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synopsis 

In order to investigate which physical assumptions are relevant to the validity of 

dispersion relations for fixed momentum transfer, a simple case is treated : the scatter- 

ing of a classical scalar field by an arbitrary spherically symmetric scatterer of finite 

radius. It is sufficient to assume: (a) restrictions, due to causality, on the propagation 

of signals with sharp fronts; (b) conditions on the behaviour of the phase-shifts in the 

low-frequency and high-angular-momentum limits. To relate the scattering amplitude 

for fixed momentum transfer with the principle of strict causality, a new representa- 

tion for this amplitude, in terms of the scattered wave at finite distances from the 

scatterer, is introduced. The dispersion relations are rigorously derived from the basic 

assumptions. The results are partially extended to the scattering of Schrodinger 

particles. An explicit example (totally reflecting sphere) is treated as an illustration, 

1. Introdz&ion and survey of results. (a) Relation to previous work. 
The connection between causality and dispersion relations for the S-matrix 
has been thoroughly investigated by Van Kampen, who has considered 
the scattering of a classical electromagnetic field 1) or of a Schrodinger 
particle 2) by a scatterer of finite radius. He has shown that the dispersion 
relations follow from a very small number of assumptions about the scat- 
terer; the most essential one is a causality condition. In quantum field 
theory, the dispersion relations have also been derived from a set of general 
assumptions (although the assumptions concerning the interaction are more 
specific in this case), and a causality condition also plays an essential role 3). 

An entirely different approach has been taken in the derivations of dis- 
persion relations for fixed momentum transfer which have been given by 
Khuri 4) and by Klein and Zemach 5) for the scattering of Schrodinger 
particles by a potential, and by Khuri and Treiman 6) for the scattering 
of Dirac particles by a potential. The form of the interaction is completely 
specified in these cases, and the derivations are based on the formal solution 
of the scattering integral equation, by means of a Fredholm expansion 4)s) 
or a Liouville-Neumann expansion 5). It has also been stressed that no 
explicit use is made of a causality condition. However, it is clear that many 

*) On leave of absence from Centro Brasileiro de Pesquisas Fisicas, Rio de Janeiro, Brasil 
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physical assumptions are implicitly contained in the formal solutions 
employed in these derivations. The adopted procedure makes it very hard 
to see which of these assumptions play a significant role. Moreover, it is 
difficult to predict how the results would be affected in case some of the 
assumptions were modified. Thus, while this approach may bc useful for 
establishing the domain of applicability of dispersion relations in specific 
problems, it does not lead to a clear understanding of the physical content 
of these relations. 

In the present paper, following Van Kampen’s approach, a simple and 
rigorous derivation of the dispersion relations for fixed momentum transfer 
will be given. The derivation, which refers to the simple case of a classical 
scalar field and a scatterer of finite radius, is based on a small number of 
physical assumptions. It will be presented in such a way that the assump- 
tions which are relevant to the validity of the results can be recognized 
at each step. The treatment can be at least partially extended to the case 
of Schrodinger particles. The results are less general than Khuri’s, in the 
sense that only scatterers of finite radius will be considered; on the other 
hand, the nature of the interaction need not be specified. The main result 
which will be obtained is that, contrary to what has been suggested in the 
literature, the dispersion relations for fixed momentum transfer are closely 

related with cawality. 

The remainder of this section is devoted to a heuristic formulation of 
the basic assumptions and a general survey of the results. The aim is to 
present a physical picture of the derivation, leaving aside mathematical 
considerations. Thus, the assumptions will be stated only in very loose 
terms; precise statements will be given in the subsequent sections. 

(b) Preliminary considerations. The scattering amplitude f(k, T), 

expressed as a function of the wave number k and the momentum transfer 
7, is obtained from the scattering amplitude f(k, 19) in a given direction by 
making the substitution 

which expresses the relation between the scattering angle and the corre- 
sponding momentum transfer. In the cases which we shall consider, the 
well-known partial-wave expansion of f (k, 0) can be employed. Replacing ( 1) 
in this expansion, we find 

f(k T) = C; fz(k, 7) = Z; qkA [.Sz(k) - 11 Pz (1 - &-) , (4 

where .Sz(k) is the S-function for the Zth partial wave, and Pl is the lth 
Legendre polynomial. According to (l), the physical range of values of k 

corresponding to a given value of r is: k > &-. We shall assume the validity 
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of the usual symmetry relation, SI(-k) = Sz*(k), which allows us to define 
f(k, T) for negative k by 

/(F-K, 7) = f*(k 4. (3) 

The ‘non-physical region’ is therefore the interval -$T < k < 37. Equation 
(2) has been employed by K huri 4) to define f(k, 7) in the non-physical 
region. In the present paper, the partial-wave expansion will be employed 

not only on the whole real axis, but also to define the analytic continuation of 

f(k, 7) to complex values of k. This will allow us to make use of Van Kampen’s 
results on the analytic behaviour of Sl(h). 

The usual method to derive dispersion relations consists of two steps: 
(i) proof that f(k, T), considered as a function of k, for fixed 7, has a regular 
analytic continuation in the upper half-plane (in the Schrodinger case, 
however, there may be poles on the positive imaginary axis); (ii) determi- 
nation of the asymptotic behavior of f(k, T) for lkI -+ 00 in the upper half- 
plane. If f(k, T) d oes not diverge more strongly than a power of k, it is 
possible to derive dispersion relations by carrying out a finite number of 
‘subtractions’. In the case considered by Khuri, it followed from appropri- 
ate restrictions on the potential that f(k, T) is bounded at infinity. It must 
be emphasized that step (ii) is essential in a rigorous derivation. 

