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Depletion interaction between spheres immersed in a solution
of ideal polymer chains
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The depletion interaction between two spheres due to nonadsorbing ideal polymers is calculated
from the polymer concentration profile using the excess~negative! adsorption. Computer
simulations show that the polymer concentration profiles around two spheres are well described by
the product function of the concentration profile around a single sphere. From the interaction
potential between two spheres the second osmotic virial coefficient,B2 , is calculated for various
polymer-colloid size ratios. We find that when the polymers become smaller than the spheres,B2

remains positive in the dilute regime. This shows that the depletion interaction is ineffective for
relatively small spheres. ©2000 American Institute of Physics.@S0021-9606~00!50247-5#
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I. INTRODUCTION

The polymer-induced depletion interaction between c
loidal particles has been studied extensively during the
decades.1–9 The pioneering work on depletion interaction b
tween particles due to nonadsorbing polymers was done
Asakura and Oosawa,1 and further elaborated by Vrij,2 and
Joannyet al.3 Subsequently, their concepts were verified e
perimentally by Vincent and co-workers,4,5 and De Hek and
Vrij. 6 Since the early eighties, depletion interaction theor
of mixtures of spheres and polymer chains were extende
the sense that complete phase diagrams can be calcu
within a perturbation framework.7,8 The topology of the
phase diagrams, which only depends on the ratioRg /R,
whereR is the colloid radius andRg is the radius of gyration,
is qualitatively described very well by these theories, and
supported by computer simulations.10,11 More recently the
theoretical work has been extended, taking into acco
polydispersity.12–14 Most of these theoretica
approaches2,7,8,12–14replace the polymer chains by penetrab
hard spheres~PHS! in order to simplify the polymer chain
and take the radius of gyration of the polymers as the rad
of the PHS.

Milling and Biggs15 found quantitative agreement be
tween the depletion force predicted theoretically and
force measured between a silica plate and a silica sp
immersed in a cyclohexane solution of PDMS forR/Rg

'400. They showed that the range of the interaction pot
tial is very close to 2Rg , which corroborates that the deple
tion layer thickness is close to the radius of gyration
relatively very small polymer chains. For experiments

a!Author to whom correspondence should be addressed. Electronic
r.tuinier@chem.uu.nl
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systems with polymers that are much smaller than the co
dal spheres~the ‘‘colloid limit’’ !, the PHS treatment works
out well.16 However, we also compared these PHS theor
to experiments where the colloid radius is of the order of
polymer radius of gyration,17–20 and found that the theoreti
cal curves lie far below the experimental ones.

If the polymers become much larger than the colloid
the PHS approach is known to fail.21–28 In that limit, also
referred to as the ‘‘protein limit,’’ the colloids can penetra
the polymer coil and a proper description of the system
comes complicated, since the spatial structures of poly
chains have to be taken into account properly. De Genn21

showed that dispersing small spheres in a semidilute poly
solution does not lead to a phase separation. Following
Gennes, a range of studies was done to describe the sta
of colloid–polymer solutions in the protein limit.22–28 These
studies are relevant, for instance, for the stability of fo
products where proteins, which can be regarded as spher
globular, and polysaccharides are often mixed, giving rise
depletion-induced phase separations.29–32

In this paper we study the interaction between tw
spheres immersed in an ideal polymer solution of long cha
for arbitrary polymer–colloid size ratios. As a tool we u
the adsorption method,33–35which uses the polymer concen
tration profiles to calculate the~negative! adsorption, and
hence the interaction between colloidal particles. O
method uses a superposition approximation resulting i
product function that describes the polymer concentrat
profile between two plates or two spheres. We will use
interaction between two plates~Sec. II!, calculated exactly
using the force method, as a reference case to test
method. It will be shown that the interaction between tw
plates calculated using the force method is in quantita
il:
8 © 2000 American Institute of Physics
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10769J. Chem. Phys., Vol. 113, No. 23, 15 December 2000 Depletion interaction between spheres
agreement with that of a negative adsorption method us
the product of the polymer concentration profiles. Furth
the polymer concentration profiles were tested using co
puter simulations. In Sec. III, we will apply the~negative!
adsorption method to the case of two spheres and calcu
the second osmotic virial coefficient of two spheres a
function of the polymer concentration for various polyme
colloid size ratios. Above a certain polymer–colloid size
tio, we find that the depletion interaction is too weak to cau
phase separation and thus the colloid–polymer mixtures
stable.

