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A numerical study of the stability of the AB13 crystal structure in a mixture 
of dissimilar hard spheres is reported. This crystal structure has recently been 
observed by Bartlett and coworkers in experiments on suspensions of colloidal 
hard-sphere mixtures. We find that, over a range of densities and diameter 
ratios, the AB13 phase is thermodynamically stable both with respect to the 
fluid mixture and the crystal structures of pure A and pure B. A tentative phase 
diagram is presented. 

1. Introduction 

Suspensions of  colloidal hard spherical particles play an increasingly important 
role as model systems that can be used to test theories that have been devised to 
describe the static and dynamic properties of simple liquids and solids. Experiments 
on suspensions consisting of spherical particles that interact through a short-range, 
steeply repulsive potential, have revealed that such simple systems exhibit non-trivial 
equilibrium [1-4] and non-equilibrium phase behaviour [5-7]. As the ordered phases 
formed by these colloidal systems have characteristic lattice spacings comparable to 
the wavelength of visible light, light scattering can be used to probe the structure of 
colloidal crystals. Monodisperse systems show a first-order phase transition from a 
disordered fluid phase to a crystalline state with increasing packing fraction. The 
melting (~bm) and freezing (Of) packing fractions match very closely those values 
found from Monte Carlo computer simulations of a hard sphere system [8]. Exper- 
imental studies of binary suspensions with varying size ratios have also been under- 
taken, since the particles can be synthesized with a wide range of diameters [9]. In 
recent studies of binary mixtures, glass formation, eutectics and binary alloy struc- 
tures have been reported [7, 10-141 . 

The present computer simulation study was motivated by the observation of a 
diffraction pattern attributed to AB13 from a solid which crystallized from suspen- 
sions with diameter ratios of 0.61 [12] and 0.58 [14]. The AB13 structure is equivalent 
to that of the metallic alloy NaZn13. It consists of a simple cubic subcell of the larger 
component (A). Each cube contains a body-centred B sphere surrounded by twelve B 
spheres in an icosahedral cluster. The full unit cell consists of eight such subcells with 
neighbouring icosahedra alternating in orientation by ~/2. The discovery of such a 
complex crystal (the unit cell contains 112 atoms) in a system with predominantly 
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short-range, repulsive interactions is, at first sight, surprising. It suggests that the 
entropy of a dense hard-sphere mixture is maximized by forming a highly ordered 
crystal structure. However, it is difficult to conclude, on the basis of the available 
experimental data, that the AB13 structure is indeed a thermodynamically stable 
phase of a binary mixture of hard spherical particles. In particular, the interpret- 
ation of  the experimental data is complicated by the following factors. First, the 
colloidal suspensions that are studied experimentally are not truly binary mixtures, 
as the size distribution of both the large and the small components in the mixture is 
not infinitely narrow. In addition, the structures formed in these experiments may 
take weeks or even months to develop. Although this suggests the system has ample 
time to equilibrate, one cannot rule out the possibility that the crystal structure that 
has nucleated in these experiments is only metastable. Finally, although colloidal 
sterically stabilized polymethylmethacrylate (PMMA) particles behave like hard 
spheres in many respects, their interaction potential is not perfectly hard, nor even 
purely repulsive. It is conceivable that it is precisely this softness of the intermolecu- 
lar potential that stabilizes the complex AB13 structure. The aim of the computer 
simulations reported in this paper is to compute the absolute free energy of the ABl3 
structure for a binary mixture of dissimilar hard spheres. Knowledge of this free 
energy allows us to compare the thermodynamic stability of the ABI3 phase with 
respect to other possible phases. 

A bidisperse mixture of hard spheres may be expected to form a wider variety of 
crystal phases than a one-component system. The stability of these crystalline phases 
depends critically on the diameter ratio, c~ = aB/aA, and the mole fractions xA and 
xB of the large and small spheres respectively. There appear to be three distinct 
classes of crystalline phases exhibited for different ranges of a. Firstly, for the 
simplest situation when the hard sphere components are of comparable size, we 
would expect a substitutionally disordered f.c.c, or h.c.p, crystal to be the most 
stable solid phase. The freezing of  binary hard sphere mixtures has been studied 
recently using approximate density functional theories [15-17] (for a review of the 
density functional method see [18]). The results of these theories agree well with the 
recent computer simulations of Kranendonk and Frenkel [19] for size ratios in the 
range 0.85 < a < 1.00. For diameter ratios greater than a ,~ 0.875, the substi- 
tutionally disordered f.c.c, solid is found to be stable, but for a < 0.875 the hard 
spheres are no longer miscible in all proportions in the single solid phase. Freezing 
then occurs into two crystalline phases, one rich in large spheres, the other contain- 
ing mostly small spheres. The solubility of the large spheres in the crystal of  the small 
spheres becomes very small as the diameter ratio is lowered to below 0.85. The 
crystal composed mainly of large spheres still contains an appreciable proportion 
of small spheres. The substitutionally disordered f.c.c, phase is expected to be 
mechanically unstable for a < 0"85 [15]. 

