,...,s}, and

a(L
€= (s(r))! >, Il =

0E€Xmax 1€I4

Proof. Since L is ample, the decomposition ([G.6) and Lemma [6.6] give

meas;_1(Hs N P Z meass_1(Hs N P ).
TEX max

Fix 0 € Ypax. Let Vs, := meass_1(Hs N ISU) By the choice of L we have
iy = Wi + Zje/g w;Bs,i,; for all i € #,, and hence,

sz i — Z aza T Z wj(z ﬂa,i,jti*t])

€L J€EHZo €L

for every t € R®. Then Ho N P, CH by Lemma Fix £ = (&,...,&) €
Hyn Pg7 and fix i € .%,. Then V5,0 = meas,_ 1((P N Hy) + 0£) is the volume of
the polytope given by

ti>0&Vie {1, sk t; <Y BoijtiVi € Foy Y ioti <146, Zwlt =1,
€Iy 1€y

with respect to the measure [], ., ;;(@idt;).
For all i € ., let u; = t;. For all j € 7, let uj = (3 ;c s Boijti —t5)/9, ie.,

_ 5
uj = 5! Z B Jiygt = l;] 1-— Z wit; | — 1
Z

€Iy i#T 1<i<s,i#1
Let g(u) :=32;c 4, @ju; and h(u) =1 =3 ;. @ioui. Then 6"7*Vs, is the
volume of the polytope given by
u; >0Vje fo, g(u) <1,
u; > 0& Vi € S, ~ {i}, Z a;ou; < 1+ dg(u),

1€ Iy il

Z ﬂazguz ﬂal]h( ) 5<uj+§j

i€ Iy it Z’U

ﬂ;z’jg(u)) Vi€ Lo,

i,0
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with respect to the measure w;a: ' [] -(w;duy), as
p 1% o Lli<i<s,izi(Widti);

| det((Ou;/0t) <1< jriagi)| = 0" ° det((B, 7 @1/ @; + 015) e 7.,)

=01+ Y Bamifw | =0,
i€ Sy

where 6, ; = 01if | # j and 0;; = 1. By dominated convergence we can compute
¢ =lims_,0 6" *V;,, as the volume of the polytope given by

w2 0Yj € Fo glu) <1,

u; > 0Vie Sy, Z Bo,ijui > 0Vj € _Zg, Z 0 oU; = 1,
1€y 1€,

with respect to the measure w;a{; H1§i55,¢¢%(widui)- We conclude as

1

(w;duj) = . O
/uj>o VjG/g,g(u)<1j!;[/U 7 (s —1)!

6.3. Heights. Now we study the height associated to a semiample Q-divisor L on
X. Let t be a positive integer such that tL has integer coefficients and is base
point free. By [CLST1, Proposition 4.3.3] we have H°(X,tL) = D.nep,,m KX,
where Py, and M are defined in Section and x™ € K[T] is the character of T
corresponding to m.

Let Hyz, : X(K) — R>¢ be the pullback of the exponential Weil height under the
morphism X — P(H%(X,tL)) defined by the basis of H°(X,¢L) corresponding to
P, N M. We define Hy, := (HtL)l/t. We observe that this definition agrees with
[BT95a] §2.1].

Proposition 6.10. For every y € % (K), we have

Hy(x(y)) = [ sw Iy"l.

ek 0E€¥ max

For every ¢ € C" and'y € #¢(Ok), we have

Hy(r*(y) =) [ s Iy" L.

vEQa 0EXmax

Proof. By definition of Hy, and of 7 we have, for y € #(K),

Hp(n(y) = [ sup [y*+DL
vEQK meP, .M
Let m € P,,NM. By (@3)) there are A, € R>( for 0 € E,yax such that zaeme Ao =
Land m =~ v AgUg L, 50 that YT = yXoesma A2t()  Thig proves
the first statement. For the second statement we argue as in the proof of [Piel6l
Proposition 2]. Fix ¢ € " and y € #°(Ok). For every prime ideal p of Ox we
write v, for the associated valuation. Then

