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Introduction

Mock Y-functions

Early in 1920, three months before his death, S. Ramanujan wrote his last letter to G.H.
Hardy. For the mathematical part of this letter see [21, pp. 127-131] (also reproduced
in [4]). In the course of it he said: “I discovered very interesting functions recently
which I call ‘Mock’ d-functions. Unlike the ‘False’ J-functions (studied partially by
Prof. Rogers in his interesting paper [22]) they enter into mathematics as beautifully
as the ordinary ¥-functions. I am sending you with this letter some examples.” He
then provided a long list of mock ¥-functions, together with identities satisfied by
them. The first three pages in which Ramanujan explained what he meant by a mock
J-function are very obscure.

G.N. Watson wrote the first papers ([26] and [27]) to elucidate the mock ¥-functions.
The first of these is Watson’s Presidential Address to the London Mathematical So-
ciety in 1935. He entitled it “The Final Problem: An Account of the Mock Theta
Functions.” In it he writes: “I make no apologies for my subject being what is now
regarded as old-fashioned, because, as a friend remarked to me a few months ago, I am
an old-fashioned mathematician.” His methods may have been a bit old-fashioned, but
looking at the number of articles on mock J-functions that have appeared since 1935,
or even in the last ten years, we must conclude that the subject is still up-to-date.

In these two papers, Watson proves most of the assertions found in the letter of
Ramanujan. The first paper considers only the third-order functions. It provides
three new mock ¥-functions not mentioned in the letter. The bulk of the paper is
devoted to the modular transformation properties of these functions. To get these
transformations, he first proves certain identities. For example, for the third order
mock J-function

q q* q°

(107  (0+02(0+¢)7  (U+02(1+(1+ ) |

flg) =1+

(_1)nq%n2+%n
14 qm

; (1)



2 Introduction

with ¢ = ™7 7 € H := {7 € C | Im(7) > 0}, and (q)oe = [0, (1 — ¢") = ¢~ 2in(7),
where 7 is the Dedekind eta-function.

In Watson’s second paper on mock ¢-functions, he moves on to the fifth order
functions. He manages to prove all of the identities given by Ramanujan in his letter.
However, he is unable to find the modular transformation properties, simply because
he is unable to find identities like (1) for the fifth order functions. He even expressed
his doubts about finding anything comparable to (1). However Andrews (see [2]) was
able to find comparable results for most of the fifth order functions. For example, for
the fifth order function which Watson denotes by fy one finds

fO(q) = ﬁ Z Z (_1)qun2+%n—j2(1 _ q4n-‘,-2)7

° n>0j|<n

which may be rewritten as

a=— | 2 = | (g, (2)

n+j=20,n—j=>0 n+;j<0,n—j<0

The seventh order functions were mostly neglected by Watson, perhaps because
Ramanujan makes no positive assertions about them. However A. Selberg (see [23])
provides a full account of the behaviour of the seventh order functions near the unit
circle. In [12, pp. 666] we find identities similar to (2) for the seventh order mock
J-functions Fy, F1 and Fo. For example (slightly rewritten)

Folg) = —— [ 3o = D | (-yrtegirtarsristeirtas, (3)

(q)oo r,s>0 1r,5<0

In [11] L. Gottsche and D. Zagier consider sums like the ones in (2) and (3).
They call them theta-functions for indefinite lattices. For some special cases they find
modular transformation properties for these functions. However, these results do not
include the sums in (2) and (3). In [20], a theorem about the modularity of a certain
family of g¢-series associated with indefinite binary quadratic forms is given. Again,
the results do not include the sums in (2) and (3).

This thesis

This thesis is the result of my research on the following two questions, both posed by
Don Zagier:

1. How do the mock ¥-functions fit in the theory of modular forms?

2. Is there a theory of indefinite theta functions?



This thesis 3

Since most of the mock ¥-functions had been related to sums like the one in (1), I first
considered this type of sum. The result of this research is Chapter 1. In it we consider
the series

(_1)ne7ri(n2+n)~r+27rinv
Z | oeminriania (reH,ve CueC\ (Zr+Z)).
nezZ

This function was also studied by Lerch in [15] (see [14] for an abstract). Therefore
we call this a Lerch sum. This sum is of the same type as the sum in (1). The
function does not transform like a Jacobi form. However, we find that on addition of a
(relatively easy) correction term the function does transform like a Jacobi form. This
correction term is real-analytic.

In Chapter 2 we consider certain indefinite ¥-functions, in an attempt to give
a partial answer to the second question. These indefinite ¥-functions are modified
versions of the sums considered by Gottsche and Zagier in [11]. We find elliptic and
modular transformation properties for these functions. Because of the modifications
the indefinite J-functions are no longer holomorphic (in general). Although the results
in this chapter are more general than the results in [11], the second question is far
from being solved. This is because we only consider indefinite quadratic forms of
type (r — 1,1). It remains a problem of considerable interest to develop a theory of
theta-series for quadratic forms of arbitrary type.

In [3] Andrews gives most of the fifth order mock theta functions as Fourier co-
efficients of meromorphic Jacobi forms, namely certain quotients of ordinary Jacobi
theta-series. This is the motivation for the study of the modularity of Fourier coeffi-
cients of meromorphic Jacobi forms, in Chapter 3. We find that modularity follows on
adding a real-analytic correction term to the Fourier coefficients.

In Chapter 4 we use the results from Chapter 2, together with (2), (3) and similar
identities for other mock ¥-functions, to get the modular transformation properties of
the seventh-order mock ¥-functions and most of the fifth-order functions. The final
result is that we can write each of these mock J-functions as the sum of two functions
H and G, where:

e H is a real-analytic modular form of weight 1/2 and is an eigenfunction of the
appropriate Casimir operator with eigenvalue 3/16 (this is also the eigenvalue of
holomorphic modular forms of this weight; for the theory of real-analytic modular
forms see for example [16, Ch. IV]); and

e (G is a theta series associated to a negative definite unary quadratic form, i.e. has
the form ) sgn(f)ﬁ(2f2y)e_”f2T_%ifb, where f ranges over a certain arithmetic
progression aZ + b (a,b € Q), 7 = x + iy € H and fB(z) = f;o uze ™ du.
Moreover G is bounded as 7 tends vertically to any rational limit.

This decomposition is thus similar to the one found in [29] for an Eisenstein series
of weight 3/2, the holomorphic part of the series, in that case, having class numbers
as Fourier coefficients.
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Many of the results of Chapter 4 could also be deduced using the methods from
Chapter 1 or Chapter 3 instead of Chapter 2, i.e. we have actually given 3 approaches
to proving modularity properties of the mock ¥-functions.



Chapter 1

Lerch Sums

1.1 Introduction

In this chapter, we first study a function h, which is essentially the function ¢ studied
by Mordell in [17] and [18]. We reproduce some of the results of Mordell. In the next
section we study a function p, which is essentially a function studied by Lerch in [15].
We find elliptic and modular transformation properties of this function. One of these
transformations involves the function h:

1 . 1 1
—— em(“_“)z/T,u(g, 2 —*) + p(u, v;7) = =h(u —v;7).
—iT T T T 24

In section 4 we find a real-analytic function R with essentially the same elliptic and
modular transformation properties as p. Combining the properties of p and R we find
a real-analytic function fi, which transforms like a Jacobi form.

In the last section we relate h to a period integral of a unary theta function of
weight 3/2.

1.2 The Mordell integral

In this section, we present results of Mordell found in [17] and [18], in a form suitable
for the purpose of this chapter. The function i defined in Definition 1.1 is essentially
the function ¢ studied by Mordell: ¢(z;7) = —ire™™7/44mi2p(z — Z 4 1:7). The
same function was used earlier by Riemann (as described by Siegel [24]) to prove the
functional equation for the Riemann zeta function. Mordell was the first to analyze
the behaviour of this integral relative to modular transformations. Consequently, we
shall refer to this integral as the Mordell integral.
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Definition 1.1 For z € C and 7 € H set

mite? —2nzx

h(z) = h(z:7) ::/Reidx.

coshx

Proposition 1.2 The function h has the following properties:

(1) hz) + Az + 1) = o oD,

(2) h(Z) + e—27riz—7ri‘rh(2 + 7_) _ 26—7riz—7ri7'/4’

(3) z > h(z;7) is the unique holomorphic function satisfying (1) and (2),
(4) h is an even function of z,

(8) h(Zi=1) = V=i e ™ (e,

(6) h(zsr) = eFh(zzr 1) 4o F LTt (1)
e 7 Vitl \rrlT1

Proof: (1) We have
miTe? —2nza

(& 2 1
h h 1) = 1 —27x dr =2 mite® —2nx(z+3) dr.
(2) +h(z+1) /R coshmz (1+e ) do / ¢ s

R

This last integral is well known and equals

\/17671'7:(2-"-%)2/7'.
(2) If we change = into = + 4 we find

eﬂ'i'rw2—27rzw eTriT(a:+i)2—27rz(w+i) ) )
———dx = ——dr = —e TR 4 7).
Ry coshma r coshm(z +1i)

Now using Cauchy’s theorem we find

wzrw 2_omrzx
h —2miz— szh d
(2) +e (z47) (/ /R+Z> coshra O

7717'9: 2 _2nzx

=97 Res —— — 9~ miz—miT/4
z=i/2 coshmx

(3) If we have two holomorphic functions hy and hy both satisfying the two equations,
their difference f = h; — ho is a holomorphic function satisfying:

fR)+fz+1)=0
f(Z) + e—27riz—7rirf(z + ,7_) =0.

So f(zo+mT+n) = (—1)mtnerim’m2mimzo £(50) Letting 2o vary over a fundamental
parallelogram [0,1)Z + [0,1) and m,n vary over Z, we see that f(z) is bounded and
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tends to 0 as Im(z) — oo, so f = 0 by Liouville’s theorem.
(4) Replace z by —z in the integral.
(5) Let g(z) = ——. We first compute the Fourier transform Fg of g: Using Cauchy’s

coshma®
formula we get

827”'21 e?ﬂ'izm
— dx = 27i Res =2e7 "%,
R Jrii/ coshmz x=i/2 cosh 7z

e2mizx J eQTrz'z(x-H) J Cons e2miza J
T = —_—adr = —¢€ XL
R4 coshmz r coshm(z + 1) r coshmz

eQTr'Lzac e~ T2

but

so we find

=9(2).

F) = [

dx =
R Ccoshmz 1+ e272

We see that g is its own Fourier transform! (Note the unusual plus sign in the definition
of the Fourier transform).
Let f,(z) = e™™ 7 € H. The Fourier transform of f, is given by

‘We now see

em’mcz-i-QWiZﬂC
/R G =9(fg)(2) = (Ff) * (Fg)(2)

cosh mx

wi%l(z—:v)Z

1 1 e
= = d .
—irf7% *9(2) V—=ir /R coshmz

This identity holds for z € R. Since both sides are analytic functions of z, the identity
holds for all z € C. If we replace z by iz we get the desired result.

We may also prove the identity of part (5) by using (1) and (2) to show that

2 ﬁe“”zﬁh(f; —1) also satisfies the two equations (1) and (2). By uniqueness

we get the equation.
(6) Using (1) and (2) we can show that the right hand side, considered as a function
of z, also satisfies (1) and (2). The equation now follows from (3). ]

1.3 Lerch sums

In this section we will study the function

(_1)ne7ri(n2+n)~r+27rinv
D e (reH,veCucC\ (Zr+12)).
nezZ
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This function was also studied by Lerch. The original paper [15] is in Czech and is
not very easy to obtain. See [14] for an abstract in German. We will prove elliptic
and modular transformation properties of this function in Proposition 1.4 and 1.5
respectively. These results are equivalent to the results found by Lerch.

It is more convenient to normalize the above sum by dividing by the classical Jacobi
theta function 9. (Lerch did this too.) We will first give, without proof, some standard
properties of ¥. For the theory of ¥-functions see [19].

Proposition 1.3 For z € C and 7 € H define

9(z) = 9(z;7) = Z i T 2miv (s })
veEI+Z
Then ¥ satisfies:
(1) Iz +1) = —(2).
(2) Iz +71) = —e TG (2).

(3) Up to a multiplicative constant, z — ¥(z) is the unique holomorphic function
satisfying (1) and (2).

(4) 9(—z) = —0(2).
(5) The zeros of ¥ are the points z = nT +m, with n,m € Z. These are simple zeros.
(6) U(z7+1) =eTI(z;7).
(7) 9(2;—1) = —iy/—ire™= /79 (z; 7).
(8) W(z;7) = —igi¢ > ﬁ(l —q") (1 =¢q" (1= (1), with g = 2™, ( = €7,
This is the Jacobin;;ple product identity.
(9) 9(0;7+1) =T (0;7) and ¥ (0; -1 = (—i7)3/2 9 (0; 7).
(10) 9'(0;7) = —27n(7)3, with n as in the introduction.
We now turn to the normalized version of Lerch’s function:
Proposition 1.4 For u,v € C\ (Z1 + Z) and 7 € H, define
Tiu (_1)n67ri(n2+n)'r+27rinv

&
M(U;U) = u(u,v;T) = 19(,0; 7_) 26; 1 — e2minT+2wiu
n

Then p satisfies:

(1) plu+1,v) = —p(u,v),
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(2) p(u,v+1) = —p(u,v),

(8) p(u,v) + e 2=y (4 4 7 p) = —je Ui/
(4) plut7,v+7)=p(u,v),

(5) pu(—u,—v) = p(u,v),

(6) u+— u(u,v) is a meromorphic function, with simple poles in the points u = nT+m
(n,m € Z), and residue %ﬁ inu=0,

1 ¥Y(0)du+ v+ 2)9(2)

7 - -

(7) plu2042) = plu,v) = o o oY+ 2900 + )
foru,v,u+z,v+ 2 €Lt + 7,

(8) p(v,u) = p(u,v).

Proof: (1) is trivial and (2) follows from (1) of Proposition 1.3.
(3) The definition of ¥ gives the following:

ie—wi7/4+7riq)19(v) — Z(_l)nem(n2_n)7—+2mm)
ncZ

_ 1)ne7ri(n2 —n)T+27inv

( 2minT 427
= Z 1— e27rin‘r+27riu (1 —¢€ T 7”“)

neZ

_1)ne7ri(n2+n)7'+27ri7w 1)ne7ri(n2+n)‘r+27rinv

— _2miv E ( _ e2miu § (_
1— e271'1'717'Jr27r7,'(quT) 1— eQTrin-r-&-Q‘n'iu
nez nez

Dividing both sides by —e™“9(v), we get the desired result.
(4) Part (2) of Proposition 1.3 gives

eﬂ'i(u+7’) (_l)neﬂi(n2+n)T+27rin(v+T)

plu+1,0+7)= o) Z 1 _ e2mint+2mi(u+tr)
nez

e‘n’i(u+7’)+7ri7’+27riv (_1)n€7ri(n2+3n)‘r+2ﬂ'inv

19(1]) = 1— e27'rz'(n+1)‘r-‘,—2‘n’iu

Replace n by n — 1 in the last sum to get the desired result.
(5) If we replace n by —n in the definition of y we see

emiu (71)ne7ri(n27n)7'727rin'u

plu, v) = I(v) 1= e-2mimram

21r inT—2mwiu

‘We multlply by m to find
e—Tiu (_1)nem‘(n2+n)7——2m'nv

19(’0) it 1— e27rin7727riu
n

p(u,v) = —



10 Chapter 1. Lerch Sums

Now using (4) of Proposition 1.3 we find

p(u, v) = p(—u, —v).

(6) From the definition we see that u — pu(u,v) has a simple pole if 1 —e2™in7 27w — ()

for some n € Z. So u — u(u,v) has simple poles in the points u = —nT+m (n,m € Z).
The pole in u = 0 comes from the term n = 0. We see
U -1 1

lim w p(u,v) = L lim = —
ulp THV )= 0y W T — e T 2 9(v)”

(7) Consider f(z) = ¥(u + 2)9(v + 2z) (W(u+ 2z,v + z) — p(u,v)). Using (1), (2) and
(5) of Proposition 1.3, and (1), (2), (4) and (6) of this proposition, we see that f has
no poles, a zero for z = 0, and satisfies

{f(z +1) = f(2)

f(z + 7_) _ e—27r1'7'—27ri(u+v+2z)f(z)'

It follows that the quotient f(z)/¥(z)¥(u + v + 2) is a double periodic function with
at most one simple pole in each fundamental parallelogram, and hence constant:

f(z) = Cu,v)9(z)0(u+ v+ 2). (1.1)
To compute C' we consider z = —u. If we take z = —u in (1.1) we find
F(=u) = Clu,0)9(~u)d(v) = —C(u, o) (w)(v) (1.2)

by (4) of Proposition 1.3.
By definition we have

f(=u) = lim J(u+2)d(v +2) (p(u+ 2,0 + 2) = p(u,v))

= v —u) - ;%19( 2)p(z,v — u) (1.3)
=9 ) - im " i 20— ) = 0 (0),

where we have used (6).
Combining (1.2) and (1.3) gives the desired result.
(8) Take z = —u — v in (7) and use (5) of Proposition 1.3 to find

p(—v, —u) = p(u,v).

If we now use (5), we get the desired result. |

Proposition 1.5 Let o be as in Proposition 1.4. Then p satisfies the following mod-
ular transformation properties:
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(1) plu,v;m+1) = e % p(u, v 7),

1 , 2 u v 1 1
2) —— mi(u—v)*/T = v - . = —hiu— v
with h as in Definition 1.1.

Proof: (1) Use (6) of Proposition 1.3.
(2) Replacing (u,v,z,7) by (%,2,2,—1) in (7) of Proposition 1.4 and using (7) and
(9) of Proposition 1.3 we see that the left hand side depends only on u — v, not on u
and v separately. Call it %ﬁ(u—v; 7). Using (1) and (3) of Proposition 1.4 we see that
h satisfies the two identities (1) and (2) of Proposition 1.2, so if we can prove that h
is a holomorphic function, then we may conclude that h = h, as desired.
The poles of both u +— p(u,v) and u — u(%, %;—%) are simple, and occur at
u € Z7 + Z, so the only poles of u — E(u — v) could be simple poles for u € Z7 + Z.
Since this is a function of u — v it has no poles at all, and hence is holomorphic.
Alternatively, we can check, using (6) of Proposition 1.4 and (7) of Proposition
1.3, that the residue at u = 0 vanishes. By (1) and (3) of Proposition 1.4 the residues

vanish for all v € Z7 4+ Z, hence h is holomorphic. a

1.4 A real-analytic Jacobi form?

Definition 1.6 For z € C we define

0 (—71')" 227L+1

z
—u? _
E(z):2/oe du—z W il

n=0

This is an odd entire function of z.

Lemma 1.7 For z € R we have

E(z) = sgn(z) (1 — ﬁ(zQ)) ,

where

O(z) = /OO uTTe ™ duy (x € R>0).

