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S U M M A R Y
We derive the explicit expressions for the phase velocities and polarizations of quasi-shear
waves propagating in a transversely isotropic medium. The normal to the plane defined by the
phase normal and the symmetry axis gives the exact polarization of S1, while the polarization
of S2 also depends on the elastic parameters of the medium and is thus more complicated.
Therefore, we propose that the polarization of the slow S1 wave, instead of the fast S2 wave,
as is common practice, should be determined from seismic data. For a dipping fast axis of
symmetry, a 360◦ periodic variation of the apparent slow axis is predicted, with an amplitude
given by arctan(tan θ/tan θ0), where θ is the incidence angle and θ0 the angle between the
symmetry axis and the vertical. For a significant dip of the symmetry axis (larger than 20◦)
and for large incidence angles these variations should be observable in shear wave splitting
measurements. This suggests that SKKS, and S waves generated by deep earthquakes, which
are characterized by larger incidence angles in comparison to SKS waves, should be able to
constrain a possible dip of the symmetry axis. In contrast, constraining the dip of the symmetry
axis from the delay times turns out to be much more difficult owing to their complicated (and
non-linear) dependence on azimuth and on the elastic parameters.
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1 I N T R O D U C T I O N

Since the pioneering work by Hess (1964), who discovered seismic
anisotropy in the oceanic upper mantle, many studies have shown
that seismic anisotropy is a general characteristic of the upper man-
tle under both oceanic and continental regions. It is now well es-
tablished that lattice-preferred orientation of anisotropic minerals,
such as olivine, is one of the principal causes of seismic anisotropy
in the upper mantle. Subcontinental anisotropy could be dominated
by asthenospheric flow (Vinnik et al. 1992) in which case the lin-
eation direction is expected to parallel the absolute plate motion,
by a frozen lithospheric fabric developed during the previous oro-
genic episode (Silver 1996) or by a combination of both (e.g. Levin
et al. 1999; Levin et al. 2000; Fouch et al. 2000; Simons et al.
2002). Therefore, seismic anisotropy is a potential tool for inves-
tigating mantle dynamics and has received considerable attention
from seismologists over the previous decade. The most popular and
less ambiguous method for studying seismic anisotropy, although it
lacks vertical resolution, is the analysis of SKS splitting, introduced
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by Vinnik et al. (1984). With this technique one can retrieve an ap-
parent fast direction, which is generally interpreted as the direction
of the symmetry axis in the horizontal plane, and a delay time ac-
cumulated between the quasi-shear waves during their propagation
in the anisotropic medium. The assumption of transverse isotropy
(hexagonal symmetry) with a horizontal symmetry axis has been
quite successful in explaining most of the shear wave splitting ob-
servations (Silver & Chan 1991; Vinnik et al. 1992; Silver 1996;
Chevrot 2000).

Recently, Zhang & Karato (1995) made some simple-shear de-
formation experiments on olivine aggregates. They observed that
the fast axes of the olivines tend to rotate when the applied defor-
mation increases. For infinite strain, the olivine a axes are aligned
with the direction of flow, but for intermediate strains the dip of
the fast olivine axes is characteristic of the sense of shear. Since
simple shear is probably the dominant type of deformation in the
asthenosphere, measuring the dip of the symmetry axis could pro-
vide crucial constraints on plate–mantle coupling, at least in parts
of the mantle where the axis rotation is slow enough. Moreover, if
seismic anisotropy is a good indicator of mantle flow, then charac-
terizing the dip of the fast axis is essential in describing its vertical
component.

An alternative view is to interpret seismic anisotropy as the man-
ifestation of a palaeofabric frozen in the lithosphere (Silver 1996).
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Babuška et al. (1993) conducted a joint analysis of P residuals
and SKS splitting measurements to infer the orientation of
anisotropy. From the bipolar pattern of P residuals observed at some
stations, they argue that plunging symmetry axes are required. They
propose a model of the continental lithosphere characterized by
inclined layers of anisotropic structures resulting from the accre-
tion of large blocks of ancient oceanic lithosphere. More recently,
Bokelmann (2002) conducted a similar analysis in North Amer-
ica using P residuals only. However, the P traveltime residuals,
which provide the key argument in favour of a dipping orien-
tation of anisotropy, are also sensitive to lateral heterogeneity,
which was ignored in their approach. Separating the isotropic
and anisotropic contributions to traveltime residuals would require
a dense array of seismic stations. Recently, Hartog & Schwartz
(2000) made a successful attempt to constrain the dip of the sym-
metry axis under five stations of the Berkeley Digital Seismic
Network using splitting measurements only. Even more complex
anisotropic layered structures (with two or even three anisotropic
layers with a dipping symmetry axis) were sometimes consid-
ered in order to explain shear wave splitting measurements (e.g.
Levin et al. 1999). In these models it is not clear which fea-
tures in the data drive the models towards the dipping symme-
try axis. Furthermore, a simple physical description of the effects
of a dip of the symmetry axis on shear wave splitting measure-
ments is still lacking. In this paper, we show that transversely
isotropic (hexagonal) media have special properties that allow such a
description.

