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Introduction

Fix a simple complex algebraic group G and a positive integer {, called level.
To a complex projective curve C we associated, in a natural way, a finite di-
mensional vector space; this construction is smooth, in the sense that a family
of curves C/B gives rise to a vector bundle of finite rank over B. Moreover,
the vector bundle comes with a natural flat projective holomorphic connection,
that is locally given by a connection with scalar curvature. A comment on
the adjective projective: what we will construct is globally only defined as
projective holomorphic connection, but can locally be represented by a true
holomorphic connection.

There are two ways to construct this vector bundle and the projective
holomorphic connection. The first one, historically, uses a representation-
theoretic approach, and has been baptized the vector bundle and (projective)
connection as the vector bundle of conformal blocks and the Wess-Zumino-Witten
(WZW) connection, respectively. The standard reference for this is [25], but
this paper is notoriously difficult to read. Several papers, such as [19], [26],
[2], (partly) redo [25], and the reader may find these more accessible.

The second approach is called geometric quantization, and started with
[14]. In this construction the vector bundle and (projective) connection are
called the generalized 6-functions and the Hitchin connection. It has been known
for some time that conformal blocks and generalized 6-functions are essen-
tially the same, for there is a natural isomorphism between them that is called
the Verlinde isomorphism. More recently, Y. Laszlo also proved in [17] that
this isomorphism identifies the connections.

In this thesis we introduce a natural filtration on the vector bundle of
conformal coblocks (the dual of the vector bundle of conformal blocks), and
discuss the graded quotient. It has a natural connection with scalar curva-
ture and a unitary structure that is compatible with it. From a certain point of
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view, this connection is the graded equivalent of the WZW (projective) con-
nection. It remains unclear to me what can be inferred form this regarding
the unitary of the WZW connection itself.

In order to make the comparison between the WZW connection and its
“graded counterpart”, both are constructed using the same approach. As a
whole, both of these constructions are rather technical and lengthy, but the
key idea of the common approach is very simple and elegant: let C be a com-
plex curve, p a point (or set of points) on C, and P/C a principal G-bundle
with flat connection. From this geometric data we extract two kinds of data.
The first is a complex presymplecticﬂ Lie algebra K4 that (almost) encodes the
entire geometry. The second is the singular cohomology of C with coefficients
in the adjoint bundle of P/C. This data is then used to construct a projective
representations of the algebra of vectorfields on a pointed formal disc near p
- we will describe this construction in general.

Let (H, (-, -)) be a symplectic complex vector space. Then H:=H® C has
a natural structure of a Lie algebra, by requiring that

l[a®r,d’ ®11=0® (a,a’), a,a’ €H, rr' eC.

Using the symplectic form, we can identify an endomorphism o of H with an
element E(ot) of H®2, and in particular an infinitesimal symplectic endomor-
phism with an element of Sym, H. This allows us to define
T:sp(H) — UHIE " oo %E(oc),

where H®? is mapped to UH by the obvious ma Here UH is the universal
enveloping algebra of H, and UH[/ ] the polynomial algebra in the formal
variable ! over the ring UH. The key point is that T is an algebra morphism,
up to a scalar. Stated differently, the algebra generated by the image of T is
a central extension of sp(H); by construction, this central extension acts on
any UH[A"] module. This projective representation is used to define the
connection on the vector bundle of conformal coblocks. The construction of
the WZW connection is more involved, but nevertheless essentially follows
the same theme.

1A presymplectic form is an antisymmetric bilinear form; if it is nondegenerate we call it
symplectic.

2This is the composition of the inclusions H®? < H®? < ), H with the natural quotient
map @, H — UH
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When reading this thesis, reader may find himself lost at times due to the
multitude of technical details. Of course, sometimes this is caused by fact
that the author also lost himself in the details. However, it also seems to be
part of the nature of the subject: though the end results are elementary geo-
metric objects (vector bundle and connection), the way to get there consists
of many small technical steps and uses a variety of notions from geometry
and algebra. Below is an outline of this thesis that will hopefully allow the
reader to keep track of “where he is” and to give him an idea of “where all
this is going”.

In the first chapter we briefly review a number of notions that we will use
in the rest of the chapters: pointed curves, G-bundles on them, moduli spaces
of these, loop groups and the Picard group of the moduli space of G-bundles.

In the second chapter we introduce generalized 6-functions, along with
the Hitchin (projective) connection. The rest of the thesis is independent of
this chapter, with the exception of a very short discussion of the Verlinde
isomorphism at the very end.

The third chapter describes how to associate certain algebraic data to a
pointed curve endowed with a G-bundle. This algebraic output will serve as
input for the next two chapters.

The fourth chapter is devoted to the definition of a certain Fock module,
that is defined in terms of the cohomological data of that comes with a unitary
structure a compatible connection of scalar curvature. In the final chapter,
a quotient of this Fock module will be identified with the vector bundle of
graded conformal coblocks.

In chapter five we define the conformal blocks and the WZW (projective)
connection.

The final chapter compares the output of chapter 2,4,5. In particular, it
is shown here that (a quotient of) the Fock module from chapter 4 can be
identified with the graded quotient of the conformal coblocks from chapter 5.
It is argued that with respect to this identification, the connection on the Fock
module can be thought of as a “graded counterpart” of the WZW connection.

A final note: unless stated otherwise, everything will be described in the
language of locally ringed spacesﬂ These will be either in the category of
C-schemes, or in the complex analytic category (we will be a bit sloppy with
the distinction). In either case, a “map” will be a morphism of locally ringed

3 A reference for this is [13], chapter 2
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spaces; if we mean a C*-map, we will explicitly say so. Furthermore, if
(X, Ox) is such a locally ringed space, 8x denotes the sheaf of local vector
fields on X, Qx its dual and wx the highest nontrivial exterior power of Qx.
If f : X — Yis a map, then 8y,/x denotes the sheaf of local vertical vector fields
onY; Qy/x and wy/x have a similar meaning. Also, if 7 is an Oy module, then
f~1F denotes the sheaf theoretic pullback and f*F the coherent pullback.
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Chapter 1

Moduli of curves and G-bundles

In this chapter, we introduce the geometric setting that will form the basis for
the rest of this thesis. In particular, we define the notions of pointed curves,
principal G-bundles over them and families thereof. We will discuss the mod-
uli of these object, and later on introduce loop groups to describe the moduli
space of G-bundles.

1.1 (Families of) N-pointed curves.

Fix aninteger N > 0. Let (C,p = (p1,...,pN)) be a pointed smooth projective
connected curve over C of genus g. Here (p1,...,pn) is an ordered set of
points in C. We always assume the points p1,...,pN to be distinct and closed.
If (C’,p’) is another one, then they are said to be isomorphic iff there is an
isomorphism ¢ : C — C’ over C such that ¢(p;) =p{,i=1,...,N.

A family (over a smooth variety B) of these objects is a pair (C/B, p), where
C/B:C — B is a proper surjective map and p = (p1,...,pn) is an N-tuple of
disjoints sections, such that (Cy, py) is a complex pointed smooth projective
connected curve of genus g for every closed b € B (here Cy, denotes the fiber
overb € B). If C'/B’ : ¢’ — B/, p’ = (p},...,pN) : B — C™is another
such family, then a morphism from (C/B,p) to (C'/B’,p’) is pair of maps

5
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¢:C —C',:B — B’ such that

e

N A

C/BJ/ P p’l J{C’/B’

/ \
B—'>B’

is a Cartesian diagram for the downward pointing arrow, and a commutative

diagram for the upward pointing ones. A morphism of such families is an

isomorphism if it has an inverse, which is the case iff ¢ is bijective.

In the following, by a (N-)pointed curve, we shall mean an N-pointed smooth
projective connected genus g curve over C, and a family of (N-)pointed curves will
be a family of N-pointed smooth projective connected genus g complex curves.

Continuing with the previous notation, we suppose a family of pointed
curves (C/B,p) is given. For any map f : B’ — B we have a pullback square

f*C:=B' ' xgC—C

A N
fpl if* (C/B) C/BJ/ Ip

\ p /

B/ ——— B,

where f*p is the universal morphism induced by the pair of mapsid : B’ — B,
p o f. In the left column is a family of pointed curves, which we call the pull
back of (C/B,p) along f and denote f*(C/B,p). A family of pointed curves
(CY/BY,pY) is called universal iff every family of pointed curves is, up to
unique isomorphism, the pullback of (C*/B",p") along a unique map to
B.: every (C/B,p) as before is isomorphic to f*(C*/B",p*) for some unique
smooth f: B — Bu Such a family does not exist, but there is a family that is
“locally universal”, as we will see shortly.

111 Tyn, Conand Mg

A N-pointed curve (of genus g) corresponds to a complex structure on a
N-pointed smooth compact orientable genus g real surface. The diffeomor-
phism type of the latter is unique, so one can think of an arbitrary pointed
curve (C,p) as a complex structure on a fixed smooth compact oriented sur-
face Z, with an N tuple of distinct labeled points. Moreover, almost com-
plex structures on X4 are always integrable, so isomorphism types of N-pointed

!This is of course just saying that (C*/B"“,p") is a universal object in the category of fami-
lies of pointed curves.
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curves are in 1-1 correspondence with almost complex structures on Ly up to diffeo-
morphisms preserving p.

Definition 1.1.1. Let Diff(Xgy,p) denote the group of diffeomorphisms of X4
that fix the elements of p, and let DiffO(Zg, p) be the subgroup of diffeomor-
phisms that are isotopic to the identity. The Teichmidiller space is defined as

T4 N = {almost complex structures on g4}/ DiffO(Zg, P).

and the mapping class group as 'y n = Diff(Zg,p)/ DiffO(Zg,p). Their quo-
tient, as orbifold, is denoted

./\/lg)N = Tg‘N/I“g)N.

These three objects have been, and still are, the object of extensive study, and
much is already know about them. We list some of their properties:

For 3g — 3 + N > 0, the Teichmidiller space 7, n has a natural structure
of a contractible 3g — 3 + N dimensional complex manifold,

with respect to this structure, I'y N acts holomorphically and proper dis-
continuously so that My N receives an orbifold structure,

there is a family of N-pointed curves (Cqn/7gN,Pg,N), called the Te-
ichmdiller family, such that any family of N-pointed curves is locally a
pullback thereof,

Mg N has a natural structure of a quasi-projective irreducible variety,
compatible with the complex structure induced from 7 .

1.1.2 (Co)tangent space of a miniversal family

Suppose we are given a family (C/B,p) of pointed curves, then we denote
by 6¢ the sheaf of local vectorfields on C and by 6./ the subsheaf vertical
vectorfields over B. The latter can be characterized by the property that it
consists of vectorfields thatkill (C/B)~'Og. The “points” p determine another
subsheaf of 0¢: the vectorfields that are tangent to p, and we denote it by
8¢ (logp). Consider the short exact sequence

0 — 0¢/g(—P) —— O¢(logp) —— (C/B)*60g —— 0,
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where 0. g(—p) is the sheaf of vectorfields that are both vertical over B and
tangent to p, i.e. the vertical vectorfields that vanish at p. By pushing down
to B we obtain the exact sequence

0 — (C/B).0¢/(—p) —= (C/B).B¢(logp) — (C/B).(C/B)*0p
—2 - R'(C/B).6¢,8(—p) —=R(C/B).0¢(logp) »

where the connecting map ¢ is called the Kodaira-Spencer map. Since projec-
tive curves only have constant global functions, (C/B).(C/B)*0g = 03.

We call (C/B,p) miniversal if 6 is an isomorphism. From Serre duality it
follows that if (C/B,p) is miniversal, i.e. 4 : 85 ~ R! (C/B)«B¢, B(—p), then we
also have that Qg ~ (C/B). Sym, Q¢ g(p).

Lemma 1.1.2. The Teichmiiller family (Cg N/Tg,N,Pg,N) is miniversal.

For more details regarding this section, we refer the reader to [20]. In the rest

of this chapter, we fix a miniversal family of pointed curves (C/B,p).

1.2 The moduli space of G-bundles over a curve

In the following, let G be a simple complex algebraic group with Lie algebra g. We
remark that simple algebraic implies that Z(G), the center of G, is finite. The
approach taken in this section is based on [17]. Below we introduce the no-
tions of principal G-bundle, families thereof, and subsequently review their
moduli spaces; references for this material are [22}[1].

1.2.1 Principal bundles and stability

Let C be a curve, then P/C : P — C is called a principal G-bundle if P has
a free proper right G-action that commutes with P/C and if the quotient of
P by G is isomorphic to C. Two principal G-bundles P/C,P’/C are called
isomorphic if there is a G equivariant morphism P — P’ that commutes with
the projections. In particular, the right action of an element of Z(G), the center
of G, is an automorphism of P/C.

For any representation p : G — V of G, there is an associated vector
bundle

pp/C:PXGV—> C.
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In particular for the adjoint representation, we have a vector bundle Adpc,
simply called the adjoint bundle. The determinant of Adp,c, i.e. its highest
nontrivial exterior power, is trivial: the determinant of the adjoint represen-
tation of G is a character of G and hence trivial, since G is simple. Therefore
deg Adp,c = 0 (the degree of a vector bundle is by definition the degree of its
top nontrivial exterior power).

We define the slope of a vector bundle & : F — C over C by

degé
rank &’

A vector bundle ¢ is called semi-stable iff for any proper holomorphic subbun-
dle &’ we have

deg &’ < degé,
rank &’ — rank &’

and it is called stable if the inequality is always strict. Moreover, we say that
a semistable vector bundle & is polystable if it is a direct sum of subbundles
of the same slope. Note that for Adp,c the stability condition reduces to
deg &’ < 0 for any proper holomorphic subbundle &’ of Adp .

For principal G-bundles we also have the notion of stability, semistabil-
ity and polystability, but they coincide with that of their adjoint bundles. A
finer notion of stability for principal bundles is regular stability: we say that
P/C is regularly stable if it is stable and its automorphism group is Z(G). As
was noted above, Z(G) is always contained in the automorphism group, so
regular stability means stable and minimal automorphism group.

122 MY

The notions above extend to families of G-bundles over curves. Of course,
we must first explain what a family means in this case: a family of G-bundles
over C with base space B, is a G-bundle P — Cg := C x B. Such a family is called
stable, semi-stable, regularly stable if every Pc, () has that property, b € B. A
morphism of families of G-bundles over C from P — Cg to P’ — Cp/ is a map
that commutes with the projections. Given a family P/Cg : P — Cpg and a
map ¢ : B’ — B, we pull back P/CgB along ¢ in the obvious manner and
thus obtain a family ¢*P — Cg/. Finally, a family is called universal if every
other family arises (up to unique isomorphism) as a pullback.
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Let g denote the genus of the curve C. We list some facts about moduli
spaces of G-bundles over C under the assumption that either g > 3 or g =2
and G not of type SL(2), PSL(2).

The set of isomorphism classes of regularly stable G-bundles over C,
denoted ME(C), has a natural structure of a connected quasiprojective
variety.

There is a universal G-bundle P*(C)/ME(C) xC: P*(C) — Mg(C) x C.

There is a natural compactification Mg (C) of ME(C) with boundary
of codimension > 2, i.e. there is a natural (singular) projective variety
ME(C), together with an open embedding ME(C) — ME(C), such
that the complement of the image is a closed subvariety of codimension
> 2.

For the reader who is familiar with moduli spaces, the compactification men-
tioned is obtained as the coarse moduli space of semi-stable G-bundles.

We now let the base curve C vary in a family: let C/B : C — B be a family
of curves (we forget the points for the moment).

e There are respectively quasiprojective and projective morphisms
Mg(C/B)/B: Mg(C/B) = B, ME(C/B)/B: ME(C/B) — B,

both flat, and such that MF(C/B)y ~ ME(Cyp), ME(C/B)p ~ ME(Cy),
b € B.

e There is a principal G-bundle P*(C/B) — ME(C/B) xgC, such that the
restriction to M (C) x Cis isomorphic to Py (Cy), b € B.

We call ME(C/B)/B the family of moduli spaces of regularly stable G-bundles for
the family C/B. In the next subsection we will discuss the (co)tangent sheaves
of ME(C) and ME(C/B)/B.
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1.2.3 (Co)tangent spaces to the moduli space of G-bundles

Let C be a curve of genus g > 1. Abbreviate P*(C) to P and ME(C) to M for
the moment, and consider the diagram

=™

e

x C——=C

<;
3
<

<

We write (7tp v, 0p) G for the G-invariant part of 7tp v, Op. Then
0 — Adp/y —— (7py,8p) ¢ — 0y —>0

is exact. Pushing down by 7tp yields the exact sequence

e

0 —— Tm«Adp/y vt (T0p v Op) & ——— TTpp Oy ——

R]TEM*Adp/y _— R]T[M*(T[p/y*ep) G.

Lemma 1.2.1. We have that
TimsAdpy =0, 7m0y = Opm,
and that the connecting map 8¢ induces isomorphisms
Om ~ R]T[M*Adp/y, Om =~ Tmu(Adp y ® TEWC).

The first claim follows from a fiberwise argument: over every point m € M,
we have that HO(Y,,, Adp sv) is the space of infinitesimal automorphism of
P/Y, which must be equal to Z(g) since P/Y:, is regularly stable. But G is
simple, so Z(g) = 0. For the second statement, note that 0y = m3,0m @ -0,
and that mpm,TE0c = HO(C,0¢) ® Om = 0, because genus > 1 curves do
not have infinitesimal automorphisms. It follows that 7tp,.0y = v T OM =
Om ® HO(C,Oc) = Om. The third statement does not admit such a short
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explanation; we refer the reader to the literature, e.g. [6],[7]. To derive the
final statement, one just applies the Serre duality

R'mvi Adp y = Tia (Ad vy @ Tewym)*,

and the identification wy,pm = Tewc.

We now let our curve C vary in a family of genus g curves (we call this the rel-
ative case): for a fixed family of curves C/B : C — B we make the abbreviations
M =ME(C/B), P =P*/B) and have a commuting diagram

|
|

Vi=Mxpl—"%¢
TTM l
M B

Furthermore, the short exact sequence

0 —Adp/y —— (p/.0p /) © 0y/8 0

gives rise to a long exact sequence

5
T (P/V)0p/5) ¢ —— Ta1:0y /8 ——

0—— ﬂM*Adp/y

R'"rAdpy —= R'tp (P/Y)0p/8) €.
Lemma 1.2.2. We have that
i Adpy =0, 71,0y, = O /B,
and that the connecting map g induces isomorphisms
O ~ R1T[M*Adp/y, Qi nM*(Ad]S/y ® TEWe /B).

These claims can be proved by applying lemma over every point of B,
but we will not make this precise.
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1.2.4 Relation with moduli space of flat connections

The relation between moduli of holomorphic vector bundles and moduli of
flat connections goes back to Narasimhan and Seshadri’s paper [21]. Their
results have been generalized in various ways, in particular to the setting of
principal G-bundles; see e.g. [23]], [1], [16].

Let P/C : P — Cbe a principal G-bundle over a curve and let G¢ be a com-
pact form of G. A C*®-connection on P/C is a C*-map 08¢ — (P/C)S0p that is
a section of the derivative of P/C. If G€ is a compact form of G, then we say
that a principal G®-bundle P€/C is obtained by reduction of the structure group
of P/C to G€ if P is C*-isomorphic to P¢ xge G. A C*-connection on such a
reduction induces one on P/C, and we say that a C*°-connection on P/C is
Hermitian if it is induced by a C*-connection on P¢/C, for some P¢/C as just
described. Furthermore, a Hermitian connection on P/C is called Einstein if
its curvature is central. Note that for a semi-simple Lie group the center of its
Lie algebra is trivial, so that the Einstein condition amounts to flatness.

Theorem 1.2.3 ([1], Theorem 3.7). A principal G-bundle P/C is polystable iff it
admits a Hermite-Einstein connection. This connection is unique if it exists.

Another result of [1] says that if P/C is stable, then it is also polystable. From
this we derive the following consequence

Corollary 1.2.4. If G is a simple Lie group, then any regularly stable G-bundle over
a curve admits a unique flat Hermitian connection.

1.3 Loop groups

The following considerations are crucial for the rest of this thesis: it allows
for the geometric data of pointed curves and principal G-bundles over them,
to be translated into algebraic data. We will investigate this in greater detail
in Chapter 3.

Let (C,p) be a N-pointed curve. Then C° := C\p is affine and we write
A(CP) = HO(C® O ) for its ring of regular functions. Thus Cis Covered by
the affine subschemes C° and the completion of C at p: Cp = Spec Oc p- Here
OC,‘p denotes the completion of the semilocal ring Oc ,, with respect to the
intersection of the ideals defining the p; € p. The intersection (Aig =C%n ép

is also affine and equal to Spec Iec,p, where Ec'p is the ring of fractions of
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the semilocal ring @C,p. One can think of Cp as an infinitesimal disk in C
centered at p, and of Cg as this disk with p deleted.

If t1,..., tn are local parameters at py, ..., pn, respectively, then
N R N
Ocp =EPClitdl, Kcp=EPCltd)),
i=1 i=1

and A(C°) is some subalgebra of i = INC((ty)).

Now suppose we are given a principal G-bundle P/C: P — C, then P/C
is trivial over C® and C because they are affine. This can be seen as follows:
take a faithful representation p of G and consider the bundle pp,c. Since G
is simple, it has trivial determinant. Furthermore, since C is a nonsingular
curve, A(CP) is a Dedekind domain. Hence, over C°, pp /¢ corresponds to a
projective module over A(C®) with trivial determinant, so by ([11]), it is free
It follows that P is obtained by gluing the trivial bundles on the cover C° C
over the intersection C

Definition 1.3.1.
LG(C, p) := Morspec ¢(Cp, G),
I—ZG(C P) = MorSpec (C(C]m G)
0

I—G(CO) MorSpec c(CY, G),
where Morspec ¢+, -) denotes the group of morphisms of C-schemes.

We call LG(C, p) the loop group of G. Since (/9\(C,p) =Pi= INC[[ty]] if tiis a
formal coordinate at p;, LG(C,p) and L=G(C,p) do not depend on (C,p) up
to isomorphism. The isomorphisms however, are noncanonical, so we insist
on including (C, p) in the notation.

Returning to our previous discussion, the transition function on Cg be-
tween trivializations of P/C over C°, C is given by an element of LG(C, p).
Conversely, for any element of LG(C,p) we can constructa principal G-bundle.
Since changing a trivialization over C° or C does not change the isomor-
phism type of the bundle, the element in LG (C, p) corresponding to the iso-
morphism class of P is determined up to automorphisms over C° and Cp,
i.e. up to elements of LG(C®) and L=G(C, p) respectively. When viewing this
change of trivialization as an action of LG(C,p), we have that L=G(C,p) and
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LG(CP) act on from different sides on LG(C,p) by multiplication - we con-
vene that LG(C?) acts on the left and L=G(C,p) on the right (this choice just
depends on the ordering of the cover C°, 6]9). Hence the isomorphism types
of principal G-bundles on C are in bijective correspondence with

LG(CO\LG(C,p)/L=G(C,p).
Even more is true:

Theorem 1.3.2. (Y. Laszlo, C. Sorger [18])
The moduli stack of principal G-bundles over C, denoted M (C), is isomorphic to
the quotient stack

LG(CON\LG(C,p)/LZG(C,p).

It is known that LG(C,p), L=G(C,p) and LG(CP) are simply connected; this
is a consequence of the fact that G, being a simple finite dimensional complex
group, is 2-connected. Hence if we let LG™(C, p) be the open part of LG(C, p)
corresponding to regularly stable bundles, then LG™(C, p) is connected: its
quotient by the connected groups L=G(C,p) and LG(C?), i.e. ME(C), is con-
nected.

We extend the arguments above to families: let (C/B,p) be a family of
N-pointed curves over B. Define the B-scheme

C:=C\p,
and let C°/B be its structure morphism.
Definition 1.3.3. We define the following Og algebras:
0:=0c¢, A:=(CB).0Oc, K:=Kcp
and B-schemes

CAp/B : CAp := Spec O — B, CAS/B : é\g := Spec K — B.

Locally over B, C° is always affine, so we can cover B by small open sets U
such that CY; = Spec A(U). Since this is functorial in U, C° = Spec o,.A. We
note that the assignment (O, K, A) — (C,/B, Cg /B,C°/B) is functorial.
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Now let U C B be as before (so C& is affine), then define

LG(C/B,p)(U) = Mor(Cly,G),
LZG(C/B,p)(U) = Mor(Cplu,G)
LG(C°/B)(U) = Mor(CP, G).

The assignments U — LG(C/B,p)(U),£2G(C/B,p)(U), L£LG(C%/B)(U) define
a presheaves over B, with values in (complex ind-) groups over B.

Definition 1.3.4. Let £LG(C/B,p), £L2G(C/B,p), LG(C°/B) be the sheaves as-
sociated to the presheaves determined by

U = L£G(C/B,p)(U), L2G(C/B,p)(U), LG(C®/B) (),
respectively. We call these (sheaves of) loop groups.

If (Cv, pp) is the pointed curve over a closed point b € B, then
LGy, =LG(C,p), LZGp,=L2G(C,p), LG(C°/B),=LG(C%(C,p).
The quotient stack
Mg(C/B,p) := LG(C®/B\LG(C/B,p)/LZG(C/B,p)

is the moduli space of G-bundles for the family C — B, in the sense that
for any b € B, the restriction to b is the moduli stack of G-bundles for
Cyp as introduced before: M (Cyp). If we let LG™(C/B) be the subsheaf of
LG(C/B) corresponding to regularly stable G-bundles, then by definition,
L>G,LG(C°/B) C LG™. Clearly the right action of £2G on LG is free and
preserves LG"®, and the same goes for the left action of LG (C%/B). Since left
and right action commute, the right action of LG(C 0/B) descends to the quo-
tient LG™/LZG. It is, however, not free: the stabilizer at a point of LG™
corresponds to the automorphism of the bundle represented by the point.
For the regularly stable part, this is precisely Z(G), so the stabilizer of the
LG(C°/B) action on LG™/LZG is Z(G) (as constant sheaf over B). It follows
that £G(C°/B)™4 := LG(C°/B)/Z(G) acts freely on LG"/L>G and that we
have a quotient scheme

ME(C/B) := LG(CO)(C/B)"*NLG™(C/B)/LZG(C/B).



Introduction 17

This is the moduli space of regularly stable G-bundles for the family C/B as
mentioned before, so M$(C/B) — B is a quasiprojective morphism. For any
affine U C B, MZ(C/B)y has a natural compactification with complement
of codimension > 2, as was stated before. These compactification are com-
patible in the sense that the glue to a projective morphism M(C/B) — B,
together with open embedding of B schemes MF(C/B) — ME(C/B) whose
complement is of codimension > 2.

1.3.1 The generator of the Picard group and LG.

References for this subsection are [16] and [4]. For a curve C, the Picard group
of ME(C) is infinitely cyclic. As was mentioned earlier, the codimension of
ME(C) in ME(C) is > 2. However, ME(C) does not have a smooth bound-
ary, so Hartogs’ theorem does not apply here. Nevertheless, line bundles on
ME(C) do extend uniquely to line bundles on M(C), and the same holds for
isomorphisms between them. Thus

Pic(M{(C)) = Pic(ME(C)) = 2,

the first identification being canonical since it is induced by pullback; the sec-
ond one is canonical because there is only one ample generator. For the rela-
tive situation C/B we have the following: pullback gives inclusions Pic(B) C
Pic(ME(C/B) = Pic(ME(C/B)) and

Pice /5(ME(C/B)) := Pic(ME(C/B))/ Pic(B) ~ Z.

