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Effects of relativity in proton-proton bremsstrahlung
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~Received 3 July 1997!

We investigate the influence of negative-energy states in proton-proton bremsstrahlung in a fully relativistic
framework using theT matrix of Fleischer and Tjon. The contribution from negative-energy states in the
single-scattering diagrams is shown to be large, indicating that relativistic effects are important. The rescatter-
ing contribution compensates some of the effect, which is shown to be a consequence of a low-energy theorem.
The net effect of negative-energy states nevertheless is of the order of 20% at higher energies. We investigate
retardation effects in the nucleon-nucleon~NN! interaction by means of a one-pion exchange model, which
gives effects of the order of 15% at the pion-production threshold. We furthermore modify the NNT matrix to
incorporate some of these effects, and find that on the level of single-scattering contributions they are of the
order of 10%. We show predictions at incoming proton energyTlab5190 MeV, where high accuracy measure-
ments are being done at KVI, and conclude that even at these relatively low energies off-shell effects in the NN
interaction and contributions from negative-energy states clearly show up.@S0556-2813~97!00811-X#

PACS number~s!: 13.75.Cs, 21.45.1v, 24.10.Jv, 25.20.Lj
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I. INTRODUCTION

Proton-proton bremsstrahlung is one of the simplest p
cesses involving the half off-shell nucleon-nucleon~NN! in-
teraction. Since protons are equally charged partic
electric-dipole radiation is suppressed and higher-order
fects play an important role. Thus it is possible to get inf
mation on the NN force not easily obtained from other p
cesses. Proton-proton bremsstrahlung has the additi
advantage that meson-exchange currents, necessary fo
rent conservation in the proton-neutron case, are suppre
Therefore other higher-order effects, such as the contribu
from intermediateD’s @1# or negative-energy states~pair cur-
rents!, can become important. In this paper we will conce
trate on the influence of relativistic effects such as the role
negative-energy states.

A relativistic model is used that includes these states
dynamical way. We find that including negative-ener
states gives substantial effects in both the cross section
the analyzing power. As compared to recent work by Ed
and Gari@2# who use a Hamiltonian formalism, and of d
Jong and Nakayama@3# who used the NNT matrix of a
relativistic spectator model@4#, the relativistic contributions
are in general found to be more enhanced, especially in
cross-section predictions. The effects are of the order of 2
in the cross section for forward and backward photon ang
and small proton angles at energies close to the p
production threshold~i.e., large photon momenta!.

The outline of the article is as follows. First we wi
present the relativistic framework in which the NN intera
tion is generated, and in Sec. III we will describe how th
interaction can be applied to describe the bremsstrah
process. In Sec. IV we discuss the importance of negat
energy states in the present framework, and compare to o
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calculations that include these intermediate states. We s
that the partial cancellation of the contributions of negativ
energy states from the single-scattering diagrams by th
from the rescattering diagram can be understood on the b
of the low-energy theorem for proton-proton bremsstrahlu
This strong suppression of the effect of negative-ene
states is in sharp contrast with the case of Compton sca
ing, where negative-energy states give the major contribu
to the full matrix element. We discuss the influence of ret
dation in the NN interaction, and show that this gives rise
effects of the order of 10% in the cross section calculated
impulse approximation at pion production threshold.

A comparison to the existing data just below the pio
production threshold (Tlab5280 MeV) from the TRIUMF
experiment@5# is made in Sec. V, where we furthermo
present our predictions atTlab5500 MeV and for the kine-
matics as is being carried out at KVI@6# at Tlab5190 MeV. It
is shown that the effects increase with the energy, as is to
expected, but that even for the data at the relatively l
energy of 190 MeV relativistic effects are important. Fina
in Sec. VI some concluding remarks are made.

II. NN INTERACTION

In this section we will briefly summarize the field
theoretical Bethe-Salpeter~BS! equation for the two-proton
interacting system and the quasipotential approximation t
The nuclear interaction is based on a one-boson excha
~OBE! model with only nucleonic and mesonic degrees
freedom.

Within the relativistic field theory two particle scatterin
is described by the scatteringT matrix. This T matrix
T(p,p8;P) is a solution of the inhomogeneous BS equatio
2945 © 1997 The American Physical Society
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2946 56G. H. MARTINUS, O. SCHOLTEN, AND J. A. TJON
T~p,p8;P!5V~p,p8!

2 i E d4k

~2p!4 V~p,k!S2~k,P!T~k,p8,P!,

~1!

where S2(p,P)5S(1)(p,P)S(2)(p,P) and S( i ) are the free
one-particle propagators of the two nucleons with relat
momentump and total momentumP. In our case the NN
interactionV(p,p8) is assumed to be given by the one-bos
exchange model of Fleischer and Tjon@8,9#. In this OBE
model the interaction is described by the exchange
p, r, v, h, e ~or s! andd mesons.

The contributions from the isovector mesonsp, r, andd
to the interaction are given by

Vp~k,p!52 i
gp

2

4M2 „g5~k”2p” !…~1!Dp~k2p!

3„g5~k”2p” !…~2!t1•t2 ,

Vr~k,p!52 igr
v2S ga

~1!2
igr

T

2M
sam

~1!~k2p!mDDr
ab~k2p!

3S gb
~2!1

igr
T

2M
sbn

~2!~k2p!nD t1•t2 ,

Vd~k,p!52 igd
2Dd~k2p!t1•t2 , ~2!

which are, respectively, of the pseudovector, vector, and
lar type. Thev, e, andh mesons give the isoscalar contrib
tions to the interaction, which are of the form

Vv~k,p!52 igv
v2ga

~1!Dv
ab~k2p!gb

~2! ,

Ve~k,p!52 ige
2De~k2p!,

Vh~k,p!52 i
gh

2

4M2 „g5~k”2p” !…~1!Dh~k2p!„g5~k”2p” !…~2!,

~3!

which are of the vector, scalar, and pseudovector type,
spectively. The bracketed numbers in both defining eq
tions denote the nucleon on which the matricesgm andsmn

act. The propagatorsDm for the pseudoscalar~p andh! and
scalar~d ande! mesons is

D~p!5
1

m22p2 , ~4!

whereas the propagatorDmn for the vector mesonsr, v is
given by

Dmn~p!5S 2gmn1
pmpn

m2 D 1

m22p2 ~5!

with m the mass of the meson.
With the OBE exchange as defined in Eqs.~2! and~3! the

integrations in the BS equation do not converge. To ens
the correct behavior for high momenta a phenomenolog
cutoff is introduced of the monopole form,
e

f

a-

e-
a-

re
al

F~p2!5
L2

L22p2 , ~6!

at each meson-nucleon vertex, withL being the cutoff mass
In this OBE model the cutoff masses are taken to be the s
for all mesons.

In principle, the full field-theoretical Bethe-Salpeter equ
tion can be solved@10#. However, the calculations are highl
nontrivial and in practice usually a quasipotential approxim
tion is made. In the quasipotential framework the tw
particle propagator is replaced by one where the relative
ergy variable is restricted in such a way that properties l
two-particle unitarity and relativistic covariance are ma
tained. Several approximations have been studied in the
erature~for a review see Ref.@11#!. Here we choose the
approximation in which the two nucleons are treated in
symmetrical way, the Blankenbecler-Sugar-Loguno
Tavkhelidze~BSLT! approximation@12#. The scalar part of
the two-nucleon propagator,

G05
1

S 1

2
P1pD 2

2M21 i e

1

S 1

2
P2pD 2

2M21 i e

, ~7!

is replaced by the dispersion relation

G2
BSLT5E

4M2

`

ds8
f ~As8,As!

s82s
Disc~G0!, ~8!

wheres is the total invariant energys5P2 and the disconti-
nuity of G0 is taken to be

Disc~G0!5 ipd1F SAs8

s

P

2
1pD 2

2M2G
3d1F SAs8

s

P

2
2pD 2

2M2G . ~9!

The functionf can be arbitrary, apart from that it has to b
free of singularities in the physical region and is constrain
by f (As,As)51. The definition in the form of a dispersio
relation guarantees thatG2

BSLT has the same discontinuity a
G0 . Consequently two-particle unitarity is preserved. Th
we assume implicitly that inelastic processes, which are
principle, included in the full BS equation for energies b
yond the pion-production threshold, are not important a
can be neglected.

We may now use the freedom off to regulate the two-
nucleon propagator for large momenta. Choosing

f ~As8,As!5
2As8

As81As
, ~10!

we get in the center-of-mass frame of the two-particle sys

G2
BSLT5 ip

1

Ep2E

1

~Ep1E!2 d~p0!, ~11!

where E5 1
2 P0 and Ep5Ap21M2. Then the full two-

nucleon propagator, including the spinor structure, is giv
by
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56 2947EFFECTS OF RELATIVITY IN PROTON-PROTON . . .
S2
BSLT~p,P!5

1

2p i S 1

2
P” 1p” 1M D ~1!S 1

2
P” 1p” 1M D ~2!

G2
BSLT

5
1

2p i
@~E1Ep!L1

~1!1~E2Ep!L2
~1!#

3@~E1Ep!L1
~2!1~E2Ep!L2

~2!#G2
BSLT

5
1

2
~Ep2E!d~p0!S~1!~p,P!S~2!~p,P!, ~12!

where the projection operatorsL6
( i ) are defined in Appendix

A. In particular, with this choice we get for the two-nucleo
propagator in the positive energy spinor states

S115
1

2

1

Ep2E
. ~13!

