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iate relationships among variables that are nonquantitative (categorical).
The abundance of categorical data analytic methods available today to
such researchers is impressive. In the last 15 years, efforts have been made
to study the possible relationships between such methods. The aim of such
efforts is basically a desire to derive a common conceptual frame within
which many of these methods can be unified. The advantage of having a
unified frame is to provide additional insight into the interpretation of
empirical findings. In this paper we show that two well-known methods
for analyzing multivariate categorical variables, correspondence analysis
(CA) and latent class analysis (LCA) share a common methodological
frame, which is detailed later.

A major problem concerning categorical variables is the lack of a
natural scale. Scaling categorical variables has been a scientific challenge
for many years, as is evident from the wealth of literature on this subject.
The common frame for most scaling methods is known today as optimal
scaling. Nishisato (1980) and Gifi (1990) provide an introduction to these
methods, and a recent state-of-the-art review of the unified frame for scal-
ing methods is found in Michailidis and de Leeuw (1998). CA is a very
familiar representative of the optimal scaling family. Officially introduced
as a descriptive method by the French school of data analysis founded by
Benzécri (Benzécri et al. 1973), CA has become one of the leading data-
descriptive methods. Many widely used computer routines and software
packages contain such analysis. Most of the marketing research courses in
business schools contain CA in their curriculum. A good account of CAis
given by Greenacre (1984). Goodman (1985) and Gilula and Haberman
(1986, 1988) report the derivation of the relevant theory making CA a
family of estimable and statistically testable models.

LCA was officially started by Lazarsfeld (1950) as a method of
indirectly measuring unobservable variables, called latent variables. Start-
ing from the conjecture that latent variables are highly correlated with
certain measurable variables (called manifest variables), the latent class
theory provides tools of measuring the latent variables through certain
patterns of association between the manifest variables. A comprehensive
introduction to this analysis is given by Lazarsfeld and Henry (1968), and
inferential aspects of it are developed by Goodman (1974a,b), Gilula (1979)
and Clogg (1981) among others.

In the bivariate case, both CA and LCA utilize the matrix form of
the joint distribution of the manifest variables, and both methods use op-
timization criteria based on reduced rank joint distributions. It is therefore
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natural that relations between these two methods were subject to wide
investigation (e.g., Gilula 1983, 1984; Goodman, 1985, 1987; de Leeuw
and van der Heijden, 1991).

Multivariate versions of both CA and LCA have been developed. In
particular multiple correspondence analysis (MCA) has become quite pop-
ular. Greenacre (1988) has developed a finer multivariate version of CA
called joint correspondence analysis (JCA), and showed some advantages
of JCA over MCA.

The association between multivariate LCA and JCA has not been
investigated yet. This is the concern of this paper. In particular we show
that latent class models having X latent classes imply joint correspondence
models with X — 1 positive eigenvalues. We discuss ways of rescaling
parameters of LCA models, graphical representations that are implied from
such rescaling, and compare these graphical displays with those of JCA.
The findings of this study together with their interpretation provide the
already popular CA with added interpretative benefit, and applicability.
Although this is not another review paper comparing the two underlying
methods, we first start with the well-known bivariate case for expository
purposes. We then report the main result, and exemplify its importance by
analyzing two empirical data sets.

2. THE BIVARIATE CASE

In this section we will first define simple CA and LCA for two-way con-
tingency tables. Then we will describe the relation, reviewing the results
summarized by de Leeuw and van der Heijden (1991).

2.1. Simple Correspondence Analysis

We start with simple CA of an [ X J probability matrix II, with a row
variable A with / categories indexed by / and a column variable B with and
J categories indexed by j. The elements are 77; (i = 1,.... 1, j = 1,...,J).
where 77; = 0 and X, 3 7; = 1. We denote the margins by X, 7; = 7,
and ;7 = 7 +;. The decomposition by CA has the following form:

M~1
S.Q. = Ty ﬂ..f\. _ + M >S .Q::.v\,?: 3 Aﬂv

m=1}
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where
Z,..AZ Z . AZ
A7 _ swa Ti© T T
Tix - A@v
i+

3wt

x=1]

(Goodman 1974a), which is also known in the social sciences as the latent
budget model (for an overview, see van der Heijden, Mooijaart and de
Leeuw 1992; van der Ark 1999) and in geology as the end member model
{Renner 1993).

The LCM is usually estimated by maximum likelihood (cf. Good-
man 1974a).

2.3. Relations

We will first show how models (1) and (4) are related (cf. Gilula 1979,
1983; de Leeuw and van der Heijden 1991; van der Ark, van der Heijden
and Sikkel 1999). Then we will discuss the implications for data analysis.