For binary mixtures of very dissimilar diameters, we would expect the formation 
of interstitial structures to be important. With a close-packed f.c.c, or h.c.p, structure 
of large spheres at a packing fraction ~/A = ~b~ ) ~ 0-7405, the small spheres can 
occupy octahedral holes if they have a diameter ratio of less than 0-414 and the 
tetrahedral holes can accommodate small spheres with a up to 0.225. The NaCI 
structure, for example, is generated by filling all of the octahedral holes of an 
f.c.c, crystal. If  the large spheres have a packing fraction equivalent to the melting 
packing fraction of a monodisperse system, i.e. ~TA = ~b(m l) = 0"545, then the maxi- 
mum diameter ratio of the interstitial particle is, of course, increased over that of 
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close packing and for the octahedral site in f.c.c, becomes a ~ 0-57. Molecular 
dynamics simulations [20] have shown that for larger diameter ratios than this the 
resulting interstitial compounds are unstable. 

Finally, we have an intermediate range of diameter ratios in which only an 
ordered non-interstitial binary crystal, with each component on a crystalline sub- 
lattice, can be stable. These structures are related to ordered crystalline phases 
observed in metallic alloys. The stability of several of these binary structures have 
been explored by use of  a space filling principle [21,22]. This argument is based upon 
the free volume available to the atoms within the crystal structure. If  a given 
structure exhibits a very high maximum packing fraction then at lower densities 
the individual atoms will have a large free volume in which to move and hence a 
high translational entropy. One would expect binary structures capable of  exhibiting 
close-packed densities in excess of the close-packed packing fraction for mono- 
disperse spheres, q~) = 0-7405, to be preferred, especially at high pressures. Murray 
and Sanders [21] have found two such structures, ABI3 and AB2, that have maximum 
packing fractions greater than that of separate close-packed phases. They point out 
that if the ideal ABl3 structure is distorted by reducing the size of the central B in the 
icosahedron by a small amount the outer B spheres touch at a maximum packing 
fraction of 0-760. The significance of this is that at overall packing fractions lower 
than 0-74 one can- -by  assigning a small free volume to the central particle--achieve 
a larger free volume for the other twelve particles than they can access in close 
packed structures. However, for a diameter ratio, a > 0.62 Murray and Sanders 
[21] concluded that these crystal structures are unstable with respect to solid state 
separation. 

The AB13 and ABE crystal structures have been observed experimentally by Pusey 
and coworkers [7, 12, 14] in a study of the crystallization of mixtures of sterically 
stabilized polymethylmethacrylate (PMMA) spheres, whose interparticle potential is 
closely approximated by a hard sphere interaction [23]. For a diameter ratio 
a = 0-58, stable ABI3 and AB 2 were found [14], whereas for a = 0.61, AB 2 was 
not observed at all and AB13 was found to be metastable [12]. The maximum or 
close-packed packaging fractions for these two crystal structures are: for a = 0.58, 
~bcp(AB2) = 0.776 and ~bcp(AB13) = 0.713, and for a = 0.61, ~bcp(AB2) = 0-750 and 
q~cp(ABl3) --- 0.685, for AB 2 and AB13 respectively. Thus space filling arguments are 
in qualitative agreement with the experimental findings. The experimental studies 
also verified the predictions of the minimal solubility of small spheres in the crystal 
of large spheres upon phase separation for a < 0"85. 