: L(o)y — : L(o) .—L(0o) Ly _ L
Jhin vp(y™”) = min v (y" ) +op (") = vp(c”),

where the first equality holds as [L(o)] = [L] in Pic(X)g, and the second equality
follows from (6.1]) as yL(@) ¢ L) for all o € Epax. O

The following lemma will ensure the Northcott property for Hr,.
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Lemma 6.11. If L satisfies Assumption [6.3, then there is o > 0 such that for
every ¢ € C" and B > 0, every point y € @;_, P with

sup |y" @], <n(cH)B (6.7)

vEQ, 0E€Xmax

and y1,...,Yys 7 0 satisfies
H lyily <N(P)B*

VEQ oo
forallie{1,...,s}.

Proof. Lety € @;_, ¢” such that (67) holds and y1,...,ys # 0. Fixi € {1,...,s}
and choose 0 € Ypax such that a; , > 0. Recall that [[,cq_ |yil, = 9N(y:Ok) by
the product formula. Since y; € ¢P7 for all j € {1,..., s}, we have

N(y;Ox)* e N(" =Py <(y™ o) < [ sup [y ), <N(H)B.

vEQo 7€ max

Hence, N(y;Ok) < N(cPr)BY/ e, .

6.4. Campana points. From now on we assume that K = Q. For every i €
{1,...,s}, we fix a positive integer m; and we denote by 2; the closure of D; in
Z'. Let m := (my,...,mg) and

A::Zsl(l—mii)@i.

The support of the restriction of A to the fibers over Spec Z is a strict normal cross-
ing divisor (see for example [CLT10, §5.1]), hence (2", A) is a Campana orbifold
as in [PSTVA19 Definition 3.1]. We denote by (2", A)(Z) the set of Campana Z-
points as in [PSTVAT9| Definition 3.4], and by #(Z)m the preimage of (2, A)(Z)
under 7|z (z). Then a point of #(Z) with coordinates (y1,. .., ¥ys) belongs to Z(Z)m
if and only if y; is nonzero and m;-full for all i € {1,...,s}.

For every semiample divisor L that satisfies Assumption [6.3] and every B > 0,
let Ny, 1 (B) be the number of points in (£, A)(Z) of height Hy, at most B. Since
m:% — %2 is a G],-torsor, we have

Nun1(B) = o 1y € & (D) Hi(n(y)) < B}.

6.5. Heuristics. In this subsection we give a heuristic argument based on the
hyperbola method in support of [PSTVAT9, Conjecture 1.1] for split toric varieties.

We assume that —(Kx 4+ A) is ample and that L is a big and semiample Q-
divisor, not necessarily equal to —[Kx + A] in Pic(X)g, that satisfies Assumption
63 We recall that [PSTVA19, Conjecture 1.1] for (27, A) predicts the asymptotic
formula

Nm.z.(B) ~ ¢B* P (log B\~ B — 400, (6.8)
where c is a positive constant,
a(L) :=inf{t e R: t[{L] + [Kx + A] € Eff(X)} (6.9)

and b(L) is the codimension of the minimal face of Eff(X) that contains a(L)[L] +
[Kx + A]. In particular, b(L) is a positive integer, and a(L) is a positive real
number, as —[Kx + A] is ample. Since Eff(X) is closed in the euclidean topology,
the infimum in the definition of a(L) is actually a minimum.
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6.5.1. Combinatorial description of a(L). Recall the notation introduced in Sec-
tion We now give a characterization of a(L) as the solution of certain linear
programming problems.