Proof: Write [ e~ du, as sgn(z) OIZ‘ e~ du and substitute u = V. O
We consider for u € C and 7 € H the series

Ruim) = > {sen(v) = B((v +a)y/2y) p (~1) Femmiin2mm,
vez+Z

Im(u)
Im(7) "

with y = Im(7) and a =



12 Chapter 1. Lerch Sums

Lemma 1.8 For all ¢,e > 0, this series converges absolutely and uniformly on the set
{ue C,7eH||a] <c,y>e€}. The function R it defines is real-analytic and satisfies

7617% (u;7) = \/iy_l/Qe_zmzyﬁ(ﬂ; —7) (1.4)
ou
and
0 . i 1 —2na’y v—1 —miv T —2miv(aT—b)
a?R(aT b;T) = \/@e E (=1)""2(v+a)e . (1.5)

veZ+Z

Proof: We split sgn(v) — E((v + a)y/2y) into the sum of sgn(v) — sgn((v + a)+/2y)
and sgn((v + a)v/2y)B3(2(v + a)?y). We see that sgn(v) — sgn((v + a)y/2y) is nonzero
for only a finite number of values v € % + Z (this number depends on a, but since a is
bounded, so is this number). Hence the series

Z {Sgn(l/) — Sgn((z/ + a)\/@) }(_UV—%e_my?T_zmyu
vEZ+Z

converges absolutely and uniformly.
We can easily see that 0 < §(z) < e ™ for all z € R>¢, hence

Hsgn((y +a) @)5(2(,/ + a)2y) } (_1)1/7%677”'1/2772”1‘%

_ 2 a2 o
<e 2n(v+a)y e W 2mivu

_ e*ﬂ(u+a)2y77ra2y < e*ﬂ'(l/+a)2€.
We have the inequality

V2,

N | =

(v+a)*>

for |v| > vy, for some vy € R which depends only on ¢ (a is bounded by ¢). Hence we
see that the series

> {Sgn((v + a)\/@)ﬁ@(v + a)2y) } (—1)v e T T 2mivu

ve3+Z

converges absolutely and uniformly on the given set.

Since R is the (infinite) sum of real-analytic functions, and the series converges
absolutely and uniformly, it is real-analytic.

We fix 7 € H, and determine u = at — b by the coordinates a,b € R. We see

0 0
(6@ + T@b) R(at —b;7)

— <§a +T§b) Z {Sgn(y) 7E<(V+a)\/@>} (—1)7~be-miv’T=2miv(ar—b)
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=—2y Z E ((1/ +a) \/@) (*I)IH%e*m”%*zmy(mfb)

veEL+Z
ayay YD (g g asiser)
veEL+Z
:_2@6727”1274 Z (_l)yféefﬂiu2?72rriu(a?fb)
veEL+Z

= —2i\/2ye 2" VY (a7 — b; —7),

with ¢ as in Proposition 1.3 and the term-by-term differentiation being easily justified.

Since % = ﬁ (8% + T%), this gives the differential equation (1.4). Similarly
%R(aT —b;7)
1/0 0 , .
= 5 (am + Z@y) Z {sgn(y) _ E((V + Cl) /2y)} (_1)V—%e—7T’Ll/2T—27T’Ll/(a‘r—b)
l/E%-l-Z
1 1 . .
BEET R YI——
IJ€§+Z
_ i —27ra’y Z ( v—1 —miv?T—2miv(aT—b)
——e€ —1)""2(v+a)e ,
V2
Y IJE%"’Z
proving equation (1.5). O

Proposition 1.9 The function R has the following elliptic transformation properties:
(1) R(u+1) = —R(u),

(2) R(u) + e 2mu—TiT R(y 4 1) = 2~ iu—miT/4

(3) R(~u) = R(u).

Proof: Part (1) is trivial, and for (3) we replace v by —v in the sum and use the fact
that E is an odd function. To prove (2), we start with
672ﬂiu7ﬂi7R(u + 7_)

_ o 2miu—mit Z {sgn(z/) _ E((y+a+ 1)\/@)} (_1)u—%e—ﬂ'iu2‘r—2ﬂiv(u+7')

VE%-FZ

= - Z {Sgn(u -1) - E((l/ + a)\/@)} (71)V7%6*7T’il/27'727'riyu7

vez+Z
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where we have replaced v by v — 1. We now find
R(u)+e 2™ =™ R(y 4 T)
_ Z {sgn(u) B Sgn(u i 1)}(71)u7%67wiu2772ﬂiuu _ 2677m'u77ri'r/4,
vez+Z

since sgn(v) — sgn(v — 1) is zero for all v €  + Z except for v = 1. O

Proposition 1.10 R has the following modular transformation properties:
(1) R(us7+1)=e T R(u),

1 2
(2) — eTiu /TR(

—T

Y- 2) R = hws ).

T T

Proof: Part (1) is trivial. The left hand side of (2) we call h(u; 7). Using (1) and (2)
of Proposition 1.9 we can see that h satisfies:

f:l(u) + h(u + 1) Zf% 6”(’“’%)2/?7 |
h(u) + e—27rzu—7m'rh(u + 7_) — 26—7rzu—7rz‘r/4'

Part (3) of Proposition 1.2 determines h as the unique holomorphic function with these

properties. This reduces the proof to showing that h is a holomorphic function of w.

We fix 7 € H, and determine u = ar — b by the coordinates a,b € R (this implies

}EEZ? as in Lemma 1.8). Since 2 = ﬁ (Z +7Z), we have to show that

a =

According to Lemma 1.8 we have

0 0 . _ oz —27ma?y = _h =
(8& + T@b) R(at — b;7) = —2i+/2ye J(aT — b; —7) (1.6)
We have
0 0 ar—b 1 0 190 b 1
(aa”ab>3< ; 7‘7) :T<E)I)+T&L>R<G_T’_7)'

Up to a factor 7 this is the same as (% + T@) R(at — b;7), with (a,b, ) replaced by

b
(b, —a,—2). Hence by (1.6) we find

(9 3 aT — b 1 o 3 n 727Tb2y/ _é . 1
<8a+7—6b)R< T’ 7'>_ 2T 2y'e v ?—i—a,?

= 2T Zy’efzﬂbzy/ﬂ ( a?,i b; 1> )

T T
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with 3’ = Im(—1) = L. In the last step we have used (4) of Proposition 1.3.
If we now use (7) of Proposition 1.3, with z = a7 — b and 7 replaced by —7, we see
that this equals

2ir+/2y e . _iN/ime T Ty (aF — by —7)

= 2i\/@\/jﬁeﬂri(‘”*by/7672”“2y19(a? —b;—7). 17
Using (1.6) and (1.7) we find
(éfa + Ti) ﬁ(ar —b;7)
- e (o) n(eh )
+ <§ +75b> R(at —b;7)=0
We have established the fact that & is holomorphic, and hence equals h. a

In the next theorem we combine the properties of p and R to find a function [
which is no longer meromorphic, but has better elliptic and modular transformation
properties than pu.

Theorem 1.11 We set
i, vi7) = plu, v 7) + 5 R(u = vi7), (1.8)

then

(1) ﬂ(u + kT + 1,0+ mr+ ’I’L) — (_1)k+l+m+nerri(k—m)2r+2wi(k—m)(u—v)ﬂ(u,U)}
for k,l,m,ne€Z,

- U v atr+b _3 12 -
2 . — d mic(u—v)*/(cT+d) .
@) i (g g ) =) e+ e flu,vi7),

Jor v = (¢4) € SLa(2), with v(y) = n(<Z£h)/ ((e7 + d)d(7))

(3) ﬁ(_u’ —v) = /1('07“) = [u(u, U);

) 1 909 v+ 2)0(2)
(4) flu2042) = ilu,0) = o0 5o oY+ 2000 + )
foru,v,u+ 2,042 ¢ 2t + Z,

(5) u — f(u,v) has singularities in the points w = nT +m (n,m € Z). Furthermore

: - —1 1
we have lim,, o ufi(u,v) = 2ri 9(v) *
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Remark 1.12 Parts (1) and (2) of the theorem say that the function fi transforms like
a two-variable Jacobi form of weight % and index ( ! ) (for the theory of Jacobi
forms, see [9], where, however, only Jacobi forms of one variable are considered).
Furthermore we can find several differential equations satisfied by f. Therefore we
would like to call this function a real-analytic Jacobi form. However, in the literature
I haven’t been able to find a satisfying definition of a real-analytic Jacobi form. I
intend to return to this problem in the future.

Remark 1.13 All three function in (1.8) have a property that the other two do not
have: fi transforms well (like a Jacobi form), p is meromorphic and u,v — R(u — v)
depends only on u — v.

Proof: (1) Using the first four parts of Proposition 1.4 and the first two of Proposition
1.9 we find

filu+1,0) = —fi(u,v),

filu,v+1) = —fifu, v),
( + 7, ’U) 2m(u v)+m¢u(u7v)’
(u v+ ) 627ri(v7u)+7rirﬂ(u’,u)'

Combining these equations we get the desired result.
(2) Using Proposition 1.5 and Proposition 1.10 we find

A, v +1) = e % fiu, v; 7)
1 4
(8 5) =
't T
Set m(u,v;7) := ¥ u — v; 7)i(u, v; 7). Using (6) and (7) of Proposition 1.3 we see
m(u,v; T+ 1) (u,v;7)
1
(u, E; —) =7 m(u,v;T)
T T
and so b
U v at +
. — d .
(CT—i—d’CT—i—d’CT—i—d) (er +d) m(u, v;7),
for all (%) € SLy(Z). Hence
. U v ar+b Hu—v;71)
; = d)——mm— 3T). 1.9
M(cr—&-d’m’—i—d’cr—i—d) (em + )19 uv'm%)u(u,v,T) (19)
ct+d’ ct+d

From (6) and (7) of Proposition 1.3 we find

z ar +b .y
Y| —— ) = Ver +d emier /(ertd) g 4 1.1
<CT+d’ c7'+d> x()ver c (z7), (1.10)
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with x () some eighth root of unity. Applying d% on both sides gives

|z=0

ar +b 3
v’ (0; c¢+d> = x(v)(er +d)29'(0;7).

Using (10) of Proposition 1.3 we find

x(7) =v(v)?

If we combine this with (1.9) and (1.10) we get the desired result.
(3) Using (5) of Proposition 1.4 and (3) of Proposition 1.9 we find

f(—u, —v) = fi(u,v)
Using (8) of Proposition 1.4 and (3) of Proposition 1.9 we find

(v, u) = ﬂ(uv v)

(4) This follows directly from (7) of Proposition 1.4.

(5) R has no singularities, so the singularities come from p. The location and nature

of these singularities is already given in (6) of Proposition 1.4.

d

1.5 Period integrals of weight 3/2 unary theta func-

tions

In this section we will rewrite i in terms of the period integral of a unary theta function

of weight 3/2.
To state the main result we need the following definition:

Definition 1.14 Let a,b € R and 7 € H then

g b(T) ._ Vewiu27+27riub
a, = E .
vEa+Z

The function g, is a unary theta function.

Proposition 1.15 g, satisfies:
(1) ga+1,6(T) = gap(7)

(2) Gapt1(T) = €™ gap(7)

(3) 9—a,—b(T) = —ga(7)

(4) ga,b(T + 1) = eiﬂ'ia(a+l)ga,a+b+% (T)
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(5) gap(—2%) = ie* ™ (=ir)2 gy, —a(T)

I will not prove these relations, since they are all easy. For (5) use Poisson summation.
From these relations it follows that if @ and b are rational, the function g, is a modular
form of weight 3/2.

Theorem 1.16 Let 7 € H, then
(1) forae(—3,5) andbe R

io0 Ja+i b+l (2)

: dz — _e—m‘a27—+2m‘a(b+%)R(aT —b),
with R as in Lemma 1.8.
(2) fora,be (—%, %)
 gar104+1(2) s = —emiatr+2mia+ ) (gr _p).

0 V-iG+7)

with h as in Definition 1.1.

Remark 1.17 The left hand side in (2) is 1-periodic as a function of a and, up to a
factor, as a function of b, while the right hand side is not.

For the proof we need the following two lemmas:

Lemma 1.18 Ifr € R, r #0, and 7 € H then
o _mitw? 100 wirlz
e e
—dw = —7r —dz.
/ﬂwi""w o V—ilz+7)

Proof: Both sides define a holomorphic function of 7 € H. So we only have to prove
the identity for 7 = it, with ¢ € R<¢. The identity then becomes

2

/OO e*ﬂ'tw2 p ) ee} e~ U i
- w = —mr — au,
oo WtIT o Vu-+t

where we have substituted z = u in the integral on the right. We can easily see that

both sides, considered as functions of ¢, are solutions of (f% +ar?)f(t) = 7—7\%:
( a + 2) LHS /OO ( 3 ) —7rtu;2d 3 /OO —T{'t'll)zd 7TiT
—— +7r = w —ir)e w = —Tir e w=——:,
ot oo o Vi

0 9 24 o, 24 . 24 0 /OO e X mr
Y HS = —e™ t 2 r H _ Trét 2 -
( B +7r ) RHS e o (e RHS) = mire ot /. Tz dz i

Both sides have the same limit 0 as ¢ — oo, hence they are equal. O
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Lemma 1.19 Let b € (—%, %) and let z € C, such that z ¢ (% + Z) i, then
e2mbz 1 e27'ril/(b+%)

coshmz 7 Z z—iv
vez+Z

Proof: We first show that the series on the right hand side converges (it doesn’t
converge absolutely). Since Dirichlet’s test for convergence (see [28, pp. 17]) is not
directly applicable, we prove this by means of partial summation (we could also do

. . . . . 2min(b+4%)
this by comparing the series with the series EnEZ¢0 %) Define
- e27ri(l/+1)(b+%)
YT g2mi(b+3) 17
- 1
then Tl, — T,/_l = 827‘-“/(b+§) and |Ty| = ﬁ Hence
|€ 7i( +§)71‘
Z 62ﬂiu(b+%) Z Ty - Tu—l
- z—iv - z — v
vEs+Z veEs+Z
vo<v<vy vo<v<vy
- Z Tz/ . Tm) 1 Tl/1
z—iv)(z—i(v+1 Z — i z—i(ry +1)
&, )G~ T D) MR Y
vo<v<vy
T, .
with vg, 1 € 35 —|— Z. We have lim,, o - Owé = 0, because T, is bounded, and
T,, T, : .
also hmul_mo m = 0. Since Zye%_,’_z m converges (lt converges

2miv(b+1)
absolutely), so does .1, 5 %
2
1

For z € iZ we consider the 1-periodic function given by b — e27* for b € (=3, %)
An easy calculation shows that

1 .
/2 e2-rrbze—2-rrz'nbdb — sinh 7z (_1)n

T z—1in

1
2

The given function is continuous on the interval (—%7 %), hence we get from the theory

of Fourier series that for b € (-1, 1)

e?ﬂ’in(bJr%)

omby  SIMh 7z —=* (=1)" 5., sinhwz
e = E e =

z—1in s z—1in
nez neZ

Y

where Y7 5 means limy, .o > n_ . If we replace z by z — 3i, substitute v = n + 3

and multiply both sides by —e™®/cosh 7z, we find

e2mbz 2miv(b+3)

Z* -
 coshmz z— 1V
1/6 +Z
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e27r'iu(b+%)

We have shown that ZVE% 4z =5 converges, hence we get the desired result. O

Proof of Theorem 1.16: Let a € (f% %) then Jat L bl 1(2) = 0O (e*m«? Im(Z)) for

(Im(z) — 00), for some v > 0 (for a € (—3,0) we can take vy = a + 3, for a € [0, 3)
we can take vy = 3 — a). From this estlmate the (absolute) convergence of both

ico ga+%,b+%( z) ico Ja+l, b+1( z)

R el dz and | 7@ dz follows.
(1) We see

ga+2,b+ (2) ioo ga+%,b+%(z — ) Y e ga+%,b+%(iu - )
dz Zotabts T g —i du
= =iz +7) 2iy A 2y Vu

[V

2. : 1
2 ve™ v (1u7'r)+27rw(b+§)du

:i/ u-
2y

veatg+Z
.2 - 1 > 1 2
=3 E pe~ W ‘r+27r7,1/(b+§)/ w"ze" TV Uy
vEa+L+Z 2y
oo
=i ) sgn(u)e‘”i”2T+2”iV(b+%)/ v 2e ™ dy
2
vEa+3+7Z 2yv
=i 2 {0 - B(vy/Ey) ety
veat+$+Z

_p—mialT+2mia(b+3),
Z {sgn(l/ +a)— E((z/ + @)y /Qy) } (71)’/*%efﬂiVQ‘f'*Qﬂiu(anb)
ve3+Z

If we use that for a € (—1, 1) we have sgn(v +a) = sgn(v) for all v € 1 + Z, we get
the desired result.

(2) We see by means of Cauchy’s theorem that for a € (—1,1)

e‘n’i‘rz2f27r:vz eﬂ'i72272ﬂ'$2
hzir)= | o dz = —
r coshmz _iasr coshmz

hence

s ) . ) efrz‘r(z+w) +27b(z+1ia)
_e~Tia T+27”a(b+5)h(a7' _ b) — _eTia dz
—ia4R cosh 7z

) em'Tz2+27rbz
=—" | —dz.
r coshm(z —ia)

If we replace z by z —ia in Lemma 1.19, multiply both sides by e2mialbts) and replace
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v by v — a, we find

2mbz 2miv(b+1
Tia e _ l § € (bt3)
coshm(z —ia) z—iv
vEa+ti+Z
with b € (—3, 3). Hence we find
2mbz Tia
Tia € _ € 1 2miv(b+ %)
—e - — — + j— e 2
coshm(z —ia) cosma T z

veatg+Z

1 1)
—iv i

This identity also follows from the theory of partial fraction decompositions given in

[28, pp. 134-136]. Using it we see

_ria? ia (b1
_e~Tia T+27ma(b+2)h(a7_ _

b)
_ 671'1'722 - eme + l Z eQﬂiV(b+%) 1 .
R cosma ™ 1 Z — 1w
vea+5+Z

Tia

_ e 1 + l/ Z 67ri7'22+27riu(b+%) (1 + 1) dz.
cosma+/—iT T JRr veariiz z—
We want to change the order of summation and integration. This is allowed if

) ) 1 1
errm—z2+27rzl/(b+%) < + ) ’ dz

>

< z—iv
vEa+i+Z

converges. We have

e7T'L'T22+27TiD(b+%) ( 1 + 1)‘ — e—ﬂ'yz2 1 1

Z—1 W zZ—1v

|Z| _ 2
S ﬁe TYZ

1))

)

(1.11)

with y = Im(7). Both fR|z|e*”yz2dz and Zuea+é+z 2 converge and hence the
expression in (1.11) converges. Now making the change of order we find

_e—ma2~r+2m'a(b+%)h(m_ _ b)

67T'L(l 1

vEa+i+Z

Using Lemma 1.18 we see

) 1 1 100 miv?z
/ 671'17'22 < S ) dz = ’ﬂ'l// eidz
R d—iv v o V-iz+1)

1 2miv(b+3) / wiTz? 1 1
= — - 2 — | dz.
coswa\/fiT—i_w Z ¢ Re z—il/+z’1/ :

1 1

+ ——.
WA/ —IT
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Using partial integration we see that this equals

1 100 wiv?z
L e
o (-i(z+7))z
SO
7677ria27+27ria(b+%)h(a7_ B b)
Tia 1 1 100 27rw(b+ ) wiv?z 1.12
= —— — 52 Z / .e Tdz. ( )
cosma /—it 2w veariiz (—i(z+71))2
We have , , )
e27ri1/(b+%) iV z 1 ™z Mz
v (=i )R] Wz T e
and

Z / Tr’LVz |: 1§ Z #<OO.

