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Preface

Supersymmetry has played an important role in theoretical physics for the last
thirty years. In the quest for unification of the fundamental interactions, su-
persymmetry provides the framework that links two seemingly unrelated kinds
of particles, namely bosons and fermions. Supersymmetry is a vital ingredient
for the construction of string theories, which in turn are the building blocks of
a conceived fundamental theory of nature, so-called M-theory.

The fundamental degrees of freedom of M-theory are not yet known. M-
theory is only defined as a theory that, in certain limits, coincides with the
known string theories or with supergravity theories. In the limit of low-energy
interactions, i.e. at energies much smaller than the Planck mass MP ∼ 1019

GeV/c2, M-theory is described in terms of supersymmetric gauge theories and
supergravity theories. In order to find the correct description of M-theory, it is
vital to further explore new features of the effective low-energy theories. In this
thesis, we study two different extensions of supergravity theories in an attempt
to gain new insights into the nature of M-theory. One possibility for extend-
ing a supersymmetric field theory is to couple the original, massless theory to
massive BPS multiplets. The second possibility is to construct a gauged su-
pergravity theory by extending the abelian gauge symmetry of a supergravity
theory to a non-abelian symmetry.

Outline of this thesis
This thesis is organized as follows. After introducing important concepts of
supersymmetry and supergravity in chapter 1, we present a pedagogical treat-
ment of supersymmetry in anti-de Sitter space in chapter 2. Because anti-de
Sitter space is a curved space, supersymmetry exhibits some features that do
not arise in supersymmetric extensions of the ordinary Poincaré algebra. For
example, theories that are invariant under the supersymmetric extension of the
anti-de Sitter symmetry contain so-called singletons, which are fields that con-
tain fewer degrees of freedom than a generic local field. Anti-de Sitter space is
e.g. found as the ground-state of three-dimensional supergravity theories that
we are studying in chapter 6.

In chapter 3 and chapter 4, we discuss nine-dimensional supergravity the-
ory coupled to different kinds of BPS multiplets, the so-called KKA and KKB

ix



x Preface

multiplets, which both arise in the compactification of a higher-dimensional
supergravity theory. From the point of view of eleven-dimensional supergrav-
ity, the KKA multiplet contains Kaluza-Klein states, and the KKB multiplet
contains winding states of the supermembrane. From the point of view of ten-
dimensional IIB supergravity, the role of the BPS multiplets is different. The
states in the KKB multiplet correspond to Kaluza-Klein states, whereas the
states in the KKA multiplet correspond to winding modes of the fundamental
string and the D-string.

The explicit construction of a supergravity action coupled to the two BPS
multiplets proves to be rather involved, and therefore we investigate the ex-
ample of a supersymmetric field theory coupled to BPS multiplets in detail
in chapter 5, namely, supersymmetric Yang-Mills theory in four dimensions.
This example is considerably simpler, because only rigid supersymmetry is
involved, as opposed to the nine-dimensional supergravity case, where super-
symmetry transformations are local. We explicitly construct the N = 4 super
Yang-Mills theory coupled to BPS multiplets, which arise e.g. upon compact-
ification or spontaneous symmetry breaking. The BPS fields are subsequently
integrated out, and we obtain an effective action for the massless fields.

Finally, in chapter 6 we give a general classification of gauged supergrav-
ity theories in three dimensions. We derive a criterion for admissible gauge
groups, and we discuss the examples of N = 1, N = 2 and N = 9 supersym-
metry in detail.
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1
Introduction

Supersymmetry is a vital ingredient for this thesis and we therefore start our
presentation by outlining some key concepts of supersymmetry in section 1.
We will not go into the details of supersymmetry here and refer the reader
to chapter 2 for a more detailed introduction to supersymmetry in the special
setting of anti-de Sitter space. In sections 2 and 3 of this chapter, we give a brief
overview of superstring theory and superstring dualities. Finally, we discuss
supergravity theories in some detail in section 4. In particular we introduce
BPS-extended supergravity and gauged supergravity.

1. Supersymmetry

Physical nature consists of two kinds of fundamental particles: fermions and
bosons. Fermions carry half-integer spin, whereas the spin of bosons is integer-
valued [1]. “Conventional” (or “bosonic”) symmetries act separately on the
subspaces of the bosons and fermions, i.e. they do not mix the fields describing
the two types of particles. The possible bosonic symmetries of physical the-
ories in flat space have been classified to be a direct product of the Poincaré
group with an internal symmetry group [2].

An intriguing extension of the conventional bosonic symmetries is a “fer-
mionic” symmetry that transforms bosonic fields into fermionic fields, and
vice versa. This symmetry is known as supersymmetry [3–6]. A renormal-
izable supersymmetric scalar field theory was first constructed in 1974 [7].
Subsequently, supersymmetry was applied to gauge theories [8], and to grav-
ity [9, 10]. A general introduction to the principles of supersymmetry can be
found for example in [11].

Let us now turn to the formulation of supersymmetry. The bosonic sym-
metry algebra of a field theory can be extended to a supersymmetry algebra by
introducing N anti-commuting spinors Q i (i = 1 . . .N ), which are the gener-
ators of supersymmetry transformations. In flat space, the spinors Q i obey the
following anti-commutation relation,

{

Qi
α, Q j

β

}

= Pµ
(

γµC
)

αβ
δi j + Z i j Cαβ , (1.1)

1



2 Introduction

where Pµ is the generator of rigid space-time translations, and where C is the
charge conjugation matrix. Here, Z i j denotes a scalar charge that commutes
with all other symmetries, a so-called central charge. Depending on the dimen-
sion of space-time, the charge conjugation matrix C can be symmetric and/or
antisymmetric, and therefore Z i j can also be symmetric and/or antisymmetric.
Depending on the theory we are studying, there can be more than one central
charge, and also central charges which are not scalars.

The number of components of a spinor depends on the dimension of space-
time, which means that the number of supercharge components Q depends
on the number N of supersymmetries and the dimension of space-time. For
example, in four space-time dimensions, a Majorana spinor has four compo-
nents, and therefore N = 4 supersymmetry corresponds to Q = 16 super-
symmetry charges. The supersymmetry charges can be rotated by the so-called
R-symmetry group. The R-symmetry group, which is often labelled HR, is
defined as the largest subgroup of the automorphism group of the supersym-
metry algebra that commutes with the Lorentz group. Depending on the sort of
spinor of the supersymmetry charge (which in turn depends on the dimension
of space-time), the group HR is of the form SO(N ), U(N ), or USp(2N ).

A theory that is invariant under supersymmetry contains an equal num-
ber of bosonic and fermionic states. A set of states that transform into each
other under supersymmetry transformations is known as a supermultiplet, or
multiplet for short. All states in the multiplet have the same mass, but they
have different spin, and they may have different quantum numbers under R-
symmetry or other, additional symmetries. In particular, a state with spin s
transforms into a state with spin s ± 1/2 under a supersymmetry transforma-
tion. The number of states that belong to a supermultiplet depends on the
number of space-time dimensions, the number of supersymmetry generators,
the central charges that are present in the theory and the mass1 of the states.
For example, the vector multiplet of four-dimensional N = 4 supersymmetric
Yang-Mills theory contains a gauge-field, four Majorana spinors and six scalar
fields. This field content comprises eight bosonic and eight fermionic degrees
of freedom.

There are two different ways of formulating a supersymmetric field theory.
Either one introduces a so-called superfield, which describes all the bosonic as
well as fermionic states of a multiplet and one writes down an action for this
superfield; this method is known as the superfield formalism. Or one retains the
components of the multiplet as separate fields and writes down the action for
the various fields in the so-called component formalism. While both methods

1To be precise, it is not the mass that determines the number of states in a multiplet, but the
quadratic Casimir operator of the isometry group. In flat space, the quadratic Casimir operator is
precisely the mass-squared, but e.g. in anti-de Sitter space, this is not the case, as we will see in
chapter 2.



2. Perturbative string theory 3

have their advantages and disadvantages, we confine ourselves to the compo-
nent formalism in this thesis.

Let us point out an important feature of the supersymmetry algebra (1.1).
The anti-commutator on the left-hand side of relation (1.1) is a positive definite
operator, and therefore there exists a relation between the mass M (which is the
zero-th component of Pµ in the rest-frame) of a state and its central charge Z i j .
This relation is known as the Bogomol’ny-Prasad-Sommerfeld relation, or BPS
relation. For the commutator (1.1), the BPS relation is given by

|M| ≥ |Z | . (1.2)

where |Z |2 = Z i j Z i j . States which saturate the inequality (1.2) are known as
BPS-states. A multiplet of BPS states contains considerably fewer degrees of
freedom than a generic massive multiplet, because a number of supersymmetry
generators vanish on those states, which can easily be seen by diagonalizing
(1.1).

In chapter 2, we give a more detailed introduction to supersymmetry in
anti-de Sitter space. BPS-states are discussed extensively in chapter 3 in the
context of nine-dimensional supergravity, and also in chapter 5 in the context
of supersymmetric Yang-Mills theory in four dimensions.

2. Perturbative string theory

Supersymmetry is a tool that can be used to extend not only field theories, but
also string theories. In this section, we briefly introduce and review important
aspects of string theory. However, many aspects will remain undiscussed, be-
cause they are not of direct importance for this thesis. For a broader and more
comprehensive introduction to perturbative string theory, the interested reader
should consult e.g. [12–14].

2.1. The bosonic string
Consider a bosonic string moving in a D-dimensional flat background with
Minkowski metric ηµν . A string can either be closed or open, and in the fol-
lowing we consider a closed string. The string sweeps out a two-dimensional
world-sheet Σ , and we denote the coordinates on the world-sheet by σ and τ .
The embedding of the world-sheetΣ in the target space is described by the D
embedding coordinates Xµ(τ, σ ). The so-called Polyakov action of the closed
bosonic string is given by

S = − 1
4πα′

∫

dτ dσ
√

det h hab ∂a Xµ∂b Xνηµν , (1.3)

where hab(τ, σ ) is the world-sheet metric. The equations of motion for the
coordinate fields Xµ are

1√
det h

∂a

(√
det h hab∂b Xµ

)

= 0 .
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Solutions of the equations of motion for the closed string are periodic in σ with
period π , and they decompose into a left-moving part and a right-moving part.
In the conformal gauge, hab = ηab, the general solutions are—up to constraints
that follow from fixing the gauge—given by

XµL (τ + σ) = 1
2

xµ + α′ pµ(τ + σ) (1.4a)

+ i

√

α′

2

∑

n 6=0

1
n
ᾱµn exp

(

−2in(τ + σ)
)

,

XµR(τ − σ) = 1
2

xµ + α′ pµ(τ − σ) (1.4b)

+ i

√

α′

2

∑

n 6=0

1
n
αµn exp

(

−2in(τ − σ)
)

.

Let us now study the quantization of the string. Upon quantization, the
oscillators modes αµn and ᾱµn , as well as xµ and pµ are promoted to operators.
In covariant quantization one has to take into account the constraints, whereas
in light-cone quantization, the constraints are solved explicitly, and the theory
is described in terms of the physical degrees of freedom. We will not go into
details of the quantization procedure here, we just note that for n < 0, the
operators αµn and ᾱµn act as creation operators of an infinite set of harmonic
oscillators. These creation operators acting on a suitably defined vacuum state
generate the spectrum of states of the string theory. The level matching con-
dition, which is one of the constraints and which states that the number of
left-moving and right-moving excitations, NL and NR , must be equal for the
closed string, restricts the physical states to have the following masses,

α′M2 = 2 (NR + NL − 2) , (1.5)

where NL ,R are the levels of excitation of the left-moving modes and right-
moving modes, respectively. The spectrum of the closed bosonic string con-
sists of a spinless tachyonic state with negative mass squared (corresponding
to NL = NR = 0), a finite number of massless states (NL = NR = 1), and
an infinite number of massive states (with NL + NR > 1). The massless states
of closed string theories comprise a graviton, an antisymmetric two-tensor and
a scalar. Open string theories on the other hand contain a massless vector and
also a spinless tachyonic state. When one tries to quantize the bosonic string
in an arbitrary dimension D, one encounters the so-called conformal anomaly,
i.e. conformal invariance that is present at the classical level is not preserved at
the quantum level. The only space-time dimension where the anomaly cancels
and the theory becomes consistent as a quantum theory is D = 26.

The Polyakov action as it stands in (1.3) is incomplete because it does not
contain a kinetic term for the world-sheet metric hab. The Einstein-Hilbert
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action provides such a kinetic term,

Sg = − 1
4π

∫

dτ dσ
√

h R . (1.6)

In two dimensions, the action (1.6) is is a topological invariant, i.e. it is given by
the Euler number of the world-sheet. In path integral quantization, the action
(1.6) can therefore be used to define a perturbation theory such that the action
for different world-sheets is weighted by the Euler number of the world-sheet.

We would like to point out that the actions (1.3) and (1.6) have been written
down in a flat background. In a general background, the action takes the form

S = − 1
4πα′

∫

dτ dσ
√

det h
(
(

habGµν(X)+ iεab Bµν(X)
)

∂a Xµ∂b Xν

+ α′Φ(X)R
)

. (1.7)

Here, Gµν(X) is a general metric, Bµν(X) is an antisymmetric tensor, and
Φ(X) is the dilaton field. The action (1.7) in a general background can be
used to write down an effective action for the massless fields, as we will see
section 4.1.

2.2. The superstring
The supersymmetric extension of the action (1.3) is the action of the super-
string. Cancellation of the conformal anomaly requires that the dimension of
space-time for a superstring is D = 10, i.e. consistent superstring theories can
only be formulated in ten space-time dimensions. In order to obtain space-time
supersymmetry (i.e. supersymmetry in ten space-time dimensions, as opposed
to supersymmetry on the world-sheet in two dimensions, which is present by
construction), some states have to be projected out of the spectrum.2 This
is consistently done by the GSO projection, which also eliminates the tachy-
onic mode. There are five different consistent theories of open and/or closed
superstrings in ten dimensions; they are classified by the number of supersym-
metries they possess and by their internal gauge symmetries. The IIA theory
and the IIB theory are closed string theories and they both posses the maximal
number of supersymmetries, N = 2, and the IIB theory is chiral, i.e. both
supersymmetry generators are of the same chirality.3 The type I theory is a
theory with N = 1 supersymmetry, with gauge group SO(32) and with open
as well as closed strings. Further, there are two heterotic theories with N = 1
supersymmetry, which have gauge groups E8 × E8 and SO(32), respectively.

2There exists a formulation of string theory with explicit space-time supersymmetry, the so-
called Green-Schwarz superstring, which we will not consider here.

3In ten dimensions, a Majorana-Weyl spinor consists of sixteen components. Therefore,
N = 1 supersymmetry corresponds to sixteen supercharges, and N = 2 to twice as many.



6 Introduction

Heterotic string theories are constructed by taking a bosonic string in the left-
moving sector (compactified on a sixteen-torus), and an N = 1 superstring in
the right-moving sector.

In N = 2 string theory, the two fermions on the world-sheet can have
either periodic or anti-periodic boundary conditions for both left-movers and
right-movers. Periodic boundary conditions are called Ramond (R) boundary
conditions, and anti-periodic boundary conditions are called Neveu-Schwarz
(NS). String states in the R-R and NS-NS sectors lead to space-time bosons,
and states in the R-NS and NS-R sector lead to space-time fermions.

When studying string interactions, it is often sufficient to restrict oneself
to the massless states of the string theory. The interactions can then best be
described by a low-energy effective field theory. The multiplet of massless
states and the symmetries of the theory (general coordinate invariance and su-
persymmetry) determine the effective action completely up to second order
in the derivatives. Namely, it is precisely the action of a supergravity theory,
which we study in section 4 of this chapter. Terms that are of higher order in
the derivatives are also of higher order in the parameter α ′, which is propor-
tional to the square of the string length. An expansion in α ′ is therefore an
expansion in the string length; for α′ → 0, we obtain the supergravity action,
as mentioned above.

Since we are interested in the massless string states and their interactions,
let us list the massless states of the IIA and the IIB string theory as an example.
The IIA superstring theory has the following massless states: a graviton gµν
with spin 2; two spin-3/2 states of opposite chirality ψ±

µ , the gravitinos; a
three-index tensor Cµνρ ; a two-index tensor Bµν ; a vector Cµ; two fermions of
opposite chirality, λ±; and one scalar φ. The IIB superstring theory contains:
a graviton gµν ; two gravitinos ψµ with equal chirality; a four-index tensor
Aµνρσ with self-dual field-strength; two two-index tensors Aαµν ; two chiral
fermions λ; and two scalars φα . The N = 1 string theory with gauge group
SO(32) and the two heterotic string theories with gauge groups SO(32) and
E8 × E8, all contain a Yang-Mills multiplet and a supergravity multiplet in
their massless sector. They have therefore (up to the gauge group) identical
low-energy effective actions, which is N = 1 supergravity theory coupled
to a Yang-Mills theory. These low-energy effective actions will be studied in
chapter 5, where we consider the compactification of supersymmetric Yang-
Mills theory from ten dimensions to four dimensions.

3. String dualities and M-theory

String theories exhibit interesting phenomena that are not known from field
theories. One example of such a phenomenon is T-duality, which we discuss
below.
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Consider a closed bosonic string and compactify one of the dimensions
(labelled by the index i ) of the target space on a circle of radius R. Periodicity
of the string and periodicity of the compactification manifold imply that the
coordinate function X i (τ, σ ) obeys the following condition,

X i (τ, σ + π) = X i(τ, σ ) + 2πRw ,

where w ∈ Z. The momentum in the i -th direction takes the discrete values
pi = m/R, m ∈ Z, so that the general solution (1.4) is modified for the
coordinate in the compactified dimension,

X i
L(τ + σ) = 1

2
x i + α′

(
m
R

+ wR
α′

)

(τ + σ)+ oscillators ,

X i
R(τ − σ) = 1

2
x i + α′

(
m
R

− wR
α′

)

(τ − σ)+ oscillators .

The masses of the physical states are given by

α′M2 = α′m2

R2 + w2 R2

α′ + 2(NL + NR − 2) .

We identify two terms that were absent in the spectrum (1.5) of the uncompact-
ified string. The first term is the contribution from the momentum of the string
in the compact dimension, m/R, and the second term corresponds to the energy
that is required to wrap the stringw times around the circle. Note that the level
matching condition in the compactified theory is given by NR − NL = mw,
i.e. NR and NL do not have to be equal, but they may differ by mw. Apart
from the massless states that are already present in the uncompactified case,
i.e. the ones with NL = NR = 1, there are a number of new massless states:
two vectors and one scalar, which arise from the reduction of the graviton and
the antisymmetric tensor. They also correspond to NL = NR = 1. The vector
states gauge the U(1)L × U(1)R symmetry associated with the left and right
isometries of the circle.

The spectrum of the compactified string theory is invariant under the du-
ality transformation

R → α′

R
, m ↔ w .

This duality is known as T-duality and it maps momentum modes on the com-
pactified dimension onto winding modes of the string around the compact di-
mension, and vice-versa. The bosonic string theory is self-dual, i.e. the theory
is mapped onto itself by the duality transformation. At certain points in the
moduli space of the compactified theory, namely when the radius is self-dual
(R2 = α′), the spectrum of the Kaluza-Klein states (m 6= 0) and the wind-
ing states (w 6= 0) becomes equal. There are four additional massless vector
states with non-zero internal momentum and non-zero winding number, cor-
responding to NL = 0, NR = 1 and m = w = ±1 or NL = 1, NR = 0
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and m = −w = ±1. The theory then exhibits an enhancement of the U(1)L ×
U(1)R gauge symmetry to a SU(2)L × SU(2)R gauge symmetry. Note also that
in the limit of R → 0 the theory is completely equivalent to the uncompactified
theory, i.e. to R → ∞.

In the supersymmetric case, the spectrum of type IIA superstring theory
compactified on a circle of radius R is identical to the spectrum of type IIB
superstring theory compactified on a circle of radius 1/R, i.e. the two theories
are T-dual to each other. This type of T-duality relates two different theories to
each other, which is conceptually different from the self-duality of the bosonic
string. In particular, at the self-dual radius there is no symmetry enhancement.

There are many more duality symmetries that relate different string theo-
ries to each other in various manners. The picture that has emerged in the past
few years is that of a web of dualities. It is conjectured that all string theories
are different limits of one unified theory, the so-called M-theory.

Some of the string theory dualities relate a theory in a weakly coupled
regime to a different theory in a strongly coupled regime. An important ingre-
dient in verifying (certain aspects of) such a strong-weak coupling duality are
D-branes. A Dp-brane is a non-perturbative, p-dimensional object in a string
theory. D-branes arise in closed string theories as hyperplanes in space-time on
which strings terminate, and they are dynamical objects. From a supergravity
point of view, D-branes correspond to solitonic solutions of the field equations.

The tension of a D-brane is proportional to the inverse of the string cou-
pling constant, which means that D-branes are heavy at small coupling, but
light at strong coupling. In the limit where the string coupling goes to infinity,
they become massless. Because the spectrum of BPS states does not change
when going from the weakly coupled regime to the strongly coupled regime,
D-branes can be used to check certain aspects of strong-weak coupling duali-
ties.

An interesting result from the study of non-perturbative string theory is the
emergence of an eleventh dimension in type IIA superstring theory. Among
the non-perturbative objects of type IIA theory there is the D0-brane, a point
particle. The mass of the D0-brane is

m0 = 1
gα′1/2 , (1.8)

where g is the string coupling constant, which we have previously set to unity.
There is a bound state for every number n of D0-branes, and the non-pertur-
bative spectrum of the IIA theory contains states whose masses are integer
multiples of (1.8). The spectrum looks exactly like the Kaluza-Klein spectrum
for a theory compactified on a radius R = gα′1/2. When the coupling constant
goes to infinity, the radius blows up and the theory effectively decompactifies.
It was therefore conjectured that the strong coupling limit of IIA superstring
theory is an eleven-dimensional theory, M-theory.
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From the supergravity point of view the emergence of the eleventh dimen-
sion is not really a surprise. It has long been known that the maximum number
of dimensions for a supergravity theory is eleven. The eleven-dimensional su-
pergravity theory is unique, and we describe it in more detail in the following
section.

Let us note that the (up to now) elusive M-theory is only defined through its
low-energy effective action, which is eleven-dimensional supergravity theory,
and through its compactification to ten dimensions, which is type IIA string
theory. The interpretation of the letter “M” in M-theory is left to the imagina-
tive reader.4

4. Supergravity

Historically, supergravity theories were discovered in an attempt to construct
a renormalizable field theory of gravity [9, 10]. Even though supergravity the-
ories do not contain any non-renormalizable diagrams up to two loops, it was
soon realized that there appear non-renormalizable infinities at three-loop or-
der and beyond [15] and that therefore supergravity theories cannot really serve
as fundamental quantum theories of gravity. Nowadays, supergravity theories
are mostly studied as the low-energy effective actions of superstring theories.
For a modern treatment of many aspects of supergravity theories, the reader is
invited to consult [16].

The highest dimension where one can construct a supergravity theory with
local Lorentz invariance is eleven. Theories with more dimensions would have
states with spins greater than 2, because the smallest number of supercharges
that form a spinor would be more than 32. Many other supergravity theo-
ries in lower dimensions can be directly obtained from the eleven-dimensional
theory upon compactification and truncation. Let us therefore study the eleven-
dimensional supergravity theory in some detail.

In eleven flat dimensions, the commutator of two supersymmetry genera-
tors Q is given by

{

Q, Q̄
}

= −i PMΓ
M + 1

2
i Z M NΓ

M N + 1
5! i Z M N P Q RΓ

M N P Q R . (1.9)

The first term on the right-hand side corresponds to a general coordinate trans-
formation. The remaining two terms are central charge terms, they describe
abelian gauge transformations related to antisymmetric tensor fields. Pertur-
bative states in the supergravity theory are neutral with respect to the tensor
field charges, but there are solitonic solutions (the so-called M2-brane and the
M5-brane) that do carry charges.

The supergravity multiplet in eleven dimensions consists of the elfbein
eM

A, the Majorana gravitino ΨM and the three-form AM N P . The Lagrangian

4Some suggestions can be found in [14].
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contains the Einstein-Hilbert term for the elfbein, a kinetic term for the grav-
itinos (the Rarita-Schwinger term), a kinetic term for the three-form field and
various interaction terms. It can be written as follows [17]

κ2
11L11 = − 1

2
E R − 1

2
E Ψ̄MΓ

M N P DNΨP − 1
48

E F2
M N P Q (1.10)

−
√

2
3456

εM N P Q RST U V W X FM N P Q FRST U AV W X

−
√

2
192

E
(

Ψ̄RΓ
M N P Q RSΨS + 12Ψ̄ MΓ N PΨ Q

)

FM N P Q ,

where E is the determinant of the elfbein EM
A. The field-strength FM N P Q is

given by FM N P Q = 24∂[M AN P Q] and the covariant derivative DM is covariant
with respect to local Lorentz transformations and general coordinate transfor-
mations. Note that we have omitted quartic fermion terms. The equations of
motion for the bosonic fields are

RM N = 1
72

gM N FP Q RS F P Q RS − 1
6

FM P Q R FN
P Q R ,

∂M

(

E F M N P Q
)

=
√

2
1152

εN P Q RST U V W XY FRST U FV W XY .

The field-strength FM N P Q also satisfies the Bianchi-identity ∂[M FN P Q R] = 0.
The Lagrangian (1.10) is invariant under the following supersymmetry trans-
formations,

δE A
M = 1

2
ε̄Γ AΨM ,

δAM N P = −
√

2
8
ε̄Γ[M NΨP] ,

δΨM = DMε +
√

2
288

(

ΓM
N P Q R − 8δN

MΓP Q R

)

εFN P Q R .

where we have omitted cubic fermion terms. Since a Majorana spinor in eleven
dimensions has 32 components, N = 1 supersymmetry corresponds to Q =
32 supercharge components.

4.1. Compactification
Many supergravity theories in lower dimensions can be obtained by compact-
ifying eleven-dimensional supergravity theory on some internal manifold. In
the following, we compactify the eleven-dimensional theory on a circle of ra-
dius R and study the resulting theory from a ten-dimensional point of view.

Let us begin the discussion with a simple example, namely the theory of a
single, D-dimensional, abelian vector field AM compactified on a circle. This
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example already contains many of the concepts we will be needing later. The
Maxwell action of the vector field in D dimensions is given by

S = − 1
4g2

D

∫

dz FM N F M N . (1.11)

We decompose the vector field AM into a vector field Âµ and a scalar field φ̂,
i.e. AM = ( Âµ, φ̂) and the coordinate z is split up as z D = (x D−1, y). A hat
on a (D − 1)-dimensional field is used to indicate that the field depends on all
D coordinates. The Fourier expansion of Âµ and φ̂ on the circle with periodic
coordinate y is given by

Âµ(x, y) = Aµ(x)+
∑

p 6=0

A(p)
µ (x) eipy , (1.12a)

φ̂(x, y) = φ(x)+
∑

p 6=0

φ(p)(x) eipy . (1.12b)

This expansion gives rise to a finite number of massless fields Aµ and φ, and an
infinite tower of massive fields A(p)

µ and φ(p). The action in D − 1 dimensions
is obtained by integrating over the coordinate y of the internal manifold

S = 2πR

g2
D

∫

dx
(

−1
4

FµνFµν − 1
2
∂µφ∂

µφ

)

(1.13)

− 2πR

g2
D

∑

p 6=0

∫

dx
(

1
2

∣
∣∂µA(p)

ν − ∂ν A(p)
µ

∣
∣
2 +

∣
∣∂µφ

(p)∣∣2 + p2∣∣A(p)
µ

∣
∣
2
)

.

We see that the zero-modes of the Fourier expansion (1.12), i.e. modes that
carry no momentum in the internal direction, correspond to massless modes in
the (D −1)-dimensional theory. In dimensional reduction, one simply neglects
the higher Fourier-modes. The resulting theory contains a (D−1)-dimensional
massless vector field and a massless scalar. One can of course also take into
account the higher Fourier modes, which are massive fields from a (D − 1)-
dimensional point of view, as we can see from the second line of the action
(1.13). It is important to note that in order to ensure (D − 1)-dimensional
gauge invariance one has to partially gauge-fix the theory. In the example
presented here, the φ(p) are Goldstone bosons for p > 0, and their degrees of
freedom are absorbed by the A(p)

µ , which in turn become massive. In general,
when compactifying a supergravity theory there are a number of gauge choices
that one has to make for various fields in order to restrict the symmetries to
the lower-dimensional space, and to identify the physical fields. The gauge-
fixing procedure is discussed in great detail in chapters 3 and 4. The coupling
constant in the (D − 1)-dimensional theory is related to the D-dimensional
coupling constant as g2

D−1 = g2
D/(2πR).
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Let us now turn to the compactification of the eleven-dimensional super-
gravity theory. For the time being, we are not interested in the massive modes,5

and we simply consider the dimensionally reduced theory. The field content
of the dimensionally reduced theory can be easily read off from the eleven-
dimensional fields: the elfbein EM

A decomposes into a zehnbein eµα, a vec-
tor field Aµ and a scalar field φ; the Majorana gravitino ΨM splits into two
Majorana-Weyl gravitinos ψ±

µ and two Majorana-Weyl fermions λ±; and the
three-form AM N P produces a three-form Aµνρ and a two-form Aµν , which are
the fields of type IIA supergravity theory in ten dimensions. The action of the
IIA supergravity theory is obtained by substituting these fields into the eleven-
dimensional action (1.10), and integrating over the eleventh coordinate. The
bosonic part of the Lagrangian of the type IIA supergravity theory is given by

κ2
10L10 = − 1

2
e R − 1

4
e ∂µφ∂µφ − 3

4
e e−φ(Hµνρ)2 (1.14)

− 1
8

e e3φ/2(Fµν)2 − 1
48

e eφ/2(Fµνρσ )2

+
√

2
1152

εµ1···µ10 A11µ1µ2 Fµ3···µ6 Fµ7···µ10 .

In order to obtain the conventional normalization of the Einstein term, we have
performed a field-dependent scale transformation, and the Lagrangian (1.14)
is then given in the Einstein frame. We could also choose a different scale
transformation and we would obtain the Lagrangian in the string frame, which
would better exhibit the string theory origin of the various fields.6 Let us just
remark that from a string theory point of view, the terms in the first line are the
NS-NS terms and the terms in the second line are the R-R fields. The third line
consists of a Chern-Simons term, where NS-NS and R-R fields couple to each
other. In the string frame, all the R-R fields couple uniformly to the dilaton φ,
and all the NS-NS fields also couple uniformly to the dilaton.

Let us now discuss the relationship between the symmetries of the orig-
inal, uncompactified, theory in D dimensions and the residual symmetries of
the compactified, d-dimensional theory. The uncompactified theory possesses
a number of symmetries—space-time symmetries, internal symmetries and su-
persymmetries. Upon compactification, some of the symmetries are (partially)
broken, but there might also be new symmetries appearing that are related to
the compactification manifold Σ or the gauge transformation along the com-
pactified directions.

5The massive modes appearing in the compactification are discussed in chapter 3 and in
chapter 4.

6The supergravity Lagrangian in the string frame is obtained by constructing an effective
Lagrangian for the massless fields from the action (1.7).
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Supersymmetry breaking depends on the geometry of the compactification
manifoldΣ and on the existence of certain tensor-field charges: the number of
d-dimensional spinor components that are covariantly constant on the com-
pactification manifoldΣ with the tensor-field charged turned on is equal to the
number of supersymmetry charges that are conserved. For example in the com-
pactification of the eleven-dimensional supergravity theory on a seven-sphere
S7, there are 32 supersymmetry components that are covariantly constant, pro-
vided that the field-strength FM N P Q is non-vanishing in the four space-time
directions.7 The ground-state geometry of the four-dimensional space-time is
consequently the anti-de Sitter space AdS4.

In order to avoid a mixing of the massless and massive modes in the com-
pactified theory, one has to decompose the fields in a way that is covariant
with respect to the lower-dimensional gauge-symmetries and space-time sym-
metries. This ensures that one can make sure that the solutions for the d-
dimensional field equations are also solutions of the D-dimensional field equa-
tions, i.e. one can make sure that the compactified theory can be consistently
truncated to the massless modes.

4.2. BPS-extended supergravity
Upon compactification, the diffeomorphisms and gauge transformations re-
lated to the coordinates of the internal manifold give rise to additional internal
symmetries in the lower-dimensional theory. The action of the massless fields
is a priori invariant under SO(n), where n = D − d, which corresponds to a
rotation of the internal dimensions, but in fact the theory is invariant under a
bigger group, which is the R-symmetry group of the supersymmetry algebra in
d dimensions.

It turns out that the lower-dimensional theory possesses additional global
symmetries. These symmetries are known as “nonlinearly realized symme-
tries” or “hidden symmetries,” and we denote the hidden symmetry group by
G. It is not generally possible to realize the hidden symmetry G at the level of
the action, but only at the level of the equations of motion.

When the maximal supergravity theory in eleven dimensions is compacti-
fied, the resulting lower-dimensional theory has in general less supersymmetry
than the Q = 32 supercharge components of the original theory. For certain
special compactification manifolds, however, all the supersymmetry is pre-
served, and the lower-dimensional theory is maximally supersymmetric, i.e.
it is invariant under Q = 32 supercharge components. For example if one
compactifies the theory to four dimensions, there are only two manifolds that
do not break any supersymmetry: the seven-torus T 7, and the seven-sphere S7.

7This is the so-called Freund-Rubin parameter.
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In the latter case the action of the four-dimensional theory also contains a cos-
mological constant term, and the ground-state geometry is anti de-Sitter space.
Both compactifications lead to N = 8 supergravity in four dimensions.

The compactified theory contains symmetries that are induced by the sym-
metries of the compactification manifold, but there also are additional symme-
tries, whose origin cannot be directly explained from a Kaluza-Klein point of
view. For example, eleven-dimensional supergravity theory compactified on a
seven-torus T 7 to four dimensions, is locally invariant under the group SU(8).
The equations of motion possess the hidden symmetry G = E7(7).

In the toroidally compactified theory, the Kaluza-Klein modes are arranged
into BPS multiplets. They are charged under seven “Kaluza-Klein central-
charges.” There are also 49 other central charges, which stem from the re-
duction of the two-form central charge and the five-form central charge in the
eleven-dimensional supersymmetry algebra (1.9) and which are invisible from
a Kaluza-Klein point of view. The 56 central charges transform in irreducible
representation of the group HR = SU(8), but they also combine into a repre-
sentation of G = E7(7). Because the BPS multiplets that arise upon toroidal
compactification are only a small subset of all the BPS multiplets in the lower-
dimensional theory, such a compactification is inherently incomplete. In order
to construct a theory that is invariant under G one should therefore add BPS
multiplets that arise from wrapped two-branes and five-branes. A supergrav-
ity theory coupled to a full set of BPS-multiplets is known as a BPS-extended
supergravity theory. Note that in the massless case, the theory is invariant
under the continuous symmetry E7(7)(R), but the theory coupled to the BPS-
multiplets is only invariant under the arithmetic subgroup E7(7)(Z), which is
exactly the U-duality group conjectured in string theory.

4.3. Nonlinear sigma-models and gauged supergravity
Gauged supergravity theories are an important extension of conventional, un-
gauged supergravity theories. They arise in special compactifications of max-
imal supergravity theories on compact manifolds which are not flat. For ex-
ample, eleven-dimensional supergravity theory compactified on a seven-torus
gives rise to a gauged supergravity theory in four dimensions. Below, we
first describe in some detail a vital ingredient for gauged supergravity theo-
ries, namely nonlinear sigma models, and then we state some facts about the
gauging procedure.

Nonlinear sigma models and gauged supergravity theories are the ingredi-
ents of chapter 6, where we give a classification of gauged supergravity theories
in three space-time dimensions.

4.3.1. Nonlinear sigma models
Supergravity theories in dimensions less than ten generally contain a number of
scalar fields whose target space is a coset space G/H . The local group H acts
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linearly from the right on the matrix of scalar fields V, and the global group G
acts linearly from the left. The group G is also called the isometry group of the
coset space, and in the models arising in supergravity, is usually a non-compact
group. The group H is called the isotropy group of the coset space, it is the
maximal compact subgroup of G and it coincides with the R-symmetry group
in supergravity theories. The dynamics of the scalar fields V is then described
by a nonlinear sigma model with target space G/H . Throughout this section
we assume that the coset space G/H is symmetric.

The global transformations g ∈ G and the local transformations h(x) ∈ H
act on V(x) as

V(x) → g V(x) ,

V(x) → V(x) h−1(x) .

We decompose the Lie algebra g of G into the Lie algebra h of H and its
orthogonal complement h⊥. In order to obtain connection coefficients of the
coset manifold, we calculate

V
−1∂µV = Qµ + Pµ , (1.15)

where Qµ ∈ h and Pµ ∈ h⊥. One can easily show that Pµ and Qµ transform
under local transformation h(x) as

Qµ → hQµh−1 + h∂µh−1 ,

Pµ → h Pµh−1 .

Therefore, Qµ is a gauge field for the group H , and Pµ is covariant under local
H transformations. Both fields are invariant under global G transformations.
We define the H -covariant derivative Dµ by

Pµ = V
−1∂µV − Qµ

= V
−1 (∂µ − Qµ

)

V

≡ V
−1 DµV .