Bartlett has proposed a simple description for the freezing of binary colloidal 
hard sphere mixtures. In this picture, the fluid mixture freezes into crystalline solid 
phases of pure A and pure B [24]. The free energy of a pure hard-sphere solid is 
known from computer simulations, while a good approximate equation of  state 
exists that allows us to estimate the free energy of the fluid mixture. Bartlett used 
this information to estimate the phase behaviour of a mixture of dissimilar hard 
spheres. However, as no information about the free energy of other solid structures 
(e.g. AB2 and ABl3 ) was available, Bartlett could not consider the freezing of a hard- 
sphere mixture into these crystalline phases. 

The purpose of the present work is to explore the thermodynamic stability of the 
ABl3 crystal by use of free energy calculations. This will enable us to find out if, and 
when, this more complex solid phase is stable with respect to the phases considered 
by Bartlett. Section 2 of this paper describes the techniques used in the calculation of 
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the free energy of the solid phases considered (including ABI3) and of the binary 
fluid. We also consider Bartlett's approach in more detail. In Section 3 we present 
our phase diagram showing the region of ABI3 stability and in Section 4 we collect 
our data in the form of a polynomial fit of the excess free energies of AB13 in this 
region. Finally, a few concluding remarks are made in Section 5. 

2. Calculation of  free energies 

To compare the stability of the different phases that may form in a colloidal 
suspension we need to know the Helmholtz free energies of all these phases. Below, 
we indicate how we can estimate this free energy for the fluid and solid phases of 
interest. 

2.1. The free energy of a binary hard sphere fluid 

The free energy of the fluid phase may be obtained by thermodynamic inte- 
gration from the dilute gas phase, using the relation: 

FeX(p) = l) dp' (1) 
J o \ p '  _ p' ' 

where FeX(p) =F(p) -Fid(p) is the excess free energy of the fluid at a number 
density p and Fd(p) is the free energy of an ideal gas mixture at the same density. 
Here, and in what follows, we express free energies in units of kB T per particle. In a 
binary fluid, composed of NA large spheres of diameter tr,4 and NB small spheres 
(trB), the partial packing fractions of the two components A and B are given by 

lr 3fNi'~ rh=-~ ~r, ~--~) , (2) 

where i = A or B. The overall packing fraction, 6, is related to the total number 
density p through 

N~703 ~ 3 
6 = r / A + r / B =  6 V - - 6  pa~ 

where we have defined an average effective hard-sphere diameter a 0 as 

(3)  

o0 = xA4  + x , 4 .  (4) 

In order to perfown the integration in equation (1) we make use of the semi- 
empirical expression of Mansoori et al. [25] for the pressure, P, of the binary fluid. 
Mansoori et al. approximated the compressibility factor, Z, of a hard sphere fluid 
mixture by a weighted sum of the compressibility factors obtained from solutions to 
the Percus-Yevick equations via the compressibility and virial relations [26] 

1 PY z(r = + (r  (5) 

The Mansoori equation of state is written explicitly as 

z M a n s ( 6 )  _ _ e M a n s v  
p NkBT 

= 1 + 6 + 62 - 36(yl + Y26) -- Y363 (6) 
( l  - -  6 )  3 
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where 

Yl (xA a3 + xBtraB) = XAXB(tr.,I + trB)(trA -- tr/~) 2, (7 a) 

y2(xAa 3 + XBa3) 2 = XAXBaAtrB(X4a 2 + XBtr2)(aa -- Cry) 2, (7 b) 

y~(~,:,~ + ~:~)~ = ( x ~  + x : ~ )  ~. (7 c) 

The accuracy of  equation (6) has been tested against molecular dynamics (MD) and 
Monte Carlo (MC) computer simulations by Jackson et al. [27] among others [28]. 
The Mansoori equation was found to be in good agreement with the numerical 
results, with significant deviations only occurring for very high densities and/or 
small diameter ratios. We have also conducted our own MD simulations for a 
diameter ratio, a = 0.58, and a composition, X = xA = 1/14. The results are shown 
in figure 1 and agree well with the Mansoori equation up to very high packing 
fractions, i.e. 4 ~ 0.55. Inserting the Mansoori equation into equation (1) yields 

1 
Fex(4) -- (1 - 4) 2[3(1 - e l )  + 3( 1 -  4)Y2 + (3 _ 24)y3] 

- In (1 - 4 )  + Y 3  In (1 - 4 ) .  (8)  

In order to get the absolute free energy of  the mixture, we now simply add the 
free energy of  an ideal gas mixture at the same density: 

