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A study has been made of the density pro® le of mutually avoiding rod-like particles in the
space between two parallel plates, held in equilibrium with a bulk phase of isotropic, semi-
dilute rods, using a self-consistent integral equation which becomes exact as the rod aspect
radio L /D ® ¥ . Computer simulation investigations of ® nite aspect ratio systems also have
been undertaken, and the extended Gibbs adsorption isotherm used to express the free energy
(as a function of plate separation) in terms of an integral of the surface excess with respect to
chemical potential. This allows thermodynamic properties, such as surface tension and the
depletion force between plates, to be found. For L /D ® ¥ , the results con® rm both the
thermodynamic consistency of the integral equation, and the accuracy of previous work on
the depletion force (based on calculating only the contact density of rods at the walls). To
extract thermodynamic data from the simulations, the same Gibbs isotherm method is very
e� cient, as it utilizes the statistics of the full density pro® le rather than just the contact density.
Precise thermodynamic results for con® ned rod systems have been obtained from simulation
for the ® rst time. Those for L /D = 10 and 20 are shown to be quite close to the predictions for
in® nite aspect ratio.

1. Introduction

Calculations of the density pro® les and thermody-
namics of particles con® ned between parallel plates are
of considerable interest in several contexts. These
include studies of the solvation force [1], in which the
con® ned particles are solvent molecules themselves, and
of the depletion force [2], in which the particles are
larger objects such as colloids or polymers, suspended
in a solvent (now regarded as a continuum). The deple-
tion force is central to issues of phase stability in col-
loidal systems [3, 4].

Several approximate theories have been used to calcu-
late density pro® les, including perturbation theory [5],
homogeneous Percus± Yervick theory [6± 8]and weighted
density functional theory [9, 10]. Most of these o� er
access to thermodynamic information (surface tensions,
forces between the plates) as well as density pro® les
themselves. Another important method is, of course,
computer simulation [9, 11, 12]. However, many of
these e� orts have been restricted to the case of spherical
particles.

In this paper, we consider the case of rod-like particles
with hard core interactions. At ® rst sight this problem
appears di� cult, and certainly the orientational vari-
ables make the calculations more involved than for
spheres. But a much more striking di� erence is that, in
the limit of long, thin rods (length L , diameter D, aspect
ratio L /D ® ¥ ) there is no need to make any approx-
imation in the theory. Instead, one can write down an
exact integral equation for the density pro® le [13], which
may be solved to whatever accuracy is required. This
statement is the analogue, for con® ned rods, of Onsa-
ger’ s famous result concerning the bulk [14]. Onsager
showed that, for an in® nite aspect radio, the virial equa-
tion of state for rods can be truncated at second order,
without approximation. The reason is that there is neg-
ligible probability of a sequence of rods in contact ever
forming a loop. For rods between plates, this is still true,
although mathematically the resulting simpli® cation is
less extreme. (Second-order perturbation theory is not
valid here, because of loop closures involving the walls
[15, 16].) Once the self-consistent integral equation has
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been solved numerically, thermodynamic quantities such
as the osmotic pressure and the force between the plates
can be obtained, either from the contact density of rod
ends at the walls using the pressure sum rule [15, 17], or
from the adsorption isotherm presented below.

Because it can be solved to arbitrary accuracy for
L /D ® ¥ , a ¯ uid of hard rods between plates o� ers
an important testing ground for ideas about con® ned
¯ uids generally. But of course available experimental
systems do not lie in this limit. Tobacco mosaic virus,
for instance, has an aspect ratio of about 17 [18]. To
know whether the asymptotic results have any relevance
to experimentally accessible systems, we must investi-
gate the role of ® nite aspect ratio. This introduces sev-
eral new e� ects, for example rods of ® nite aspect ratio
could undergo layering close to the wall [19], causing
changes in the contact density and thereby the depletion
force. Below we report new computer simulation results
for density pro® les, the depletion potential and the sur-
face tension. These show that for aspect ratios as small
as 10 the asymptotic theory is surprisingly accurate.

