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Massive Skyrmions in quantum Hall ferromagnets

M. Abolfath 1 Kieran Mullen! and H. T. C. Stoo¥
!Department of Physics and Astronomy, University of Oklahoma, Norman, Oklahoma 73019-0225
2Institute for Studies in Theoretical Physics and Mathematics, P.O. Box 19395-5531, Tehran, Iran
3Institute for Theoretical Physics, University of Utrecht, Princetonplein 5, 3584 CC Utrecht, The Netherlands
(Received 5 July 2000; published 31 January 2001

We apply the theory of elasticity to study the effects of Skyrmion mass on lattice dynamics in quantum Hall
systems. We find that massive Skyrme lattices behave like a Wigner crystal in the presence of a uniform
perpendicular magnetic field. We make a comparison with the microscopic Hartree-Fock results to characterize
the mass of quantum Hall skyrmionsiat 1 and investigate how the low temperature phase of Skyrme lattices
may be affected by the Skyrmion mass.
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I. INTRODUCTION II. SKYRMION MASS

In the last f tonoloaical spin text in th If Skyrmions have mass, this will affect a host of proper-
nH ﬁ ‘i]f’ e\;]v years o_po(;ngca _me b?X ures i%ﬁTehquan'ties, from their tunneling through a constriction to the ther-
tum Hall effect have recelved considerable attention.The 4y namics of a lattice of skyrmions. The rationale for their

existence of Skyrmions can be anticipated within the framehaving mass is that in the starting point for many calcula-

work of the Chern-Simon-Landau-Ginsburg mean fieldijons “the Chern-Simons Lagrangian of Lee and Kane, the
theory? i.e., integrating out the charge fluctuations of the glectrons have mass. After standard manipulatiortsoduc-
composite bosons yields an effective model for the Cherntjon of a CP field, changing variables tm, the local spin
Simon gauge field. The transport properties of the Skyrmiongie|d) one has a continuum theory in which gradients in the
can be extracted through considering the fluctuating Chernspin texture become associated with the charge distribution.
Simon gauge field, which can be derived by expanding thef a Skyrmion moves slowly across the system, this corre-
effective action about its minimum energy solution. One ofsponds to the motion of one quasiparticle. It seems reason-

the leading terms of this expansion is the Maxwell action ofable that the motion of such a texture will involve inertial
the Chern-Simon fluctuating field, e.g.mt/p)=, 352  terms. Questions similar in spirit have arisen in determining

- 13,14
m* is the electron effective mass in a host semiconductort,heRmaSIT_ of vt(;rtlcdegs. ity relation betw the topological
— . . ecalling the duality relation between the topologica
p=1/(2l S) is the average electron densityat 1, andl, g Y polog

. . three-current of Skyrmions and the Chern-Simon gauge
is the magnetic length. field 78 75

. . . . =(v/2 d,A, ight anticipat -
Although a Skyrmion mass is physically reasonable, in u—(vI2m)€,,00,A, one might anticipate a sec

h I minimal field theori& Skvrmi idered ond derivative term in time will appear in the effective ac-
the usua’ minimal field theori YIMIONS are ConsIderead +ioy After integrating out the statistical gauge field one ob-

as massless objects. From the microscopic point of VieWysincin the limit of low frequency and long wavelength
e.g., a microscopic Hartree-Fock approximatidAjt is not

certain if the skyrmions are massit&The resolution of this
ambiguity between the microscopic Hartree-Fock approxi-SE[m]: 1 > (V(k)|J3|2+
mation and the Landau-Ginsburg-Chern-Simon theoon- 2 Ko

sidered in this papgris an open question.

m*
—|352+i aAO(—k)- I5(k)