In sections 2 to 4, we shall consider a classical scalar field, which obeys 
the wave equation (we shall take the velocity of propagation = c = 1) in 
the exterior of a spherically symmetric scatterer of radius a. We shall take 
over Van Kampen’s assumptions 1) concerning the interaction. The main 
results on the analytic behaviour of Sl(k) in the complex k-plane are quoted 
below *). We shall denote by 10 and I+ the real k-axis and the upper half 
of the k-plane, respectively, and by IO+ the real axis together with the 
upper half-plane. The following causality condition was postulated by 
Van Kampen: 

Van Kampen’s causality condition (classical field) : If an ingoing multipole 

wave packet vanishes for all time t < to on’a large sphere of radius Y surrounding 
the scatterer, the outgoing wave also vanishes olt this sphere for all t < to + 

+ 2(r - a). 

The following results, valid for all values of 1, were derived by Van K amp e n : 

Sl(k) is regular in I+, (4) 

lSz(k) exp (2ika)l < 1 in I+. (5) 

These results still do not allow us to draw any conclusion about the 
analytic behavior of f(k, T). It is easy to devise examples of Sl(k) such that 
the partial-wave expansion does not converge for any value of k, even though 
(4) and (5) are satisfied. The point is that the convergence of the partial- 

*) Van Kampen treated the case of a classical electromagnetic field, but his results can readily 
be adapted to the present case. 
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wave expansion imposes restrictions on the behaviour of Sl(k) as a function 

of 1, whereas no such restriction follows from Van Kampen’s results. 
(c) The convergence conditions. The nature of the restrictions 

which are imposed by the convergence of the partial-wave expansion is 
twofold. In the first place, for any value of k, it is necessary that Sl(k) - 1 

shall approach zero sufficiently rapidly for I + co. This means that partial 
waves of sufficiently high angular momentum must be practically unaffected 
by the scatterer. In the second place, the convergence must be ensured at the 
critical point k = 0. This may be seen from (2) : the factor k-lPL( 1 - +/2k2) 

has a pole of order 21 + 1 at k = 0. The simplest way to compensate this 
singularity is to have a corresponding convergence factor in SL(k) - 1 for 
k -+ 0. We conclude, therefore, that a convergence condition, prescribing 
the behaviour of the phase-shifts in the low-frequency and high-angular- 
momentum limits, is required. A condition which embodies these require- 
ments, the ‘weak convergence condition’, will be formulated in section 2. 
When this condition, which will be postulated only for real values of k, 

is taken in conjunction with Van Kampen’s results, it already suffices to 
prove that the analytic continuation of f(k, T), defined by the partial-wave 

expansion, is regular in I+, including the origin. 
The only remaining problem is the asymptotic behaviour of f(k, T) for 

Ikl + 00. An argument based on the optical theorem suggests that f(k, 0) 

(forward scattering amplitude) cannot diverge more strongly than linearly 
with k on the real axis. In order to obtain an equivalent limitation for f (k, T), 
we shall employ a more restrictive convergence condition for large values 
of ka. This ‘strong convergence condition’ will be formulated in section 3. 
It requires, essentially, that, for large ka, partial waves of sufficiently high 
angular momentum (such that the corresponding impact parameter is much 
larger than the radius of the scatterer) shall not be much distorted by the 
scatterer. It follows from this condition, as will be shown in section 3, that 
f(k, T) 
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sponding to a distance 2~2) which takes place when a spherical wave front 
is reflected at the surface of the scatterer. Let us now consider the effect of 
such a factor when the scatterer is stricken by an incident wave with a plane 
wave front. If the phase factor were still present in this case, it would give 
rise to the immediate appearance of a scattered wave all over the surface 
of the scatterer. This instantaneous propagation is not ruled out by Van 
Kampen’s causality condition, which refers only to spherical wave fronts. 
However, it would contradict the principle of strict causality, according 
to which no signal can be transmitted with a velocity greater than c. 
Arguments of this type have often been employed to show that an exponen- 
tial factor cannot appear in the particular case of forward scattering (T = 0). 

The question now arises whether the principle of strict causality still 
enables us to eliminate the exponential factor for T # 0. The answer is 
affirmative, as will be shown in section 4. The following condition will be 
postulated : 

Strict causality condition: For an incident wave with a plane wave front, 

the scattered wave must vanish at any point in space which has not yet been 
reached by the incident wave. 

It is noteworthy that this condition is entirely independent of the radius 
of the scatterer, and may be applied at any distance from the scatterer. 
This is closely related with the fact that the radius of the scatterer does not 
appear in the dispersion relations for f(k, T), in contrast with the case of the 
dispersion relations for St(K) or f(k, 0) (0 # 0). 

In order to apply the strict causality condition to the determination 
of the asymptotic behaviour of f(k, T) in I +, it is necessary to find a relation 
between f(k, T) and the scattered wave. In section 4, we shall derive from 
Huygens’ principle an integral representation of f(k, T) in terms of the 
scattered wave and its normal derivative, evaluated on a spherical surface 
around the scatterer. We shall then apply the strict causality condition, to 
prove that the scattered wave and its normal derivative, regarded as 
functions of k, have a regular analytic continuation in I+, and also to 
determine upper bounds for these quantities in I+. This will finally enable 
us to eliminate the exponential factor, and to prove that f(k, T) cannot 

diverge more strongly than linearly with k in I+. The dispersion relations for 
fixed momentum transfer follow from the results of sections 2 to 4. 