2
veati+Z |VHT| 7] veati+Z
Hence we can interchange the order of summation and integration in (1.12):
—mia? ia(bt+L
_e—Tia T+27Tza(b+2)h(a7_ _ b)

e 1 1 /wo 1 —1 miv? z42miv(b+1)
— o v e‘ﬂ'll/ z w274 3 dZ
cosma/—it  2m Jo  (—i(z+T)) Z

vea+3+Z

Nlw

Using partial integration we find
_e—wia27+2wia(b+%)h(a7 _ b)

100
; . —1 miv?z42miv(b+1)
e 1 i ZV€a+%+Z voe 2

— + —
COSTa \/—iT T —i(z+71)

0
100

i 1 d —1_riv?zt2mi (b+1)>
_ _ v eﬂ'“/ z TV 3 dz
TJo +/—i(z+T1) (dz Z (1.13)

veats+Z

Tia ;
— e 1 _ 1 1 lim V*leﬂ'iu22+2ﬂ'iu(b+%)

COSTTa /—iT T A/ —1T 2]i0
veat+3+2Z

P00 ga+ b+ ()

0 \/—z 2—1—7

Let z € iR>p, and vy € a + 5 + Z, vy > 0. By partial summation we find (with 7}, as
in the proof of Lemma 1.19)
ﬂ'ujzz eﬂi(u+1)zz>

, , e
Z ylemwat2mivbts) — _ Ty—1+ Z T ( S

vEa+3+2Z vEa+3+7Z
v>vo v>vo

+

7T’“/OZ
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SO
2 V—leﬂ'iuzz—&-Z‘n’iu(b—i—%)
veats+Z
v>vg
ewiugz 1 1 eﬂ'iu22 67ri(t/+1)22
S 1 + Z 1 ( o + 1 >
1% 27 (b+ = 27 (b+ = 1% 14
0 |e2mitb+d) _ 1‘ V€a+%+z‘e b+3) _ 1‘
v>v
ewil/gz 2 2
= S .
Vo |e2miod) _ 1‘ Vo ‘ezm'(zwré) _ 1‘
Hence R
. . 1
E Vflefrzu z+2ﬂ'w(b+§)
veat+3+Z
VZaJr%
converges uniformly for z € iR>g.
If we replace v by —v we find
§ y—leﬂ'iuzz—i-QTril/(b-i-%) — _6271'7:((1—%) § V—lewiu2z+2wiu(—b+%)’
veats+Z vEati+Z
yga—% llz—a-‘r%
SO ,
) ) 1
Z V—lemv z42miv(b+3)
veats+Z
Vga—%
and hence ,
; ; 1
E V—leww z+2miv(b+3)
veatg+Z
converge uniformly for z € iR>.
ince the summand is continuous on :R>, so is
S th d t R>o,
) . 1
21— E 1/7167”” z+271'u/(b+5).
veat+3+Z
Hence
Tia
lim y—lemivtz2miv(bt ) _ Z ylg2miv(b+d) _ €
21i0 cosma’
veat3+Z veatg+Z
by Lemma 1.19 with z = 0. If we put this into (1.13), we get the desired result. O
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Remark 1.20 We may also prove part (2) by using (2) of Proposition 1.10 together

with part (1): We split the integral [, into the sum of [*7 and [, ". For the first
integral we have

% Jat+1b+3 %) 1 (2 ) efma2‘r+27ria(b+%)R(a7-_b)7 (1.14)

-7 \/—z z+7'

by (1). In the second integral we replace z by —%:

-7 Gat+1b+112) ) ioo Ja+1 b1 (*%) 1

V—i(z +7) 2 y/-i(-1+7) (—iz)?

— i e27‘rz(a— )(b-'r )/loo gb"’_%’_a""%(z) dz
v N Y

by (5) and (2) of Proposition 1.15. Using part (1) of this proposition with (a,b,7)
replaced by (b, —a,—1/7) we see that this equals

1 b2 f7+mi ar—b 1
Y | 3 Tﬂ"LaR . . 1'15
e (= (1.15)

dz

Combining (1.14) and (1.15) we see

@00 gaJr b+ (Z)
0 \/—z z—|—7’

— _mia T+27Tia(b+%)R(aT _p)— 1 . eﬂ—ibQ/q—J,-rriaR(aT —b _1)

—iT T T

(rilar—b) /TR(M ar b, _1)}

= _e—ﬂ'ia27'+27'ria(b+%){R(aT - b; T) +
—Z'T
_ _e—ﬂ'ia27+2ﬂ'ia(b+%)h(a7_ _ b),

by (2) of Proposition 1.10.



Chapter 2

Indefinite J-functions

2.1 Introduction

The classical theta series associated to a positive definite quadratic form ) : R™ — R
and B : R" xR" — R, the associated bilinear form B(z,y) = Q(z+y) —Q(z) — Q(y),
is the series
@(Z;T) — Z e27riQ(n)T+27riB(n,z)' (21)
nezr

These theta series have well-known transformation properties. In particular ©(0; 1) is
a modular form of weight r/2.

In [11] Gottsche and Zagier define a theta function for the case when the type of
Q@ is (r — 1,1). The definition of these functions is almost the same as in (2.1), only
here the sum doesn’t run over Z", but some appropriate subset. However, in general,
these functions do not have nice modular transformation properties.

In this chapter we give a modified definition. We find elliptic and modular trans-
formation properties for these functions. The theta functions we define depend not
only on @, but also on two vectors ci,ca € R™ with Q(¢;) < 0, i = 1,2. The case
Q(c1) = Q(c2) = 0 gives the same functions as in [11].

There is a connection between the indefinite ¥-functions from this chapter and cer-
tain Y-functions considered by Siegel (see [25]). However, I will not give this connection
here.

2.2 Definition of ¢

Let A be a symmetric r X r-matrix with integer coefficients, which is non-degenerate.
We consider the quadratic form @ : C" — C, Q(z) = % (x, Az) and the associated
bilinear form B(x,y) = (x, Ay) = Q(z + y) — Q(z) — Q(y).

The type of @ is the pair (r — s,s), where s is the largest dimension of a linear
subspace of R" on which @ is negative definite. The signature of @ is the number
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r —2s.

From now on we assume that s = 1, i.e., that @ has type (r — 1,1). Then the
set of vectors ¢ € R” with Q(¢) < 0 has two components. If B(cy,c2) < 0 then ¢
and ¢y belong to the same component, while if B(cy, ) > 0 then ¢; and ¢y belong to
opposite components. Let Cg be one of the two components. If ¢y is a vector in that
component, then Cg is given by:

Co:={ceR"|Q(c) <0, B(c,cp) <0}
We further set
SQ = {C S 7" | C primitive, Q(C) - O, B(Ca CO) < 0}

(¢ primitive means that the greatest common divisor of the components of ¢ is 1).
The (r — 1)-dimensional hyperbolic space Cq/R+ is the natural domain of definition
of automorphic forms with respect to O} (Z) (see section 2.4 for the definition), and
Sq is a set of representatives for the corresponding set of cusps

{c€ Q" | Q(c) =0, Blc,e) < 0}/Qx.
Note that Sg is empty in some cases, for example if A = ((1) _03). Further we put

Cq := Cg U Sg. This is a generalisation of the usual construction H = HUP(Q),
which is the special cone C'g = CUSg for the quadratic form Q(a, b, ¢) = $(b* —4ac).
For c € 6@ put

R" ifce C@
R(c) :=
(©) {{aERT|B(C,a)¢Z} if c € Sg

and
D(c) :={(2,7) € C" x H | Im(z)/Im(7) € R(c)}.

Definition 2.1 Let c1,cy € C. We define the theta function of Q with characteris-
tics a € R(c1) N R(c2) and b € R", with respect to (c¢1,ca) by

Dup(7) = 02 (7) = 3 plpem) QT
vEa+Zr

where p(v; ) is defined by

C1,C2

p(v;T) = pa 7 (vi7) = p™(vs7) = p= (v 7),

with

BBl 12) ifeeC
pe(v;T) = (\/Q(C)y nesre
sgn(B(c,v)) if c € Sg,
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with y = Im(7) and E as in Definition 1.6.
For (z,7) € D(c1)ND(cz2), we define the theta function of @ with respect to (c1, ¢2)
by

D(z;7) = 9502 (2;7) 1= e 2miQ@T=2miB(ab)g (1)

_ Z ,O(TL+a;7’)627riQ(")T+2MB(n’Z),
nezr

Im(z) h— Im(z7)

with a,b € R" defined by z =ar + b, so a = () () -

Remark 2.2 The definition doesn’t change if we replace ¢; by Ac;, with A € R4.
Hence we could replace the condition Q(c;) < 0 by Q(¢;) = —1. This would simplify
the definition of p.

Remark 2.3 In some special cases ¥, is holomorphic: if ¢1,cy € Sg and, as we will
see in section 2.5, also for some special values of ¢, ¢2, a and b. In general however,
the functions ¥ and ¥, are not holomorphic.

Because Q is indefinite, 27?7 isn’t bounded. Therefore it’s not immediately

clear that the series defining ¥(z; 7) converges absolutely. However, using an estimate
for the growth of p we shall find:

Proposition 2.4 The series defining 9(z;7) converges absolutely.

For the proof of this proposition, we need two lemmas

Lemma 2.5 Letc € Cg. The quadratic form Q. : R" — R, Q.(v) := Q(v) — %
1s positive definite, and we have

Qe(V) =2 AceyQeo (V) VW ER,

with

s, = Bleco) = 2Q(0)Q(c0) = 1Blesco)ly/Bles o)’ ~ 100Qw)

2Q(0)Q(co)

Proof: If v € R is linearly independent of ¢, the quadratic form @ has type (1,1) on
span{c, v}; hence the matrix

(5 %6)

has determinant < 0, so 4Q(v)Q(c) — B(c,v)? < 0. Rewriting gives

B B(c,v)? _B(c, v)?
R IR O
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If v = e, with A #£ 0, we get Q(v) — 32(5{;))2 = —Q(c)\? > 0, which proves that Q. is
positive definite.

For the second part we consider the restriction of Q. to the ellipsoid S = {v €
R"|Q. (v) = 1}. Since S is compact, Q.|s assumes its absolute minimum at some
point v5. We compute that minimum with the method of Lagrange multipliers: There
is a real number A, such that

VQC(VO) = AVQCO (VO)a

or equivalently

A <1/0 _B 22”(06’)6) c> — )M (uo _ mc()) . (2.2)

Taking the inner product with ¢ on both sides of (2.2) we find

“B(v,¢) = A (B(l/(hc) _B (”0750()5)(0’ CO)) . (2.3)
Taking the inner product with ¢y on both sides of (2.2) we find
B(Vo,CO) — W = —/\B(Vo,C()). (24)
Combining (2.3) and (2.4) we find
Q(c)Q(co)(A +1)* = AB(c, co)” (2.5)

or
B(vy,¢) = B(vg, ) = 0.

If B(vg,c) = B(vp,co) = 0, then (2.2) reduces to Avy = AAvp, from which we find
A=1
The roots of (2.5) are
B(c,c0)® = 2Q(c)Q(co) % |B(c, co)|v/B(c, c0)* — 4Q(c)Q(co)
2Q(0)Q(co) '

Taking the inner product with v on both sides of (2.2) and dividing by 2, we find
QC(VO> = )\QCU (VO) = A

Hence the absolute minimum of Q.|s is the minimum of {1, A~ AT} which is A~ =
Ac,eo- S0 we have

A=

Qc(V) > ey Yv e S.
Let v € R", v #£ 0, then Q” €9, so

co (V)

v _ Q.(v)
Qco (V) QCO (V) .

Multiplying both sides by Q., () we get the desired result. |

)\c,co < Qc (
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Lemma 2.6 Letcq,co € Cq be linearly independent. The quadratic form QT : R" —

R, QT(v) =Q) + 4Q(CI)QB(£§1)f%)(ChC2)2B(Cl,I/)B(CQ7l/) is positive definite.

Proof: If v € R" is not a linear combination of ¢; and cg, the quadratic form @ has
type (2,1) on span{cy, ca, v}; so the matrix

2Q(c1)  B(ei,c2) Bleg,v)
B(er,e2)  2Q(c2)  Blez,v) (2.6)
B(ci,v) Blea,v) 2Q(v)

has determinant < 0. Rewriting gives

Q(c2)B(c1,v)? + Q(e1)B(ca,v)? -0
4Q(c1)Q(c2) — Bler,e2)*  —

If v € R" is a linear combination of ¢; and ¢z the determinant of the matrix in (2.6)
is zero. Hence
() — Qe2)Bler ) +Qler) Bles. 1)
4Q(c1)Q(c2) — Ber, 2)?

So if Q1 (v) = 0, we have B(c1,v) = B(ca,v) = 0, which implies v = 0. Thus if v # 0
then QT (v) is strictly positive, so Q7 is positive definite.

Proof of Proposition 2.4: If ¢1, ¢ € Cg, we write p(v; 7), using Lemma 1.7, as the
sum of the three expressions

—sen(Blew.)) 5 (—B<’y) | (27)
sgn(B(cz,V))ﬁ (-B(C?’”)Zy) (2.8)

Q(v) >

and

sgn(B(cl,V)) — sgn(B(cz,y)>7 (2.9)

with 3 as in Lemma 1.7. If ¢; € Cg and ¢y € Sg we get only the sum of the first and
the last expression. If ¢; € Sg and c; € Cg we get the sum of the last two expressions.
If ¢1,c2 € S we have only the last expression. Hence the proof is reduced to showing
that the series

B 2 , :
Z sgn (B(C, V))ﬂ < (Ca V) y> e27r7,Q(V)T+27mB(V,b) (210)

vea+7Zr Q(C)

converges absolutely for all ¢ with Q(c) < 0, and that the series

Z {sgn (B(cl, V)) — sgn(B(CQ, 1/)) }eQmQ(”)TJrQ”B(”’b) (2.11)

vEa+Zr
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converges absolutely for all ¢, co € 6@.
We will first show that the series (2.10) converges absolutely for all ¢ with Q(c) < 0:
We can easily see that 0 < (z) < e~ ™ for all x € Rx>g; hence if Q(c) < 0

BC7V2 miQ(v)T+2miB(v
sen(B(e.)) (é())y) 2T+ 2mB ()
B(c,v)?

< TGty ’627riQ(1/)-r+27riB(l/,b)‘ (2.12)

Cc,V 2
_ e—27‘r<Q(l/)— e >y
Using Lemma 2.5, we see that the series

s oelao-%)s

vEa+Z"

converges, and so the series (2.10) converges absolutely if Q(c) < 0.

We will now show that the series (2.11) converges absolutely for all ¢1,cs € Co:
If ¢; and ¢y are linearly dependent, we have p°2 = (. Hence we can assume that
they are linearly independent.
Case 1: ¢1,c0 € Cg.

If we have B(cy,v)B(ca,v) > 0, then sgn(B(c1,v)) —sgn(B(ca,v)) = 0. If we have
B(c1,v)B(cz,v) <0, then (note that 4Q(c1)Q(c2) — B(c1,c2)? < 0, as we saw before)

QW) = Q).

with Q7 as in Lemma 2.6. Hence we find
Hsgn (B(cl, V)) — sgn (B(CQ, 1/)) }eQ”iQ(”)T“”B(V’b)
= ’sgn(B(Cl,l/)) - sgn(B(cz,l/)> e 2Ry (2.13)

< Qe*ZWQJr(V)?J_

Using Lemma 2.6, we see that the series
Z e—2mQt (V)Y
vea+Zr

converges, and so the series (2.11) converges absolutely.
Case 2: ¢; € Cg and ¢ € Sg.
We can assume that ¢; € Cg NZ", since otherwise we pick any ¢; € CoNZ", write

> {Sgn (B(cl,u)) - sgn(B(cg,y))} 27iQV)T+2miB(1,b)

vEa+Zr
= Z {Sgn(B(cl, V)) — sgn(B(c’l,l/))} e2miQW)T+2miB(v;b)
vea+Zr

+ Z {sgn (B(CI17 I/)) — sgn (B(Cg, l/)) } 6271'2'Q(1/)'r+27riB(u,b)7
vea+Zr
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and use that
Z {sgn(B(chu)) - Sgn(B(C&,I/))} Q)T +2miB(1.b)
vea+Zr
converges absolutely.
We write v = p + neg with p € a + Z" and n € Z, such that g((;l’é;)) € [0,1)
(we see n = [B(Cl’”) ]) Then sgn(B(cz,v)) = sgn(B(ca, 1)) (use B(cz,c2) = 0) and

B(Cl,CQ)
sgn(B(c1,v)) = —sgn(n + 5((511’,2)). Hence

Z {Sgn(3(61,1/)) — sgn (B(c%y))} o2miQ(v)T+2miB(v,b)

vEa+Z"
B(cy,
=— Z Z{sgn(B(cz,,u)) —&—sgn(n—l—M)} :
- B(Cla CZ)
pnea+Z neZ
Bl
. eQﬂiQ([i)T+27TiB(C2,}L)TLT+27TiB(}L,b)+27FiB(CQ,b)n
Using
I DR if 2] <1
= -1 .
- > xt if |z > 1,
we see

B . )
5 {sgn(Ben ) +sgn(n + PN oripicspparsarinicans
neZ B(Cl ’ 62)

2
T 1 _ e2miB(ca,p)m+2miB(cab) d(B(e, ).

Here we used that
B(627 :u) > B(CQa ,[l‘) > 07 (214)
for all u € a + Z", and for some & € a + Z". This is guaranteed by the fact that
(2,7) € D(c2).
Since ¢1,co € Z" we have

5(01’“)) S [071)} = U (Mo+<01>é)=

C1,C2 o€ Py

{,uEa—i—Z"

for a suitable finite set Py, with <c1>% = {¢£€Z" | B(cy, &) =0}. So
Z {sgn (B(cl,l/)) — sgn(B(CQ,VD} p2mIQ (V)T +27iB(1,b)

vea+Zr

2
= Z Z { 1— 627riB(CQ,§+;LO)T+27riB(Cg,b) B 5(3(01’ ‘LLO))} ’

no€Py Ee(cl)L

2miQ(E410)TH2mi B(§+110,b)
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This series converges absolutely, since @) is positive definite on <01>JZ‘7 and the term

2
1 — e2miB(c2,&+puo)T+2miB(c2,b) o 5(3(01’ MO))

is bounded (use (2.14)).
Case 3: ¢; € Sg and ¢ € Cg.
Since 912 = —¥°21 _ this follows directly from the previous case.
Case 4: c1,c0 € Sg.
Since 912 = ¥ 4 992 for arbitrary c3 € Cg, this follows directly from case
2 and 3. |

2.3 Properties of the ¥-functions

The theta functions in Definition 2.1 have some nice elliptic and modular transforma-
tion properties, similar to those of the theta functions associated to positive definite
quadratic forms.

