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Stokes—Einstein relations and the fluctuation-dissipation theorem
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The Stokes—EinsteifSE) relation is a form of the fluctuation-dissipation theoréRDT), and

relates the diffusion coefficient of colloidal particles to the viscosity via the thermal ekgligyWe

study the diffusion coefficient and viscosity of concentrated hard-sphere colloidal model systems in
the frequency domain. We show that for these metastable fluid systems strong deviations from the
SE relation occur, contrary to predictions of mode coupling theory. Using the FDT, these deviations
can be quantified by an effective temperatufg;. The deviationT.4/T —1 exhibits power-law
behavior over several decades in frequency2@3 American Institute of Physics.
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I. INTRODUCTION systems have from the quench into the glass phase. If this
proposal can be justified, it would constitute a first step to-
A simple relation between the diffusion coefficient of \yards developing a new statistical mechanical description
colloidal particlesD, and the solvent viscosityy,, is given  for nonequilibrium systems.
by the well-known Stokes—EinsteirSE) relation, D Unfortunately, for most of the systeméstructural
=kBT/67-rr/oR: In this equgtlonkBT is the therma| ENergy glasses studied to date, the correlation and response func-
andR the radius of dspherical colloidal particle. Although  tions are not easy to obtain experimentally. For this reason,
strictly valid in diluted systems of colloidal particles only, progress has been mainly limited to a number of recent
this relation works remarkably well at higher densities; S€6n0del and simulatioriLennard-Jones gla)sstudie§? There
for example Ref. 1. Moreover, even molecular systems seemyq iy addition, some experimental indications of a violation
to ob_ey a relation similar to SE; see Ref. 2, and referencegf the FDT in glassy systems, but the picture so far is not
therelr?. s acl on b h c . very clea™®
There is a close connection between the Stokes—Einstein Since the SE relation provides a straightforward relation

relation and the more general fluctuation-dissipation theorerB : : . .
. etween the correlation and response functions, which are in
(FDT), which states that the response of a system to an ex-

ternal perturbation is the same as that to a spontanem?s(.jdition relatively easy to measure, we study it her.e.for col-
fluctuation® The FDT predicts that in equilibrium, the ratio Gidal hard sphere systems close to the glass transition. Col-
of the correlation and response functions is constant, with thleo'dal hard-;phere glasses are ideal merI glasses, and It. 'S
(inverse temperature as proportionality constant. For theProbably fair to say that the strongest evidence for the appli-
diffusion of colloidal particles, the Einstein relatiop  caility of the classical mode-coupling theory comes from
=BkgT, with B the mobility of the particles, is a manifes- studies on colloidal glass@sRecent_mode coupling theory
tation of the FDT and is exact for systems in equilibrium. c@lculations have shown that colloidal hard spheskeya
However, the mobilityB of hard-sphere colloids cannot be generalized version of the SE relatloln. up to densities very
determined directly, and an additional assumption is nece<l0Sely approaching the glass transitiSriwe show here
sary to relate the FDT and SE; this is the Stokes relaion however that for colloidal hard spheres the generalized SE is
=1/6m7oR. violated

For systems that are not in equilibrium, such as glasses Also for molecular systems, there is increasing evidence
or metastable fluids, there is @opriori reason that the FDT, that close to the glass transition temperature, the SE relation
and therefore also the SE relation, should hold. However, ifPreaks down; see, e.g., Refs. 2 and 11. This breakdown is
recent theoretical worRst is proposed to extend the FDT to generally attributed to dynamical heterogeneity when ap-
nonequilibrium(but at most slowly evolvingsystems such proaching the glass transitidf;however direct evidence
as glasses. The degree these systems are out of equilibrivier this is lacking. The apparent discrepancy with mode cou-
can then be characterized by affective temperaturgiven  pling theory could be due to the fact that the theory, being
by the ratio of correlation and response functions. This efeffectively a mean-field description of the dynamics of
fective temperature, which has all the properties of a thermodensity fluctuations, significantly underestimates dynamical
dynamic temperature, then reflects the “memory” that glassyheterogeneitie$® see also Refs. 14 and 15. However, if vio-
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lation of the SE were caused by dynamical heterogeneity, 1.0 —— ; T . —
then the timescales should correspond, i.e., breakdown of SE : -
should occur at a similar time scale as the occurrence of 0.8 o .
dynamical heterogeneity. We show here that for the colloidal ] //o

hard spheres this is not the case; the SE deviation persists for g6 s ]
long times, where heterogeneities become unimportant. ] // 8