II. INTERACTIONS BETWEEN TWO FLAT PLATES
IMMERSED IN SOLUTION OF IDEAL POLYMER
CHAINS

A. Interaction potential between two flat plates using
the force method

The force per unit area between two parallel flat plat
K(h), is the difference between the osmotic pressure
tween ~inside! the platesP i , and outside the plates,Po

5kTnb , wherenb is the bulk number density of polymers
and reads1

K~h!5nbkTS X~h!211h
]X~h!

]h D , ~1!

whereX(h) is defined as

X~h!5
8

p2 (
p51,3,5,...

1

p2 expS 2
p2p2Rg

2

h2 D , ~2!

where the radius of gyration of ideal chains is defined
lA(N/6), wherel is the segment size, andN is the number of
links between the segments. Integration of this force yie
the interaction potential per unit area between the pla
W(h)

W~h!

kT
52nbS X~h!h2h1

4Rg

Ap
D . ~3!

For penetrable hard spheres, Vrij2 found

WPHS~h!

kT
52nb~sPHS2h!, ~4!

wheresPHS is the diameter of a penetrable hard sphere.
h50 we find from Eqs.~3! and ~4! that sPHS is equal to
4Rg /Ap if we match the minima of the potentials. Both th
predictions of Eqs.~3! and ~4! are plotted in Fig. 1, and the
agreement is very good forh,3Rg/2. Forh.2Rg the inter-
action potentials deviate strongly; ideal polymer chains h
a longer range of attraction than the penetrable hard sph
Eisenriegler36 noted that Eq.~3! is identical to Eq.~4! up to
and including terms of the order ofh4. PHS are thus very
good replacements for ideal chains to describe the inte
tions for flat walls, and hence are equally expected to beh
very well for very large spheres.
Downloaded 16 Apr 2004 to 131.211.152.81. Redistribution subject to AI
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B. Interaction potential between two plates using the
adsorption method

An alternative way to obtain the interaction potential
by making use of the generalized Gibbs equation~see, for
instance, Refs. 33–35, 37!

2S ]W~h!

]m D
h

5G~h!2G~`!, ~5!

wherem is the chemical potential of the polymer solutio
andG(h) is the adsorbed amount of polymers per unit ar
i.e., the number of polymer chains between the plates
unit area when the distance between the plates equalsh. The
adsorption is the integral over the polymer concentrat
profile n(x)

G~h!5E
0

h

dx@n~x!2nb#. ~6!

Since for ideal chainsm5kT ln(nb), and @G(h)2G(`)#
;nb , Eq. ~6! yields

W~h!52kT@G~h!2G~`!#. ~7!

Thus, the profile of the polymer concentration between
two plates yields the interaction potential. If the two plat
touch, the negative adsorption is zero@G(0)50#, and
W(0)5kTG(`). From Eq. ~3! we find W(0)
52kTnb4Rg /Ap, which says thatG(`)52nb4Rg /Ap
522nbj, wherej is the depletion layer thickness per plat
which thus equals 2Rg /Ap. We find from Eqs.~7! and ~3!
for G(h)

G~h!5nb~X~h!h2h!. ~8!

In order to calculate the polymer concentration profi
between two flat platesn(x), we first focus on the polyme
concentration profile near a single plate. Analytical expr
sions for a polymer in solution near an interface can be

FIG. 1. Normalized interaction potential between two hard plates immer
in an ideal polymer solution as a function of the normalized distance
tween the platesh/Rg . The predictions for ideal polymer chains@Eq. ~3!# is
given by the solid curve and that of penetrable hard spheres@PHS; Eq.~4!#
is given by the dashed curve.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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tained using an analogy between a Brownian diffusion p
cess and the path of subsequent segments in a polymer c
using proper boundary conditions. The relation describ
the resulting probability function of a polymer chain
termed Edwards’ diffusion equation.38–41 Eisenriegler,42 and
later Marques and Joanny,43 calculated the polymer concen
tration near one flat plate for ideal chains, and found
following expression for the relative polymer concentrati
f (x)5n(x)/nb :

f ~x!5
n~x!

nb
52 erf~z!2erf~2z!1

4z

Ap
@exp~2z2!

