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A gravitational instanton solution found by Eguchi and Hanson some time ago is found to 
describe a special set of states in the Hilbert space of quantum gravity. We show how states of this 
type have to be normalized and how expectation values of operators are to be computed in such 
states. It then becomes clear that these states actually describe physical particles much like 
solitons. Being unstable they decay into large numbers of ordinary particles. 

1. Introduction 

Some time ago Eguchi and Hanson  discovered a non-trivial spherically symmetric  
solut ion of  Einstein's equations in 4-dimensional euclidean space [1]. It  was then 
shown by Prasad [2] that this solution is a special case of solutions found by 

Gibbons  and Hawking [3]. What  is remarkable about  the Eguchi -Hanson solution is 
that  it is asymptot ical ly  flat and carries zero action. At first sight one would think 
that  it therefore should contribute significantly to functional integrals like a new 

kind of  wormholes.  But this is not  the case, because the asymptotical  space 

sur rounding  it is only locally flat; it differs f rom ordinary space by the fact that 

points  located opposite to each other with respect to the origin must  be identified 
pairwise. 

Wi th  such a peculiar boundary  condit ion any sensible physical interpretation of 
this metric remained unclear until now, and most  investigators suspected that its 
role in low-energy quan tum gravity would be negligible. Extensions of  the solution 
were found.  Also electromagnetic fields with nonvanishing F~f f~  could be inserted, 
giving rise to interesting solutions for chiral fermions, but  again, their interpretation 
remained obscure. 

We  now claim that a very specific interpretation can be given. This is impor tant  
because the scale of these solutions can be chosen to be much larger than the Planck 
length (just like the scale of  black holes), so that we might arrive at predictions 
which are quite independent  of  renormalization difficulties at the Planck scale. The 
"par t ic les"  we find are similar to black holes in the sense that they too are 
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surrounded by a sea of thermal conventional particles, but they differ from black 
holes in many respects. In particular, they allow a direct calculation of their decay 
or production amplitude to and from ordinary particles. Perhaps they describe the 
decay and formation of black holes. 

The special topological nature of the Eguchi-Hanson metric is reflected in the fact 
that the particles surrounding the system are not truly thermal, but pairwise 
correlated at antigonal points, as we will explain. Thus, the physical consequence of 
the existence of such a metric is the existence of particle states in Hilbert space, such 
that these particle-like objects are surrounded by a "ho t  soup" with these special 
pairwise correlations. In more practical terms this presumably implies the existence 
of unstable objects decaying with strong antigonal correlations in their decay 
products. 

An important aspect of our system is that, because of the correlations, it is not 
described by a density matrix but by a single pure state, in spite of its apparent 
thermal nature. 

In the next section we summarise the properties of the Eguchi-Hanson metric, 
and then we explain our interpretation. How to treat a thermal heat bath which is 
correlated with some region far away in space and time is explained in sect. 4. An 
excited mode of the Eguchi-Hanson configuration corresponds with a state with 
leptonic chiral quantum numbers. This we show in sect. 5. There are also more 
exotic variants in which the fermionic boundary condition is modified (sect. 6). 

2. The Eguchi-Hanson metric 

In this section we give a resum~ of some properties of certain solutions to the 
euclidean Einstein equations without detailed derivations, which can be found 
elsewhere [1-3]. We are interested in a locally euclidean metric that can be 
described in several ways. Gibbons and Hawking [3] found a large class of solutions 
of the self-duality equation 

1 cd 
R abg, v = --  2~" abcdVl--g R t~v (2.1) 

(which guarantees the vanishing of the Ricci tensor R~) ,  of the following form: 

ds 2 = U-l(d~ "+ ~ .  d x )  2 + U(dx)  2, (2.2) 

where the scalar field U and the vector field ~0 depend on x but not on ~. 
The equations (2.1) then become linear: 

~ a U = CaijOiO,~j. (2.3) 

There is a gauge redundancy. The coordinate transformation 

.~--,.~ + A ( x ) ,  (2.4) 
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gauge t rans forms  ¢o: 

to ~ to - b a .  (2.5) 

A general  solut ion of (2.3) is 

i 1 
U =  Ix x , [  + C '  (2.6) 

n = l  

so that  at the points  x ,  there are magnet ic  monopole  charges for the field to. Dirac  
strings emana t ing  f rom these points  are physically unobservable  because of the 
invar iance  (2.4), (2.5). 

