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Phase behavior of hard spheres with a short-range Yukawa attraction
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The phase diagram of a system consisting of hard spheres with an attractive Yukawa interaction is computed
by Monte Carlo simulations. Upon decreasing the range of attraction, we find the following scefarims:
stable fluid-fluid and fluid-solid transition, a triple point with fluid-fluid-solid coexistence, and a metastable
isostructural solid-solid transitiofb) a fluid-fluid and isostructural solid-solid transition, which are both meta-
stable with respect to a broad fluid-solid transiti¢c),a metastable fluid-fluid transition,stableisostructural
solid-solid and fluid-solid transition and a triple point with fluid-solid-solid coexistence. Our results show that
a large part of the fluid-solid coexistence region is occupied by metastable fluid-fluid and/or solid-solid
coexistence regions, which has repercussions on the kinetics and on the nonequilibrium behavior of the system,
such as nucleation, vitrification, and gelation.
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I. INTRODUCTION [3-5]. However, most studies that investigate the relation
between the range of attraction of the intermolecular poten-
Since van der Waals it is known that the occurrence of dial and the stability of the fluid-fluid phase separation or the
vapor-liquid transition in the phase diagram of simple fluidsisostructural solid-solid transition are focused on the equilib-
is strongly related to the presence of long-range attractiveéium phase behavior of the system and ignore the presence of
interactions between the particles. Using a simple mean-fielthetastable fluid-fluid or solid-solid coexistence regions.
theory and assuming long-range attractions and short-rangéowever, the appearance of metastable regions in the phase
repulsions for the molecules, van der Waals showed the exdiagram is important as it influences the phase kindtids$
istence of a critical temperature, below which the homogeand the nonequilibrium behavior of the system, such as
neous fluid demixes into a vapor and liquid phase. Abovenucleation, vitrification, or gelation. For instance, experi-
this critical temperature, no liquid-vapor transition takesments on binary mixtures of colloidal spheres and on colloid-
place. Moreover, the theory predicts a vanishing critical tem-polymer mixtures show that there is a link between non equi-
perature if there are no attractions between the particles. Thidbrium states and the presence of metastable coexistence
implies that any non zero temperature is above the criticategions in the phase diagrafh2,13. Moreover, recent ex-
temperature in a purely repulsive system, and no vaporperiments show that crystallization of spherical proteins only
liguid coexistence appears in the phase diagram. More resccurs under certain conditiof$4] and a computer simula-
cently, this relationship between attractive interactions andion study shows that the presence of a metastable critical
the existence of a stable vapor-liquid transition was refineghoint enhances protein crystallizatiptb]. In addition, these
substantially. It was shown by computer simulatigas?], metastable regions are also important when the crystalline
density functional calculationg3—5]|, and integral equation phase is destabilized by, for instance, small amounts of poly-
theorieq 6] that the range of the attractive interactions deter-dispersity of the colloids or by applying a constraint that
mines whether or not a given substance can have a stab$abilizes the fluid phase, which would otherwise be meta-
vapor-liquid coexistence. The range of the attractions cannattable[16].
be changed for simple liquids, e.g., argon, but we can tune In this paper, we report a numerical study of the full phase
the attractions in colloidal systems by adding smaller combehavior, including the metastable coexistence regions, of
ponents, such as nonadsorbing polymer or colloidal particleard spheres with a short-range attractive Yukawa interac-
The minimum range of the attractions required for a stabldion. We show that in all phase diagrams, spinodal instabili-
liquid-vapor coexistence is about one sixth of the range oties are observed iboththe solid and the fluid phase, result-
the repulsions. For shorter-range attractions, the liquid-vapang in a (meta stable isostructural solid-solid and a fluid-
coexistence region becomes metastable with respect to tlkiid phase separation. However, only one of those
freezing transition and when the range of attractions ignstabilities can lead to a stable phase separation. We never
smaller than about one twentieth of the range of the repulfind simultaneously, a stable isostructural solid-solid and a
sions, a stable isostructural solid-solid transii@r-5,7-1Q9  stable fluid-fluid coexistence in the same phase diagram,
appears in the phase diagram. It is already noted in Refsvhich is in agreement with previous studies-5,7).
[3-5] that a spinodal instability can arise in both the fluid In order to map out the phase diagram of the hard-core
and the solid phase. The competition between both instabiliattractive Yukawa system, we calculate the Helmholtz free
ties and the freezing transition can produce three differenénergy as a function of the density using thermodynamic
types of phase diagramsi) a stable fluid-fluid and fluid- integration[17]. In the following section, we briefly describe
solid coexistence and, a fluid-fluid-solid triple poifit) only ~ the simulation method. We present and discuss the phase
fluid-solid coexistence, andiii) a stable solid-solid and diagrams of the hard-core attractive Yukawa system in Sec.
fluid-solid coexistence and, a fluid-solid-solid triple point Ill and we end with some conclusions in Sec. IV.
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Il. SIMULATIONS standard MC calculation; for the numericalintegration we
use a 10-point Gauss-Legendre quadraf@es.