2exp~24z2!#18z2F1

2
2erf~2z!1

1

2
erf~z!G , ~9!

wherez is defined asx/(2Rg), andx is the distance from the
surface. One can characterize the negative adsorption b
depletion layer thickness,j, defined as

j5E
0

`

dxS 12
n~x!

nb
D . ~10!

For the case of ideal polymer chains near a flat plate@Eq. ~9!#
we find a depletion layer thickness,j, equal to 2Rg /Ap,
which is in agreement with the analysis above Eq.~8!. We
note here that the simple formn(x)/nb5tanh2(x/j), derived
by De Gennes39 in the context of depletion of polymer seg
ments in a semidilute polymer solution in a good solve
describes Eq.~9! within an accuracy of 1%.

In order to be able to describe the interaction betwe
spheres later on, we propose the following product functi

n~x!

nb
5 f ~x! f ~h2x!, ~11!

to make a connection between the individual profile of
nonadsorbing ideal polymers near a single plate and the
file between two plates. In Eq.~11! n(x) is the polymer
concentration between the plates, andf (x) and f (h2x) are
the individual profiles, given by Eq.~9!. The concentration
profile near a single plate, say plate 1, can be expressed
Boltzmann factor as:f (x)5n(x)/nb5exp@2V(x)/kT#, where
V(x) is the free energy giving rise to the profile. For th
second plate, located at a distanceh, we can then write:
f (h2x)5n(h2x)/nb5exp@2V(h2x)/kT#. Subsequently,
the product function Eq.~11! follows from the superposition
approximation:Vtot(x)5V(x)1V(h2x).

In order to test Eq.~11! we compare its results with
computer simulations, as plotted in Fig. 2. The compu
simulations ~symbols! were obtained by placing random
walks of 100 segments in a box containing two flat plat
All configurations are weighted with equal probability, b
those crossing the plates are assigned a zero weight.
computer simulation setup is consistent with that of Fei
and Napper.44 It follows from the results in Fig. 2 that the
product function@Eq. ~11!; full curves# gives a good descrip
tion of the computer simulations forh/Rg.3. For h/Rg

,p, the sum ofX(h) of Eq. ~2! is dominated byp51.
Then, one can use a ground-state approximation to Edwa
diffusion equation to calculate the polymer concentrat
Downloaded 16 Apr 2004 to 131.211.152.81. Redistribution subject to AI
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profile for small gap widths. For that situation the large
eigenvalue dominates in the expansion and the profile is t
described as39–41

n~x!

nb
5

16

p2 expS 2
p2Rg

2

h2 D sin2S px

h D . ~12!

So, for small gap widths we can compare the product fu
tion with the results of Eq.~12!. In Fig. 2 we have plotted
both the predictions of Eq.~11! ~solid curves! as well as
those of Eq.~12! for h/Rg52, and 1.5~dashed curves!. Ob-
viously, Eq. ~11! overestimates the ground-state Eq.~12!.
Thus, the relative deviation is large for small plate sepa
tions, which agrees with the expectation that the superp
tion approximation could be deficient for very small pla
separations. However, the absolute deviation for the inte

FIG. 3. Normalized adsorbed amountG(h) as a function of the normalized
plate separationh/Rg , using the exact result@solid curve; Eq.~8!#, and from
the product function for the profile@Eqs.~6!, ~9!, and~11!#.

FIG. 2. Polymer concentration profiles between two flat plates. The sym
correspond to the computer simulations for 100 segments. The full cu
are the predictions according to the product function Eq.~11! @using Eq.
~9!#, and the dashed curves are the ground-state approximation results
Eq. ~12!.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10771J. Chem. Phys., Vol. 113, No. 23, 15 December 2000 Depletion interaction between spheres
tion is small; the distance between the plates becomes s
and thereforeG(h)/G(`)→0 for smallh @see Eq.~6!#.

