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We present thermodynamic and structural data for binary hard sphere 
mixtures for diameter ratios ~t = 0.95, 0"90 and 0"85, obtained from computer 
simulations in the fluid phase in the face centred cubic solid phase. The equation- 
of-state data for the liquid are represented accurately by the semi-empirical 
equation of Mansoori. For the solid mixture the pressure is always found 
to be higher than that of the monodisperse system at the same packing 
fraction. We discuss techniques to sample the configuration space of binary 
mixtures efficiently. We have expressed all our simulation data for the solid phase 
in a compact way, by fitting them to a single symmetry-adapted analytical 
function. 

1. Introduction 

A binary mixture of  hard spheres may be thought of as the simplest model 
for a mixture of  atomic or simple molecular species. For  this reason several 
groups have investigated the properties of mixtures of hard spheres by computer 
simulation. Which properties of the hard sphere mixture were analyzed in these 
simulations depended on the specific aims of  these numerical studies. The emphasis 
of most earlier investigations, however, has been on the liquid state [1-7]. To 
our knowledge, there are only two investigations of the solid of binary hard 
spheres [6, 7]. An comprehensive list of thermodynamic data obtained by com- 
puter simulations (and other techniques) up to 1986 can be found in the review 
by Boublik and Nezbeda [8]. For  an extensive discussion of  theories and simulation 
results for the static behaviour of  hard body fluids the reader is referred to that 
paper. 

In the present paper we report novel simulation data of  the structural and 
thermodynamic properties of fluid and solid mixtures of hard spheres 'close' to the 
monodisperse limit. In section 2 we discuss our simulation techniques, at least those 
aspects that are non-standard, and in section 3 we explain the way in which we 
produce a global fit to our computer simulation data. 

The thermodynamic data for the liquid are presented in section 4, and the same 
is done for the solid in section 5. 

The phase transitions of  this model system are discussed in a separate paper 
[9]. 

Throughout  the present paper we define the diameter ratio ~ as the ratio of  the 
diameters of the small and the large spheres. The composition X is defined as the mole 
fraction of the large spheres. L and S refer to large and small spheres respectively. The 
packing fraction ~b is defined, as usual, as the fraction of the total volume occupied 
by the spheres. 
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2. Simulation techniques 

In this section we discuss some of  the simulation techniques that we have used to 
obtain thermodynamic data and correlation functions. We focus on those techniques 
that we designed to facilitate the simulation of  binary hard sphere mixtures. 

Conventional Monte Carlo (canonical ensemble (NVT) and isobaric-isothermal 
ensemble (NPT) and molecular dynamics (microcanonical ensemble) (MD) 
methods were used to generate the configurations [10]. For  all methods and in all 
simulations the system size was 108 particles. In order to reduce boundary effects, 
periodic boundary conditions were applied. In all cases a cubic periodic box was 
employed. 

Typically, we used 10 ~ MC cycles to equilibrate the system, and another 1.5 • 104 
cycles to collect the averages over configuration space. In the MD runs we used 
(1.5-2.1) x 105 collisions to equilibrate and another (3-4) x 105 to sample the phase 
space. To estimate the statistical error in the results, each run was divided in blocks 
of 150 MC cycles or 1.5 • 104 collisions for MD. From the averages of each block, 
the average for the whole run and the standard deviation was estimated. 

Sampling the configuration space is more difficult for mixtures than for mono- 
disperse systems. Interchanging two particles in a monodisperse system does not 
create a new configuration. However, in the case of a binary mixture interchanging 
a large and a small particle (without causing overlap) does result in a new configuration. 
In the conventional MD and MC methods this means that, in order to sample the 
configuration space adequately, a particle should travel over a distance of at least 
several particle diameters during a simulation run. Therefore long runs are necessary 
for dense liquids. 

In the solid state the diffusion in monodisperse hard sphere systems is effectively 
quenched. For  a solid solution this implies that the initial configuration is frozen in. 
Such a solid solution with frozen substitutional disorder may yield a poor representation 
of the equilibrium solid solution. 

We have attempted to circumvent this problem by combining the MD and MC 
algorithms with an algorithm that attempts to interchange large and small spheres. 
A simple form of this algorithm is as follows: select a large and a small particle 
at random, interchange them, test for overlap and accept the move if there is no 
overlap. In the liquid state this version of the algorithm would only work efficiently 
at low densities. At high densities the probability of overlap of the large particle that 
is interchanged with other particles is high unless the large and small particles differ 
little in size. The same is true for the solid; roughly speaking, only for diameter ratios 
larger than ~ = 0"95 is the acceptance ratio for the interchanges larger than a few 
per cent. 

In our simulations we used a more sophisticated algorithm. It starts by first 
looking for all small particles in a configuration that can be interchanged with a large 
particle without causing overlap. If  the number of such candidates for interchange is 
zero, this algorithm is left and the MD (or MC) run is continued. If there is just one 
small particle that can be replaced, the choice is obvious: we then choose a large 
sphere at random and interchange this large particle with the small one. If there is 
more than one small particle that can be replaced, we randomly choose a small 
particle from this set together with a large particle, and interchange them. The 
interchanging is performed by interchanging the diameters of the particles (in the MC 
and MD method) and the velocities (only in the MD method) of the particles. 
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The acceptance ratio of  this method measures the fraction of  all configurations in 
which there is at least one small particle that can be replaced by a large one. If  this 
algorithm fails, i.e. if the acceptance ratio is zero, no simple alternative swapping 
algorithm exists that improves the acceptance ratio significantly and that also satisfies 
the requirement of microscopic reversibility. Note that the acceptance ratio of  trial 
moves in this scheme has no direct relation to any thermodynamical quantity, such 
as chemical potential. 