Determining the analytical expressions of the velocities and po-
larizations of waves propagating through an anisotropic medium is
not trivial. In addition, the general expressions of wave velocities
are difficult to interpret and usually bring little physical insight. For
these reasons, and also for computational efficiency, perturbation
methods have been introduced to derive approximate expressions
for wave velocities (Backus 1965; Fedorov 1968; Jech & Pšenčı́k
1989; Thomsen 1986; Mensch & Rasolofosaon 1997) and wave
polarizations (Fedorov 1968; Jech & Pšenčı́k 1989; Farra 2001) in
weakly anisotropic media.

Different approaches have been used to obtain the approxi-
mate expressions of phase velocities in transversely isotropic me-
dia. Thomsen (1986) determined the general expressions of phase
velocities, following Daley & Hron (1977), and considered the
case of weak anisotropy to simplify these expressions. Mensch &
Rasolofosaon (1997) perturbed the elastic tensor to derive approxi-
mate expressions of phase velocities in media of arbitrary symmetry.
For a transversely isotropic medium with 8 per cent anisotropy, they
show that the approximate velocities deviate from the exact veloci-
ties by less than 0.5 per cent. Fedorov (1968) determined the general
expressions of the phase velocities from the covariant form of the
Christoffel matrix and derived approximate formulae by a perturba-
tion of the Christoffel matrix with respect to a reference isotropic
medium obtained by minimizing the norm of the perturbed matrix
over all directions.

In this study, we use the perturbation method introduced by Jech
& Pšenčı́k (1989) on the covariant form of the Christoffel matrix
given by Fedorov (1968). With this approach the derivations are
straightforward and we obtain simple expressions for the velocities
and polarizations of waves in weakly transversely isotropic media.
From these expressions, variations of the apparent splitting parame-
ters with backazimuth can be predicted for the case of a dipping axis
of symmetry compared with the case where the axis of symmetry is
horizontal.

2 F I R S T - O R D E R P E R T U R B A T I O N
F O R T H E V E L O C I T I E S A N D
P O L A R I Z A T I O N S O F W A V E S I N A
T R A N S V E R S E L Y I S O T R O P I C M E D I U M

Let us consider a plane harmonic wave with frequency ω, propagat-
ing in the direction n̂ (where the symbol ˆ over a vector denotes a
unit vector) with a displacement vector:

u = U p̂eiω(t−n̂·x/V ), (1)

where p̂ and x are the polarization and the position vectors, respec-
tively, U is the displacement amplitude and V is the phase velocity.
The displacement vector satisfies the momentum equation for wave
propagation in a homogeneous medium:

ρ
∂2ui

∂t2
− ci jkl

∂2uk

∂x j∂xl
= 0, (2)

where ρ is the mass density of the medium and cijkl is the elastic
tensor, which are both considered to be constant. The summation
convention is assumed for repeated indices. Inserting eq. (1) into
eq. (2) and introducing the Christoffel matrix

� jk = 1

ρ
ci jklni nl , (3)

leads to the so-called Christoffel equation

� jk pk = V 2 p j , (4)

from which it appears that the square velocity V 2 is an eigenvalue of
Γ and p̂ is the associated eigenvector. Therefore, the elastic proper-
ties of the medium determine the phase velocities and polarizations
of the elastic waves. In the non-degenerate case two quasi-shear
waves will propagate in the anisotropic medium, characterized by
orthogonal polarizations.