The calculation of thermodynamic quantities by simu-
lation requires care [20]. To ® nd the force between
plates, say, it is possible in principle to measure directly
the pressures acting on the walls. This may be done
using molecular dynamics [21], by measuring the contact
density [15, 17], or by measuring the acceptance of vir-
tual trial moves involving the box size [22]. We adopt a
di� erent way of calculating thermodynamic quantities,
using the extended Gibbs equation [23, 24], as described
below. This method depends only on measuring the
density pro® le, rather than pressure directly, which can
be done much more accurately in a simulation. The
same approach may prove useful for other simulation
problems where measuring the pressure is di� cult, such
as in lattice models. To our knowledge, this is the ® rst
time this technique has been used in computer simula-
tion, although adsorption isotherms have been used to
determine the location of prewetting transitions in
simple ¯ uids [25, 26].

The paper is organized as follows. In sections 2.1 and
2.2, we outline the calculation method for the in® nite
L /D limit, and the simulation technique for ® nite
L /D. The results for the rod midpoint and endpoint
density pro® les, and also for the order parameter pro® le,
are presented and compared in section 2.3. In section 3.1
we derive the extended Gibbs adsorption equation,
which is then applied successively (in sections 3.2 and
3.3) to the integral equation and the simulation data.
Thermodynamic and numerical consistency of the inte-
gral equation are explicitly demonstrated, and the ® rst
simulation data for the surface tension and depletion
interaction of con® ned rod ¯ uids are obtained. Section
4 contains a brief conclusion.

2. Density and order parameter pro® les

2.1. In® nite aspect radio
For a system of spherocylinders with excluded volume

interactions and aspect ratio L /D ® ¥ , Onsager theory
[14] allows us to write the thermodynamic grand poten-
tial as a functional of the one particle distribution func-
tion n(r, X ). Here n is the number density of rod
midpoints at r with orientation X = (µ, u ). The minimi-
zation of the grand potential with respect to n(r, X ) gives
an integral equation for the latter quantity [13]. The
same self-consistent equation also can be obtained
directly from a probabilistic argument [15]. An approx-
imate solution for the single plate geometry can be
found in [27]; however, as shown in [15], the equation
can be solved numerically without further approxima-
tion.

For the general parallel plate geometry of interest
here, the integral equation reads [15]

ne(h, z0, X 1) = (nb /2p ) exp ( ( p cb /2)

+ ò dr2 dX 2 fM(r1, r2, X 1, X 2)ne(h,z2, X 2))
f or 0 < z0,1 < h,

= 0 otherwise. (1)

Here h is the plate separation; nb is the bulk number
density and cb = nbDL 2 is the reduced bulk concentra-
tion; r1,2 denote the midpoint positions and X 1,2 =
( u 1,2,µ1,2) denote the orientations of two given rods;
z0,1 and z2,3 are the distances of the ends of these two
rods measured, in units of L , from the lower plate (say)
where the z0,2 are chosen to be smaller than z1,3. This
geometry is illustrated in ® gure 1. The `end density’
ne(h, z, X ) = n(h,z + (cos µ) /2, X ) is de® ned as the
number density of rods whose lower end is at z. Finally,
fM is the Mayer function which is equal to - 1 when the
two molecules overlap with each other or with the
plates, and zero otherwise.

Integral equation (1) was solved under the assumption
that the uniaxial symmetry imparted by the parallel
plate geometry is not spontaneously broken. This
allows us to reduce the distribution function
ne(h, z0, X 1) to ne(h,z0,u), where u = cos µ1. We expect
this assumption to be valid for densities up to some
transition point, in the vicinity of the bulk isotropic±
nematic transition which arises at cb . 4.2; rods of
higher density would then adopt a biaxial arrangement
near the surface. The stability analysis provided in [27]
suggests that the uniaxial symmetry should be preserved
for densities up to cb < 3.5 near a free surface. This
criterion could of course depend now on the separation
h (as well as the aspect ratio L /D if this is not large
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enough). However, the simulation results (see section
2.2) con® rm the absence of biaxiality for densities up
to cb = 2.