In order to prevent too much time being spent on the interchange algorithm, we 
apply this algorithm every 100 collisions in a MD program or after each MC cycle in 
a MC program. 

Figure I illustrates the dependence of this acceptance ratio on the packing fraction 
for a diameter ratio ~ = 0.85 in the solid. As is to be expected, the acceptance ratio 
decreases with increasing packing fraction. Also it depends strongly on the composition 
of the solid: for a solid with a large mole fraction of large spheres the number of 
accepted interchanges is of the order of  20~ even at high packing fractions, in 
contrast with a solid mixture with a low mole fraction of  large spheres, where the 
acceptance ratio is effectively reduced to zero for packing fractions above ~b = 0.57. 
On increasing the diameter ratio to the monodisperse limit, the acceptance ratio in the 
solid increases rapidly in the interval ct = 0.87-0.89 for all compositions. Thus for 

= 0.90 the acceptance ratio for all compositions is higher than 80%. For  the liquid 
too the acceptance ratio decreases rapidly with increasing packing fraction. For  
example, for 0t = 0-85, and a mole fraction X = 0-2037 the acceptance ratio varies 
from 60% at a packing fraction q~ = 0.45 to 5% at ~b = 0-53. However, the com- 
position dependence of  the acceptance ratio in the liquid is much less than in the solid: 
for all compositions the acceptance ratio in the liquid state is roughly the same. 

The advantage of this interchange algorithm is that it leads to a more efficient 
sampling of  the configuration space. However, the method also has a few drawbacks, 
especially when it is combined with the MD method. As the interchange of the 
particles is random, the MD method loses its deterministic character. 

In the solid phase particle interchange is really essential for the following reason: 
if we start from a configuration in which the particles are randomly placed on a (FCC) 
lattice, interchanging particles may induce compositional correlations. Although the 
particles to be interchanged are selected at random, the acceptance of  such a move 
depends on the environment of  the small particle. Thus a (partially) ordered lattice 
may be formed. In most cases the local substitutional order that develops is quite 
weak. We postpone discussion of this subject to section 5. 

Creating a starting configuration for a simulation can be done in several ways: the 
first method is to start from a lattice on which the small and large particles are placed 
at random. For  simulations of  the liquid this method is only applicable at low 
densities, where the lattice is mechanically unstable. In that case one should allow the 
system to relax long enough for the lattice to be totally melted and the positions of  
the particles to be completely randomized. 

Initial configurations for simulation runs at other pressures or densities can be 
obtained by compressing or expanding an existing (well-equilibrated) configuration. 
These are standard techniques in the simulation of monodisperse systems. For 
(binary) mixtures two extra possibilities exist: namely to change the composition of  
the diameter ratio. It should be emphasized that the methods discussed here are only 
meant as devices to generate a new starting configuration from an old one, and not 
to compute the difference in excess free energy between two systems [l 1]. To change 
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Acceptance ratio for interchange of small and large particles, Pa~, as a function of Figure 1. 
the packing fraction ~b for the solid state. The diameter ratio ~ = 0.85. Three compo- 
sitions are shown: X = 0.2037 (zx) 0-5 (13) and 0-7963 (x). The solid lines are a guide to 
the eye. 

the composition, one could replace small particles by large particles, one by one, to 
increase the mole fraction of the large particles or vice versa. We have not done this: 
for every new compositions we place the large and small spheres at random on a 
lattice and use it as the initial configuration of the first run for this composition. 

For  the second possibility-changing the diameter ra t io- -we start by creating a 
configuration of  the desired composition at a diameter ratio near the monodisperse 
limit. After equilibrium of  this system, the diameter ratio is decreased by small steps, 
until we reach the desired value. After each decrement of  the diameter ratio, the 
system is allowed to relax to equilibrium. This technique has been used to create initial 
configurations of  a substitutionally disordered crystal at a diameter ratio ~ = 0.85 
and mole fractions of  the large spheres of  about  X = 0.2, as will be discussed in 
section 5.1. 

Most calculations were performed on Cyber 755 and 995 computers. The typical 
length of a single M D  or MC run was some 20 min. In addition, a number of  M D  
simulations were performed on a VAX station 2000, using approximately 16-24 h for 
500 000 collisions. 

