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1. Introduction

The KP hierarchy was introduced by Sato in his seminal paper [15] as the hier-
archy of evolution equations of Lax type

dL
— =[(L"4,L],n=1,2,...,
T =L Ll
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on the pseudo-differential operator L = 0 + 19~ + 1072 +--- , where d =
% and + stands for the differential part. He also introduced the associated wave
functions and the tau-function, and discussed reductions of the KP hierarchy.
His ideas have been subsequently developed by his school in a series of papers,
which were reviewed in [10] and [5].

In the review [10] Jimbo and Miwa also introduced the modified KP hierar-
chy (MKP hierarchy), as a set of bilinear equations on the tau-functions ty, £ €
Z, see [10], equation (2.4); 1/, each 7, being a tau-function of the KP hierarchy.
It was subsequently shown in [11] that these equations arise naturally from the
fermionic formulation of the MKP hierarchy and the boson-fermion correspon-
dence. This implies that the MKP tau-functions (. .., ty—1, 7¢, T¢+1, - . .) are nat-
urally parameterized by the infinite-dimensional flag manifold ([11], Corollary
8.1), in analogy with the famous observation of Sato [15] that tau-functions of
the KP hierarchy are parametrized by the infinite-dimensional Grassmann man-
ifold. Note that the tau-functions of the discrete KP hierarchy, studied in [2], are
precisely those, satisfying the Jimbo—Miwa equations from [10].

On the other hand, Dickey proposed a Lax type formulation of the MKP hi-
erarchy in [6] (see also [7]), which is an extension of the Sato formulation of
KP. The first result of the present paper is the equivalence of Jimbo—Miwa’s tau-
function formulation and Dickey’s Lax type formulation of the MKP hierarchy
(Theorem 3 in Sect. 4), in analogy with the well developed theory of the KP hi-
erarchy (see e.g. [10], [5]). Similar equivalences are established for the discrete
KP hierarchy in [2]. The vertex operator construction of the Lie algebra gl ,
provides solutions to the tau-function formulation of the MKP hierarchy [11],
hence to the Lax type formulation of it. Similar solutions have been constructed
in [2] for the discrete KP hierarchy.

In Sect. 5 we give eigenfunction formulations of the MKP hierarchy, closely
related to the work [9]. As a byproduct, we find in Sect. 6 an astonishingly
simple explicit description of all polynomial tau-functions of the KP and the
MKP hierarchies (Theorem 16). Of course, it is a well-known result of Sato
[15] that all Schur polynomials are tau-functions of the KP hierarchy. We show
that, moreover, all polynomial tau-functions of the KP hierarchy can be obtained
from Schur polynomials by certain shifts of arguments.

We discuss in Sect. 7 the reductions of the MKP hierarchy to the modified
n-KdV hierarchies for each integer n > 2, the n = 2 case being the classi-
cal modified KdV hierarchy (cf. [6]). Finally, in Sect. 8 we find all polynomial
tau-functions for the n-KdV hierarchy, and (implicitly) for the modified n-KdV
hierarchy. This was known only forn = 2 [11].

We would like to thank the referee for corrections and suggestions.
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2. The fermionic formulation of MKP

Recall the semi-infinite wedge representation [11], [13]. Consider the infinite
matrix group GL«o, consisting of all complex matrices G = (g;j)i, jez Which
are invertible and all but a finite number of g;; — §;; are 0. It acts naturally on
the vector space C®° = P ez Cej (via the usual formula Ejj(ex) = djxei).

e 1 : .
The semi-infinite wedge space F = A2°°C®™ is the vector space with a

basis consisting of all semi-infinite monomials of the form e;; Aej, Aejg A---,

where iy > iy > i3 > --- and iy4; = iy — 1 for £ > 0. One defines the

representation R of GLs, on F by
R(G)(e‘il N €jy N €jy N ) = Ge‘i1 VAN Gei2 VAN Gei3 VANRERI

and apply linearity and anticommutativity of the wedge product A.

The corresponding representation r of the Lie algebra gl,, of GLs, can be
described in terms of a Clifford algebra. Define the wedging and contracting
operators wj+ and 123 (JeZ+ %) on F by

W;_(eil Ae€jy Nve+) =e_j+% Nej Nejy Noee

w]‘_(eil N €jy N+ )

1
0 ifj—i;éisforalls,
= 1
(15 eiy Aeiy Ave A€y Aeipy Ao i == .

These operators satisfy the relations (i, j € Z + %, Ap=+,-):

YAl iyl =6 s

hence they generate a Clifford algebra, which we denote by #7” Introduce the
following elements of F (m € Z):

|m) = em AN em—1 N em— A---. (1)
It is clear that F is an irreducible #ZZmodule such that
¥i|0) =0 for j > 0.

The representation r of gl,, in F, corresponding to the representation R of
GLwo, is given by the formula r(E;;) = vt 41 wj_ Define the charge de-
2

1-
! 2

F = @ F(m), where charge(|m)) = m and Charge(wji) — 41,

MmeZ
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The space F m) is an irreducible highest weight g/, -module, with highest
weight vector |m):
r(Eij)im) =0 fori < j,
r(Ei;j)|m) = 0 (resp. = |m)) ifi > m (resp.ifi < m).
Let
Om = R(GLso)|m) C F™
be the GLo-orbit of the highest weight vector |m).

Theorem 1 ([11], Theorem 5.1). Let [ be a non-empty finite subset of 7. and let

f=®es fmn € Dpeg F™ be such that all f, # 0. Then f € @,,c; Om
if and only if for all k,{ € I, such that k > £, one has

vt fievTifi=o. (2)

iez+1
Equation (2) is called the (k — £)-th modified KP hierarchy in the fermionic
picture. The 0-th modified KP is the KP hierarchy. The collection of all such

equations k,£ € Z with k > £ is called the (full) MKP hierarchy in the
fermionic picture.

3. The bosonic formulation of MKP

Define the fermionic fields by y*(z) = diers 1 wiiz_i =3 and the bosonic

fielda(z) =) ,cz onz "1 =T (2)¥~(2):. Then there exists a unique vec-
tor space isomorphism, called the boson-fermion correspondence, o : F —

B = Clq.q7 '] ® C[t1.12,...] such that o(jm)) = ¢™, cano™! = 0

oa_,0 1 =nt,, forn > 0and cago~! = q%. Moreover, one has

Ay’

oyt (z)o~! = ¢F! :ECIaalep( Ztkz )exp( . a?k Zk ) (3)

For f,,, € 0, U{0} we write: 6 ( fn) = Tt (t)q™, wheret = (t1,t2,...). Sucha
Tm 1s called a tau-function. Under the isomorphism o we can rewrite (2), using
(3), to obtain a Hirota bilinear identity for tau-functions.

The first formulation of the MKP hierarchy: Let [z] = (z.5-.5-....), y =
(¥1,2,...), andRes Y, fiz' dz = f_1, then

Res 2K Yo (t—=[z7 D (v +[z 1) exp (Z(ti—yi)zi) dz=0, k=>{. 4
i=1
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The equations (4) first appeared in [10], (2.4); /.
Divide (4) by 7% (¢)t¢(y) and introduce the wave functions w;} and adjoint
wave function w,, (m € Z) by

F10 (Wﬂ:(z)fm)

7 5
G F T ~
B Tm (1) '

Here and thereafter we use the shorthand notation

)
t-z = Zl‘izi.

i=1

w,i:(t, zZ) =¢q

Then (4) becomes
Res w,‘c"(t,z)wg_(y,z) dz=0, k=>U{. (6)

4. The Lax type formulation of MKP

We now want to express the wave functions in terms of formal pseudo-differential

operators in 0 = %. A formal pseudo-differential operator is an expression of
the form

P@t.d)= Y Pi()d,
J=N
where the Pj(¢) are functions in ¢, infinitely differentiable in #;. The differential
part of P(t,0) is P4+ (t,0) := Z]N:o P;j(t)d’, and P_ := P — Py. These
operators form an associative algebra with multiplication o, defined by (k, £ €
7)

00 i
k ¢ _ k\ AW ke
A1) o B(1)d" =) (l) 7B(r)a .
i=0 1
The formal adjoint of P (¢, d) is defined by the following formula:

(X)) =30 o P,
J

J

The residue of P (¢, d) is Resy P(¢,0) := P—_1(t).
Let

Tm(t F [Z_l])
Tm (1)

PE(t. +2) = =1+ prz " +py 0z 2%, (D)
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so that

wE(t,z) = PE(t, £2)z5me®? = PE(1,0) o (£3) ™ (eF17)

= PE(1,0) o (£3)T" o exp ( + Zti(:lza)i)(eitlz). ®
=2

Then (4) is equivalent to
Res Pk'" (t,z)zFet? P, (y, —2)z e dz = 0. 9)

The following lemma is crucial. It involves only the first variable 7;. When
we use it, the variables 75, 73, . . . are seen as extra parameters.