132 Lg

Fix a family of pointed curves (C/B,p). For brevity, we use the following
abbreviations:

¢ =Mg(C/B), LG=LG(C/B,p),
LG™ = LG"™(C/B,p), LZG=LZG(C/B,p).

We can construct explicit representatives for Pic¢ g( M) using a certain cen-
tral extension of £G. There is in fact, a 1-1 correspondence between the char-
acters of £= G, central extensions of LG induced from £=G and classes of line
bundles on M, but we will not completely elaborate this. We start with the
infinitesimal description:
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Definition 1.3.5.

L£g(C/B,p) = Lie(LZG(C/B,p)) C Lg,
£g(C°/B) := Lie(LG(C/B,p)) C Lg,

where the Lie algebra functor should be interpreted in the obvious sheafified
manner. These Og-modules are called loop algebras. We use the abbrevia-
tions analogous to those for the loop groups: £g = L£g(C/B,p) and LZg =
LZg(C/B,p). The correspondence between morphisms of affine schemes and
ring homomorphisms gives us

Lg = Homg, (K, O &c, gB) =K @c g,
L7g = Homo, (0,08 &c, g8) = O &c g,
Lg(C°/B) = Homo, (A, Op @c, g8) = ASc g,
where gg is the constant sheaf on B determined by g (recall that g = Lie(G)),
and similarly Cg the one determined by C.
For an open subset U C B, L£g(U) is generated by elements of the form

X® f, where X € gand f € K£(U). If Y ® g is another section of Lg over U of
the same form, then

X®f,Y®dg =I[XY®fg.

Remark 1.3.6. For our simple Lie group G, there is a unique G-invariant bilin-
ear form tr on g = Lie(G) such that the longest root, with respect to a choice
of Borel subalgebra and positive roots, has length 2. Since tr is a nonzero
multiple of the Killing form, it is nondegenerate.

Definition 1.3.7. Denote by Lg the Op-module Lg & O with Lie algebra
structure given by (X ® f and Y ® g as above)

Xeofeb,Yogabl=[X,YI@fg®0+0atr(X,Y)Resy(g df).

We write c for the global section 0 @ 1, so Z',E] is a central extension of Lg by
Og with central generator c.

By the residue theorem for closed curves,
L2g:=LZg® O, Lg(C®/B):= Lg(C°/B) @0

are Og-subalgebras of Z’\g We will identify ZE;(C 9/B) with £g(C°/B) and write
the latter for its image in Lg.
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1.3.3 The fundamental representation

For every integer { > 0, which we will call level, there is a representation of
Lyg, called the (sheaf of) fundamental representations of level {. Consider Oy

as an £~ g representation, by letting £~ g acts via the character {x, where
x:EZ\g:£2969OB — Op: (x,f) — 1.
So c acts as multiplication with ¢, and £Zg as 0. Induce this up to ZE;, and let

F(Lg,L7g)e:=ULg®, ~ Og

UEZ\ g
be the resulting Verma moduleﬂ which has a global section vy := 1 ® 1 that
is an U(Lg) generator. There is a unique maximal proper submodule Z/, and
we write

Ho(Lg, L2g) = F(Lg, L20)o/ 2]

for the irreducible quotient sheaf; it is called the fundamental representation of
level £. A more explicit way to define this quotient over an affine subset of B is
the following: let t7, ..., tn be coordinates of C at p over some affine U C B,
and let Xg be a highest root vector of g (relative some choice of positive roots).
Then

((Xe®t{])e+]@0) ove,i=1,...,N

is an N-tuple of local sections of V;, and Z is the Vy-submodule that is locally
generated, over ULg, by these sections.

134 LG

The representation of Lg on H, gives a morphism of Og-algebras Lg —
Endo, (H¢), which induces an algebra morphism £g — Endep, (H¢)/Og. The
latter representation integrates locally to a morphism LG(U) — PGL(H,(U)),
U being a suitably small open subset of B, and does so in a functorial manner.
We write PGL(H,) for the sheaf associated to the presheaf U — PGL(H,(U)),

2Perhaps it would be better to write Uo, Lg to indicate that we actually mean the universal
enveloping algebra of L£g regarded as Og-module, but we trust that the notation is clear to
reader.
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U C B small enough. So we have a morphism £LG — PGL(H;) of sheaves of
(ind-)schemes over B. More details can be found [3] (where the origin of the
idea is attributed to Faltings).

Definition 1.3.8. Define LG to be the pull back of LG along the usual central
extension GL(H1) of PGL(H1) by Og, the invertible part of Og, so that the
following diagram is Cartesian:

1 O3 ZE L‘T 1

11— O0p —GL(H;) —> PGL(H;) —1.

We let/\E/E\G, ZE(CO/B) be the preimages of £2G, £LG(C°/B) under the projec-
tion LG — LG, respectively.

The corresponding diagram of Lie algebras is

0 Op Zﬁ ﬁf 0

0 — Op — Endo, (H1) — Endop, (H1)/Op —0

where in the upper row, the map Lg — Lg comes from reduction modulo
OBC. o
By construction, £2G contains the central part by which £G extends LG,

so it follows that ZE/ EZ/\G = L£G/LZG. Hence, if we let LG be the part of
LG projecting to LG, then

LG(CO/B)*NLG " /L2G = LG(CO/B)*NLG™/L2G = M.

135 L

We are now ready to define a generator of Pic¢ g(ME(C/B)). Note that E/\zg

leaves Ogv; invariant, and therefore £2G does so as well. This action defines
a character

eX:E/Z\GHOE,
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which by definition splits

1O = [FG—— £26——1.
X

As the notation suggests, eX is the exponentiation of x. Use X! to lift the

right action of £2G on ZETS to an action on ZETS x C, i.e.
(9,2) - h = (gh,x(h)"'2)

for local sections (g, z) of LG x g Op and h of L’/Z\G This action commutes
with the projection LG " xC— LG andis free, so that

(LG™ x C)/L>G — £G"°/L>G (1.1)

is a morphism of (ind-)schemes whose fibers are free Og-modules of rank 1,
i.e. a line bundle. -

We now lift the £G(C°/B)¢d-action on ZE”‘/LE G to the domain of (|1.1
using the trivial character: f-[(g, z)] = [(fg, z)] for local sections f of LG(C 0/B)
and (g,z) of LG x C. Since X is invariant under Z(G), this action is indeed
well defined. Hence, we have a morphism of B schemes:

Definition 1.3.9.

L= £G(CO/B)*NLG  x C/L>G

|

\LG /LG = M

red

LG(C°/B)

Over any affine U C B, ZETS(U) xC — ZETS(U) is a line bundle. Since the left
action of £ZG(U) on £G" (U) x Cis free, and the right action on their quotient
by £G(C°/B)(U)™ as well, £ is a line bundle over ME(Cy/U). Hence £
is a line bundle over all of M. This line bundle is the canonical positive
generator of Picc /g ME(C/B). A section over some affine U C B is a function

0: ZE(Cu/U)TS — C that satisfies

0(fgh) =0(g)x(h), fe LG(CO/U), g€ LG(Cy/W)™, he=G(Cy/U).
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Remark 1.3.10. Any element in Pic; g(M) is obtained as a power of L. For
an integer { € Z, we can define £* in a way analogous to £: if in the defini-
tion of £ above, we use (eX)! = e instead of the character eX of ﬁ/Z\G, the
resulting line bundle is £*.

By the previous remark, the determinant bundle on M (C/B) is of course
also given by a power of £; we give this number explicitly.

Definition 1.3.11. Consider the projection 71y : Cg = Mg xgC — M and
define

i

Laet = detR*my, Adp e, = (X)(det Ry, Adp e )",
i>0
where P was the universal G-bundle on Cg.
This line bundle is called the Knudson-Mumford determinant of Adp . over

ME. Since stable bundles do not admit sections, we have that 71, Adp 0, =
0, and as a consequence

Laer = (detR'm1, Adp e, )* = (detB s /B)* = wgs /.

The degree such a Knudson-Mumford determinant of a vector bundle, asso-
ciated to P though a representation p, is given by the Dynkin index of p (see
[16Eb. In the case of the adjoint representation this is minus twice the dual
Coxeter number h, so

(UMES /B = Edet = ﬁ_Zh. (12)

3Notice that our definition of Knudson-Mumford determinant is dual to the one in [16].



Chapter 2

Generalized O-functions and Hitchin’s
connection

In this chapter, G is a simple simply connected complex Lie group with dual Coxeter
number h. We will assume an integer £ > 0, called level, to be fixed.

For a family of curves C/B, we will construct a vector bundle ©; over B
called the Verlinde bundle. It comes with a natural flat projective holomor-
phic connection, nowadays called the Hitchin connection, which was first
introduced in Hitchin’s paper [14].

2.1 Generalized O-functions

We recall the setting of the previous chapter: for a family of curves C/B :
C — B we have a quasi-projective morphism M — B, the family of moduli
spaces of regularly stable G-bundles on C, together with an open embedding
over B into a projective morphism M — B, with complement of codimen-
sion > 2. In this chapter, we write M = M{$ and M = ME for short.

Definition 2.1.1. The sheaf of generalized 6-functions (of level { for the family
C — B with respect to the group G) is defined to be the Og-module

O, := (C/B).L"

A was stated in Chapter 1, line bundles on M extend uniquely to M; we will
denote the extension of £¢ to M also by £*. Local sections of £* over M also

23
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extend uniquely to M, and so (M/B).L ~ (M/ B).LY. Since £'is coherent
and (M/B) proper, these sheaves are coherent Og-modules. In particular:

Corollary 2.1.2. O is coherent.

2.2 The Hitchin connection

2.21 (Projective) connections

We briefly recall some general notions, and refer the reader to the appendix
for details. Let X be a smooth complex scheme, Y a smooth scheme of finite
type over X and F a coherent sheaf on Y. We denote by DY /xF the sheaf of
differential operators of order at most k on F over X. If X = Spec C we just
write D‘Q}" for Dlj /xj: . From its definition it is clear that Dlﬁ /x]: C D\‘j/*)g F;
the corresponding quotients sequences are called symbol sequences, and the
quotient maps are denoted o* and called symbol maps. For k = 1 this gives

1
0— > Endo, F —> DY, F 20 0y )y @ Endo, F — 0.

By corollary from the appendix, o' (F) is surjective iff F is locally free -
assume this is the case. The corresponding exact sequence has a subsequence

'(F)
0—— Endoyf — Ay/xf o7 GY/X , (2.1)

where Ay/xF is the preimage of 8y/x ® id under o!(F). We call this exact
sequence the Atiyah sequence and its extension class is called the Atiyah class
and is denoted ca (F).

Note that Ay/xF has a natural Lie algebra structure, for it is a subalgebra
of Endop, (F). A holomorphic connection over X on F is a global right inverse of
ol (F) - clearly, this can only exist if o1(F) is surjective. Such a holomorphic
connection is called flat if it is an algebra morphism.

Assume that is right-exact. Instead of the Atiyah sequence, one can
consider its projectivization:

Po! (F)
00— End%yf/@yﬂ Ag/xf ? Bv/x 0,
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where Endp, F = (Endo, F)/Oy and A{ s F = (AyxF)/Oy. A projective
holomorphic connection over Y/X on a coherent sheaf F is a right inverse of Po (F).
Note that since Oy is an ideal in Ay/x(F), the quotient receives an algebra
structure. We say that a projective holomorphic connection over X is flat if
it is an algebra morphism. Clearly, a holomorphic connection determines a
projective holomorphic connection. If the latter is flat, the former is called
projectively flat, which in particular is the case if the holomorphic connection
itself is flat. However, not every projective holomorphic connection comes
from a right inverse of ol (F).

2.2.2 Connections from heat operators

The following approach comes from [27] and is applied to our situation: the
fibration M — B and the line bundle £ over M. For a direct image sheaf
such as Oy, there is a special class of (projective) connections, namely those
coming from heat operators on the sheaf which was pushed down. Morally
speaking, heat operators are first order differential operators on the direct im-
age, whose endomorphism part acts as fiberwise differential operators. This
is made precise by the following:

Definition 2.2.1. Let D%, £’ be the sheaf of differential operators of order at
most k on £! over M, and Dk/l /B,Ce the subsheaf of differential operators on

L* of order at most k over M/B.. We define
Whe (LY = DX, gL'+ D)L
to be the sheaf of heat operators of order at most k on L* with respect to M /B.
For brevity, we write Wé‘ for W)\‘A /B[,e. Since L' is locally free,
WE/WE =Dk, /Bc‘*/D‘;;)Bce ~ SymiOs @ Endo,, L' = SymiO /b,

the isomorphism being given by o®(£!). In other words, we have an exact
sequence

On the other hand, by taking the quotient of W,}‘ with respect to D]jvl /B(Ee),
we find

WE/DYy st = DL/ (D g LNDMLY) = Dy LYD)y gL ~ (M/B)*0p
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and the associated exact sequence
0 ——> Dl /gL’ — WE —> (M/B)*0p —>0 . (23)

The map oy, is called the normal symbol. Apply (M/B), to (2.3) and obtain
the following exact sequence:

0—> (M/B).DK, pLt— = (M/B)WEEE 8, — 0, (24
where we used that
(M/B).(M/B)*0p = (M/B),Or Qo 08 = (M/B).Ox; ®0, 08 = 0.

Lemma 2.2.2. We have a natural inclusion (M, B)*VV}< C Ap/BOy, such that
(M /B),on coincides with o1(Qy).

Proof. Clearly, (M/B).Dj, /B[,e commutes with the Og-action when acting
on Oy, so (M/B), M/Bﬁe C Endp,0; C D} gO¢. Furthermore, if s, f, H are
local sections of ©¢, Og and (M /B),D Mﬁe respectively, then we have that

H(fs) = [H, fls + fH(s) = ¢ (©¢)(H)(f)s + fH(s)

by definition of 0'(0;), so that H acts as a first order differential operator
on ©,. Hence (M/B), M/BE’Z C D)} gO¢ and consequently (M/B), VV,Z
D},O,. By interpreting a local section f of Og as a local section of the sheaf
(M/B), DME‘Z we also have that [H, f] = (M/B).on(H)(f), so that o, equals
01(0y) on (M/B), DMEE However, since both o, and 07(®;) vanish on
(M/B). D%, /BE‘Z so that they coincide on (M /B).WE. Finally,

(M/B)WE = ((M/B)uon) 108 C 0" (0¢) ' (08) = Ar/5Oe. O
As an immediate consequence we obtain the following.

Corollary 2.2.3. A (local) section of (M /B)..on provides a (local) holomorphic con-
nection on Q.

Such local sections, if they exist, need not be unique, as one can see from ((2.4):
they are affine with respect to sections of Homey (05, (M/B).D}, /Bﬁ‘z)

Theorem 2.2.4. Suppose k > 0, then . D}, /BE = Og, so that if (M/B) Wg
O has sections, they must be unique up to Og.
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Proof. We will prove the statement by induction on k. For k = 0, the state-
ment is true because (M/B)*D%A/BEE = (M/B),Or = (M/B).Ox; = O,
so suppose it is true for a k > 0. Consider k + 1-th symbol sequence of £*

k
0—— D].XA/B’CE e D']f\;{—/]Bﬁe ARG Symk+1 GM/B —(

and its quotient with respect to DIXI)BE"’,

=k
0—— SymkGM/B — ,D]X/T/]B’CK/D]X/T)B’CE LA 0,

where the identification with Sym0 /g was made by o*. These give rise to
connecting homomorphisms

&
(M/B).Symuc:18,0/8 ——> R (M/B). DY, pL"

)

5
(M/B)Symy10,01/8 —> RT(M/B),Symi0 (/8

By theorem from the appendix, dy1 is given by cupping with (k +
Nea(LY — kealw g sg)- For a line bundle, the Atiyah class coincides with
the first Chern class, so ca(£%) = ¢1(L£Y) = Leq(L). By formula (|1.2) from the
first chapter, w(/p = E*ZH, socalwa/p) = —2hcq(L£). It follows that ng is
given by cupping with

(k + 1)1 (L) + k2heq (L) = (U(k + 1) + 2hk)cq(L).

With £, h > 0, we see that this is a nonzero multiple of ¢q(£). Since moreover
it is known that, fiber wise over B, the first Chern class of £ is represented by
a Kahler form, 81,1 is injective. However, 8,11 = R'0% 0 )41, 50 8141 must
also be injective. From the exact sequence

(M/B)x 0
0 —— (M/B).DX, Lt — (M/B).DY} Lt 20

(M/B).Symic18,/5 ="~ R(M/B).(M/B).D¥, BLY

we can then conclude that (M/B)*D‘X/t/BEe ~ (M/B)*Dﬁ)BLe. O

The previous theorem makes the following notions interesting:
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Definition 2.2.5. We call (M/ B)*WF/ Og the sheaf of projective heat operators
of order at most k, and P(M/B), 0y, the induced normal symbol map.

We thus arrive at an interesting uniqueness result, which was also noted in
[24]:

Corollary 2.2.6. For every k > 0: if P(M/B).on : W}‘/(’)B — 0 has a (local)
section, then it is unique and gives a (local) projective holomorphic connection on ©y.
Hence there can be at most one projective holomorphic connection that comes from a
heat operator.

Note that since W§/Op € Wit /Og, and the map Wi /O — 05 ex-
tends W}f/ Og — 0p, it follows that if W}/ Og — 0p has a section, then
W}“*n/ Op — 0 has a section for every n > 0.

2.2.3 Hitchin’s connection

Below we will show the existence of a projective holomorphic connection
under the following assumption: suppose C/B is miniversal. Consider the fol-
lowing setting: the Cartesian diagram

Vi=MxpC—2>¢C

I

M B,

the universal principal G-bundle P/Y : P — Y and its adjoint bundle Adp )y .
In Chapter 1 we saw that

O/ =R'mAdpyy, Quip =TAdpy ® Qe /5.

Since we assumed the family C/B to be miniversal, the Kodaira-Spencer map
is an isomorphism 0 = R! (C/B)+6¢c/g. We let tr be as in remark By
AdG invariance, it defines an morphism (of Oy-modules) Adp/y =~ Adp -
Since tr is nondegenerate, this map is an isomorphism. Use this and the nat-
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ural contraction between 0. /5 and Q¢ /g to produce the following map:

(M/B)*R'(C/B).6¢ /5
(039 R R]T[]*Ad;/y e R]T[]*Adp/y
1. (Adp yy ® Qe /B)

e(M/B)*0s ® O pq/p Or/B)

In [14], Hitchin makes the important observation that this map is nondegen-
erate, and therefore induces an injective map

H: (M/B)*eg — SymzeM/B

Remark 2.2.7. Suppose our family is pointed, i.e (C/B, p) is an N-pointed fam-
ily of curves as defined before, for some choice of p. Then

05 = R'(C/B).0¢,5(—p) C R'(C/B).0¢ 5 (2.5)

The map (M/B)*R! (C/B)«6c /8 — Sym20,,p remains well defined, so by
taking the composition of the inclusion (2.5) and this map, we still have an
injective map (M/B)*0g — Sym20,/p.

By the previous remark, we can assume H to be defined and injective, re-
gardless whether C/B is pointed or not. We pull the second symbol sequence
of £% over B back along H, and obtain an extension of (M/B)*0g by DJ\A /BEK:

OHDM/B M/B£€—>Sym29M/B*>o
| H
0—= Dy gLt — (0?)~T(im H) == (M/B)*85 —0

As we saw previously (for k = 1), the extension class defined by the up-
per sequence in ExtggB ((M/B)*08,D,, /B,Cz) was given by cupping with (2{+
2h)ci(£), so the lower one is given by cupping with (20 4 2Rh)H*cq(L). We
now compare this with the extension class that

0 —= D)Lt —= D}, Lt " (M/B)*0p —=0. 2.6)

determines in ExtggB (((M/B)*0g, M/B.C )) - denote this by en(LY).
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Theorem 2.2.8. e (L) =L H*ca(L).

This result was first obtained by Hitchin in [14] - though in a somewhat
different form - using complex differential geometric methods. More re-
cently, in [24] Sun and Tsai gave a different proof using sheaf cohomology
and Beilinson-Schechtman’s trace complex introduced in [5]].

As a consequence of theorem [2.2.8}

204 2R pyx 52

OHDM/BE H(O'z)iwimH) (M/B)*QBHO

defines the same class in Extgg ((M/B)*08,D ), /BE‘/’ as .) By subtracting
them, we obtain an extension of (M/B).0g by D! M /Bﬁe that is trivial: con-
sider the maps

0 — (Dl 5 L% 25 (62)7 1 (im H) @ DL, L' —2> ((M/B)*05)%2 — 0

where ig is the direct sum of the given inclusions, and pg = (— 2“2}‘ On) @B on.

Now let A((M/B)*0g) denote the diagonal in (M/B)*6g & (M/B) 0p, and

A‘l(DJ\A/BEe) the anti-diagonal in DM/BE’Z P DM/BEK. Then define
. P AlM/B)8)
- AY(Dy, LY

We observe that the kernel of the natural map

(62)'(imH) & D}, L' C DI, gLl @ Dh Lt — WE
is precisely A4(D ), /BEE) so that we have a natural injection = W2. 1den-
tifying

Disl’ = (D sl /A%D)ypLY

(M/B)*6s = A((M/B)"0g)
we have that ig, pg define maps i: DM/Bﬁe — W and D W — (M/B) x 0
which are injective, surjective, respectively.

This construction gives us an extension which is embedded in the second
symbol sequence of the heat operators of £

OHDM/B’C HWE —— 0 ——0.

1

O*)DM/B’CE*)W*)T[ GBHO
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By construction, the extension class of the lower sequence is trivial, so that
(M/B), is right exact when applied to the lower sequence, and we find an
embedded short exact sequence

(M/B)son

00— (M/B).D3, gL' —— (M/B)NV? 05 2.7)
0— (M/B).D}, L' —— (M/B) W M/B)pe OB 0.

It follows that (M /B),p locally has sections, and that such local sections pro-
vide local sections of (M /B).oy. In particular, (M/B).0on is surjective.

Corollary 2.2.9 (local Hitchin connection). The normal map
(M/B)yon : (M/B)*Wez — OB
is surjective so that

C % Omn
0—> (M/B).D2, pLt — = (M/B) W —L2 g~

is exact. As a consequence, ©y locally has a connection given by heat operators, and
in particular, ©, is locally free.

In corollary we saw that, under certain conditions, (M/B).D}, /BEE
Og, so the last corollary implies that

P(M/B),0n : WE/Op — 03
is an isomorphism, and hence has a unique global section.

Corollary 2.2.10 (Hitchin projective connection). We have that ©% has a flat
projective holomorphic connection, that is given by

VH

OHEnd%BQEHA.(/)\/[/B @zHGBH(),

where VM := P((M/B).on)~". It is uniquely determined by the property that it
can be locally given by a heat operator.
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It just remains to explain the flatness, so let X,Y be local vectorfields on B.
Then, at least locally, there are local sections Wx, Wy, Wix y, of (M/B).on
that, respectively, lift X, Y, [X,Y]. By direct computation one can verify that
[Wx, Wy] is a local section of (M/B)*Wg’ and that (M/B).on([Vi, VH]) =
[X, Y]. Hence the normal symbol of [Wx, Wy] — Wx y; vanishes, so that it is in
fact a local section of (M/B)*D%/Bﬁe. However, (/\/l/B)*Df\A/BU3 = Op by
theorem so that the image of [Wx, Wy|] — W[x yj in End%B ©, vanishes.



Chapter 3

Algebraic data of G-bundles over
pointed curves

Fix a simple and simply connected complex Lie group G. In this chapter
we investigate certain algebraic data determined by the following geometric
data: a family of pointed curves over a smooth complex base space, that is
endowed with a principal G-bundle. More precisely, we will consider the
following: a smooth finite dimensional complex manifold B, an N-pointed
family of curves (C/B,p), N > 1, and a principal G-bundle P/C : P — C. To
this we shall associate certain Og-modules.

3.1 The data of an affine family of pointed curves

We recall the natural affine open cover of C that was introduced in Chapter 1:
let C,, be the completion of p in C, and let C° be given by C\p. The intersection
con Cyp, is denoted Cg . We have that C, Cg ,C° are B-schemes, and that

0:=(Cp/B)Og,, A=(C%/B).Oc, K :=(Cp/B).Og,

are quasi-coherent Og-algebras. The restriction map C° — 58 induces an
injective map of sheaves A — K, so that we can identify A with an Og-
subalgebra of K. Similarly, the restriction 53 — CAg allows us to identify O
with an Og-subalgebra of K. There is another Og-subalgebra of K that we

33
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will often use:
K:O = Ker dlC/OB - K.

As Og-algebra, O has precisely N maximal ideals, which correspond to the
points p1,...,pN - let my be the maximal ideal corresponding to p;. We denote
the intersection of these by

m = Nimj.

Clearly, the inclusion K° C O induces an isomorphism KO =O/m.
For a small affine open U C B, we have formal coordinates (t1,...,tN)
along p = (p1,...,pn) over U. Denoting Og(U) by R, we have that

N

O(U) = @RIt € K(U) = PR((t:)

i=1

and also A(U) € ; R((ty)). Furthermore,

mi =t0(U), m=) t0(U),K°=®R,

where in the last sum the i-th summand corresponds p;. Hence, up to iso-
morphism, all the information of (C/B, p), restricted to U, is encoded by the
subalgebra A(U) of } ; R((t1))

Lemma 3.1.1. The map sending (C/B,p) to the quasi-coherent Og-algebras O, A C
IC as above is functorial. It has a left inverse if we forget the ordering of p =

(P1,-.-,PN).

Proof. The functoriality is obvious from the definition. For the left inverse,
let (C/B,p) be a family of N-pointed curves giving rise to quasi coherent Og-
algebras O, A C K as above. Then, continuing with the notation introduced
above, we have that C° = Spec A, Cp = Spec O and 50 = Spec K. Moreover,
the maps CS — Cp, Cg — €0 are the ones determined by the inclusions O, A C
K. Hence C = Spec O Xspec k Spec A. The points py, ..., pn are determined
by the maximal Og ideals of O, though without ordering. O

Example 3.1.2. Suppose B = Spec R. Let f(x) € R[x] be of the form (x —
T1) - (x —T12941), 71 € Rand g > 0, such that there are no ri,r; that are
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simultaneously zero on Spec R. So f is family of polynomials over B with
distinct roots. Then A = R[x,yl/(y? — f(x)) defines an affine family Co =
Spec A of plane curves over B, whose regular functions are given by R[x] +
Rix]y. Let C be the closure of this curve in P? x B, then it consists of C° and
a single (R-) point p at infinity. This point is singular, for every curve in the
family C /B. Let C be the normalization of 5, then C is smooth and has a closed
R point determined by p - we also call it p. Near p, we can find a parameter
t such that x = t 2 and y = t~'29%u(t), with u(t) a root of t229t1f(t~1) in
R[[t]]. In this case O(B) = R[[t]] € K£(B) = R((t)) and A(B) = R[x] + R[x]y =
Rt 2] 4+t~ 1729u(t).

From the lemma above, we see that a pointed family of curves over B cor-
responds to a certain triple of Og-algebras. Therefore, the cohomology data
of the former must also be expressible in the latter. In the next subsection, we
will show how this is done.