Proposition 2.7 The function ¥ satisfies:

(1) For c1,ca,c5 € Cq and (2,7) € D(c1) N D(c2) N D(c3) we have the cocycle
conditions 902 + 924 = 0 and 9 + 92 4 9% = (.

(2) 9z + AT+ p;7) = e 2mQWNT=2miB( N (5. 1) for all N € Z7 and p € A~VZ".
(8) H(—z;7) = =F(z;7).
(4) The function (c1,c2) — 9°°° is continuous on Cg x Cq.

(5) Let c1,c3 € Cg, ca € Sq and (z,7) € D(cz). Set c(t) = ca+tes. Then c(t) € Co
for all t € (0,00) and limg o900 (25 7) = 902 (2; 7).

(6) I(z;7+1) = Iz + $ATLAY 7) with A* = (Ay1... A,)T € Z7, the vector of
diagonal elements of A. In particular, ¥(z;7 + 2) = ¥(z;7) and I(z;7 + 1) =
I(z;7) if the matriz A is even.

(7) Let D'(c) = {(2,7) € D(c) | (2,-L) € D(¢)} = {(ar + b,7) | T € H, a,b €
R", B(c,a) € Z, B(e,b) € Z}. If (2,7) € D'(c1) N D( 2) then
19(5;—%) = I (71'7')”2 Z eQﬂQ(Z“’T)/Tﬂ(z +p7; 7).

v—det A peATZr 70

Proof: (1) follows from the corresponding relations for pc1-c2.
(2) The identity 9(z +pu;7) = 9(2;7) for u € A~1Z" is easy, and we find 9(z +A7;7) =
6’2”Q()‘)T’2”B(Z’>‘)19(2; 7) for A € Z" when we replace n by n + A in the definition.
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For (3), replace n by —n in the definition and use that E and sgn are odd functions.
(4) We show that ¢; — 92 is continuous on Cg. The result then follows from (1).

Using the decomposition of p as the sum of (2.7), (2.8) and (2.9) we see that it’s
sufficient to prove that

Blc, v)?2 - ,
PN Z sgn (B(C, Z/))ﬁ (_ (C7 V) y) eQﬂ'ZQ(u)'r'+27mB(u,b)7 (215)

2 Q)
and

_ 2miQ(v)T+2mi B(v,b)
€1 Veg—gzr{sgn(B(cl, I/)) sgn(B(czﬂ/))} e (2.16)

are continuous on Cgq.
Using Lemma 2.5 and (2.12) we see

2 on y _ B(ew)?
sgn(B(c, V))ﬁ (_B(Cv V) y) eQWiQ(V)T+27FiB(V,b) <e 2 (Q( ) 2Q(c) )y

Q(c)

< e_QW)\c,ccho (v)y

Since ¢ — A¢ ¢, is continuous and A, > 0 for all ¢ € Cg, we can find an neighbour-
hood N, of ¢ such that A\. ., > € > 0 for all ¢ € N.. Hence on N, we find

S 6_277€Qco (V)y

sgn(B(c, V))ﬁ <_Bg(’cy))2y> 627riQ(V)T+27TiB(V7b)

The series

Z e~ 2m€Qcq ()Y

vea+Zr

converges, and so the series in (2.15) converges uniformly for ¢ in N.. Hence the
function in (2.15) is continuous on N,. Since this holds for all ¢ € C, the function in
(2.15) is continuous on Cg.

In (2.13) we have seen that

Hsgn (B(q7 1/)) - sgn(B(cg, y))} 2mIQW)TH2miB(1b) | < 9, =2mQT (V)y

The function Q* restricted to the sphere S = {v € R"| ||v| = 1} assumes its absolute
minimum A(¢;) > 0. Hence

QT (v) > Aer) Yv e S,

and so
QT (v) > )\(cl)||1/||2 Vv e R,
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Since ¢1 — A(c1) is continuous and A(c¢q) > 0 for all ¢; € Cg, we can find an neigh-
bourhood N, of ¢; such that A(c;) > € > 0 for all ¢; € N,,. Hence on N, we
find

Hsgn(B(cl, V)) _ Sgl’l(B(CQ, V))} e27riQ(u)T+27riB(u,b) < 26—27"5HVH23/_

The series

S ey

vea+Zr

converges, and so the series in (2.16) converges uniformly for ¢; in N.,. Hence the
function in (2.16) is continuous on N¢,. Since this holds for all ¢; € Cg, the function
in (2.16) is continuous on Cgq.
(5) Note that 9e¢(t) = ger.cs 4 9o:¢t) - We can therefore assume c3 to be equal to
c1. We have Q(c(t)) = Q(ca + te1) = tB(ci,c2) + t2Q(c1) < 0 and B(ep,c(t)) =
B(ey, ) + 2tQ(er) < 0 for all ¢ € (0,00), since B(cy,c2) < 0 and Q(c¢1) < 0. Hence
c(t) € Cq for all t € (0,00).

Using 9¢0¢() = ge1c2 4 9e2¢() and the decomposition of p as the sum of (2.7),
(2.8) and (2.9) we see that it’s sufficient to prove that

ltil%l {sgn (B(027 y)) — sgn (B(c(t), V))} ?mQW)T+2miB(1b) — (2.17)
vea+Zr

and

. B(c(t),v)* \ oniQu)rt2niBb) _
ltlfg eXJF:ZT sgn(B(c(t),u))ﬁ <—y e =0. (2.18)

It is easy to see that
‘sgn(B(cz,z/)) — sgn(B(c(t),u))’ < ‘sgn(B(cl,u)) - sgn(B(cz,V))‘

forall v € a+Z" and ¢ € (0, 00) (Both sides can take on the values 0,1 and 2. If the right
hand side is 0, then sgn(B(c1,v)) = sgn(B(ce,v)), so sgn(B(ca,v)) = sgn(B(c(t),v)).
Hence the left hand side is also 0, and the equation holds. If the right hand side is 1,
then either B(cy,v) or B(cg,v) is zero. If B(ce,v) = 0 we get that the left hand side
equals the right hand side. If B(cy,v) = 0 the left hand side equals 0). Hence

Hsgn (B (c2, V)) —sgn (B(c(t), u))} e%i@<v)f+2m3<v,b>’
S Hsgn(B (cl,V)) - Sgn(B(CQ,V))} eQ’”Q(V>T+2m‘B(u,b>‘7

for all v € a+Z" and t € (0,00). In the proof of Proposition 2.4 (Case 2) we have
seen that (2.11) converges absolutely, i.e.

Z Hsgn(B(cl,u)> - sgn(B((;Q’y))} 627TiQ(V)T+27riB(V»b)‘

vea+Zr
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converges. Hence

Z {SgH(B(CQ, V)) — sgn(B(c(t),y))} o2miQ(v)T+2mi B(v,b)

vea+Zr

converges uniformly for ¢ € (0,00). Using this we find

lim {sgn(B(CQ, V)) — sgn (B(c(t), 1/))} £2miQ (V) T+2miB(v,b)

t0 vea+Zr
_ : _ 2miQ(v)T+2miB(v,b) _
= ez_‘_:z,. ltll%l{SgD(B(Cg,V)) sgn(B(c(t),y))} e 0.

This proves (2.17).
We will now prove (2.18): Using (2.12), we see that

Be(t v § TiQ(v)T+2miB(v —2m Q(V)fB(C(tc)yty)z Y
sgn(B(c(t),y))ﬂ <é)((czt)))y> e2mQM)TH2TiB() | < o ( 2Q(e(®) ) .

We write a + Z" as the union of P, P, and Ps, with

P, :={vea+Z" |sgn(B(ca,v)) = —sgn(B(c1,v))}

Py:={vea+Z" |B(cr,v)(B(c1,c2)B(c1,v) — 2Q(c1)B(ca,v)) > 0}

Py :={vea+Z" |sgn(B(cs,v)) = —sgn(B(c1,c2)B(c1,v) — 2Q(¢1)B(c2,v))}
Note that B(ca,v) # 0 for all v € a + Z", which is guaranteed by the fact that

(z,7) € D(c2).
On P; we use

2
(a2}
e 2Q(c(1)) <e 27'rQ(1/)y7

for all t € (0, 00). We have seen in the proof of Proposition 2.4 (Case 2) that the series
in (2.11) converges absolutely. Hence the series

3 ez
veP;

converges.

On P, we have
B(c(t),v)? < Bley,v)?

2Q(c(t)) ~ 2Q(c1)

for all ¢t € (0,00), which we get from

Blcy,v)? + <2B(02, v)B(er,v) —
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for all ¢ € (0,00). Hence we find

c(t),1)2 B(ey,v)?
—2w(Q<u)—B< hx) )y —2w(Q<u)— L= )y
e 2Q(c(t) S e 2Q(cy1)

)

for all t € (0,00). Using Lemma 2.5 we see that the series

B(cqy,v)?
2: *2“<Q(”)* 2(Q1<61)) )y
e
veP;

converges.
On P3 we use

B(c(t),v)? < 2B(co,v)
2Q(c(t)) ~ Bler,e2)?

for all t € (0,00), which we get from the inequality

(B(cl,CQ)B(cl,y) — Q1) Bles, y)), (2.19)

<B(02,V) + <—B(c1,y) + mB(CQ, V)) t>2 > 0.

(Cl7 C2

Note that (2.19) holds also on P; and Ps, but we use it only on Ps. Using it we find
(c(),1)? -
e—2w<Q(u)—%>y < 2R,
for all t € (0, 00), with

~ 2B(ca,v)

Q) = QW) = ooz (Blen2)Blerv) = Q) Blea,v)) (2.20)

Write v = v, ¢1 + Ve,c2 + v+, with v+ such that B(cy,vt) = B(cg,vt) = 0. We
see
B(Clay) = 2@(61)1/01 + B(ClaCQ)VCQ
B(ea,v) = B(ey, €2)Vey s

SO
1
c1 — B 5
Ve, By, o) (ca,v)
1 2Q(c1)
co — B ) - B )
Y = Blenen) DY) T Bleeap DY)
Hence

Q(V) = Q(VJ_) + Q(Cl)ygl + B(Clch)VmVCz

B B(co,v)
= Q)+ o (Bler e2) Blew,v) = Qe Blea,v)
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and

QW) = Q(v+) - m (B(cl, e2)B(c1,v) — Q(c1)B(ca, y)).

The quadratic form @ has type (r — 1,1): @ has type (1,1) on (ci,cz)g and type

(r— 2,0~) on (cy, 02); On (cq, 02){1{ we have Q = @ and on (c1,c2)g We have Q=-Q.
Hence @ has type (1,1) on (c1,c2)g and type (r —2,0) on <cl,02>ﬁ.
Set ¢, = Bzgtf))cl — ¢y and & = —cy then
~ A B(Cl,CQ) - B(Cl,CQ)
e =e ( 200y =) T 7\ g T

B(Cl,62)2 - B(Cl,02)2 <0

_ B(e,e)?
N B N 4Q(c1) 2Q(c1)  4Q(c1)
Q(C2) = Q(—c2) = —Q(c2) =0
B(é1,62) = —Q(é1 — &) + Q(é1) + Q(&2)
- B(Cl,CQ)C B(Cl,62)2 _ B(Cl,CQ)Q
- Q( 2Q(c1) 1) " T1Q() Q)

If we choose C@ such that ¢, € C@ then we see that ¢y € S@.
Using (2.20) we see
B(z,y) = Qz +y) — Q(z) — Qy)
=B

(z,y) — ﬁ(B(C%x)B(ChQ) + B(Cl,m)B(Czyy))

MB(Q@)B(CQ,Z/%

4
+ B(Cl,CQ)2

SO

forallv € R".
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We rewrite the set Ps:

Ps={vea+7Z" |sgn(B(ca,v)) =—sgn(B(cy,c2)B (cl, v) —2Q(c1)B(ca,v))}

<B( B(c1,v) — B(ea 1/)>}
2@ b b

(¢

(¢

(e
={vea+7Z" |sgn(B(¢2,v)) = —sgn(B(éy,v))}
= {v€a+Z" | sgn(B(é,v)) = —sgn(B(é1,v))}.

={vea+7Z" |sgn(B(—ca,v —sg

=

In the proof of Proposition 2.4 (Case 2, (2.11)), we have seen that
Z {sgn(é(él,u)) — sgn (E(Eg,ﬂ)} 2miQW)T+2miB (1)
vea+Zr
converges absolutely, i.e. the series
S 2wy
vePs

converges.
On all three sets P, P, and Ps, we have found a suitable majorant, independent
of t € (0,00). Combining these results, we see that the series

VE;ZT Sgn(B(C(t)’ V))ﬂ (Wy) p2miQ(V)T+2mi B(1,b)

converges uniformly for ¢ € (0, 00). Hence

lim Z sgn(B(c(t),y))g (_ (c(t),v)? y) 2miQ(W)T+27i B(v,b)

to Ca+Zr Q(c(?))
c(t), v)? . .
= Z ltll%l SgH<B(C(t), l/))ﬂ ( Bé)((ctz;)))y) eQﬂlQ(D)T+2WZB(V,b).
vEa+Zr
We have
lim_B(C(t Ik o
o Qe() ¥
and
Jim 910

Hence we get equation (2.18).
(6) Since p(a;7) depends only on Im(7), we have p(a;7+ 1) = p(a; 7). Hence

19(2:;7_ + 1) _ Z p(’I’L + a; T)e2ﬂiQ(n)eQﬂ'iQ(n)T-l—Q'rrz’B(n,z)’ (221)
nezr
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but since A has integer coefficients we find
eQﬂ'iQ(n) — 67”'2?:1 A”nlz _ 67”'2;':1 Anny eQ‘n’iB(%AflA*,n).
If we put this into (2.21) we get (6).
We first prove (7) for the case ¢, ca € Cg. We do this using the Poisson summation

formula. The main point — and the reason for the definition of the function p — is that
a — pla;7)e>™R@7 is more or less its own Fourier transform:

Lemma 2.8 We have for alla € R” and 7 € H

. . 1 i 1
. 27r1,Q(a)-r+27rzB(a,(x)d _ ( . _7)
a;T) e a = - Q; e
/r plaiT) \/—detA(—ZT)T/Qp T
Proof: The integral converges. This is analogous to the convergence of ¥ for case 1:
We write p(a;7) as the sum of the three expressions

—sen(Blev,a)) B (—B““)y) ,

—27T'I:Q(0/,)/T.

Q(c1)
sgn(B(cz,a)) A (-W@
and
sgn(B(cl, a)) — Sgn(B(cz, a)).
We have

sgn(B(c, a)) 8 (Bé;(’;)zy> £2miQ(v)T+2miB(a,b)

B(c,a)2
S 6_27T(Q(”')_ 2Q(c) )y

)

(see (2.12)), with a — Q(a) — 132(5’82 positive definite (see Lemma 2.5). We also have

Hsgn(B(cl, a)) _ sgn(B(cz, a))} 627\'1’Q(a)'r+27riB(a,b)’ < 267271'@‘*'(a)y7

(see (2.13)), with QT positive definite (see Lemma 2.6).
Using

iBQTFiQ(aT—‘rOL)/T — 1 ieQﬂ'iQ(aT—Q—a)/‘r
aal T 8al

we see that

0 {627riQ(a)/~r/ p(an_) e27riQ(a)r+27riB(a,a)da}
R"

8al
= i/ pla; ) eQﬂiQ(aT-i-a)/Tda:/ p(a.r)ieQﬂiQ(aT+0t)/‘rda (2.22)
aal R ' s ' aal
L 0 prigarta)/ L[ 9p 2mi
_ . - miQ(aT+a)/T 10 — _ . Ter(aT—i-a)/Td
/r p(a,T)T 8&16 “ T Jrr Oy (a;7) e @
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where we have used partial integration in the last step. From the definition of p it
follows that

0

l(a; 7)

oa;
_ (Ac) 172 E’( B(cl,a)) y1/2) _ (Aca) /2 E’( B(CQ,a)) y1/2).

V—=Q(c1) —Q(c1 —Q(c2) —Q(c2
(2.23)

We have (we will use this result for ¢ = ¢; and ¢ = ¢3)

B .
/ E/( <C7 a) y1/2> e27mQ(aT+a)/Tda
- —Q(c)

B(c,a)?

_ 2627riQ(a)/T/ e a@ y€27riQ(a)‘r+27riB(a,oz)da.

We substitute a = (¢ ¢) (7), with a. € R, @’ € R""! and C a r x (r — 1)-matrix
whose columns form a basis for

(&g = {a € R" | B(¢,a) = 0}.
In that way we can split the integral over R" in an integral over R and an integral

over R"™! (Note that B(c,Ca’) = 0, hence Q(a) = Q(c)a? + 3 (a/,CTACd") and
B(c,a) =2Q(c)ac):

y1/2/ E/( B(C,(I) y1/2) e27riQ(aT+a)/Tda
. —Q(0)
_ 2y1/26277iQ(04)/T / e47rQ(c)a§y+27riQ(c)a§T+7ri<a',CTACa'>‘r.
RxRr—1
e47riQ(c)acac+27ri<a’7CTACO/> |det (C C) ’ dd' da,

:2|det (C C)’y1/2627riQ(a)/T.