V V 1 
F id = -x,,l In A-~A -- x B In ~ss + ~ [In (NA!) + In (NB!)], 

where AA(AB) is the de Broglie wavelength of  species A(B)  at temperature T, 

AA = ~ 2 ~ m A k s T )  " 

(9) 

(10) 

I , I , I , I , I 

18.0 

14.0 

10.0 

6.0 

I i I I I i I i I 
0.35 0.40 0.45 0.50 0.55 

r 

Figure 1. The compression factor, Z = ~P/p, obtained from molecular dynamics 
simulations of a binary hard sphere fluid with composition, X = 1/14, and diameter 
ratio, c~ = 0.58 (crosses). These values are compared with those given by the Mansoori 
equation (full curve). 
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2.2. Solid state free energies 

Equation (1) can be used to compute the free energy of any state point that can 
be reached from the reference state (e.g. the dilute gas), along a reversible path. In 
computer simulations, the freezing transition usually exhibits pronounced hysteresis. 
As a consequence, equation (1) cannot be used to compute the free energy of a 
crystalline phase, starting from the gas phase. Instead we have used the lattice- 
coupling method of Frenkel and Ladd [29] to compute the free energies of the 
f.c.c, and ABl3 crystal phases by Monte Carlo simulation. This method is particu- 
larly suited for the present study as it allows computation of absolute free energies, 
thereby allowing the appropriate comparisons of free energies for different phases. 

In the Frenkel-Ladd method, a reversible path is constructed from the solid 
phase that we are interested in, to an Einstein crystal with the same crystallographic 
structure. This is achieved by slowly turning on harmonic springs binding the 
particles to their lattice sites, r ~ The Hamiltonian for the reference system, i.e. the 
Einstein crystal, thus becomes 

NA Ns 

H(AA, An) = no + AA ~-'~(ri, A r 0 ,2 - -  r),B) 
i=l j=l  

N 

H0+ ,Xi(ri_ 0 2 = ri) , ( l l )  
i = l  

for a binary crystal where the large spheres have a coupling constant, AA, and the 
small spheres, As. H0 is the Hamiltonian for the unperturbed system. In fact, all 
simulations are carried out on a model system with fixed centre-of-mass (see [29]). 
The latter constraint is imposed most easily if we choose the ratio of the spring 
constants AA and A b equal to the ratio of the masses mA and mB. It turns out that 
it is convenient to define an average spring constant, A0, as 

A0 _ AA _ An (12) 
mo mA mB 

where m0 is the mass of the average particle with diameter tr0: 

mo = xAmA + XBmB, (13) 

A0 = XAAA + xsAs. (14) 

Of course, we are free to choose the masses mA and ms. For a classical many-body 
system, the masses of the particles will not affect the relative stability of  the various 
phases (nor, for that matter, any other static property). The free energy of the system 
with Hamiltonian, H(AA, As), can now be written 

F(AA,As) = -kBT {ln l . . .  J exp [-~3H(AA,As)] dqN } 

=-kBT{lnl . . .Jexp[-13(Ho+Ao~i  -~o(ri--~)2)]dqN}, (15) 

and the derivative of the free energy of this system with respect to the average 
coupling constant, A0, becomes 

OF 
OAo = (V)x0, (16) 
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where 

V =  m---L (ri-r/~ Z ~oo 
i--1 \mo/  i=l  

The difference in free energy between the crystal phase under consideration and 
that with the additional coupling potential, i.e. the interacting Einstein crystal, is 
therefore 

AF N = FN(Ao = O) - FN(A) 

J0 \A0 dA0. (18) 

This free energy difference can conveniently be reformulated to transform the 
integrand into a smooth function: 

N fn  (;~+c) 
A F N = -  Jln(c) [(-~oo(ri-r~215 (19) 

where c is a constant (we used In (c) = 3.5). 
In order to compute the integral in (19) and obtain the difference in free energy 

between our crystal phase and the equivalent non-interacting Einstein crystal, the 
r0~2\ average ((Ai/Ao)(r i - i) /A  o is calculated by Monte Carlo simulation for ten, say, 

values of A 0, each determined by a ten-point Gauss-Legendre quadrature weighting 
on the values of In (A0 + c) in the range: In c ~ In (A0 + c) [29]. A~ ax is chosen such 
that the proportion of trial moves that are accepted on the basis of the spring 
potential energy and then cause overlap (i.e. interact) becomes negligible. 