3.1.1 Cohomology of an affine family of pointed curves

We will first study the cohomology of a single pointed curve in greater de-
tail; after that we treat the relative case in lesser detail. The reason for this
approach is the following: the arguments used for the relative case are local
variations of the ones used in the absolute case, but the notation used in the
relative case is more involved than in the absolute case. Hopefully, after read-
ing the part concerned with the absolute case, the reader can fill in the details
for the relative case. In the rest of this chapter, we will repeatedly use this
approach.

So, let (C/Spec C,p) be an N-pointed curve. In this case, we will identify
O, K, A, K° with their global sections, so that they are algebras over C. Con-
sider the singular cohomology of the pair (C, C9), C% = C\p with complex
coefficients and focus on the following part of the long exact sequence of the
pair (C, C):

H'(C, C%C) —H'(C;C) —=H'(C%C) — H*(C,C%C) —
—— H?(C;C) ——= H?*(C%C).
Using the Thom isomorphism H*(C, C% C) = H*2(p; C), we see that

0 k>2

k 0. _
HAC.C ’C)_{ K° k=0.
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Using the labeling of the points, we can identify X° with CN.

By Poincare duality, we have that H?(C;C) ~ Hy(C;C) ~ Cand by retract-
ing CO to a 1 skeleton we see that HZ(C% C) = 0. Thus, the exact sequence
above simplifies to

N
w 2 iz

KO C 0. (3.1)

0 ——H'(C;C) ——=H'(C%C)

In terms of De Rham representatives, the map w can be computed explic-
itly: take an element of H'(C%C) and represent it by a closed smooth 1-
form o. Also, choose small open neighborhoods V;, U; of p; diffeomorphic
to B2 such that V; C U;, and denote U = UiUiy, V = U;Ui. We call a
C®-function ¢ : C — [0,1] a smooth cutoff function at py,...,pN, subordi-
nate to U,V if ¢ is equal to T on C\U, and if ¢ is identically 0 on V - choose
such U,V,¢. Then ¢« has the same periods as o on C\U, so that it rep-
resents the same class in H'(C\U;C) = H'(C%C). However, since ¢ van-
ishes near p, d(¢«) is defined over C and therefore defines an element in
H2(U,0U;C) ~ H4(B2%,S";C)N. But Hy(B?,S":C) has a canonical generator
given by B2, so H%(B2,S":C) = H,(B2,S';C)* can be canonically identified
with C by the integration paring. Choose diffeomorphisms k; : U; — B2 such
that ki(pi) = 0, denote oy = (ki)*x and ¢i = (ki)*¢d. Then the i-th component
of w(x) is

[ awe =] ae =] da=| w

i.e. w(a)i is the winding number of « at p;. Note that

Zw(oc)ija( d(a) =0,

C\u)

so that w(«) lies in the hyperplane of CN with zero component sum.

To compute the cohomology of C°, can also use a holomorphic resolution:
since C° is affine, H®'(C% = H'(C% O) = 0, so H'(C%C) = H'O(CO).
Therefore the complex

0—= 0(C% —%= w(C%) ——=0,

computes the cohomology of C°. Here O(X) and w(X) denote, respectively,
the holomorphic functions and holomorphic 1-forms of a complex variety X.
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Hence, for the first cohomology group we have
H'(C%C) = w(C%)/ dO(CO). (3.2)

Thus if we represent an element of H'(C%C) by a holomorphic 1-form on
CP, w sends it to the vector of 27t times residues at the points. The image
of H'"O(C;C) = w(C) in H'(C%C) = w(C®%)/ dO(CP) can now also be under-
stood as those holomorphic 1-forms on C° that extend to C, and consequently,
the nontrivial elements of H®'(C;C) are represented by holomorphic 1-forms
on C° that do not extend to C.

Consider the subset V of elements of w(C°) that represent the image of
H'(C;C). By identifying elements of w(C®) with their restrictions to (?8, we
can consider the subset d~'V C KC, i.e. the elements of I whose differential
is the restriction of a holomorphic differential on CO, that corresponds to an
element in H'(C;C). Since a differential on 58 can always be integrated lo-
cally, the image of d( qu) in w(C%)/0O(CY coincides with that of H'(C; C);
we identify these two. The kernel of the map d : ( d V) = H'(C;C) is
A+ K% C K, sothat H'(C;C) = d7'(V)/(A + K°) where the isomorphism is
induced by d.

We now generalize the discussion above to the relative case: let (C/B,p)
be an N-pointed family of curves, and O, K, A, £° m the corresponding Og-
modules. Below we will use the following notation: H*(X;F) denotes the
singular cohomology of a topological space X with coefficients in a sheaf F
over X. Using this, we have for a small enough U C B the following analogue
of (3.1):

0 — H'(Cu; (Cu/W) ' Op)u — H'(C; (Cu/W) ' Op)u ——
— K%(U) —= O(U) —0.
Here H'(Cy; (Cu/W) ' Og)y is short for H (Cy; (Cu/UW)~'0Og)/H! (U; Op), and
H1(C&; (Cu/W)~'Op)y has a similar meaning. Assuming that U is simply
connected, the exact sequence simplifies to
0 —H'(Cy; (Cu/U) 7' OB) — H'(C;; (Cu/W) ' Op) —
— KO(U) — O(U) —0.
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The assignments that maps U to the O(U)-modules above are presheaves.
By sheafification we obtain

w

0—=R'(C/B).(C/B) 'O —=R'(C°/B).(C°/B) '0p ——
— (C/B).K®— O ——0. (3.3)
The relative version of (3.2)) reads
(CO/B).weo 6
deojpA
where we recall that A was defined as (C°/B).Oo.
Definition 3.1.3. Define

H:=R'(C/B).(C/B)'Op

R'(C%/B).(C°/B)'Op =

and let B be the maximal subsheaf of K consisting of sections b € £(U) such
that d /Bb is the restriction of an element of H(U) C weo /B(Cloi) / deo g A(U)
P

to CAglu, for any U C B.
Lemma 3.1.4. The sheaf H is a locally free Og-module of finite rank with a natural

flat connection and the sheaf B is a quasi-coherent Og-module. Furthermore, the
differential d: K — wg, B induces an isomorphism H ~ B/(A + K°).
P

Proof. For a small contractible U C B containing a (closed) point b, Cy, is a
retract of Cy. Hence we have a natural isomorphism

H(U) = H'(Cy; (Cu/U)'Og) = H' (Cy; C) © Op.

This clearly shows that H is locally free and of finite rank, and the naturality
of the isomorphism makes the flat structure determined by the isomorphism
is independent of the choices made.

Locally over B, Wea /B is of the form () ; Op((ti))){ dty,..., dtn}, so that

locally, a section of w /B has a primitive in K. Thus

d -
co/B

0—=A+K° B H 0

is exact. From this we see that B, being an extension of quasicoherent sheaves,
is quasicoherent. O

The Og-module K has a natural presymplectic structure, as we will see in
the next subsection.
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3.1.2 (Pre)symplectic structure: the absolute case

We return, for the moment, a single N pointed curve (C/Spec C,p), and let
the C-algebras K, O, A, K° and m be as before.

Definition 3.1.5. Let (-,-) : £ ®c K — C be defined by

f®g— ZRespi(g df).

1

In terms of the coordinates t; at p; introduced before,

(th,th) = ) Resi(thth " dt) = 8nmbiiro-
i

If f,g € K, then Resy,, (f dg) = Res, ( d(fg))—Resp, (g df) = —Resy, (g df), so
that (-, -) is antisymmetric. Furthermore, by the formula above, we see that if
dg is nonzero, there is always an f € KC such that } ; Res,, (f dg) is nonzero,
so that the kernel of (-,-) coincides with that of d, i.e. K°. We can therefore
conclude that (-, -) is a degenerate presymplectic form on K with kernel K°.

Lemma 3.1.6. If f1,f, € B and c(fy),c(f2) are the elements that f1,f, define in
H'(C;C) (via d(?O/B : B/(A+ K°) ~ H), respectively, then
P

JCC(f]) A C(fz) = —Zﬂi(f],fz).

Proof. We can find De Rham representatives as follows: let U;, V; be small
open neighborhoods of pj such that the following holds: f; is defined on U\p
for U = (U;U;), p; € V5 € U, U; is diffeomorphic to BZand Uy N U = 0
if i # j. Choose diffeomorphisms k; : U; — B? such that ;(p;) = 0, and
subsequently a cutoff function ¢ : C — [0, 1] near p, subordinate to U,V,
where V = J; V;. The differentials df; on CAS are by assumption restrictions
of differentials, say o, on CO. We then have that

&= b+ i dd

represents c(f;): first observe that this is a well defined closed 1-form on C.
Second, since on C\U we have that a; = o, the periods of &;, «; on C are the
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same, so that these forms define the same cohomology class. Note that on U,
o = ¢ dfy + fy dd = d(fidp). The rest now follows from Stokes’ theorem:

J'&1/\&E = J oc1/\0(2—l-J d(f](b)/\&ZZO—l-J d(fi1day)
C C\u u u

— Luﬁd)(d) df + 2 do) =J

f1dfy =27 ) Resy, (f1 dfy)
ou i

= —27Ti(f1,f2).

In the first we used that the wedge product of the forms of type (1, 0) vanishes
and in the fourth step that ¢ =1 on C\U. O

For any F C K, we write F L for the annihilator of F in K with respect to

('v )
Lemma 3.1.7. The following holds
o B=At

e (-,-) is well-defined and nondegenerate on A+ /(A + K°) and corresponds to
the integration paring under the isomorphism A*/(A + K°) = H'(C;C),
which is induced by d.

e the isomorphism A+ /(A + K°) ~ H(C;C) restricts to an isomorphism B N
m = w(C).

Proof. If f € Band g € A, then df € w(C°) and therefore g df € w(C°)
as well. But (f,g) = > ;Resp, g df = 0 by the residue theorem, so f € AL,
The residue theorem also tells us that if }_; Resp, df = 0, then df € w/(C°).
Thus, if f € At and g =1 € A, then 0 = (f,g) = > iResp, df, so df e
w(C% and f € B. Obviously, (-,-) is well defined on A*/(A + K°), and
since it corresponds to the integration pairing by the previous lemma, it is
nondegenerate. Finally, if f € BN O, then df is regular near p,so df € w(C).
Conversely, if « € w(CO% is regular near p, then so is a primitive in K, hence
d(BNO) = d(BNnm) =w(C). But disinjectiveonm,so d: BNnm — w(C)
is an isomorphism. O

We summarize what we have derived above: to a pointed curve (C,p),
we associated a vector space H'(C;C), a symplectic form on H'(C;C) and a
Lagrangian subspace (BNm)/(A+K°). The relative version of this is precisely
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the input data of Chapter 4. Before going to the relative case, we will first give
the relation with the presymplectic structure of K.

Proposition 3.1.8. Let IC, K° O, m, A, (-, -) be as before, and define F* = A+ Nm.
Let A~ be a complement for K° in A. There exist linear subspaces F~ C A+ and
A" C msuch that

e K=AaoF aoKeoFteoAtandm=F"a A",
o (AF, FH) =0,
e (-, restricts to a perfect pairing between F~, F+ and between A~, AT,

e the isomorphism A*/(A~ + K°) = H'(C; C) identifies F~ with H®'(C) =
H'(C,Oc¢) and F+ with H'O(C) = HO(C, w¢),

o K=0:= A+ F~ + KO is independent of the choice of F~.

Proof. Take for F~ a lift of H>'(C) € H'(C;C) to A+ under the isomorphism
A+ /(A+ K% — HY(C;C), suchthat F N (A+ K% =0and F NF+ =0.
We review how F~ is identified with H%'(C): let f be in F~ and let U, V, ¢ be
as in the proof of lemma Also, let o« € w(CP) be the differential whose
restriction to 58 is df. Then the De Rham class of f is represented by o +
f d¢. By the way F~ was chosen, the (1,0) part of this expression is exact;
the (0,1) part equals fo¢. Under the standard isomorphism HY(C,O¢) ~
HO1(C), fad corresponds to [f] € H'(C,0¢) = K/(A + O). So F~ maps
surjectively onto /(A + ), and consequently X = A+ F 4+ 0 =A"+F +
K% + m. Since in addition, all summands intersect trivially, C = A~ @ F~ @
K° @ m.

Take A7 to be (F7)* N'm, then we have that

FrnAt=mnAtn(F )t =0,

for d(mnALN(F)t) = HY(C)NHOT(C) = 0. Hence the map F+ — m/A*
is injective. However, (-, -) is well defined and nondegenerate on 7~ @m/ A",
so F+ — m/ A" must be surjective as well. It follows thatm = F* & A*, and
asaresultof that K= A" @ F oK' e Fr g AT,

The second, third and forth assertion now follow from the definitions
(and lemma for the fourth one). For the final assertion we remark that
K=0= d"HO'(C). O
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3.1.3 (Pre)symplectic structure: the relative case

We now return to the relative setting: let (C/B,p) be a family of N-pointed
curves and I, O, m, K°, A, H the corresponding Og-modules.

Definition 3.1.9. Define (-,-) : K ®p, K — Og to be the map that for local
sections f, g of K is given by

f® g— Resp(g dC/Bf)

If, locally over B, t1, ..., tn are coordinates on C along p, then

1 _
(t‘ft}) = 5= Resp(’c}’c]i< Tdt) = 6 i81k0

The discussion above for the absolute case can, locally over B, be repeated for
the current relative setting. We give the resulting statements.

Corollary 3.1.10. The following holds:
o The kernel of (-, ) is KO,
o forevery U C B, b € Uand fy,g1 € L(U),

L c(f1) Aclf,) = —2mi(fy, ),

where c(f;) denotes the class of fi in H(U)
o B=A"t,

e () is well defined and nondegenerate on A+/(A + K°) and corresponds to
—2mti times the integration paring under the isomorphism A+ /(A+K°) ~ H
induced by d¢ /g,

o d¢ g induces an isomorphism BNm ~ (C/B).w¢ p.

The proofs of lemmas and can locally be adapted to the relative set-
ting - we will leave the details to the reader. The relative analogue of propo-

sition is the following;:

Proposition 3.1.11. Let the Og-modules K,K°, O, m, A and the Og-bilinear form
(-,-) be as before, and define F*© = ALt N m. Locally over B, one can choose a
complement A~ for AN K in A such that there exist Og-submodules F~ C A+
and A C m such that
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e K=A"aF eoK’eaFtoAtandm=F AT,
o (AT FH)=0,

e (-,-) restricts to a perfect pairing between F~, F* and between A~ A¥,

e the isomorphism AL /(A + K°) = H induced by dc g identifies F~ with
RY(C/B).O¢ and F* with (C/B).we /B,

o K=0:= A+ F~ +K° C K is independent of the choice of F ~ and is therefore
defined over all of B.

We emphasize that in the relative case, AE, F~ can only be assumed to ex-
ist locally over B: since they are not chosen naturally, local choices of these
sheaves will in general not glue to global ones. Before proceeding to the next
section, we recall the following identities:

(Co/B)Qcss = Qojoy,
(CAS/B)*—QC/B = Qk/04>
(C°/B)Qe/p = Qujop-

3.2 The data of an affine family of pointed curves en-
dowed with a labeled G-bundle

We will extend the situation of the previous section, i.e. families of pointed
curves, to principal G-bundles over them. This will be done first for the ab-
solute case: we start by letting (C/Spec C,p) be a pointed curve and @, 53,
C% 0O, K, A, m, K° be as before.

We recall that we fixed a simple and simply connected complex Lie group
G with Lie algebra g, and let P/C : P — C be a principal G-bundle. Define

Og = Ho(Cp, Adp/c), Kgi=HOCD Adp)c), Ag:=H(CO Adp,c).
Note that Oy is an O-module, Ky is a K-module and Ay is a A-module. By
the first of these observations, we can define another subalgebra of K:

mg == Ogm.

Restriction to (:’\g gives inclusions Oy, Ay C K4. By construction, Adpc inher-
its a Lie product, which in turn defines a Lie product on ICg over K. Clearly,
Ayg, Og4 are subalgebras of KCg.
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Note that P/C is trivial over 5]0 and choose a trivialization - we can then
identify Pe. / Ep with G x C,/Cp, and correspondingly, identify the restrlctlcln
of Adp,c to Cp, with g ® O. Hence Oy ~ g ® O and Ky ~ g ® K. We let ICg
be the subalgebra of O corresponding to g ® K° C g ® O with respect to the
trivialization chosen, so

O =K @x0 0, Kg=K @0 K

as Lie algebras over O, K, respectively. Since CY is affine, P is also trivial
over C° as we saw in Chapter 1. Choose a trivialization P /C® ~ G x
C%/C° and let a be the subalgebra of A, corresponding to g ® 1 under the
identification Ade 5/CO = @ X C%/C° So A; = a ® A as A-Lie algebras and
a ~ g. Since a provides a trivialization of Adp,c over CO, the restriction of
this to (Afg provides a trivialization of Adp,c over (Afg. Hence, regarding a a
subalgebra of Krg, we have that akC = .

Lemma 3.2.1. Up to isomorphism, Adp,c and its Lie product can be reconstructed
from Eg and a C /’ég ®jyco K as above.

Proof. Both 168 and a provide a trivialization of Adp,c over CAP. Hence they
differ by a transition function g : CAS — Ad(G). The AdG-bundle

~

(8 x C%) g (g% Cp), (3.4)

obtained by gluing the trivial bundles on C°, ép over 62 by means of g, is
isomorphic to Adp,c. Furthermore, the Lie products on Ay, O4 define Lie
products on (3.4) over Co, (Ajp. The restrictions of these products to g x 63
are the same. Moreover, since AdG leaves the product of g invariant, we also
have that g leaves the product on g x 6% invariant. Hence the product on
) over C°, (Ajp glue over 63. This product is identified with the one on
Adpc under the isomorphism that identifies (3.4) with the latter. O

Remark 3.2.2. Since P/C is trivial on C°, ép, it is obtained by gluing G x C°, G x
ép over ég by means of a transition function ¢ : ég — G. The adjoint bundle
is then obtained by the transition function Adfg). Hence, we can take g in
the proof above to be equal to Adg. Since Z(G) = Ker(G — AdG), g is in
general not uniquely determined by g. We also note that the class of g in
LG(CO)\LG(ég)/LZOG(ég) corresponds to the isomorphism type of P/C in
the moduli space of G-bundles over C.
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Assume that P/C has a flat connection V. This determines a flat connection
on Adp,c, which we also denote V. Since the latter comes from a connection

on P/C, it preserves [, -]. Given V, there is a canonical choice for IES:
0._
ICg =KerV C O,.

Lemma 3.2.3. For any choice of a as before, Adp,c, V can be reconstructed from
K, a C K @xo K up to isomorphism.

Proof. We already saw how P/C can be reconstructed from K¢, a. Let Ve

be the unique connection on Ad_ /G, that has ICS as its flat sections and
Cp

let V' be its restriction to é\g. Then V& has the property that if X is the

. . co .
restriction of a vectorfield on C°, then V¢ preserves Ag. This means that

VC extends uniquely to a connection over both CA]D and C°, and therefore
defines a connection on Adp,c, which by construction coincides with V. [

Lemma 3.2.4. Orne can choose a trivialization of Pco /C° such that the correspond-
ing a is a subalgebra of ICg iff P/C is trivial and V has no monodromy. If P/C is
reqularly stable, then a N ICS = 0 for any trivialization of P o /CP.

Proof. In case P/C is trivial and V has no monodromy, then there is a triv-
ialization of Pro/C® coming from a flat trivialization of P/C - this has the
property that a = a N k9. Conversely, if a N KJ = a, then a consists of flat sec-
tions that extend to p, so that Adp ¢ has a global basis of flat sections. Hence
we can take g as in the proof of lemma to be the map ég — {1}. Let g be
the transition function corresponding to the trivialization of P/C over C°, ép
chosen, then Adg = g. Hence g takes values in Z(G). Since G is a simple
algebraic group, Z(G) is discrete and therefore g must be constant, and there-
fore extends to C°. By changing the trivialization over C° accordingly, we can
assume g to be constant equal to 1, and hence P/C trivial. Since the trivial-
ization was flat, P/C admits a global flat trivialization so that V has trivial
monodromy.

Finally, if X € a N ICS, then X € H°(C,Adp /c), which is the space of in-
finitesimal automorphisms of P/C, which trivial if P/C is regularly stable. [

We proceed to the relative setting: let(C/B, p) be a family of pointed curves
and P/C : P — C a principal G-bundle. Furthermore, let Cp /B, CO/ B,C°%/B and
their structure sheaves O, K, A be as before.
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Definition 3.2.5. We define the following Og-modules
Og = (Cp/B)iAdpe, Kgq:=(C3/B)Adpe, Ag:=(C°/B).Adpc.
Clearly, Og4, K4, Aq are also modules over O, K, A respectively, and we define
mg = Ogm.

Suppose that P/C has a flat connection V over C/B, i.e. an algebra morphism
Oc/g — (P/C )50, ,8 Which is a section of the derivative of P/C. Given V we
define the K°-module

ICS =KerV C K.

As in the absolute setting, the Lie bracket of g determines a K-linear Lie
bracket [-,-] on ICg and Oy, A, are subalgebras of ICy. Furthermore, [, ] is flat
for V, so that ICS is a subalgebra of ICg, and Oy = O ®yo ICg, Kg =K ®jo ICS
as O, K Lie algebras, respectively.

Locally over B, we can assume C° to be affine, so that Ppo /C° is trivial - let
U C B such so that this is the case. If we choose a trivialization of Py / C&, we
obtain, in a similar way as above, a Oy subalgebra a of gy, that is isomorphic
to g ® Oy and such that Agly = a ® Ay as Ay-algebra. Lemmas and
3.2.4, and their proofs, can be adapted to this relative setting, provided we
work locally over B; we will just give the statement.

Corollary 3.2.6. We can reconstruct Adyp c, the Lie product on Adp ¢ and V from
K9, Ag C Kq, up to isomorphism. Furthermore, let a be as above for a local trivial-
ization (local over B) of Ppo /C O Then, still locally over B,

o one can choose a C Kq as above such that a C K3 iff P/C is trivial and ¥V has
no monodromy,

e if P/C is regularly stable, then a N ICS = 0 for any (local) choice of a.

For the second to last point, we recall that since V lifts sections of 6./,
parallel transport is only defined for paths in a fiber of C/B.

3.2.1 The cohomology of a family of G-bundles over a family of
pointed curves

There is a presymplectic structure on g4 that has properties similar to that of
K. In order to define it, we need the following: let tr be a nontrivial symmetric
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bilinear G-invariant form on g. We recall that symmetric bilinear G-invariant
forms on g are proportional, and that the Killing form is one of them. Since G
is simple, the Killing form is nondegenerate, and hence tr as well. Later on,
we will assume tr to have a specific normalization, but for the moment we do
not need this.

Since ICS can locally over B be identified with g ® K°, we can transfer tr
to a KO bilinear form on K - one can check that this does not depend on the
choice of isomorphism. This extends K linearly to Ky = ICS® 0 IC, and we also
denote the resulting bilinear form by tr. By construction, it is nondegenerate
and invariant under the adjoint action of g on itself. Moreover, it is flat with
respect to V.

We will describe the (pre)symplectic structure first for the absolute case,
and we will do this using the notation introduced above. In particular, P/C is
a principal G-bundle with flat connection V over a pointed curve (C,p). We
will also need the following: let G be the sheaf of flat local sections of Adp,c over
C,so ICS = Ho(ég, G). Below we will denote by H'(X; F) the i-th cohomology
group of the topological space X with coefficients in the sheaf F over X; if
X is a scheme and F and Ox-module, then H}(X, F) denotes the coherent
cohomology group.

We consider the following part of the exact sequence of the pair C, C° with
coefficients in G:

H'(C,C%G) —=H!(C;G) —=H'(C%G) —
— H?(C,C%G) — H?%(C;G) —= H?*(C%G) —o.

Using the Thom isomorphism, we have that H(C, C%G) = H'"2(p;G). This
vanishes for i # 2, and in the remaining case we can identify it with ICg.
Furthermore, observe that C° has the homotopy type of a 1-skeleton, so that
H2(C%g) = 0. By Poincare duality, H2(C;G) = Ho(C; G)*, which in turn can
be identified with H°(C;G). The exact sequence above therefore reduces to

Wy

0—=H'(C;G) —=H'(C%G) —= KJ ——=H(C;G) —=0. (35)

The cohomology groups above can be computed using the De Rham resolu-
tion with differential V, e.g H'(C% G) is given by

{xe 5&0 (G) | Vx = 0}/V580(Q)-
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Since HZ(C%G) = 0, this is just equal to 5&0 (Q)/VS(O:O(Q). The (0, 1) part of
H'(CP G) with respect to the Hodge decomposition vanishes, for

EX(G)/VOTEXR(G) = E&) (Adp,c) /AEL (Adp,c) = H'(CO, Adpc).

Here the left term is the (0,1) part of the complex De Rham cohomology
group, the middle part is the first Dolbeault cohomology group of the sheaf
Adp,c and the last term is the sheaf cohomology of Adp,c over C°. We also
used that £P9(G) = EP9(Adp,c). Since CO is affine and Adp,c coherent,
H'(CP, G) vanishes. It therefore follows that

HI(C%G) = £0(6)/VIOA0(G) = EL0(Adp )/ V0L (Adp )

HO(CO,wCo ®AdP/C) i w A ®A Ag
VHO(CO, Adp/c) | VA,

In the last step we used that wco ®o_, Adp/c = a ®c wco, where a is as in
lemma

The map wy in (3.5) has a description similar to the one for map the w
introduced before: take an element of H'(C%G) and represent is by some
element oc of HO(C® w o ® Adp /). Its restriction to CAS can be written as X'o;
for certain X; € ICg, ai € wi. Identifying ICg with @ing NHO( 631; Adp,c), we
have that the i-th component of wg(«) with respect to this direct sum is given
by

1
wglo)y = 7 Resy, (o)X, (3.6)

3.2.2 (Pre)symplectic structure: the absolute case

Using the IC-bilinear form tr on Cgy introduced before, we define the follow-
ing.

Definition 3.2.7. Let (-,-)g : g ®)0 Kg — C be the Op bilinear form on K4
that satisfies

(X, Y)g = Z Resy, tr(y, Vx)

for local sections x,y of Cg.
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Iff,ge Kand X,Y € ICg then
(X f,Y®g)=1tr(XY)(f, g).

From this, we immediately see that (-, )4 is C linear, antisymmetric, and has
kernel ICS. Below we will construct a “nice” decomposition of Iy, similar to
the one for K as in proposition[3.1.8| R

We start by noting that restriction to Cg identifies H°(C® w¢e ® Adp o)
with a subset of HO(CAS, wc ® Adp/c) = Wi ko ®xo Ky. Define By to be the
maximal subset of Kg such that V(By) lies in the image of H'(C:G) € H'(C%G).
We have that V(Bg) = HO(CO we® Adp /), because over 58 we can solve the
system of first order equations given by Vf = «, « € H°(C°% wc ® Adp)c)
and f € ICg. Therefore, the sequence

O*>Ag+lcg*>89i>H1(c;g) — =0
is exact. We can now formulate the analogues of Lemmas and[3.1.7):

Lemma 3.2.8. Suppose f1,f, € By and let c(f1), c(f2) be De Rham representatives
for the classes they define in H'(C;G). Then

JC tr(c(fq) Ac(fz)) = —2mi(fy, fz)g.