The  singularities at the points  x = x ,  are also coordinate  artifacts, if r is chosen 
to be  per iodic  with period 4~r. 

As was explicitly shown by Prasad [2], the case s = 2, C = 0 can be t ransformed 
into the spherically symmetr ic  Eguchi -Hanson  metric. Put  

n = _+, x + =  (0 ,0 ,  _+Z0), (2.7) 

x 1 = Z o sinh a sin 0 cos ~k, (2.8) 

x z = Z o s inha  sin 0 sin ~k, (2.9) 

x 3 = Z 0 cosh a cos 0 ,  (2.10) 

¢ = 2ep. (2.11) 

Wri t ing  

8Zo c o s h a  = r 2 , 8 Z  0 = a 2 , (2.12) 

one  can def ine the new coordinates  (x ,  y, z, t)  as follows: 

x + iy = rcos  ½0 e~i(*+~°) ; (2.13) 

z + it = r s i n  ~Oe ½i('p ~). (2.14) 

In  te rms of these coordinates the metric  becomes 

g.~ = 3~  + F i ( r ) x ~ x  ~ - F 2 ( r ) % ~ x  . % a x e ,  (2.15) 

whose  inverse is 

g ~  = ~.~ -- F2( r ) x . x  ~ + Fl(  r ) % ~ x .  %~x  ~ , (2.16) 

where  

r2Fi = a 4 ( r  4 _ a4 ) -1 ,  r2F2 = a 4 / r  4 , (2.17) 
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and %v is defined by 
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%vx,= (y ,  - x ,  t, - z ) .  (2.18) 

The coordinates are limited to the range 

x,  2 = r 2 > a 2 . (2.19) 

One may convince oneself that the singularity at r = a is a coordinate artifact. 
However, this is only so if all points x are identified with their antipodes - x .  In 

(2.8)-(2.11) one sees that 

O < O < ~ r ,  0 < ¢p < 27r, 0 < q , <  27r, (2.20) 

and in (2.13), (2.14) one sees that the mapping ~--* ~p + 2~r maps x into - x .  
Apart  from this strange disease, the metric (2.15), (2.16) is a beautiful one. It goes 

to flat space very rapidly as r ~ m. So at first sight it is just like an instanton as 

these are also known in non-abelian gauge theories [4]. However, the fact that the 

boundary is not really an ordinary flat space turns it actually into something else. In 

some sense, we will argue that the name "gravitational instanton" can be kept, but 

the way to deal with them in a physical theory will turn out to be different from the 

gauge theory instantons. 

3. Interpretation 

Because of the identification ( x , - x )  the asymptotically flat space surrounding 
our "instanton" is really only a half space. We could limit its description to the 

region t >_ 0 (t being euclidean time). Fields such as a scalar field q~(x) are defined 
on this half space, with in addition a boundary condition: at t = 0 one must have 

r(x,0) =¢(-x ,0)  (3.1) 

Functional integrals on a half space with all sorts of boundary conditions, e.g. of 
the form q0(x,0)= %(x) ,  are often considered in physics. They correspond to the 

computation of amplitudes such as 

{ol%(x)). (3.2) 