~ In this paper we apply the theory of elasti¢ftyo inves- ' _ZZan(_k) 2.k 35K) | + Suom + S+ Sropt
tigate the effect of Skyrmion mass on the thermodynamic k
properties of a Skyrmion crystal. We derive the collective (1)

mode dispersion relations for the Skyrme lattices at long

wgvelengths. We then make a comparison with the maSSIe%’here the last three terms are the nonlinear sigma action, the
microscopic Hartree-Fock calculations to reconcile the prézeoman contribution, and a term in the action that guarantees
diction 12°f the Chern-Simon theory with the masslessy,at the Skyrmions obey Fermi statistics. The first term is
models.” In addition, we suggest how the mass of Skyrmi-g|ectrostatic, and involves the Fourier transform of an effec-
ons may be characterized within the microscopic picture. Wgjye interaction potentiaV/(k) including screening by fluc-
also study the stability of the Skyrme lattices at low temperayations in the texture, the second contains the kinetic en-
ture and show that the low temperature phases of thesgrgy, and the third reflects that the Skyrmion experiences the
Skyrme lattices areot affected by including a mass term in original boson as a magnetic flux tube. The constaig an

the effective action, unless the mass is sufficiently large. Wedd integer and arises from a Chern-Simon term that makes
show that the mass of Skyrmions is suppressed by decreasitige system fermionic.

the Zeeman energy, indicating that Skyrmions are massless The Skyrmion current density is related to the spin texture

at zero Zeeman energy. via
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—y as the radius at which the spin lies in te¥ plane. The
Jizgfwy(%mx d,m)-m, relevant potential energy functional of the excitations is ob-
tained by introducing the lattice of equilibrium positions of
where the indices run over time and two spatial dimensionsthe SkyrmionsR;, in an initial lattice ansatz4 is the Car-
The zeroth component is the topological charge density ofesian component of the position of théh Skyrmion, the
the texture, which is proportional to the quasiparticle numbedisplacement fieldi,(R;), and the orientation field of the
densityp(r)=Jj3. If we consider a single Skyrmion texture Skyrmionsé(R;). The result is then
that moves uniformly,J§=J3(x—vt), then it is straightfor-
ward to show that the relation between the Skyrmionic cur- _
rent and their charge density satisfies the usuzl charge con- E[u,a]—gj VolIRi+u(R) = R; = u(R,)[]
servation law, i.e.J*=pv. Then the kinetic term simplifies

to + > J[IR+Uu(R)—R;—u(R))|]
. . . (ij)
> T|JS(|<)|2=§|\/|OUZ, xcod x(R)+ 6(R)) —x(Ry) — B(R)].  (2)

Here the topological hedgehog interaction for a single-

which vyields a transport mass for the Skyrmiohé, Skvrmion lattice is given bvl(R)=cZa/ (472K ( kR
(1) [l p2(r) (2m)>. y g YI(R) =cg/(4m°15)Ko(«R)

~_ 2 - - _
This mass is derived from kinetic considerations. It iswhereg—ge /(2€lo) is the Zeeman energg is the effec

possible that the correct “mass” to be calculated will dependiVe gyromagnetic ratiox”=g/(2mlgps), ps is the spin stiff-

upon exactly what is being measured in a given experimen{1€ss, an&,(x) is the modified Bessel function. In addition,
c is a constant that can be obtained from the asymptotic form

of an isolated Skyrmion and equals 3@.4 For a bi-
. ~ Skyrmion lattice J(R) = —c%g%/(87°13ps)Ko(«R) and ¢
The long range order of the Skyrme crystal is determined=79/2. One should note that and therefore the topological

by the repulsive Coulomb interaction, and the topologicalnteraction between Skyrmion¥R), depend on the local
XY interaction of the hedgehog fields. An antiferromagneticiorm of the Skyrmions.