Proof. Let U,V, d be as in the proof of lemma Without loss of gener-
ality, we can assume that Adp,c, V are trivial over U, and we let X; be a
basis of flat sections of Adp,c over U. Furthermore, let a1, &, be the elements
in HO(C% we ® Adp /c) whose restriction to CAg equals V1, Vf;, respectively.
Then &; = ¢+ fi dd represents c(f;) in H(C; Adp,c). Over U we have that
oy = ¢VFi+ fi dd = V(dfi) so that

L trlclfAc(ia) = | wdang)+|

(T A) =J (V(GF)AV(HF2),
u u

c\u
where we used that over C\U, X = &4 SO tr(oq A o) is of type (2,0).

On U we can write f; = f1X; for certain f] € K. Using that the Xj’s are flat,
we conclude that

Jtr(c(ﬁ)/\c(fz)) = Jtr(xid(tbf%)/\xj d(¢f)))
C u
= X)) | diofi) A dlof))
u

= tr(Xi,Xj) ) 2miResp, (f},)) = —2mi(fy, ;).
k
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To derive the second to last step, one can use Stokes’s theorem in a similar
way as at the end of lemma O

Lemma 3.2.9. The following holds
o By=Ag,

o (-,-)gisawell defined and symplectic form on AgL /(Ag+ ICS) and corresponds
to the tr-integration pairing under the isomorphism

AL /(Ag + K9 =H'(C;G)
that is induced by V,

e this isomorphism restricts to an isomorphism BgNmg = HO(C, wc®Adp /C)-

Proof. If f € Bgand g € Ay, then Vf € HO(C° wc ® Adp/c), and therefore
tr(gVf) € w(C°) as well. The sum of the residues of this differential at p
vanishes, so (f,g) = 0 - hence By C Aé. Conversely, suppose that f AL,
then forall g € Ay, 0 = (f, g) = > ; Resy, tr(gVf), so tr(gVf) lies in w(CO) (for
all g € Ay) by the residue theorem. If we let g run over an orthogonal basis
(Y3} of a, with a as before for some choice of trivialization of P /C® and write
Vf = Y;a! for some meromorphic 1-form !, we see that «* € w(CP) for all i.
Hence Vf € HO(C% wc ® Adp/c), so f € Bgand A+ C B.

Obviously, (-, -)4is well defined on Aj / (Ag—i—ng), and since it corresponds
to the tr-integration pairing by the previous lemma, it is nondegenerate. Fi-
nally, if f € By N mg, then Vf is regular near p, so Vf € HO(C,wc ® Adp/c).
Conversely, if Yiot € HO(C, we ® Adp /c) is regular near p, then so is it prim-
itive in KCg, and hence B3 N Oy — HO(C,we ® Adp/c) is surjective; its kernel
is obviously By N K. O

Using these lemmas, we can formulate the “orthogonal” decomposition
result for the absolute case:

Proposition 3.2.10. Let Kg, Og,my, K9, Ag, (-, )¢ be as before, and define Ff =
Ag Nmg. Also, let A be a complement for K3 N Ag in Ag. There exist linear
subspaces Fq C AgL and A; C mg such that

e Kg=A; & F, oK@ Ff @ Al andmg = F & A/,

o (A7, F5) =0,
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e (-, ) g restricts to a perfect pairing between F .7-"; and between Ay, A;F,

e the isomorphism Aé/(A; + ICS) ~ H(C;G) identifies Fq and .7-"9+ with
H'(C, Adp,c) and HO(C,we ® Adp ), respectively,

. ICgo =Ag+Fy + ICg is independent of the choice of F .

Proof. Take for 7 a lift of H%'(C;G) C H'(C;G) to Aj such that 7, N (A4 +
ICg) =0and F; N ]—'g+ = 0. We review how F is identified with HOY(C: G):
let f be in 7, let U, V, ¢ be as in the proof of lemma and let « be the
element of H°(C% wc ® Adp /c) corresponding to f. Then the De Rham class
of f in H'(C;G) is represented by ¢ o + f d¢. By the way JF4 was chosen, the
(1,0) part of this expression is exact; the (0, 1) part equals fodp. Under the
standard isomorphism H'(C,Adp /c) HO1(C; G), fod corresponds to [f] €
H! (C,Adp/c) = Ky/(Ag + Oy). So F; maps surjectively onto Kg/(Ag + Oy),
an consequently Kg = A+ F; + 0y = A+ F; + ICg +myg. Since in addition,
all summands intersect trivially, Kq = Ay & F, & Ky & mg.

Take A; to be (]—"g*)L N mg, then because 7 N Af = 0, the map F —
mg/((Fy )+ n mg) is injective. However, (-, ) is well defined and nondegen-
erate on F; x mg/AS, so Ff — n‘tg/((]-'g_)L N mg) must be surjective as well.

g
It follows that my = .7:; @ A;{, and as a result of that, gy = Ag ©F, & ICg &)

.7-"; @ .Ag. For the final assertion we remark that IC§O =V THY1(C;6). O

3.2.3 (Pre)symplectic structure: the relative case

We continue the discussion for a family of pointed curves (C/B, p), endowed
with a principal G-bundle (P,C), and assume that P has a flat connection V
over C/B. Again, we denote the sheaf of flat local sections of Adp c over C by G.

Analogous to[3.5] the long exact sequence of the relative cohomology over
B of the pair C,C° with coefficients in G reduces to

0 —=R'(C/B).G —=R'(C%/B).G — > K —= (C/B).G —=0,

where this is now an exact sequence of Og-modules. Note that if P/C is reg-
ularly stable, (C/B).G C (C/B)+Adp, = 0, since the last term is the sheaf of
infinitesimal automorphisms. Furthermore, we have that

(CO/B)*(UcO/B ®Adp/c w40, ®aAg

1,0 _
R'(C°/B).G = V(OB Adr e VA,
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Equation ( for wy still holds, provided we now interpret g, ICS as Op-
modules: if «;X!is a local section of R'(C°/B).G, where «;, X! are local section
of R'(C°/B).(C°/B) 'Oy and (C°/B).G respectively, then

wg(cxiXi)j = Resy, (o) XE

Definition 3.2.11. Let 4 be short for R'(C/B).G. Furthermore, let gg be the
maximal subsheaf of (CO/B)*(wC/B ® Adp /) with image in R! (CO/B)*AdP/C
equal to Hg, and let B, be the maximal X°-submodule of g such that VB, C
Eg, where we identified Eg with a submodule of g ® w¢ /.

Themap V : Ky — Kg®Qx /0, is surjective, so that by definition, V : By — B,
is also surjective. Hence By is mapped surjectively to Hg, so that the following
sequence is exact:

O E—— Ag + ICS Bg v Hg O

Note that for a closed b € B, the fiber of Hy, is just H'(Cy;G). Moreover,
the pairing that (-, -)4 induces on ‘Hy, is the tr-integration pairing from lemma
where the integration is over Cp.

We have the following analogue of lemma [3.2.9

Lemma 3.2.12. The following holds:
o By=Ag,

e (-,-)qisawell defined and symplectic form on .Aj /(Ag —I—ICS) and corresponds
to the tr-fiber-integration pairing under Aé /(Ag + ICS) ~ Hyg,

e this isomorphism identifies By N\ mg with (C/B).wc /g ® Adpc.
The relative version of proposition|3.2.10| reads:

Proposition 3.2.13. Let K4, Og, my, ICg,Ag, (+,-)g be as before, and define .7-'; =
Aj N mg. Locally over B, there are Og-modules Ay C Ay Fy C Aé and A; -
myg such that Ay is a complement for ICS NAgin Agand

e Kg=A; @ F, oKy Ff @ Al andmg = F & A],
o (A7, F5) =0,

e (-, ") g restricts to a perfect pairing between F, _7-“; and between Ag, Ag,
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o the isomorphism Ay /(A + K9) ~ Mg identifies F; with R'(C/B).Adp,c
and F+ with (C/B).(we/p ® Adp ),

. IC§° =Ag+Fy + ICS is independent of the choice of F .

The proof is an adaptation of the proof of proposition [3.2.70, where one con-
siders Cy/U instead of C/Spec , where U is such that C 0 affine; again, details
are left to the reader. We note that for regularly stable bundles, 4, N O4 =0,
so that we can take A, = A,.

3.2.4 G-symmetry for the case of a trivial bundle with trivial con-
nection

In Chapter 5, we will need a certain G-symmetry of Ky in order to construct
the WZW connection. More specifically:

Assumption 3.2.14 (triviality assumption). We assume that there is a G-action
on ICy that commutes with V, leaves [, ] invariant, preserves Ay and acts
without fixed points.

Lemma 3.2.15. Suppose P/C is trivial and V has trivial monodromy. Then, locally
over B, KCg has a G-action that satisfies , and preserves tr. Moreover, one can
locally identify ICq with IC @ g, such that 1 ® g consists of flat sections.

Proof. By Corollary locally over B there exists a subalgebra a of 44N ICg,
isomorphic to g and such that A; = aA - choose such an a and an isomor-
phism a ~ g. Then by via the adjoint action, G acts K linearly on g ® K ~
a®K = Kgand preserves Ag. The Lie bracket of Iy is preserved by this action
since the adjoint action of G on g preserves the product; the same goes for tr.
Furthermore, a C K°, so aK® = ICS. Since this is preserved by G, it follows
that V commutes with the G-action by K linearity. Finally, there are no fixed
points in g under G (recall that G is a simple algebraic group), so there are
also no fixed points in Ky under G. O

We now investigate the relation of proposition[3.2.13|with the G-action. First,
note that because ICg is preserved under G, and that the action is /C linear,
mK = mg and OKY = O, are also preserved. In fact, it is possible to preserve
the entire decomposition of Ky of proposition[3.2.13}
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Lemma 3.2.16. Assume that locally over B, g has a G-action as described in
3.2.14). Then G acts symplectically on Ky and preserves F. . In addition, one
can, locally over B, choose A;‘t, Bgand F;{ as in proposition|3.2.13[to be G-invariant.

Proof. Since G preserves mg and Ay, 7 is clearly also G-invariant. Further-
more, since the G-action commutes with V, we have that

(g-Xif1,9-Xof2)g = Resptr(g-Xzf2Vg - Xqfy)
= tr(g-X2,9-Xj)Resp(f2 d¢/sf1)
= tr(Xz,X7) Resp(f2 de/sf1) = (X1f1, X2f2)g

for any X; € ICg and f; € K. Here we used the G invariance of tr. Since
Kg is generated by = ICICS, it follows that G preserves (-,-)g. As a conse-
quence, orthogonal complements of invariant subspaces are preserved, and
in particular, Aé is G-invariant. In the proof of A, was chosen as a
complement for K9 N Ag in Ay, 7~ as a complement for Ag + K3 + FF in Aj
and .A; as complement for ]-'; in mgy. Since G is reductive, one can choose a
complement for G-invariant subspace to be G-invariant. Hence F , AF can
be chosen to be G-invariant. O

3.3 Derivations

We finish this chapter with the relations between the presymplectic struc-
ture described above and the derivations associated to the pointed family
(C/B,p). Besides 6 /g, these are

* 9%y 8 = OK/05/
* 86 5 = 00/05/
* (C°/B)+Oco,p = 0.4/0,-

Restriction of 5p, % to CAg gives, respectively, injective algebra morphisms
00,05 — Ok /0, Oa/05 — Ok /0y, and we will often identify 0 /0, ,0 4,0,
with their images in 0y /0, . Furthermore, we will sometimes also consider

the following sheaves of Og-algebras:

Definition 3.3.1. We denote the subsheaves of, respectively, 6x ¢, 00 /c,0.4,/c
that preserve OB by GK)OB /C» e(’),(’)g /C» GA,OB /C-
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Again, restriction to 53 identifies 0 o, /c and 0 4 o, c with subalgebras of
Ok 0y /c- By definition, we have inclusions

Ox/05 € Ox05/0y 9005 €00 050y Oa/05 € Oa04/cC

Lemma 3.3.2. For local sections x,y,z of Ky, e,f, g of K and D of Ox 0, we have
the following properties:

(ef,9) = (e, fg) + (f, eg) (3.7)
(De, f) = —(e, Df) = (Df, e) (3.8)

(eDf,g) = (eDg, f) (3.9)

0= (Ix,yl,2)g + ([y, z],x)g + ([z, Y], x)4 (3.10)

(Vbx,y)g = —(x,Vbylg = (VbY,x)g (3.11)
(Ix, Voul,z)g = (, [x, Vbzl)g = —([x, VDzl, )4 (3.12)

Proof. The first statement is the equality

ZReS]D g de,plef)) ZRes]D eg d¢/gf) + Resp, (gf d¢/ge).

For (3.8)), let Lp denote the Lie derivative with respect to D and tp contraction
of a 1-form with D, so Lp = d¢/gtp + tp d¢/g when acting on differential
forms. Observe that

f dC/B(De) + Df dC/Be =f dC/BLD(e) + I.D(f) dC/Be = LD(e dC/Bf)-

and that because Q%\2, =0,

c/B =
Lp(e d¢/gf) = (de/sip + o deys)(e deyaf) = despiple de/sf)
is exact. It follows that

(De,f) + (e,Df) = ) Resy (fdegDe) + Y Resy, (Df depe)
= Y Resy, (Ip(ede/pf) =0.

Relation (3.9)) simply follows from (3.8|) by noting that eD is also again an
element of Ok r/c-
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To prove (3.10)-(3.12)), we can, without loss of generality, assume that
X, Y, z are respectively of the form Xe, Yf, Zg, where X, Y, Z ¢ ICS. Then

(Xe,Yfl,Zg)y = tr([X,Y],Z)(ef, g)
—tr(X, [Z,Y])(e, fg) — tr(Y, [X, Z])(f, eg)
= —(Xe, [Zg,Yf])g — (Y1, [Xe, Zgl)q
= —([Yf,Zg],Xe)g — ([Zg, Xe], Yf)q

proves the (3.10),

(VbpXe, Yf)g =tr(X,Y)(De, f) = —tr(X,Y)(e, Df) = —(Xe, VpYf),

proves (3.12)) and
(Xe, VpYfl,Zg)g = tr([X,Y],Z)(eD(f), g) = tr(Y, [X, Z])(f, eDg)
= (Yf,[Xe, VpZgl)q

proves the sixth equation. O
Finally, we have the following useful result.

Lemma 3.3.3. If D is a local section of € 0 4,0,, f a local section of A+ and x of
Aj, then Df is a local section of A and Vpx of Ag. If V extends to a connection over
B, so V is also defined on Ok o, /¢, then for D a local section of © 4 o, /¢, D maps A
to itself and V' maps Ag to itself.

Proof. By definition of B = A, f has the property that ds, ,.f extends to a lo-

Cco/B
cal section of (C°/B),w¢ /B, S0 that Df, being the contractign between sections
of 6o /5 and (CO/B)*wC/B, is a section of (C°/B),0¢ = A.

A similar argument goes for By = Aj: Vpx is the contraction between
D, Vx, and since the first lies 0.0 5, and the second in (C°/B).Adp /¢, the
contraction is a local section of (C°/B).Adp sc = Ag.

The final assertion follows form the observation that is f is a local section
of A (or Ay), then locally over B, both D (or Vp) and f are defined on C 0 so
that Df (or Vpf) is also defined on C°, and hence is a local section of A (or

Ay). O



Chapter 4

The Fock representation associated to a
variation of Hodge structure

In the previous chapter, we have extracted certain algebraic data from a geo-
metric object: a family of pointed curves, endowed with a G-bundle with con-
nection. This data will serve as input for this chapter and the next. Morally
speaking, in this chapter we will only use the cohomological data associated
to the geometry, whereas in the next one, we will use a little more. Both out-
puts will be compared in the last chapter where, as we will see, the results of
this chapter can be interpreted as the “graded” version of the next chapter,
with respect to a certain natural filtration. We start by, basically, redoing the
tirst part of [10].

4.1 The Fock module F(H, F).

We will work with the following setting: let B be a smooth finite dimensional
complex manifold with sheaf of holomorphic functions Og. Furthermore,
we assume given a locally free Og-module H of finite rank, a Og-bilinear
symplectic form (-,-), and a Lagrangian Og-submodule F of H. The reader
can take B, 7, H, (-, -) as in the previous chapter as example in mind. Below
we will often shorten the assumption “x is a local section of an Og-module
M’ to x € M - we trust that no confusion will arise.

57
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Since (-, -) is nondegenerate,
H — H* :==Homp, (H,08) : a+ (a,-)

is an isomorphism; we call the pair (H, (-, -)) a symplectic Og-module. There
is a Lie algebra naturally associated to the symplectic Og-module (H, (-, -)):

Definition 4.1.1. Define H := H & Op and endow it with the product
[a®Tb@r]=08 (a,b).

The global section 0 @ 1 is denoted h.

~

One easily checks that (H, [+, -]) is a Lie algebra with center Ogf; it is called
the Heisenberg algebra. If we regard H as Lie algebra with trivial product, than
H is a central extension of H by Og with central generator A.

Identify the isotropic submodule 7 C H with its image in ﬁ, and observe
that itis an abelian subalgebra, as is the trivial central extension Fi=F+ hO3.
The latter has a character X, given by the projection to Og along F. One can
use X, or any multiple of X, to define an action of F on Og.

Definition 4.1.2. To the tuple (X, (-,-), F, ), with { € Z and the rest as above,
we associate the Verma module

F(H,F)o = UH @z O,

where F acts on Op by {x. We call this the Fock module associated to (H, (-,-), F)
of level £ and write f, for the (global) generator 1 ® 1.

From now on, we will assume { in 7Z to be fixed. Note that % acts on F(H, F), as
multiplication by {, and that { is in fact characterized by this property.

If 7' is a Lagrangian subspace complementary to F, we have that the
inclusion SymeF’ — F(H,F) is an isomorphism: surjectivity follows by
commuting all factors 2Og and F to the right, were they act via multiplication
and 0 respectively. Injectivity follows from the vanishing of (-,-) on F’. We
write X o fo for the image of X € Sym, F' in F(H, F),

4.1.1 The representation of sp(H) on F(H,F),

There is a canonical representation of sp(H) on F(H,F),, as we will show
next. By tensoring an isomorphism H — H* with H, we obtain another iso-
morphism H ® H — H ® H* = End(H). In case of the one induced by the
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symplectic form, we call the resulting map E:
EEHOH—>HOH :a®br— (x+— a(b,x)).

The natural involution on ‘H ® H corresponds to an involution on End(H)
under this isomorphism, and we denote it by (-) T, so

(Ea®b)T = Eb®a~

Since (Eqgbx,y) + (X, Eagvy) = (b,x)(a,y) + (b,y)(x, a), we see that Eygp is
symplectic iff a = b. It follows that E restricts to an isomorphism Sym,H —
sp(H) and that sp(H) is the fixedpoint set of (-) .

We now introduce a special class of local bases of H, in which E takes a
very nice form.

Definition 4.1.3. We call a set of local sections {ei}jj—1 . C H a local qua-
sisymplectic basis of H over Og, if locally it is a basis for H over Op and
(ei, 6]') = 161’,]'.

(x,e_j

Given such {e;} and a x € H, we have that x = }_; i) ei. Using this, one

i i
readily verifies that

-1 — ] = (aei,e)
ORI T N
=1 [il,li[=1

If we regard Hom(H/F, F) as a submodule of Hom(H, H), then E restricts to
an isomorphism of Sym,F to Hom(H/F, F): suppose a ® a € Sym,F, then
Eaga Obviously has its image in 7 and has kernel equal to F, so that it factors
over H/F ~ F'. Conversely, if E qgp maps to F and has kernel F, thenb € F
and (a,F) = 0, so a € F. By choosing a Lagrangian submodule 7' C ‘H
complementary to F, we can identify H/F with F’, so that E restricts to an
isomorphism Sym,F = Hom(F’, F). Similarly, E restricts to an isomorphism
SymyF’ — Hom(F,F'). We now define

T:End(H) —» UHA ] : oo zlhE*Woc).

Lemma 4.1.4. The restriction of T to sp(H) is a homomorphism of Lie algebras.
Furthermore, if « € sp(H), then ad t(«x) acts on UH[EY as «.
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Proof. 1t suffices to check these statements for , 3 of the form Eqga, Ebsb,
respectively. We start with the last statement; let x € H, then

ad T(Eqga) (x) = %[ao a,x] = o
For the first statement we have that
4h*[1(Eaga), T(Epgp)] = [ao a,bob]
= [a,bloaob+aocla,blob+bola,bloa+boao]la,b]
= 2h(a,b)(acb+boa)=(a,b)T(Eagbiboal

(aola,x]+la,xloa) = ala,x) = Eagax.

and
[Ea®ay Eb@b](X) = (b,X)(a,b)a— (a,X)(b,a)b = (a,b)((b,X)a+(a,X)b)
= (a,b)Eagbivealx)
so that T([Ea®a, Eb®b]) = (a» b)T(Ea®b+b®a) 0

The lemma above shows that, if we let p denote right multiplication of UH on
F(H, F)¢, then potis arepresentation of sp(H) on F(H, F),. For E(a®a) = «,

~

X € UH, we can give an explicit formula for the action:

2hp(t(x))(Xofy) =acaoXofy=adlaoa,X]off+Xoaoaof,

= 2ho(f) o fo + 2hf o T(a) o fy.

We now make a small digression here to discuss the notion of normal or-
dering.

4.1.2 Intermezzo: normal ordering

Suppose M is an Og-module and {M}ic1 are submodules of M such that
M = @i M. In case M has a topology, we relax the latter requirement
to the condition that @;.; M is dense in M. We also assume that a partial
order P on I is given. The normal ordering associated to ({Mj}ic1, P) is the
map

b®a j<i

M=E = MEP M@ M; 2 a® {a@b otherwise

We call it nontrivial if it is not the identity. The common notation for a normal
ordering is x —: x : (and the colons are called the normal ordering symbol), but
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the reader should be aware that the meaning of this depends on the data men-
tioned above. This can lead to very different normal orderings; we analyze
the possibilities.

The set NO(M) of pairs ({Mi}ic1, P) forms a partial order, where we de-
clare that ({(Milicr, P) < ({(M{}icr, P’) iff there exists an order preserving
map v : I’ — I such that M{, € M,(;. The minimal element is (M, ()
and leads to a normal ordering map which is the identity. In fact, any pair
({Milier, 0) leads to a trivial normal order. The simplest nontrivial orderings
are obtained by a decomposition M = M1 & My, ie. I ={12}and 1 < 2:
these form the smallest elements in our partial order with a nontrivial nor-
mal ordering map. The maximal elements on the other hand are of the form
({Milier, P) such that every Mj is free of rank 1 and P is a total order - this
corresponds to giving a totally ordered basis {vi} of M.

We return to the representation T. Suppose F' is a maximal isotropic sub-
space of H complementary to F. Then the decomposition F' & F defines a
normal ordering, which shall be denoted nz/ 7 : H®2 — H®2, Furthermore,
let ¢ denote the composition of the natural maps H®2 5 UH — Uﬁ[h‘ﬂ,
and write ¢r/ 7 := ¢ ong/ 5. We define

1 .
TFr = 5 o E~':End(H) — UH[E].

Remark 4.1.5. If ({Hi}ier, P) € NO(H) defines a normal ordering map n’ and
({Hitier, P) > F'@F, then %id) on’oE~! = 14/. This follows from the fact that
for a,b € F (or a,b € F’), aob = b o q, so that within isotropic subspaces,
the ordering has no effect when composed with 1. Thus we can freely refine
the normal order defined by 7’ & F used in the definition of T/ - the result
will stay the same.

Lemma 4.1.6. Tr/(x) = t(at) + 5 tr(e)”, where tr(-)” denotes the trace of the
End(F) component with respect to the decomposition H = F' @ F.

Proof. 1t suffices to check this for elements of the form E((a+ a’) ® (b +b’)),
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a,be Fand a’,b’ € F’. On one the hand one has

:
Tr (Elaraebiv)) = E‘b]—",f((a +a')®(b+1b')

1
= E(aranemibn) +5-(—ao b’ +b'oa)

1 1
= T(Earaneoron) + Th[b/’ a] = t(E(aranemiv)) + E(b/’ a).
whereas on the other
tr(E(aransmiv))” = tr((b,-Ja+ (b, )a+ (b,-)a’ + (b',-)a’)”
=tr((b’,-)a) = (b, a).

O]

One should be aware that tr(«)” depends on the choice of F’, for it is equal
to tr(7tz o oc o wr), where 7 is the projection of H on F along F'. From this
and the previous lemma, it follows that T+ depends on the choice of F’, but
ad Tz does not. Another direct consequence of the lemma is the following.

Corollary 4.1.7. If o, 3 € End(H), then

(e (@), ()] = e (e, B1) 3 trllox, 1) = (e, B)) — 3 trlodez, B,
where Tz is the projection H = F & F' — F'.

Proof. Since 1(-) and t#/(-) differ by a central term, we have that

[tr: (o), T (B)] = [t(a), T(B)] = ([, B]) = T/ ([, B]) — 1E’fr([oc, Bl

Therefore, it remains to show that tr([x, ])7 = tr(«[m, B]). We can decom-
pose «, 3 : H — H according to the decomposition H = F & F:

aw=o"F 4 o7 4o F 4 oFF | B =pTF 4 T 4 pFF 4T

where a”Q BPQ € Hom(P,Q) for P,Q € {F,F’}. In terms of this, we have
that

’ ! ! !
tr(oFF BT 4 oF FRFF — pFFoFF — pFFoFF)

tr([ox, B1)”

tr(oF FRFF — pFFoFF),
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Furthermore, since [t/ = [tr = 0, we also have that

tr(almtg, Bl) = tr(almg, [Sf'f—|- Bff/]) = tr(ocﬁff/ — ocﬁflf)
tr(o” FRFF — oFF' BFF) = tr(aF T BFF — T F T,

O]

Before finishing this section, we prove two formulas for 17/ that will be used
later on.

Lemma 4.1.8. Let F,F’,tx/ be as above and let «, 3 € sp(H) be such that xF =
0=BRF'. Then
T (af) = —Tr (Ba).

Proof. Choose a basis Og-basis eq,...,en of F and lete_q,...,e_, be a basis
of 7' such that (e;, e_j) = 11, so {ei} is a quasisymplectic basis of H. Then

n
((Xﬁe',e’)
Zth:/(OCB) = (l)]:/’]: Z #6_1696_]'
[il,li/=1
n
—(PBey, xej)
e d_)]:/)]: .IZ]ijei®e]‘
il,[j|=

Since aF = BF' =0, (Pey, xe;) can only be nonzero if i > 0 and j < 0. In that
case, pr/ rle_i®e_j) = e_joe_jso that

n

2pi(of) = )

[i,il=1

—(Bey, xej)
i

e_joe_j.

For 17/ (B«) we have exactly the converse:

n
— (e, Bej)
2htr(B) = bFF |.§1;].)61®6j
D=

mn mn
—(xey, Be;j) —(oej, Bei)
o Y e 1)
[il,ljI=1 [il,1j|=1
n
ei, oe;
-y Me_ioe_j,
1)

[il,jl=1
which equals —2At £/ (xf3). O



64 Introduction

Lemma 4.1.9. Let F,F' be as above and let Hom(F', F),Hom(F,F') be the
corresponding direct summands of End(H). If « € sp(H) N Hom(F,F') and
B € sp(H) NHom(F', F), then

tr(af)” =0, tr(Ba)” = tr(axp)

Proof. Simply observe that «f lies in the direct summand Hom(F’, F’) of
End(H), and Ba in Hom(F, F). O

4.2 A unitary structure on F(H, F),.

In this section we will describe a natural unitary structure on F(H, F),, of
which the canonical connection has scalar curvature.

