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1. Introduction

The problem of parsimoniously describing large data sets and/or pre-
dicting the level of a dichotomous response variable from a set of measure-
ments is a persistent issue in many fields including the medical and social
sciences, environmental research, market segmentation, e-commerce, Inter-
net user profiling and so on. Classification trees are a nonparametric data
mining tool for pattern recognition formulated as tree structures showing
how the level of a response variable can be determined or predicted by a
set of explanatory variables. Roughly speaking, classification trees identify
a number of exhaustive and mutually exclusive subgroups of a population
whose members share common characteristics that influence the dependent
variable. Since the work by Breiman, Friedman, Olshen, and Stone (1984)
on classification and regression trees (CART), a great deal of research has
been done in this area. However, as far as we know, the CART of random-
ized response (RR) data has not yet been studied from a methodological
point of view.

In this paper we considered a number of classification questions of
practical concern that arise in the context of randomized response data. In
particular, since the status of surveyed people is represented by a dichoto-
mous response in many surveys, analyzing a dichotomous sensitive variable
for classification purposes is the objective of this work.

Randomized response is an ingenious tool introduced by Warner
(1965) for collecting data on sensitive topics while ensuring respondent
anonymity. The technique is based on a randomization device that respon-
dents use to perturb their true answers. Thus, their true sensitive status re-
mains undisclosed and privacy is protected. Assuming that the observed
randomized responses are analyzed by using classification trees as if they
were not perturbed, we showed that classification trees analyzing, on the
one hand, observed RR data and, on the other hand, estimated true data,
have a one-to-one correspondence in terms of the ranking of the splitting
variables when the Pearson chi-square test is used as splitting criterion.

Indeed, a similar correspondence between true data and RR data has
been illustrated by a numerical example in van der Heijden and Bockenholt
(2008). Therefore, the aim of this paper is twofold: (i) to illustrate relations
between classification trees for observed RR data and estimated true data
and (ii) to formally explain the empirical evidence with a rigorous proof of
the intuitive idea in van der Heijden and Bockenholt (2008).

2. Randomized Response Designs

Randomized response is an interview technique that can be used if
sensitive, highly personal and stigmatizing questions are asked and respon-
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dents are reluctant to answer directly. Posing direct questions in this context
can lead to refusal to cooperate or untruthful, non-incriminating or socially
acceptable answers (Fox and Tracy 1986; Chaudhuri and Mukerjee 1988).
Sensitive questions can pertain, for example, to gambling, alcoholism, sex-
ual violence or abuse, drug addiction, xenophobia or non-compliance with
rules and regulations. Many studies have assessed the validity of RR meth-
ods and shown that they produce more reliable and honest answers than
other conventional data collection methods; see Lensvelt-Mulders, Hox, van
der Heijden, and Maas (2005) for a meta analysis.

In the original approach proposed by Warner (1965), each respondent
is presented with two statements, A and B, with B the complement of A.
For example, statement A is [ used hard drugs last year and statement B is
I did not use hard drugs last year. A randomizing device determines which
statement is to be selected. Without revealing the outcome of the random-
izer, the interviewee gives a yes or no response. Thus, the true status of the
respondent remains uncertain and privacy is protected. Yet, the prevalence
of the sensitive characteristic can be estimated from a sample of yes or no
answers.

When data are collected using an RR method, the responses received
by the interviewer on sensitive topics can differ from the responses that in-
terviewees would give if they were completely honest in reporting their real
status directly. These truthful responses denote what we call “true data” and
are generally unknown. The collected yes and no responses are partly mis-
classified data, and we refer to these data as “observed RR data”. Finally,
without loss of generality, we reserve the term “RR data” for misclassified
data which are not necessarily observed albeit theoretically definable.

In the Netherlands, RR surveys have mainly been carried out to mea-
sure the prevalence of regulatory non-compliance in the area of social wel-
fare, unemployment and disability benefits (see Lensvelt-Mulders, van der
Heijden, Laudy, and van Gils 2006). In these surveys, Boruch’s (1971)
forced response design is often used because of its ascertained statistical
efficiency. The method works as follows. Consider a dichotomous sensitive
question with responses yes and no. Response yes denotes that the true status
is stigmatizing. Respondents are instructed to throw two dice and keep the
outcome hidden from the interviewer. If the sum of the outcomes is 2, 3 or 4
(probability of 1/6) the respondent is asked to answer yes, irrespective of his
or her true status; if the sum is 11 or 12 (probability of 1/12) the respondent
is asked to answer no; if the sumis 5, 6, 7, 8, 9 or 10 the respondent is asked
to reveal his or her true status.