(e) Additional results. Section 5 deals with the extension of the 
previous results to the case of Schrodinger particles and a scatterer of finite 
radius. It has been shown by Van Kampen 2) that, in spite of some 
difficulties, a ‘causality condition’ can also be formulated in this case, and 
results similar to (4) and (5) can be obtained. The only essential modification 
is the possible appearance of poles (usually associated with bound states) 
on the positive imaginary axis. These results have been derived by Van 
Kampen only for s-waves, but it is very likely that they can be extended 
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to higher angular momenta: this will be assumed in section 5. We shall 
restrict ourselves to the case in which the total number of poles on 
the positive imaginary axis is finite. The convergence conditions can be 
taken over without any change. In the particular case of a potential of 
finite radius belonging to the class considered by K h u r i, all the assumptions 
are fulfilled. It follows from these assumptions that /(K, T) is regular in I+, 

except for a finite number of poles on the positive imagiglary axis, and cannot 

diverge more strongly than linearly with k in IO. The extension of the 
results of section 4 seems to be a more difficult problem, and it will not be 
undertaken here. 

Section 6 is devoted to an illustrative example: the case of a totally 
reflecting sphere. Explicit results, which agree with those obtained in the 
previous sections, will be given. The problem of the numerical convergence 
of the partial-wave expansion in the non-physical region, which is of great 
interest for the practical application of dispersion relations, will be discussed 
in this example. 

2. Weak convergence condition and regularity in I+. In this section, as well 
as in sections 3 and 4, we shall consider the scattering of a classical scalar 
field by a spherically symmetric scatterer of radius a. We have seen in the 
introduction that, in addition to Van Kampen’s assumptions, we need a 
condition on the behaviour of Sl(k) - 1 at low frequencies or high angular 
momenta. In the low-frequency limit, we want to compensate the singulari- 
ty at the origin arising from the factor k-lPl( 1 - G/2k2) in (2). For this 
purpose, it suffices to assume that 

Sl(k) - 1 = O(k21+1) for k-t 0. (6) 

It follows from (6) that we may define, for each I, a range of values of k, 

0 < k < kl, in which ISl(k) - 1 j < c,k21+1 < 2, where cl is a constant. It 
follows, a fortiori, that 

ISi - 11 < 2(k/kl)2l+l (0 < k < kz). (7) 

Thus, for sufficiently low frequencies (k < kl), the effect of the scatterer 
on the Zth partial wave may be considered as a small perturbation. This will 
not be true if k = 0 is the center of a resonance line. However, for k # 0, 
resonances are allowed, since no restrictions have been made, as yet, on the 
behaviour of kl. 

Now, let us consider the behaviour of kl for 1 --f 00. For a scatterer of 
finite radius, it may be expected that, for any given k, partial waves of 
sufficiently high angular momentum will not be much distorted by the 
scatterer. Thus, it is reasonable to assume that, for very large I, the domain 
of validity of (7) will increase with I, so that 

kl+ co for Z+ co. (8) 
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No assumptions will be made, for the moment, as to the rate of growth of 
kl with 1; it may be arbitrarily slow. 

The above assumptions can be summed up as follows: 
Weak convergence condition: There exists a sequence of wave numbers kt 

(1 = 0, 1, 2,. . .) such that (7) and (8) are satisfied. 
This condition may be considered as an additional restriction on the 

nature of the scatterer. It will now be shown that the weak convergence 
condition, together with Van Kampen’s results, implies the regularity of 
f(k, T) in I+. 

According to (4) and (7), Sl(k) - 1 is a regular analytic function in I+, 
with a zero of order (at least) 21 + 1 at the origin. On the other hand, 
Pr( 1 - 9/2k2) is a polynomial of order 1 in 4/k2. It follows that fl(k, T), the 
general term of (2), is a regular analytic function of k in I+. 

According to Weierstrass’s theorem 7), to prove the regularity of f(k, T) 
in any bounded domain of I +, it now suffices to show that the partial-wave 
expansion is uniformly convergent in such a domain. For this purpose, we 
shall derive a basic inequality for ISl(k) - 11. 

Let us notice, to begin with, that, since ISi - 11 < 2 for real k, the 
inequality (7) is certainly valid for k > kl, so that it can be extended to 
the whole real axis. Thus, if we consider the function 

pz(k) = #z/k) zl+l[Sl(k) - 1] exp(2ika), (9) 

it follows that 

I&k)1 < 1 in IO. (10) 

According to (4) and (7), vi(k) is regular in I+; also, according to (5), 

lw(kN + 0 for Ikl + co in I+. It may then be concluded from the maximum- 
modulus theorem (reference 7, p. 165) that the inequality (10) is still valid 
in I+. Thus, 

ISl(k) - 11 < 2lk/kzl2Z+l ]exp(- 2ikajl 

which is the basic inequality referred to above. 
It follows from the inequality 8) 

IPz(.z)] < 12 f (22 - l)i’21Z, 

which is valid for arbitrary (real or complex) z, that 

in IO+, (11) 

(12) 

(13) 

Let us restrict k to the semi-circular domain DK of IO+ which is defined 
by: Ikl < K. Putting together (2), (11) and (13), we find that 

Ifz(k, T)I < ZQ(T) = (U + 1) lkzl-21-l (3K2 + ITI~)Z exp(2Ka) in DK. (14) 
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It follows from (8) and (14) that 

so that the partial-wave expansion converges absolutely and uniformly 

in DK. Since K may be taken arbitrarily large, we finally conclude that the 

partial-wave expansim is absolutely and uniformly convergent in any bounded 

domain of IO+, and f(k, T) is a regular analytic function of k in I+. 

It also follows from the above results that f(k, T) is, for fixed k in la+, 

a regular analytic function of 72 in the whole complex T2-plane. In fact, 

fl(k, T) possesses this property, and, if we consider the domain 1~1~ < T2, 

the inequality (14), with (Tl2 replaced by T2, may be applied in this domain, 

so that the partial-wave expansion is also uniformly convergent with 

reSpeCt t0 T2. 