Convention. For any Og-module M, we write M, for £ ®p, M, where £
denotes the sheaf of C*-functions on B; as an exception to this, we write
Foo (H,F)¢ for € ®o, [F(H, F)e.

We observe that the constructions above for the tuple (Og, H, (-, ), ) can
also be done for the tuple (£, Hoo, (-, -), Foo ), Where we also write (-, -) for the
C*>-extension of the Og-linear symplectic form on H, and that

FOO(H)]:)E = F(Hoo,j:oo)?,-

Of course, T induces a representation of sp(H) on F(Heo, Foo ) -

We now assume the following additional data: a real structure on Ho, given by
a conjugation map a — a, and a C*-connection on He, over B. The following
compatibility conditions are assumed: (-,-) and ¥V are real with respect to a — a,
(+,-) is flat for V and

(,):a®b —i(a,b)
is negative definite on Fo,. Finally, V is compatible with the Og-structure: VO is

Og-linear and VH = 0.

Remark 4.2.1. Though the following can be applied to any suitable variation
of Hodge structure, the idea goal is to apply it to the sheaves H,, 7, from
Chapter 3 - the reader can keep these in mind as example.

From the assumptions it follows that F is a Lagrangian complement for
Foo in Ho, and that (-, -,) is positive definite on F,. Thus (-, -) is a positive
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definite Hermitian form on F, that extends to one on SymeF o, and carries
over to F(Hu, Foo )¢ using the above introduced isomorphism SyMeF oo —
]F(Hoo y F oo)e-

Definition 4.2.2. Denote
e the right multiplication of a € Q) Heo on F(Hoo, Foo) bY p,
e the adjoint of an element & € EndF(Hoo, Foo )¢ With respect to (-, ) by 1.

Lemma 4.2.3. If a € Hy, then p(a)t = ip(@). Moreover, if aj,...,ax € Heo,
then

plar®- @) =i (@ - o).

In particular, if s € SymoFeo +Sym,, Foo, then p(s+5) is a unitary transformation
of Foo (H, F)y.

With a little abuse of notation we write (a1 ® --- ® ai)’ =i*a @ - -- @ @y.

Proof. The pairing (-, -) is characterized by the following formula: for xi,y; €
EF, we have that

<X10“'0Xn)ylo"'oyn

>:{ ZGESn H?:1<Xi)y(f(i]> n=m
0

n m.

IS

We are therefore to prove that
<a]o. -+0aKOX10:::0Xp,Yyjo- - oym> = <X]O' . ’OXn,inako' . .oa]y]o. . .oyn>_

Note that it suffices to prove this for k = 1 - one then just “moves the a;’s one
by one to the other entry of the hermitian form”. We can also assume that
a = a1 € Fy, because the statement for a € Fo, is just the statement for a in
reverse order. The rest now follows by direct computation:

n n

pla)xjo---oxy = Z(G,Xi)mo' $+0X{0- -+ OXg = Z —i(xq, @)xjo- - -0Xio- - -oxk.
i=1 i=1

From this it is also clear that we can restrict ourselves to the case m =n — 1.

(aoxjo---0Xn,Y1,0 - 0Yn_1)

=i ) (o), @) (Xo(2) Y1)+ (Xon) »Un 1)
oESH

= (xj0---0oxp,i@oyjo - 0Yn_1). 0
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4.3 The connection V¥

Below, we will denote the (p, q) forms on B by £P9, and similarly denote the
sections of an Og-module M with values in £P-9 by EP9(M).
Consider the map

0:F = 0 Fo),

defined as the composition of V : F — EVCO(H) with the projection E1°(H) —
ENO(F). Note that we used that VO'F = 0. If f € Op and a € F, then
V(fa) = fV(a)+( df)a. Since the last term is an element of £'°(F), it follows
that o(fa) = fo(a). Hence o is an element of £1'°(Hom(F, F)); it is called the
second fundamental form of V with respect to the decomposition Hoo = Foo & Foo-
We observe that since, respectively, F, is isotropic and (-, -) is flat,

(o(a),b) = (V(a),b) = d(a,b) —(a,Vb) = —(a, o(b))

for all a,b € Fu. This means that o lies £'°(sp(H)) N EO(Hom(F, Fs)), sO
that

s:=FE oo

is an element of £1'°(Sym,F). Similarly, s = E~' o5 € £%1(Sym,F ). By
Lemma p(s + ) acts unitary on Fy, (H, F), with respect (-, -).

Next, consider the Hom(F «, Fo ) part of V, i.e. the composition of V :
Foo — EV(H) and the projection & Y(H) — £V(F). This is a connection on
F and we denote it by V7 . Observe that for all a,b e Fo

d(a,b) = —i(V¥%a,b)— (a,ﬁb) = —i(Va,b) —i(a, Vb)
= —i(Va,b) —i(a,Vb) = —-id(a,b) = d{a,b),

so V7 is unitary with respect to (-, -). It follows that under the identification
SymeF oo =~ Foo (H, F )e, V7 becomes a unitary connection on Fo, (H, F), with
the property that V¥~ h = 0.

Definition 4.3.1.
VE = VP> 4 p(s +3).

A direct consequence of lemma is the following.
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Corollary 4.3.2. The connection V* on Foo (H, F) ¢ is unitary.

We give another description of A2 suppose X=%X1®  @%Xn € SYMeF oo,
then using that ad(s)(x;) = &(x;) and that V7= + & equals V when acting on
Foo, it follows that in Foo (H, F)e
Vi(Rofy) = VEF(X)ofi+soXofi+5o0Xof
(VEZ +ads)(X) o fy+Xosofi+5o0Xoof
= V(X)ofy+50Xof
= (V4 p(3)(Xofy).

Hence we have proven the following.
Corollary 4.3.3. VI =V + p(3).
We use this observation to compute the curvature of V¥.
Theorem 4.3.4. (VF)2 = Jtr(o A of), so in particular, VT is projectively flat.
Proof. First observe that p(s) = 2it(0), and that
(VF)? = (V +1(0))? = V2 + V1(0) + t(0)V + 1(0) A t(0) = V(T(0)).

This uses the fact that V is flat and that [t(o(v)), T(c(w))] = T([o(v), o(W)]) =
0 for all derivations v, w, because o takes it values in Hom(Fy, Foo ). Since
(+,-) is flat for V, 7 is flat for V so the curvature equals (Vo). It therefore
suffices to show that (Vo) o X o f, = %tr(c A G)X o fy, and in this, we can
assume that X lies in the image of SymeFo, in UH.

We start by expanding V on a local basis of H, that is adapted to the
decomposition He, = Foo @ Foo: choose a local basis of Fy,, and use the
conjugates as basis of Foo. On this basis, V takes the form d + w, where
connection matrix w is of the form

W — A T\
“\o A)’
here A is the End(F. ) part of w, and its End(F ) part is A, because V is

real. With respect to this local basis we have

V(ie) = do+wAoc+ocAw
= do+AAG+C0AT+0AA+TAT
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We can simplify this using that V is flat: its curvature is dw + w A w =0,
and the Hom(F, Fuo) part of this reads do+A Ao+ oAA = 0. Using this,
we find that V(o) =5 A o+ 0 AG. Lemma tells us that

(VF)2 =1(GA 0+ 0AT) =12(GA T+ 0AT) —I—%tr(ﬁ/\c—i- o AG)7.

We use Lemma to simplify the last term: tr(G Ao+ o AT)7>® = —tr(GA
o) = tr(o /A G), where in the last step we used the invariance property of the
trace and the anti-commutativity of 1-forms. It therefore suffices to show that
1z (0Ao+0AT)oxXofy=0foranyx e SymeF . One has that

TE (GA0c)oXof, = [Tfoo (AN 0),x] sz—{—)on?oo (A o) ofy

The last term vanishes because TE, (6 A o) takes its values in Fo, 0 Fu and
the first term vanishes because [Tfoo (6N 0),X] =[t(c6A0),X] =0 Ao(X)=0.
The result now follows from the fact that Tz (0 A0) = 1% (6 A o). To see
this, decompose o on a local basis dx!,---, dx¥ of 1-forms on B: 0 = dx‘oj,
where 0; € sp(Hoo) and 01F « = 0. By conjugation, & = dx'; and 6;F = 0.
We now apply Lemma
TE (0AT) = dxtA dxj’rfoo (0i0j) = — dx'A dxj’rfoo (Gj01)
d¥ A dxin(Ej oi) = TE (AN o).
O]

Remark 4.3.5. Assume that we are given a UH-submodule Z of F(H, F)e
such that Z,, is preserved by V as submodule of F(H, Foo ). Then \ARE=
V + p(3) obviously also preserves Z,. It follows that V¥ is a connection on
F(Hoo, Foo )t/ 200, Wwhose curvature is of course still % tr(c A G).

Denote the orthocomplement of Z,, with respect to (-,-) by Z£, then V¥
preserves Z:if § € Z,, and x € Z then

(Vix,y) = d(x,y) — (x,Vy) = 0.

By identifying ZL with F(Heo, Foo )t/ 20, the latter obtains an innerproduct
with respect to which V¥ is unitary.

We summarize the main results of the chapter in a theorem.

Theorem 4.3.6. Assume the following given:
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e a finite dimensional complex manifold B with structure sheaf Og and smooth
function sheaf £,

e a free Og-module of finite rank H with symplectic form (-, -) and a Lagrangian
submodule F,

e a flat connection V and real structure a — a on H, such that (-,-) is real
and flat, V is real, a ® b — —i(a, b) is negative definite on Fo, and F, is a
Lagrangian complement for Foo in Heo.

To this we associated
o an Og-Lie algebra H,
o an UH-module F(H, F) with a representation T of sp(H),
e a positive definite hermitian form (-, -) on the E-module Fo, (H, F)q,

e a connection V¥ on F(Heo, Foo)¢ that is unitary with respect to (-,-) and
whose curvature is a scalar, namely % tr(o A o).

For any UH-submodule Z; C F(H,F), that is preserved by ¥, V¥ descends to

a connection on F(Heo, Foo)t/ 20 that acts unitary with respect to the inherited
innerproduct. These associations are functorial.

The last assertion follows from the fact that all constructions depend natu-
rally on the input data; no choices were made.






Chapter 5

Conformal blocks and the WZW
connection

We continue to assume an integer £ > 0 (level) to be fixed. This chapter consists
of two parts: the first is more or less the infinite dimensional analogue of the
previous chapter, whereas the second one is a variation of the first, in that
we assume an additional Lie algebra structure present on the presymplectic
module. We try to present it in such a way that it best resembles the previous
chapter. As we did there, we assume the data from Chapter 3 given. In par-
ticular, B is a smooth complex variety and K° K, O, m, Aare Og-module as in
Chapter 3. Locally over B, K% m C O C K are of the form EBI\J:] Og, ) 10,
PN, 0glltd], BN, Op((t1)), respectively, for certain local sections t, ... , tn
of O. We call the latter local coordinates of @. Moreover, we assume that K
has a presymplectic form (-, -) with kernel KO that satisfies the properties of

proposition(3.1.11|and lemmas|3.3.243.3.3

Remark 5.0.7. Below, we will endow Og-modules with a topology. By this we
mean the following: a topology on an Og-module F is a topology on F(U)
for every open U C B, such that the restriction maps are continuous and
moreover, the addition on F(U) and multiplication by Og(ll) are continuous
(for every open U C B).

71
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5.1 The Fock module F(/C, O),

We define a filtration {F*IClkez on K as follows: let FXKC := m¥ for k > 0,
FOK = O and for k < 0 we define FXK to be the maximal subsheaf of K such
that m*F*KC C O. The ideal m of O also gives K a compatible topology, called
the m-adic topology. It is characterized by the property that it is invariant
under addition of K and that a sequence (an)neny € K converges to 0 iff for
every k, an, € FKK for n large enough; K is complete with respect to this
topology.

The presymplectic form (-,-) is continuous as map from K x £ — Os,
where Og has the discrete topology. This amounts to the following property:
for every f € K we have that (f, F*KC) =0 for k large enough.

Definition 5.1.1. We define K¢ := K/K° as Og-module and give it the topol-
ogy it inherits from K.

Note that since K is not an ideal, K™ does not inherit the commutative al-
gebra structure of K. On the other hand, (-, -) clearly descends to a symplectic
form on K9 - we also denote it by (-, -) and note that it is continuous. The im-
age of O in K4 is denoted ©O™4, and since K° C O, we can - and will - identify
it with O/K° = m. It is maximal isotropic with respect to (-, -).

In the previous chapter, we defined a Fock module for a triple (H, F, (-, -)),
that by construction had an action of the symplectic algebra of H. Here we
will do something similar for the triple (fcred ©red (. .)) and a subsheaf of
5p( ICred)_

Definition 5.1.2. Define
K=Ke& 0, 0:=0a 0, K :=K/K° O :=0O/K°,
and give K an Og-Lie algebra structure by defining the product as
[a@r,a"®r'1=0®(a,a’),

for local sections a, a’ of K. It is commonly called the oscillator algebra, and
the element 0 @ 1 is denoted #.

If we regard K as Lie algebra with trivial product, then K is the central
extension of K by Og, determined by the cocycle (-, -).
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Corollary 5.1.3. Oisa subalgebra of K, the Lie bracket of K descends to K™4, and
with respect to this product, 0™ is a subalgebra.

The first claim is a consequence of the fact that O is an isotropic subspace,
the second follows from the observation that [K°, K] = 0, hereby identifying
K with its image in I%

The subalgebra O = O + hOg has a character x given by the projection on
the second summand, and this character descends to O,

Definition 5.1.4. For { € Z, define
F(K,0)¢:= UK ©,5 O,

where O acts on Op via £x. We call this the Fock module associated to the tuple
(OB, K,0,(-,-)) of level L. The uK generator 1 ® 1 is denoted v.

We will assume { to be fixed. As a direct consequence of this definition, we
have the following;:

Corollary 5.1.5. For any submodule V C O, x is well defined on O/V and

F(K,O) = UK/ (V) O,

Ouo,/v)

where O acts on Oy by Lx. Here (V) denotes the two sided ideal generated by V. In
particular

o forV = KO we get that F(K,0)y = UjCred @ ered OB,
e forV =0 and O’ C K a Lagrangian submodule complementary to O:

F(K,0)p =UK/(0) ®p 0, O =Sym, O,

where the last isomorphism in induced by O’ C K — K.

5.1.1 The representation of sp(K™) on F(K, O),

Since (-,-) is continuous in both variables, it follows that if a ® a’ is a local
section of K ®p, K, then x — (a,x)a’ is a continuous endomorphism of K.

Definition 5.1.6. For topological Og-modules M, M’, we denote by
Homg;, L (M, M') C Homp,, (M, M)

the continuous Og-linear maps from M to M.
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With M, M’ as in the definition, the continuity property can be characterized
by the following: if (an)nen is a sequence in M and « € Homgp, (M, M),
then « is continuous iff lim,, o, an = a implies that limn_,o (an) = «(a).

As was remarked above, the presymplectic form is a continuous. Hence
we have a map

K®2 Homg‘B (K,K):a®a'— (d,")a.

Clearly, its kernel is £ ® K9, so that it factors over K @ K4 and descends to
an injective map K ® cred HomfgtB (Kred k), which in turn descends to an
injective map

. d\®2 t d d
E: (K™9)% — Homg, (K™, ™).
This map is not surjective, as we will see later. We introduce a special kind

of local basis for K¢ over Op in order to facilitate computations that we will
perform below.

Definition 5.1.7. We call a set of local sections {e;};icz\ (0 of Kcred a local topo-
logical quasisymplectic basis (of K™ over Op) if, locally over B,

e its Op span is dense in K™ and if the e;’s are linearly independent over
Os,

i (ei) e*)') = 1"61'.‘]'/

° > i>i eiOp is a neighborhood basis of 0.
The last property can be reformulated more explicitly: for every k there is a
Ny such that e; € FKK for every i > Ny, and there is an My such that FKK is
contained in } ;- 4, €iOp. From this it is immediately clear that the filtration

on K determines the topology.
The next example shows that such a local basis indeed exists.

Example 5.1.8. Let t1, ..., tn be coordinates of O over some open U C B, and
take a bijection m = (my, m;) : N>0 — N>0 x {1,... n}. Define
(i) Lm0
ei=t iy €4= —m1(i)tm2(i) , 1e N7,

and identify them with their image in Kred(U). Then {ei}izo is a basis of
Kred(U) ~ D, Os(U)((t1))/Os(U) and (ey, ej) = 1d;,—;. Finally, using that

FCU) = ) bt 0g(U)

{1+ Hn >k
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one readily checks that the third property also holds, so that {e;}i« is a qua-
sisymplectic topological basis over U.

Choose a topological quasisymplectic basis {e;}io over some open part U C
B. For every k, F*KC(U) is contained in the closure of the span of the e;’s for
i > My, for a certain My, so for any x € Kred(u), x = Z;');jmm,j#o x;e; for
certain x; € Og(U), jmin € Z. In fact, the x;’s can are given explicitly by the
formula (x, e_j) = jx;:

i (x,e_i) . Z (im0 Z] i Xjej,e,i)e

. ey = i
1 i
[i=1 [ij=1
00 N X' e 00 N
= ]\llim E o ] © E ]\llim E Xiéi,j ei
—00 | “ —o0 7
|i‘:1 J=)min : )= )min

where the last term converges since x; = 0 for j < jmin. Note that here we
had to use the continuity of (-, -). This formula

:i (x,e_
ij=1

will be extremely useful in the rest of this chapter. In what follows, we will
allow ourselves some sloppiness in the notation and write ) ; instead of 3 [_;,
when denoting a linear combination of e;’s.

We return to our discussion of the map E; suppose o € Homg;, (ICred Kcred),
then

(5.1)

. . X, e_j
alx) =a(lim 3 xie)) = lim > xioler) = (%11)06(?4)-
li=1 li=1 i
If Y , ' o(e_i)®e; would converge in (K4)®2, then its image under E would

equal x. However this series need not converge in (Kcred)®2 gince, for exam-
ple, > ;.o e—i ® e; does not converge, because ) ;_,e_; does not converge in
Kred, We remedy this by the following: let E be the map

Hom (,Cred ICred) . yLn(,Cred)@Z/(FkICred ® ,Cred + ICred ® Fklcred)
k
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that sends « € Hom(cgtB (Kcred fcred) to > _71 a(e_i) ®e;i. To see that this is well
defined, note that }_; = «(e_;) ® e; will always converge in (Kred)®2 because,
for every k, either «(e;) € FKK™ or e_; € FFK™, provided il is big enough.
Using this we can define

(KCred)®2 .= im E.

Lemma 5.1.9. If } . a; ® by € (Kd)®2 then x — Y ;(by, x)ay is an element of
Homg,, (kcred, kcred). The hereby defined extension of E to (Kred)®2 is an isomor-
phism of Og-modules onto HomgB (fcred  gored)

We also denote this extension by E.

Proof. Choose a quasisymplectic topological basis {ei}izo of K™, By defini-
tion, any element of (Kred)®2 is of the form ) ; *T]oc(e_i) ® ey, SO

-1 1
By ate oe = Z T(x(e—i)(ei» )= Z {Oé(ei)(', e i) =«
i i
This shows that the first claim holds, but also that E is surjective. However,
since (-, -) is nondegenerate on Kcred it readily follows that E is also injective.

O]

This extended version of the map E can be considered as the infinite dimen-
sional version of its namesake in the previous chapter. We would proceed in
a similar way to the discussion of the previous chapter, i.e. let (Kred)®2 act on
F(K, O),. To that end, we introduce a completion of a universal enveloping
algebra.

5.1.2 Intermezzo: filtration and completion of a universal envelop-
ing algebra.

Let L be a filtered Lie algebra over Og, whose Lie algebra structure is com-
patible with the filtration, in that [F"L, F'L] C F**™L for all n, m. Its univer-
sal enveloping algebra UL inherits two filtrations: the left filtration F{*UL :=
F'L o UL and the right filtration FJ'UL := UL o F"L. If L is commutative,
FI'UL = F}UL, but in general they will differ. We will always use the right fil-
tration, and simply denote it by F*"UL. It has the following relation with the Lie
product:

[F™UL, F™uL] ¢ prinemiyr,
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However, for a fixed section X of F*UL, there is an m such that [F*UL, %] C
F**™UL. Therefore,

UL := lim UL/FFUL,
T
the completion of UL with respect to the filtration, inherits the Lie product
of UL. As to the behavior with respect to morphisms, if f : L — L’is a
morphism of filtered Og Lie algebras, so in particular f (FKL) C FXL’, then by
construction, f induces a morphism f : UL — UL’. This map is compatible
with the filtrations: f(FKUL) C F<UL'.

We apply his to the filtered Lie algebras x4, Kcred: this gives us filtered
Lie algebras UK and uKred, respectively. The projection of the latter on its
first summand, i.e. K™ = 4 @ O — K is compatible with the filtrations,
so it induces a map UKred — TCred, Similarly, we have an induced map
Uored — UKred, The completion of uKred induces a completion of F(K, O):

F(K,0), = UK™ @50 O,

but since the image of FruiCred ovein F(K, O); vanishes for k > 1, F(K, O) O)e =
F(KC, O),. This implies that the action of uKred on F(K, O)g extends to UfCred,

We resume our discussion of the map E. Under the obvious map (K™4)®2 —,
UiCred, cred FRicred maps to FRUK™, but FRCd@med does not: for example,
we have that ) ;_ e_; o e; converges in UK, because e; € FKUK™ for i
big enough. If however ) ;_y e o e_i would also converge, then ZDN
e_j—e_joey = ZEN ih would converge, which is not the case. Therefore, the
map Kred @ red — UK does not extend to the completions. This problem
is remedied by a normal ordering: choose a O’ C K4 that is maximal isotropic
and complementary to O™9. Using the notation from the previous chapter, we
denote the normal ordering associated to the decomposition K4 = O’ ¢ Ored

by N/ orea. Then for k > 0, the image of

nO’,(’)red(Fk]Cred ® iéred) C O/ ® Fk/Cred + Fk’Cred @ Ored

(¢]

does lie in FKUKT™ since [Fkrcred Ored] — 0. We have therefore shown that the
composition of the natural map ¢ : (Kcred)®2 _y 1 Cred with Mo ora extends
to a map

CI)O/‘Ored : W —UKred

Following the lines of the previous chapter, we define:
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Definition 5.1.10.

1
2h

Tor = 5= Ppr oea 0 B Hom@ (K74, ko) — UK [1 7).

The kernel of this map has a nice description. To identify it, let Sym, Kred
and A% Kred denote the closure of Sym, K™ and A\ K in (Kred )82, respec-

tively, so that (Kred)®2 = Sym, Kred @ A% Kred. This decomposition induces a
decomposition

2
E(Sym, Kred) @ E(/\ Kred)

of Homg‘B (Kcred cred) | The restriction of T/ to /\z Kred vanishes: first note
that K4 A Kred = Ored A Ored + O/ A O/ + O™ A O'. Since N/ prea is
the identity on the first two summands, their image under ¢/ orea is locally
generated by expressions of the form aocb—boa = (a,b)h = 0and a’ob’—b’o
a’ = (a’,b")h = 0 for local section a,b of € @ and a’,b’ of O@’. The third
summand is also mapped to 0, for ny, pra(a®a’—a’®a) = a’®a—a’'®a = 0.

Thus, Kertp: D /\2 Kred, and as we will see in a minute, this inclusion is in
fact an equality.
The restriction of T to Sym, K4 is more interesting.

Definition 5.1.11. Let sp°t(K™d) denote the continuous symplectic Op-linear
maps ,Cred — ICred, SO 5pct(lcred) C Homch (]Cred) ,Cred).

Let {ei}i 20 be a local topological quasisymplectic basis for K¢ and « a local
section of Homg_ (K4, K™d), then

_ -1 (xey, ;)
E ' a) = Z Toc(ei) Re_i= Z %e,i ® e_j.
i v
This expression is symmetric iff (xe;, ;) = (oej, ei) = —(ey, xe;), ie. iff ais
a local section of sp°t(K™d). Hence, E restricts to an isomorphism Sym,, Kred —
5pct( ,Cred)'

Corollary 5.1.12. T restricts to an injective map spet(Kred) — UK [RT].

Note that from this result and the inclusion Kertp, O A% Kred it follows that
Kerto: = \?Kred.
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Proof. It remains to show that ¢/ ored is injective on Sym, Kred. Since ¢/ prea
is the identity on Sym, O™, Sym, O’, it is certainly injective on Sym, Ored +
Sym, O’. Thus, we are left to show that ¢y, ora is injective on (sums of)
expressions of the form a®b+b®a,ac O'and b € Ored However, b ored
mapssucha®b+b®ato2aob,,. From this it readily follows that d)o/’(f)red
is injective on all of Sym, K. O

We continue to investigate this restriction of Tp,. Suppose V is an isotropic
Og-submodule of K. If « is a local section of spct(K™d) that maps Vitoy,
then we can say the following about to:

Lemma 5.1.13. Let V C K™ be an isotropic Og-submodule, and o a local section
of Homg, (K™, K™d) such that x(V*) CV. ThenE' e VOK+K @ V.

Proof. Let V be a complement for V*, and let W a complement for V in V*
such that (V, W) = 0. Then K = V&W @V and (-, -) restricts to a nondegener-
ate pairing between V and V. Now use that Ela = i *T]ocei ® e_4 for any
local topological quasisymplectic basis {e;}i.0. Choose one such that {ei}ic1
is a basis for V, {e_i}ic1 a basis for V and {ei}+i+1 a basis for W for certain
I € Z\{0}. Then clearly, } ; ;oe;®e_;liesin K ® V. Moreover, if i # I, then
aei € oVt CV,sothat Y 4 xei®e jliesinV @ K. O

Below, we will use T/ to construct a central extension of spct(Krd). The
crucial step for this is the next theorem.

Theorem 5.1.14. If «, 3 are local sections of sp(Kred) then ad T/ (o) acts on UK
as « and

e (o0), Tor (B)) = Tor(lox, B1) + 5 trlodor, B,

where o/ is the projection of O' @ O™ on its first summand.