3. Fitting procedures 
In this paper  we analyse the results of  several hundred MC and M D  simulations 

of  binary hard-sphere mixtures. This great number of  simulations is a consequence of 
the fact that we varied three independent parameters: namely the packing fraction ~b, 
the composition X and the diameter ratio ct. For  further analysis it is clearly desirable 
to be able to represent the simulation data by an analytical function of  tk, X and ~. 
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The form of this analytical function was chosen so that it reflected the following 
symmetries of the pressure and the (excess) free energy. When all small particles are 
transformed into large particles and vice versa, we may either say that the compo- 
sition has been changed from X to 1 - X or that the diameter ratio has been changed 
from a to 1/~. Thus, changing the composition and the diameter ratio at the same time, 
at constant packing fraction 

X - o  1 -- X, / (1) 

leaves all equilibrium properties invariant. The following general functional represen- 
tation for the compressibility factor Z(4~, X, ~) reflects this symmetry property: 

tip . . . .  Z(qL X, ~) = tip (4, X, ~) = - -  (q~) + ~ am,.(ck)(ln~)"sin(m~X), (2) 
P p m,, 

where P is the pressure, p the density of the system and fl = (k. T) -~ . 3P m~176 (4~)/P 
is the compressibility factor of the monodisperse liquid or solid. In order to satisfy the 
condition (1), the pair (m, n) is restricted as follows: 

(m even, n odd) or (in odd, n even). 

In addition, OF/Oal~=~ = 0, as explained in [11]. As a consequence, we should take 
n/> 2. The coefficients a,,,,(~b) are themselves a function of the packing fraction. In 
the present case we express am,, as polynomials in ~b: 

am,, (q~) = ~ bt,,,,, q~t. (3) 
l 

For the liquid the semi-empirical formula of Mansoori et al. [12] turns out to be 
a very good approximation for the equation of state. The Mansoori equation of state 
has the symmetry properties indicated by condition (1). Therefore we have used 
Mansoori's formula for the thermodynamic properties of binary mixtures as a first 
approximation to our simulation data. Mansoori's approximation for the compress- 
ibility factor consists of the weighted sum of the compressibility factors, obtained via 
the compressibility and the virial relation from the solution of the Percus-Yevick 
equation for binary hard spheres: 

Z ( 4 0  = 2 PY 1 PY xZc (q~) + xZv (q~). (4) 

The explicit expression for the Mansoori approximation for the compressibility 
factor is 

z M a n ( ~ )  = [(1 "~ (]1 "F (]12) __ 3~b(y 1 + y2~b) _ qb3y3](1 _ ~b) 3, (5) 

where y~, Y2 and Y3 for a binary mixture are defined by 

l + a  
Yl = A | 2  0~1/2 , (6) 

Y2 = A 1 2 [ ~ ( ~ )  I/2 +_~_~bL ,/2], (7) 

1 Y3 = ~-~ [~b~/3( 1 - -  X) 1/3 ~- ~)2L/3XI/3 ]3, (8) 

Z~,2 - -  (q~S(~L)  1/2 (1  - -  ~ ) 2  X ' / 2 (  1 _ X )  1/2, (9) 
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Table 1. Coefficients b~ .... for the three-variable polynomial fit defined in (2) and (3). The 
coefficients in this table represent the coefficients of the polynomial fit for the solid state. 

l m n bl,  m, n 

0 0 0 - 598-893 675 98 
0 1 2 - 5970-93821913 
0 2 3 - 2 911-509 466 67 
1 0 0 3 386.611 113 11 
1 1 2 18 045.406 742 94 
1 2 3 4 918-869 574 08 
2 0 0 - 6 360.319 225 98 
2 1 2 - 1913.36908244 
2 2 3 2 178.181 529 73 
3 0 0 4037.743 11011 
3 1 2 - 21 211.694 748 38 
3 2 3 - 1 568.553 02040 

Here tks and ~L are the partial packing fractions o f  the small and large spheres 
respectively: 

~3(1 -- X)  
~S = CX3(1 __ j ( )  + j (  ~b, (10) 

X 
eL = ~3(1 _ X)  + A )~b" (11) 

We fitted only the differences between the computer  simulation results and the 
compressibility factors predicted by the Mansoor i  equat ion o f  state. The Mansoor i  
equation-of-state exactly reproduces the second and third virial coefficients for a 
binary hard  sphere mixture. It  turns out  that  a correct ion to the Mansoor i  expression 
of  the fo rm b~b 3 is sufficient to fit all simulation data  for the fluid. Taking 524 liquid 
state points into account ,  we find b = - 0.31. The X 2 o f  this fit is 0.604, indicating that  
this fit represents the data  very closely. 

In contrast  with the liquid state, no good  semi-empirical formula  for the compress- 
ibility factor  exists for the solid state. Therefore we fitted our  data  directly with an 
expression o f  the form given by (2). The coefficients for  a polynomial  o f  degree l = 3, 
m = 2, n = 3 are given in table 1. To obtain this fit, 486 solid state points were taken 
into account.  As the functions to which we fit our  equation-of-state data  are not  
or thogonal ,  we find that  the coefficients o f  the fit are strongly correlated. As a 
consequence, the values o f  the coefficients depend strongly on changes o f  the number  
o f  state points. However ,  the overall fit itself does not  change appreciably when we 
leave out  a r a n d o m  subset o f  our  data  points. Because o f  the strong correlations 
between the coefficients, the data  in tables 1 and 2 are given with a much larger 
number  o f  digits than would be needed for uncorrelated coefficients. For  the solid the 
~(2 o f  the fit is rather high: 7.098. Moreover ,  the quality o f  the fit hardly improves hen 
we increase the number  o f  terms in the three-variable polynomial .  I t  turns out  that  
this large Z 2 is mainly due to problems in determining the correct  statistical weight o f  
the high-density data  for ~ = 0.85. For  this diameter ratio it is difficult to obtain 
accurate error  estimates for the state points. This problem is discussed in section 5. 