Proposition 6.12. (i) The number a(L) is the minimal value of the function
Y sex,... Ao subject to the conditions
Ao >0, Vo € Smax, (6.10)
1
Y Nottio>=—, Vie{l,... s} (6.11)
0EXmax i

(ii) Assume, additionally, that L is ample. Fix o € Y. and define v; =
: ﬁ”—ﬂ Then a(L) is the minimal value of the function Ay subject
J€ES s

m;
to the conditions

Ao, A >0, Vie 7, (6.12)
1 .
)\Oaiﬁ — Z Bg,id‘)\j > E + Vi, Vi € fg. (613)
J€ I
Proof. To prove part we observe that for ¢ € R the condition
t[L] + [Kx + A] € Eff(X) (6.14)

is equivalent to o (¢t[L] + [Kx + A]) N C # 0. Now, ¢ '(t[L] + [Kx + A]) =
tL+ Kx + A+ Mg. If D € (tL+KXJrA+MR)ﬂC, thean(KXﬁLA) eC
as —(Kx +A)=>" miiDi € C and C is a cone. Then (6.I4) holds if and only
if there exists a divisor D' € (tL + Mg) N C such that D' + Kx + A € C. By
Lemma this is equivalent to the existence of A\, € R>¢ for all o € 3.« such
that 3°, » As=tand )’ v AL(o)+Kx +A€C.

Now we prove part Condition (G614 is equivalent to the existence of D € C'
such that t[L] + [Kx + A] = ¢(D) in Pic(X)g. Since X is proper and smooth, the
last equality is equivalent to tL(o) + (Kx + A)(o) = D(0). Write D = Y7, A\;D;.
Then D € C if and only if Ay,..., As > 0. We have

1
tL - = e — =N — i — i\ | D
(0) + (Kx + A)(0) = D(0) = Y | tevio . Xi—%i— Y Boijhi | Di
€L JE€EHZo
Using the fact that A; > 0 for all i € .Z, if D € C, we see that condition (6.14) is

equivalent to the existence of A; € R>¢ for all j € _#, that satisfy the conditions
in the statement for \y = ¢. O

6.5.2. Heuristic argument for a(L). Next we give a heuristic argument in support
of [PSTVATI9, Conjecture 1.1] (and [BM90, §3.3]) regarding the expected exponent
a(L) of B in the asymptotic formula (6.8) for split toric varieties over Q.

Up to a positive constant, Ny, 1,(B) is the cardinality S of the set of m,;-full
positive integers y; for i € {1,...,s} that satisfy the conditions y2(@) < B for all
0 € Smax. We recall that y2 (@) =[5 .

One of the ideas of the hyperbola method is to dissect the region of summation for
the variables y1,...,ys, into different boxes. Assume that we consider a box where
say y; ~ B; (here we mean that for example B; < y; < 2B; for i € {1,...,s}), and
let B; = B%. What contribution do such vectors y = (y1, ..., ys) give to computing
the cardinality S7 First we note that the contribution from this box is

- T o P T
box contribution = H B = B~i=t
i=1
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In order for this to be a box that we count by S, the parameters (¢1,...,ts) need
to satisfy
D tidio <1, V0 € Tmax (6.15)
and
t1,...,ts > 0. (6.16)

In order to find the size of S we hence have the following linear programming
problem P: Maximize the function

Zt — (6.17)
m;
i=1
under the conditions (615) and (GI6). The conditions (GI5) and (610) define
a polytope P in R® and by the theory of linear programming we know that the
maximum of the function y ;_; ti% is obtained on at least one of its vertices.
The dual linear programming problem D is given by the following problem:
Minimize the function
2. N

TEX max

under the conditions (6I0) and (EI1I). By the strong duality property in linear
programming, both problems have a finite optimal solution and these values are
equal. Since a(L) is positive, by Proposition it is the solution of the dual
linear programming problem D and also of P.

6.5.3. Heuristic argument for b(L). Now we give a heuristic argument in support
of [PSTVATI9l Conjecture 1.1] (and [BM90, §3.3]) regarding the expected exponent
a(L) of B in the asymptotic formula (G.8) for split toric varieties over Q. We keep
the setting introduced above.