Following the perturbation approach of Jech & Pšenčı́k (1989), let
us determine the velocities and polarizations of the two quasi-shear
waves in a weakly transversely isotropic (or hexagonally symmetric)
medium. Such a medium possesses a unique symmetry axis, the
direction of which is given by the unit vector ŝ. Without loss of
generality, we choose a coordinate system (x, y, z) such that ŝ is along
the vertical axis (Fig. 1). A plane wave propagates in this medium in
the direction n̂ = (n1, n2, n3) = (sin θ cos φ, sin θ sin φ, cos θ ). We
write the elastic tensor as the sum of a reference isotropic tensor c(0)

and an anisotropic tensor c(1), which represents the deviation from
the reference isotropic tensor and contains first-order perturbations
of the elastic coefficients:

c = c(0) + c(1). (5)

Using the Voigt notation with contracted indices CIJ for the fourth-
rank elastic tensor cijkl, the isotropic reference elastic tensor is given
by

c(0)
i jkl = (C33 − 2C44)δi jδkl + C44(δikδ jl + δilδ jk) (6)

= λδi jδkl + µ(δikδ jl + δilδ jk) (7)

The indices I and J of CIJ vary from 1 to 6, following the rule: (11)
→ 1, (22) → 2, (33) → 3, (23) → 4, (13) → 5, (12) → 6.

Introducing the three dimensionless anisotropic parameters
(Mensch & Rasolofosaon 1997)

ε = C11 − C33

2C33
(8)

γ = C66 − C44

2C44
(9)
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δ = C13 − C33 + 2C44

C33
(10)

the matrix C (1) for weak transverse isotropy can be written as

C (1)
I J =




2εC33 2εC33 − 4γ C44 δC33 0 0 0

2εC33 − 4γ C44 2εC33 δC33 0 0 0

δC33 δC33 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 2γ C44




.

(11)

Similarly, the Christoffel matrix � can be expressed as the sum of
two matrices �(0) and �(1) defined by

�
(0)
jk = 1

ρ
c(0)

i jklni nl (12)

�
(1)
jk = 1

ρ
c(1)

i jklni nl . (13)

Using the theory of invariants (Robertson 1940; Fedorov 1968), �(0)

and �(1) can be expressed as a linear combination of the dyads that
can be formed with the vectors ŝ and n̂ (Fig. 1):

�(0) = (a0I + a1n̂ ⊗ n̂)/ρ (14)

�(1) = [b0I + b1n̂ ⊗ n̂ + b2ŝ ⊗ ŝ + b3(ŝ ⊗ n̂ + n̂ ⊗ ŝ)]/ρ (15)

where I is the identity matrix, and

a0 = C44 (16)

a1 = C33 − C44 (17)

b0 = 2γ C44

(
n2

1 + n2
2

)
(18)

s
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Figure 1. System of coordinate axes. ŝ, the symmetry axis, is oriented
along the vertical axis. n̂ is the unit phase normal defined by the angles θ

and φ. θ is the angle between ŝ and n̂.

b1 = 2εC33 − 4γ C44 (19)

b2 = 2εC33n2
3 − 2γ C44 − 2δC33n2

3 (20)

b3 = (−2ε + δ)C33n3 + 2γ C44n3. (21)

The circled cross represents the outer (or tensor) product between
two vectors.

2.1 Polarizations

In the reference isotropic medium, the shear waves propagate with
the velocity

√
C44/ρ and are orthogonally polarized in the plane

perpendicular to n̂. Two orthogonal unit vectors ê1 = (e11, e12, e13)
and ê2 = (e21, e22, e23) can be chosen arbitrarily in the plane per-
pendicular to n̂ to describe the polarization p̂1 and p̂2 of S1 and
S2. If ê1 · �(1) · ê2 = 0, the two shear waves are polarized along ê1

and ê2 in the reference medium (Jech & Pšenčı́k 1989). After some
manipulations, taking into account that the three vectors ê1, ê2 and
n̂ are orthogonal, this condition reduces to

e13e23 = 0, (22)

i.e. either e13 or e23 is null. Without loss of generality, we can choose
e13 = 0. Therefore, the wave S1 is in the horizontal plane and is or-
thogonal to n̂. This uniquely defines the polarization of S1 described
by the unit vector

p̂1 = ê1 = (− sin φ, cos φ, 0), (23)

which is orthogonal to the plane defined by ŝ and n̂. Since from
eq. (15), ê1 · �(1) · n̂ = 0, the perturbation of the polarization of S1

in the anisotropic medium is 0 and S1 in the anisotropic medium is
polarized along ê1. This is an important property of wave propaga-
tion in transversely isotropic media, already established by Fedorov
(1968) and Helbig (1994): ‘At least one of the three waves in any
direction within a plane of symmetry is purely transverse with po-
larization vectors perpendicular to the plane’.