The gauge field Qµ can be used to define the covariant derivatives of the matter
fields. For example, the covariant derivative of a spinor ψ is given by

Dµψ =
(

∂µ + 1
4

Qµ

)

ψ .

The Cartan-Maurer equations are obtained from the identity

∂[µ(V−1∂ν]V) = −(V−1∂[µV)(V−1∂ν]V) ,

and they are given by

Fµν(Q) = ∂µQν − ∂νQµ +
[

Qµ, Qν

]

= −
[

Pµ, Pν
]

(1.16a)

D[µPν] = ∂[µPν] +
[

Q[µ, Pν]
]

= 0 . (1.16b)
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where Fµν(Q) is the field-strength of the unphysical gauge field Qµ. The
physical degrees of freedom can be extracted by fixing a gauge for the local
symmetry H , e.g.

V(x) = eφ(x) , (1.17)

where φ is an element of h⊥. If we act with an element g ∈ G on V(x) then
the resulting element is in general not in the gauge (1.17). We can reinstate
the gauge by a position-dependent compensating H transformation h(x). The
transformation is then given by

eφ
′(x) = g eφ(x) h−1(x, g) .

The transformation φ(x) → φ′(x) is therefore nonlinearly realized. Often it
is easier to keep the unphysical fields Qµ in the theory and to postpone the
nonlinear realization by fixing the gauge for H at a later stage.

The kinetic term for the scalar fields can be written as

L = −1
2

tr
(

PµPµ
)

,

which is clearly invariant under global G transformations and local H trans-
formations. If one fixes the H gauge as in (1.17), the kinetic term takes the
form

L = −1
2

gi j (φ)∂µφ
i∂µφ j ,

where gi j is the φ-dependent metric of the coset-space.

4.3.2. Gauging the sigma-model
If the model we are looking at also describes elementary gauge fields Aµ, we
can couple these gauge fields to the scalars by exploiting a subgroup G ′ of
the global group G. That means that we introduce a local gauge symmetry
G′ for the scalars and treat the fields Aµ as the gauge fields of this symme-
try. Note that we do not gauge the local group H , because that would convert
the unphysical fields Qµ into physical fields. The expression (1.15) for the
connection coefficients is changed according to

V
−1(∂µ + g Aµ)V = V

−1 DµV = Qµ + Pµ , (1.18)

where Qµ ∈ h and Pµ ∈ h⊥. Under local transformations h(x) the elements
of the Lie algebra transform as follows,

Qµ → hQµh−1 + h∂µh−1 ,

Pµ → h Pµh−1 .
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Here again, Qµ is an H -gauge field and Pµ is a covariant quantity. We define
the H and G ′ covariant derivative Dµ as follows

Pµ = V
−1(∂µ − g Aµ)V − Qµ

≡ V
−1

DµV .

The Cartan-Maurer structure equations now take the form

Fµν(Q) = −
[

Pµ, Pν
]

+ g
(

V
−1 Fµν(A)V

)
∣
∣
∣

H
,

D[µPν] = 1
2

g
(

V
−1 Fµν(A)V

)
∣
∣
∣
G/H

.

Again, the kinetic term of the scalar fields can be written as tr (PµPµ) if one
does not impose a gauge, and in the gauge-fixed case the Lagrangian takes the
form

L = −1
2

gi j (φ)Dµφi Dµφ j

which is very similar to the ungauged version, but the partial derivatives have
been replaced by covariant derivatives Dµ = ∂µ − g Aµ.

4.3.3. Gauged supergravity
The scalar sector of supergravity theories in dimensions lower than ten is de-
scribed by a nonlinear sigma model with target space a homogeneous, sym-
metric coset space G/H . In table 1 on the following page we list the groups G
and H for dimensions three up to eleven.

The theories also contain abelian vector fields that transform under the
global symmetry group G. It is now possible to gauge a subgroup G ′ of G,
and thus promote the abelian vector fields to non-abelian vector fields. Such a
theory is called a gauged supergravity theory. In order to keep track of the non-
abelianness of the theory, one introduces the non-abelian coupling constant g,
as we have seen in section 4.3.2 above.

Gauged supergravity theories differ in a few aspects from normal super-
gravity theories. First of all, the field strength of the gauge fields is modified in
the usual way in order to account for the non-abelianness of the gauge fields.
Second, the kinetic term of the scalar fields changes because it contains a G ′-
covariant derivative, as we have seen in section 4.3.2. Third, covariant deriva-
tives of additional bosonic fields have to be made G ′-covariant. Furthermore, in
order to preserve supersymmetry, one has to add new terms to the Lagrangian.
There are masslike terms for the fermions, which are linear in the non-abelian
coupling g, and there is a potential term for the scalar fields, which is quadratic
in g. Because of the potential term for the scalar fields, it is in general possible
to find non-trivial ground-state solutions, i.e. ground-states with non-vanishing
cosmological constant.
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dimension G H # scalars

11
� �

0
10 (IIA) SO(1,1)/ � 2 SO(2) 1
10 (IIB) SL(2) SO(2) 2

9 GL(2) SO(2) 3
8 SL(3) × SL(2) U(2) 7
7 SL(5) USp(4) 14
6 SO(5,5) USp(4) × USp(4) 25
5 E6(6) USp(8) 42
4 E7(7) SU(8) 70
3 E8(8) SO(16) 128

Table 1. Global symmetry groups G and local symmetry groups H
for maximally symmetric supergravity theories in various dimensions.

In four dimensions, for example, the isometry group G of ungauged N =
8 supergravity theory is the exceptional group E7(7), and the isotropy group
H is SU(8). A gauged supergravity theory can now be constructed by gauging
SO(8) ⊂ E7(7). It is easy to understand this gauged supergravity theory from an
eleven-dimensional point of view; namely, it emerges in the compactification
on a seven-sphere S7, and the gauge group SO(8) is simply the isometry group
of the seven-sphere.



2
Supersymmetry in anti-de Sitter space

Instead of discussing supersymmetry in flat Minkowski space, we now present
an introduction to supersymmetry in anti-de Sitter space, which is an Einstein
space of constant negative curvature. In the framework of this thesis, this chap-
ter serves mainly two purposes: first to deepen our general understanding of
supersymmetry applied to field theories and gravity theories, and to point out
some features of supersymmetry that are generally ignored when considering
supersymmetry in flat space-time. Second, this chapter prepares the reader for
the study of supergravity in three dimensions in chapter 6, where we will see
that anti-de Sitter space is often found as a ground-state geometry.

Field theory in anti-de Sitter space is not a new subject. Already in the thir-
ties of the twentieth century Dirac considered wave equations that are invariant
under the anti-de Sitter group [18]. Later, in 1963, he discovered the ‘remark-
able representation’ which is now known as the singleton [19]. Shortly after-
wards there was a series of papers by Fronsdal and collaborators discussing
the representations of the anti-de Sitter group [20–23]. Quantum field theory
in anti-de Sitter space was studied for instance in [24, 25]. Many new devel-
opments were inspired by the discovery that gauged supergravity theories have
ground states corresponding to anti-de Sitter space-times [26–36]. This led to
a study of the stability of these ground states with respect to fluctuations of
the scalar fields [37] as well as to an extended discussion of supermultiplets
in anti-de Sitter space [37–42]. In recent years, field theory in anti-de Sitter
space has attracted a lot of interest because of the so-called AdS/CFT corre-
spondence [43–46]. This conjecture states that certain supergravity theories
on anti-de Sitter space-times are in some sense dual to field theories on the
boundary of the anti-de Sitter space. For example, ten-dimensional IIB super-
gravity theory on a space-time of the form AdS5 × S5 is conjectured to be dual
to N = 4 supersymmetric Yang-Mills theory in four dimensions with gauge
group U(n).

In the following, we are able to cover only a few of these topics. We
restrict ourselves to an introduction to supersymmetry in anti-de Sitter space
and discuss the presence of the so-called masslike terms in wave equations for
various fields in anti-de Sitter space. Then we will analyze the various irre-
ducible representations of the anti-de Sitter isometry group, and at the end we

19
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will consider the consequences for supermultiplets. We emphasize the issue of
multiplet shortening for both multiplets of given spin and for supermultiplets.
Throughout the whole chapter we make contact with supersymmetry in flat
space, i.e. we show that Poincaré supersymmetry can be obtained by taking a
certain limit in anti-de Sitter supersymmetry.

This chapter is based on [47].

1. Supersymmetry and anti-de Sitter space

In this section, we discuss some properties of anti-de Sitter space and con-
sider the supersymmetry algebra in anti-de Sitter space. We will also give an
example of a simple supergravity theory in anti-de Sitter space.

1.1. Properties of anti-de Sitter space
Anti-de Sitter space is a maximally symmetric space with constant negative
curvature. It has d(d+1)/2 isometries which constitute the group SO(d−1, 2).
Anti-de Sitter space can be described as a hypersurface embedded into a (d +
1)-dimensional embedding space. Denoting the extra coordinate of the embed-
ding space by Y −, so that we have coordinates Y A with A = −, 0, 1, 2, . . . , d−
1, this hypersurface is defined by

−(Y −)2 − (Y 0)2 + Y 2 = ηAB Y AY B = −g−2 . (2.1)

The parameter g is the inverse radius of the anti-de Sitter space. In the limit
of g → 0 one recovers flat d-dimensional Minkowski space. The hypersurface
defined by (2.1) is invariant under linear transformations that leave the metric
ηAB = diag (−,−,+,+, . . . ,+) invariant. These transformations constitute
the isometry group SO(d − 1, 2). The d(d + 1)/2 generators of the group
SO(d − 1, 2), denoted by MAB , act on the embedding coordinates by

MAB = YA
∂

∂Y B − YB
∂

∂Y A ,

where we lower and raise indices by contracting with ηAB and its inverse ηAB .
Anti-de Sitter space is a homogeneous space, which means that any two

points on it can be related via an isometry. It has the topology of S1 [time] ×
R

d−1. When unwrapping S1 one finds the universal covering space denoted
by CAdS, which has the topology of R

d . There are many ways to coordinatize
anti-de Sitter space; however, we will try to avoid using specific coordinates.

1.2. The supersymmetry algebra
The generators MAB of the isometries SO(d − 1, 2) form an algebra. The
commutation relations for two generators MAB are given by

[MAB ,MC D] = ηBC MAD − ηAC MB D − ηB D MAC + ηAD MBC . (2.2)



1. Supersymmetry and anti-de Sitter space 21

On spinors, the anti-de Sitter algebra can be realized by the following combi-
nation of gamma matrices,

MAB = 1
2
ΓAB =







1
2Γab for A, B = a, b ,

1
2Γa for A = − , B = a ,

with a, b = 0, 1, . . . , d − 1. Our gamma matrices satisfy the Clifford property
{Γ a , Γ b} = 2 ηab �

, where ηab = diag (−,+, . . . ,+).
The supersymmetric extension of the algebra (2.2) is called the anti-de

Sitter superalgebra. It contains the following additional (anti-)commutation
relations,

{

Qα, Q̄β

}

= −1
2
(

ΓAB
)

αβ
M AB , (2.3a)

[

MAB , Q̄α

]

= 1
2
(

Q̄ ΓAB
)

α
. (2.3b)

In order to recognize the relation between the anti-de Sitter superalgebra and
the Poincaré superalgebra one rescales the fields as follows,

Q −→ 1
√

g
Q ,

M−a −→ 1
g

M−a .

One then takes the limit g → 0, which corresponds to taking the radius of anti-
de Sitter space to infinity and reproduces flat Minkowski space. This singular
transformation is a so-called Wigner-Inönü contraction [48], and the resulting
algebra is the Poincaré superalgebra. Important relations in the Poincaré su-
peralgebra are

{

Q, Q̄
}

= −1
2
Γ a Pa , (2.4a)

[

Mab, Q̄
]

= 1
2

(

Q̄Γab
)

, (2.4b)

where we have defined the momentum operator Pa ≡ M−a . One important dif-
ference between the Poincaré superalgebra and the anti-de Sitter superalgebra
is that in the former, P2 commutes with all elements of the algebra, and P2 is
therefore a Casimir operator. In the anti-de Sitter superalgebra (M−a)

2, which
corresponds to P2 in the Poincaré algebra, is not a Casimir operator. Instead,
the quadratic Casimir operator for the anti-de Sitter algebra is given by

C2 = −1
2

M AB MAB .

In general, i.e. for D > 3, there are also higher order Casimir operators for the
anti-de Sitter algebra, but we will not be concerned with those. The quadratic
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Casimir operator is related to the covariantized d’Alambertian operator �AdS
in anti-de Sitter space. In can be shown [16] that

C2 = �AdS + C
L
2 , (2.5)

where C
L
2 is the quadratic Casimir operator for the spin-s representation of the

Lorentz group [49]. As we will see at the end of section 2, C
L
2 vanishes for

scalar fields, and the d’Alambertian equals the quadratic Casimir operator.
The structure of the anti-de Sitter algebra changes drastically for dimen-

sions d > 7, see [50] and references cited therein. For d ≤ 7 the bosonic
subalgebra coincides with the anti-de Sitter algebra. As we have seen in sec-
tion 1 of chapter 1, there are N -extended versions of supersymmetry, where we
introduce N supersymmetry generators, each transforming as a spinor under
the anti-de Sitter group. These N generators transform under a compact group,
whose generators appear as central charges in the {Q, Q̄} anticommutator. For
d > 7 the bosonic subalgebra can no longer be restricted to the anti-de Sitter
algebra and the algebra corresponding to a compact group, but one needs extra
bosonic generators that transform as high-rank antisymmetric tensors under the
Lorentz group. In contrast to this, there exists an (N -extended) super-Poincaré
algebra associated with flat Minkowski space of any dimension, whose bosonic
generators correspond to the Poincaré group, possibly augmented with the gen-
erators of a compact group associated with rotations of the supercharges.

In this chapter, we are mainly dealing with the case N = 1 and we always
assume that d ≤ 7.

1.3. Supergravity
Let us now study a simple supergravity theory in an unspecified number of
space-time dimensions. In section 4 of chapter 1, we have already encountered
the standard Einstein-Hilbert Lagrangian of general relativity and the Rarita-
Schwinger Lagrangian for the gravitino field(s), cf. (1.10). We now add a cos-
mological term to the Lagrangian as well as a suitably chosen masslike term
for the gravitino field,

L = − 1
2

e R(ω)− 1
2

eψ̄µ Γ µνρDν(ω)ψρ (2.6)

+ 1
4

g(d − 2)e ψ̄µΓ µνψν + 1
2

g2(d − 1)(d − 2) e + · · · ,

where the covariant derivative on a spinor ψ reads

Dµ(ω)ψ =
(

∂µ − 1
4
ωµ

abΓab

)

ψ .

Here, ωµab is the spin-connection field defined such that the torsion tensor
(or a supercovariant version thereof) vanishes. As we will see shortly, the
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cosmological constant term in (2.6) can give rise to an anti-de Sitter space-
time. The masslike term for the gravitino is required if one demands that the
ground-state preserves supersymmetry.

It turns out that the action corresponding to (2.6) is locally supersymmet-
ric, up to terms that are cubic in the gravitino field, and the supersymmetry
transformation rules are given by,

δeµa = 1
2
ε̄ Γ aψµ ,

δψµ =
(

Dµ(ω)+ 1
2

gΓµ

)

ε .

Note that the second term in the transformation rule for the gravitino is induced
by the cosmological constant term in the Lagrangian and the masslike term for
the gravitino.

The above demonstrates that, a priori, supersymmetry does not forbid a
cosmological term, but it must be of definite sign—at least, if the ground state
is to preserve supersymmetry.1 To construct a fully supersymmetric field the-
ory is difficult and there are strong restrictions on the number of space-time
dimensions. The Lagrangian (2.6) was first written down in [53] in four space-
time dimensions and the correct interpretation of the masslike term was given
in [54].

The Einstein-Hilbert equation corresponding to (2.6) reads (suppressing
the gravitino field),

Rµν − 1
2

gµν R + 1
2

g2(d − 1)(d − 2) gµν = 0 ,

which implies that

Rµν = g2(d − 1) gµν , R = g2d(d − 1) .

Hence we are dealing with a d-dimensional Einstein space. The maximally
symmetric solution of this equation is an anti-de Sitter space, whose Riemann
curvature equals

Rµνab = 2g2 eµ[a eνb] .

This solution leaves all the supersymmetries intact just as flat Minkowski space
does. One can verify this directly by considering the supersymmetry variation
of the gravitino field and by requiring that it vanishes in the bosonic back-
ground. This happens for spinors ε(x) satisfying

(

Dµ(ω)+
1
2

gΓµ

)

ε = 0 . (2.7)

1For a discussion see [51, 52] and references therein.
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Spinors satisfying this equation are called Killing spinors. As a direct conse-
quence of (2.7) also (Dµ(ω)+ gΓµ/2)(Dν(ω)+ gΓν/2)ε must vanish. Anti-
symmetrizing this expression in µ and ν then yields the integrability condition

(

−1
4

Rµνab Γab + 1
2

g2 Γµν

)

ε = 0 ,

which is precisely satisfied in anti-de Sitter space.
As we have seen, anti-de Sitter space is consistent with supersymmetry.

This is just as for flat Minkowski space, which has the same number of isome-
tries but now corresponding to the Poincaré group, and which is also consistent
with supersymmetry. We have already mentioned that the two cases are related;
namely, the flat space results are obtained in the limit g → 0.

The commutator of two supersymmetry transformations yields an infini-
tesimal general-coordinate transformation and a tangent-space Lorentz trans-
formation. For example, we obtain for the vielbein,

[

δ1, δ2
]

eµa = 1
2
ε̄2 Γ

a δ1ψµ − 1
2
ε̄1 Γ

a δ2ψµ (2.8)

= 1
2

Dµ
(

ε̄2 Γ
aε1
)

+ 1
2

g
(

ε̄2 Γ
abε1

)

eµb .

We remind the reader of the fact that we are dealing with an incomplete theory.
For a complete theory the above result should hold uniformly on all the fields
(possibly modulo field equations). As before we have ignored terms propor-
tional to the gravitino field. In the anti-de Sitter background the vielbein is
left invariant by the combination of symmetries on the right-hand side. Conse-
quently the metric is invariant under these coordinate transformations and we
have the so-called Killing equation,

δgµν = Dµξν + Dνξµ = 0 , (2.9)

where ξµ = (ε̄2 Γµε1)/2 is a Killing vector and where ε1,2 are Killing spinors.
Since Dµξν = (gε̄2Γµνε1)/2, the right-hand side of (2.8) vanishes for this
choice of supersymmetry parameters, and ξµ satisfies the Killing equation
(2.9). As for all Killing vectors, higher derivatives can be decomposed into
the Killing vector and its first derivative, e.g. Dµ(g ε̄2Γνρε1) = −g2 gµ[ρξν].
The Killing vector can be decomposed into the d(d + 1)/2 Killing vectors of
the anti-de Sitter space.

2. Anti-de Sitter supersymmetry and masslike terms

Readers familiar with supersymmetry in flat space will remember that in Min-
kowski space all fields belonging to a supermultiplet are subject to field equa-
tions with the same mass. This follows from the fact that the momentum op-
erator Pµ commutes with the supersymmetry charges, so that P2 is a Casimir
operator. As we have seen in the previous section, P2 is not a Casimir operator
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in anti-de Sitter space, but M2
AB plays that role instead. Therefore masslike

terms are not necessarily the same for different fields belonging to the same
anti-de Sitter supermultiplet. In the following we illustrate this phenomenon
for the example of a chiral supermultiplet in four space-time dimensions. Fur-
ther facts about the anti-de Sitter superalgebra will be given in section 4.

A chiral supermultiplet in four space-time dimensions consists of a scalar
field A, a pseudoscalar field B and a Majorana spinor field ψ . In anti-de Sit-
ter space the supersymmetry transformations of the fields are proportional to
a spinor parameter ε(x), which is a Killing spinor in the anti-de Sitter space,
i.e. ε(x) must satisfy the Killing spinor equation (2.7). We allow for two con-
stants a and b in the supersymmetry transformations, which we parameterize
as follows,

δA = 1
4
ε̄ψ ,

δB = 1
4

i ε̄γ5ψ ,

δψ = /D
(

A + iγ5B
)

ε −
(

a A + ib γ5B
)

ε .

The coefficient of the first term in δψ has been chosen such as to ensure that
[δ1, δ2] yields the correct coordinate transformation ξµDµ on the fields A and
B. To determine the constants a and b and the field equations of the chiral
multiplet, we consider the closure of the supersymmetry algebra on the spinor
field. After some Fierz reordering we find

[

δ1, δ2
]

ψ = ξµDµψ + 1
16
(a − b) ε̄2γ

abε1 γabψ

− 1
2
ξργρ

(

/Dψ + 1
2
(a + b)ψ

)

.

We point out that derivatives acting on ε(x) occur in this calculation at an in-
termediate stage and should not be suppressed in view of (2.7). However, they
produce terms proportional to g which turn out to cancel in the above com-
mutator. Now we note that the right-hand side should constitute a coordinate
transformation and a Lorentz transformation, possibly up to a field equation.
Obviously, the coordinate transformation coincides with (2.8) but the correct
Lorentz transformation is only reproduced provided that a − b = 2g. If we
now denote the mass of the fermion by m = (a + b)/2, so that the last term is
just the Dirac equation with mass m, then we find

a = m + g , b = m − g .

Consequently, the supersymmetry transformation of the ψ equals

δψ = /D(A + iγ5B)ε − m(A + iγ5B)ε − g(A − iγ5B) ε , (2.10)
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and the fermionic field equation equals (/D + m)ψ = 0. The second term in
(2.10), which is proportional to m, can be accounted for by adding an auxil-
iary field to the supermultiplet. The third term, which is proportional to g, can
be understood as a compensating S-supersymmetry transformation associated
with auxiliary fields in the supergravity sector, see e.g. [55]. In order to con-
struct the corresponding field equations for A and B, we consider the variation
of the fermionic field equation. Again we have to take into account that deriva-
tives on the supersymmetry parameter are not equal to zero. This yields the
following second-order differential equations,

(

�AdS + 2g2 − m(m − g)
)

A = 0 , (2.11a)
(

�AdS + 2g2 − m(m + g)
)

B = 0 , (2.11b)
(

�AdS + 3g2 − m2)ψ = 0 . (2.11c)

The last equation follows from the Dirac equation. Namely, one evaluates
(/D−m)(/D+m)ψ , which gives rise to the wave operator �AdS+[/D, /D]/2−m2.
The commutator yields the Riemann curvature of the anti-de Sitter space. In
an anti-de Sitter space of arbitrary dimension d this equation then reads,

(

�AdS + 1
4

d(d − 1)g2 − m2
)

ψ = 0 ,

which, for d = 4 agrees with (2.11c). A striking feature of the above result is
that the field equations (2.11) all have different mass terms, in spite of the fact
that they belong to the same supermultiplet. Consequently, the role of mass
is quite different in anti-de Sitter space as compared to flat Minkowski space.
This will be elucidated later.

The g2 term in the field equations for the scalar fields can be understood
from the observation that the scalar d’Alambertian can be extended to a con-
formally invariant operator, see e.g. [55],

� + 1
4

d − 2
d − 1

R = � + 1
4

d(d − 2) g2 , (2.12)

which seems the obvious candidate for a massless wave operator for scalar
fields. Indeed, for d = 4, we do reproduce the g2 dependence in the first
two equations (2.11). Observe that the Dirac operator /D is also conformally
invariant.

The quadratic Casimir operator for the Lorentz group in four dimensions,
C

L
2 takes the values 0 and 3/2 for scalars and spinors, respectively. Comparing

these values with the field equations (2.11) and with (2.5) yields the following
values for the Casimir operators of the scalar field and the spinor,

C
L
2 (scalar) = −2 + m2 ,

C
L
2 (spinor) = −3

2
+ m2 .
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This shows very clearly that for scalar fields and for spinor fields, the coeffi-
cient m2 is not the mass term in the equation of motion.

3. Unitary representations of the anti-de Sitter algebra

In this section we discuss unitary representations of the anti-de Sitter algebra.
For definiteness we mainly look at the case of four space-time dimensions.
We will be able to construct massless and massive multiplets, and we will en-
counter the phenomenon of multiplet shortening for certain massive multiplets.
In this context, a special representation that is not known from the Poincaré al-
gebra is discussed, the so-called singleton representation. We refer to [20–23]
for some of the original work, and to [39, 40] where some of this work was
reviewed.

In order to underline the general features we start in d space-time dimen-
sions. Obviously, the group SO(d − 1, 2) is non-compact. This implies that
unitary representations will be infinitely-dimensional. The generators are then
all anti-hermitian,

M†
AB = −MAB .

Note that the covering group of SO(d − 1, 2) has the generators Γ µν/2 and
Γ µ/2. They act on spinors, which are finite-dimensional objects. These gen-
erators, however, have different hermiticity properties from the ones above.

The compact subgroup of the anti-de Sitter group is SO(2) × SO(d −
1) corresponding to rotations of the compact anti-de Sitter time and spatial
rotations. It is convenient to decompose the d(d + 1)/2 generators as follows.
We have seen in section 1.2 that the generator M−0 is related to the energy
operator when the radius of the anti-de Sitter space is taken to infinity. The
eigenvalues of this generator, which is associated with motions along the circle,
are quantized in integer units in order to have single-valued functions, unless
one goes to the covering space CAdS. So we define the energy operator H by

H = −i M−0 .

Obviously the generators of the spatial rotations are the operators Mab with
a, b = 1, . . . , d − 1. Note that we have changed notation: here and henceforth
the indices a, b, . . . refer only to space-like indices. The remaining 2(d −
1) generators M−a and M0a are combined into pairs of mutually conjugate
operators,

M±
a = −i M0a ± M−a ,
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and we have (M+
a )

† = M−
a . The anti-de Sitter commutation relations now read

[

H,M±
a
]

= ±M±
a , (2.13a)

[

M±
a ,M±

b
]

= 0 , (2.13b)
[

M+
a ,M−

b
]

= −2(H δab + Mab) . (2.13c)

Obviously, the operators M±
a play the role of raising and lowering operators:

when applied to an eigenstate of H with eigenvalue E , application of M±
a

yields a state with eigenvalue E ± 1.
In this section we restrict ourselves to the bosonic case. Nevertheless, let

us briefly indicate how some of the other (anti-)commutators of the anti-de
Sitter superalgebra decompose, cf. (2.3),

{

Qα , Q†
β

}

= H δαβ − 1
2

i Mab
(

Γ aΓ bΓ 0)

αβ
(2.14a)

+ 1
2

(

M+
a Γ

a (1 + iΓ 0)+ M−
a Γ

a (1 − iΓ 0)
)

αβ
,

[

H , Qα

]

= − 1
2

i
(

Γ 0 Q
)

α
, (2.14b)

[

M±
a , Qα

]

= ∓ 1
2

(

Γa
(

1 ∓ iΓ 0) Q
)

α
. (2.14c)

For the anti-de Sitter superalgebra, all the bosonic operators can be expressed
as bilinears of the supercharges, so that in principle one could restrict oneself to
fermionic operators only and employ the projections (1 ± iΓ 0)Q as the basic
lowering and raising operators. However, this is not quite what we will be
doing later in section 4.

Let us now assume that the spectrum of H is bounded from below,

H ≥ E0 ,

so that in mathematical terms we are considering lowest-weight irreducible
unitary representations. The lowest eigenvalue E0 is realized on states that we
denote by |E0, s〉, where E0 is the eigenvalue of H and s indicates the value
of the total angular momentum operator. Of course there are more quantum
numbers, e.g. associated with the angular momentum operator directed along
some axis (in d = 4 there are thus 2s + 1 degenerate states), but this is not im-
portant for the construction and these quantum numbers are suppressed. Since
states with E < E0 should not appear, ground states are characterized by the
condition,

M−
a |E0, s〉 = 0 .

The representation can now be constructed by acting with the raising operators
on the vacuum state |E0, s〉. To be precise, all states of energy E = E0 + n
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E0 s

E0 + 1 s

E0 + 2 s s

E0 + 3 s s

E0 + 4 s s s

E0 + 5 s s s

Figure 1. States of the spinless representation in terms of the energy
eigenvalues E and the angular momentum j . Each point has a (2 j +
1)-fold degeneracy.

are constructed by an n-fold product of creation operators M+
a . In this way

one obtains states of higher eigenvalues E with higher spin. The simplest case
is the one where the vacuum has no spin (s = 0). For given eigenvalue E ,
the highest spin state is given by the traceless symmetric product of E − E0
operators M+

a on the ground state. These states are shown in figure 1.
Henceforth we specialize to the case d = 4 in order to keep the aspects

related to spin simple. To obtain spin-1/2 is trivial; one simply takes the direct
product with a spin-1/2 state. That implies that every point with spin j in
figure 1 generates two points with spin j ± 1/2, with the exception of points
associated with j = 0, which will simply move to j = 1/2. The result of this
is shown in figure 2 on the next page.

Likewise one can take the direct product with a spin-1 state, but now
the situation is more complicated as the resulting multiplet is not always ir-
reducible. In principle, each point with spin j now generates three points, as-
sociated with j and j ± 1, again with the exception of the j = 0 points, which
simply move to j = 1. The result of this procedure is shown in figure 3 on
page 31.
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E0 b s

E0 + 1 bs s

E0 + 2 b s bs s

E0 + 3 bs s bs s

E0 + 4 b s bs s bs s

E0 + 5 bs s bs s bs s

Figure 2. States of the spinor representation in terms of the energy
eigenvalues E and the angular momentum; the half-integer values for
j = l + 1/2 denote a symmetric tensor-spinor of rank l. The small
circles denote the original spinless multiplet from which the spinor
multiplet has been constructed by a direct product with a spinor.

Let us now turn to the quadratic Casimir operator, which for four space-
time dimensions can be written as

C2 = −1
2

M AB MAB

= H 2 − 1
2

{

M+
a ,M−

a
}

− 1
2
(Mab)

2

= H (H − 3)− 1
2
(Mab)

2 − M+
a M−

a .

Applying the last expression on the ground state |E0, s〉 we derive

C2 = E0(E0 − 3)+ s(s + 1) , (2.15)

and, since C2 is a Casimir operator, this result holds for any state belonging to
the corresponding irreducible representation. Note, that the angular momentum
operator is given by J2 = −(Mab)

2/2. Assuming that E0 only takes real
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Figure 3. States of the spin-1 representation in terms of the energy
eigenvalues E and the angular momentum j . Observe that there are
now points with double occupancy, indicated by the circle superim-
posed on the dots and states transforming as mixed tensors (with rank
l = j ) denoted by a star. The double-occupancy points exhibit the
structure of a spin-0 multiplet with ground state energy E0 + 1. This
multiplet becomes reducible and can be dropped when E0 = 2, as is
explained in the text. The remaining points then constitute a massless
spin-1 multiplet, shown in figure 4 on the next page.

values, (2.15) imposes a lower bound on C2,

C2 ≥ s(s + 1)− 9
4
.

We can apply this result to an excited state (which is generically present in the
spectrum) with E = E0 + 1 and j = s − 1. Here, we assume that the ground
state has s ≥ 1. In that case we find

C2 = (E0 + 1)(E0 − 2)+ s(s − 1)−
∣
∣M−

a |E0 + 1, s − 1〉
∣
∣
2

= E0(E0 − 3)+ s(s + 1) ,

so that

E0 − s − 1 = 1
2

∣
∣M−

a |E0 + 1, s − 1〉
∣
∣
2
.
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Figure 4. States of the massless s = 1 representation in terms of the
energy eigenvalues E and the angular momentum j . Now E0 is no
longer arbitrary but it is fixed to E0 = 2.

This shows that E0 ≥ s + 1 in order to have a unitary multiplet. When E0 =
s+1, however, the state |E0 +1, s−1〉 is itself a ground state, which decouples
from the original multiplet, together with its corresponding excited states. This
can be interpreted as the result of a gauge symmetry and therefore we call these
multiplets massless. Hence massless multiplets with s ≥ 1 are characterized
by

E0 = s + 1 , for s ≥ 1 .
For these particular values the quadratic Casimir operator is

C2 = 2(s2 − 1) . (2.16)

Although this result is only derived for s ≥ 1, it also applies to massless s = 0
and s = 1/2 representations, as we shall see later. Massless s = 0 multiplets
have either E0 = 1 or E0 = 2, while massless s = 1/2 multiplets have
E0 = 3/2.

One can try and use the same argument again to see if there is a possibility
that even more states decouple. Consider for instance a state with the same
spin as the ground state, with energy E . In that case

E(E − 3) = E0(E0 − 3)+
∣
∣M−

a |E, s〉
∣
∣
2
. (2.17)
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For spin s ≥ 1, this condition is always satisfied in view of the bound E0 ≥
s +1. But for s = 0, one can apply (2.17) for the first excited s = 0 state which
has E = E0 + 2. In that case one derives

2(2E0 − 1) =
∣
∣M−

a |E0 + 2, s = 0〉
∣
∣
2
,

so that

E0 ≥ 1
2
.

For E0 = 1/2 we have the so-called singleton representation, where we have
only one state for a given value of the spin. A similar result can be derived for
s = 1/2, where one can consider the first excited state with s = 1/2, which
has E = E0 + 1. One then derives

2(E0 − 1) =
∣
∣
∣M−

a
∣
∣E0 + 1, s = 1/2

〉
∣
∣
∣

2
,

so that
E0 ≥ 1 .

For E0 = 1 we have the spin-1/2 singleton representation, where again we are
left with just one state for every spin value. The existence of these singleton
representations was first noted by Dirac [19]. They are shown in figure 5 on the
following page. Both singletons have the same value of the Casimir operator,

C2 = −5
4
.

In four dimensions, the spin-0 singleton and the spin-1/2 singleton are the only
singleton representations. For dimensions higher than four, there are infinitely
many singleton representations, which is related to the fact that the rotation
group is of higher rank, so that there is a large variety of representations. Sin-
gleton representations do not have a flat space limit, and they therefore have
no analogue in the Poincaré superalgebra. In order to understand this phenom-
enon, note that Poincaré representations correspond to plane waves, which can
be decomposed into an infinite number of spherical harmonics. Therefore, for
any given spin, one is dealing with an infinite tower of modes. The spectrum of
the singleton, on the other hand, is different because a state has a single energy
eigenvalue for any given value of the spin, as shown in figure 5 on the next
page.

In the above treatment, we have come across the phenomenon of multiplet
shortening for specific values of the energy and the spin of the representation.
In fact, this is very similar to the multiplet shortening of massive multiplets
in flat space to BPS multiplets, which occurs when the mass and the central
charge obey the BPS relation (1.2).

From the above it is clear that we are dealing with the phenomenon of
multiplet shortening for specific values of the energy and spin of the ground
state. This can be understood more generally from the fact that the [M+

a ,M−
b ]
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Figure 5. The spin-0 and spin-1/2 singleton representations. The solid dots
indicate the states of the spin-0 singleton, the circles the states of the spin-1/2
singleton. It is obvious that singletons contain fewer degrees of freedom than
a generic local field. The value of E0, which denotes the spin-0 ground state
energy, is equal to E0 = 1/2. The spin-1/2 singleton ground state has an
energy which is one half unit higher, as is explained in the text.

commutator acquires zero or negative eigenvalues for certain values of E0 and
s. We will return to this phenomenon in section 4 in the context of the anti-de
Sitter superalgebra.

4. The N = 1 anti-de Sitter superalgebra

In this section we return to the anti-de Sitter superalgebra. We start from the
(anti-)commutation relations already established in (2.13) and (2.14). For def-
initeness we discuss the case of four space-time dimensions with a Majorana
supercharge Q. This allows us to make contact with the material discussed in
section 2. These anti-de Sitter multiplets were discussed in [37–40].

We choose conventions where the gamma matrices are given by

Γ 0 =
(−i

�
0

0 i
�
)

, Γ a =
( 0 −iσ a

iσ a 0

)

,
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where a = 1, 2, 3, and write the Majorana spinor Q in the form

Q =
(

qα

εαβ qβ

)

,

where qα ≡ q†
α and the indices α, β, . . . are two-component spinor indices. We

substitute these definitions into (2.14) and obtain
[

H , qα
]

= −1
2

qα , (2.18a)

[

H , qα
]

= 1
2

qα , (2.18b)

{

qα , qβ
}

= (H
� + J · σ )α

β , (2.18c)

{

qα , qβ
}

= M−
a
(

σ aσ 2)

αβ
, (2.18d)

{

qα , qβ
}

= M+
a
(

σ 2σ a)αβ , (2.18e)

where we have defined the angular momentum operator Ja = −i εabcMbc/2.
We see that the operators qα and qα are lowering and raising operators, respec-
tively. They change the energy of a state by half a unit.

In analogy to the bosonic case, we study unitary irreducible representa-
tions of the OSp(1|4) superalgebra. We assume that there exists a lowest-
weight state |E0, s〉, characterized by the fact that it is annihilated by the low-
ering operators qα,

qα|E0, s〉 = 0 .

In principle we can now choose a ground state and build the whole represen-
tation upon it by applying products of raising operators qα. However, we only
have to study the antisymmetrized products of the qα, because the symmetric
ones just yield products of the operators M+

a by virtue of (2.18). Products of
the M+

a simply lead to the higher-energy states in the anti-de Sitter representa-
tions of given spin that we considered in section 3. By restricting ourselves to
the antisymmetrized products of the qα we thus restrict ourselves to the ground
states upon which the full anti-de Sitter representations are build. These ground
states are |E0, s〉, qα|E0, s〉 and q [αqβ]|E0, s〉. Let us briefly discuss these rep-
resentations for different s.

