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Abstract

We develop a mathematical model for the self-renewing part of the T cell repertoire. Assuming that
self-renewing T cells have to be stimulated by immunogenic MHC–peptide complexes presented on
the surfaces of antigen-presenting cells, we derive a model of T cell growth in which competition
for MHC–peptide complexes limits T cell clone sizes and regulates the total number of self-
renewing T cells in the animal. We show that for a sufficient diversity and/or degree of cross-
reactivity, the total T cell number hardly depends upon the diversity of the T cell repertoire or the
diversity of the set of presented peptides. Conversely, for repertoires of lower diversity and/or
cross-reactivity, steady-state total T cell numbers may be limited by the diversity of the T cells.
This provides a possible explanation for the limited repertoire expansion in some, but not all,
mouse T cell re-constitution experiments. We suggest that the competitive interactions described
by our model underlie the normal T cells numbers observed in transgenic mice, germ-free mice
and various knockout mice.

Introduction

The peripheral T cell repertoire is maintained by production pool of self-renewing T cells. The model is based upon
competitive binding of T cells to ligands expressed on MHCof virgin cells in the thymus and by self-renewal of activated

cells in the periphery. The mature T cell repertoire consists molecules. For reasons of simplicity and clarity, and because
the experimental data are contradictory, we ignore the impactof a relatively constant number of cells distributed over an

enormously large number of T cell clones with different antigen of the virgin repertoire on the repertoire of self-renewing
cells. The central questions addressed in this paper are thespecificities. The early expansion of the mouse T cell repertoire

during the first 3 weeks of post-natal development is largely maintenance of diversity in the self-renewing repertoire, and
the relation between repertoire diversity and total T celldue to the output of virgin cells from the thymus (1). For the

CD81 T cell repertoire of 12-week-old mice it has recently numbers. The pool of self-renewing T cells is known to
attain an equilibrium size. Mice reconstituted with increasingbeen suggested that the pools of virgin and of self-renewing

cells are regulated independently, each constituting about numbers of mature T cells attain peripheral T cell populations
of similar size (9). TCR transgenic mice, i.e. mice with few Thalf the peripheral T cell repertoire (2). Other data, however,

suggest that T cell self-renewal is down-regulated in the cell clones, attain a total T cell population size that is similar
to that of normal mice (6). Surprisingly, in other T cell re-presence of a functional thymus and that self-renewal pre-

dominates only in the absence of a thymic output of virgin constitution experiments the steady-state total T cell level
seems to be determined by the number of T cells the micecells (3). Data from TCR transgenic mice suggest that the

T cell self-renewal process relies on conventional MHC- were inoculated with (3,10). Our model suggests as a possible
explanation for these contradictory results that the steady-restricted antigen-driven expansion (4). Virgin T cells tend to

be long-lived resting cells (2,5), whereas part of the self- state T cell numbers depend on the cross-reactivity and the
diversity of the T cells used to reconstitute the mice.renewing T cell pool have a shorter lifespan and maintain

themselves by cell division (5,6). Memory and virgin T cells Mice reconstituted with peripheral T cells attain normal
CD41/CD81 ratios that are independent of the CD41/CD81have different re-circulation pathways (7) and different require-

ments for stimulation by antigen (8). ratio of the injected cells (9). The same is true for transgenic
mice producing few CD41 T cells (9). The self-renewing CD41In this paper we devise a model for the regulation of the
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and CD81 compartments also seem to compete with one
another, however. In the absence of either the CD41 or the
CD81 subset, the remaining subset compensates so that a
normal number of total T cells is attained. This compensatory
phenomenon has been described by anti-CD4 or anti-CD8
antibody treatment (9,11), in CD4 knockout mice (12,13), in
MHC class I (14) and class II (15) knockout mice, and in
AIDS patients with depressed CD4 counts (16). This is
sometimes referred to as the ‘blind T cell homeostasis hypo-
thesis’, which states that a constant number of T cells is
maintained without regard to CD41 or CD81 phenotype
(11,13,16,17). An ecological interpretation of these experi-
ments is that activated CD41 and CD81 cells compete for
the same immunological ‘niche’. By filling this niche the normal
total number of T cells is attained.

In our model the diversity of the T cell repertoire is main-
tained by the diversity of the ligands stimulating self-renewing
T cells to proliferate. A recent study suggested that total
CD41 T cell numbers in the lymph nodes of H2-M-deficient
mice, which fail to normally present a diverse set of peptides,
are 30–50% of that of normal mice (18). From this study it is
difficult to establish whether these T cells are maintaining Fig. 1. Antigen is taken up and degraded into peptides, which are
themselves by self-renewal. The independent regulation of then presented on MHC molecules on the surface of an APC. In our

model, a T cell binds to a ‘site’ on an APC. A site can be ‘empty’,the virgin and the self-renewing compartment of T cells (2)
i.e. present no peptide or not enough peptide to simulate a T cell, orcould explain the 50% total T cell level by a complete absence
it can be ‘presenting’, i.e. present enough peptide to stimulate a T

of CD41 T cell self-renewal in the H2-M-deficient mice. cell. An empty site is assumed not to bind any T cell, while a
Consistent with this are the findings that total CD41 T cell presenting site can bind a T cell. A site presenting peptide i is called

a site of type i. Presenting sites are either free or have a T cell bound.numbers in the thymus were not as reduced and that most
In our model very few of the sites remain empty.of the CD41 T cells expressed a naive phenotype (18).