In order to map out the phase diagrafqy, T*) must be
determined from\ integrations for many state points

We consider a system of hard spheres with diameter
interacting with an attractive Yukawa interaction,

o, r<o (7, T*). We therefore chose to simulate relatively small sys-

tems, withN=108. It is worth noting that for such a small
¢(1)= _Gexq;«f(l—r/a)] r=o (1) system size, the formation of one or more new phases is
rlo ’ ’ prevented as it costs too much free energy to form an inter-

1 face. We were therefore able to simulate the metastable
wheree denotes the well depth, and ~ the Yukawa screen- - npases for temperatures as lowTs=0.1. In order to con-

ing length. In order to determine the phase diagram of & ct the full phase diagram we employ common tangent
system of hard spheres interacting with an attractive Yukaw@,nstrctions at fixed™* to obtain the coexisting phases. We
mterac'glon, we first calculate the Helmholtz free (inengyis fitted polynomials td and computed the pressure and chemi-
a function ofN,V, and the reduced temperatufé =kgT/e 5| hotential at eachy. The densities of the coexisting phases

with kg Boltzmann’s constant. We actual3ly measure the di-.an then be determined by equating the pressures and chemi-
mensionless free energy densfty (w/6)c°F/V as a func- 4 potentials in both phases.

tion of T* and »=mo°N/6V. As the free energy cannot be
measured directly in a Monte CanliC) simulation, we use
thermodynamic integration to relate the free energy of the IIl. RESULTS AND DISCUSSION

system of interest to that of a reference hard-sphere system at tra apove procedure has been carried out to determine
the same packing fractiory. To this end we introduce the f(7,T*) for the fluid and the solid phase foko

auxiliary Hamiltonian =3.9, 7, 25, and 100. At sufficiently loW*, we find spin-
N odal instabilities in the fluid and the solid free energy density
Hy=>, [bne(Ti)) + X dyuirij) ], (2)  curve. Employing a common tangent construction on the

i<] fluid free energy density curve versug one finds at the

points of tangency, the low-density fluid phase, which coex-
ists with the high-density fluid phase. Carrying out the same
© r<o procedure on the solid free energy density curve vengus
bne(r)= ' (3)  We find coexistence between a low-densixpandegiface-
0, r=o centered-cubidfcc) solid and a high-densitycompressed
fcc solid. However, one can always perform a common tan-
gent construction between the free energy density curve of
0, r<o the fluid phase and that of the solid and one should check
whether the fluid-fluid and solid-solid transitions dreetag
byur) = _eeXF[K‘T(l_”O‘)] =0 (4 stable with respect to the fluid-solid transition. Figures 1—4
rlo ’ ’ show the resulting phase diagrams in the*) plane. The
) ) _ _ shaded areas represent theetastablgfluid-fluid and solid-
and where 8\ <1 is a dimensionless coupling parameter: 5ojid two-phase regions. It is worth noting that we find spin-
atA =0 the auxiliary Hamiltonian is that of the pure system oda| instabilities in both the fluid phase as well as in the solid
of N hard Spheres, while at=1 it is the Hamiltonian of phase in all the phase diagrams considered here.

with

and

interest. It is a standard reSlﬂlI,Z,7,18 that the Helmholtz For ko= 39, we observe in Flgl a stable fluid-fluid
free energy of the hard-sphere attractive Yukawa systerdpexistence, a stable fluid-solid coexistence, a triple point
reads with the fluid-fluid-solid coexistence, and a metastable isos-
. N tructural solid-solid coexistence.
_ For shorter-ranged Yukawa potentials, ie5;=7 and 25,
*)= + i e . ;
FIN,V.T)=Fns(N.V) Jo d)\< .2<, ¢y”k(r”)> T we observe in Figs. 2 and 3 that both the fluid-fluid and the

(5) solid-solid coexistence regions are metastable with respect to
freezing. At sufficiently lowT*, we find an enormous wid-

where F,«(N,V) is the free energy of the pure reference ening of the fluid-solid transition. This implies that the coex-
system ofN hard spheres in a volumé (A =0), for which isting fluid and solid phase become progressively more dilute
we use the Carnahan-Starling expressid®§ for the fluid, and dense, respectively, upon decreaditig This widening
and the analytic form for the equation of state proposed bys consistent with findings by Gast al.[23] in perturbation
Hall [20] for the solid phase. In the latter case an integratiortheory studies of colloid-polymer mixtures using the
constant is determined, such that the known fluid-solid coexAsakura-Oosawa depletion potentjad,25 and with com-
istence of the pure hard-sphere system is recoy@&dThe  puter simulations of binary hard-sphere mixtures using the
angular brackets- - - )y v 1+ denote a canonical average depletion potential picturg26,27. The shape of the coexist-
over a system oN particles in a volume/ and at tempera- ence curve forT*<0.3 implies that the fluid phase only
ture T* interacting via the auxiliary Hamiltoniahl, . The  persists to very low values af.
integrand in Eq.(5) can, for a fixed\, be measured in a For k=100, a stable isostructural solid-solid coexist-