The s = 0 case is special since it contains fewer anti-de Sitter repre-
sentations than the generic case. It includes the spinless states |E0, 0〉 and
q[αqβ]|E0, 0〉 with ground-state energies E0 and E0 + 1, respectively. There
is one spin-1/2 pair of ground states qα|E0, 0〉, with energy E0 + 1/2. As
we will see below, these states correspond exactly to the scalar field A, the
pseudo-scalar field B and the spinor field ψ of the chiral supermultiplet, that
we studied in section 2.
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For s ≥ 1/2 we are in the generic situation. We obtain the ground states
|E0, s〉 and q [αqβ]|E0, s〉 which have both spin s and which have energies
E0 and E0 + 1, respectively. There are two more (degenerate) ground states,
qα|E0, s〉, both with energy E0 +1/2, which decompose into the ground states
with spin j = s − 1/2 and j = s + 1/2.

As in the purely bosonic case of section 3, there can be situations in which
states decouple so that we are dealing with multiplet shortening associated with
gauge invariance in the corresponding field theory. The corresponding multi-
plets are then again called massless. We now discuss this in a general way
analogous to the way in which one discusses BPS multiplets in flat space.
Namely, we consider the matrix elements of the operator qα qβ between the
(2s + 1)-degenerate ground states |E0, s〉,

〈

E0, s
∣
∣ qαqβ

∣
∣E0, s

〉

=
〈

E0, s
∣
∣
{

qα , qβ
}∣
∣E0, s

〉

(2.19)

=
〈

E0, s
∣
∣(E0

� + J · σ )α
β
∣
∣E0, s

〉

.

This expression constitutes an hermitian matrix in both the quantum numbers
of the degenerate ground-state and in the indices α and β, so that it is (4s +
2)-by-(4s + 2). Because we assume that the representation is unitary, this
matrix must be positive definite, as one can verify by inserting a complete set
of intermediate states between the operators qα and qβ in the matrix element
on the left-hand side. Obviously, the right-hand side is manifestly hermitian
as well, but in order to be positive definite the eigenvalue E0 of H must be
big enough to compensate for possible negative eigenvalues of J · σ , where
the latter is again regarded as a (4s + 2)-by-(4s + 2) matrix. To determine its
eigenvalues, we note that J · σ satisfies the following identity,

(J · σ )2 + (J · σ ) = s(s + 1)
�
,

as follows by straightforward calculation. This shows that J · σ has only two
(degenerate) eigenvalues (assuming s 6= 0, so that the above equation is not
trivially satisfied), namely s and −(s + 1). Hence in order for (2.19) to be
positive definite, E0 must satisfy the inequality

E0 ≥ s + 1 , for s ≥ 1
2
,

If the bound is saturated, i.e. if E0 = s+1, the expression on the right-hand side
of (2.19) has zero eigenvalues so that there are zero-norm states in the multiplet
which decouple. In that case we must be dealing with a massless multiplet. As
an example we mention the case s = 1/2, E0 = 3/2, which corresponds to the
massless vector supermultiplet in four space-time dimensions. Observe that we
have multiplet shortening here without the presence of central charges.

Armed with these results we return to the masslike terms of section 2 for
the chiral supermultiplet. The ground-state energy for anti-de Sitter multiplets
corresponding to the scalar field A, the pseudo-scalar field B and the Majorana
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spinor field ψ , are equal to E0, E0 +1 and E0 +1/2, respectively. The Casimir
operator therefore takes the values

C2(A) = E0(E0 − 3) , (2.20a)

C2(B) = (E0 + 1)(E0 − 2) , (2.20b)

C2(ψ) =
(

E0 + 1
2

)(

E0 − 5
2

)

+ 3
4
. (2.20c)

For massless anti-de Sitter multiplets, we know that the quadratic Casimir op-
erator is given by (2.16), so we present the value for C2 − 2(s2 − 1) for the
three multiplets, i.e

C2(A)+ 2 = (E0 − 1)(E0 − 2) ,

C2(B)+ 2 = E0(E0 − 1) ,

C2(ψ)+ 3
2

= (E0 − 1)2 .

The terms on the right-hand side are not present for massless fields and we
should therefore identify them somehow with the common mass parameter.
Comparison with the field equations (2.11) shows for g = 1 that we obtain the
correct contributions provided we make the identification E0 = m+1. Observe
that we could have made a slightly different identification here; the above result
remains the same under the interchange of A and B combined with a change
of sign in m (the latter is accompanied by a chiral redefinition of ψ).

Outside the context of supersymmetry, we could simply assign indepen-
dent mass terms with a mass parameter µ for each of the fields, by equating
C2 − 2(s2 − 1) to µ2. In this way we obtain

E0(E0 − 3)− (s + 1)(s − 2) = µ2 ,

which leads to

E0 = 3
2

±

√
(

s − 1
2

)2

+ µ2 . (2.21)

For s ≥ 1/2 we must choose the plus sign in (2.21) in order to satisfy the
unitarity bound E0 ≥ s + 1. For s = 0 both signs are acceptable as long as
µ2 ≤ 3/4. Observe, however, that µ2 can be negative but remains subject to
the condition

µ2 ≥ −
(

s − 1
2

)2

in order that E0 remains real. For s = 0, this is precisely the bound of Breiten-
lohner and Freedman for the stability of the anti-de Sitter background against
small fluctuations of the scalar fields [37]. We can also compare C2−2

(

s2 − 1
)



38 Supersymmetry in anti-de Sitter space

to the conformal wave operator for the corresponding spin. This shows that
(again with unit anti-de Sitter radius), C2 = �AdS + C

L
2 .

In the case of N-extended supersymmetry the supercharges transform un-
der an SO(N) group and we are dealing with the so-called OSp(N |4) alge-
bras. Their representations can be constructed by elaborate methods, e.g. by
the oscillator method [56], that we have not discussed in this chapter because
it lies outside the scope of this thesis. However, the generators of SO(N) will
now also appear on the right-hand side of the anticommutator of the two su-
percharges, thus leading to new possibilities for multiplet shortening. For an
explicit discussion of this we refer the reader to [39].

Most of our discussion of the irreducible representations of the anti-de Sit-
ter algebra and its superextension was restricted to four space-time dimensions,
but in principle the same methods can be used for anti-de Sitter space-times of
arbitrary dimension. For higher-extended supergravity, the only way to gener-
ate a cosmological constant is by elevating a subgroup of the rigid invariances
that act on the gravitini to a local group, i.e. to gauge the supergravity theory.
This then leads to a cosmological constant, or to a potential with possibly a
variety of extrema, and corresponding masslike terms which are quadratic and
linear in the gauge coupling constant, respectively. So the relative strength of
the anti-de Sitter and the gauge group generators on the right-hand side of the
{Q, Q̄} anticommutator is not arbitrary and because of that maximal multi-
plet shortening can take place so that the theory can realize a supermultiplet of
massless states that contains the graviton and the gravitini. Of course, this is
all under the assumption that the ground state is supersymmetric.



3
Supergravity in nine dimensions

Maximal supergravity in nine dimensions is known [57–60], but it has not been
studied very extensively. The theory can be obtained by dimensional reduction
of IIA or IIB supergravity in ten dimensions. In this chapter we study an exten-
sion of the nine-dimensional maximal supergravity theory by coupling various
kinds of BPS multiplets to the supergravity multiplet.

In principle, the extended theory can be constructed purely in nine dimen-
sions, but one can also use a compactification of a higher-dimensional theory
as a guideline. We will follow the latter approach in this chapter. There are
two kinds of 1/2-BPS multiplets that we couple to the massless theory. They
arise in the compactification of eleven-dimensional supergravity theory on a
two-torus, and of ten-dimensional type IIB supergravity theory on a circle. A
supergravity theory coupled to BPS multiplets is called a BPS extended super-
gravity theory [61].

The reason for choosing the nine-dimensional theory is that it provides a
reasonably simple example of such a BPS extended supergravity. Namely, the
nonlinearly realized global symmetry group G = GL(2) is small and one is
able to handle calculations much better than e.g. in four dimensions, where the
hidden symmetry group is E7(7). Additionally the four-dimensional theory ex-
hibits electro-magnetic duality, which would complicate the discussion. Nev-
ertheless, it proves to be rather involved to actually write down a Lagrangian
even for this simple BPS-extended supergravity theory in nine dimensions.

We will argue that the BPS-extended supergravity theory in nine dimen-
sions goes beyond the standard eleven-dimensional supergravity theory. The
new theory contains eleven-dimensional supergravity theory as a limiting case,
but it also contain the ten-dimensional IIB supergravity theory in a different
limit.

1. Supersymmetry algebra

We start the discussion of supersymmetry in nine dimensions by studying
the supersymmetry algebra. This allows us to identify the various multiplets
that can appear in the N = 2 supergravity theory. We discuss the higher-
dimensional origin and the interpretation of these BPS multiplets.

39
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The supersymmetry algebra of maximal supergravity in nine dimensions
can be obtained from the supersymmetry algebra in eleven dimensions (1.9) by
straight-forward dimensional reduction on the two-torus T 2. The gamma ma-
trices in eleven dimension, Γ̂ M , are decomposed into nine-dimensional gamma
matrices γ µ and two-dimensional gamma matrices Γ m ,

Γ̂ µ = γ µ ⊗ γ̃ , Γ̂ m = 1 ⊗ Γ m , (3.1)

where γ̃ = −iΓ9Γ10. A Majorana spinor in nine dimensions has 16 com-
ponents, i.e. half the number as in eleven dimensions, and consequently the
supersymmetry algebra consists of two Majorana spinors Q i , i.e. N = 2. In
the first place, we are only interested in massless fields. Therefore we simply
neglect the central charges of the supersymmetry algebra, and we only con-
sider states with vanishing momenta in the directions of the internal torus. The
anti-commutator of two supersymmetry transformations reads1

{

Qi , Q̄ j} = −iδi j Pµγ µ . (3.2)

The N = 2 supersymmetry algebra in nine dimensions can be realized on the
supergravity multiplet consisting of 128 massless bosonic degrees of freedom
and the same number of massless fermionic degrees of freedom.

Turning to the massive states, we can augment the supersymmetry algebra
(3.2) by central charge terms. Again, we could directly construct the terms in
nine-dimensions, but we prefer to deduce them from the eleven-dimensional
supersymmetry algebra (1.9). In order to obtain only point-like central charges
in nine dimensions, we assume that the two-form central charge Z M N only
takes values in the ninth and tenth dimension, and we set the five-form central
charge Z M N P Q R to zero. The supersymmetry algebra in nine dimensions then
takes the form

{

Qi , Q̄ j} = −iδi j Pµγ µ + Z i j , (3.3)

where the central charge2 is given by

Z i j = Z9 10δ
i j − (P9τ3 − P10τ1)

i j , (3.4)

= M
(

a (cos θ τ3 + sin θ τ1)
i j + b δi j ) .

In this way, the central charge (3.4) decomposes into a singlet of SO(2), which
is proportional to δi j , and a doublet, which is a linear combination of τ1 and
τ3. In this reduction from eleven dimensions, the doublet is formed by the
momenta of the supergravity fields in the two internal directions. The singlet
originates from a solitonic state of the supergravity theory, the so-called M2-
brane, that is wrapped around the two-torus. The mass of a BPS state in its rest

1Dirac-conjugated spinors in eleven and in nine dimensions are related by ψ̄11 = iψ†Γ0 =
iψ†γ0 γ̃ = ψ̄9γ̃ .

2We have taken Γ9 = τ1, Γ10 = τ3, which implies γ̃ = τ2. Here, τi are the Pauli matrices.
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frame is given by

M =
√

P2
9 + P2

10 + |Z9 10| . (3.5)

From the perspective of the eleven-dimensional supermembrane [62, 63], the
mass formula (3.5) can be rewritten as

M = 1
Aτ2

|q1 + τq2| + Tm A|p| , (3.6)

where p is the number of times that the membrane wraps around the torus with
modular parameter τ . Here, q1,2 are the momenta along the torus directions
and Tm denotes the tension of the supermembrane.

We can also deduce the supersymmetry algebra (3.3) from the IIB super-
symmetry algebra in ten dimensions [64], which is given by

{

Qi , Q̄ j} = −iδi j (
PΓ M)PM +

(

PΓ M )Z i j
M ,

where P = (1 + Γ 10)/2 projects onto states with positive chirality. Upon
compactification on a circle, the supersymmetry algebra decomposes as

{

Qi , Q̄ j} = −iδi j Pµγ µ + Z i j ,

with the central charge

Z i j = −P9δ
i j +

(

Z F
9 τ3 − Z D

9 τ1
)i j
.

The origin of the singlet and the doublet charges in the reduction of the IIB
supergravity theory is different from their origin in the reduction of the eleven-
dimensional theory. Here, the singlet originates from the momentum of the
supergravity fields on the internal circle, and the doublet is related to the wind-
ing of the fundamental string and the D1-string around the internal direction.

When one diagonalizes the anti-commutator (3.3), the right-hand side de-
composes into four eight-dimensional blocks of unit matrices with coefficients
equal to M times (1+a+b), (1−a−b), (1−a+b) and (1+a−b). Whenever
one or more of these coefficients vanish, the algebra can be realized on a much
smaller number of states and the corresponding states are BPS-states. This
is the phenomenon of multiplet shortening, that we have already discussed in
chapter 1 and in chapter 2.

We can distinguish a number of cases. For a = ±1 and b = 0, half of
the components of the supersymmetry charge in (3.3) are zero on the states,
which means that we are dealing with 1/2-BPS states. The multiplet contains
the momentum states of eleven-dimensional supergravity (and consequently of
the IIA supergravity theory in ten dimensions), cf. (3.4). This multiplet is the
so-called KKA multiplet. Setting a = 0 and b = ±1, we obtain a different
kind of 1/2-BPS multiplet which comprises the momentum modes of the type
IIB supergravity theory in ten dimensions. This multiplet is the so-called KKB
multiplet. Finally, the cases ±a ± b = ±1 lead to 1/4-BPS states, i.e. to states
that are annihilated under one quarter of the original supersymmetry charges.
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These multiplets correspond to string theory states that carry both momentum
and winding.

We will discuss the field content of the KKA and KKB multiplets in more
detail in chapter 4. In particular we write down Lagrangians that describe the
massive fields and their interaction with the massless fields and we discuss the
relation between the two BPS multiplets in more depth.

2. Maximal supergravity

Let us first describe the theory of the massless fields, i.e. maximal N = 2 su-
pergravity in nine dimensions and its relation to IIA and IIB supergravity in
ten dimensions. Maximal supergravity in nine dimensions coincides with the
dimensionally reduced version of both the IIA and IIB supergravities in ten di-
mensions. The field content of the supergravity multiplet follows directly from
the reduction of the supergravity multiplet in eleven dimensions. Alternatively,
the field content can also be obtained by reducing the IIB supergravity theory.
We use both approaches below, but we will mainly focus on the former.

Not only the field content but also some of the quantum numbers of the
fields can be directly inferred from the supergravity multiplet in eleven dimen-
sions by studying the decompositions of the various symmetries: the Lorentz
symmetry in eleven dimensions is broken to SO(1, 8) × SO(2) ⊂ SO(1, 10),
where the SO(2) plays the role of the R-symmetry group in nine dimensions.
Similarly, representations of the SO(9) helicity group in eleven dimensions de-
compose into representations of the SO(7) helicity group in nine dimensions.
The diffeomorphism invariance of the torus gives rise to a global GL(2,R) =
SL(2,R) × SO(1, 1) symmetry. The group SL(2,R) corresponds to transfor-
mations of the modular parameter of the internal torus, and the group SO(1, 1)
describes rescalings of the torus. When we include the BPS multiplets into
the theory later in this chapter, the global GL(2,R) is broken to the arithmetic
subgroup SL(2,Z).

On the IIB side, the quantum numbers arise in a somewhat different way.
The SO(1, 9) Lorentz symmetry in ten dimensions is broken to SO(1, 8) in
nine dimensions. The helicity group in ten dimensions is SO(8), and it re-
duces to SO(7) in nine dimensions. The SL(2,R) symmetry does not originate
from symmetries of the internal manifold as in the reduction of the eleven-
dimensional theory, the symmetry already exists in ten dimensions as a strong-
weak coupling self-duality symmetry. The group SO(1, 1) corresponds to
rescalings of the compactification circle.

Let us now discuss the decomposition of the eleven-dimensional fields.
The graviton gM N in eleven dimensions transforms in the 44 representation of
the SO(9) helicity group, and it splits up into the following SO(7) helicity rep-
resentations and their associated massless fields in nine dimensions: a graviton
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field multiplicity dimension of helicity representation

gM N 1 1
2 D(D − 3)

gµν 1 1
2d(d − 3)

Aµm D − d d − 2
em

a 1
2(D − d)(D − d + 1) 1

Table 2. The metric in D dimensions decomposes into massless
fields in d dimensions, describing states with the given helicities.

gµν , two vector fields Aµm and three scalars φm and σ . The SO(9) helicity rep-
resentations of the corresponding states decompose into SO(7) representations
as follows,

gM N −→ gµν + Aµm + φm + σ

44 −→ 27 + 7 + 7 + 1 + 1 + 1 , (3.7)

where m = 1, 2 is an SL(2,R) index. The three scalar fields are proportional
to the metric in the internal dimensions: the scalar field σ is related to the
determinant of the torus metric gmn. The two scalar fields φm take values in
the coset space SL(2,R)/SO(2), and they are described by a nonlinear sigma
model. The gravi-photons Aµm form a doublet of SL(2,R).

These results are easily generalized to a reduction from D dimensions to
d dimensions. The helicity group in the unreduced space-time is SO(D − 2),
whereas it is SO(d − 2) in the reduced space-time. The metric decomposes as
in (3.7), but the representations are of course different. A list of the represen-
tations and their multiplicities can be found in table 2.

The eleven-dimensional three-form field AM N P describes states in the 84
representation of the SO(9) helicity group, which decomposes in the following
way into SO(7) helicity representations in nine dimensions,

AM N P −→ Aµνρ + Aµνm + Bµ
84 −→ 35 + 21 + 21 + 7 .

The nine-dimensional fields are a three-form field Aµνρ , two two-form fields
Aµνm , and one vector field Bµ. Note that the vector field Bµ which is a singlet
under SL(2,R) originates from the reduction of the three-form.

The gravitino in eleven dimensions, ψM splits into two gravitini ψa
µ and

four fermions χa
m ,

ψM −→ ψa
µ + χa

m
128 −→ 48 + 48 + 8 + 8 + 8 + 8 ,
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D = 11 D = 9 IIB weight

Gµν gµν Gµν 0
Aµ 9 10 Bµ Gµ 9 −4

Gµ 9, Gµ 10 Aµm Aµ 9
m 3

Aµν 9,Aµν 10 Aµνm Aµνm −1
Aµνρ Aµνρ Aµνρ 9 2

G9 9, G9 10, G10 10

{
φm

σ

φm

G9 9

0
7

Table 3. The bosonic fields of eleven-dimensional, nine-dimensional,
and type IIB supergravity. We have also included the SO(1, 1) scaling
weight of the various fields in the Einstein frame.

where a = 1, 2 is the SO(2) R-symmetry index. The doubling of the gravitinos
in nine dimensions is due to the fact that a Majorana spinor in nine dimen-
sions contains 16 components, whereas it contains 32 components in eleven
dimension.

Dimensional reduction of the IIB theory gives rise to exactly the same field
content, but the origin of the fields is of course different. The IIB origin of the
massless fields is listed in detail in table 3.

The three abelian gauge fields Aµm and Bµ play an important role in the
interpretation of the BPS multiplets which we will be discussing in the next
section. From an eleven-dimensional point of view, the SL(2) doublet Aµm is
derived from the reduction of the metric. It therefore couples to all the massive
Kaluza-Klein states, i.e. the massive Kaluza-Klein states carry two charges
with respect to the two abelian gauge fields Aµm . From a IIB point of view
the role of the Aµm is rather different. The fields originate from the doublet
of tensor fields in ten dimension, which means that they couple to the winding
states of the fundamental string and of the D1-string in the IIB theory on the
circle.

A similar analysis holds for the gauge field Bµ, which is an SL(2) sin-
glet. In the reduction of the IIB theory it derives from the metric and therefore
couples to the massive Kaluza-Klein states, i.e. the massive IIB Kaluza-Klein
states are charged under Bµ. In the compactification from eleven dimension,
the field Bµ originates from the three-index tensor field, and consequently it
couples to the winding modes of the M2-brane on the torus.
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3. BPS multiplets

As described in section 1, there are two inequivalent 1/2-BPS multiplets in nine
dimensions, the KKA and the KKB multiplet, which we study in the following.
We derive their field content from the eleven-dimensional supergravity theory
and the ten-dimensional IIB supergravity theory, respectively.

In order to identify the massive physical fields in nine dimensions, it is
necessary to impose certain gauge choices on the fields. This gauge fixing is
very similar to employing the unitary gauge in spontaneously broken theories.
Since we are only interested in the classical theory in this section, we do not
have to worry about Faddeev-Popov ghosts. We write down the gauge choices
for the various fields in chapter 4, where we also discuss the precise relation be-
tween the lower-dimensional fields and the original higher-dimensional fields.

3.1. The KKA multiplet
The massive Kaluza-Klein modes of eleven-dimensional supergravity com-
pactified on a torus make up the KKA multiplet, which contains 128 bosonic
and 128 fermionic degrees of freedom. All of the KKA modes are charged with
respect to the two gravi-photons Aµm , and the charges qm of the fields are equal
to their mass m, i.e. q2 = m2. The charges qm form a two-dimensional lat-
tice, which breaks the global symmetry group SL(2,R) of the massless theory
to the arithmetic subgroup SL(2,Z). Under this SL(2,Z), the charge-lattice
of the KKA multiplets is mapped onto itself. To be precise, a multiplet with
charges (p, q) is mapped onto a multiplet with charges (p′, q ′) as follows,

(

p′

q ′

)

=
(

a b
c d

)(

p
q

)

,

with integers a, b, c, d which are subject to ad − bc = 1. A theory of massless
fields coupled to a “lattice” of massive fields is therefore invariant under a
global SL(2,Z) symmetry. From the perspective of IIB supergravity theory, the
two vector fields Aµm originate from the SL(2)-invariant tensor fields, as we
have mentioned above. They couple to the winding states of the fundamental
string and the D1-string.

The massless fields of the eleven-dimensional theory transform in repre-
sentations of the helicity group SO(9). In nine dimensions, the massive fields
transform under the spin-group SO(8), and the SO(9) representations split into
SO(8) representations as follows,

44 −→ 1 + 8v + 35v
84 −→ 28 + 56v

128 −→ 8s + 8c + 56s + 56c .

Each of these SO(8) representations corresponds to a state in the BPS multi-
plet, and we will identify the corresponding fields below. The KKA multiplet



46 Supergravity in nine dimensions

field multiplicity representation

gM N 1 1
2(D − 2)(D − 1)− 1

gµν 1 1
2 d(d − 1)− 1

Aµm D − d − 1 d − 1
em

a 1
2 (D − d)(D − d − 1) 1

Table 4. The massless metric in D dimensions splits up into massive
fields in d dimensions. The states described by the D-dimensional
metric transforms in a representation of the helicity group SO(D −
2), whereas the states described by the d-dimensional massive fields
transform in a representation of the spin group SO(d − 1).

therefore consists of the following SO(8) representations,

1 + 8v + 28 + 35v + 56v
︸ ︷︷ ︸

bosons

+ 8s + 8c + 56s + 56c
︸ ︷︷ ︸

fermions

.

Note that the KKA multiplet contains the same representations as the super-
gravity multiplet of the IIA theory. This can easily be understood by noting
that the massless fields of the IIA theory transform under the helicity group
SO(8), which is also the spin group of the massive nine-dimensional fields.
The associated fields are different, though, because the states describe massive
and massless fields, respectively. Let us now discuss the decomposition of the
individual fields.

§ The elfbein EM
A in eleven dimensions, which transforms in the 44 of the

helicity group SO(9) splits up into the following representations of the spin-
group SO(8) in nine dimension,

EM
A −→ eµα + Aµ + σ

44 −→ 35v + 8v + 1 .

The SO(8) representations of the states are attributed to the various massive
fields as follows: the representation 35v corresponds to a symmetric and
traceless two-index field, which we identify as the massive neunbein eµα, or
equivalently the massive graviton gµν . The representation 8v corresponds
to a massive vector field Aµ, and the representation 1, finally, corresponds
to a scalar field in nine dimensions. For a general compactifications table 4
shows how the representation of the state associated with metric splits up
into representations and the associated fields in the lower dimension.
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§ The three-index tensor field AM N P splits up into a massive three-form field
Aµνρ and a massive two-form field Aµν ,

AM N P −→ Aµνρ + Aµν

84 −→ 56v + 28 .

The representation 56v is associated with a massive anti-symmetric three-
index tensor field Aµνρ , and 28 corresponds to a massive anti-symmetric
two-index tensor field Aµν in nine dimensions.

§ The gravitinoψM in eleven dimensions splits up into two Rarita-Schwinger
fields ψµ and two spinor fields χ in nine dimensions. The decomposition
goes as follows,

ψM −→ ψa
µ + χa

128 −→ 56s + 56c + 8s + 8c .

As we have mentioned earlier, the doubling of the number of spinors in
nine dimensions is due to the split of a 32-component spinor in eleven di-
mensions to two 16-component spinors in nine dimensions.

3.2. The KKB multiplet
The KKB multiplet consists of the massive Kaluza-Klein modes of type IIB
supergravity theory. The fields are charged with respect to the gravi-photon
Bµ, and the charges form a one-dimensional lattice. The multiplet consists of
states in the following representations of the SO(8) spin group,

1 + 1 + 28 + 28 + 35v + 35c
︸ ︷︷ ︸

bosons

+ 8s + 8s + 56s + 56s
︸ ︷︷ ︸

fermions

These are exactly the same representations as are contained in the massless IIB
supergravity multiplet. The reason for this is obvious: in ten dimensions, the
helicity group for massless fields is SO(8), and in nine dimensions the spin
group for massive fields is also SO(8). In the process of the compactification,
the states themselves do not change, only the fields describing the states. The
degrees of freedom corresponding to the internal coordinate are absorbed by
the other degrees of freedom in order to make up a massive field in nine di-
mensions. We will discuss this effect for the individual fields below.

The IIB supergravity theory in ten dimensions is invariant under SL(2,R),
which describes the strong-weak coupling self-duality of the theory. If we
include the solitonic string modes into the theory, the symmetry is broken to
the arithmetic subgroup, SL(2,Z). Again, this global symmetry can be found
back in nine dimensions. For the KKB multiplets, the SL(2,Z) acts on the
fields within one multiplet, i.e. it does not mix multiplets of different Kaluza-
Klein charges. There is also an SO(1, 1) symmetry in nine dimensions, which
corresponds to rescalings of the compact coordinate, and which is broken in
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the coupled theory. Let us now discuss the decomposition of the individual
fields in the IIB theory.
§ The zehnbein EM

A in the IIB supergravity theory reduces to a massive
neunbein eµα in nine dimensions,

EM
A −→ eµα

35v −→ 35v .

As alluded to above, we can observe a mechanism that holds for the com-
pactification of all fields: the SO(8) helicity representation 35v of the ten-
dimensional state is re-interpreted as an SO(8) spin representation of the
nine-dimensional massive state. The massive field associated with 35v is a
symmetric traceless two-index field, the massive graviton.

§ The two two-index tensor fields AM N
m in ten dimensions, which transform

as a doublet under SL(2,Z), reduce to two massive two form-fields Aµνm

in nine dimensions,

AM N
m −→ Aµνm

28 + 28 −→ 28 + 28 .

§ The two scalars φm in ten dimensions reduce to two massive scalar fields
φm in nine dimensions,

φm −→ φm

1 + 1 −→ 1 + 1 .

Note that the scalar fields both in ten dimensions and nine dimensions trans-
form as a doublet under the SL(2,Z) symmetry.

§ The four-form field A+
M N P Q in ten dimensions with self-dual field strength

reduces to a massive four-form field Aµνρσ in nine dimensions, which is
subject to a self-duality constraint,

A+
M N P Q −→ Aµνρσ

35c −→ 35c .

While it is clear that we are dealing with a massive four-index tensor field
in nine dimensions, it is a priori not obvious how the self-duality condition
that holds in ten dimensions is interpreted in nine dimensions. We will
comment on this in more detail in chapter 2.5.

§ The two gravitinos ψa
M in ten dimensions reduce to two massive Rarita-

Schwinger fields ψa
µ in nine dimensions,

ψa
M −→ ψa

µ

56s + 56s −→ 56s + 56s .
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§ The fermions λa in ten dimensions reduce to two massive spinor fields λa

in nine dimensions,
λa −→ λa

8s + 8s −→ 8 + 8 .
Let us summarize the analysis of the BPS multiplets in nine dimensions

before we proceed to the next chapter. The discussion of the multiplets in
this chapter was based solely on group theoretical considerations. We studied
how the helicity representations of the higher-dimensional theory decompose
into representations of the lower-dimensional helicity group and spin group.
This allowed us to identify the massless and massive fields in nine dimensions.
In chapter 4, we are going to construct a theory describing the massless and
massive fields in nine dimensions.

There is a difference in the structure of the BPS multiplets when com-
pactifying one dimension (e.g. IIB supergravity) or two and more dimensions
(e.g. eleven-dimensional supergravity). In the former case the helicity group
in ten dimensions is identical to the spin group in nine dimensions, and the
representations of the states do not change in the process of the compactifica-
tion. In the latter case the spin group in nine dimensions is a subgroup of the
helicity group in eleven dimensions, and the representations of the states are
decomposed accordingly.





4
BPS-extended supergravity in nine dimensions

Now that we have discussed the massless N = 2 supergravity multiplet and
two BPS multiplets in nine dimensions, we proceed to formulate a BPS-exten-
ded field theory that describes the states comprised by these multiplets and
their interactions with the states of the massless supergravity multiplet.

Although we have described what kind of fields to expect in the lower-
dimensional theory, we have not yet explicitly stated how the fields in the
lower-dimensional theory are defined in terms of the higher-dimensional fields.
This chapter aims to fill this gap. In the first section we make a number of gen-
eral observations about Kaluza-Klein theories. We then present explicit calcu-
lations needed in the compactification of both the IIB theory on a circle and
the eleven-dimensional supergravity theory on a torus. In the last section we
comment on the BPS-extended supergravity theory, and its significance for the
construction of M-theory.

1. Kaluza-Klein theories

Supergravity theories which exhibit spontaneous compactification of space-
time are known as Kaluza-Klein theories. Compactification of a D-dimensional
theory means that the ground-state geometry is locally a product space, i.e. it
is of the form MD = Md × Mn , where Mn is an n-dimensional compact
manifold, and Md is the d-dimensional non-compact space-time. A compact-
ification is called spontaneous (as opposed to “ad-hoc”), if it occurs through a
physical mechanism and is not imposed by hand.1 Kaluza-Klein theories have
been studied in great detail, for a review see e.g. [65].

Kaluza-Klein theories are of particular interest since they make it possible
to study a D-dimensional field theory in a d-dimensional setting. Kaluza-Klein
theories can also explain the emergence of non-abelian gauge groups in lower
dimensions. Namely, if the compact manifold Mn has an isometry group G,
then the d-dimensional theory contains massless vector fields which gauge the

1While we will only be dealing with spontaneous compactifications in this chapter, we
present an example of an ad-hoc compactification in chapter 5 where we will study ten-dimensional
supersymmetric Yang-Mills theory compactified on a six-torus. Since this theory does not contain
gravity, the compactification on a six-torus is imposed by hand.
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group G. Examples of internal manifolds that are frequently studied are the n-
torus T n, with corresponding gauge group U(1)n, and the n-sphere Sn , which
gives rise to the gauge group SO(n + 1). If the internal manifold is compact,
then the spectrum of the lower-dimensional theory has a mass gap and one can
consistently decouple the massive modes from the massless modes.

The compactification procedure has been discussed many times before,
but the focus has mostly been put on the massless modes in the compactifica-
tion. In this section we will take the conventional Kaluza-Klein procedure one
step further by including the massive Kaluza-Klein modes. We will discuss the
significance of the massive modes as well as the problems encountered in such
an approach. We start the discussion in section 1.1 with the analysis of the
vielbein (or metric), which is the most important ingredient in the compactifi-
cation. We then study the reduction of a general tensor with using the example
of an abelian vector field in section 1.2.

1.1. Compactification of the vielbein
The vielbein in D dimensions, EM

A, transforms as follows under general co-
ordinate transformations with parameter ξM and local Lorentz transformations
(frame rotations) with parameterΛA

B ,

δEM
A = ∂Mξ

N EN
A + ξ N ∂N EM

A +ΛA
B EM

B . (4.1)

The coordinates z M are decomposed as z M = (xµ, ym), where xm are coordi-
nates on the d-dimensional space-time and ym are coordinates on the compact
internal manifold. By means of a local Lorentz transformation, the vielbein
EM

A and its inverse E A
M can always be brought into block-triangular form,

EM
A =

(eµα Bµm em
a

0 em
a

)

, EA
M =

(eαµ −Bµm eαµ

0 ea
m

)

. (4.2)

This gauge choice breaks the D-dimensional Lorentz group SO(1, D − 1) to
SO(1, d−1)× SO(n), where SO(1, d−1) is the Lorentz group in d dimensions;
the compact group SO(n) is interpreted as an internal symmetry group in the
d-dimensional theory. The line element corresponding to the vielbein (4.2) is
given by

ds2 = gµνdxµdxν + gmn
(

dxm + Bµmdxµ
) (

dxn + Bµndxµ
)

.

Let us now study the general coordinate transformations of the fields eµα,
Bµm and em

a that appear in the parameterization (4.2). In principle we can
deduce the transformation rules in a straightforward way by writing out the
relevant components in the original transformation rules (4.1). However, in or-
der to remain in the gauge defined by (4.2), i.e. em

α = 0, we have to uniformly
modify the general coordinate transformations by a local Lorentz transforma-
tion with parameterΛαb, defined by

δem
α = ∂mξ

µeµα +Λαbem
b = 0 . (4.3)
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Taking into account the compensating Lorentz transformation, the d-dimensio-
nal fields transform as follows under D-dimensional general coordinate trans-
formations

δeµα =
(

∂µ − Bµn∂n
)

ξ ν eνα + ξ ν ∂νeµα + ξm ∂meµα , (4.4a)

δBµm =
(

∂µ − Bµn∂n
)

ξ ν Bνm + ξ ν ∂νBµm + gmngµν ∂nξ
ν (4.4b)

+
(

∂µ − Bµn∂n
)

ξm + ξn ∂n Bµm ,

δem
a = ξµ ∂µem

a + ξn ∂nem
a + ∂mξ

µ Bµnen
a + ∂mξ

n en
a . (4.4c)

Let us stress that the transformation rules for general coordinate transforma-
tions (4.4) are completely equivalent to the original D-dimensional transfor-
mation rules (4.1), they are simply written in a special parameterization.

The d-dimensional theory contains a number of important symmetries,
which follow from the general coordinate transformations (4.4) in D dimen-
sion. First, there are general coordinate transformations in d dimensions which
are generated by ξµ(x). In principle, the ξµ(x, y) generate a much larger sym-
metry group. The y-dependent modes, however, correspond to symmetries
which are spontaneously broken in the ground state. These symmetries are
not considered here, because they are involved in the transfer of the degrees of
freedom from Bµm to a massive spin-2 field in d dimensions. Second, there
are a number of internal symmetry transformations related to ξm(x, y), which
we discuss below.

The original transformation rules (4.4) of the three fields under the residual
symmetries ξµ(x) and ξm(x, y) reduce to

δeµα = ∂µξ
νeνα + ξ ν∂νeµα + ξm∂meµα , (4.5a)

δBµm = ∂µξ
νBνm + ξ ν∂νBµm +

(

∂µ − Bµn∂n
)

ξm + ξn∂n Bµn , (4.5b)

δem
a = ξµ∂µem

a + ξn∂nem
a + ∂mξ

nen
a . (4.5c)

Clearly, the first transformation rule in (4.5) describes the general coordinate
transformations with parameter ξµ of a d-dimensional vielbein eµα . The trans-
formation rule for Bµm contains a term of the form ∂µξ

m and we read off
that Bµm transforms as a gauge field in d dimensions. The fields em

a, finally,
transform as scalars under general coordinate transformations ξµ. The trans-
formation rules (4.5) are those that we will be using henceforth. As it stands,
all the fields in these transformation rules still depend on both coordinates xµ

and ym . In order to obtain a d-dimensional theory, the fields can be expanded
in terms of some basis of functions on the internal manifold, e.g. a basis of
eigenfunctions of the Laplacian, Y A(y),

φ(x, y) =
∑

A

φA(x)Y A(y) , (4.6)
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where A collectively denotes all the indices of the eigenfunctions of the Lapla-
cian. Subsequently one integrates over the internal coordinates ym in order to
eliminate the dependence on the internal coordinates. Every field φ(x, y) in
the D-dimensional theory gives rise to an infinite number of fields φA(x) in d
dimensions.

