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FOR EVOLUTION EQUATIONS AND

TIME-SCALE ARGUMENTS FOR
STRUCTURED POPULATION MODELS
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ABSTRACT. In this paper we present a generalization of
a finite dimensional singular perturbation theorem to Banach
spaces. From this we obtain sufficient conditions under which
a faithful simplification by a time-scale argument is justified
for age-structured models of slowly growing populations. An
explicit formulation for the approximating, ordinary differ-
ential equation, model is obtained. Finally, we describe the
precise class of structured population models for which we
conjecture that a similar result holds.

1. Introduction and motivation. General structured population
models have the unfortunate tendency to be very complicated. It is
therefore important to investigate systematic simplification methods
for this class of models. One would like to elucidate under which
conditions the general problem can be simplified in such a way that
the essential information one would like to obtain from the model is
not lost. In [11] a number of general principles of model simplification
are mentioned that operate on the level of the population (we are
not concerned here with principles that pertain to the level of the
individuals). One example in case is the so-called linear chain trickery:
for some physiologies of the individuals the original infinite dimensional
evolution system allows a representation as a finite set of ordinary
differential equations, which is faithful to the full structured model
as far as input-output relations on the population level are concerned.
In [10], necessary and sufficient conditions are given for a structured
population model to be linear chain trickable. In principle, this is
the only exact ordinary differential equation representation possible.
Weaker versions of the same principle, including an asymptotic criterion
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akin to the theory developed in the present paper, are discussed
heuristically in [17]. A different route to simplify structured population
problems, for stage-structured models, is the formulation as delay
differential equations such as in [12] and transformation to a functional
differential equation in recent work by Smith [15].

However, the idea that seems to hover in the back of most people's
minds when using ordinary differential equation population models is
not linear chain trickery, but the exploitation of differences in time-
scale. One implicitly argues that the use of an ordinary differential
equation model is justified if the time-scale of changes in the popula-
tion size is much slower than the time-scale at which the stable i-state
distribution (see the introduction of Section 3) is reached. The moti-
vation behind the present paper is to find a set of sufficient conditions
under which the implicitly used `argument' for working with ordinary
differential equation models instead of general structured population
models is actually justified.

That, however, is still wishful thinking. In this paper we give such a
set of sufficient conditions for age-structured populations that only rel-
atively slowly change their size. In the process we obtain a function Q,
which tells us exactly how the overall population parameters are linked
to the parameters at the individual level. From a modelling point of
view one should, instead of writing down an ordinary differential equa-
tion model right away, start with the age-structured model which is
entirely based on mechanistic reasoning at the individual level (indi-
vidual parameters involved are commonly measured in experiments or
can be estimated from population data). The main reason to use struc-
tured population modelling is to obtain a conceptually clean model from
the outset. Subsequently, the time-scale argument in this paper gives
the precise form of the ordinary differential equations model that ap-
proximates the full model. It would in general be very difficult, if not
impossible, to write down the correct ordinary differential equations
from scratch.

Time-scale arguments are most frequently used in finite systems of
ordinary differential equations arising in applications wherever different
time-scales can be distinguished, or introduced in some natural way
(see, e.g., [14]). The idea is that when one time-scale is very fast,
as compared to the other time-scales inherent in the system, one
assumes that the processes on the fast time-scale are actually in
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equilibrium at all times (however, this equilibrium changes slowly as
the slower processes change in time). This then leads to a system
of ordinary differential equations of lower dimension, capturing the
essentials of the original bigger system. The equilibrium assumption
is usually called the quasi- (or pseudo)-steady-state hypothesis. The
mathematical counterpart of this intuitive notion starts by scaling
the original system of differential equations in such a way that it
can be rewritten as a singular perturbation problem. A precise set
of sufficient conditions for the quasi-steady-state hypothesis to be
valid, for finite dimensional systems of ordinary differential equations,
is then for example given by the singular perturbation theorem in
Tikhonov et al. [16], but see also, e.g., Bogoliubov and Mitropolskii
[1]. Models for structured populations come in the form of first
order hyperbolic partial differential equations with an integral-type side
condition, so the theorem from [16] and the usual generalizations of
singular perturbation results like it in the literature (see, e.g., [8]) do
not apply.

In Section 2 we prove a singular perturbation theorem for evolution
equations that is applicable to structured population models. Apart
from this application the theorem as such (although not the details of
its proof) may be interesting in its own right. Based on Theorem 2.1
we give, in Section 3, a set of sufficient conditions for the quasi-steady-
state hypothesis to hold for age-structured population models. Finally,
we describe a more general class of structured population models for
which we can explicitly calculate the above mentioned function Q, and
for which we conjecture that our approximation result still holds.

2. The singular perturbation theorem. The proof of Theorem
2.1 below makes frequent use of Gronwall's Lemma. We state it
explicitly for easy reference, for a proof see, e.g., [5].

