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1 Introduction

The phase space of (quantum) gravity solutions in dimensions larger than four is intricate
and has a rich structure, see e.g. [1, 2] for some reviews on black holes and horizons in
various dimensions. Whereas in asymptotically flat four spacetime dimensions, horizon
topologies are unique to be S2, in five dimensions one can have black holes and black
rings [3], with horizons S® and S' x S? respectively. Also quotient topologies exist, such
as Lens space horizons [4-6]. These objects can be made BPS in supergravity and are
embeddable in string theory where one can provide a microscopic description. In six
dimensions, near horizon geometries have been classified in (1,0) supergravity coupled to
tensor multiplets and hypermultiplets (and no vector multiplets) [7, 8], and there are more
possibilities. The focus of this paper, the case where the hypermultiplets are frozen, only
yields near horizon geometries locally given by either R x T4, RU! x K3 or AdS3 x S3.
Some of the objects with a horizon easily follow from uplifts from 5d to 6d. The most
well studied case is of course the 6d BPS black string with horizon S! x S and near
horizon geometry AdSs x S3, arising from the uplift of a 5d spherical black hole. The
microscopic description in string theory was first given in [9, 10]. One can also uplift a
5d black ring and we will see that it also has horizon S' x S? and near horizon geometry
AdS3 x S3. Besides black objects with horizons, there are also smooth horizonless BPS
(microstate-) geometries (see [11-16] for an incomplete list of references), and an interesting
class of 6d BPS pp-wave solutions that we will study in this paper. Many other solutions
can be found by superposing waves on black strings, and one can play with various kinds
of asymptotics.

So far general BPS solutions of (1,0) supergravity have mainly been studied in the
minimal case [7] and in the case with the gravity multiplet coupled to one or two tensor
multiplets (gauged and ungauged), see e.g. [11-20]. In this paper we generalize this to ny
tensor multiplets, for any ny. One of the new ingredients is the scalars in the tensor multi-
plets which can have nontrivial profiles and that are subject to a 6d attractor mechanism,
as we will see.

Six-dimensional (1,0) supergravity coupled to matter multiplets arises from the com-
pactification of F-theory on elliptically fibered Calabi-Yau threefolds or from truncations
of type IIB on T* or K3. Of particular interest are BPS black string solutions of this
theory, as they yield five-dimensional black holes upon further compactification on a circle.
The F-theory microscopics have been studied in [21-23]. The near horizon geometry leads
to new two-dimensional (0,4) CFTs that have been recently investigated in [22, 24, 25].
Compactifying F-theory on an elliptically fibered non-singular Calabi-Yau threefold results
in a gravity multiplet, np = hY!(Bs) — 1 tensor multiplets and ng = h?'(CY3) + 1 hy-
permultiplets, where h'''(Bs) and h*!(CY3) are hodge numbers of the base and threefold
respectively [26-28]. For generic elliptic fibrations, one has ny = h'"1(CY3) — b1 (Bs) — 1
vector multiplets and an anomaly cancelation condition. Here we truncate all vectors and
set the corresponding charges to zero. One approach to study F-theory is via its connec-
tion with M-theory: one gets the effective 6d (1,0) theory by reducing M-theory on the
Calabi-Yau threefold to five dimensions and then lifting it up to six dimensions [29]. To



do this, one has to take into account one-loop contributions coming from the reduction on
the circle [30]. So in a way six-dimensional solutions are proper F-theory solutions and it
might be interesting to see what we can learn from studying the connection between them
and their five-dimensional counterparts.

More technically, our analysis starts with deriving a general local form for supersym-
metric solutions where we use methods that have been applied before to four-dimensional
theories [31-36], five-dimensional theories [37-40] and minimal six-dimensional supergrav-
ity [7]. The strategy is always the same. Starting from a Killing spinor e one constructs
bosonic objects quadratic in €, the so-called bilinears, such as the vector X* = €y*¢e. These
bilinears have certain properties since € is a Killing spinor. The vector X* for instance
turns out to be a Killing vector in all cases. Using these bilinears, the local form of the
solutions can be identified and this can be used to simplify the equations of motion. It
turns out that the resulting equations in minimal N = 2, D = 4 supergravity can actually
be solved completely [32]. In five-dimensional minimal supergravity the solutions fall into
two classes [37]. In the first class, the vector X is null and the solutions are plane-fronted
waves expressed in harmonic functions on R3. In the second class, the vector X is timelike
and the equations of motion can not be solved completely, but the equations are simpli-
fied significantly such that one only has to make an ansatz for the remaining variables.
Solutions of supergravity coupled to an arbitrary number of vector multiplets have similar
properties as in the minimal case [39]. In six-dimensional minimal supergravity the Killing
vector X is always null [7] and as one can expect, based on the five-dimensional analysis,
the equations of motion can not be solved completely in the most general case.

The bosonic field content in the six-dimensional theory consists of the metric, a two-
form with anti-self-dual field strength in the gravity multiplet, and np two-forms with
self-dual field strength and np scalars in the tensor multiplets. The constraints that super-
symmetry puts on the field content have already been derived in [41], so like in [7] we will
introduce coordinates and reduce the equations of motion using these local expressions.
Using coordinates (u,v,z™), m = 1,...,4 we find that solutions are not dependent on v
and can be expressed in terms of a u—dependent base manifold B. In general the base
space B exhibits a non-integrable hyper-Kéhler structure. Using the form of the solutions
that one gets from requiring one Killing spinor, all the equations can be expressed in terms
of bosonic quantities on B. These equations are not easy to solve in full generality, but it
is still easier to find solutions by substituting an ansatz in these equations than to start
with an ansatz for the complete field content.

The resulting equations will be studied in two cases where the base space becomes
hyper-Kéhler. One of those cases arises when the solution is u—independent. In that case
we also take B to be Gibbons-Hawking [42] and it turns out that the solution is completely
determined in terms of 6 4+ 2n7 harmonic functions on R3. This is one of the main new
results of our analysis. When one takes these solutions to be multi-centered Gibbons-
Hawking, requiring the absence of Dirac string-like singularities gives restrictions on the
relative positions of the centers. Just as in the minimal case [43] there is a symplectic group
that sends solutions to solutions preserving regularity, but here the Sp(6) gets enlarged
to Sp(6 + 2n7). We also construct the macroscopic black string solutions in F-theory



backgrounds R x S! x R* x C'Y3 with a D3-brane wrapped on S! x C, where C' is a curve
in the base of the Calabi-Yau threefold.

We finish by studying the attractor mechanism [44, 45] in this theory. This has partly
been done in [46, 47] but only the near horizon analysis. Here we derive a flow equation
on the tensor branch for u—independent solutions. We look at simplifying assumptions
needed to understand the attractor values as the optimization of the central charge, and
we apply this to the one-centered Gibbons-Hawking class of solutions that include BPS
black strings. Some of the latter solutions have also been treated in [48].

This paper is organized as follows. In section 2 we describe the field content of (1,0)
supergravity with a gravity multiplet and tensor multiplets, we list the conditions the
existence of a Killing spinor puts on the field content, and we introduce the equations
of motion that are not implied by integrability conditions. In section 3 we introduce
coordinates and reduce the equations of motion to equations in terms of bosonic quantities
on B. Section 4 then solves the resulting equations under certain assumptions. Here we
also discuss how the theory reduces to five dimensions and look at black strings and other
objects with a horizon. We finish this section by looking at examples of pp-waves. Section 5
describes the attractor mechanism for this theory; here we also derive a flow equation for
u—independent solutions. In section 6 we then summarize and give some suggestions for

future work.

Notation. Since we use a lot of different notation in this paper, we give a short overview:

e M, N =1,...,np where ny is the number of tensor multiplets,

e o, 3,...=1,...,n7 + 1 denote field content in six dimensions,

e u,v,...=0,...,5 denote coordinates or the vielbein of the six-dimensional metric,
e i,j,k,l =1,...,4 first denote part of the vielbein of the six-dimensional space and

from section 3 onwards the vielbein of the base manifold B,
e m,n,...=1,...,4 denote the coordinates of the base manifold B,

e a,b,c,d = 1,...,3 denote either the three two-forms in the almost hyper-Kéahler
structure, or part of the vielbein of a Gibbons-Hawking metric,

e [.J ...=0,...,n7+ 1 denote field content in five dimensions,
e objects with a hat * live in six dimensions,

e objects with a tilde ~ live in the four-dimensional base space,

® x¢ is the hodge star in six dimensions,

e x4 is the hodge star in the four-dimensional base space.

Note added. During the submission process of this paper, we learned of similar and
independent work [49] that has some overlap with ours.