If we cover the region of summation yL(") < B for all ¢ € ¥ax by dyadic
boxes, then the maximal value of the count is attained on boxes, that are located
at the maximal face F' of the polytope P where the function in (G.I7) is maximized.
Working with a dyadic dissection this suggests that the leading term should be of
order B)(log B)*, where k is equal to the dimension of the face F. The next
proposition shows that & = b(L) — 1. Hence, the heuristic expectation we obtained
from the hyperbola method matches the prediction in [PSTVA19, Conjecture 1.1].

We recall from Lemma 67 that F C H where H is the space of linear functions
on Pic(X)g. With this identification, the cone generated by P N H is the space of
linear functions on Pic(X)g that are nonnegative on Eff(X) (i.e., the cone in H
dual to Eff(X)) by [CLSII] Proposition 1.2.8].

Proposition 6.13. The cone generated by F is dual to the minimal face of Eff(X)
that contains a(L)[L] + [Kx + A]. In particular, b(L) = dim F + 1.

Proof. Fix 0 € Smax. Then PN H = P, N H. Let t = (t1,...,ts) € cone(P N H).

We recall that [I] = Y, . aiq[Di] and [Kx + A = =Y, ( n %) [Di], so
that
1
Ha(L)[L] + [Kx + A) = a(L) Y gt~ (—_W) "
€Iy iew, \"i

If t € F, then t(a(L)[L] + [Kx + A]) = 0. Conversely, if t # 0 and ¢(a(L)[L] +
[Kx + A]) = 0, then « := Zieﬂa aiot; > 0 as le +; > 0 and t; > 0 for all
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i€ 7y So(a tty,...,a"'t,) € F, and t € cone(F). Thus, cone(F) is the face of
cone(P N H) defined by

t(a(L)[L] + [Kx + A]) = 0.
By [CLSTI, Definition 1.2.5, Proposition 1.2.10] the face of Eff(X) dual to cone(F)

is the smallest face of Eff(X) that contains a(L)[L] + [Kx + 4], and b(L) =
dim cone(F) = dim F + 1. O

6.6. The technical assumption. Here we spell out a technical assumption for
the application of Theorem [[] to toric varieties.

Assumption 6.14. Let ¢ > 0. For every nonempty subset J C {1,...,s} and
every T = (Ti)ie{1,....s}~J € [0, g] {83 et

Pl =Pn{t;=mVie{l,...,s} ~J},

where P C R? is the polytope defined by ([G.3) for L = 2;1 m{lDZ—. Let a be the
maximal value of Y7, m; t; on P. Let k be the dimension of the face F of P
where 37, m; 't; = a. Let a be the maximal value of 3, ; m; 't; on P/ Let k7
be the dimension of the face FVT'] of P:'] where ), ; m; 't; = al. Assume that there
exists 17 > 0 such that for sufficiently small € > 0, if a > a — n then kJ <k — 1.

If L is ample, by Lemma we know that @ = 1 and kK = r — 1 in the
setting of Assumption [6.14, and that the face F is not contained in any coordinate
hyperplane. As a consequence of Lemma we see that if » > n + 1, then
Assumption is satisfied for all ample divisors L = >_;_, m; ' D;. Since toric
blow-ups are birational transformations that increase the Picard rank, by Remark
[6.5lthere are infinitely many examples of toric Campana orbifolds to which Theorem
applies.

Among toric varieties of smaller Picard rank, we observe that whenever F does
not intersect any coordinate hyperplane of R® then Assumption is satisfied
by Lemma This is the case of projective spaces for all choices of L =
>i_1m; ' Di.

The blow-up of the projective plane in one point and arbitrary finite products of
projective spaces P™ x - - - X P are examples of toric varieties for which Assumption
[6.14] can be verified by computations, but are not covered by Lemma .17

While at present we cannot show that Assumption always holds under the
remaining assumptions of Theorem [[L2] we are not aware of any examples of toric
Campana orbifolds that don’t satisfy Assumption