. 2 . s T ’ S/ T /
e27r2Q(c)aC‘r+47mQ(c)acacdac . e‘n'z<a ,C" ACa >‘r+27'rz<a ,CTAC« >da/
R R7—1

)

with a = (cc) (57).
If 7 € H and M is a positive definite symmetric n X n-matrix, we have the well

known result

A . 1 1 ;
wz(a,Ma)‘r+27r7,(a,]Wa>d _ —mi{e,Ma)/T
e a = - e .
/ n (—i7)"/2 \/det M

(By a change of basis in R™ one can reduce to the case when M is diagonal).
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Q is positive definite on <c>§, so CTAC is positive definite. Hence we find using
the result twice:

B )
y1/2/ E’( (C7a))y1/2) e2miQ(aT+a) /7 g,

—Q(c
-9 ‘det (C C) | y1/262‘n’iQ(a)/T 21Q( )7 67271'1’(2(0)0@/?.
—4l C)T
1 1 —7ri<o/,CTACo/>/T
(—im) =172 \/det CT AC
_ 2y'/2 1 |det (¢ O] 2miQ(c)a? [r—2miQ(c)a? /7
ViT (—im)=D/2 /290 () det CTAC
/ c,a 2 ’
20 fdetfe O)  mear,
(—iT)"/2=1/=2Q(c) det CT AC
/
_ \/27 1 E/( B(C,Ol) \/?))
(—ir) 2T y—detd  \\/—Q(o)

with ¢/ = Im (—%) In the last step we have used

(det (e ©))?det A = 2Q(c) det CT AC,

which follows from

by taking the determinant.
We see

_l (AC)[ 1/2E/ B(C, a’) 1/2 eQﬂiQ(aT+a)/Tda
R v/—Q(0) ( —Q(cl)y )
_ 1 (Ao VY ,( Ble, )
o —Q(c) (—iT)r/2=1 /= det A E( V-Q(c) y)

0 1 ) y
o (970q\/—detA (—’L'T)’“/2 ( \/>)
Combining this with (2.22) and (2.23) we find

9 2miQ () /T . 27iQ(a)T+27miB(a,a)
B {e /Tp(a,T)e da

0 1 ) ( 1)
= — o, —— .
Doy v/—det A (—ir) 2 P\U 77
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So

4 4 4 1 i 1
2miQ(a) /T / . 27er(a)T+27rzB(a7a)d _ ( . _7)
e a;T) e a : Q;
” p( ) /7_ detA (77/7_),,”/2 p T
is constant as a function of a. Since both terms are odd as a function of «, that
constant is zero. This proves the lemma. m|
Proof of (7): Case 1: ¢1,¢o € Cg.
Using the Poisson summation formula

Y=Y Jw),

veEZ" veA—1Z"

with f(v) = Jr- f(a) e?™B(1:9)dq, and Lemma 2.8, we find that 1, satisfies

1 i o \T TiB(a
19a,b(_*) = ———— (—ir)"/2?miBet) Z Dptp,—alT)- (2.24)

T £/ —
det A pEA~LZ" mod Z"

If we put 4 4
ﬂa,b(T) — eleQ(a)7+27mB(a,b) 19(&7’ + b; 7_)

into (2.24) (on the left replace (a,b,7) by (a,b,—1/7), on the right by (b + p, —a, 7))
and multiply both sides by e?7Q(a)/7—2miB(a.b) then we find

br—a 1 i ,
19( ;—7> = — (—ir)"/? Z 2QUT=a+r) /T Y (b — 4 4 pri7T),
T T vV—det A peATZr /7

which is the desired result for z = br — a.
Case 2: c1 € Cg and ¢ € Sg.

We use (5): We have proven the identity for 91 if we take lim; o on both sides
we get the desired result.

The other two cases follow using the cocycle conditions given in (1). O

Corollary 2.9 The function ¥, has the following elliptic and modular transforma-
tion properties:

(]) Vagap = Vap for all A € Z7.
(2) Yapip = e2mib(a.p) ap for all p € A=1Z".
(3) 197(1,717 = *ﬁa,b'

(4) Fap(t+1) = e~ 2miQ(a)—miB(AT A" a) Vaatbsia—1a- (1) with A* the vector of
diagonal elements of A.

(5) If a,b € R(c1) N R(c2) then

1 7 )
Vab (**) = — (*iT)T/2627rZB(a’b) Dptp,—alT).
T —det A p€A1ZZmod VAS
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2.4 Transformation properties of v with respect to
04(2Z)
We consider the group
OA(R) := {C € GL.(R) | C'AC = A}.

If C€04(R)and ce Cg C R" then Q(Cc) = Q(c), so C - Cgq is either Cg or —Cy.
We consider only matrices C that leave Cg invariant, i.e. B(Cec,c) < 0, for all ¢ € Cg.
Set

OF(R):={C € GL.(R) | C'AC = A, B(Cc,c) <0Vce Cq}.

This is a subgroup of O4(R) of index 2.

Definition 2.10 Let
01(Z) :== Of(R) N GL,(Z).

Remark 2.11 From C'AC = A, we find det(C) = £1, so O}(Z) is the group of
elements of O (R) that have integer coefficients.

Remark 2.12 In some cases Oj
O} (Z) has only two elements: (
infinite group.

(Z) is very small. For example if A = (§ %) then
$9) and ('?). However, in general O (Z) is an
If we consider the theta functions in Definition 2.1 not only as a function of z and 7,

but also as a function of ¢; and ¢, we get transformation properties with respect to
01 (Z):

Proposition 2.13 Let C € O} (Z), c1,c2 € Cq and let (2,7) € D(c1) N D(c2). Let
¥4 ?(z;7) be as in Definition 2.1. Then we have C - Cog = Cq, C - Sg = So,
(Cz,7) € D(Cc1) N D(Ces), and

9O (Cry 1) = 902 (25 7).

Proof: C-Cy = Cg holds by definition. If ¢ € Z" is primitive, then C'c is also primitive.
Hence we find C'- Sg = Sg. We have Q(Cz) = Q(z) and B(Cz,Cy) = B(z,y), for all
z,y € R" and CZ" =Z". We see

B 212) - p(ca.of2t2) - (e )

Hence if (z,7) € D(c) then (Cz,7) € D(CCc).
If we replace (c1,c2,2,n) by (Cey,Cea,Cz,Cn) in the definition of ¥ we get the
desired transformation property. a

Remark 2.14 The C acts on both ¢; and ¢y at the same time.
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Corollary 2.15 Let C € O%(Z), c1,c0 € Cg and let a € R(c1) N R(ca). Let 192},)@2 (r)
be as in Definition 2.1. Then

IS ) =0 (7).

2.5 Some examples

Example 2.16 Let A = (32), c1 = ('), .2 = (72), e:= (1), and a = b = ge.
Then B(c,c2) = —6 and Q(c1) = Q(c2) = —3. If we choose Cg such that ¢; € Co
then also ¢o € Cg. Using (4) and (2) of Corollary 2.9, we see

Vi1 (r+1) =€ 201, 1, (r) =eF 01, 1,(7). (2.25)

Using (5) of Corollary 2.9, we see

ﬁ%e,ée(_l) =¥ (ﬂ—%e,—%e(T) F V10 10(T) +19%e,_le(7)) :

T

Using (3), (2), (3), (1) and (2) of Corollary 2.9, we see

Vo1 1.(7) = —%g,ée(ﬂ
Dyegelm) = F 00 (7)
Ve 1.(T) = =0 1,1.(7) = =01, 1.(7) = =01, _1.(7)
Hence 1
056,%6(—;) = —ir 01,1,(7). (2.26)

We write p(v; 7) as the sum of the three expressions (2.7), (2.8) and (2.9). We will see
that

B 2 ) )

5 sen(Bt0,0) (B ) graerisnnen _y o
Q(c1)

vEa+Z?2

and

B(CQa V)2 2miQ(v)T+27iB(v,b)

Z sgn(B(CQ,V))B ———y e Bt = 0. (2.28)

S Q(c2)

To show that (2.27) holds, consider C = (Y, %) € O} (Z). If we replace v by Cv in
the left hand side of (2.27) and use Cc; = ¢1, we see

2
3 sgn(B(cl, 1/)) 3 (_B(cl’”)y> 2MIQ)T+2miB(1b)

vearz? Q(c1)

B 2 ) . _
= Z sgn(B(cl, y))ﬂ <(01’I/)y) GQFZQ(V)T+27MB(V,C' 1b)'

veC—la+Z2 Q(Cl)
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Using C'a = a—(9), C7'% =b—(9) and B(v,(9)) = 2v1 + v = L mod1 for
v E a+ Z?, we see

B(cy,v)? , .
Z sgn(B(cl, y))ﬂ <(1)y) 2miQ(V)T+27iB(v,b)

vEa+Z2 Q(cl)

2
= — Z Sgn(B(C17U))/3 (_B(Cl,l/)y) 62777;@(”)7+27T’L'B(y7b).

veatz? Q(Cl)

Hence we get (2.27). The proof of (2.28) is similar. Here we have touse C' = (! 7*) €
0%(Z).
Using (2.27) and (2.28) we see

Do p(T) = Z {sgn(B(chy)) _ Sgn<B(62’y))} o2miQ(V)T+2miB(1,b)

vEa+Z2

Z {Sgn(m) + sgn(l/g)} e2milg Vit sty )T imi(vitro)
ve(3+2)”
_ % %( Z Z ) n+mq2n +2nm+ m + n+ m

n,m>0 n,m<0

(2.29)

. o:\»—-

where we have substituted v; = % +n and vy = % + m in the last step.

From (2.29) together with (2.25) and (2.26) we see that ¥,; is a holomorphic
modular form of weight 1, with the same transformation properties as n?. Hence Vab
is a multiple of ? (their quotient is a holomorphic function on the compact Riemann
surface H/SLa(Z) U {oo}). By comparing the first Fourier coefficients we find

D1 =2e3 2,

le 1
6%6¢

or equivalently

( Z Z ) n+mq2n +2nm+ m + n+ m _ (q)zo

n,m>0 n,m<0

Example 2.17 This example is similar to the previous one, so some of the details are
omitted.

Let A= (%), c1=(3%),e=(3)anda=b=13(3). Then B(cy,cz) = —21
and Q(c1) = Q(c2) = —32. Using Corollary 2.9, we see
Dap(T + 1) = €5 944(7)

and
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We write p(v;7) as the sum of the three expressions (2.7), (2.8) and (2.9). We have

B 2 , .
Z SgH(B(Cl, V))ﬁ <_ (017 V) y) eZﬂ'zQ(V)T-l—QTrzB(u,b) -0

veatZ? Q(Cl)

and

Blcy, v)? ‘ ,
Z sgn(B(c27 y))ﬂ (_(Q)y> 2miQ(V)T+2miB(1b) _ (.

B Q(CQ)

To get the first equation we use C = (7 ~12) € Of(Z) (Ccr =1, Cla=a+
and C7'b = b+ (7?)). To get the second equation we use C' = (:Z 172) € 04(2)
(Cea=co, C7la=a— (%) and C7'b=b— (4)). Hence we see

Dap(r) = > {Sgn(B(cl,y)> _ sgn(B(cQ,y))} 2miQ()T+2mi B (1)

2

=— Z {sgn(ul + 2v9) + sgn(vg — 2u2)} 2mi(ari =g ra)THmi(vitrn)

_ _Ze%qé ( Z . Z ) (_1)n+mq%n2,%m2+%n+%m7

n+2m,n—2m>0 n+2m,n—2m<0

where we have substituted vy = % +n and vy = —% + m in the last step. Replacing n
by —n — 1, we see

Z (_1)n+mq%712—%m2+%n+%m
n+2m,n—2m<0
_ Z (71)n+mq%n27%m2+%n+%m7
n+2m,n—2m>0

SO
1.,2_3,,2 1

Dup(r) = —Ae¥ iz 3 (c1yrmgintint i,
n>2|m|
We see that ¥, is a holomorphic modular form of weight 1, with the same transfor-
mation properties as n%. Hence 9, is a multiple of n?. By comparing the first Fourier
coefficients we find _
19(1,1, = 746%7]2,

or equivalently
2 2
Z (_1)n+mq%n —Em’+intim _ (q)go
n>2|m|

This last equation is proven in [1, pp. 451], using different techniques. In that arti-
cle several similar results are proven. The modular transformation properties of the
functions involved can be found using the same method as in the examples presented
here.
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These examples are very special: in general, ¥, is not a holomorphic function.
However, for the special values of ¢1, ¢, a and b given here, ¥, ; is holomorphic.

In [20] a theorem about the modularity of a certain family of g-series associated
with indefinite binary quadratic forms is given. This result may also be found using
the same method as in the examples presented here.

In the next two chapters, we will see some other examples. In these examples, the
Y-functions are not holomorphic.






Chapter 3

Fourier Coefficients of
Meromorphic Jacobi Forms

3.1 Introduction
In this chapter we consider functions ¢ : C x H — C that satisfy
oz + AT+ ;1) = e_Q”i”L(’\ZTH)‘Z)Lp(z; T) Y\, u€Z (E)

and

z T+b L2
© <c7'—|—d; ZT—_::CZ) = (e + d)kezmmcz /(”er)go(z; T) v (‘C‘ 3) € SLy(Z), (M)
with k € Z and m € Z~ . The first equation gives the transformation law with respect
to z — z+ AT+ p and will be denoted by (E), for elliptic. The second equation gives the
transformation law with respect to SLo(Z) and will be denoted by (M), for modular.
Jacobi forms of weight k& and index m satisfy both (E) and (M).

It is a classical result, see [9, pp. 57-59], that the space of Jacobi forms of weight
k and index m is isomorphic to a certain space of (vector-valued) modular forms of
weight k& — % in one variable:

Theorem 3.1 If ¢ is holomorphic as a function of z and satisfies (E), we have

oz 1) = Z h(T)Om (2 7), (3.1)

l mod 2m

with Fourier coefficients

hl(’r) — 6771'1[27'/2777,/ @(Z;T)@izﬂ'llzdz pe C
p
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and o 4
ﬁm,z(Z;T) — Z em/\ 7—/2m+2m>\z. (3.2)
AEZ
A=lmod2m
If ¢ also satisfies the transformation (M), then we have for each l:
h(r +1) = e /2 (7) (3.3)
and

1 Tk 1 .
m(-2) = X ), 5.4

Proof: If we take A =0 and ;= 1 in (E) we see that ¢ is 1-periodic. Hence we can
write

v mod 2m

p(257) = Y hn(p)emiir/amiamre, (3.5)
reZ
with

.0 p+1 .
hr(T) — e*ﬂ'lr%’/?m/ gD(Z;T)GiQWZTZdZ P c C.
p
(The extra factor e™°7/2m in the Fourier coefficients is for convenience).

If we use (E) with A = 1 and u = 0 we see that h,i9,, = h,. Hence h, depends
only on r mod 2m. Putting this into (3.5) gives

.2 . N2 .
(P(Z; 7_) — Z hT(T)em,r T/2m+2mirz — Z Z h,\ (T)em,)\ T/2m+27iAz

reZz I mod 2m AEZ
A=lmod 2m
= E hi(T)Om (25 7),
I mod 2m

with 9,,,; as in (3.2).

If  also satisfies the transformation (M), then we get the transformation properties
(3.3) and (3.4) of h; from the transformation properties of 9,,, ; and the decomposition
given in (3.1); see [9, pp. 58-59] for details. O

The h; are more or less the Fourier coefficients of ¢, if we consider ¢ as a function
of z. These Fourier coefficients form a vector-valued modular form.

In [3] Andrews gives most of the fifth order mock theta functions as Fourier co-
efficients of meromorphic Jacobi forms (i.e. meromorphic as a function of z), namely
certain quotients of ordinary Jacobi theta-series. In this chapter (see Theorem 3.9),
we generalize Theorem 3.1 to include meromorphic Jacobi forms. We give the result
only for Jacobi forms on the full Jacobi group (i.e. satisfying (E) and (M) without any
congruence restrictions on (A, ) or (‘é 2)), but it could certainly be generalized to
congruence subgroups (and vector-valued Jacobi forms) and could then be combined
with Andrews’s identities to obtain information about the modular properties of the
fifth order mock theta functions. We will not carry this out, since the same results
will be obtained in Chapter 4 using instead the results on indefinite J-functions from
Chapter 2.
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3.2 A building block

In this section we define functions f, : C x H — C and f, : C x H{ — C, which
will be used in the next section as building blocks for meromorphic Jacobi forms.

Definition 3.2 Let u € C and m € Z(. Define f, : C x H{ — C by

2mim\? TH+4mimAz

m e
Julz;7) = f& )(257') = Z 1 — e2mirT+2mi(z—u) *
A\EZ

Note the similarity of this sum with the Lerch sums studied in Chapter 1. The func-
tion f(1/2) is the sum studied in Section 1.2. The following result is the analogue of
Proposition 1.4 and Proposition 1.5.

Proposition 3.3 We have
(1) fu satisfies (E),
(2) z — fu(z;7) is a meromorphic function, with simple poles in u + Zt + Z, and

residue —% mz=u,
™

(3) furi(z7) = fulz;7)

2m—1

(4) fu(z§7—) _6—27rim7—47rimufu+7(z;7_) _ Z e_ﬂi127/2m_2ﬂ'ilu19mﬁl(2;T),
=0
(5) fulz;7+1) = fulz;7),
1 s o 2 1 2m—1
oy L omimraty e (2. 1Y L . . ,
(6) fu(Z7T) Te s f?(T, 7_) ; hl(uvT)’l?mJ(z?T); with

2mimra? —27 (2mu+iT)T

1— 6277&0 dil?,

. —il? Y,y &
hy (u; 7_) — je wil“T/2m 27rzlu/
L

where L = R — it with 0 < t < 1. This path can be deformed into the real azis
indented by the lower half of a small circle with the origin as its centre.

Proof: We see immediately that the series converges absolutely, unless z = u— A7+
for some A,y € Z, in which case one term in the sum becomes infinite. Hence z —
fu(z; 7) is meromorphic, with simple poles only in the points z = u—A7+u (A, p € Z).
(1) It is easy to see that f,(z 4+ u) = fu(z) for all p € Z. Also

627rim)\2 THATIMAZ+4ATIMpAT

f"(z + M5 T) = 1— e27ri)\’r+2ﬂ'i(zfu)+27ri,u,7
AEZ
T ) eQTFinL()\+M)2T+47Tim()\+M)Z
— e~ 2mimp T—4mimpz §
1 — e2mi(A+p)T+2mi(z—u)

ANEZ

_ e—27rimu27—47rimuz fu(z§ 7.).
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(2) We have already seen that z — f,(z;7) is a meromorphic function, with simple
poles in u 4+ Z7 + Z. The pole in z = u comes from the term A = 0. We see

_ 1
lim (2 = u) fu (2 7) = lim % T om

(3) Trivial.
(4) If we replace A by A+ 1 in the definition we find

eQﬂ'imXQ TH4AmimAz+4nimAT+4mim(z—u)

e—27rim7'—47rimufu+7 (Z; 7_) —

1 — e2miAT+2mi(2—u)
AEZ
Hence

1— 647Tim)\‘r+47rim(zfu)

. _ ,—2mimT—4mimu . o 27rim)\2‘r+47rim)\z
fulziT) —e Jur(zi7) = § :6 1 _ o2mirtt2mi(z—u)
AEZ
2m—1
§ e27rim/\27'+47rim)\z E 627ril/\7'+27ril(z—u)

AEZ =0
2m—1

a2 _ .
§ : e wil®T/2m 27rzlu19m7l(2;7_)-
=0

In the last step we have changed the order of summation and substituted yu = 2mA+1.
(5) Trivial.
(6) If z — f(z;7) satisfies (E), then so does z — e~ 27im="/7 f (2;—1). The function

p=
Z.