ordering between the single Skyrmions, within a square lat-
tice minimizes the topological interaction. This can be real-
ized after mapping the topological hedgehog fields of the ] )
charge 1 Skyrmions onto a system of classical dipoles. How- We find the spectrum of the phonons, using the standard
ever, a triangular lattice is favored by the Coulomb interactechnique of expanding the energy functional about its
tion, similar to the Wigner crystals. When the Zeeman enMinima, i.e.,u=0, #=0, assuming the orientational field of
ergy is small enough, the Skyrmions can pair up into charg&kyrmions is frozen out. For the single-Skyrmion ca¢R)
two Skyrmions and lower the total energy of the lattice. IniS positive; hence; — x;= m is the lowest energy state of the
contrast to single Skyrmions where their topological hedgetopologicalXY interaction. For the bi-Skyrmion cad¢R) is
hog fields are analogous to a system of classical dipoles, theegative andy; — x;=0 is the lowest energy state. An esti-
charge 2 Skyrmions mimic a system of classical quadrapolegnate on the total energy of skyrmions shows that the bi-
This favors triangular lattice ordering of charge 2 Skyrmions,Skyrmion configuration is only likely if the Zeeman energy
i.e., a bi-Skyrmion lattice. is very small £10 °). We therefore do not consider this

The low-lying collective modes of a Skyrme lattice con- configuration for the rest of this paper. Expanding the poten-
sist of phonons and spin wave&*?The dispersion relation tial energy in terms of the displacement fieldg to qua-
of these collective modes can be obtained by adding a dydratic order termsgives
namical term to the effective Hamiltonian. This Hamiltonian 1
has been derived in Ref. 9 by a first principles calculation of _ L *
a nonlinearc model, assuming that a specific Skyrmion is E[U]=Eoassict 5 kg‘az %‘; Ua(K)Dap(k)Ug(k), (3)
localized and well separated from other Skyrmions, i.e., the)ov_ )
interact weakly. More precisely, we assume that we can diVith Ecassicthe classical ground state energy of the Skyrme
vide the two-dimensional configuration space iNoegions ~ lattice andD (k) the dynamical matrix
(N is the number of Skyrmionssuch that a given Skyrmion > 2

L . ) . T e
exists in thg region \_/vhere other Skyrrr_nons.are clqse to thelr Dp(k)= - —— Kokt ac[(M+)\)kakﬁ+Mk25a5
vacuum. This condition enables us to linearize the interaction €dc
potential energy among the isolated-Skyrmions. This as- _ 4
sumption may break down if the size of Skyrmionsbe- 7Ky (17 Gap) +OKD] “@
comes comparable with the distance between them. In thishe first term comes from the electrostatic interactions of a
case the next to linear terms in the potential energy may b®igner crystal’ and the others arise from standard two-
significant, and one should take them into account. Roughlglimensional(2D) elasticity theory. The quantita. is the
speaking, this happens R<2\ (R is the separation be- area of a unit cell, whileu,\, andy are the conventional
tween two Skyrmions Here the Skyrmion siz is defined Lame coefficients for a square latti¢8.

Ill. COLLECTIVE MODES

A. Phonons
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Since the effective interaction consists of two terms, i.e., 3

the direct and exchange interactions, the Lampefficients
can be expressed by meanswof g+ uq, N=Ag+\q, and
v=1vyo+ 1. Here 0 and 1 are labels associated with the di- 5
rect and the exchange Coulomb energy. Expanding the ex- .
change terngsecond termin Eg. (2) up to quadratic order in M,
the displacement field, and for the single-skyrmionic square
lattices with only nearest neighbor exchange interactions, we 1
find

c’g |7 05+«R ‘

K=o \[5 = (58 % 05 1 15
T8, («kR) 5
g(e/el)
= — c’g \/E 7/4+3KR+(KR)ZG—KR (50) FIG. 1. The Skyrmion masaM*=27M,/m* = [d?rp?(r)] is
27%a, 2 (kR)? ' plotted as a function of thg factor. The Landau level filling factor

is v andm* is the effective mass of the electron in the semicon-

c?g [m5/4+2kR+(kR)2 _ ductor.
> R (50)