021402-2



PHASE BEHAVIOR OF HARD SPHERES WITHA . .. PHYSICAL REVIEW B6, 021402 (2002

1.0 T T
x6 =3.9

0.8 r

0.6 -
F+F

04 F+S

02

0.00 0.25 0.50 0.75 0.00 0.25 0.50 075
n n

FIG. 1. Phase diagram of a system of hard spheres interacting FIG. 3. Phase diagram of a system of hard spheres interacting
with a Yukawa attraction withko=3.9 in the T*-» plane, with  with a Yukawa attraction withke=25 in the T*- plane, with
T* =kgT/e the reduced temperature amd= woN/6V the packing  T* =kgT/e the reduced temperature ane= wa>N/6V the packing
fraction. F and S denote the stable fluid and solifcc) phase.F fraction. F and S denote the stable fluid and solitcc) phase.F
+S, F+F, andS+ Sdenote, respectively, the stable fluid-solid, the +S, F+F, andS+ S denote, respectively, the stable fluid-solid, the
stable fluid-fluid, and the metastable solid-solid coexistence remetastable fluid-fluid, and the metastable solid-solid coexistence
gions. regions.

ence is observed in Fig. 4, while the fluid-fluid coexistence isstable isostructural solid-solid transitid(i,) a fluid-fluid and
metastable with respect to freezing. In addition, we find asostructural solid-solid transition that are both metastable
triple point with the fluid-solid-solid coexistence. with respect to a broad fluid-solid transition, afiid) a fluid-

In summary, we have shown that varying the range of thdluid transition, which is metastable with respect to a broad
attraction in a system of particles interacting with a hard-fluid-solid transition and astable isostructural solid-solid
sphere Yukawa attraction leads to three distinct phase didransition and a triple point with fluid-solid-solid coexist-
grams: (i) a stable fluid-fluid and fluid-solid transition, a ence. This is in agreement with a theoretical study of Tejero
triple point with fluid-fluid-solid coexistence, and a meta- et al. using a variational approach based on the Gibbs-
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FIG. 2. Phase diagram of a system of hard spheres interacting FIG. 4. Phase diagram of a system of hard spheres interacting
with a Yukawa attraction withco=7 in the T*-» plane, withT* with a Yukawa attraction withco=100 in theT*-% plane, with
=kgT/e the reduced temperature ang=mo°N/6V the packing T*=KkgT/e the reduced temperature ane- wa>N/6V the packing
fraction. F and S denote the stable fluid and solifcc) phase.F fraction. F and S denote the stable fluid and solitcc) phase.F
+S, F+F, andS+ S denote, respectively, the stable fluid-solid, the + S, F+F, andS+ S denote, respectively, the stable fluid-solid, the
metastable fluid-fluid, and the metastable solid-solid coexistencenetastable fluid-fluid, and the stable solid-solid coexistence re-
regions. gions.
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Bogliubov inequality for a fluid of particles interacting with TABLE I. The reduced critical temperaturé3 =kgT./e of the
a double Yukawa potentiéB,4], and with a study using the fluid-fluid coexistence region for a hard-sphere attractive Yukawa
van der Waals approximation for the sof]. However, the system with varying Yukawa screening length®. The effective
location of the metastable regions are not shown in theifange of the attraction at the critical point is given by the critical
phase diagrams. Our phase diagrams«or=3.9 and 7 are stickiness parameter,, andR.=\—1 is the critical range of at-

. ) . . ) . . __traction of the corresponding square-well system.
also in good agreement with previous computer simulations
of the hard-core attractive Yukawa system using the Gibbs- T*

ensemble technique for the fluid-fluid coexistence and the ¢ Te Re

Kofke integration technique for the fluid-solid coexistence 3.9 0.5714 0.0973 0.1549
[1]. However, the authors did not consider tfmetastable 7 0.4000 0.1010 0.0689
isostructural solid-solid coexistence in their work. In another 25 0.2353 0.1060 0.0113
study, Hagen and co-workers computed phase diagrams of 100 0.1538 0.1078 0.0012

hard spheres with shorter-ranged Yukawa attractions. Fot
ko=25, they only show the stable fluid-solid coexistence
from first-order perturbation theory using the hard-sphereably inaccessible experimentally.
fluid as a reference system. They do not show the metastable Finally, it is shown in Ref[29] that the reduced second
solid-solid and fluid-fluid transition. Our “exact” results for Vvirial coefficient is a convenient measure for the effective
the fluid-solid phase boundaries show that the widening ofange of the attractive part of the potential. The reduced sec-
the coexistence region at the solid side is less abrupt con®nd virial coefficient can be calculated once the functional
pared with the fluid-solid region obtained from first-order form of the pair potentiat(r) is known,
perturbation theory.