Gronwall's Lemma. Assume that a,b,u : [T, T] 11+ are
continuous functions, a E Cl , such that

u(t) a(t) + I b(s)u(s) ds for all t E [T, T].<
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Then, for t E [7,1] one can estimate u as follows

(I
b(s) ds) + I a(s) exp (I b(a) da) ds.

7

In case b is constant, then the estimate reduces to

r)eb(tu(t) a(r) + f a(s)eb) ds.

We consider a system of evolution equations which depend on a small
parameter E E [0, co] of the following form

(2.1) j'e(t) =
(2.1b) ethe(t) = Aowe(t)+EF(N(t),W,(t),e)

with an initial condition

(2.1c) 7e(0) = rr, we(0) = tr).

The unknown function -ye has values in 11.7" , while w, has values in an
(infinite dimensional) Banach space X . We assume that Ao, f and F
satisfy the following hypotheses:

1) Ao generates a strongly continuous semigroup {To(t)} on X which
is assumed to be exponentially stable, i.e., there are constants M1 > 1,
a > 0 such that IITo(t)II < eat for all t > 0.

2) Both f x X x [0, eo] Rrn and F : Rm x X x [0, co] -> X are
continuous and locally Lipschitz with respect to the first two variables,
uniformly in c.

These assumptions ensure that (2.1) has unique mild solutions for
every e and we always assume that these are maximal solutions, i.e.,
cannot be extended to a larger time interval. The notion of mild
solution is the usual one, based on the variation of constant formula or
(equivalently) satisfies the integrated version of (2.1), i.e.,

(2.2a)

(2.2b)

= + f f (-ye (s), we(s), e) ds

wE(t)=To(111)+ ft To(t 5)F(-y,O,149),E)ds
Jo E

u(t) a(r) exp

A/1

: 11!" -4

-Th(t)

7

<

fey,(t),w,(t),e)

<
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(see [15] for further details and for conditions that ensure that a mild
solution is a classical one). We want to describe the behavior of the
solutions letting c 0. This is a singular perturbation problem.
Formally one expects that -ye converges to the solution of the following
ordinary differential equation

(2.2c) 7(t) = f (7(0 , 0, 0), 7(0) =

while we tends to 0 as 0. This indeed happens. More precisely,
the main result reads as follows.

Theorem 2.1. Let -yo : [0,T] R'n be a solution of (2.2c). Then
for every 6 > 0 there exists el > 0 such that for e E (0, ei] the solution

we of (2.1) exists on [0,T] and satisfies the following estimates

(2.3a)

(2.3b)

17,(t) -yo(t)I <. 5 for all t E [0, T]

iiwe(t)II 5 5 for all t E [5,T].

Note that the convergence of -ye is uniformly on the whole interval,
while we converges uniformly merely on intervals bounded away from
0. More cannot be proved since we(0) = ti) 0 0.

We will prove this result in several steps, which we formulate as
lemmas. The structure of the proof is as follows. We give an estimate
for 17,(t) -yo(t)I in terms of I I we (t) I I

in Lemma 2.5. Subsequently,
we estimate I jw,(t)II in terms of IN(t) -yo(t)I in Lemma 2.6. These
estimates are then combined in the main part of the proof. Apart from
the proof of Lemma 2.2, all proofs are standard and basically consist
of frequent applications of Gronwall's Lemma to variation of constants
formulas.

Important questions, that are frequently studied in the literature,
related to results like Theorem 2.1, concern the comparison of the
dynamic behavior of the full system with the behavior of the limit
system. In the finite dimensional case, see, for example, the work of
Fenichel [4]. In the infinite dimensional case, Henry [7, Chapters 6
and 9] gives results for, among many other things, the existence of an
invariant manifold for the full system near an equilibrium of the limit
system. For these results, however, that are valid for the infinite time-
interval, whereas our result is for finite time-intervals, he has to impose

>

c -4

--+

7
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stronger smoothness conditions on the full system than our assumptions
imply. In particuar, Henry assumes that the generator Ao is sectorial
(see [7] for details). Because of the specific applciation we have in mind
for our result, we do not pursue the interesting question whether or not
Henry's and other "comparison-results" can hold true in our particular
setting.

As a consequence of the first lemma below, we can assume that the
solutions of (2.1) are defined on all R+.

Lemma 2.2. If Theorem 2.1 is true for f and F globally Lipschitz
(w.r.t the first two variables), then it is also true for f and F locally
Lipschitz (w.r.t. the first two variables).

Proof We start by recalling two standard facts:

1) Given a compact set K and an open set V in a Banach space
Y satisfying K C V, then there exists a globally Lipschitz function

: Y -4 11+ such that {y E Y : 0(y) = 1} is a neighborhood of K and
supp C V.

2) If g is locally Lipschitz on a Banach space Y, then to every
compact set K C Y there exists a bounded open set V D K such
that the restriction glv is globally Lipschitz on V. Moreover, if ge is
locally Lipschitz uniformly with respect to e C [0, ec], then V can be
chosen independent of e and the restrictions have a common Lipschitz
constant.