27, (kR)Y2 € the Skyrmion, the Skyrmion mas$ecreaseswith g. This
arises because the mass is proportional to the square of the
Skyrmion density, and agdecreases the Skyrmion becomes
more spread out. Expanding the time dependence of the

Mo=—0.146289, \o=—0.536 199, andy,=—1.560224 complex fieldu(k, 7) in terms of the bosonic Matsubara fre-
(we take the nearest neighbor separation between the Sky(ﬁUencieSwr,:qun/B leads to the fluctuation matrix

mions R=1,y27/|v—1]| as the square lattice constant and
thereforea,=R?). Note thaty=0 for triangular lattices. 5.0 M owZ+ Dy (K) M* wewn+ Dy (K)

The time-derivative part in the action of the displacement nlK)=1 & 2 :
field u consists of the Wess-Zumino term and the kinetic M wewnt Dyx(k)  Mowp+Dyy(k) )
energy of the Skyrmions, which are first and second deriva-
tives in(imaginary time, respectively. Combining these with The action in Eq.(6) is similar to the action of a Wigner
our previous results gives the following effective Euclideancrystal in the presence of a magnetic field. Although this is

action for the low energy spectrum of the displacement fieldas expected, it should be noted that the magnetic field inter-
action is here exactly recovered by the topological Wess-

Y1

We also find that the contributions of the direct interaction to
the elastic constants in units 0&q el ga.) \|1— v|/27 are

1 hB ) . . Zumino term.
Serl Ul =3 ;B kgz o dr{ —ieqpm* weuy, (K, 7)dug(k,7) The contribution of the zero-point energy of the phonons
to the total energy of the Skyrme lattices may be obtained by
—Moéaﬁuj;(k,fr)afuﬁ(k,r) integrating out the quadratic fluctuations un It turns out
thatE= Eclassic+ Eflu where
+uy (K, 7)Dap(K)ua(k, 7], (6)
1
wherew, is the cyclotron frequency of the electron.The de- Eqo=lim= >, >, In{ B2 w_(K)+iwy]
pendence of the Skyrmion mass on the Zeeman energy can pecBB W KeBZ
be obtained by solving the nonlinear differential equation for .
the spin texture of a single Skyrmidand is shown in Fig. 1. X[w. (k) =iwn]} (8)

Note that, unlike the total number of spins participating inand w.. (k) are the phonon frequencies

2 1 *x2 2 *x2 2 2 2
wi(k)=—2M2{m wg+ Mo(Dyy+ Dyy)t \/[m wg+Mo(Dyy+ Dyy)] —4M0(DXXDyy—DXyDyX)}, 9
0

v_vhich. haye been obtaineq by substituting. the analyti_cal con- m* 2 2me? 3u+tN 3
tinuation i w,— w(k) +i4 into the fluctuation determinant. (k)= Vo]t ktacy k“+0O(k?),
The dispersion relation of the phonons consists of a gapped 0 co 0 (10)

mode, as well as a gapless mode. For the former, the gap
starts at the cyclotron frequenay(k—0)=(m*/My)w. and  where¢ is the azimuthal angle of the wave vectoin the
at long wavelengths obeys XY plane. The gapless mode on the other hand obeys
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0.03 figuration is always unstable against the attractive interaction
between Skyrmions, i.e., a single Skyrmion with topological
chargeN is the global minimum of the Skyrmionic energy
functional.