Lemma 2 ([13], Lemma 4.1). Let P(t1,d) and Q(t1, d) be two formal pseudo-
differential operators, then

Res P(11,2)e""? Q(y1.—z)e 17 dz = Res y P(t1, )0 O (t1, 3)* 0™ |ymr,—y, -

Applying the lemma to the bilinear identity (6), while using the expression
(8) for the wave functions, one deduces

Pr(t. ) =Pr(t. )", (PFd)od*Doprlr.0)"H-=0. (10)
We obtain the Sato—Wilson equation

P (1,9 .
% = (P (t.9)0d o Pf(t,0)" )= o P (1.9), (11)
J

by differentiating (6) by #;, using the first equation of (10) and then applying
Lemma 2 (see e.g. [13], proof of Lemma 4.2) .
Introduce the Lax operator L by dressing d by (the dressing operator) Pk+ :

Ly = L(t,0) = P (1,0) 000 P (1,0)"". (12)

Differentiate (8) by #; and apply the Sato—Wilson equation (11). This gives the
following linear equation (= linear problem) for the wave function w,'c" (k € Z):

dw; (,2) .
+ _ ot k\E) oy +
Lrwy, (t,2) = zw, (¢, 2), T = (Ly)+w, (1,2) (13)
and the adjoint wave function w;:
dw, (,2) _

Liwg (1,2) = zwi (1, 2), = —(LD%wi(t,2).  (14)

al‘j
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From (11) it is easy to deduce the Lax equations on Lj (see e.g. [13], Lemma
4.3):
L Ly

e [(L )+,Lk] j=12,..., (15)
J

which are the compatibility conditions of the linear problem (13). From (7) we
find that
PF(1,8) = 1—d(logri (1))~ +--- ,

hence the second equation of (10) for kK = £ + 1 gives that
(t.9)0do Pr(t.0)~ = (P} (t.0)odo Pl (1,0)7 ")
= 0 + 0(log(z¢(7)) — d(log(te+1(2))

E—I—l

and hence

Te (1)

Te41(1)

(1,0)9 = (3+ve(t))o Pt (t,0), where v(t) = 8(10g ) (16)

Z-H

This leads to another formulation of MKP, which was suggested by Dickey [6],
[7]:

The second formulation of the MKP hierarchy: Let U = Clu, (”), (”) |i €
Zs1,] € Z,n € Zso] be the algebra of differential polynomials ln u; and
vj, where Bu(n) (n+1) av(”) = ](-n+1). Let Lo(0) = 9 + uq(2)o~!

ur(1)d 2 4+ - e U ((8 1)) be a pseudo-differential operator. Then the MKP

hierarchy is the following system of evolution equations in U (j € Z>1,1i € Z):

dLo(0)

= [(Lo(3)7)+, Lo(d)],

S%U | | (17)
8_; = (Li+1(0)7)+4 0 (3 + vi) — (@ + v;i) o (Li (9)7)+,
J
where L;(d) and L_;(0), fori > 0, are defined by
Li(® = (34 vi—1) o Li—1(3) 0 (3 + vi—1)~", (18)

L-i(d) = (d+v-)"" o L1-i(3) 0 (3 + v-y).
Theorem 3. The first and the second formulation of MKP are equivalent.

Proof. To prove that the first formulation implies the second, first note that,
using the first formula of (16), one indeed gets that for £ > 0:
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Ly=Pfodo(P)™ =@ +ve1)o P 0d(PL ) o+ vep)™
= (@ +ve—1)oLg_y0(d+ve_q)""
and
L_g=Podo(PT) ' =@+v_p) ' oP,000(P )" 0(d+uv_y)

=(@+v_g) "oLi_go(d+v_y).
(19)
Secondly, we show that the second equation of (17) holds. This follows from
the Sato—Wilson equation (11). Indeed,

+
W = ~(Lg41(.9))— 0 (0 + ve(1) 0 P (1,9)
J

_ Ou(®)
oz J

PE(D) — (0 + ve(0) o (Le(t.8))— o PH(1.0)
we deduce that
0 . .
YD Ly (4.8))— 0 (0 + ve) + @+ ve(0)) o (Le(t.8))-

alj
=—Ly1(t,0)7 0 (3 4+ ve(t) + (Lgt1(t,9)7 )4 0 (3 + ve(2))
+ (0 + vg(2)) 0 Lg(t,0)7 — (3 + ve(t)) o (Ly(t,0)7 )+
= (Lg11(t,9)7 )4 0 (3 4 ve(t)) — (3 + ve(t)) o (Lg(t,3)7 )+ .

Here we have used that Ly (¢,9)7 o (3 4 vg(t)) = (3 4 vg(t)) o Le(t, ).
To prove the converse, we use a result of Shiota [16], the Claim of Sect. 1.2.
He shows that if L¢ satisfies the Lax equation (15), then w, t(t,z) is uniquely
determined by the hnear problem (13), up to multiplication by elements of the
form 1 + > ;. ,a;z™", with a; € C or rather Po(¢,9) = 1+ Y ;- w;(t)d™"
1s a unique solution up to multiplication from the right by elements of the form
1+ Y ,.0ai07", witha; € C, of the equations
AP, (t,d)
al‘j
Hence, w{f (1) = POJr (¢, 0)e! % satisfies (13) and thus is a wave function for L,
so that wy (1) = (PO+ (t,0))* Le™"7 is the adjoint wave function. For i > 0, let

= (@+vi—1)o(@+viz)o--0(d+uvg)o Py
Pt =@0@+v—) to@+vi—) to0@+v_1) o Py,
and construct all other (adjoint) wave functions via
=@+vi-)w"),  w =0+ vi-)* T (wiy),
= (0+ v—i)_l(wfr_i), wZ, = (0 + v—)*(wi_;).

Loo Py (t,9) = Py (2,9)00, = P (1,000’ —(L}) 1o Py (2. 9).

(20)
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By (17) and (18) these (adjoint) wave functions satisfy the linear problem (13).
In order to show that the bilinear identity holds for the wave functions, we first
prove that

(07 Pt 0)P,*(t.9))- =0 forall k >¢, j >0. (21)
We show this for £k > 0 and £ < 0 (all other cases are obvious):
o7 o PP =07 00+ vg—1) 0+ 0(d+vg)o Py o(Py)™!
o(@+v—_1)o---0(d+vy)
=9 0 (9 + ve—1) © (3 + vg—2) 0+ 0 (3 + vy).
Using Lemma 2, we deduce from (21) that

ajw+(S1, ,13,..., Z)
Res k . wy (f1,02,13,...,2)dz = 0.
8s{
The second formula of (13) implies that
aj] +]2+'+J}1 w;_(sl’ t2’ l‘s’ e, Z)

Res

— = : w, (t1,t2,13,...,2)dz = 0.
857 010 - 31" (it ?)
Using Taylor’s formula we obtain the bilinear identity (6) for the wave function.
The tau-functions 7; are then obtained up to a scalar factor by the formula (see
e.g. [13] equation (111), which is a direct consequence of (7)):

dlogzi (1) i 9 k-1 9 +
o = Resz (a—Z—ZZ @)Pi (¢, 2).

>0
Hence, multiplying (6) by 74 (¢)t¢ (), we obtain the bilinear identities (4) for the

tau-functions, which is the first formulation of MKP. Thus the two formulations
are equivalent. U

The v; are expressed in terms of the tau-functions via the second formula of
(16). Using (7), we see that

o0 00 00 k
S;(FD . . 9
Poi(f, d) = Z l(:i—o)foa_’, where ZS,-(D)z’ = exp ( Z %a)

This and the fact that L¢ is given by (12), gives that the u; can be calculated by
the following formula

o0
Loy = 32 2 0gioin o SO
.5 70 70
1,j=0
Remark 4. Dickey shows that all flows %, defined by (17), commute ([6],
Proposition 2.3). Hence (17) is an integraﬁle system of compatible evolution
equations in U.
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Remark 5. The differential algebra U carries an automorphism S (commuting
with 0), defined by

S(j) =vj41. S(L)=@+v)oLo(@+v)"".

The MKP hierarchy can be understood as the following system of partial differential-
difference equations (j = 1,2,...):

dL ~

o =l

% = (S(L))4 0 (@ +v) — (@ +v)o (L)
J

Here L =0+ u10~ ' +u20 2+ --- and v = vy.

5. Eigenfunction formulation of MKP

There is yet another formulation of MKP. It is given in terms of eigenfunctions
and adjoint eigenfunctions of the Lax operators L.

Definition 6. Let . = L(t,0) be a pseudo-differential operator with coeffi-
cients in C(t1,1,,...), where d = % An element ¢ € C(t1,12,...) is called an
eigenfunction (resp. adjoint eigenfunction) for L if

0 d *
gbt(t) = (L”)+ (p(2)) (resp. () = —(Ln)+ (¢(Z)))’ n=12...

at,
(22)

Example 7. Let L = L(t,0) be a pseudo-differential operator and w™ (¢, z)
(resp. w™ (¢, z)) satisfy

Jwt(t,z) o 4 ow™ (t,z) ik =
a—tj = (L7)+w™ (1, 2), (resp. T =—(L)iw (t,z)),
cf. (13) and (14). Then for each f(z) € C((z~1!)) the functions
g7 (1) =Res f(zx)w™ (1,2) dz, (23)

are eigenfunctions (taking +) and adjoint eigenfunctions (taking —) for L. In
particular if L = 9, then

qf(t) = Res f(z)e™"? dz,
are its (adjoint) eigenfunctions.

