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In this paper we emphasize thaixing entropyphenomenon, which is common to both microemulsion and
nucleation theory, and call upon its commonality to both areas to aid in the understanding of both the
replacement free energgnd 1/S factorin nucleation theory. In microemulsion theory the mixing entropy
must be evaluated by the identification of a physically consistemyth scale After a brief summary of
previous work in this direction, we use the same method, in nucleation theory, with the result that both the
replacement free energy factor and th& factor appear in a natural and physically consistent manner.

1. Introduction: Mixing Entropy in Microemulsions system! As a result one cannot appeal directly to Planck’s
constant as a length scale, and some less direct means must be
employed to ensure physical consistency.

An obvious method to avoid this dilemma (at least in
Principle) involves the choice of a length scale for the resolution
of “patterns”, such that when the configurational entropy based
on it is added to the remaining entropy, the sum yields the true
Yotal physical entropy. This leaves the possibility that the length
scales for different models of tlamesystem will be different.

The length scale is therefore not absolute.

A concrete example of these ideas involves a droplet-type
microemulsion and is due to Overbeek and co-workeFsgure
1 is helpful in describing it. On the left we show a droplet-
type microemulsion consisting of drops of water surrounded
by a continuous phase of oil. However the drops are all hanging
from syringes so they are fixed in space. The drops are assumed

The model of microemulsions that we consider is in fact large enough to have the intensive properties of bulk water
referred to as th@henomenological modebut in nucleation 9 gn K /€ prop ’
and the same is true for the continuous phase. A surfactant

. S S ;
theory, it emerges as thapillarity approximation” Its main monolayer that covers the drops is considered to be an

feature is the treatment of mesodomains, e.g., large clusters, . . . .
incompressible, elastic surface, having the same chemical

drops, or mesoscopic entities of arbitrary shape, as fragments otential as it has in a reservoir of pure bulk surfactant. Then

of bulk ph"’!ses having th_e same Intensive properties as th_os he Gibbs free energy of the system on the left is prescribed by
macroscopic phases. It is convenient to begin our discussion

with a summary of the mixing entropy problem in microemul- -
sions as reported in a recent paper by the authors. G = Nygtg + Nty + Nt + oA (3.1)

In statistical mechanics, in the microcanonical ensemble, the
total entropy (physical entropy) of a system is defined in terms
of the number of quantum states of the system consistent with
its macroscopic state (of fixed energy). In the phase space
representation (in the classical or semiclassical limit) this number
of states is associated with a particular volume of phase space
Since, in the semiclassical limit, the dynamical state of the
system is described by a set of continuous coordinates of
position and momentum, it is necessary to introduce a “length”
scale capak_)le of resolving distinct physical states. Fo_r thetotalqan adopt a continuum of configurations with which mixing
entropy, using the phase space representation, there IS a r.'atu'raéntropySmX will be associated. The full free energy of the
length (of acnyon) scale that serves this purpose. This Is of unconstrained microemulsion can then be expressed as
course Planck’s constant that measures the extent (in one degree
of freedom) of a particular state. — _ .

The phenomenological model within which mixing entropy G = Nyg + Nottp + Nyt + 0A = TSy (1.2)
or configurational entropy (forming only part of the total
entropy) is defined requires it to be evaluated within configu-
ration space alone and not within the full phase space of the

An important goal of this paper is the use of the identity of
the phenomenological models used in both microemulsion and
nucleation theory to arrive at a natural solution of the much
discussed issues (in nucleation theory) known as the replacemen
free energy factdrR and the 1% factor!=3 Actually, the
replacement free energy issue appears in microemulsion theor
in connection with the evaluation of tmgixing entropy*° and
this evaluation suggests a means for deriving Id#nd 15in
nucleation theory. The solution depends upon the determination
of the fundamentalength scalé that must be used in the
evaluation of apart of the total entropy of a system, a part
that, because of the model, must be evaluatezbirfiguration
or coordinatespace wheregshysicalentropy is defined iphase
space.

whereus, uz, andus are the chemical potentials of pure bulk
oil, water, and surfactant, respectively, adgd Np, andNs are
the corresponding total numbers of oil, water, and surfactant
molecules in the microemulsion phaseA is the interfacial
free energy witho the interfacial tension and the area of the
total oil—water interface. All interactions between oil, water,
and surfactant are accounted for by the interfacial free energy.
If the drops are released from the syringes that immobilize
them, so that the picture on the right of Figure 1 applies, they