All that remains is to derive an expression for the free energy of the non- 
interacting Einstein crystal with a fixed centre-of-mass. 

FNnst = -ka  T In QEinst. (20) 

The configurational part of the partition for the Einstein crystal with fixed centre-of- 
mass is 

Z~inst . . . .  exp - f l ~ _ A i ( r i -  r~ 2 6 mi(ri-  r ~ d g ,  (21) 
i=1 

where the delta function forces the condition of fixed centre-of-mass and can be 
written 

tS[ j=~l~(rJ- r~  =(2n)  ~1 " [ e x p { i k ' [  j~.  ~ 0 0 J  

_ 1 [ik. ~0 ~ (2=TJ(iexp (,;_,o)] 
j=l  

This expression can be used to simplify equation (21): 

ZEinst \ ~ N /  \/3AAJ \/3AB,] " 

dk 

dk. (22) 

(23) 

In our simulations, we compute the free energy difference between an Einstein 
crystal with fixed centre-of-mass and an ABl3 hard-sphere crystal, also with fixed 
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centre-of-mass. The free energy of the unconstrained ABI3 crystal then follows from 
the fact that Zfrer the configurational part of  the partition function of  an uncon- 
strained crystal is simply VZcu, where Z c u  denotes the configurational part of  the 
partition function of  a (periodic) system with fixed centre-of-mass. 

In our calculations, we have not attempted to estimate the dependence of  the 
numerical results on system size. However, as the free energy of  the ABl3 crystal was 
computed for a system consisting of  N = 896 particles, we may expect finite-size 
effects to be small. 

Because each free energy requires ten simulations, it is advisable to carry out only 
a small number of  free energy calculations and compute the free energy for other 
values of  the density, p, and the size ratio, a,  by the appropriate thermodynamic 
integration procedure. The density dependence of  F at constant a can be obtained 
using equation (1). The compressibility factor is computed in a series of  MD simu- 
lations of  the crystal at different packing fractions, but constant diameter ratio. A 

! i , , 

30.0 

25.0 

~ 20.17 

15,{J 

lOg 

i I i l i I i I 

0.52 0.56 0.60 0.64 0.68 

(a) 
9 . 0  , , , , I 

8 . (  

[ 
~ 7.0 

~'~ 6.0 

5 . 0  i I | I t I i I 

0.56 0,60 0.64 0.68 

(b) 
Figure 2. (a) The pressure, P, of ABl3 as a function of  the packing fraction, 4~, for a diameter  

ratio, a = 0"58 (crosses) and its polynomial tit (full curve). (b) The excess free energies 
of AB13 for a = 0-58 obtained using the Frenkel-Ladd method (triangles) and the 
extrapolated free energies (full curve) obtained by integrating the pressure about the 
point, q~ = 0'60, as described in the text. 
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polynomial function is then fitted to these equation-of-state data: 

where 

Z - P___VV _ c 1 ~- c2 -~- c 3 " / +  c4")' 2 -~- c 5 ~ 3  ' (24) 
NkB T "r 

= v * - l -  v 1 -  ~ l, (25) 

and ~cp is the close packed or maximum packing fraction. The results of  AB13 free 
energies obtained by the Frenkel -Ladd method for a diameter ratio, a = 0-58, and 
also those from this integration procedure are shown in figure 2. This figure shows 
that the integration procedure reproduces the results of  the direct free energy calcu- 
lations to within the statistical accuracy of  the latter. 

In order to measure the free energy as a function of  diameter ratio, at constant 
packing fraction, we use a technique that has recently been proposed by Kranendonk 

J i i i 
15.0 

10.0 

5.0 

0.0 

-5.0 - I  i I i I i I i 

0.45 0.50 0.55 0.60 0.65 

Ot 

(a) 
7.1~ i I ' I ' I ' 

7 . 4  

7 . 2  

mL 

m 7"0 

~-~ 6.8 

6.~ 

i I i I i I i 
0.45 0.50 0.55 0.60 0.65 

r 
(b) 