First we note that both models provide rank decompositions of the
matrix II. We also note that the rank decomposition is provided in the
LCM by nonnegative parameters, whereas the parameters in CA are both
positive and negative.

Let the rank of a matrix II be denoted by R. We already noted thata
matrix of rank R can always be decomposed by CA with M = R. In terms
of the rank of a matrix IT we have the following four situations.

{. When R =1, the matrix II can be decomposed by CA with M = 1 and
by LCA with X = 1, since then both CA as well as LCA are equivalent
to the independence model.

2. When R =min(/,J), the matrix II can always be decomposed both by
CA with M = R as well as by LCA with X = R, since both models are
equivalent to the saturated model.

3. When I <R < min(l,J), the matrix IT can always be decomposed by
CA with M = R but not always by LCA with X = R, since the decom-
position provided by L.CA is less general than that of CA because of
the nonnegativity restrictions on the parameters. It follows that, if
LCA of rank X = R is true (i.e., a matrix II can be decomposed by LCA
with 1 < X < min(/,J) latent classes), then CA of rank M = R is

e
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true (i.e., a matrix IT can also be decomposed by CA with M = R). but
the reverse does not hold. There are, therefore, matrices of reduced
rank R that can be decomposed by CA with M = R but not by LCA
with X = R. It follows that the models are not equivalent.

4. When R =2, CAimplies the LCM (see de Leeuw and van der Heijden
1991, for a proof). Therefore, for rank 2 the models are equivalent.

For data analytic situations, this implies that if both models are
estimated using the same criterion—for example, maximum likelihood—
then the fitted values (estimates of expected probabilities) of CA are equal
to those of LCAif M =X = 2. If 2 < X < min(/,J) it often turns out that
fitted values of both models are the same, but this is not necessarily the
case. (For more details see van der Ark et al. 1999.)

Assume for the moment a matrix for which the fitted values of CA
are equal to those of LCA. Then the CA-parameters are related to the
LCA-parameters. This relation is most clearly seen from the LCA param-
eters rescaled as in equation (6). First a mwﬁ of rescaled parameters 7 mm is
obtained from the o:m:_& vaBQQm ma”, and in a comparable way a set
of rescaled @mSBQQm Z is obtained ?05 the original parameters 7} -
Using 7% = 7., 7t ?ﬂwvl from equation (6), we can now rewrite Em
LCA model in (4) as

X
— Z . AZ wkl .AN mN AT
ﬂ.Q - M vy ﬂ-: 3- SJ.TS.JC M 3. Aﬂ.,a v Aﬁv

x=1 x=1

Comparing (6) with (1) makes the relation between the rescaled LCA pa-
rameters and the CA parameters evident:

-1

R
I+ M \(:ENE‘V\\E = M ﬂ.bm Ad.Nv|~ A%V

m=1 x=1

This shows that, if we collect the CA parameters p;,, in a [ X R matrix P
where the first column is a unit vector, and YiminaJ X R matrix T where
the first column is a unit vector (the unit vector oo:mm_uo:am to the ‘1’ in
[1])., and if we collect the rescaled LCA nmSBanm 4% inal X R matrix
II; and the rescaled LCA parameters 7 “ZinaJXR Bm:_x I1;, then
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6 = low, and mental health status with categories “well,” “mild” (mild
symptom formation), “moderate” (moderate symptom formation), “im-
paired.” They have been studied previously with CA and LCA by Good-
man (1987), among others, and many details can be found there. We have
the following aims. First, we will illustrate that the fit of simple CA and
LCAis identical. Second, we show that the interpretation of rescaled LCA
parameters 747 and 3wm gives a very similar insight into the latent class
model as the interpretation of the original LCA parameters 7% and ﬂmw .
Third, we will illustrate the rescaled LCA parameter estimates by a graphic
representation. And fourth, we will show the similarity of such a graph
with a CA graph.

A first remark is that the results in Section 2.3 hold for probabil-
ity matrices of an exact rank R. Here we have an observed data matrix,
and we can apply the results of Section 2.3 by fitting models to the
observed data matrix, so that the fitted values of these models form
matrices that have an exact rank R. However, if we want to compare
the results from analyses of simple CA and LCA, both models should be
fit with the same fitting criterion in order to obtain identical fitted val-
ves. Therefore, we fit both models with maximum likelihood. When we
fit simple CA with a single dimension (i.e., model [1] with rank R =
M = 2) the likelihood ratio chi-square equals G* = 2.73, with 8 degrees
of freedom. For rank R = X = 2, LCA is equivalent to CA, and LCA
with two latent classes has an identical fit. The results in Section 2.3
show that, for rank R = 2, this is always the case.