Proof. Let {ei}i+o be a local quasisymplectic topological basis of K. We have
that

N
2hto () = Z d)ozyored(oc(iel)@e_i) = lim ( Z (X(.el) oe_j — C“‘Nh>

N—oo \ . 1
i=—N

for certain local sections c«,n of Op. Therefore, if x is a local section of ﬁred,
then using the continuity of « and the Lie product (which is equivalent with
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the continuity of the presymplectic form), it follows that

ool = — lim Y (X oe 1y

N—oo |

_ Zﬁ o) (o, (xle))

Using this, we have that

—1
[to/(a), Tor(B)] = ﬁ adto/(a)poro(Bler) @ e 4)

1 1
= ﬁadTo (o )(ﬁ(ei)(@e—i):Zﬁ(“ﬁeioe—i+ Beio xe_y),

where we used that ¢o’ (B (ei) ® e_;) differs from Pe; o e_; by sum of com-
mutators, i.e. by something central. We now split the remaining expression
in its normally ordered part and the correction terms. In order to do that, we
first note that if x, y are local section of K9, then

d)o/‘ored(x ®y) —Xoy = —[Woredx,ﬂ(’)'y] = _(X>7T0'y)h>

where 7o/, Tora denote the projection of K4 = O/ @ O™ on the first and
second summand, respectively. Using this we conclude that [T/ (x), To/ ()]
equals

xpei®e_i+ pe; ® xe_;
d)o/‘ored (Z B E :ZHE) E 1)

i

—1
+ Z b5 ((xBei, more—i) + (Bei, morxe—i)). (5.2)
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Rewriting

1 (xe_i,e_5)
Z TBle) @ ae = Z %Beu@ e;
1 1)

1 1
= Z EB(((X@A, e_ilei) ®ej = Z ]T[Soce,]- ® e;
ij )

1
=—) Baei@e,
— i
1
we see that the first two terms of (5.2)) add up to
1 1 .
o0 Z 5 (Be—aBlei@ e i = 3rbor owE ([, Bl) = Tor([ox, B1).

For the remaining two terms of (5.2)) we have that

Y 5 ((aBeq move o) + (g, movace )

— ;J ((ei, Bamtore_i) — (ei, BT e )
T 1

1 1
= Z 2*1(61» (Brora— Panpr)e_i) = Etl‘(ﬁﬂoﬂx— Bamor)

1 1
= 3 tr(xPmcor — amo/B) = 3 tr(ofmor, B).
In the last step we used the cyclic invariance of the trace. O

One should compare this result with lemma (4.1.7]).
Example 5.1.15. Let {ei}i0 be a topological quasisymplectic basis over some

open U C B. In the rest of this example, we restrict ourselves to U. Define

iei+k i—|—k7§0

. r-red red . .
T : K - K .e1|—>{ 0 itk—0

and call these the translation operators associated to the topological quasisymplectic
basis {ei}i 0. These Ty are sections of spet(Kcred) for

(Trey, e5) = i(i + k)ditjtxk,0 = (e, Tkej)



82 Introduction

and for any n, we have that Tre; € F'K™, provided 1 is large enough. Fur-
y p & g
thermore, we have that

_ —1
E 1(Tk) = Z TTkei e i=— Z itk ® e_j.
i£0 1£0,i£—k

Ifk #0,then e, oe_ i = e_ioej i so that

—1
Tor(Td) = 57 D enkoe, (5.3)
0,k

independent of the choice of O’. For k = 0 this relation holds trivially, so that

(5.3]) holds for all k. We shall now illustrate the last result of theorem [5.1.14
for the Ty's:

:
[To T, To Tl = to/ [Ty, Tl + 7 tr(Ti[mo/, Til).

To this end, we first compute both terms on the right hand side of this equa-
tion. From the definition it is clear that Ty Tie; = i(1 + l)ejxyy for all i #
—1,—k — 1, and 0 otherwise. Using this, a small computation shows that
[Ty, Tilei = (1 — k)eitxs1 = (1 — k) Tkq1eq, and as a consequence [Ty, Ty] =
(1 — k) Tx41. Next we compute the trace:

1
tr(Tilmor, T) = ) 7 ((Tmor T — Tihmor Jeq, e)

i

i(i+1 ii+1)
= > %(ewkﬂ e — ) 5 (B, €-)
A1, —1—k,i+1<0 i£—1,—1—k,i<0
= o Y (AFK(E+k+1D)=8ko0) (i+DAEA+k+1)
i<—k,i#0 i<0
k3 —k
6 -
kL0

Combining these results, we find that

k3 —k
12
This relation is known as the Virasoro relation, and an algebra whose gener-
ators {1o/ Ty jkez satisfy it, is known as the Virasoro algebra - it has many

incarnations, and we will later choose a specific one.

[to Tk, Tor T = —(k = V1o i1 + d141,0 (54)
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Theorem [5.1.14{allows us to define a central extension of sp(Kred):

Definition 5.1.16. Let quic\red) be the subalgebra of ucred generated by the
image of To-.

Corollary 5.1.17. The following holds:

—

o spct(Kred) does not depend on the choice of O’,

o the image of Og is contained in spct(Kred),

—

e T factors to an Og-module isomorphism spt( Kcred) — spet(Kred) /Og and
0 —= Op —= gpet(fCred) —= spet(KCed) — 0, (5.5)

is a central extension of Lie algebras.

—

The image of the global section 1 of Og in spct(Kred) is denoted c.

Proof. By the Theorem it is clear that im T/ C qulC\red) C imTo +
Og, and from Example we see that Og C 5p°’°/(\lCred). All but the first
assertion follows from this and, again, Theorem

If O” is another Lagrangian submodule of K™ complementary to O™,
then ¢/ preax and Gy orax differ by a sum of commutators, i.e. by an ele-

ment of 70g. Hence 1o/ = 1o~ mod Og, which proves the first assertion. [

Thus, the map 10’ is section of 5p“/(lafd) — sp°t(Kred) as Og-modules, but
depends on the choice of O, and is therefore noncanonical.

5.1.3 An incarnation of the Virasoro algebra

We recall that 0y /», denotes the derivations of K over Og. Since we assumed
that the properties of lemma holds, 0x o, preserves the presymplectic
form, i.e. Ox 0, C sp(K). Since O o, annihilates K°, every such derivation
descends to a well defined map K™ — K, which in turn descends to a map
Kred — KCred. The latter is of course symplectic. Moreover, one easily checks
that it acts continuously, and that if it is trivial, than the derivation as map
from K — K is trivial. Hence we can identify 0x /0, with a subalgebra of
spct( ]Cred)'
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Definition 5.1.18. Define é\ﬁ /0, as the subalgebra of UKred[p=1) generated by
the image of 0y /0, under to-.

We could alternatively have defined 5% /0, s the pullback

0, -~ - - =0

i |

o —

spCtUCred) . 5pct(lcred).

From this and corollary it follows that this algebra is independent of
the choice of O'.

Example 5.1.19. In this example we assume that N = 1. Locally over B, we
choose a coordinate t = t1, and restrict ourselves to the part of B over which
tis defined. So K = Og((t)) and O /», = IC%. If we define

ey =t Tkztk“Q, i,keZi#0,
ot
then e; is a quasi topological basis of ™9 and the e;’s and Ts satisfy the cri-
teria of example|5.1.15| Thus for N =1, 9% /0y 18 generated by ¢, {to/t*"! %}kez
as Op-module, and the algebra structure is given by

0 0 0 k3 —k
Stk a1 9 g kAL
[tort TR at] =—(k—=Utort T Ox,—1 oo

5.2 The Segal-Sugawara representation

Until now, we have considered K (and in the previous chapter H) as a presym-
plectic (symplectic) Og-module, without any additional algebraic structure.
In this section we will extend the considerations above to the setting where
an additional Lie product is present. This setting is the output of Chapter 3;
more precisely, we fix a simple complex algebraic group G with Lie algebra g and let
Ky, ICS, Og,mg, Ag, (+,-)g be as in Chapter 3. For the readers convenience, we
recall that

. ICS is locally over B of the form K° ® g (as K° Lie algebra),

o Kg=KgOro K, O = Oy @0 K§ and mg = m @0 K as K, O and m Lie
algebras, respectively,



Introduction 85

e A, is a subalgebra of Ky that is locally of the form A ® g as A algebra,

e (-,-)gis an Op-bilinear and ad-invariant presymplectic form on Ky with
kernel /Cg,

e A, is anisotropic and O4 a maximal isotropic submodule of K,
e Kg4has a connection V as K-module over Og.

The K-module structure gives Ky a natural filtration and topology. The for-
mer is given by

F*KCg == F*C @50 K C K,

and the latter is the one coming from the given topology on K and the indis-
creet topology on g, under a local identification Ky = K ® g. More explicitly, a
sequence (xn,) in g converges to 0 iff for every k there exists an Ny such that
Xn € mF® ICS for all n > Ny. This, and translation invariance, also determine
the topology. Since K is complete, so is Kj.

Lemma 5.2.1. The Lie bracket on K is continuous and compatible with the filtra-
tion, in the sense that

[F¥ICq, FYCql C FEFUC,.

Furthermore, for any local section D of Ok j0,, Vp is continuous and compatible
with the filtration, in that if D lies in F*0y 0,,, then for all 1

VpF'Ky C FFIC,.

The proof is straightforward.

521 K,and F(Ky, O,),
We now follow the same steps as in the beginning of this chapter:

Definition 5.2.2. We define Ieg := Ky®Op, and endow it with the Lie product
that satisfies

xoT,y®sl=xy®0+0D (x,y)g,



86 Introduction

for local sections x,y of g and r, s of Og. The central element 0 1 is denoted
h. We give K4 the product topology and define a filtration by

b [ Fe®0 k>0
$T FKae 0 k<0,

Remark 5.2.3. We often identify Kg with g®0 C K g- This makes the meaning
of [x,y] in K4 ambiguous, for local section x,y on ICgy. To avoid this, we will
denote the Lie bracket of KCq by [-, -]” in what follows, and the one on ICq by [+, -1:

[x,y] = [x,yl" + Alx,y)g.

The obvious projection 169 — Kg4 and injection Og — Ieg are algebra mor-
phisms, where we let the Lie product on Og be the trivial one. Since Ogcy is
central,

fiafeg ~

0 O g

Kg 0

is a central extension of Og-Lie algebras. Since A4 and my are subalgebras of
KCq4 that are both isotropic with respect to (-, )4, Ag @ 0 and my @ 0 are subal-
gebras of Ky, and we identify them with .44, mg respectively. Furthermore,

Oy = 0 ® Op C K4
is also a subalgebra of Eg:
[Og, Oyl C [0, 0l © 0+ 0@ (O, 04)g C Oy ©0+0 C O

Definition 5.2.4. Let x be the character of (59 defined by projection on the
second summand: x : Oy = Oy ® O — Og. Then we define

F(Kg, Og)e = UKq @5, O,

where @g acts on Og by {x, { € Z. We call this Verma module the Fock module
associated to the triple Kq, Oy, (-, -) 4 of level {.

Remark 5.2.5. Given a representation p : ICS — Endp, (M) of ICS on a coherent
Og-module, the definition above can be generalized to the following:

F(Kg, Og)e,p := UK, Oup, M
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where @g acts as follows on M: cg4 acts by multiplication with £ and Oy acts
by the composition of Og — Og/mg = K with p.

If we locally identify K3 with OF ® g, we can locally define such a p as
follows: for an N-tuple of weights A of g, let V. be the highest weight repre-
sentation of weight A;. Then M5 = Op®); Vj, is an KO-linear representation
of ICS under the obvious action. We write F(K4, Og) X for the corresponding
Fock module. We call this the Fock module of level € and weight X.

For A = 0, p is the trivial representation on Og, so that F(KCg, Og)eo =
F(KCg, Og)¢. For this reason, we can also call F(K4, Og), the Fock module of
weight 0 and level {.

5.2.2 The Og-linear action of sp<*(K4)S on F(Kq, Of)e.

Below, we will introduce an analogue of T/ for our current setting. Due to
the addition Lie algebra structure, the analogy will not be complete for we
will only be able to prove a part of the properties of T¢:.

Similar to the notation used earlier, we denote

K:red /ICO Ic(g) ®IC8 K:red

and give it the topology it inherits from K. By construction, (-, )4 descends
to a symplectic form on ICged. The Lie algebra structure of Ky, however, does
not pass over to Kred since ICg is not an ideal of .

Since ICred is a topological symplectic Og-module, we also have the notion
of qua51symplect1c basis for ICred - the definition is the same as definition
- but with K4 replaced by ICred

Example 5.2.6. A semi-natural choice for a local topological quasisymplectic
basis is obtained as follows: suppose X, ..., Xn_1 is a local basis of ICS over
K°, that is orthonormal with respect to tr, and let {e{}i..0 be a local topolog-
ical quasisymplectic basis of Kred Furthermore, let f = (f1,f2) @ Z\{0} —
{0,...,m — 1} x Z\{0} be the function that maps a positive integer i to (j, k),
wherej +kn =1iand 0 <j <m —1, and a negative integer i to (j, —k). More
explicitly,

o [i/n] 1>0
fzm_{ [i/n] i<o0

Then E; := X¢, (1) ® ey, (4) is a local topological basis of ICIEd Since

f] (1) =1— nfz(i).

(Xf1 @ ef, (i) Xﬁ @ e, (4) )g = 61,71'{2(1)»
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we can make it quasisymplectic by a minor modification: E; := fzh) Eiisa
local topological basis satisfying (Ej, Ej)q = 18i,—5.

Locally over B, K™ is indistinguishable from ICEed as topological symplectic
Op-module. By choosing local topological quasisymplectic bases for both,
one can find an explicit local identification. As a consequence of this, the
constructions we did for K™ pass over to K. The first example of this
is the following: choose a local topological quasisymplectic basis {E}i.o for
nged, then we locally have that

_ i (x,E4)

for any local section x of IC;ed. Another example is the following isomor-
phism:

E (’Cred)®2 N Hom (]Cred Kred)
Here

(]Cged) m(’cred)®2/(}:kl€red ’C;ed + ngd ® Fklcged).
k

is defined in a way analogous to (Kred)®2. The map E is characterized by the
property that Eg(x,y)(z) = (y, z)x for local sections x, y, z of lC;ed. In terms of
the {Ei}i.o, the inverse of E is locally given by

B —1 («E, E5)
T o) — _ L5
Eg () —ZTO(Ei@E_i—ZTE_i@E_j
i i,j
for any section o of Hom&} (ICrEd ICred) Lemma(5.1.13|has the following ana-

logue:

Lemma 5.2.7. Let V C ICred be an isotropic Og-submodule and « a local section of
Hom§ (Kred, Kred) such that «(V+-) C V. Then Ej' € V @ Kied + Kred @ V.

Let sp Ct(nged) denote the continuous symplectic Og-endomorphisms of ICEed. Then
as third example of the above mentioned identification, we have that E re-
stricts to an isomorphism

Ey:Sym, /Cged — 5p°t(lC;ed).
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We would like to derive a result for E4, similar to theorem namely
that up to a factor, ad E;] («) acts on UK as . Unfortunately, perhaps, there

is no natural map from (ICE;*CI)‘292 to u/€g. One way to overcome this is to
assume the following: let Oy be an isotropic complement for Og in Kg. Such an
O, may not exist globally, but will always exist locally - in the following we will
restrict ourselves to some open subset of B if necessary, and assume that such an Oy
exists. This allows us to identify IC;ed with Oy ® mg in g and lift an element
of (Kd)®2 to K22 - this can then be mapped to U, in the obvious way. In

order to extend this composition (ng“i)‘X’2 — Llleg to (Kted)®2, we introduce
a normal ordering and a completion of the universal enveloping algebra; we
start with the latter.

Give UIEg the right-filtration it inherits from 169, ie.

FRUK = UK, 0 F*K,

and denote the completion with respect to it by UEQ. Then, as before, we
have for the induced completion of the Fock module

F(Kq, Og), = UKy @y, O = UKy @yp, O = F(Kg, Og)e,

because Fkl/eg annihilates O for k > 0. By this remark, the action of UIEg on
F(ICq, Og)¢ extends to UK,

Our choice of O] identifies K*d with O} @ myg, and this gives us a normal
ordering map

nOé mg (,Cged)®2 N (K:I;d)®2
Denote the natural map ICSZJZ — UIEg by &, its composition with the lifting map
(Cred)®2 — ICS@i by &, and the composition of this with Ny m. bY G0y m,- It is
easy to see that b0y mg extends to a map

GOy m, * (K82 — UK,
With a modest amount of foresight, we define the following.

Definition 5.2.8.

. 1 e —1 . ..ct(sred 7% 1
Top = 2o Bogm, © By sp ) — Wl =],

where h is the dual Coxeter number of g.
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This determines an Og-linear action of 5pct(/cged) on F(Kg4, Og)¢ by com-
bining To, with left multiplication. In the next subsection we will prove that
it is an Og-algebra representation for a certain Og-subalgebra of sp©t( ICged).

5.2.3 The projective representation of 0,0, on F(/Cg, Og)e.

In order for T, to have properties similar to those of 7o/, we must restrict its
domain and moreover make the triviality assumption stated in section
we assume that Kg has a K-linear G-action that acts symplectically, preserves
Ay, leaves the Lie bracket invariant, commutes with V and acts without nontrivial
fixed points. We recall that these conditions are satisfied if the bundle used as
“input” in Chapter 3 has a global flat section.

Remark 5.2.9. Below we will show that 6y /0, can be identified with a sub-
algebra of 5p“(l€§ed), and that the action of 0y /», on F(K4, Of)¢ given by
left-multiplication with T¢, is a projective Lie algebra representation. Theo-
rem[5.2.74land [5.2.76]are the key results for this. The proofs of these, and the
two preliminary results below, are rather technical in nature; the reader who
wishes to skip these technicalities can just read the statements of theorem

and then proceed to definition[5.2.77}

Note that since K is preserved by the G-action, the latter descends to an
action on ICBed.

Lemma 5.2.10. The above mentioned G-action is continuous, so that the induced ac-
tion on (ICffd)®2 extends to (KCied)®2. Furthermore, €4 is G-equivariant with respect
to this action and the one induced on 5p°t(IC;ed), and restricts to an isomorphism

— G
Eg:Sym, Kred ™ — spet(Kred) S,
Here the superscript G denotes the G-invariant part.

Proof. The first statement follows from the K-linearity of the action on g,
and facts that G preserves K - this assures that G preserves F*Kg. The G-
equivariance basically follows from the G-invariance of (-,-)4: for local sec-
tions x,y, z of IC;ed we have that

9(Eg(x ®y)z) = (v, 2)g9x = (gy, 92)g9x = E4(gx ® gy)gz,

so that go Eg(x ® y) = Eg(x ® y) o g iff x ® y is G-invariant. By subsequently
using the K-linearity of the G-action, one readily derives the G-equivariance.
The final statement is then obvious. ]
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Remark 5.2.11. If @;.; W is a decomposition of ICEed in G-invariant submod-
ules, then a local section s of ICged ® ICged is G-invariant iff the projection of s
on every summand W; ® Wj, 1,j € 1, is G-invariant. This statement extends
to Kred @ KCred,

In order to prove the desired results for Toy, We will assume that Osll is a G-

invariant isotropic complement for Oy in KCg. The following two technical results
will allow us to prove a result analogous to theorem |5.1.14]

Lemma 5.2.12. The lifting map (lCEf'd)®2 — IC§’2 is equivariant. Furthermore, if
we let C : K§? — Kgq be the map that sends local sections x ® y to [x,yl, then
C((KgHS) =o.

Proof. The first claim follows from the fact that O{g and m are preserved by
G. For the second assertion, we use that G leaves [-, -] invariant, and that
C maps G-invariant sections to G-invariant sections. Hence if x ® y is G-
invariant, then g*[x,y] = [g*x,g*y] = C(g*(x ® y)) = [x,yl, g € G. Thus
C((ICSMJ G) C Kg is G-invariant, and must therefore be 0. O

Corollary 5.2.13. If a € sp°Y(K9)C, then ad o, (o) acts on Kg in UKg[1/(h+1)]
1

as Snoh

ad(q~> ) E;] (o)) (i.e. we can forget the normal ordering).

Proof. By the lemma above, E; («) is G-invariant, and by the successive re-
mark, so are its projections onto subspaces O; ® Oy, O5 ® mg, mg ® O and
my ® mg;we call them s where + refers to mg and — to O/. By definition,
Ny m, 18 the identity on s, 4,s__,s_ and will “swap” the factors of s, _.
More concretely, if s = ) | xi ® Yy, for local sections xj of mg and yx of O,

then "oy mg (s4—) =2 Yk ® xx. Hence in ﬁﬁg we have

[P0y mg (51+-), %] = Y a0y — Bxao uid” — hlxi, yi), ¥
K

= [xoyr— by, %,
k

However, s, _ is G-invariant by the previous remark, so } | [xk,yix] = 0 by
Lemma and the assertion follows. O

We are now ready to formulate the analogue of theorem|5.1.14} albeit only for
part of sp¢*(K%d). Recall that since Vg, Jo, acts continuously and symplecti-

cally on Kred we have that Vo, o5 & 5p°t(ICEfd). Moreover we assumed that
the G-action commutes with V, so that Vg, /Og - 5p°t(nged)G as well.
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Theorem 5.2.14. For a local section D of O j0,,, ad To; (VD) = Vp when acting

on uﬁg, where we convene that Vh = 0.

Proof. Choose a local topological quasisymplectic basis {Ei};.o of ICffd such
that E; lies in mg for i > 0, and in O for i < 0. Then according to the previous
corollary,

- VpEi, E;
2+ 20y Vo)) = 3 Totubilofe ot 0
VpEy, E;
= 3 FRR B (B e + (E-p, X)E)
L]
VpEy, E; , ,
+ Z (Dl]))g ([E_i,x] o E_]' + E_io [E_]',X] ) y

D]

where we recall that [, -]’ denotes the Lie bracket of Kg4. For the first term of
the last expression we have that

Z(VDF;’E”%(( 0 X)gE 5 + (B, X)gE 1)

VpE;, Ey) 1 (VpEy, E5)
= hZ Z 7]9E,i,x)E,j + hZ {(Z )%IJBE,J-,X)E,i
1 )
(VDEy, x Vpx, E_4
— —ZhZ D%)"E,i — 2hZ %Ei — 2hVpx.
The second term

E; E;
Z (VDl;)J)g ([E,i, X]/ o E,j +E_ 4o [E,j, X]/) (5.6)
ij
can be rewritten as
Z (VbEi, Bj)g([E_i, x]", Ex)
ijk

(VbEi, Ej)g([E_j, x]", Ex)
ik

gE,kOE,j—l- gE,iOE,k

ijk
which, by renaming indices, is equal to

Z (VbEyi, Bj)g([E_5,x], Ek)gE_koE_i_i_ (VbEi, Bj)g([E_5,x]’, Ex)

g
E_.oF ..
ik ijk 1otk

ijk
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We rewrite this expression using a normal ordering. It is important here that
we can choose this normal order, and we take it to be of the following type: let
t1,...,tn be coordinates of O and take Oé’ to be the subspace of Ky generated
by ICOtk fork < 0andi = 1,...,N. Then (without using anything special
about our normal ordering yet)

~ VoEi, E)g([E_;,x]", E
d)Oé’,ng ( Dbi J)g( j k)gE,k®E,i

& ijk
ijk
~ (VpEi, Ej)g([E—5,x]", Ex)g
+¢Og”,mg Z 1Jk Efi ® Eik
ijk
T (VDEK) E])g([E—])X} /7 El) + (VDEi) E])g([E—])X} /) Ek)g
= d)OE"',mg UZk 1]k E—i ® E—k

g E_; ® E_x.

- —([VpEx,x]", Ei)g — ([VDEi, X", Ex)
= boym, % T
Since we assumed lemma|3.3.2]to hold, this vanishes by [3.12} for any sections
x, Y,z of Kg, ([Vbx,yl,2) = =([Vpz,yl,x) .

At this point exploit our choice of Oé’ to bring us to the setting of [15]
(Lecture 10): first, choose a local basis X, ..., Xy of ICS over K° that is or-
thonormal with respect to tr. Then {Xit}‘} is basis of K4 that is compatible
with the topology, in the sense that Xit}< € F*K, for all i, j, k. We can make a
quasisymplectic topological basis from this in a way similar to example
- let {Ei}i0 be the result. Then

Oé’ = Z EiOB = Z
i<0 i,jk<0

is a complement for Oy in K.

Because our problem is Og-linear in X and D, we can assume without loss
of generality that X = X't' and D = tq“L1 a . With these two assumptions
and the special choice of quasisymplectic topologlcal basis, (5.6} - ) takes the
form

Snp D KXo X1 0 Xoty) + Xty "o [Xo, X177 (5.7)
x
Ha=j

This expression differs from its normally ordered version in a very simple
way: one just ‘swaps’ the factors of [Xq, X'I'tT o Xuty,’ for those i,j for
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which j > 0 and m —1 > 0. By straightforward computation one can check
that this difference is

0 .
5n,p Z[Xoo Xy X/]]thr] aitptﬂl = 2hVpx.
o«

O]

The proof of the last theorem, which is an adaptation of the computation
found in [15] (Lecture 10), suggests that it is perhaps possible to extend it to
all of 5p(IC;ed)G in the following sense: ad To; () acts as «, for o € sp(lCEEd)G.
Itis only in the last part that we need information beyond the quasisymplectic
structure and the G-action.

Remark 5.2.15. The last theorem in particular shows that ad To; (Vp) does not
depend on the choice of O/, for any section D of 8y . In the proof corollary

|§.2.1 3lwe even saw that (T)(EET1 (Vp)) and ‘505 Mg (EET1 (Vp)) are equal modulo
hOg. Hence 1o, (Ve,. ., ) does not depend on the choice of O/, up to Og. As

we will soon see, this Og submodule of ﬁl@[ﬁ] is in fact a subalgebra.

Theorem 5.2.16. For local sections D, D’ of 6k /0, , we have that
Lh

2h+2h
Proof. Using the last theorem, the proof becomes almost a copy of that of

theorem Choose a local topological quasisymplectic basis {Ei}io of
ngd such that E; is in mg for i > 0 and in O for i < 0. Then

[To;(VD), To; (V)] = T0; (VD D) tr(Vplmo, Vol).

2(c + W)lto; (V) To; (Vo)

—1 .
= Z T ad Toé (VD) d)(’)é Mg (VD’(Ei) ® Efi)
i
—1
=2 + (VbVp'EioE i+ VprEio VpE_i).
i

This expression is G-invariant, as can be seen from the fact that it is propor-
tional to [PE; (Vp), dE; 1 (V).

Let no; o, : K?z — IC?Z be the normal ordering map associated to the
decomposition Ky = Oy @ Oy; we denote the composition with the map to

Uﬁg by ¢o; o, If x,y are sections of Kg, then

oy 0,(x ®Y) — x 0y = —lmo,x, Moyl = —[mo,x, Mosul’ — (x, Tosu)gh,
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where 7o, o, denote the projection of Kg = Og & Oy on the first and sec-
ond summand, respectively. Since both summands are preserved by G, these
projections are G equivariant. Hence, if x ®y is G-invariant, then so is o, x ®

o, Y- In that case, [, x, o, yl’ = 0 and

xoy = do; 0, (x®Y) + (X, Tosy) gh-

Using this observation, we conclude that 2(2 + h) [T@g/ (Vb), To; (Vpr)] equals

VoVp Ei® E_i+ Vp'E; ® VpE_;
d)Oé ,Og Z 1 1 ‘ i 1

. —i
1
(VboVp ki, Mo E-i)g + (VbrEi, o, VDEi)g

+hy —

i

By noting that

1 VpE_i, E_;
Z ~-Vp'Ei® VpE_; = Z MVD/Ei & Ej =
— 1 1

ij

1
Z SVD/((VDEﬂ', E i) @k =

i)

1 1
Z ]TVD/VDE_)' & Ej = — Z {VD/VDEi ®E_4,
j i

we see that the first part of (5.8)) equals

(5.8)

-1 .
Pos0, )~ (VDVDr = Vo Vp)Ei @ Ei = 2(h1+ R)7ey VD, Vrl).

i
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For the second part of 5.8 we have that

h
) = ((VDVD/Ei,WOéE—i) + (VD’Ei)ﬂ(’)g’VDEfi)) =
— —i
1
h
Z = ((Ei, Vo Voo, Ei) — (Ei»VD’nOE’,VDEfi)) =
h
> — (8, (Vo' Vp7oy — Voo Vo)E) - =
i
h
> T (Vo' Voro; = Vomo, Vp)Bi, BEi) =
i

htr(VD/VDﬂfog/ — VD’TCOQ/VD) = ﬁtr(VDTEOéVD/ — VDﬂT@éVD/) =
htr(VD[ﬂoé,vD/]). L]

This theorem allows us to define the following.