For ko=100, Hagen and co-workers computed the solid-
solid coexistence using thermodynamic integration and we
find a good agreement with their results. Again, they did not

compute the fluid-solid and the metastable fluid-fluid coexynere oesr is the effective hard-core diameter. For hard

3 ©
By =—— . drr[1—e” ¢(/keT], (6)
Teff

istence. , , o ~ spheres with diametar which interact with short-range at-
_ Our results disagree with the findings of Sear using gractions, the effective hard-core diameter is givenday;
simple perturbation theory about a hard-sphere {iB8). He  _ ; and the reduced second virial coefficient is often ex-

shows that the critical point of th_e quid-qu_id transition tends pressed in terms of a parameter

towards the random-close-packing density of hard spheres,

as the range of the attraction tends to zero. In our work on 1

binary hard-sphere mixtures, we have already shown that the B;=1— i (7)
structure of hard spheres with a very short-range potential

differ enormously_with tha_t of Fhe referenc_e hard-sphere ﬂUiq?eferenceﬁzg,:%q show that the reduced second virial coef-
at the same packing fraction, i.e., much higher contact valueggijent and stickiness parameterare remarkably constant,
for the pair correlation functions are found compared withj ¢ .~ 1, at the critical point of the fluid-fluid transition
the hard-sphere system. This enormous difference in thg, giferent functional forms of the pair potentials. In Table
structure signals the breakdown of perturbation theorM' we show the critical reduced temperatufiés=kgT. /€ of

[26,27. e " .
More importantly, our results show that a large part of thethe fluid-fluid transition and the corresponding valuerpf

. . . . for varying «. We find that the values of; at the critical
fluid-solid coexistence region is occupied by metastablepoim are indeed about 0.1. As mentioned in HeB], we
fluid-fluid and/or solid-solid coexistence regions, which hascan now estimate the relz.iti.ve location of the quid-quid co-
Fepercussions on the kinetitk1] and on the nor]eq.uml_)rlum xistence and solid-fluid coexistence, by mapping the system
behavior of the system, such as nucleation, vitrification, an f interest onto the square-well system that yields the same

QEII??:;LISO worth noting that a metastable phase can onl bvalue for 7 at the same reduced temperatilie. The pair
9 P Y DBotential of the square-well system is given by

observed when its lifetime is longer than the observatio

time and a property of the metastable phase, e.g., its free w, <o

energy, can only be measured when its characteristic relax-

ation time is shorter than the system’s lifetiffi]. Eventu- d(r)=y —€ OT<Ir=ko (8)
ally, at infinite time, the system should reach the equilibrium 0, r>\o.

state. In an experiment, a metastable phase can persist for a

long time by careful preparation of the sample, e.g., avoidingNVe also give the critical range.=\ —1 of the correspond-
vibrations, impurities, and irregularities on the walls that caning square-well system in Table |. Refereri28] shows that
trigger nucleation. In our simulations, we use very small systhe fluid-fluid transition is stable with respect to freezing
tem sizes and therefore the formation of a new phase is pravhenR.=0.14 at the critical point, and becomes metastable
vented as it costs too much interfacial free energy to creatéor R;<0.14. We now compare our phase diagrams with the
an interface. This enables us to simulate the metastablenge of attractiorR, of the equivalent square-well system
phases till temperatures as low B8=0.1, which are prob- listed in Table I. We indeed find fox= 3.9, which yields a
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stable fluid-fluid transition in Fig. 1, that the range of attrac-to a stable phase separation and we never find a stable isos-
tion R; is larger than 0.14. Fok=7, 25, and 100, we find tructural solid-solid as well as a stable fluid-fluid coexistence
R.<0.14 and only metastable fluid-fluid transitions are ob-in the same phase diagram. The focus of this paper is on the
served in Figs. 2—4. location of the metastable coexistence regions. We find that
large portions of the fluid-solid coexistence are occupied by
IV. CONCLUSION metastable fluid-fluid or solid-solid coexistence regions,

) . which has consequences for the phase kingfitsand non
In conclusion, we have determined the full phase behavequilibrium behavior of the system.

ior, including the metastable coexistence regions, of hard

spheres with a short-range attractive Yukawa interaction us-

ing computer simulation_s. We show t_hat instabilities can be ACKNOWLEDGMENT

obtained in both the solid and the fluid phase, resulting in a
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