Figure 3. (a) The free energy derivative with respect to the diameter ratio, OF/Oa, for AB13 
from MD simulations at ~b = 0.60 (triangles) and its polynomial fit (full curve). (b) the 
excess free energies of AB13 for packing fraction, ~b = 0.60 obtained using the Frenkel- 
Ladd method (boxes) and the extrapolated free energies (full curve) obtained by 
integrating OF/Oa about the point, c~ = 0.558. 
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Figure 4. Phase diagram for binary mixtures of hard spheres of diameter ratio, c~ = 0-58, 
arising from the description of Bartlett [24]. r/a(n ) is the partial packing fraction of the 
large (small) spheres. The labels sa, sB andfrefer to the solid phase of large spheres (A), 
the solid phase of small spheres (B) and the fluid phase, respectively. E denotes the 
eutectic fluid. Also shown is the line of composition, X = 1/14, corresponding to A B13. 

and Frenkel [30]. In this technique, OF/Oa, the free energy change associated with an 
infinitesimal change in the diameter ratio, at constant overall packing fraction, is 
computed. In [30] it is shown that this derivative of  the free energy is related to the 
rate of  collisional momentum transfer between the particles: 

1 (OF'~ X(1 - X )  
~\~]NVE= (-~)[(i- X)oc 3 +X]4/3((f~ad)uv.--~Z(f{ad)uv.). (26) 

Here, f~d) is the average radial force exerted on a small (large) particle, which is 
easily sampled within a molecular dynamics simulation. Again OF/Oa is com- 
puted for several different values of  a in the range required, at constant ~b, a 
polynomial  is fitted in a and integrated to obtain the free energy difference. In 
figure 3 the results obtained using this procedure are compared with the results of  

4.0 I J I ~ I I 

........ f / 
2.0 ........ SA+f J /  

-- ............... SA+Se+f Z .  / 
- -  SA+S 8 / / /  

~" 03] / 
e.~ ~ ....... ~.~13 / ~  
E-- 

-2,s 

-4L 
t I i I i I i I 

0.50 0.55 0,60 0.65 0.70 

Figure 5. Absolute free energies of ABt3 (dot-dash curve) and the phases arising from the 
Bartlett approach [24] for a diameter ratio, c~ = 0.525. These phases are fluid (widely- 
spaced dotted curve), solid A + fluid (dashed curve), solid A + solid B + fluid (closely- 
spaced dotted curve) and solid A + solid B (full curve). 
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0.46 0.50 0.54 0.58 0.62 

Figure 6. Phase diagram showing the region (shaded) of stability of AB13 over the phases 
arising from the description of Bartlett [24]. 

direct free energy calculations for diameter ratios in the range a = 0.45 - 0.70 at 
~b = 0-60. 

3. Phase diagram for AB13 

The central question that we wish to answer in this paper is whether the AB13 
phase can be more stable than the fluid mixture and the crystalline phases of  the 
pure components. Following Bartlett, we estimate the free energy of the fluid mix- 
ture, using the Mansoori equation of state (see Section 2.1.). Bartlett used the 
parametrization by Alder et al. [31] for the equation of  state of  a f.c.c, hard-sphere 
crystal based on molecular dynamics calculations: 

Ps Vs 3 
- - + 2 . 5 6 6 + 0 . 5 5 ( V * - l ) - l . 1 9 ( V * - l ) 2 + 5 . 9 5 ( V  * - 1 )  3 , (27) 

NikaT V* - 1 

where the reduced volume, V* = (Vs/Vep). We have performed several MD  simu- 
lations for the pure component f.c.c, phase which confirm the validity of this 
expression and found good agreement over the entire solid range. 

Using the above approximations for the equation of  state of  the fluid and (pure) 
solid phases, we can compute a partial phase diagram of  the mixture at a given 
diameter ratio a. A typical example of  such a partial phase diagram is shown in 
figure 4 for a diameter ratio, a = 0.58. In this figure, we have indicated the line of  
constant composition, X = 1/14, which corresponds to the AB13 structure. If  we 
prepare a system with this overall composition, we should compare the free energy 
of the ABI3 structure with the free energies of  the fluid mixture ( f ) ,  the fluid 
coexisting with solid A (sa + f ) ,  the eutectic state where solid A and B coexist with 
the fluid (sA + sB + f )  and the state in which the system has separated into pure solid 
A and solid B (s a + ss). In figure 5 we show, for a = 0.525, the free energies of  the 
most stable phases along the line X---1/14.  The figure shows that, for packing 
fractions, 0-560 < ~b < 0-687, the AB13 is more stable than either the fluid mixture 
or the pure solid phases (the figure for a = 0"58 is similar but because ABl3 has a 
greater range of stability at a = 0.58 it does not show as clearly the cross-over, at 
high packing fraction, to favoured stability of  sA + SB over AB13). 

