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Solid—liquid interfacial free energy of small colloidal hard-sphere crystals
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Using free-energy calculations on small crystalline clusters, we estimate the free-energy ggnsity

for the solid—liquid equimolar interface of a system of hard-sphere colloids. By studying the
behavior of a crystallite at coexistence, we determine the dependengg afn the radius of
curvature of the interface. An extrapolation to infinite radius of curvaftiee interface, yields
vs(R—»)=0.6143), in good agreement with recent numerical estimates. Subsequently, we
consider the dependence of the interfacial free-energy density on the degree of supersaturation. Our
simulations suggest that thgs, associated with the equimolar surface is fairly insensitive to
changes in supersaturation. @03 American Institute of Physic§DOI: 10.1063/1.1607307

Work is needed to create an interface between two disnored. In fact, it is not easy to disentangle the dependence of
tinct phases. The interfacial free-energy densjtyneasures yg. on RandAu. The reason is that, in experiments, infor-
the required amount of reversible work per unit of interfacialmation about the surface free energy of a small nucleus is
area. In the literature, most discussionsyoffor fluid—fluid ~ obtained by fitting measured crystal nucleation rates to the
interfaces: the surface tensiofocus on interfaces between corresponding CNT expressidf. However, such experi-
thermodynamically stable phasésee, e.g., Ref.)1Yet, in  ments only yield information about the value g§, for one
many cases we need to estimate the free energy of an intguarticular crystallite size, namely the critical nucleus. As the
face that separates two phases that are not in thermodynansapersaturation is varied, the size of the critical nucleus
equilibrium. For example, knowledge of the interfacial free changes. Hence, any variation in the measured valug;pof
energy is required in classical nucleation the¢BNT) to  may be due either to an intrinsic variation of the surface free
predict the free energy barrier for the formation of nucleus ofenergy with supersaturation, or to a variationygf with R,

a new phase from a metastable parent phase. Here, and time radius of the nucleus, or both. To complicate things even
what follows, we consider crystal nucleation, but the analysidurther, we have to define what we mean by the radius of the
for liquid—vapor nucleation, should be similar. crystal nucleus. In what follows, we take to be equal to

According to CNT, the Gibbs free energy of a nucleus ofR,, the radius associated with the equimolar dividing sur-
N solid particles in a homogeneous, supersaturated liquid iace, i.e., wedefine Rthrough Eq.(2).! Of course, the physi-

_ cal properties of thécrysta) nucleus do not depend on our

AG=ysA=N[Aul, @ choice of the dividing surfackIn fact, it is often more con-
where A is the area dividing solid from liquid and u venient to choose the radius of the droplet to be equito
= Msol— Miig IS the difference in chemical potential betweenthe radius of the “surface of tension.” However, in the
the two phases. If we assume that the crystal nucleus igresent case, there is a good reason to priefeover Rs.
sphericalandincompressiblewe can write The equimolar dividing surface is defined such that, by con-
struction, the number of particles adsorbed in the surface is

N=3mR%ps, 2
zero (for a one-component systenTherefore,
wherepg is the number density of the bulk solid phase at the
coexistence pressure, ardis the radius of the sphere. The dy
CNT approximation for the free energy associated with the @:0' 4)
formation of a spherical crystal nucleus of radiRsthen
becomes This suggests that, for an incompressible nucleus, the surface
A free-energy density does not depend on the supersaturation.
AG(R)=47R?yg — —R3pdApul. (3)  If this is true, then it should be possible to superimpose the

3 curves ofyg versusN that are determined at different su-

We stress that Eq3) is an approximation of the more gen- persaturations.

eral form for the Gibbs free energy of a spherical crystaflite. In the present paper, we analyze the shape of the free-

Apart from the fact that the crystal nucleus is assumed to benergy barrier for crystal nucleation of a system of hard col-

incompressible, the dependence gf, on the size of the loids at various degrees of supersaturation. We computed

nucleus and on the degree of supersaturation is often igAG(N), the Gibbs free energy of a crystal nucleus contain-
ing N particles, as a function oN, using the techniques

aE| N . described in Ref. 5. From Ed1) it follows that we can
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FIG. 1. Crystal nucleation barrierAG) as a function of the number of
particles in the nucleugN) for a hard-sphere colloids at coexistenee
=11.5KgT/c®].