Let 61 and 5 = 1 — 0 be the probabilities of a yes or no response for
the true status. These are unknown probabilities which are to be estimated.
Analogously, let 6] and 65 = 1 — 07 be the probabilities of observing a yes
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or no randomized response. Then, in Boruch’s design

1 3 ., 1 3
g0 Bi= b (1)

0F =
1 12 ' 4

To estimate the prevalence of yes responses in the population, i.e. the
proportion of people with social stigma, it is useful to rewrite 67 and 65 in
terms of conditional misclassification probabilities.

Consider the sensitive variable Y with the two categories, yes = 1
and no = 2, and let

pi; = P(category i is observed | true category is j)

be the conditional misclassification probabilities. These probabilities can be
arranged in the transition matrix

p_ (Pun P12 _ 11/12  2/12
P21 P22 /12 10/12)°
If 6* = (07,603)" and @ = (61,62)" the expressions in (1) can be given in the

matrix form
6* = Po. ()

The prevalence estimate of a sensitive behavior can be obtained from
model (2). If P is non-singular and 8" denotes the vector of the observed
proportions of yes and no responses in a sample, 8 can be unbiasedly esti-
mated by the moment estimator

=P 9" 3)

and “estimated true data” can be obtained accordingly. We observe that in
practice it is possible to obtain non-admissible estimates 0 if the observed
proportion of yes is lower than the probability of a forced yes.

We also note that it is sometimes felt to be a drawback of RR that only
univariate prevalence estimates can be obtained. This is incorrect, as there
is a whole range of tools that can be used for the analysis of RR data. An
early overview can be found in Fox and Tracy (1986). Basically, a likeli-
hood is set up in terms of the observed randomized data using 67 and 65. In
the likelihood, these proportions are replaced by a function of the unknown
probabilities #; and 65 using the expressions in (1). For example, by defining
a logistic regression model for 61 and 65, Maddala (1983) and Scheers and
Dayton (1988) used this approach to develop logistic regression for RR data.
Similarly, models for multivariate RR data have been developed, among oth-
ers, by Fox (2005) and Bockenholt and van der Heijden (2007).
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3. Classification Trees and RR

Classification trees are usually built on data collected using direct
questioning techniques. Here we study the properties of classification trees
if RR data are considered. The main issue is whether splitting the popula-
tion based on estimated true data differs from splitting the population on the
basis of observed RR data if the misclassification of these data is ignored.
As a matter of fact, the problem has been partially investigated from a dif-
ferent perspective by van der Heijden and Bockenholt (2008) who used an
example to demonstrate that splitting the population based on RR data does
not lead to a different splitting if the true data are considered. In this section,
we provide rigorous proof of their finding and generalize it to other classifi-
cation tree problems. We start from motivating examples and then provide
a general result that formally establishes some relations between true data,
RR data and estimated true data.

3.1 Motivating Examples

Example 1. Multiple Dichotomous Explanatory Variables

A main concern in classification is the selection of the splitting vari-
ables. Given a set of explanatory variables, which ones are the most impor-
tant? The critical issue is how to rank the variables that, while not giving the
first best split of a node, may give the second and third node and so on. One
possible way to order the splitting variables is by considering the p-value of
the Pearson chi-square (x?) test for a contingency table. The variable with
the smallest significance is used for the first split and after the first split for
each of the two nodes separately, the second smallest p-value leads to the
second split and so on. Let us assume that the explanatory variables have
been ranked on the basis of observed RR data where the misclassification in
the data has been ignored. Then the question would be: Is this ranking also
valid for the estimated true data?

Let us consider the following example with the two dichotomous ex-
planatory variables Gender (female, male) and Former Job (temporary, per-
manent) and a 2 X 2 X 2 contingency table. Data are taken from a survey
on regulatory compliance regarding unemployment benefits (see for details
Lensvelt-Mulders et al. 2006) where interviewees are asked to respond with
a forced yes or no to the question: Have you done an odd job for friends or
relatives in the past 12 months and received money for this job? The ob-
served forced responses are reported in Table 1 together with the estimated
true frequencies obtained from (3).