Using Eq.~12! for the two-nucleon propagator, the inte
gration over the relative energyp0 in the inhomogeneous BS
equation can be performed, and the BSLT equation is
tained,

T~ p̂,p̂8;P!5V~ p̂,p̂8!1
1

~2p!3

3E d3kV~ p̂,k̂!S2
BSLT~ k̂,P!T~ k̂,p̂8,P!,

~14!

wherep̂, p̂8, andk̂ are the relative four-momentap, p8, and
k under the restriction that in the c.m. system of the nucle
the energy component is zero,p050, p0850, andk050.

The BSLT equation can be solved in a partial-wave ba
@13#, yielding a number of coupled-channel equations, t
involve essentially a coupled set of one-dimensional integ
equations due to the quasipotential approximation. As
from the physical~1,1! positive-energy states, also comb
nations involving negative-energy states occur@~2,2!, and
even and odd combinations of~1,2! and ~2,1!#. The T
matrix has been fitted to the experimental phase shifts
Arndt et al. @14# by varying the meson-nucleon couplin
constants. Fits have been made both with and without in
mediate negative-energy states for energies up to 200 M
Starting from the found fit with the full Dirac structure in
cluded, we simply have only varied the coupling consta
ge andgd to obtain a fit for the case of the absence of int
mediate negative states. The sets of the coupling param
for the different fits are given in Table I and the correspon
ing caption. The resulting phase shifts for both fits can

TABLE I. The coupling parameters for the various fits. FitA
corresponds to the parameters used in Ref.@8#. In all fits we have
gp

2 /4p514.2, gr
V/4p250.43, gr

T/gr
V56.8, gv

2 /4p511.0, and
gh

2/4p53.09, while the cutoff mass isL251.5M2.

Fit ge
2/4p gd

2/4p

A 7.34 0.33
B 7.60 0.75
C 7.30 0.55
b-

s

is
t

al
e
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r-
V.

s
-
ers
-
e

considered almost phase equivalent and are up to 300 M
in reasonable agreement with the Arndt phases.

III. THE BREMSSTRAHLUNG AMPLITUDE

The dynamics of the bremsstrahlung process is conta
in the invariant matrix,M f i5«m^ f uJmu i & with «m the photon
polarization vector. If theT matrix is properly antisymme-
trized, the nuclear currentJm is given by

^ f uJmu i &5^p8,P8uT~p8,p̃;P8!S~1!~ p̃,P8!Gm
~1!~q!up,P&

1^p8,P8uGm
~1!~q!S~1!~ p̃8,P!T~ p̂8,p;P!up,P&

1~1↔2!2 i E d4k

~2p!4 ^p8,P8u@T~p8,k8;P8!S~1!

3~k8,P8!Gm
~1!~q!S2~k,P!T~k,p;P!#up,P&. ~15!

The sum of the first two terms will be referred to as t
impulse approximation~IA !. The corresponding diagram
are shown in Figs. 1~a! and 1~b!. The last term is referred to
as the rescattering contribution, corresponding to the d
gram in Fig. 1~c!. Using the antisymmetry of the protons th
diagram where the photon is emitted by intermediate part
2 can be rewritten as a diagram where the photon is emi
by particle 1, and if theT matrix is antisymmetrized the
antisymmetrized sum of all rescattering diagrams can
shown to be given by the diagram with antisymmetrizedT
matrices with emission from particle 1 only. The momenta
Eq. ~15! are defined through conservation of four momentu
at the NNg vertex and of total momentum, so thatp85p
2 1

2 q andP85P2 1
2 q.

In Eq. ~15! the electro-magnetic~e.m.! vertexGm is taken
to be the on-shell form

FIG. 1. The diagrams taken into account in the present calc
tion. Diagrams~a! and ~b! are the single-scattering contribution
the sum of which is the impulse approximation~IA !. Diagram~c! is
the rescattering contribution.
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Gm
~ i !~q!5eS F1

~ i !~q2!gm
~ i !2

i

2M
F2

~ i !~q2!smn
~ i ! qnD , ~16!

thus ignoring a possible dependence of the form factors
the off-shell mass of the intermediate proton. The on-sh
form factors are given by

F j
~ i !~q2!5F j

S~q2!1F j
V~q2!t3

~ i !5F j
S~q!1F j

V~q!. ~17!

For proton-proton bremsstrahlung with real photonsq250,
and the NNg vertex reduces to

Gm
~ i !~q!5eS gm

~ i !2
ik

2M
smn

~ i ! qnD , ~18!

wheree is the charge andk is the anomalous magnetic mo
ment of the proton, and we have used that all intermed
nucleons are proton, hencet3 always gives11 when sand-
wiched between isospin states. With this choice of the v
tex, the nuclear current as defined in Eq.~15! is conserved in
the Bethe-Salpeter formalism, provided that the kernel is
cal @V(k,p)5V(k2p)#. Details of the proof are given in
Appendix B.

Due to the presence of the photon in the final state
general the NNT matrix is needed in different Lorent
frames. Usually the NN interaction is determined in t
center-of-mass~c.m.! system of the nucleon pair. If we
choose the c.m. system of the initial protons to calculate
amplitude, theT matrix for the diagrams involving the NN
interaction after emission of the photon is obtained throu
the Lorentz structure of theT matrix

T~p8,p;P!5L~L!Tcm~L21p8,L21p;L21P!L21~L!.
~19!

HereL5L (1)L (2) is the spinor transformation for the boo
L from the calculation frame to the c.m. frame of the N
interaction. Choosing thez direction to be defined by the
photon momentum, the boost is given by

Lm
n 5FA11h 0 0 2Ah

0 1 0 0

0 0 1 0

2Ah 0 0 A11h

G , ~20!

whereAh5q/Mpp andA11h5(2E2q)/Mpp. E is the to-
tal energy of the initial protons in their c.m. frame and w
have defined an effective ‘‘proton-proton mass’’Mpp

52AE(E2q). The corresponding one-particle spinor tran
formation operator is

L~L!5A2E2q1Mpp

2Mpp
F12g0g3

q

2E2q1Mpp
G ~21!

with 1 the identity matrix. In all calculations presented belo
the boosts are taken into account.

For the rescattering contribution an integration over
four-momentumk has to be performed. Again we would lik
to make a quasipotential reduction to simplify the integ
tion. Such a reduction must be consistent with the appro
n
ll

te

r-

-

n

e

h

-

e

-
i-

mation made in solving theT matrix. We have used the
equal-time framework, where it is assumed that the NN
teraction does not depend on the relative energy of the
nucleons in its center-of-mass system. Then the integra
over the relative energyk0 can be done analytically, sinc
the integrand is of the form

I 0
~ i !5E dk0

2p
S~ i !~k0 ,k2q;E8!Gm

~ i !~q!S2~k0 ,k;E!,

~22!

whereE85E2v with v the energy of the photon. A contou
integration overk0 can be carried out, resulting in thre
terms, which are given by the residues at the poles where
of the intermediate nucleon is on-shell. The poles of the tw
nucleon propagatorS2(k,P) are at

k0
a5E1Ek2 i«, k0

c5E2Ek1 i«,

k0
b52E1Ek2 i«, k0

d52E2Ek1 i«, ~23!

and the poles of the one-particle propagatorS(1)(k8,P8) are
at

k0
e5~v2E!1Ek2q2 i«, k0

f 5~v2E!2Ek2q1 i«.
~24!

If we choose to close the contour in the upper half-plane,
get contributions from polek0

c , k0
d , andk0

f . The first of these
corresponds to the spectator model, where particle 2 is o
mass shell. The remaining three-dimensional integration
to be done numerically. An analysis of the pole structure
the remaining integrand shows that there are two poles in
spatial momentumk, both arising from the spectator term
These poles correspond to the situation where either be
or after emission of the photon the two protons are on-sh
In Appendix C a detailed discussion of these poles is give

Physical observables

As mentioned the interesting dynamics of the bremsstr
lung process is contained in the amplitudeM f i , which is
invariant under Lorentz boost. However, to compare to
periment physical observables have to be calculated,
since these are not necessarily invariant under Lorentz tr
formations, a particular reference frame has to be cho
Measurements are done with a fixed target and a beam
definite energyTlab. Thus the incoming proton defines a pa
ticular axis, which we take to be thez direction. There is still
an arbitrariness in the definition of thexz plane, which we
take to be defined by the direction of the photon. Then la
ratory frame is defined such that the four momenta of
particles are
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FIG. 2. The cross section and amplitude squared as a function of the photon angleug for Tlab5280 MeV, u1512°, andu2512.4°. The
IA shows a large difference between a calculation including negative-energy states~dashed line! and without~dashed-dotted line!, of the
order of 50%. If we include the rescattering contribution in the calculation, the difference between a calculation with~full line! and without
~dotted line! negative-energy states is smaller, though still appreciable (;20). This is most readily seen in the figure where we show
invariant-amplitude squared.
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p1
m5~Tlab1m,0,0,plab!,

p2
m5~m,0,0,0!,

p18
m5~E18 ,p18sinu1cosf1 ,p18sinu1sinf1 ,p18cosu1!,

p28
m5~E28 ,p28sinu2cosf2,p28sinu2sinf2 ,p28cosu2!,

qm5~q,sinug,0,cosug!. ~25!