As seen in Fig. 1, the quantum Hall Skyrmions are mass-
/, less atg=0. For the massless case the gapped mode goes to
ks infinity and there is just one gapless mode,

0.01 * 2

2me
* [m—m* wcw(k)]zzﬂ'( €k

+aﬁx+2ﬂﬂk4

— 2me? 5
0 0.1 0.2 03 -2y K +ag
[1-vI €

1
ﬂ+x+§y>@@+ow%,

FIG. 2. The phase diagram for massiead masslegsSkyrmi- (12
ons is shown. The stable region of the square Skyrmion lattices iwhich is identical to the gapless mode of the massive Skyr-
represented by the pointslark region. The triangular lattice is mions. In fact, the long wavelength power-law behavior of
stable in the white region. Fdl—»|<0.01, the square Skyrme the gapless mode is totally unaffected by the mass of the
lattices are unstable. The curve B2\ is shown. The overlap Skyrmions. For both the massless and massive theories, we
between Skyrmions is significant below this curve and the topologithus find thatwo<k3? at long wavelengths, which is consis-
cal interaction becomes strong. tent with the microscopic Hartree-Fock calculatidh€Ex-

perimentally, the mass of the Skyrmions may not be probed

2 re? directly by phonon excitations unless we excite the gapped
Y. ?
wz-(k)Z—z(M— ~sirf2¢ |k3+0O(k*. (11) modes (the cyclotron modgs e.g.,, by optical
e(M* w¢) 2 measurementS. Furthermore, the mass of the Skyrmions

cannot change the melting point of the 2D Skyrmions, since
Within a low Zeeman energy limit, where the mass of theT,, is specified by the elastic constants of the Skyrme lattices
Skyrmion is small, the gapped mode goes toward the highetthe 2D melting point just depends on the interaction energy
energies and the effect of the mass of Skyrmions becomdsetween SkyrmionsReturning to the evaluation of the zero-
less significant. At this limit the prediction of the Chern- point energy of the phonons, the dominant contribution at
Simon theory approaches the current prediction of the microlow temperatures is thus obtained&g =2,/ ® _ (k). Simi-
scopic Hartree-Fock approximation. However, for higherlarly, the average square displacement of the Skyrmions is
Zeeman energies, it is not clear if the prediction of the mi-given by
croscopic Hartree-Fock approximation leads to a single gap- Do (104 D (K)
less mode or if it can support the gapped mode and subse- 4 xx(K) T Dyy
quently the possibility of the existence of a nonzero <u2>:|0kEEBZ how_(K) {2ng[ riw_(K)1+1},
Skyrmion mass to&> The square lattice can be unstable (13
against lattice fluctuations. Moreover, the contribution of the ) ) S )
exchange interaction to the Lameefficients falls off expo- Whereng(x) is the Bose-Einstein distribution function.
nentially (much faster than the contribution from the direct
interaction) and whenv— 1 a triangular Wigner crystal con- B. Magnons

figuration is more favorablia than a square lattice. A similar  Next we consider the spin waves of the Skyrme lattices by
situation arises when eithg/—0 or g—<. Our numerical expanding the energy functional in EQ) also in the orien-
studies show that this instability can be seen for values of theation field . Up to quadratic order, it gives theY energy
filling fraction andg factors that are shown in Fig. 2. The contribution

curve of R=2\ is also plotted. The overlap between Skyr-

mions is significant below this curve and the topological in- 1 5 5

teraction becomes strong. The assumption of weakly inter- E[U'9]=E[U]+§KXYJ d?r|v e(r)|?, (14)
acting Skyrmions may fail within the region below this

curve, and one should take the next to linear topological ~ WhereKyy=J(«R) is the effective stiffness associated with
terms into account. As shown in Fig. 2, fit—»|<0.01,  gradients in the Skyrmion orientations. As shown in Ref. 9,
and for a certain direction df, the gapless mode becomes the effective action for the spin waves also contains a mass
imaginary, implying an instability of the square Skyrme lat- term (A is the moment of inertlaand we obtain finally

tice that is again consistent with the microscopic Hartree-

Fock modeld? The stable region of the square lattice is S [Q]ZJﬁBdTJ d2r<AM
characterized by the dark area and the stable region of the eff 0 ac
triangular lattices is shown by the white ar8at is seen that

the triangular lattice reappears when the Zeeman energy is n @sz)
small enough. Without Coulomb interactions a lattice con- 2 '