These (adjoint) eigenfunctions were used by Matveev and Salle [14] to construct
new solutions of the KP equation from old ones. In fact we will prove later the
following:
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Proposition 8. If t(t) is a tau-function, satisfying (4) for k = {, and L =
Pt 0do (P1)"Lis the corresponding Lax operator, where P is given by
(7), then ¢ (t)1(t) is again a tau-function, provided that ¢~ (t) is an (adjoint)
eigenfunction for L.

We will show (see also [9]) that 7(¢) and ¢ (¢)z(¢) satisfy the 1st modified
KP hierarchy (4) for k — £ = 1. The converse of this statement also holds,
namely we have:

Proposition 9. Let 1 (t) and ty+1(t) be KP tau-functions that satisfy (4) for
k — € = 1. Then their ratio ¢y (t) = rkr:(lt()t) is an eigenfunction for L =

Pk+8Pk+_1 and ¢kl(t) is an adjoint eigenfunction for Ly, = Pk++18P];:__11,

where P is given by (7).

Proof. The tau-function formulation of the 1st MKP hierarchy, i.e., (4) for k —
£ = 1is equivalent to (see e.g. [12], Theorem 2.3 (¢), for [ = 1).

0
Res 7 o (1= [ Dreys 0+ Dexp (Y- ) dz = tepr (Ome(y).
=1
’ (24)
Divide equation (24) by tx+1(¢)7x (), to obtain:

Res ¢y (1)~ w; (1, 2) i () wyy (v, 2) dz = 1. (25)

Differentiate this equation by #, and then multiply by ¢, (¢), to obtain

Res (— 8(;;;; ®

de () wi (e 2) + (L]) 4 (w,f(t,Z)))clﬁk(y)w;ZH(y,Z) dz
= 0.
Using Lemma 2, (7), (8) and the fact that

_ 1 _ wel =S g
wkH(y,z):W(—a) Yo (0P (p, 8))* e 2 iz,
we obtain
( a¢k(t) —1P+ P+ -1 a—l L P-l- P+ -1 a—l
=T B0 BEO o g + (L) 0 BE 00 T o (00 ™!).

= 0.

Taking the residue of this expression (i.e., the coefficient of 3~ 1) gives equation
(22). The second formula can be also obtained from (25) in almost the same way,
but now one has to differentiate this equation by y; and continue in a similar
manner. L]
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One also has:

Proposition 10. Let ¢y (t) be as in the previous Proposition and let w,j' (t,z) =
Pk"'(l,z)zke"z and w (t,z) = Pk_H(t,—z)z_k_le_t'Z be the (adjoint)
wave function, corresponding to 1ty and T4, i.e., given by (7) and (8) sat-
isfying (6) for { = k + 1. Then

1
P69 00 = dedo (P 1.0) (26)
and . )
Liy1 = ¢p(t)do Liodp(t)d o ——. (27)
i 0 0
Proof. If we divide equation (24) by 1 (#)tx+1(y), we obtain
1
Res w; (¢, 2) () wiyy (v, 2) dz = ¢ (1) : (28)
k k1 o)
which is equivalent to (6). Using Lemma 2 and (10), we deduce that
1
+ -1 + -1 _ -1
which gives (26). Then (27) follows from (12). L]

The converse also holds:

Proposition 11. Let ¢ (¢) be an eigenfunction and ¢~ (t) be an adjoint eigen-
function for the Lax operator L = PP~ i.e., L satisfies (15), where P is a
dressing operator, satisfying the Sato—Wilson equation (11), then

1 1
P and R=——9top ()P

:+ao
Q=¢"00° 30 =0

also satisfy (11) and both
QodoQ7 ! and RodoR”!
are Lax operators.

For a proof of this proposition, see pages 499 and 500 of [9].

Proof of Proposition 8. We will only consider the case of eigenfunctions. The
proof for adjoint eigenfunctions is similar. Use the previous Proposition, then

1
Res Qe'?(P*) " 'e¥? dz = ¢t (1)dy, o mRes PetZ(P*)"le™V2 4z = 0.
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Hence the wave function Qe’? and the adjoint wave function (P*) " le™>Z
satisfy the 1st modified KP hierarchy, (6) for k = £ + 1. Therefore, Pe’? and
(0*)"Le 7% satisfy (25), i.e.,

+
Res Pe!ZQ* 1Y 7 4z = z+((;)) .

Let 7 be the tau-function which corresponds to P and 71 be the tau-function that
corresponds to Q, then

o .¢]

Resz 1ol Do+ Denp (Sty002!) d: = SOTOR
which must be equation (24). Thus 71(¢) = ¢ (¢)7(¢). O

Define
5 @) = 3 (res. 9 0) = o) fork =,

which are eigenfunctions for Lj (resp. adjoint eigenfunctions for L_j). Then
by Proposition 9,

+ (1) = _ aen @ 29
%= T T 29
and (by (16) and Proposition 9)
90— d(log ¢ (1)) = ¢ (1)d o +ll for k > 0,
3+ v (1) = P ®)
k |
d+ d(logp—, (1) = ——0o0¢p~, (t) fork <O,
(logp~, (1)) o) ¢, (@) fork <
(30)
and
wi, (1.2) = 2@ OF 0T o g ()THwjt (. 2), 1)

wE _(t,2) = 2oy )T o g ()T HwE (1, 2).

It is clear that the first and the second formulation of MKP imply the following.

The third formulation of the MKP hierarchy: Ler W = Clu l(n), ¢ji ) | i €
Z>1, j,n € Zso| be the algebra of differential polynomials in u; and ¢J-i,

where 0ul™ = u™*V, 9= = ¢V Lot L4(0) = 8+ ur()o +
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ur ()02 € W((0™Y)) be a pseudo-differential operator. Then the MKP hi-
erarchy is the following system of evolution equations in W :

dLo(d) : dg;
a1, = [(L0(3))+., Lo(9)], a1,

e
W = —(L—; ()% (¢))

= (Li(9))+(¢]"),

(32)

for j € Z>1 andi € Z>o, where the L; and L_;, fori > 0, are defined by

1
L; —¢+ do L;_ 10¢+ " lo ,
¢ T o
1
Li=—03'lo¢p Li_jo—00¢,_,.
l ¢i_1 i—1 l ¢i_1 i—1

Theorem 12. All three formulations of the MKP are equivalent.

Proof. Assume the third formulation of MKP holds. Define for i > 0 the func-
tion v; = —dlog ¢i+ and v—j—1; = dlog¢; . Then

(w;"(t,2)) = (@ + vi () (w;" (1, 2))

wih (1.2) = ¢ (1)d o ¢+( .

is a wave function for L; 1 = (3 + v;(#))L; (9 + v; (¢))~!. One finds similar
wave functions and relations between these wave functions if i < 0. Hence,
the same proof as the proof of Theorem 3 gives the second equation of (17).
Equation (18) is obvious. U

Now, fori > 0, the tau-function is equal to (by (29))
T4 = (,bi:l:_lfi(i—l) = ¢i:|:_1¢i:|izlez(i—2) == ¢l:|:—1¢l:|:—2 "’¢(:)|:T0’ (33)

and the (adjoint) wave function wi:i (t,z) = Myi(¢t,0) (w(:)': (t,2)), where My =
1 and by (31) and (30):

Mi(1.0) = (£0 + vy _151)) 0 Mig—1)(t.0)

= +¢F 00 M_y)(t,d)
i—l
= ;=100 ——¢i~ 1 M (1.0) 34
i—1 ¢:]: ¢ +(i@-2) (34)
= (£1)'¢i= 00 s 290 s =90 o 90 90— !