For B cells, similar ecological views were expressed when
it was shown that self-reactive B cells are excluded from the
repertoire of recirculating B cells by cellular competition for clone size is limited by the MHC–peptide concentration

(23,25). This is what ecologists call a carrying capacity.niches in lymphoid follicles (19). Additionally, B cell repertoire
selection was studied in mice reconstituted with various sets In this paper we extend these results by studying the

competitive regulation of the T cell repertoire and of total Tof B cell progenitors (20). The results show that normal B cell
numbers are attained whatever the potential diversity and cell numbers. By computer simulation we study how the total

number of T cells varies as a function of the diversity of thethat more diverse subsets expand at the cost of the less
diverse subsets (20,21). Further, these experimental results T cell repertoire, of the diversity of the peptides and of the T

cell cross-reactivity.could be fit by ecologically motivated models that include
immigration from the bone marrow, competition for resources
in the periphery and rapid death of cells that fail to obtain

Modelresources (21). Similar results have recently been obtained
with CD81 T cells: diverse repertoires outcompete transgenic We consider an immune system in which many T cell clones

are stimulated to divide by many different immunogenicrepertoires of lower diversity and irrespective of diversity
normal total T cell numbers are attained (22). Additionally, peptides presented on APC. It is assumed that the T cells

have different affinities for the different MHC–peptide com-it was shown that the competitive abilities of a repertoire
correlates with peripheral T cell activation and division (22), plexes. We define a ‘site’ as a place where a T cell can

potentially bind an APC (see Fig. 1). Binding is presumed tosuggesting that more stimulatory resources are available for
the more diverse repertoires. be determined by interactions between the TCR and the

MHC–peptide complexes within the site. At any given time, aWe have recently postulated that the immunological niches
that T cells are competing for are the immunogenic peptides site can be either ‘empty’, i.e. presenting no peptide or not

enough peptide to stimulate a T cell, or it can be ‘presenting’,presented on antigen-presenting cells (APC) (23,24). This
notion was formally developed by deriving mathematical i.e. presenting enough peptide to stimulate a T cell. For

simplicity, we assume that a site can only present onemodels for the growth of T cells [see also (25,26) for similar
derivations]. The models resemble ecological models for peptide at a stimulatory concentration. Clearly, this is an over

simplification. However, because an APC in our model hascompetitive population growth (23,24). The different immuno-
genic peptides form different ecological resources, and due many sites, each of which can be presenting a different

peptide, we believe this model captures the essence ofto the principle of competitive exclusion (27), every resource
(i.e. MHC–peptide combination) can maintain maximally one antigen presentation by APC.

We use the peptide that a site is presenting as a label.T cell specificity. Additionally, we derived that the maximum
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Thus, Sj, a site of type j presents peptide of type j. A site that A that the concentration of free sites Fj under the Michaelis–
Menten assumption isis presenting may be ‘free’ or it may have a T cell bound. A

site cannot bind another T cell until the bound T cell dissoci-
Sjates and the site becomes free. Thus, T cells compete with Fj 5 , (3)

one another for APC presenting sites. This comprises the first 1 1 Σ
i

Kij Ti
part of our model. We have previously derived differential
equations to describe the kinetics of T cell–APC site inter- where Kij is defined by Eq. (2). This says that the availability
actions (23–25). of free sites decreases as a function of all T cells recognizing

The second part of the model considers the binding of this particular MHC–peptide combination. This is the basis of
peptides to the MHC molecules within APC sites. We assume the T cell competition.
peptides compete with one another for MHC binding. For our Using the Michaelis–Menten formulation allows one to trans-
parameters this competition is so intense that almost all MHC late scheme (1) into a T cell growth function of the form
molecules present a peptide and this thus generates APC
with almost no empty sites. In the third part of the model we dTi

5 kp Ti Σ
j

Kij Fj – dTi , (4)define an affinity matrix that determines the interactions
dtbetween T cell clones and the MHC–peptide complexes within

a site. Each clone is identified by the one and only MHC– where Fj is given by Eq. (3). This is derived in Appendix A.
peptide complex for which it has maximum affinity. The term dTi has been added to scheme (1) to account for

the death rate of the T cells.
T cell growth Equation (4) suggests that each type of free site, Fj (pre-
We previously developed several models for T cell growth on senting MHC–peptide complex j), functions as an independent
the basis of simple schemes for T cell activation (24,25). ‘resource’ upon which T cells may grow. For each type of
According to these schemes a T cell, Ti, binds a free site, Fj, peptide-presenting site, the growth of any T cell recognizing
forming a conjugate, Cij (see Fig. 1). When this conjugate this site is down-regulated by the avidity weighted sum of all
dissociates the site becomes free and the T cell may or may T cells recognizing this site (Eq. 3).
not be stimulated to divide into two daughter cells. A simple

MHC–peptide complexes and the generation of presentingexample is
sites

kb kp As a simple model for the generation of presenting sites, weTi 1 Fj →← Cij → 2Ti 1 Fj, (1)
consider that peptides, Pi, interact with empty sites, E, thuskd,ij forming a site, Si, presenting MHC–peptide complex i (see
Fig. 1). Considering different peptides i, with affinity κi, wewhere the constants kb, kd,ij and kp define the rates for T cell
propose the following simple schemebinding, dissociation and activation/proliferation respectively.