Thus, for the compact set K {(-yo(s), 0) : s E [0, 7]} c Y
Rm x X there exists a bounded open set V D K such that all
the restrictions fey and Few are Lipschitz with a common Lipschitz
constant. By choosing to K and V a globally Lipschitz function :

R'n x X R+ as described in 1) above, we obtain that f and F defined
by f (0 , x , e) := 0(0, x) f (11, x , e) and F(0, x, e) := 0(13 , x)F (0 , x, e) are
globally Lipschitz with respect to the first two variables, uniformly in
E. Moreover, f and f coincide on a neighborhood of K and the same
holds for F and F. Thus a mild solution (ie(), tile()) of problem (2.1)
for f and F which is close to (-yo(), 0) is also a mild solution of the
original problem for f, F.

:= :=

-4
0

o
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From here on in this section we will always assume that f and F are
globally Lipschitz with respect to the first two variables with constant
L. Hence, we do not have to care about the domains of the solutions
and have estimates uniform with respect to e. This is stated in the
next lemma.

Lemma 2.3. Assume f and F are globally Lipschitz with constant
L. Then (2.1) has solutions defined on R+, and the following estimate
holds:

(2.4) 176(t)1+11wE(t)II (1-1I+Mi Ihidl+N1 (t+)) exp(L(1+Mi)t)

where M1 is as in hypothesis 1 and N1 := suPo<E<Eollf (O,O,E)I +
M1IIF(0,0,e)11}.

Proof From the variation-of-constants formulas (2.2a-b) we obtain

ft
1-Ye(01 + Ilwe(t)II rrl + If(Ye(s), wc(s), ds +

0
ft

IIF(-ye(s), wE(s),E)Il ds

To (1)ti)

t

(I7Y1+ Mill01)+ (7e(s)11-Ve(8)) e) f (CIAO ds

+ M1 I IF(-ye (s), we (s), 6) F(0, 0, c)I ds + tN1.

Now use the Lipschitz continuity of F and f and apply Gronwall's
Lemma to the function t(t)1+ Ilwe(t)II. 0

Lemma 2.4. For every e > 0 there exists Ti > 0 and e > 0 such
that for c < el we have

(2.5a)

and

(2.5b)

Ilwe(ert)II <

t < I-ye(t) < S.

e)I

+ M1

5_

t

er1

(5

= 51
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Proof. We choose .7-1 such that IIT0(71)1D11 < 5/2. This is possible
due to hypothesis 1. By Lemma 2.3, {(7,(s)ove(s)) : 0 < s
r1,0 < c < eo} is bounded in Rm x X . Thus If (N(s), wE(s),e)I and
I IF(le(s), we(s), E)I I are uniformly bounded by a constant N , say. The
variation-of-constants formulas imply

we (t) To (t tit

1-ye(t) Nt
t

N
To (t ds < M1Nt

We can choose el > 0 such that c1N7-1 < 5 and c1M1Nr1 < 5/2.
Then obviously (2.5b) is satisfied, and for e < ei 11we (671) I <
I Ilne (er1) To(TOCUI + HT0(7-1)01 < 512+ 5/2 = 5. 0

Lemma 2.5. For 0 < r < t the following estimate holds

b'e(t) (INN 7o(T)1 + M2 (t1 E.)) exp(L(t 7))
(2.6) ft

exp(mt s))1IwE(s)II ds

where M2(t, r) > 0 for e 0 uniformly on bounded t-intervals.

Proof. We have

'Mt) = 7e(T) 'Mr)

f(f (-re(s), we (s), E) f(70(s),0,0))ds.

Hence

IN(t) 70(01 5- b(r) 7o(r)l

fIf (ro(s), 0, r) f (1)(8), ds

+ If em(s),wE(s), e)
7

INN l'o(r)1 + (t '0112 (t, e)

fLHwe(s)H ds f LIN(s) l'o(s)1 ds

<

70(01

+

+

+ I

+ f

I f (ro(s), 0, e)I ds

+ f +

-es)

7

70(t)

e

5

'I
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where M2(t, c) := stiPo<8<t If (70(s), 0, f (70(s), 0, If we apply
Gronwall's Lemma to the function s 1-4 1-ye(s) NM and the interval
[T,t], (hereby estimating M2(s , c) by the 'constant' M2(t,e)!) we find

F-Ye(t) N(t)1 1N(r) 70(7)1 exP(L(t 7))

+

ft

e) + LIND e(s)11) exp(L(t s)) ds.

From this the estimate (2.6) follows, with M2(t,e) := M2 (t, e) 1 L. Note
also that continuity of f implies that M2(t,e) converges to 0 uniformly
on bounded t-intervals. o

Lemma 2.6. For e sufficiently small (c < o ALM)) and 0 < T < t
the following estimate holds:
(2.7)

117DE(t)11 millwe(r)11 + atmt, E.)

+ j LM1 exp ((LM1 (if)(t '0)1 'Ye (s) -yo(s)I ds.
6

Here M1 and a are as in hypothesis 1 and M3 ( t , e) is a suitable constant
that remains bounded when e -4 0.