¢l 1 ¢l 2 ¢1 ¢6t
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is an i-th order differential operator. Using the connection between the wave
function and adjoint wave function we have, wi‘i (t,z) = M*S 1(t,9) (wg' (t,2))
and using the relation between the wave function and the Lax operator (12), we
find

Li=MioLooM; ' and L_;=(M*)"'oLooM*. (35

In the polynomial case, using the boson-fermion correspondence o, it is not
difficult to find these (adjoint) eigenfunctions. We know from the results of [11]
that if 071 (t,q™) = fn € Oy, then 0 Y (1,11¢" ") = w A f, for some
w =) ;aje; € C*. We have

favv=w A fu= (P aiei) Sy = D avt, ()

l

=Res Y a;z 'y (2)(fy) dz.

since this holds for f, = |n) and fy+1 = |n + 1). Thus if we define (1) =
Res Y ajz™ w, (¢, z) dz, then by (5) we find that

te1g" ! = o (Res Y aiz 'yt (@) () d2)

= Res Zaiz_ianr(z)a_l dz t,q"

i (36)
= Res Zaiz_i w,(t,z)dz ty,q" !
i
= ¢ rug" L
hence
Tn+1 = ¢ Ty, where ¢ = Res Zaiz_iw:(t,z) dz. (37)
i

Since fr—1 =), bi w; 1 (fn), with b; € C, we find in a similar way
2

T_n—1 = ¢, T—n, Wwhere ¢, (t) = Res Zbiziw:n(l, z)dz. (38)

1

Thus we have the following:

Lemma 13. In the polynomial setting every (adjoint) eigenfunction is of the
Sform (23).
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Observe that since ¢1i = Res f (z)wi1 (z) dz for some f(z), we find that
if we define qg: = (/53: and qli = Res f (Z)w(:)t (z) dz, which are both (adjoint)
eigenfunctions of Ly, then using (31) we deduce that

gbli = Res f(z)wil(z) dz
— + Res f(z)¢ia(w° (Z))

b0
o2

+ i =+
=+ (3(gP) - qoia(% )).
Thus

+
ot o+ + 4 + _ 610 a7
ri2 = 9ot = 20 (30a) - o) = e )
0 ¢1 0 1 q (:)t 0 a( 45 ) a(q )

Note that we can remove the possible minus sign in front of the determinant. If
75 is a tau-function, then a multiple of 7, is also a tau-function. From now on
we will always do so, i.e., forget about the sign of the tau-function.

Using formula (34), we deduce that

1

Mi1=:|:¢353°—i
0
and
ks 1
Miy = ¢f00 200 —
Ve o
| Lo, 4 (g3)? 1
= — (99 0(q7) —q79(qy)) 0o do—
qgc(" 1)~ 4 0) gFqE) —ai 0qE)  9i

-1 qo ‘11 1
— (det (agqo ;) aZ]; ))) det ( AgE) dgE) o ) .
(q5) 9 (a;) &
Continuing in this way, see e.g. Theorem 5.1 of [9] for more details, it is possible
to express M4; in terms of certain (adjoint) eigenfunctions q,:ct () of the operator
Lo, i.e., if
gb,j: = Resfk(z)wik dz,

for some fi(z) € C[z, z7!], then we define

q,:ct = Resfk(z)wgz dz.
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These q,:f (z) are (adjoint) eigenfunctions for L (d) by (23). We have the fol-
lowing formulas:

74; = Wiijto and wil Mi,(w) and w'. = (M* - (w ),

(39)
where M4; = (£1)! W4;(3)/ W4, and
qo “es qz:;:l 1
- 0(q; 0
W4;(0) = det (6]0 ) (ql,_l) | and

ai £y ... ai :I: éi

(qo ) (q;_l) 40)
qoi e qi;l
8(qo ) e 0(gizy)

W4; = det

(g - ai—l(éiﬂil)

are Wronskian determinants. The determinants W4, (d) are computed by ex-
panding along the last column, putting the cofactors to the left of the 9/ ’s.
Let us prove the formulas of (39). If 74.; = W4; 10, then

Tid1 = ¢ Tai
= Res fi(z)wi’i dz Wyito
= Res fi(z)M4; (woi) dz Wiito
= Res f; (z) Wi () (wi) dz 1o
= Wi (9)(Res fi (2)wy dz)7o
= Wi (3)(g;)o
= Wxi+170-
Thus
oF = W:I:(i—i—l)’
Wi
and using this, we find that

1
+
Wiy = T 00 d)—(wil)
l
_ (:I:I)I-H :I:(z—l—l)ao +i OM:I:z(w())
Wi Wi (i+1)
Wi(i—l—l)a . Wai (W:l:i(a)(w(:)t))
Wi Wi+ Wi,

— (:I:l)l+l
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Wi (i+1) () (wg)
Wi+
= My 1) (wy).

— (:I:l)i+1

The next to the last equality follows from Crum’s Identity for Wronskian deter-
minants (which is in fact the Desnanot—Jacobi identity for Wronskians, see [4],
Sect. 3):

Wa(i+1)0 0 Wi (0) = 0(Wa(i41)) Wi (0) = Wi Wa(i41)(9). (41)
Thus wfi = (Mfi)_l(w(;r). Now by (35) we find that

Li = M;oLooM" = Wi()/WoLoo(Wi@d)/W)™",
Loj=M*"oLooM* = (W_i(d)/W_i)*"oLoo (W_;(3)/W=i)*.
(42)

Remark 14. Leti > 0 and let f; = 0~ (t;(t)¢"). Then f; € O;, which means
that

fi=viAVi1t A AV2 AV A fo, Wherev; = Zasjes, fo € Op,
N

(43)
and the eigenfunctions of L; are of the form

¢;F(t) = Res wf(t, Z) Zai,]urlz—i dz.
i
Hence, this eigenfunction is determined by w;r (t,z) and by v; 1 1. Define
qj'."(t) = Res wg'(t,z) Zai,]’_}_]Z—i dz.
i

Since M; is of the form (34), gbg' (r) = q(")" (¢) is in the kernel of M;. However,
if we reorder the v;’s in (43) we get the same element up to a sign. This gives
different eigenfunctions ¢;r and different L; for j = 1,2,...,i — 1, but M;
is the same and L; is the same. Hence we can put every v; in (43) just before
fo, which means that the new f; = v; A fp, thus we get a new eigenfunction
¢;’ which is now equal to q;r (z). Moreover, if f; # 0, then q;r (t) # 0. Thus
q(‘)" (1), qi" ),..., qi""_ , (t) are non-zero eigenfunctions for Lo which are all in
the kernel of M;, and clearly must be linearly independent otherwise the element
i would be 0. Similarly

J=i = v—i(v1—i (- (v—2(v=1(f0) ---)))).
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where v; = ), bj; w;%. Then

¢]~__1(t) = Reswi_; (t,2) Zbi,—jzi dz,
i

and .
q;_1(t) = Reswyg (7, 2) Zbi,_jzl dz,

i
and all q; (t) for 0 < j < i are in the kernel of M_;.

The fourth formulation of the MKP hierarchy: Let V = Clu l(n), q;—L " |i e
Z>1, j,n € Zso] be the algebra of differential polynomials in u; and qJ:-E. Let
Lo=04+ui (1)o7 + ... € V((07Y)) be a pseudo-differential operator. Then
the MKP hierarchy is the following system of evolution equations in V :

aqj

dLo(d : '
PO Lo@)r Lo, T = (Lo@)+ @),
g J

ag: .
s = ~(Lo@NLa):

(44)

Now we are able to prove the following:

Theorem 15. In the polynomial setting, all four formulations of MKP are equiv-
alent.

Proof. Tt suffices to establish the equivalence between the third and fourth for-
mulation. To obtain the fourth formulation from the third, we use the fact that if
¢ii () is given, then by Lemma 13 this (adjoint) eigenfunction for L1 ; is equal
to

¢E(t) = Res fE(z)wT;(z)dz forsome f(z) € C((z7h)).

Then we define the qijE (¢) of the fourth formulation by
q,-i (t) = Res fi(z)woi(z) dz for the same f(z) € C((z™1)),

which now is an (adjoint) eigenfunction for L. This qijE (t) fori > 0 is (by
Remark 14) in the kernel of M4 ; (defined in (34)) for j > i, and since it is
an (adjoint) eigenfunction for L, it satisfies the second (third) formula of (44).
Hence this establishes the fourth formulation of MKP.

Assume the fourth formulation holds. Define ¢, = (—1)”Wwﬂ5—:j‘; to-

gether with Lg they form the data of the third formulation. Since ql.i' is an (ad-
joint) eigenfunction of Lg, then by Lemma 13 there exist functions fii (z) €
C((z™1)), such that

g (1) = Res fE () wE(t,z) dz. (45)
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Let 79 be the tau-function for L. Since qgc = ¢(;—L is an (adjoint) eigenfunction

of Ly, by Proposition 8, the tau-functions for L 4 are

+
T+1 = Wi1t0 = ¢ 0.