3. Strong convergence condition and asymptotic behaviow in IO. We must 

now investigate the asymptotic behaviour of f(k, T) for [kl + co. This will 

be done first for real values of k. Throughout this section, it will be assumed 

that ka > ku > 1, where k is a sufficiently large wave number; the actual 

order of magnitude of R (which may depend on the range and strength of the 

interaction) is irrelevant, since we are concerned only with the limit k --f co. 

We shall also introduce the notation: ,5 = ka. 

So far, no assumptions have been made concerning the rate of growth of 

kl in (8). However, the asymptotic behaviour of f(k, T) is clearly related to 

the rate of convergence of the partial-wave expansion for large k, so that we 

shall now make a more specific assumption. 

It is well known that an ‘impact parameter’ of the order of l/k can be 

associated with the Zth partial wave. If this parameter is much larger than 

the radius of the scatterer, it is to be expected that the corresponding 

partial wave will not suffer much distortion. A convenient measure of 

distortion may be defined as follows: let yl(k, a) be the logarithmic deriva- 

tive of the radial wave function, evaluated at the surface of the scatterer. 

Let ylo(k, a) be the value of this quantity in the absence of a scatterer, which 

is given by 

yrO(k, a) = kir’(B)/irVJ), (16) 

where jl is the spherical Bessel function of order 1. We shall take as a measure 

of distortion the following quantity: 

&(k, a) = [y@, a) - ylO(k, 41/rz"(k, 4. (17) 

On the basis of what has been said above, it may be assumed that this 

quantity does not exceed unity for 1/k > a, i.e. for 1 > Np, where N is a 
large number (we shall always take N 2 2). This assumption can now be 
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formulated as follows : 

Strong convergence condition: [&(k, a)/ < 1 for 1 > N/3. (18) 

A similar condition is usually employed Q) to prove the convergence of the 
partial-wave expansion for a scatterer of finite radius. In the present case, 
it will be employed only for large values of j3. 

The S-function can be expressed in terms of &(k, a) by the following exact 
formula : 

S(k) - 1 = - 2G92j~(B)j~‘(B) &(k, a)[1 + 

where hl is the spherical Hankel function of 
It follows from (18) and (19) that 

2z+1 

$2i~‘(B)~~tB) &(k 4-l, (19) 
the first kind *) of order 1. 

for I > N/?, (20) 

where e is the base of natural logarithms. The derivation of this inequality 
will be briefly sketched in appendix A **). 

Now let us consider the behaviour of the partial-wave expansion 
for a value of k that satisfies the conditions: k > 15, k > +T, so that 
j Pl(1 - +/2k2) j < 1. It follows from (2) and (20), by employing the 
majoration ISz(k) - 11 < 2 for I < ND, that 

or, finally, 

2Nka (k b&k 24~). (21) 

Notice that, according to the optical theorem, (21) implies that the total 
cross-section in the high-frequency limit cannot exceed 4n(Na)2. 

It follows from (21) and from the symmetry relation (3) that 

lf(k, T)[ = O(/kl) for tkl --f CO in 10. (22) 

An explicit example in which a linear divergence occurs will be given in 
section 6. 

The only remaining problem is the asymptotic behaviour of f(k, T) in 1+. 
It may be seen at once that (11) is of no avail in this respect, owing to the 
factor lexp( - 2&a) 1, which blows up exponentially in I+. This difficulty has 
been discussed in the introduction, and it has been stated that the ex- 

*) Since only spherical Hankel functions of the first kind will occur in the present work, we shall 
omit the superscript (1). 

**) Notice that, if one assumes the validity of the strong convergence condition for 0 2 p 2 Z/N 

(for large Z), it follows from (20) that one may take in (7) kl = Z,/(Na) (for large I). 
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ponential factor can be eliminated by applying the strict causality condition. 
This will be proved in the next section. 

4. Strict causality and asymptotic behaviozty in I+. We shall start by 
deriving an integral representation of f(K, T). Let the total wave function 
at the point R = (R, 8, v) in the exterior of the scatterer, corresponding 
to an incident plane wave exp[ik(R cos 0 - t)], be given by 

v(k, R, t) = [exp(ik R cos 0) + u,(K, R, O)] exp(- At). (23) 

According to Huygens’ principle la), the scattered wave ti,(k, R) can be 
represented in the following form: 

~,(k, R)= [us(k, r) g (k, R, r) - G(k, R, r) 2 (k, r)l da, (24 0 

where n denotes the direction of the outward normal to the closed surface CJ 
surrounding the scatterer, and 

exp(ik IR - rl) 
G(k, R, r) = -~ 

4n(R-rl . 
(25) 

We shall choose CT as a sphere of radius Y = It-1 > a, concentric with the 
scatterer. 

If we now let R + CO along the direction R/R, we find from (24) the 
following expression for the scattering amplitude in this direction: 

f(k, 6) = - g f, [i q u8(k, r) + ; (k, r)] exp( - ik.r)do, (26) 

where k = kR/R = (k, 0, q~). Let r = (I, tl’, CJJ’) ; then, the integration with 
respect to v’ in (26) can be performed, with the help of the well-known 
formula 

/t” exp[iv cos(p, - q~‘)] d$ = anJo( 

where JO denotes Bessel’s function of order zero. By carrying out the 
integration and by expressing 8 in terms of T with the help of (l), we finally 
arrive at the following integral representation of f(k, T) (the integration 
variable is now denoted by 8 instead of 0’) : 

f(k, T) = -; r2JOn [gl(k, 7, I, 0) %(k, I, 0) i- g&k T, 6 0) 2 6 6 e)] . 

ikr cose(l -&)]sinBdB, (27) 

where Y > a is arbitrary, and 

gl (k, 7, I, 6) = ik COS 8 JO(T[V sin 0) + T( sin eJr(Ti‘r sin O), (28) 

gz(k, 7, I, 0) = Jo(dr sin 01, (29) 
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where Ji is Bessel’s function of order one, and 

5 = [l - i(T/k)2]i/2. (30) 

Notice that the sign of the square root in (30) is irrelevant. 
We shall now take (27) to define the analytic continuation of f(k, T) to 

complex values of k. It is possible to verify directly that (27) is equivalent 
to (2), by making the substitution 

u,(k, r, 0) = &C,oo (21 + 1) il[S,(k) - l] hl(kr)Pl (cos 19), (31) 

and by employing some formulae which may be derived from Gegenbauer’s 
integral ll). 