In Table 2 we give the parameter estimates of simple CA and LCA.
In column 1 we find the parameter estimates for simple CA. In columns 2
and 3 we find the parameter estimates for LCA. In column 4 and 5 the
rescaled parameter estimates are given. Using the interpretation of the
simple CA parameters from the perspective of canonical correlation analy-
sis of categorical variables, the CA parameter estimates show optimal cat-
egory quantifications that lead to a maximized correlation of .163. The
quantifications show that this positive correlation is attained by giving
positive quantifications for a better mental health and a better parental
socioeconomic status, and negative quantifications for a worse mental health
and a worse parental socioeconomic status.

Another useful way to interpret the parameter estimates becomes
evident when we rewrite (1) as

- M—1
Ty = Tiw Ty

e = M >S\u§v¢.§ . (11)

T Tt T+ Tt m=1
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TABLE 2
Maximum-Likelihood Parameter Estimates for Srole Data. CA with One Dimension
(Cotumn 1), for LCA with 2 Latent Classes (Columns 2 and 3), and Rescaled Parameter
Estimates for LCA (Columns 4 and 5)

CA LCA LCA
pin i 7 #47 L
Well —1.60 .39 .00 1.00 .00
Mild -.19 41 32 54 46
Moderate .09 21 23 45 .55
Impaired 1.48 .00 45 .00 1.00
7 ke i
A —-1.09 .20 12 .62 38
B —-1.17 .19 11 63 37
C -.37 19 .16 53 47
D .05 23 23 47 53
E 1.01 12 20 35 65
F 1.80 07 .19 25 75
Ay #f #f #f 7f
163 48 52 48 52

For this example, where M = 2, (11) shows that the product of the param-
eters A} p;) ;) decomposes the departure from independence (i.e.. Ty~
7+ 7+, scaled by the expected probability under independence). From
Table 2 we can then see from the signs of the parameter estimates that rows
i = 1,2 are positively related to columns j = 1,2,3, and rows i = 3.4 are
positively related to columns j = 4,5.6 (i.e., the departure from indepen-
dence is positive), and for the other cells there are negative relations. For
cell (i, j) = (1,1), the scaled departure from independence is 1.60 X 1.09 X
163 = 28.

Nextto these two interpretations for CA parameters many others ex-
ist, but it is beyond the scope of this paper to discuss these here. Instead we
refer to Greenacre (1984), Goodman (1987, 1991), Gifi (1990), and Gower
and Hand (1996), and we go on with the interpretation of the LCA solution.

For LCA of a two-way matrix, the parameters are unidentified, and
in column 2 and 3 of Table 2 we have chosen solution HS from Table 6 in
Goodman (1987). For more details on this identification problem, we refer
to Gilula (1979, 1983, 1984) and Goodman (1987); van der Ark. van der
Heijden and Sikkel (1999) discuss the identification for the equivalent
LBA model (5), and van der Ark (1999) discusses the relation between
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column probabilities 7 ., (this is the weighted mean of all row vectors with
fitted values). By comparing the CA row graph with the CA column graph,
this point of reference is helpful because it shows that, for example, mental
health status 4 goes together more often than average (i.e., the marginal
probabilities) with levels 4, 5, and 6 of parental socioeconomic status.
Similarly, in the LCA graphs the point with coordinate .52 is helpful be-
cause it shows that mental health status 4 is positively related with latent
class 2, and similarly for parental socioeconomic status 4, 5, and 6. A
difference between the CA and the LCA graphs is that the LCA graphs
have interpretable endpoints—namely, 0.0 and 1.0. These are absent in
CA. But on the whole the similarities between the graphs of CA and LCA
are large.

Concluding, we have seen an illustration that simple CA and LCA
are closely related. This does not mean that it does not matter which model
is chosen when analyzing a contingency table. A proper choice depends on
the question asked about the data. If the question is formulated in terms of
a categorical latent variable explaining the interaction of the two manifest
variables, LCA is the model of choice. For CA, there is more than one
interpretation, but if, for example, the question is framed in terms of a
maximized correlation between the categorical row and column variable,
then simple CA should be the model of choice. However, it is clear that
both models focus on the same aspects in the data (namely, a factorization
of the relation between the variables) and therefore that the interpretations
of both models are far from unrelated.

3. THE MULTIVARIATE CASE

In Section 2 we discussed the relation between CA and LCA for two-way
tables. We will now discuss this relation when the number of variables is
greater than two. Usually CA is then generalized into either multiple cor-
respondence analysis (MCA) or joint correspondence analysis (JCA), and
LCA is extended by including one extra set of parameters for each extra
variable.