In order to test whether the product function@Eq. ~11!#
yields a good prediction of the adsorptionG(h), we com-
pared it with the exact result of Eq.~8! in Fig. 3. The exact
result is plotted as the solid curve and the adsorption, us
the product function as calculated from inserting Eq.~11!
into Eq. ~6! is plotted as the dashed curve in Fig. 3. T
results are generally consistent but differ somewhat for in
mediate plate separations. We conclude here that Eq.~11! is
a function that describes the main features of the polym
concentration profile, and hence the resulting adsorption
interaction between two flat plates. It follows that the calc
lation of the depletion layer thickness for a single plate s
te
e

e
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fices to describe the depletion interaction between two pla
We therefore assume that the depletion layer that follo
from the polymer concentration profile near a single sph
can also be used to describe the interactions between
spheres. First, we will focus on the polymer concentrat
profile near a single sphere.

III. SPHERES IMMERSED IN AN IDEAL POLYMER
CHAIN SOLUTION

A. Ideal polymer chains near a single sphere

Taniguchi et al.,45 and independently Eisenriegle
et al.,22 found the concentration of ideal polymer chai
around a single hard sphere with radiusR which reads
f ~x!5S R

R12zRg
D 23

S 2zRg

R D 2

1S zRg

R D S erf~z!22z2~12erf~z!!1
2

Ap
z exp~2z2!D

12 erf~z!2erf~2z!1
4z

Ap
@exp~2z2!2exp~24z2!#

18z2F1

2
2erf~2z!1

1

2
erf~z!G 4 , ~13!
ly-

he

ta
m
le
ree-

by a
where z again equalsx/2Rg , and wherex is the distance
from the surface of the sphere. We first note that Eq.~13!
approaches Eq.~9! in the limit R@Rg . In the limit of very
small particle radii, we arrive at the limitn(x)/nb5(x/$R
1x%)25(12R/$R1x%)2. A similar limit was also found by
Odijk25 for a small colloidal sphere immersed in a semidilu
polymer solution with a correlation length being much larg

FIG. 4. Polymer depletion layer profiles for ideal nonadsorbing polym
chains near a flat plate@solid curve; Eq.~9!# and near a sphere@dashed
curves; Eq.~13!# as a function of the distance from the surfacex. The results
of the computer simulations are given for the flat plate~open diamonds!, and
the single sphere forR/Rg50.1 ~crosses!, 1 ~open circles!, and 10~closed
squares!.
r

than the colloid radius. In the ‘‘protein’’ limit whereRg

@R, the profile becomes independent of the relevant po
mer length scale.

For various ratios ofRg /R we plotted the profiles as a
function of the distance from the interface in Fig. 4 as t
dashed curves, as well as the single plate result~solid curve!
of Eq. ~9!. In Fig. 4 we also added computer simulation da
~symbols!. The simulations were obtained by placing rando
walks in a box containing a single flat plate or a sing
sphere. We observe that the simulation results are in ag
ment with Eqs.~9! and~13!. For large radii (Rg /R50.1) we

r

FIG. 5. Schematic picture of the geometry of two spheres separated
distanceh. The relevant parameters are indicated in the figure.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10772 J. Chem. Phys., Vol. 113, No. 23, 15 December 2000 Tuinier et al.
see that the sphere profile approaches that of a flat plate@Eq.
~9!#. For Rg /R51 the depletion layer thickness already b
comes significantly smaller than 2Rg /Ap. For very small
spheres (Rg /R510), the depletion layer is of the order o
the sphere radius, rather than of the order of the radiu
gyration. ForRg@R we find a limiting value ofj'3R.