Definition 5.2.17. Define

~ — 1
e]C/OB = Toé (VGIC/OB ) + OB g u]Cg[m]

By the previous theorem, it is a Op subalgebra; we let it inherit the product

and call it the Virasoro algebra. The central element 1 € Uﬁg[ﬁ] is denoted
Cg

From this definition and the previous theorem it is clear that O C §,C /08
by means of 1 — ¢4, and moreover that To; ¢ Okj0p — §,C 104 /€gOB i
an isomorphism of Lie algebras. Note that the latter map does not depend
on the choice of Oé, so that we have a natural isomorphism of Og-algebras

§;C 105/ 0B — Bk 0, - We conclude that §1c /0y s a central extension of O /0,
by OB:

0——=0p+1 HCQ;/G\IC/OB*)G’C/OB*)O'

As the notation suggests, O /oy 1s related to 5% /0, and in fact, they are iso-
morphic. In order to prove this, we first relate the cocyles occurring in the
theorem above and theorem
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Lemma 5.2.18. Let O’ be an isotropic K° submodule of K that is a complement for
O, and take O = K ®y0 O’ - it is clearly G-invariant. For any local sections D, D’
of Ok o, we have that

dim(g) tr(D[mor, D']) = tr(Vplmey, Vo).

Proof. Locally over B, identify K9 with K° @ g and choose a local topological
quasisymplectic basis {e{}i.o of Kred such that e; is in m for i > 0 and in O’
if i < 0. Let Xj,...,X4im 4 be a basis of g, orthogonal with respect to tr, so
(Xaei, Xpej)g = 1dapdi,—j. Then{Xq, ei} is a local topological basis of IC;ed, that
diagonalizes (-, -)4. We compute:

1
tr(D[mp/, D']) = Z +(Dlmor, D'ley e )
and

d1mg
tr(Volnp;, Vorl) = ZZ (Vblmo;, VbrXaei, Xae—i)g

dlm g

= Z Z 7tr Xa>X [TEO’ ]eia efi)
= dlm( )tI‘(D[T[@/,D/]). O

Now let O', Oy be as in the previous lemma. Then we define a map @,’g J0g

h
dim g(h+h)
lemma and theorem this is an isomorphism of algebras. One can check

that this isomorphism does not depend on the choice of O’.

éIC/OB by sending T/ (D) to 1o, (Vp) and ¢ to cg. By the previous

Definition 5.2.19 (Segal-Sugawara representation). We let the Virasoro alge-
bra act on F(/Cq, Oy)¢ by left multiplication, and denote the action by T.

A direct consequence of the definition above, we have the following result.

Corollary 5.2.20. The representation Ty of factors to a projective representation of
G,C/@B on F(’Cg, Og)g.

We give an explicit formula for the composition of Ty o Tp; o V, with O as
before. It suffices to describe the action on a local section of F(ICg, Og) of the
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form ¥ o vy, where X is a section of Uleg. One has that for a local section D of
GK/OB:
Tg(to; (VD)) oXovy = To;(Vp)oXovg
= [10;(VD),X] ove+ X0 Te; (VD) 0 vy
= VD()?)OVQ-F%OTOE/’(VD)OVQ.

This formula also gives the projective action of D on X o vy, provided we
interpret the expression modulo OgX o vy.

Given a choice Oy of G-invariant isotropic complement of Oy in g, we
define To, to be the map Oy /0, — EndoyF(Kg, Og)e given by left multiplication
with To; (Vp). As we have seen, Tp, defines a representation of 6x /0, as Og-
module, but not as Lie algebra. Its projectivization however, does define a
projective Lie algebra representation and moreover does not depend on Oy;
we denote it by

PTg : eIC/OB - End(’)BF(K:g» Og)Z/OB-

5.2.4 The horizontal extension

In this subsection we assume a choice of G-invariant isotropic complement
O, for Oy in K4 given. The projective action of O /0, on F(Kg, Og)¢ can be
extended to derivations of K that are not Og-linear, provided they preserve
Og - recall that we denoted these, the derivations of K over C that preserve
Og, by 0 0, /c- In order to extend PT to Ok o, /c, we have to make an addi-
tional assumption:

assume that V extends to the “horizontal” (i.e. the B-) directions, so that V is also
defined on Ok o, /c.

Locally over B, choose coordinates tj,...,t, for O, so that we can identify
K with @i Og((t1)). This identifies G,C‘OB /C with eIC/OB D GOB /Cr and corre-
spondingly identifies a local section D of 8. ¢, /c with a local section D, ® Dy,
of Ok /0, © 00, /c. Here Dy, is characterized by the property that Dy(t;) = 0
for all i. We now extend Tp, to 8¢ o, c by letting To, (D) act as follows
F(KCg, Og): for a section X o vy of F(Kq, Og)¢ we define

T@g/ (D)Xovy = T@E/l (Dy)Xove + th (X) o vy
= Vp(X)ove+Xo T@gf (Dy)ve. (5.9)
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A priori, this definition depends on the choice of coordinates t1, ..., tn, but
appearances can be deceiving;:

Lemma 5.2.21. The expression defined in (5.9) does not depend on the choice of the
local parameters tq, ..., tN.

Proof. Let s1,...,sn be another set of local coordinates of O. This also gives
us an 1dent1f1cat10n of Ok o, /c with 0y /0, © 00, /c, with respect to which D
decomposes as DV + D So DV + DV =D, +D, =D, Dv, D, € 0x,0, and
Dn(ty) = Dh( 1) =0 for all i.

Since m = (ty,...,tn) = (s1,...,sn) as ideals in @, m/m? is an Og-
module that is freely generated by the images of t1,...,tn, but also by the
images of s1,...,sn. Hence t; = ajs) mod m? for an invertible Og-valued
matrix [a ] If we write Dy = Dh — Dp =D, ISV, then clearly Dy € 0k 0,
However,

Do(ti) € Dn(als; + m?) € Dp(al)s; + Dp(m)m C m,

so Do(m) € m. As a consequence, Vp,mg C mg. Since mg is maximal isotropic
as submodule of ICEed, mj = mgand we can apply lemmam E? (Vp,) lies
in mg @ KCred + KCred @ my. It follows that os mg E; (Vp,) is in K4 0 mg and
hence T, (Vp,) ovg = 0 (for every choice of (’)é). O

We observe that Tog’ : 0k 0y /c — ENdcF(Ky, Og)¢ is independent of (9; up to
scalar. We denote the projectivization by PT:

]P)Tg : GIC,OB/(C - EndCF(’Cg) Og)E/OB-

Since this extends the previous definition of PTy, no confusion can arise.

5.3 Co-invariants

The data we have used up till now, did not use the geometric structure that
was the input for Chapter 3 (for that was encoded in A and Ay). In this section
we will incorporate this data.

Definition 5.3.1. We call
F(Kg» Og)@;Ag = F(Kg» Og)/Ag © F(’Cg) Og)@

the module of co-invariants.
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Below, we will define an action of 0 4 o, /c = Ok 0, ,cNO4/c ONF(Ky, Og)e 4,
and start by first defining this locally. This allows us to choose AF, 7 as in
proposition 3.2.13} by lemma |3.2.16| we can assume them to be G-invariant.
With Oé = Ay + F, as G-invariant complement for Oy, consider Tog/ :
Oic.05/c — EndcF(Kg, Og)e. We investigate the restriction of T, to 8¢, O /C?
and after that to 0 4,0,

Lemma 5.3.2. If D is a local section of 6 4 0y /c, then To; (D) preserves Ag o
F(Kyg, Og)e, and hence is well defined on F(KCq, Og)e 4, -

Proof. By equation[5.9]
T(Qé (D)Ag © F(,Cg) Og)@ = VD(AQ) © F(Kg) Og)?, + Ag © TOé (D)F(,Cg) Og)ﬂ-
By lemma Vb(Ag) C Ay, so the result follows. O

Lemma 5.3.3. For any local section D of 8 4,0, and Og as above, To, (D) maps
]F(/Cg, Og)e to Ao F(/Cg, Og)e

Proof. Choose a local topological quasisymplectic basis {Ei}i£o such that for
a certain v, {Ei}i> is a basis for A;, {Ei}i<y for .Ag_, {Ei}iz1,.. 5 for .7:; and
{Ei}i=—y,...—1 is a basis for Fq - We have that E? (Vb)=2; _T]VDEi ® E_;.
By lemma W Vo, o, sends Ag to Ag, 50 Y i = VpE; ® E_ lies in
Ag ® Ag. Hence EIV)OE/ g Zigy AVpE; @ E_; lies in AgoKy. In the following,

we identify AL, FF with their irlnages in ICEed.

The remaining part of E? (Vp), ie. Zi>y _T]VDEi o E_4, can by charac-
terized as the ICffd ® Ay part of EJ7(Vp). We decompose this inits A; ® A,
Fg @Ay, Ff ® A” and A; ® A parts and denote these by (E;] (Vp))Ae e,
(Eg] (Vb)) e, (E? (Vp))7e e and (Egj1 (Vp))“s s, respectively. Clearly,
(T)Og/ mg (E;"(Vp))s s lies in Ao Ky Furthermore, since 7 C mg and
A, € O}, we also have that (T)Oé mg (E €g (Vp))7s A lies in Ag o Kg; the
same goes for cT)Oé mg (E €g (Vp))As s .

It remains to show that 21;09' M (E;] (Vp))7e s takesits values in Ay o Ky
The normal ordering acts as the identity on (E;1 (Vp))7s s because F g and
Ay are both contained in Oé. Hence, dNDOé Mg (E;] (Vp))7e e is of the form
2_ifi o a; for certain sections f; of 7 and a; of A;. It is also G-invariant:
since Vp is G equivariant, E;] (Vp) is G-invariant, and since moreover the
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summands A%, fgi are preserved by G, the 7 ® A part of E? (Vp) is also
G-invariant. It follows that

Zf oai= Zalof —|—Zﬂ,c11 + (fy, ai)h.

By G-invariance, Zi[ﬂ, a;]’ vanishes, and because (.7-; , A;) = (, it follows
that ), (fi, a;) also vanishes. Hence CTD(% mg (E;1 (Vp))Fs s =3 . ajofialso
lies in Ag o K. O

From the previous two lemmas it follows that Tp, descends to a well defined
action of GAy@B /@/SA/OB on IF'(ICg, Og)Z;Ag . Since BA,OB /(C/G.A/OB = 63, so that
we have defined a map

A
Tof : 05 — EndcF(Kg, Ogea,

We now show that this map is a connection: let f be a local section of O,
X o vg of F(Kg, Og)e,4, and D of 0. Lift D locally to D € 6 4 0, /c. Then

T5¢(D)fXove = Vp(fX) o v+ X 0 Toy (Vp)ve
g
= D(f)Xov+Vp(X) ove+ 1o, (VD)ve
= D(f)Xove+fT ,( )X o vy,

so that T ¢ 1ifts D to a first order differential operator on F(ICg, Og)y, A, whose
symbol is the identity.

Corollary 5.3.4. For any choice of O as above, Tg 7 is a holomorphic connection on
g
F(Kg, Og)e.a, over B.

In order to define Toé , we had to choose AT, .7-"35 as above, and to do that, we
had to restrict the base space. However, as we saw before, T@é depends on

To; only up to scalar, so that the projectivization of Tg g,g is independent of Oy
We give this map a name:

Definition 5.3.5 (WZW projective holomorphic connection). Define VW#W

as the map
O — End(cFUCg, @ )E-Ag /OB
that is locally defined by Tg 7, with Og equal to 7 + A, as above.

Clearly, VW is a projective holomorphic connection on F(Kg, Og)ea,. We

emphasize that this is now defined globally over B.
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5.3.1 Conformal blocks

The UK g-module F(ICg, Og)¢ has a unique maximal submodule, which we
denote by Zy. We already saw this in Chapter 1: there we denoted K g by Lg,

(9 by £>g and F(/Cq, Og)¢ by H(ﬁg, L g)¢. As was noted there, it is locally
of the following form: locally over B, choose coordinates tr,..tN of O and
identify g with g@ @;((ti)). Then Z; is of the form P, U.IC o Xet N6y,
where Xg is a highest root Vector of g (relative some choice of positive roots).

Definition 5.3.6. We let Z 4, be the image of Z; in F(/Cg, Og),4,. We call
B(KCq, Og, Ag)i :=F(Kg, Og)ea,/ Zu.4,

the module of conformal coblocks and
B(Kg, Og, Ag)e := Homoy (F(Kq, Og)ga,/ Ze4,, OB)

the module of conformal blocks.

In the literature, this module of conformal blocks is sometimes also called the
module of vacua.

Below, we will see that B(/KCq, Og, Ag)¢ is locally free so that B(Ky, Og, Ag)¢
and B(Kg4, Oq4, Ag); indeed are each others Og-dual.

Lemma 5.3.7. The submodule 2y of F(KCq, Og)q is preserved by VWZW, so that
VWZW descends to a projective connection on F(ICq, Ogle/(Ago F(Kg, Og)e + Zy),
and hence defines connections on B(Kq, Og, Ag)j and B(Kg, Oy, Ag)¢ - we denote
both by VW#W.

Proof. 1t suffices to show this locally, so let VW4V be represented by TS

oL’
where (9’ is as above. Furthermore, let t1, ..., tyn and X9 be as in the begm—
ning of thls subsection so that Z; is generated by (Xet N oy, i=1,...,N.

For alocal section D on 03, there is a (unique) lift DofDto0 A,0y /C such that
Dt; =0 foralli (so the “vertical part” of Dis 0). We compute:

Tg‘; (D)Ze=) Va(UK™)o(Xet; ) Tove+ Y UKoV (Xot; ) ovy.
i i

The first term is clearly contained in Z, so it suffices to prove that Vz (Xet; h

vanishes for all i. By the Leibniz rule, this expression equals tinle—I—XelS (ti).

By definition of D, 15(ti) = 0. Now recall that we made a local identification

g ® K ~ k4. By lemma we can assume g to consist of flat sections, so

that VzXe = 0 as well. ]
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One of the nice properties of the quotient with respect to Z is the following;:
Theorem 5.3.8. B(KCy, Og, Ag)¢ is a coherent Og-module.

For a proof, we refer the reader to [19], Proposition 3.2.

Locally over B, VW#W is represented by a holomorphic connection, so the
Og-module B(Kg, Oq4, Ag)7 locally has a holomorphic connection. Since it is
coherent, by the previous theorem we conclude that

Corollary 5.3.9. The Og-module B(Kq, Og, Ag); is locally free and of finite rank.
The same holds for B(Kg4, Og, Ag)e.

5.4 The length filtration

By construction, F(/Cg, Og)¢, F(Kg, Og)ea, and B(Kq, Oy, Ag); inherit any fil-
tration from uﬁg. Above, we used the “right filtration” for the latter, but
here we will introduce a different one: the length filtration, of which let the
k-th part be given by

FLEUKg ==im()_ K¥H) C UK,
i<k

The corresponding filtration on F(ICg, Og)¢ is then defined as
FLRF(/Cq, Og)¢ := FLKUK 4 0 vy

This in turn defines a filtration on any quotient of F(ICg, Og), by letting the k-
th piece be the image of FL*F(K 4, O,)¢ - we also denote this induced filtration
by FL¥, so e.g.

FLkF(’Cg» Og)Z;Ag = im(FLkFUCm Og)ﬂ) - ]F(Icg» Og)Z;Ag

is the length filtration on IF(KCg, Og) e, -






Chapter 6

Comparisons

Let G be a fixed simple complex algebraic group with Lie algebra g, and tr a positive
definite ad-invariant bilinear form on g. We assume tr to be normalized such that
the longest root has length 2 (see remark [1.3.6). Moreover, we let G be a compact
real form of G and fix two positive integers €, 1.

In this chapter we will compare the results of Chapters 2,4 and 5. In each
of these chapters we associated to a certain geometric setting, a locally free
Og-module of finite rank with a flat projective holomorphic connection, for a
given complex variety B.

6.1 (Graded) conformal blocks

We start by fixing a pointed family of curves (C/B,p). Recall that we can re-
gard this as a family of complex structures, parameterized by B, on a pointed
compact oriented pointed surface (X, p). We assume the latter to by equipped
with a G¢-bundle P./%, together with a flat C*°-connection VP’ One can
“multiply” all this by B; the result is a principal G.-bundle

P./ExB:P.:=P.xB—LxB

over L x B that maps to P./Z by contraction in the B directions. We let

VPe/IxB be the connection obtained by pulling VPe/Z back to P./L x B; it is
clearly a flat connection over £ x B. Let P := P¢ x g, G be the complexification
of P¢, and P/Z x B the corresponding principal G-bundle; the corresponding

105
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complexification of VP</2*B is denoted V?/**B. As we saw before, the com-
plex structure C/B on X x B/B lifts to P/Z x B via VP/2xB. 3 local section s
is holomorphic iff (VP/2xB)0Tg — 0. We denote P/Z x B endowed with this
complex structure by P/C. Furthermore, for simplicity we will write V"/¢ for
be the flat connection V?/2*B on P/C, whereas the connection on the adjoint
bundle Adp  inherited from VP/€ is denoted by V.

Remark 6.1.1. Note that if P./X has a global flat section with respect to V</%,
then P/C has a global flat section with respect to V/C. We will later assume
this to be the case.

6.1.1 Graded conformal blocks

We now show how this setting, i.e. (C/B,p), P/C and V, gives rise to the data
used as input in Chapter 4. Part of this was already defined in Chapter 3:

Hy=R'(C/B).G, Fy=I(C/B)slwesp®G),

where G denotes the sheaf of flat local sections of Adp /.. The sheaf H, came
with a symplectic form (-, -) given by the pairing that (-, )4 induces via the
isomorphism V : Ay /(Ag + KJ) — Hg. With respect to this symplectic struc-
ture, Fy is a Lagrangian submodule of H, as we have seen before. However,
since P/C and VP/¢ were obtained by trivial extension in the B direction, H,
trivializes: we have that

Hg=H'(%;Gp,) @ O, (6.1)

where Gp, denotes the flat sections of Adp, /s over L. This determines a flat
connection V' on H, that takes the form id ® d under the identification
We remark that such a connection is called a Gauss-Manin connection.
It is compatible with the Og-module structure, in that [(VHe)0T Og] = 0.
Furthermore, we have seen that the symplectic structure on H is given by
the tr-integration pairing; it follows the symplectic structure on H is induced
from the tr-integration pairing on H'(Z; Gp. ). From this, in turn, it immedi-
ately follows that (-, -) is flat with respect to V.

We recall some notation from Chapter 4: the sheaf of (p, q) forms on B
with values in M is denoted £P9(M). Furthermore, we let £ denote the
sheaf of smooth functions on B, and for any Og-module M we denote the as-
sociated £-module £ ®p, M by M. As an exception, we write Fo, (Hq, Fg)1,
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Foo (Kg, Og)¢ instead of the more cumbersome (F(Hg, Fg)t)oo, (F(KCg, Og)e)oo-
Using this notation, we have e.g. that Hy. = H'(Z;Gp,) ® € is a vector
bundle on B with flat connection V¢, and holomorphic subbundle F;. The
identification shows that it has a natural real structure a — a. Since
the symplectic structure on H, (and hence the one induced on H, o, as well)
is induced from H'(Z; Gp. ), we see that it is real; the same goes for V. Fur-
thermore, we have that 7, is a Lagrangian complement for Fg o in Hgeo:
one just observes that in a fiber over a point b € B, (Fyo0)p = HO(Cw: G),
(Fgoo)b = H'O(Cp; G) and Hy 0o = H'(Cp; G). Using this, one readily checks
that

(a)b) = 71((1)5)

is a negative definite hermitian form on Fy, and a positive definite one on
Fg00-

This brings us in the setting of Chapter 4: to the tuple (H,, V, Fy, (-, 9, ()
we have associated the Fock module F(Hg, F4)1 and an inner product (-, -) on
Foo (Hg, Fg)1, such that the canonical connection (compatible with holomor-
phic and hermitian structure) has scalar curvature. We will now compare
this with the results of Chapter 5: in Chapter 3 we associated to (C/B,p),
P/C and V, the Og-modules K4, Og4, Ay and a presymplectic form (-,-)5 on
Kg. These satisfy the requirements needed to define F(/Cq, Ogy)¢,4,, Z¢ and
B(Kgq, 04, Ag); in Chapter 5. For the former, we defined a filtration that we
denoted {FLkF(ICg, Og) 4, Jken and called the “length” filtration - let

grF(Kg, Og)a,
denote the graded quotient of F(ICg, O4) with respect to this filtration.
Lemma 6.1.2. We have a natural isomorphism of Og-modules

griF(KCq, Oglea, — F(Hg, Fglt.

Proof. Recall that the filtration of F(/Cg, Og)¢,4, was induced by the filtration
of UIEg that it received from the tensor algebra of /EQ. From this it is clear that
the graded quotient of UK is commutative, and hence the image of

UKo (XoY—YoX)oUKgovy 6.2)

in grF(KCq, Og)ea, vanishes, for any local sections X, Y of /69. If we also re-
call that O¢ o v¢ = 0, Ohvy = Opv, and that Ay o F(Kg, Og)e.4, vanishes in
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F(Kg, Og)e.a,, then a PBW-type argument shows that gr F(/Cq, Og) 4, can be
naturally identified with Sym,(Ky/(Og+.44)) as Opg-modules: using the com-
muiativity relation ), one “moves all factors in A to the left, and factors
in Oy to the right”.

The same trick can be applied to F(Hg, Fy)1: using that ]/-"; ofy = Ogfand
that []-/z, 71{\9] = hOg, we see by “moving all terms in ]-/z to the right” that

F(Hg»}-g)l = Symo(Hg/fg) = Symo-Aé_/((Og N -Aé_) + Ag)
= Sym.(Ky/(Og + Ay)).

Note that locally over B, we can choose a 7 as in proposition
Then the map @ F; — F(Kg, Og) g4, induces an isomorphism from SymeF -
to grF(Kq, Og)a,. However, V : F~ — Hy gives an isomorphism SymeF; —
F(Hg, Fg)¢ so that by composition, we obtain an identification of Og-modules
grF(Ky, Oglea, =~ F(Hg, Fg)e This is the same isomorphism as the one just
defined, and therefore does not depend on the choice of F, g ]

We recall that F(KCg, Og)¢ has a maximal Lll/C\g submodule Z;, and that Z 4,
denotes its image in F(KC, Og4)¢,4, - The module of graded conformal coblocks
should of course be the graded quotient of F(IC, Og)¢,4, /20,4, With respect to
some filtration. Before make this precise, we first take a small detour to dis-
cuss some generalities about filtered modules, and show that “taking graded
quotient commutes with dividing out by a submodule”.

Let V be a module (over some ring or sheaf) with increasing filtration
{Vi} and submodule W. The latter naturally inherits a filtration that is given
by {(Wx = Vi N W}. Moreover, the quotient V/W also naturally inherits a
filtration, in which the k-th piece is given by the image of Vi in V/W.

Lemma 6.1.3. There is a natural isomorphism gr V/W = grV/ gr W, where the
right-hand side is the quotient in the category of graded modules.

Proof. We compare the degree k summands: on the left hand side this is
(8r V/W)i = Vit W/ (Vi + W) = Vi/ (Vi1 + W) N Vi) = Vie/ (Vi +Wad),
whereas on the rights hand side this is given by

(grV/grW) = (gr V)i/(gr W = Vie/ (Vi1 + Wi).
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We now apply this to the submodule Z¢, 4, of F(KC, Og)e.4,:

gr(FUCg» Og)@;Ag /ZE;AB) = gr ]F(}Cg» Og)ﬂ;Ag/gr ZE;AB-

If we subsequently apply the natural isomorphism from lemma we can
conclude the following.

Corollary 6.1.4. We have a natural isomorphism
grB(Kg, Og, Ag)y = F(Hg, Foi/ gt Ze.a, -

This result legitimates the following definition. Because of this result, we call
F(Hg, Fo)/ gr Ze,4, the sheaf of graded conformal coblocks. This isomorphism
gives a relation between VWY and V¥, provided ¢, 1 satisfy a certain con-
dition. However, in order for the first one to be defined, we have to make
more assumptions on our principal bundle and its connection: assume that
the assumption of remark holds, so that (P/C,V¥/C) is (isomorphic to) the
trivial G-bundle over C/B with corresponding connection. For this setting, we
have defined a projective holomorphic connection VW4W on B (Kg, Og, Ag);
in Chapter 5. We recall how it acts on B(Kg4, Og, Ag);. Of course, it suffices
to do this locally, and hence we can choose coordinates t;,.. ., tn of O. Since
P/C and V/C were assumed trivial, Adp /¢ has a global basis of flat sections.
This ensures that we can identify ICy with K ® g, where 1 ® g consists of flat
sections, and that Ky has a G-action that satisfies the conditions of in
Chapter 3. We define 09/1 =g, (’)B[ti_]], and note that it is a G-invariant
isotropic complement for Oy in K.

Now, let D be a local section of 65 = 0, ,c with a local lift Dto6 A0 /C S
G,C‘OB/C. Write 15 = f)\, + 6h for ﬁh € GAy@B/C such that f)h(ti) = 0 and
D, € Ox /0 - Then, for a local section X o v¢ of F(KCq, Og);4,/Z¢ we have that
V%VZW{{ o vy is given by

Vi, (X)ovi+ 1o, (Vi ) oXove = Vi(X) ove+XoTo; (Vi ) ovy.

Clearly, V5 preserves the filtration (and Z,, as we saw in Chapter 5), so that
it descends to gr(F(Ky, Og)ea,/Z0). We denote the induced map by grV .
Before we discuss the second term, we introduce some notation: if X o
v¢ lies in FLdF(ICg,Og)g, then we write [X o v¢lq for the image of X o v¢ in
gr(F(Kq, Oglea,/Ze,4,)a- We note that the image of X o To; (Vﬁv) o vy in the
graded quotient is equal to [To; (V) o X o v¢l. Inspired by this, we define
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an endomorphism gr To, (Vg ) of gr(F ICg, Og)ea,/ Z0), homogeneous of degree 2,

as follows. Any nontrivial sectzon of gr(F(Kg, Og)ea,/2¢)a can be represented by
some section X o vq of FLdIF(ICg, Og)e. 1t therefore suffices to define the action of
gr To; (Vﬁv) on [X ovgla:

ngOé (Vﬁv)[)_c'o\)g]d = [T(’)é (VTD\,) o )?ng]d+z.

Definition 6.1.5 (Graded WZW (projective) connection). Let gr VW*W de-
note the projective holomorphic connection on gr(F(Kg, Og)e.4,/Ze.4,) that
is locally defined as follows: with the notation as above,

ngWZW—ng .t 8rTo (Vi ).