Proof. The variation-of-constant formula yields

w,(t) = To (t r )w,(r) + To(-ts)

hence

I lwe(t)II TO
(t 7-)

(t s

ft17,0(ts
I c )

Ilwe(r)11

IlF('ro(s), 0, ds

IIF E (s), we(s), e)

F(7o(s), e)I ds.

e) -

-

ft
I we(s), e) ds,
T C

+

-

S
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We have IITo(t)II < M exp(at) by hypothesis 1, F is Lipschitz with
constant L and we define N(t) := sup,<t IF(-yo(s), 0, e)II. Then

11/1 exp cle (t r))11114(T)11

+ f MIN (t) exp (t s)) ds

+ f LM1 exp (Le (t s)) I-ye (s) ryo(s)Ids

+ LM1 exp (t s)) ItVe(s)It ds.

Now we apply Gronwall's Lemma to the function s 1-4 exp(as/e)11we(8)11
(hereby considering N(t) as a constant) and obtain

exp (cit)IlwE(t)II exp (c1-)II/De(T)II exP(LM1(t r))

+ f MIN (t) exp exp(LM1(t s))ds

+ j M1L exp (c.$) (s) -7o(s)I exP(LMl(t s))ds

and from this one easily deduces (2.7), where we write M3(t,e) :=
M1N (t)/ (a eLM1).

With the estimates proved in Lemma 2.5 and Lemma 2.6, we can now
give the proof of Theorem 2.1.

Proof of Theorem 2.1. To get an estimate on -ye (t) -yo(t)I we insert
(2.7) in (2.6) thus obtaining
(2.8)

17e(t) -ro (7) + m2 (t, e)) exp(L(t 7-))

+ (Millwe(r)11 + eMs(t, r))(exp(L(t r)) 1)

+
t

exp(L(t s)) LM1

x exp((LM1 crl e)(s r))I-ye(r) -yo(r)I dr ds.

Ilwe(t)II

fe (
f

e

(
T

(62.$)

<

-

d

o
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Introduce pe := LM1 ale (then pe < 0, provided that c < crl(LM1)),
and M4(c) := LM1/(L pe) (then M4 (6) 0 as e 4. 0). The last term
of (2.8) equals

LM4(e)(exp(L(t s)) exp(Pe(t s)))1N(s) 'Yo(s)I ds

and can be estimated by

LM4(c)exP(L(t s))Iie(s) ds.

The remaining terms in (2.8) can be estimated by an expression of the
form

(mi(IN(7) 7o(r) I + I Itve + 1v15(E)) exp(L(t T))

where M5(e) tends to zero for e 0. Thus applying once more
Gronwall's Lemma (to the function t exp(Lt)be(t) -yo(t)l) we
obtain

(2.9) IN(t) 7o(t)I WI (NM + 11We(7)11) + ms(e))
x exp(L(M4(e) + 1)(t T)).

Now given 5 as in Theorem 2.1 we can choose, according to Lemma
2.4, el and ri such that

(eri ) -yo(eri)I + I Iwe (er1)11 < exp L(M1 + 1)T)-16/2,
Ve <

Since lime.,0M5(c) = 0 one can achieve (by making el smaller) that

(2.10) Ali G-re (eri) -Yo (eri )1 + I lwe(eri)11) + ms(e)

< (th exp L(Mi + 1)T)-1.5/2, Ve <

From (2.2a) and the boundedness of V := {(7,(s),we(s)) : 0 < s
71,0 < c < co}, it follows that

(2.11) IN(t) _< Kt

7o(s)I

->

5. N(T)I

(MI

<

I

)

El.

f:

-

-
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for K := suPv If(YE(a), we (a), e) I. Now choose

< min(co, el, 6/(27-1K), a/(LM1)).

Then the estimates (2.9) and (2.10) with T := 6-7-1 give (2.3a) for
t E [Eri, T]. Furthermore, estimate (2.11) together with Lemma 2.4
gives IN(t) -yo(t)I < IN(t) 51 + I 70(01 < 5 for t E [0,Erd. To
prove (2.3b) one starts with inserting (2.6) into (2.7) and proceeds in
a similar fashion. o

3. Time-scale arguments for structured populations. We
start by briefly describing the nature of general models for (age)-
structured populations. We refer to [9] for an extensive treatment of
many aspects of model-building for structured populations.

Suppose the individuals that make up a certain population are dis-
tinguished from one another on the basis of a certain set of characteris-
tics, collectively called the i-state. Let SI denote the set of all possible
i-states. In this paper we will take ft c R and assume that SI is com-
pact (although we conjecture that this assumption is too strong). At
the level of the individuals, a model would consist of a specification
of the birth and death rates for individuals and a description of how
the i-state of an individual changes with time. In general these rates of
change will depend on the condition of the environment. One can think
of, e.g., food availability, temperature, population density of predators
(of course, what actually constitutes the environment depends on the
nature of the i-states and the mechanisms that are taken into account).
If the population, in turn, influences the condition of the environment,
then our model becomes nonlinear. We assume, however, that the fu-
ture behavior of an individual can be determined from its present state
if the time evolution of the environment is known, so if the environment
can be expressed as a known function of time, the model is linear. If
the environment does not depend on the population and is constant,
then our model is linear and autonomous.