In other words, the functional integral over a half space with some boundary 
condition at t = 0 obviously corresponds to the expression for the inner product of 

some chosen wave function with the vacuum. Our first observation therefore is that 
the Eguchi-Hanson instanton defines a very special wave function, which we could 
indicate as [a, x), where a is a vector whose direction indicates the orientation of 
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the solution (in (2.18) the z axis differs from the x and y directions), with absolute 
value a, and x is the location of the center (usually taken to be at the origin of 

course). 
Thus, the functional integral in the Eguchi-Hanson metric defines the amplitude 

{0la,  x ) ,  (3.3) 

but it will not be difficult to find other-matrix elements such as 

<p,, p21-, x>, (3.4) 

where ]pl . . . . .  Pn) is an n-particle state. It is found by allowing source insertions in 
the Eguchi-Hanson space, which give, if 4~ is a scalar field, 

J(xl)... )(x,)<01+(x1)... +(x,)l-, (3.5) 

after which we put J(xi)  on mass shell as usual. In particular, one-graviton matrix 
elements can very easily be found via 

~ O I g ~ p ( X l ) { a  , x )  = g ~ p ( x 1 )  , (3.6) 

which is just  the metric (2.15). 
An important  question however is how la, x )  is normalized. How do we compute 

for instance 

(a ,  x, tlb, x', t)  = ? (13.7) 

Here, t is euclidean time. We will argue that for equal times this matrix element is 
infinite or meaningless. Now we can also consider 

(a ,  x, t le-#Hlb, x',  t) = (a ,  x, tlb, x' ,  t +/3) ,  (3.8) 

which corresponds to a two-instanton configuration: one with the Eguchi-Hanson 
boundary  conditions having the origin at (x, t) and one mirror image of that around 
the point (x ' ,  t +/3),  where t and t +/3  are euclidean time coordinates. Space-time 
is limited to the region t < x 4 < t +/3. The functional integral corresponding to this 
configuration seems to make a lot of sense, as long as/3 > a + b, even if a = b and 
X ~ X  t . 

Thus, the states ]a, x )  cannot be properly normalized, but the states 

la, x, t)~ - e - ~ H l a ,  x, t )  (3.9) 

can be. Note  that insertion of the operator e ~BH implies that the origin is shifted 
over a distance ±/3 in euclidean space. 2 



522 G. 't Hooft / Gravitational instantons 

Since the hamiltonian vanishes in the vacuum (assuming that the cosmological 
constant vanishes) the insertion of e-~an does not affect the vacuum matrix element 
(3.3). Similarly, there will be no difficulty in calculating 

{p . . . .  I a ,  x,0)B (3.10) 

using source insertions, instead of (3.4). 
However, closer study of these expressions reveals that there still is a divergence 

even if fl is large. This is a simple volume effect, to be explained in the next section. 

4. Thermally correlated spaces 

Let us concentrate on regions far away from the " instanton" 's  origin. There we 
have ordinary flat space, but the state [a, x, 0)o still features perfect correlations 
from the constraint 

cp(x,0) = e p ( - x , 0 ) .  (4.1) 

This implies that even far away from the origin we have a significant deviation from 
the vacuum. What do we have far away from the origin? 

Let us isolate some region I/'1 far away from the origin, diagonally opposite to 
region V 2 which we give the same shape as V 1. In a basis where the fields ~o are 
diagonal, the wave function ta, 0)0 that we are interested in is 

ta, 0>0 = f dwlw(x))llW(- x))2, (4.2) 

where C is some normalization factor. Let 1~2)~,2 be the vacuum states in V1,2, and 
1~2) - I/2)111"2)2. Then, since the Eguchi-Hanson action vanishes, we expect C to be 
determined by 

(a2la,0)o = 1. (4.3) 

Obviously, (4.2) is very different from the vacuum state, and it is no big surprise 
that its norm comes out to be infinite. 