FIG. 3. Snapshot of a typical thermalized crystalline cluster made 1df0
AT=AG—NApu. ) solid particles.

Using Eq.(2), we can then express the interfacial free-energy
density ys, a$

AT [ pg\ 2R (N)=y,.+ 2+ (8)
’YSL:(4W)13(§) N-23 (6) Vsl Yoo NIB T NZB

Before computing the surface free enerav of a crvsta We stress that small crystalline clusters fluctuate wildly
puting oy Y see, e.g., Fig. )3 But this does not exclude the use of Eg.

|

nucleus in a supersaturated solution, we studied the free e|(1 .
I, o . (8), as long as the average shape of the particle does not

ergy of a crystallite in a liquid at coexistence. Under those L . . )
o . . depend on its size. In the present simulations, we find that,
conditions, the free energy is exclusively due to surface

terms. We computedG for clusters containing up ti on average, the crystal nuclei are spheri@akimilar struc-
— . ; ture has also been observed in a Lennard-Jones sfstem
=220 solid patrticles.

Figures 1 and 2 illustrate the result of these caIcuIationsYet’ to give a simple, intuitive interpretation of E@), it is

Specifically, Fig. 1 depicts the nucleation barrier itself, andconvenlent to consider a faceted crystallite. In that case, the

; . 1/R term in the surface free-energy density is associated with
Fig. 2 shows howyg, depends on the nucleus size. Curva- )
: . . the presence of edges between different crystal faces. The
ture corrections can be incorporated into the theory by as: ~, : . . )
. ) 1/R“ term is associated with the presence of tfireed num-
suming the functional form : . .
ber of) vertices where three facets meet. Fluctuations in the
_ Y1 Y2 cluster shape will lead to quantitative changes in the edge
Ysu(R)=yx+ E"' RrR? (@) and vertex free energy, but qualitatively, the terms remain
similar.
Fitting the numerical data in Fig. 2 with E¢B) we ob-
tain y,=0.6163), a=—0.18(3) andb=1.494). We note
that v, is in good agreement with recent numerical
[ ' - g ' T estimate$.It is interesting to notice that for clusters of a few
b hundred particles, the Rf term is larger than the &/ cor-
0.81- § T rection. This indicates that “vertex” effects dominate, at
9 : least for small clusters.
075 4 - Next, we consider the dependenceyaf (N) on super-
A | saturation. In Ref. 5, we reported nucleation barriers for dif-
5 ferent supersaturation& = —0.34, A= —0.44, andA u
=—0.54.
% I In this case, we should use E&) to deduce the surface
0.65- : . free energy from the computed nucleation barrier. However,
s this procedure requires some care. The reason is that, in the
akl ; L : ; simulations, we use a geometric criteri@ee Refs. 5 and)9
-0 50 100 N 150 200 250 to identify the particles that belong to the crystal nucleus.
However, the number of crystalline particles thus determined
FIG. 2. Interfacial free energy density) vs crystal nucleus size\) as ~ need not b_e equal to the numk_’er of pamCl_eS_' that _belong to
obtained from Eq(6). the cluster in the thermodynamic sense. This is not important

or equivalently
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&
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FIG. 4. AT* and the relativey§, as a function of nucleus size for two different values of the corrective parameter