We study the hard-sphere colloidal systems at densities £ 4
below the glass transition. This is equivalent to thermal sys- ~ |
tems with temperatures above the glass transition tempera- | o & ]
ture: in athermal systems such as hard spheres, inverse den- | /@O
sity roughly plays the role of temperature in thermal systems. 0.0 % &
Hard sphere colloids undergo a true thermodynaffirst- '
orde phase transition from a fluid to @cc) crystal upon 00 02 04 06 08 10
increasing their volume fractior).'® This freezing transition
takes place atp=0.494. In betweenp=0.494 and 0.545, s
fluid and crystal coexist and at higher densities a singlegg, 1. Short-time data of van der Wes al. (Ref. 18 (reduced viscosi-
phase crystal is stable. However, when colloidal hard spherags, i.e., viscosities in units of the solvent viscosind van Megeret al.
are rapidly quenchetby centrifugation from a fluid state to ~ (Ref. 17 (reduced short-time diffusion coefficients
densities above approximately 0.575, the system is a colloi-
dal glass.

In order to study the relation between diffusion and mo-  The key characteristic of the approach of the glass tran-
bility, we will use here the generalized Stokes—Einstein resition is the slowing down of the diffusion of the colloidal
lation D (w) =kgT/677(w)R,* in which the diffusion coef- particles, which can be characterized by looking at the cor-
ficient depends on frequency, and the solvent viscosity is relation functions of particle positions by light scattering.
replaced by theéfrequency-dependentiscosity of the sus- The mean squared displacement of the particles as a function
pension. This is a natural way to study the relation betweewf time, (Ar?(7)), can be extracted directly from the corre-
diffusion coefficient and viscosity as a function of the time lation function measured in such experiments. Usually, the
scale. results are described in terms of cage-diffusion; the particles

The “short-time version” of the generalized Stokes— are thought to reside in dynamic cages formed by their
Einstein relation can then be expressed, in reduced units, awighbors. For short times one observes a rapid diffusion

within the cage, while for longer times, the particles escape
(¢)= 1 1) from these dynamic cages. This is the slow process that
e Dy o)’ is responsible for the slowing down of the system near the
) ) o glass transition; the higher the volume fraction, the more
where 7..(¢)=n(o—=) is the high frequency limiting gitficult it will be to escape from the cage. This sepa-
shear viscosity in units ofo, the solvent viscosifyDs is the  rates the diffusion in a short- and a long-time dynamics,
short-time self-diffusion coefficient in units @,, the dif-  givided (close to the glass transitibrby a plateau in the

fusion coefficient of the particles at infinite dilution. correlation functions. The short- and long-time diffusion
Simila_rly, in reduced units the frequency-dependent.pefficient are defined aBg=lim, .o(Ar?(7))/67, and
Stokes—Einstein relation is, see also Ref. 1, D, =lim, ...(Ar%(7)}/67. In case of dense systems, the
1 short-time diffusion coefficient is sufficiently defined by re-
w)=——. (2)  quiring that time is much smaller than the time whéde )
D(w) reaches a plateau.