For simplicity, we assume that the affinity is largely deter-
Pi 1 E →← Si,mined by the dissociation rate kd,ij. Thus, defining a molecular

binding force 0 ø αij ø 1 [see (23) for a detailed discussion], where Pi is the concentration of peptide i. Assuming that the
we assume that the dissociation rate is inversely related to loading of sites by peptide is at equilibrium
this binding force, i.e. kd,ij 5 kd/αij. Thus low affinity T cells

Si 5 κi Pi E. (5)can have very fast off-rates.
Scheme (1) is similar to that of an enzyme–substrate

Clearly, this is a great simplification that ignores the generationreaction. Thus, we introduce a constant, equivalent to the
of peptides by antigen processing and the synthesis andinverse of a Michaelis–Menten constant, which we call an
turnover of MHC molecules. However, the model captures‘effective affinity’, and define as
the relevant feature that the number of sites loaded with
peptide i is proportional to the concentration of the peptidekb αij kb

Kij 5 5 · (2a) and its affinity for MHC. Because sites on APC are either
kd/αij 1 kp kd 1 αij kp empty, E, or present one of the peptides i, Si, we can write a

conservation equation for ST, the total number of sites onThe effective affinity increases with αij and reaches its
APC, i.e.maximum

E 5 ST – Σ
i

Si . (6)kb
Kmax 5 , (2b)

kd 1 kp Because a professional APC can bind several T cells at a
time (28) the total number of sites is generally assumed towhen α 5 1. In our previous model all three rate constants
be larger than the total number of APC.depended on the interaction strength αij; this also resulted in

From Eqs (5) and (6) one can derive that the concentrationa similar saturated relationship between Kij and αij (23).
of site i should obeyPursuing the analogy of scheme (1) with that of an enzymatic

reaction, it can be simplified by a conventional Michaelis– κi PiMenten assumption. Defining Sj as the total number of sites Si 5 ST · (7)
1 1 Σ

j

κj Pjpresenting the MHC–peptide complex j, we derive in Appendix
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This says that peptides compete with one another for getting small randomly chosen positive numbers. We also define a
parameter PP for the probability that a given peptide is presentpresented and that each peptide is presented proportional

to κ, its affinity for MHC. Substituting Si, given by Eq. (7), into in our system. The peptides remain present at randomly
chosen fixed concentrations.the T cell growth model of Eq. (4) we inter-relate parts one

and two of our model.

Parameters Results
Our model contains a large number, say n, of different

Carrying capacitypeptides, Pj and T cell clones Ti. For each T cell clone Ti we
We have previously shown that the maximum population sizeassume that there is exactly one MHC–peptide combination,
that a T cell clone in this model can attain is naturallyi.e. type of site, that it recognizes with maximum affinity and
limited by the availability of MHC–peptide complexes (morepossibly many others which it recognizes with lower affinity.
specifically by the affinity weighted concentration of theSince in our model the effective affinity Kij is a saturation
presenting sites this clone is interacting with (23,24). This canfunction of the molecular binding force αij (see Eq. 2), we set
mostly easily be seen by considering the interaction betweenthe interactions in our model by an n3n matrix of binding
one T cell clone and one type of presenting site with aforces αij.
particular effective affinity K. For such a system one can dropSetting all diagonal elements of this matrix to one, i.e. αii 5
the subscripts and rewrite Eq. (4) as1 for all i, we say that clone i always recognizes MHC–peptide

i with maximum affinity Kmax. Each clone is thus identified by
dT kp K STthe MHC–peptide combination it recognizes with maximum 5 – dT, (9)

affinity. To model cross-reactivity, we assume that each clone dt 1 1 KT
recognizes on average c other MHC–peptides, i.e. presenting

which has equilibria at T 5 0 and T 5 kpS/d 2 1/K.sites, with randomly chosen affinities. We thus randomly set
This equation for T cell growth has been employed pre-a subset of the off-diagonal elements αij to random numbers

viously by ecologists for modeling competitive populationbetween 0 and 1. These random numbers are drawn from a
growth (29). For a sufficiently large and fixed value of S [i.e.uniform distribution such that 0 , αij , 1.
S . d/(kpK)], this model says the T cell clone will expand toThe number of APC sits is scaled such that for every peptide
a non-zero equilibrium size which ecologists call the carryingthere is on average one site available for its presentation, i.e.
capacity (23,24). If the stimulating MHC–peptide sites are notwe set ST 5 n. The peptide concentrations are also scaled
present in sufficient quantity the T cell clone will becomebetween 0 and 1. For each available peptide we randomly
extinct. Immunologically this tells us that, if T cells aredraw from a uniform distribution a number between 0 and 1
stimulated by peptides which persist in the immune systemdefining the fixed κi Pi term in Eq. (7). For our parameters
at a high enough fixed concentration, the corresponding T cellthere will be hardly any empty sites. By Eq. (7), the average
clones will persist. Thus, T cell populations are homeostaticallyconcentration of presenting sites is Si 5 0.5n/(1 1 0.5n) sites,
controlled by competitive antigenic stimulation. Note thatwhich for the high diversity that we typically consider, i.e. for
Carneiro and co-workers have employed related concepts oflarge n, can be approximated by Si ~ 1. Since a T cell
a ‘niche’ and its ‘driving capacity’ in the context of Th1 andclone, on average, interacts with c different MHC–peptide
Th2 differentiation (30). Here niche and carrying capacity arecombinations, the total concentration of presenting sites a T
defined more strictly in terms of resource competition, i.e. incell is expected to interact with is cSi ~ c.
terms of the MHC–peptide complexes, the T cell populationsAssume that, in the absence of competition, a T cell will
are competing for.bind to any of these sites on a time scale of 10 min (24), i.e.