Since the polarization p̂2 of S2 in the reference medium is orthog-
onal to both p̂1 and n̂, we obtain

p̂2 = ê2 = (cos φ cos θ, sin φ cos θ, − sin θ ). (24)

The three vectors n̂, p̂1 and p̂2 are identical to the rows of the rotation
matrix used by Mensch & Rasolofosaon (1997) to rotate the elastic
tensor and obtain approximate expressions of phase velocities in
anisotropic media of arbitrary symmetry. Since ê1 · �(1) · n̂ = n̂ ·
�(1) · n̂ = 0, the perturbation of p̂2 is simply (Jech & Pšenčı́k 1989)

�p̂2 = ê2 · �(1) · n̂

V 2
S − V 2

P

n̂ = 2ε sin3 θ cos θ + 1
2 δ sin 2θ cos 2θ

C44/C33 − 1
n̂ = an̂.

(25)

Therefore, the polarizations of the P and S2 waves in a transversely
isotropic medium are obtained by a rotation of n̂ and p̂2 about the
axis ê1 with an angle arctan a. In a weakly transversely isotropic
medium, this angle is small and the projection of the polarization of
S2 in the horizontal plane is close to the projection of p̂2.

For a weakly transversely isotropic medium, p̂1 and p̂2 give the
polarizations of the two quasi-shear waves in the reference medium
and form a natural coordinate system where the non-diagonal terms
of the Christoffel matrix are first-order quantities compared with the
diagonal terms. In a medium with a lower order of symmetry, such
as an orthorhombic medium, it is not possible in general to derive
approximate expressions for the polarizations that would depend
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linearly on first-order perturbations of the elastic tensor, except in
the special case of propagation in a symmetry plane.

In the case of a transversely isotropic medium, we have thus
established the important result that the polarization vector p̂1 is
always perpendicular to n̂ and ŝ and thus does not depend on the
elastic parameters. This is a remarkable property of transversely
isotropic media that allows a simple geometrical description of the
polarization of S1.

2.2 Velocities

From the polarization vectors p̂1 and p̂2, it is straightforward to
determine the phase velocity perturbation (Jech & Pšenčı́k 1989):

�V 2
i = p̂i · �(1) · p̂i . (26)

Using eqs (15), (23), (24) and (26) one obtains

�V 2
1 = b0 = 2C44γ sin2 θ (27)

�V 2
2 = b0 + b2 sin2 θ = 2C33(ε − δ) sin2 θ cos2 θ. (28)

Therefore, the approximate phase velocities for the quasi-shear
waves in a weakly transversely isotropic medium are given by

V1 =
√

C44

ρ
(1 + γ sin2 θ ) (29)

V2 =
√

C44

ρ

[
1 + C33

C44
(ε − δ) sin2 θ cos2 θ

]
. (30)

These expressions are identical to those obtained by Mensch &
Rasolofosaon (1997).

2.3 Examples

To illustrate the variability of wave propagation in transversely
isotropic media, we will apply the approximate expressions obtained
for the polarizations and the velocities to three different transversely
isotropic media: ice (Fedorov 1968), quartz β (Fedorov 1968) and a
transversely isotropic mantle (TIM) that is obtained by mixing the
average elastic tensor of olivine given by Kumazawa & Anderson
(1968) around the a axis with an isotropic reference mantle charac-
terized by V P = 8.0 km s−1 and V S = 4.47 km s−1 in the proportions
1/3 and 2/3. This model is a good analogue to the case where the
olivine a axes have a strong maximum in their orientation distribu-
tion and where the b and c axes form a girdle around the a axis.
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Figure 2. Phase velocities of S1 (open circles) and S2 (open squares) waves as a function of θ , the angle between the unit phase normal n̂ and the direction
of the symmetry axis ŝ (see Fig. 1) for (a) ice (b) quartz β and (c) TI mantle (see text). The approximate phase velocities given by eqs (29) and (30) for S1 and
S2 are shown with a dotted line and a dashed line, respectively.

Table 1. Elastic coefficients and densities for three trans-
versely isotropic media: ice (from Fedorov 1968, p. 222),
quartz β (from Fedorov 1968, p. 222) and TIM (see text).
The symmetry axis, which coincides with the (z) axis, is fast
for the TI mantle, but is slow for quartz β. For ice, the sym-
metry axis is fast for P waves but slow for S waves.