In order to apply the strict causality condition, we shall now take an 
incident wave packet, 

lye@, 8, t) = /?z A(k) exp[- ik(t - r cos 0)] dk. (32) 

According to (23), the corresponding scattered wave packet is 

y,&, 8, t) = J-‘,” A(k) u8 (k, Y, 0) exp( --ikt) dk. (33) 

The strict causality condition, which has been stated in section l(d), can 
now be formulated as follows: 

Strict causality condition : If lye vanishes for t -=c r cos 8, so does vs. (34) 

Fig. 1. For an incident wave with a plane wave front AB, the scattered wave cannot 
arrive at any point P before the incident wave arrives there. If P belongs to the 

geometrical shadow region S1.52, no stronger condition can be formulated. 

This condition is illustrated in fig. 1, which shows the incident wave front 
AB at a given moment and a sphere CJ of radius r surrounding the scatterer. 
The scattered wave cannot reach any point on u in advance of the incident 
wave. 

It may be seen at once in fig. 1 that causality actually leads to a condition 
which is stronger than (34) on a large part of 0. The shortest path connecting a 
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point such as Pin fig. 1 with the wave front, via the scatterer, is longer than PQ. 

However, no condition stronger than (34) can be formulated for those points 

of CT that lie in the geometrical shadow of the scatterer (indicated by SiSs in 
fig. 1). Thus, (34) is the strongest condition that can be uniformly applied 

to all the points of B. Other advantages of (34) are its simplicity and its 
independence of the radius of the scatterer. Notice also that, in contrast with 
Van Kampen’s causality condition, (34) ensures the causal propagation of 
signals across the scatterer. 

The aim of the following derivation will be to find upper bounds for 
lusj and j&j& for large Ikj in I+, so as to obtain from (27) the asymptotic 
behaviour of f(k, T). For this purpose, we shall apply the strict causality 
condition not only to ys, but also to ays/&. It is clear that, in (34), ay,/ar 
must also vanish for t < r cos 8. 

In order to apply a reasoning similar to that which was employed by Van 
Kampen 1) in the derivation of (4) and (5), the integrand of (33), as well as 
its partial derivative with respect to r, must be square integrable. Thus, it 
is necessary to find bounds for the asymptotic behaviour of uu, and au,/& 
for k --f co. For this purpose, we shall employ (31) and the inequality (20). 

The value of r in (27), as well as in (34), has been left undetermined 
hitherto. It is convenient at this point to make, once and for all, the following 
choice *) : 

Y = Na. (35) 

The following inequalities, which are valid for sufficiently large k (k 3 K), 

can be derived from (20) and (31): 

Iu& Na, e)l < $Nak + 0(P2), (36) 

2 (k, Na, 0) < Nak2 + 0(83/2). (37) 

The proof of these results will be given in appendix B. It follows from (36) 
and (37) that there must exist constants M and y > 0 such that 

Iu,(k, Na, 0)I < M \k + iyl if k is in 10, (38) 

.-% (k, Na, 0) < M Ik + iy12 if k is in Ia. 

It is now possible to choose A(k) in such a way that the following conditions 
shall be fulfilled: (a) ~0 vanishes for t < Y cos 8; (b) (32) and (33) are square 
integrable; (c) (33) may be differentiated with respect to Y under the integral 
sign, 

A(k) $ (k, Y, 6) exp(- ikt) dk; (40) 

*) The reason for this choice is the rapid increase ot ILl(fir)l for 2 i kr; the choice (35) enables 
us to make full use of (20) in order to compensate this growth. 
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(d) (40) is square integrable. According to (38) and (39), it suffices, for this 
purpose, to choose *) 

A(K) = A@ + i&4, (41) 

where A0 is a constant factor having the appropriate dimensionality. 
Notice that it is %ot sufficient to require that the total incident energy 

per unit area should be finite, since this is equivalent to the square integrabi- 
lity of kA(k), which is not enough. It also does not seem to be possible to 
derive stronger limitations than (38) and (39) from physical requirements 
on the scattered energy. Such requirements usually lead to restrictions on 
the behaviour of integrals containing the quantities in question, but not 
on their local behaviour. The singular behaviour of (38) and (39) in the 
‘geometrical optics limit’ (k -+ a) is physically related to the possibility 
of existence of focal points or lines. 

The strict causality condition requires that, with the choice (41), the 
second members of (33) and (40) shall vanish for t < r cos 8. By applying 
a familiar reasoning i), which need not be reproduced here, this leads to the 
following conclusions **) : 

us@, Na, 0) and 2 (k, Na, 0) h ave regular analytic continuations in I+, (42) 

lu,(k, Na, 0) (exp(- iNka cos 19)i < iVl Ik + iri in I+, (43) 

$ (K, Na, 0) exp(--iNKa cos e) < M Ik + iy12 in I+. 