In a classification tree framework, the question is whether the first
splitting variable is Gender or Former Job and whether there is a one-to-one
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Table 1. (a) Gender by Former Job by Randomized Answers and (b) Gender by Former Job
by Estimated True Answers.

(a) Observed RR data (b) Estimated true data
Gender by Former Job yes no total  Gender by Former Job yes no total
female, temporary 103 277 380  female, temporary 52.89 327.11 380
female, permanent 104 336 440  female, permanent 40.89 399.11 440
male, temporary 112 199 311 male, temporary 80.22 230.78 311
male, permanent 222 472 694  male, permanent 141.78 55222 694
total 541 1284 1825  total 315.78 1509.22 1825

Table 2. 2 x 2 Marginal distributions: (a) Gender [Former Job] by Randomized Answers and
(b) Gender [Former Job] by Estimated True Answers. The Pearson chi-square for marginal
Gender [Former Job] table is x* = 13.822 [1.153] in (a) and x* = 35.816 [2.988] in (b).

(a) Observed RR data (b) Estimated true data

Gender  yes no  total Gender yes no  total
female 207 613 820 female 93.78 726.22 820
male 334 671 1005 male 222.00 783.00 1005

total 541 1284 1825 total 315.78 1509.22 1825

Former Job  yes no  total Former Job yes no  total
temporary 215 476 691 temporary 133.11 557.89 691
permanent 326 808 1134 permanent  182.67 951.33 1134

total 541 1284 1825 total 315.78 1509.22 1825

correspondence between the order of the splitting variable on the true and
observed RR data. First, the marginal 2 x 2 distributions for Gender and
Former Job need to be considered and the Pearson y? calculated. Table 2

provides an illustration.
For the observed RR answers, the X2 for Gender and Former Job is,

respectively, XQGendem = 13.822 and X%Ob@ = 1.153, so that XQGendem is
11.99 times larger than X% oba- Thus, the first splitting variable is Gender.
Analogously with the estimated true data, we get XzGender,b = 35.816 and
XZJOM = 2.988 so that X%}ender,b is 11.99 time larger than X%ob,b'

This shows that the two data sets have an identical ratio of the X2’s,
and the order of the x?’s for the two explanatory variables derived for the
estimated true data is identical to the order of the x2’s derived for observed
RR data.
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Figure 1. Classification tree built by CHAID method for observed RR data

Figure 1 shows the split of interviewed people by the chi-square au-
tomatic interaction detector (CHAID), an efficient technique for tree grow-
ing developed by Kass (1980) and investigated, among others, by Biggs,
de Ville, and Suen (1991). The sample of respondents is first divided into
two sub-groups according to the significant splitting variable Gender. In
a second step, the prevalence of yes in each node of the RR tree can be
transformed by using relation in (3) to find estimates of the prevalence
in the true data. For example, from the observed proportion of yes re-
sponses in the parent node, we can estimate the prevalence in the true data

as 0y = PH/ITY0 = 0,173, ie. 315.78(= 0.173 x 1825) stigmatized in-
dividuals. Analogously, the prevalence estimation in the female population
is 01 = 27070 = 0114, and 6 = PYNY0 = 0.221 in the male
population. So, if we had a new individual whose gender only is known, we
could use these estimates to classify the individual on the sensitive variable
and, thus, employ the classification tree for prediction purposes.

We note that we shall later prove that these results not only hold true
for two dichotomous explanatory variables, but can be extended to any num-
ber of dichotomous explanatory variables. The reason is that extending the
number of variables does not change the marginal bivariate tables such as
those reported in Table 2, it only extends the number of marginal bivariate
tables. For this larger number of tables, the relative sizes of the y?’s in the
observed RR data will be identical to the relative sizes of the x2’s in the
estimated true data.
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Example 2. An Ordinal Explanatory Variable

Let us consider now tree growing with an explanatory variable that is
ordinal and has more than two levels. Data are taken again from a survey
on regulatory compliance in unemployment benefits (Lensvelt-Mulders et
al. 2006). We focus on the ordinal explanatory variable Perceived Detection
with five levels. The interviewees are confronted with the statement The
odds that I will be detected when I earn some extra illegal income are not
very large and are asked to respond using a five-point rating scale with labels
1. yes, completely agree; 2. yes, agree; 3. no, opinion, 4. no, disagree and
5. no, completely disagree. The observed RR data and the estimated true
data are reported in Table 3.