2 Setting

We consider six-dimensional (1,0) supergravity coupled to np tensor multiplets [50-52].
Vector and hypermultiplets can be added to ensure an F-theory embedding, but we will
set them to zero in the solutions we consider in this paper. The idea is to study the
BPS structure of the tensor branch. The bosonic content of the gravity multiplet consists
of a graviton and a two-form with anti-self-dual field strength. Every tensor multiplet
contains a two-form with self-dual field strength and a scalar. We will denote the six-
dimensional two-forms by B2, where a = 1,...,np+1. The scalars of the tensor multiplets
parametrize the coset space SO(1,n7)/SO(nr). A convenient way to describe them is by
an SO(1, ny) matrix

S:(‘%),M: ... (2.1)

Lo

whose matrix elements satisfy the constraints

jozjﬁ - in\fﬂﬁf\f = Qaﬁa

M
Jaj® =1, (2.2)
zl % =0,
where Q.5 = diag(1,—1,...,—1) is used to lower and raise a indices. The field strengths

corresponding to the two-forms are given by G = dB* and their relation to the anti-self-
dual tensor H of the gravity multiplet and the self-dual tensors H™ of the tensor multiplets
is given by
G =j*H - Q) "2 HY, (2.3)
M

In terms of the three-forms G the self-duality condition can be written as
Gap *6 G’B = —Qa/géﬂ, (2.4)

where
JaB = 2jo¢jﬂ - Qaﬁ (25)

is a positive definite metric.

The self-duality condition on the three-forms makes it hard to construct a covariant
action functional from which all equations of motion follow. These actions do exist [53, 54],
but one has to introduce auxiliary fields. Another approach is a pseudo-action from which
equations of motion follow that then still have to be supplemented by the self-duality
condition. The bosonic part of the pseudo-action that is relevant for this paper is given
by [52]

1 1 A N 1
S = —Rxg1— *gaﬁGa AN *GGﬁ + *Qaﬂdja VAN *Gdjﬁ. (26)
Me 2 4 2



The equations of motion are then equal to

1 . 1. o AB oo o
Ry = ZQaBGg ey guugaﬁGg/\aGﬂ PAT — Qap0uj* vy %

vox T 5
aMd (xedj®) = —aMjs G A e
d (gaﬂ X6 C:B) —0, (2.7)
JaB *6 GP = —Qa/géﬂ,
Jag® =1.

Using the self-duality condition, this set of equations is equivalent to
1 Ao pA A8 caq -
Rul/ = ZgaﬂG# G,,p)\ - Qozﬁau] 0vj”,

M d (xdj®) = 17(])\[4]'5@& NGB,

4G = 0, (2.8)
JaB *6 GA/B = _Qaﬁéﬂa
jaja =1

Note that the equation of motion for the three-forms becomes the Bianchi identity.

2.1 N = 1 restrictions

The BPS equations for six-dimensional (1,0) supergravity with a gravity multiplet and
tensor multiplets are [41]

1
<Vu - 8Huyp’yyp> € = O,

i i
(2T347“ - MH%N“””) e=0, (2.9)
where
T =2} 0,5 (2.10)

We will consider geometries with N = 1 supersymmetry. In [41] the restrictions that
the Killing spinor puts on the geometry have been worked out which we will discuss in
this section.

On our geometry we introduce a vielbein é°, ..., 5, the null-forms'
_ 1 A0 |, 5
e =—=(—€e +¢€),
1
+ _ 50 | 45
e = — +eé 2.11
5@ +) 1)
and choose the orientation e 11234 = 1. Using the null-vielbein e, et, é, where i =
1,...,4, we can write the metric as
dsg = 2e" et + §;;¢%¢0. (2.12)

1We relabeled the vielbein of [41] to make notation easier later on.



We choose the orientation of the directions perpendicular to the light-cone direction €% =
€T (note that [41] uses the opposite orientation).
The Killing spinor can then be used to construct the bilinears of the geometry, which

turn out to be given by e~ and
e NIV, e AI?, e ADP, (2.13)

where the two-forms I* for a € {1, 2,3} take the form

I'=—(e'ne+e2nety,
P=—(e"ne*—é&net), (2.14)
PP=—(e"ne'—e2néd).

These two-forms are anti-self-dual on the directions perpendicular to the light-cone direc-
tion and satisfy the algebra of the imaginary unit quaternions on a four-manifold with
metric (5Z~jéiéj:
(1)’ (Ib>k — 5§ 4 e (1) (2.15)
k j J c J )

Note that the vierbein chosen in (2.14) is special and that the forms I* might look different
when another vierbein is used.

The conditions that the gravitino Killing spinor equation imposes on the spacetime
geometry can be rewritten as

Ve, = 5HAWe;, (2.16)
_ 1 _ 1 _ 1 _
Vﬂ (6 A Ia)w\p - iHUHV (e A Ia)aAp + iHUW\ (e A Ia)wrp + §H0HP (e A Ia)w\a‘
(2.17)
Condition (2.16) implies that the vector X dual to e~ is a Killing vector. Furthermore,
condition (2.16), the p = — component of condition (2.17) and the anti-self-duality of H
imply that

1 o o
H=etnde” - o (Iglv,fb ’“’) Lo e NENT 2 (de”) e A A (218)

The p = + component of condition (2.17) implies that
V. I*=0, (2.19)

and the p = ¢ components give further restrictions on the covariant derivatives of 1.
The tensorini Killing spinor equation implies that the scalars of the tensor multiplets
are invariant under the isometry X [41]. Combining this equation with the self-duality
condition yields that the three-forms of the tensor multiplets take the following form [41]:

1 . 4 | , .
HM = §H%]~6_ NENE +TMe NeT AéE+ éTlMelijkéZ NN (2.20)



where 2H M ke A &7 A éF are self-dual tensors on the directions transverse to the light
cone part.
Notice that

>l TM = —Qap0i5*. (2.21)
From (2.3), (2.18) and (2.20) we then find that
R 1
G = j%T Nde” +e” Net Adj™ + g {jo‘ (de_)_ (dj*) } € k€ NN
L o(a b, el — - a
- g] (Ile,I ) €ab | € N IC +e A HSD s (222)

where
HS, = —anﬁ Zx HM 6 A el (2.23)

is a self-dual two-form on the directions transverse to the light cone part. Notice that
JaHSp = 0. Using the Bianchi identity we calculate

LxG* =ixdG® + dixG* = d (jde” +dj* Ne™) = 0. (2.24)

Condition (2.17) combined with the anti-self-duality of H and I* imply that d (e~ A I*) =0
such that also Lx (e~ A I*) = 0. Hence X generates a symmetry of the full solution.

Summary. Using the vielbein e, e, &’ the field content takes the form (2.12) and (2.22).
Furthermore, we have the two-forms (2.14) that satisfy the condition (2.19) and the pu =1
components of (2.17). The null-vector X dual to e™ is a symmetry of the full solution.

2.2 Equations of motion

From the integrability conditions it follows that if the BPS equations (2.9) and the Bianchi

identity are satisfied, the scalar equations of motion and all but the —— component of the

Einstein equation are obeyed (see appendix A). Hence the set of equations of motion (2.8)
reduces to

1 Ao pAA . .

R = 1905G"" G? \ = Qapd_jo_j° (2.25)

dG* =0, (2.26)

Gap %6 G° = —Q,pGP (2.27)

Jjaj* =1. (2.28)

Note that in the solution of the BPS equations (2.22), the self-duality condition has already
been taken care of.

3 Supersymmetric solutions

In this section we first use the existence of a null Killing vector to introduce coordinates on
the geometry. After this, we rewrite the Bianchi identity and the Einstein equation using
these coordinates.



3.1 Introduction of coordinates

The existence of a null Killing vector X can be used to introduce coordinates on our
spacetime. We implement this here following similar steps as in [7]. First a hypersurface S
has to be picked that is nowhere tangent to X. One then has to pick a vector Y that satisfies

gv, X)=1, g, Y)=0, (3.1)

on §. This vector Y needs to be propagated off S by solving LxY = 0. The properties (3.1)
still hold since X is Killing. The vectors X and Y commute, hence they must be tangent to a
four-parameter family of two-dimensional surfaces Yo (2"™), where m = 1,...,4. The vector
X is a null Killing vector, so should be tangent to affinely parametrized null geodesics.
Define the coordinate v to be this affine parameter along the geodesics and choose another
coordinate u such that u,v are coordinates on the surfaces ¥o. We can then write

X:8v7

Y =H (au - ;fav> , (3.2)

for functions? H and F independent of v. We will assume that (locally) H > 0 since we
can send v — —u if necessary. Using the properties of X and Y it can be shown [7] that
the metric takes the form

1
ds2 = 2H! (du + B) (dv +wt S F (dut 5)) + Hdsj, (3.3)

where ds?l = hppdz™da™ is the metric of a base space B and w, 8 are one-forms on B [7].
The functions H and F, the one-forms w and 8 and the metric A, only depend on u and
™ (since X is a Killing vector). The one-forms e, et in (2.12) take the form

e =H ' (du+pB),
1
et :dv—l—w+§fHe_. (3.4)
Notice also that the relation between ¢! and a vierbein & of B is given by é! = HY/2¢

which implies 0; = H —1/29;. From now on, the labels i, j, k, [ will refer to the vielbein on
the base space.

Let us define anti-self-dual forms on B by

Jv=H"'re. (3.5)
These satisfy the algebra
o, () = et e, - et (3.6)
where the indices m,n, ... have been raised with A™"*. Hence, these two-forms yield an

almost hyper-Kéhler structure on B.