B. Interaction between two spheres immersed in a
solution with ideal polymers

In Sec. II we showed that the product function@Eq. ~11!#
describes the interactions between two flat plates quite
in comparison with exact expressions for the interaction
tential of two plates. Here, we apply the product function
calculate the interactions between spherical colloids
mersed in a polymer solution. First, we calculate the polym
concentration profile in the space surrounding two sphe
immersed in an ideal polymer solution. A schematic tw
dimensional picture of the situation is given in Fig. 5 for tw
spheres with a center-to-center distance ofh12R. We as-
sume that the local polymer concentrationns(r ) in every
point defined by the vectorr is given by a product function
Downloaded 16 Apr 2004 to 131.211.152.81. Redistribution subject to AI
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ns~r !

nb
5 f s~r 1! f s~r 2!, ~14!

where f s(r i) is the polymer concentration profile given b
Eq. ~13!, and r i is the closest distance to the surface
spherei. Several computer simulation results~symbols! for
R/Rg510 are plotted in Figs. 6~a!–6~d! as a function ofz
~normalized byRg) and are compared with the result of th
product function given by Eq.~14!. In Fig. 6~a! we focus on
the profiles along sphere 1 while sphere 2 touches ith
50). For h/Rg50.77, 3.1, and 7 we present the concent
tion profiles between the spheres in Figs. 6~b!–~d! for vari-
ous values ofx ~normalized byRg!. For the situation where
the spheres have a comparable size as the polymer ch
(R/Rg51.4), we also present computer simulation resu
~symbols! for h/Rg50.77, and 3.1 in Figs. 7~a! and ~b!, re-
spectively. In general, we observe that the profiles are in
agreement with the predictions of the product function.

In order to arrive at the interactions between the sphe
we calculate the~negative! adsorption around two colloida
he
FIG. 6. ~a! Polymer concentration profiles in the region around two spheres forR/Rg510, h50 andx57, 10, and 13. The symbols are the results from t
computer simulations. The curves correspond to the result of the product function expressed by Eq.~14!. ~b! As ~a! for h/Rg50.77, andx50.5, 5, 7, and 10.
~c! As ~a! for h/Rg53.1. ~d! As ~a! for h/Rg57.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10773J. Chem. Phys., Vol. 113, No. 23, 15 December 2000 Depletion interaction between spheres
function to describe the profiles around the particles. T
negative adsorption is now the excess number of polym
per volume and is denoted asN(h), whereh is the closest
sphere-to-sphere distance. From the~negative! adsorption we
can calculate the interaction potential from Eq.~8!. It follows
that the interaction potential between two spheres,Ws(h), is
related toN(h) as

Ws~h!

kT
5N~`!2N~h!. ~15!

The result forR/Rg5100 is plotted in Fig. 8~dashed curve!.
We normalized the interaction potential curves by dividi
over the absolute value of the minimum of the curves. In t
large sphere limit we can apply the Derjagu
approximation46 to the result of the force method@Eq. ~4!#

Ws~h!5E
h

`

dh8 pRW~h8!, ~16!

FIG. 7. ~a! Polymer concentration profiles forR/Rg51.4 in the region
around two spheres forh/Rg50.77 andx51, 2, 3, and 3.5. The symbols ar
the results from the computer simulations. The curves correspond to
result of the product function expressed by Eq.~14!. ~b! As ~a! for h/Rg

53.1.
Downloaded 16 Apr 2004 to 131.211.152.81. Redistribution subject to AI
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which is plotted as the solid curve in Fig. 8. The depth of t
minimum of the potential (h50) was derived by
Eisenriegler36 and reads

Ws~0!

nbkT
524pRRg

2 ln~2! or
Ws~0!

kT
523fpS R

Rg
D ln~2!.

~17!

Here,fp is the relative polymer concentration which equa
4pnbRg

3/3 and is defined such that it is unity at the overl
concentration. From our numerical calculations using E
~15! we find Ws(0)/kT52227fp for R/Rg5100, which
can be compared withWs(0)/kT52208fp , as follows
from Eq. ~17!. We can thus conclude that the minimum
the interaction potential from our numerical integratio
agrees with the Derjaguin approximation to Eq.~4! within
10%. In comparison with the result of the product functio
we observe~see Fig. 8! that the range of Eq.~16! is some-
what smaller than our product function approximation.
Fig. 9 we plotted the results from the product functions
R/Rg510, 3, 1, and 0.3. We observe that the range of attr
tion becomes smaller with decreasing colloid radius,
agreement with a decreasing depletion layer thickness.