The corresponding (adjoint) wave functions are (by Propositions 10 and 11)

wif (1,2) = Mi(wg (1,2)) = ¢ ()9 0 ——(wgf (z,2)),
bo (i) 46)
w_;(t,z) = M_1(wy (t,2)) = —¢py (t)d 0 m(wa(t,z)),

where M is given by (39). The corresponding Lax operator L is defined
by (42), which is the same as L in the third formulation, because of (46). Let

¢E(t) = Res fE(2)wE, (t,2)dz
W1 (9)(w§ (7. 2))

= +Res flﬂ: (2) Wit

W1 (0) (g (1))

Wit
W.
Y

Wiy

where fljE (z) is given by (45), which are non-zero by Remark 14. Now, ¢it(t)
is an (adjoint) eigenfunction for L4 1, hence the second equation of (32) holds
for L4 and qbf:. Thus (by (39)) we obtain that the tau-functions for L4, are
equal to

==+

— Wiato = YVE2 Wy 110 = o7
Tr2 = Wiato = 7 +1T0 = £P] T+1.
41

The corresponding (adjoint) wave functions are given by (39) and (40), and we
have
W (9)(wg (1, 2))

w;(l,z) = Mz(w(‘)"(t,z)) = W

By Crum’s identity (41) we find that

Wa, @(Wl(a)(wo*(t,z)))
Wi W Wi
1
= ¢ ()00 —— o My(wg (t.2))
g )
= ¢{F(f)3 ° m(wf—(hz)),

wS,(1.2) = M_a(wy (1.2)) = —p7 (1)d 0

w;(t,z) =

1

o) (W= (7, 2)).
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The corresponding Lax operator L, is defined by (42), which is the same as
the one in the third formulation, because of (47). Let

Wi () (wE(t, 2)) ds = W3
Wis Wis

¢35 (1) = Res f55(z)wE,(1,2) dz = Res f;5(z)

9

where again f2i (z) is given by (45). This is again an (adjoint) eigenfunction for
L 15 and hence the second equation of (32) holds for L1, and (;5;':. Continuing
along these lines gives the third formulation and hence we have proved that all
four formulations are equivalent. 0

6. Polynomial solutions of MKP

We are now going to construct polynomial tau-functions for MKP. We assume
that fp = |0) which means that 7o(f) = 1, w*(z,z) = e**Z and Ly = 0.
We construct a Lo = d eigenfunction by the procedure described in Example 7
at the beginning of Sect. 5. Since f; = w A fo = w A |0) and the vacuum is
given by (1), such a w can be chosen of the form w = Z;')io ajej+1, thus the

corresponding eigenfunction g (t) = 7 (¢) is of the form (see Example 7)

0
gt (t) = Res Zajz_j_let'z dz.
j=0

A similar construction is possible for the adjoint eigenfunction, in fact we have
that all (adjoint) eigenfunctions are of the form

0
ql-i(t) = Res fii(z)ei” dz for some fii(z) = Zajiiz_j_l. (48)
j=0

Since 19 = 1 and 7, = W), 79 (see (39)), the corresponding tau-function is equal
to t, = Wy, for n € Z, the Wronskian determinant of the (adjoint) eigenfunc-
tions. Now using the elementary Schur polynomials, which are defined by

0
el'? = Z Sj 1)z, 49)
j=0
we find (see (48)) that

o0
qii(t) = Res fii(z)eit'z dz = Zaﬁsj (£1).
j=0
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: : : : M7* e
Qne thalns pQIynomlal tau—funcFlons by taking fl.i (2) = > =0 qﬁz =1 To
simplify notation we shall sometimes drop the superscripts 4. Without loss of
generality we may assume that aps, ; = 1, then

M;—1
;" (1) = spg; (K0 + Y ajisj ().
j=0
One can find recursively constants ¢; = (c1;, ¢2i, ..., Cp;i), such that
M;—1
+ _ e — .
giF (1) = sp; () + D ajisj () = sag; (£ + i), (50)
j=0

Indeed, since, sps, (1 +¢;) = Z,M;o sj(ci)sm;—; (t), which follows immediately
from (49), one has to solve equations of the form s;(c¢;) = ap,—;,; and this
can be done recursively since sj(¢;) = ¢j; + pj(c1i....,cj—1,i), where p; is
some polynomial. First, determine ¢ ;, which is determined by aps; —1,;, then
¢2,i, which is determined by aps; > ; and cy;, then ¢3;, which is determined by

am;—3,i» ¢1; and c2;, etc. In fact there is an explicit formula for these constants.

Since
M; M
1+ ZaMi_j,izj = Zsj(ci)zf,
Jj=1 Jj=0

which is equal to the first M; + 1 terms of exp(Z}ﬁl c jizj ), the logarithm of
this gives that

M; M;
Z czizzi + higher order terms = log (1 + Z aMl._k,izk).
(=1 k=1

Hence

Cki = — Z ﬁ (_aM;,l_,j’i)mj .
J

my+2my+-+kmp =k j=1
m1=0.m>>0,.... meO

Since 79 = 1 and 1+, = W4, 109, we have (see (40) and (50)) that

v (0) = WGy (045 (0. 41 (1))
= W(sMOi (£r + cgt),lei(:l:t + cli), ceey SM,it_1(:|:t + C,;t_1)),
(1)
where W(-) stands for the Wronskian determinant of those (adjoint) eigenfunc-
tions, satisfies the KP hierarchy. This shows that every function of the form
(51) 1s a polynomial tau-function. Moreover, one has the following remarkable
theorem:
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Theorem 16. (a) All polynomial tau-functions of the KP hierarchy are, up to a
constant factor, of the form

fﬂ.l,lz,...,lk (t’ C1,C2,..., Ck) (52)
= det (Ski—{—j—i (ll + C1i,t2 + C2i, 13 + €34, .. '))lfi,jfk’
where A = (A1, A2, ..., Ax) is a partition and ¢; = (c1;, C2i, . ..) € Critk=i

are arbitrary.

(b) All polynomial tau-functions of the MKP hierarchy are the sequences
(..o’ Tn, Tns1,...), where each t, is, up to a constant factor, of the form
(52), and 1,41 is obtained from t,, up to a constant factor, in one of the
following three possible ways:

® Ty A1 Ao Ak (t:d,cr,ca,...,c), with u > Aq;

® A —1,A0— 1,y Ai — L, A 1 e A (t;c1,¢2,...,6i,d,Cig1,. .o, C), fori =
1,2,....k,withAj > > Aiy1;

i 711—1,12—1,...,/\,(—1@;61,02, e CK)-

Here d = (dy,d>,...) is a set of constants connected to the part i of the
partition, that appears in t,41, in the first two cases. In the third case one
has to delete Aj — 1’s and the corresponding c;’s, whenever Aj — 1 is equal
to 0.

Proof. (a) First reorder the functions in (51) such that My > M{ > M, >
-+« > My _q, which leaves the tau-function unchanged up to a sign. If one writes

out (51), (cf. (40)), where q;r is an elementary Schur function syy,, using that

sar. o . . .
;t]fl = Sm;—¢, 1t is immediate to check that the the Wronskian matrix of (51)
1

is the transposed of the matrix in:

T (t) = det(spr, 4+ j—k(t1 +crint2 + c2i 13 + €30, .. ))ij - (53)

Now, 7, (¢) is the image under the map o in B of the following element of F©
(cf. (50), where we remove the upper index +, to simplify notation):

Mo
(€M0+1—k + Zaj—l,oej—k) ANR
Jj=1
My
A (eMk_1+1—k + Z aj—l,k—lej—k) Ne_g Ne_f_1N\---
Jj=1
k—1 M,
=R (1 + Z Zaj—l,EEj—k,Mg—l-l—k)
{=0j=1

“(eMo+1—k N AN eMy_+1—k Ne—g Ne_g—1 N--0).
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Recall that (see [11])

O(eMo+1-k NeMy+1—k N Nepy_ +1—k Ne—g Ne—g_1Ne_g_pA+++) = s) (1),

where

sp(t) = det(sp, +—i (D) 1<i,j<k
is the Schur polynomial, corresponding to the partition A = (A1, A2,...,A%),
with A; = M;_1 + i — k. Thus (53) lies in cR(U)o ™! - 5;.(¢), where R is the
representation of GLso in F (see Sect. 2), so that cRo ™! is the correspond-
ing representation in B, and U is the subgroup of GL, consisting of upper
triangular matrices with 1’s on the diagonal.

We will next show that the dimension of the space of all polynomials of the
form (53) is —%k(k -1+ Zi-:é M;, or in terms of the corresponding partition
A itis |A| = A1 + Az 4+ - - - + Ag. To show this, we first calculate the degrees of
freedom of such a solution. Since it is difficult to determine this in terms of the
degrees of freedom of the constants c;;, we calculate this for the constants ajy
which appear in (50), or rather in f;(z) = z~Mi—1 4 Zj.w:"al ajiz_j_l. Note
that, the corresponding tau-function does not change if we use Gauss elimina-
tion, i.e., if we add a multiple of the function f;(z) to the function f;(z). With
this we can eliminate with f;(z) the constant aps, ; in f;(z) for all j < i. This
eliminates all dependence in the constants a;; and no more constants can be set
to zero. Hence, the degrees of freedom that remain are A, = M} for fi_1(2),
A1 = Mp_5—1for fr_1(z),...,A1 = Mo—k + 1 for fo.If we add this all
up, we obtain |A| = —%k(k —1)+ Zf-:ol M, the desired result.