The sample is split into sub-groups by merging two or more consec-
utive levels so that more homogeneous levels are obtained. A classifica-
tion tree built on observed RR data splits the sample in two groups. The
first group has level 1 and 2 of the explanatory variable, and the second
group has levels 3, 4 and 5. If we consider an alternative split, for example
(1,2),(3),(4,5) and compare it to the split (1,2), (3,4,5) as in the example
for two dichotomous explanatory variables, we find that the ratio between
the x?’s for the RR data is identical to the ratio between the x?’s on the
estimated true data. Table 4 illustrates this one-to-one correspondence.

Moreover, similarly to Example 1, the examples show that the es-
timated probabilities of finding regulatory non-compliance behavior in the
population under study are: 0.202 in the group (1,2), 0.125 in (3,4,5),
0.147 in (3) and 0.0628 in (4, 5). The prevalence estimation on the entire
population is 0.178.

Similar results can be obtained by a more refined classification, for
example by comparing the x?’s for classifications such as (1), (2), (3), (4)
and (5) with (1,2), (3), (4) and (5). The reason is that extending the num-
ber of levels does not change the classifications reported in Table 4, it only
extends the number of classifications. For this larger number of classifica-
tions, the relative sizes of the X2’s in the observed RR data is identical to
the relative sizes of the x?’s in the estimated true data. By stretching this
analogy to the limit, similar results also hold true if the explanatory variable
is continuous and is classified into a number of ordered levels. This will
make the number of possible classifications very large, but will not change
the relative magnitude of the y?’s.

3.2 Some Theoretical Results

We now prove that the results in the illustrations are theoretically
valid. We first give a general theorem that formalizes and extends the one-
to-one correspondence between the true data and the RR data suggested in



84 P.F. Perri and P.G.M. van der Heijden

Table 3. (a) Perceived Detection by Randomized Answers and (b) Perceived Detection by
Estimated True Answers.

(a) Observed RR data (b) Estimated true data
Detection (level) yes no total Detection (level) yes no total
1 90 189 279 1 58.00 221.00 279
2 286 615 901 2 181.11  719.89 901
3 111 290 401 3 58.89  342.11 401
4 24 98 122 4 489 117.11 122
5 7 16 23 5 4.22 18.78 23
total 518 1208 1726 total 367.33 1418.89 1726

Table 4. Pearson chi-square on reduced contingency tables: (a) x> = 6.096 and x* = 8.110
respectively for 2 x 2 and 3 x 2 contingency tables; (b) x? = 15.564 and x> = 20.703,
respectively, for 2 x 2 and 3 X 2 contingency tables. For contingency tables in (a) the ratio
between Xz’s is 0.752. Identical ratio in (b).

(a) Observed RR data (b) Estimated true data
Detection  yes no total Detection yes no total
(1,2) 376 804 1180 (1,2) 239.11  940.89 1180
(3.4,5) 142 404 546 (3.4,5) 68.00 478.00 546
total 518 1208 1726 total 307.11 1418.89 1726
Detection  yes no total Detection yes no total
(1,2) 376 804 1180 (1,2) 239.11  940.89 1180
3) 111 290 401 3) 58.89 342.11 401
4.5) 31 114 145 4.5) 9.11 135.89 145
total 518 1208 1726 total 307.11 1418.89 1726

van der Heijden and Bockenholt (2008). Then, we prove the correspondence
between the observed RR data and the estimated true data as a consequence
of the main result.

Let us consider a population of size n and let Y be a sensitive variable
taking values yes = landno = 2. Letf; = P(Y = 1)andf, = 1-P(Y =
1) be the probabilities of yes or no answers for the true status. Accordingly,
let Y* be the dichotomous variable that misclassifies the true status using a
generic RR device and

9; :P(Y* = 1) = aj +b191, 9; =1 —P(Y* = 1) :a2+b292, (4)

with the constants a; and b;, j = 1,2, as design parameters induced by
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the RR method. For instance, under the forced response design, a; = 1/6,
ag = 1/12 and bl = bg = 3/4.