Z e_QTrimZQ/ng (;, —%) is meromorphic, with simple poles in u + Z7 + Z, and

. o2
residue —5—e 2mimu”/T i 2 = 4. So

PN fu(z; 7_) _ 162ﬂ'im(u2—22)/7’f£ (37 _1)
T TN\T T
is a holomorphic function, which satisfies (E). Theorem 3.1 shows that there are h
such that
1 2mim( 2_ 2)/ (Z 1)
(2 = 2mim(ut—=2 T Ly Z._2) = h 19m : .
fulzsr) - Ze fa S h()mazi7)

T T
Il mod 2m

; ) -1
If we restrict z by 0 < Im(u — z) < Im(7) and expand (1 - 62””*2’”(’5*“)) into a

geometric series, we see

fulz;7) = Z 2 imA’ TAmimAz sgn ()\ _ %) Z 2T +2mi(z—u)p
ANEZ HEZ
sgn(A—g)=sgn(u+3)
_ Z sgn ()\ _ %) e27rim)\2‘r+27ri)\pxr727ri,uu+27ri(2m)\+,u)z.
AN UEZ

sgn(A—3)=sgn(u+3)
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But if sgn(A — ) = sgn(p + 3) then 2mA + p is either > 2m or < 0, so

p+1 )
/ fu(z;T)efzmlzdz =0,
p

for 0 <1 < 2m—1, for any p satisfying 0 < Im(u—p) < Im(7). Hence for 0 <1 < 2m—1
we find

1 27rimu2/7'77ril27/2m i 727rimz2/7727rilz z
hl(T):*T fu Pt R dz

727r7,m z—A)"/T=27il(z—X
_ 1 27mmu2/'r mil®1/2m E ( >/ ( )dZ
— e2mi(z—A-u)/T
p A\EZ

6727rzmz2 /T—2milz

_ 1 2mimu? /T —mil®T/2m d
=€ 2mi(z—u)/T z
T 4R 1—€

If we substitute = i(z — u)/7 in this last integral and use Cauchy’s theorem, we get
the desired result. O

We see that the transformation law with respect to SLa(Z) for f,, is rather compli-
cated. However, if we modify the definition a little (in Theorem 1.11 we did something
similar), we get a function which is no longer holomorphic as a function of 7, but has
simpler transformation properties with respect to SLo(Z).

Definition 3.4 Let u € C. Define fu :CxH — C by

fu(zm) = fulz;7) Z Ry (w5 7) 01 (25 7),
lmod2m
with

R i(u;m) = Z {SgH(AJr%) 7E<()\+2m Im(u)/y) m)} 677”‘/\27/27“727”)‘“7

AeZ
A=lmod2m
y =1Im(7) and E as in Definition 1.6.

The function R, is the analogue of the function R defined in Lemma 1.8. We will not
show that the series defining R,,; converges, since this is similar to the convergence
of R, proven in Lemma 1.8.

Proposition 3.5 We have

(1) fu(z;7) transforms like a 2-variable Jacobi form of weight 1 and index (% 9.)
with respect to (z,u,7) € C? x H, i.e.

(a) f. satisfies (E),



54 Chapter 3. Fourier Coefficients of Meromorphic Jacobi Forms

(b) fqu)\TﬂL(z; T) = e%im(’\27+2)‘“)fu(z;7) for all \,u € Z,
(c)
f / z ar+b
Fd \er4+d er+d
for all (¢ %) € SLy(Z).

(2) for fizedu, z — fu(z, T) is a meromorphic function, with simple poles in u+Z71+Z,

and no other poles, and residue —ﬁ mz=u,

) _ (CT + d)eZTrimc(zz—u2)/(cr+d)fu (Z; 7_)

3) f can be seen as a indefinite 0-series (see Definition 2.1), namely
r 1 C1,C z—u
fu(Z;T) = 5191417 ’ ((Qmu) ;T) ’

with A= (2 8), c1 =(9) € Sq and c2 = (1) € Co.

Proof: (2) This follows directly from (2) of Proposition 3.3 and the fact that ¥, is
holomorphic.
(3) Using the geometric series expansion we see

1 1 1 TIAUT 27 (2 —u
1— e27r7i>\'r+27ri(zfu) = 5 Z{Sgn ()\+Im(z _u)/y> +Sg1’l(/J,—|— 5)} 62 ApT+2mi( )N.
HEZ
Hence
fulz;7)
1 1 . )
= Z 5{Sgn ()\ + Im(z — u)/y) + Sgn(u + 5)} e?ﬂ'l(m/\2+)\M)T+2ﬂz(2m2)\+(z—u)u)
MNUEZ
1 1 TiQ(n)T4+2miB(n,( 2%
= 3 Mo e 0/) (1) @m0 )
nez?
We also have
Z Ry 1 (w; 7)1 (25 7)
Il mod 2m
1 . )
= Z {sgn(x\ + 5) — E((/\ 4+ 2mIm u/y)\/y/m) } e = AT/ 2mA2mi(pz—Au)
ANUEZ
A=p mod 2m

If we substitute A = ny and u = 2mn; + no, we find

> R i(w;m) 0 a(257)

Il mod 2m

= Z {sgn (nz + %) — E((ng +2mImu/y) W)} ezmQ(”)TH”B("’( S ) .

nez?
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Hence

Fem) = fulmm) = 5 Y Rt ) (esm)

Il mod 2m

= Z %{sgn(nl —I—Im(z—u)/y) +E((n2+2mlmu/y) y/m)}

neZz?
. eQﬂ'iQ(n)T+27riB(n,( z—u ))

2mu
1 C1,C z—Uu
= 519.41’ 2((2mu) ;T>7

which proves (3).

(1a) and (1b) follow directly from (3) and the transformation properties of ¥ *“* given
in (2) of Proposition 2.7.

(1c) Using (3) and the transformation properties of ¥ given in (6) and (7) of
Proposition 2.7 we see

fulz T4+ 1) = fulz1) (3.6)
and )
fu z, _2) = 2mim (22 —u?) /T F (.
fu (T, 7_) Te fulz; 7). (3.7)
Combining these results we get (1c). ]

Remark 3.6 We do not need (3) to prove (1): We could also prove (3.7) using (6) of
Proposition 3.3 and an analogue of (2) of Proposition 1.10 for R, ;:

i . 2 ]_ . u 1
Ryt (u;7) + e2mimu /T e—ﬂ'll’//mRmu(f;_7> = 2h;(u; 7).
s+ = Vo, w\7im) =2l

v mod 2m

We will not prove this equation. Part (1b) and equation (3.6) may also be proved by
using properties of f, given in Proposition 3.3 and properties of R, ;, which we will
not give here. Part (1a) follows directly from the fact that both f, and ¥,,; satisfy

(E).
Proposition 3.7 Let R,,; be as in Definition 3.4. Then
(1) if o, 8 € R then

0 —2mima’T . /m 4mimaf —2mimA?T—4AmimA\3
77¢ Ry (ot + B;7) = —i ge Z e ,

Aatz+Z

27— e_Q’TimO‘QTRm,l(aT + B;7) is an eigenfunction of the weight 1/2 Casimir

2 . . .
operator Q% = —4y? afa? + zy% + 1—36 with eigenvalue %.
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Proof: (1) We have

) ,
%e—%rzmazTRm’l(aT 4 ﬁ; 7_)

L)

Z {Sgn(/\ + %) — E(()\ + 2ma) \/M)} 6—27”'”1()\/2m+a)27——27rm,8

AEZ
A=lmod 2m
:_% [m Z (%+a> E’((A+2ma)m> o 2mim(A/2m+a)? T —2miAB

Y AEZ
A=lmod 2m

) 7_’_04) e—27rim()\/2m+a)2?—27rikﬁ.

Yy )\EZ 2m
A=lmod2m

If we now substitute \' = ﬁ + a we get the desired result.
(2) From (1) we see that 7 — \/Q%e_g’”"szRm’l(aT + f8; 7) is anti-holomorphic, so

7] 0

7 I —2mima’T —
5. VUg=¢ Ry (at+6;7)=0

We can write the operator Q1 = —4y? a?;? +iyL + 2 as

_ 3 3/2
2 = 16 ‘[a*'

1
2

Hence

) 3
Q%e—2ﬂ'zma27—Rm7l(aT + ﬂ; ) T6€—2ﬂzma TRm l(OéT + 5, )’

which proves (2). m|

3.3 Transformation properties

Before we can state the main result we need the following

Definition 3.8 Let u € C and let f be a real-analytic function in a neighbourhood
of u. If g is a meromorphic function with a pole of order s in u, then f - g has, in a
neighbourhood of u, an expansion

Z Z Apm(v — )" (T —w)"

n>—sm>0
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We define
1 asfl
Res| f(v)g(v)] = a-1,0 =

o | (@) ).

v=Uu

If f is holomorphic the definition coincides with the usual definition of the residue.

Now the main result:

Theorem 3.9 Let ¢ be such that z — (z;7), for fized T € H, is a meromorphic
function. If ¢ satisfies (E), then ¢ has a development of the form

pm) = > h(mu(zmm)—2m > Res |fu(zm)e(s7),
I mod 2m u€Sing ¢(-;7) mod A,
for T € H and z & Sing p(+;7), with
Sing p(;7) :={u € C| z— @(z;7) has a pole in u},
AN =27+ 7Z,

and, for 0 <1< 2m —1 and any p € C such that there are no poles on the boundary
OP, of P, :=p+(0,1)7+(0,1),

) P+l )
hi(r) = e"”lzT/Qm/ o(z;7)e ™2 dy — mi Z Res [le(v; T)p(v;T)|,
p u€sing,, ¢(+;7) -
with sing,, ¢(-;7) = Sing p(+;7) N F.
If ¢ also satisfies (M), then the vector (hl)lmod
SLo(Z) as in equations (3.3) and (3.4).

o transforms under the action of

Proof: Let p € C be such that z — ¢(z;7) has no poles on dP,. Let z € P,
z ¢ Sing p(+; 7). Now consider

fo(z;T)o(v; T)dv.
oP,

We compute this integral in two different ways. On the one hand, the function we are
integrating is 1-periodic. Hence

p+1 p+1
- / folz7)p(v: 7)o — / Foar(27)0(0 + 73 7)d
P P

- /:Jrl (fu(z; ) — e ETmTIATI f (2 T))SD(U; m)dv

2

>

=0

1 . p+1 ]
e—-rrzl T/2m19m)l(z; 7_)/ (P(U; T)e—ZTrzlvd,U,
p
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by (4) of Proposition 3.3. On the other hand, we can compute the integral using the
residue theorem. The poles of v — f,(z;7)¢(v; 7) inside P, are the poles of ¢ inside
P,, together with z, and the residue in v = z is ﬁgo(z; 7). Hence

fo(z;T)p(v; T)dv
aP,

=2mi ) Res [fv(Z;T)so(v;T)} + (25 7)

v=Uu
u€sing, ¢ (7)

=2mi 0y Res [fv(Z;T)QD(’U;T)} + (25 7)
u€sing,, @ (1)
bri Y Gua(sr) Y Res [Rua(vir)plvir)]

v=u
I mod 2m u€sing,, ¢(+;7)

If we compare the two evaluations of the integral, we obtain

oz 1) = Z hi(T)Om i (z;7) — 2mi Z Res [fU(Z;T)gO(U;T)},

I mod 2m u€sing,, p(+;7)

with %; as in the theorem. Since v — f,(z;7)¢(v; 7) is invariant under translation by

a lattice point, so is u — lv%_es [fv (z;7)(v; 7)] Hence we can replace Z by
u€sing,, ¢ (1)

Z . So far we have only proven the identity for z € P,. However, both

uw€Sing p(-;7) mod A,
sides satisfy (E), so the identity holds for all z € C, z & Sing ¢(+; 7).
In the rest of the proof we assume that ¢ satisfies (M). Let

Bz 7) = 2mi 3 Res |fu(z7)e(v;7).
u€eSing ¢ (+;7) mod A, v

From the first part of the theorem we see that ¢ + ¢ is a holomorphic function, which
satisfies (E), and

plzm) + 351 = D hi(T)0mal(z)
Imod2m
If we can show that ¢ also satisfies (M), then the second part of the theorem follows
from the second part of Theorem 3.1 applied to ¢ + @.
Let v = (%) € SLy(Z). If u is a pole of ¢ (-;77), then v/ = (¢t + d)u is a pole of
@(+;7), and A; = (et + d)A,-. Hence
Sing ¢ (;y7) mod Ay = (e + d) Sing ¢(+;7) mod A ;.

Using (5) of Proposition 3.5 we find

; 2 oatHbN (v w N\ v ar+b
eFd \er+d cr+d ctr+d  cr+d 4 cr+d’ et +d

= (er 4 )12 D L (r) (0 — w) (v 7).
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If we apply ﬁ % to both sides and multiply by (c7 + d)*~! we find

Res |f z  ar+d v ar+d
v=ctg [T \er+d et +d P\ertd er+d

= (e + d)kez’rimCZQ/(CTer) Res [fv(z; 7)(v; T)i|

Hence
- z  ar+b
P\ertd er+d
7 z ar +b v at +d
m ) Z v [f (c7+d CT+d>(p(CT+d CTer)]
w€Sing @(-;y7) mod A+
z z at +0b v at +d
5 B ) ()
u’€Sing ¢ (+;7) mod A+ ’U:c;‘ﬁ ct+d cT+d ct+d cr+d
—omi ) (cr + d)ke2mimes®/(er+d) Res [fv(Z; e(; T)}
u’ €Sing ¢ (+;7) mod A, =
_ (CT + d)k€27rimcz2/(c’r+d)¢(z; T),
where in the second step we have substituted u = —CT“J,F - |

3.4 Simple poles
If all the poles of ¢ are simple, the theorem from the previous section reduces to

Corollary 3.10 Let ¢ be such that z — p(z;7), for fized T € H, is a meromorphic
function having only simple poles. If ¢ satisfies (E), then

olz;7) = Z hi(T)Om (2 7) + Z Ao (7) fu(2;7),
lmod 2m u€Sing ¢(-;7) mod A,
with
Sing p(+;7) :={u € C |z p(z;7) has a pole in u},
AN =Z7+7Z,
du(T) = —2mi Res p(2;7),

and, for 0 <1 <2m —1 and any p € C such that there are no poles on the boundary
OP, of P, :=p+ (0,1)7 + (0,1),

) p+1 ) 1
hl(T) _ 6771'7,[27‘/2777,/ (p(z;T)@iZﬂ—ZlZdZ + 3 Z du(T)Rm,l(u; T),
p

u€sing,, ¢(+;7)
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with sing, (+;7) = Sing (5 7) N Pp.
If ¢ also satisfies (M), then the vector (hy)
SLo(Z) as in equations (3.3) and (3.4).

L mod 2m transforms under the action of

In a special case, the residue function 7 — d,(7) has modular transformation
properties:

Proposition 3.11 Let ¢ and d,(7) be as in Corollary 3.10 and suppose that the pole
u of p(:;7) is of the form u = ar + 3, with o, € Q independent of 7. Then

T = ezmm"‘QTdu(T) transforms as a modular form of weight k — 1 on some subgroup
w5 of SLa(Z).

Proof: From the definition of d,, we can easily verify that

du-l—z\r—&-p (7_) — e—Qﬂim()\27—+2)\u)du (7_)7

and

ar +b _ k—1_2mimcu?/(cr+d)
d_u (CTer) =(cr+d)" e dy (7).

Hence (u,7) — d,(7) transforms as a Jacobi form of weight £ — 1 and index m. By
Theorem 1.3 of [9, pp. 10] we get the desired result. Actually, that theorem also
assumes a growth condition, but one can check in the proof that the growth condition
is not needed to prove the modular transformation properties. O

3.5 An example

Define ¢ by:
9
(190 o(%; 7)190)% (z; 7)19%70(2; T))
Q(z;7) = A (@)
.1 _1\9 1 s N L L
:—Z(<2 +¢ 2) {gé_gé_ (9(2 —(2 42 -9 2)q+.”}7

with 944(2:7) = Yycasrz eﬂ'i)\27'+27ri)\(z+b)7 ¢ = e2™% and q = €277,

Using Table V on page 36 of [19] we see that ¢ transforms like a Jacobi form of
weight & = 1 and index m = 13 on the full modular group. (Note that Mumford uses
the notation ¥g1, Y19 and ¥ for the functions denoted here by 1907%, 19%70 and 19%7%.
Also there’s a mistake in the 4th formula on the right: it should read 911 (z/7, —1/7) =
—i(—i7)? exp(miz2/7)011(2,7).)
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The function ¢ is meromorphic in z with simple poles in Z7 + Z. If we take
p=—3T — 3 then sing, ¢(-;7) = {0}. Further

9
. (B0 700 4 703 0(0i7)) 4 9, (O37)°
R elem) = AM, , (0:7) BN
_ L (=2m(r)?)® 128
T A(T) oon

where we have used Jacobi’s derivative formula (see [19, pp. 64]), and (10) of Propo-
sition 1.3.
Corollary 3.10 gives:

plz;7) = Z hi(T)013,(z;7) + 512if0(z; T) (3.8)
I mod 26
with
.12 p+1 .
hy(T) = e~ 7/26/ o(z;7)e 72 dz + 256iRy3,(0;7), (3.9)
p

for 0 <1 < 25. According to the corollary the h; transform as a vector-valued modular
form of weight %
Since ¢ is holomorphic as a function of 7, the Fourier coefficients

2 p+1 .
e—ﬂ'll /26 / s0(27 T)e—27mlzdz
p

are holomorphic as a function of 7. In particular they are eigenfunctions of 2 1 with

eigenvalue 3. Using (2) of Proposition 3.7 we see that 7 — Ry3;(0;7) is also a

eigenfunction of ) 1 with eigenvalue 1%. Hence

3
Q%hl = T6hl

So the h; form a vector-valued real-analytic modular form of weight % The transfor-
mations are: L
hi(r+1) =e ™/ % (1)

and

A 1):2'\/—77\/% S B, (r)

T
v mod 26

Using (1) of Proposition 3.7 we see

th(T):Q%\/ﬁ y Y Ae~26mINT

or
Ae5+Z



62 Chapter 3. Fourier Coefficients of Meromorphic Jacobi Forms

Note that ZAE%“_Z Ae~26mA°T ig the complex conjugate of er§+z Ae26mAT which
is a theta function of weight 3/2.
Summarizing, we have proved:

Proposition 3.12 Let ¢ be the function given by

plzim) = A(T)01 1(z;7)

Then ¢ can be decomposed as in (3.8), with hy as in (3.9), and (hl>lm0d 96 1S @ vector-
valued real-analytic modular form of weight 1/2, with eigenvalue 3/16 for the weight

1/2 Casimir operator.

This is a very special example: It has been constructed is such a way that the d,,
are constant (as a function of 7). As a result the h; are eigenfunctions of a Casimir
operator. However, in general the d, will not be constant and the h; will not be
eigenfunctions of a Casimir operator. So in general we do not end up with a real-
analytic modular form.



Chapter 4

Mock J-functions

4.1 Introduction

Mock ¥J-functions were introduced by S. Ramanujan in the last letter he wrote to G.H.
Hardy, dated January, 1920. For a photocopy of the mathematical part of this letter
see [21, pp. 127-131] (also reproduced in [4]). In this letter, Ramanujan provided a
list of 17 mock ¥-functions, together with identities they satisfy. Ramanujan divided
his list of functions into “third order”, “fifth order” and “seventh order” functions, but
did not say what he meant. There’s still no formal definition of “order”, but known
identities for these mock ¥-functions make it clear that they are related to the numbers
3, 5 and 7. Therefore we regard the order of a mock ¥-function merely as a convenient
label, which may or may not have a deeper significance.