To keep the exposition simple, we will discuss the relation between
the models for the situation of three variables. The relation for more than
three variables is identical to the relation for three variables. We switch
from probabilities 7; to 7, where k (k =1,..., K) indexes the level of the
third variable, C.
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3.1. Multiple Correspondence Analysis

MCA can be introduced in many ways (for example, see Tenenhaus and
Young 1985; Gifi 1990). For the purpose of this paper, where we want to
compare MCA and JCA with L.CA, it is easiest if we introduce MCA using
the so-called Burt matrix.

The Burt matrix is a matrix of order (/ +J + K) X (I + J+ K) and
is a concatenation of matrices consisting of the bivariate margins ;. ,
7i+x and 74, and diagonal matrices consisting of the univariate margins
of 7 (see Figure 2). The generalization of the Burt matrix to more than
three variables, and its decomposition, is straightforward: for each addi-
tional variable, the relevant bivariate and diagonal univariate matrices are
concatenated to the Burt matrix in Figure 2.

Itis a well-known result from the CA literature that MCA is equiv-
alent to simple CA applied to the Burt matrix. Simple CA of the Burt
matrix leads to the simultaneous decomposition of each of the sub matrices
of the Burt matrix. Thus the three bivariate margins in the Burt matrix are
decomposed as follows:

M—1
3.~.\+ - ﬂ.~,++3.+\+ 1+ M“ AWE.QN.\: Q.\,S ’ AHNV
m=1
M-1
Tivk ™ Tiv+ T4y ~ + M_\ g‘:dzzewi s Awwv
m=1
b4 0 o 0 TAd s Ty o THge | Mgl . Tiak ... R4k
6 Tist 0 Tive e e e Wigg | Wikl oo Tigg ... TigK
0 o 0 T4+ § TN oo Thip oo T4 U4l oo Mgk ae. TIiK
LT ST TTTO I SN 0 .. 0 Telt e Tglk e TR
LIS (TR wrjs | 0 Tjt 0 Tajl e gk .. RugK
T4 oo gy ... gy {0 .- 0 Tads | Tedy oo Wy ... T4k
Tlbt eee Tia) oo T4 | Tyl e Ty5 ... Tagy | Tagn 0 .. 0
Tigk oo Tipk .. Wrak L Tak oo Magip ... wege |0 Tesk 9
T4k oo MK .o TI4K | FHlK --- Taik - Tagr |0 .- 0 Tatk

FIGURE 2. Burt matrix.
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pretation showed that the inertias in each of the subtables of the Burt ma-
trix are decomposed (compare Section 2.1). For the subtables with bivariate
margins, this is a useful property of MCA, since it shows how the bivariate
margins depart from marginal independence. For the diagonal matrices
with univariate margins, this interpretation is not very insightful, because
we are not interested in these particular inner products, and yet they can
have a large impact on the full-dimensional solution. This does not imply
that this effect will always be clearly visible on the first few dimensions, to
which attention is usually restricted in MCA, but it is clear that the inner
products for the univariate margins play a role, and for this purpose an
alternative is proposed for MCA, which is called JCA. This alternative will
be discussed in Section 3.2.

Before we discuss JCA, we pay some attention to individual re-
sponse patterns. An individual response pattern consists of one category of
every variable, and for each dimension m each response pattern is quanti-
fied separately by averaging the quantifications of the categories it has. So,
if a particular response pattern consists of categories i of variable A, j of
variable B, and k of variable C, the quantification for dimension m is

HT..\.ES = Ao\?z + .C\,S + E»Sv\wQ.i ] AHOV

where o, is chosen such that the weighted variance of X,,—, 7 Xfiym =
1. Due to restrictions (15) 2,,=; T i X gy = 0.

3.2. Joint Correspondence Analysis

We have just seen that the interpretation of MCA from the perspective of
decomposition of inertia is only partly successful. This is used as a starting
point for the proposal of a different generalization of simple CA to the
multivariate case. This generalization is called joint correspondence analy-
sis (JCA; Greenacre 1988).

In JCA the rank of the approximation has to be fixed at a prespec-
ified m* = M. Then a rank-m™ approximation is obtained that is optimal
in a generalized least squares sense for the bivariate margins in the Burt
matrix only. So, just as in MCA this results in the simultaneous decom-
positions (12), (13), and (14). However, where in MCA the rank-m" ap-
proximation is also optimal for the diagonal matrices with univariate
margins, in JCA the rank-m” approximation is optimal only for the bi-
variate margins. In other words, where MCA decomposes the total iner-
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tia of the complete Burt matrix, JCA concentrates on the total inertia of
each of the off-diagonal submatrices only.