The method for solving equation (1) numerically is
non-trivial, and ® rst requires rewriting the equation in
a somewhat di� erent form. The procedure is described
in [15], so we do not give details here. The computation
time required to solve equation (1) increases quite
rapidly with concentration. For cb = 2, about 5± 10
hours of CPU time are required (on a DEC Alpha
600/5/266) to solve for the density pro® le ne(h,z0, X 1)
with a particular separation h. The results found using
this approach are discussed in section 2.3.

2.2. Finite aspect ratio: computer simulation
Grand canonical Monte Carlo simulations were used

to investigate the e� ect of ® nite aspect ratio L /D.
Spherocylinders, cylinders of length L , diameter D and
with hemispherical end caps, were simulated in a parallel
plate geometry at ® xed activity Z = e b ¹ / K 3 with ¹ the
chemical potential and b = 1 /kB T [28]. Simulations of a
bulk system were used to determine the correspondence
between the activity Z and bulk density nb. For the
parallel plate systems, periodic boundary conditions
were used in the x and y directions, and hard walls
were placed perpendicular to the z direciton at each
end of the simulation box. The plate separation h is
de® ned as the maximum distance a particle midpoint
can translate in the z direction. Thus, when h = L , a
spherocylinder of length L will just ® t in the box if its
long axis is parallel to the z direction. In the x and y
directions, the box size was 3 ´ ( L + D).

Using grand canonical simulations it was straightfor-
ward to measure the rod midpoint density pro® le, the
rod end density pro® le, and the nematic and biaxial

order parameter pro® les. Rods of two aspect ratios
were studied, L /D = 10 and L /D = 20, at two di� erent
reduced concentations cb = 1 and cb = 2. These, from
simulations of the bulk, were found to require activities
of Z = 0.173, 25.0 for the L /D = 10 system at cb = 1,2,
respectively, and Z = 0.0221, 0.651 for the L /D = 20
system. All these systems were relatively small, for
example, the simulation box for L /D = 20, cb = 2 and
h /L = 1.8 contained about 700 particles. Despite this,
we do not expect ® nite size e� ects to be large, as the
number density between the plates was relatively low,
and the systems were found always to have rotational
symmetry around the z axis. The latter result (expected
far from the bulk isotropic± nematic phase transition)
shows that there is no surface-induced symmetry
breaking which might lead to hysteresis e� ects.

2.3. Results
Figure 2 shows the normalized rod midpoint density,

de® ned as ~n(h, z) = ò n(h,z,u) dX 1 /nb, at concentrations
(a) cb = 1 and (b) cb = 2, as a function of the distance z
from one plate. The plate separation is h /L = 1.8. The
smooth lines are found by solution of the integral equa-
tion (interpolated from a large dataset); the points with
error bars are measured by simulation for aspect ratios
L /D = 10, 20. It is clear that the wall e� ect penetrates
the bulk to a distance of order L , and this e� ect decays
slightly as density increases. For cb = 1 the particle den-
sity between the plates is rather small; this accounts for
the lack of any signi® cant layering at the walls for rods
of ® nite aspect ratio. (Note also that the density
approaches the bulk density at the centre of the box.)
In contrast, for the higher bulk density case (cb = 2,
® gure 2(b)), there is signi® cant layering at the walls
arising from the ® nite aspect ratio of the rods. Layering
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is, as expected, more pronounced in the L /D = 10
system. Nonetheless, the simulation results for
L /D = 10, 20 show good convergence of the density
towards the asymptotic theory for in® nite aspect ratio.

The reduced density of the rod ends is de® ned as
~ne(h, z) = ò (ne(h,z,u) + ne(h,z - u,u)) dX 1 /nb. This is
plotted, as a function of the distance z from one plate
(® gure 3) for cb = 2. Note that the reduced contact den-
sity ~ne(h,0) gives the osmotic pressure on the plate (in
units of nbkB T ) and hence controls the depletion force.
However, the fact that the osmotic pressure increases
with decreasing aspect ratio does not imply the depletion
force should behave in a similar way; the depletion force

results from the di� erence in osmotic pressure between
the inside and outside surfaces of a plate. Again, for the
rod end density there is satisfactory convergence of the
simulation results towards the asymptotic calculation
for the limit of long, thin rods.