In figure 6 we compare the stability of  the AB13 phase with the fluid mixture and 
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the pure solid phases, for a range of diameter ratios, with composition X =  1/14. 
This phase diagram shows the phase region (shaded) of thermodynamic stability of 
ABl3 over these simpler phases. This phase behaviour seems, at a qualitative level, to 
be in good agreement with Bartlett et al.'s findings [12, 14]. In particular, in a 
solution of overall mole fraction, X = 0-057, at a diameter ratio of 0.61, they found 
an ABl3 crystal coexisting with a binary fluid and solid B at an overall packing 
fraction of 0.535 but no AB13 at ~ = 0-511 and ~ = 0"553. This is consistent with 
the behaviour suggested by figure 6 where a ~ 0.62 is seen to mark the upper limit of 
stability of ABl3. More recently, ABl3 has been found over a wider composition 
range with a - 0"58. 

We find that for a > 0.62, the ABl3 structure is less stable than a state in which 
crystals of pure A and pure B have phase separated. This finding is in agreement with 
the analysis of Murray and Sanders [21]. This suggests that simple packing effects 
dominate the stability of these hard-sphere crystals. Further evidence for this con- 
clusion comes from the fact that the range of stability of the ABl3 structure is largest 
for the diameter ratio that yields the highest close-packing density for ABI3, i.e. 
a -- 0.558. 

The space-filling curves of Murray and Sanders show another peak in the 
close-packing volume fraction at a = 0"303. However, we have performed some MD 
simulations in which the AB13 structure was found to be unstable at this diameter 
ratio. While the large spheres (A) kept their simple cubic form intact, the small 
spheres (B) became delocalized with no icosahedral structure. 

Figure 6 also suggests that stable AB13 structures with diameter ratios as small as 
0-48 could occur. However, for these more extreme diameter ratios the reliability of 
the Mansoori equation of state of the fluid becomes questionable. There are other 
reasons why the phase diagram shown in figure 6 is only tentative. First of all, 
another phase, for example AB2, may be more stable than ABt3 for part or all of 
the shaded region in the figure. In that case, the ABE phase would eclipse the ABl3 
phase. Secondly, the melting line was computed using the Mansoori equation to 
estimate the free energy of the fluid. However, the estimated coexistence density of 
the binary fluid mixture is estimated to be quite high. So high, in fact, that the 
Mansoori equation will result in a noticeable over-estimate of the free energy of 
the fluid. Although this systematic error affects our estimate of the location of the 
melting line (the fluid should have a slightly greater range of stability), it does not 
change the estimated location of the solid-solid phase transitions. 

4. Fit for the AB13 excess free energies 

Thus far, we have only considered the phase behaviour of the hard sphere 
mixture at one fixed overall composition, namely X = 1/14, and this was not studied 
by Pusey and Bartlett. However, our data allow us to compute the phase behaviour 
as a function of the overall composition of the mixture. To be more precise, we can 
compute the free energy and pressure of the pure A, pure B and stoichiometric AB13 
phase as a function of density. If we combine these data with the Mansoori expres- 
sion for the equation of state of the fluid mixture, we can compute an approximate 
phase diagram of the mixture, including the AB13 phase. Knowledge of this more 
complete phase diagram would allow us to compare our results with the experiments 
of Bartlett et al. [12] that were all performed at compositions other than X = 1/14. 



Stability of ABt3 crystal 117 

In order to facilitate the calculation of this overall phase diagram, it is convenient 
to represent our numerical data for the free energy (and, thereby, the equation of 
state) of the ABt3 phase in some compact, analytical form. The most natural form 
for this analytical expression, is a free-volume form, similar to the one used by Alder 
et al. to describe the equation of state of the pure hard-sphere solid (equation (27)). It 
should be noted, however, that the close-packing density of the ABI3 phase depends 
on the diameter ratio, c~. In the range of diameter ratios considered here, we can use 
the expressions that Murray and Sanders [21] derived for the close packing density of 
the AB13 structure for two different ranges of c~ on either side of a = 0-558. The two 
ranges are: 

Range 1:0.303 < a < 0.558, 

4~(1 + 13c~ 3) 
~cp,l - -  3(o~x) 3 , 

Range 2: a > 0-558, 

4u =~ ---g ] 2 1 

where X, e are defined by 

( e + l )  2 ( e + l )  2] J ' 

