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The electrostatic contribution to the bending moduli of an amphiphilic monolayer is
calculated on the basis of the Poisson~Boltzmann equation. The electrical free energy for a
spherical and cylindrical surface is expanded in inverse powers of the radius of curvature a.
The coefficient (1/a)’ in the electrical free energy gives the bending elastic moduli.

1. Introduction

In recent years it has become increasingly clear that for the understanding of
the physics of amphiphilic monolaycrs and bilayers the curvature elastic
properties [1, 2] of these systems play a key role [3]. For example the intricate
phase behaviour of microemuisions appears to be largely controlled by the
curvature elastic moduli of the amphiphilic layers in these systems [4, 5]. Also
the various equilibrium configurations of fluid membranes are determined by
their curvature elasticity [6].

Measurements based on the analysis of thermally excited shape fluctuations
[7-11] and micromechanical measurements [12] yield for the bending elastic
modulus K of simple lipid bilayers a value of (1-2) X 10™" J, i.e. on the order
of tens of kg T. This value agrees remarkably with an early estimate [1] based
on the curvature elasticity of liquid crystals. On the other hand for the bending
elastic modulus of the amphiphilic layers in microemulsion systems one finds
with various techniques (ESR [13], dynamic light scattering [14, 15]. ellip-
sometry [16, 17], X-ray scattering [18, 19]) a value of (0.2-2)kgT, i.e. typically
one order of magnitude lower than in the case of lipid bilayers. The high
flexibility of the amphiphilic layers in microemulsions has been invoked to
explain the variety of phases in these systems [4,5].
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The small value of the bending elastic modulus K in microemulsion systems
appears to be intimately connected with the fact that the amphiphilic layers in
these systems are composed of a surfactant and a shorter chain cosurfactant
(alcohol). Recently Szleifer et al. [20] presented a statistical thermodynamic
theory to explain the decrease of the bending elastic modulus upon replace-
ment of a fraction of the long chains by shorter ones. These authors pursued
the premise that the curvature elasticity of surfactant films is dominated by the
“tails” — rather than by the ‘“‘heads” - of the constituent amphiphiles. However
electrostatic energies do play a role in microemulsions and also in membrane
systems. They contribute to the interfacial tension [21] and to the interfacial
bending stress [22]. Recently Winterhalter and Helfrich [23] calculated the
electrostatic contribution to the curvature elastic moduli using the linearized
Poisson-Boltzmann equation (Debye-Hiicke: approximation). This approxi-
mation is only valid for low potentials, i.e. low surface charges. Here we show
how the electrostatic contribution to the curvature elastic parameters can be
calculated on the basis of the non-linear Poisson-Boltzmann equation. Starting
from this equation the electrical free energy of a charged spherical and
cylindrical is obtained as a series in inverse powers of the radius of curvature a.
From the coefficient of the (1/a)’ term in the electrical free energy the
electrostatic contribution to the curvature elastic moduli is obtained.

The problem treated here bears a close relation to the problem of the
determination of the electrostatic contribution to the stiffness of wormlike
polyelectrolytes. The bending elastic modulus of polyelectrolytes has an intrin-
sic part (the bending elastic modulus of the corresponding uncharged polymer)
and an electric part. The electrostatic contribution was first determined by
Odijk [24] and independently by Skolnick and Fixman [25] in the Debye—
Hiickel approximation. Later Le Bret [26] and Fixman [27] calculated the
electrostatic contribution to the bending elastic modulus using the non-linear
Poisson-Boltzmann equation. In fact the determination of the electrostatic
contribution to the curvature elastic parameters of layers turns out to be
simpler than the corresponding calculation of the electrostatic contribution to
the bending modulus of polyelectrolytes. Whereas in the latter case one has to
resort to numerical calculations to obtain resuits, in the case of layers analytic
expressions can be obtained for the electrostatic contribution to the curvature
elastic moduli.

2. Calculation of the electrical free energy of a charged spherical and cylindrical
surface

The electrical free energy per unit area of the double layer is given by [28]
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Here o is the surface charge density and y, is the potential at the surface.
Finding the relation between the surface charge density and the surface
potential for a charged spherical or cylindrical surface is difficult, because this
involves solutions of the Poisson-Boltzmann equation for spherical or cylindri-
cal symmetry for which no closed solutions exist. Extending the work of
Dukhin et al. [29] and Chew and Sen [30] we obtain for the case of thin double
layers (ka>1, a radius of the particle, x inverse Debye length) a series
expansion in 1/ka for ¢, up to terms of order 1/(xa)’. Using these results we
are able to calculate the electrical free energy up to terms of order of 1/(ka)’
and from there on we obtain the electrical contribution to the curvature
elasticity.