Let Z = {z1,...,2} be an explanatory variable and consider the
k x 2 contingency table of Y by Z, with absolute joint and marginal fre-
quencies expressed as n;; = Freq(Z = z;,Y = y;), n;. = Freq(Z = z;) =
S2 nijany =Freq(Y =y;) = 3% ni=1,2,... kandj=1,2.

The corresponding frequencies for the RR data contingency table of
Y* by Z follow from (4) and are given by

Tlij Tl_j
n;-kj:m_ <aj+bjn' >, nfkj:n(aj—kbj n )’ nlznf
i.

Finally, let

~. )2
9 (nij — nij) ~ Ny XN
X = E ~ y  Nig =

Z?] J
and
* ~x \2 * *
% (nw nlj) ., np X
X = ~ y o Ny =
— n
1,3 t

be the Pearson chi-square for the true and the RR contingency tables, re-
spectively. Now, the following result is established.

Theorem 1. Given an RR device with a probabilistic structure as in (4),
there is the following relation between x** and x*

X2 o+ B9
T 14s 5)

with

2a —H)n'1

p2 a1+ b1

o " (a1+b1n'1>,5 = 2 "
n

= on, (ag n bgni) )

= 2 2 ny -
b2n~2 bl as + by
n

The proof of the theorem is reported in the Appendix.

Consequences of Theorem 1:

1. The ratio in (5) is only a function of the constants «, 8 and J that
depend on the marginal distribution of the true answers. Explanatory
variables do not influence the marginal frequencies n ; and n o, imply-
ing that the ratio 2 /x2* always takes the same value 0‘1+B55 whatever

the explanatory variable. From this, the next result follows.
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2. Consider the dichotomous variables Y and Y* which model the true

and the observed randomized responses, respectively. Let {Z;}7_; be
a set of explanatory variables, each with m; categories. If X% [Xg*]
denotes the Pearson chi-square of the marginal contingency table of Y’
[Y*] by Z;, then from (5) we easily obtain

;X

=X 6)
XX

This result proves the idea stated in van der Heijden and Bockenholt
(2008) according to which the ranking of the splitting variables for the
true data is identical to the ranking of the splitting variables for the RR
data.

. The same one-to-one correspondence given at point 2 holds true if a

set of ordinal explanatory variables is considered.

. Equality in (6) can be used to derive another result of practical concern.

Consider the sensitive dichotomous variable Y and the explanatory
continuous variable Z, whose values are supposed to be grouped in m
classes. Given the m x 2 contingency table of Y by Z, let us reduce
the dimensionality of the table by aggregating two or more consecutive
classes of Z. For example, if Z = {c1,...,c5}, a few possibilities are
i1 = {c1,c9,¢3,(ca,05)} and ia = {c1, ¢, (¢3,¢4,¢5)}. In the first
case, classes c4 and cs merge, and in the second case classes c3, ¢4
and c5 collapse into a unique class. Applying the same merging to
the RR data, the question is: What happens to the ratio between the
x?’s computed on reduced contingency tables for the true and the RR
data? Is a similar conclusion to the one in (6) still valid? The answer
is that the ratio of the x’s on the true data is still identical to the ratio
on the RR data. The reason is immediately clear since, by changing
the notation, each possible reduced table can be ascribed to a different
explanatory variable. In this way, the reasoning can be redirected to
the equivalence in (6).

. Previous results have been discussed in terms of probabilities for the

true status and the probability for the observed (and misclassified) sta-
tus. In practice, if RR techniques are used to collect data, only the
observed RR data are available and the observed RR proportions can
nonetheless be used to obtain an estimate of the probabilities for the
true status by means of relation in (3). This is the situation that we
have actually considered in the examples of Section 3.1.

The re-parameterization of the expressions in (4), according to (3),
allows us to extend the results to the relation between Y* and the es-
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timated true data, say Y. Therefore, the same one-to-one correspon-
dence holds true if the observed RR and the estimated true data are
considered. This formally justifies the empirical evidence in Exam-
ples 1-2.