Ice Quartz β TI mantle

C11 13.33 116.60 212.80
C33 14.28 110.40 249.18
C44 3.26 36.06 70.47
C66 3.65 49.95 66.72
C13 5.08 32.80 76.24
ρ 0.91 2.65 3.22

This fabric (fabric B in Ben Ismaı̈l & Mainprice 1998) is by far the
most abundant in the rocks of upper-mantle origin that are collected
worldwide (D. Mainprice, pers. comm. 2002). The TIM should be
comparable to the model used by Hartog & Schwartz (2000). Fig. 2
shows the exact phase velocity of S1 (open circles) and S2 (open
squares), given by the eigenvalues of eq. (4), and the approximate S1

(dotted line) and S2 (dashed line) velocities, given by eqs (29) and
(30) for the three TI media described in Table 1. Note the quality of
the estimates provided by the approximate expressions for the phase
velocities, which are always within 1.5 per cent of the exact phase
velocities.

The different behaviours observed for the TI media are easily
explained. When the symmetry axis ŝ is a fast axis, then γ < 0 and
V 1 is a decreasing function of θ , the angle between ŝ and n̂. The
TIM model (see Fig. 2c) is an example of such a behaviour. The ice
(Fig. 2a) and the quartz β (Fig. 2b) are both characterized by a slow
symmetry axis for S waves, but for ice C33> C11 and the symmetry
axis is a fast axis for P waves. The variations of V 2 with respect
to θ depend on the sign of ε − δ. For the three media considered,
ε − δ > 0. It is interesting to note that if ε = δ, then V 2 does not
depend on θ and the phase velocity of the P wave only depends on
the elastic parameters C11 and C33, while the phase velocities of the
S waves only depend on the elastic parameters C44 and C66. This is
a very special (degenerate) case, almost never observed in natural
rocks (see, for example, the compilation made by Thomsen 1986),
for which quasi-shear waves velocities are described by only four
parameters: C33, C44, ε and γ .

For a horizontal symmetry axis (commonly referred to as az-
imuthal anisotropy) and a small incidence angle (θ ≈ π/2), the
propagation is subvertical and eqs (29) and (30) can be used to pre-
dict the delay time δt , which is now routinely measured from SKS
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splitting (see Silver, 1996, for a review). The time delay δt , which
is the time accumulated between S1 and S2, is simply δt = −γ t0,
where t0 is the time for the shear wave S2 to propagate through the
anisotropic layer.

Whereas model TIM is believed to be a good analogue of the av-
erage upper mantle, variations in mineralogy, rock fabric and tem-
perature can induce significant modifications of the elastic tensor,
including possibly a loss of symmetry (the effective elastic tensor
can become orthorhombic, for example). Alternatively, the charac-
terization of ε, γ and δ from shear wave splitting measurements
could provide important constraints on the composition and tem-
perature of the upper mantle.

3 P R O P A G A T I O N O F S H E A R W A V E S
I N A T R A N S V E R S E L Y I S O T R O P I C
M E D I U M W I T H A D I P P I N G A X I S
O F S Y M M E T R Y

For a subhorizontal symmetry axis and a small incidence angle,
the effects on splitting caused by variations of the angle between
the symmetry axis and the propagation direction are small and the
splitting parameters show no variation with backazimuth. With a
good approximation, the behaviour of the quasi-shear waves can then
be described as if they were propagating vertically in a TI medium
with a horizontal symmetry axis. This implicit assumption is made
in almost all the studies based on the analysis of SKS splitting.
However, when the symmetry axis has a significant dip, systematic
variations of the splitting parameters with backazimuth are predicted
and become measurable. We describe them in the following section.

3.1 Polarizations

Since the study of SKS splitting by Silver & Chan (1991) it has
become common practice to measure the horizontal polarization of
the fast wave S2 from seismic records. The results of Section 2.1,
however, suggest that a simpler seismic observable is the apparent
polarization of the slow S1 wave since the latter only depends on
the dip of the symmetry axis. In a weakly transversely isotropic
medium, the assumption that the polarization of S2 is orthogonal to
p̂1 and n̂ is only approximately verified. For a first-order description
of the polarization of S2 it is necessary to introduce the anisotropic
parameters. Therefore, we concentrate on the polarization of S1 (i.e.
the slow wave in a medium such as TIM) in a transversely isotropic
medium with a dipping symmetry axis. Let us remark that in the
technique introduced by Silver & Chan (1991) the slow polarization
can be measured in the same way as the fast polarization.