In most experiments so far the energy of the incoming pro
is fixed, and in this case there are only five independ
variables due to energy and momentum conservation. H
we choose these to be the angles of the outgoing prot
u1 ,f1 ,u2 ,f2 , and the angle of the photon,ug .

With this choice of dependent and independent variab
the cross section in the lab system is given by

d5s

dV1dV2dug
5

m3p18
2p28

2q

pE18E282v~2p!5Na
(
¯

l il f

uM f i u2, ~26!

where

Na5
p18

E18
~sinu2cosugcosf22cosu2sinug!

1
p28

E28
~sinugcosu12cosugsinu1cosf1!

1
q

v
~sinu1cosu2cosf12cosu1sinu2cosf2!, ~27!

and (̄ implies averaging over initial spinsl i and summing
over final spinsl f . For real bremsstrahlungv5q and all
factorsq/v are equal to 1 in Eqs.~26!–~28!. The analyzing
power is then defined as

Ay5
ds↑2ds↓

ds↑1ds↓
~28!
n
nt
re
s,

s

with ds↑ the differential cross section for incoming proton
with spin in the1 ŷ direction andds↓ the differential cross
section for incoming proton 1 with spin the2 ŷ direction.

IV. RESULTS

The ppg amplitude constructed with theT matrix that is
found from the Bethe-Salpeter equation, or the BSLT a
proximation to that equation, contains negative-energy st
in a dynamical way. Since the intermediate nucleon in
bremsstrahlung process is off-shell, these negative-en
states in principal should be included. As we have argue
a recent paper@15#, the effects of including these intermed
ate states are of the same order of magnitude as contribu
from the D and meson-exchange currents. Furthermore
energy transfer in the NN interaction is nonzero, giving r
to retardation effects.

We will first discuss the influence of negative-ener
states using an equal-time approximation for the NN inter
tion, thus effectively ignoring the retardation effects. T
lowest-order approximation is to include only the contrib
tions from negative-energy states in the single-scattering
gram. We will show that for an accurate description of t
bremsstrahlung amplitude it is essential also to include
contributions arising from the rescattering contributions.
a second point we will address the importance of the re
dation effects in the NN interaction.

A. The contribution from negative-energy states

Both the single-scattering and rescattering diagrams c
tain contributions from negative-energy states. In a calcu
tion including only positive-energy states the contributio
from the rescattering diagram are of the order of 20%. The
fore it seems reasonable to expect that the impulse appr
mation gives the main contribution from negative-ener
states. In the left panel of Fig. 2 we show the cross sec
for the bremsstrahlung process at incoming proton ene
Tlab5280 MeV and fixed outgoing proton anglesu1512°,
u2512.4° as a function of photon angleug using only the
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2950 56G. H. MARTINUS, O. SCHOLTEN, AND J. A. TJON
single-scattering diagrams. The full line is a calculation
cluding both positive- and negative-energy states, while
dashed line is the result if we include only positive-ener
states. The intermediate negative-energy states give a
contribution over the entire range of photon angles, which
more clearly seen when plotting the square of the amplit
~i.e., the cross section without phase-space factor!, as we
have done in the right panel of Fig. 2. At this kinematics t
cross section is dominated strongly by~uninteresting! phase-
space characteristics.

If we include the rescattering contributions, the net infl
ence of negative-energy states is reduced. This is also sh
in Fig. 2, where the dashed line is a calculation includ
only intermediate positive-energy states, and the dash
dotted line is the result for the full calculation, including al
the contributions from negative-energy states. We see
there is a large cancellation between the contributions
negative-energy states from the single-scattering and
rescattering diagrams. The net result is that the contribu
of negative-energy states is in general smaller, but overa
effect of the order of 20% remains. Confining ourself to t
only positive-energy state contributions, it is interesting
note that the single-scattering contribution is close to the
calculation, except again at the extreme photon ang
where the~positive-energy! rescattering contributes signifi
cantly.

The negative-energy states are essentially of relativi
origin, and therefore one would expect that the effects
pend strongly on the energies of the protons and the pho
To illustrate this dependence on the photon momentumq, in
Fig. 3 we show the square of the amplitude as a function
the photon momentum for fixed proton angles and vary
incoming proton energyTlab. We compare a calculation in
the IA with negative-energy states~the full line! and without
negative-energy states~the dashed line!, and a calculation
including the rescattering contribution, again with~the
dashed-dotted line! and without~the dotted line! negative-
energy states. In the left panel we show the behavior over
photon momentum range from 10 MeV/c to 200 MeV/c,

FIG. 3. The square of the ppg amplitude as a function of the
photon momentumq for fixed center-of-mass anglesu1536°, u2

569° andug5124°. The photon momentum was varied by varyi
the energy of the incoming proton,Tlab. Shown are the amplitude
including the rescattering contribution with~full line! and without
~dotted line! negative-energy states coupling to the photon. A
shown are the amplitudes calculated with only the single-scatte
contributions with~dashed line! and without ~dashed-dotted line!
negative-energy states coupling to the photon.
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whereas the right panel is a blowup of the high moment
region. For the IA the negative-energy states give a con
erable contribution over the whole momentum rang
whereas for the full calculation the contributions fro
negative-energy states in the rescattering diagrams ten
cancel those from the single-scattering diagrams, effectiv
giving only a sizable contribution in the high momentu
region.

As is well known, the dominant contributions to Compto
scattering at low photon momenta are solely from the
graphs@16#. In this connection the cancellation in the brem
strahlung case between the contributions of negative-en
states from the rescattering diagram and those from
single-scattering diagrams at first seems rather puzzl
since the rescattering diagram does not contribute in the l
est order of the strong-coupling constantg2. Hence a cancel-
lation of Z graphs should already take place in this order
the single-scattering contributions. Let us replace the NNT
matrix by the OBE kernel in the bremsstrahlung calculatio
The calculated results for the single-scattering diagram
this approximation is shown in the left panel in Fig. 4, whe
the invariant-amplitude squared is plotted as a function of
photon momentumq. To obtain this dependence the proto
anglesu15u2 have to be varied simultaneously. From th
figure we see that in contrast to the Compton scattering c
the negative-energy states here indeed lead to vanishing
tribution at low photon momentum, while the effects are
the order of 20% at the higher photon momenta, similarly
found in the full calculation.

Considering the diagrams one order higher in the stro
coupling constant~the box diagrams! we may explicitly
verify that the internal radiation diagram is essential
achieve cancellation of the large Z-graph contribution of
single-scattering diagram. This is shown in the right pane
Fig. 4: the sum of the diagrams where the photon couple

g

FIG. 4. Invariant-amplitude squared for fixedElab5140 MeV
and photon angleug5170°. The left panel shows the Born resu
the right panel shows a calculation with the box diagram. In
Born case there is no noticeable difference between a calcula
including negative-energy state contributions~full line, IA 1/2!
and without~dotted line, IA 1!. In the case of the external bo
diagrams the difference between a calculation including negat
energy state contributions~full line, IA 1/2! and without~dotted
line, IA 1! is large and in lowest order independent ofq. Only if
we include the internal diagrams~respectively dashed line, IA1/2
and dashed-dotted line, IA1! the negative-energy state contribu
tions cancel.
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the external proton give a large contribution of negativ
energy states, whereas the addition of the diagram where
photon couples to the internal proton kills most of the effe

The observed cancellation is a consequence of the l
energy theorem for bremsstrahlung@17#. This theorem states
that for low photon momenta~as compared to the interna
excitation energy of the nucleon, the mass of the pion!, the
NN-bremsstrahlung amplitude can be expanded as

Mm5
A

q
1B1Cq1O~q2! ~29!

as is demonstrated in detail in Appendix D. The constantA
andB only depend on the static properties of the nucleon,
charge and magnetic moment, and the on-shell NN inte
tion, whereas the constantC and the other higher-order term
can contain off-shell contributions.

Derivatives of theT matrix in the on-shell direction con
tribute to the constantB. The contributions from negative
energy states are contained in these derivatives. Thi
clearly seen in a description with only positive-energy sta
where they are replaced by contact terms. As is the cas
Compton scattering@18#, these terms may contribute signifi
cantly in the low-energy limit. In order to see whether~and if
so, how! the low-energy theorem for bremsstrahlung inde
implies that negative-energy states only contribute to
terms of orderq and higher in the expansion in the photo
momentum, we first consider the case of bremsstrahl
from a spin-12 particle with initial momentum1

2 P1p and
final momentum1

2 P81p8 interacting through an interactio
V with a second spin-1

2 particle with momenta1
2 P2p and

1
2 P82p8. First consider the case that the second particl
uncharged. Conservation of total momentum givesP85P
2 1

2 q, whereas momentum conservation at the photon ve
gives p85p2 1

2 q. The leading-order contribution in the ex
pansion from intermediate negative-energy states due to
emission of the photon prior to the interactionV is
rg
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Mm
i 5c̄~p8,P8!VS p8,p2

1

2
q;P2

1

2
qD

3
L2

~1!~p1q!

