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By applying a rigorous formalism, the grand distribution function of very small systems of hard
spheres is obtained. The hard sphere freezing transition appears as two peaks of this function. The for-
malism requires input of the available volume, i.e., the configurationally averaged volume of a system
that is available for an additional sphere center. These volumes are computed numerically. We show
that by this treatment the freezing transition (1) follows “naturally,” i.e., properties of the fluid and the
solid phases need not be inserted into the treatment in advance; (2) is already apparent in systems con-
taining a number of spheres as small as eight; and (3) is caused by the system avoiding configurations

that can best be characterized as “defective solids.”

PACS numbers: 64.60.Cn, 64.70.Dv

A considerable fraction of the elements, when com-
pressed, undergo a first order phase transition from a dis-
ordered state (a gas, fluid, or liquid) to a face-centered
cubic (fcc) or hexagonal close packed (hep) crystal. Com-
puter simulations [1-3], as well as experiments [4] show
that this freezing transition is already apparent in the
simplest model of interacting atoms. a collection of hard
spheres subject to thermal agitation, implying that crystal-
lization requires only excluded volume interactions. To
date, there is no rigorous statistical mechanical proof of
the hard sphere freezing transition, and even simulation is
uncertain in the coexistence region. Theory can explain
only the transition “afterwards’; that is, properties of the
coexisting phases should be inserted into the theories in
advance, and the coexisting densities follow by minimiz-
ing afree energy functional, or, equivalently, requiring the
chemical potentials and the pressures of the two branches
to be equal in the coexistence region. These theories are
often quite accurate quantitatively; i.e., the coexisting den-
sities and the pressure of the coexisting region are in good
agreement with computer simulations; see, for example,
[5]. However, from a fundamental viewpoint they are
still unsatisfactory. The splitting of a hard sphere system
into a fluid and a solid branch at a certain density is, evi-
dently, hidden in the partition function of the system. A
thorough theory of hard sphere freezing should therefore
identify this property of the partition function that leads to
the observed symmetry breaking.

Inthiswork we take anew approach to the freezing tran-
sition and apply it to very small systems of hard spheres.
On the one hand, treating small systems may be consid-
ered asa" step back” compared to theories and simulations
that concentrate on the thermodynamic limit. The reward,
however, is that we show that in small systems, a com-
plete treatment is possible, and thermodynamic properties
within the coexistence region can be obtained. To this
end, we concentrate on the available volumes of these sys-
tems. We compute these volumes numericaly as a func-
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tion of the number of spheres, at several constant system
volumes. It is shown that at a certain point, the available
volume increases with the number of spheres. Making use
of an exact relation between available volume and the par-
tition function, this behavior is shown to correspond to a
first order phase transition in the grand ensemble. Interest-
ingly, this behavior is already apparent in extremely small
systems.

Rigorous proof of afirst order phase transition (i.e., a
singularity in the appropriate thermodynamic functions)
requires knowledge of the grand partition function [6]

Nmax

= Z Ny . (1)
N=0

In this equation, the reduced activity z = (D3/A3)ePH,
where u is the chemical potential, 8 = 1/kT, and k and
T are Boltzmann's constant and the absolute temperature,
respectively. The quantities A and D are the thermal
de Broglie wavelength of a hard sphere and its diameter.
It can be shown [7] that the (reduced) canonical partition
function of a system containing N hard spheresis exactly
given by the recursive relation

U(N—l)
ay =~y av-1, )
where v(()N) = VéN) /D3, VéN) denoting the available vol-

ume of the system. This quantity is the configurationally
averaged volumethat isavailable for the center of an (N +
1)th hard space in a system containing N hard spheresin a
volume V, and has a purely geometric character. Indeed,
the idea that the thermodynamic properties of hard sphere
systems is a problem of statistics, dominated by the con-
straints of geometry, forms the basis of “scaled particle
theory” and “dstatistical geometry”; see [8,9], and refer-
encestherein. We note that voN) isdifferent from the “free
volume” (see[10], and referencestherein) which is defined
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as the space available to a particle with its neighbors
held fixed.

A singularity in the thermodynamic functions can appear
only when V. — o [6]. In this thermodynamic limit, the
summation in Eq. (1) runs up to Nmax — . However, in
this work we are concerned with only systems where V,
and thus N, is finite, the last mentioned value being the
maximum number of spheres that can be crammed into V.
In finite systems, a steep change of the thermodynamic
functions, rather than a singularity, suggests a first order
phase transition [11]. Thus, a first order phase transition
can be apparent from a steep change in the average number
of spheresin a box,

(V) — S ONZ qn

Nmax dInZE
Z NPy = <8|n(z)>TV S

as a function of the activity. This equation defines the
probability that a box contains N spheres, referred to as
the grand distribution function,

N
Py =" 0

—
=1

Two peaks of the grand distribution function, at somevalue
of the activity, are very strong evidence of a first order
phase transition in small systems [12]. We note that it
is prohibitively difficult, in dense systems, to evaluate the
grand distribution function directly by computer simulation
(using the Gibbs ensemble).