2This notation might be a bit confusing since we already used H for the three-form in the gravity
multiplet, but to more easily compare with other literature, we will keep it.



Following [7] we introduce some more notation. Suppose ® is a p—form with all its
legs on B, but with coefficients depending on u (denote this by ® € AP(B)(u)):

1

O =—0,, o (u,)dz™ N, AdZT . 3.7
pt

We then introduce the restricted exterior derivative d by

. 1 0
— n mi1 m
dd = T (p+1) az[nq’mlmmp}dx Adz™ N Lo N dx™ (3.8)

We also define the operator D acting on such p—forms as
DO =dd - NP, (3.9)
where @ is the Lie derivative of ® with respect to d,. Note that
d® =D + He™ N . (3.10)
Also D obeys the same product rule on wedge products as the exterior derivative and
D’® = -DBAD. (3.11)
Using these operators we can derive that
de” = H'DB+ e~ A (H'DH + ),
det = Dw + %]—“D[S + He A <w + %]—"B — ;D}"> . (3.12)

From these expressions it is straightforward to calculate the spin connection components.
They can be found in appendix B.

3.2 Supersymmetry and self-duality

We now derive what the conditions of section 2.1 become in terms of the coordinates we
introduced. The three-forms (2.22) become

Ge =t pe A [ja (H’lDH + B) . Dja} 4 jCH et ADS
+e A[jOHY — j* (Dw)” + HEp| + *4D (j*H) + Hj" x4 B, (3.13)
where (Dw)™ = 1 (Dw — x4Dw), x4 is the Hodge dual on B and
b= —%Heach,glau (Jb ’“) Je. (3.14)
The self-duality condition (2.27) implies that

DB = %D, (3.15)



Using this one can show that (2.19) is satisfied. The remaining constraints are the u =
i components of (2.17) and they constrain the covariant derivatives of J* on B. Since
d(e” AI%) =0 we find that

dJ* = La, (BN JY) . (3.17)

Together with the fact that the J® satisfy the algebra (3.6) this implies the y = ¢ compo-
nents of (2.17). From (3.17) we conclude that the almost hyper-Ké&hler structure of B is
not integrable in general.
3.3 Bianchi identity

We can now substitute expression (3.13) for the three-forms in the Bianchi identity dG® =
0. Note that this equation is also the equation of motion of the three-forms because of the
self-duality condition. Using (3.12), the Bianchi identity reduces to

A(J*0+G7) = Lo, [BA (10 +G) + %D (°H) + Hj %1 6] . (3.18)

and
D x4 [D (j*H) —|—Hjaﬁ'} FDEAGT =0, (3.19)

where we defined the self-dual two-forms
1
gte = g1 [ja (Dw)t + 5j%‘fDﬁ + Hg“D] , (3.20)
with (Dw)™ = 3 (Dw + %4 Dw).

3.4 Einstein equation

We now consider (2.25). In appendix C we use the spin connection components to calcu-
late that

R__ =Dy <w + %}"B - ;D}“) —2 (w + %}"B - ;D}“) 3 (Bm) (3.21)
1 —2 1 ? 1 mn 92 1 mn
+ G H 2 (Dwt 5 FDB) = g HW O, (Hhinn) = 5 0u (HI™) O (Hhynn)

where for ®1, @3 € A% (B) (u), @1 - P2 = §P1,, @5 From (3.13) we find that

1 o DA A 1 _ _q2 1
19aG2 G = 0 [0 = H7H (Dw)™]" + S H 2gas HS, - Hy, (3.22)
The scalars do not depend on v so

d_j* = HO,j, (3.23)

and the Einstein equation becomes

1_. 1 1_. 1 " 1

2
+ ~ Oy (HR™) Oy (H ) — %H*Q (Dw + ;}“D@’)

N

1 _ 42 1 o
5 [V = H N (Dw) ]+ SH 2gasHp - Hypy - (324)

- QaﬂH2auja ujﬂ'

~10 -



3.5 Summary

We derived the general local form of all supersymmetric solutions of six-dimensional (1,0)
supergravity with a gravity multiplet and np tensor multiplets. The metric is given by (3.3)
and the three-forms by (3.13). The equations of motion can be reduced to a set of equations
on the base manifold B. The one-form  and two-forms H§, must obey the self-duality
conditions (3.15) and (3.16). The Bianchi identity and Einstein equation reduce to (3.18)
and (3.19), and (3.24) respectively. The base manifold must admit an almost hyper-Kéahler
structure with almost complex structures obeying (3.17).

4 Classes of solutions

In this section we will, following [7], consider two cases in which the equations derived in
the previous section reduce considerably. We first focus on so-called non-twisting solutions,
which are solutions in which 8 = 0. After that we look at u—independent solutions and
consider their reduction to five dimensions. When the base-space of a u—independent
solution is chosen to be Gibbons-Hawking and the symmetry of this metric is extended to
be a symmetry of the whole solution, we show that it can be expressed in 64 2ny harmonic
functions on R3. We then briefly investigate the multi-centered Gibbons-Hawking subclass
of these solutions and look at objects as the black string that have a horizon. We finish
this section with some examples of pp-wave solutions.

4.1 Non-twisting solutions

Non-twisting solutions have § = 0 which highly simplifies the equations. The metric (3.3)
and three-forms (3.13) reduce to

ds2 = 2H 'du (dv +w+ ;]—'du> + Hds? (4.1)
and
G =—et Ndund(H™'jY) + H 'du A {jaHz/z — (dw)_ + HgD} + %4d (jH) .
(4.2)

The base space B with metric ds? has to be hyper-Kéhler since from (3.17) it follows that

dJ*=0. (4.3)

The Bianchi identity, (3.18) and (3.19), reduce to

d (j +G**) = Lo, %2 d (j*H) , (4.4)
and
V2 (j*H) =0, (4.5)
where .
gro =g [ja (ciw) + HgD] . (4.6)

- 11 -



Hence the functions j*H are harmonic. The Einstein equation (3.24) reduces to

1. 1 1 | 2
Vi (@); = 5 VAF = SHI™ 2 (Hhyun) + 300 (HR™) 0y (Hhmn) — 5 H (dw) (4.7)
1 N L B N an -
+3 [w—H H(dw) } S H 2 gapHEp - Hip — QupH20, 0,5,

In principle one should be able to solve these equations successively. First pick a hyper-
Kahler base space B and pick harmonic functions on this space for j*H. The function H
then follows by using the identity j,j¢ = 1. The two-form G™ can be determined by using
its self-duality and (4.4). Then w can be determined by contracting (4.6) with j, which
then also gives an expression for H§p,. Lastly, F can be determined from (4.7).

Solutions that are dependent on u (but not necessarily non-twisting) have been studied
in the case of minimal supergravity or in the case with an extra tensor multiplet [13, 19, 55—
57]. To show that one can still do this with an arbitrary number of tensor multiplets, we
construct an explicit example of a u—dependent solution.

Flat base space. We will extend the non-twisting solution of [7] with flat base space to
a solution with tensor multiplets. As metric on the base space we take
1
dsf = dr? + 717 [(01)" + (03) + (%)) (4.8)
where 0%, a = 1,2, 3, are either the left-invariant of or the right-invariant ¢ one-forms on
the three-sphere: do® = %neabcab No¢withn=1ifoc=0opandn=—-1if 0 =or. We can
then take the vierbein

et = dr,
& = gaa. (4.9)

If we take the hyper-Kéhler structure (in Cartesian coordinates) given by

J' = — (da' Adaz® + da® A dat),
J? = — (da' A dz? — da® A dat), (4.10)
J? = — (da' A da* — dz® A da?),

we have that ¢ = 0. See [37] for the coordinate transformation to express these forms in
terms of o® Requiring the two-forms (4.10) to be anti-self-dual imposes the orientation
et nél Aé2 A 3. For the simple case that j* and H only depend on w and r, we can write

Q% (u)

rz ’

the harmonic functions

jOH = P*(u) + (4.11)

where P%, Q¢ are arbitrary functions of u that will be fixed by the other equations of
motion. From j,j¢ = 1 we find

H= \/Qag (Pa + ?;) (Pﬁ + ff) . (4.12)
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Notice that (4.4) reduces to
dGT* = Ly, x4 d (j*H) . (4.13)

Using the self-duality of Gt we can write
1
Gro=cpetne + §cg“ebcdéc A&l (4.14)

where we assume that Cf' only depend on w and r (to stay in line with [7]). We can
calculate

- 1 1
g = [<1 ) rCf + 520, (C)| g n e e, (4.15)

Substitution in (4.13) yields

1 1 =
5 |[(=m)rCy+ 5#& (C;*)] & EENEENET =Ly xy d (jOH)
Q@™ 1 2 -
= —2761 NEXNE, (4.16)
from which it follows that
auQa =0,
(83 1 «
9, (Cy') = 2(n — 1);01) : (4.17)
The second equation is solved by
C = Cf(u)r?=Y) (4.18)
for functions Cf*(u). Hence
1
G = O (u)r?m Vet a b + §cg(u)r2<’7—1>ebcdéc Neél (4.19)
Assuming as in [7] that
w=W(u,r)o3, (4.20)
we can calculate that
~ \T 2 1
(dw) = (ﬂnw + T8TW> (' ne?—enet). (4.21)

We then find from substitution of (4.11), (4.19) and (4.21) in

(Jw>+ — HjauG", (4.22)
that
Cf(u) =C3(u) =0,
W = Wi (u)r—27" + %QaﬁC:?(u) <]23:r2’7 + 2;2_517’2’72> : (4.23)
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where W is yet another arbitrary function of u. We then find from (4.11), (4.19) and (4.22)
that

HS, = HGYe — j© (dw>+ (4.24)

r

= [Hcg(u)rQ(nl) — §OCT (u)r? N Q. <P7(u) + Cmf))] (' ne?—e&net).