It is important to realize tha8yx is definedand makes its

appearance because of the nature of the model.
It should be noted that, if the drops in Figure 1 are of different
fPresent address: Van't Hoff Laboratory, Utrecht University, Padualaan Sizes (.p0|yd|8perse)’ only t_hoseaniesae COUld (acco_rdlng to

8, 3584 CH Utrecht, The Netherlands. the Glbb.s—Thomson relatio) be in eqU|I|br!urn with thg _
® Abstract published ilAdvance ACS Abstractdfay 15, 1996. surrounding phase. However, entropy of mixing, when it is
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Figure 1. Schematic of a polydisperse globular microemulsion. On
the left, the drops are immobilized on “syringes”. On the right, the
drops are free to assume a continuum of configurations.

large enough, offers the possibility of stabilizing th&al system
by reducing the system free energy. This collective phenom-
enon can be employed as one means of defining the mesoscop
regime for drops or other small systems.

In the simple case in which there argdrops, all of the same
size, one might first think of evaluating,x by calculating a
configuration integraky corresponding to the continuum of drop
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for Snix. If, for example, we are dealing with drops, as in Figure
1, we would represent theontinuumof configurations by the
configuration integralZy, the number of configurationE(l)
would be given by eq 1.3, anBl,ix, by eq 1.4. Equation 1.3
can be substituted into eq 1.4, and the result into eq 1.5, to
yield an equation whose solution gives the valud.of est it
be overlooked, it should be mentioned that, in the method just
described, referral back to phase space is implicit in the use of
the exact system partition function or, equivalently, the use of
the exact free energy. Of course there are very few examples
in which these quantities are known exactly, but it turns out
that there are significant situations in which they can be
iﬁ(cestimated with good precision, and we return to this subject
ater.

2. Analysis of the Length Scale

The method implicit in eq 1.5 has been used, in ref 6, to

configurations, but as indicated earlier, it is then necessary to study the entropic length scale in several systems and under a

convertZy to a pure numbeF through division by the volume
I3 wherel is some length scale. Then
[ = Z/n % (1.3)

Division by ng! removes configurations obtained by merely
permuting identical drops. The “entropy of mixing” is then

Su=kinT (1.4)

Even if | can be determined, the problem is not completely
solved. InG', corresponding to the left of Figure 1, all of the
degrees of freedom of thé, + N, + Ns molecules in the system
have already been utilized, at least in part. In proceeding to

variety of conditions. These studies involve simple ideal cases
wherel can be determined exactly and more realistic cases where
it can only beestimatedn a reasonably accurate manner. The
simple cases involve models for thermodynamicailpsed
spherical drops and one-dimensional systems of hard rods. An
important conclusion derived from these studies with simple
systems is that the length scale can depend very sensitively on
the model. The closed drop models had been studied éérlier
within the context of the replacement free energy problem,
although not from the perspective of the mixing entropy
phenomenon, and a replacement free energy correction to the
nucleation rate of the order a factor of*Mas derived in place

of the more dramatic factor of 1% originally suggested by
Lothe and Pound. Below, we shall also arrive at a factor of

the system on the right, the same degrees of freedom must be; by invoking the mixing entropy, but this should not be

further utilized and care must be taken to ensure that, in the

evaluation ofZp, they are not used redundantly.

At this point it is convenient to mention some features of
Snix that we shall address in further detail later. The first
concerns the issue pblydispersityand its effect on the mixing
entropy. In the example to which egs 1.3 and 1.4 refer, the
drops were monodisperse. However, if they were polydisperse

viewed as a confirmation of the method used in ref 10. That
method arrived fortuitously at a correction of the proper order
of magnitude because of the size of the drop that was considered.
Had it been applied to a sufficiently large drop, it would have
predicted an even larger correction than thé8 4 Lothe and
Pound. In reality, thelosedmodel upon which it was based

'could not represent an actual drop in contact with vapor since

the different-sized drops could be permuted among the syringesg, actual drop is ampensystem! The same is true of the

to yield distinct configurations and therefore some mixing
entropy. This would be achieved without allowing the drops
to occupy a continuum of positions. Allowing the continuum
would lead to an even larger mixing entropy. Later, we shall

demonstrate the interesting result that the entropy associateqength scale could not be obtained

with the permutation of drops among syringéetermineghe
polydispersity, i.e., thehapeof the size distribution while that
associated with the continuum of positions determine$iéight
of the distribution, i.e., the drop population!