Let us consider a symmetry axis defined by two angles: the
colatitude θ 0 and the longitude or azimuth φ0. Without loss of
generality, we can choose a coordinate system such that the sym-
metry axis is in the xz-plane (Fig. 3). In this coordinate system,
ŝ = (sin θ0, 0, cos θ0). The unit propagation vector n̂ is defined by
the two polar angles θ and φ according to

n̂ = (sin θ cos φ, sin θ sin φ, cos θ ). (31)

Since p̂1 is orthogonal to ŝ and n̂, p̂1 is simply given by

p̂1 = ŝ ∧ n̂

‖ŝ ∧ n̂‖ , (32)

where the symbol ∧ designates the vector product. Therefore,

p̂1 = (− cos θ0 sin θ sin φ, − sin θ0 cos θ

+ cos θ0 sin θ cos φ, sin θ0 sin θ sin φ)/‖ŝ ∧ n̂‖ (33)

s
O
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θ0

θ

n

φ

Figure 3. System of coordinate axes. ŝ is the symmetry axis in the (xz)-
plane making an angle θ0 with the vertical axis. The dip of the symmetry axis,
defined by the angle that separates the axis direction from the horizontal, is
90 − θ0. n̂ is the unit propagation vector defined by the angles θ and φ.

and the polarization of S1 in the horizontal plane can be described
by the vector ph

1 given by

ph
1 = (− cos θ0 sin θ sin φ, − sin θ0 cos θ + cos θ0 sin θ cos φ, 0).

(34)

ph
1 can be decomposed into a sum of two vectors r0 and r1 where

r0 = (0, − sin θ0 cos θ, 0) (35)

r1 = (− cos θ0 sin θ sin φ, cos θ0 sin θ cos φ, 0). (36)

Should the symmetry axis be horizontal, S1 would be polarized in
the direction r0. r0 is along the y axis and does not depend on the
azimuth φ. On the other hand, for varying azimuths φ, r1 describes
a circle of radius cos θ 0 sin θ in the horizontal plane (Fig. 4). As a
result, the polarization of the slow and fast quasi-shear waves varies
with azimuth. Let us introduce the deviation angle α between the
slow axis and the y axis in the horizontal plane. For a horizontal
axis of symmetry (θ0 = π/2), or for a vertically incident wave (θ =
0), the magnitude of r1 is zero and there is no apparent variation of
polarization with azimuth (α = 0). For a dipping axis of symmetry,
α is given by

α = arctan

(
sin φ

tan θ0/tan θ − cos φ

)
. (37)

The variations of α with azimuth is close to a 360◦ periodic variation
of amplitude arctan(tan θ/tan θ0).

The angular deviation of the apparent slow axis as a function of
the azimuth of the incoming S wave is shown in Fig. 5 for a 30◦ dip
of the symmetry axis and three different incident angles: 9◦ (solid
line), 16◦ (dotted line) and 30◦ (dashed line). The first angle corre-
sponds to the incidence angle of an SKS wave generated by a source
at an epicentral distance of 110◦. The second angle corresponds to
the incidence angle of the SKKS wave coming from the same dis-
tance. The third angle corresponds to the incidence angle of an S
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Figure 4. Geometrical representation of ph
1, the direction of the transverse

wave polarization in the horizontal plane. sh is the horizontal projection of
the symmetry axis on the horizontal plane. r0 is the polarization that would
be observed if the symmetry axis would be horizontal and r1 is the deviation
from this ideal case that results from the dip of the symmetry axis. φ is the
angle between r0 and r1. α is the angular deviation of ph

1 from r0.
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Figure 5. Angular deviation of the transverse wave polarization (angle α

in 37) as a function of the backazimuth of the incoming wave for a 30◦ dip
of the symmetry axis for SKS (solid line), SKKS (dotted line) and S (dashed
line) waves. For the S wave, we have made the assumption that the incoming
wave is polarized radially, as for SKS and SKKS.

wave coming from 60◦. The polarizations predicted by eq. (37) are
indistinguishable from the polarizations determined from the eigen-
vectors of eq. (4). The amplitude of the angular deviation shows a
clear increase with increasing incidence angles: ∼5◦, 9◦ and 18◦ for
the first, second and third incidence angles, respectively. The angu-
lar deviation of the apparent fast axis measured from SKS is small,
and for most stations would be smaller than the measurement error.
However, the angular deviation is doubled with SKKS phases, and
again doubled with S phases. These results imply that in order to
constrain the dip of the symmetry axis, shear waves with large inci-
dence angles, such as S waves, are needed. If the incidence angle is