Lastly, the Einstein equation (4.7) reduces to

; 1 1 N
Vi (@), = 5 VAF = 2HO (H) + 0, (H) 0, (H) = 5H ™ ((dw) )
1. N an
-5l 2QupHSn - HE — QapH?0,%0,5°. (4.25)

Using (4.11), (4.12), (4.20), (4.23) and (4.24), and assuming that F = F(u,r) we derive
that

0y (180, F) = =205 P PPr3 —4Q,5 (Pr® + Q) 92P% +-20,5C5 (w) O (u)r~L. (4.26)

Integration of this equation yields

1 1 1 1. .
= - - —_ 20 P QPB *PaP’B 2
F = Cs(u) 204(U) 2~ 5t ( d2pPP + 5 ) ,
; « 5] an—2 an2 pB
@ 1)Qa503 (u)C (u)r 200,5Q“02 PP log(r), (4.27)

for arbitrary functions C4 and Cs. This construction can easily be extended to other
hyper-Kahler base spaces.

4.2 wu-independent solutions

A second class of solutions in which the general equations simplify considerably is the class
that does not depend on u. We can see this as introducing an extra symmetry of the
solution. In particular we get an extra Killing vector d,, which is spacelike when F > 0
and timelike when F < 0. The three-forms reduce to

GY=—He"Ne” Ad(H'j*)+j*H et AdB+e A [—ja (ciw>_+H§‘D} +H4d (jOH).

(4.28)

The base space has to be hyper-Kéhler since from (3.17)
dJ* =0, (4.29)

and (8 has self-dual curvature:

df = *4df3 . (4.30)
The Bianchi identity, (3.18) and (3.19), and Einstein equation (3.24) reduce to respectively
dgt =0, (4.31)
dxyd(j*H) = —dB A GT™, (4.32)
VAF = QG+ - G7 (4.33)
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where L
Gte=mH"! {ja (dw) + ijo‘]-"ciﬁ - HgD} : (4.34)
and we have used that

QupGte-GHP =H? [(dw) ' +;J—"Jﬂ} : [(@) ! +;]—"ciﬂ} —H %g,3HSy-HYy . (4.35)

When the Killing vector 0, is spacelike, the u—direction can be compactified on a circle
and we can reduce the solution to five dimensions. This will be done in the next section.
In section 4.4 we then take the base space B to be Gibbons-Hawking [42] which has yet
another Killing vector. Assuming that this symmetry extends to the whole solution, we
solve the equations of motion completely.

4.3 Reduction to five dimensions

When one considers a u—independent solution with F positive such that 9, is a spacelike
Killing vector, one can compactify this direction on a circle and do a Kaluza-Klein reduction
to obtain a five-dimensional solution. The six-dimensional metric reduces to the five-
dimensional metric ds?, a Kaluza-Klein vector A and a scalar X°. The three-forms G
reduce to three-forms G® and two-forms F that are related to each other since the G* obey
a self-duality condition. The scalars j* reduce to scalars X“. Reducing the six-dimensional
theory to five-dimensions thus results in five-dimensional supergravity coupled to np + 1
vector multiplets. We can express the six-dimensional data in terms of five-dimensional
data by [29]

dsg = r* (du + A0)2 +r723ds2

G*=G* — F* A (du + A°) , (4.36)
jo = r2B8xe (4.37)
7"_4/3 — XO

where
ds? = —f% (dv + w)* + f~tds?,
G* = dB® + A“ A FO, (4.38)

for a function f and two-forms B®. The scalars X!, I € {0,1,...,n7 + 1}, are the
so-called very special coordinates. These are ny 4+ 2 real coordinates that describe an
np 4 2—dimensional manifold in which the scalar manifold is given by the hypersurface [58]

1
N = QCUKXIXJXK =1, (4.39)

where Crjk is a constant symmetric tensor and N is the so-called cubic potential. The
potential A in terms of six-dimensional data is given by [29]

N = QX XoXP. (4.40)
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It is straightforward to derive that

ds? = — (FH?) 7 (dv+ w)? + (FE?)'?

X0 = (FH )P
X = (FH )" jo, (4.41)
FO=d[p+F! (dv+w)] ,

2
d84 )

o _ g -1« _g-l|a(jg + l-a 7 e
FO=d[H 'j*(dv+w)] —H "' |j*(dw + 5] Fdp + HSp,

Note that the field strengths can be written as

Fl=d[X'f(dv+w)] +0", (4.42)
where
e’=ds, ©%Y=-g*, (4.43)
are self-dual tensors. Also (4.31) implies that the two-forms ©7 are closed. Using
1
Xp =0 XTI XK (4.44)
we find that
I 2. (7 \"
X0 = —2f (dw) . (4.45)
Furthermore, we find that (4.32) reduces to
~ 1
V2 (f1X,) = G w07 - 0K (4.46)

and that the Einstein equation (4.33) reduces to
~ 1
V2 (X)) = 6COJKGJ L (4.47)

This implies that we find ourselves exactly in the timelike class of five-dimensional solutions
of [39, 59]. Thus every solution of five-dimensional supergravity coupled to an arbitrary
number of vector multiplets in the timelike class that has a cubic potential of the form

1

N_3!

Crig X' X7XK = Q.3 XOxXxP (4.48)
can be uplifted to six dimensions. An interesting remark is that classical M —theory
solutions do not have cubic potentials of this form. To lift them up, one also has to take
into account the one-loop contributions coming from the reduction on the circle [29, 30].

Minimal five-dimensional supergravity. After the reduction we always end up with
at least one vector multiplet in five dimensions. However, one can truncate the reduction of
minimal supergravity in six dimensions to minimal five-dimensional supergravity [7]. We
get minimal supergravity when we set the three-forms of the tensor multiplets H™ = 0
for M = 1,...,np and furthermore set j* = 0 for & = 2,...,np + 1 and j' = 1. The
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only three-form that is non-zero is G!. We can truncate the reduced theory to minimal
supergravity by getting rid of the scalars, which can be done by setting F = H such that
X0 = X! = 1. Consistency of (4.32) and (4.33) then enforces df = —Gt' or

8 = —%H‘l (Jw)+ . (4.49)

This implies that
F=F'=F'=d[p+F ' (dv+uw)]. (4.50)

NS
Introducing Gt = f (dcu) , we find that
dGt =0 (4.51)

and that (4.47) reduces to
~ 4
V() = PICARICES (4.52)

This means that we find ourselves in the timelike class of minimal five-dimensional super-
gravity [37].3

The null class of minimal five-dimensional supergravity arises from reducing non-
twisting solutions of minimal six-dimensional supergravity that have a Gibbons-Hawking
base space [7].

4.4 Gibbons-Hawking base space

We now consider u—independent solutions with a Gibbons-Hawking base space [42]. This is
the most general hyper-Kéahler four-manifold admitting a Killing vector field 5@,,4 preserving
the three complex structures [60]. It has the metric

ds? = Hy (dy 4 xadz®)? + Hybgpdada®, (4.53)
where a = 1,2, 3, x, and Hs are independent of ¢ and

V2H, =0,
V x X = VH,. (4.54)

We take V with respect to three-dimensional flat space.

We now obtain all solutions in the case the symmetry 9, of the base space is extended
to a symmetry of the full solution. This was done in [37] for minimal five-dimensional
supergravity, in [7] for minimal six-dimensional supergravity and in [59] for five-dimensional
supergravity coupled to an arbitrary number of vector multiplets, so we will be quite
brief here.