Now recall that the set of all polynomial tau-functions of the KP hierarchy
is the orbit &y of C1 € B under the representation cRo ! of the group GLe.
Let P be the stabilizer of the line C1, let W be the subgroup of permutations
of basis vectors of C* and let W be its subgroup, consisting of permutations,
permuting vectors with non-positive indices between themselves. Then one has
the Bruhat decomposition:

GLs = U UwP (disjoint union).
wGW/ Wo

Applying this to C1, we obtain that the projectivised orbit P&y is a disjoint
union of Schubert cells Cy, = Uw - 1, w € W/ Wj. It is well known (see, e.g.
[11]) that each w - 1 is a Schur polynomial s for some partition A = A(w), and
the corresponding Schubert cell Cy = U - sy is an affine algebraic variety
isomorphic to C1*!,

On the other hand, by the previous discussion, we have constructed an in-
jective polynomial map from the space CM to the Schubert cell C 2. But, by
Nagata’s lemma, if an affine variety X is embedded in an irreducible affine va-

riety Y of the same dimension, then either X = Y, or the complement Z of X
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in Y is a closed subvariety of Y of codimension 1. Since in our situation Y is
an affine space, there exists a polynomial F" on Y, whose set of zeros is Z. But
then the restriction of F' to X is a non-constant invertible polynomial function
on X, which in our situation is an affine space as well. This is a contradiction.

(b) By part (a), every t, must be of the form (52). Since we can shift the in-
dex n of t,, we may assume, without loss of generality, that n = k and that
% (f) = T, Ay, (EiC1,C2, ..., k). Since (51) and (52) give the same tau-
function, we find that

T (1) = Wsa +k—1( + €1)s Sap+k—2( +¢2), o 852, (1 + k).

Using the relation between MKP tau-functions and the infinite flag manifold, as
used in [11] and [9], see also Remark 14, we have

o () = wg Awg—g Ao Awp A |O)

and
U_l(fk+1) = Wi41 A Wk A Wg—1 A==+ Awp A |0),

hence the non-zero polynomial tau-function 7z, ;(¢#) must be the Wronskian
determinant of the same functions, but now with one eigenfunction of L = 9
added. Such an eigenfunction is of the form (50), thus

Te+1() = Wl (t +d), sp,+k-1( + 1), Sap4k—2( +2)s .oy 52, (E+ k).

Moreover, we may assume that M # A; + k — i, otherwise we can use Gauss
elimination to get a smaller M. Now reorder M, A1 +k—1, Ao +k—2,..., Ak
to a decreasing order. If M > A{ + k — 1, then the Wronskian determinant is
equal to the first possibility, where u = M — k. If A; + k —i > M > Aj11 +
k—i—1orAr > M # 0, we get the second possibility with u = M +i — k.
And finally, when M = 0, we obtain the last possibility. U

7. Reduction of MKP to n-MKdV

Let n be an integer, n > 2. The n-th Gelfand—Dickey hierarchy, or n-KdV, de-
scribes the group orbit in a projective representation of the loop group of SL,,.
This 1s not a subgroup of Gl one has to take a bigger group, containing it, as,
e.g. in [11]. Then the representation R of GL, extends to a projective repre-
sentation, denoted by R, of this bigger group. An element of the loop group
of SL, commutes with the operator g” (in the space B), which means that
Te4n(t) = Tx(1) and hence Vg1, (t) = vi(1) and PE, (1,0) = PE(1.9).
This gives that Liy, = Lj and that

(Lp)—=(PFod"o P ) _=(PF,0d"oP} ) =0,
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which means that L7 is a differential operator. Using the Sato—Wilson equations

+
(11), we deduce that % = 0, for j = 1,2,..., and hence, since L} =

P,j 0d" o Pk+_1, that also gfk = 0. The corresponding tau-function then
jn

satisfies E?ti = a; 1 for some constants a;, and hence is of the form
jn

9Ty (7)

o0
7 (t) = Ty (2) exp(Zajtjn), where =0forj=1,2,.... (54)

Jj=1

P : .
5— = 0, we obtain the following.
Jn

Differentiating (6) by f;, and using that

The first formulation of the n-MKdV:

Res 2"t (0 — [ Dy + [ Dexp (Yo — y)7') dz = 0, (59)

i=1

forall0 <k, <n—1and j > 0, provided that jn +k — £ > 0.

Lete = exp % One can reformulate (55) to one identity for each pair k and ¢
as in [8], equation (8):

Y e = (2 T Drly + [ Dexp (3 - v (e))
i=1

a=1

has no negative powers of z, for0 < k,£ <n—1,and§ = 0if k — ¢ > 0 and
=1ifk—4¢ <0.

The fact P} = PO+ and that L is a differential operator, gives that L is
the n-th root of a differential operator [6], [7]

Lo =" + Wy ()" %+ -+ w1 (1) + wol?)
=L} =Pf(t)od" o Py ()"
= (0 + va—1(1)) 0 (3 4 va—2(t)) 0 -+ 0 (J + vo(1)) Py (1) Py (1) ™"
= (04 vp—1(1)) © (3 + vp—2(r)) 0 -+ 0 (3 + vo(1)).

The explicit form (16) of the v; (¢) expressed in terms of the tau-functions (54),
gives that

dvg (1)

vo(t) +vi(t) +---+ vy—1(t) = 0, and that

=0, forall j =1,2,....

Note that by (18):
&= 1Lj
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= (@4 vj-1(1) © (8 + vj—2(1)) 0
0 (3 + vo(t)) 0 (3 + vu—1(2)) 0 (3 + vy—2(t)) 0 -+ 0 (3 + v; (1)),

which is a Darboux transformation of %y, i.e., a cyclic permutation of the fac-
tors d 4 vj of Zp.

1
Since now L; = .£;" is only expressed in the v, the second set of equations

of (17), which now have the form
Wi _ g
T (LA )+0@+vi)—(@+vi)o(ZL" )+, where £y = 2, (56)
J
imply the first ones, the Lax equations, of (17).

We can reformulate the equations (56) by one compact formula (see e.g.
[17]). Let

¥ = diag (9%,02”1,--.,9%—1) (57)
and
O e e 0 a+vn_1([)
d + vo(?) 0 0
M = 0 d+vi(t) 0 : . (58)
0 v 0 3+ vpa(t) 0

Then . = M™, and the equation (56) is exactly the (i + 2) mod n-th row of

the equation
oM

T:[(gi)Jr,M], j=1.2..... (59)
lj

Hence we obtain:

The second formulation of the 2-MKdV: Let U, = Cp™ |i =0,1,2,...,
n—1, m € Zsol/(vo + v1 + -+ + vy—1) be the quotient of the algebra of
differential polynomials in v; by the differential ideal, generated by vg + v1 +

-+ 4+ vp—1. Then the n-MKdV hierarchy is the system of evolution equations
(59) in Uy, where £ and M are given by (57) and (58).

Example. For n = 2, we get the modified KdV equation in v = vg = —vj.
Indeed:
2 2, v 2
ZLo=0"4up=0@—-v)o(@+v)=0 —l—g—v,
1
2 2 OV 2
L =04u;=0@+v)o(d—v) =0°—— —v~°,

otq
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and
v L L
5 = (L)o@ +v)—(@+v)o(Ly)+, j=13,5....
J

For j = 3 this gives the classical modified KdV equation:
v 3,00 3
— ==V’ — + —.
dr3 2 0 ot}

8. Polynomial solutions of n-KdV and n-MKdV

We can use the ideas of Sect. 6 to obtain polynomial tau-functions of n-MKdV.
We will first construct a polynomial tau-function for the n-KdV hierarchy. Let
 be a permutation of 1,2,...,n, such that 7(i) = j;, and choose n formal
power series

(0, ¢]
fi(z) = Zli=l 4 Z akizk, i=1,2,...,n.
k=ji
Choose non-negative integers mp,moy, ..., My, such that at least one m; = 0
and one m; non-zero (all m; = 0 would lead to the trivial solution 7o = 1). We
construct Lo = d eigenfunctions from these data. For £ = 1,2, ..., m;, define

qe,i(t) = Resz™™" fi(2)e"* dz = sgn—j; (1) + Y akiStn—k—1(1)
k>ji (60)

= S¢n—j; (t + Ci)’

for certain constants ¢; = (c1i, €2i, . ..). Then 7¢(¢) is the Wronskian determi-
nant of all functions

Sgn—j; (t +c¢i), forl <i<n,1=<{€=<mjandln— j; >0.

This determinant clearly becomes zero after differentiating by #,, since differ-
entiating the function sg,_ ;. (¢ + ¢;) by tpn gives s¢—pyn—j, (¢ + ¢;), which is
either zero if ({ — p)n — j; < 0 or it already appears as an eigenfunction in the
Wronskian determinant. Hence to(#) is an n-KdV tau-function.

We obtain 71 by adding the eigenfunction ¢, +1)n—j, (¢ + ¢1) to the
Wronskian determinant. We obtain 7, by adding this function and also
S(my+1)n—j, (f +c2). For T3 we add besides these two also Sy 41)n— j; (f +¢3),
etc. For t,, we add the functions

Stmy+Dn—j1 (& + €1y Sema+Dn—jn (€ +€2) -+ s Semp+1)n—j, (0 + Cn).