6.7. Proof of Theorem From now on we work in the setting of Theorem
In particular, L = —(Kx + A) =37 m; ' D;, and

1
N(B) = 5; tly € ¥ (ZL)m : H(y) < B},
where H(y) := sup,cy,_[y*(?)|, by Section 6.4 and Proposition .10

6.7.1. Mébius inversion. For B > 0 and d € (Z0)®, let A(B,d) be the set of points
vy =(y1,-..,Ys) € Z*® such that H(y) < B, y; is nonzero and m;-full and d; | y; for
all i € {1,...,s}. We observe that A(B,d) is a finite set by Lemma 611l Then

NB) =5 Y uapAB.d), (6.15)
d€(Z>0)®

where p is the function introduced in [Sal98, Definition and proposition 11.9].
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6.7.2. The estimate. Under the assumptions of Theorem[I.2] we can apply Theorem
[Tl to obtain an estimate for the cardinality of the sets A(B,d) as follows.

Proposition 6.15. There is By > 0 such that for every s-tuple d = (dy,...,ds) of
squarefree positive integers, B > By and € > 0, we have

#A(B,d) = 2°a(L) < > 11 m;1> <H cmi,di> B(log B)"!

0E€EX max 1€

s —3+e
(H di> B(log B)"%(loglog B)*~' | ,
i=1

where a(L) is defined in Lemma 6.8 and ¢y, 4, is defined in (GIT).

Proof. We write fA(B,d) = 2°4A’(B,d), where A’(B,d) is the set of positive
integers y1,...,ys that satisfy the conditions
d; | Yi, Yi 1S m;-full Vi e {1, .. .,S}

and the inequalities
S

Hy“ < B, Yo € Zmax. (6.19)
i=1
We observe that
tA'(B,d) = > fona(y1, - ys),
Y1, Ys €Z>0:([619)

where fm,a is the function defined in Subsection .11 The function fm q satisfies
Property I and Property II in Section dl and Condition (@I by Lemma and
(E14), see the remarks after Lemma[5.6l Assumption[d.3]is satisfied as (6.5]) defines
an s-dimensional polytope. Assumption is satisfied by Lemma For B
large enough, the first part of Assumption 14 is a consequence of Assumption
Hence, we can combine Theorem [[.J] and Lemma to compute

tA'(B,d) = (s —1— (H Crmid Z) cB*(log B)*

s —3+e
(H dz-) B%(log B)*!(loglog B)*~' |, (6.20)
i=1

where a =1and k =7 —1 by Lemma and

ZHm

: TE L max 1€55
by Lemma O

We combine the proposition above with the Mobius inversion to obtain an esti-
mate for N(B).

Proposition 6.16. For sufficiently large B > 0, we have
N(B) = ¢B(log B)"™* + O(B(log B)"?(loglog B)*™!),
where

CZQS_Ta(L)< > 11 m;1> > u(d) (Hcmi,di) (6.21)
) i=1

0€Xmax 1€I5 de(Zso)*®
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Proof. By (6.I8) and Proposition [6.15 we have

— d
|N(B) — ¢B(log B)"™"| /(B(log B)"*(loglog B)* ') <= Y L)gl_g
de(Z>o)® Hz 1 dzd

For ¢ = the right hand side converges by [Sal98, Lemma 11.15]. O

ﬁa

Theorem follows from Proposition [6.16] and the interpretation of the leading
constant that we carry out in the following section.

6.7.3. The leading constant. Here we prove that the leading constant ([G:21]) can be
written as

(X, A)T(X,A) H H (6.22)

i=1

where (X, A) := a(—(Kx + A)) has been introduced in Lemma [6.8 and

T(X,A) = /%(Z) Ha(z)oa(x)7x,

where 7x is the Tamagawa measure on the set of adelic points X (Ag) defined in
[CLTI0, Definition 2.8), Ha is the height function defined by the divisor A as in
[BT95al, §2.1], Z°(Z) is the closure of the set of rational points 2 (Z) inside the
space of adelic points on X, and da = Hple OA,p, where da p is the characteristic
function of the set of Campana points in £'(Z,) for each finite place p.

We observe that by [BT95al, Proposition 2.4.4], the product (6.22) agrees with the
expectation formulated in [PSTVA19, §3.3] provided that the domains of integration
in the definitions of 7(X, A) (i.e., {z € Z(Z) : da(x) = 1}) coincide.