We computed the available volumes of N hard spheres
in a box with a fixed geometry and different (fixed) vol-
umes, using a Monte Carlo procedure. In principle, how-
ever, this quantity may be calculated analytically. The
box envelops the centers of the spheres, so that part of a
sphere may stick out of the box. We choose Ny = 8 and
Nmax = 27. It is convenient to express the volume of the
boxes relative to the volume of their close packed geome-
try, by defining @ = v\’ /(1/5/2) if Nyex = 8, and a =

(O) o /42 if Npmax = 27, where the values of the denomi-
nators reflect the reduced volume of the boxes (with the
proper geometry) in which N, spheres are close packed.
For the system with Ny = 8, « = 1 corresponds to the
smallest possible close packed crystal (fcc or hcp). Of
course, many other geometries of the boxes are possible,
and a systematic study will be published later, as indeed,
(very) small systems show interesting behavior in itsef;
see, for example, [13]. However, no qualitatively differ-
ent behavior was observed in other geometries. We avoid
forcing the systemsto order into acrystal at N = Ny by
setting @ = 1.3 for both sizes. The available volumes are
plotted in Fig. 1.

It can be seen from Fig. 1 that at the largest values of
a that were used, the available volumes steadily decrease
with N, as expected. At intermediate values of «, the
available volumes remain roughly constant with increasing
N for N =4 (Npax = 8) and N = 21 (Nyax = 27). At
these values of «, the value of Ny should be considered
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FIG. 1. The available volume as a function of the number of
hard spheres in the system. System with Nypax = 8, a = 2.48
(squares), a = 1.68 (triangles), and a = 1.31 (circles); aso
for the system with Npnax = 27, and comparable values of
a: 2.65 (squares), a = 1.76 (triangles), @ = 1.29 (circles).
Points are connected to guide the eye. Available volumes were
averaged over at least 10* configurations. For the smallest
values of the available volumes, the uncertainty is of the
same order of magnitude as the symbol size. For the other
values the uncertainty is much smaller. Severa different initial
configurations were used, and no systematic variation of the
values of the available volumes was observed, indicating that
by this method representative fractions of configuration space
were sampled.

as a constraint imposed on the system; i.e., the boxes can
physically contain more than Ny spheres. This is not
the case for the smallest values of o used here. At these
values of «, in the system with Npox = 8, when N = 4
obviously the available volume increases with N. The
larger system, with Nax = 27 showsasimilar trend. This,
at first sight somewhat counterintuitive result, implies that
the denser the system, the larger the insertion probability
of an additional sphere. It will be shown later that this
behavior corresponds to increasing order in the system.
At this point we mention that it can be proved exactly
by statistical geometrical methods [8], that if a first order
transition occurs, the available volume must increase. On
the other hand, such an increase in itself is not sufficient
proof of afirst order transition: this proof can follow only
from the thermodynamic functions.

The relevant thermodynamic functions are shown in
Figs. 2 and 3, where we plotted (N) versus In(z), and the
probability distributions at different z, respectively. It
is obvious that for the smallest studied values of «, the
systems convincingly show the signature of the freezing
transition, the transition being sharper (i.e., more like a
singularity) for the larger system. The two peaks of the
grand probability distribution function is the strongest
evidence for this transition. It is rather surprising that
even the smallest system (N = 8) aready shows the
small-system analog of the freezing transition. This result
emphasizes the geometric character of this transition.
Comparison with the behavior of the available volume
as a function of N, see Fig. 1, immediately reveals that
the “jumps’ of (N) in Fig. 2, as well as the values of N

5299



VOLUME 83, NUMBER 25

PHYSICAL REVIEW LETTERS

20 DECEMBER 1999

28
26
24
22
20
18
16
14
12
10

<N>

In(z)

FIG. 2. Average number of spheres in a box, (N), as a
function of the reduced activity, In(z). System with Nypax = 8,
a = 248 (dashed line), a = 1.68 (dotted line), and a =
1.31 (solid line); also for the system with Npmax = 27, and
comparable values of «: 2.65 (dashed line), @ = 1.76 (dotted
ling), @« = 1.29 (solid line). The steep increase of (N) points
to the small-system analog of afirst order phase transition.