Let us denote the difference in Helmhol tz  free energy per particle between the real 
and the perfect mixture at a density p by ~p.  The perfect mixture is defined as the 
mixture without  any interaction between the particles [13, 14]. Then the difference in 
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Table 2. Coefficients Cnl,n2,n3 for the three-variable polynomial fit defined in (15). The coef- 
ficients in this table represent the coefficients of the polynomial fit for the solid state. 

nl n2 n3 Cnln2n 3 

0 1 1 313-105661 65 
0 1 3 6 042.293 939 52 
0 2 2 - 894-865 288 39 
0 2 4 - 4 672.407 447 80 
0 3 1 - 6'973 444 47 
0 3 3 2 756"434 204 63 
0 4 2 41 "606 594 55 
0 4 4 - 18 969-855 01496 
1 1 1 - 625.339 821 61 
1 1 3 - 10 751"399 702 98 
1 2 2 1 748.802 661 80 
1 2 4 7 099-895 778 36 
1 3 1 11"553 53206 
1 3 3 -5218-37398 
1 4 2 - 69"717 525 34 
1 4 4 35 236.204968 53 

~p between two densit ies can be found  by  in tegra t ion  o f  the pressure:  

~-P2 - -  C~Pl = ~ P / p  - 1 d p  ( 1 2 )  

, P 

Note  tha t  this difference in free energy is not the excess free energy. This  free energy 
difference does no t  con ta in  the ideal  mixing term for the en t ropy:  

S~ix = k B T ( X l n X  + (1 - X ) l n ( 1  - X) )  (13) 

F o r  the l iquid the reference state is the di lute  gas, p = 0, where the free energy 
difference o~p is equal  to zero. To calculate  the free energy per  par t ic le  we use the 
empir ical  fo rmula  o f  M a n s o o r i  for the free energy and  add  a correct ion,  ob ta ined  by  
in tegrat ing the cor rec t ion  to the pressure,  as descr ibed above.  The  M a n s o o r i  fo rmula  
for the difference in free energy per  par t ic le  between te real and  the perfect  system is 
ob ta ined  by in tegra t ing  (5): 

( F -  F P e r f )  Man 

NkBT 

- 3(1 - y, + Y2 + Y3) + (3y2 + 2y3)(1 - 4~) ' 

_ _ 1 + 3( 1 -- Y~ Y2 xY3)(1 -- qS) -2 + (Y3 1)In(1 -- ~b) (14) 

F o r  the solid state the monod i spe r se  ha rd-sphere  solid serves as the reference state. 
Techniques  for cons t ruc t ing  a reversible pa th  between this state and  a solid solut ion 
o f  a rb i t r a ry  mole  f rac t ion X and  d iamete r  ra t io  are discussed in [11]. The difference 
in the excess free energy o f  a solid with a given X, ~ and ~b and the monod i spe r se  
system, can be ob ta ined  by in tegra t ing  N l OFe~/0 In ~ at  cons tan t  compos i t i on  and  
pack ing  fract ion.  

To fit the der ivat ive  N 'O(flFex)/O In ~, we used a s imilar  expans ion  as for the 
compress ibi l i ty ,  (2): 

1 ~(flU ~) 
- ~ C,,,2,3(f'sin(n2nX)(ln~)"3, (15) 

N 01nc~ t~ I ,n2,n 3 
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with the condition 

(n2 even, n3 even) or (n2 odd, n 3 odd). 

The coefficients C,,,2,3 for the polynomial fit are given in table 2. The X 2 of this fit 
is 0.586. Accurate estimates of the excess free energy of a hard sphere monodisperse 
FCC crystal were found by Frenkel and Ladd [15]. Knowledge of the free energy for 
a given X, 0~ and q5 is sufficient to calculate the free energy at all packing fractions, by 
use of  (12). 

4. The liquid state 

In this section we discuss the thermodynamic properties and partial radial distri- 
bution functions for the liquid state of  binary hard sphere mixtures with diameter 
ratio in the range 0.85 ~< ~ ~< 1.00. 

As usual, the thermodynamic properties are represented by reduced quantities. In 
scaling the pressure and the density, we used as unit of length a, defined by 

e 3 = Xa~ + (1 -- X)cr~. (16) 

This definition relates the packing fraction and the reduced density p* in a simple way: 

~b = l ~ p *  = IKpo-3  ' (17) 

where p is the number density. 

4.1. Equation of  state 

For the liquid we have performed MD and MC computer simulations for several 
mole fractions of the large spheres in the range 0 ~< X ~< 1 [16]. 

As the liquid state of binary hard sphere mixtures has already been investigated 
extensively by computer simulations [1, 2, 4, 5, 7], we restrict ourselves to a brief 
discussion of our results. 