Greenacre (1988) and Boik (1996) point out and discuss an analogy
between MCA and principal component analysis of a correlation matrix,
where both the diagonal and the off-diagonal elements are approximated
by a matrix of lower rank, and an analogy between JCA and factor analy-
sis, where the approximation holds only for the off-diagonal elements of
the correlation matrix. More details and examples can be found in a series
of papers by Greenacre-—for example, Greenacre (1988, 1990, 1991,
1994)—in Gower and Hand (1996), and in Boik (1996).

These papers also explain how JCA can be estimated by per-
forming MCA iteratively by updating the diagonal submatrices after each
iteration. Let the prefixed rank be m*. Let &Mﬁ be the updated element
using the parameter estimates found in iteration g — 1 for categories
iand i'. In the first step, when ¢ = 1, &m_\v = 0. After the first step,

when MCA is performed for the first time, &mv is obtained as &..wv H

Tia e (1 + 20 Wity where the superscripts (1) indi-
cate that these estimates are found by doing a generalized singular value
decomposition on the Burt matrix with modified marginal elements in
step 1. In general,

m*—1

(g+1) _ (g} _(q)
d =T Toea 1+ M ﬂ,mzd:m Nt | s (17)

m=1

and this procedure is iterated until convergence. Boik (1996) has recently
proposed a more efficient algorithm for JCA.

In JCA graphic displays are made in the same way as in MCA. So in
arank-m” JCA, am” — 1-dimensional graphic display can be made using

coordinates (7;,,#./?) for the categories of variable A, (v, @)/?) for the

categories of variable B, and (w;, ¢,1/°) for the categories of variable C.
This m* — 1-dimensional display can be interpreted using inner products
for the bivariate margins of the Burt matrix, where it should be noted that
the inner products are not equal to the bivariate marginal probabilities, but
approximate them, unless m* = (I ~ 1) + (J — 1) + (K — 1). The quality of
the approximation can be expressed in terms of percentage of inertia dis-
played by the m" — 1-dimensional solution. In general, compared to MCA
of the Burt matrix, the percentage of inertia displayed is dramatically higher
in JCA because the diagonal submatrices of the Burt matrix are not ap-
proximated. For more details, we refer to Gower and Hand (1996: chs. 4
and 10).
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For the bivariate case we saw in Section 2.3 that, if LCA is true, the
LCA parameters can be transformed into CA parameters and the other way
around. This result also holds for the multivariate case, as we will see here.
To show this, consider equations (20), ANC m:a (22). In mmo:o: 2.3 we
have shown that the o:m_sm_ meEmﬁnm A7, w7, and w7 can be re-
scaled into parameters 74 2, and (7 using m@:m:o: av for variable
A and similar equations mon <m:mEm B mzm C. These rescaled parameters

can be used to rewrite equations (20), (21), and (22) into

X

- A BZ . -1
Tij+ = M T TR qdmN T+ Ty js M mh AS.NV (23)
x=1 x=1

— Z AZ C7 _ AZ . CZ Zy—1
Tivg = M T Tix T = Tiv s+ Ty M Tix Ty Aﬂ. v ANA.V
x=] x=|
and
X
- Z Bz _CZ _ BZ _CZ(_Z\~1
3-4(.» - M Ty ﬂ.; Ty = 3.+\.+3.++» M ﬂ.: Tk A\d.x v s ANMV

x=1 x=1

(compare [7]). Assume now that the LCA model with X latent classes is
true. Then, if we compare Equation (23) to (12), (24) to (13), and (25) to
(14), we find the following relation between the rescaled LCA parameters
and the CA parameters:

R—1 R
I+ M nvﬁdtz Uim | = M Svm Aﬂ.Nvl_ ANOV
m=1 x=1
1+ M &Ed:ﬂs\tx = M 3.: T, NAS.NV.L AN.NV
m=1 x=]
and
R-1 R
1+ M AVS.C\,SE»S = M ﬂ.\MNﬂw\mNAﬂ. le Ava
m=] =1
(compare [8]). As 5 Section 2.3, collect the FG> -parameters T Zina

I X R matrix I;, 7 i in a J X R matrix II;, and m5%inaKk X R Bm::x I
and collect the CA-parameters 1, ina/ X R matrix H, v;,,, in a J X R matrix
Y, and wy,, in a K X R matrix ), where the first columns of H, Y, and Q are
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unit vectors. Then equation (26) shows that H=1II, U, (27) shows that Y =
II;U, and (28) shows that Q = II, U, where U is a R X R transformation
matrix. This shows that, if the LCA model is true, linear combinations of
the rescaled LCA parameters lead to JCA parameters.