The order parameter is de® ned locally by Q(h,z) =

ò n(h,z,u)P2(u) dX 1 /(nb
~n(h,z)), which is the average

over rod midpoints of the second Legendre polynomial.
This is plotted in ® gure 4 as a function of z, for
h /L = 1.8. It appears that the order parameter pro® les
do not depend strongly on the rod density, nor on plate
separation h. The negative value of Q indicates that the
orientational distribution of rods is more pancake-like
than cigar-shaped, as one expects from the in¯ uence of
the parallel plate geometry. A rod lying very close to a
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(a)

(b)

Figure 2. The normalized density of rod midpoints
~n(h,z) = ò n(h, z,u) dX 1 /nb as a function of distance
from one plate z. The separation obeys h /L = 1.8;
reduced densities are (a) cb = 1, and (b) cb = 2. The
smooth lines show the results of the integral equation;
the points are simulation results for L /D = 10 and 20.

Figure 3. Normalized density of the rod ends ~ne(h,z) as a
function of distance from one plate z, for cb = 2. Here
h /L = 1. The quantity ~ne(h, 0) gives the osmotic pressure
in units of nbkB T .

Figure 4. The order parameter Q(h,z) = ò n(h,z,u)P2(u) dX 1 /
(nb

~n(h,z))asafunctionof z, forh /L = 1.8,andcb = 2.



wall must adopt a fully parallel alignment, so the order
parameter reaches the limiting value of - 1/2 there. As
the rod centre moves away from the wall, its order
parameter returns towards the bulk value of zero. The
simulation results show a very small deviation from those
for in® nite aspect ratio: at these densities, geometry, not
interparticle interaction, is the signi® cant factor in deter-
mining Q. Measurement of the biaxial order parameter,
B(z) = k 3 /2(sin2

µ(z) cos 2u (z)) l indicated that, at the
concentrations studied, there was no biaxial order pre-
sent in the simulated system. This con® rms the assump-
tion made in our numerical treatment of equation (1).

3. Surface thermodynamic properties

3.1. An extended Gibbs adsorption equation
To calculate surface thermodynamic quantities, such

as the surface tension of a rod solution or the depletion
interaction between plates, we start from a useful
thermodynamic identity. This is a version of the Gibbs
equation, and states that

dg (h) = - C (h) d¹ . (2)
Here g (h) is the surface excess free energy for one of a
pair of parallel plates immersed in solution at separation
h, and C (h) the corresponding surface excess concentra-
tion of solute. In the limit h ® ¥ , one has a surface
contacting a semi-in® nite ¯ uid, and the conventional
Gibbs treatment for the surface tension is recovered
[29]; the usual surface tension is g = g ( ¥ ).

This result allows us to write the interaction energy
between two ¯ at plates as

W (h) = 2g (h) - 2g ( ¥ ), (3)
where

g (h) = - ò
¹

- ¥
C (h) d¹ . (4)

This leads us to an extended form of the Gibbs adsorp-
tion equation

W (h) = - 2 ò
¹

- ¥
[C (h) - C ( ¥ )]d¹, (5)

for which a more detailed derivation is presented in the
appendix.

Equations (2) ± (5) are central to this paper. They allow
us to calculate surface thermodynamic properties such
as W (h), if we know the surface excess C (h) as a func-
tion of ¹ .

Of course, alternatively the depletion potential W (h)
may be obtained by a direct integration of the depletion
force

W (h) = ò
¥

h
f (hÂ ) dhÂ , (6)

which requires knowledge of the contact density ne(hÂ ,0)
for all separations hÂ > h. Likewise, the surface tension

g of the hard rod ¯ uid (with a single surface) is half the
work required to separate two plates to in® nity against
the depletion force (thereby creating two new inter-
faces): g = - W (0) /2.