We find that the EOS hardly depends on the composition for the diameter ratios, 
which have been studied here. This is illustrated in figure 2, where we have plotted the 
reduced pressure versus the mole fraction of  the large particles at a packing fraction 
of ~b = 0-4817 and a diameter ratio c~ = 0.85. The figure shows that the composition 
dependence of  the reduced pressure is quite small. The largest deviation in pressure 
of a binary mixture at a diameter ratio of 0.85 from the pressure of  a monodisperse 
system is estimated to be 1%. Similar properties hold for diameter ratios ~ = 0-95 
and 0"90. The results of the computer simulations are represented accurately by the 
approximation proposed by Mansoori et al. [12], as shown by the dashed line. This 
conclusion also remains valid for higher packing fractions and other diameter ratios: 
for packing fractions up to q5 = 0"55 the deviations between the computer results and 
Mansoori 's theory are always smaller than the estimated standard deviation of our 
numerical results for all compositions at ~ = 0.85. This conclustion is in conformity 
with that of Jackson et al. [7], who found significant deviations between their com- 
puter simulations results and Mansoori 's approximation only for a packing fraction 
larger than 0.55 at a diameter ratio ~ = 0-60. 

4.2. Radial distribution functions 

For the hard sphere fluid the Percus-Yevick (PY) approximation is analytically 
solvable; the solution for the monodisperse system was obtained independently by 



Thermodynamics of  hard sphere mixtures 

11.5 . , , 1 . , 

723 

11 

b 
qQ. 

10.5 

10 

i i s I i i i [ i I I 

0 0.2 0.4 0.6 0.8 1 
MOLE FRACTION X 

Figure 2. Reduced pressure f lPtr 3 a s  a function of the composition X at a constant packing 
fraction ~b = 0-4817 in the liquid state. The diameter ratio is 0.85. tr is the unit of length, 
defined by (16). The results from MD simulations are indicated by the crosses (x). The 
estimated standard deviations are represented by the error bars. Results of the semi- 
empirical formula of Mansoori et al. [12] are denoted by the dashed line and the results 
of our fit to all liquid state points by the solid line. 

Wertheim and Thiele [17, 18] and the generalization to mixtures by Lebowitz [19]. For 
monodisperse systems the PY approximation works remarkably well, even at high 
densities near the liquid-solid transition [20]. However, there are two qualitative 
discrepancies between the PY prediction for g(r) and the results of  computer  simu- 
lations. First, the value of  the radial distribution function at contact is too low, 
resulting in too low a value of  the virial pressure. Secondly, there is a slight shift of  
the maxima and minima of the solution of the PY equation for g(r) to larger distances 
relative to the computer results. 

In figures 3 and 4 we display some representative plots of  our simulation data. 
Again we have chosen ~ = 0.85 to emphasize the difference with the monodisperse 
system. The packing fraction q5 = 0.5131 was chosen in the vicinity of  the liquid- 
solid transition [9]. We estimate the absolute error in the partial radial distribution 
functions to be 0.03, except near contact, where the error may be somewhat larger. 
Therefore the relative errors of  the partial radial distribution functions depend on the 
number of  particles of  each species. Thus for systems in which the mole fraction of  
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Figure 3. Partial radial distribution functions g(r) versus reduced distance for a binary 
hard-sphere mixture in the liquid state. Diameter ratio ~ = 0"85, mole fraction 
X = 0-7963 and packing fraction 4, = 0-5131. The partial radial distribution functions 
are denoted as follows: x, small-small; zx, small-large; ~ ,  large-large. To distinguish the 
distributions from each other, the small-small radial distribution is weighted with a 
fector (1 - X) 2, the large-large one with a factor X 2 and the small-large one with a 
factor 2X(1 - X). Solid lines represent the Percus-Yevick approximation. They were 
obtained by Fourier transforming the partial structure factors [21, 22]. 

one of  the species is small it is difficult to obtain accurate partial radial distribution 
functions of  this species. 

As in the case of  the monodisperse system, there is reasonable agreement between 
the simulations and the PY results. We find similar deviations as for the monodisperse 
system: the values at contact g ( ~ )  are underestimated by the PY approximation,  
especially in the case of  the mixture at X = 0-7963. There is a small shift of  the second 
and higher maxima of the PY result to larger distances. The height of  the second 
maximum is predicted quite well for all three partial radial distribution functions and 
all given compositions. However, the depth of the first minimum is predicted less well 
by the PY approximation: for all the like-like radial distribution functions (i.e. the 
distribution functions of  the equal-sized particles) of  the dominant species the PY 
approximation always predicts a deeper minimum than the simulation results show. 
This observation applies to all compositons. It  also occurs for the small-large partial 
radial distribution function: again the PY approximation predicts a slightly steeper 
minimuim than is found in the simulation results. The behaviour for the like-like 
partial radial distribution function of the particles with the lowest mole fraction is less 
clear. Owing to the small number of  particles, the statistical fluctuations are much 
larger for this partial radial distribution than for the other two. The PY approxi- 
mation appears to be reasonably good for these radial distributions, but no analysis 
can be made of the details of  the deviation between the PY prediction and computer 
simulation. 
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Figure 4. As figure 3, but for 1" = 0.2037. 

5. The solid state 

In this section we present our results for some of the static properties of binary 
hard sphere mixtures. In section 5.1 we present the equation-of-state data, and in 
section 5.2 we analyse the measured partial radial distribution functions. In these 
investigations we restrict ourselves to substitutionaUy disordered solids, i.e. solid 
solutions. Such solids are formed by randomly distributing large and small spheres on 
the lattice sites of  an FCC lattice, without leaving vacancies [23] (see section 2). 