We assume from now on that only the birth and death rates are
influenced by the environment but that the rate of change of the i-
state is not. Therefore, the key i-state variable we have in mind is
age.

If the population, or rather the environment, is well mixed, the
population state (p-state) is regarded as an element of some Banach

E
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space X of functions or measures over a In our case we only consider
X = L1(12), the space of integrable functions on Si, or X = M(11) the
space of regular Borel measures of bounded variation on ft (with the
standard variation norm). In the latter case, the measures give, for
each measurable subset of ft, the total spatial density of individuals
whose i-states are elements of that subset. From the model on the
individual level one can, by doing the bookkeeping correctly, derive
balance laws that describe the time evolution of the p-state. Basically
this corresponds to the Kolmogorov forward equation from probability
theory (for details see [2, 9, 10, 17]). Let us denote the condition of
the environment by a variable E taking values in some R. The state
u of our structured population then satisfies an abstract equation of
the form

du
(3.1) Tt(t) = A(E(t))u(t), u(0) = u°,

where A(.) is a linear, usually unbounded, operator on X for each
possible fixed condition of the environment E.

Our model should now be completed by specifying some output
quantities. In our case these are necessarily of the form (0,u), where

E Loo(P), (and (., .) denotes the duality pairing between L1(1)
and L.(Q)). One possibility is to take the total population size as
a function of time N(t) = (1,u). Finally, if the population and the
environment influence each other we have to specify the dynamics of
the environment.

If the environment is constant, the problem (3.1) is linear. Assume
that the operator A in (3.1) is the generator of a (positive) semigroup
{S(t)}, t > 0, on X and has a strictly dominant eigenvalue Ad. Let (Ad
be the eigenvector associated with Ad, and let CI be the corresponding
eigenvector of the adjoint of A. We normalize such that l kbdi I = 1

and (Od,Ci) = 1. Under some (local) conditions on the semigroup
generated by A (irreducibility and a condition on the growth bound,
see, e.g., [6, 9]) one proves that there exist constants 5, M > 0 such
that for all u E X the following estimate holds

Adts(t)u 071)0d11 me' I lull,

t > 0. The eigenvector Od is called the stable distribution of the
population over the i-state space Q. The dominant eigenvalue Ad has

<.



448 G. GREINER, J.A.P. HEESTERBEEK AND J.A.J. METZ

the biological interpretation of the intrinsic growth rate of the total
population (see [9]). So as t -4 oo, the distribution of individuals over
the different i-states approaches the fixed distribution 0d. The sizes of
the various classes of individuals then only grow or diminish, depending
on whether the total population size N grows or diminishes.

We now proceed with the time-scale argument for the type of struc-
tured population models described above for the case that X = L1(11).
We attach a subscript c to A in (3.1) for our special purpose, and we
make the following assumptions.

I. A (E)u = Aou + e He(E)u, and

a) Ao is a linear operator and generates a Co-semigroup {So(t)}
on X; 0 is the strictly dominant eigenvalue of Ao; there exist unique
eigenfunctions E X and 0,?; E X* , corresponding to the eigenvalue 0,
for Ao and its adjoint AZ, respectively, normalized such that (tbo, 0(1) =
1, and Noll = 1; the following estimate for the semigroup {So(t)} holds

IISo(t)u (u, ti)(15011 Af e-6 t

for some M > 1, (5 > 0.

b) H : [0, Co] x R" xX-4X is locally Lipschitz continuous in the
last two arguments.

c) H is continuous in all arguments.

II. Either

a) Environmental feedback is direct: E = G(u) for some sufficiently
nice operator G, or

b) Environmental feedback is indirect: dE dt = K(u, E). Here K
satisfies the condition: for all u E X there exists a unique G(u) E Rn
such that K(u,G(u)) = 0 and E = G(u) is a globally stable steady
state of dE I dt = K(u, E).

Let ue(t) be the solution to (3.1) (subject to the conditions I, II) at
time t. The fact that a mild solution u, exists follows from the theory
of semi-linear evolution systems [13].

(ko

<
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Theorem 3.1. Under assumptions I, II, the following holds. For all
T > 0 we have Ilue(t/e)- N (00011 -+ 0 for e 0.1. on (0, Th uniformly on
intervals bounded away from zero. Here N is the total population size
when the population-state has reached its stable distribution 00, and N
is the solution of

dN
(t) =lim(He(G(N0o))45o,(4)N =: Q(N)N,

(3.2) dt e.1.0

N(0) = (u°, ).

Any other population output (0,u(t)), E Loo(12) can be obained as
N(t)(0,40o).

Proof. We first prove the result under assumptions I, II a). We
suppress the subscript e below, but keep in mind that our functions
depend on e.