Ep1Ep1q
gm

~1!c~p,P!

5c̄~p8,P8!V~p8,p;P!
2pm1Epgm

~1!g0

2Ep
2 c~p,P!

1O~q!, ~30!

where c(p,P)5u(1)( 1
2 P1p)u(2)( 1

2 P2p) and c̄(p8,P8)

5ū(1)( 1
2 P81p8)ū(2)( 1

2 P82p8) are the initial and final state
for the spin-12 particles, withu andū free Dirac spinors. Thus
negative-energy states at lowest order contribute to the c
stant B, and since we are only interested in the mod
independent terms the remainingq dependence in Eq.~30!
has been ignored. We furthermore used that the projec
operator acting on an on-shell spinor gives

L2~p!gmu~p!5
Epg01g•p2M

2Ep
gmu~p!

5
2Epg0m22pigim1gm~p” 2m22Epg0!

2Ep

3u~p!

5
2pm1Epg0gm

Ep
u~p!, ~31!

sincepm5(Ep ,2p). The emission from the photon after th
interactionV gives rise to a similar termMm

f , and to first
order the contributions from negative-energy states isMm

5Mm
i 1Mm

f ,
Mm5c̄~p8,P8!S V~p8,p;P!
2pm1Epg0

~1!gm
~1!

2Ep
2 Dc~p,P!1c̄~p8,P8!S 2pm8 1Ep8gm

~1!g0
~1!

2Ep8
2 V~p8,p;P!D c~p,P!1O~q!

5
1

2Ep
c̄~p8,P8!@V~p8,p;P!,g0

~1!gm
~1!#c~p,P!2

pm8 1pm

Ep
2 c̄~p8,P8!V~p8,p;P!c~p,P!1O~q!, ~32!
n
tum

he
where 1/Ep851/Ep1O(q) and the interchange ofgm andg0

can be done since the zeroth component ofMm is zero,
which is most easily seen from Eq.~31! with p05Ep . Thus
it is clear that for a system of two nonidentical spin-1

2 par-
ticles the contributions from intermediate negative-ene
states in general do not vanish. For example, in the case
the interactionV is given by a one-boson exchange wi
scalar, pseudovector, and vector particles, the first term
Eq. ~32! vanishes for the scalar and pseudovector parts~the
last of which reduces to a simple pseudoscalar in the low
y
at

in

st

order inq!, while for a vector interaction a finite contributio
remains. The propagator of a vector meson with momen
k and massmV is

Dmn52gmn1
kmkn

2mV
D~k!, ~33!

with D(k) is the scalar part of the meson propagator. T
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term proportional tokn vanishes for on-shell states for pa
ticle 2, since this gives a termp” 2 f2p” 2i5M22M2250, so
what remains is of the form

Mm
V5c̄~p8,P8!@VV,g0

~1!gm
~1!#c~p,P!

5c̄~p8,P8!@gn
~1!D~k!g~2!,n,g0gm#c~p,P!

5c̄~p8,P8!~2gn0gm22gnmg0!~1!D~k!gn
~2!c~p,P!

5c̄~p8,P8!2~gm
~1!g0

~2!2g0
~1!gm

~2!!D~k!c~p,P!. ~34!

The situation is very similar to the case of Compton scat
ing @18,19#. There the vector particle is a real photon and
coupling to particle 2 as well as the propagator~33! are ab-
sent, and in fact the results obtained above can be used i
coupling to the second particle and the propagator of
vector particle are left out. Hence the contribution fro
negative energy states in Compton scattering is

Mmn
Compton5ū~p8!

1

2Ep
F2gn0gm22gnmg0

2S pm8 1pm

Ep
DgnGu~p!. ~35!

The pole term in the low-energy expansion is absent and
first term in Eq.~35!, corresponding to Eq.~34!, gives the
low-energy limit for forward Compton scattering~the Thom-
son limit!.

For the case of two identical, charged, spin-1
2 particles the

emission of the photon by particle 1 again gives Eq.~32!.
However, particle 2 gives rise to a similar contribution. Th
for the sum of contributions from both particles the seco
term in Eq.~32! vanishes in lowest order inq, which is most
readily seen in the c.m. system where the spatial momen
particles 1 and 2 are equal in size but opposite. Again for
first term the contributions from scalar and pseudovector
sons vanish, but furthermore the contribution from the vec
meson is zero, since a similar term as in Eq.~33! arises from
emission from particle 2, except that the first and seco
term are interchanged. Since they have opposite sign,
result is that for a one-boson exchange with sca
pseudovector, and vector mesons the contribution fr
negative-energy states vanishes. Aside from the cancella
between emission from initial and final states of a charg
particle, apparent from the commutator in Eq.~32!, there is a
cancellation between emission from particle 1 and particle
which is clearly a result of the Pauli symmetry of the tw
spin-12 particles.

So far we have focused on a one-boson interaction.
conclusion with respect to the nonvanishing contributions
the case of one charged particle also holds for a gen
interaction, since there is no additional constraint that wo
cause the contributions to vanish. For the case of two id
tical spin-12 particles the derivation of the low-energy the
rem is given in Appendix D. If we write the NN interactio
as a function of the Lorentz invariantsp18

2, p1
2 and a param-

etern which for emission from the initial proton 1 is define
asn5(p12q)•p21p18•p28 and similar for the emission from
the other legs, the result is that the amplitude in the lo
energy limit is given by
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Mm5ec̄~p8,p̃8!F S gm
~1!2

ik

2M
smn

~1!qnD p” 81q” 1M

2p8•q
T0

2T0

p” 2q” 1M

2p•q S gm2
ik

2M
smnqnD1DW m

~1!~p8!T0

1T0DQ m
~1!~p!Gc~p,p̃!1~1↔2!1O~q!, ~36!

where with the exchange of the indices of particles 1 an
also the momenta in the propagators and projection opera
are replaced by those of particle 2, and we have define
differential operator

Dm
~ i !~p!5

pm

p•q
qn

]

]pn 2
]

]pm . ~37!

The basic ingredient in the calculation of the amplitude is
sum of all terms contributing to the pole termA in Eq. ~29!,
the external diagrams where a photon is emitted by one
the initial- or final-state protons. In our case this is the s
of all single-scattering contributions. The resulting amplitu
violates current conservation, and the term]/]pm has to be
introduced in the differential operator to ensure that the c
rent is conserved. As a result derivatives of theT matrix in
the off-shell direction vanish. The added term effectively is
combination of the rescattering contribution and cont
term, where the photon couples to the NN interaction
rectly. Since the relativistic calculation can be shown to co
serve the current if negative-energy states are included~Ap-
pendix B! the only contribution in this case is th
rescattering diagram.

For the differential operator as defined in Eq.~37! the
contributions from negative-energy states to the amplitu
cancel. This can be seen by writing theT matrix in Eq.~36!
as a sum of positive- and negative-energy contributions

T~p8,p,n!5g0L1T11g0L2T2. ~38!

The differential operator then either acts on theT matrix,
which for the negative-energy states gives no contribut
~since ū1g0L250!, or on the projection operators. Con
sider the contribution where the proton is emitted from t
final proton 1. The contribution that arose from expandi
the off-shell T matrix around the on-shell point is propo
tional to

qn
]g0L2

]p8n 5
1

2
qn

]1/E8

]p8n g0E8L21
1

2E8
qn

]

]p8n

3@p” 82m1~E82p0!g0#g0

52
q•p

2E82 g0L21
1

2E8 S q” 2
q•p

E8
g0Dg0 ,

~39!

and the first term in this expression does not give a con
bution, since the projection operator acts on the exter
spinor ū(p8), which gives zero. From Eq.~39! it follows
immediately that the contribution added to enforce curr
conservation gives a similar expression, and the net con
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bution from the differential operator acting on the negativ
energy state projection operator is

Dm~p8!g0L2~p8!5S pm8

p8•q
qn

]

]p8n 2
]

]p8mD p” 82M

2E8
g0

5S pm8 q”

p8•q
2gmD g0

2E8
. ~40!

The other contributions from intermediate negative-ene
states arise from the term withq” in the propagator and ar
proportional to

ū~p8!gm

q”

2pm8 •q
g0L2~p8!

5gm

q” ~p” 82M !

4E8~pm8 •q!
g0

5ū~p8!gm

@qnp8s~2gsgn12gns!2Mq” #

4E8~pm8 •q!
g0

5ū~p8!S 2
pm8 q”

p8•q
1gmD g0

2E8
, ~41!

where in the last line we have used thatū1(p)(p” 1M )5
2pmū1(p). Comparing the expressions in Eqs.~40! and~41!
it is clear that the contributions from negative-energy sta
cancel in the low-energy limit.

The result that negative-energy contributions to
bremsstrahlung amplitude vanish for a general NN inter
tion is clearly due to the inclusion of the second term in
differential operatorDm . It implies that the bremsstrahlun
process can be described in terms of positive-energy s
only, provided that additional counter terms are includ
such that current conservation is satisfied. Part of these te
are the rescattering contribution, while part of these are c
tact terms. The contact terms are an effective way of incl
ing the contributions from negative-energy states, and
principle contribute to the nonsingular term in the expans
of the amplitude@the constantB in Eq. ~29!#. We again can
compare to the case of Compton scattering, where in a
culation with only positive-energy states a photon-phot
nucleon term has to be included to find the correct lo
energy limit.