This however gives no new tau-function: it is straightforward to check, but rather
tedious, that 7, 1s a scalar multiple of 7¢. In fact the theorem, that we shall prove
later on in this section, then implies that this construction gives all possible
polynomial tau-functions for n-MKdV.
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Example 17. Let us inspect the case n = 2. In this case either m; = 0 or
my = 0 and 7 is the identity or the transposition (12). This gives two possible
solutions, viz

10(t) = Sk k—1,..210 +¢) and 71(¢) = Sk+1 kk—1,..2.10 +¢),
or

T0(t) = Sk k—1,..210 +¢) and 71(f) = Sg—1 k—2,..2,1( +¢),

where ¢ = (c1, ¢2, . ..), which are all polynomial tau-functions of the KdV and
the modified KdV hierarchies. This is a result of [11], Theorem 9.1 (b). Note
that these tau-functions are independent of the even times 7.

For general n to describe all tau-functions that satisfy the n-MKdV hierar-
chy in terms of a formula like (52) is rather complicated. Not only are there
special partitions A connected to the case of n-KdV. But also instead of arbi-
trary constants ¢; = (c1i, C2i, . ..) connected to part A; of the partition A, there
are certain restrictions. This time there are series of constants that depend on
the shifted parts A; —i + 1, but then calculated modulo . Hence, there are n of
such series ¢c; = (¢47, 57, . . . ) of which at most n—1 appear in the tau-function.
Here and thereafter § stands for remainder of the division of s by n.

We claim that the Wronskian determinant

W(sa +k—1( + 50 Sa4k—2( + o) osa (C+ e 7). (61
is a polynomial tau-function of the n-KdV if and only if the set of shifted parts
V)=, Aa—1, A3 =2, .. Ay —k+1,—k,—k—1,-k—-2,..}

satisfies the condition that
if j € V), thenalso j —n € V).

This condition reflects the condition that if the eigenfunction gy ; (¢), defined
in (60) appears in the Wronskian determinant, then also gg—, ;(¢), if it is non-
zero, must appear in this determinant as well. Or stated differently, if
Sp;+k—i (T + cm) appears in the Wronskian determinant of (61), then ei-

dsx; +k—i C+e—r7)
ther la A7 — 0 or Spi+k—i—n( + o y———y H_1) also appears in this

determinant as well. This leads us to the following notion.

Definition 18. A partition A is called n-periodic if the corresponding infinite
sequence V) is mapped to itself when subtracting n from each term.

Theorem 19. All polynomial tau-functions of the n-KdV hierarchy are, up to a
constant factor, of the form

n - o . S
Tll,lz,...,).k (t’ cl] ’ Clz—l’ T C)Lk—k+1)

(62)
= det(sy, +j—i (1 + ¢y 552+ 6 3550 - Disinj<ko
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where A = (A1, Az, ..., Ag) is an n-periodic partition. Here the ¢; = (cy7,¢y7, .. .)

fori = 1,2,...,n (where at most n — 1 of such i’s appear) are arbitrary
constants.

Before we give the proof, let us make calculations in an explicit example. Let
n=4and A = (6,3,2,1). Then

V). = {6’ 29 O’ _29 _4’ _5, _6, . .},

hence A is 4-periodic, and the corresponding tau-function is

f(46,3,2,1)(l; €3, ¢35, ¢7.C5) = W(so(t + c3),55(t + ¢5),53(t + ¢3),51(t + ¢3))
s6(t + ¢3) s7(t + ¢3) s8(t + ¢3) s9(t + ¢3)
$2(f + ¢3) s3(t + ¢35) s4(t + c5) s5(f + ¢3)
so(t +cg) s1(t +cz) s2(t +¢cz) s3(t +¢cz)|°

0 0 so(t + c3) s1(t + ¢3)

(63)

which depends on two series of constants, viz. cg = ¢5 and ¢y = cz. The 6 and
0 are the elements of the following set

U® = (6.2,0,-2}\{2, -2, —4.—6} = {6.0}.

which are all the elements j of V), where one removes all elements j — 4.
Now

8 8
So(1 + ¢5) = s9(1) +Zag_j,isj (1) and fe(z) =z"° +Z ag_;527 7,
j=0 j=0
4 4 .
55(t + ¢3) = s5(t) + ) as_; 555 (0), LE) =20+ a5 5z
j=0 j=0
2 2 .
$3(t +¢z) = 53(0) + Y az_;355(0), fo@) =27+ ay gz,
j=0 j=0
s1(t + ¢3) = s1(t) + a; 350(0), fa(z) =z 4ay 527",
where a k7 = Sk (c7). And as in the proof of Theorem 16 we can eliminate

the coefficients of z72, in fo(z), f»(z) and fs(z), and the coefficient of z 4
in f»(z) and f¢(z) and the coefficient of z=% in f¢(z), leaving a freedom of
9—3=6= A1in fg(z) and similarly a freedom of 3 — 1 = 2 = A3 in fp(2).
Hence the dimension of the space of polynomials (63) is

8=6+2=A1+As= Y A,
Ai€EA® Q)
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where
A (6,3,2,1) = {11, A3} = {6,2).

Let us next investigate the element s(¢, 3 2,1)(¢) the corresponding element under
-1

o 1S
—1
0 (5¢6,3,2,1)(1))
=egNexy NegNe_pr Ne_g4Neé_g5/N\---

:[_1

Uy AUy NTUg N TUp /\t2u4 /\t2u3 /\t2u2 /\t2u1 /\t3u4 VAR
Here we make the identification t_kuj = e4)+; and tkeij =Y ez Eas—k)+ias+j
asin [11], equation (9.1)—(9.2). And this is up to some infinite reordering “equal
tO”

Ié(tleu + t_zezz + tle33 + eqq)(tug Ntusz ANtus Atuy A t2u4 A-ee)

= Ié(fleu +t %ex + tless + e44)|0).

We now reconstruct our A from the element t1eq; + 1 2e55 + tless + eaq. For
this we invert the process above. We first calculate the corresponding infinite
wedge product and need to find the place of eg = t7Yuy, = t72%e55tu, and
eg = fug = eaaqtu4 in this product. It is the place 0 and the place —2, which
gives the elements A\; = 6 —0and A3 =0—(—2) =2o0f 4.

We now want to use some of the above features of the example in the fol-
lowing proof:

Proof of Theorem 19. First observe that (61) is equal to (62).
As in the proof of Theorem 16, we can calculate the degrees of freedom of

the constants in a similar way. Let A = (Ay, ..., A;) be a partition. As before,
Ait+k—i—1
Spi+k—i(C + C—57) = Sa4k—i (D) + Z aki+k_,-_j,7;tl._,~+15j(t)
j=0

— Res f)‘i_l’_{_l(Z)et.Z dZ,
for a; 3 —i41 =5 (Cm)a and

Ait+k—i—1

—(Aj—it+1)—k —(Aj+k—i)+j—1
f)Li—i-H(Z) = g~k Z a7 —it1% (47 D=1,
Jj=0

Note that f},_;j+1-(2) also appears as some z" fj . ;4 1(z), for some j > i
and it has the form

Jri—i+1-n(2)

= (2" fr,—i+1(2)-
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Ai+k—i—1-n
_ —(Aj—it+1)—k—n —(Aj+k—i)+j+n—1
=z + § : a;3—iviz :

J=0

Hence, proceeding in a similar way as in the proof of Theorem 16, we can
use f; Ai—it1 (z) to eliminate the constant a Mg A i1 AT in front of
z~Qi=it D)=k i Sfa,—t+1(z) for all £ < i. Note that we cannot eliminate more
constants. Hence we have Ay degrees of freedom for fj, _x41(2), Ag—; for
Sap_1—k+2(2), Ag—2 for f3, ,_x4+3(2),..., A1 for f3,(z). This is similar to
the KP case, except that some of the f;._;(z) are related, as described above.
Hence we have to find those f3._;(z) with the highest possible index that are
not related to the one with a higher index. These are all the f;(z)’s, with j from
the following set:

UP = a1 A=k + TN\ —n o —n+ 1. g —n—k +1}.

If j € Uy,then j = A; —i + 1 forsome i and f;(z) = f.,—i+1(2) has A;
degrees of freedom. Hence, defining

APQYy =i | —i+1eUM),

the freedom of choosing constants (or the dimension of this subspace of poly-
nomials) is equal to
> u

AieAM(Q)

As before, the tau-function (62) is the image under o in B of the following
element of F(©):

Ar+k—1 Ar+k—2
(er+ X aamen—i)A(en+ 2 4 mmien1g) A
Jj=1 Jj=1
Ak
A (e,lk—k—i-l + Zaj_l,,wexk—k+1—j) Ne_f Ne—f—1 Ny
Jj=1

(64)
which is equal to
k Ai+k—i

R(I+Z > aj_I’WEli—i+l—j,li—i+1)

i=1 j=1
(e Nepymt AN ANl k1 Nl Neg—1 Arct),

where

O-(ell A e/\z—l ANRRAN elk—k-i-l Ne_g Ne_g—1 N ) = Sl(t)'
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We can rewrite (64) as follows:

pt+k—sn—1

(I + Z Z Z aj—l,pEp—j—sn,p—sn)

peU(”) 0<s<k+1’
: (exl Nepy—1 AN s Nep—kr1 Nl Ne_f_1 A+--).