Such a random configuration of large and small spheres has the property that 
when the packing fraction is increased beyond the packing fraction where the large 
spheres start to touch, a distortion of  the lattice must result. This distortion is 
characterized by the fact that the average positions of  the centres of  the spheres no 
longer coincide with the lattice sites of  a FCC lattice. 

This packing fraction ~bcto where the large spheres start to touch if the centres of  
the particles are fixed on a FCC lattice can be expressed as 

~bc,o = ~x/2r~[(l - X)~ 3 + X]. (18) 

For ~ = 0.85, ~clo varies from 0.74048 at X = 1.0 up to ~b = 0.45475 in the limit 
X -~ 0. However, at this low packing fraction in the limit X ~ 0 the solid is no longer 
mechanically stable. This mechanical instability already occurs for a composition 
X = 0.2. Hence if we wish to create a lattice for this diameter ratio (0.85) and 
composition (say X = 0.2) we must either distort the lattice or introduce some sub- 
stitutional order. 

The pair distribution functions g(r) demonstrate the consequence of this dis- 
tortion when we compare them for different compositions and diameter ratios. This 
will be done in section 5.2. First we discuss the thermodynamic results of our 
simulations. 
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Table 3. The sensitivity of the value of the pressure in the solid state in relation to the 
acceptance ratio of small-large interchanges P ~ .  The results from two series MD 
simulations, started from different initial configurations (columns t-3 and 4--6) are 
shown. For each serie we give the reduced pressure f lPa 3 a s  a function of the packing 
fraction q~ and also the acceptance ratio for interchanging small and large particles Pa~- 
The diameter ratio ct = 0.85 and the composition X = 0.2037. 

~b ~Po -3 Pa~ q~ /~Po "3 Pacc 

0-6016 31-9(2) 0-00 0.6016 32.4(2) 0-00 
0.5864 24.78(17) 0.00 0.5864 24.50(15) 1.9 X 10 -4  

0"5812 23-13(18) 1"0 x 10 -3 0"5812 22'9(2) 9"3 x 10 4 
0'5760 20"90(18) 1"3 • 10 -3 0"5760 21'38(17) 9"3 • 10 -4 
0'5707 19"69(10) 1"5 • 10 -3 0"5707 19"85(18) 2-5 • 10 -3 

0"5642 17'67(16) 5"6 • 10 -3 0"5642 18"3(2) 5-2 • 10 -3 
0-5576 16"6(2) 8"5 • 10 3 0-5576 16-7(2) 8-7 • 10 -3 
0-5498 15-5(2) 1-6 • 10 2 0-5498 15-5(2) 1-7 x 10 -2 

5.1. Equation of state 

Before discussing the equation-of-state properties in detail, we first discuss the 
influence of  particle swapping on the results. As explained in section 2 (figure 1), the 
acceptance of  the interchange of  small and large particles strongly depends on the 
packing fraction, the diameter ratio and the composition. For  instance, for a diameter 
ratio ~ = 0.85 and a composition X = 0.2037 the number of  interchanges is reduced 
to zero for packing fractions larger than ~b = 0.57. We have studied the influence of  
the acceptance ratio of  particle interchange on the values of  the pressure by perform- 
ing two series of  simulations for ~ = 0.85 and compositions X = 0.2037 and 0.1111. 
The initial configurations were prepared by creating a substitutionally disordered 
crystal with a diamter ratio ~ = 0.95 and slowly decreasing the diameter ratio at 
constant packing fraction until we reached the desired diameter ratio, as explained in 
section 2. 

In this way different initial configurations at packing fractions tk = 0.5890, 
0.6016 and 0-6021 were prepared. For  lower packing fractions initial configurations 
were obtained by expanding the final configuration after a complete M D  simulation. 
The result for the composition X = 0.2037 is given in table 3, where we have shown 
the pressure as a function of the packing fraction and also the acceptance ratio for 
particle swapping Pace in columns 3 and 6. The total number of  attempts to inter- 
change a small and a large particle ranged from 4800 up to 5400. For  each packing 
fraction there is a noticable difference between the results of  both series, if the 
acceptance ratio is low. I f  the acceptance ratio is zero or nearly zero, the pressure 
difference between two runs with a different initial configuration at the same packing 
fraction may be much larger than is to be expected on basis of  the pressure fluctua- 
tions within the individual runs. 

However, as soon as the acceptance ratio is roughly 1% or higher, the discrepancy 
between the two series for both compositions disappears and the deviation between 
the average pressures of  both series is always comparable to the estimated standard 
deviations of  the statistical fluctuations in the individual runs. Similar results were 
found for a mole fraction X = 0" 1111. In summary,  when the number of  particle 
interchanges is reduced to zero, the results of  the simulations will, in general, differ 
from the true equilibrium averages. In such cases the estimated standard deviations, 
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Figure 5. Reduced pressure f l P a  3 a s  function of the packing fraction ~b of the solid state for 
a diameter ratio ~ = 0.85 and different compositions: X = 0"2037 (~-), 0.3981 (�9 
0-5000 (El), 0-6019 (v) and 0-7963 (6). The lines are the result of the fitting procedure 
discussed in section 3: - - - - ,  X = 0.2037; . . . . . . .  ,0.3981; . . . .  ,0'5000; - - - ,  0.6019; 

,0-7963; - - , ,  monodisperse system. The unit of length a is defined by (16). 

obtained by the block averages, do not give a reliable error estimate. Several simu- 
lations with different initial configurations should be run to get an impression of the 
statistical error in the pressure [3]. 