The inequalities (43) and (44) are the desired results, which allow us to 
obtain upper bounds for the asymptotic behaviour of f(k, 7) in I+. If we 
replace them in (27) (with r = Na), and if we employ the inequalities 
(reference 11, p. 49) 

to derive upper 
result : 

IJo(4 < exp(Im 4, IJl(z)l < &I exp(Im 4, 

bounds for (28) and (29), we finally arrive at the following 

If(k 4 G M(Naj2 Ik + +I [ Ik + iyl + IhI + ITY + rN 
/ 2k / 2 a~2(l+~$l* 

*exp(Nra[l$-I+(* +I&[)““]} in I+. (45) 

It follows from (45) that 

If&, T)[ = O(lk12) for lkj --+ co in I+, (46) 

*) It can be verified that, with this choice, (40) is uniformly convergent in an interval around 

I = Na, so that (c) is valid. 

**) In the derivation of (43) and (44), the P h r a g m 6 x1-L i n d e 16 f theorem Is) is employed, 

in conjunction with (38) and (39). 
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so that the troublesome exponential factor is indeed eliminated by the strict 
causality condition. 

Let us now notice that, according to (21) and (22), there must exist 
constants C and 6 > 0 such that lf(k, T)I < C jk + iSl in Ia. On the other 
hand, it follows from section 2 that f(k, ~),(k + id) is regular in I+. It can 
therefore be concluded from (46) and from the Phragmen-Lindelof theorem12 
that the above inequality is also valid in I+: 

If(kJ 41 < C lk + iSi in la+. (47) 

Thus, f(k, 7) cannot diverge more strongly than linearly with, k in IO+. 

It is worthwhile to point out that the strict causality condition, together 
with (38) and (39), enables us to give another derivation of the regularity 
of f (k, T) in I+, provided that we exclude a neighbourhood of the origin. Let 
us consider the domain DE,~ of IO+, which is defined by: 0 < E < Ikl < K. 

If we replace lKI by E in the denominators of (45), and by K in the numerators, 
we obtain an upper bound, independent of k and 8, for the integrand of (27), 
in DE,~. According to (28)-(30), gi and gs are regular analytic functions 
of k in Dc,~. Taking into account (42), we conclude that the integrand of (27) 

is a regular, uniformly bounded, analytic function of k in DE,~. It follows from 
this l3) that f(k, T) IS regular in De,~. Since K may be taken arbitrarily 
large and F arbitrarily small, we obtain indeed the announced result. 
However, on account of the denominators in (45), this method does not 
allow us to prove the regularity at the origin (in contrast with the method 
of section 2). 

We are now in possession of all the results required for the derivation 
of dispersion relations. It follows from (3), (47), and the results of section 
2, that f(k, T) satisfies the following dispersion relation: 

Re f(k, T) = f(0, T) + G k2Plow -$:& dk’, (48) 

where P denotes Cauchy’s principal value. 

5. Extension to Schrddinger particles. (a) General scatterer. In this 
section, we shall deal with the problem of extending the above treatment 
to the case of Schrbdinger particles. The results which will be presented are 
incomplete: they rely upon an assumption concerning the possibility of 
extending Van Kampen’s work, and the extension of the results of section 
4 will not be considered. Nevertheless, it seems worthwhile to indicate a 
possible procedure for extending the treatment given in sections 2 and 3 
to this case. 

We shall consider the scattering of Schrodinger particles by a spherically 
symmetric scatterer of radius a. This problem has been investigated in 
reference 2 in the case of s-waves. The causality condition for a classical field 
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cannot be applied to Schrodinger particles, owing to several difficulties, so 
that it was reformulated as follows: 

Vun Kampen’s ‘causality condition’ (SchrGdinger particles) : If an ingoing 

wave packet is so normalised as to represent at t = - CQ one incident particle, 

the total probability, at alzy given moment, of finding a particle outside of the 

scatterer, cannot be greater than one. 

If one postulates, in addition, the usual symmetry relation of the S- 
function, it follows that S(k) cannot have any singularities in I+, except on 
the imaginary axis. If one assumes that there are no other than isolated 
singularities, there can only be simple poles. It is very likely that these 
results can be extended to higher order multipole waves. It will be assumed 

here that Van Kampen’s results are valid for all values of 1. 

VC’e shall now restrict our consideration to the case in which the following 
condition is fulfilled : 

The total number of poles of the S-matrix on the positive imaginary axis 

is finite. (49) 

In the problem of scattering by a potential, this is the only case which has 
been considered hitherto 4)5). It follows from (49) that there must exist a 
finite integer 10, such that Sl(k) has no poles on the positive imaginary axis 
for 1 > lo. 

The following conclusions can be derived from the above assumptions: 
(I) For 1 < lo, Sl(k) is regular in I+, except for a finite number of simple 
poles on the imaginary axis. (II) For 1 3 lo, (4) and (5) remain valid. 

It is now a trivial matter to extend the results of sections 2 and 3 to 
the present case. The weak and strong convergence conditions can be taken 
over without any modification. If one decomposes the partial-wave ex- 
pansion into fI(k, T) (the sum from I = 0 to I = lo - 1) and frI(k, T) (the 
sum from 10 to co), it follows from (I) that fI(k, T) is regular in I+, except 
for a finite number of poles on the imaginary axis, while, according to (II), 
the results of section 2 still apply to fII(k, T). No change is necessary in 
section 3, since it refers only to real values of k. Therefore, according to 
the above assumptions, the only modification in the results of sections 2 and 

3 is that f (k, T) may have a finite number of poles on the positive imaginary axis. 

Although the integral representation (27) remains valid in the present 
case, the extension of the results of section 4 seems to be a more difficult 
problem (the difficulties are of the same nature as those which were discussed 
in reference 2). This problem will not be considered here. 