~144 day–1 for all sites, or kb 5 144/c day–1 site–1. We
Affinity selectionpreviously estimated that a high-affinity T cell–APC conjugate

breaks apart on a time scale of ~1 h, which we divided into One of the most basic results from theoretical ecology is that
species feeding from one and the same resource are a priorikd 5 4 day–1 and kp 5 20 day–1 (24). For the maximum affinity

we thus obtain Kmax 5 6/c site–1. Having set the rate constants not expected to co-exist. This is the principle of ‘competitive
exclusion’ (27). We have demonstrated previously that theand having drawn the random αij elements we can calculate

for all clones the effective affinity Kij. Note that because same principle holds for the T cell growth model developed
here (23,24). Competitive exclusion is demonstrated by study-Kmax 5 6/c, the effective affinity Kij is always inversely related

to the cross-reactivity c. An advantage of this is that the total ing an immune system with an expressed T cell repertoire
that is much larger than the actual diversity of peptides in theT cell density, i.e. the total biomass, remains independent of

the cross-reactivity c. system. Figure 2 depicts a numerical simulation of our model
with n 5 200 different T cell clones with two MHC–peptideIn the model we distinguish ‘expressed’ and ‘actual’ reper-

toires. The expressed repertoire is the number of T cell clones combinations. We have set the cross-reactivity to c 5 20, so
that each clone on average interacts with 10% of the peptides.present in our system at time 0. The actual repertoire is the

repertoire that results after clonal competition. We introduce This simulation illustrates various results.
First, because each peptide is expected to evoke an initiala parameter PC, the probability that a given T cell clone is

present in the expressed repertoire. We vary the diversity of immune response of 20 different T cell clones, the primary
response has a wide diversity. This broad response quicklythe expressed repertoire 100-fold by varying this probability

from PC 5 0.01 to PC 5 1. The initial T cell clone sizes are narrows down to a few clones having high affinity for the two
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Thus we see that the T cell clone sizes are indeed limited by
the peptide concentration.

Fourth, the process of competitive exclusion may take long.
The repertoire at day 100 consists of the two maximum affinity
clones plus two clones with sub-maximal affinity. The affinity
of the latter may differ only marginally from the maximum
affinity or they may be responding to both peptides with sub-
maximal affinity (see below). The time scale of the exclusion
process is also influenced by the lifespan for T cells: the
longer the lifetime the slower the exclusion. We have chosen
a short lifespan of the T cells, d 5 1 day–1, i.e. ~1 day, for
two reasons; it speeds the simulations and because the cells
in the self-renewing pool may be subject to activation-induced
cell death (31) a short lifespan may be biologically reasonable.

It is important to keep in mind that the competitive exclusion
principle is an equilibrium result, and that transiently the
diversity may remain much higher. Since no natural immune
system will ever be in equilibrium, much of its diversity could
indeed be transient. Long-lived (memory) T cells could be
responsible for high diversity over long periods of time.

For the case of a single peptide, the immunological inter-
pretation of Fig. 2 is that the model accounts for the natural
selection of the highest affinity clone. For B cells affinity
selection is well established (32). The affinity selection
depicted in Fig. 2 occurs in the absence of somatic mutation.
Empirical data on affinity selection in T cells are scarce [see
(23) for an overview]. Recently antigen-driven selection of T
cells was demonstrated by comparing the in vivo TCR usage
of primary and memory T cells (33). This suggested selectionFig. 2. Competitive exclusion illustrated by the immune response to
for T cells expressing greater specificity for the MHC–peptidetwo different MHC-peptide combinations. The panel on the right

shows the location, i.e. the number, and the concentration of the two complex.
peptides, encoded by a gray-scale. The concentration of the lower For the case of a response to multiple peptides, which is
peptide (i.e. number i 5 50) is one, i.e. κiPi 5 1, and that of the

depicted in Fig. 2, the situation is more complex. Becauseupper one (i.e. number i 5 150) is κiPi 5 0.5. The concentrations of
each peptide in the figure is expected to stimulate 20 T cellthe T cell clones are depicted in the panel on the left. Initially there

are n 5 200 T cell clones with a potential connectivity of c 5 20, i.e. clones, i.e. 10% of the clones, we expect 1% of the clones
each T cell recognizes an average of 20 different MHC–peptide to respond to both peptides. In Appendix B we derive that in
complexes. The T cell clones are plotted as a function of time with our model such ‘cross-reactive’ clones will out-compete thegray-scales indicating the clone’s size. For the clones, the gray-scale

two maximum-affinity clones whenever the sum of the twois linear between white (i.e. Ti 5 0) and black (i.e. Ti 5 1000). Most
cross-reactive affinities exceeds the maximum affinity. Thus,clones disappear whereas clones 50 and 150 increase according to

the concentration of the corresponding MHC–peptide combinations. in our model, clones may win the competition process by
Ultimately all clones beside these two maximum-affinity clones will being cross-reactive, i.e. by having several sub-maximal
disappear (not shown).