There are two good reasons to reformulate these
results in terms of the surface excess C (h). First, the
surface excess is a global property of the density distri-
bution between the plates. Information from the whole
density pro® le is used thereby to calculate the surface
thermodynamic properties g and W (h). In contrast, the
calculation via the depletion force method requires
knowledge only of the density of rod ends at contact
with the wall. The accuracy attainable from the adsorp-
tion equation therefore is likely to be much higher. This
o� ers some advantages, even for the numerical solution
of the exact integral equation. However, it becomes vital
for the computer simulation results: calculation of the
surface thermodynamics to comparable accuracy by a
direct method would not have been practicable.
Second, having two di� erent routes to calculate W (h)
allows explicit demonstration that our integral equation
(1) is thermodynamically consistent. Although this was
never really in doubt, we cannot think of many other
con® ned particle systems for which the free energy can
be calculated, so precisely, in two quite separate ways.
Viewed di� erently, the results o� er a powerful check of
our numerical treatment of equation (1): they are
virtually identical to those obtained previously [15]
from the contact density route.

3.2. In® nite aspect ratio
To calculate W (h) from equation (1) via the surface

excess, note ® rst that C (h) is de® ned from the end
density pro® le ne(h, z, X ) as

C (h) = ò dX ò
h /2

0
dz ne(h, z, X ) - nb

2p( ) , (7)

while the chemical potential ¹ is related to the bulk
density nb by [14]

¹ /kBT = ln nb + nb p DL 2 /2. (8)
Combining the above two equations, together with
equation (5), we obtain

W (h) = 2kBT ò
nb

0
[C (h) - C ( ¥ )] 1

nÂb
+ p DL 2 /2( ) dnÂb.

(9)
The surface tension g is then found as g = - W (0) /2. In
practice the surface excess C (h) is easily evaluated
numerically for any given nb using equation (7).
Repeating this procedure for a series of closely spaced
nb values allows the thermodynamic integration to be
performed.
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The only point of subtlety is to ® nd C ( ¥ ), the surface
excess for a wall contacting a semi-in® nite solution. In
practice, it is found that the rod density at the midpoint
between the plates, ne(h,z = h /2, X ), approaches its
h ® ¥ asymptote (nb /2p ) for quite modest separations.
Indeed, to within our numerical precision, we found that
an accurate evaluation of C ( ¥ ) for each nb could be
achieved for a ® xed plate separation h = 3L at all
densities up to cb = 2. (For much higher densities, a
larger h might be required.)

The results found in this way for the depletion poten-
tial W (h) (as a function of cb for a particular separation
h = L ) are shown in ® gure 5. For comparison, we also
show the results for selected cb (from [15]), found by the
direct integration of the contact density, without the use
of the extended Gibbs equation. The agreement clearly
is excellent. The surface tension g is plotted similarly as
a function of cb in ® gure 6. At low densities, the surface
tension approaches the osmotic pressure nbkB T times
the orientationally average excluded volume DL 2 /4
due to the wall; the slope of the curve therefore tends
to 0.25. Agreement with the results of directly inte-
grating the contact density again are very good overall.

3.3. Finite aspect ratio
To obtain W (h) from the simulated density pro® les,

we proceed by rewriting the equation for the surface
excess, equation (7), explicitly as the di� erence between
the number of particles per unit area in the con® ned
system and that in an equivalent bulk system of the
same size:

C (h) =
1

2A
(Nwall(h) - Nbulk(h)). (10)

Here Nwall(h) is the ensemble average number of par-
ticles in the simulation box of the system between plates,
and A is the cross-sectional area of the box;
Nbulk(h) º nbh is the corresponding quantity for the
same volume within a bulk system. Both of these
quantities can be measured extremely accurately in a
simulation.

In terms of the activity Z , the depletion potential is
given by

W (h) = 2kBT ò
Z b

0

1
2A [Nwall(h) - Nbulk(h)]- C ( ¥ ){ }

´ dZ

Z
, (11)

where Z b is the activity corresponding to bulk density
nb, and the identity dZ /Z = b d¹ has been used. Just as
before, the integration to obtain W (h) is straightforward
except for the term in C ( ¥ ). This term determines the
surface tension, but it can be viewed also as a constant
which ensures that W (h) asymptotes to zero at large
separations. Accordingly we choose to write

W (h) - W (0) º ~
W (h) =

~
W wall - ~

W bulk, (12)

where

~W wall(h) =
kBT
A ò

Z b

0
Nwall(h) dZ

Z
, (13)

~
W bulk(h) =

kBT
A

h ò
Z b

0
nb

dZ

Z
, (14)

thereby separating
~

W into contributions from the con-
® ned system and the equivalent bulk.
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Figure 5. The numerically evaluated depletion potential for
in® nite aspect ratio, in the case of h = L : solid curve, from
Gibbs equation; dots, from contact density by integration
of the depletion force.