2.1. Charged spherical surface

The Poisson-Boltzmann equation for a charged spherical surface immersed
in a .—-1 electrolyte can be written as

d’v 24y

A k> sinh ¥ . (2)

Here r is the radial coordinate, ¥ is the dimensionless potential,

ey
= 3
and « is the inverse Debye length,
262’2 ’ )l/2
= ——<L 4
K <s(,erkBT ’ )

where e is the elementary charge, &, is Boltzmann’s constant, 7 is the absolute
temperature, n,, is the number of molecules of electrolyte per unit volume. ¢, is
the dielectric constant of the aqueous medium and &, is the permittivity of the
vacuum.

In fact a full solution of the Poisson-Boltzmann equation (2) is not needed.
For the calculation of the electrical free energy (eq. (1)) it is only necessary to
know how the potential at the surface varies with the surface charge density.
Therefore we consider the solution of eq. (2) near the surface. We consider the
case of a double layer outside a sphere. Taking 1/ka as the small paramcter we
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write
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Substituting eq. (5) in eq. (2) and making the coordinate transformation

r=a+xix (6)
we find
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We now assume that x is sufficiently small such that
X
— <1
Ka
and thus we may write

1 =1- X 4
1+ x/ax ka 77

Using this expansion and equating terms of the same power of 1/ka on both
sides of eq. (7) gives the following equations:

dlq,.(()) )
o sinh ¥ | (8)
dz w(l) - q,(l) h q,(“) = -2 d ‘F(U)
e cosh(¥") = ~2 - ¥, )
d> ) d d
L) @ My _+ 9 e A
e ¥ cosh(¥') 2 P v+ 2x T~ v
1 )
+5 Py sinh(v ) . (10)

With the boundary condition that

FO=pV =y = =0 asxo= (11)
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one obtains from egs. (8)-(10)

d (0)

lgx = —2sinh(}¥'?), (i2)
dy? i 0 0
— + ¥ cosh(1¥?) = —4 tanh(1 ), (13)
dq;(Z) zq,(l)

+ ¥ cosh(¥) = ——}1 () sinh(;¥ ) -

dx cosh(} ™) + 1

4[tanh’(1¥'?) — 2 In cosh({¥*)]
sinh( ¥ () ' (14)

+4x tanh(; ¥*) +

Assuming that we are dealing with a constant surface charge the boundary
conditicas at the surface are

dlI'“”) (dllf) (dw(l)) (dq,m)
( dx .t=0_ E =0 dx .\'=()—_ dx .\'=(l—. ..=0. (16)

Using these boundary condiiions one obtains from eqgs. (12)-(14) to order
1/{ka)’ the following expression for the surface potential:

1 4(gq—1
#=2mn(p+ ) - L)

1 [4(g-1)’(2g+1) 4In(3[g+1])
(ka)* | p’q’ pq } ’ (17)
where
1| (d¥
=11 (5).] (19)
and
q= p2 1

(In writing down eq. (17) we have assumed that we are dealing with a situation
where V¥, is positive.) Through the equation of Gauss the quantity p is related
to the surface charge density o,

21 0| o]
p=——.

(19)
Ke
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where Q is the Bjerrum length,

eZ

o= dmeye kg T

(Q =0.714 nm for aqueous solutions at 298 K).

Hence it follows that eq. (17) represents a relation between the surface
potential and the surface charge density. Now the integral in the expression (1)
for the electrical free energy can be calculated, resulting in

pavre = (2L) ¢ oo (o1 (p + @) = g+ 1)) = = 10 (3 + 1)

e T oml]

A similar result was first obtained by Stokes [31] using a slightly different
method.

2.2. Charged cylindrical surface

The Poisson-Boltzmann equation for a charged cylindrical surface immersed
in a 1-1 electrolyte can be written as

&y 1d¥ .
ar +r K sinh ¥, (21)

Here r is the radial coordinate and ¥ is the dimensionless potential. We

consider the case of the double layer outside a cylinder. Making the coordinate
transtormation r = a + x/«x we find

d? [ 1 l/ka d 1
e L “’+...] ,..__[ o, 1 ]

dx” quI +1+x/xa dx v +:<atp T
RPN BT S S 1
—-smh{lff +— AR S J . (22)

Along the same lines as for the case of the spherical surface we now find the
following equations:

dzlP‘”)
dxz = Sinh ‘p(") N (23)
d.’?‘p(“ o o d
- . o 4
4 ¥ eosh(W) = - Wt (24)
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With the boundary condition (11) we now obtain
AQ
T = —2sinh(3¥™) (26)
dq,-(l) i, 0 "
o v cosh(1 ") = -2 tanh(i¥'"), (27)
dy® ) 1y () L2 o 1gp(0) v
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+ 2x tanh(1¥") + b ™y (28)