What strategies are available for the determination of a length

scale consistent with the phase space definition of entropy? The

most direct and reliable approach would involve a method that

refers the problem back to phase space where the definition of

entropy is unambiguous. Although this method cannot always
be applied with precision, it offers a starting point where things
are well defined. To explore this approach, assume that we
are somehow in possession of teactpartition function, or
what is the same thing, in possession of @xactfree energy
of the system. Denote this free energy Bixac: Then
substitutingGexactfor G in eq 1.2 and solving fo8yix, we find

S‘nix(l) = (l/T)(NLul + Nz“z + Nsus +oA— Gexac)

where we have indicated th8tx depends on the length scale

(1.5)

mesophases found in microemulsions; they are apen
systems.

In ref 6 open models representing microemulsions were
examined. However, for these systems an exact result for the
Instead, a very good estimate
could be made. The estimate was based on what might be called
a “fluidization” of a lattice or cell model in which the cells
were restricted to single occupancy by molecules. Lattice
models, based on almost single occupancy, have been success-
fully applied to the study of microemulsioA512 However, the
model used in ref 6 was not the strict lattice model that
ultimately corresponds to a solid but was truly representative
of a fluid. Among other things, the system of cells was a
nonunique array of singly occupied pseudocells whose useful-
ness lay chiefly in its ability to provide a visual aid as well as
a framework for discussion. In addition, real fluid partition
functions were involved in the estimate. The reader is referred
to ref 6 for further details.

The length scale estimate derived from this study was

|=003=)p (2.1)

where [20is the average volume per molecule in the micro-

I. To make further progress we need a more detailed expressioremulsion and is the average number density. This value for
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to this schematic model only as a means of clarifying the
essential physical picture that we have in mind and not as a
guantitative tool. Our goal is to render the use of the length
scale result, obtained with greater rigor for the microemulsion
case, both plausible and reasonable. Once that result is accepted
it becomes unnecessary to concern ourselves with such standard
replacement free energy problems as those associated with
B i continuous translation and rotation of the drops (clusters). These
processes are automatically accounted for in the evaluation of
i the fluid partition functions corresponding to the phenomeno-

[ H ] logical or capillarity approximation model. For the details of
—:H 1 1 this argument the reader is again referred to ref 6.

Figure 2. Lattice version of a supersaturated vapor. Isolated shaded ~AS indicated above, in the microemulsion case, all species
cells contain single vapor molecules, each free to move through its had comparable molar volumes. In that case (see ref 6), the
cell. Shaded clumps of cells are schematic representations of liquid step leading to the mixing entropy involved the permutation
drops. Each cell in a clump is singly occupied. (subject to constraints) of the oil and water molecules among
the various cells. In this way it was possible to move whole
mesodomains and even change their shapes (again within the
8onstraints).

The same thing can be done with the “drops” of Figure 2.
For example, the drops can be “moved” by permuting their
molecules among the cells. However, these permutations must
e limited to those that preserve the size and spherical shape of

; S . - each drop. Furthermore, the vapor molecules must not be
Constraints limit the number of allowable permutations of oil i .
allowed to aggregate to form new drops; otherwise, the

and water molecules and therefore reduce the mixing entropy. requirement that we are dealing withparticular distribution

However, a larger Ie_ng_th scale also leads to a redu_ced entr(_)pyof drop sizes will be violated. These are the constraints to which
and can therefore imitate the effects of constraints. It is .
the permutation must conform.

:gaer;stlsncgltg ?(;)rtetrt]gatr;ir;(ianlacgnct)rfocon?;:etr;]seusmﬁgroceenrqrﬂlnsgigotr:\e It is obvious that, in order to move whole drops of fixed
9 Y Py ) . ._density by permutation, the cells must have volumes equal to
counterpart of the replacement free energy issue in nucleation : .
; . . the molecular volume of a molecule in the drop, i.e., to the
theory. For further details the reader is again referred to ref 6. L . .
molecular volume of the liquid. We notice that at the same time

Reference 6 Ils_ts severgl qualifications undgrlymg the validity this restriction does not prevent the vapor molecules from being
of eq 2.1. We will only discuss the one that is fundamental to permuted

the transfer of ideas to the nucleation problem, namely, the o . .
e . . This simple argument makes it extremely plausible that the
qualification that eq 2.1 is generally only valid when the molar ) .
length scale for the permutation, and therefore for the mixing

volumes of all components in the system are of comparable ntropy, is again given by eq 2.1 with the proviso thiis

magnitude. In the case of nucleation, say in a supersaturate - -
o . he molecular volume of the liquid. It does seem possible to
vapor, the liquid drops (clusters) play the role of the disperse .