As we have mentioned above, the d-dimensional theory can also contain
internal symmetries that are related to the transformations ξm . Assume that the
metric of the internal manifold Mn has isometries K i

m(y), i = 1 . . . I , i.e. the
metric admits I Killing vectors K i

m(y). The Killing vectors K i
m(y) generate

a group G, and the structure constants fi j
k of the generating algebra are given

by the commutation relation
[

Ki , K j
]

= fi j
k Kk .

We restrict the transformation parameters ξm to those that leave the metric of
the internal space invariant, which means that the ξm(x, y) are a linear combi-
nation of Killing vectors K i

m(y),

ξm(x, y) = ξ i (x)Ki
m(y) . (4.7)

In such a background, the expansion (4.6) applied to the vector field Bµm(x, y)
takes the form

Bµm(x, y) = Bµi (x)Ki
m(y)+ · · · ,

where Bµi(x) is the coefficient of the lowest component in the harmonic ex-
pansion of Bµm(x, y), and where the omitted terms correspond to higher com-
ponents. The transformation rules (4.5) for the field Bµi(x) are given by

δBµi(x) = ∂µξ
νBν i + ξ ν∂νBµi + ∂µξ

i + f j k
i Bµ jξ k .

This is precisely the transformation rule of a gauge field in d dimensions under
general coordinate transformations ξµ and under gauge transformations ξ i , as
we have expected. Therefore, the fields Bµm transform as gauge fields in d
dimensions and the isometry group G of the internal manifold is the gauge
group.2

1.2. Compactification of tensor fields
When studying the compactified theory from the lower-dimensional point of
view, one has to make sure that quantities that carry space-time indices trans-
form as tensors in d dimensions. If X̂ M is a covariant vector in D dimen-
sions, we cannot blindly assume that the components X̂µ transform as a co-
variant vector in d dimensions, and that the X̂m transform as scalars under

2The possibility of obtaining non-abelian gauge theories from a Kaluza-Klein setup has first
been discussed in the lecture notes [66], as a problem for the students.
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d-dimensional diffeomorphisms. Let us illustrate this problem with an exam-
ple. In D dimensions, a vector field X̂ M transforms as follows under general
coordinate transformations,

δ X̂ M = ∂Mξ
N X̂ N + ξ N ∂N X̂ M

The transformation rule for the components X̂µ contains a term ∂µξ
m X̂m which

transforms X̂µ into X̂m , i.e. the fields X̂µ and X̂m are mixed under general co-
ordinate transformations. Such a mixing is not desirable and prevents us from
identifying X̂µ as a vector field in d dimensions. Note that since ξµ does not
depend on ym , as discussed above, the term ∂mξ

µ X̂µ in the variation of X̂m
vanishes.

In order to identify the correct covariant quantities we use a procedure first
developed by Cremmer and Julia [67], which we formulate as follows:

(1) Transform all space-time indices of the D-dimensional fields (which
we marked with a hat) to tangent-space indices, using the vielbein
EM

A and its inverse as given in (4.2), for example X̂α = eαµ X̂µ −
eαµBµm X̂m .

(2) Transform the tangent space quantities back to space-time quantities
in d dimensions—if appropriate–using the d-dimensional vielbeins
eµα and em

a and their inverses, e.g. Xµ = eµαXα or Xm = em
a Xa .

For the contravariant vectors we then obtain the following relations3

Xµ = X̂µ − Bµm X̂m and Xm = X̂m .

Let us now discuss the compactification of an abelian gauge field ÂM in
some detail in order to better understand the general procedure that we have
just described. In D dimensions, the abelian gauge field ÂM transforms un-
der general coordinate transformations with parameters ξM (x, y) and under
abelian gauge transformations with parameter λ(x, y) as follows,

δ ÂM = ∂Mξ
N ÂN + ξ N ∂N ÂM + ∂Mλ . (4.8)

We decompose the vector field ÂM into ( Âµ, Âm) and identify the tangent-
space quantities, i.e. Âα = Aα and Âa = Aa, as outlined above. The quantities
with space-time indices are then given by

Âµ = eµα Âα + Bµmem
a Âa and Aµ = eµαAα ,

3The relations are different for covariant and contravariant vectors, i.e. the covariant vectors
are identified as Xµ = X̂µ and Xm = X̂m + X̂µBµm .
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and similarly for the fields Âm and Am . We can easily see that the two fields
Aµ and Am , defined by

Aµ = Âµ − Bµm Âm ,

Am = Âm ,

transform as a vector field and as a set of n scalar fields in d dimensions.
Namely, the vector field Aµ transforms as

δAµ = ∂µξ
ν Aν + ξ ν∂νAµ + ξm∂m Aµ +

(

∂µ − Bµn∂n
)

λ (4.9)

under the original general coordinate transformations and gauge transforma-
tions (4.8). The scalar fields Am transform as

δAm = ξµ∂µAm + ξn∂n Am + ∂mξ
n An + ∂mλ . (4.10)

The reduction of the higher-dimensional field-strength F̂M N is very similar.
We define the following lower-dimensional field-strengths

Fµν = F̂µν + 2B[µm F̂ν]m + Bµm Bνn F̂mn , (4.11a)

Fµn = F̂µn − Bµm Fmn , (4.11b)

Fmn = F̂mn , (4.11c)

In terms of the d-dimensional fields Aµ and Am , the field-strength tensors are
given by

Fµν = 2D[µAν] + 2Gµν
m Am ,

Fµn = DµAm − ∂n Aµ ,

Fmn = 2∂[m An] ,

where we have introduced the gravi-photon field-strength Gµν
m = 2D[µBν]m .

We can easily verify that the field-strengths Fµν , Fµ n and Fmn are invariant
under the abelian gauge transformations in (4.9) and (4.10) and also under
the non-abelian gauge transformations generated by the restricted parameters
ξm . The Lagrangian in the higher-dimensional theory is then reduced to the
Lagrangian of the lower-dimensional theory,

LV = −1
4

Ê
(

F̂M N
)2 = −1

4
Ê ĝM P ĝN Q F̂M N F̂P Q , (4.12)

= −1
4

e∆
(

gµρgνσ FµνFρσ + 2gµνgmn Fµm Fνn + gmpgnq Fmn Fpq
)

,

= −1
4

e∆
(
(

2D[µAν] + Gµν
m Am

)2 + 2
(

DµAm − ∂m Aµ
)2 + 2∂[m An]

)

.

where e and ∆ are the determinant of the space-time vielbein eµα and of the
internal vielbein em

a, respectively.
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Let us now discuss the fate of the abelian gauge symmetry in the lower-
dimensional theory when compactifying on a torus. We use part of the y-
dependent gauge parameter λ(x, y) to transform away one massive scalar field,
by imposing the unitary gauge,

∂m Am(x, y) = 0 . (4.13)

In order for this gauge-fixing to be independent of gauge-transformations, the
parameter λ for the gauge transformation needs to fulfill the relation

∂m∂mλ(x, y) = 0 .

The general solution to this equation that also respects the periodicity of Aµ
and Fµν is of the form

λ(x, y) = λ(x)+ λm ym

R
, (4.14)

where λm is a constant. With the gauge parameter defined in this way, the
vector fields Aµ(x, y) and the scalar fields Am(x, y) transform as

δAµ(x, y) = ∂µλ(x)−
Bµmλm

R
(4.15a)

δAm(x, y) = λm (4.15b)

under the original gauge transformations.

2. Lagrangians for massless and massive fields

In this section we study the Lagrangians of both the massless and the massive
fields in the nine-dimensional N = 2 supergravity theory. Where possible the
results are presented in a dimension-independent way and with as few assump-
tions as possible about the internal manifold. However, for calculations that
involve the dimensionality of space-time at crucial points, we restrict ourselves
to specific dimensions, i.e. we start in eleven or ten dimensions and compactify
to nine dimensions on a torus and a circle, respectively.

2.1. Einstein-Hilbert action
The action of a supergravity theory in D space-time dimensions contains the
Einstein-Hilbert term,

SE H = −1
2

∫

dDx Ê R̂ , (4.16)

where Ê is the determinant of the vielbein, and R̂ is the Ricci scalar. In the
following, we compactify the theory on an n-torus to d dimensions, and we
present the form of the action in d dimensions when retaining not only the
massless fields, but also the massive fields.
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As explained above, the vielbein and its inverse can always be brought
into block-triangular form by means of a local Lorentz transformation. How-
ever, the parameterization (4.2) gives rise to an Einstein-Hilbert term in the
d-dimensional theory that does not have the standard normalization; it is multi-
plied by the determinant of the internal vielbein. In order to obtain the standard
normalization of the Einstein-Hilbert term in d dimensions, we slightly modify
the expressions (4.2) by extracting the determinant∆ from the internal vielbein
em

a and multiplying eµα with an appropriate power of ∆. The vielbein then
takes the form

ÊM
A =

(

∆−ζ eµα ∆1/n Bµm em
a

0 ∆1/n em
a

)

, (4.17a)

ÊA
M =

(

∆ζ eαµ −∆ζ Bµm eαµ

0 ∆−1/n ea
m

)

. (4.17b)

where we have defined ζ = 1/(d − 2). Note that the internal vielbein em
a

now has unit determinant, because we have extracted a factor ∆1/n. In the
parameterization (4.17), the Einstein-Hilbert action takes the form

SEH = −1
2

∫

dd x dn y e (R + LK + LM + LI) , (4.18)

where e = det eµα is the determinant of the d-dimensional vielbein, R is the
Ricci scalar in d dimensions and where LK is given by

LK = −∆2(ζ+1/n) (
D[µBν]m)2 −

(

e(am
Dµemb)

)2 (4.19)

− (ζ + 1/n)
(

Dµ ln∆
)2
.

Here, LK contains the kinetic terms for the gravi-photons Bµm and for the
scalar fields em

a and ∆.
In the compactified Einstein-Hilbert action (4.18), LM and LI contain

mass-terms and interaction terms of the d-dimensional theory, respectively. We
will give explicit expressions for these two parts of the Lagrangian below. The
covariant derivative is defined as above, namely as Dµ = ∂µ − Bµm∂m . Note
that all the terms in the Lagrangian still depend on the internal coordinates
y at this point of the calculation. One obtains the d-dimensional theory by
Fourier-expanding all the fields on the torus T n , and consequently integrating
over the internal coordinates ym . This procedure gives rise to a finite number
of massless fields, and an infinite number of massive fields.

Let us now discuss the gauge choices one has to make in order to iden-
tify the correct massive physical degrees of freedom in the lower-dimensional
theory. In the D-dimensional transformation rule for Bµm , equation (4.4), we
can use the y-dependent modes of the term gmngµν∂mξ

ν to eliminate the cor-
responding y-dependent mode. The d − 2 degrees of freedom associated with
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the eliminated vector field are absorbed by the vielbein eµα . Very similarly, we
can fix the y-dependency of em

a such that n of the degrees of freedom asso-
ciated with em

a are eliminated. One of those degrees of freedom is absorbed
by eµα to make up a massive spin-2 field, and the remaining n − 1 degrees of
freedom are required by the n −1 vector fields Bµm to become massive. For an
overview of the degrees of freedom and the multiplicities of the fields in this
gauge fixing, we refer to tables 2 and 4 in chapter 3.

If the internal manifold is a circle S1, we impose the gauge

∂m Bµm = 0 and ∂m (ln∆) = 0 . (4.20)

where m denotes the single coordinate on the internal manifold. In this way, all
the massive degrees of freedom of the vector field Bµm and of the scalar field
∆ are absorbed by the corresponding y-dependent components of the vielbein
eµα , which then constitute physical massive spin-2 fields in d dimensions. The
Lagrangians LM and LI of equation (4.19) are given by

LM = −∆−2(ζ+1) (e(αµ∂meµβ)
)2 + 1

4
∆−2(ζ+1)(∂m ln e)2 ,

LI = −2(D[µBν]m)(eαµ∂meνα) .

Here, LM contains mass terms for the space-time vielbein eµα and its determi-
nant e. Because of the gauge conditions (4.20), there are no mass terms for the
gravi-photon fields Bµm and for the scalar field ∆. The interaction Lagrangian
LI contains a single interaction term of the (massless) gravi-photon with the
massive vielbein.

If the internal manifold has dimension two or more, i.e. for n ≥ 2, the
gauge choice (4.20) for the vector field can still be imposed. For the scalar
fields, we choose instead

∂mea
m = 0 .

In the d-dimensional theory, there will be one massive vielbein, n − 1 massive
vector fields, and n(n − 1)/2 massive scalar fields, cf. table 4. The kinetic part
of the Lagrangian, LK, remains as in (4.19), and the Lagrangians LM and LI
are now given by

LM = −
(

∂m Bµn)2 −∆−2(ζ+1/n) (e(αµ∂meµβ)
)2 +∆−2(ζ+1/n)(∂m ln∆)2

−∆−2(ζ+1/n) (∂[men]a)2 − 2∆−2(ζ+1/n)
(

ea
m∂nem

b
)
(

eb
p∂nep

a)

+ 1
4
∆−2(ζ+1/n)(∂m ln e)2 , (4.21)

and

LI = (∂(m Bµn))(eamD
µen

a)− 2(D[µBν]m)(eαµ∂meνα)

− (ζ + 1/n)∆−2(ζ+1/n)(∂m ln∆)(∂m ln e) .
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We notice that there are mass terms for the vielbein, the gravi-photon and for
the scalar fields. This is in accordance with group-theoretical analysis carried
out in chapter 3, see for instance table 4. Additionally, there are many interac-
tion terms between the massless and the massive fields.

It is straightforward to calculate the massive sector in the compactifica-
tion of the Einstein-Hilbert action by Fourier-expanding (4.19) and (4.21) and
consequently integrating over the coordinates of the internal manifold. The
calculation is rather lengthy, and we refrain from giving further details. In-
stead, we now turn to the compactification from eleven and ten dimensions to
nine dimensions, and give the explicit Lagrangian for the massless modes. In
a toroidal reduction from eleven dimensions, the massless sector originating
from the Einstein-Hilbert action takes the following form,

LEH = −1
2

e
(

R − e−6σ/7(∂[µBm
ν]
)2 −

∣
∣V −1∂µV

∣
∣
2 − 8

7
(∂µσ)

2
)

,

where∆ = exp(−2σ/3) and where we have defined the SL(2,R)/SO(2) valued
scalar fields Vm

a = em
a. An analogous reduction of the Einstein-Hilbert term

in the IIB supergravity Lagrangian yields

LEH = −1
2

e
(

R − 1
7

(

∂µσ̃
)2
)

.

It is important to note that the field σ̃ is not equal to the field σ . The former is
the determinant of the einbein on the circle, and the latter is the determinant of
the zweibein on the torus.

2.2. Antisymmetric tensor fields
Both the eleven-dimensional supergravity theory and the IIB supergravity the-
ory in ten dimensions contain a number of antisymmetric tensor fields. As an
example of how compactification affects antisymmetric tensor fields, we study
the compactification of the three-index tensor field from eleven dimensions to
nine dimensions.

The antisymmetric tensor in eleven dimensions ÂM N P transforms under
abelian tensor gauge transformations with infinitesimal parameter Λ̂M N P as
follows,

δ ÂM N P = 3∂[MΛ̂N P] . (4.22)
The kinetic term of the tensor field in the eleven-dimensional Lagrangian is
given by

Ltensor = − 1
48

Ê F̂2
M N P Q , (4.23)

where the field strength F̂M N P Q is defined as F̂M N P Q = 4∂[M ÂN P Q], cf.
(1.10).

The reduction to nine dimensions is done using the procedure by Crem-
mer and Julia [67] as outlined in section 1 above. The eleven-dimensional
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fields ÂM N P and the nine-dimensional fields Aµνρ are equal for tangent-space
indices, e.g Âαβγ = Aαβγ . This identification allows us to define fields in nine
dimensions that are true tensor fields and that do not transform under gauge
transformations pointing along the directions of the internal manifold. For
space-time indices, the higher-dimensional fields are defined in terms of the
lower-dimensional fields as follows,

Âµmn = Aµmn , (4.24a)

Âµν m = Aµν m + 2B[µ
n Aν] mn , (4.24b)

Âµνρ = Aµνρ + 3B[µ
m Aνρ] m + 3B[µ

m Bνn Aρ] mn . (4.24c)

Note that no tensor field with three internal indices arises in the reduction from
eleven to nine dimensions. Using the vielbein (4.17) with ζ = 1/7 and n = 2,
we solve (4.24) for the tensor-fields that are covariant in nine dimensions,

Aµνρ = ∆−3/7( Âµνρ − 3B[µm Âνρ] m + 6B[µm Bνn Âρ] mn
)

,

Aµν m = ∆−2/7+1/2( Âµν m − 2B[µ
n Âν] mn

)

,

Aµmn = ∆−1/7+1 Âµmn .

The nine-dimensional theory therefore contains one three-index gauge field
Aµνρ , two two-index gauge fields Aµν m and one vector field Aµmn. These
fields transform as follows under the higher-dimensional tensor gauge trans-
formations

δAµνρ = 3D[µΛνρ] , (4.25a)
δAµν p = 2D[µΛν] p + ∂pΛµν , (4.25b)
δAµ pq = DµΛpq + 2∂[pΛq]µ . (4.25c)

The gravi-photon fields Bµm do not transform under these tensor gauge trans-
formations. Similarly to the case of the abelian vector field discussed above,
we can restrict the gauge transformation parameters and gauge away the un-
physical degrees of freedom of the various fields.

We define the following field-strength tensors,

Fµνρσ = 4D[µAνρσ ] + 6G[µν
m Aρσ ] m ,

Fµνρ q = 3D[µAνρ]q − 3∂q B[µm Aνρ]m − ∂q Aµνρ
− 3G[µν p Aρ]pq + 6B[µm Bνn∂q Aρ]mn ,

Fµν pq = 2D[µAν]pq + 2∂[p Aq]µν + 4∂[p B[µ
n Aν]q]n .

These field strengths are invariant under the gauge transformations (4.25) and
also under the gauge transformations generated by the gravi-photon fields Bµi ,
as can easily be checked.
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Let us now turn to the massless sector in the compactification of the kinetic
term (4.23) of the three-index tensor field. Using the nine-dimensional fields
that we have defined, and neglecting all dependence on the internal coordinates,
we derive the following terms in the nine-dimensional Lagrangian

Ltensor = − 1
48

e
(

e−4σ/7 F2
µνρσ + 4 e2σ/7F2

µνρ q + 6 e8σ/7F2
µν pq

)

.

The reduction of the Chern-Simons term F ∧ F ∧ A in the eleven-dimensional
Lagrangian (1.10) is straightforward if we neglect the dependence of the fields
on the internal coordinates, but we will not present it here.

The IIB theory also contains various tensor fields. There is an SL(2) dou-
blet of two-index tensor fields Am

M N , which can be compactified to nine dimen-
sions using the methods discussed in this section. The two-index tensor field
gives rise to a two-index tensor field in nine-dimensions, and to an SL(2) dou-
blet of vector fields, cf. section 3.2 of the previous chapter. The five-index ten-
sor field of IIB supergravity will be discussed in section 2.5, as its self-duality
constraint requires a special analysis.

2.3. Rarita-Schwinger fields
Let us now discuss the reduction of the Rarita-Schwinger field from eleven
dimensions to nine dimensions. The reduction from ten dimensions to nine di-
mensions that is required for the IIB theory compactified on a circle is straight-
forward; it only requires a rescaling of the fields and we will not discuss it here.
Generalizations to other dimensions can be carried out using the same meth-
ods. However, because the details of the compactifications depend crucially
on the dimension of the spinors in the various space-time dimensions a unified
treatment is not easily possible and we will not attempt it here.

In order to obtain the expressions for the fermionic terms in the compact-
ified space, it is important to study the fate of the symmetries of the original
theory. As discussed in section 1.1, the compactification on a circle S1 or on
a torus T 2 gives rise to one and two new U(1) gauge symmetries, respectively,
stemming from the isometries of the internal manifold. Since the gravitinos in
the lower-dimensional theory should transform as vector-spinors under general
coordinate transformations, we transform all higher-dimensional space-time
indices to tangent-space indices. The procedure is closely related to the proce-
dure for vector fields outlined in section 1. From the discussion of the massless
multiplet in nine-dimensions in section 2 of the preceding chapter, we know
that the Rarita-Schwinger field ψA in eleven dimensions splits into two mass-
less Rarita-Schwinger fields and two massless fermions in nine-dimensions.
There is also an infinite number of massive fields, namely a two-dimensional
lattice of massive spin-3/2 fields and of massive spin-1/2 fields.
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We now turn to the compactification of the kinetic term for the gravitinos
in eleven-dimensions (the Rarita-Schwinger term) to nine dimensions. Ac-
cording to (1.10), the Rarita-Schwinger term in the eleven-dimensional action
is given by,

L = 1
2

Ê ˆ̄ψAΓ
ABC D̂Bψ̂C . (4.26)

If we simply split the Rarita-Schwinger fields in ψ̂α and ψ̂a and rewrite the
Lagrangian (4.26) in terms these new fields, then the kinetic terms in nine
dimensions is not diagonal. In order to diagonalize the kinetic terms in the
Lagrangian, we define the spin-3/2 field ψα and the spin-1/2 field ψa as

ψα = ∆1/14
(

ψ̂α + 1
7
γ̃ γαΓ

aψ̂a

)

,

ψa = ∆1/14ψ̂a ,

where γα are the nine-dimensional gamma matrices. Here, Γa and γ̃ are the
gamma matrices in two dimensions which have been defined in section 1 of
chapter 3. The Lagrangian (4.26) is then written as the sum of a kinetic part
LK and an interaction part LM, which are given by

2e−1∆3/7
LK = ψ̄αγ

αβγ Dβψγ + ψ̄a

(

δab + 1
7
Γ aΓ b

)

γ αDαψb , (4.27a)

2e−1∆3/7
LM = − ψ̄α γ̃ Γ

aγ αβDaψβ − 72
49
ψ̄a γ̃ Γ

aΓ bΓ c Dbψc (4.27b)

− ˆ̄ψα
(

δab + 1
7
Γ aΓ b

)

γ αDaψb

− ψ̄a

(

δab + 1
7
Γ aΓ b

)

γ αDbψ̂α

Note that the covariant derivatives Dα are still the original eleven-dimensional
ones. In order to bring the kinetic term of the spinor fields ψa into the stan-
dard form, we define two spinors χABC and λA which transform irreducibly as
doublets under the R-symmetry group SO(2), i.e.

χABC = −
√

2
2

(

Γ a
(ABψaC) −

1
2
δ(ABΓ

a
C)Dψa D

)

, (4.28a)

λA = − 3√
14
Γ a

ADψa D , (4.28b)

where A = 1, 2 are SO(2) spinor indices. Here, χABC is completely symmetric
in the SO(2) spinor indices and traceless, i.e. χAB B = 0. The definitions (4.28)
are invertible, and the original fields ψa can be expressed as

ψa
C = −

√
2

2

(

Γ a
ABχABC +

(

Γ aΓ b)

C AΓ
b
B DχAB D

)

+
√

14
6
Γ a

C AλA .
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In order to identify the physical degrees of freedom, we impose the gauge
(

δab + 1
7
Γ aΓ b

)

Daψb = 0 . (4.29)

This gauge choice eliminates the interaction terms in the LM of (4.27b). The
mass terms for the gravitinos ψα and for the spinors λ are still present in LM.
Note that because of the gauge condition (4.29), there is only one mass term,
either for χABC or for λA. This means that the massive degrees of freedom
of two spinors are transferred to the two gravitinos, which are then physical
massive fields in nine dimensions.

At this point, all fields still depend on the coordinates ym of the internal
manifold. Integration over ym yields the terms in the nine-dimensional theory.
We concentrate on the massless modes, and write down the kinetic terms for
the Rarita-Schwinger fields and the fermion fields in nine dimensions. They
are given by

LK = 1
2

e ψ̄µγ µνρDνψρ + 1
2

e∆−3/7(χ̄ABC/∂χABC + λ̄A/∂λA
)

,

where we have transformed the tangent-space indices of the gravitino to space-
time indices using the rescaled vielbein∆1/7eµa.

2.4. Compactification of a nonlinear sigma model
The scalar sector of IIB supergravity is described by a nonlinear sigma model
based on the coset space SL(2,R)/SO(2). In order to write down the La-
grangian for the scalar fields in nine dimensions, we discuss the compactifica-
tion of a general sigma model with coset space SL(n,R)/SO(n).4

The degrees of freedom of the scalar fields are described by a matrix-
valued field V(x, y) ∈ SL(n,R) transforming as

V(x, y) → g V(x, y) h−1(x, y) ,

where g denotes a constant element of SL(n,R) and h(x, y) is a local SO(n)
transformation. In view of the gauge invariance that depends on both x and y,
and the fact that we are dealing with a group element, the split into massive
and massless degrees of freedom is not entirely straightforward.

The best approach is to write V(x, y) as the product of two SL(n,R) ele-
ments,

V(x, y) = V0(x)V1(x, y) , (4.30)

and to require that V0 describes the massless modes in the torus compactifica-
tion. To do this, one can first fix the SO(n) gauge freedom and define a coset
representative. Subsequently one considers the logarithm of V(x, y) and ex-
pands it in terms of Fourier modes on the torus. Dropping the y-dependent

4The results of this section were obtained in collaboration with B. de Wit and H. Nicolai.
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modes in this expansion yields V0(x). However, V0(x) is itself a coset rep-
resentative so that it is defined up to multiplication by an x-dependent SO(n)
transformation acting from the right. This leads to a corresponding ambigu-
ity for V1(x, y). Hence V0(x) parameterizes a nonlinear sigma model in the
lower-dimensional space, so that it transforms according to

V0(x) → g V0(x) h−1
0 (x) ,

where h0(x) is an x-dependent SO(n) transformation, and V1(x, y) transforms
under an x-dependent SO(n) transformation from the left and, provided one
again relaxes the original gauge condition, under an x- and y-dependent SO(n)
transformation from the right,

V1(x, y) → h0(x)V1(x, y) h−1
1 (x, y) h−1

0 (x) ,

where we defined h(x, y) = h0(x) h1(x, y). All the massive Kaluza-Klein de-
grees of freedom thus reside in V1(x, y). The SO(n) symmetry corresponding
to h1(x, y) can now be fixed by going to a “unitary gauge”,

V1(x, y) = exp
(

φ(x, y)
)

,

where φ(x, y) is a symmetric traceless (n×n)-matrix, such that V1(x, y) trans-
forms under the residual x-dependent SO(n) transformations according to

V1(x, y) → h0(x)V1(x, y) h−1
0 (x) ,

φ(x, y) → h0(x) φ(x, y) h−1
0 (x) .

Therefore the massive fields φ(x, y) transform covariantly under x-dependent
SO(n) gauge transformations but not under SL(n,R).

The split (4.30) of V(x, y) exhibits clearly how the massive Kaluza-Klein
degrees of freedom behave with respect to the local symmetries of the mass-
less theory. To describe the Lagrangian we consider the SL(n,R) Lie-algebra
valued expression

PM + QM ≡ V
−1∂MV

= V
−1
1 P0

MV1 + V
−1
1 D0

MV1 + Q0
M ,

where QM and PM belong to the Lie algebra of SO(n) and its complement in
the Lie algebra of SL(n,R), respectively. Decomposing the index M into µ
and m as before, we have the y-independent quantities

P0
µ + Q0

µ ≡ V
−1
0 ∂µV0

(obviously, Q0
m = P0

m = 0). The derivative D0
M is covariant with respect to

x-dependent SO(n) gauge transformations,

D0
µV1 ≡ ∂µV1 +

[

Q0
µ,V1

]

,

D0
mV1 ≡ ∂mV1 .
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To write down an action coupling the massless sector and the massive Kaluza-
Klein modes in an SO(n) invariant way, we expand

PM = P0
M + D0

Mφ +
[

P0
M , φ

]

+ 1
2

[[

P0
M , φ

]

, φ
]

+ 1
2

[

D0
Mφ, φ

]

+ · · · ,

projected on the complement of the Lie algebra of SO(n). Because the coset
space SL(n,R)/SO(n) is symmetric some of the terms in PM will trivially
vanish. What remains is to substitute the expression for PM into

L = −1
2

tr
(

P2
µ

)

− 1
2

tr
(

P2
m
)

,

which will lead to an action that is non-polynomial in φ. Let us repeat, how-
ever, that this action is invariant under x-dependent gauge transformations, as
well as under a global SL(n,R) symmetry which acts exclusively in the mass-
less sector. Once we fix an SO(n) gauge, the SL(n,R) symmetry becomes
nonlinearly realized and acts also on the massive fields.

Before fixing an SO(n) gauge, the SL(n,R) symmetry does not act on the
massive modes in this simplified model. This is not so when the SL(n,R) orig-
inates from the dimensional reduction in the more complicated models based
on (super)gravity in higher dimensions. Upon performing a Kaluza-Klein re-
duction (not a truncation!) on the torus T n , the global symmetry will still act
on the massive modes, but it will be broken to an arithmetic subgroup such as
G(Z). To see how this comes about, recall that G = SL(n,R) and H = SO(n)
are precisely the symmetries that one obtains upon dimensional reduction of
pure Einstein theory on a torus T n . As we saw in chapter 4, the Kaluza-Klein
gauge field Bµm couples via the derivative operator,

Dµ = ∂µ − Bµm∂m

(with vanishing affine connection for the torus). When the theory is compact-
ified on a torus T n, the derivative operator ∂m will only admit discrete eigen-
values q = (q1, . . . , qm). These eigenvalues lie on an n-dimensional lattice,
the lattice of Kaluza-Klein charges. It is the presence of this lattice that leads
to the breaking SL(n,R) → SL(n,Z): the group SL(n,Z) acts on the vectors
q labeling the Kaluza-Klein modes, rather than on the fields themselves. The
massless modes have q = 0 and transform under SL(n,Z) in the way described
above for the nonlinear sigma model.

2.5. Self-dual tensor field
The compactification of the five-index field-strength FM N P Q R which appears
in type IIB supergravity requires special attention. The field-strength is self-
dual and therefore it is not possible to define an action for the fields AM N P Q
in ten dimensions. In nine dimensions, it is, however, possible to define a La-
grangian as we discuss below. The original self-duality condition in ten dimen-
sions gives rise to a duality condition for the massive fields in nine dimensions.
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In the IIB theory, the four-index tensor field AM N P Q is a real field, and a
priori it consists of 70 components. Its field strength FM N P Q R is subject to the
Bianchi identity

∂[M FN P Q RS] = 0 . (4.31)

and to the self-duality condition

FM1...M5 = 1
5!εM1...M5 N1...N5 F N1...N5 . (4.32)

This self-duality condition reduces the components of AM N P Q to 35, and con-
sequently the five-index tensor field transforms in the 35c representation of
SO(8). The Bianchi identity (4.31) and the self-duality condition (4.32) give
rise to the equation

∂M F M N P Q R = 0 , (4.33)

which is the standard equation of motion of a five-index tensor field.
In order to carry out the compactification, we Fourier-expand the field

AM N P Q on a circle with radius R, and concentrate on one massive mode with
mode number n. For simplicity we consider the self-dual tensor field in a back-
ground with no gravi-photon field. We decompose the index M into (µ, 10)
and denote the compact coordinate by y, so that the expansion of AM N P Q can
be written as

Aµνρσ (x, y) ≡ Aµνρσ (x)+ einy/R Bµνρσ (x)+ h.c. ,

A10µνρ(x, y) ≡ Aµνρ(x)+ einy/R Bµνρ(x)+ h.c. .

The analysis of the massless modes is straightforward. We define the field-
strengths in nine dimensions, Fµνρστ = 5∂[µAνρστ ] and Fµνρσ = 4∂[µAνρσ ].
The Bianchi identity (4.31) in ten-dimensions gives rise to Bianchi-identities
for both Fµνρστ and Fµνρσ . Furthermore, the self-duality condition (4.32)
yields

Fµ1...µ4 = 1
5!εµ1...µ4ν1...ν5 Fν1...ν5 ,

where εµ1...µ9 = ε10µ1...µ9 is the nine-dimensional Levi-Civita symbol. This is
simply the Poincaré duality between a three-index tensor field and a four-index
tensor field in nine dimensions. This means that we are free to formulate the
massless sector in nine dimensions in terms of either the three-index field or
the four-index field and both descriptions are equivalent.

Let us now turn to the massive modes. We define the Fourier-expansion of
the field-strength FM N P Q R as follows,

Fµνρστ (x, y) ≡ Fµνρστ (x)+ einy/RGµνρστ (x)+ h.c. , (4.34a)

F10µνρσ (x, y) ≡ Fµνρσ (x)+ einy/RGµνρσ (x)+ h.c. . (4.34b)
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This implies that the field-strengths for the massive fields are given by

Gµνρστ = 5 ∂[µBνρστ ] , (4.35a)

Gµνρσ = 4 ∂[µBνρσ ] − i
n
R

Bµνρσ . (4.35b)

A field-dependent gauge transformation of the massive four-index tensor field
Bµνρσ given by δBµνρσ = −4i(R/n)∂[µBνρσ ] does not change (4.35a) and
(4.35b) simplifies to

Gµνρσ = −i
n
R

Bµνρσ .

If we substitute this result in the Fourier-expansion (4.34) and subsequently
evaluate the self-duality condition (4.32) for the massive modes, we obtain

Bµ1...µ4 = i
1
5!

R
n
εµ1...µ4ν1...ν5 Gµ1...µ5 . (4.36)

This condition reduces the number of components for a massive field in nine
dimensions from 70 to 35, and the condition is known as a self-duality condi-
tion [68]. The self-duality condition (4.36) can be obtained as the equation of
motion from the Lagrangian

L = Bµνρσ Bµνρσ − i
1
5!

R
n
εµ1...µ4ν1...ν5 Bµ1...µ4 Gν1...ν5 .

We would also like to point out that conventional equation of motion for a
massive tensor field,

∂µGµνρστ − n2

R2 Bνρστ = 0 ,

follows directly from the self-duality condition (4.36) and from the Bianchi
identity for the massive fields.

3. BPS-extended supergravity

In this chapter we have described how one can construct a nine-dimensional
BPS-extended supergravity theory from the eleven-dimensional supergravity
theory and from ten-dimensional IIB supergravity. We would like to point out
the fact that the BPS-extended supergravity theory in nine dimensions consist-
ing of the massless N = 2 multiplet coupled to an infinite lattice of KKA mul-
tiplets is not simply a reduction of the eleven-dimensional theory on a torus, but
it is in fact equivalent to it. Similarly, the BPS-extended supergravity theory
consisting of the massless multiplet and an infinite tower of KKB multiplets is
equivalent to the IIB supergravity theory.

From a purely nine-dimensional point of view, it is natural to couple not
only one type of BPS multiplet to the massless multiplet, but to include both
KKA and KKB multiplets. One can then construct a theory consisting of the
SL(2,Z) invariant lattice of KKA multiplets and a tower of KKB multiplets.
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This new BPS-extended theory contains eleven-dimensional supergravity the-
ory, as well as the ten-dimensional IIA and IIB supergravity theories in certain
decompactification limits. The theory is in a way twelve-dimensional, with
three compact coordinates; however, no field in the theory simultaneously de-
pends on all twelve coordinates [61].

We have already made some comments on this BPS-extended supergrav-
ity theory throughout chapters 3 and 4, but we would like to repeat some of
the important points here. The theory contains three abelian vector fields, Aµm

and Bµ. The two fields Aµm transform as a doublet under SL(2,Z). From an
eleven-dimensional point of view they are the gravi-photons that appear in the
toroidal compactification, and they couple to the states in the KKA multiplets,
and the SL(2) transformations correspond to modular transformations of the
torus. From a IIB point of view, the fields Aµm originate from the two-index
tensor fields, and they couple to the winding states of the elementary string
and the D1-string. The SL(2) is in this case identified with the S-duality trans-
formations of the IIB theory, which mix the elementary string states and the
D1-string states. The gauge field Bµ is an SL(2) singlet. It is the gravi-photon
field in the reduction of the IIB theory on a circle, and the states in the KKB
multiplets are charged under it. In the reduction of the eleven-dimensional the-
ory, it originates from the tensor field, and couples to the winding states of the
M2-brane on the torus.

The global symmetry group of the massless theory, SL(2,R) × SO(1, 1)
is broken by the inclusion of the KKA and KKB multiplets. The residual sym-
metry group that leaves the charge lattice invariant is an arithmetic subgroup,
namely SL(2,Z). The BPS-extended supergravity theory contains two mass-
scales mKKA and mKKB, associated to the KKA and KKB states, respectively.
The BPS mass formula in nine dimensions is then given by

MBPS(q, p) = mKKAe3σ/7∣∣q · φ
∣
∣+ mKKBe−4σ/7∣∣p

∣
∣

where q is the KKA charge vector and p is the KKB charge. We can compare
this mass formula with the mass formula (3.6) for the M2-brane on the torus,
and obtain the relation

m2
KKAmKKB ∝ Tm .

The most important feature of this BPS-extended supergravity theory is
that it can possibly help to give new insights into M-theory in eleven dimen-
sions. The theory is not very well understood yet, but is has been used as
evidence for the fact that M-theory is the non-perturbative theory of the eleven-
dimensional supermembrane [61]. The theory can also shed new light on
higher order invariants in eleven-dimensional supergravity theory. In this con-
text, it has been shown that one-loop corrections to R4 terms receive only con-
tributions from the KKA and KKB multiplets [69].