Using the boundary condition (16) one obtains from egs. (26)-(28) to order
1/(xa)’ the following expression for the surface potential:

1 2¢-1), 1 (¢-1’CQq+1)

¥, =2In(p+gq) - wa  pq a)’ PO (29)

where p and ¢q are given by eq. (18). For the electrical free energy we now
obtain

“

1 kBT ) » 1
£ = (5T Y e fatpin(p + @ - g + 1) - Lt + 1)

1 (q—l)(q+2)}
(ka)® (g+1)g

(30)

3. Bending elastic meduii

The curvature elastic free energy per unit area of a fluid layer can be writien
as

fo=:1K(c, +c;—cy) + Keyes, (31)
where ¢, and c, are the prircipal curvatures, ¢, is the sponianeous curvature. K

is the bending elastic modulus and K is the modulus of Gaussian curvature. For
a sphere ¢, = ¢, = 1/a and thus eq. (31) takes the form
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For a cylinder ¢, =1/a and ¢, =0 and then the curvature elastic free energy
takes the form

k(5 -a)
eyl _ 2 e
c =5 K\7376) - (33)
We now compare the phenomenological expressions (32) and (33) with the
expressions for the electrical free energy of a charged spherical and cylindrical
surface (egs. (20) and (30)). Comparing the coefficients of the (1/a)’ terms in
the free energy expressions we obtain the following results for the contribution

of the electric double layer to the elastic bending moduli of a charged
monolayer:

a_ 1 kgT (g —1)(q+2)
K =5 o (q+1)q (34)
and
kT [
cet _ — 1 kgT Inz
K® = - - z=1) dz. (35)
z=2/(1+q)

From the above expressions we see that the contribution of the electric
double layer to the elastic bending meduli depends on the dimensionless
quantities Ox and g. These quantities in turn are determined by the salt
concentration n,, and the surface charge o. In order to get some feeling for the
values of K and K®, we consider as an example an amphiphilic layer
encountered in microemulsions, namely a mixed monolayer of sodium dodecyl
sulfate (SDS) and pentanol at the cyclohexane/water interface [32]. In this
mixed monolayer the adsorption of SDS is about 1.6 umolm™ Assuming
complete ionisation of the SDS this leads to a surface charge of 0.154Cm ™2 In
table I we present values for K and K*' in units kT for a surface charge of
0.15Cm ™’ and salt concentrations of 0.01M to 0.40M. We find that for these
values of the parameters the electric contribution to the bending elastic moduli
increases from about 0.1k, T to 1k, T with decreasing salt concentration. This
trend is in gcod agreement with the experimental results [16] for K.

For small surface charge densities p <1 and thus ¢ =1+ | p”. We then find

from eqs. (34) and (35) the following expressions for the elastic bending
moduli of a charged monolayer:
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Table I

K® and K for a surface charge |o|=0.15Cm™? and different 1-1
electrolyte concentrations.

Electrolyte concentration (M)
0.01 0.02 0.05 0.10 0.20 0.40

«”' (am)  3.04 2.15 1.36 0.96 0.68 0.48
q 12.8 9.12 5.82 4.17 3.03 2.25
Kk, T 0.67 0.47 0.29 0.19 0.13 0.08
K'k,T -162 -103 -055 -0.32 -0.18 —0.09

ke T3wQ|o|?
Kel = B 3
o (36)
and
_ kyT 2
K'=— _B_%Q_ZIEL . (37)
K’e

These expressions are in agreement with the results obtained by Winterhalter
and Helfrich [23] using the linearized Poisson—Boltzmann equation.

For high surface charge densities and low salt concentrations p = ¢ > 1 and
we now find the following expressions for the bending elastic moduli:

a_ 1 kgT
K T 2w Ok’ (38)
cel _ T kBT
K" = 5 ——-—-QK. (39)

Under these conditions (2K*' + K*') <0 which might have important implica-
tions for spontaneous vesicuiation as discussed by Helfrich and coworkers
[6,23]. We note that even in the case of high surface charge densities only for
rather low salt concentrations (below 107 °M) the electric contribution to the
bending elastic modulus will exceed k,T. Therefore it is not unreasonable to
surmise as did Szleifer et al. [20] that in general the curvature elasticity of
surfactant films is dominated by the ‘“‘tails” - rather than by the ““heads” - of
the constituent amphiphiles. Nevertheless in the case of monolayers en-
countered in microemulsion systems, where the curvature elasticity is low (of
the order of k4T the electric contribution is significant and has to be taken
into account.
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