3They use a different normalization of the field strength: Fhere = %Fmere.
4Notice that this 9 is not related to the % in terms of the complex structures. We can safely do this
since from (3.14) we see that ¢ = 0 for this class of solutions.
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We can choose the vierbein
e = H;l/Q (dy) + xadz®),
& = Hy*dx". (4.55)

Anti-self-duality of the complex structure forms implies that the volume form is given by
et Nel A% Ae3. We can decompose the one-forms

B = Bo (dl/) + Xadl‘a) + Badxa7
w = wo (d + xedz®) + wedz®, (4.56)

where By, B4, wo and w, are functions on R3. Solving (4.30) results in
Bo=Hy;'Hy, Vxf=-VHs, (4.57)

with H3 an arbitrary harmonic function on R3. The two-form GT¢ is self-dual so it has to
be of the form ) )
gre = —§C,?é4 Aéb— 1 b e nel (4.58)

and solving (4.31) results in
C* =2V (Hy'HY) (4.59)

with H§ arbitrary harmonic functions on R3. Using this result one can solve (4.32), which
results in

j°H = HY — Hy 'H3HY (4.60)

where H{* are arbitrary harmonic functions on R3. Using jaj® = 1 we find

H= \/Qag (g — By HyHy) (HY — Hy ' HyHY ) (4.61)
With the solution of Gt*, (4.33) can be solved and yields
F = —Hs+ Hy 'QusHYHY | (4.62)
with Hs an arbitrary harmonic function on R3. Now, using that
§aGT = —jaVy (Hy 'HE) e* A ¥ — %javb (Hy'HE) e e,
—H! (dw)+ + %J—"H’lcz,b’, (4.63)
we get an equation for w:
HoVwo — woV Hy — V X @ = 200 (HOHy — H3HS) Y (H;Wf)
+ (HsHy — QupHTHY ) V (B3 Hs) . (4.64)

Taking the divergence of this equation yields an integrability equation that can be solved
for wy:

1
wo = Hg — Hy *H3QugHY HY + Hy 'QosHYHY + 51{2—1}131'{5, (4.65)
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with Hg an arbitrary harmonic function on R3. Substitution of this in (4.64) gives an
equation that determines & up to a gradient (and this can be eliminated by shifting v):

VX @ = Qup (Hjj‘VHf - HfVHf) + HyV Hg — HoV Hy + 5 HyVH; — 5 H;V H;.

(4.66)
From the definition of GT* we then find that
HSy = —Dget N e — bee €SN éEl (4.67)
where
D= 1Y (Hy 'HY) — j*HjsV (H; ' HY ) . (4.68)

We now consider the so-called multi-centered Gibbons-Hawking subclass of these so-
lutions. We introduce the notation

H = (H?7H27H37H1?7H57H6)7
FA = (H%?mAquvpﬁanAajA% (469)
e = (Mgoamom(bmpgoanoovjoo)v

where A =1,..., N and all the components of the vectors I'y and ', are constants. We
then take the harmonic functions of the form

T
H=To+ Y o (4.70)

Although every set of centers Z4 describes a solution, there will typically be Dirac string-
like singularities. Imposing the absence of these singularities gives a constraint on the
relative positions, see [34, 61, 62]. This arises from requiring @ to be globally defined,
which implies that dG = 0. If we define the symplectic product () working on vectors of
the form v = (v§, va, v3,v§, V5, v6) via

1
(v,w) = Qaﬂvfwlﬁ - Qagvf‘wf + vowe — vewa + 3 (v3ws — vsws) , (4.71)

we can rewrite (4.66) as

*3 d = (H, dH). (4.72)
Taking dx3 on both sides leads to
(T4, T
Z A Tp) = (Tw,T4), A=1,...,N. (4.73)
[#a —Tp]

B£A

These are usually referred to as “Bubble equations” since they control the size of the
two-cycles or bubbles in the Gibbons-Hawking base space [63].

Let Sp(6+ 2n7p,R) denote the symplectic group that preserves the symplectic
product (). A linear combination of harmonic functions is still harmonic, hence send-
ing H — ¢gH with g € Sp (6 + 2n7,R) sends a solution to a solution, preserving regularity.
This symplectic group was earlier noticed for minimal supergravity in [43].
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Summary. The most general u—independent solution with a Gibbons-Hawking base
space whose Killing vector field extends to a symmetry of the full solution is determined
by 6 4 2ny harmonic functions HY', Ho, H3, Hf', Hs and Hg on R3. Tts metric is given by

1
dst = 2H ™ (du + ) (dv w5 F (dut ﬁ)) + Hds?,

ds? = Hy (dp 4 xadz®)? + Hydgpdada®, (4.74)
where
V x X = VH,,
H = \[Qup (HY — Hy ' HyHY) <H1’8 - H2—1H3Hf>, (4.75)
F=—Hs+ H; 'QupHF HY .

The one-forms are decomposed as

B = Po (d + xadz®) + Badz®,
w = wp (d + Xadz®) + weda?, (4.76)

with the coefficients 8y, 5., wo and w, given by
Bo=H; ' Hj,
V x E: —ﬁHg ,
wo = H6—H;2H39aﬂH§Hf+H;19aﬁH?Hf+%H;1H3H5,
V@ = Qs (HNH{*—HWHE) +H2€H6—H66H2+%H36H —%HgﬁHg. (4.77)
The three-forms are equal to

Go=—HetAem Ad(H 1 j*)+5*H et AdB+e™ A [—ja (ciw>_+H§‘D} +qd (jOH),

(4.78)
where
e =H" (du+p),
et :dv+w+%]~'H6_, (4.79)
HSy = —D¢ (dy) 4 Xadz®) A dzb — %Hng‘ebcddxc A dzl,
D = B (Hy Hy) - j°Hjs¥ (H; 1Y)
Lastly, the scalars are given by
o HY — Hy'H3HY ' (4.80)

H

When the harmonic functions are taken of the form (4.70), one has to impose the bubble
equations (4.73) in order to avoid Dirac string-like singularities.
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4.5 Black strings and other objects with a horizon

In [8] it is shown that in supergravity coupled to tensor multiplets, near horizon geometries
of black objects are locally either RV x T4, RL x K3 or AdS3 x S3. In this section we
will consider some examples of the latter local geometry which can correspond to a black
string or the uplift of a black ring or black lens.

Black string. When taking a solution of section 4.4, compactifying the u—direction on
a circle, taking the harmonic functions of the form (4.70) with only one center Z; = 0 and
requiring the metric to asymptote to R x S' x R*/Z,,, we find a generalization of the single
black string solution in [43]. Perhaps the most interesting case is m = 1, which at infinity
corresponds to a black string wrapped around a circle times a flat 5d Minkowski spacetime.
For m # 1 one gets ALE spaces.

The string is wound around the u—direction and becomes a black hole after reduction
on the u—circle. In appendix D we derive that to get the right asymptotics for the metric,

we need
« 1 q 1 a, B
FOO = | Moo 0, 0, O, —1, 5% — EQOC/BNOOP s (481)
with
Qappp = 1. (4.82)
Using spherical coordinates 7, 6, ¢ for the R3 part, the metric of the solution is then
given by
. Ao\ —1/2
Qusn®@ | 205Q°Q"
ds? =2 |1+ 2208 o !
S6 < + 4\/57' 327’2 u
Sy 1 QN
X [dv + v (dip + mcos(0)dg) + 3 (1 + 4r> du (4.83)

Quprd@’  QpQeQ?
140 afloo® n apQQ
4\/§r 322

1/2
) [% (d + m cos(8)d)? + %dﬁ n mrdQ%} ,

where we defined v/ = u+ %w. To make this transformation well-defined, we have to impose

g g (4.84)

Ilm

where [ is the length of the u—circle. We also defined
~ 1
Q% =4v2 (u“ - qpo‘) ,
m
1 o B
Q=4(-n+ EQagp p” ), (4.85)

1 N 1 Wy 1
J¢:8< —Wqﬂagpp +m<§2a5up +2qn>>.
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The near horizon geometry of this solution is a direct product of an extremal BTZ black
hole and a round S®/Z,,. The entropy of the black string is given by

A 1 -
S=——+= 2W\/mQQa5QO‘Q5 - J2, (4.86)
(6) 2 4
where we used conventions in which Gl(\? ) — %r.

These black holes can be embedded in F-theory and we consider the case m = 1 for
simplicity. We take an F-theory background R x S! x R* x CY3, where CY3 is a smooth
elliptically fibered Calabi-Yau three-fold = : CY3 — Bs. The solution corresponds to a
D3-brane wrapped on S* x C, where C' C By is a curve. We have the set of vertical divisors
Do =71 (DY), where DY, are divisors of B, that are chosen such that

Qaﬁ = / wo A\ wg (487)
Bs

for w, the two-form classes Poincare dual to D,. We can then write C = ¢“w,, for the form
Poincare dual to the curve C. The strings that one gets after compactification on CY3 carry
n units of momentum along the circle. There is also an SO(4) = SU(2) 1, xSU(2) g symmetry
from rotations in the R* plane transverse to the D3-brane. The entropy corresponding to
a single string to leading order in the large charge limit is given by [22]

1
S = 277\/2n9a5qaq5 - J?, (4.88)

where J is the eigenvalue corresponding to the U(1), C SU(2) symmetry in the convention
that it is half-integer valued. The microscopic formula (4.88) is only valid in the limit where
n is much larger than the other charges. Comparison with (4.86) leads to the identification
Q=n, Q* =¢* and Jy = J which explains the normalizations in (4.85).