5
BPS-extended supersymmetric Yang-Mills theory

Field theories that are invariant under rigid supersymmetry transformations do
not contain gravity and are easier to handle than theories with local supersym-
metry invariance. For this reason we now turn to N = 4 supersymmetric Yang-
Mills theory in four dimensions and couple BPS supermultiplets to the mass-
less theory. In this way we obtain a BPS-extended supersymmetric Yang-Mills
theory. We start from a Kaluza-Klein reduction of a 10-dimensional supersym-
metric gauge theory, and thus follow an approach that is very similar to the one
taken in chapters 3 and 4. As opposed to a simple dimensional reduction [70],
we retain massive modes, which constitute BPS supermultiplets in four dimen-
sions. An alternative method is based on considering a spontaneously broken
realization of the gauge group directly in four space-time dimensions. Both
these approaches lead to massive multiplets that must be BPS, as the highest
spin of the (massive) multiplet is equal to one. There are a few differences in
the two approaches. The Kaluza-Klein approach leads to an infinite lattice of
BPS multiplets transforming in the adjoint representation of the non-abelian
gauge group and the gauge group in the lower-dimensional theory is the same
as the gauge group in the uncompactified theory. For the spontaneously broken
theories, the gauge group is broken to a subgroup; the precise residual gauge
symmetry depends on the vacuum expectation value of the scalar fields. Fur-
thermore, there are only a finite number of BPS multiplets, transforming in
different representations of the residual gauge group.

We start from supersymmetric Yang-Mills theory in ten space-time dimen-
sions. Upon compactification of six dimensions on a torus, we obtain N = 4
supersymmetric Yang-Mills theory, coupled to towers of massive BPS multi-
plets that contain Proca fields. To bring the theory into the conventional four-
dimensional form requires a series of gauge conditions, which induce non-
polynomial behavior into the supersymmetry transformation rules. Our goal
here is to obtain the theory to quadratic order in the BPS fields but to all orders
in the massless fields. The interactions are all governed by the non-abelian
gauge coupling constant.

Unlike pure four-dimensional Yang-Mills theory, which is superconfor-
mally invariant even at the quantum level, the interactions with the BPS multi-
plets are not superconformally invariant. We restrict ourselves to a single BPS

71
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supermultiplet in an arbitrary representation and evaluate the one-loop correc-
tions to the massless effective theory. We find that the BPS supermultiplets
do not lead to coupling constant renormalization, as is to be expected. We
will integrate out the massive fields using the proper time method [71]. For
a general setup this is rather difficult but in the case where gauge fields and
scalars are constant, we are able to calculate all the induced F n terms in the
effective action as well as the effective potential to all orders. In appropriate
limits, our findings agree with [72], where the effective action was computed
in the context of the purely massless theory. The question to what extent the
BPS extended supersymmetric Yang-Mills theory is renormalizable is subtle
and we will briefly comment on it.

This chapter is based on [73].

1. Supersymmetric Yang-Mills theory

As is well known, the highest space-time dimension in which a supersymmet-
ric Yang-Mills theory can exist, is equal to ten. Here we present an outline of
this ten-dimensional theory and briefly discuss its compactification on a six-
dimensional torus. This discussion will enable us to establish the notation
and to explain a number of features that are relevant for what follows. The
Yang-Mills supermultiplet in ten dimensions consists of a gauge field AM and
a Majorana-Weyl spinor ψ , which both take values in the Lie algebra associ-
ated with a gauge group G. For a compact group G the fields are anti-hermitian
matrices. The action is given by

S10 = 1
g2

10

∫

d10x tr R

(
1
4

FM N F M N + 1
2
ψ̄Γ M DMψ

)

, (5.1)

where g10 is the gauge coupling constant which is of mass-dimension minus
three. The trace tr R is taken in some Lie algebra representation R. In (5.1) we
used the following definitions for the covariant derivative and the field-strength,

DMψ = ∂Mψ − [AM, ψ] ,
FM N = ∂M AN − ∂M AN − [AM, AN ] .

The action is invariant under non-abelian gauge transformations and under
rigid supersymmetry transformations,

δAM = ε̄ΓMψ , δψ = −1
2

FM NΓ
M N ε ,

where ε is a constant infinitesimal Majorana-Weyl spinor. The supersymmetry
transformations close up to fermionic equations of motion. For instance, on
the gauge fields, the anticommutator of two supercharges yields

[

δQ(ε1) , δQ(ε2)
]

AM = 2 ε̄2Γ
N ε1 FN M , (5.2)
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which represents precisely a (covariant) translation. Observe the absence of
higher order fermionic terms in the action and transformation rules. The cou-
pling to a six-rank tensor field of supergravity (the dual of the two-rank anti-
symmetric tensor field [74, 75]) leaves supersymmetry unbroken for constant
values,

Sθ ∝
∫

d10x εM1···M10 AM1···M6 trR
(

FM7 M8 FM9 M10

)

. (5.3)

From the ten-dimensional theory one obtains a four-dimensional theory by
compactifying six dimensions on a torus. The ten-dimensional coordinates x M

then decompose into four space-time coordinates xµ and six ‘internal’ torus
coordinates ym , i.e. x M = (xµ, ym). The fields that are constant on the torus
then comprise the massless N = 4 Yang-Mills supermultiplet in four dimen-
sions, consisting of a gauge field, six scalar fields and four Majorana spinors.
The higher Fourier modes on the torus are associated with BPS fields, whose
mass and charge are inversely proportional to the size of the torus.

Let us first briefly discuss the internal six-torus defined as T 6 = R
6/Λ,

where Λ is a lattice in R
6. There are two options to deal with it. Either one

chooses a diagonal torus metric, in which case the lattice is not necessarily or-
thogonal, or one chooses an orthogonal lattice and allows the metric to be more
complicated. The latter approach is convenient in order to set up the Fourier
series, especially when one would also switch on a dynamic (supergravity)
background, where the torus metric itself is associated with dynamic degrees
of freedom. For these reasons we choose the latter option and parameterize the
torus in terms of the coordinates ym each having a periodicity interval equal
to 2πR, where R is some length. In the presence of spinor fields we need the
sechsbein on the torus, which we denote by em

a. In the Kaluza-Klein context,
the sechsbein depends on x and y, but in the background it is just constant.
Constant metrics can still be transformed by linear coordinate transformations
that constitute the group GL(6,R) but for the torus these transformations have
to be restricted to the arithmetic subgroup SL(6,Z) that leaves the periodicity
lattice and the torus volume invariant.1 The sechsbein transforms also under
SO(6) tangent-space rotations. As the sechsbein is itself a six-by-six matrix,
it takes the form of an SL(6)/SO(6) coset representative times a volume fac-
tor. The former is parameterized by torus moduli which transform nonlinearly
under the action of SL(6,Z).

We can now expand every single-valued field in a Fourier series, i.e.

φ(x, y) = φ0(x)+
∑

q 6=0

φ(q)(x) ei qm ym/R .

1Note that the massless sector is not affected by the lattice and remains invariant under
SL(6,R).
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The periodicity in the coordinates ym then requires that the charges qm are
elements of Z.

The decomposition of a ten-dimensional Majorana-Weyl spinor in terms
of four-dimensional Majorana spinors, is standard. First one writes the 32×32
gamma matrices Γ M as direct products of 4 × 4 and 8 × 8 matrices according
to

Γ µ = γ µ ⊗ �
, Γ a = γ 5 ⊗ Γ̂ a , (5.4)

where γ µ and Γ̂ a are the gamma matrices appropriate to four-dimensional
and six-dimensional spinors, which generate two Clifford algebras which com-
mute in view of

[

γ µ, Γ̂ a] = 0. All gamma matrices are hermitian, with
the exception of Γ 0 and γ 0. We use γ 5 = iγ 1γ 2γ 3γ 0 and similarly γ 7 =
−i Γ̂ 1Γ̂ 2Γ̂ 3Γ̂ 4Γ̂ 5Γ̂ 6, so that the chirality operator for the ten-dimensional
spinor reads Γ 11 = γ 5 ⊗ γ 7. Under SO(6) the spinors transform accord-
ing to the 4 ⊕ 4̄ representation of its covering group SU(4). Because we are
dealing with Majorana-Weyl spinors in ten dimensions, the four-dimensional
chirality and the six-dimensional chirality are linked. As a result the positive
chirality spinors ψ i transform according to the 4 representation and the nega-
tive chirality spinors ψi transform according to the 4̄ representation of SU(4).
Here i, j = 1, . . . , 4 denote SU(4) indices. Further details are presented in the
appendix, but here we note that our conventions imply that

Γ̂ a =
(

0 i
(

γ a)i j

i
(

γ a)

i j 0

)

, (5.5)

where the
(

γ a)i j are antisymmetric in [i j ]. Here and henceforth we use the
convention that complex conjugation is always effected by raising or lowering
of SU(4) indices, i.e.

(

(γ a)i j
)∗ = (γ a)i j . We also note the following important

identities,

(

γ a)ik (γ b)

kj +
(

γ b)ik (γ a)

kj = −2 δab δi
j , (5.6a)

(

γ a)i j (
γ a)

kl = 4 δ[i k δ
j ]

l , (5.6b)

(

γ a)

i j

(

γ a)

kl = −2 εi j kl , (5.6c)

(

γ a)i j = −1
2
εi j kl(γ a)

kl . (5.6d)

In the remainder of this section we concentrate on the massless modes,
which are constant on T 6. The massive modes will be discussed in the next
section. The conversion to SU(4) notation, indicated above for the spinors, can
be made uniform by redefining the scalars (which correspond to the gauge field
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components in the torus directions) according to

φi j = 1
2

i
(

γm)

i j Am , Am = 1
2

i
(

γm
)

i j φ
i j = −1

2
i
(

γm
)i j
φi j .

We note that these redefinitions involve the torus vielbein. In view of (5.6) we
have

φi j ≡
(

φi j
)∗ = 1

2
εi j kl φkl .

The dimensionally reduced SU(4) invariant action is then given by

S(0)4 = 1
g2

4

∫

d4x tr R

(
1
4

F2
µν + 1

2
Dµφi j Dµφi j + 1

4
[

φi j , φkl
][

φi j , φkl]

+ 1
2
ψ̄ i

↔
/D ψi − ψ̄i

[

φi j , ψj
]

1 − ψ̄ i [φi j , ψ
j ]
)

, (5.7)

where Fµν is the four-dimensional field-strength and the covariant derivate Dµ

contains only the four-dimensional gauge field Aµ, e.g.

Dµφi j = ∂µφ
i j −

[

Aµ , φi j ] .

The coupling constants are related by g 2
10 = g 2

4 (2πR)6
√

g, where
√

g is the
determinant of the vielbein on the six-torus. The action (5.3) contributes ex-
clusively to the massless modes and leads precisely to the topological invariant
∫

d4x εµνρσ FµνFρσ , with a corresponding theta parameter

θ ∝
∫

Amnpqrs dym ∧ · · · ∧ dys .

The action (5.7) is invariant under the rigid supersymmetry transforma-
tions,

δAµ = ε̄iγµψi + ε̄iγµψ
i ,

δφi j = ε̄iψ j − ε̄ jψ i + εi j kl ε̄kψl ,

δψi = −1
2

Fµνγ µνεi − 2 /Dφi j ε
j − 2

[

φi j , φ
j k] εk ,

δψ i = −1
2

Fµνγ µνεi − 2 /Dφi j εj − 2
[

φi j , φj k
]

εk .

Modulo the fermionic field equations, these transformations close upon anti-
commutation. On the bosons the supersymmetry commutator yields

[δQ(ε1), δQ(ε2)]Aµ = ξ ν Fνµ + Dµ
(

ξ i jφi j + ξi jφ
i j ) , (5.8a)

[δQ(ε1), δQ(ε2)]φi j = ξµ Dµφi j +
[

ξ klφkl + ξklφ
kl , φi j ] , (5.8b)

where ξµ = 2
(

ε̄i
2γµε1 i + ε̄2 iγµε

i
1
)

and ξ i j = −4 ε̄[i
2 ε

j ]
1 . Here, we recognize a

(covariant) translation and a (field-dependent) gauge transformation. Observe
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that the Lagrangian and the supersymmetry transformation rules are all consis-
tent with SU(4).

2. Yang-Mills theory coupled to a BPS multiplet

When compactifying on T 6 to four space-time dimensions, one obtains a mass-
less Yang-Mills theory coupled to an infinite tower of Kaluza-Klein states,
which comprise BPS supermultiplets. They carry charges associated with the
reciprocal lattice of T 6 and transform according to the adjoint representation
of the gauge group. From the supersymmetry algebra (5.2) in ten space-time
dimensions, one observes that the central charge is associated with translations
in the torus coordinates and thus proportional to Γ̂ m∂m . This leads to a central
charge −i [ξ i j

Zi j (q)+ ξi j Z
i j (q)] with

Zi j (q) = iqm

2R
(γm)i j . (5.9)

This charge determines the mass and part of the couplings of the BPS states.
Observe that it depends on the torus moduli and is self-dual; it satisfies

Zik(q)Zkj (q) = −1
4

q2

R2 δ
j

i .

In principle, the central charges may consist of self-dual and anti self-dual com-
ponents. We will denote the first one as ‘electric’ for reasons to be explained
below. The ‘magnetic’ central charge is anti-self-dual. The presence of the
purely ‘electric’ central charge breaks the SU(4) automorphism group of the
supersymmetry algebra to USp(4) ∼ SO(5). This is the generic automorphism
group for massive N = 4 BPS supermultiplets in four dimensions. A massive
N = 4 multiplet of lowest spin contains the states corresponding to one spin-
1, four spin-1/2 and five spin-0 particles. The central charge, here induced by
a shift of the torus coordinates, acts by a phase transformation, so that all the
massive states are doubly degenerate.

When following an alternative approach and generating the BPS multi-
plets by a spontaneous breaking of the gauge group directly in four space-time
dimensions, the central charges Zi j are generated by the vacuum-expectation
values of the fields φi j which take their values in the Cartan subalgebra. In gen-
eral the residual gauge group is non-abelian, and the massive fields transform
in some representation of the residual gauge group; the precise representation
depends on the original gauge group and the residual gauge group. Let us now
discuss the two approaches in some detail.

2.1. Kaluza-Klein compactification
We first study the Kaluza-Klein approach and include the nontrivial Fourier
modes on T 6. Because we intend to only retain terms that are quadratic in these
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modes, we restrict ourselves to the ones with torus momentum ±q. Hence we
write for the ten-dimensional fields,

Aµ(x, y) = Aµ(x)+ Bµ(x) eiqm ym/R + B̄µ(x) e−iqm ym/R ,

1
2

i(γm)i j Am(x, y) = φi j (x)+ Bi j (x) eiqm ym/R + 1
2
εi j kl Bkl(x) e−iqm ym/R ,

ψ i (x, y) = ψ i (x)+ χ i(x) eiqm ym/R + C−1 χ̄ i T(x) e−iqm ym/R ,

ψ̄ i (x, y) = ψ̄ i (x)− χ i T(x)C eiqm ym/R + χ̄ i (x) e−iqm ym/R ,

where χ̄ i = i(χi)
†γ 0 and C denotes the charge conjugation matrix in four

dimensions. Observe that complex conjugation does not act on the Lie-algebra
generators. The counting of states presented earlier is in agreement with this
field representation, as we have a complex spin-1 field Bµ, six complex spin-0
fields Bi j and four Dirac spinors with chiral components χ i and χi . However,
a proper assessment of the degrees of freedom should take into account that
the model is still invariant under gauge transformations which depend on both
xµ and ym . The y-dependence mixes the various Fourier modes. To interpret
the degrees of freedom in a four-dimensional context (and to be able, as we
do above, to restrict ourselves consistently to a single Fourier mode) it is best
to eliminate the y-dependent gauge transformations by an appropriate gauge
condition, such as

Zi j (q) B i j = 0 . (5.10)

This condition is in fact equivalent to the condition (4.13) that we have dis-
cussed in section 1 of chapter 4. Even though this gauge condition is natural,
it is not the only one possible. In section 3.4 we will be calculating induced
higher order corrections to the Lagrangian in a background where φi j is co-
variantly constant and where the gauge field-strengths are abelian and constant.
There, we will impose a slightly different gauge condition which is more con-
venient in that case.

In the context of a spontaneously broken gauge theory the condition (5.10)
is identical to the one that is imposed in the unitary gauge. Upon this condi-
tion the vector fields Bµ are Proca fields which describe massive spin-1 states,
whereas the Bi j subject to (5.10) now correspond to five complex scalar fields.
All fields transform in the adjoint representation of the gauge group, which is
y-independent. Hence the residual gauge invariance will be associated with the
massless fields of the N = 4 Yang-Mills theory.

An immediate consequence of the gauge condition (5.10) is that the su-
persymmetry transformations for the BPS fields have to be modified by extra
field-dependent gauge transformations so as to preserve the gauge condition.
To exhibit this in detail, let us list the supersymmetry transformations for the
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massive fields prior to gauge-fixing,

δBµ = ε̄iγµχi + ε̄iγµχ
i , (5.11a)

δBi j = ε̄iχj − ε̄jχi + εi j kl ε̄
kχ l , (5.11b)

δχ i = − DµBν γ µνεi +
(

2iZi j/B − 2
[

φi j , /B
]

− εi j kl/DBkl

)

εj (5.11c)

+
(

4iZik Bkj + i δi
jZ

kl Bkl − 4
[

φik , Bkj
]

− δi
j
[

φkl , Bkl
]
)

ε j .

Here we use the derivative Dµ which is covariant with respect to x-dependent
gauge transformations, e.g. DµBi j = ∂µBi j −[Aµ, Bi j ]. In principle the super-
symmetry transformation rules for the massive fields could also contain terms
which are cubic in the massive fields. However, since we are only interested in
terms in the Lagrangian that are quadratic in the massive fields, the cubic terms
in the supersymmetry transformations are neglected.

The supersymmetry variation of the massless spinor field acquires terms
quadratic in the massive fields,

δ′ψ i =
[

Bµ, B̄ν
]

γ µνεi +
(

4
[

B i j , Bj k
]

+ δi
k
[

Blm, Blm
]
)

εk

− 2i
(
[

B i j , Bµ
]

+ 1
2
εi j kl [Bkl, B̄µ

]
)

γ µεj .

The supersymmetry transformations of the massless bosonic fields are linear
in the fermions, and as a result there can be no terms that are quadratic in the
massive fields.

Under gauge transformations associated with Fourier modes of charge ±q,
with complex Lie-algebra valued parameterΛ, we have

δBµ = DµΛ ,

δBi j = iZi jΛ−
[

φi j , Λ
]

,

δχ i = −
[

ψ i , Λ
]

,

for the massive fields, while the massless fields transform as,

δAµ = −
[

B̄µ, Λ
]

−
[

Bµ, Λ̄
]

, (5.12a)

δφi j = −1
2
εi j kl

[

Bkl, Λ
]

−
[

Bi j , Λ̄
]

, (5.12b)

δψ i = −C−1[χ̄ iT, Λ
]

−
[

χ i , Λ̄
]

. (5.12c)

At this point we will allow a slight generalization and assume that the
massive fields (and the parameter Λ, introduced above) are no longer in the
adjoint representation, but in an arbitrary representation of the gauge group,
(the massless fields must remain in the adjoint representation). We then use
a notation where the massive fields are no longer Lie-algebra valued but are
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written as row and column vectors. The Lie-algebra valued expressions associ-
ated with the massless fields are thus defined in the representation appropriate
for the massive ones. This is the representation that we denoted by R in (5.1)
and (5.7). Note that the choice for the representation affects the definition of
the gauge coupling constant. The above extension to arbitrary representations
for the massive fields is such that our results will also be directly applicable
to the case of spontaneously broken four-dimensional supersymmetric gauge
theories.

With this change of notation the commutators in (5.11) change according
to, e.g. [φ, B] → φ B, where on the right-hand side, φ refers to the massless
Lie-algebra valued expression and B to the column vector of massive fields.
Similar changes occur in (5.12). With these changes the variation of the gauge
condition (5.10) under the combined transformation reads

δ
(

Z
i j Bi j

)

= 2 Z
i j ε̄iχj + 2 Zi j ε̄

iχ j +
(

i |Z|2 − Z · φ
)

Λ .

Here Z · φ = Z
i jφi j is a Lie-algebra valued expression with real coefficients.

To preserve the gauge condition (5.10), the supersymmetry transformation are
thus accompanied by a compensating field-dependent gauge transformation
with complex parameter

Λ = 2i
|Z|2 − iZ · φ

|Z|4 + (Z · φ)2
(

Z
i j ε̄iχj + Zi j ε̄

iχ j
)

.

From this result one can easily write down the resulting supersymmetry trans-
formations for the various fields. The transformation rules of the massive vec-
tor multiplets remain linear in the massive fields, whereas the transformation
rules of the massless fields acquire corrections quadratic in the massive fields.
All the resulting expressions take a rather complicated form. As an example
we give the transformation for Bi j ,

δBi j =
(

δmn
i j Z

kl − δkl
i j Z

mn
)

(Z + iφ)kl
1

|Z|2 + iZ · φ (5.13)

×
(

2ε̄mχn + εmnpq ε̄
pχq) .

In the abelian case the result for the supersymmetry variations can be compared
to corresponding expressions for massive vector supermultiplets [76] which
were obtained in the context of N = 1 supergravity in four dimensions.

A few remarks about the supersymmetry algebra are in order. Clearly,
the supersymmetry transformations of the massive bosonic fields are nonpoly-
nomial in the massless fields, i.e. equation (5.13) contains terms φn of any
power n. The supersymmetry transformations of the fermionic fields, on the
other hand, are polynomial if we discard terms of the form εχ 2, as we have
done throughout. It is therefore somewhat surprising that the action, which
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is polynomial and which we write down below, is nevertheless supersymmet-
ric. Moreover, the commutator of two supersymmetry transformations on a
bosonic field closes, and all the non-polynomial parts cancel. The supersym-
metry algebra (5.11) in the unitary gauge (5.10) closes on the bosonic fields.
On the massless fields, the algebra remains unchanged, i.e. it is still given by
(5.8). The commutator of two supersymmetry transformations on the massive
bosons are given by

[

δQ(ε1), δQ(ε2)
]

Bµ = ξ ν
(

DνBµ − DµBν
)

−
[

ξ i jφi j + ξi jφ
i j , Bµ

]

− i
(

ξi j Z
i j + ξ i j

Zi j
)

Bµ ,

[δQ(ε1), δQ(ε2)]Bi j = ξµDµBi j +
[

ξ klφkl + ξklφ
kl , Bi j

]

− i
(

ξklZ
kl + ξ kl

Zkl
)

Bi j .

As in the massless case, the supersymmetry transformation rules contain a co-
variant translation and a field-dependent gauge transformation. The additional
term proportional to (ξklZ

kl + ξ kl
Zkl) is the central charge term, and this term

is of course proportional to the mass of the field since we are dealing with a
BPS multiplet. The closure of the supersymmetry algebra on the bosonic fields
suggests that it might be possible to redefine the fields in the massive multi-
plet in such a way that the Lagrangian remains polynomial, and that also the
supersymmetry transformation rules become polynomial.

We now turn to the action. Here the change of notation implies that
tr(B̄[φ, B]) → −B̄ φ B. The minus sign is extracted because the group-
invariant metric induced by the trace is negative definite for a compact group.
For convenience, we restrict ourselves to compact groups, such that B̄µ trans-
forms in the conjugate representation of Bµ, and similarly for the scalars and
the fermions. Note also that φi j is hermitian in the combined gauge indices and
SU(4) indices, as is iZi j and Fµν . With this in mind we derive the Lagrangian
(suppressing terms that vanish because of the condition (5.10)),

C−1
R g 2

4 L = − 1
2

∣
∣DµBν − DνBµ

∣
∣
2 −

∣
∣Z

∣
∣
2 ∣
∣Bµ

∣
∣
2 −

∣
∣DµBi j

∣
∣
2 −

∣
∣Z

∣
∣
2 ∣
∣Bi j

∣
∣
2

− B̄µF(A)µνBν +
(

B i j ↔
Dµ φi j

)

Bµ + B̄µ
(

φi j ↔
Dµ Bi j

)

− 2i Zi j
(

B̄µφi j Bµ + Bklφi j Bkl
)

(5.14)

+ B i j
(

φklφkl Bi j +
(

φi jφ
kl − 2φklφi j

)

Bkl

)

+ B̄µ φi jφi j Bµ

− χ̄ i/Dχi − χ̄i/Dχ i − 2χ̄ i(iZi j − φi j
)

χ j − 2χ̄i
(

iZi j − φi j )χj

−
(

χ̄ iγ µψi + χ̄iγ
µψ i ) Bµ − B̄µ

(

ψ̄ iγ µχi + ψ̄iγ
µχ i )
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− 2χ̄ iψ j Bi j − 2B i j ψ̄iχj − εi j kl Bkl ψ̄ iχ j − εi j kl χ̄iψj Bkl ,

where CR is a group theoretical factor proportional to the second-order Casimir
operator of the gauge group representation. The Lagrangian is manifestly in-
variant under the USp(4) subgroup of SU(4) and under the U(1) associated
with the central charge, under which Bµ, Bi j , χ i and χi transform with equal
strength.

The Lagrangian (5.14), which is quadratic in the massive fields and does
not contain four-fermi interactions, is at this level invariant under supersym-
metry transformations.

2.2. Spontaneous symmetry breaking
Let us now compare the Lagrangian (5.14) with the Lagrangian one obtains for
the four-dimensional theory based on (5.7), in a spontaneously broken realiza-
tion of the gauge group induced by nonzero vacuum-expectation values of the
scalar fields φi j . The potential for the scalar fields is given by

V (φ) = −1
4

tr
[

φi j , φkl
][

φi j , φkl] ,

and it clearly vanishes when φi j takes values in the Cartan subalgebra associ-
ated with an abelian subgroup of the gauge group G. The vacuum expectation
value of the scalar fields is denoted by Zi j . In the vacuum, the gauge symmetry
group G is broken to a subgroup of G, which we denote by H . Maximal sym-
metry breaking occurs when the residual symmetry group H coincides with
the Cartan subgroup, but in general H need not be abelian.

In order to make the discussion more concrete, we consider the case where
the original gauge group G is SU(N + 1), and the vacuum expectation values
of the scalars are chosen such that the residual gauge symmetry group H is
SU(N) × U(1). We decompose the N 2 + 2N anti-hermitian generators τ̂ A of
SU(N + 1) in the fundamental representation accordingly,

τ̂ a =
(

τ a 0
0 0

)

, τ̂ 0 = i√
2N(N + 1)

( �
N 0

0 −N

)

, (5.15a)

τ̂+ =
(

0 τ+

0 0

)

, τ̂− =
(

0 0
τ− 0

)

. (5.15b)

Here, τ a are the N2 − 1 generators of the residual SU(N) in the fundamental
representation, τ̂ 0 is the generator of the residual U(1), and τ̂± are the 2N
generators of the broken symmetry. The generators are normalized such that
tr (τ̂ Aτ̂ B) = −δAB/2. In this basis, the vacuum expectation value Zi j of the
scalar fields is proportional to the generator τ̂ 0. The residual gauge symmetry
is SU(N) × U(1), since the generators τ̂ a commute with τ̂ 0, and obviously τ̂ 0

commutes with itself.
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To exhibit the effect of spontaneous symmetry breaking, we decompose
the fields in terms of the generators defined in (5.15),

Âµ =
√

2N
N + 1

A0
µτ̂

0 +
(

Aµ 0
0 0

)

+
(

0 Bµ
B̄µ 0

)

, (5.16a)

φ̂i j =
√

2N
N + 1

(

φ0
i j + Zi j

)

τ̂ 0 +
(
φi j 0
0 0

)

+
( 0 Bi j

1
2εi j kl Bkl 0

)

, (5.16b)

ψ̂ i =
√

2N
N + 1

ψ i τ̂ 0 +
(

ψ i 0
0 0

)

+
(

0 χ i

C−1χ̄ iT 0

)

, (5.16c)

ˆ̄ψ i =
√

2N
N + 1

ψ̄ i τ̂ 0 +
(

ψ̄ i 0
0 0

)

+
(

0 −χ iTC
χ̄ i (x) 0

)

. (5.16d)

where the hatted fields are the fields in the unbroken phase. The massless fields
(

A0
µ, Aµ

)

,
(

φ0
i j , φi j

)

and
(

ψ i0, ψ i ) form a vector supermultiplet. The scalars
and the fermions transform in the adjoint representation of the residual gauge
group H , and

(

A0
µ, Aµ

)

are the gauge fields in the broken phase. The fields
Bµ, Bi j and χi are massive and they transform in the fundamental representa-
tion of H . Their mass squared is equal to |Z|2. The covariant derivative of a
massive field is given by e.g.

DµBi j = ∂µBi j − AµBi j − i A0
µBi j ,

Note that the U(1) charge of the massive fields is unity, which, as we have
explained above, is due to the normalization that we have chosen in the de-
composition (5.16). The Lagrangian one obtains in the broken phase is very
similar to the one obtained in the Kaluza-Klein approach, Eq. (5.14). The La-
grangian consists of three properly normalized pieces,

g2
L = N + 1

2N
g2

LU(1) + g2
LSU(N) + g2

LBPS .

The first two pieces describe the purely massless theory, and since the U(1)
generators commute with the SU(N) generators, the massless U(1) fields de-
couple from the massless SU(N) fields. Both LU(1) and LSU(N) are still of the
form (5.7), but coupling constant of the U(1) piece has been multiplied by an
N-dependent factor due to the normalization of the U(1) fields in the decom-
position (5.16). Except for the gauge group, the Lagrangian for the massive
fields is exactly the same as in the Kaluza-Klein approach, and it is given by
(5.14).

We again allow the massive fields to transform in an arbitrary representa-
tion R of SU(N), very similar to the Kaluza-Klein case. This implies that the
SU(N) generators τ a are now in the representation R and the massive fields
are column vectors upon which the representation matrices act.
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The unitary gauge Zi j B i j = 0 reduces the number of scalars to the five
physical ones. The massive fields then form a (complex) BPS multiplet. Simi-
lar to the Kaluza-Klein approach, one has to add a uniform compensating gauge
transformation to the supersymmetry transformations of the various fields in
order to remain in the unitary gauge.

As opposed to the Kaluza-Klein approach where we obtained an infinite
number of BPS multiplets whose charges are on an SL(6,Z)-invariant lattice,
there is only a finite number of BPS multiplets in the spontaneously broken
theory and there is no SL(6,Z) symmetry that acts on the multiplet charges.

3. Integrating out BPS fields

In this section we study the effect of integrating out the massive fields in order
to obtain an effective action for massless fields in four space-time dimensions.
Some of the results that we obtain are by themselves not new, but they have not
been obtained in a field-theoretic context. We restrict ourselves to the semi-
classical approximation (i.e. one closed loop), so that we only need terms in
the action that are quadratic in the massive fields. These corrections have to
be added to the ones originating from the pure gauge theory, many of which
have appeared in the literature. For instance, it has been established explicitly
that the beta-function vanishes to three loops [77] (and it is expected to vanish
to all orders), so that the theory is superconformally invariant as a quantum
theory [78]. Also contributions containing terms of higher powers of the field-
strengths have been determined, such as the terms proportional to F 4/|φi j |4
and their supersymmetric completion, which receive perturbative contributions
at one-loop, and are completely known [72, 79, 80]. We should stress that all
the higher order contributions from the pure gauge theory are scale invariant,
unlike the contributions originating from the BPS supermultiplets.

The evaluation of the one-loop diagrams is rather subtle. In the above
discussion we were forced to adopt a unitary gauge, so that the contributions
from massive vector fields are generically more divergent than the behavior ex-
pected on the basis of a renormalizable field theory. Calculations in the unitary
gauge are notoriously difficult for that reason. We have arguments why such
divergencies should be softer or should even disappear. For instance, consider
the situation where the BPS multiplets arise from a spontaneously broken non-
abelian gauge theory. Because the original theory is renormalizable, we know
that in this case one BPS multiplet coupled to a non-abelian gauge theory con-
stitutes a renormalizable theory. We expect that the analogous theory obtained
in the Kaluza-Klein approach is also renormalizable. The difference between
these two cases lies only in the representation of the gauge group, but the cal-
culations do not depend in a crucial way on the actual representations. The
fact that ten-dimensional supersymmetric Yang-Mills theory is not renormal-
izable implies that the non-renormalizable divergencies arise in the coupling
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of infinitely many BPS multiplets to the vector multiplet in four dimensions.
However, as has been pointed out in [81], the relation between the (one-loop)
quantum properties of N supersymmetric Yang-Mills theory in four dimen-
sions and the N = 1 supersymmetric Yang-Mills theory in ten dimensions is
not straightforward, and needs to be studied with caution.

The divergencies that one encounters in the unitary gauge are partly gauge
artefacts and this aspect forces us to restrict ourselves to the calculation of
gauge-invariant (i.e. on-shell) quantities. In terms of the corresponding effec-
tive action one encounters similar subtleties because there may be terms that
vanish when applying the classical field equations on the massless fields. These
should be regarded as off-shell contributions. One expects that those contribu-
tions are not of physical relevance, but in any case, they cannot be calculated
reliably.

Another difficulty is related to the fact that there exists no off-shell formu-
lation for N = 4 gauge theories. This has two important implications. First
of all, it is not easy to determine the restrictions implied by supersymmetry
on the one-loop effective actions. Secondly, the one-loop calculations will not
be manifestly supersymmetric and may require additional finite subtractions.
Assuming that the underlying theory is renormalizable, those subtractions will
only be of the renormalizable type. This means that the counterterms will not
exhibit supersymmetry, just as one expects when performing calculations in the
Wess-Zumino gauge [82]. Here it is important that our calculations are at least
gauge invariant. At one loop the pattern of subtractions is not too complicated.

Assuming that the theory is renormalizable, the terms in the effective ac-
tion that are of the non-renormalizable type should be free of ultraviolet diver-
gences. But as explained above, this only holds for terms that are on shell. Ob-
vious contributions to consider are the ones of dimension six and eight, which
are expected to contain terms cubic and quartic in the field-strengths. The con-
tributions of dimension four should be proportional to the original Lagrangian
and the proportionality coefficient corresponds to the coupling constant renor-
malization. However, to recover the original supersymmetric Lagrangian one
must include finite subtractions in order to ensure supersymmetry.

We first turn to the evaluation of the one-loop contributions of the BPS
states to the classical Lagrangian (5.7). The renormalization of the coupling
constant is most easily extracted from the two-point function of the gauge
fields, which means that we determine the one-loop contributions proportional
to tr (FµνFµν). Because of the gauge invariance, the vertices are rather re-
stricted and the diagrams are the usual vacuum-polarization diagrams caused
by massive scalar, spinor and vector loops. The scalar loops and spinor loops
are standard diagrams of the renormalizable type and involve only a logarith-
mic divergence. The vector loops are not of the renormalizable type. This
is reflected in the fact that these vacuum polarization graphs have infinities
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to any order in the external momentum. One can verify that this has to be a
gauge artefact, for instance, by comparing to similar calculations in a sponta-
neously broken gauge theory in a continuous variety of renormalizable gauges.
In the limiting case where these gauges tend to the unitary gauge, one encoun-
ters these divergences. Naturally, physical quantities are protected against such
spurious infinities, and therefore we restrict most of our calculations to on-shell
amplitudes.

To ensure gauge invariance we use dimensional regularization, i.e. we use
symmetric integration, drop terms in the momentum integrals that are poly-
nomials in the momenta or that are total divergences, and allow shifts of the
integration variables. It is not necessary to evaluate the resulting momentum
integrals. Because straightforward dimensional regularization is not consistent
with supersymmetry, we proceed with caution and evaluate the diagrams in n
space-time dimensions, keeping the number of spinor components equal to ns ,
without assigning specific values to n and ns until the end.

In order to calculate the Feynman diagrams, we need the various propaga-
tors of the massive bosonic fields,

〈

Bi j Bkl 〉 =
(

δkl
i j − Zi j Z

kl

|Z|2

)

1
p2 + |Z|2 ,

〈

Bµ B̄ν
〉

=
(

ηµν + pµ pν
|Z|2

)
1

p2 + |Z|2 .

Note that the propagator for the scalar fields contains a projection on the physi-
cal states, and the propagator for the massive vector fields is given in the unitary
gauge.

As for the massive fermions, the propagators are given by

〈

χ i χ̄j
〉

=
−i /pδi

j

p2 + |Z|2
1 − γ5

2
,

〈

χj χ̄
i 〉 =

−i /pδi
j

p2 + |Z|2
1 + γ5

2
,

〈

χ i χ̄ j 〉 = 2i Z
i j

p2 + |Z|2
1 + γ5

2
,

〈

χi χ̄j
〉

= 2i Zi j

p2 + |Z|2
1 − γ5

2
.

We have suppressed the overall factor C−1
R g 2

4 , because it does not contribute
to the one-loop graphs.

3.1. Calculation of the β-function
We now turn to the explicit results contributing to tr (F2

µν). The relevant di-
agrams are listed in figure 6 on the next page. First there are the self-energy
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Figure 6. The self-energy diagrams of the vector fields. The upper
diagram appears for massive vectors, fermions and scalars in the loop,
whereas the lower diagram occurs only for massive vectors and
scalars.

diagrams induced by the minimal coupling to the charged vector bosons. They
yield

− tr
(

F2
µν

) ∫ dn p
i(2π)n

(

1
4

1
(p2 + |Z|2)2 + 2

n
|Z|2 p2

(p2 + |Z|2)4

)

.