Now consider the state 

l a ,  0)~ = e -  1'8" I a,  0)o.  (4.4) 

Let A 1 be an operator describing an observable in space V v Write 

(A1) =-- ( ( A ~ ) ) / < ( 1 ) ) ,  ({A)) -¢(a,OlAla,O)¢. (4.5) 

Then 

<<AI>> = lCl2 f dw, f dw2<Wlle W2><Wl e W2 (4.6) 



G. 't Hoofi  / Gravitational instantons 523 

By PCT invariance we must have 

(¢Pl(X,O)le-¢~lleP2(x,O)) = (ep{(-x ,O) le- tmlrp~(-x ,O))* ,  (4.7) 

and since we are in euclidean space and q0 was assumed to be a real field, we may 
ignore the asterisks in (4.7) (for complex fields the asterisks would have to be added 

in (4.2)). 
We now see that completeness can be used to derive 

( ( A I > )  = ICI2TrA,  e-ZB H. (4.8) 

From (4.5) we see that the expectation values for all operators which describe 
observables in V 1 only, derive from a density matrix 

O = e -  2BH/Tr e - 2¢~/. (4.9) 

Clearly an observer in V 1 experiences a temperature T = 1/2fl .  
The same holds for an observer in V 2. But V 1 and V 2 are correlated. The 

expectation value for the product operator A = AaA 2, where A 2 acts in I12, follows 

f rom 

<(A1A2> > = [Cb 2 TrA1 e-#nA2e - B ' .  (4.10) 

Indeed, the combined space V 1 + V 2 is not in a quantum-mechanically mixed state 
but  in a pure state. We can write: 

]a,0>B = Y'.e-¢e'lEi>llE,>2, (4.11) 
i 

where I E i) are the energy eigenstates. 
Herewith we unravelled the nature of the states introduced in the previous 

chapter  when seen at large distances from the origin. Because of (4.3) the constant 
of proportionali ty in (4.11) must be one. But then it will be clear that the norm of 
this state will diverge with the volume. In flat space one will have 

~(a, 0 la, 0}B = E e-2/3E, = e-2¢F(2t~), (4.12) 
i 

where F(2fl)  is the free energy of the vacuum at inverse temperature 2/3. This is an 
extensive quantity, whose value grows linearly with the volume 1/1: 

( a ,  01a, 0) = e f(2B)V~ . (4.13) 

V 1 is half the total volume of three-space ( V =  V 1 + V2). 
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5. Chirality 

The Eguchi-Hanson configuration is topologically non-trivial in such a way that a 
Maxwell field F~ can be inserted [5] that is self-dual: 

F ~ =  - f f ~ .  (5.1) 

The explicit form is [5]: 

A~ = 2NaZ%~x~r -4 . (5.2) 

The existence of a spin structure and the boundary condition at ~ require N to be 
integer (more about this in the next section). We have 

f d 4 x F ~ F ~  = 16~r2N2/e 2 ' (5.3) 

so that n = N 2 is the number of chiral zero modes of the euclidean Dirac equation. 
We also have 

([2la, N, x )  = O(e-~N2/" ) ,  a = e2/47r, (5.4) 

so that the inner products are now very different. Eq. (5.4) holds for the pure 
Einstein-Maxwell system. If light charged fermions are present, such as the electron, 
we get an additional factor rn e from each Dirac zero mode. On the other hand, if a 
chiral symmetry breaking source is inserted, e.g. 

JCXl) (x,), (5.5) 

then m e is replaced by J(Xl). Hence, If m e is small, 

I ([21~/@la, 1, x) ]  >> ] (~21a, 1, x ) [ ,  (5.6) 

also at finite fl, and this is easy to interpret: apparently the state la, 1, x ) ,  has two 
units of chiral fermion number. 