affinity interactions. For other initial conditions we have
observed in our simulations that only one T cell clone survives
the selection process for the two peptides in Fig. 2. This clone
interacted with both peptides and hence received greater
stimulation.peptides. Ultimately, i.e. after ~ 200 days, only the two clones

having the maximum affinity for the peptides survive. All others
T cell diversity and the total T cellsare excluded from the actual repertoire. Thus, ultimately, each

peptide (i.e. each resource) maintains only a single clone Experimental data demonstrate that lymphocyte repertoires
of limited diversity attain a similar total number of T cells asand selects the clone having maximum affinity.

Second, the competition begins when the system has filled repertoires of high diversity (6,20,21). These findings have
been interpreted to say that ‘control of lymphocyte numbersup. The gray-scales in Fig. 2 depict the clone sizes. The

process of competitive exclusion starts when most clones is probably independent of cell specificity’ (6).
Our model suggests that this is true under some circum-have expanded several orders of magnitude. It is natural for

any competitive process to become important only when the stances but not others. Our main assumption is that the
self-renewing T cell repertoire is maintained by stimulatorysystem gets crowded. Empirical data supporting this were

recently reported in B cell competition experiments (20). interactions with immunogenic peptides. Because each pep-
tide–MHC combination forms a resource maintaining maxim-Third, the two peptides differ in effective concentration, i.e.

in κiPi. The lower numbered peptide, which is available at the ally one T cell specificity, we have to consider a diverse
repertoire of different MHC–peptide complexes for studyinghighest level, ultimately maintains the largest T cell population.
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a diverse T cell repertoire. Thus, in Fig. 3 we simulate a and indeed find results similar to those depicted in Fig. 4 for
n 5 400. Summarizing, as long as cPC . 1, we expect thesystem with n 5 400 different MHC–peptide complexes and

clones. We study the effect of changing the diversity of the total biomass to remain independent of the T cell diversity
nPC. This rule of thumb is also in agreement with recentexpressed T cell repertoire: the panels vary from the presence

of 100% of the T cell clones in Fig. 3(a) to the presence of ecological data suggesting that increasing the diversity of an
ecosystem increases the system’s total biomass (34). Injust 1% of the clones in Fig. 3(c). All peptides are present at

fixed and random concentrations (0 , κiPi , 1). For the cross- grasslands plant productivity and resource utilization
increased with increasing plant species richness (34). In otherreactivity we assume each clone can on average interact with

40 peptides (i.e. c 5 40). words, if increasing T cell diversity increases the total amount
of resources utilized by the system, the total biomass shouldWith respect to the diversity of the actual repertoire we

observe that in Fig. 3(a) the expressed repertoire of 400 indeed increase.
To explain the differences in the individual clones sizes inclones is reduced to an actual repertoire of ~100 clones.

Thus most clones are removed by the competitive exclusion Fig. 3, we develop a rule of thumb for the niche-overlap. This
is achieved by calculating the number of other T cell clonesprocess. For a lower diversity of the expressed repertoire this

is no longer true: in Fig. 3(b and c) most clones of the any clone is expected to interact with. First, the average
number of resources for a T cell is c MHC–peptide combina-expressed repertoire are maintained in the actual repertoire.

Decreasing the diversity of the expressed repertoire, reduces tions. Second, for each resource the T cell is competing with
the (c 2 1)PC other T cell clones that are also expected tothe competition and allows for a smaller decrease of the

diversity of the actual repertoire. Hence, competitive exclusion have an affinity for this particular resource. Thus the niche-
overlap per resource can be defined as 1 1 (c 2 1)PC clones,is the first process buffering the response of the total biomass

to changes in T cell diversity. where we add one for the overlap with the clone itself. The
total stimulation of a T cell should thus be proportional to theSecondly, by the gray-scales, we observe that the individual

clone sizes become larger when the diversity of the actual sum of all resources it utilizes divided by the overlap per
resource, i.e. to c/[1 1 (c 2 1)PC], which for large cross-repertoire decreases. The three clones in Fig. 3(c) are individu-

ally much larger than the 100 clones in Fig. 3(a). The obvious reactivity, i.e. c .. 1, can be approximated by 1/PC. Thus,
for sufficiently large cross-reactivity, decreasing T cell diversityreason for this is that in a diverse actual repertoire there is

more competition between the clones, i.e. the niche-overlap increases the stimulatory field of an individual clone. This
explains why decreasing PC from Fig. 5(a) to 5(c) increasesincreases with actual repertoire diversity. This is the second

process buffering the response of the total biomass to the individual clone sizes. These notions for the niche overlap
are again independent of the system size n and should hencechanges in T cell diversity. We plot the total biomass of Fig.

3(a–c) as a function of T cell diversity, i.e. of PC, by the heavy carry over to the real immune system. In a large system, i.e.
n .. c, each clone can interact with an exceedingly smalllines in Fig. 4.