Note that this expression does not depend on the coupling constant since it is a
one-loop contribution. To the above contributions one has to add the contribu-
tions from the magnetic moment coupling B̄µFµν(A)Bν , that appears explic-
itly in the Lagrangian,

−3
2

tr
(

F2
µν

) ∫ dn p
i(2π)n

1
(p2 + |Z|2)2 .

Combining the two previous expressions shows that the massive spin-1 fields
give rise to

tr
(

F2
µν

) ∫ dn p
i(2π)n

(

−7
4

1
(p2 + |Z|2)2 − 2

n
|Z|2 p2

(p2 + |Z|2)4

)

.

A similar calculation for the five complex scalars and the four Dirac fermions
yields, respectively,

5 tr
(

F2
µν

) ∫ dn p
i(2π)n

(

1
4(n − 1)

1
(p2 + |Z|2)2 − 2

n(n − 1)
|Z|2 p2

(p2 + |Z|2)4

)

,

4 tr
(

F2
µν

) ∫ dn p
i(2π)n

(

ns(n − 2)
8(n − 1)

1
(p2 + |Z|2)2 + ns

n(n − 1)
|Z|2 p2

(p2 + |Z|2)4

)

.
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The sum of these contributions is equal to zero, provided one sets n = ns = 4.
This implies that the BPS states do not induce any (i.e. neither finite nor infi-
nite) perturbative renormalization of the coupling constant g4. To the best of
our knowledge, this is not implied by any known non-renormalization theorem.
One can invoke N = 2 arguments here and observe that the perturbative contri-
butions to the coupling from ghost fields in harmonic superspace are precisely
opposite to the contribution from a hypermultiplet, while the vector multiplet
itself does not contribute. Since the N = 4 vector multiplet comprises pre-
cisely one N = 2 vector and one hypermultiplet, it follows that there should
be an exact cancellation.2

In order to calculate the β-function, we regularize the divergent integrals
encountered above using dimensional regularization. For n = 4 + ε we obtain
in the limit ε → 0, cf. [83],

∫
dn p

i(2π)n
1

(p2 + |Z|2)2 ∼ − 1
8π2

µε

ε
.

The sum of the divergent one-loop contributions is then given by

−tr
(

F2
µν

) 1
16π2

µε

ε

(

−7
2

n1 + 2
3

n1/2 + 1
6

n0

)

(5.17)

where we have kept the number of massive complex spin-1, spin-1/2 and spin-
0 fields arbitrary and equal to n1, n1/2 and n0, respectively. The bare coupling
gB is defined in terms of the running coupling g4 and a counterterm to absorb
the one-loop infinities. We obtain the relation

1
g2

B
= 1

g2
4

+ 1
4π2

µε

ε

(

−7
2

n1 + 2
3

n1/2 + 1
6

n0

)

.

The β-function is then given by the expression

µ
∂

∂µ
g−2

4 (µ) = −2
β(g4)

g 3
4

= − 1
4π2

(

−7
2

n1 + 2
3

n1/2 + 1
6

n0

)

. (5.18)

As we have already mentioned, the contributions of the one-loop β-function
vanish identically for the BPS multiplets of the N = 4 supersymmetric Yang-
Mills theory, where the field content is one massive vector field, four massive
fermions and five massive scalars.

This result can be compared with the one-loop beta function originating
from a non-abelian gauge theory with n1 gauge fields, n1/2 Majorana fermions
and n0 real scalars, all transforming in the adjoint representation of the gauge
group. The β-function for the purely massless theory can be computed in a
number of ways, most easily using the background field method [84, 85]. The

2We thank I. Buchbinder for explaining this to us.
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Figure 7. The diagram with four external vector fields Aµ and a mas-
sive fermion χ i in the loop.

value of the β-function is given by

µ
∂

∂µ
g−2

4 (µ) = −2
β(g4)

g 3
4

= − 1
8π2

(

−11
3

n1 + 2
3

n1/2 + 1
6

n0

)

. (5.19)

For every gauge group generator that is spontaneously broken a scalar disap-
pears, and its contribution will be contained in the contribution of the massive
vector field. Therefore, for a massive vector field the factor −11/3 changes
into −11/3 + 1/6 = −7/2, which is indeed the factor found in (5.18). Ob-
serve that the overall factor 2 difference between (5.19) and (5.18) is due to the
fact that the massive fields are complex.

Strictly speaking, the self-energy diagrams that we have calculated above
only give rise to the abelian part of tr (F2

µν) in the Lagrangian. Because of
gauge invariance, this is sufficient. Nevertheless, let us now verify the calcula-
tions by considering diagrams with four external gauge fields Aµ which carry
no external momentum. Diagrams of this sort give rise to tr [Aµ, Aν]2 terms in
the Lagrangian, which are the ones that differentiate the abelian theory from the
non-abelian theory. Again, as in the abelian case above, the gauge fields do not
receive a multiplicative renormalization (because of gauge invariance), and we
can directly access the gauge coupling renormalization through this four-point
function. We calculate all diagrams with no external moments, and use dimen-
sional regularization to extract the infinities. Let us first have a look at the
diagrams with massive fermions in the loop. There is only one type, schemat-
ically shown in figure 7. There are six diagrams of this type, corresponding to
different attachments of the external lines, and sum of them yields

n1/2
[

Aµ, Aν
]2
∫

dn p
i(2π)n

ns(n − 2)
8(n − 1)

1
(p2 + Z2)2

, (5.20)

There are three types of diagrams with massive scalars in the loop, shown
in figure 8 on the next page. Adding them up and making sure that all the
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Figure 8. The three diagrams with four external vector fields Aµ and
with massive scalar fields Bi j in the loop. Similar diagrams also exist
with a vector field in the loop.

different attachments of the external lines are included, we obtain

n0
[

Aµ, Aν
]
∫

dn p
i(2π)n

1
4(n − 1)

1
(p2 + Z2)2

.

Finally, the massive vectors in the loop contribute through four kinds of dia-
grams. Summing these diagrams with all inequivalent attachments of the ex-
ternal lines yields

−n1
[

Aµ, Aν
]
∫

dn p
i(2π)n

7
4

1
(p2 + Z2)2

.

In four dimensions, i.e. for n = ns = 4, the divergent part of the sum of the
vector, fermion and scalar contributions is given by

−tr
[

Aµ, Aν
]2 1

16π2
µε

ε

(

−7
2

n1 + 2
3

n1/2 + 1
6

n0

)

(5.21)

This result needs to be compared with the result (5.17) that we obtained by
calculating the two-point function. As expected, the results coincide. This
confirms that for the BPS multiplets of the N = 4 theory, i.e. for the n1 = 1,
n1/2 = 4 and n0 = 5, the β-function is zero, and the gauge coupling con-
stant is not renormalized. Let us note that throughout the calculations, we have
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neglected finite integrals. Since the finite contributions vanished in the calcu-
lation of the two-point function above, we believe that they do not contribute
to the four-point function either.

The fact that there is no renormalization of the coupling constant does
not imply that there are no other quantum corrections to the dimension-four
Lagrangian. This is a consequence of the fact that we are not dealing with
an off-shell formulation, so that fields belonging to the same supermultiplet
can acquire different renormalizations. The discussion below will demonstrate
these features.

3.2. Renormalization of the fermions and scalars
While the masslessness of the gauge fields is ensured by gauge invariance, the
fact that the other fields remain massless at the one-loop order is less obvious.
It turns out that the fermions remain massless, simply because the only possi-
ble mass term must be proportional to Zi j ψ̄

iψ j and its hermitian conjugate.
However, this term vanishes because the fermions ψ i are Majorana fields. Of
course, they should also vanish by supersymmetry and chiral invariance, but
the preservation of these symmetries is less obvious. In any case, there is no
induced fermion mass term, but there is a multiplicative field renormalization,
as reflected in the following one-loop correction,

L = tr
(

ψ̄ i
↔
/∂ ψi

) ∫ dn p
i(2π)n

n2 − 2n − 4
2(n − 2)

1
(p2 + |Z|2)2 . (5.22)

The masslessness of the scalars is less obvious. An explicit calculation for the
induced terms quadratic in the scalars with at most two derivatives, leads to

L = tr
∣
∣∂µφ

i j ∣∣2
∫

dn p
i(2π)n

(

ns − 2
2n − 3
n − 2

)
1

(p2 + |Z|2)2 , (5.23)

+ tr
∣
∣φi j ∣∣2

∫
dn p

i(2π)n
4 + n − 2ns

p2 + |Z|2 ,

+ tr
∣
∣Zi j ∂µφ

i j ∣∣2

×
∫

dn p
i(2π)n

(

4(4 + n − 2ns)

n
p2

(p2 + |Z|2)4 + 2
|Z|2

1
(p2 + |Z|2)2

)

,

− tr
∣
∣Zi j φ

i j ∣∣2
∫

dn p
i(2π)n

2(4 + n − 2ns)

(p2 + |Z|2)2 .

For n = ns = 4 we find that all scalar fields remain massless. There are (in-
finite) renormalizations of the kinetic terms (which break supersymmetry and
SU(4)) which can be absorbed by multiplicative renormalizations of the vari-
ous fields. These renormalizations are different for different fields belonging
to the same supermultiplet. This phenomenon is to be expected as we are not
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dealing with an off-shell formulation [82]. Observe that all the corrections
exhibited so far are of the renormalizable type.

3.3. Miscellaneous terms
On the basis of the multiplicative renormalizations of the fields noted in (5.22)
and (5.23), it follows that supersymmetry requires that the one-loop corrections
to the Yukawa term should take the form,

L = −
(

ψ̄ i [φi j , ψ
j ]+ 2

Zi j Z
kl

|Z|2 ψ̄ i [φkl , ψ
j ]+ h.c.

)

×
∫

dn p
i(2π)n

1
(p2 + |Z|2)2 . (5.24)

This result has indeed been reproduced by explicit calculation, which is quite
a nontrivial check on our methods and results so far. Similar results can be
obtained for the couplings to the gauge fields, but unlike in the case above,
their consistency is not linked to supersymmetry.

3.4. Induced Fn-terms and the proper-time method
Up to now, we have made use of Feynman diagrams to calculate the one-loop
corrections to terms in the classical action (5.7). There are, however, terms
that appear at one-loop level which have mass-dimension higher than four and
which are therefore not contained in the classical action. When working in
a renormalizable gauge, the new terms appear with a finite coefficient at one
loop, as opposed to the corrections to the dimension four terms calculated pre-
viously. In order to calculate these higher order terms, it is no longer conve-
nient to evaluate Feynman diagrams. For example, an F 4 term in the effective
action originates from a diagram with four external gauge fields with different
momenta; calculating such a one-loop diagram is not trivial.

We therefore need an effective method to integrate out the massive fields
from the Lagrangian (5.14). Since the Lagrangian is quadratic in the mas-
sive fields, the corresponding path integral is Gaussian. However, the operator
whose determinant we need to calculate is rather complicated and we cannot
solve the path integral in all generality. Nevertheless, for certain sectors of the
theory the determinant can be explicitly calculated and we are able to obtain
all corresponding higher order terms in the effective action for the massless
fields, as we will see below. The calculation makes use of the proper time
method [71, 84].

Consider the Lagrangian (5.14) that we obtained from a Kaluza-Klein re-
duction from ten dimensions. We restrict the field-strength Fµν to an abelian
subgroup of the gauge group and we take Fµν (covariantly) constant. In a spe-
cial gauge, this allows us to write the gauge field in terms of the field-strength,
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namely Aµ = −Fµνxν/2. Further, we assume that the scalar fields φi j be-
long to the same abelian subalgebra as Fµν , i.e. [Fµν, φi j ] = 0, and that they
are (covariantly) constant. For convenience, we restrict ourselves to compact
gauge groups. The Lagrangian of this theory is given by

LBPS = − 1
2

∣
∣DµBν − DνBµ

∣
∣
2 − B̄µ|Z + iφ|2Bµ − B̄µFµνBν (5.25)

− i B i j (Z + iφ)i j DµBµ − i B̄µ(Z + iφ)i j DµBi j

−
∣
∣DµBi j

∣
∣
2 − B i j ∣∣Z + iφ

∣
∣
2 Bi j + B i j (Z + iφ)i j (Z + iφ)kl Bkl

− χ̄ i/Dχi − χ̄i/Dχ i − 2i χ̄ i(Z + iφ)i jχ
j − 2i χ̄i(Z + iφ)i jχj .

where |Z+iφ|2 = (Z+iφ)i j (Z+iφ)i j = |Z|2 −|φ|2+2iZi jφi j . As opposed
to the Lagrangian (5.14), which is written in the unitary gauge (5.10), we have
not imposed any gauge condition. The massive fields transform under abelian
gauge transformations,

δBµ =
(

∂µ − Aµ
)

Λ ,

δBi j = i
(

Z + iφ
)

i jΛ .

We add a gauge fixing Lagrangian LGF to the initial Lagrangian (5.25),

LGF = −
(

Dµ B̄µ − i B i j (Z + iφ)i j
)(

DνBν + i(Z + iφ)kl Bkl
)

.

This gauge fixing Lagrangian corresponds to the ’t Hooft-Feynman gauge in
spontaneously broken gauge theories [86] and it has the virtue that the coupling
between Bi j and Bµ vanishes. Because the gauge transformation parameterΛ
is complex, the gauge fixing requires that we include two Faddeev-Popov ghost
terms in the Lagrangian,

LFP = −
∣
∣Dµη

∣
∣
2 − η̄

∣
∣Z + iφ

∣
∣
2
η −

∣
∣Dµζ

∣
∣
2 − ζ̄

∣
∣Z + iφ

∣
∣
2
ζ .

The combined Lagrangian L = LBPS + LGF + LFP is given by

L = −
∣
∣DµBν

∣
∣
2 − B̄µ

∣
∣Z + iφ

∣
∣
2 Bµ − 2B̄µFµνBν (5.26)

−
∣
∣Dµη

∣
∣
2 − η̄

∣
∣Z + iφ

∣
∣
2
η −

∣
∣Dµζ

∣
∣
2 − ζ̄

∣
∣Z + iφ

∣
∣
2
ζ

−
∣
∣DµBi j

∣
∣
2 − B i j ∣∣Z + iφ

∣
∣
2 Bi j

− χ̄ i/Dχi − χ̄i/Dχ i − 2i χ̄ i(Z + iφ)i jχ
j − 2i χ̄i(Z + iφ)i jχj .

Note that the coefficient of the term B̄µFµνBν changed because we integrated
by parts when combining the kinetic term of the vector fields with the gauge
fixing Lagrangian LGF.
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The field equations for the vector fields Bµ and the scalars Bi j are given
by

(
(

D2 − |Z + iφ|2
)

ηµν − 2Fµν
)

Bν = 0 ,
(

D2 − |Z + iφ|2
)

Bi j = 0 .

The field equations for the fermions are written in matrix notation,
(

2i(Z + iφ)i j /D δ
j
i

/D δi
j 2i(Z + iφ)i j

)(

χ j

χj

)

= 0 .

Let us now introduce the proper time method. Historically, the proper-time
method goes back to Schwinger [71]. Subsequent works using the proper-
time method [87–90] treated the effect of massive fields on the effective La-
grangian for the massless fields in a variety of both supersymmetric and non-
supersymmetric contexts. We denote a generic complex bosonic field by B and
write the gauge-covariant derivative as

DµB =
(

∂µ − Aµ
)

B ,

As above, the generators of the gauge transformations are anti-hermitian ma-
trices. Here, the massive field B can carry additional space-time indices, but
also indices of internal symmetries. The action for the massive bosonic field B
in n space-time dimensions can be written as

SB =
∫

dnx B̄
(

D2 − M2)B .

The effective mass M is a function of the constant scalar fields φ and the con-
stant field strength Fµν . Integrating out the massive fields B induces one-loop
contributions to the classical action of the massless fields. The part of the ac-
tion containing the one-loop contributions is denoted by S1 and it is given by

exp
(

i
h̄

S1[B]
)

=
∫

D BD B̄ exp
(

i
h̄

SB

)

= 1
det
(

D2 − M2
)

= exp
(

−
∫

tr ln
(

D2 − M2)
)

,

where the right-hand side is properly normalized and the trace is taken over
space-time indices and possible internal symmetry indices. One should re-
member that the operator (D2 − M2) depends on two space-time points x and
y, and therefore the integral runs over the space-time coordinates x and y. The
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one-loop effective action for the massless fields is then given by

Seff = S0 + S1

= S0 + i h̄
∫

tr ln
(

D2 − M2) .

The variation of S1 with respect to M2 yields

δS1 = −i h̄
∫

tr
δM2

D2 − M2 (5.27)

= −i h̄
∫

tr δM2 G(x, x) ,

where G(x, y) is the Green’s function of the massive field B, and the integral is
now taken only over the space-time coordinate x . The trace runs over possible
space-time indices and internal symmetry indices. Therefore, from G(x, y)we
can determine S1 by integrating (5.27). For future convenience we note that for
fermions the corresponding expression is given by

δS1 = i h̄
∫

tr δM G(x, x) ,

where the trace is now taken over spinor indices. Comparing with the bosonic
case, there is a relative minus sign, which is due to the fermionic determinant.
The details of the fermionic case are treated in more detail below.

The scalar Green’s function G(x, y) is defined by
(

D2
x − M2)G(x, y) = δ(x, y) . (5.28)

For constant abelian field-strengths and constant scalar fields, this equation
can be solved. The fact that Fµν is constant implies that the Green’s function
is translationally invariant up to a gauge transformation. This can be seen by
applying the transformations x → x + a and y → y + a to equation (5.28).
The fields Aµ(x) are not invariant under this translation, but the variation takes
the form of a gauge transformation with parameter Λ(x, a) = −Fµνxµaν/2.
Therefore, the Green’s function also has to be gauge transformed, so that it
changes according to3

G(x + a, y + a) = eΛ(x,a)G(x, y)e−Λ(y,a) .

Therefore, the Green’s function is given by

G(x, y) = exp
(

−1
2

Fµνxµyν
)

G̃(x − y) .

3Remember that for a compact gauge group the field-strength Fµν and the gauge transfor-
mation parameter Λ are anti-hermitian matrices, so that there are no explicit factors i .
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and equation (5.28) translates into
(

∂2 − Fµν(x − y)µ∂ν − 1
4

(

F2)

µν
(x − y)µ(x − y)ν − M2

)

G̃(x − y)

= δ(x, y) ,

where multiple matrix products of Fµν are written as
(

Fm)

µν
= Fµρ1 Fρ1

ρ2 · · · Fρm−1ν .

We introduce the Fourier-transformed Green’s function,

G̃(x − y) = 1
(2π)n

∫

dn p eip·(x−y)G(p) ,

which obeys the equation
(

−p2 − Fµν pµ
∂

∂pν
+ 1

4
(

F2)

µν

∂

∂pµ

∂

∂pν
− M2

)

G(p) = 1 . (5.29)

The Green’s function G(p) is a function of the momenta pµ, the mass M , and
the field-strength Fµν . Lorentz-invariance and the fact that Fµν is antisymmet-
ric restricts the form of G(p) to be a function of pµ(F2m)µν pν . The second
term in (5.29) does not contribute, because (F2m)µν is symmetric in µ and ν,
whereas Fµν is antisymmetric. We make the following ansatz for the Green’s
function in momentum-space [71],

G(p) =
∫ ∞

0
ds exp

(

−M2s − pµAµν(s)pν − C(s)
)

. (5.30)

The functions Aµν(s) and C(s) can be determined in terms of the constant
scalar field φ and the gauge field-strength Fµν . We substitute the ansatz (5.30)
into (5.29), and obtain
∫ ∞

0
ds

(

−M2 − 1
2

tr F2 A − p
(

1 − AF2 A
)

p
)

exp
(

−M2s− pAp−C
)

= 1 ,

where we have suppressed the space-time indices for Aµν and (F2)µν . This
equation can now be solved by partial integration. We set

∂A
∂s

= 1 − AF2 A and
∂C
∂s

= 1
2

tr F2 A ,

and readily obtain the solutions

A(s) = F−1 tanh(Fs) ,

C(s) = 1
2

tr ln cosh(Fs) ,
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with the boundary conditions A(s = 0) = C(s = 0) = 0. The solutions are
defined in terms of power series of Fµν . The Green’s function G(x, x), which
is the integral of G(p), is then given by

G(x, x) = 1
(2π)n

∫

dn p G(p) (5.31)

= i
(4π)n/2

∫ ∞

0

ds
sn/2 exp

(

−M2s − 1
2

tr ln(A/s)− C
)

= i
(4π)n/2

∫ ∞

0

ds
sn/2 exp

(

−M2s − 1
2

tr ln
sinh(Fs)

Fs

)

,

The induced one-loop action can now be obtained by integrating G(x, x) with
respect to M2 and is given by

S1 = h̄
(4π)n/2

∫

dnx
∫ ∞

0

ds
s1+n/2 e−M2s

√

det
Fs

sinh(Fs)
. (5.32)

For multicomponent bosonic fields the discussion is very similar. Namely,
the Green’s function is then matrix-valued and it obeys the equation

(
(

D2
x
)

ab −
(

M2)

ab

)

Gbc(x, y) = δ(x, y)δac

where a, b, c denote space-time indices, or indices of an internal symmetry.
Assuming that Fµν commutes with M , the solution (5.31) for the Green’s func-
tion is still valid, however all the terms are now matrix-valued quantities. Note
that the trace in (5.31) is only taken over space-time indices of (F 2m)µν . Sim-
ilarly, the induced one-loop action (5.32) contains now a trace over additional
space-time indices and internal symmetry indices.

The proper time method for fermions is a bit more subtle. The Green’s
function for the massive fermions is defined by

(

M /D

/D M†

)

G(x, y) = −δ(x, y)
�
,

where in the case at hand M = 2i(Z + iφ)i j and M† = 2i(Z + iφ)i j . The
Green’s function is now a block matrix in the chiral subspaces, i.e.

G(x, y) =
(

G++(x, y) G+−(x, y)

G−+(x, y) G−−(x, y)

)

.

Extracting the phase factor from the Green’s function as above, the Fourier
transform G(p) of G̃(x − y) obeys the equation

(

M i/P

i/P M†

)

G(p) = − �
,
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where /P is defined as

/P = γ µ
(

pµ − 1
2

Fµν
∂

∂pν

)

.

In order to obtain G(x, x), it suffices to determine Gsym(p) = G(p)/2 +
G(−p)/2, which is block-diagonal. We can easily verify that G sym(p) obeys
the equation

(

−/P2 − M† M 0

0 −/P2 − M† M

)

Gsym(p) =
(

M† 0

0 M

)

.

The explicit form of the operator /P2 is given by

−/P2 = −p2 + Fµν pµ
∂

∂pν
+ 1

2
γ µνFµν +

(

F2)

µν

∂

∂pµ

∂

∂pν
.

Note that there is an additional mass term of the form γ µνFµν/2. Using the
previous results for the bosonic case we are able to write down the Green’s
function

G(x, x) = i
(4π)n/2

∫ ∞

0

ds
s1+n/2

√

det
Fs

sinh(Fs)

(

M† 0

0 M

)

× exp
(

−sM M† + sγ µνFµν/2 0
0 −sM†M + sγ µνFµν/2

)

Therefore, the variation of the action S1 is given by

δS1 = i h̄
∫

tr
(

δM G++ + δM† G−−) .

In order to carry out the integration with respect to M , we note that M can
be written as M = U M̃V −1, where M̃ is a diagonal matrix (containing the
eigenvalues of M), and U and V are unitary matrices. The integration over
U and V could in principle give rise to so-called Wess-Zumino-Witten terms
[91, 92], but in the anomaly free N = 4 supersymmetric Yang-Mills theory
they are absent. We are left with the integration over the diagonal matrix M̃ .
Finally, the effective one-loop contribution of a massive fermion to the effective
action is expressed as

S1 = − h̄
2(4π)n/2

∫

dnx

∞∫

0

ds
s1+n/2 tr e−M2s

√

det
Fs

sinh(Fs)
exp

( s
2
γ µνFµν

)

.

The overall difference of a minus sign with respect to the bosonic case is due to
the fermionic determinant, as explained above. The factor 2 in the denominator
of the action relative to the bosonic case is due to the fact that δM̃ M̃ = δM̃2/2.
The trace in the effective action is over the full spinor space and all internal
symmetry indices.
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In total, there are four contributions to the one-loop effective action stem-
ming from massive vector fields, massive fermions and massive scalars and
Faddeev-Popov ghosts, respectively. The contributions of the four types of
massive fields add up, and the total induced action is given by

S1 = SV
1 + SF

1 + SS
1 + Sghosts

1 .

We express the one-loop contributions of massive fields to the effective action
as

SI
1 = CI

(4π)n/2

∫

dnx
∫ ∞

0

ds
s1+n/2 tr e−M2

I s

√

det
Fs

sinh(Fs)
, (5.33)

where MI denotes the effective mass term for the different field types. The trace
is taken over space-time indices, internal symmetry indices and spinor indices.
When dealing with complex fields, the coefficient CI takes the values CV =
CS = 1 for the vector fields and the scalars, CF = −1/2 for the fermions, and
Cgh for the Faddeev-Popov ghosts.

In order to evaluate the one-loop contributions to the effective action (5.33)
we first calculate the determinant factor, then we evaluate the trace over exp(−M 2s)
and expand the result in terms of the field-strength F before we finally integrate
over s. To this end, we decompose the field-strength Fµν as

Fµν = F+
µν + F−

µν , (5.34)

where F±
µν are the self-dual and anti-selfdual part of Fµν , respectively. Further,

we denote the complex eigenvalues of F+
µν by ± f+/2, and similarly for F−

µν .
We also note the identity F2

µν = F+2
µν + F−2

µν = − f 2
+ − f 2

−.
We first calculate the factor containing the determinant, which is common

for all fields,
√

det
Fs

sinh(Fs)
= s( f+ + f−)/2

sinh
(

s( f+ + f−)/2
)

s( f+ − f−)/2
sinh

(

s( f+ − f−)/2
) (5.35)

=
s2( f 2

+ − f 2
−)

2 cosh(s f+)− 2 cosh(s f−)

= 1 − s2

12

(

f 2
+ + f 2

−
)

+ s4

576

(

f 4
+ + f 4

− − 2 f 2
+ f 2

−
)

+ O(s6) ,

where, in the last line, we have given the first few terms in the expansion of s.
In order to evaluate the trace over exp(−M2

I s) we write down the mass terms
for the four different types of fields,

M2 =












|Z + iφ|2ηµν − 2Fµν for vector fields,

|Z + iφ|2 − γ µνFµν/2 for fermions,

|Z + iφ|2 for scalars and Faddeev-Popov ghosts .
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For the vector fields, we have

tr exp(2s Fµν) = tr exp(2s F+
µν) exp(2s F−

µν)

= 4 cosh(s f+) cosh(s f−) ,

and for the fermions, the trace is given by

tr exp(γ µνFµν/2) = tr
1 − γ5

2
exp(γ µνF+

µν/2)

+ tr
1 + γ5

2
exp(γ µνF−

µν/2)

= 2 cosh(s f+)+ 2 cosh(s f−) .

For arbitrary numbers of massive fields (n1 vector fields, n1/2 fermions, n0
scalar fields and ngh Faddeev-Popov ghosts), the action takes the form

S1 = h̄
(4π)n/2

∫

dnx
∫ ∞

0

ds
s1+n/2

s2( f 2
+ − f 2

−)

2 cosh(s f+)− 2 cosh(s f−)
(5.36)

× e−|Z+iφ|2s



















4n1 cosh(s f+) cosh(s f−) vector field,

−n1/2
(

cosh(s f+)+ cosh(s f−)
)

fermion,

n0 scalar field,

−ngh Faddeev-Popov ghost.

The total action induced by the one-loop contributions of the various fields is
the sum of all four terms in (5.36).

Let us now discuss the action (5.36) in some detail for the field content of
the 1/2-BPS multiplet of the N = 4 supersymmetric Yang-Mills theory that we
have integrated out. These fields transform according to some irreducible rep-
resentation R of the gauge group. The underlying supermultiplet contains one
vector field Bµ that combines with one ghost and therefore has three physical
degrees of freedom. The second ghost field cancels against one of the six scalar
fields Bi j , such that five physical scalar fields remain. Furthermore, there are
four fermions. Each of these fields is degenerate such as to constitute the same
representation R of the gauge group. The sum of all contributions to the action
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(5.36) is therefore proportional to

4 cosh(s f +) cosh(s f −)− 4 cosh(s f +)− 4 cosh(s f −)+ 4 (5.37)

= 16 sinh2(s f +/2) sinh2(s f −/2)

= s4 f 2
+ f 2

− + s6

12

(

f 2
+ f 4

− + f 4
+ f 2

−
)

+ s8

720
(

2 f 2
+ f 6

− + 2 f 6
+ f 2

− + 5 f 4
+ f 4

−
)

+ O(s10) .

We immediately see that there is no constant term, which reflects the fact that
there is an equal number of fermions and bosons in the theory. Further, the
terms of order s2, which are proportional to F2 vanish identically. This is
in agreement with our previous calculation of these corrections terms in sec-
tion 3.1. We note further that there are no terms of the form F 2m

+ + F2m
− so that

all the terms in the expansion are mixed F2m
+ F2m′

− terms.
Let us finally carry out the integration over the parameter s in order to

obtain the complete action induced by the one-loop corrections of the massive
BPS fields. We use the expansion (5.35) and make use of the identity

∫ ∞

0

ds
s1+n/2 e−M2ss2m = Γ (2m − n/2)

1
(M2)2m−n/2 , (5.38)

where m ≥ 2.4 The induced action for the N = 4 supersymmetric Yang-Mills
theory is then given by

S1 = h̄
16π2 tr R

∫

d4x
(

F2
+ F2

−
|Z + iφ|4 + 5F4

+ F4
− + 2F2

+F6
− + 2F6

+F2
−

6|Z + iφ|12

)

+ O
(

F10/|Z + iφ|16) . (5.39)

where the trace is over the representation R of the gauge group.
We observe that the first term that receives contributions from the BPS

fields is quartic in the field-strengths. This is in accordance with calculations
in a string theoretical context [93,94] where it was stated that the F 4 terms are
the first terms to receive contributions from BPS states, and furthermore the F 4

terms only receive contribution from BPS states, i.e. not from other arbitrary
massive states. In our calculation, the F4 terms are of the form

F2
+ F2

−
|Z + iφ|4 . (5.40)

This is similar to the expression obtained in [72] where the higher order terms
were studied in the purely massless N = 4 case. There, the analogous term

4We do not need to evaluate the (divergent) terms with m = 0 and m = 1, because, as
discussed above, they vanish in the case at hand. In the following, we therefore assume n = 4.
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is conformally invariant and given by F4/φ4. The explicit appearance of the
mass term Z in Eq. (5.40) breaks conformal invariance. In the limit of Z → 0
our results coincide with those of [72] and conformal invariance is restored.5

Note also that in the action (5.39) all terms proportional to F 6 vanish, which is
again in agreement with the results found in [72].

The effective Lagrangian (5.39) can also be used to calculate the effective
potential for the scalar fields. The scalar fields in (5.39) only appear in terms
which are proportional to powers of the field-strength F , i.e. there are no terms
consisting solely of scalar fields. Therefore, the one-loop corrections to the
effective potential for scalar fields in the Cartan subalgebra of the gauge group
are zero. This means that the minima of the potential are unchanged, and the
valley structure of the potential is preserved.

We would like to repeat that the calculations in this section and in the
previous section were based on the coupling of one 1/2-BPS multiplet to the
massless N = 4 vector multiplet. In order to calculate the effective action in
the context of the Kaluza-Klein theory we would, however, need to couple the
whole six-dimensional lattice of BPS multiplets to the massless vector multi-
plet. All the terms that we have obtained for the effective action, e.g. in (5.39),
are derived for a single BPS multiplet, and we therefore need to sum over the
whole six-dimensional charge lattice to obtain the full terms. The F 4 terms in
(5.39) are encoded by an SL(6,Z) invariant function F

4, given by

F
4(Λ6, φ) =





∑

Λ6

1
|Z + iφ|4



 F2
+ F2

− .

The sum over the lattice is an Eisenstein series [95], and the whole Lagrangian
is clearly invariant under the ‘electric’ duality group SL(6,Z). As we have not
included magnetic charges, the theory is not invariant under electro-magnetic
duality at this stage.

Let us conclude this section by recalling that the proper-time method that
we have presented above is limited to fields which belong to the Cartan sub-
algebra of the gauge group. For fields with non-commuting components, we
have to return to the approach taken previously, namely to the evaluation of in-
dividual Feynman diagrams. As an example we calculate dimension six terms
in the effective action in the following section.

3.5. Higher order terms in the effective action
To evaluate non-abelian terms in the effective action that are of dimension six
and higher is far from trivial. For a non-abelian gauge group, there are gauge
invariant terms of dimension six proportional to tr(Fµν Fνρ Fρµ), which vanish

5In the context of spontaneously broken gauge theories Z → 0 corresponds to vanishing vac-
uum expectation value of the scalar fields. For Kaluza-Klein theories, the same limit corresponds
to a decompactification.
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for abelian groups. Since our methods restrict meaningful calculations to those
of on-shell quantities, it is relevant to note that, up to equations of motion
and Bianchi identities, this term can be written as tr (DρFµν DρFµν). Since
a classification of the supersymmetric extensions of these terms has not been
given as of to date, we calculate the one-loop terms quartic in the spinor fields,
which are of the same dimension. All these terms arise from box diagrams
with four external ψ-lines with zero momentum.

Let us thus turn to the explicit calculation of the one-loop ψ4 terms in the
effective action. To this end we first construct an effective four-point vertex of
two massless fermions ψ̄ and ψ and two massive bosons, which can be either
vector fields or scalars, exchanging a virtual massive fermion χ . We make use
of the Lagrangian (5.14). Schematically, the effective vertex is given by

=

where the solid line with an arrow denotes the propagator of a massive fermion,
and the solid lines without arrows denote massive bosonic fields. The expres-
sion for this effective vertex is

i B̄µ
(

−ψ̄ iγ µ/pγ νψi − ψ̄iγ
µ/pγ νψ i

+ 2Zi j ψ̄
iγ µγ νψ j + 2Z

i j ψ̄iγ
µγ νψj

)

Bν

+ 2i B i j (2δk
i (ψ̄j/pψ l − ψ̄ l/pψj )+ δkl

i j ψ̄
m/pψm

− 4(ψ̄iψm Z
mk + Zim ψ̄

mψk)δl
j
)

Bkl

− 2i B̄µ

(

ψ̄ iγ µ/pψ j + 1
2
εi j kl ψ̄kγ

µ/pψl

+ 2Z
ik(ψ̄kγ

µψ j − ψ̄ jγ µψk)

)

Bi j

− 2i B i j
(

ψ̄i/pγ µψj + 1
2
εi j kl ψ̄

k/pγ µψ l

+ 2(ψ̄iγ
µψk − ψ̄kγ µψi )Zkj

)

Bµ .
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Figure 9. One-loop diagrams with four external massless fermions ψ .

For the calculation of the ψ4 terms, one simply connects the massive
bosonic fields of two effective vertices and evaluates the corresponding dia-
grams of the form given in figure 9.

There are three different diagrams, depending on the type of the virtual
propagators in the loop. First, the vector-vector diagram generates four terms,
which are given by

tr
(

ψ̄ iγµψi − ψ̄iγµψ
i )2 (5.41)

× 1
n

(

3
(p2 + Z2)3

− 3|Z|2
(p2 + Z2)4

)

+ tr
(

ψ̄ iγ µψi + ψ̄iγ
µψ i )2

× 1
2n

(

− 1
|Z|4(p2 + Z2)

− 2n − 3
|Z|2(p2 + Z2)2

+ n − 1
(p2 + Z2)3

+ (n + 1)|Z|2
(p2 + Z2)4

)

+ tr
(

Zi j ψ̄
iγ µνψ j + Z

i j ψ̄iγ
µνψj

)2

× 1
n

(
1

|Z|2(p2 + Z2)3
+ n/2 − 1
(p2 + Z2)4

)

+ tr
(

Zi j ψ̄
iψ j + Z

i j ψ̄iψj
)2

× 1
2

(

− 1
|Z|4(p2 + Z2)2

− n − 1
(p2 + Z2)4

)

.

The trace is taken over the adjoint representation of the gauge group. Addition-
ally, all terms are integrated over the momentum p in n space-time dimensions.
The combinatorial factor for the vector-vector diagram equals 1/2, and the ex-
pression (5.41) already accounts for this factor.
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Second, there is the scalar-scalar diagram, which yields the following
terms

tr
(

ψ̄iγµψ
j − ψ̄ jγµψi

)(

ψ̄jγµψ
i − ψ̄ iγµψj

)

(5.42)

× 1
n

(

− 2
(p2 + Z2)3

+ 2|Z|2
(p2 + Z2)4

)

+ tr
(

ψ̄ iγµψi + ψ̄iγµψ
i )2

× 1
2n

(

− 5
(p2 + Z2)3

+ 5|Z|2
(p2 + Z2)4

)

+ Z
i j
Zkl

|Z|2 tr
(

ψ̄iγµψ
k − ψ̄kγµψi

)(

ψ̄jγµψ
l − ψ̄ lγµψj

)

× 1
n

(

8
(p2 + Z2)3

− 8|Z|2
(p2 + Z2)4

)

+
(

Z
i j
Z

kl

|Z|2 tr
(

ψ̄iψkψ̄lψj + ψ̄iψk ψ̄jψl
)

+ h.c.
)

× 8|Z|2
(p2 + Z2)2

+
(

ψ̄iψj ψ̄
jψ i + ψ̄ jψ i ψ̄iψj + ψ̄jψi ψ̄

jψ i + ψ̄ iψ j ψ̄iψj
)

× 2|Z|2
(p2 + Z2)2

+ 1
|Z|2

(

Z
i j ψ̄iψj + Zi j ψ̄

iψ j )2 × −10|Z|2
(p2 + Z2)2

.