(b) Special case: potential of finite radius. Now let us con- 
sider the special case in which the scatterer is a central potential V(r) 
(vanishing for r > a). In order to satisfy condition (49), it is sufficient to 
impose the restriction 14) 

jfrlV(r)ldr <B< co, (50) 
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which is the form taken by Khuri’s conditions 4) in the present case. Van 
Kampen’s causality condition and the symmetry relation of the S-matrix are 
always satisfied in this case. The above conclusions (I) and (II) can also be 
derived independently is). 

Let us discuss the validity of the convergence conditions. It is well 
known 16) that condition (6), and consequently also (7), is satisfied *). To 
prove (8), it suffices to show that, given a wave number K (no matter how 
large), it is always possible to find an integer L such that 

IS@) - I[ < 2(k/K)s~+i for 0 <k <K, 1 > L. (51) 

To show this, we employ a result due to Carter 17)) according to which, for 
any given k, and large enough 1, St(k) - 1 is always bounded by Born’s 
approximation, i.e. 

IS@) - 1 I < CA_/” y2 IV(y)1 iz2(kr) dr, (52) 

where C is a constant. On the other hand, it follows from (50) and from 
Watson’s inequality (reference 11, p. 255) that 

Ck 
s 

; 12 /V(r) 1 i12(kr) dr < 
21+1 

if 0 < ka < $1. (53) 

Let L be chosen in such a way that (52) is valid for 0 < k < K, 1 > L, 

and also: L > 2Ka, 2L + 1 > &BC. Then, it follows from (52) and (53) 
that (51) is valid. This shows that kl in (7) cannot approach a finite limit 
for Z-t co, so that (8) must be true. Therefore, the weak convergence 
condition is verified. The validity of the strong convergence condition 
follows from the validity (at least in order of magnitude) of Born’s ap- 
proximation for 1 > ka and sufficiently large ka 18). 

Thus, all the assumptions which have been made above are valid in the 
present case. The results which have been derived from these assumptions 
agree with those obtained by K huri A), with only one exception : we have 
found no branch points of f(k, T) at k = & 4~. Khuri’s claim that such 
branch points exist, and that they arise from the integral in his equation (20), 
is incorrect: the integral has no branch points, because it does not depend 
on the direction of n. Our limitation (22) is actually too weak in the present 
case : it has been shown by Khuri that f(K, T) is bounded (and tends to Born’s 
approximation) for Ikl + co. 

6. An example: totally reflecting sphere. To illustrate the results derived 
in the previous sections, we shall now consider a special example, namely, 
scattering by a totally reflecting sphere. The corresponding boundary 
condition will be taken to be the vanishing of the total wave function on 

*) The case in which there exists a ‘bound state at zero energy’ must be excepted. 
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the surface of the sphere. There is no difference between the results for a 
classical field and those for a Schrodinger particle in this case. This example 
does not belong to the class of scatterers admitted in previous investiga- 
tions 4)5), but it falls within the scope of the present treatment. 

Employing the well-known expression for the phase-shifts corresponding 
to this example, and the notation ,!l = ka, we find 

Sz(k) - 1 = -2jz(B)h(B). (54) 

It follows from (54), by employing the expansions of the spherical functions 
around the origin, that, for real or complex fl, 

So(k) - 1 = --2~/3[1 + WV1 (IPI Q I), (55) 

Sz(k) - 1 = 
&pz+1 

1 +fw3 $3 
21+1 

=- (21-l)!! (2Z_tl)!! l+&‘(p) + (21-l)!! (2Z+l)!! 1 -’ (I 2 I), (56) 
where (21 - 1) ! ! = 1 .3.5.. . (21 - I), and, according to Nielsen’s inequality 
(reference 11, p. 44), 

Let I’ be an integer, such that I’ > 1 and (log Z’)i/s > 1, and let us consider 
the behaviour of Sz(k) - 1 for real k and Z 3 I’. If 0 < j3 < (log 1)1/s, 
(56) may be employed (with Stirling’s approximation for the factorials), 
and it follows from (57) that the expression within square brackets in (56) 
differs little from unity. On the other hand, if 1 < j3 < &I, the spherical 
Bessel and Hankel functions in (54) may be replaced by the Debye asymp- 
totic expansions 19). In this way it is found that 

(58) 

It follows from (55) to (58) that conditions (6) to (8) are satisfied (with 
kl = &J/a for 1 > I’). According to (58), the inequality (20) is also satisfied 
(with N = 2), in spite of the fact that .(18) is not fulfilled (yl(k, a) diverges). 
Therefore, all the results of sections 2 to 4 are valid, and f(k, T) satisfies the 
dispersion relation (48). 

In order to apply the dispersion relation in practice, it is necessary to 
evaluate f(k, T) in the non-physical region. The partial-wave expansion 
can be employed for this purpose only if it converges rapidly enough. It is 
therefore important to investigate the numerical convergence of (2) in the 
non-physical region. 

It follows from (55) to (57) that the partial-wave expansion converges 
uniformly in a complex neighbourhood of the origin. Therefore, f(0, T) can 

Physica 26 
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be evaluated by taking the limit as K --f 0 under the summation sign, with 
the following result (which is well known for T = 0) : 

f(0, T) = xr /l(O, T) = a zy (-l)‘+Jg = -a cos (TU) . (59) 

This gives the value of the constant term in (48) for the present example. 
Moreover, it can be concluded from (59) that the numerical convergence of the 

partial-wave expansion at the point k = 0 is rapid for Ta 5 1, but becomes slow 

for TU > 1. This conclusion can be extended without difficulty to the whole 
non-physical region. 