The buffering of the total biomass strongly depends on the fraction of all MHC–peptides combinations, i.e. c/n → 0 and
can nevertheless have a significant niche overlap of (c 2T cell cross-reactivity c. We here develop a rule of thumb for

the ‘total stimulation’ of the actual repertoire. The total biomass 1)PC other clones per resource.
is limited by the total amount of resources that are maintaining

Peptide diversity and total T cellsT cell proliferation. In our model we have n such resources,
i.e. n MHC–peptide combinations. The expressed repertoire The principle of competitive exclusion dictates that the clonal

diversity of the actual repertoire is limited by the diversity ofhas a diversity of nPC clones. Because each clone interacts
on average with c resources, the total repertoire is maintained the peptide repertoire. By studying H2-M-deficient mice it has

been possible to design experimental systems with a limitedby maximally cnPC resources. When this number becomes
less than the number of resources available, i.e. when cnPC , peptide diversity (18). We have seen above, however, that if

the only effect of reducing peptide diversity is to reduce then or cPC , 1, the repertoire as a whole fails to utilize part of
the resources and hence attains a lower total biomass. This T cell diversity, this need not significantly influence total T cell

numbers. Thus we explicitly investigate the effect of peptideexplains the somewhat, i.e. 4-fold, lower total biomass of the
repertoire with PC 5 0.01 (Figs 3d and 4) because cPC 5 diversity by simulating our model with only 10% of the MHC–

peptide combinations (i.e. for PP 5 0.1, see Fig. 3d–f).0.4 , 1. Note that this rule of thumb, i.e. cPC , 1, is
independent of the number of clones n. Thus, we expect Comparing the simulation data depicted in Fig. 4 we see

that limiting the peptide diversity to PPn 5 40 MHC–peptidethese results to apply also to an immune system with many
more clones. In Fig. 5 we set n 5 1000 to study the combined combinations (dashed line) hardly influences total T cell

numbers in our model. However, by reducing the diversity ofeffects of T cell diversity, peptide diversity and cross-reactivity,

Fig. 3. Repertoire selection as a function of clonal diversity and peptide diversity. The organization of each panel is similar to that in Fig. 2.
The system consists of n 5 400 clones with an average cross-reactivity of c 5 40 MHC–peptide combinations per clone. In panels (a–c) all
n 5 400 peptides are present at fixed random concentrations, i.e. 0 , κiPi , 1; in panels (d–f) we set PP 5 0.1 such that just 10% of the
peptides is present. We change the diversity of the potential T cell repertoire from PC 5 1 (a and d) to PC 5 0.1 (b and e), to PC 5 0.01 (c
and f). Thus on the left all T cell clones are present and on the right 1% of all T cell clones are present. See the text for the interpretation of
the results.
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Fig. 5. Total T cell number as a function of T cell cross-reactivity. For
a system with n 5 1000 clones and n 5 1000 peptides, we plot total
T cell number as a function of T cell diversity for a cross-reactivity
c 5 100 (squares, solid line), c 5 50 (triangles, long-dashed line),
c 5 25 (diamonds, dashed line) and c 5 10 (circles, dotted line).
When the connectivity is high the total T cell pool remains constant
despite drastic changes in the T cell repertoire diversity.

Fig. 4. Total T cell number as a function of T cell diversity. The total
biomass of the six repertoires shown in Fig. 3 is depicted as a
function of the T cell diversity (i.e. the probability PC for the presence
of a clone). The heavy line with solid circles denotes the T cell total
for the case where all peptides are present (i.e. PP 5 1). The dashed numbers whenever the cross-reactivity is smaller than c 5
lines denotes the case where 10% of the peptides are present (i.e. 104. Thus the validity of our results is limited by the cross-PP 5 0.1). The total biomass barely differs between the two cases.

reactivity. When the cross-reactivity is low one could argue
that this indicates that there should also be a global regulation
of total T cell numbers (see the Discussion).

peptides we get fewer clones, each of larger average size.
This can be checked by comparing Fig. 3(a) with 3(d): for a Repertoire selection
lower presence of the peptides we obtain fewer clones in the

In Fig. 3(d) there are more T cell clones in the expressedactual repertoire (i.e. 113 versus 32) but the individual clone
repertoire than there are different MHC–peptide complexes.sizes tend to be larger (i.e. the lines are darker in Fig. 3d).
Hence we observe that the actual repertoire narrows byThe fact that the total biomass does not depend on the
competitive exclusion. The clones that are ultimately main-peptide diversity is due to the competition between the
tained in the repertoire are not selected for having high affinitypeptides for becoming presented. When the peptide diversity
with one particular peptide, however. Most of the clones inis lower, the peptides that are presented attain higher concen-
Fig. 3(d) have maximal affinity for a peptide that is absent,trations (by Eq. 7) and hence maintain larger T cell clones
i.e. most of the clones are maintained by sub-maximal inter-(see Eq. 9).
action with various MHC–peptide combinations.