Note that replacing the upper bound p + k —sn — 1 of j by p + k — 1 does
not change the element. We can also drop the lower bound of s because this will
give a matrix element that acts as zero on every vector of the wedge product
o~ 1(5,(t)). We can also drop the upper bound of s. Indeed, if we do that, the
new element transforms the element ¢; for £ < —k into an element of the form
Vg = ep + D) _oo«i<¢ biei. We can then use the v; for j < £ to eliminate all
the coefficients of b; (we have to do this procedure infinitely many times). In
this way we get that (64) is equal to

p+k—1
R<I+ Z Z aj—l,pZEp—j+sn,p+sn)
pGU)(Ln) j=1 SEZ

c(exy Nep—1 A ANep —kr1 Nl ANe_f_1 A-ee).

Now we relate the above element of the completed GL, to an element of
the loop group SL, (C[t, #~']) by making the identification ¢ % u j = €kn+; and
tkeij =Y sez E(s—k)n+isn+; asin [11], equation (9.1)—=(9.2). Let

= {A(t) € SL,(C[t]) | A(0) is upper triangular with 1’s on the diagonal}.

Then, under the above identification we have

p+k—1
I+ Z Z aj—l,fZEp—j+sn,p+sn eU.
peUA(”) j=1 SEZL

Let T = {0 thei | ki € Z,Y"_ ki = 0} C SLy(C[t,t71)}.
Fix w = Z?=1 tkie;; € T. We want to find the partition that corresponds
to I%(w)|0) i.e., to find A such that 0(1%(w)|0)) = S;L(t) In fact, if A =
(A1, A2, ...), we want to find its parts A; that are in A™ (1). We will denote
these elements by A1, da, . /\ Now, R(w)|0) is a semi-infinite wedge prod-
uct of the elements tki+ju, = e_(k;+j)n+i- for j > Oandall1 <i < n.
We have to order these e, in a decreasing order in this wedge product, from
which we then can determine the corresponding partition A. For this, first re-
order the elements k; to the decreasing order without interchanging k;’s, if they
are the same. Then p is the same as the number of k;’s which are smaller than
the maximum of this set. Let & be the permutation that assigns to i the number
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J if k; is in the i-th place in the decreasing order. The correspondlng A(”)()L)

has p elements )L,, which we put in decreasing order: )kl > )Lz > .. > )L
The part A1, which is always an element of A”(A), corresponds to the place of
tkn(n)Hu,T(H) = €_kmn+n(n)—n 10 the semi-infinite wedge product, which is
always on the O-th place. Hence

A=A = ~kgyn +m(n)—n

and Ay = —kymyn + m(n) —2n + 1, since it corresponds to tkﬂ(">+2un(n) =

€—kpoyn+m(n)—2n> then Az = —kpyn + w(n) — 3n + 2 and we continue
as long as ky(n) + 1, kx) + 2,... is smaller than k;(,—1). To determine
)12 of A(”)(/\), is already a bit more complicated. One has to consider two
cases. It i8 Ag_,_ 1 ~knon+2> if Knm—1) = kz@) or if kn(n—1) > kz(m) and
w(n — 1) < m(n). Then the element tk”m—l)Hu,,(n_l), which is equal to
€—knin_1yn+n(n—1)—n 18 in the (=Kz@n—1) + kz@m) — D-th place in the semi-
infinite wedge product. Hence Ao = ~kpn—1y(n — 1) —kp@m) +w(n—1) —
(n — 1). However, if kyy—1) > kg and 7(n — 1) > m(n), then Ay =
)Lkﬂ(n_l)_kﬂ(n)ﬂ and this corresponds to the same element e_g_ ., | n+m(n—1)-n>
hence )Akz = —kpn—1y(n —1) —kz@u) +7w(m—1) — (n —1) — 1. The extra —1
at the end comes from the inversion of = between the elements n — 1 and n,
viz. in this case w(n — 1) > w(n). The number of inversions will turn out to be
important, so let us introduce some notation. Let

Ji =i > x@) <m(j)il,

then

A

Ay = —kp-1y(n —1) —kzmy+n(n—1)—(n—1)— Jp—1.

For the next one we have A3 = Az, > —kpoi_1y—kxoy T 2 — Jn—2 and the
corresponding element is tk”(n—2)+1un(n_2) = €k _oyn+n(n—2)—n» Which
gives

A3 = —kpm-2)(n —2) —kp(n-1) —kn@m) + 71(n —2) — (n —2) = Jy—2.

Continuing in this way we find

Aj = _kn(n j+1)(n —j+1)— J'c(n—j+2) _"'_kn(n—l) _kn(n)
t+ran—j+1)—(n—j+i)—Jn—jt1,
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A

where the last one is A p- The dimension of this space is )Atl + )ALZ + 4 Ap,
which is equal to

n

Y (n—p=2j+ Dy +7(j)—j—Jj. (65)
Jj=n—p+1

Since ) ; k; = 0, we can add a multiple of this sum, thus equation (65) is equal
to

n—p n
PY kay+ D (n=2j+ Dkgiy+m(j)—j—J.  (66)
i=1 j=n—p+1
Now, kn(l) = kn(z) == kn(n—p)’ hence
n—p n—p

P kngy=pn—pkyay =Y _ (n—2i + Dkr).

Thus (66) is equal to
n n
Y =2+ Dkgiy— Y. j—m()+ ) (67)
i=1 j=n—p+1

Note that m(1) < w(2) <--- <mw(n— p) and j —m(j) + J; are the number of
inversions between j and all elements i withi < j, thus

n

Z J —m(j) + Jj = number of inversions of 7,
j=n—p+1

hence, the dimension of the space which corresponds to w is

n
Z Ai = Z(n — 2i + 1)kz(;) — (number of inversions of 7).  (68)
A, €AW () i=1

We now have to prove that this is indeed the right dimension to obtain all
possible polynomial tau-functions. Recall that the set of all polynomial tau-
functions of the n-KdV hierarchy is the orbit & of C1 € B under the projective

representation R of the group SL, (C[t,t1]). Let P = SL,(C[t]). Then one has
the Bruhat decomposition:

SLn(C[t.t7')) = | ) UwP (disjoint union).
weT

Applying this to C1, we obtain that the projectivization of the orbit &7 is a dis-
joint union of Schubert cells Cy, = Uw - 1, for all possible w = diag(¢¥!, ..., t%n)
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e T.Now, UwP = ww YUwP, hence elements of U that w conjugates to
elements in P get absorbed in P , and the elements t“e;; € U that get mapped
under conjugation by w to elements % ¢; j with d < 0 give the cell. Hence we
have to count the possible values of ¢ such that ¢ —k; 4+ k; < 0. This is straight-
forward, fori < j itis |k; — kj| if k; > k; and O otherwise. For j < i we find
|ki —kj| —1if k; > k; and O otherwise. Hence, we obtain as dimension the
sum of all values |k; — k;|for 1 <i < j < n, where we have to subtract 1 if
ki > k;. We find that the dimension of this Schubert cell is

1 ifk; > k;,
E (|ki —kj|— g )
— 0, otherwise.
1<i<j<n

Now ordering the k;’s in decreasing order (where 7 is the permutation as be-
fore), we can remove the absolute value and obtain that the dimension is equal

to
T .
Z (kn(i) ~kniy — {0’ ifx(@) > n(j) )

— otherwise.
1<i<j<n

In this sum k ;) appears n — 1 times, with n — i plus signs and i — 1 minus
signs, hence we obtain that the dimension of the Schubert cell Cy, is equal to

n
Z(n — 2i + 1)k (;) — (number of inversions of ) = Z Ai,
i=1 A €A (Q)
which is the dimension of the space of polynomials of the form (62). The same

algebro-geometric argument as in the KP case completes the proof of the theo-
rem. U

Example 20. For n = 3 we have the following possible polynomial tau-functions
of the 3-KdV hierarchy. Letk,£ = 0,1, 2, ..., then we find two series (see (62)):

3 )
Tk+2(i,k+2£—2,...,£+2,£,£,£—1,5—1,...,1,;0’ C,CpuutC,C,C,C.Cun CC)

and

3 :
G2l 1k 2h— o b3 1L =101, 1,1 T3 € Coe 04 €€, 6, €,6,C, 01, C,C).

We have at most two series of constants that appear, viz. ¢ = (c¢1,¢2,¢3,...)
and ¢ = (c¢y,¢5,C3,...), and ¢ is coupled to the parts of the partition which are
not underlined and ¢ to all underlined parts of the partition. In both cases the
tau-functions are independent of all times 73.
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