Proposition 6.17. We have

T(X,A) Z H m; Z (N(d)Hlendi> > 0.

0€Ymax JE€ Fo de(Z>o)®

Proof. For every prime number p, we denote by Fr,, the geometric Frobenius acting
on Pic(25 ) @z Q, and for t € C we define Ly(¢, Pic(Xg)) := det(1 —p 'Fr,)!
Since X is split, and hence 2% is split, we have Ly(t, Pic(Xg)) = (1 —p~")~" for
every prime p. Let A, := L,(1, Pic(Xg)) = (1 —p~ 177, and define \ := lim;_,q (¢ —
nr Hpeﬂf Ly(t, Pic(Xg)). Then A = lim1(t — 1)"((t)" = 1 by properties of the
residue at 1 of the Riemann zeta function. Let A := 1. By [CLT10, Remark
2.9(b)], we have Tx = )‘HUGQQ A, '7x p, where Tx , denotes the local measure on
X(Q,) defined in [CLTTI0, §2.1.7).

Since split toric varieties satisfy weak approximation (e.g., [Har04, §2]) and 2
is projective, we get

X A / HA oo 7-Xoo H / HA,p 6A p( )TX,pa
PEQ;
where Ha = HveQQ Ha , as in [BTO54), §2.1]. We recall that the global metrization

used to define Hs in [BT95al §2.1] is equivalent to the one determined by [Sal98|
Proposition and definition 9.2].
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Since Tx oo is the measure used in [Sal98 Proposition 9.16] for the real place, we
have

HA oo(2)Tx 00 = Z 25T H/ T"f dzj

0ESmax Jj€ Lo 0<z;<1

2. 1 m

G'szax jEfo'

X (R)

Moreover, if we use the G, -torsor structure on 7 : #(Z,) — £ (Z,) together
with [Sal98, Corollary 2.23, Propositions 9.7, 9.13 and 9.14] we get

—1
/ HA,p<:c>6A,p<sc>Tx,p( / dz) | Hayln@)isin dez,
X (Zyp) G, (Zp) X (L)

where dz and Hle dy; are the Haar measures on Q) and Q}, respectively, induced
by the Haar measure on @@, normalized such that Z, has volume 1, and da , o 7 is
the characteristic function of the property

vp(ys) >0 = vp(yi) > my, Vie{l,...,s}.

We have [, @, 4% = (1 —p~1)". Let x be the characteristic function of #. By

[Sal98, Lemma 11.15] we have

/ HA,p( ( 5Ap dez - / 5Ap H|yz|P dez
‘@/(ZP) P =1
= > u((pe%---,p“))/ oap(m Hlyzlp dei
o P i=1

(e)e{0,1} iy, 1<i<s
) 1
= > wer 1er/ dyz+Z/ il s
(e)e{0,1}° 1 7
D SR CENED] | § (R N RER S
(e)e{0,1}° 1 =

o _ g
We observe that the product (1 — pil) (1 —e; + Zj:mi D mi) equals

g

1+Z§mjn P ife; =0
; my—1 —1
(1+ij;n+1p ’"Li)(ler p o™i ) if e; = 1.
So, remembering (52) and (GI0), we get

-1

Fxa) (2 S T m

0€max J€ Fo
= <HCm> I > u((pel,---,pES))ﬁ (p_l + G, (p_”_))
i=1 PpEQy ec{0,1}° i=1

We conclude by [Sal98, Lemma 11.15(e)] as [],, 4, (P~ + G, (p_n%)) < d7 " by
EI4) for alli e {1,...,s}.
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To show that 7(X, A) is positive it suffices to observe that
S

Hap(w(9)68,p(m () [T dyi > / dyi = (1—p 1) >0,
/@(Zp) . : 1;11 <Z;>sg

as the integral on the right is the restriction of the integral on the left to the subset
(Z5)* C ¥ (Lyp). O
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