One can also construct black string solutions with a Taub-NUT base space and asymp-
totics Rx 91 x S xR3. Although the full solution will be very different from (4.83), the near
horizon geometry will be the same. We can then compare (4.86) for m # 1 with the leading
order contribution of the entropy calculated in the microscopic setting corresponding to the
Taub-NUT solution. This setting is an F-theory background R x S x T'N,,, x C'Y3, where
TN,, is a Taub-NUT spacetime with NUT charge m. The D3-brane is still wrapped on
S1 x C and given n units of momentum along the circle after compactification on C'Y3. The
Taub-NUT breaks the SO(4) symmetry to U(1)r/Z,, x SU(2)g. In [64] the entropy for this
setting is calculated in the dual picture that one gets starting from type IIB, T-dualizing
along the NUT-circle and then lifting it to M-theory. The M-theory picture is then given
by an M5-brane wrapped around S* x <m32 + C’), where €' = 771(C). The entropy is
calculated using the MSW formula [65] and is to leading order equal to

1
S = 277\/2ana5q0‘q5 —J? (4.89)

where J is the eigenvalue corresponding to the U(1),/Z,, symmetry along the NUT-circle.
The microscopic formula (4.89) is also only valid under certain conditions. Besides the
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Cardy limit in which n has to be much larger than the other charges, we also have that
q%® > mc®, where ¢® comes from the expansion of the first Chern class of the base space:
c1(B2) = c®w,. The latter condition is needed to make the divisor mBg + C very ample.
Comparing (4.86) with (4.89) we find that m has to be an integer and that we can identify
Q =n, Q* = ¢* and Jy = J in the limits where (4.89) is valid. To fully compare this
microscopic setting with a macroscopic solution, we of course have to construct the solution
with Taub-NUT base space B, but we will leave this for future work [66].

Uplift black ring. A five-dimensional black ring solution [3, 59, 67] is asymptotically
flat, has a regular horizon with topology S' x S? and near horizon geometry AdSs x S2.
We will show that the 6d uplift has horizon S* x S and near horizon geometry AdSs x S3,
and is thus consistent with the classification we stated at the beginning of this section.
A more general discussion of uplifts of black rings in connection to supertubes was given
n [68]. Essentially, our discussion below is a particular and simple case of theirs, so we
will be rather brief here and only focus on the near horizon geometry.

To be specific, we take the black ring solution from [67] written in certain coordinates
v, r, ', @', 6 and x and in which the near horizon limit is taken by redefining r = eL7/R,
v = U/e (where L and R are certain constants) and sending ¢ — 0. In this limit, the
metric becomes

4L 2
ds? = 2dvdF + —rdmw + L2dy? + L (de2 + sin®(0)dx?) , (4.90)

where ¢ is another constant. In the same limit, the vector field (in the conventions of
section 4.3) is given by

[3Q — ] %dr = %cos(&)dx, (4.91)

1
2q

where Q, C1 are other constants and where we have added the exact form
1 2 r, 950,495
— — d =d =d 4.92
2q(3¢2 3¢°) v’ + 5d¢ + Sdy (4.92)

to the expression in [67]. From section 4.3 we see that the metric of the six-dimensional

uplift of a solution in the timelike class of minimal five-dimensional supergravity is given by
ds? = (du + A)? + ds? . (4.93)

Redefining du = —Zdu’ — 5 [3@ ] %dr (this can be done in the full solution), the
metric becomes
2

AL
ds2 = qz (du’ + cos(0)dx)” +2dvdr+—rdvdz/z + L2y + L (d02 +sin®(0)dy?) . (4.94)

The v, 6 and x part form the round metric on S3, where we need 0 < v’ < 47 to make it
regular. The near horizon geometry of the uplift of the black ring is thus AdS3 x S3.
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Black lens. In minimal five-dimensional supergravity one also has solutions that have
a horizon with lens space topology L(m,1) = S3/Z,, and are asymptotically flat [4, 6].
In section 4.3 is described how such solutions can be uplifted to six dimensions. They
will fall in the class with a Gibbons-Hawking base space and have harmonic functions of
the form (4.70) with m centers. Their near horizon geometry will locally be given by
AdS3 x S3/Z,, and their asymptotics will be R x S* x R*. Note that solutions with the
same near horizon geometry but different asymptotics are given by the previously described
black string with asymptotics R x S' x R*/Z,, and by a black string with a Taub-NUT
space as base space which will have asymptotics R x S! x S1 x R3.

4.6 pp-waves

A pp-wave is characterised by the existence of a covariant constant null vector field. This
vector field is necessarily a Killing vector field. Requiring the null Killing vector field 9, of
the general solution to be covariantly constant implies that

d[H™ ' (du+ B)] =0, (4.95)

which is equivalent to DS = 0 and H~! (DH) = —B.

A first class of pp-waves is given by non-twisting solutions of section 4.1 with H =
H(u). It follows from the construction of the coordinates in section 3.1 that in this case
we may choose H = 1 by redefining w in (3.2), such that the solution becomes

1
dsg = 2du <dv +w+ 2]—"du> + dsi,
G = —et Adu A dj® + du A [jaw —j5° (ciw>_ + HgD} + %adj”. (4.96)

The flat base space solution derived in section 4.1 is an example of a pp-wave when we
take the functions P and Q% such that P,P* = 1, P,Q% = 0 and Q,Q% = 0. This is
only possible when Q% = 0. Even with all these extra conditions, the tensor branch of
the theory provides a generalization of the solution in [7] since in general the scalars are
still u—dependent and the two-forms Hgp, are non-vanishing. To simplify a bit more we
choose n = 1, W7 = 0 and take Cs such that Qa/gC?Pﬁ = 2. Transforming to Cartesian
coordinates (see [37]) we find that

*Qaﬁc'?) PPrlod = alda® — 22dat + oPdat — 2tda’. (4.97)

For this solution also (Jw) C=0. Performing now the coordinate transformation

2t = sin(u)y' — cos(u)y?,

y
v, (4.98)
y4

(
’ ( 7

)
2% = cos(u)y! + sin(u)
23 = cos(u)y® + sin(u)

(

= —sin(u)y® + cos(u)y*
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we obtain the plane wave solution

dsg = 2dudv + (F — Smny™y™) du® + Spmndy™dy™,
G = (C§ —2P*) du A [dy" A dy? + dy® A dy?] (4.99)
J% = P%u).

A second class of pp-waves are the solutions in which G® vanish. A subset of these

solutions is given by the vacuum solutions in which also the (physical) scalars vanish.
From (3.13) we find that G® = 0 is equivalent to

H™'DH = -3,
DB =0,
Dj* =0, (4.100)
Hy = (Dw) ",
HE, = 0.

The first and second conditions define a pp-wave. The set of equations (4.100) will be hard
to solve without extra assumptions. Of course, one can again look at the subclasses of
non-twisting and u—independent solutions. As an example of a non-twisting solution that
falls in this class, we can take (4.99) with C§ = 2P“. In this case the solution simplifies to

1 1 1. .
ds? = 2dudv + <C’5(u) = 5Ca(w) 5 + 4Qaﬁpapﬁr2> du® + Spndy™dy™,
G =0, (4.101)
ja — Pa(u),

where we still have the condition P, P% = 1.

One last example we consider is not a proper pp-wave, but it is a black string with
traveling waves that carry momentum along the string [69, 70]. This solution falls into the
non-twisting class with flat base space (section 4.1). Taking Wi = C§ = C5 = 0 and P®
and QQ“ constant such that QalgP‘”‘Pﬁ =1, we find the solution

1 1
dst = 2H 'du (dv - 404(u)73du) + Hdsj

GY=—dvAdurd(H'§%) +%d (jH) , (4.102)
Q>
jaH == Pa + 7 .
T

In the limit » — oo this solution is the same as (4.101) with C5 = P* = 0, but note that
the full solution is very different, mainly because we now have non-vanishing three-forms to
support the black string and also the scalars depend on the base space instead of on u. For
a further discussion of this kind of geometry, see e.g. the original references [69, 70]. The
horizon of these solutions become singular however, as discussed e.g. in [71-73]. Perhaps a
more interesting class of solutions are the traveling wave deformations of smooth horizonless
solutions, such as discussed e.g. in [56]. It could be interesting to extend the analysis of [56]
to the present setup where more tensor multiplets are present.
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5 Attractor mechanism

In this section we study the attractor mechanism [44, 45] in six-dimensional (1,0) super-
gravity coupled to tensor multiplets. We first repeat the near horizon analysis [46, 47] to
show that the scalars near the horizon can be expressed in terms of the charges of the
black object. After that we derive a “flow” equation for u—independent solutions which in
certain simplifying cases explains this attractor mechanism from the full geometry perspec-
tive. Our version of the attractor flow is consistent with the five-dimensional flow equation
in [74]. A general proof of the attractor mechanism for single, charged, static, flat p—brane
solutions in d dimensions is given in [48]. Some of the solutions we consider will also be of
this type, but not all of them.

5.1 Near horizon analysis

We consider the near horizon geometries of black objects which are locally AdS3x S (so we
consider one of the three possible cases). In [8] it is shown that in this geometry the tensor
multiplet scalars j® are constants and the tensors HM of the tensor multiplets vanish.
Integrating over the spherical part of the solution (e.g. in (4.83) this part is parametrized
by 1, ¢ and #) implies that the charges that correspond to Go = 7%H are equal to

Q" = j%. (5.1)
Using j.j% = 1, we find that
k= 1/QupQQP (5.2)
and -
Jj* = @ (5.3)

Vs @@

Hence in the near horizon geometry the scalars take a value completely expressed in terms
of the charges related to the three-forms.