It is also possible, in this example, to derive an explicit expression for 
the asymptotic behaviour of f(k, ) 7 on the real axis. We shall only quote the 
result, which is found to be 

f(k, T) M ika2= + O[(ka)1/3] (k+ CQ), 
7a 

where Ji denotes Bessel’s function of the first order. This result is well 
known 20) for T = 0. The physical origin of the linear divergence in this case 
is the diffraction peak in the forward direction (‘shadow scattering’). 
Equation (60) is consistent with (22), and shows that it is not possible to 
decrease the number of subtractions in the dispersion relation (48) without 
imposing further restrictions upon the scatterer. 

We also mention, without giving the proof, that the partial-wave ex- 
pansion enables us to extend the definition of f(k, T) to the lower half of the 
k-plane, in the present example. It then becomes a meromorphic function 
of k (no branch points !), having an infinite number of poles in the lower 
half-plane; these are obtained by taking the poles of Sl(k) for all values of 1. 

It may finally be observed that, in agreement with the result obtained at 
the end of section 2, the last member of (59) is a regular analytic function of 
T2 (notice, however, that it has an essential singularity for IT21 + co). 

7. Conclusion. The existence of a close connection between causality and 
dispersion relations’ for fixed momentum transfer, in the case of a classical 
field, can now be regarded as clearly established. In the case of Schrodinger 
particles, the above results, though less complete, indicate that Van Kampen’s 
causality condition plays a significant role. However, the extension of the 
results of section 4 to this case remains an open problem. 

The main requirements which have been employed in the derivation, in 
addition to causality, are the weak and strong convergence conditions. 
These conditions are very natural from the physical point of view: they 
are related to the usual assumption, in phase-shift analysis, that contri- 
butions from sufficiently high angular momenta may be neglected. It has 
been pointed out by A 11 co c k sl) that assumptions of this kind are necessary, 
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in order that the analytic continuation of f(k, T) by means of the partial-wave 
expansion shall be stable, i.e. that it shall not depend too critically on the 
unavoidable uncertainties which affect the experimental data. Since no 
other method is available for computing f(k, T) in the non-physical region, 
it is clear that such stability is an essential requirement for the practical 
application of the dispersion relations. 

It would be interesting to know to what extent the form of the interaction 
is restricted by the assumptions made in the present work. While these 
assumptions can probably be considerably relaxed, without affecting the 
essential results, it is to be expected that they are valid for a large class of 
scatterers. 

The author is indebted to Professor N. G. Van Kampen for suggesting 
this problem and for valuable discussions, as well as for a critical reading 
of the manuscript. He wishes to thank Professor L. Van Hove for the 
hospitality of the Instituut voor Theoretische Fysica, Utrecht, and to 
acknowledge his indebtedness to the National Research Council of Brazil 
for award of a fellowship. 

APPENDIX 

(A). Proof of the inequality (20). In this appendix, the derivation of the 
inequality (20) of the text will be briefly indicated. It will be assumed 
throughout that l/N 3 ka > &Z > 1. Under these conditions, it follows 
from (18) and (19) that 

IS@) - 11 G V21 iz(B) iz'(B)I [I - P2 h'(B) WW1~ (A 1) 
provided that the expression within square brackets is positive. 

It follows from Watson’s inequalities for J”(Yx) and Jy’(yx) (reference 11, 
p. 255) that 

The expression within square brackets in (A 1) can be estimated by employing 
Debye’s asymptotic expansions 19). It is found that, under the above 
conditions, 

p2 liz’(B) hz(B)l < 8. (A 3) 

Substituting (A 3) and (A 2) in (A l), one obtains the inequality (20) of the 
text. An equivalent inequality has been proved by Schiff 9) for I>> 82. 

(B) The inequalities (36) and (37). To prove the inequality (36) of the 
text, we notice first that, according to (31), 

lu,(K, Na, e)l < 3 CT (21 + 1) I&(k) - 11 jhz(Np)l, (B 1) 
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where /? = Ku. To estimate Ihl(Nb)l, we may employ Debye’s and Watson’s 
asymptotic expansions lQ). Let 1’ < N/3 and I” > ND be values of 1 such 
that the Debye expansions may be employed for 1 < 1’ or 1 2 I”. We have, 
approximately, 

1’ w N/3 - 5(N/9)1/3; 1” w NB + 5(N))r33. (B 2) 

It is found that 

Ihz(N,9)1 w (NB)-1 [ 1 - ( ++$)2]p1’4 for o < Z < z’, (B 3) 

Ihl(N& = 0 [(N&5/6] for 1’ + 1 < I < I” - 1, (B 4) 

I&(N/?)/ < (Na)-s/6(Gi$)i for 1 >, I”. (* 5) 

Let us decompose the second member of (B 1) into three parts: the sum 
from 0 to I’ (VI), the sum from I’ + 1 to 1” - 1 (Uz), and the sum from 1” 

to 00 (Ua). In Ui and in Ua, we employ the inequality: ISl(K) - 11 < 2; in 
Ua, we employ the inequality (20). It then follows from (B 1) to (B 5) that 

Ui <(N&l&,(21+ ~)[l-(~~)L]-1’4=~~~+o(~li2), (~6) 

U2 < (1” - 1’) .0(/P'") = 0(/W), (* 7) 

u3 < + (N/!?)l’6 CE”=” (&y- + [1- (&)I-‘(NP)‘:“(&)i” (B8) 

Putting together these results, we obtain the inequality (36). 
To prove (37), we employ the following inequality, which follows from 

termwise differentiation of (31) with respect to Y (this is justified by the 
uniform convergence of the derivative series) : 

2 (k, Na, 0) f +k C;p (21 + 1) IS@) - 11 Ihz’(KB)l. (B 9) 

If we also employ the relation 

Z 
hz’k) = (21 + 1) hZ-l(4 - +&+ hz+l(z)> (* 10) 

the inequality (37) can be derived by the same procedure that has been 
used for the derivation of (36). 
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