The relations just shown are interesting, because they give more
insight into JCA for those who are accustomed to LCA, and vice versa.
This is particularly interesting because the two tools for data analysis stem
from distinct schools: LCA stems from the more traditional school of sta-
tistical modeling, where concepts like maximum likelihood and model fit
are important; JCA stems from a school of exploratory data analysis, where
models are fitted by least squares and interpreting graphical displays are
central. This is of theoretical interest. This close relation does not lead to a
preference of one model over the other, as we already argued at the end of
Section 2.4. Both LCA as well as JCA give answers to different questions,
and depending on the question that is asked about the data, a researcher
could choose one of those models. The interesting point is that JCA fo-
cuses on the bivariate margins, and that the decompositions used in JCA
are closely related to bivariate.decompositions that are fitted as byproducts
of the fitting of multivariate frequencies.

The relations also lead to the following practical implication, that
will be illustrated in the next section. First, in the analysis of a set of data
itis possible to do an LCA with R latent classes, and then this analysis can
be illustrated by a JCA-graph of dimensionality R — 1. This JCA graph
should then be obtained from a JCA on the fitted values found in LCA. The
JCA-graph can then be supplemented with points for the R latent classes as
well as with the point for the class sizes. The interpretation of the JCA
graph can be both in terms of inner products, which is the interpretation
discussed in Section 3.2, as well as in terms of the rescaled LCA-parameters.
An example will be shown in the next section.

A last point to be discussed is how the representations of the re-
sponse patterns are related. These representations are not as closely related
as the parameters of LCA and JCA. The reason can be seen by comparing
(16) with (19). This shows that in JCA the response patterns are quantified
by a linear operation on the category parameters, whereas in LCA the
response patterns are quantified by a multiplicative operation on the cat-
egory parameters (rescaling the category parameters does not change this).
Interestingly, a linear operation on the rescaled LCA-parameters would
make them very similar to the quantification found for JCA in (16). For
latent class m and response pattern (i, /, k) this linear operation would be
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interpretation of the first latent class as the class for nonactive people and
the second class as the class of active people. Notice that the voting “yes”
category is not very indicative of being in the active class, because the
estimate of .175 is not much higher than the overall class size of .125. We
conclude that the interpretation of the original LCA parameters leads to the
same conclusion as the rescaled parameters. Notice that the rescaled pa-
rameter estimates are also ordered from work to vote, for the “yes” cat-
egories (in class 2 .961, .747, 283, and .175) as well as for the “no”
categories (.094, .074, .035, and .000).

In the upper line of Figure 3, we find a graph of the rescaled LCA
parameter estimates for class 2. On the left we find the “no” categories,
having low probabilities, and more to the right we find the “yes” catego-
ries, having higher probabilities. The graph should be interpreted in terms
of the coordinates of the points, which are the rescaled parameter estimates
that we have just interpreted without having a graph. The usefulness of this
graph should be that it helps in finding the same interpretation more quickly,
or that it illustrates the interpretation found. It is possible to relate the
parameter estimates in this graph to the bivariate margins of the fitted
values, using equations like (23), but this is not easy because of the number
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FIGURE 3. Graphic display for McCutcheon data in Table 3 (1) rescaled latent class
parameter estimates with two latent classes (column 4 of Table 4) in line
1, and (2) the JCA estimates (column 1 of Table 6) in line 2.
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TABLE 5
Burt Matrix Derived from Parameter Estimates of Latent Class Analysis
with Two Latent Classes
03566 .00000  .01553 02013 .02857 00709 03521 .00045
00000 96434  .06008 90426 33377 .63057 68019 28414
01553 .06008 07561 .00000  .05208  .02352 .06939 00622
02013 90426  .00000 92439 31026 61414 64602 27838
02857  .33377 05208 31026 36234 00000 27788 08446
00709 63057  .02352 61414 00000 63766 43753 20013
03521 68019 06939 64602 27788 43753 71541 .00000
00045 28414 00622 27838  .08446 20013 .00000 .28459

of operations involved. We come back to a further interpretation of this
graph after we have discussed the JCA graph of the fitted values of LCA.
In Table 5 the Burt matrix derived from the fitted values under

LCA is given. In Table 6, first column, we provide the estimates ob-
tained by JCA of this table. Since the Burt matrix in Table 5 has rank 2,
JCA with one dimension provides a perfect fit of the solution. The esti-
mates are displayed in a graph shown in the lower line of Figure 3. We
have multiplied the estimates in the first column with #1/? so that we
can relate the inner products of the coordinates of the points using equa-