Figure 6. The numerically evaluated surface tension between
a ¯ uid of hard rods at in® nite aspect ratio and a solid wall.
This is plotted as a function of the reduced concentration
cb. Solid curve, from Gibbs equation; dots, from contact
density by integration of the depletion force.



For each of the aspect ratios studied ( L /D = 10, 20)
and each plate separation, a series of 18 simulations was
performed, decreasing Z by a factor of two each time
from an initial value Z b (as given in section 2.2). The
non-interacting limit Nwall ~ Z was attained with small
Z in all cases. The change of variable q = Z 1 /4 was made
to facilitate integration of the data, and the resulting
set of points interpolated with a cubic spline. By this
procedure, an accurate determination of

~
W wall was

obtained.
The corresponding integral, equation (14), for

~
W bulk

can in principle be evaluated the same way, using addi-
tional simulations on bulk systems (e.g., with periodic
boundary conditions) to accurately determine nb(Z ).
The result for

~
W =

~
W wall - ~

W bulk should asymptote to
a constant,

~
W ( ¥ ) = 2g , for large plate separations (in

practice, this means h /L > 3). However it was found
that, using this method to calculate

~
W bulk , the resultant

~
W (h) had a slight non-zero slope for large h /L . This
problem arises because for large h, Nwall asymptotes to
nbh + C ( ¥ ); this includes a linear term which should be
cancelled precisely by the Nbulk contribution. However,
tiny errors in the respective coe� cients of h (that is,
small di� erences in these two independent estimates of
nb) will lead to a systematic non-zero slope of

~
W (h) for

large h. To overcome this problem, ~W bulk was extracted
instead directly from the large h region of

~
W wall(h) by

® tting a straight line to the last ® ve points (h /L in the
range 2.5± 4). The intercept of this straight line then gives
the surface tension.

Figure 7 shows a comparison of the calculated and
simulated depletion potentials W (h) for cb = 1. There
is, once again, good convergence of the ® nite aspect
ratio results towards the asymptotic curve. These data

con® rm not only the well known primary minimum in
the depletion potential [30], but also the presence of a
® nite (though very small) barrier. The existence of a
barrier was predicted ® rst using perturbation theory;
on dimensional grounds [16] the barrier height should
be of order Wmax = a (cb)kB T /( L D), where a is of order
unity for cb . 1. In other words, a priori one would
expect the barrier height to be clearly visible on the
reduced plot shown in ® gure 7. The perturbative predic-
tion is in fact a (1) = 0.0221, whereas the integral equa-
tion gives a yet smaller value, a (1) = 0.0025.

The reasons for the extremely small value of a are
understood only partially [15]. However, presumably
they involve some degree of cancellation by competing
contributions, which could be upset easily by ® nite
aspect ratio corrections. Therefore it is very important
to check whether or not the barrier is signi® cant for
realistic L /D. (The presence of a large barrier would
have very marked e� ects on issues of colloidal stability,
as discussed in [16].) In fact, although we ® nd a barrier
height that is systematically higher for the ® nite aspect
ratios studied, it is not much (a factor of about two for
cb = 1). Whereas a detailed analysis of the barrier height
is precluded by the errors, we note that the simulation
data are actually of remarkable accuracy: we are re-
solving features on the scale of a = 10- 2 even though
the fundamental scale of the interaction potential should
be a . 1. Such an accuracy might be much harder to
obtain if the extended Gibbs equation were not
employed. Overall, however, the e� ect of ® nite rod
aspect ratios on the depletion potential is rather weak.