In the case of proton-proton bremsstrahlung the curr
calculated from the single-scattering and rescattering
grams is conserved when both positive- and negative-en
states are included. Thus the addition of the second term
the differential operatorDm corresponds to the inclusion o
the rescattering contribution in a full calculation, and no co
tact terms are necessary. Furthermore, we have seen th
the OBE interaction the negative-energy states do not c
tribute, and therefore the contact terms corresponding
negative-energy states in a calculation including o
positive-energy states, which are in general necessary to
isfy current conservation, are zero for this particular proce
Hence for proton-proton bremsstrahlung negative-ene
states do not contribute in the low-energy limit.

If we compare our results with other calculations we s
that the calculations including only positive-energy states
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in agreement with nonrelativistic potential-model calcu
tions that include relativistic spin corrections. The compa
son should be done with this type of calculation, since
use the full four-component spinor, and the small comp
nents are kept. In Fig. 5 we illustrate this by comparing o
results with the Bonn PQT matrix calculation@20# and a
calculation using the Nijmegen potential atTlab5280 MeV,
u1512°, u2512.4°. The full line is our result when includ
ing only positive energy in the single-scattering and resc
tering contributions, and the result differs only little from th
calculations using the Bonn~the dotted line! or Nijmegen
~the dashed line! interactions. For this particular kinematic
we see some deviations, in particular at forward and ba
ward photon angles. These differences are due to a some
different on-shell behavior of thet matrices.

The large contribution from the negative-energy states
the impulse approximation has also been reported by de J
and Nakayama@3#, who used aT matrix generated from the
Gross equation@4#. However, if we compare the results in
cluding rescattering contributions, we see in particular
the cross section that the contributions of negative-ene
states is substantially enhanced in our calculation. On
other hand, for the analyzing power the effects of negati
energy states are rather similar. The main difference in
two calculations is the type of quasipotential reduction tha
used. Assuming that retardation effects in the positive- a
negative-energy states behave similar, we can approxim
their calculation by including only the spectator contributi
to the rescattering diagram. The result is that for the cr
section the net contribution from negative-energy state
reduced whereas for the analyzing power the contributio
somewhat enhanced, thus giving a result that is similar
that reported by de Jong and Nakayama. Concluding we
say that the contributions from the nonspectator terms
essential to give a full description at higher momenta. T
suppression of the cross section due to the inclusion of in
mediate negative-energy states is of the same order of m
nitude as the effects reported by Eden and Gari@21#, al-
though they find considerably higher values for the abso

FIG. 5. The cross section calculated with theT matrix with only
positive-energy states, but retaining the small components of
nucleon spinor, as compared to calculations using a poten
model, including relativistic spin corrections. The differences b
tween theT-matrix calculation and the nonrelativistic calculation
are of the same order as those between the nonrelativistic cal
tions themselves.
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2954 56G. H. MARTINUS, O. SCHOLTEN, AND J. A. TJON
value of the cross section. This may be primarily due to
positive-energy contribution, for which case their predicti
differs substantially from ours and the nonrelativistic mod
calculations.

B. Retardation effects in the NN interaction

In the calculation of the bremsstrahlung amplitude we
the equal-time or instantaneous framework. In this fram
work it is assumed that thet matrices can be evaluated at th
point where the relative energy of the protonsk0 is zero in
the center-of-mass system of the interaction. To investig
the effects of retardation in the NN interaction we may fi
look at a simple one-pion exchange~OPE! model without
form factors, where the NNp vertex was either assumed
be given by a pseudovector (k”g5) or pseudoscalar (g5) cou-
pling. The nuclear current for emission from particlei in the
equal-time approximation is given by

Jm
~ i !5ṼOPE~k8cm!S~ i !~p81 1

2 q,P8!Gm
~ i !~q!uk

08
cm50

1Gm
~ i !~q!S~ i !~p2q,P!ṼOPE~kcm!uk

0
cm50 , ~42!

whereṼ is the one-pion exchange boosted from the cen
of-mass system of the interaction to the lab frame andkcm

andk8cm are the four momenta of the pion in the c.m. fram
In Fig. 6 we show the cross section calculated with
equal-time approximation divided by the result of the calc
lation using the exact one-pion exchange, just below the p
production threshold,Tlab5280 MeV, and small proton
anglesu1512°, u2512.4°. For the pseudoscalar couplin
the result is close to 1 at all photon angles, so that we
conclude that retardation effects in the meson propagato
small. For the pseudovector coupling we see larger de
tions, up to 15%, so that it is clear that retardation effects
the nucleon-nucleon meson coupling can be considerabl
we use the one-boson exchange kernel instead of the

FIG. 6. The effect of the equal-time approximation in the brem
strahlung process atTlab5280 MeV, u1512° and u2512.4°.
Shown is the fraction of the cross section calculated using
equal-time approximation to a full calculation, for the one-pion e
change with a pseudoscalar coupling~full line! and a pseudovecto
coupling~dotted line! and the OBE kernel~dashed line!. From case
of the pseudoscalar NNp coupling it is clear that retardation effec
in the meson propagator are small.
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interaction, the effects are of the same order as those fo
for the pseudovector coupling, as can also be seen in Fig
where the dashed line is the fraction of the cross sec
calculated with the OBE kernel in the equal-time approxim
tion to the cross section calculated with the exact OBE k
nel. The effects are mainly due to the pion and the vectov
meson.

To see whether these retardation effects also can be
stantial in theT matrix calculations, we have constructed
modified equal-time approximation by iterating one full on
boson exchange,

Tmet~p8,p;P!5VOBE~p8,p!2 i E d4k

~2p!4 VOBE~p8,k̂!

3S2
BSLT~ k̂,P!Tet~ k̂,p;P!, ~43!

in the c.m. system of the incoming nucleon pair, where
relative energy of the incoming nucleonsp050, and k̂ is
restricted through the BSLT approximation.Tmet is the modi-
fied equal-timeT matrix, whereasTet is theT matrix calcu-
lated with the equal-time approximation. Note that the twoT
matrices are on-shell equivalent. The relative energy of
final nucleon pair is calculated by assuming that particle 2
on-shell, so thatp085Ep82Ep . In Fig. 7 we show a calcula
tion of the cross section~left panel! and square of the ampli
tude ~right panel! in the impulse approximation at the sam
kinematics as in the OPE calculation. The full line is t
result using the modified equal-timeT matrix, the dotted line
is the result when we useTet. The retardation effects ar
somewhat lower than in the case of the OPE, but as th
energies and angles still appreciable, of the order of 10%

In the construction of thek0 dependence it is assumed th
only one of the particles is on the mass shell. Furtherm
the full k0 dependence in the meson propagator is retain
Since this dependence will give rise to spurious poles@4#,
this formalism cannot be applied without modification to t
rescattering contribution. However, the main interest is
effect of retardation in the meson propagator, which may
expected to cancel out in the integration over the three m
mentum in the rescattering loop. Furthermore we have s
that the effect is at most on the order of 10%, and thus
calculation restricting the use on the modified equal-time
proximation to the impulse approximation may be assum
to give a reasonable estimate of the size of these effects

C. Boost effects

In all calculations presented in the previous sections
boost from the center-of-mass system of the NN interact
to the calculation frame were taken into account. This w
done by boosting the NN interaction through the transform
tion ~20!. The effects of this boost are of orderq/M , and
become sizable at higher energies. For example, at the k
matics of the TRIUMF experiment chosen to maximize t
off-shell effects~Tlab5280 MeV, u1512°, u2512.4°! the
boost effects are of the order of 5%. This is in agreem
with the effects reported by Eden and Gari@2#.
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FIG. 7. The result for the modified equal-time approximation compared for a calculation in the impulse approximation just be
pion-production threshold,Tlab5280 MeV, u1512°, u2512.4° as a function of the photon angleug . The left~right! panel shows the cros
section~amplitude squared!. The full line is the result using the modified equal-timeT matrix and the dotted line is the result using th
equal-time approximation. Retardation effects are at most 15% for forward and backward photon angles, but generally of the orde
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V. COMPARISON TO EXPERIMENT

Using the relativistic NN force, we have calculate
bremsstrahlung for the TRIUMF@5# kinematics. In Fig. 8 our
predictions are shown together with the experimental d
The upper plots show the cross section at proton angleu1
512°, u2512.4° ~left! and u1528°, u2512.4° ~right! for
the cross section, while the lower plots are the results for
analyzing power atu1514°, u2512.4° ~left! andu1528°,
u2512.4° ~right!. The theoretical predictions for the com
plete calculation including both positive- and negativ
energy states are given by the solid lines, while the do
line is a calculation including only positive-energy states.
calculations include boost effects. Retardation effects in
NN interaction are ignored. As discussed above, includ
these may increase the calculated cross section by about
for forward and backward angles. The data do not inclu
the normalization factor 2/3.