; . . increase the rigor of this claim, but we leave such further

phase (e.g., water droplets) in a microemulsion and the -
- : analysis to a later paper.

surrounding vapor plays the role of the continuous phase (e.g.,
oil) in the microemulsion. Clearly the molar or molecular
volumes in the drops and the vapor are vastly different so that
eq 2.1 would not appear to be applicable. However, it is o o )
possible to advance a strong plausibility argument to show that, The so-called “equilibrium distribution” of clustefs' in
when the molecular volumes are so vastly different, eq 2.1 is nucleation theory is usually obtained through an application of
once again valid, provided that the length scale is chosen to bethe “law of mass action”. The most popular procedure for
that of thedenserphase, i.e., the molecular volume of the liquid. applying mass action refers the problem tosheuratedvapor4

the scale was much smaller (orders of magnitude smaller) than
many other scaléghat had been used previously and had been

chosen on a somewhat ad hoc basis. The length scale prescribe
by eq 2.1 is the more fundamental, but some of the larger more
heuristic scales could be reconciled with it, approximately, by
considering constraints imposed on the average curvature of th
oil—water interface and on the total area of that interface.

4. Derivation of the Factor due to Replacement Free
Energy

We address this issue in the following section. However, in reality, there is nothing wrong with performing
the analysis entirely within theupersaturatedvapor in ac-
3. Lattice Gas Argument for the Length Scale cordance with the earlier custom. Referral to the saturated vapor

is convenient when the vapor i®nidea since in that case
activity coefficients must be introduced, and these cannot be
asily measured in the supersaturated vapor. Since we shall
e concerned with ideal, or nearly ideal, vapors we shall take
the simpler route and perform the analysis in the supersaturated
vapor.

For the proper application of the law of mass action, it is
necessary to have an expression for the chemical potential of a
drop. Usually we are concerned with a dilute “solution” of
drops and the time-honored expression for the chemical potential
of a component of a dilute solution is

Figure 2 is a lattice-cell model representation (schematic) of
a supersaturated vapor containing a fixed distribution of drop
sizes. The drops are represented as approximately sphericag
clumps of molecules (singly occupied shaded cells), while the
vapor molecules lie in the singly occupied, isolated shaded cells.
This model is very similar to the model employed in arriving
at the estimate, eq 2.1, except that it is a strict lattice model
whereas in the microemulsion case the array of singly occupied
cells did not constitute a periodic lattice and, in fact, was
nonunique. As mentioned earlier, it was introduced primarily
as a visual aid and for its value as a tool in the organization of
the argument. u=u(T,p) +KTIn X (4.1)

The reader should not assume, because of our reference to a
strict lattice modelthat we are using this model to develop the whereX is the mole fraction of the component in question and
“length scale” theory for the nucleation case. In fact, we refer u°, dependent only on temperature and pressure, is the chemical
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potential in the standard state. For the case of a drop, the taskand substitute eq 4.6 into this relation. The result for the size

before us is the specification af.
We begin by rewriting, for the nucleation case, eq 1.2. We
find

Nva;#vap+ Nn(n/"qu + Oan) - TSnix (4-2)

n=

vagHvap

in which Nyap and Njiq are the total numbers of molecules of
vapor and liquid in the system ang, and uiq are the
corresponding chemical potentials of single moleculdgand

a, are, respectively, the number of drops (clusters)nof
molecules in theparticular distribution and the surface area of
a drop ofn molecules.

The next problem is the specification &hix. We note that,
since the assembly of drops is dilute, the configuration integral
Zgis simply [Th=2(V)NwhereV is the total volume of the system.
Then forT" in eq 1.3 we can write

(VIv)™
N,

(4.3)

n=,

where, for simplicity, we have written for 0= 13 and N,!
compensates for the indistinguishability of drops of the same
size. Substitution of this relation into eq 1.4, and the result
into eq 4.2, gives

G= Nvapuvap + Nn(nﬂliq +oa) —

n=

(VIv)™
N,!