In his letter, Ramanujan explained what he meant by a mock 9-function. In [5] we
find a formal definition. Slightly rephrased it reads: a mock J-function is a function
f of the complex variable ¢, defined by a g-series of a particular type (Ramanujan
calls this the Eulerian form), which converges for |¢| < 1 and satisfies the following
conditions:

(1) infinitely many roots of unity are exponential singularities,

(2) for every root of unity £ there is a ¥-function ¥¢(q) such that the difference
f(q) — V¢(q) is bounded as ¢ — ¢ radially (presumably with only finitely many
of the ¥J¢ being different),

(3) there is no Y¥-function that works for all £, i.e. f is not the sum of two functions,
one of which is a ¥-function and the other a function which is bounded in all
roots of unity.

(When Ramanujan refers to 9-functions, he means sums, products, and quotients of
series of the form »° ., e"q“”2+b” with a,b € Q and e = —1,1).
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The 17 functions given by Ramanujan indeed satisfy conditions (1) and (2) (see [26],
[27] and [23]). However no proof has ever been given that they also satisfy condition
(3). Watson (see [26]) proved a very weak form of condition (3) for the “third order”
mock J-functions, namely, that they are not equal to ¥-functions.

In this chapter we will see that condition (3) is not satisfied if we strengthen it
slightly. Indeed, we shall discuss vector-valued mock J-functions F' for which there is
a vector-valued real-analytic modular form H such that F' — H is bounded in all roots
of unity.

There are several ways to get these results: For example let us consider the “fifth
order” mock ¥-function (using Watson’s notation)

2
n

folg) = Z(_‘fl—q)

n=0

with (a), = (a;q)n == (1 —a)(1 —aq) - (1 — ag™1). Andrews (see [2]) showed that

Jola) = (# DD (FgE R (1 - g, (41)
Voo 155151

with (¢)oo = [[2;(1 — ¢™). Using this identity, Andrews (see [3]) showed that fo(gq)
can be seen as a Fourier coefficient of a certain quotient of Jacobi theta functions.
Next Hickerson (see [13]) showed that fy(g) can be related to a sum similar to the
Lerch sum discussed in Chapter I. Similar results have been found for most other
mock J-functions. Hence we can extend the results of Chapter I to include these
“Lerch-like” sums and thereby get the transformation properties of fy. We may also
use the techniques from Chapter 3 and the representation of the mock ¥-functions as a
Fourier coefficient of a meromorphic Jacobi form, to find the transformation properties.
However, we will use (4.1) and similar identities for the other mock ¥-functions and
apply the results from Chapter 2.

4.2 General results

Before we start with the mock ¥-functions, we derive some general results, which we
will use repeatedly.

Definition 4.1 For a,b € R and 7 € H we define

RCLJ)(T) = Z Sgn(y)6(2y2y) e_WinT—Qwiub,
vea+Z

with y = Im(7) and § as in Lemma 1.7.

This function, a kind of non-holomorphic unary theta-series, is a slight modification
of the function R studied in Chapter 1 (cf. (1) of the following proposition) and is also
similar to the function Ry, ;(z;7) defined in Definition 3.4.
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Proposition 4.2 Leta € (0,1), b€ R and 7 € H. We have

(1) Rop(T) = je—mila—3)2T—2mi(a—3)b R((a — DT +b+ %;’7’), with R as defined in
Lemma 1.8.

(2) Ry p(T) = _Ja,b%) dz, with g, as in Definition 1.14.

= /=1 z+7'

(3) If € € Q, then R, (7) is bounded as 7 | €.

(4) ZRap(r) = *iﬁ Ga,—b(—T).

(5) T +— Rau(7) is an eigenfunction of the weight 1/2 Casimir operator

—4y2 a?-;? + iy% + 136, with ezgem}alue 16

1
2

6°

Proof: (1) By definition we have

R((a— %)T—i—b-ﬁ- %;7’)
= Z {Sgn(u) — E((Z/ +a— %) \/@)} (_1)1’—%e—‘ll'il/2‘r—27riu((a—%)7-+b+%)'

vELHZ
Using Lemma 1.7, we write sgn(v)—E ((V + a — 1) \/2y) as the sum of sgn(v)—sgn(v+

a—1)and sgn(v+a— 3)B(2(v + a — 5)%y). We see that sgn(v) —sgn(v+a—3) =0
for all v € § + Z, since a € (0,1). Hence

R((a—%)r—i—lﬂ—%n’) =

> sn(vta3)a(2(va=3)'y) (pde s
vez+Z
:em(a,,) T+2mi(a—1)(b+31) Z sgn(u)ﬁ(2y2y) (_l)llfaef?'riu2‘l'727ril/(b+%)

vea+Z
(o132
— 7287”((1 D2r+2mi(a—3)b Ra,b(T),

where we have substituted v — v — a + % in the second step.

(2) Use (1) of this proposition and (1) of Theorem 1.16 with a replaced by a — 3 and

b replaced by —b — %

(3) This follows directly from (2) and the fact that lim, ¢ g,,—,(2) = 0 for all £ € Q.
) This follows directly from (2) by taking % on both sides.

(4
(5) From (4) we see that 7 — @%RM(T) is anti-holomorphic, so

0 0

E y%Ra,b(T) = O
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We can write the operator Q% = —4y? 8?; + iy% + 1—36 as
3 0 0
Q1 = — — 42— fy—.
T A =
Hence Q%Ra’b = %Ra,b. O

We now return to the general setup of Chapter 2, i.e. indefinite J-series for a
quadratic form @ of type (r — 1,1). In the next proposition, we will rewrite

BC,I/2 miQ(v)T+2miB(v
5 oo () v,

vea+7Zr Q(C)
(this is the same series as in (2.10)) for ¢ € Co NZ". In order to do so, we write

v =p+ncwith p € a+7Z", n € Z, such that E;g(f)) € [0,1). Since ¢ € Z" we can
write

20 €00} = L (uo+ies)

(disjoint union), for a suitable finite set Py, with <C>JZ_ ={£€Z" | B(c,§) = 0}. We
can now state the result:

{,uEa—i—Zr

Proposition 4.3 Let ¢ € Co NZ" be primitive. Then there is a finite set Py (see
above), such that

B C7V2 TiQ(v)T+2mi B(v
3 sgn(B(c, y)>@ (_()y) 2IQ)T+2riB(1b)

vEa+Z" Q(C)

2Q(e)
Ho€FPo Eeug+{c)z

with pg = po — 32(5’(‘2‘)’)0 and b+ =b — ]235(:)) c.

Remark 4.4 Since g + <C>JZ_ is a shifted (r — 1)-dimensional lattice, on which @ is
positive definite, the inner sum

Z e2miQ(E) T+2miB(€,bT)
Eepg+(e)y
is a classical (positive definite) theta function, and is in particular modular of weight
(r—1)/2.
Proof: We write v = pg + £ + nc, with ug € Py, £ € <C>JZ_ and n € Z. Set ug =

Lo — BQ(CS’(AZ()])C' Then B(c, ug) = 0 and

B(c, p1o)

v=(n+ 20(0)

Jet+ i +¢.
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SO
2
Z sgn (B(C, V)),B (_ B(Cv I/) y) 627riQ(V)T+27riB(V,b)
veEa+2Zr Q(C)
Blc, 2
=YY Y+ (“)))6 (—4Q(c>(n+ 2(5(’:;’)) y)
mo€Po ee(cyz neZ
. e27er(c)(n+B;é7(’iO))zT+27mQ(po +&)T+27iB(c, b)(n+32(57’(’i()’))+277i3(p,(++5,b)
— _ . 271Q (o) T+2miB(a,b)
= Z R%@?,—B(c,b)( 2Q(e)7) Z € :
Hoelo acug+(e)x
If we use B(a,b) = B(a,bt) for all a € pg + <c>JZ', we get the desired result. ]

4.3 The seventh order mock ¥-functions

In this section we deal with the “seventh order” mock ¥-functions from Ramanujan’s
letter. In [12, pp. 666] we find the following (slightly rewritten) identities:

( <Z Z) r—i—.s 27" 2tars+3s2+ir+3s

r,s>0 7r,5<0

( (Z Z) r+9 27" +4T$+3€2+ r+ s+1

r,s>0 r,s<0
3 .2
( (Z Z) r+s 27" +4rs+ s+ r+ s
r,s>0 r,s<0
We will use these as the definitions of the mock J-functions. We rewrite these identities
(Cn = eQTri/n):

(1) a5 To(@) = > {sea(Br,cr)) —sgn(B(v,ea)) | 2Bz
uEﬁe+Z"'

() T = {sen(Blne) - sen(Bly,ca))} FriITinBfie)
ue%e+zr

20()C1a ¢ TR F1(g) = > {Sgn(B(M c1)) —sgu(B(v, 02))} AmiQU)TH2miB(v ge)
VE%E-"—ZT

with A= ($4), c1 = (5*), .2 = (3') and e := (1). We have B(cy,c2) = —28 and

Q(c1) = Q(c2) = —2L. If we choose Cg such that c1 € Cg then also ¢ € Cy.
We collect these three mock J-functions into a single vector-valued mock 9J-function

q_f%(Q)
Fr(m) = | q76s F3(q)
g 15T (q)
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To express its modular transformation behaviour, we also introduce

Ga (g7
2(r) | 7
14

Hq (1) :=

1
14
ese | (7),
3
14

with ¥, as in Definition 2.1, and

Cé;ngRg 1+ GaRa
Gr(r) =— | (&Ru _s i Coa' 'R _s | (217).
<28R23 3 + nggR 57 3

1207

Note that the components of H; are the quotient of a (real-analytic) binary theta
series by 71, while the components of G7 are (real-analytic) unary theta series.

Proposition 4.5 We have
Fr = H7 + G,

where

(1) The function Hy is a (vector-valued) real-analytic modular form of weight 1/2,

satisfying
Ces O 0
Hy(r+1)=1| 0 (fgs 0 | He(r),
0 0 Gy
and
3 3 27
sin sin 2% sin <&
1 2 7 7 7
H7(—7> =V—iT— sm%” —sm%7T sin% Hy(7),
T V7 sin 27” sin % —sin 37”

and is an eigenfunction of the Casimir operator Q1 , with eigenvalue 13—6
2

(2) The function Gy is bounded if T | £, with £ € Q.

Proof: We consider the functions 9.1, 1., V32, 5, and U5, 3. Using (4) and (2)
of Corollary 2.9 we see

Ve te Cog g 0 Ve, Le

Us,s.|(r+1)=[0 (5 O Vs, 5. |(7)
14 14 O O 25 14 14

ﬁ%e,%e 28 0ﬁe,%e
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Using Corollary 2.9 and 9, 1, = —eg’ri(81+52)19675’ﬁ6 for all s = (3!) € R?, which we
get from (1), (2) and (3) of Corollary 2.9, we obtain

¥

. . . 2
e fhe 1 9 sinZ  sin 37” sin =% W
— s 3T i 27 Pa T
Vs se (—;) = —’LTW sin=f  —sin<  sin% Usese|(T)
i 2T LT o ST _
1917)467%6 sin<F  sinZ sin < 191.,467%6

If we use (7 + 1) = Caan(7) and n (—2) = /=it 1(7), we get the transformations for
Hy.

Using Proposition 4.3 we see (Py = {—13¢, —2e, —T1e} and <C>JZ_ ={ceZ? &=

11 1
0} ={(&)|&<2})

B 2 ) ]
Z sgn(B(cy1,v))8 (_(q,u)y) ezﬂ'lQ(V)T—!—QTmB(y,ﬁe)

C1
VEﬁe«kZT Q( )
B .2 . .2 .
— 7R£ _%(217_) E 6377211«274‘7”#2 o R% _%(217_) E 637rz,u,2‘r+7m,u,2
n2€—E+2Z p2e—4+7
. 2 .
_ RQ 71(217_) § e?ﬂmuz‘r-‘rﬂzug
12°7 2
H2€— G +Z

_1
2

= —n(r) (¢ Rag,

Similarly we find

(217) + CIQR%)_%(QIT)) .

Z san(B(c,1)) <Bé2c(16,11/))2 >€27TiQ(l/)‘r+27riB(u,1546)
ve etz
= —n(r) (R~ 5 @17) + (' Rag _3(217))
B(cy,v)?

S sen(Bler,»)B (—

) 6271'1'@(1/)'1'Jr27riB(1/7 Ze)
ve 15—46+ZT

Qler) Y

= —n(r) (GuRag 3 (217) + (' Ryg_3(217))
and

B(ca,v)?

> sgn(B(CQ,V))B(— ol

y) ezmQ(D)TJrsz(u,ﬁe)
ve 11—46+ZT

= () (¢ Ryg -y (217) + Gz Ry (217))
C l/2
S sen(Bles )8 (—B“”

Q( ) y) 627riQ(l/)T+27riB(V,%e)
I/G%SJrZr C2

= () (¢RRy,

5 (217) + G Ras s (217))
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B 2 . )
Z Sgn(B(c27 y))ﬂ (_(CQ’V)y> 627FZQ(V)T+27rzB(y,%€)

Ve fetZ” Qez)

= 5(7) (GRyy _y (217) + (T Ry (217)).

Hence, if we write p(v; 7) as the sum of the three expressions (2.7), (2.8) and (2.9), we
find

Vi, 1,.(T)= Z {sgn(B(z/, c1)) —sgn(B(v, 02))} 2TiQV) T+ 2miB(v, fye)

+2(7) (¢ Rus (21r)+<12R%7_%(21T))

1
27 2

= 2G4 ¢~ ™5 n(1)Fo(q) + 2n(7) (szle,f (217) + C12R%,7%(217’)) )

1
2
SO .
C14 1 1
2(r) 1T
Similarly, we find

(1) = ¢ Fo(q) + (5 *Raz 1 (217) + GsaRay 1 (217).

427 2

s 4t _

2771(47) 5,5 () = ¢ Fo(q) + B Ru _5(217) + (i Ras _5(217),
s _ 25 _

2771(47) se2e(T) = 15F1(q) + (35 Ras 3 (217) + (55" Raz _3 (217).

So
H; = F; — G7.

Using (5) of Proposition 4.2 and the fact that F7 is holomorphic, we find

3
Q%G? - T6G7

3
Q%F’7 == TGF'?,
and so
3
Q%H’7 = T6H7
Hence H7 is a vector valued real-analytic modular form of weight 1/2. From (3) of
Proposition 4.2 we obtain that G7 is bounded if 7 | £, with £ € Q. |

As a corollary we get the description of the non-modularity of the “seventh order”
mock ¢¥-function Fy. To state the corollary we need the following vector of theta
functions of weight 3/2:

Coa® g1 1+ Csa g 2

4272 4272

g7(r) == | & 911+ G gz 1 | (217).

4272 42

61 A7
Cga 9231 +Cg4 g3z 1

272 4272
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71

This function has the following modular transformation property, which can be verified
using standard methods:

with
9 sin % sin 37” sin 27”
M; = — sin37” —sin%7r sin%
V7 sin &= sin . —sin 37”

Corollary 4.6 We have

Fr(7)

\ﬁ

(-5) Zf/mﬁ

where we have to integrate each component of the vector, as well as the obvious equation

(g 0 0

F7(T + 1) = 0 %678 0 F7(’7').

168
Proof: According to Proposition 4.5 we have

H7(—*) vV —’LTM7H7( )
If we replace 7 by —1/7 in the equation (or multiply both sides by M7/+/—it and use
M2 = 1) we find

1 1
Hr(7) \/jiTM7H7 (—;),
0

Fr(r) — \/;”M7F7(—%> = Gr(7) — #,M7G7( 1)

V=i
Using (2) of Proposition 4.2 and (2) of Proposition 1.15 we see

Gq(7) = iv/21 - J% dz. (4.3)

Hence

1‘ G7<—1> iv21

97(2)
—iT T V=it J1

/T N/ —1 z—l/T
(—1/z) dz
_Z\/»/ V1+1/z (—i2)
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where we have replaced z by —1/z in the integral. Using the transformation property
of g7, we find

F (—7) —iV2IM; / \/%dz (4.4)

Putting (4.3) and (4.4) in (4.2) we get the desired result. m|

Remark 4.7 Using (2) of Theorem 1.16 we could give the non-modularity of F; in
terms of the function h from Chapter 1. The result is similar to results found by
Watson in [26] for the “third order” mock ¥-functions.

4.4 The fifth order mock J-functions

In this section we deal with eight of the ten “fifth order” mock ¥-functions from
Ramanujan’s letter. The remaining two will be discussed in the next section. In [2]
we find the following identities:

1 - i Sp2yln_j n
fola) = @ (=gt (1= gt
© n=0
[71<n
co 2n
Fo(q ZZ n 5n +2’ﬂ*§.] g(l +QGner)7
oo” =075=0
1+2w0(q) _ ( (1+2Z n n 24n 22 2n 7*”*%j2*%j(1,qn))7
n=1
|J\<n
q q oo n n— — n
P0(0) = Z I (1 Bty
\Jlén
1 %)
Il = 5 D (—1)igrr a1 - g
*© n=0
[71<n
1 oo 2n
Fl(q) = ( > 2) ZZ( 1)nq5n +4n—352— (1+q2n+1)
9759 )o n=0j=0
YY) - i Bn?43n— n
Ui(q) = <(q§) (—1)gim Fan=ai ai(1 — g2t
*© n=0
l7]<n
_ q q o0 ] 5n24+4n—352—j 2n+1
pi(q) = q Z (1—¢*).
n=0
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Note that there are mistakes in the 3rd and 8th formula in [2]. We will use these
identities as the definitions of the mock J-functions. We write four of these identities
in a more suitable form (the other four will be discussed later):

Lemma 4.8 We have
20(7)q ™ fo(q)
= Y {sen(Blne) - sen(Blnc)) } e TmE(()0))
() v
20(7)q® f1(q)
= Y (B - sa(Bre) ) SR /1))

ue(3/010)+z2

= Z {sgn(B(V, c1)) —sgn(B(v, 02))} eQmQ(U)TJF%iB(”’( 1))

VE( %i) +72

20(r)q* Fi(g*)
- Z {sgn(B(V, c1)) —sgn(B(v, 02))} eQmQ(U)TJrsz(”’( 7))

ye( T‘I;i) +Z2

20(7)Gs a0 (=1 + Fo(—q*))
= Z {sgn(B(V, c1)) —sgn(B(v, 02))} eQmQ(V)THMB(”’( 1/4))

ye( %i) +Z2

2n(r)Gs g0 Fi (—g*)
= Z {sgn(B(V, c1)) —sgn(B(v, 02))} eQmQ(”)THMB(”’( 171)) ,

ye( fﬁ) +Z2

with A= (3 %), c1 = (2) and ¢ = (2).

Remark 4.9 We have B(ci,c2) = —70 and Q(c1) = Q(c2) = —15. If we choose Cq
such that ¢; € Cg then also ¢ € Cy.