4. Conclusions

There are many tools for the analysis of RR data in the literature (see
Section 2). In this paper we have focused on classification trees built on
data intentionally misclassified by respondents following the rules of the
forced response design. The usual approach in the context of RR data is
to construct adjusted tools for their analysis. However, we have shown that
this is not necessary for classification trees. Our basic finding shows that
starting from the observed RR data, if one is interested in a classification
tree of the estimated true data, it is not necessary to derive the estimated true
data. Instead one can employ a two-step procedure: in stage 1 we ignore
the fact that the data have been subjected to randomized response and are
analyzed directly using classification trees; this yields the correct tree for the
estimated true data. In stage 2, the prevalence estimate of the subpopulations
found by the classification tree analysis of the observed RR data is rescaled
to yield the correct prevalence estimates for the true data. Thus, this two-
stage procedure leads to the correct classification tree as well as to unbiased
prevalence estimates. Since this rescaling is a very simple operation (see
relation in (3)), this result is of great practical importance for researchers
who have collected RR data.

Classification trees obtained for observed RR data and estimated true
data coincide with those that could be built if the true, not-perturbed, data
were considered. In fact, we have confirmed an informal result given in van
der Heijden and Bockenholt (2008) that establishes a one-to-one correspon-
dence in terms of splitting variables between the true data and the RR data.
In other words, the classification of the population on the basis of RR data,
and thus on estimated true data, produces the same classification results as
if the true data were really available.

An anonymous reviewer has pointed out that the findings of our pa-
per have broader implications than indicated in an earlier version of this
manuscript. First, the invariance property that we have shown does not
only hold for the Pearson chi-square statistic but also for the Gini index
and the Goodman and Kruskal 7 index, due to the close mathematical rela-
tion between the Pearson chi-square statistic and these indices (see Bishop,
Fienberg, and Holland 1975). Second, if all explanatory variables are cate-
gorical and the response variable is dichotomous, then the CHAID method
discussed herein and the CART method (Breiman et al. 1984) yield the same
tree in the partitioning phase (see Mola and Siciliano 1997); hence, it turns
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out that our findings also hold for the CART method. Finally, Siciliano and
Mola (2000) extended CART splitting to multivariate trees for multivari-
ate independent response variables where our theoretical results remain still
valid. We gratefully acknowledge these remarks.

Appendix

Theorem 1. For a given RR device with probabilities like those in (4), there
is the following relation between x** and x>

X2 _a+p56
XQ* - 1 + 5 ’
with b n1
n n n n b2 01+ 01

b% az + by =

n
Proof: Let &; = ("”’%_T_L” ) and & = > j &ij. Then, for the true data,
express the Pearson chi-square as y? = Zz j &j; = >_,; &.. Analogously, the
notation &;; and & is adopted for the RR data. Consider the ratio &;; /5;‘]
We have

& (mj - ni'n’j)2 n;, (aj +b; Zz]>
ij n i.
x nimn.; _— na\1?
N YO R
7.
i
n N T T
_ n2 < i ~]> 1.
N AT <m~j ”.j>2
5" -
n;. n
n TLZ'j
= a; +b; . 7
bJQTLJ < J ]TLZ'.> ( )
From (7) we obtain
&i1 n ( ni1>
. = ap + b =, 3)
£i1 b%n.l ng,
. n n
S 2 (az + by ’2> = B. ©)
i2 212 .

Consider the ratio /£, . From (8) and (9) we get
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3 _ a o
;1 ﬁ 5@'1
n41 2
n | ar+ b 9 Ny — LTV2 M.
U byn.z 12 n n
b%n-1 N nio ning (nll _ nl_n_1)2
2 2
n;. n n

L
b2 a1 + by 2
b3 ni. <nn12 - n1.n.2>
12 n;
bl as + by 2 \nnyp —ning
T,
where

nni2 —nNin2 -1
nnip —nina '

In fact

(nn12 —mins) + (nnip —ning) =

n(nig +n11) —ni.(na+mn1) =nny. —nyn=0.

Therefore, we obtain

n;

*2 b% ai + bl n.l
o= =4 (10)
é.z'l b% as + by 12
n;.
Let us focus now on &;. and consider (8) and (9). We have &, = &;1 + &2 =
agly + BES. But, from (10), £ = d€ and then we get & = £ (a + 59).
Finally, consider § = &} + £, From (10) we have £ = £f(1 + 9).

Therefore
§i.  a+po

& 1446
and
X2 N Zzgz . a+ 36
X 208 R
This concludes the proof.
|
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