too large (typically for � < 40 for S waves), the polarization of shear
waves becomes elliptical owing to the overcritical incidence of the
SV polarized wave at the free surface (Nuttli 1961). Therefore, the
epicentral distance range favourable to constrain the symmetry axis
dip is approximately between 45◦ and 80◦. Also, in order to avoid any
contamination by source-side anisotropy, only deep events (depth
>200 km) should be used. Compounding these selection criteria,
the uneven distribution of deep seismicity is likely to be the main
limitation in determining the dip of the symmetry axis. Following
the approach by Chevrot (2000), we construct a map of the azimuthal
coverage from deep seismicity given by the hypocentre catalogue of
Engdahl et al. (1998) (Fig. 6). Briefly, we estimate at each point the
number of 10◦ wide azimuthal windows where teleseisms in the dis-
tance range 45◦–80◦ are found, from earthquakes with a hypocentral
depth larger than 200 km. The most favourable region seems to be
the Central Pacific, with the maximum azimuthal coverage close to
Hawaii. Western Australia, Indonesia, Japan, California and India
are also characterized by a good azimuthal coverage. On the other
hand, the coverage is particularly poor in South America, Africa and
western Europe.

3.2 Phase velocities and delay times

Using eqs (29) and (30) and the definitions of ŝ and n̂ it is straight-
forward to show that for a constant incident angle θ , the approximate
phase velocities of the quasi-shear waves as a function of the back-
azimuth φ take the form

V1 =
√

C44

ρ
(A0 + A1 cos φ + A2 cos 2φ) (38)

V2 =
√

C44

ρ
(B0 + B1 cos φ + B2 cos 2φ + B3 cos 3φ + B4 cos 4φ)

(39)

with

A0 = 1 + γ

(
1 − 1

2
sin2 θ sin2 θ0 − cos2 θ cos2 θ0

)
(40)

A1 = −1

2
γ sin 2θ sin 2θ0 (41)

A2 = −1

2
γ sin2 θ sin2 θ0 (42)

B0 = 1 + C33

C44
(ε − δ)

(
1

2
sin2 θ sin2 θ0

+ cos2 θ cos2 θ0 − 3

8
sin4 θ sin4 θ0

−3 sin2 θ sin2 θ0 cos2 θ cos2 θ0 − cos4 θ cos4 θ0

)
(43)

B1 = C33

C44
(ε − δ) sin θ sin θ0 cos θ cos θ0

× (
2 − 3 sin2 θ sin2 θ0 − 4 cos2 θ cos2 θ0

)
(44)

B2 = C33

C44
(ε − δ)

(
1

2
sin2 θ sin2 θ0 − 1

2
sin4 θ sin4 θ0

−3 sin2 θ sin2 θ0 cos2 θ cos2 θ0

)
(45)

B3 = −C33

C44
(ε − δ)

(
sin3 θ sin3 θ0 cos θ cos θ0

)
(46)
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Figure 6. Map of the azimuthal coverage provided by deep earthquakes (depth >200 km) in the distance range 45◦–80◦ (see the text for details).

B4 = −C33

C44
(ε − δ)

(
1

8
sin4 θ sin4 θ0

)
. (47)

Similar expressions can be derived for the phase velocities of Love
and Rayleigh waves for an arbitrary orientation of the symmetry axis
(Montagner & Nataf 1988). For a horizontal axis of symmetry and
waves propagating horizontally, A1 = 0 and B1 = B2 = B3 = 0. The
S1 wave is polarized vertically and has a phase velocity characterized
by a cos 2φ dependence on azimuth (Backus 1965; Park 1996), while
the S2 wave has a cos 4φ dependence on azimuth.

Care must be taken, however, in the denomination of the two
quasi-shear waves. It is a common practice to define SH and SV
waves according to the vertical plane containing the source and the
station. The polarization of SH is perpendicular to this plane while
the polarization of SV is in this plane. Here, our convention is dif-
ferent. The propagation of a plane wave in a transversely isotropic
medium can be described by two vectors: the wave normal and
the symmetry axis. These two vectors, when they are not collinear,
define uniquely a plane of symmetry. We have shown that the trans-
verse wave S1 is always orthogonal to this particular symmetry plane
while the radial wave S2 is polarized in this plane. For a vertical axis
of symmetry, all the terms depending on φ cancel and the velocities
do not depend on azimuth, as expected.

The delay times as a function of azimuth are simply deduced from
eqs (38) and (39). For a shear wave with an incidence angle of 10◦,
a typical angle for an SKKS phase, many terms are negligible and
the delay time is approximately described by the angular orders 0
and 1:

δt(φ) ≈ t0

{
C33

C44
(ε − δ) cos2 θ0 − γ sin2 θ0 − 1

2
sin

× 2θ sin 2θ0

[
γ + C33

C44
(ε − δ) cos 2θ0

]
cos φ

}
. (48)

Therefore, in the case of a dipping axis of symmetry, there is also a
360◦ periodic variation of the delay time as a function of azimuth.
However, the amplitude of this term not only depends on the dip of
the symmetry axis but also on the anisotropic parameters ε, γ and
δ. Therefore, it is complicated to determine θ 0 from the apparent
variations of the delay time with azimuth.