Proof: We have

oo

> ()i (L gt
n=0
l7|<n
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oo oo

=> 1)igan’tan—i* _ S :(_1)jq%n2+%n+2—j2
n=0 n=0
lil<n lil<n

(X - e

n+j>0,n—3>0 n4+j<0,n—3<0

where we have replaced n by —n — 1 in the second sum. From this we get the first
identity. The proof of the 2rd identity is similar.

Using
2n n
g 2’30 = > il (4.5)
7=0 Jj=—n
we see
oo 2n , ,
1o 1.
53 b g
n=0j=0
%) n
_ Z Z n 5n +2n—252 —j(1+q6n+3)

n=0j=—n

= ( Z - Z )(—1)nq5"2+2”*2j27j

n+j>0,n—3>0 n+j<0,n—3<0

= (6% ¢%)oo + ( Z _ Z )(_1)nq5n2+2n—2j2—j.

n+j>0,n—3j>0 n+j<0,n—3<0
From this we get the 3rd and 5th identity. Again using (4.5) we see

oo 2n

ZZ n on +4n7§ 753(1+q2n+1)

n=0 j=0

o n
_ Z Z n 5n +4n—2;° 7j(1_’_q2n+1)
n=0j=

= ( Z - Z )(*1)nq5"2+4”*2j27j.

n+j>0,n—j>0 n+j<0,n—;j<0

From this we get the 4th and 6th identity. m|
We collect these six mock ¥-functions into a single vector-valued mock ¥-function
_ 1
q" % fo(a)
q% f1(q)

— 510 1+ F
F5’1(T) — q (71 O

=)

N

W

[=]
:11
=
(=

N|=
~—

g~ 70 (=1 + Fy(—q3))
g7 Fi(—q?
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To express its modular transformation behaviour, we also introduce

(7))

(5 ()
ey (1)) .
RO I A REO I

191

S EANEN

I,

SEATEN

(307).

2012R 1 s + QCﬁlR%,g
2Ci2R1s 5 + 2(?213%,3
G (r) = “Rygo—BgotBRyotRyo
1 2 —Ris o — Ras o+ Ras o+ Rss
60 607 607 1
<24 6i9 % +<24R£ % +<24R49 ) + §24 R)97g
Caallys 5 + 241R% 5 +Go) R43 s+ CuRss s

Proposition 4.10 We have
Fs1=Hs1+ G5,

where

(1) The function Hs 1 is a (vector-valued) real-analytic modular form of weight 1/2,

satisfying
oo 00 0 0 0
0 ¢ o o o0 0
0 0 0 0 Cau 0
Hsi(r+1) = 240
sa(7 1) 0 0 0 0 0
0 0 G 0 0 0
0 0 0 ¢ o 0
and
H ( 1) Voir-X My Hs o (7)
R N
5,1 - \/5 5 1151(T),

Hs (1),
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with
0 0 V2sin T V2sin 2; 0 0
0 0 V/2sin %’T —v/2sin 3 0 0
1 T 1 27r
M, = ﬁ s.ngﬂ Elsln : 0 0 0 0 ’

/3 Sin 73 Sin g 0 0 0 0
0 0 0 0 sin 2?” sin %
0 0 0 0 sin % —sin %ﬂ

and is an eigenfunction of the Casimir operator Q% with eigenvalue 75
(2) The function G5 is bounded if T | &, with £ € Q.

Proof: We consider the function

¥
19(1/010)’(1(/)4>
19( *0°)(1/a)

o) ﬁ(ifi)’(lf) o
T) = 7).
(13).(4)

v
(12)-(4))
905
(??4)’(1(/)4)
Using (4) and (2) of Corollary 2.9 we see
G40 0 0O 0 0 O
0 ¢ 0 0 0 0
o 0o 0o 0o & o
0 0 ¢GF 0 0 0
0 0 0 ¢ o0 0

Let C = (_1 0) then C € OF W(Z), Cci = co and Ccp = ¢;. Hence, using Corollary
2.15, we find
Vo™ = VG cn = —VCacw

Using this and Corollary 2.9, we obtain

If we use 7)(7 + 1) = (o4n(7) and 5 (—2) = v/—i7 n(7), we obtain the transformations
for H5$1.
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77

If we write p(v;7) as the sum of the three expressions (2.7), (2.8) and (2.9) and
use Proposition 4.3, we find

19( 1/10) (19, (7) = 2n(r)q™ % fo(q) — 2n(r) (ClzRng))%(SOT) - CQIR%)%(SOT)) :

Hence

1 -
) (47 ()

1/4 -

g~

0

fola) = (CIQR?IO’%(?)OT) - CQIR%%(?)OT)) :
We can find similar identities for the other components of Hs ;. Combining them gives
Hs1=F51—Gs1.

Using (5) of Proposition 4.2 and the fact that Fy 1 is holomorphic, we find

O.G G
1 Gs1 = 16Gs5a
01 F 3 F:
1 Foa = 15550,
and so
3
Q1Hs:1 = TeHs

Hence Hj 1 is a vector valued real-analytic modular form of weight 1/2. From (3) of
Proposition 4.2 we get that G5 ; is bounded as 7 | £, with £ € Q.

O
As with Corollary 4.6, we could also use Proposition 4.10 to describe the non-

modularity of the “fifth order” mock ¥-function F5 ;. We omit this.
We turn now to the other four “fifth order” mock ¥-functions.

Lemma 4.11 We have
n(r)? s
2 1
C12 U(ZT) q 601/’0(‘])
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n(r)? Lo
2(6077(7/2)(] wo(—q

N[=

)

= Z {sgn(B(V7 c1)) —sgn(B(v, 02))} e%iQ(V)THMB(V’( 11//160>)
ve ( };2) +Z2
—2¢4 7777((:/)22) qf%%(*q

N|=

)

- Z {Sgn(B(% c1)) —sgn(B(v, 02))} 62”iQ(V)T+27riB(V7< 11//160>>
ve ( i;g) 472

-1 77(7')2 sio 1
2C16 2+ 1)/2) q 70 po(q?)

Z {sgn(B(u7 c1)) —sgn(B(v, 02))} eQmQ(V)THMB(”’( 1%))

1/6( };2)-{-22
-1 77(7')2 — 20 1
2C16 2+ 1)/2) q 210¢1(q?)

= >
V€<i§2>+z2
with A = (8 0

3), c1=(3) and ¢z = (753)

sgn(B(v,c1)) — sen(B(v, 02))} eQﬂQ(V)THﬂB(”’( ) ,

Remark 4.12 We have B(c1,c2) = —120 and Q(c1) = Q(c2) = —15. If we choose
Cq such that ¢; € Cg then also ¢ € Cyp.

Proof: The proof is similar to the proof of Lemma 4.8. We also have to use

(0%)os _ (470 L
(@)oo (@)% n(r)?
(—¢?)  n((r+1)/2)

00 _ -1
e S0

and

(_Q)oo _ (qz;q2)oo _ 77(27—)
(9)os (0% n(r)*
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Only the first identity is a bit more difficult: We have

= 2
_ Z (_1)Jq2n —5n—3J —23(1 _ qn)
n=1
l7l<n
oo ) 00
= Z (_1)jq§n2+%n_% =37 _ Z (—1)Jq§”2—§n—§J2—§J
n=1 n=1
ljl<n ljl<n
(—1)ig3n*+an—3i"~3J,

n+353>0,n—75>0 n+j<0,n—3<0

where we have replaced n by —n in the second sum. Hence

142 (1)
n=1 n=1

l7l<n
-1
(71)jq%n2+%n*%j2*%j+2 E (71)nqn2+1

=2( X - X ) 2
(4.6)

n+j>0,n—3j>0 n+j<0,n—35<0

‘We have
q 2 (Q)oc .

Using this and (4.6) we find

(=9 Z - Z

9)oo n+;>0,n—;5>0 n4+j<0,n—;5<0

from which the result follows.
We collect these six mock ¥-functions into a single vector-valued mock ¥-function

20" % 40(q)

26{@101(61)

Fra(r)i= | & Zgold
—q v1(—q

q‘f@o(q

g 2091(q

1
2

Nl=

)
)
)

[N
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To express its modular transformation behaviour, we also introduce

(1)
1) (1l
0

176 )\ 1/6

Ve ) (Ve

Ci6 77((T+1)/2) 79(1/5) ( 96)(7_)
1/6 )°\1

Ci6 77((T+1)/2) 19(2/5) ( (/] )(T)
1/6 )\ 1/6

7_

ﬂ< )
(/)Z< )
Coon(T/2) 97175\ (17100 (T)
)40
( )!

with A, ¢; and ¢s as in Lemma 4.11, and

2<12RT 5 —|—2C12 Ru’g
QClgR1 3 2(12 R2svg
1 *RQ()*R@()+RQO+R@0
B — _ 60 60 60 60
Go2(r) = =3 ~Ris g — Ras g+ Rus o + Rss (30).
600 600 60V 60'0

42745R679 5 +<24R29 5 +<24R49 3 —I—C24

12

C24R(T3 % +C24 R23 5 + CQ Rﬁ 5 + C24

072 6072
Proposition 4.13 We have

F59=Hs2+ G52,
where

(1) The function Hs 2 is a (vector-valued) real-analytic modular form of weight 1/2,

satisfying
Gob 00 0 0 0
0 ¢4 o o o0 0
0 0 0 0 Guibh 0
Hso(t+1) = 240 Hs (1),
5.2 ) 0 0 0 0 0 5.2(7)
0 0 G O 0 0
0o 0 0 & 0 0
and
H52(—7) vV —ZT\/> M5 H5’2(T),

with My as in Proposition 4.10, and is an eigenfunction of the Casimir operator

D 3
Q%, with eigenvalue 14
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(2) The function G52 is bounded if T | €, with £ € Q.

Proof: We consider the function

53

1/10) 0
1/6 )\ 1/6
3/10 0
e ) (1

( )
( )
(%2) (11//16()) (7).
(¥e)-(e)
19(1/6) (1/6
(3/a)-(1%s

Using (4) and (2) of Corollary 2.9 we see

53

/6

53

9

)
)

b 0 0 0 0 0
0 ¢¢ 0 0 0 0
_ 0 0 0 0 g3 O
OC+D=109 o o o 0 ¢
0 0 ¢jf 0 0 0
0 0 0 9 0 0
Let C = ('), then C € Of(Z), Cc; = ¢z and Ccy; = c1. Hence, using Corollary
2.15, we find
Vo = V¢ o = —Vca e
Using this and Corollary 2.9, we obtain
1 2
O(-2) = —ir—=
(1)--ir2
0 0 Clo sin £ §5 sm ? 0
0 0 (10 sin 25” —C5 sin 0
Ciosin £ (iosin 2?” 0 0 0
(s sm%’r —(5sin § 0 0 0
0 0 0 0 sin %’T
0 0 0 0 sin
If we use that
n(7/2)
fr) = | n((r+1)/2)

n(27)
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transforms as

0 0 G2

V2

! 0 | £(r).
0

0
(-4 &

T

fir+1) = C24 0 )f
0
1
0

V2

we obtain the transformations for Hs s.
If we write p(v;7) as the sum of the three expressions (2.7), (2.8) and (2.9) and
use Proposition 4.3, we find

_ _n(7)? -5 n(7) !
000). () T R T ey (.5 0307) + G Ry 5307))
Hence
2 _ 1 -
G2 ZETQ 19( 16 (1Js) () = 24" % ¢0(q) + CaR g 5 (307) + (3 Ry 5(307).

We can find similar identities for the other components of Hs 5. Combining them gives
Hs o =F52—Gs2.
Using (5) of Proposition 4.2 and the fact that F5 o is holomorphic, we find

3
Q%ng = T6G5,2
Q1 F; 5 — F5
% 5,2 — 16 5,25
and so
Q1Hs5 = iH
tHs52 = 7652
Hence Hs 2 is a vector valued real-analytic modular form of weight 1/2. From (3) of
Proposition 4.2 we get that G 2 is bounded as 7 | &, with £ € Q. O

Proposition 4.14 The (holomorphic) function F5 := F51 + F5 2 is a (vector-valued)
modular form of weight 1/2, satisfying

b 0 0 0 0 0
0 ¢¢& o o0 0 0
0 0 0 0 (b O
F5(T + 1) = 0 0 0 0 42610 ngo F5(T)?
0 0 ¢y O 0 0
0 0 0 Gl 0 0
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and

F5(—*> \/TlT Ms F5(7),

7

with M5 as in Proposition 4.10.
Proof: Since G52 = —G5 1, we get from Proposition 4.10 and Proposition 4.13
Is = Hs 1 + Hs .

Using this, the transformation behaviour of F follows directly from the transformation
behaviour of Hs; and Hs 2 given in Proposition 4.10 and Proposition 4.13. a

Proposition 4.14 implies that each of the six components of Fy := Fy5 1 + F5 2, i.e.
each of the six functions

is a modular form on a suitable congruence subgroup of SL2(Z). The first four functions
were already given in terms of theta functions in [27, pp. 299]. Similar identities for
the fifth and sixth function follow directly from the identities for the third and fourth
function by replacing qz by —q.

4.5 Other mock J-functions

In the previous sections we have dealt with the seventh order and most of the fifth
order mock Y-functions from Ramanujan’s letter. We were able to do this because
identities for these mock ¥-functions were available in the literature. Similar identities
for the other two fifth order mock ¥-functions, xo and xi, are not available in the
literature, as far as I know. I have found the following identities (which T will not
prove here) for xo and x1

_ 1 k+l+m LE2+ 12+ Im2 +2ki+2km+2lm+ L (k+l+m)
Xo(q) = q ;
(2)% E,m>0  k,l,m<0
( (_1)k+l+mq;k2+;12+§m2+2kl+2km+2zm+%(k+l+m)

kJ,mZO k7l,m<0
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These series are similar to the ones we used for the seventh and fifth order mock theta
functions. However, the quadratic form is of type (1,2). Hence we cannot apply any of
the results from Chapter 2. However, in [27] identities for xo and x; are given which
give xo and xi as a linear combination of other fifth order mock ¥-functions. Hence,
we could derive the transformation properties of xg and x;.

In Ramanujan’s letter four third order mock ¥-functions are given. Watson (see
[26]) defined three more third order mock d-functions. Later even more exotic mock
Y-functions were introduced: of sixth order (see [5]), of eighth order (see [10]) and of
tenth order (see [6], [7] and [8]). In these articles, identities are given, which relate
the mock ¥-functions to sums of the same type as the ones we used for the fifth
and seventh order mock ¥-functions. Hence, using the same techniques, we could
derive the transformation properties of these mock ¥-functions. In [30] I derive the
transformation properties of the vector-valued third order mock ¥-function

The result is similar to the results found in this chapter.
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Samenvatting

Dit proefschrift gaat over mock thetafuncties. Deze mock thetafuncties zijn een
“uitvinding” van de Indiase wiskundige Srinivasa Ramanujan. Ramanujan leefde van
1887 tot 1920. Hoewel hij nooit een universitaire studie heeft afgemaakt, wordt hij
door velen gezien als een wiskundig genie. Ramanujan werkte erg intuitief en bewees
zelden z’n beweringen. Dit komt doordat hij door z’n onvolledige wiskundige opleiding
nooit de kunst van het bewijzen heeft aangeleerd. Het leven en werk van Ramanujan
bevat dan ook een element van mysterie en romantiek.

De mock thetafuncties ontdekte Ramanujan kort voor hij op 32 jarige leeftijd stierf.
Hoewel verschillende wiskundigen zich na de dood van Ramanujan met de mock theta-
functies hebben beziggehouden, en ook verschillende resultaten hebben geboekt, is
nooit echt duidelijk geworden wat er nu werkelijk aan de hand is. Daardoor vormen
ze nog steeds een bron van raadsels voor hedendaagse wiskundigen. In dit proefschrift
plaats ik de voorbeelden die Ramanujan gaf van mock thetafuncties in een diepere
achterliggende theorie (namelijk die van reéel analytische modulaire vormen). Hier-
mee kan een natuurlijke verklaring worden gegeven voor de eigenschappen van mock
thetafuncties, zoals Ramanujan die beschreef.

Het engelse werkwoord “to mock” betekent overigens zoiets als bespotten of spot-
tend nadpen. We zouden dus ook kunnen spreken over spottende thetafuncties of
nepthetafuncties (thetafuncties waren in Ramanujans tijd reeds uitgebreid bestudeerd
en ook Ramanujan was hier vertrouwd mee), maar dit dekt niet helemaal de lading.
In “Alice in Wonderland” van Lewis Carroll komt een nepschildpad (mock turtle)
voor. Hiervan wordt nepschildpadsoep (mock turtle soup) gemaakt. In werkelijkheid
is nepschildpadsoep natuurlijk nagemaakte schildpadsoep (gemaakt van kalfshoofd,
kalfsvlees, etc.)

In hoofdstuk 1 bekijk ik de som

(71)ne7ri(n2+n)'r+27rinv
D e e (r€H,veCucC\ (Zr+12)).
neZ

Ik noem dit een Lerch som, omdat deze som ook al werd bestudeerd door Lerch. Deze
Lerch som transformeert bijna als een Jacobivorm onder substituties in (u,v,7). Ik
laat zien dat het transformatiegedrag precies dat van een Jacobivorm wordt als we
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er een (relatief eenvoudige) correctieterm bij optellen. Deze correctieterm blijkt niet
holomorf te zijn in (u,v,7), alleen reéel analytisch. Voor bepaalde waarden van (u,v)
zouden we de Lerch som als functie van 7 een mock thetafunctie kunnen noemen,
hoewel deze niet expliciet bij Ramanujan voorkomen.

In hoofdstuk 2 bekijk ik thetafuncties bij indefiniete kwadratische vormen. Deze
thetafuncties zijn een aanpassing van een klasse van thetafuncties geintroduceerd door
Gottsche en Zagier, en lijken op de thetafuncties ingevoerd door Siegel. Voor deze in-
definiete thetafuncties vind ik elliptisch en modulair transformatiegedrag, analoog aan
het transformatiegedrag van thetafuncties behorende bij positief definiete kwadratische
vormen. In het geval van positief definiete kwadratische vormen zijn de thetafuncties
holomorf. De thetafuncties in dit hoofdstuk zijn dat niet. Door specialisatie van de
parameters is het mogelijk om mock thetafuncties te verkrijgen uit deze indefiniete
thetafuncties.

In hoofdstuk 3 bestudeer ik de modulariteit van de Fourier coéfficiénten van mero-
morfe Jacobivormen.

In hoofdstuk 4 gebruik ik het verband tussen mock thetafuncties en de indefiniete
thetafuncties uit hoofdstuk 2, om deze mock thetafuncties in verband te brengen met
reéel analytische modulaire vormen. We hadden echter even goed de methoden uit
hoofdstuk 1 of hoofdstuk 3 kunnen gebruiken om tot hetzelfde resultaat te komen.
Niet alle mock thetafuncties vallen in dit kader: Voor een tweetal mock thetafuncties
van orde 5 zou een uitbreiding van mijn theorie gewenst zijn tot een andere klasse van
indefiniete kwadratische vormen.
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