AO
+— 2
.0 2ac((m)

(15
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The first term in Eq.(15) is the usual(dynamica) Berry's IV. CONCLUSION
phase of a quantum Hall ferromagnet, whare! is the av- In this paper we have studied a system of two-
erage change in the total magnetization induced by a singlgi

. . S : mensional quantum Hall Skyrmions, starting from a
Skyrmion texture. Note that in principle there is also a CON-~ 1 orn-Simon-Landau-Ginsburg mean field theory. A Max-
tribution from the Hopf term in the effective action for the 9 Y-

quantum Hall ferromagnet, which at the quantum level en_vveII term can be obtained through the gradient expansion of

) . . .. the Chern-Simon action around its minimum energy solu-
sures that the Skyrmion obeys the correct spln—stat|st|c§ ; : ) . oo
ion. This term is responsible for generating the Skyrmionic

relation!® Since both these terms are total derivatives, how- _ . - . \
inertial mass. Away fromv=1 Skyrmions stay in a crystal

ever, the equation of motion_ s not affecte(_i by these term?orm. The long range order of the crystal depends on the
and the long wavelength dispersion relation that fOIIOWSLandau level filling factor and the Zeeman energy. Optical

fio\/n%m;?\(ls)t;umsl O!f[t t? tﬁew(k)zcsk, V\_/rhhere Cst . phonons that are out of phase fluctuations of the Skyrmion
— V8clxy/Ag IS e VElocCily Of th€ Spin waves. The contrl- | yicag gre gapped since Skyrmions carry an inertial mass.

bution from these fluctuations to the total energy of the CIYS=rherefore quantum Hall skyrmions behave like a Wigner

tal is againEq,=Z2&e(k), and the mean square value of crystal in the presence of an external magnetic field. The
the associated fluctuations is inertial mass of the Skyrmions vanishes at zero Zeeman en-
1 ergy. In this situation the optical phonons are highly gapped,
(6)=h >, ———{2ng[Bhw(k)]+1}. (16) and they become inaccessible. We finish this paper with a
keBz Aogw(K) final comment. AtT=0, and far fromv=1, the zero-point
The coupling between the displacement and the orientationgluantum fluctuations of the phonons destroy the long range
fields (u and 6) turns out to be the next to leading order order of Skyrmion crystals. This is the high density limit of
terms and they are therefore neg||g|b|e for our purpose§kyrm|0ns Where the Coulomb interaction is Screened from
These terms lead to interactions between the phonons ardd to In(1f) by the Chern-Simon fluctuations. In this limit,
spin waves, which we do not consider here. As a result wéhe Skyrmions behave like a gas of classical particles, i.e.,
find for the zero-point energy of the phonons and spin waveey are crystallized under high pressures. This allows the
simply Eq=Eg,+Ef,. From Eq.(13), we find (u?)~|1  possibility of observing the reentrance of the solid phase,
— Vl R2/5 at Zero temperature_ We also find followed by the d|Sordeﬂ|qU|d) phase aff =0 whenv is far
(6%)=\2U/Kyy from Eq. (16) where U=1/(2A,). For  €nough from 1.
small values ofKyy and/or large values of) the quantum
fluctuations are severe that the disordered phase can emerge.
For very small Zeeman energy, where a phase transition

from a square single-Skyrmion lattice into a triangular bi- e acknowledge helpful conversations with Herbert Fer-
Skyrmion lattice can be observed! we obtain (6*)  tig, Steve Girvin, and Allan MacDonald. The work at the
~g%4 At the limit of small'g, fluctuations are negligible University of Oklahoma was supported by the NSF under
and the long-range order of the bi-Skyrmion lattices is notGrant No. EPS-9720651 and a grant from the Oklahoma
influenced by the quantum fluctuations. State Regents for Higher Education.
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