With this restriction in mind, we now consider the solid state data in figure 5. In 
this plot the equations of  state for different compositions at constant diameter ratio 
are shown. For  the sake of  completeness the EOS of  the monodisperse system is also 
included. For  all compositions the pressure of  the mixtures is always higher than the 
one of the monodisperse system at the same packing fraction. This behaviour is very 
different from that of  the fluid mixtures, where the pressure of  the mixture is always 
lower than that of  the pure substance at constant packing fraction. Figure 5 illustrates 
that there are quite large differences between the EOS for different compositions at 
the same diameter ratio. These differences increase as the large and small spheres 
become more dissimilar. 

In figure 5 the data show large statistical scatter, particularly at high packing 
fractions, i.e. in a range of packing fractions where it is difficult to sample the 
configuration space adequately. As was mentioned above, inadequate sampling may 
introduce errors of  several percent. 
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Figure 6. Reduced pressures f lPtr 3 as a function of the composition X at a constant packing 
fraction ~b = 0.5498 in the solid state. Results from MD simulations are shown for three 
diameter ratios: ct = 0-95 (O), 0.90 (x) and 0-85 (zx). The estimated standard deviations 
are represented by the error bars. The results of our global fitting is given by the solid 
lines (see section 3). The unit of length tr is defined by (16). 

In figure 6 we present the same data seen from another point of  view, namely the 
pressure as a function of  the composition X at constant packing fraction. The strong 
dependence of the pressure on composition is now clearly seen. 

Whereas there is a wealth of  theoretical predictions for the thermodynamic 
properties of  binary hard sphere mixtures in the fluid state, very little theoretical work 
has been reported on the properties of  the solid state. 

The most  striking feature of  figure 6 is that the pressure increases relative to the 
monodisperse system. Keeping the diameter ratio constant, the difference in the 
maximum pressure and the pressure of  the monodisperse system increases for increas- 
ing packing fraction. For  a fixed diameter ratio the composition at which the maxi- 
mum in the pressure occurs remains constant as the packing fraction is varied. But 
there is a shift of  this maximum to smaller mole fractions of  large spheres when we 
decrease the diameter ratio. It is not easy to determine the composition of the 
maximum accurately, but the dependence on the diameter ratio suggests that the 
maximum occurs at a composition where the partial packing fractions of  the large and 
small spheres are approximately the same. As a function o f  the diameter ratio, this 
composition X* (measured as the mole fraction of  the large spheres) of  equal partial 
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Figure 7. Partial radial distribution functions versus scaled distance for a binary hard sphere 
mixture in the solid state. Diameter ratio ~ = 0.85, composition X = 0-7963 and 
packing fraction @ = 0.5707. The partial radial distribution functions are denoted as 
follows: x, small-small; A, small-large; @, large-large. The solid line represents the 
radial distribution function of the monodisperse system at the same packing fraction. To 
distinguish the distributions from each other, the small-small radial distribution is 
weighted with a factor (I - ~,)2, the large-large one with a factor ~-2 and the small-large 
one with a factor 2X(I - X). The unit of length ~ is defined by (16). 

packing fraction is given by 

0~ 3 

X* - (19) 1 + ~ 3 ,  

leading to X* = 0.462, 0.422 and 0.380 for diameter ratios ~ = 0.95, 0.90 and 0.85 
respectively. 

5.2. Radial distribution functions 

In the introduction to this section we explained why the substitutionally dis- 
ordered crystal is expected to be distorted, especially at low diameter ratios. We expect 
that such a distortion should show up in the pair distribution functions g(r). A 
comparison for different compositions at a diameter ratio ~ = 0.85 is shown in figures 
7-9. 

There are a few remarkable features to note. We expect the smallest distortion to 
be observed in the figure with the largest mole fraction of large spheres: X = 0-7963 
(figure 7). For this composition the large spheres are in the majority. The figure shows 
a close resemblance between the partial radial distribution function of  the large 
spheres and the radial distribution function of the monodisperse system: all the 
maxima in the radial distribution function of  the monodisperse system coincide with 
those of  the large-large radial distribution function. However, in the small-large 
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radial distribution function the maximum at 2.2r/a, which corresponds to a distance 
of two lattice spacings, has disappeared: only a flat plateau is visible. 

A possible explanation as to why the maximum in the small-large radial distri- 
bution function at this distance is less pronounced for the mixture than for the 
monodisperse system is the following. Owing to the distortion of the lattice, the 
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average positions of the individual part; .!es do no longer coincide with a lattice site 
of the FCC lattice. In other words, the local environment of the individual particles 
may be quite asymmetric. As a result, we may expect that the periodic peaks in the 
one-particle distribution function of the small particles in a solid binary mixture will 
have a larger width than in the monodisperse case. The same mechanism results in a 
decrease of the maxima in the radial distribution function. 