(28 a) 

(28 b) 

r ex lnyl + E p i y ~  -2 = 1 1 + qjx j 
i=2 ] 

+ rl lny2 + rky k-2 I + E S l  xl 
= 1=1 ] 

x = a - 0"558, (31 a) 

Y , =  [.~cp~(a) 1], (31b) 

y2 = [-~cP~ (a) 1]. (31C) 

(30) 

where 

4 _411/2 2 [ 3(e+l)2]lra2 .]1/2 X - x / 3 ( e + l ) [ ( e + l ) 2  3 +~-~--g~3 ( a + l ) 2  ' (29a) 

( )i/2 1 + 2  4 s i n  2 ~ - 1  
e-- - 1  

2 sin 

= 0.9021. (29 b) 

The dependence of this close-packed density on a is shown in figure 7. 
The AB13 free energies are presented over the complete region of stability in the 

form of a contour plot in figure 8. Also shown in this figure is the close-packing 
density curve. We have fitted these free energies to a function of the form 
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Figure 7. The space-filling curves, i.e. of maximum packing fraction, as a function of c~, 
for AB13. 

Note that the space-filling curves, shown in figure 7, are extended beyond their 
alleged ranges to enable a better fit for the free energy surface. A fit for m = 4, n = 2 
proved sufficient, giving a sum of  square differences for a 144-point dataset of  
0.1675. The free energy function for this fit is 

F ~  = cl + c2 x + s x2 -I- C4 lnyt + c5Yl + c6y 2 + c7xln yl + csxyl + c9xy 2 

+ c10 x2 lnyl  + CllX2yl + cl2x2y~ + cl3 lny2 + c14y2 + clsy~ + Cl6xlny2 

+ C17Xy 2 + c18xy 2 + Cl9 X2 lny2 + C20X2y2 + C21X2y 2, (32) 

and the 21 coefficients, c~, are given in the table. 

5. Discussion 

The results we have described indicate a wide range of  stability for the AB13 
phase as a function of  size ratio. The domain of  stability is centred on the diameter 
ratio, a ,  of  0-558, which was shown by Murray  and Sanders [21] to be the value at 

Figure 8. 
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Of 

Contour plot for the excess free energies of ABI3. The space-filling curve, ~bcp(C0, 
for ABI3 is also shown. 
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Table 1. Coeff• for the polynomial fit of the AB13 free energy surface. 
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Coefficient Basis function 

c 1 2.98820 1 
c 2 -83.56020 x 
c3 25-09242 X 2 
Ca -2.48057 lnyl 
c5 13"91956 y~ 
e6 - 17-92029 Yl 
c 7 -22"48370 x lnyl 
e 8 95-00226 xy! 
c9 -51.44138 xy 
c10 -129"03157 X 2 l ny l 
cll 45"99392 x y~ 
C12 45"26173 xEy 
Ct3 0"02752 lny2 
cl4 -14"18133 y~ 
cl5 20" 13996 Y2 
cl6 -3-57413 xlny2 
c17 106"88327 xy 2 
c18 10"20240 xy 
c19 -27"28941 x 2 In Y2 
C20 --33"43184 2 x 

C21 -- 54" 12209 xEy 

which this crystal would achieve a maximum packing fraction. Murray and Sanders' 
considerations suggest another  domain of  stability for this crystal for a close to 0-3, 
but at these low values of  a we find that the small spheres are mobile, even at high 
packing fraction. 

Our results are in qualitative accord with the experimental findings of  Bartlett et 
al. [12, 14]. They reported AB13 crystals in mixtures with c~ = 0-58, which is well 
within the predicted stability range, and the transient appearance of  AB13 at 
t~ = 0.61, which is close to the predicted boundary of stability. 

The calculations have been made on Parsys Supernode and Meiko i860 parallel 
computers at the Royal  Signals and Radar  Establishment (D. R. A. Malvern). We 
are grateful to Dr  J. H. Jefferson for his support  and assistance. Calculations have 
also been made on the Intel i860 hypercube at the Daresbury Labora tory  and on 
IBM RS6000 machines purchased with SERC grant G R / H  10276. We would also like 
to warmly acknowledge numerous helpful discussions with Peter Pusey and Paul 
Bartlett. 
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