Also for the scalar-scalar diagram the combinatorial factor, which has already
been included in the expression (5.42), equals 1/2,

Finally, the vector-scalar diagram gives rise to the following terms,
(

ψ̄iγµψ
j − ψ̄ jγµψi

)(

ψ̄jγµψ
i − ψ̄ iγµψj

)

(5.43)

× 1
n

(

− 2
(p2 + Z2)3

+ 2(n − 1)|Z|2
(p2 + Z2)4

)

+
(

ψ̄ iγµψi − ψ̄iγµψ
i )2

× 1
n

(

− 1
(p2 + Z2)3

+ (n − 1)|Z|2
(p2 + Z2)4

)
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+ Z
i j
Zkl

|Z|2
(

ψ̄iγµψ
k − ψ̄kγµψi

)(

ψ̄jγµψ
l − ψ̄ lγµψj

)

× 1
n

(

− 8
(p2 + Z2)3

+ 8(n − 1)|Z|2
(p2 + Z2)4

)

+ 1
|Z|2

(

Z
i j ψ̄iγ

µνψj + Zi j ψ̄
iγ µνψ j )2

×
(

− 4
(p2 + Z2)3

+ 4|Z|2
(p2 + Z2)4

)

+
(

ψ̄ iψ j ψ̄iψ j − ψ̄ iψ j ψ̄jψi
)

×
(

− 4
(p2 + Z2)2

+ 4|Z|2
(p2 + Z2)3

)

+ 1
|Z|2

(

Z
i j ψ̄iψj + Zi j ψ̄

iψ j )2

×
(

4
(p2 + Z2)2

− 4|Z|2
(p2 + Z2)3

)

.

The combinatorial factor of the vector-scalar diagram equals 1.
Combining the results for the three diagrams is rather tedious and requires

the repeated use of Fierz identities. The Fierz identities are not trivial since
also the generators of the gauge group are involved. Some examples of Fierz
identities that we used are

tr
(

ψ̄ jγ µψi ψ̄jγ
µψ i ) = −2 tr

(

ψ̄ iψ j ψ̄iψj
)

, (5.44a)

tr
(

ψ̄ jγ µψi ψ̄
iγ µψj

)

= tr
(

ψ̄jγ
µψ j ψ̄iγ

µψ i ) , (5.44b)

εi j kl tr
(

ψ̄iψj ψ̄kψl
)

= 0 . (5.44c)

Note that we are allowed to carry out the Fierz transformations in four di-
mensions, even though we are using dimensional regularization throughout,
because the fermions ψ are outside of the n-dimensional integral and can be
regarded as purely four-dimensional objects.

After applying the Fierz identities and summing the terms of all the dia-
grams (5.41), (5.42) and (5.43), we are left with the following terms

(
[

ψ̄ i , γ µψi
]
)2

(5.45)

×
∫

dn p
i(2π)n

(
Cn

(p2 + |Z|2)2 − (n − 6)/8n
(p2 + |Z|2)3 + (n − 4)/8n

(p2 + |Z|2)4
)
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+
(

[ψ̄i , ψj ] + 1
2
εi j kl [ψ̄k, ψ l ]

)2

×
∫

dn p
i(2π)n

(
1

(p2 + |Z|2)2 − (2n − 4)/n
(p2 + |Z|2)3 + (2n − 4)/n

(p2 + |Z|2)4

)

+
(

Zi j [ψ̄ i , ψ j ] + Z
i j [ψ̄i , ψj ]

)2

×
∫

dn p
i(2π)n

(

− 2
(p2 + |Z|2)2 + 4

(p2 + |Z|2)3 + 2(n − 6)
(p2 + |Z|2)4

)

where, using dimensional regularization, the coefficient Cn is given by 8nCn =
2n − 3 − 2/(n − 2).

Let us discuss this result. All the terms in (5.45) have the same commutator
structure, so that they are proportional to the square of the structure constants
of the gauge group. The individual diagrams contain anti-commutator terms,
but they cancel at the end. Further, each of the three terms is logarithmically
divergent. The ultra-violet divergence of the terms (5.45) might at first sight
be surprising in view of the fact that the N = 4 supersymmetric Yang-Mills
theory is a renormalizable theory. Remember, however, that the calculations
in this section were done in the unitary gauge, and that in principle they are
only meaningful on-shell. The question therefore arises whether our result can
indeed be regarded as an on-shell result.

All the non-vanishing terms (5.45) that follow from the one-loop calcula-
tion above have precisely the structure of Born diagrams. Namely, the structure
of the first term coincides with the Born diagram where a gauge field Aµ is ex-
changed, as shown in figure 10 on the next page. The second and the third term
can be combined into the following form,

(

[ψ̄i , ψj ] + 1
2
εi j pq [ψ̄ p, ψq ]

)

×
(

αδ
i j
kl − β

Z
i j
Zkl

|Z|2
)(

[ψ̄k, ψ l ] + 1
2
εklrs [ψ̄r , ψs ]

)

where α and β are related to the (divergent) integrals in (5.45). A term of
this form corresponds to a Born diagram where a massless scalar field φi j is
exchanged.

This observation is significant in view of the fact that virtual corrections to
the Born graphs are also ultraviolet divergent. These corrections also diverge
for kinematical reasons when the fermion momenta are taken to zero and the
boson propagator diverges. Therefore, on one hand our results are incomplete
because we have not included the Born diagrams, and on the other hand the
results from the calculation of the Born diagrams are ill-defined. This result
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Aµ

Figure 10. The Born diagram with the exchange of a virtual massless
vector Aµ.

is in accordance with what we would expect from a background field calcula-
tion when the terms (5.45) belong to an expression quadratic in the field equa-
tions. The above shows that the contributions (5.45) should not be regarded as
on-shell effects so that there is no dimension six contribution to the effective
action.

Appendix. Gamma matrices

In this appendix we collect some formulae on gamma matrices that are needed
in the Kaluza-Klein approach of chapter 5. The decomposition of the ten-
dimensional gamma matrices in terms of four-dimensional and six-dimensional
matrices was given in (5.4). We use tangent-space indices a, b, . . . = 1, . . . , 6
in six dimensions (for the four-dimensional ones there is no distinction between
space-time indices and tangent-space indices). Spinor indices of SO(1, 3) are
usually suppressed, whereas spinor indices α, β, . . . = 1, . . . , 8 of SO(6) will
be written explicitly in what follows. In section 2 we have already defined
Γ 11 = γ 5 ⊗ γ 7. The charge conjugation matrix equals C(10) = C(4) ⊗ C(6),
where C(4) is the antisymmetric and C(6) the symmetric charge conjugation
matrix in four Minkowskian and six Euclidean dimensions, respectively. We
list a number of Fierz identities for the six gamma matrices Γ̂ a

αβ ,

Γ̂ a
αβ Γ̂

a
γ δ = 6

8

(

δαδδγβ − γ 7
αδγ

7
γβ

)

− 1
2

(

Γ̂ a
αδΓ̂

a
γβ +

(

Γ̂ aγ 7)

αδ

(

Γ̂ aγ 7)

γβ

)

− 1
8

(

Γ̂ ab
αδ Γ̂

ab
γβ −

(

Γ̂ abγ 7)

αδ

(

Γ̂ abγ 7)

γβ

)

,



108 BPS-extended supersymmetric Yang-Mills theory

Γ̂ abc
αβ Γ̂

abc
γ δ = − 15

(

δαδδγβ − γ 7
αδγ

7
γβ

)

− 3
2

(

Γ̂ ab
αδ Γ̂

ab
γβ −

(

Γ̂ abγ 7)

αδ

(

Γ̂ abγ 7)

γβ

)

,

6 δαβδγ δ − Γ̂ ab
αβ Γ̂

ab
γ δ = 9

2

(

δαδδγβ + γ 7
αδγ

7
γβ

)

+ 2
(

Γ̂ a
αδΓ̂

a
γβ −

(

Γ̂ aγ 7)

αδ

(

Γ̂ aγ 7)

γβ

)

− 1
4

(

Γ̂ ab
αδ Γ̂

ab
γβ +

(

Γ̂ abγ 7)

αδ

(

Γ̂ abγ 7)

γβ

)

,

2δαβδγ δ − Γ̂ ab
αβ Γ̂

ab
γ δ = 4

(

δαδδγβ + γ 7
αδγ

7
γβ

)

+ 3
2

(

Γ̂ a
αδΓ̂

a
γβ −

(

Γ̂ aγ 7)

αδ

(

Γ̂ aγ 7)

γβ

)

+ 1
12
Γ̂ abc
αδ Γ̂

abc
γβ .

Note also that 6Γ̂ abc = iεabcdef Γ̂ def γ 7. We now choose a basis where

C(6) =
(

0
�

�
0

)

, γ 7 =
( �

0
0 − �

)

.

In this basis the gamma matrices Γ̂ a decompose according to (5.5). The
spinors now decompose into four-dimensional positive-chirality spinorsψ i and
negative-chirality spinors ψi , respectively, where the SU(4) indices i, j were
introduced in section 2. Because the spinors in D = 10 are Majorana-Weyl, the
chiral spinors in four dimensions transform in conjugate SU(4) representations.



6
Gauged supergravities in three dimensions

Supergravity theories with vector gauge fields can usually be modified by the
introduction of charges that couple to these fields. This can be done in a variety
of ways corresponding to different gauge groups. Especially for theories with
a high degree of supersymmetry, these gaugings constitute the only known
supersymmetric deformations.

In three space-time dimensions the situation is special in two respects.
First of all, pure extended supergravity is topological. Non-topological theo-
ries are constructed by coupling supergravity to matter. In three dimensions
the obvious matter supermultiplets are scalar multiplets, so that the resulting
Lagrangians take the form of a nonlinear sigma model coupled to supergravity.
These theories have been constructed and classified in [96]. It turns out that the
number of supersymmetries1 is restricted to N ≤ 16, implying that there are
at most 32 supercharges.2 For increasing N the target space becomes highly
constrained. For N = 9, N = 10, N = 12 and N = 16, the target spaces
are symmetric spaces and they are unique. For example the target space of the
N = 9 theory is the symmetric coset manifold F4(−20)/SO(9). Second, the
gauging of these theories seems impossible at first sight, because of the lack of
vector gauge fields. However, one can introduce a Chern-Simons term in three
dimensions, which is topological just as pure supergravity itself, and the corre-
sponding gauge fields can be coupled to the nonlinear sigma model by gauging
a subgroup of the target space isometries. Such gaugings have for example
been constructed in [97–99] for N = 8 and N = 16 and in [100,101] for some
abelian gauge groups in N = 2. The gauging is characterized by the embed-
ding of the gauge group into the isometry group. The embedding is defined by
a symmetric tensor, which defines the so-called T-tensors. The viability of the
gauging depends in a subtle manner on the properties of the T-tensors.

Gauged supergravity theories in three dimensions exhibit ground-states
with an anti-de Sitter geometry. This makes gauged supergravities interesting

1We denote the number of supersymmetries by N in this chapter, as opposed to N in the rest
of this thesis.

2There is no helicity in three dimensions and therefore, unlike in higher dimensions, one
cannot obtain an upper bound on N from the condition that the maximal helicity is equal to two.
The bound N ≤ 16 follows from restrictions on the target space of the nonlinear sigma model.

109
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from the point of view of the AdS/CFT correspondence, which relates super-
gravity theories on anti-de Sitter geometries to conformal field theories on the
boundary of the anti-de Sitter space. Three-dimensional anti-de Sitter spaces
are of particular interest because the corresponding two-dimensional confor-
mal field theories have many applications and are well understood [102, 103].

This chapter is organized as follows. In section 1 we summarize and refor-
mulate the results of [96] for the ungauged theories. Subsequently we analyze
the presence of invariances of the Lagrangian related to the isometries of the
target space metric. Then we discuss the gauging of possible subgroups of the
isometry group in section 2. We derive the potential and the masslike terms in
the general case and derive the extra conditions that must be satisfied in order
to preserve supersymmetry. In section 3 we analyze these restrictions in de-
tail for selected values of N . We conclude with an analysis of supersymmetric
minima of the scalar potential that are present in the gauged theories.

This chapter is based on [104].

1. Nonlinear sigma models coupled to supergravity

In this section we summarize and elaborate on the construction of three-dimen-
sional nonlinear sigma models coupled to supergravity. For the derivation and
conventions we refer to [96]. The fields of the nonlinear sigma model are scalar
fields φi and spinor fields χ i , with i = 1, . . . , d; the supergravity fields are the
dreibein eµa , the spin-connection field ωab

µ and N gravitino fields ψ I
µ with

I = 1, . . . , N . The gravitinos transform under the R-symmetry group SO(N),
which is not necessarily a symmetry group of the Lagrangian. The scalar fields
parameterize a target space endowed with a Riemannian metric gi j (φ).

1.1. Target-space geometry
Pure supergravity is topological in three dimensions and exists for an arbitrary
number N of supercharges and corresponding gravitinos [105]. Its coupling
to a nonlinear sigma model requires the existence of N − 1 almost complex
structures f Pi

j (φ), labelled by P = 2, . . . , N , which are hermitian,

gi j f P j
k + gkj f P j

i = 0 ,

and generate the SO(N − 1) Clifford algebra,

f Pi
k f Qk

j + f Qi
k f Pk

j = −2 δP Q δi
j .

The SO(N − 1) Clifford algebra can be lifted to an SO(N) Clifford algebra by
introducing a matrix notation and defining an additional element f̂ 1, i.e.

f̂ P =
(

0 f P

f P 0

)

, f̂ 1 =
(

0 − �
�

0

)

.
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We now define the N generators of the SO(N) Clifford algebra as f̂ I =
( f̂ 1, f̂ P), where here and henceforth I, J = 1, . . . , N . Clearly, they fulfill
the Clifford algebra property

f̂ I f̂ J + f̂ J f̂ I = −2 δ I J .

Note that the generators f̂ I are (2d×2d)-matrices, as opposed to the f P which
are (d × d)-matrices. From the f̂ I one constructs N(N − 1)/2 tensors f I J ,
which are defined by

1
2

(

f̂ I f̂ J − f̂ J f̂ I
)

≡
(

f I J 0
0 f I J

)

.

The f I J are (d × d)-matrices and they act as the generators of the group
SO(N). They are anti-symmetric in both types of indices, i.e.

f I J
i j = − f J I

i j = − f I J
j i .

and they satisfy the relations

f I J f K L = f [I J f K L] − 4 δ[I [K f L]J ] (6.1a)

− 2 δ I [K δL]J �
,

f I J f K L − f K L f I J = 4 δK [I f J ]L − 4 δL[I f J ]K , (6.1b)
(

f I J )2 = − �
, (I, J fixed) (6.1c)

f I K f K J = (N − 1) δ I J � − (N − 2) f I J , (6.1d)

f I J i j f K L
i j = 2d δ I [K δL]J − δN,4 ε

I J K L Tr(J ) . (6.1e)

The tensor J i
j is only relevant for N = 4. It is defined by

J = 1
6
εP Q R f P f Q f R ,

so that

f P f Q = −δP Q � − εP Q R J f R .

Furthermore, the tensor J satisfies,

J f P = f P J ,

J 2 = �
,

Ji j = Jj i ,

J = 1
24
εI J K L f I J f K L ,
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and it has eigenvalues equal to ±1. It turns out that J is covariantly constant,
which implies that the target space is locally the product of two separate Rie-
mannian spaces of dimension d±, where d+ + d− = d and d± are both multi-
ples of 4. These two spaces correspond to inequivalent N = 4 supermultiplets.
Hence the case N = 4 is rather special, and the identity (6.1e) can be written
as

f I J i j f K L
i j = 4

(

d+ P
I J,K L
+ + d− P

I J,K L
−

)

,

with the projectors,

P
I J,K L
± = 1

2
δ I [K δL]J ∓ 1

4
ε I J K L . (6.2)

For rigidly supersymmetric nonlinear sigma models, the number of super-
symmetries is equal to N = 1, N = 2 or N = 4, and the Lagrangians are
manifestly invariant under SO(N) R-symmetry transformations acting exclu-
sively on the fermion fields through multiplication with the complex structures.
The case N = 3 is not distinct from N = 4, because the existence of two
complex structures necessarily implies the existence of a third one. In case of
N = 4, the Lagrangian is a sum of two separate Lagrangians corresponding to
the d±-dimensional target spaces. For N = 3 and N = 4 the target spaces are
hyperkähler.

When coupling to supergravity, the Lagrangian and the supersymmetry
transformations depend on SO(N) target-space connections denoted by Q I J

i (φ).
These connections are nontrivial in view of

R I J
i j (Q) ≡ ∂i Q I J

j − ∂j Q I J
i + 2QK [I

i Q J ]K
j = 1

2
f I J
i j . (6.3)

For local supersymmetry N can take the values N = 1, . . . , 6 and 8, 9, 10, 12
or 16. The situation regarding SO(N) symmetry is more subtle in this case,
as we shall discuss in due course. The N = 3 theory is no longer equivalent
to an N = 4 theory, since it has only 3 gravitinos. In view of the three al-
most complex structures, the target space is a quaternionic space. For N = 4
the target space decomposes locally into a product of two quaternionic spaces
of dimension d±. The f I J

i j are covariantly constant, both with respect to the
Christoffel connection Γi j

k and the SO(N) connection Q I J
i ,

Di (Γ, Q) f I J
jk ≡ ∂i f I J

jk − 2Γi[k
l f I J

j ]l + 2 QK [I
i f J ]K

jk = 0 . (6.4)

For local supersymmetry we are therefore dealing with almost complex struc-
tures, except for the cases N = 1 and N = 2. Equation (6.4) implies an
integrability condition for the target-space Riemann tensor Ri j kl ,

Ri jmk f I J m
l − Ri jml f I J m

k = − f K [I
i j f J ]K

kl , (6.5)
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where we made use of (6.3). Contracting (6.5) with f M Nkl gives, for general
N > 2,

Ri j kl f I J kl = 1
4

d f I J
i j , (6.6)

so that the target space has nontrivial SO(N) holonomy, while contracting (6.5)
with g j l, using the cyclicity of the Riemann tensor and the above result, yields
(for N > 2)

Ri j ≡ Rikj l gkl = c gi j , (6.7)

with c = N −2+d/8 > 0. Hence the target space must be an Einstein space.3

Following [96] we introduce a complete set of linearly independent an-
tisymmetric tensors hαi j , labeled by indices α, that commute with the almost
complex structures, i.e.

hαik f I J k
j − hαik f I J k

j = 0 . (6.8)

For N = 2, there is only one tensor f I J which commutes with itself, so that
this decomposition is not meaningful. For N > 2 we must have hαi j f I J i j = 0.
The tensors hαi j generate a subgroup H′ ⊂ SO(d) that commutes with the group
SO(N) generated by the tensors f I J

i j . They can be normalized according to
hαi j hβ i j ∝ δαβ and are covariantly constant with respect to the Christoffel

connection and a new connectionΩαβ

i ,

Di(Γ )hαj k −Ω
αβ

i hβj k = 0 .

The Riemann tensor can be written as (for N > 2)

Ri j kl = 1
8

(

f I J
i j f I J

kl + Cαβ hαi j hβkl

)

,

where Cαβ(φ) is a symmetric tensor. This result implies that the holonomy
group is contained in SO(N) × H′ ⊂ SO(d) which must act irreducibly on
the target space. For N = 4 this result is modified because of the product
structure [96]. In table 5 on the following page we list the group H ′ for N > 2,
together with the number of supermultiplets k, and the number of bosonic states
in such a multiplet, dN .

3For N = 3 this is in accordance with the fact that quaternionic spaces of d > 4 are always
Einstein [106]. In the case at hand, the result also holds true for a d = 4 target space. For N = 4
the equations (6.6) and (6.7) read

Ri jkl f I J kl = 1
2

(

d+ P+ I J,K L + d− P− I J,K L
)

f K L
i j ,

Ri j =
(

2 + 1
8

d
)

gi j + 1
8
(d+ − d−)Ji j ,

and we have a product space of two quaternionic manifolds, which are both Einstein. For N = 2
the target space is Kähler and f I J is a complex structure. The SO(2) holonomy is undetermined.
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N dN k H ′

16 128 1
�

12 64 1 Sp(1)
10 32 1 U(1)
9 16 1

�

8 8 k SO(k)
6 8 k U(k)
5 8 k Sp(k)
4 4 k± Sp(k±)

3 4 k Sp(k)

Table 5. The groups H ′ for all N > 2. Here, dN denotes the number
of bosonic states in a supermultiplet, and k stands for the number of
supermultiplets. For the case of N = 4 supersymmetry, there are
two independent quaternionic subspaces corresponding to k+ and k−
inequivalent supermultiplets [96].

1.2. Lagrangian and invariances
Let us now turn to the Lagrangian and supersymmetry transformations. In the
following it is convenient to adopt an SO(N) covariant notation which allows
to select the N − 1 almost almost complex structures from the f I J tensors by
specifying some arbitrary unit N-vector αI and identifying the almost complex
structures with αJ f J I . By extending the fermion fields χ i to an overcomplete
set χ i I , defined by

χ i I =
(

χ i , f Pi
j χ

j ) ,

we can write the Lagrangian and transformation rules in a way that does no
longer depend explicitly on the almost complex structures. The fact that we
have only d fermion fields, rather than d N , can be expressed by the covariant
SO(N) constraint,

χ i I = P
I
J

i
j χ

j J ≡ 1
N

(

δ I J δi
j − f I J i

j
)

χ j J . (6.9)

The trace of this projector equals P
I
I

i
i = d, which confirms that the total num-

ber of fermion fields is not altered. We should stress here, that the introduction
of χ i I is a purely notational exercise and we do not aim at implementing the
constraint (6.9) at the Lagrangian level. At every step in the computation one
may change back to the original notation by choosing χ i = αIχ

i I . The covari-
ant notation does not imply that the theory is SO(N) invariant, but the covariant
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setting allows us to treat the N supersymmetries and the corresponding graviti-
nos on equal footing and it facilitates the various derivations in later sections.

The supersymmetry transformations read

δeµa = 1
2
ε̄ I γ a ψ I

µ , (6.10a)

δψ I
µ = Dµε I − 1

8
gi j χ̄

i I γ νχ j J γµν ε
J − δφi Q I J

i ψ J
µ , (6.10b)

δφi = 1
2
ε̄ I χ i I , (6.10c)

δχ i I = 1
2
(

δ I J − f I J )i
j /̂∂φ

j ε J − δφ j (Γ i
j k χ

kI + Q I J
j χ

i J ) , (6.10d)

where the supercovariant derivative ∂̂µφi and the covariant derivative Dµε
I are

defined by

∂̂µφ
i = ∂µφ

i − 1
2
ψ̄ I
µχ

i I ,

Dµε I =
(

∂µ + 1
2
ωa
µ γa

)

ε I + ∂µφ
i Q I J

i ε J .

Observe that the terms proportional to δφ in δχ i I do not satisfy the same con-
straint (6.9) as χ i I itself, because the projection operator P

I
J

i
j itself transforms

under supersymmetry. As in [96], we use the Pauli-Källén metric with hermit-
ian gamma matrices γ a, satisfying γaγb = δab + iεabcγ

c.
Let us now turn to the Lagrangian, which reads

L = − 1
2

i εµνρ
(

eµa Rνρa + ψ̄ I
µDνψ

I
ρ

)

(6.11)

− 1
2

e gi j

(

gµν ∂µφi ∂νφ
j + 1

N
χ̄ i I /Dχ j I

)

+ 1
4

e gi j χ̄
i I γ µγ νψ I

µ (∂νφ
j + ∂̂νφ

j )

+ 1
48N2 e

(

3
(

gi j χ̄
i Iχ j I )2 − 2(N − 2)

(

gi j χ̄
i I γ aχ j J )2

)

− 1
24N2 e Ri j kl χ̄

i I γaχ
j I χ̄k J γ aχ l J .

Here we used the covariant derivatives

Dµψ I
ν =

(

∂µ + 1
2
ωa
µ γa

)

ψ I
ν + ∂µφ

i Q I J
i ψ J

ν ,

Dµχ i I =
(

∂µ + 1
2
ωa
µ γa

)

χ i I + ∂µφ
j
(

Γ i
j k χ

kI + Q I J
j χ i J

)

.

We emphasize that the above results coincide with the results of [96], writ-
ten in a different form. The conversion makes use of (6.5). The Lagrangian
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and transformation rules are consistent with target-space diffeomorphisms and
field-dependent SO(N) R-symmetry rotations, acting on ψ I

µ, χ i I and Q I J
i ac-

cording to

δψ I = ΛI J (φ) ψ J
µ , (6.12a)

δχ i I = ΛI J (φ) χ i J , (6.12b)

δQ I J
i = −DiΛ

I J (φ) . (6.12c)

Combining (6.12c) with (6.3), one concludes that the f I J should also be ro-
tated,

δ f I J = 2ΛK [I (φ) f J ]K . (6.13)
The target-space diffeomorphisms and field-dependent SO(N) R-symmetry ro-
tations correspond to reparametrizations within certain equivalence classes, but
do not, in general, constitute an invariance.

In the remainder of this section we discuss the invariances of these mod-
els, other than supersymmetry, space-time diffeomorphisms and local Lorentz
transformations. The target space of the nonlinear sigma model may have
isometries, generated by Killing vector fields X i (φ). Some of these isometries
can be extended to invariances of the full Lagrangian, possibly after includ-
ing a field-dependent SO(N) transformation according to (6.12) and (6.13).
Hence, we combine an isometry characterized by a Killing vector field X i with
a special SO(N) transformation whose parameters depend on X i (φ) and on the
scalar fields. Denoting the infinitesimal SO(N) transformations by S

I J (X, φ),
we require invariance of the target-space metric, the SO(N) connections and
the almost complex structures, up to a uniform SO(N) rotation, i.e.

LX gi j = 0 , (6.14a)

LX Q I J
i + DiS

I J (φ, X) = 0 , (6.14b)

LX f I J
i j − 2 S

K [I (φ, X) f J ]K
ij = 0 , (6.14c)

where LX denotes the isometry transformation. The Lagrangian (6.11) is then
invariant under the combined transformations

δφi = X i (φ) , (6.15a)

δψ I
µ = S

I J (φ, X) ψ J
µ , (6.15b)

δχ i I = χ j I ∂j X i + S
I J (φ, X) χ i J . (6.15c)

The fermion transformations can be rewritten covariantly,

δψ I
µ = V

I J (φ, X) ψ J
µ − δφi Q I J

i ψ J
µ , (6.16a)

δχ i I = Dj X i χ j I + V
I J (φ, X) χ i J (6.16b)

− δφ j (Γ i
j k χ

kI + Q I J
j χ i J ) ,
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where V
I J (φ, X) ≡ X j Q I J

j (φ) + S
I J (φ, X). Using (6.3) and (6.4), one

verifies that (6.14b) and (6.14c) can be written as,

DiV
I J (φ, X) = 1

2
f I J
i j (φ) X j (φ) , (6.17a)

f I J k [i(φ) Dj ]Xk(φ) = f K [I
i j (φ) V

J ]K (φ, X) . (6.17b)

Equation (6.17a) shows that V
I J (φ, X) can be regarded as the moment map

associated with the isometry X i . Equation (6.17b) is just the integrability con-
dition associated with (6.17a), so it is not independent. After contraction with
f M N ij , it leads to

f I J i j Di X j =







1
2d V

I J , for N 6= 1, 2, 4,
(

d+ P
I J,K L
+ + d− P

I J,K L
−

)

V
K L , for N = 4.

(6.18)
From combining the above equations it follows that ∆V

I J = 1
4 d V

I J , where
∆ equals the SO(N) covariant Laplacian. This result applies to N > 2, with
obvious modifications for N = 4. The above analysis shows that there are no
restrictions for N > 2 to extend an isometry to a symmetry of the Lagrangian.
For N = 2 this is different, as the isometry should be holomorphic, i.e. it
should leave the complex structure invariant. In this case V

I J is determined
up to an integration constant. This constant is related to an invariance under
constant SO(2) transformations of the fermions, as we will see in section 3.2.

For N = 4 we note that the almost complex structures P
I J,K L
± f K L live

in the two separate quaternionic subspaces. The same is true for P
I J,K L
± V

K L ,
which according to (6.17) depends only on the corresponding subspace coor-
dinates. Note, however, that when one of the subspaces is trivial, e.g. when
d− = 0, then P

I J,K L
− V

K L corresponds to a triplet of arbitrary constants. This
is a consequence of the fact that the model has an SO(3) rigid invariance which
acts exclusively on the fermions.

Let us point out that the supersymmetry transformations do not commute
with the isometries, as one can verify most easily on the fields φ i , where one
derives

[

δQ(ε), δG(X)
]

= δQ(ε
′) , (6.19)

with (ε I )′ = S
I J (φ, X) ε J .

The isometries that can be extended to an invariance of the Lagrangian,
generate an algebra g. Denoting {X M} as a basis of generators, we have

XMi ∂i XN − XN i ∂i XM = f MN

K XK , (6.20)

with structure constants f MN
K . Closure of the algebra implies that the corre-

sponding induced SO(N) rotations, S
M I J ≡ S

I J (φ, XM), satisfy,
[

S
M,SN

]I J = − f MN

K S
K I J +

(

XMi ∂iS
N I J − XN i ∂iS

M I J ) .
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For N = 2, the left-hand side of this equation vanishes, and an additional
constant term appears, as we will see in section 3.2. Using (6.20) and the
second equation (6.14), the above equation can be rewritten as

[

V
M, V

N
]I J = − f MN

K V
K I J + 1

2
f I J
i j XMi XN j , (6.21)

with V
MI J ≡ V

I J (φ, XM).
We now note that the second equation of (6.17) implies that Di X j −

1
4 f M N

ij V
M N commutes with the almost complex structures, so that it can be

decomposed in terms of the antisymmetric tensors hαi j that were introduced in
(6.8),

Di XM

j − 1
4

f I J
i j V

M I J ≡ hαi j V
M

α . (6.22)

Using the general result for Killing vectors, Di Dj Xk = Rj kil X l , we can eval-
uate the derivative of V

M
α . Introducing furthermore the notation V

M i ≡ XMi ,
we establish the following system of linear differential equations,

DiV
M I J = 1

2
f I J
i j V

M j , (6.23a)

DiV
M

j = 1
4

f I J
i j V

M I J + hαi j V
M

α , (6.23b)

DiV
M

α = 1
8

Cαβ hβi j V
M j . (6.23c)

We will return to these equations in section 3, where we discuss the admissible
gauge groups for various N .

2. Gauged isometries

In this section we elevate a subgroup of the isometries to a local symmetry
by making the parameters space-time dependent. The particular subgroup is
encoded in an embedding matrix ΘMN which defines the Killing vectors that
generate the gauge group by

X i = gΘMN Λ
M(x) XN i , (6.24)

with space-time dependent parameters ΛN (x) and a gauge coupling constant
g. Unless the gauge group coincides with the full group of isometries, the
embedding matrix acts as a projector which reduces the number of independent
parameters. In order for this subset of Killing vectors to generate a group, the
embedding matrix ΘMN must satisfy the following condition,

ΘMP ΘN Q f PQ

R = f̂MN

P ΘPR ,

for certain constants f̂MN
P , which are subsequently identified as the structure

constants of the gauge group [107]. When the gauge group is smaller than
the isometry group, the embedding matrix reduces the number of independent
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components of f̂MN

P as compared to the structure constants of the full isometry
group. One can verify that the validity of the Jacobi identity for the gauge group
structure constants follows directly from the Jacobi identity associated with the
full group of isometries.

2.1. Gauge fields
The next step is to introduce gauge fields AM

µ corresponding to the gauge group
parametersΛM(x) and include them into the definition of the covariant deriva-
tives. For example, we have

Dµφ
i = ∂µφ

i + gΘMN AM

µ XN i , (6.25)

which transforms under local isometries according to

Dµφ
i → Dµφ

i + gΘMN Λ
M ∂j XN i Dµφ j ,

provided that the gauge fields transformation as

ΘMN δAM = ΘMN

(

−∂µΛM + g f̂PQ

M AP

µΛ
Q
)

.

The covariant field strengths follow from the commutator of two covariant
derivatives, e.g.

[Dµ,Dν]φi = gΘMN FM

µν XN i , (6.26)
and take the form

ΘMN FM

µν = ΘMN

(

2 ∂[µAM

ν] − g f̂PQ

M AP

µAQ

ν

)

. (6.27)

The gauge transformations on the fermion fields follow from (6.16) upon sub-
stitution of (6.24). From this we derive the covariant derivatives for the spinor
fields,

Dµψ
I
ν =

(

∂µ + 1
2
ωa
µγa

)

ψ I
ν + ∂µφ

i Q I J
i ψ J

ν (6.28a)

+ gΘMN AM

µ V
N I J ψ J

ν ,

Dµχ
i I =

(

∂µ + 1
2
ωa
µγa

)

χ i I + ∂µφ
j
(

Γ i
j k χ

kI + Q I J
j χ i J

)

(6.28b)

+ gΘMN AM

µ

(

δi
j V

N I J − δ I J gik DkV
N

j

)

χ j J .

In view of the commutator (6.19), the covariant derivative on the supersymme-
try parameter acquires also an additional covariantization,

Dµε
I =

(

∂µ + 1
2
ωa
µ γa

)

ε I + ∂µφ
i Q I J

i ε J + gΘMN AM

µ V
N I J ε J .

We would like to stress that in this section we only make use of the previous
results (6.17) that apply to arbitrary N .

The extra minimal couplings (6.25) induce modifications of the super-
symmetry variations and of the Lagrangian. As long as we are dealing with
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first derivatives, these new couplings do not lead to complications as they are
controled by gauge covariance. However, commutators of the new covariant
derivatives lead to new covariant terms proportional to the field strength (6.27).
These terms, which cause a violation of supersymmetry, take the form,

δL = −1
2

i gΘMN FN

νρ ε
µνρ

(

V
N I J ψ̄ I

µε
J + 1

2
V

N

i χ̄
i I γµε

I
)

.

They are canceled by introducing a Chern-Simons term for the vector fields,

LCS = 1
4

ig εµνρ AM

µ ΘMN

(

∂ν AN

ρ − 1
3

g f̂PQ

N AP

ν AQ

ρ

)

, (6.29)

provided the embedding tensorΘMN is symmetric and provided we assume the
following supersymmetry transformations for AM

µ ,

ΘMN δAM

µ = ΘMN

(

2 V
M I J ψ̄ I

µε
J + V

M

i χ̄
i I γµε

I
)

. (6.30)

The embedding tensor is gauge invariant and therefore satisfies f̂MN
QΘQP +

f̂MP
Q ΘQN = 0, which implies

ΘPL

(

f KL

MΘN K + f KL

NΘMK

)

= 0 . (6.31)

Multiplying this equation with V
M I J or V

M
i , and V

N K L or V
N

j , one derives
a number of identities which imply that the following tensors

T I J,K L = V
MI JΘMN V

N K L , (6.32a)

T I J i = V
MI JΘMN V

N i , (6.32b)

T i j = V
MiΘMN V

N j , (6.32c)

transform covariantly under the gauged isometries. These are the so-called
T-tensors. We note the following identities for the T-tensors,

D(i Tj k) = 0 ,

D(i T I J
j) = 1

2
Tk(i f I J k

j) ,

Di T I J,K L = 1
2

f I J
i j T K L j + 1

2
f K L
i j T I J j .

The covariance under the gauged isometries also allows the derivation of iden-
tities quadratic in the T-tensors. Two examples of such identities are,

T M N i T K L j f I J
i j + T M N i T I J j f K L

i j

= 4 T M N,P[I T J ]P,K L + 4 T M N,P[K T L]P,I J ,

T ki T K L j f I J
i j +T ki T I J j f K L

i j = 4 T P[I k T J ]P,K L+4 T P[K k T L]P,I J .
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At this point one can also derive the field equation for the vector fields,
which reads,

ΘMN

(

F̂M

µν + 2 i eεµνρ D̂ρφi
V

M

i

+ 1
12
χ̄ i I γµνχ

j J (gi j V
MI J − δ I J DiV

M

j
)
)

= 0 , (6.33)

where F̂M

µν denotes the supercovariant curvature.