Decompose X as
X = Rcbo Y

where P : X -4 Y is the projection given by

Pu = u

Write Pu fa and (u, )=:5'. Then u = 0 + fa with -5, : R R
and lb : -4 Y. Then (3.1) is transformed into the system

(3.3)

7YI = e(He(E)5'4)0+ tiMbO) =: ello(e,5',1b)
(3.4)

= Bob + EP(He(E)0 + tb) =: Bob + eHi(e,;5,, tb).

In (3.4) the operator Bo is the restriction of Ao to Y. Furthermore, we
define a semigroup {To(t)} as the restriction of So(t) to Y. Observe
that So and P, and Ao and P, commute, so {To(t)} is the Co-semigroup
generated by Bo. By assumption I a) this semigroup is exponentially
stable.

If we now scale time with a factor 1/e and put y(t) := 7y(t e) and
w(t) := tii(tle), then the system reads

(3.5) = f (6,7, w)
(3.6) ew' = Bow + eF(e, to),y,

7,1)

13)

(u, (4)00.

R+
>

7'
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where f (6,^y,w) := Ho(e. , w) and F (y, w) := Hi(6,7,w). F and
f are continuous and locally Lipschitz in the last two arguments, and
both f 0,0) and F(0,0,0) are zero, due to the assumptions on H .

We have transformed our original problem into the frame of the
singular perturbation result from Section 2, system (2.1). Denote
the solution to the unperturbed form of equation (3.5) by N(t). The
only solution to the unperturbed form of equation (3.6) is w(7) a 0.
Application of Theorem 2.1 to the system (3.5), (3.6) now gives

Ilu.(t/e) N(0411 = 11Nt/e)00 + tD(t/e) N(04)011

= 117(000 + w(t) N(00011

5_ 1114 + 1-Y(0 N(01110011 o

uniformly on compact subsets of (0, 71 and the first part of the theorem
follows.

The proof of the theorem for the case of assumptions I, IIb) is
completely analogous to the one given above. Instead of the single
equation (3.1), we then treat the system

dzldt = V z, z(0) = z°,

where z E Z := X x IV is the vector z = (Eu ), and V : Z -+ Z is an
operator that maps the vector z into

V z = Ae(E)u)
\ G (u, E)

As above, we decompose our space as

Z = Itch ED P Z,

where P is the projection given by

P (E) := (E) ((u, 0(*))15°)

The rest of the proof is a straightforward analogy to the case of
assumptions I, Ha).

>
-

.

Ei
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Let us explain, in somewhat more detail, what the gist of the result
is. Suppose the population is introduced into an environment E.
Then the auxiliary parameter c can, for example, be interpreted as
the inverse of the doubling time for the population after introduction
into E (i.e., a measure for the time-scale of population growth), if
E were fixed. So if population growth is slow, then c is small. If
e = 0, then the operator that describes the (abstract) time-evolution
is given by Ao. Note that the limo) is only a formal limit. What we
need is that for c very small, the generators A,(E) are sufficiently
close, in some sense, and that the respective dominant eigenvalues
Ad(c,E) r:-. 0. This is what our hypotheses guarantee. They assure that
the solution u to (3.1) approaches a stable distribution of individuals
over the i-state space, and that this distribution is given by the
eigenvector 00 of Ao corresponding to the dominant eigenvalue Ad = 0.
If E 4. 0, we are regarding populations that grow at smaller and
smaller rates, and the ratio between the time-scale for convergence
of the population-state to its stable distribution, and the time-scale
of changes in the total population size, continues to increase. The
quasi-steady-state hypothesis is that the population state is always in
its stable distribution and this distribution then changes on the slow
time-scale of population growth. Theorem 3.1 gives a set of sufficient
conditions for this hypothesis to be valid. The solution u(t, a) of the
infinite dimensional problem (3.1) is then approximated by N(t)o(a)
where N can be found by solving the ordinary differential equation
dNIdt = Q(N)N, (3.2). Theorem 3.1 therefore gives a set of sufficient
conditions for slowly growing populations to justify the often intuitive
argument behind the use of ordinary differential equation population
models (in the sense that an ordinary differential equation model then
indeed exists that sensibly approximates the more realistic structured
model).

In order to apply Theorem 3.1 to structured population models in a
meaningful way, we have to be able to express the function Q(N), that
defines the finite-dimensional approximation to the full model, in terms
of the basic parameters that relate to the level of the individuals.

As a first step we indicate how Q relates to the dominant eigenvalue
of A,. To this end, we fix E = E and formally expand the dominant
eigenvalue of A,(E) = Ao + eH,(E) in e, i.e., we write Ad(e,E) =
eAl(E) + o(e) (Ao = 0, by assumption); producing an actual proof
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that this expansion exists however might not be easy. The term
A1(E) describes the growth of the population, in dependence on the
environment, on the slow time-scale.

Proposition 3.2. Assume Ad(E, E) rAl(t) + o(e). For the
differential operator A(E) = A0 + elle(E), the following holds

A1(E) = f-1--Ad(e , .k) = c(E)Oo, = Q(N).