TABLE 6
Parameter Estimates for Joint CA of LCA Estimates (Column 1), for JCA of Observed
Data (Column 2), and MCA of Observed Data (Column 3)

JCAof LCA JCA of Data MCA of Data
Work Yes 5.989 6.381 5.824
No —.222 -.236 -.215
Attend Yes 4,456 4.372 3.948
No —-.365 —.358 ~.323
Influence Yes 1.134 1.017 1.237
No —.644 -.578 ~.703
Vote Yes 356 370 489
No ~.895 -.929 —-1.229
& 1783 2213 4034
prop 1.0000 8796 4034
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respondents’ evaluations of surveys and two are interviewers’ evaluations
of these respondents.

The first variable asks about the perceived purpose of surveys, the
second about the accuracy of survey results, the third about the perceived
cooperation of the respondent in the survey and the fourth about the per-
ceived understanding (for more details, see McCutcheon 1987). LCA with
X = 3 latent classes has an acceptable fit (G? = 21.89, df is 16). The
parameter estimates are presented in the first three columns of Table 8.

McCutcheon (1987) interprets the first latent class as the class of
“ideal respondents,” because they often find the purpose of surveys “good”
(estimated probability is .888), the results are “mostly true” (.613), they
always have a “good” understanding (1.000), and their cooperation is al-
most always “interested” (.943); the third class has “skeptics,” they often
answer that surveys are a “waste” of time (.633), the results are often found
“not true” (.969), but they are often found “interested” (.641) and have
often a “good” understanding (.753). The second class is interpreted as the
class for “believers™: they often answer that the purpose is “good” (.910),
and that the results are “mostly true” (.648), their cooperation is often
“interested” (.688) but their understanding is “fair/poor” (.686).

In columns 4, 5, and 6 of Table 8, we find the rescaled parameter
estimates. These lead to the same interpretation of the latent classes. To

TABLE 8
Parameter Estimates for Latent Class Analysis with Three Latent Classes. First Three
Columns Give Original Parameter Estimates, and Columns 4 to 6 Give Rescaled Pa-
rameter Estimates Discussed in Section 2.2

x=1 x=2 =3 x=1 x=2 x=3
Purpose Good 888 912 .143 721 .247 032
Depends 053 072 225 382 171 447
Waste 059 017 .633 245 .023 732
Accuracy Mostly true 613 648 031 732 258 010
Not true 387 352 .969 500 152 .348
Understanding  Good 1.000 313 753 761 .079 159
Fair, poor 000 687 247 .000 700230
Cooperation Interested 943 690 .641 .698 170 132
Cooperative 057 255 .256 267 400 333
Impatient/ 000 .055 103 .000 391 .609

hostile
Class Size 621 207 A72 621 207 172
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find the correct interpretation, we have to compare these conditional prob-
abilities with the class sizes (see Section 2.3). This shows that given that
the purpose is judged as “good,” respondents fall more than average in
latent class 1 (estimated probability .721 compared with the average—i.e.
class size estimate, .621), similarly for accuracy “mostly true” (.732),
“good” understanding (.761), and “interested” cooperation (.698). This
leads again to the labeling of the first latent class as “ideal respondents.”
For the second latent class, the following categories have higher estimated
probabilities than the average—i.e., the class size estimate, .207: “good”
purpose (.247), accuracy “mostly true” (.258), “fair, poor” understanding
(.770), cooperation “cooperative” (.400), and “impatient/hostile” (.391).
This leads again to the labeling of the second latent class as “believers.”
For the third latent class, the categories “depends” and “waste” of Purpose,
“not true” of Accuracy, “fair, poor” of Understanding and “cooperative”
and “impatient/hostile” are larger than the class size estimate: this leads
again to the interpretation of class 3 as a class of “skeptics.”

Figure 4 gives a graphic display of the rescaled parameter estimates
incolumns 4, 5, and 6 of Table 8. We could graph them as points in a three-
dimensional space, but because these rescaled estimates add up to 1 for each
category, they are all lying in a two-dimensional subspace of this three-
dimensional space; and because the estimates are all nonnegative, they fall
in a triangle. Such a triangle is called a ternary diagram. The top of the tri-
angle is the point with coordinates (1,0,0), and this shows that it is the point
for latent class 1 (i.e., there the mass is falling completely in class 1): the
bottom-right point has coordinates (0,1,0) and it is the point for latent class
2; the bottom-left point has coordinates (0,0,1) and it is the point for latent
class 3. As an example of a point in the triangle, we will discuss the coor-
dinates of the point for the class sizes, which has coordinates (.621, .207 and
172) (see Table 8). We use the edge of the triangle going from bottom left
(first coordinate is zero) to the top (first coordinate is one) as the coordinate
axis for the first latent class. From point .621, a dotted line is found going
from the first coordinate axis to the right. We use the edge going from the
top to bottom-right as the coordinate axis for the second latent class. From
point .207, a dotted line is going parallel to coordinate axis 1, and the edge
going from the bottom-right to the bottom-left is the coordinate axis for the
third latent class. At point .172, a dotted line is going parallel to the second
coordinate axis. The three dotted lines meet in the point for class size.