4 S I N G U L A R D I R E C T I O N S

A first type of singularity is the kiss singularity, where the two slow-
ness surfaces of shear waves touch tangentially, but do not intersect
(Crampin & Yedlin 1981). In transversely isotropic media the direc-
tion of the symmetry axis always corresponds to a kiss singularity.

The distinction between the quasi-shear waves and the quasi-
longitudinal wave from their phase velocities is only meaningful
in the case of weak anisotropy. In some ‘abnormal’ transversely
isotropic media (for which C44 + C13 < 0) the transverse wave can
propagate faster than the longitudinal wave (Helbig & Schoenberg
1987).

Similarly, TI media exist in which the S1 wave propagates faster
than the S2 wave. Under these circumstances, the apparent fast axis
direction determined from the analysis of shear wave splitting would
be orthogonal to the plane containing the actual symmetry axis. A
trivial case corresponds to a TI medium in which the symmetry axis
is a slow axis. However, some TI media with a fast symmetry axis are
characterized by V 1 > V 2 in certain propagation directions. This im-
plies that in such media directions for which V 1 = V 2 can be found.
Such directions are called singular directions (Helbig 1994). For
weakly TI media, eqs (29) and (30) give the condition of existence
for a singular direction. If the phase velocities of the quasi-shear
waves are equal, then

cos2 θ = γ

ε − δ

C44

C33
. (49)
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Therefore, a singular direction exists if cos 2θ < 1, or if

δ < ε − C44

C33
γ. (50)

This inequality is verified for the ice and the quartz β and the sin-
gular directions given by eq. (49) are 73◦ and 26◦ away from the
symmetry axis, respectively. These directions are very close to the
angles at which V 1 and V 2 cross in Figs 2(a) and (b). For the TIM,
no singular direction distinct from the symmetry axis exists. If this
model accurately describes upper-mantle anisotropy, the apparent
fast axis determined from shear wave splitting analysis should al-
ways be aligned with the symmetry axis.

5 D I S C U S S I O N A N D C O N C L U D I N G
R E M A R K S

We have shown that for a weakly transversely isotropic medium a
dipping axis of symmetry produces apparent variations of the polar-
ization of shear waves that are accurately described by eq. (37). For
SKKS and S waves this effect is expected to be well above the mea-
surement uncertainties. In a region characterized by an intermediate
strain regime, constraining the dip of the fast axis could provide
crucial information concerning plate–mantle coupling (Zhang &
Karato 1995) but has so far received little attention from seismolo-
gists. The main reason is probably that the dip of the symmetry axis is
difficult to measure from SKS observations alone. Recently, Hartog
& Schwartz (2000) interpreted some splitting measurements made
at five stations of the Berkeley Digital Seismic Network in terms of
TI with an inclined axis of symmetry. Two of these stations, ORV
and CMB, were previously analysed by Savage & Silver (1993). For
station ORV, they observed an absence of splitting, while for sta-
tions CMB, they determined a 85◦E (horizontal) fast axis direction
and a delay time of 1.5 s. The latter measurements may not be in-
compatible with the results obtained by Hartog & Schwartz (2000)
who analysed S waves from deep earthquakes in addition to SKS
waves, from which they improved the sensitivity to a possible dip
of the symmetry axis. It is very likely that a significant number of
stations would benefit from a re-examination of shear wave splitting
measurements with these ideas in mind.

In this perspective, the analyst faces two important limitations.
The first limitation is the azimuthal coverage provided by natural
seismicity. Fig. 6 demonstrates that in places such as South America
the measurement of the apparent variations of splitting parameters
with azimuth, and thus the determination of dip angle, is almost
impossible. The second limitation is the non-uniqueness of single-
station splitting measurements interpretations. In particular, it is
very difficult to separate the signature of mantle heterogeneity from
the dip of the symmetry axis or from the stratification of anisotropy.
To overcome this difficulty, the utilization of dense arrays of broad-
band stations (station spacing less than 50 km) is required. Such
detailed analysis of anisotropy should be one of the main objectives
of the big seismic stations deployments planned for the future, such
as the USArray (Levander et al. 1999; Meltzer et al. 1999), one of
the components of ‘EARTHSCOPE’.
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