for the calculation of nucleation rates, as these are indepen- As can be seen from Fig. 4, small variationsdtave a
dent of the precise definition of crystallinity. It is also not pronounced effect on the effective surface free energy. Visual
important for the computation ofg, for the critical nucleus inspection shows that a choice af near 0.87 effectively
as, in this case, we can expregg_in terms of the barrier eliminates any linear dependence of the surface free energy
height and the Laplace pressdPeHowever, for arbitrary density yg, on N.
cluster sizes, the computation of, does depend on the We note that the accuracy of our analysis is limited by
definition ofN. In principle, the definition of the “thermody- the statistical errors in the computed free energy barriers
namic” N is straightforward: it is simply the coefficient of (~1KgT). Moreover, our simulations were limited to rela-
A in Eg. (1). Once this term has been subtracted fromtively small clusters. Hence, we cannot probe the truly
AG(N), the remainder can no longer contain terms of ordemsymptotic largeN behavior. Surprisingly, forx=0.87 all
N and the estimated value gk (N) should be independent the corrected surface free energieE* (N) seem to overlap
of N for large clusters! However, if we assume that the [Fig. 4(b)]. No such collapse is observed if we choose, for
geometric and thermodynamic definitions Mfare equiva- instancex=1.2[see Fig. 4a)]. This finding suggests that, at
lent, then we find that, for largh, the apparenys,depends |east in the largeN limit, the surface free energy hardly de-
noticeably onN. In what follows, we make the assumption pends on the degree of supersaturation. We stress that this
that the thermodynamic cluster sizN+) is proportional to  result is nota priori obvious because we made no assump-
the geometrical cluster sizeb\lg)i12 tion about the surface free-energy densities. In fact, even a
9) slight inconsistency in the analysis of the data—for instance,
by making the assumption that the solid is incompressible in
where the constank is to be adjusted to makes (N7)  Eq.(1), but not in Eq.(2)—results in a failure of the/% (N)
independent o\, for large Ny. Then our expression for curves to collapse.

NT%CYNQ,

the surface free energy becomes To extract some more information on the asymptotic re-
AT* =AG—NaAp. (100 9ime, we plottedy§ (N) as a function o~ (Fig. 5). If
the N dependence of the surface free-energy density is of the
The corresponding interfacial free-energy density is form given by Eq.(8), then all curves should be parabolic.
AT* Moreover, if yg is truly independent ofAw, then the curves
y’s‘,_=m. (11 should collapse onto a single master curve. As can be seen

from Fig. 5, the collapse of theg (N) curves is far from
Figure 4 showsAT* and y§, as a function of the nucleus perfect. To be more precise: the curves do converge in the
size at different supersaturations for two different choicedargeN limit, but there the statistical inaccuracy in the barrier
of a. calculation makes it difficult to analyze the functional form
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compared. Our estimate of the equilibrium interfacial free

075f_ . | energy density isys =0.6163), in good agreement with

' o=0.87 ’ : previous numerical works. We discuss how the simulation

I ; " ] data can be used to estimate the “thermodynamic” number

. of solid particles in the nucleus. Using this procedure, we

i S § ] find that the interfacial free energiésl’(N) of systems at

2 different supersaturations can be made collapse to a unique
curve. Our findings suggest that, within the classical nucle-

~Au= 0. | ation theory framework, for sufficiently large nuclei the in-

° Ap=-0.34| terfacial free energy density is independent of supersatura-

I i“f:g;j ] tion; however, more accurate barrier calculations and larger

fo=rih nuclei must be considered in order to have a more complete

e =l 03 understanding of this last point.
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FIG. 5. v (N) as a function oN~3,
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v With decreasing critical nucleus size, rather than by thegR_ L (Davgchack and B. B. Laird, Phys. Rev. Le5, 4751(2000.
Intrinsic variation ofys, with Ap. . o °P. R. ten Wolde, M. J. Ruiz-Montero, and D. Frenkel, J. Chem. Pty.
To summarize, we have computed the interfacsalid/ 9932(1996.

quuid) free energy of a system of hard sphere colloids usingm'” this case, we do not determine the surface tension of the equimolar
. - . . . surface, but the one associated with the surface of tension.

nucleation barrier calculations and cIassmaﬂ nUCIeat_lor_hProvided that the aspect ratio of the clusters does not depehd on

theory. The curvature dependence and the flat interface limitwe aiso tried a different functional form foN;, namely Ny= Ng

of equilibrium and supersaturated solutions are extracted and+«NZ?, but obtained qualitatively the same results.
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