We have already interpreted the rescaled parameter estimates, and
Figure 4 is simply a graph of these estimates. We will now show how the
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TABLE 10
Parameter Estimates for JCA of LCA Estimates (Columns 1 and 2), for JCA of Observed Data (Columns 3 and 4),

and MCA of Observed Data (Columns 5 and 6)

MCA

ICA

LCA

VAN DER HEIDEN, GILULA, AND VAN DER ARK

385
—.571
—1.644

—.613

—.863
1.658
3.468

393 —.066
—.983

—.495
—1.730

=772

Good

Purpose

1.222

2.437
-.996

167
.240
—~.069

1.600

3.032
—.882

Depends
Waste

.878
—.951
—.642
2.834
—.392
2.103

486
—.526
-.817

3.608
—.200
1.099

Mostly true
Not true
Good

Accuracy

1.079
—-.327

1.065

075
—.935
4.126
—.147

955
—.339

110
—.488
—.216

Understanding

1.444

—.434

1.497
—.322

Fair, poor
Interested

Cooperation

1.769
4.463

.843

2.396

.643
1.328

1.372
3.033

Cooperative

1.727

778

Impatient/hostile

.3709 .2858

2473

1970 1329 4231 1920
4028 .3080

5972

D

1906

.6787

Proportion
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1.5
(- Fair/poor
~1.0
.5
] Cooperative
True
Good ?Euomnﬂu 0] lmpatient/hostile
T T T T T T T
1.0 Interested U ; 5 Apend:0 1.5 2.0
Good understanding{] L Depends
_ Nottrue
-3
L Waste

FIGURE §. Graphic display of two principal axes of JCA (columns 1 and 2 of
Table 10).

For the first example in this section, we concluded that the graphic
LCA in Figure 4 and the graphic JCA representation in Figure 5 each have
their strong points: the JCA graph is rather easily interpreted in terms of
inner products, and the LCA graph is interpreted rather easily by its coor-
dinates that are conditional probabilities. This conclusion also holds for
the second example. In Figure 6 we combine the two advantages by adding
to the JCA graph the three points for the latent classes. It should be noticed
that through this joint representation the origin in the JCA solution co-
incides with the point for latent class size, so this point now has a double
interpretation.

Examples such as Figure 6 can very well supplement an LCA. In
Figure 6 the rescaled LCA parameter estimates are displayed graphically,
and this can be helpful in the interpretation of the latent classes. The JCA
interpretation relates inner products between the coordinates to bivariate
margins of the fitted values. Thus JCA shows how LCA explains the de-
pendence in the bivariate margins by assuming a latent variable.

We now compare the estimates for the JCA of the fitted values with
the estimates of JCA and MCA of the observed data. (Eigenvalues are
4231, .1920, .0056, and .0026 for JCA, and the first two dimensions dis-
play 98.48 percent of the inertia; eigenvalues are .3709, .2858, .2505, .2486,
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study represents a hierarchy of models starting from full independence
(for the lowest possible dimension) on the one end, up to the saturated
model for that given dimension on the other end. One very important as-
pect of a canonical form is that it decomposes the association into orthog-
onal components, and each component accounts for part of the association.
In that respect each component must include an interpretable measure of
association between the underlying variables. In bivariate forms we have
¢,, as a correlation measure between the two variables. All CA models
contain correlation measures. In model (29) the parameter does not have
such an interpretation. Gilula (1986) deals with some of these aspects,
where a variety of trivariate models based on two-dimensional association
is proposed. Gilula and Haberman (1988) also use bivariate CA represen-
tations for multivariate prediction problems. Also it was illustrated by Gi-
lula (1984) that comparing latent class models with CA models in terms of
reparameterization is far more complex in the multivariate case than in the
bivariate case. For all these reasons, we do not consider model (29) in this
paper, but we intend to investigate in the near future models such as model
(29) which could add more insight into the analysis of multivariate cat-
egorical variables.
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