2.2. Constraints from supersymmetry
The supersymmetry variations of the vector fields in (6.25) and (6.28) give rise
to additional supersymmetry variations of order g. The variations linear in the
spinor fields are

δL = −egΘMN

(

2 V
M I J ψ̄ I

µε
J + V

M

i χ̄
i I γµε

I
)

V
N

j D
µφ j . (6.34)

They are cancelled by introducing mass-like terms for the gravitinos and the
fermions,

(eg)−1
Lg = 1

2
AI J

1 ψ̄ I
µ γ

µν ψ J
ν + AI J

2 j ψ̄
I
µ γ

µχ j J + 1
2

A3
I J
i j χ̄

i Iχ j J , (6.35)

accompanied by additional modifications of the supersymmetry transformation
rules

δgψ
I
µ = g AI J

1 γµ ε
J , (6.36a)

δgχ
i I = −gN AJ I i

2 ε J . (6.36b)

Obviously the tensors A1 and A3 are symmetric, i.e. A I J
1 = AJ I

1 and A3
I J
i j =

A3
J I
j i . Furthermore, in view of (6.9), the tensors A2 and A3 are subject to the

constraints,

P
J
I

j
i AK J

2 j = AK I
2 i , (6.37a)

P
J
I

j
i A3

J K
jk = A3

I K
ik . (6.37b)

The variations of (6.35) and the additional variations (6.36) of the original La-
grangian together cancel the terms (6.34), provided that A2 and A3 take the
following form,

AI J
2 i = 1

N

(

Di AI J
1 + 2 T I J

i

)

, (6.38a)

A3
I J
i j = 1

N2

(

−2 D(i Dj)AI J
1 + gi j AI J

1 + AK [I
1 f J ]K

ij

+ 2 Ti j δ
I J − 4 D[i T I J

j ] − 2 Tk[i f I J k
j ]
)

. (6.38b)
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Here, the tensor A3 has the required symmetry structure. For the convenience
of the reader we also give the dependent result,

Di AI J
2 j = 1

2
gik AI K

1 P
K
J

k
j − 1

2
N A3

I J
i j + Tik P

I
J

k
j . (6.39)

In addition, we need to ensure that both A2 and A3 as defined in (6.38) satisfy
the projection constraints (6.37). In view of (6.39), it is sufficient to impose
this constraint on A2, which implies the following two equations,

f K (I j
i Dj AJ )K

1 + (N − 1) Di AI J
1 + 2 Di T I K ,J K = 0 , (6.40a)

f K [I j
i

(

Dj AJ ]K
1 + 2 T J ]K

j

)

− 2(N − 1) T I J
i = 0 . (6.40b)

The identity (6.40a) leads to a number of results. By iterating this equation (i.e.
by resubstituting the result for Di A1), we derive

f K I j
i Dj

(

4 T J L ,K L + (N − 2)AJ K
1

)

− Di

(

4 T I L ,J L + (N − 2)A I J
1

)

= f I J j
i Dj AK K

1 + δ I J Di AK K
1 . (6.41)

This result can be combined with equation (6.40b) to eliminate A I J
1 and to find

a linear constraint for the components T I J
i of the T-tensor

(N − 4) T I J
i + 2 f K [I

i j T J ]K j − 1
N − 1

(

f I J f K L)

i j T K L j = 0 . (6.42)

Applying this constraint to the combination f I J
i j T K L j + f K L

i j T I J j the result-
ing equation may be integrated to

(N − 2)
(

T I J,K L − T [I J,K L]
)

− 4 δ[I [K T L]M,J ]M

+ 2
N − 1

δ I [K δL]J T M N,M N = 0 . (6.43)

In principle, this equation holds up to a covariantly constant term. Because of
(6.3), covariantly constant terms cannot exist, unless they are SO(N) invariant
and therefore constant. However, the above equation does not contain a singlet
contribution so that it is in fact exact for any N > 1.

Vice versa one may show that the covariant derivative of (6.43) implies
(6.42), such that these two equations are in fact equivalent. It is not straightfor-
ward to disentangle various independent equations, due to the nontrivial prop-
erties (6.1) of the f I J . By employing a set of SO(N) projection operators, one
can systematize this analysis [104]. For example, the following equation is not
independent,

(N − 8) Di T [I J,K L] − 1
N − 1

(

f [I J f K L])
i j D j T M N,M N

+ 5
(

f M[I f J K )

i j T L]M j = 0 .



2. Gauged isometries 123

Now we use (6.42) to rewrite the f K I j
i Dj T J L ,K L term in (6.41). Combining

the result with (6.40) to remove the f K I j
i Dj AJ K terms, we may integrate the

resulting equation to obtain

4 T I L ,J L + (N − 2)A I J
1 − 2

N − 1
T M N,M N δ I J = (N − 2)µ δ I J , (6.44)

with a yet undetermined constant µ.
To sum up, we have shown that supersymmetry at linear order in the gauge

coupling constant g determines the tensors A1, A2, A3 according to (6.38) and
(6.44) in terms of the T-tensor (6.32) while the latter satisfies the equivalent
constraints (6.42) and (6.43).

Before proceeding to the remaining terms in the action and transformation
rules, we take a brief look at the supersymmetry algebra. The supersymme-
try commutator leads to a covariantized translation, and a supersymmetry and
Lorentz transformation with parameters proportional to χ 2. When switching
on the gauge coupling, there is an extra Lorentz transformation, but more im-
portantly, also a local isometry. The commutators on the bosonic fields are
given by

[

δ(ε1), δ(ε2)
]

eµa = Dµξ
νeνa + ξ νDνeµa ,

[

δ(ε1), δ(ε2)
]

φi = ξµDµφ
i + gΘMNΛ

M XN i ,
[

δ(ε1), δ(ε2)
]

AM

µ = ξ νFM

µν + DµΛ
M ,

where the parameter of the gauge transformations is ΛM = 2V
M I J ε̄ I

2 ε
J
1 and

where ξµ = (ε̄2γ
µε1)/2. Strictly speaking, the commutator on the gauge field

is subject to the projection with the embedding matrixΘMN . The supersymme-
try established so far guarantees the closure of the algebra to that order, except
for the gauge fields which appear multiplied by a coupling constant. Their
closure, up to the field equations (6.33), implies that

ΘMN

(

2 V
N K (I AJ )K

1 + V
N i Di AI J

1
)

= 0 . (6.45)

This result implies that the function A1 is gauge covariant; in particular, its
trace is invariant, i.e.ΘMN V

Mi Di AI I = 0. This is in agreement with equation
(6.44), since we have already proven that the T-tensors are gauge covariant.
Moreover, equations (6.38) show that the tensors A2 and A3 are covariant as
well, as they depend on the T-tensors and A1 and covariant derivatives thereof.
Again we can derive certain identities from (6.45) that involve some of the
T-tensors and A1, such as

T I J i Di AK L
1 + 2 T I J,M(K AL)M

1 = 0 , (6.46a)

T i j Dj AK L
1 + 2 T M(K i AL)M

1 = 0 . (6.46b)

In order to preserve supersymmetry to order g2 one determines the cor-
responding variations linear in ψ I

µ and χ i I . They reveal the need for a gauge
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invariant scalar potential in the Lagrangian,

Lg2 = 4 eg2

N

(

AI J
1 AI J

1 − 1
2

N gi j AI J
2i AI J

2 j

)

, (6.47)

= 4 eg2

N2

(

N AI J
1 AI J

1 − 1
2

gi j Di AI J
1 Dj AI J

1 − 2 gi j T I J
i T I J

j

)

.

We note that the variation of the scalar potential is given by

∂iLg2 = e g2
(

3 AI J
1 AI J

2i + N A3
I J
i j AI j J

2

)

, (6.48)

by virtue of (6.38), (6.39) and (6.45). In order for all supersymmetry varia-
tions of the potential to cancel, the following two quadratic equations must be
satisfied,

2 AI K
1 AK J

1 − N AI i K
2 AJ K

2i

= 1
N
δ I J

(

2 AK L
1 AK L

1 − N AK i L
2 AK L

2i

)

, (6.49a)

3 AI K
1 AK J

2 j + N gkl AI K
2k A3

K J
l j

= P
I
J

i
j

(

3 AK L
1 AK L

2i + N gkl AK L
2k A3

K L
li

)

. (6.49b)

It may be shown after some computation that these relations are a direct conse-
quence of (6.46) upon using (6.38) and (6.44) and determine the free constant
in the latter equation to be µ = 0.

What remains is to analyze the supersymmetry variations cubic in the
fermion fields. There are four types of terms, schematically written as ψ 3,
χψ2, χ2ψ , and χ3. Supersymmetry variations proportional to ψ3 cancel pro-
vided that

δ
[I [K AL]J ]

1 = −T I J,K L + T [I J,K L] , (6.50)

which is in agreement with equation (6.44). The variations that are proportional
to χψ2 cancel by virtue of (6.38a). We have not verified the cancellation of the
supersymmetry variations proportional to χ 2ψ and χ3. However, we expect
that all these terms vanish by means of the constraints derived so far; in the
case of the maximal N = 16 theory this has been verified explicitly [98].

2.3. Summary
Let us summarize our findings of this section. A gauge group G0 with em-
bedding tensor ΘMN that describes the minimal couplings according to (6.25)
is consistent with supersymmetry if the associated T-tensor (6.32) satisfies the
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constraint

T I J,K L = T [I J,K L] − 4
N − 2

δ[I [K T L]M,M J ] (6.51)

− 2
(N − 1)(N − 2)

δ I [K δL]J T M N,M N ,

from which all further consistency conditions can be derived. The Lagrangian
of the ungauged theory is modified by a Chern-Simons term (6.29), mass-like
fermionic terms (6.34) and a scalar potential (6.47). For N > 2, the scalar
tensors A1, A2, and A3 describing these new terms are uniquely given in terms
of the T-tensor by means of (6.38) and (6.44),

AI J
1 = − 4

N − 2
T I M,J M + 2

(N − 1)(N − 2)
δ I J T M N,M N ,

AI J
2 j = N

N − 2
P

Mm
J j

(

2 TI Mm + δI M

N − 1
f K L

m
n TK Ln

)

,

A3
I J
i j = 1

N
gik AI K

1 P
K
J

k
j − 2

N
Di AI J

2 j + 2
N

Tik P
I
J

k
j .

The consistency constraint (6.51) has a simple group theoretical meaning in
SO(N). We denote the irreducible parts of TI J,K L under SO(N) by

×sym = 1 + + + , (6.52)

with each box representing a vector representation4 of SO(N). Then, equation
(6.51) expresses that the projection equation

P TI J,K L = 0 , (6.53)

holds on the entire scalar manifold. We will refer to this representation as the
obstruction to a consistent gauging.

Note that the constraint (6.51) is well-defined even for N = 1 and N = 2,
but degenerates into an identity. Any subgroup of the isometry group can be
gauged, as we will see in the next section. Furthermore, these theories also
allow supersymmetric deformations that are not induced by gaugings, which
will also be discussed in the next section.

4We use the standard Young tableaux for the orthogonal groups, i.e. the four representations
on the right-hand side of the decomposition (6.52) have dimensions 1, N(N + 1)/2 − 1, N(N −
3)(N +1)(N +2)/12, and

(N
4
)

, respectively. For N = 8, the last representation is in fact reducible.
However, this does not affect the argument here.
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3. Admissible gauge groups

Let us now discuss the admissible gauge groups for different values of N .
Rather than giving an exhaustive classification for all possible values of N ,
we concentrate on the cases N = 1, N = 2 and N = 9. The cases N = 1 and
N = 2 are special, since the constraint for the T-tensor (6.51) degenerates into
an identity. For N > 4 the target-space manifolds are homogeneous spaces
G/H , which allows us to lift the constraint (6.51) to a projection equation for
the embedding tensorΘMN . As an example of a theory with N > 4, we discuss
the case N = 9 in some detail.

3.1. N = 1 supersymmetry
For the simple case of N = 1, the target space of the ungauged theory is a
Riemannian manifold of arbitrary dimension d, as has been found in [96]. The
consistency conditions for the gauged theory simplify considerably, e.g. the
quadratic constraints (6.49) become identities.

The tensor A1 has just one component, which takes the value A1 = F ,
where F is a function on the target space. According to (6.45) the tensor A1,
and therefore also the function F , is gauge invariant,

ΘMN XN i∂i F = 0 . (6.54)

Reading off the values for A2 and A3 from equation (6.38), we have

A1 = F , (6.55a)
A2 i = ∂i F , (6.55b)

A3 i j = gi j F − 2Di∂j F + 2Ti j , (6.55c)

with Ti j = XM

i ΘMN XN

j from (6.32).
As a consequence of (6.54), any subgroup of isometries may be gauged

by choosing e.g. the trivial solution of constant F . Note that in the N = 1
case, the gravitino ψµ is never charged under the gauge group, as can be seen
directly from (6.28a), and the gauging is restricted to the matter sector.

It is worth mentioning that there exist deformations of the original theory
that are not induced by gaugings. These are the cases where ΘMN = 0 and
F 6= 0 and they are described by the Lagrangian (6.11) together with the mass-
like terms (6.35) and the scalar potential (6.47) where the tensors A1, A2, A3
are given by (6.55).

The scalar potential V (6.47) is given by

V = −eg2
(

4F2 − 2gi j ∂i F∂j F
)

.

The condition for a supersymmetric ground state is that A2i = ∂i F = 0 at
the minimum of the potential. This is trivially satisfied for a constant function
F . In that case the potential gives rise to a negative cosmological constant
in the Einstein equations, and the corresponding supersymmetric ground-state
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geometry is an anti-de Sitter space or Minkowski space if F = 0. It is also
possible to construct so-called “domain-wall” solutions, which are (partially
supersymmetric) solutions that interpolate between two different vacua [108].
In the context of the AdS/CFT correspondence, domain-walls are relevant for
RG flows in the dual field theories.

3.2. N = 2 supersymmetry
The target space of the nonlinear sigma model coupled to N = 2 supergrav-
ity theory is a Kähler manifold. Some (partial) results for abelian gaugings
have been obtained in [100, 101]. Using the results of the previous section,
we present the gauging of an arbitrary subgroup of Kähler isometries. The
N = 2 gaugings we construct in three dimensions share some similarities with
the N = 1 gaugings of four-dimensional supergravity [109–111].

For N = 2, many of the quantities introduced in sections 1 and 2 simplify
considerably. It is therefore convenient to introduce the notation

f = f 12 , Qi = Q12
i , V = V

12 ,

Ti = T 12
i , T = T I J,I J = 2T 12,12 .

To avoid confusion, we keep using the notationΛ12 and S
12 for the parameters

of the SO(2) transformations. We also note the relation between the T-tensors,
∂i T = 2 fi

j Tj . Further, we have

∂i Q j − ∂j Qi = 1
2

fi j , (6.56a)

Di(Γ ) f j
k = 0 , (6.56b)

where Γ k
i j is the Christoffel connection. For a Kähler manifold as target space

it is convenient to decompose the d real fields into d/2 complex ones and their
complex conjugates, φi → (φi , φ̄ ı̄) in a basis where fi

j = i δ j
i , f ı̄

̄ = −i δ̄ı̄ .
From the fact that f is hermitian, it follows that only the components gī = gı̄ j
are non-zero, and therefore fī = igī = − f̄ i . The fact that f is covariantly
constant then leads to

∂i gj k̄ = ∂j gik̄ ,

which implies that the metric can locally be written as

gī = ∂i∂̄K ,

where K (φ, φ̄) is the so-called Kähler potential. The projectors defined in
(6.9), have a holomorphic and an anti-holomorphic component,

P
I i
J j = 1

2
δi

j
(

δ I J + iε I J ) , P
I ı̄
J ̄ = 1

2
δ ı̄
̄

(

δ I J − iε I J ) ,

and the T-tensors obey the relation

∂i T = 2i Ti . (6.57)
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The Kähler potential K is defined up to a Kähler transformation,

K (φ, φ̄) → K (φ, φ̄)+Λ(φ)+ Λ̄(φ̄) . (6.58)

A solution of (6.56a) is provided by

Qi = −1
4

i∂i K and Q ı̄ = 1
4

i∂ı̄ K . (6.59)

This solution is not unique as it is subject to field-dependent gauge transforma-
tions. By adopting (6.59) we have removed this gauge freedom, but the Kähler
transformations now act on Q in the form of a field-dependent SO(2) gauge
transformation. This induces an SO(2) gauge transformation with parameter

Λ12(φ, φ̄) = i
4

(

Λ(φ)− Λ̄(φ̄)
)

. (6.60)

Consequently, all quantities transforming nontrivially under SO(2) become
now subject to Kähler transformations induced by (6.60). Note that transforma-
tions where Λ equals an imaginary constant, correspond to SO(2) transforma-
tions acting exclusively on the fermions and not on the Kähler potential. These
transformations constitute an invariance group of the ungauged Lagrangian and
they are in the center of the full group of combined isometries and SO(2) trans-
formations of the fermions.

According to (6.14a) and (6.14c) only holomorphic isometries of the tar-
get space can be extended to symmetries of the Lagrangian. Such isometries,
parameterized by Killing vector fields (X i , X ı̄ ), preserve both the metric and
the complex structure, i.e.

LX g = LX f = 0 .

The invariance of the complex structure implies that X i and X ı̄ must be holo-
morphic and anti-holomorphic, respectively. The invariance of the metric gives
rise to the Killing equations

Di X ̄ + D̄ X i = 0
Di X j + Dj X i = 0 .

Because of the holomorphicity of X i , the second condition is automatically
satisfied, whereas the first condition implies that the Kähler potential remains
invariant under the isometry up to a Kähler transformation. We write this spe-
cial Kähler transformation in terms of a holomorphic function S(φ), i.e

δK (φ, φ̄) = −X i∂i K − X ı̄∂ı̄ K = 4i
(

S − S̄
)

. (6.61)

According to (6.17a), the function V, which is defined as

V = X i Qi + X ı̄ Q ı̄ + S
12 = − i

4
X i∂i K + i

4
X ı̄∂ı̄ K + S

12
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must satisfy the equation,

∂iV = i
2

gī X ̄ .

As the right-hand side can be written as a derivative, this equation can now be
solved and we obtain

S
12(φ, φ̄) = S(φ)+ S̄(φ̄) . (6.62)

Consequently we have,

V = − i
4

(

X i∂i K − X ı̄∂ı̄ K
)

+ S + S̄

= − i
2

X i∂i K + 2S .

When S is a real constant and X i = 0 we are again dealing with the sub-
group that acts exclusively on the fermions and which commutes with all other
symmetry transformations.

When there are noncommuting isometries we must insist that the field-
dependent SO(2) transformations close on the fermions. For every genera-
tor XM we distinguish a function S

M, which is determined up to a real con-
stant. The resulting condition decomposes into a holomorphic and an anti-
holomorphic part and is defined by

f MN

K S
K = XMi∂iS

N − XN i∂iS
M + f MN

0 . (6.63)

The (complex) constants f MN

0 satisfy the cocycle condition f M[N
0 f KL]

M = 0.
For semi-simple Lie algebras, to which we restrict the discussion here, these
constants can be absorbed by suitable shifts into the functions S

M . In general,
one needs to introduce an additional vector field corresponding to the constant
SO(2) transformations labelled by an index zero [104].

Now we turn to the gaugings, assuming an embedding matrix Θ , and de-
termine the various quantities involved. It is convenient to decompose the ten-
sor AI J

1 in terms of a singlet part A11
1 + A22

1 and a complex quantity

eK/2W ≡ 1
2

(

A22
1 − A11

1
)

+ i A12
1 .

Kähler transformations are induced by the SO(2) transformations (6.60),

δ
(

eK/2W
)

= 2iΛ12(eK/2W
)

.

This implies that W transforms under Kähler transformations according to

δW = −Λ(φ)W . (6.64)

Imposing the equations (6.40) then leads directly to the following result,

∂i
(

A11
1 + A22

1 + 2T
)

= 0 ,

∂i W̄ = ∂ı̄ W = 0 .
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Hence, W can be identified as the holomorphic superpotential. Here, T is
defined by T = 2V

MΘMN V
N . Gauge covariance of A1 yields the relations

ΘMN

(

XN i∂i W + 4iSMW
)

= 0 , (6.65a)

ΘMN

(

XN i∂i T + XN ı̄∂ı̄ T
)

= 0 , (6.65b)

The tensor A2 can be derived from (6.38a). Its components are given by

A1 1
2 i = −1

2
∂i T − 1

2
eK/2Di W , (6.66a)

A1 2
2 i = − i

2
∂i T − i

2
eK/2Di W , (6.66b)

A21
2 i = i

2
∂i T − i

2
eK/2Di W , (6.66c)

A22
2 i = −1

2
∂i T + 1

2
eK/2Di W . (6.66d)

The projection equation for N = 2, (6.37a), reads

AI 1
2 i = −i AI 2

2 i . (6.67)

It can easily be verified that the components of A2 as given in (6.66) fulfill this
projection constraint.

We can check the consistency of our results so far by inserting A1 and
A2 into the quadratic constraints (6.49). It turns out that the constraints cancel
provided that W and T satisfy the condition

g ı̄ j∂ı̄ T Dj W = 2T W .

with the Kähler covariant derivative Di W ≡ ∂i W + ∂i K W , which is already
implied by (6.64). Indeed, this condition follows directly from (6.65a). There-
fore the tensors A1 and A2 that we have constructed above satisfy the con-
straints that we have found in section 2. We refrain from giving the explicit
form of the tensor A3, which can be constructed from (6.38b).

The above analysis shows that there is no restriction on the T-tensor T ,
and therefore all subgroups of the isometry group of the Kähler manifold are
allowed gauge groups, as long as the superpotential W obeys (6.65a).

The scalar potential (6.47) of the gauged theory is given by

V = −4g2
(

T 2 − giı̄∂i T ∂ı̄ T + eK |W |2 − 1
4

giı̄ eK Di W Dı̄ W
)

.

Note that in three dimensions, the scalar potential is quartic in the moment
map V, since the T-tensor T is quadratic in V. This is in contrast with e.g. four
dimensions, where the scalar potential is quadratic in V.

We conclude by pointing out that there are, similar to the N = 1 case, two
kinds of deformations of the original theory. On one hand, there are the gaug-
ings, which are characterized by the embedding tensor ΘMN and on the other
hand there are the deformations described by the holomorphic superpotential
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W , which are not induced by a gauging. Whereas gaugings are possible for
all N , the deformations by a superpotential do not appear for higher N , due
to the increasing number of restrictions that supersymmetry imposes on the
deformations.

3.3. N = 9 supersymmetry
For N > 4, it has been shown [96] that the target space manifolds of the
ungauged theories are symmetric homogeneous spaces G/H . In this section,
we show that the consistency condition for admissible gauge groups can be
translated into a projection equation for the embedding tensorΘ . This provides
a very efficient way to classify and construct possible gaugings and has first
been applied to the maximal gaugings in [97, 98]. Note that the case of N = 9
supersymmetry discussed in this section is somewhat special because the group
H ′ is trivial, just as for N = 16. This means that the holonomy group is SO(9),
as was indicated in table 5 on page 114. However, the discussion presented here
can be carried out for general N > 4 with only minor modifications [104].

The scalar fields of the N = 9 theory can be described by a nonlinear
sigma model with target space F4(−20)/SO(9). The scalars are combined into
a F4(−20)-valued matrix V = V (φi), on which the rigid action of F4(−20) is
realized by left multiplication, while SO(9) acts as local symmetry from the
right. The 52 generators tM of the F4(−20) Lie algebra decompose into 36
generators X I J of SO(9), which is the maximal compact subgroup of F4(−20),
and into 16 noncompact generators Y A. Under SO(9), the 16 generators Y A

transform in the spinor representation and the various commutators are given
by [96]

[

X I J , X K L] = δ I K X I L − δ I K X J L − δ J L X I K + δ I L X J K ,

[

X I J , YA
]

= −1
2
Γ I J

ABY A ,

[

Y A, Y B] = 1
4
Γ I J

AB X I J ,

where Γ I J
AB are antisymmetrized products of the SO(9) gamma matrices. The

Lie-algebra valued function V −1∂i V is decomposed as

V −1∂i V = 1
2

Q I J
i X I J + eA

i Y A ,

where Qi is the composite connection and e A
i is the vielbein which may be used

to convert curved target-space indices into flat SO(9) indices. The target-space
metric gi j is defined as

gi j = eA
i eB

j δAB .
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The Cartan-Maurer equations (1.16) for Q I J
i yield

∂i Q I J
j − ∂j Q I J

i + 2QK [I
i Q J ]K

j = −1
2
Γ I J

ABeA
i eB

j ,

and consequently, using (6.3), we identify

f I J
i j = −Γ I J

ABeA
i eB

j .

The matter fermion fields are redefined by converting their target-space indices
to the spinor indices of SO(9)

χ A ≡ 1
N

eB
i Γ

I
B A χ

i I .

All the general formulae obtained above may be conveniently translated noting
that the projector P from (6.9) factorizes according to

P
I
J

i
j = 1

N

(

gik eA
k Γ

I
AC

) (

Γ J
BCeB

j

)

.

The variation of the scalar fields V under isometry transformations generated
by the tM define V as

V −1δMV ≡ V −1tMV ≡ V
M

N tN (6.68)

= 1
2

V
M

I J X I J + V
M

A Y A .

and thus constitute the adjoint representation of G. The variation (6.68) de-
scribes the isometry generated by left invariant vector fields

XMi = gi j eA
j V

M

A ,

with Di XM j = 0 and S
M I J = 0. For any coset space, the V

I J take the
form [16]

V
MI J = XM j Q I J

j + S
MI J = gi j eA

i V
M

A Q I J
j + S

MI J ,

where S
I J is a compensating SO(9) transformation. Therefore, V is identified

with the moment map defined in section 1. Correspondingly, the components
of the T-tensor (6.32) are given by

TI J,K L = V
M

I JΘMN V
N

K L , (6.69a)

TI J j = eA
j V

M

I JΘMN V
N

A ≡ eA
j TI J,A , (6.69b)

Ti j = eA
i eB

j V
M

AΘV
M

B ≡ eA
i eB

j TAB , (6.69c)

i.e. they may be combined into a tensor TAB , with tangent space indices A =
(I J, A) by dressing the embedding tensor ΘMN by the matrix V in the adjoint
representation of F4(−20),

TAB = V
M

AΘMN V
N

B . (6.70)
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Let us now discuss the conditions that a group has to satisfy in order to
be an admissible gauge group. Recall that all consistency conditions for a
supersymmetric gauging can be derived from the single equation (6.53) for the
T-tensor, i.e. from the vanishing of the SO(9) representation 495 = in the
tensor TI J,K L . In order to satisfy this equation on the entire scalar manifold
F4(−20)/SO(9), the structure (6.70) of the T-tensor shows that in fact the entire
F4(−20)-orbit of the SO(9) representation 495 must vanish. The tensor TAB

transforms as the symmetrized tensor product of the 52-dimensional adjoint
representations, i.e. explicit form

52 ×sym 52 = 1 + 324 + 1053 . (6.71)

Under SO(9), the above F4(−20)-representations decompose as follows,

1053 → 126 + 432 + 495 , (6.72a)
324 → 1 + 9 + 16 + 44 + 126 + 128 , (6.72b)

1 → 1 . (6.72c)

A priori, the T-tensor therefore contains the following SO(9) representations,

TI J,K L = 1 + 44 + 126 + 495 ,
TI J,A = 16 + 128 + 432 ,
TA,B = 1 + 9 + 126 .

The unique irreducible representation of F4(−20) appearing in the sum in
(6.71) which, upon breaking F4(−20) to SO(9), contains the representation 495
is the 1053 representation. The condition (6.53) is then equivalent to

P1053 TAB = 0 . (6.73)

Consequently, the T-tensors of the N = 9 theory are restricted to the following
SO(9) representations

TI J,K L = 1 + 44 + 126 , (6.74a)
TI J,A = 16 + 128 , (6.74b)

TA,B = 1′ + 9 + 126 . (6.74c)

The representations 1 and 1′ which appear in TI J,K L and TA,B , respectively, are
not related, since they originate from the different representations of F4(−20).
On the other hand, the two 126 representations both originate from the 324
representation and they are therefore identical.

Moreover, since (6.73) is a F4(−20)-covariant condition, the structure of
the T-tensor (6.70) shows that this constraint is further equivalent to

P1053ΘMN = 0 . (6.75)
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The underlying group structure thus allows to translate the field dependent form
of the consistency condition (6.51) into a single condition for the constant em-
bedding tensor of the gauge group G0. This projection equation comprises
all the consistency conditions of the gauged theory. For a given subgroup
G0 ⊂ F4(−20), characterized by its embedding tensor ΘMN , equation (6.75)
provides a simple and efficient criterion to check whether this subgroup may
be consistently gauged retaining all supersymmetries. We will refer to the so-
lutions of (6.75) as the admissible gauge groups G0.

As a direct consequence of the projection equation (6.73), we observe that
the Cartan-Killing form of F4(−20) is a solution to equation (6.75) as it corre-
sponds to the singlet in the decomposition of (6.72). This means that the full
global symmetry group F4(−20) is an admissible gauge group. The potential of
the corresponding gauged theory reduces to a constant since all scalars fields
can be gauged away.

The components ΘI J,K L of the embedding tensor ΘMN describe the pos-
sible compact gaugings. They have to satisfy (6.51), and it is therefore of the
form

ΘI J,K L = θ δK L
I J + δ[I [K ΞL]J ] +ΞI J K L , (6.76)

with a traceless symmetric tensor ΞI J and a completely antisymmetric tensor
ΞI J K L . For N = 9, the tensor ΞI J K L corresponds to the 126 representation
of SO(9). We conclude that ΞI J K L has to vanish for compact gaugings, since
otherwise according to the decomposition (6.74) the component ΘA,B would
also contain the 126 representation, and the gauging would be noncompact.

Let us now consider in some more detail compact gauge groups with em-
bedding tensor of the form

ΘI J,K L = θ δK L
I J + δ[I [K ΞL]J ] . (6.77)

It is straightforward to verify, that the choice

ΞI J =
{

(2 − 2p/9) δI J for I ≤ p ,

−2p/9 δI J for I > p ,

with θ = 2p/9 − 1, describes the embedding of SO(p)× SO(9 − p) ⊂ SO(9)
as Θ = ΘSO(p) − ΘSO(9−p), i.e. the relative coupling constant between the
two factors is −1. This ratio is fixed by the requirement that the embedding
tensor must take the form (6.77). Likewise, one may check that no product
SO(p1) × . . . × SO(pn) with more than two factors can be embedded into
SO(9) with an embedding tensor of the form (6.77). This severely restricts the
possible choices of compact gauge groups.

We do not discuss the noncompact gauge groups here, and simply state
that the groups G2(−14) × SL(2) and Sp(2, 1) × SU(2), which are maximal
subgroups of F4(−20), are among the admissible gauge groups.
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3.4. Stationary solutions
Let us finally discuss possible stationary solutions of gauged supergravity the-
ories in three dimensions. The scalar potential of the gauged Lagrangian is
given by (6.47), The condition for stationarity of the scalar potential follows
from the variation of the potential, (6.48) and is given by

3AI K
1 AK J

2 j + Ngmn A3
J K
jm AI K

2 n = 0 . (6.78)

Unbroken supersymmetry implies that the supersymmetry variations of the
spinor fields (6.36) vanish in the ground state. For the fermion fields χ i I , this
implies

AJ I
2 i ε

J = 0 .

At the stationary point an eigenvector ε of A2 is necessarily a linear combi-
nation of eigenvectors of A1, as can be seen by contracting (6.78) with ε I .
Contracting the quadratic constraint (6.49a) with ε J and substituting the scalar
potential (6.47) yields

AI J
1 AJ K

1 εK = − 1
4g2 V0ε

I , (6.79)

where V0 is the value of the potential at the stationary point. Therefore the
eigenvalues of A1 are given by

4α2 = − V0

g2 .

Consequently, the number of unbroken supersymmetries at a stationary point
is given by the number of zero eigenvalues of A2 and the corresponding A1
eigenvalues α, given by the above condition. In particular, preserving all N
supersymmetries is equivalent to imposing A I J

2 j = 0. In that case, the potential
V simplifies to

V = −4g2

N
AI J

1 AI J
1 ,

which is a non-positive function, since it is quadratic in A I J
1 . The Einstein

equations derived from the gauged Lagrangian are given by

Rµν = 2 V0 gµν ,

and therefore the maximally supersymmetric stationary solutions with A I J
2i =

0 correspond to maximally symmetric spaces with non-positive cosmological
constant, which are anti-de Sitter spaces, or Minkowski-space in the limit of
V0 = 0. As we have explained in chapter 2, a supersymmetric ground-state
solution is only possible if the cosmological constant is negative or zero.

Let us conclude this chapter with a summary of the main results. We have
constructed the possible gaugings for extended supergravity theories in three
dimensions. We found that the viability of a gauging is encoded in a single
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constraint on the T-tensor, cf. (6.43). For N > 4 the target-space of the nonlin-
ear sigma model is a homogeneous symmetric space G/H , and the constraint
on the T-tensor can be lifted to a projection equation for the embedding tensor
Θ , cf. (6.73). For the special cases of N = 1 and N = 2 we found that all
subgroups of the target-space isometries can be gauged. Additionally, there
are deformations of the N = 1 and N = 2 theories that are not induced by
gaugings.
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Samenvatting

Supersymmetrie speelt een belangrijke rol in de hedendaagse theoretische fysi-
ca. De quantummechanica kent twee fundamenteel verschillende soorten deel-
tjes, namelijk bosonen en fermionen, welke door supersymmetrie met elkaar
in verbinding gebracht worden. Supersymmetrie is een belangrijk onderdeel
van supergravitatie en van de verschillende stringtheorieën. De theorie die alle
superstring theorieën verenigt is de zogenaamde M-theorie.

Op dit moment is niet bekend wat de fundamentele vrijheidsgraden van
M-theorie zijn. De theorie is alleen in bepaalde limieten gedefinieerd. In die
limieten komt M-theorie overeen met de bekende string– of supergravitatie-
theorieën. Als we alleen maar naar kleine energieën kijken, i.e. als de energie
veel kleiner is dan de Planck massa MP ∼ 1019 GeV/c2, dan kunnen we M-
theorie beschrijven als een supersymmetrische ijktheorie en als supergravitatie
theorie. Om de juiste beschrijving van M-theorie te vinden is het belangrijk om
nieuwe eigenschappen van de effectieve lage-energie theorieën te bestuderen.
Dit proefschrift gaat over twee verschillende uitbreidingen van supergravitatie-
theorieën, die we bestuderen om mogelijk nieuwe feiten over M-theorie te leren
kennen. Een eerste uitbreiding van supergravitatie-theorieën is het koppelen
van de massaloze toestanden van de oorsponkelijke theorie aan massieve toe-
standen. Een tweede soort uitbreiding komt tot stand door de abelse ijkgroep
van een supergravitatie theorie niet-abels te maken.

Dit proefschrift bevat de volgende hoofdstukken. In hoofdstuk 1 intro-
duceren we supersymmetrie en supergravitatie. Belangrijke concepten van
supersymmetrie en supergravitatie worden besproken die in de rest van het
proefschrift weer terug komen. Hoofdstuk 2 bevat een pedagogische inlei-
ding in supersymmetrie in anti-de Sitter ruimtes. Omdat anti-de Sitter ruimtes
een kromming hebben vertoont supersymmetrie eigenschappen die niet voor-
komen bij gewone supersymmetrie in een vlakke ruimte. De theorie bevat
bijvoorbeeld zogenaamde singletons, die veel minder vrijheidsgraden bevatten
dan een gewoon lokaal veld. Anti-de Sitter ruimtes komen ook voor als su-
persymmetrische oplossingen van supergravitatie theorieën in drie dimensies,
welke in hoofdstuk 6 beschreven worden.
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In hoofdstuk 3 bediscussiëren we supergravitatie in negen-dimensionale
ruimte-tijd gekoppeld aan verschillende soorten BPS multipletten, de zoge-
naamde KKA en KKB multipletten. Deze BPS multipletten ontstaan in de
compactificatie van supergravitatie in tien of elf ruimte-tijd dimensies. Van-
uit het oogpunt van elf-dimensionale supergravitatie bevat het KKA multiplet
Kaluza-Klein toestanden en het KKB multiplet bevat windingstoestanden van
de supermembranen. De interpretatie van de BPS multipletten is verschillend
vanuit het oogpunt van IIB supergravitatie in tien dimensies. De toestanden
in het KKB multiplet komen overeen met Kaluza-Klein toestanden en de toe-
standen in het KKA multiplet komen overeen met windingstoestanden van de
fundamentele string en de D-string.

De expliciete constructie van een supergravitatie actie met de twee BPS
multipletten is zeer ingewikkeld. Daarom onderzoeken we in hoofdstuk 5 een
eenvoudiger voorbeeld van een BPS uitbreiding, namelijk de vier-dimensiona-
le supersymmetrische Yang-Mills theorie. Dit voorbeeld is veel eenvoudi-
ger omdat de theorie alleen globale supersymmetrie transformaties bevat en
geen lokale supersymmetrie transformaties zoals een supergravitatie theorie.
Wij construeren expliciet de N = 4 theorie gekoppeld aan BPS multipletten
die bijvoorbeeld van de compactificatie of van een spontane breking van een
ijksymmetrie afkomen. De BPS velden worden vervolgens uit geı̈ntegreerd, en
op die manier krijgen we een effectieve actie voor de massaloze velden.

In hoofdstuk 6 geven we tenslotte een algemene classificatie van geijkte
supergravitatie theorieën in drie dimensies. We stellen een criterium op voor
toelaatbare ijkgroepen, en we bediscussiëren de consequenties daarvan aan de
hand van N = 1, N = 2 en N = 9 supersymmetrie.
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