C. Consequences for the colloidal stability

The final aim is to understand the consequences of
depletion interaction for the stability of colloidal suspensio
containing nonadsorbing polymer chains. The colloidal s
bility can be expressed by the second osmotic virial coe
cient, which is a measure of the effective excluded volume
the colloids. The second osmotic virial coefficient,B2 , is
defined as

B252pE
0

`

r 2@12exp~2W~r !/kT!#dr, ~18!

he

FIG. 8. Interaction potential between two spheres immersed in an i
polymer solution normalized by the depth of the minimum forR/Rg5100.
The dashed curve is the result from the adsorption method@Eq. ~15!# using
the product function@Eqs. ~14!#. The solid curve is the result of the Der
jaguin approximation to the result of the force method@combining Eqs.~4!
and ~16!#.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10774 J. Chem. Phys., Vol. 113, No. 23, 15 December 2000 Tuinier et al.
wherer is now the center-to-center distance between the
loidal spheres. For hard spheresB2 is four times the volume
of a particle, and~depletion-induced! attraction will reduce
B2 ~at sufficiently high polymer concentrations!. When B2

becomes sufficiently negative a colloidal suspension
comes unstable.47

In Fig. 10 we plottedB2 as a function of the relative
polymer concentration for four colloid–polymer size ratio
We see that the depletion interaction becomes ineffec
when the polymers become larger than the colloids;B2 be-
comes sufficiently negative only when the polymer conc
tration is close to the overlap concentration. ForR50.3Rg

the interaction is ineffective to such a degree thatB2 is al-
ways positive in the dilute regime. This explains why rath
high polymer concentrations are required to induce ph
separation in systems with a relatively large polymer–coll
size ratio.17–20

FIG. 9. Interaction potentials as in Fig. 8 between two spheres immerse
an ideal polymer solution forR/Rg510, 3, 1, and 0.3.

FIG. 10. Second osmotic virial coefficient of hard spheres, normalized w
the sphere volumeVs , immersed in a solution of ideal polymer chains as
function of the relative polymer concentration forR/Rg510, 3, 1, and 0.3.
Downloaded 16 Apr 2004 to 131.211.152.81. Redistribution subject to AI
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It is illustrative to compare our results with th
Asakura–Oosawa~AO! potential between two spheres due
depletion of penetrable hard spheres, as derived by Vrij.2 We
have shown thatsPHS is equal to 4Rg /Ap @see below Eq.
~4!#. Consequently, we find for the AO~PHS! potential for
two spheres

Ws
AO~r !52fpS R

Rg
1

2

Ap
D 3

3F 12
3

4 S r

Rg

R

Rg
1

2

Ap

D 1
1

16S r

Rg

R

Rg
1

2

Ap

D 3G .

~19!

Insertion of this potential into Eq.~18! yields the results
plotted in Fig. 11. It is clear that forR/Rg510 and 3 the
results for the second osmotic virial coefficient with the A
potential are quite comparable with those obtained with
product function. However, forR/Rg51, and especially for
R/Rg50.3, the deviation is quite significant. The PHS a
proach predicts that phase separation would occur at v
low polymer concentrations for spheres smaller than
polymer coils. This shows that a PHS approach is a reas
able approximation only as long asR/Rg.1.

IV. CONCLUSIONS

Calculations of the interaction potential between tw
plates immersed in an ideal polymer solution showed that
interactions could be described in terms of the product fu
tion of the single plates only. The results are consistent w
computer simulations. Therefore, we proposed that
depletion layer profile around an individual sphere could a
be used to describe the interactions between two sphe
The approximated profiles near two spheres also agree
computer simulations. A calculation of the~negative! ad-

in

h

FIG. 11. Second osmotic virial coefficient of hard spheres as a functio
the relative polymer concentration as in Fig. 10 for the AO interact
potential.
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10775J. Chem. Phys., Vol. 113, No. 23, 15 December 2000 Depletion interaction between spheres
sorption around two spheres in a very dilute polymer so
tion containing ideal chains is shown to be in reasona
agreement with the Derjaguin approximation of the ex
result. With increasing polymer–colloid size ratio, the re
tive range of the interaction decreases. The polymer con
tration dependence of the second osmotic virial coeffici
shows that the depletion interaction becomes less effec
for R.Rg with increasing polymer–colloid size ratio.
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