In this equation, D(w)=w*Ar?(w))/6Dyrg, Where

w*(Ar¥(»)) is the mean-squared displacement in the freq, pesuiTs

quency domain(i.e., the Laplace-transform of the mean

squared displacement in timerg=R?/6D, is the Brownian In Fig. 1 we plot the(reduced short-time diffusion
time: the time it takes for a sphere to diffuse over its owncoefficient’ as a function of the inverse high shear rate
radiusR in an infinitely diluted system. In this work we test viscosity’® for volume fractions in between 0.032 and 0.59,
Egs.(1) and(2) using viscosity and dynamic light scattering covering the whole range from a dilute suspension to a glass.
data from concentrated suspensions of colloidal hard spherdéss can be observed in the figure, the data agree with( Bq.
obtained from different sources in the literature. We do notalthough the values of the short-time self-diffusion coeffi-
consider the phase relations between frequency-dependetients seem slightly too large, or the viscosities slightly too
diffusion and viscosity here, i.e., we will not explicitly evalu- small. This small but significant deviation at short times has
ate the real and imaginary parts of the viscosity as was donalready been reported before and can be attributed to hydro-
in Ref. 1. However, since the real and imaginary parts of thelynamic interactions’ However, in comparison with what
response are related by the Kramers—Kronig relations, thefpllows below for the long-time diffusion, the observed dif-
are not independent functions and knowing the frequencyferences are small. We therefore conclude that for short-time
dependence of the viscosity is sufficiént. diffusion in colloidal hard-sphere systems, the generalized
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Lapiace-ransformed.inermediate and long.tme difusion data from varFG- & Efiective temperatufas defined by Eq(3] as a functon of re-
Megen and co-workergRef. 17 (lines as a function of radial frequenay quency. Inset: Schrend? as the main figure, but the frequencies have been di-
made dimensionless by multiplying by the Brownian time. Upper to  Vided by [7gw]**=1 (¢=0.52), 0.6 ¢=0.53), 0.23 (=0.55), and
lower lines in the left hand part of the figure correspond to increasing vol-o'048(¢:0'56)'
ume fractiongsame as the pointsContinuous and broken lines are drawn
for the purpose of clarity only.
As will be argued in the Discussion, there is no reason to
believe that the Stokes relation, which relates the mobility of
Stokes—Einstein relatiofand thus also the FDTis reason- the particles to the viscosity, breaks down. We therefore
ably well verified over all experimentally accessible volumequantify the deviation from the generalized SE relatjan
fractions. deviation from the FDT(Ref. 5] by defining an effective
Clearly, this is not the case for the intermediate- andiemperature as
long-time diffusion, Eq.(2). In Fig. 2, the(inverse of thg Tor( @)
frequency dependent viscosity obtained from Ref. 20 is plot- L At 7(w)D(w). 3)
ted as a function of frequency. THeeducedl viscosity data T
were calculated from the storage modul@$(w) and loss From Eq.(2), the producty(w)D(w) equals unity if the SE
modulus G”(w) via 7(w)=G'*(»)+G"*(w)/w. These is obeyed; in this case the effective temperature equals the
data correspond to the intermediate to long-time diffusiorreal temperature. In order to deduce an effective temperature,
regime?! The prediction of Eq(2) is then that the inverse equally spaced data are required. To this aim, the viscosity
reduced viscosity and reduced particle displacements are omiata of Fig. 2 were fitted to functions of the form lag(
and the same thing. We therefore plot in the same figure theA+B; log(rzw)+B,[log(rsw) ]>. The coefficientsB; deter-
reduced particle displacement in frequency space, obtainedine the values of; in Fig. 3. Fitting the data, we find that
from the Laplace transform of the mean-squared displaceto a good approximatio;(¢)~ —134+6.39, so thaiB,
ment from Ref. 17. For convenience, the latter were fitted to=0 when¢$~0.491, which is very close to the freezing vol-
a function of the form(Ar?(7))=a+b,73+b,7?*+bsr  ume fraction of¢p=0.494. SinceD(w) in Eq. (3) becomes
(where 7 is in units of the Brownian time in the constant in the long-time diffusion limit, this immediately
intermediate- to long-time regime and subsequently Laplacéenplies that for volume fractions smaller than the freezing
transformed to the frequency domain. The functional formdensity, the effective temperature no longer depends on fre-
chosen agrees quantitatively with the data over several dejuency.
cades in time, and the last term assures long-time limiting  Figure 3 depicts the results; for high frequen@y/T
behavior. An independent check of this is that the coeffi-=1 is found, as would be expected. On the other hand, for
cientsb; indeed were always clogéo within a few percent  small frequencies, the “FDT temperature” depends on fre-
to the long-time diffusion coefficients. guency, and an important difference with the ambient tem-
It is clear from the figure that the generalized SE equaperature develops. This behavior can also be inferred from
tion [Eq. (2)] gives a very satisfactory description of the Fig. 2: the diffusion data reach a plateau while viscosity
relation between diffusion and viscosity at the largest value&eeps increasing upon decreasing frequency.
of 7gw. These frequencies are still much smaller than those Interestingly, the data of Fig. 3 collapse onto a single
of Fig. 1; they correspond to the intermediate regime ofcurve by rescaling the frequencies, leading to a “master
(Ar?(7)). Just before the onset of long-time diffusion be- curve” that is independent of the volume fraction. This “res-
havior (roughly at the end of the plateau {AAr?(7))), the  caling” was carried out as follows: If the data fef=0.52
viscosity and diffusion data start deviating. For the long-timeare taken as a reference, then the dataffer0.53, 0.55, and
regime, significant deviations from E() are observed; the 0.56 fall onto the reference curve if theigw values are
values of the inverse viscosity are significantly smaller thardivided by [ 750]5¥®%=0.6, 0.23, and 0.048, respectively.
the values of the diffusion coefficients. This is shown in the inset of Fig. 3. From the data, it follows
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100 5 X T T — trapped in an effective cage consisting of those same neigh-
] ] bors. However, thigsimple picture does not apply for the
longest time scales in systems with the lowest volume frac-
tions, where inverse viscosity and diffusion coefficients keep
deviating. In that case the particles are expected to have es-