A priori, it is not clear that this is indeed a (projective) connection, or even
that it is well defined at all. However, by theorem gr VWZW is indeed
a well defined projective connection. Before we proceed with this theorem, a
few comments on the name “Graded WZW connection” are in place.

In general, given a filtered vector bundle and connection on it that does
not preserve the filtration, the connection does not pass over to the graded
quotient of the vector bundle in a natural way. In this case, there is no such
thing as “the graded connection”. However, because of the way VW is
defined, there is at least an “obvious” way to define a (projective) connec-
tion on gr(F(Kq, Og)e.a,/Z0.4,), which is definition[6.1.5] For this reason we,
somewhat pretentiously, call gr VW*W the graded WZW connection. By the fol-
lowing theorem, this is at least an interesting object.

Theorem 6.1.6. For 1 = { + h, the projectivization of V¥ coincides with &-linear
extension of gr VAW,

Proof. Since P/C and V are trivial (in the sense that there is a global flat sec-
tion), Kq has a global G-action satisfying the conditions of assumption[3.2.14]
Thus, locally over B, we choose A7, 7 as in proposmon and assume
them to be G-invariant. Now, let D, D D and Dh be as above A local sec-
tion of (grF(Kg, Og)e.a ./ Zd)a can (locally) always be represented by a section
X o vp of FLdIE‘(ICg, Oy)¢, and in this we can assume X to be in the image of
&, Fy - We have that (up to a multiple of X o v)

gr VWK o vila = [V (%) o vila + [ty (V) 0 X 0 vil a2,
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where Oé = Ay + F4 . On the other hand,

VERovila = Vie[Rovila+ p(s(D)) o [X o vela.

Before we compare these two expression, we first introduce some more no-
tation. Let y be a local section of FLdUIEg. Then ¥ is congruent to the image
of some section y of (Fg )®4d modulo FLd_1UI€g. Now, recall that V induces
a natural isomorphism Aé /(Ag + ICS) = Hg. Via this isomorphism, y deter-
mines a section [yj] 4 of U?—A{g, that is well defined in terms of § mod FL4~ uﬁg.
This association §j — [ijl4 has the property that [ij o Z] 44 = [§]q o [Z]¢, for any
section Z of FLeUIEg. Using this notation, the expressions above reduce to

gr VWX ovelq = [V (X)la o fL+ [To; (V) o X ovidas,
and
VER ovila = Ve [Rlq 0 fi + p(5(D)) o [K]g 0 f1.

By [12] lemma 3.7, we have that the action of Vgg on Hg is induced by Vg
on Kg, so that

[V (X)]a = VR
It therefore remains to prove that
[To;(Vp, ) o Xovidaiz = p(s(D)) o [Xlao fi. (6.3)

Since the problem is now Og-linear, we can restrict ourselves to the fiber over
a point b € B. This means that we can identify Hy with H'(Cv: G), Fg with
H'0(Cy: G) and fg,oo = H%1(Cy; G) with H](Cb,Adp/cb). Moreover, we can
choose F to be such that it maps to Fg o under the map Ay — Ay /(Aq +
KO) = Hy,

We finish the proof with an explicit computation of both sides of equa-
tion (ﬁ). Choose a topological quasisymplectic basis {E;}i..o of ICEEd, that is
adapted to }'gi, .Agi in the following sense: for a certainy > 0, {Ei}i<_, is a ba-

sis of Ag, {Ei}i=—y,...—11s a basis of Fogr {Ei}i=1...y is a basis of A; and {Ei}i~
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is a basis of .7-"; . In terms of this, we have that

[to;(Vp,) o Xov

1 ~ (Vp. Ei, Ejlg
— _ , Dy P8 9F | oXov
z(e n h) |:¢Og Mg (12) ij i ) ¢
B 1 y (Vp, Ei Ejg
2L+ h) )

[E_ioE_jo0Xovy

)
1 Y (Vs Ei, Ejg
= _ Y [E_joE_0Xov
2(¢+h) iJZ_] 1) i j o
1 Y (Vs E, Ejg
= > vy E {Jo[E ]o[x]ofy.
z(e n h) Z ij [ 1] [ )] [_j 1

i,j=1

The first equality is just the definition of Tp;. In the second one, we used
that normal ordering can be omitted due to the commutativity of the graded
quotient. For the third equation, we use the special choice of the topological
quasisymplectic basis, in combination with the observations that [[AgoXov, =
0 and [OgoXov = [XoOgovd = 0. However, {[Eil};;—;, ., provides a
quasisymplectic basis of Hg that is adapted to F;, F in the sense that [E] €
Fgfori>0and [Ei] € Fyfori< 0. It follows that

1 Y ng Eils, [E;
p(s(D)) o Kaofi=5 Y (Vp'l i? [E5]1)

7 [Eidi o [Ejli o [XTq0 f1.

ij=1
Since by assumption 1 = £ + h, we see that it suffices to prove that
(VEe[Eds, [Ej]y) = (Vp, Bt g
To see why this is the case, we first note that
(VRS [Ed, [E5l1) = (VR V(EY), V(E})) = (V(VgEi), V().

Since (-, -) was defined as the pairing that (-, -)4 induces via the isomorphism
V. Aé/Ag — Hg, we see that (V(VzEi), V(E;)) indeed equals (Vﬁin, Ej)g.
L]

As a direct consequence of the theorem above and corollary we have
Corollary 6.1.7. The graded WZW connection, i.e. gr VW*W, is locally unitary.
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6.2 The Verlinde isomorphism

We conclude with a sketch of the Verlinde isomorphism, which identifies con-
formal blocks with 8-functions and the WZW-projective connection with the
Hitchin projective connection. For details, we refer reader to [17].

Continue with the setting above; in particular assume (C/B,p), P/C and
VP/C given, but make an additional assumption on C/B: assume it to be
miniversal. In this section we compare the results of section 5 with those
of section 2. In the latter, we defined a morphism M/C : M — C, a line bun-
dle £ on M, and an Op-module @, := (M/C).L". The latter is locally free
and of finite rank, and has a natural flat projective connection (the Hitchin
connection), which is unique with the property that is locally given by heat
operators.

Theorem 6.2.1. There is a natural isomorphism B(Kg, Og, Ag)e — Oy, called the
Verlinde isomorphism, that identifies the WZW projective holomorphic connection
on the right hand side with the Hitchin projective holomorphic connection on the left
hand side.

We will sketch the isomorphism: recall that for a given family of pointed
curves (C/B,p), we have (locally over B):

e loop groups LG(C°/B)*d, LG C LG,

e a central extension £G of £G with subextension LE\G of £2G and an
injective homomorphism LG(C %) — LG.

We denoted the Lie algebras of ZE, £/2\G and ZE(CO/ B)red by ZE;, E,z\g and
Lg(C%/B)rd, respectively. If we trivialize P in a flat manner, we can identify,
Ky = (CAS/B)*Adp/C with (CAS/B)*((’)C ®g) =K®g=Lyg. Weassume such a
trivialization given. The identification Ky = Lg induces identifications

Og=LZg, Ag=La(C°/B), Ky=Lg, Oy=Lg.

We have seen that the family of moduli spaces of regularly stable G-bundles
over C is (locally) given by

M = LG(CO)™NLG™/L2G.
On this, we defined a line bundle £¢, whose total space is given by

LG(CO/B)*N\LG™ x C/L>G,
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where £G(C°/B)¢4 acts trivially on C and L’/Z\G via a character e "X, Now, let
{Ui}ic1 be an open cover of M such that we have sections

gi:./\/l Quiﬂzars.
Then L' is trivialized over {U;}ict by nonvanishing local sections
o1: Uy — LG(CO/B)*NLG ™ x C/L2G : x — [gi x 11.

Over an overlap U; N U;j, gi = fij0;hy; for certain sections fi; of LG(C 0/B)red
and hy; of £L2G, s0 03 = efex(hij) -0j-1. For a local section uw of B(ICg, Og, Ag)e,
we will define a local section 6, of @; using the following: the UK -action on

F(Lg, £2g) = F(Kg, Og)e/ 20

integrates to an action of LG. This has the property that £G(C°/B) acts triv-
ially and £>g acts via e*X. We define

Ou(Ui) = u(gi - ve)oy.
This is well defined iff on U; N U;
u(gi-ve)oi = ulgj-ve) o5 = u(figihuy-ve)eX(hij)or = u(gihy-ve)eX(hy) o1,

where in the last step it was used that uis LG(C 0/B) invariant. By construc-
tion, L% = @g = O4 © Og acts on vy via £x, which is { times the projection
on its second summand. The character e* is the exponentiation of this action
and hence hyj-v¢ = eeX(hij Jv¢ so that 6., is well defined. This map u — 6,, de-
fines the isomorphism claimed in the theorem. Under this isomorphism, the
Segal-Sugawara tensor tp- (Vﬁv) acts as a second order differential operator
on sections of £¢, and hence, the WZW connection is (locally) represented by
a heat operator. By the corollary [2.2.70} it must equal the Hitchin connection.
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A.1 Derivations, connections and differential operators

In this section, k will be an algebraically closed field of characteristic 0, S a
finitely generated k-algebra, and R a finitely generated S-algebra. We remark
that both R and S are Noetherian, and that for a Noetherian ring the notions
of finitely generated, finitely presented and coherent modules coincide. Ref-
erences for this section are [8] and [9]. Define

Ders(R) :={0 € Ends(R) | 0(ab) = 0(a)b + ad(b)}

to be the R-module of derivations of R over S. Ders(R) is dual to the module
of Kahler differentials J/J%, where ] is the kernel of the multiplication map
R ®s R — R. If xq,...,%; are generators of R over S, then | is generated by
the elements x; ® xj — x5 ® x4, 1 # j. Hence J/ ]2 is finitely generated, and as a
consequence, Derg(R) is finitely generated as well.

For a finitely generated R-module M define the R-module of R-differential
operators on M over S of order at most i by

&/s(M) = Endg(M) fori=0
Di/s(M) = {D € Ends(M) | [D,Endr(M)] € Dy (M)} fori> 1.
Clearly, D} (M) 0 Dy (M) C DL (M).

Lemma A.1.1. There is a natural exact sequence
0 — Endg(M) — D} 5(M) —2~ Derg(R) @ Endg(M)
called the first symbol sequence, where i is the inclusion map.
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Proof. Let D be in D}, ,s(M). Any element of R is a polynomial p in a set of
generators, say X1, ...,%y, of Rover S. Let u : R — Endg(M) be the multipli-
cation map, then by the Leibniz rule

D, u(p)] = ;’ P D, uxy),
= [D, u(x4)] and define
o'(D) = % ® A € Dery(R) ®g Endg(M).

Of course, it is not yet clear that this is well defined. To see why this is the
case, let p(x1,...,Xr) be a relation in R with coefficients in S, so that we must

have W/M = 0. Since p(x1, ..., X;) vanishes in R, it follows that indeed

0p

1.

Secondly, it is to be shown that ¢! (D) is independent of the choice of genera-
tors, so let yy...,ys be another set of generators. We denote [D, p(yi)] by Bi
and, by abbreviating x1,...,xr toxand y1,...,ys toy, express x in terms of y
- we write x(y) to express this. Any element in R can be represented by some
p(x) € S[x1,...,xnl, but can also be represented by p(x(y)) € Slu1,...,ydl.
By formally differentiating,

Op(x(y))y _ 3P Bx;

B;
GITH v ax] GITH i
but also
op(x) op op op 0x; 9p 0%
Ai— —A.- ——1D . e D .
g VT g axj[ y 1(x5(y))] o 6yi[ iyl = 3, dy; oV

so that o is indeed well defined. Finally, o'(D)(r) = 0 for every v € Riff D
commutes with the R action on M, i.e. iff D € Endg(M). O

Since M is finitely generated, so is Endg(M). Moreover, the image of o
is a submodule of Ders(R) ®g Endr(M), and since is finitely generated, so is

m(c). Thus D]L /s (M), being an extension of the finitely generated R-modules
EndR(M) and im(o), is finitely generated.
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We now specialize to the case S = k. In that case, there is an interesting
criterion for o to be surjective, i.e. for

1
0 — Endg(M) —= Dy M —=—= Dery(R) @g Endg(M) —=0 (A.4)

to be exact, provided R is nice enough. To simplify the proof, we first recall
that a sequence of finitely generated R-modules is exact iff it is exact at all
the maximal ideals. Since R is finitely generated over k, its localization at any
maximal ideal is a local ring of finite dimension. Hence it suffices to prove
the following.

Theorem A.1.2. Suppose R is a regular local k-algebra of finite dimension. Then
(A.4)) is exact iff M is a free R-module.

Proof. If M is free over R, say M ~ R®", any element 0 ® A € Dery(R) ®g
Endgr(M) is lifted by A o 3%". Hence in this case, (M) is exact.

Now suppose o' is surjective. Denote the maximal ideal of R by m. If
we complete R with respect to m, then the completion of ¢! is also surjective.
Moreover, if the completion of M is free, then M itself is also free. Hence we
can assume R to be complete.

Let n be the dimension of m/m? over k. Since R is a regular complete local
k-algebra of dimension n, we know it is of the form k[[x, ..., xy]] for certain
X1, ...,Xn € R. It then follows that Dery(R) =R < %, ey m > Clearly,

) OXn

e if r € R, then or = 0 for all @ € Dery(R) iff r € k,

o if r € mM\m**!, then there is a @ € Dery(R) such that or € m* "\m¥ (for
any k > 1).

Now let my, ..., my be a set of generators of M over R, such their images in
M/mM are linearly independent over k. Suppose there is a relation between
them, say rymi = 0, 1; € R. We can assume it to be of minimal m degree in
the following sense: for at least one of the i’s,say i =0, r; € mA\md*t! with d
minimal. In case d > 1, then there is a @ € Der(R) such that dry € md"\m4.
We now assume o to be surjective, so that there isa D € Dg /M such that
o(D) = 9. Apply D to the relation:

0 = D(rymy) = d(ri)m; + riD(my) = (d(ry) + 1A )my,
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where Ai € Ry, are such that D(m;) = A{mj. We thus obtain a new relation
with coefficients (9(ry) + rjA{) e m%4-1. However, since Tin = 0 mod md
but v # 0 mod m¢, we have obtained a relation of degree lower than d,
contradicting the minimality.

Hence we can assume d = 0. In this case however, rim; projects to a
nontrivial relation in M/mM while the m;’s were assumed to be independent.
The conclusion is that the m; freely generated M, and that by the remark

above, M is a free R-module. ]

We return for the moment to the more general situation where R is finitely
generated over S. Without proof, we remark that for higher order differential
operators, we have similar results. In particular, for all i > 0, D]i2 /S(M) is
finitely generated and we have an exact sequence

0 — D 5(M) —= D& (M) <> Sym

R/S Ders(R) ®g Endg(M) .

i+1
called the i + 1-th symbol sequence. Here o''! is defined inductively: for
D ¢ D}J;(M) and x1,...,xn generators of R over S, ot1(D) = a—; ® oi(D).
Finally, if M is free, then ot is surjective.

A.11 Differential operators on Os-modules

We now discuss that sheafification of the discussion above. Suppose X is a
Noetherian scheme over an algebraically closed field k, 7t : Y — X scheme
of locally finite type, and 7 an Ox-module. Then we define Oy, x to be the
subsheaf of énd, 10, Oy of sections satisfying d(fg) = 9(f)g + fa(g), for
local sections f, g of Oy and 0 of End, 10, Oy. If Y/X is smooth, then 6y/x
is the sheaf of vector fields on Y over X, and if X = Spec C, we simply write
Oy. We have the following relation with the notions above: if X = Spec R,
Y = Spec §, then Oy is the sheafification of Ders(R).

The definition of differential operators for sheaves is also analogous to the
algebraic setting:

Definition A.1.3. Define ’D$/X(.7-" ) = &ndp, (F). Starting from this, we in-
ductively define D%(/x(}- ) to be the subsheaf of Endp, (F) consisting of D €

Endo, (F)(U), such that [Dly,Ende, (F)(V)] C DZ)]((]:)(V) for any open

subsets U C Yand V C U. We call Diy/x(}" ) the sheaf of differential operators on
(the Oy-module) F over X.
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If X = Spec R, Y = Spec S and M = H°(X, F), then D} , (F) is the sheafifica-

Y/X
tion of D} /s(M). Since D}, x(F) C DV/F;((.F ) we can take a direct limit:

Dy/x(F) = lim Dy x(F).

1

In inherits a filtration by construction, in which the i-th part is D}, x(F).

Since Y/X is of locally finite type, we can cover X by affine subsets {U; =
Spec Si} and Y by affine subsets {Vi; = Spec Rj;} such that Vj; lies over U;
and Ry; is finitely generated over S; as algebra. Therefore, 8x v and D§/X(f )
are locally (over Y) sheafifications of Ders(R), D}z /SM, for certain (locally de-
termined) R, S, M as before. Hence the properties of the latter derived above,
extend to local properties of the former, and in particular

Corollary A.1.4. Fori > 0 there is a natural exact sequence called the i+ 1 symbol
sequence:

. . i1
0—— D%x(}—) E—— D;_;)]((]:) L> Symi+1ey/x Roy Endoy(f) .

Now assume X = Spec k, Y/X is smooth and F coherent. First recall that a
sequence

_ 1
0 — Endo, (F) Dy x Byx @rEndoy (F) —=0  (A5)

is exact iff it is locally exact, and that this is so, iff it is exact on the stalks at
closed points. So p € Y be a closed point. Since Y/k is smooth and of finite
dimension, Oy, satisfies the conditions of theorem So o' is surjective
at p iff 7, is a free Oyp-module. We have therefore shown the following;:
is exact iff F is a locally free Oy-module.

An often used subsequence of (m) is the following.

Definition A.1.5. Let Ay x(F) be the preimage of 0y/x ® id in DL/X(]-" ), then
we have an exact sequence

0 —&ndoy (F) Ayx —= By/x 0, (A.6)

where we identify 0y/x with 8y/x ®r Endo, (F) using id € Endp, (F). This
is called the Atiyah sequence. The class of it in Ext(0vy,x, Endo, (F)) is denoted
cA(F) and is called the Atiyah class of F.
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Clealy, if (|A.5]) is exact, then the Atiyah sequence is also exact. The con-
verse, however, is also true: Dq( /X(]-" ) is a left Endp, (F)-module by composi-

tion in Endo, (F), Oy/x ® Ende, (F) also has an obvious Endo, (F), and o!
commutes with these actions. Hence, if o' (Ay/x(F)) = 0y/x ® id, then

o' (Dyx(F)) = o'(Endo, (F)Ayx(F)) = Endoy (F)o' (Ayx(F))
= Oyx ®r&ndo, (F).
Corollary A.1.6. The sequence (|A.6)) is exact iff F is a locally free Oy-module.

A global splitting of is called a holomorphic connection over Y/X and a
local splitting is called a local holomorphic connection over Y/X. In case X =
Spec C, we just say (local) connection over Y. Clearly, the existence of a local
holomorphic connection is equivalent with the local freeness of 7. If k = C
and Y is a smooth variety, then it has a C* structure, and we can tensor
the Atiyah sequence with the sheaf of smooth functions - we call the result
the smooth Atiyah sequence. This then will be exact iff the original Atiyah
sequence is exact. Since the sheaf of smooth functions is fine, local splitting
always glue to a global splitting, so that the smooth Atiyah sequence is exact
iff there is a global splitting. We call such a splitting a C*® connection on F.

Corollary A.1.7. If Y is a smooth complex variety, then F is locally free iff it has a
C*-connection.

A.2 Extension classes associated to differential opera-
tors

We now assume Y to be a Kdhler manifold, and £ a line bundle on Y. The
sheaf of differential operators of order at most k on £ will be denoted D*L.
For every integer k > 0 we have the (k + 1)-th symbol sequence

k+1
0 —— pkL —— Dkt L —T=> Symye 10y ——=0 .

By reduction modulo DY 1L one finds

0 — > SymyBy — = DRH £/DR12 T L Symy 18y — 0. (A7)

Theorem A.2.1. The extension class defined by is given by cupping with
kea(L) — (k — 1)ca(wy), where c o denotes is the Atiyah class.
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Proof. Choose C* connections V£, V on £ and 6y, respectively, and such
that V is torsion free. For line bundles, the construction of the connecting
homomorphism via the Dolbeault resolution gives that the Atiyah classes are
represented by the (1,1) part of a curvature, so ca(L) = VL and ca(wy) =
— tr(0V); these identities will be used later on.

To compute the extension class defined by (A.7) we will use Dolbeault
resolutions: we lift a local section of Symy0y to a C*® section of D*L/D* 2L,
and subsequently take the 9 of this. The result will be a smooth section of
Symy_10y with values in the (0,1) forms. The map thus defined, taking a
local section of Sym.0y to a (0,1) form valued local section of Symy._16y,
represents the connecting homomorphism. We will now compute this explic-
itly.

By induction on k > 1, we define C* lifts for the symbol maps:

w: 0y = E9DIL: X > Vﬁ
ﬁk+] : eg(kﬂ-]) N g0,0Dk+1£ - X ® X] Q- ® Xk
= V§< our(X1® - @ Xn) — (VX1 @ -+ - ® Xp))
Uy = ﬁk‘SymkGY-
The extension class of (|A.7) is given by the class that duy represents in

Ext'(Sym* '8y, Sym*oy).

For local sections X, Xi, ..., X, of Oy one has

61F'VL]GH (X) X] yooee >XTL)
= (QVA)(X) o U(X1® -+~ ® Xn) 4+ Vi 0 (01) (X1 ® -+~ @ Xn)
= —(0W) (Vx(X1 @ - -- © Xp)) — W (A(Vx(X1 ® -+ - ® Xn)))

If we consider this module £%'"D*1£, we see that the last term vanishes and
that V4 o (01)(X; ® -+ ® Xy) simplifies to X o (31)(X; ® -+ ® Xy), since
Vf( = X mod £°°. Therefore,
M1 (X, X1,...,Xn) = calf)X)X1® - @Xn+X® (01)(X1® - @ Xn)
~y (A(Vx(X1 ® -+ ® Xn))) mod EX'D*1L
= (caAl£)®1d+1d@oU)(XDX1 @+ @ Xn)
—A(Vx(X1® - ®Xy)) mod EX'DF1L
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To identify the last term, consider
V(X ®s X1 @s -+ @s Xn) € E2Symyby @ Qy

and take the contraction tr; between Qv and the first factor 0y, so
triVIX@X;1 @@ Xn) =Vx(X1®@ - @ Xn) +tr(VX) X1 ® - - - Xin.

Since tri V(X ® X1 ® --- ® Xpn) is a C*™ section of Symy0y, the image of
AriVIX® X1 ® -+ @ Xn) in H(Y, SymyOy) is trivial, so that

—0Vx(X1® - @ Xn) =0tr(VX)X1 @ -+ Xp

on the level of cohomology. We will simplify this further using some standard
differential geometry. If we denote the curvature of V by Ry, then (9V)(X)
is the 1,1 part of Ry (X) - we denote this by Ry (X). Now let h(-,-) be a local
hermitian form on 0y, e; be a local basis of vector fields that is holomorphic
and satisfies [e;, ;] = 0 and h(ey, ej) = 01 ;. We locally have that

dtr(VX) =tr(dVX) = ) h(dVeX,es).

Since the problem is linear in X, we can without loss of generality assume that
[ei, X] = 0 for all i, so that the torsion-freeness of V gives us V¢ X = Vxe;. It
then follows that

dtr(VX) = ) h(dVxei, e5) = tr(dV)(X) = cA(80TP)(X) = —ca(wy)(X).

Therefore, we have that in H'(Y, Sym8y)

(Vx(X1 ®---Xn)) = calwy)(X)X; @ - - @ X,

and hence we have for the class of 0t 1(X, X1, ..., Xn) in H'(Y, Symy6y)

[aﬁk—H (X) X1a ce. )XTL)]
= ((calL) —calwy)) ®id+id ® 01) (X @ X1 ® - -+ @ Xn).

Since [011(X)] = ca(£)(X), by induction, [0wy] is given by cupping with the
class

(CA(E) — CA((UY)) & ide];—] +-- ide]\?—z % (CA(L)
—calwy)) ®ide, +idgi-1 ® calL).
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We conclude that the class of (|A.7)) is given by cupping the expression above
with a section of Sym0y; because of the symmetry this to cupping with the
class kca (L) — (k— T)ea(wy) € HI(Y, Qy). O






Samenvatting

Dit proefschrift gaat over conforme coblokken, hun gegradeerde quotient en een
unitaire structuur daarop. Om te weten wat dit nou precies betekend moet de
lezer eigenlijk bij het begin van dit boekje beginnen; hieronder zal ik daarom
alleen proberen om een idee te geven van wat voor dingen dit nu zijn. Daarbij
heb ik de nodige details weggelaten waardoor het onderstaande in strikte zin
niet meer helemaal klopt, maar hopelijk wel begrijpelijker is.

Om te beginnen moet ik eerst uitleggen wat een compact gesloten Riemann
oppervlakﬂis. Dit gaat het makkelijkste door een paar voorbeelden te schetsen:

Oes&

(a) 2-Sfeer (b) Torus (c) Geslacht 2 (d) Nog een
oppervlak geslacht 2 oppervlak

Zo'n compact gesloten Riemann oppervlak is dus een oppervlak, dat overal
glad is en geen rand heeft. De laatste twee oppervlakken kunnen op een con-
tinue manier in elkaar vervormd worden. Dat geldt niet voor ieder ander
tweetal van de hierboven afgebeelde oppervlakken, aangezien ze een ver-
schillend aantal gaten hebben (0, 1, 2 en 2 respectievelijk). Bij een continue
vervorming mag er namelijk niet geknipt worden, zodat het aantal gaten al-

'Dit correspondeerd met wat in de text “curve” wordt genoemd
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tijd constant blijft.

Vervolgens moet ik uitleggen wat een vectorruimte is: dat is een verzamel-
ing waarin je de elementen, die vectoren worden genoemd, met een getal kan
vermenigvuldigen en onderling kan op tellen. Denk hierbij aan alle vectoren
in het platte vlak die in een punt aangrijpen, waarbij optellen geschiedt door
het kop-aan-staart leggen en vermenigvuldiging door de vector te schalen.

De ruimte van conformal coblokken is nu een vectorruimte die je op een
natuurlijk manier kan produceren uit een compact gesloten Riemann opper-
vlak en geschikte Lie groep - wat dit laatste is leg ik verder niet uit. Deze con-
structie is zodanig dat als je een vector kiest uit deze ruimte van conforme
blokken, behorende bij een Riemann oppervlak, en vervolgens het Riemann
oppervlak op een continue manier vervormt, dat je de vector dan op een
natuurlijke continue manier mee kan laten varieren. Dit laatste heet een con-
nectie.

In dit proefschrift introduceer ik een variant op bovengenoemde con-
forme coblokken, genaamd het gegradeerde quotient van conforme coblokken, en
een bijbehorende connectie. Hiervoor geeft ik een expliciete compatibele uni-
taire structuur is (een unitaire structuur is een lengte- en hoekbegrip voor vec-
toren, en compatibel betekend hier dat dit lengte- en hoekbegrip netjes mee-
variéert wanneer we het oppervlak vervormen). Zo'n explicite compatibele
unitaire structuur voor conforme coblokken is tot op heden nog niet bekend;
hopelijk helpt bovengenoemd resultaat voor de gegradeerde versie bij het
vinden daarvan.
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