Cross-reactivity and total T cells This is reminiscent of the empirical data suggesting that
the T cell repertoire of self-renewing (memory) clones per-We study the impact of the T cell cross-reactivity on our
sisting after antigenic stimulation is very cross-reactive (8,40).results by simulating a system of n 5 1000 T cell clones and
For anti-viral immune responses it was found that the primaryn 5 1000 MHC–peptide combinations for c 5 100, 50, 25
killer responses to serologically different viruses had low (i.e.and 10 connections per clone (Fig. 5). The results confirm
1%) cross-reactivity, whereas in secondary responses thethe conclusions drawn above. As long as cPC . 1, i.e. as
cross-reactivity was over 20% (40). These data have beenlong as almost all resources contribute to the maintenance of
interpreted to say that long-term T cell memory is maintainedthe repertoire, the total biomass remains fairly independent
by cross-reactivities because memory T cells can respond toof the clonal diversity (see the solid line depicting c 5 100).
many antigens that are not available to virgin cells (8).For our lowest cross-reactivity, i.e. c 5 10 or 1% of the MHC–

The process of competitive exclusion in our model is notpeptide combinations, a 100-fold reduction of the diversity
selecting for the clones with maximum affinity for particularreduces the total biomass ~10-fold.
MHC–peptide combinations. Instead, our model results sug-Extrapolating to a typical mouse system size of n 5 106

gest that self-renewing (memory) T cell clones might indeedclones, we thus see that the maximum reduction in T cell
have specificities for several peptides. Appendix B demon-diversity which fails to influence total T cell numbers is directly
strates that in a system with several resources, clones withproportional to the T cell cross-reactivity c by our rule of
several sub-maximal interactions can out-compete clonesthumb cPC . 1. For instance, reducing the diversity of the

expressed repertoire 104-fold is expected to affect total T cell with fewer maximum-affinity interactions.
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Discussion The B and T cell competition experiments discussed in
our Introduction (20–22) suggest that diverse lymphocyteIn our model T cell clones are maintained only by specific
repertoires have a competitive advantage over non-diverseantigenic stimulation. One would thus expect total T cell
(e.g. TCR transgenic) repertoires. These results stronglynumbers to depend strongly on the diversity of the immuno-
support our notion of local competition for specific resources.stimulatory ligands and the diversity of the T cell repertoire.
Diverse repertoires are supposedly stimulated by a greaterHowever, we have demonstrated that for a sufficiently diverse
variety of antigens and would therefore have a smaller averageand/or cross-reactive T cell repertoire, the total number of T
niche-overlap than the non-diverse repertoires have. Indeedcells at steady-state is largely independent of these factors.
it is shown that the competitive ability of a repertoire correlatesThus, mouse T cell re-constitution experiments suggesting
with activation and proliferation (22).that the total number of T cells is independent of either

Despite our demonstration of T cell population control bydiversity or the inoculum size (6,9,20,22) can be accounted
specific stimulation, it could nevertheless be the case thatfor by our model if the diversity and/or the cross-reactivity
the total T cell number is determined by non-specific factors.remains sufficiently large. Work by Selin and collaborators
We have previously called this ‘global’ competition (42); itsuggests that this might be the case in that memory T cells,
could involve competition for space, lymphokines (43), etc.,which are used to reconstitute the mice, can be extremely
as long as the resource being competed for is independentcross-reactive (40). Up to 25% of the CD81 lymphocyte
of T cell specificity. However, when all the competition isresponse to a novel virus was reported to come from a
global, the clone proliferating most rapidly is expected to out-memory population that was evoked by a heterologous virus
compete all others (42). Thus, while global competition cangiven earlier.
control the T cell population size, it cannot simultaneouslyThe contradictory fact that in other re-constitution experi-
account for repertoire diversity. Models with both ‘local’ (i.e.ments T cell expansion is limited (35) and that total number
antigen specific) and global control can account for both Tof T cells at steady state seem to be determined by the
cell diversity and control of total population size. In fact, ininoculum size (3,10) can be accounted for in our model by
our model the total number of APC provides a global factorarguing that in these experiments T cell diversity is limiting.
regulating total T cell numbers. Activation of APC and B cellsBecause one typically transfers millions of donor T cells, one
during immune responses may transiently increase the totalwould have to argue however that only a small, randomly
number of available APC sites and hence transiently increaseselected, fraction of the donor T cells can expand in the
total T cell numbers.recipient. Data showing that initially only a small fraction of

Global competition might also account for the observedthe transferred T cells can be recovered in the recipient (10)
compensatory behavior of the CD41 and CD81 T cells. In theprovide some support for this argument.
introduction we reviewed data on the competitive out-growthDifferent steady-state total T cell numbers are attained in
of CD41 and CD81 T cells. When both subsets are presentmice that receive different levels of irradiation (36). This can
normal CD4/CD8 ratios are attained (9), when one subset isalso be accounted for in our model by assuming that at high
absent the other compensates for this by expanding untillevels of irradiation T cell repertoire diversity becomes a
normal T cell numbers are attained (9,12,14,15). Becauselimiting factor. These data are otherwise difficult to explain
CD41 and CD81 T cells interact with different classes of MHCbecause the proliferative capacity of the irradiated T cells
molecules, and possibly even with different types of APC, itwas indistinguishable from that of normal T cells and because
seems unlikely that they compete for the same sites on thenormal T cells expand perfectly well in the irradiated mice (36).
APC. Assuming that the proliferation rates kp and/or the deathExperiments on cytotoxic T lymphocyte (CTL) memory
rates d are a function of total T cell numbers, i.e. CD4 plushave suggested that self-renewal of memory cells plays an
CD8 T cells, we may combine local with global competitioninsignificant role in the maintenance of CTL memory. For
and account for blind CD4/CD8 homeostasis.example, Hou et al. (37) transferred immune spleen cells into