Proof. We expand the dominant eigenvector Od(E,E) of iele(t)
formally as 04(e, k) = (ko + 601(E) + o(e). Then ile(E)Od(E,E) =
Ad(e, E)(bd(e. , E) can be written as

(Ao + elle(E))(95o + 601(E)) = eAi (k)(0o + 601(E)) + o(e),

which leads to

A000 + c/1001(E)+ E11,(E)Oo = EA1(E)Oo + o(c).

After taking the duality pairing on both sides with 0'6' and using
A000 = 0 = i140',5 we finally find

(11,(E)00,(4) = (E) + o(E)

which gives the desired result.

How A1 can be calculated is shown in a detailed example in Section
4. For purely age-dependent models, this calculation is exact. How-
ever, it turns out that the calculation of Ai, and perforce Q, can be
carried out formally for a larger class of models than those with strict
age-dependence, suggesting that it should be possible to carry over
Propositions 3.2 and 4.1 to this class as well.

4. A detailed example and a conjecture. Assume that we have
a one-dimensional i-state space It E R and that all individuals are

urn

.=

0
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born with the same i-state, x°. We consider the following differential
generator on

a g(x , E)n(x)
(4.1) (A(E)n)(x) := p(x, E)n(x),

with boundary condition

g(x° , E)n(t, x°) = 0(x, E)n(t, x) dx,

describing the birth of new individuals. We assume that the environ-
ment E is coupled to the population-state as in hypothesis IIa) or IIb)
preceding Theorem 3.1.

The functions g(. , E), E) and 13( , E) are elements of Lor,(S1) and
describe the rate of change of the i-state x, the death-rate of individuals,
and the birth-rate of individuals, respectively.

We introduce a small parameter c by making the following assump-
tions on g, p and

(4.2) g(x, E) = go(x) + eg1(x, E) + o(e),
(4.3) E) = po(x) epi (x, E) + o(c),
(4.4) 0(x, E) = ao(x) + 01(x , E) + o(e),

where the index '0' indicates evaluation of the function at c = 0,
and the index '1' indicates evaluating Olee of the function at E = 0.
We assume that go(.), po(.) and NO are differentiable. If we write
A(E) for the operator in (4.1) with (4.2) and (4.3) substituted, then
A ,(E)n = Aon + eHe(E)n with

Ogo(x)n(x)
(4.5) (Aon)(x) =

ax po(x)n(x),

with boundary condition go(2)n(x°) = f 00(x)n(x) dx, and

gi(x, E)n(x)
(4.6) (1-1,(E)n)(x) = pi (x, E)n(x) + o(e),

Ox

with boundary condition egl(x° , E)n(x°) = e fn 01(x, E)n(x) dx + o(e).

L1(12),

f

tie ,

fi

p(x, +

ft
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Before studying (4.1) as it was just defined, we first consider the
special case where g(x, E) = go(x). All individuals are born equal
and progress through life in the same manner, thus makinkan age-
representation of the model possible (see [9]).,. We fix E = E. Since
dim f/ = 1, the characteristic equation of A(E) is a scalar equation.
A(E) satisfies the hypotheses of Theorem 3.1, and we can, for this
class of 'purely age-representable' models, calculate Ad(e, E) from the
characteristic equation. The characteristic equation

0(x,
Jo g(x,

((Ate,E)+Agg(CE)) dc
dx,(4.7a) 1 =

e

can be rewritten for the case g(x, = Mx), with X0 defined as the
solution of dXo/da = go(X0), as

00

(4.7b) 1 = 0(Xo(a), E)e- J p(XO (a),E) due da

which has only one real solution. Let 00 and 0'6 be the eigenvectors of
Ao and At, corresponding to 0, with (0o, = 1 and Yoll = 1. Direct
computation gives

(4.8) 00(x) = e Euago/Oc+A())/90(0),14.

Theorem 3.1 states that if g is independent of the environment, the
solution n(t, x) of (4.1) can be approximated by N(t)o(x) with Oo
given by (4.8) and N being the solution of dN/dt = A1(E)N, with
A1 derived from (4.7b). This ends the exact calculations for the pure
age-structured case.

For the case that_ g is allowed to depend on the environment, we
now show how A1(E) can be expressed in the parameters of system
(4.1)(4.6) by a series of approximations. As a preliminary step we
again consider the age-representation of the i-state for the case of a fixed
environment E. Switching to an age-representation remains possible
because all individuals are still born equal, although the subsequent
rates of growth of the individuals are no longer functions of the current
i-state. Introduce an auxiliary function X (a, E), that is, the solution
of the ODE

dX Ida = g(X , X(0, t) = ,

f'

f

k),

0

k)
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that describes the changes in the i-state variable x with the increasing
age of the individual. Let, furthermore,

which is the probability that, in environment. E, the individual is still
alive at age a. The basic reproduction ratio, i.e., the expected number
of future offspring produced by a newborn individual, can then be
calculated as

R(e, t) =
00

f )3(X (a, t), t).7". (a, t) da,

and the average age at childbearing as

(4.9) m(e, t) = 1 a/3(X (a, t), t).7. (a, da.
R(e, .k) Jo

As in (4.2)(4.4) we write X = Xo + e X1 + o(e); then Xo is the
solution of

(4.10) dXolda =

and X1 is the solution of

dX1 d
(4.11)

da = dX(110(X0))X1 + gl(Xo, E).