in between the two peaks of the probability distribution,
Fig. 3, correspond to the interval in N where the available
volume increases. Thus, the freezing transition appears as
a consequence of the available volumes passing through a
minimum as a function of the number of spheres. Before
discussing this observation in terms of the structure of
the system, we make a comparison to systems in the
thermodynamic limit. We define the volume fraction of
hard spheresinthesystemas ¢ = (N/Nma)a ' (7/3+/2),
where the last term on the right-hand side refers to the
volume fraction where hard spheres are close packed
in an fcc or hep structure. A proof showing that this
value indeed reflects the most dense packing of spheres
in three dimensions has recently been presented [14]; see
aso [15]. In the small systems studied here, however,
volume fraction does not have the same significance as
it has in the thermodynamic limit, where both N and
V go to infinity at the same time, keeping their ratio
constant. In the small system (with Ny = 8), taking
the somewhat arbitrary smallest value of o used here,
the values of the coexisting volume fractions are ¢, =
0.28 and ¢,, = 0.56 (the subscripts denote the “freezing”
and the “melting” volume fraction, respectively), while
in the larger system (with Ny = 27, and again for the
smallest value of «), thesevolumefractionsare ¢, = 0.43
and ¢, = 0.57. In the smallest system, in particular,
the freezing volume fraction is far away from the values
estimated for infinitely large systems [3], where ¢, =
0.494 and ¢,, = 0.545. Clearly the freezing volume
fraction in the system with Ny = 27 is much closer
to the value for a “bulk” system. Computer simulations
[16] indeed indicate that the freezing transition shifts to
lower densities upon decreasing the system size. In the
systems studied here, we speculate that there may be an
additional effect due to the presence of the walls, where
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FIG. 3. Grand probability distribution Py vs N for different
vaues of z. System with Npax = 8; @ = 1.31. (@) In(z) =
10; (b) In(z) = 12.45, corresponding to the maximum in oy =
(N?) — (N)*; () In(z) = 15. (d) As (a)—(c), but now for the
system with Npax = 27; @ = 1.29, In(z) = 14.5 (maximum in
af,). Note that “intermediate” Py’s, in between the two peaks,
become very close to 0 upon increasing the system size from
Nmax = 8 to 27 [compare (b)].
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FIG. 4. Projection of the positions of sphere centers of 10*
configurations, in the plane where the layers are hexagonaly
packed at close packing. The coordinates are in units of the
sphere diameter. System with Npax = 8, @ = 1.68, N = 4,

corresponding to the minimum of V¢ (a), and N = 5 (b).

hard spheres are observed to undergo “prefreezing’at a
volume fraction smaller than the freezing volume fraction
[17,18]. Both effects tend to broaden the coexistence
region. We also compare the reduced activities, where the
systems split into two densities, to the estimated value in
the thermodynamic limit. The latter value [19] isIn(z) =
17.13, while the values found here are In(z) = 12.45 for
the smaller system and In(z) = 14.5 for the system with
Nmax = 27; see Fig. 3 (and again taking the smallest used
value of ). These values are not too far off and increase
with system size.

From Figs. 2 and 3 it follows that the “dense branch”
of the systems always corresponds to the highest possible
density (i.e.,, (N) = Nnx). We seek an explanation for
this by plotting the positions of N sphere centers of 10*
configurations in the system with Ny = 8, for N = 4
and N =5, in Fig. 4, using a« = 1.68 (where the first
sign of the freezing transition appears). It is clear from
Fig. 4 that in the system containing four spheres, the
centers tend to occupy positions at the corners and along
the walls, but there is no sign of ordering into distinct
lattice positions. When N = 5, on the other hand, the
system preferentially occupies eight lattice positions and

resembles a “defective solid” (there are only five spheres
for eight lattice positions). A comparable behavior was
observed in the system with Ny = 27. Thus, the
increasing value of the available volume with N (Fig. 1)
is a result of “defects’ that decrease in number but
become more localized when N increases. The defective
solid configurations are clearly undesirable in the grand
ensemble; i.e, their occupation numbers become very
small; see Fig. 3. Note that these configurations were
generated in the (NVT) ensemble (i.e., the ensemble in
which the available volume was evaluated). It is only
at the point where the constraint of constant N is replaced
by a constant chemical potential that these (homogeneous)
configurations become unstable.

The signature of the hard sphere freezing transition
is aready present in systems containing a number of
spheres as small as eight. Further progress towards a
noncomputational theory requires analytical expressions
for the available volumes, a massive task ahead.
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