5.2 Flow equation

It would be nice to be able to see the scalar values arise from the flow of a central charge as
one usual can (e.g. [74]). We will derive this “flow” equation for u—independent solutions.
The general flow is complicated, but we consider a class of solutions where it simplifies.
To derive the flow equation, we need two ingredients: the Bianchi identity and supersym-
metry. The part of the three-forms with three legs on the base space is generally what
o
however, that in the near horizon geometry of the uplift of the black ring, the three-sphere

corresponds to the charges, hence we will derive an equation for the scalars and G (note

is given by the u—circle fibered over an S? in the base space). Using supersymmetry and
u—independence (4.28), but not specifying the part G%k we can write

GY=—He" Ne™ /\J(Hiljo‘) +jH et AdB+ e A [—ja (cZw>_ + HSO‘D]

1 A ) .
+6G&aAaAﬁ. (5.4)
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We now first consider the Bianchi identity and after that use the tensorini equation to

(&7

finish the derivation of the flow equation. Since we are only interested in CA?Z Lk we will, after

applying the exterior derivative on (5.4), only consider the part with four legs on B:

A~

. - -\ 1 . .
dG* — j*H 'det AdB + de™ A [ja (dw) + HgD} +d <6ngé’ ANE A ék> . (5.5)

Calculating the last term in (5.5) yields

Z (G%’kéi NE A é’“) = Vi (G‘;k> CNCUNC N (5.6)
Using that
- - 1 -
de” — Hdg, det — dw + §}"dﬁ, (5.7)

we can finish the calculation of (5.5):
. U - - S\
dG™ — joH ! <dw + 2]—"d6) AdB+ H B A [— G« (dw) + HgD]
1. .
+d <6G%kél NE N ék>
-1 |af] + 1 o 7 o 7 1 S N L
—H (dw) + 5O FdB+ Hep | NdB+d ( SCé AEAE ). (5.8)

With (5.6) this can be rewritten as

Yo 1 o 7 1« Yo =~ NN
dG* — [4 (G, (dﬁ>jk + EVZ <Gijk>:| enenel nek. (5.9)
The Bianchi identity implies that
le (Aa \ ik Loy (7 lijk
From supersymmetry (4.28) it follows that
A%k = J(jaH)z elijk (5.11)
such that
O (%) QG ™ = ~6Hgap0, (%) 0 (57) . (5.12)
Combining this with (5.10) results in
1~ -0 A i et : : a g
Vi (20p5°C) €9 = —Hgaph ()8 (37) = jaG ™ - dB. (5.13)

This is the flow equation for u—independent solutions. In principle one can also do this
derivation for the most general solution, but the resulting equation does not put a strong
contraint on a flow. Even for the most general u—independent solution the meaning
of (5.13) is not very clear. However, when also either dB or joG T vanish, the right-hand
side of (5.13) is non-positive since gop is positive definite. This implies a monotonicity
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€7k When one derives the flow equation for the

property of the quantity 6QaﬁjaGﬁ
most general solution there might be other special cases in which the equation implies a
monotonicity property of a quantity. One can also derive an equation for other components
of G* and examine what this equation would imply for black ring solutions. As a check, we
show in appendix E that when one performs a Kaluza-Klein reduction along the u—circle
(section 4.3), the flow equation (5.13) reduces to the five-dimensional flow equation derived
in [74].
If we let V' C B we can define the charges

- 1
o
@ 124/272

where n is a unit vector perpendicular to OV and pointing outward. The quantity (5.14)

/ dsS Gmyei* (5.14)
ov

is for the black string solution in (4.83) equal to the charge defined in (4.85). We can also
introduce the central charge

1
124/272

which, in case the scalars are independent of the region 9V, reduces to

Z\V) = /8 y dS QoG *, (5.15)
Z(V) = jaQ". (5.16)

This is the central charge that follows from the supersymmetry algebra [75]. When we
have regions Vo C Vi, we can use (5.13) to show that

[t (—Hgaﬁam“)al (jﬁ)—;jagwdﬁ). (5.17)

Z0i) = 2(V) = 57—

In case either j,GT¢ or CZB vanishes, the central charge is monotonically decreasing as
we move outwards. If this is not the case, the flow equation does not provide a strong
constraint on the flow.

5.3 One-centered Gibbons-Hawking

When we take a general solution of section 4.4 with harmonic functions of the form (4.70)
and one center, we actually have a clear radial direction such that a natural choice of
subspaces V C B is r < rg. For the general case

1 N
Z(ry) = / dS Qupj° G, kn,elwk:(zaﬁjacgﬁ (5.18)

12272 Jav

and from (5.17) we find that when either j,Gt or dj vanishes

0, 7(r) = 2f7r Ly /d:cf ~Haap () (37)]

= —4V2r2HyHgopd, (%) 0" ( ) (5.19)
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which is non-positive. Notice that we can write this as
10,7 = —4v/2r3 Hy H?e, (5.20)

where

€ = 39030, (%) 0, (5°) (5.21)
is the energy density of the scalar fields. Note that near the horizon HHsy ~ %2 which
implies that the proper distance to the horizon blows up. Together with a finite area of
the horizon, this implies that € = 0 because otherwise the energy of the scalar fields would
diverge. Hence from (5.20) we find that at the horizon we get

19,7 =0, (5.22)

which is the spacetime form of the attractor formula.
For the most general solution with harmonic functions of the form (4.70), the
charge (5.14) reduces in the near horizon limit » — 0 to

Q% = 4v2 (,ﬂ — ;qpo‘) . (5.23)
In the same limit
o pe = ap® @
Vs (07 = Lap?) (0 — Lap) /95,080

which is indeed the value we found in (5.3). This is also true for the cases where the flow

(5.24)

is more complicated.

6 Outlook

We derived and analyzed the general local form of supersymmetric solutions of (1,0) su-
pergravity coupled to tensor multiplets, and studied examples of BPS black strings and
pp-waves with non-trivial scalar profiles. There are many interesting extensions and gener-
alizations, such as the study of bound states of black strings, and the construction of new
microstate geometries and their dual CFT states. It would also be interesting to repeat
the general analysis to the case with hypermultiplets and vector multiplets.

We solved the equations of motion completely in certain simplifying cases and studied
the attractor flow for u—independent solutions. Something that might be interesting as
well is to see if there are also attractor mechanisms for the hyperscalars. For maximally
supersymmetric solutions this is certainly the case [8], but it is not so clear when the
solutions have less Killing spinors.

While we have studied to some extent the embedding in type IIB and in F-theory,
it would be nice to study better the microscopic analysis of the black string solutions in
F-theory. In particular, the near horizon geometry of black strings leads to new dual (0,4)
CFTs that are yet to be constructed and analyzed. For the case of minimal supergravity,
corresponding to F-theory compactified on a CY3 with base space P2, this was done in [22],
see also [21] for earlier work, and [23-25] for more recent work.
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A Integrability conditions

In this appendix we derive which equations of motion are implied by the integrability
conditions of the theory. Denote the scalar equations of motion by (Ej )M = 0, the three-
form equations of motion by (EG) " Va (gaﬁéﬁ AW) = 0 and the Einstein equation
by E,, = 0. Contracting the integ?ability of the gravitino Killing spinor equation with
7 yields®

1 . 1 )
V[Dy, DJe = Bune + 5i° (EG) G = 75 (EG) Ye=0. (A1)
a po a pv

Assuming the three-form equations of motion it follows that
E~y"e=0. (A.2)
In the null-basis v;e = 0, thus we observe that (A.2) implies that
By = By = Epy = Eyg = Epy = 0. (A.3)

Hence, only the E__ component is not determined by the integrability conditions.

The integrability of the tensorini Killing spinor equation contracted with v* and ex-
pressed in the equations of motion yields®
“e=(E)M e+

[ T o (BG) ye=0.  (A4)

_—gM vp
12 l/pO"y %

Assuming the three-form equations of motion, it follows that (A.4) is equivalent to the
scalar equations of motion.

This condition is derived in the PhD thesis of Mehmet Akyol (Kings college).
5This condition is derived in the PhD thesis of Mehmet Akyol (Kings college), although there the wrong
scalar equation of motion is used.
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B Spin connection

In this section, the components 4, j, ... will refer to the part of the six-dimensional vielbein

é', unless they are components of base space objects @ and é'. Using metric compatibility,

so anti-symmetry of the connection

Wij = —Wji,

Wii = —Wit,

s = G, (B.1)
Wiy =0,

o =0,

Wy = —w_q,

and vanishing torsion, a straightforward calculation yields that the spin connection is
given by

1 1 1 .
v

1.1 1/ N L
—H<w+2]-'6—217}">ie —§<H DH—i—B)ie ,

1 g .
o~ = -H YD), & — - (H—1DH+5) e,
2 v 2 i

)

1 N

it =—3 (H*1DH+5)@Z, (B.2)
1
1 N
o= (H*lpﬂw) &,

K3
1 1 ; 1 iy 1 N
@'y =0t o H o (DH) & — S HH (DH) e+ S HY? (BAE), e+ S HY2 (Béy)" et

1 o 1 . 1 1 o i\ o
+§H1/2 (BAE;) kek_iH L(Dp) je+_2<Dw+2}"D[3> je —H(@ueln> eje.