When we increase the mole fraction of  the small spheres, the maximum for the 
small-large distribution function remains suppressed. Moreover, for the compo- 
sitions X = 0-3981 (figure 8) and 0.6019 the fourth maximum has totally disappeared 
in the small-large as well as in the small-small distribution functions. However, there 
is still a small maximum in the large-large distribution function, which gradually 
disappears when the mole fraction of the small particles increases. The fact that the 
second and third maxima of the small-small radial distribution are much broader 
than those of  the large-large confirms the suggestion that the small particles are less 
strongly localized at their lattice sites than the larger particles: compare for instance 
the compositions X = 0.2037 and 0.7963 (figures 7 and 9). The maxima of the 
large-large distribution function in the plot for X = 0.7963 have a much smaller 
width than those of  the small-small distribution function at a composition 
X = 0.2037. When we decrease the mole fraction of the large spheres from 
X -- 0.2037 to X = 0.1111, the second and third maxima of the small-small pair 
distribution function are recovered again. This is to be expected, because the compo- 
sition X = 0.1111 is not far from a monodisperse system composed of 'small '  spheres. 
However, even for X = 0.1111 there is hardly any fourth maximum visible in any 
partial pair distribution function. 

Besides distortion as a possible explanation of  the observed behaviour of  the 
radial distribution functions, we should also consider the possibility of  local substi- 
tutional ordering. 

An estimate of  the local substitutional order in a solid solution can be obtained 
from the values at contact of  the partial pair distribution functions. In particular, we 
co nsidered the ratio gLS (aLS)/[gss (aSS)gLL (aLL)]1/2. In the absence of any compositional 
correlations one would expect this ratio to be equal to 1. In fact, as can be seen from 
table 4, this ratio may be a few per cent larger than 1. This indicates that there is a 
slight tendency towards substitutional order. In particular, for less than 60% large 
spheres there is some enhancement of the tendency of a large sphere to be surrounded 
by small spheres. At larger mole fractions there seems to be little substitutional order: 
if anything, there is now an enhancement of like-like contacts. 

6. Summary and conclusions 

The properties of liquid binary hard sphere mixtures for a diameter ratio range 
between ~ = 0-85 and 1-0 have been presented in section 4. We have found that the 
computer simulation data are described quite well by Mansoori equation of  state. In 
fact, by adding one single correction term to this analytical equation of  state, we can 
fit all our simulation data to within the statistical error. 

Comparison of  the computed partial radial distribution functions and the Percus- 
Yevick approximation shows that the partial contact values are always underestimated 
by the PY equation. Also, all the subsidiary maxima in the PY result are shifted 
towards larger distances. For  the partial radial distribution functions of  the species 
that has the largest mole fraction the first minimum of the PY result is too deep. For  
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Table 4. Partial pair distribution functions at contact, gss is the small-small partial pair 
distribution function and ass the diameter of the small spheres, ass = �89 + CrLL)- X 
is the mole fraction of the large spheres. R is defines as R = gLL(gsSgLL)-I/2; degree of 
local substitutional ordering. The values of gAB at contact were obtained from MD 
simulations. 

X gss(ass) gLS(aLS) gLL(~LL) R 

0.0 4-687(3) - - - 
0.2037 4.36(3) 8.07(8) 11.1(3) 1.16(2) 
0.3056 4.032(4) 7.209(9) 10-64(17) 1-101(9) 
0.3981 3.66(5) 6.65(6) 9-84(7) 1-108(13) 
0.5000 3.16(6) 5.81 (5) 9-24(9) 1.075(15) 
0.6019 2-76(6) 4.91(3) 8.27(5) 1.029(13) 
0-7963 2.01(6) 3-456(14) 6.363(11) 0.97(2) 
1.0000 -- -- 4.687(3) - 

the like-like partial radial distribution function of the species, which are in the 
minority, it is difficult to dray conclusions because of poor  statistics. In the solid phase 
the pressure of  the mixture is always higher than the pressure of  the monodisperse 
solid at constant packing fraction. In contrast, the pressure of  the liquid mixture is 
always lower than the pressure of  the monodisperse system. At first sight, the differ- 
ence in behaviour between the fluid and the solid appears puzzling. The usual 
explanation for the lower pressure of  the fluid mixture is that smaller spheres can pack 
efficiently in the cavities between the larger spheres. In other words, the free volume 
is larger. Hence the pressure is lower. This argument also applies to certain substi- 
tutionally ordered solid structures. However, for the substitutionally disordered FCC 
crystal the binary mixture does not have a larger free volume than the monodisperse 
crystal at the same packing fraction. On the contrary, as was discussed in section 5, 
there is appreciable steric hindrance in the mixed solid. At higher densities this leads 
to local distortions of  the crystal lattice. For a composition X = 0.2 and a diameter 
ratio ~ = 0.85 it is not even possible to create a solid solution without distorting the 
FCC lattice. It  seems likely that the same factors that cause distortion at high densities 
tend to reduce the free volume, and hence increase the pressure, at lower densities. 

We have found some evidence for local substitutional ordering. However, for high 
densities and large size differences (~ = 0.85), where substitutional ordering is expected 
to be most pronounced, it becomes difficult to sample adequately over all accessible 
configurations. 
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