caped these cages. A possible explanatidhtisat even for
long-time diffusion, the distinct Van Hove correlation func-
tion still shows significant memory of local structure.
Mode-coupling theor predicts that for both
intermediate- and long-time diffusion, the generalized SE re-
lation provides a good approximation for hard-sphere sys-
. . tems over the range of frequencies considered here; the dif-
1E-3 0.01 ' ference between the mode coupling theory and the
N generalized Stokes—Einstein relation is at most 20%. This
BB also implies that the Stokes relation should remain valid for
FIG. 4. (T.:/T) —1 vs rescaled frequenciéas in Fig. 3, insétin the log—  this system. If the mode-coupling theory fails, this is likely
log plane. to be due to dynamical heterogeneity, as mentioned in the
Introduction section. Measurements show that dynamical
heterogeneity is most prominent in these systérse to
that In(7pw]*@®Y=(37+7)— (40+8)(¢/¢y) (With ¢y is  the long time diffusion regime, just where the SE relation
the volume fraction that corresponds to the glass transitiorhreaks down. However, dynamical heterogendisappears
taken as 0.575 This behavior is equivalent to the Arrhenius over longer time scalééwhereas the deviation from the SE
behavior observed folcertain molecular glass formers. relation becomes more pronounced. Therefore our results
ThUS, although our eXperimental window is rather ||m|t6d, itsuggest in addition a violation of the more genera| FDT.
appears that the observed rescaling with the volume fraction a possible caveat in our results might be that the differ-
derives directly from the approach of the glass transition. ent pehavior is caused by subtle differences in the model
In Fig. 4 we plotted the deviationT¢/T) —1, as a func-  gystems as used in Refs. 17 and 20. In the system studied by
tion of the rescaled frequencies. The interesting observatiogason and Weit2° size polydispersity is approximately
is that the data follow a power law withert/T —1<(750)%, 2094 while in the other systeHhit is about 5%. However, it
with a=—0.77=0.05. As far as we know, no predictions are js exnected that larger polydispersity leads to an increasing
available so far for this power law, although a continuous,, ity and thus an increasing inverse viscosity. In fact, the
variation of the temperature with frequency such as we f'nq)pposite effect is observed in Fig. 2. Another subtle effect

hf;ﬁ 'S cons_|stentt§’1vvl|t'\r/1l certain mtOdfll C;:QUIatlonS Iandbsom ay be that in concentrated hard-sphere suspensions, very
ot the experiments: Vore importantly, this POWer-law be- - o5 gitferences in volume fraction result in significantly

hf.iVIOr shows that characterlzmg the nonequilibrium SyStemdifferent relaxation times. Although this might in principle
with a single effective temperature that follows from the

) o S . explain the deviations for the largest volume fractions of
FDT is not sufficient; an infinite number of effective tem- . S
. 0.55 and 0.56, it does not account for the very similar behav-
peratures is found.

ior observed for the smallest volume fractions. For these so-
lutions, the relaxation times much less sensitively depend on

T /T

Il. DISCUSSION AND CONCLUSION volume fraction. This implies a nontrivial reason for the ob-
We find that the generalized SE equatf@. 2] gives a ;eErvree(Ijatti)s:awor, which we interpret as a breakdown of the

very satisfactory description of the relation between diffu- ,
sion and viscosity at relatively high frequencies, i.e., downto N conclusion, we have shown that for a supercooled
values of rgw corresponding to the intermediate regime of colloidal harq-spherg fluid even beforg the glass transition,
(Ar?(7)) (Figs. 2 and B Just before the onset of long-time thg _SE relation is V|0Iated.. -.l'hIS. may in fact not be so sur-
diffusion behavior (roughly at the end of the plateau in PriSing, as the glass transition in hard-sphere systems, and
(Ar2(7))), the viscosity and diffusion data start deviating. POSsibly all systems, is not a well-definétiermodynamir

For the long-time regime, significant deviations from the SEtransition?? The more surprising observation is that the re-
relation are observed, suggesting that as soon as a slow mogidlts do not agree with detailed mode-coupling calculations
develops upon approach of the glass transition, the SE rel&f Banchioet al*® for exactly the same system. One reason
tion is violated. At these relatively small frequencies, thefor this discrepancy might be due to the fact that experimen-
values of the inverse viscosity are significantly smaller tharfal systems are more dynamically heterogeneous than pre-
the values of the diffusion coefficients. This implies that, dicted by mode coupling theory. The time scales at which the
upon the approach of the glass transition, momentuen, SE breaks down correspond to the time scales where dy-
viscosity) is more efficiently transported than mass on longnamic heterogeneity is most prominent. Yet the systems keep
time scales. In the “cage” picture of glassy dynamics andeviating from the SE relation, even after longer times,
intuitive explanation would be that the particle can transmitwhere dynamic heterogeneity decreases.

momentum by collisions with its neighbors, but remains  Therefore our results suggest a violation of the more
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