FIG. 8. Comparison of the calculated cross section~top! and
analyzing power ~bottom! to the experimental data from th
TRIUMF experiment~with Elab5280 MeV!. Two different kine-
matical situations are shown, left:u1512°(14°), u2512.4°, right:
u1528°, u2512.4°. The full line is a calculation including
negative-energy states, the dotted line is with only intermed
positive-energy states.
a.

e

-
d
l
e
g
0%
e

The inclusion of negative-energy states tends to red
the cross section for this kinematics. Since the calculat
with only positive-energy states is in accordance with pre
ous nonrelativistic calculations, the discrepancy between
theoretical predictions and the data remains and is e
somewhat enhanced. Estimates@22,23# have been given for
the contributions from meson-exchange currents. These w
found to be small in the kinematical regions under consid
ation. Thus including these contributions would not expla
the difference between theory and the TRIUMF experime

In Fig. 9 we show the predictions for, respectively, t
cross section and the analyzing power atTlab5500 MeV as a
function of the photon angle, withu15u2510°. The solid
~dotted! curve is the result for the full calculation with~with-
out! negative-energy states included, while the dash
~dashed-dotted! curve is the result for the IA calculation with
~without! negative-energy states. Note that for the impu
approximation the inclusion of negative-energy states
hances the predicted cross section by a factor of 2 as c
pared to the result without negative-energy states, hug
overestimating the net effect of negative-energy states. F
thermore, for the full calculation the effects are of the ord
of 25–30 %, but extend over a larger region of phase sp
and in general are more pronounced than the effects foun
Tlab5280 MeV. Similar large effects are seen in the analy
ing power. On the basis of the low-energy theorem o
would expect the effects of negative-energy states to be
ear in the photon momentum as compared to the lead
order positive-energy state contribution. This is clearly n
the case, since the photon energy atTlab5500 MeV is ap-
proximately twice as large as at 280 MeV. However, fro
the fact that negative-energy states contribute significa
already atTlab5280 MeV we can conclude that at these e
ergies the low-energy theorem no longer is valid and
expansion of the invariant matrix elements breaks down.

In Fig. 10 we show the predictions for the cross sect
and analyzing power for the KVI@6# kinematics, with
Tlab5190 MeV incoming proton energy. A comparison
made with the soft-photon calculations of Ref.@7#. If we
compare our calculation with only positive-energy states
cluded ~the dotted line! to the low-energy calculation~the
dashed line!, we see that at low proton angles, where t
photon momentum is large, the predictions differ subst

te
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FIG. 9. The cross section~left! and analyzing power~right! at Tlab5500 MeV withu15u2510° as a function of the photon angle. Th
solid line is the full calculation, the dotted line is a calculation with only positive-energy states, whereas the dashed-dotted and das
are the result using the IA, respectively, with and without negative-energy states included. For the cross section the effects of
energy states are of the order of 25–30 % in the full calculations. The effects in the analyzing power are clearly larger than for the ca
at Tlab5280 MeV. The photon momentum is of the order of 125–200 MeV/c.
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tially. This indicates that the higher-order terms in the exp
sion of the matrix elements give a significant contributio
At larger proton angles the predictions converge as expec
since there the photon momentum is smaller. The differen
are even more clear in the analyzing power, a feature alre
noted in the discussion of the theoretical predictions for
TRIUMF experiment. Since the higher-order terms in t
low-energy expansion are important, we have calculated
effects of negative-energy state contributions at this ene
The solid line gives the result of this calculation, and if w
compare to the calculation including only positive-ener

FIG. 10. The cross sections~left! and analyzing powers~right!
at the kinematics of the KVI experiment, whereElab5190 MeV! at
various proton angles as a function of the photon angleug . The full
line is the calculation including negative-energy states, the do
line has only intermediate positive-energy states, the dashed li
the soft-photon approximation calculation of Ref.@7#.
-
.
d,

es
dy
e

e
y.

states~the dotted curve!, we see that the effects of negativ
energy states on both the cross section and the analy
power is very small, except for small proton angles. Ho
ever, the accuracy of the KVI experiment may be such t
the effects predicted at smallest proton angles (u15u2
58°) are significant.

It should be noted that although the relativistic OBE i
teraction parameters used in our study have not been
tained through ax2 fit @8,9,13# to the NN data, the resulting
phase shifts are in reasonable agreement with experimen
this connection we expect that a more refined relativistic
teraction might change the absolute predictions somew
but that qualitatively the conclusions about the changes
to negative-energy states and retardation effects as studi
this paper will remain the same. An indication of the infl
ence of modifyingT may be obtained using the paramete
from fit C @8#. The results differ by at most 10% in th
kinematical situation under consideration for the calculat
where only positive-energy states coupling to the pho
were taken into account. The relative magnitude of the
fects of negative-energy states remains unchanged.

VI. CONCLUSIONS

We have presented the results of a study of the effect
negative-energy states in the proton-proton bremsstrah
process. The effects on the level of the impulse approxim
tion are found to be appreciable. The rescattering contri
tion tends to cancel much of the effect which can be und
stood on the basis of the low-energy theorem for prot
proton bremsstrahlung. This is in contrast with the case
Compton scattering where the Z graphs play an esse
role. The cancellation of the effects of negative-energy sta
was shown to result from the antisymmetry of the proto
proton initial and final state. Nevertheless, at higher pho
momenta effects of the order of 20% were found from the
Z-graph contributions. This leads to noticeable effects o
at very particular kinematics forTlab5190 MeV, whereas for
500 MeV the effects show up clearly in the entire kinema
cal regime.
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We furthermore investigated the retardation effects in
NN interaction by means of a simple one-pion exchan
model, and found that these can be appreciable. AT matrix
was constructed to incorporate some of these effects in
single-scattering contribution. Effects on the observab
were found to be of the order of 10%. It would be interesti
to also estimate these retardation effects in the rescatte
diagram. Since the corrections are rather limited in size,
may be done by carrying out a lowest-order expansion of
NN T matrix in the relative energy variable.

We have also made a study of the limits of validity of t
soft-photon approximation by Liouet al., which should work
well at low photon energies. We find in particular that
photon energies of the order of 100 MeV that there is
significant breakdown of that approximation. Comparing
predictions of the considered model with existing experim
tal data, we find that the discrepancies between the non
tivistic theoretical predictions and the TRIUMF experime
cannot be attributed to the relativistic corrections. This is
accordance with other theoretical estimates. Clearly new
more accurate experiments are called for to settle this is
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APPENDIX A: DEFINITION OF SPINORS

The spinors used throughout the article are chosen acc
ing to the convention of Kubis@24#

ul
1~p!5N~p!F 1

2lp

Ep1M
G jl~u,f!,

ul
2~p!5N~p!F 22l

Ep1M
1

G jl~u,f!, ~A1!

whereN(p)5A(Ep1M )/2Ep. These spinors satisfy the fo
lowing normalization condition:

ul
r†~p!ul8

~r8!
~p!5drr8dll8 , ~A2!

which differs from the Bjorken and Drell@25# normalization
constraint in the sense that usuallyū is chosen orthogonal to
u. A consequence of this particular choice is that we n
have

(
l,r

ul
r~p!ūl

r~p!5g0 ~A3!

instead of the identity. Thus whenever we substitute a full
of states for the identity, an additionalg0 has to be included
e
e

he
s

ng
is
e
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e
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e.

rd-
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Using these spinors we can define operatorsLr

[(lul
(r)(p)ūl

(r)(p),

L15
Ep1M

2Ep F I2
2p•s

Ep1M

p•s

Ep1M
2

p2

~Ep1M !2 I2

G
5

Epg02p•g1M

2Ep
,

L25
Ep1M

2Ep F p2

~Ep1m!2 I2

p•s

Ep1M

2p•s

Ep1M
2I2

G
5

Epg01p•g2M

2Ep
, ~A4!

from which Eq.~A3! follows. Due to the normalization con
dition the operatorsL6 are not projection operators on th
statesu6 ~or ū6!. From the normalization it is clear that th
true projection operator isg0L1g0 . However, the single
nucleon propagator can be written in terms of the opera
L, since from Eq.~A4! it follows that

p” 1M5~p01Ep!L1~p!1~p02Ep!L2~p!, ~A5!

and therefore

S~p!5
L1~p!

p02Ep1 i e
1

L2~p!

p01Ep2 i e
. ~A6!

APPENDIX B: CURRENT CONSERVATION

In this appendix we will prove that the nuclear current
defined in Eq.~15! is conserved. For ease of notation w
introduce the continuum two-nucleon scattering state,

C~k,p;P!5@~2p!4d4~p2k!2 iS2~k,P!T~k,p;P!#up,P&.

~B1!

The free nucleon pairup,P& with relative momentump and
total momentumP is given by the antisymmetric combina
tion of two free Dirac spinors. From this scattering state
‘‘amputated’’ scattering state can be defined,

f~k,p;P!5@S2
21~k,P!~2p!4d4~p2k!2 iT~k,p;P!#up,P&.

~B2!