C R__ component of the Ricci tensor

In this section, the components 4, j,... will at first refer to the part of the six-dimensional

vielbein é’, unless they are components of base space objects @ and €' or indicated as 1.

We would like to calculate the —— component of the Ricci tensor:
R_=R'_,__ +R _,_. (C.1)
We calculate the curvature two-form via the spin-connection:
R =di' 4+ AN _+at Ae
(C.2)

Rt _=dot_+aot Ao,
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where we will only keep the R* . and RT___ components. A straightforward (but
+

j_
lengthy) calculation yields

RY_=0,

7 1 1 ‘ 1 ~mi ~n
R _— {H@u [2 (Dw+2}"Dﬁ> J—iau (Hhpp)é ej]

1 1 ! 1 ~misn 1 k ~k\ ~o
5 (Dw+2fm> =50 () ek] [2H5j+H(aueo)ej}
1.1\

i

| ¢ 3 /. 1. 1 B .

+

1 11\ -
+5H (8jH) <w+2]-"ﬂ—2D]-"> +V;

J

1o N1 1
—§H<H DH +) <w+2f5—21>f)

J

1 _ i 1 _ 7 1 )
~H I(DH)k(Sj—§H ' (DH) 5kj+§H1/2 (BAE)

+H '+1fﬁ'—lz>f '
“Ty 2 2

1 sy 1 N 1 1 ' N\ m
+§H1/2 (ﬁ/\ej) k+§H1/2 (B/\ek) j]— [2 (Dw—i—Q}"Dﬁ) k—}—H (81‘6,[%) ek]]

X

k
1 (Dw+ 1]:DB>
2 2 j

_ %au (H ) émkég] }éj e (C.3)

Taking the R’ _,

,_ components, summing over ¢ and rewriting everything in components

with respect to the vielbein & yields
o1 .1 o1 .1 m
R__ =%4Dxy <w+2}“ﬁ—2DF) —2<w+2]:ﬁ—22)}") Ou (Bm)

1., 1 1 i
+-H (Dw + 2?@5) (Dw + 2?@5) (C.4)

4 ik
1
=0 (Hhyp) 8y (HR™) .

1
— —HR"™ 92 (Hhpn) — 1

2

D Single string solution

Taking a single string at the origin, we still have to determine the one-forms Yy, B and @.
Solving the equations for ¥, E and &, and assuming the Bubble equations, we find that

Xadz® = mcos(0)do,
Badx® = —qcos(0)do, (D.1)

wedz® = 0.
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D.1 Asymptotics

Taking a single string, we require the metric to asymptote to R x S. x R*/Z,,. This implies
that meo = 0, the functions H, F — 1 and the one-forms w, 5 — 0. The limit

. T 1
lim F = —noo + —Qagpleple +2-—Qagplp” =1 (D-2)

r—00

implies that p% = 0 and no = —1. The limit of the one-form 8 — 0 implies that gc =0
such that 8 — -Ldi). This can be absorbed by the coordinate redefinition du — du — -Lda.
For the single string, u is periodic, hence we need that

4dmq
Y/ D.3
m €% (D-3)

where [ is the length of the circle, for this to be well-defined. The limit

lim H = \/Qapnuspus, = (D.4)

r—00

then implies that
Qapndopl = 1. (D.5)

Lastly, the limit of the one-form w — 0 implies that

. . 1 a B 1 q
lim wo = joo + —Qappicep” — 5~ =0 (D.6)
such that ) )
. q
Joo = om EQaﬁﬂgopﬁ‘ (D-7)

Hence, to get the correct asymptotics, we need

1gq 1
Foo - > -1, = - Qa o p? D.
(MOO707 07 07 72m m ,BMOOp > ( 8)

subject to (D.5). With these values for ', the Bubble equations are automatically satis-
fied.

E Reduction of the flow equation to five dimensions

We show that when compactifying along the u—circle (as done in section 4.3), the flow
equation (5.13) reduces to the flow equation derived in [74], which in our conventions is
given by’

- 1

V(7Gx B) = gax!dx’ - JCurx'e’ - ek, (E1)

where

1 9 1
Grj = _iaXIaXJ log V| [v=1 = iXIXJ - §CIJKXK (E.2)

“In their conventions X = %C’UKX‘]XK and - 8 = ama 8"
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and EZI = Fl{) = f1o (fXI). Some useful identities that follow from X; X! =1 are:

3
Gry X" = 5 X1,
2 J
alX] = —ggualX . (ES)
From the cubic potential (4.40) one finds

gaﬁ = T_4/Sgaﬁ7

Gog =0, (E.4)
1
Goo = 57”8/3-

Let’s now reduce the terms in the flow equation (5.13) one by one. We start with the
left-hand side:

le a8\ lijk

Vi (QasiGl, ) . (E.5)

Note that the base space in the five- and six-dimensional space has the same metric ds3, so
the covariant derivative does not change. The vierbein é’ is related to a vierbein e’ of the
5d spatial part via & = r~/3¢’ and ¢’ = f~1/2¢!. Applying the self-duality condition (2.27)
to the ansatz for the three-forms (4.36) relates G* to the two-forms F'®. In particular when

we express
G = %G%éi/\éj A (dv + w) + %G%kéi/\éj NEP, (E-6)
we find that
ik = _f_lr_4/39aﬁQﬁWE76lijk' (E.7)
Hence
e = G = —f Y3 (259, — 62) EJ ey (E.8)

We then derive that
le - A ij v -1,.— e
Y <Qaﬁj ijk) itk = ! (f =403, 55 Ef) . (E.9)
Inserting the ansatz for the scalars (4.37) and applying the product rule gives
le - A lijk — =1 -1_.— «a -1,_.— «a L(..—
gvl <Qaﬁj Gik) ik — =23y (f Ly 4/3Qa5X Ef) —f Ly 4/3QQ5X Efa (r 2/3> .
(E.10)

Using (E.4) we then calculate that
- 1~ -
V(G X ) = SV (5P E) + V(5 e X B (E.11)

and combining (E.4) with the definition of EZB and O;r = —% /39, X0, the second term of
the right-hand side in (E.10) can be calculated:

. . . 1 oy, 2, 5
Fr 0, X B0 (r72) = = 2r G (X°) 9 (X°) = SFH R () o ().

(E.12)
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Substitution of (E.11) and (E.12) in (E.10) yields
1 o A i - = - I _ v -
SV (Qupi Gl ) 9 = T2V (G X B )+ 5V (Y )
1 2
+§7“_2/3 1 Goo0, (X°) 0" (X°) +3 F2r7588, () o (r). (E.13)

Let us then reduce the first term of the right-hand side of the flow equation (5.13).
Inserting the ansatz for the scalars (4.37), applying the product rule and using (E.4) yields

Hgap0 (720 (37) = HGapdh (X°) 0" (X7) + 2Hr*Gop X7 0, (X) 0" (r=2/%)

+ gHr_Qﬁl (") 9 (). (E.14)
Using that H = r—2/3 -1,
GapXP0) (X) = gr—laﬁ (E.15)
and g
HGoo0, (X°) 0" (X°) = §Hr_28l (r) o (r), (E.16)
we find that
Hgas (%) 0 (77) = 7203 Gapy (X0 (X7) = S/ ooty (X°) 0 (X°).
(E.17)

Lastly, we reduce the second term of the right-hand side of the flow equation (5.13).
Using (4.40) and (4.43) we can expand

1 1 -
- 4Cr kXxlel. ek = —iﬂaﬂr*‘*/i‘”g*a LGP 42 35,dB - G (E.18)
For the first term at the right-hand side of (E.18) we use the reduced Einstein equa-
tion (4.47):
1 - 2 .
gngw G =V (X)) = _gvl (7 'GooEY) . (E.19)

where the second equality follows using (E.3) and the definition of EZO. Inserting Ggp and
using again the definition of Elo we find that

1 _ a _ ~ _
_§Qaﬂr 4/3g+ 'g+’8:7" 4/3vl (f lgooElO)

= %61 (f*1r4/3Elo) +%f,lal (XO) o' (T4/3> +%f*2X081 (f) 8" (T4/3)
1

— iﬁl (f—1r4/3EZO> _f_1g008l (XO) ) (XO)

+20 8200 (£)0 (r). (E.20)
Substitution of (E.20) in (E.18) yields

1

~ 1
—jadf - G** = —r7? {—4OUKXI@J A

5@1 (f_1r4/3El0)

#1700 (X0 (X7) - St (o )] e
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Substitution of (E.13), (E.17) and (E.21) in (5.13) yields

V(6 X E]) = 7160 (XT) 0t (X)) - %cf sxXte’. ek, (E.22)

This is the five-dimensional flow equation.
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