Furthermore, we write R(e, t) = Ro + e RI(E) + o(e) and m(e, =
mo + 0(e). Then Ro, RI and rno can be calculated in a straightforward
way in terms of X0, X1 and the parameters. We find

(4.12) Ro = Lc* (Xo (a) ).7 o (a) da,

where .7.0(a) = exp( foa po (Xo (a)) da), and

00

(4.13) mo = a. 7. o(a)flo(Xo(a)) da,

(a, t) da

t)

90(X0),

f

.F = Is roc-(.,E),E)
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and finally,

(4.14) RI(E) = -7.0(a) {0c-(00(Xo(a)))Xi(a, E) th (Xo (a), t)

0o(Xo(a)) foa dX (/-to(Xo(o)))X I (a, da

- izi(Xo(a), E)dedda.

We now have all the ingredients to determine AO). Necessarily,
Ro = 1, i.e., for e = 0 the individuals on average only replace themselves
in the population. This implies that Ao has dominant eigenvalue 0.

Proposition 4.1. Let dim e = 1, assume R0= 1 and Ad(e, E) =
eAl(E) + o(e) for the dominant eigenvalue of A(E) from (4.1). Then

AO) = Ri(E)Imo
where R1(E) is given by (4.14) and mo is given by (4.13).

Proof. First of all we switch to an age-representation in the charac-
teristic equation (4.7a) by substituting x -> X (a, E), and we obtain,
after multiplying by R(e, E) and its inverse

1 = R(e,
T° 1

Mc,
T3PC(a, E), k)e- fo li(X a 10 ij)da e Act da

E)R(e,
10

m(a, c, E)e- A" da.

There exists a unique real solution to this equation, and we denote it
by Ad. By taking logarithms on both sides, we obtain

00

0 = log R(c, + log ( I m(a, e, E)e- da),

and after expanding e-Ada in Ad,

0 = log R(e, E)
00

( f
00

+ log m(a, e, E) da Adf am(a, c, E) da + o(Ad))

= log R(c, E.) + log(1 E)m(e, t) + o(Ad))
= log R(e, E) - Ad(e, E)m(e, E) + o(Ad),

fow

o

)d(c,

d

-
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where m(e, -E) is defined by (4.9). We proceed by expanding R(e,
Ad(e, E) and m(e, E) in c and find

= log(1 + (E) + o(e)) + (eAi (E) + o(e)) log(mo + 0(e)) + 0(e)

which leads to
0 = eRi(E) + e Ai(E)mo + o(e).

This relation should hold for all E E [0, CO] and therefore the final result
of our approximations is

A1 (t) = (E)/mo

where RI(E) is given by (4.14) and mo by (4.13). o

It follows from Propositions 3.2 and 4.1 that Q(N) can be expressed,
for the class of models in this example, in the basic parameters per-
taining to the individual level as

(4.15) (N) = Ai(E) = R1(E)/ine, with k = G(N00).

If the system (4.1) satisfies the hypotheses of Theorem 3.1, we can
summarize the above in the following 'recipe': fix the environment
in an arbitrary value E; calculate X0 and X1 from (4.10) and (4.11),
respectively; calculate mo from (4.13) and Ri(E) from (4.14); calculate
(ko from (4.8); and finally calculate Q(N) from (4.15). The solution
to (4.1) is then approximated by N(t)o(x) where N solves dA r dt =
Q(N)N.

This ends our extended example and formal calculation of Q.

In general the differential operator defined by (4.5)(4.6) will not
satisfy the hypotheses of Theorem 3.1. In fact, in general, the operator

(E) will be unbounded. However, we conjecture that even in case of
an unbounded perturbation, the conclusions of Theorem 3.1 still hold
for the operator defined by (4.5)(4.6), i.e., that the recipe given above
also applies to the unbounded case.

Furthermore, in the formal calculations leading to (4.15), we do
not need the one-dimensionality of the individual state space St (in
the expression for R1(E) we only integrate along orbits of the i-state

RI

0
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variable); of course, if dim ft > 1, the operators involved have to be
redefined in terms of divergences.

We conclude that, from a biological as well as a mathematical point
of view, the future aim is to attempt to extend Theorem 2.1, and sub-
sequently Theorem 3.1, to operators of the unbounded kind described
above. If one has a variation-of-constants formula available for par-
ticular classes of unbounded perturbations, the proof of Theorem 2.1
easily carries over. The discussion in the example about the calculation
of the dominant eigenvalue suggests that we should perhaps not work
with the differential operator itself but more in the vein of [3] with
an integrated version of it. Our main tool, Gronwall's Lemma, works
equally well for integral equations. Possibly the approach in [3] might
be more promising for future extension of singular perturbation results
for structured models of slowly growing populations.
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