Substitution of this amputated scattering state in
Bethe-Salpeter equation gives
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T~p,p8;P!up8,P&5 i @f~p,p8,P!2S2
21~p,P!~2p!4d4~p82p!up8,P&]

5V~p,p8!up8,P&2 i
i

~2p!4 E d4kV~p,k!S2~k,P!@f~p,p8,P!2S2
21~k,P!~2p!4d4~p82p!#up8,P&

5E d4k

~2p!4 V~p,k!S2~k,P!c~k,p8;P!. ~B3!
ns
e

t-
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The initial and final states are on the mass shell, and co
quently in the first line in Eq.~B3! the second term can b
eliminated usingS2

21(p8,P)up8,P&50. Thus the scattering
state satisfies a homogeneous Bethe-Salpeter equation,

f~p,p8;P!5
2 i

~2p!4 E d4kV~p,k!S2~k,P!f~k,p;P!.

~B4!

The e.m. current operator is assumed to be given by

Gm
~ i !~q!5eFF1

~ i !~q2!gm2
i

2M
F2

~ i !~q2!smnqnG ~B5!

with e.m. nucleon form factors

Fn
~ i !~q2!5Fn

S~q2!1Fn
V~q2!t3

~ i ! . ~B6!

In our particular case the photon is real,q250, and theq
dependence disappears from Eq.~B6!. The current for emis-
sion from particlei then is found from substituting the sca
tering state~B2! in Eq. ~15!, which gives

Jm
~ i !5E d4k

~2p!4 f̄~p8,k8;P8!S~ i !~k8,P8!G~ i !~q!S2~k,P!

3f~k,p;P!, ~B7!

whereP85P2 1
2 q, k85k2 1

2 q for emission from particle 1
and k85k1 1

2 q for emission from particle 2. The contribu
tion with emission of the photon without strong interaction
absent, since the term that would arise from the sandwich
of the photon vertex with the in- and outgoing states v
ishes, and Eqs.~B7! and ~15! are indeed equivalent. Th
Ward identity for the photon vertex is

q•G~ i !~q!5eF1
~ i !@S~ i !21

~k8,P8!2S~ i !21
~k,P!#. ~B8!

In the following we will concentrate on the contributions d
to emission from particle 1; the derivation for emission fro
particle 2 is identical, except for this relative sign. The co
traction of the nuclear current with the photon momentum
given by

q•J~1!52 ieE d4k

~2p!4 f̄~p8,k8,P!S~1!~k8,P8!F1
~1!

3@S~1!21
~k8,P8!2S~1!21

~k,P!#S2~k,P!f~k,p;P!.

~B9!

The homogeneous BS equation~B4! can be substituted forf̄
in the first term of the previous equation
e-

g
-

-
s

E d4k

~2p!4 f̄~p8,k8!S2~k,P!f~k,p;P!

5E d4k

~2p!4 E d4l

~2p!4 f̄~p8,l ;P8!S2~ l ,P8!V~ l ,k8!

3S2~k,P!f~k,p;P!, ~B10!

whereas substitution forf in the second term gives

E d4k

~2p!4 f̄~p8,k8;P!S2~k8,P8!C~k,p!

5E d4k

~2p!4 E d4l

~2p!4 f̄~p8,k8;P!S2~k8,P8!V~k,l !

3f~ l ,p;P!. ~B11!

Applying the transformationk→k1 1
2 q in the second term

and renamingl to k8 in the first term andl to k in the second
term, the result can be written as

q•J~1!5
2 ie

~2p!8 E d4kE d4k8f̄~p8,k8;P8!S2~k8,P8!

3FVS k8,k2
q

2DF1
~1!2F1

~1!VS k81
q

2
,kD G

3S2~k,P!f~k,p;P!. ~B12!

In general the commutator ofV andF does not vanish, even
if the interactionV is local,V(p,k)5V(p2k), due to a pos-
sible isospin dependence. In that case an extra contribu
has to be included which is proportional to the commenta
of V with FVt3 . For the present NN interaction with th
one-boson kernel that contains the isovector mesonsp, r,
andd with isospin structuret(1)

•t(2), the additional contri-
bution is proportional to

@t~1!
•t~2!,t~1!#352i ~t~1!3t~2!!3 ,

@t~1!
•t~2!,t~2!#3522i ~t~1!3t~2!!3 . ~B13!

If the final and initial states, as well as all intermediate sta
consist purely of protons, the commutators vanish and t
the additional terms needed for current conservation are
sent.

In this proof we have made use of the fact that in t
expression for the current and in the Bethe-Salpeter eq
tions the same propagator structure is used. In practical
culations the BSLT approximation was used for theT ma-
trix, while in the integration over the relative energyk0 in
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Eq. ~B7! the equal-time approximation was made. Thus thT
matrices were assumed not to depend on the relative en
in the c.m. system of the protons. Ignoring boost effects
implies that in Eqs.~B10! and ~B11! the propagators tha
arise from substituting the homogeneous BS equation ar
be replaced by BSLT propagators, and instead of Eq.~B12!
we get

q•J~1!5eE E d3k8

~2p!3

d4k

~2p!4 f̄BSLT~p8,k8;P8!

3S2
BSLT~k8,P8!VBSLTS k82k1

1

2
qDS2~k,P!

3fBSLT~k,p;P!2eE E d4k8

~2p!4

d3k

~2p!3

3f̄BSLT~p8,k8;P8!S2~k8,P8!

3VBSLTS k82k1
1

2
qDS2

BSLT~k,P!

3fBSLT~k,p;P!, ~B14!

wherefBSLT, SBSLT, andVBSLT are the scattering state, two
particle propagator, and one-boson kernel with four m
menta restricted according to the BSLT prescription that
relative energy is zero in the c.m. system of the nucleon

In the equal-time approximation the integration over t
relative energy remains. The only dependence on this v
able is in the full propagatorS2 , and writing the propagator
in terms of the projection operators@cf. Eq. ~A6!# the inte-
gration over the contour closed in the upper half-plane gi
for the first term in Eq.~B14!

R k0

ip
S2~k,P!

5 R k0

ip S L1
~1!~k!

E1k02Ek1 i e
1

L2
~1!~k!

E1k01Ek2 i e D
3S L1

~2!~k!

E2k02Ek1 i e
1

L2
~2!~k!

E2k01Ek2 i e D
5

L1
~1!~k!L1

~2!~k!

Ek2E
1

L2
~1!~k!L2

~2!~k!

Ek1E
, ~B15!

since contributions are picked up from the term withL1
(2) at

k05E2Ek and from the term withL2
(1) at k052E2Ek .

The state where particle 1 hasr spin1 and particle 2 has2
~the 12 state! is absent since this has no poles in the up
half-plane, whereas the21 state is absent due to a cance
lation between the contributions from the first and seco
pole. A similar expression is found for the second term
Eq. ~B14!. The BSLT propagator is given by
rgy
is

to

-
e

ri-

s

r

d

SBSLT~p,P!5
1

2
~Ep2E!d~p0!S~1!~p,P!S~2!~p,P!

5
L1

~1!~k!L1
~2!~k!

2~Ek2E!
2

L1
~1!~k!L2

~2!~k!

2~Ek1E!

2
L2

~1!~k!L1
~2!~k!

2~Ek1E!
1

L2
~1!~k!L2

~2!~k!

2~Ek1E!

Ek2E

Ek1E
.

~B16!

Therefore, if we retain only the positive-energy contributio
in both the expression for the current and in the evaluation
the T matrix, the current is conserved.

APPENDIX C: DETAILS OF THE INTEGRATION

In the discussion of the rescattering diagram it was s
that in the equal-time approximation the integration over
zeroth component of the relative internal momentumk can
be done analytically. The resulting amplitude contains th
terms, from each of the internal nucleons being on-shell. T
remaining integral over the the relative three momentumk is
calculated numerically. However, some of the terms ha
poles due to a second internal nucleon being on-shell. In
appendix we discuss how these poles were evaluated.
basic assumption in the following is that these poles are
ficiently far apart to be treated independently, which in t
actual calculations turned out to be the case. A conven
choice is to have the photon momentum define thez direc-
tion, since then the poles only appear in the integration o
u andk.

When both nucleons are on-shell before emission of
photon a pole occurs whenE2Ek50, i.e.,k5p. In this case
the integration overu and f is straightforward, and the re
maining integration is of the form

I5E
a

b

dk f~k!
1

Ek2E2 i«
, ~C1!

with Ek5Ak21M2. If the pole is in the interval~a,b!, this
can be rewritten in terms of a principal value integral plus
residue at the pole. In the principal value integral the va
of the function at the pole can be subtracted. Then the in
gral I can be written as

I5PE dk
f ~k!~Ek1E!22 f ~p!E

k22p2 12E f~p!PE dk
1

k22p2

1 ip f ~p!
E

p
. ~C2!

The first integral can be calculated numerically, since it
completely regular on the intervala,b. The second term in
Eq. ~C2! can be evaluated analytically,

I252E f~p!PE dk
1

k22p2

5 f ~p!
E

p
PE dkS 1

k2p
2

1

k1pD . ~C3!
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The first integral yields

lim
d↓0

F E
a

p2d dk

k2p
1E

p1d

b dk

k2pG
5 lim

d↓0
@ lnuk2pua

p2d1 lnuk2pup1d
b #

5 lim
d↓0

lnS d~b2p!

d~p2a! D5 lnS b2p

p2a D ~C4!

and the second gives

lim
d↓0

F E
a

p2d dk

k1p
1E

p1d

b dk

k1pG
5 lim

d↓0
@ lnuk1pua

p2d1 lnuk1pup1d
b #

5 lim
d↓0

lnS ~2p2d!~p1b!