In our model MHC–peptide complexes act as a resourceMHC class I-deficient mice. In both normal controls and
for T cells. One of the most basic results from theoreticalthe MHC class I-deficient mice CTL precursor frequencies
ecology is that species feeding from one and the sameremained elevated for almost 6 months (37). In other studies,
resource are a priori not expected to co-exist. This is thehowever, a significant fraction of the CD81 memory cells
principle of ‘competitive exclusion’ (26). The different immuno-display an activated phenotype (37) and/or are cycling (38).
genic peptides form different ecological resources and dueAdditionally, recent follow-up experiments suggest that for
to competitive exclusion every resource (i.e. MHC–peptidethe maintenance of their memory function the transferred T
combination) can maintain maximally one T cell specificity.cells require class I-restricted re-stimulation (39). Likewise, in
Throughout this paper we have avoided the question ofmonoclonal mice, memory CD81 T cells specific for the HY
whether the peptides maintaining the T cell repertoire aremale antigen can be maintained in the absence of antigen
foreign or self-peptides. Our results, stated simply, say thatbut require the presence of MHC class I molecules (41).
to maintain a diverse, equilibrium T cell repertoire one requiresFurther experiments of this kind, including experiments with
an at least equally diverse repertoire of immunogenic pep-mice kept in germ-free conditions so that cross-reactions with
tides. For this reason we previously suggested that it couldfood antigens and/or intestinal bacteria are excluded, need
be the high diversity of self-antigens that maintain the highto be done. Such experiments will not only provide clues on
diversity of the T cell repertoire (23). The fact that germ-freethe nature of the stimulatory ligands maintaining self-renewing
mice have normal T cell numbers (53,54) suggests that theT cells, but might also provide estimates for the lifespan of T

cells in the absence of self-renewal. foreign peptides do not play an important role in maintaining
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the self-renewing T cell repertoire. Additionally, because and which intuitively seemed to deny the importance of
antigenic stimulation in the competitive control of T cellmemory T cells are extremely cross-reactivity (40), one could

argue that their self-renewal relies on a wide variety of ligands, numbers.
including self-peptides.
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Scheme (1) can be simplified by a conventional Michaelis–Mentenand content of the peripheral lymphoid compartment. Immunity
quasi-steady-state assumption. For the T cell site conjugates we write3:521.
a quasi-steady-state equation32 Siskind, G. and Benacerraf, B. 1968. Cell selection by antigen in

the immune response. Adv. Immunol. 10:1.
dCij33 McHeyzer-Williams, M. G. and Davis, M. M. 1995. Antigen- 5 kb Ti Fj – (kd,ij 1 kp)Cij 5 0

specific development of primary and memory T cells in vivo dt
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34 Tilman, D., Wedin, D. and Knops, J. 1996. Productivity and or Cij 5 Kij Ti Fj . (A.1a,b)
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dT1Following scheme (1) we write for the T cells
5 T1(kp Kmax F1 – d) 5 0, (B.1)

dtdTi
5 –kb Σ

j

Ti Fj 1 Σ
j

(kd,ij 1 2kp)Cij . (A.4)
dt dT2

5 T2(kp Kmax F2 – d) 5 0, (B.2)
dt

Since at quasi-steady state dCij /dt 5 0 we can add the right hand
where the free site concentrations aresides of Eq. (A.1a) for all i and j to (A.4) to obtain

S1 S2Kij SjdTi F1 5 and F2 5 .5 Σ
j

kp Cij 5 kp Ti Σ
j

Kij Fj 5 kp Ti Σ
j

,
1 1 Kmax T1 1 K31 T3 1 1 Kmax T2 1 K32 T3dt 1 1 Σ

l

klj Tl

(B3)
(A.5)

Solving Eqs (B.1) and (B.2) we obtain
which by adding a T cell death term, yields Eq. (4) in the text.

F1 5 F2 5 d/(kpKmax). (B.4)From Eq. (A.5) we see that every MHC–peptide combination
Fj forms an independent resource contributing additively to the The invasion criterion means that the cross-reactive clone increases,
proliferation. Because the resource Fj decreases with the number of i.e. that
T cells interacting with it (Eq. A.3), we ‘naturally’ obtain a proliferation
term with competition between T cells. dT3

5 T3 (Kp K31 F1 1 kp K32 F2 – d) . 0. (B5)
dt

Appendix B Substituting Eq. (B.4) into condition (B.5) we obtain

Cross-reactive clones can out-compete mono-specific clones. K31 1 K21 . Kmax , (B.6)
Consider two clones T1 and T2 that each interact with maximum
affinity with MHC–peptide presenting sites S1 and S2 respectively, i.e. when the sum of the affinities of the cross-reactive clone exceeds

the maximum affinity of the mono-specific clones, the cross-reactivei.e. K11 5 K22 5 Kmax. A third clone T3 interacts with both sites with
lower affinity, i.e. we set 0 , K31, K32 , Kmax. We study whether the clone will still grow when the mono-specific clones are already in

equilibrium. When clone T3 increases, the available free sites, i.e. F1cross-reactive clone T3 can invade the equilibrium situation of clones
T1 and T2. and F2, will decrease. Hence the growth rate of clones T1 and T2

becomes negative. Ultimately clone T3 will replace clones T1 and T2.For this situation the model of Eq. (4) simplifies to