KT El[

(4.4)
Un is now computed as follows:
G N
Un == =nu;, + oa,+ kTIh—=
n (aNn)NvapNn',T,p a % Vv
anvap
N, + oa, + KTIn ——— (4.5)
a an I\Ivapvoliq

where pyap and pjiq are the densities of vapor and liquid,

distributionnN, is

Piiq

Nn = (P_) Nvap GX% - %—[n(ﬂliq - /"vap) + Oaﬂ]}

va|
PigPl 1
— liqvap
~ e Nvap exp{ o _T[n(:“liq o ﬂvap) + Oan]}
©) k
PvapPvap

Piig 1
= _Nvap
Pl >

= 1-4Nvap exr{ - %—[n(ﬂliq - /’tva;) + Oaﬂ]}

where the subscript (e) refers to the saturated vapor and where

eXF{ - %—[n(ﬂliq - /"va;) + 0an]}

(4.9)

g= Puep (4.10)
(e)
Pvap
is the supersaturation and
=P (4.11)
(e)
Pvap

is the factor due to the replacement free energy, an interpretation
that is clear since the factor in square brackets in the last form
of eq 4.9 is the classical expression for the equilibrium number
of clusters of sizen (which, interestingly enough, would have
been our full result if forlz0= v we had used the molecular
volume in the vapor instead of the molecular volume in the
liquid). Thus bothRand 16have their origins in the inclusion
of themixing entropyin the theory, a fact which shows that the
problems in both the nucleation and microemulsion fields are,
in essence, identical except that they go by different names.
Even more important is the fact that both the replacement
factor and the B factor arise naturally when the full mixing
entropy is taken into account. The replacement factor prescribed
by eq 4.11 is on the order of 4@ather than the 18 suggested
by Lothe and Pound! The analysis in ref 10 arrived at a value

respectively, and where we have assumed (as is actually theof R having the same order of magnitude but, as explained

case) thalNyap = pvapV. Since the total number of molecules
in the system (counting drops as molecules) is almost indistin-
guishable fromNyap we could writeX, = Ny/Nyap and eq 4.5
could be expressed as

Pvap

+ KTIn X,
pl|q

Un = |Nityiq + 0@, + KT In (4.6)

from which it is clear, by comparison with eq 4.1 that

Pvap

Un” = Njg + 03, +kTIn o
iq

4.7)

This differs from the standard result in classical nucleation
theory by the logarithmic term involving the ratio of the
densities. That logarithmic term is a direct result of the inclusion
of the full mixing entropy, a quantity that, as we shall see, is
partially omitted from the classical theory.

To obtain the cluster size distribution we now employ the
law of mass action in the form

i = My (4.8)

earlier, this agreeable result was fortuitous.

Now we turn to the question concerning the relation of mixing
entropy to bottpolydispersityandpopulation,a question raised
earlier in connection with Figure 1. We will prove (referring
to Figure 1) that polydispersity is controlled by the mixing
entropy associated with the permutation of drops among the
fixed “syringes” while the height of the size distribution (drop
population) is determined by the mixing entropy associated with
the continuum of positions available to drops not immobilized
on syringes. We consider single-component polydisperse drops
such that there arld,, of them consisting ofi molecules. We
rewrite I, prescribed by eq 4.3, in the form

VNd

NN
N,

N,!

r (4.12)

n=

whereNy is the total number of drops. It is clear that, the

first factor in parentheses, is the part of the mixing entropy

obtained by merely permuting the drops among the syringes
while Ty, the second factor in parentheses, is the remaining part
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of the mixing entropy associated with the continuum of positions lattice. Our plausibility argument is in some ways a restatement
to which the configurational integra™: corresponds. of Kikuchi’'s theorem and the two results are mutually reinforc-
The mixing entropy i« In T'; + kIn I'; so that the free energy  ing.

of the system is 5. Conclusion

_ _ _ This paper has featured several issues. Animportant feature
G r;nNnu”q + Noagttvap + O;N”a” KTIn T is the demonstration that the mixing entropy problem in the
KTInT, (4.13) field of microemulsions is essentially identical with the replace-

ment free energy problem in the field of nucleation. Another
. . L important feature is the demonstration that both the replacement
In view of eq 4.12, this equation is really the same as €q 4.4, 504 18 factors arise naturally when the mixing entropy is
but we can now ftruncate it by retaining only one of the ncjyded in the theory. Still another feature is the resolution of
logarithmic terms. If we retain the term Iy, only that portion the mixing entropy into two typesyringe-fixedentropy and
of the mixing entropy involving the permutation of drops among  ¢ontinyumentropy, and the demonstration that the first type
the syringes will be involved. Then, using the truncated eiermines polydispersity while the second type determines the
expression, we can repeat the steps contained in eqgs 4.5, 4.8yeight of the drop size distribution. Finally, we have shown
and 4.9, recalling that that the classical theory of nucleation is recovered if the length
scale is taken to be the cube root of the molecular volume in
Ng= ) N, (4.14) the vapor rather than the cube root of the molecular volume in
n= the liquid. The authors hope that these various demonstrations
will generate concensus in the discussions concerning both the
to obtain replacement free energy andsl/
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