Finally, ® gure 8 shows the surface tension of the hard
rod ¯ uid as a function of cb (results from ® gure 6 are
replotted for comparison). Again the e� ect of ® nite
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Figure 7. The depletion potential of the two plates W (h)
versus h /L for rods of aspect ratio L /D = 10, and 20.
The ® nite aspect ratio of the rods gives a very slight
enhancement to the potential barrier.

Figure 8. The surface tension, in units of kBT /L D, between a
¯ uid of hard rods and a solid wall, as a function of the
reduced concentration.



aspect ratio is fairly weak; the asymptotic theory is good
to within about 10% for L /D = 10.

4. Conclusion

We have presented rod end and midpoint density pro-
® les, and order parameter pro® les, for hard rod ¯ uids
between parallel plates. Results were obtained both
from a self-consistent integral equation, exact in the
limit L /D ® ¥ , and from computer simulation for
L /D = 10, 20. The latter results show that the stated
aspect ratios are already quite close to the asymptotic
limit, apart from some layering observed for high bulk
densities (cb = 2) in the case L /D = 10.

We then obtained an extended Gibbs adsorption
equation dW (h) = - 2[C (h) - C ( ¥ )]d¹ , where C (h) is
the surface excess for a single plate separated by h
from another, and W (h) is the depletion interaction
between plates. (From this follows the usual surface
tension via g = - W (0) /2.) Methods based on inte-
grating this equation were argued to have signi® cant
advantages, in accurately evaluating the free energy of
con® ned rod ¯ uids, over traditional methods based on
the pressure sum rule (which involves only the contact
density at the walls). This applies especially to computer
simulations, where computational errors can be reduced
substantially by using information from the full density
pro® le. The technique may be suited equally to other
systems in which the pressure is di� cult to measure;
these include complex molecules with hard interactions,
and also lattice systems.

Using these methods, the e� ects of the ® nite rod
aspect ratio on both the depletion potential and the sur-
face tension were examined. Broadly speaking, the
results for in® nite aspect ratio remain qualitatively
valid for the full range of parameters (L /D = 10, 20,
cb = 1, 2) studied here, and at these densities are likely
to be correct to within a few per cent for L /D > 20. One
exception to this lies in the height of the depletion bar-
rier, which is increased by a factor of 2 or 3 at cb = 1.
However, this barrier remains very small (of order 10- 2

in dimensionless units).
Finally, because of the accuracy of the results obtain-

able, we believe that the hard rod ¯ uid merits further
attention as a testing ground for more general ideas
concerning the behaviour of ¯ uids in con® ned geome-
tries. Of course, it merits attention also in its own right.
For example, the depletion force pro® les we have
derived should be measurable experimentally, using
(say) TMV (L /D . 17) in a force machine apparatus
[31].
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Appendix

Extended Gibbs isotherm
For intermediate separations h, the extended Gibbs

adsorption equation can be derived as follows. The
appropriate thermodynamic potential to describe a
system of parallel plates of unit area in a rod solution
is the grand potential

W = F - ¹N, (A 1)
where F is the Helmholtz free energy and N the number
of particles in the system. For constant temperature and
volume we have:

dW = - f dh - N d¹ , (A 2)
where f is the depletion force. From equation (A 2), it
follows that

¶ f
¶ ¹( ) h

=
¶ N
¶ h( ) ¹

, (A 3)

but on the other hand we write

f = - ¶ W
¶ h( ) ¹

,

so a substitution gives

- ¶
¶ h

¶ W
¶ ¹( ) h( ) ¹

=
¶ N
¶ h( ) ¹

. (A 4)

Integration of this equation with respect to h leads to

- ¶ W
¶ ¹( ) h

= N(h) - N( ¥ ). (A 5)

For plates of unit area, we have N(h) - N( ¥ ) =
2[C (h) - C ( ¥ )], where the surface excess G (h) is given
by equation (7),

dW = - 2[C (h) - C ( ¥ )] d¹, (A 6)
which is the extension of the Gibbs adsorption equation
to the case of two surfaces with ® nite separation. The
integration of this gives

W (h) = - 2 ò
¹

- ¥
[C (h) - C ( ¥ )] d¹ . (A 7)
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