~p1a!~2p1d! D5 lnS b1p

p1a D . ~C5!

The final result forI2 is given by the subtraction of Eqs
~C4! and ~C5!,

I25 f ~p!
E

p
lnS ~b2p!~p1a!

~p1b!~p2a! D , ~C6!

which reduces to zero fora↓0 andb→`. However, in case
of a general interval~a,b! this term does not vanish.

The other possible pole occurs when both nucleons in
integral are on-shell after the photon is emitted, that is wh

2E2q2Ek2Ek2q50, ~C7!

with Ek2q5AEk
222kqx andx5cosu. Solving Eq.~C7! for

x one finds

xp5
Ek~2E2q!22E~E2q!

kq
. ~C8!

If xp lays in the interval@21,1# a pole in the integration ove
u occurs, and the integrand can be written as a quotien
two functionsf andg such thatf (x) is regular andg(x) has
a single pole atx5xp . Then the integration overx is

E
21

1

dx
f ~x!

g~x!
5PE

21

1

dx
f ~x!

g~x!
1 ipF ~x2xp!

f ~x!

g~x!G
x5xp

.

~C9!

To find the residue numerically it is useful to rewriteg in
such a way that the pole structure becomes apparent by
tiplying both numerator and denominator with 2E2q2Ek
2Ek2q ,

g~x!52E2q2Ek2AEk
21q222kqx

52kq
x2xp

2E2q2Ek1AEk
21q222kqx

, ~C10!

so that the residue is
e
n

of

ul-

Res5
f ~xp!~2E2q2Ek1AEk

21q222kqxp!

2kq

5
f ~xp!~2E2q2Ek!

kq
, ~C11!

where we have used that the pole occurs when Eq.~C7! is
satisfied, so whenAEk

21q222kqxp52E2q2Ek . For pur-
pose of numerical accuracy again a subtraction is applie
the principal value integral, and defining the nonsingular p
of the integrand ash(x)5(x2xp) f (x)/g(x) the result is

E
21

1

dx
h~x!

x2xp
5E

21

1

dx
h~x!2h~xp!

x2xp
1h~xp!lnU12xp

11xp
U

1 iph~xp!. ~C12!

The result of the integral overu can have logarithmic
poles ink. These occur at the values ofk for which

2E2q2Ak21m22Ak21m21q262kq50, ~C13!

that is, wheneverxp561 since then the argument of th
logarithm in Eq.~C12! is zero. The solutions of Eq.~C13!
are

kp
656

1

2 S ~2E2q!AE22m22Eq

E22Eq
6qD . ~C14!

A double pole can occur whenE22m22Eq50, but in ac-
tual calculations this turned out not to be a problem. In
neighborhood of the pole the integrand behaves as

I k5 f p~k!lnuk2kpu1 f r~k!, ~C15!

where f p(k) and f r(k) are regular functions ink. For such
functions a simple Gaussian integration is not possible,
instead logarithmic Gaussian integration can be used, ba
on the fact that

E
0

1

f ~x!ln~x!5(
i 51

n

f ~xi !wn~xi !1E~n!, ~C16!

wherewn(xi) are logarithmic Gaussian integration weigh
for pointsxi , andE(n) is the error made by restricting th
summation ton terms. Thus one has to rewrite the integr
overk as an integration with boundaries 0 and 1. Sufficien
far from the pole the logarithmic behavior of the integra
can be ignored. Therefore the logarithmic integration can
restricted to an interval@a,kp# for k,kp or @kp ,a# for k
.kp with a chosen such that the other poles~either the other
logarithmic pole or the one from theE5Ek! are outside the
integration interval, and the integrand can be written as

I k5 f p~k!lnUk2kp

a2kp
U2 f p~k!lnub2kpu1 f r~k!

5Fp„k~z!…ln~z!1Fr„k~z!… ~C17!

with z5u(k2kp)/(a2kp)uP@0,1#. The functionsFp„k(z)…
andFr„k(z)… are regular on the integration interval, and t
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integration over the first term can be done using Eq.~C16!,
whereas the integration over the second term can be d
analytically.

APPENDIX D: LOW-ENERGY THEOREM
FOR PROTON-PROTON BREMSSTRAHLUNG

We will derive the low-energy theorem for bremsstra
lung of two spin-12 particles in correspondence with the orig
nal work of Low @17#. Consider the contributions in whic
particle 1 emits the photon; the extension to emission fr
both particle 1 and 2 is straightforward. The initial partic
has four momentump, the final particle has four momentum
p8 and the photon has four momentumq. The spectator par
ticle has momentap̃ and p̃8. There are three principal vari
ables on which theT matrix depends. Here we choose the
to be the invariant massMi

2 of the initial particle, the invari-
ant massM f

2 of the final particle, and a third parametern
5pn• p̃1pn8• p̃8 where pn5p2q, pn85p8 or pn5p, pn8
5p81q. Then the following relations hold:

Mi
25~p2q!2'm222p•q, M f

25~p81q!2'm212p8•q,

and definen05p• p̃1p8• p̃8. The matrix element for the
emission from external lines is thus
n
re

al
ne

-

Mm
ext5ū~p8!FeS gm1

ik

2m
smnqnD p” 81q” 1m

2p8•q

3T~M f
2 ,m2,n01qp̃8!2T~m2,Mi

2 ,n02qp̃!

3
p” 1q” 1m

2p•q
e

3S gm1
ik

2m
smnqnD Gu~p!. ~D1!

The T matrices can be expanded around the on-shell va
which up to first order gives the on-shell valuesT0

5T(m2,m2,n0) and derivatives in the argumentsM f
2 , Mi

2,
andn ~which in the rest will be denoted byT1 , T2 , andT3 ,
respectively!

T~M f
2 ,m2,n f !5T012p8•qT11qp̃8T3 ,

T~m2,Mi
2 ,n i !5T022p•qT12qp̃T3 .

Thesmn term can be evaluated with the on-shell propaga
and up to terms of second order in the photon momentum
current is given by
Mm
ext5eū~p8!F S gm2

iek

2m
smnqnD p” 81m

2p8•q
T02T0

p” 1m

2p•q S gm2
iek

2m
smnqnD Gu~p!1eū~p8!@gm~p” 81m!T1

1T2~p” 1m!gm#u~p!1eū~p8!Fgm~p” 81m!
qp̃8

p8•q
T31T3

qp̃

p•q
~p” 1m!gmGu~p!1eū~p8!

3Fgm

q”

2p8•q
T01T0

q”

2p•q
gmGu~p!1O~q!. ~D2!
to
l

To see whether the nuclear current is conserved if o
external diagrams are included, one can contract the cur
in Eq. ~D2! with the photon four momentumqm. The terms
with smnqn andq” are trivially zero, since the photon is re
(q250). The term with no derivativesMm,0 gives also zero,

qmMm,05eqmū~p8!Fgm

p” 81m

2p8•q
T02T0

p” 1m

2p•q
gmGu~p!

5eū~p8!F2p8•q

2p8•q
T02T0

2p•q

2p•qGu~p!50, ~D3!

where we used that (p” 1m)gmu(p)52pmu(p) and equiva-
lently for ū(p8). The sumMm,12 of the terms with deriva-
tives in the off-shell direction,T1 andT2 , gives

qmMm,125eqmū~p8!@gm~p” 81m!T11T2~p” 1m!gm#u~p!

52eqmū~p8!~pm8 T11T2pm!u~p!, ~D4!
ly
nt
which in general is nonzero. The termMm,3 with the deriva-
tive in the on-shell directionT3 is given by

qmMm,35eqmū~p8!Fgm

p” 81m

2p8•q
~qp̃8!T3

1T3~qp̃!
p” 1m

2p•q
gmGu~p!

5eqmū~p8!F 2pm

2p8•q
~qp̃8!T31T3~qp̃!

2pm

2p•qGu~p!

5qm@eū~p8!~ p̃m8 1 p̃m!T3u~p!#. ~D5!

It is clear that in general the current is not conserved due
the terms with derivatives of theT matrix, unless additiona
terms are included,

Mm
int52eū~p8!@2pm8 T112pmT21~ p̃m8 1 p̃m!T3#u~p!,

~D6!
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These terms can be interpreted as internal contributions.
ter inclusion of these internal diagrams only the derivative
the on-shell direction remains. It can be rewritten in terms
the momenta of particle 1 only, usingp̃m8 5]n/]pm8 . Thus we
can define a differential operator@26#,

Dm~p!5S qp̃8

p8•q
pm8 2 p̃m8 D ]

]n
5

pm8

p8•q
qn

]

]p8n 2
]

]p8m .

~D7!

With this operator the conserved current for bremsstrahl
can be written as
en

S
st

B

o
es
f-
n
f

g

Mm5eū~p8!F S pm8

2p8•q
T02T0

pm

2p•qD
1

ik

2m
smnqn

p” 81m

2p8•q
T02T0

p” 1m

2p•q

ik

2m
smnqnGu~p!

1eū~p8!F gmq”

2p8•q
T02T0

q” gm

2p•qGu~p!

1eū~p8!@DW m~p8!T1TDQ m~p!#u~p!1O~q!. ~D8!
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