6. The fermionic .boundary condition 

The antipodal constraint corresponds to eq. (4.1) for a scalar field. In particular it 
should hold also far away from the origin. For vector fields one expects 

A , ( x , O )  = - A , ( - x . , O ) ,  (6.1) 

and for spinors 

+(x ,O)  = P + ( - x ,  ) ,  (6.2) 
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where P is an element of the group SU(2) ® SU(2) corresponding to the reflection 
x ,  ~ - x~,. At first sight one might think that P is only defined up to a sign, but this 
is not so. ~b(x) must be continuous along a path from x to - x  and this path 
defines an element of the covering group of SO(4) unambiguously. Indeed, the only 
allowed sign in the self-dual Eguchi-Hanson instanton is: 

P = -~{5. (6.3) 

The bra state {a, x,0] is a parity reflection of the ket state la, x ,0)  in space-time, 
so if the ket state is self-dual then the bra state is anti-sel f-dual,  and there the 
boundary  condition will be 

= +vs+(-x,B). (6.4) 

Consequently, the matrix element 

, , 0 1 ¢ ( x , ) . . .  la ,  x,0)  (6.5) 

will change its sign when x 1 runs from (xl ,0)  t o  ( X l , 2 f l ) .  This implies that 
fermionic fields ~b have antiperiodic boundary conditions as these occur naturally 
[6] in functional integrals for thermodynamic systems at temperature 1 / 2 f l .  

Now one may also ask whether a boundary condition of the form 

+(x,O) = -e+(-x,O)= (6.6) 

is possible for the ket state, instead of condition (6.2). In the Eguchi-Hanson metric 
as described above this turns out not to be allowed; such a field ~b would be 
singular in regular coordinates at x 2 = a z. A gauge transformation with Dirac string 
singularity at x 2 = a 2 would restore (6.2). Suppose we require (6.6) at large x 2 in 

the absence of a vector potential. Then one can convince oneself that close to 
x 2 = a 2 a vector field of the type (5.1)-(5.2) has to be inserted into this space, but 
now with N half-odd-integer: N = k + ½, k integer. The Atiyah-Singer index turns 
out to be 

n = N  2 1 _ k  2 - ~ -  + k .  (6.7) 

Only then a spin structure with boundary condition (6.6) is allowed [7]. The - ¼ in 
(6.7) is a topological effect from our non-trivial boundary condition. We checked 
the index theorems by explicitly computing the solutions of the Dirac equation in 
these metrics. 

One reason to be interested in the aspects of this particular instanton is the fact 
that for N = _+ ½ the corresponding states ]a, + ½) have inner products 

(Ola ,  _+ = ( 6 . s )  
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a number  that might relate some widely separated constants of nature. For instance, 
by comparing the known numbers we remark that 

Gm 2 _~ (otv~-)-le-~r/4a (.9), (6.9) 

in natural  units (G is Newton's constant and m e is the electron mass). Since we can 
take a large with respect to rn~ -~ it makes sense to compare the physical, on mass 

shell values of a and m e in (6.8) and (6.9). 

7. Discussion 

The Eguchi-Hanson configurations may seem to be a rather exotic consequence of 
general relativity in euclidean space, but as we have seen, they represent states in 
Hilbert space that do not seem to have very exotic properties. Replacing euclidean 
time by ½/3 + it we see that in Minkowski space we are dealing with an "event" (so 
that the name "instanton" makes sense). The fact that the metric in Minkowski 
space is complex (like all self-dual metrics) and has zero energy is not a problem 
since we are dealing with off-diagonal matrix elements (see eq. (3.6)). Diagonal 
expectation values for the #-states can easily be seen to be real. 

As far as we can see we are dealing with just very unstable objects, decaying 
rapidly into the vacuum, surrounded by radiation with a strong antipodal correla- 
tion (our states are symmetric under CPT). It  should be possible to identify them 
with existing objects, perhaps "micro-black holes" in a rapidly'decaying state. We 
think it is important  that they may be large. There is no limit to the value of a. 
Because of this, one may use known field equations to compute their properties, as 

soon as a >_ 0.01 GeV-1. 
The value of a is indeed free. One may or may not decide to integrate over a,  

depending on what state one is interested in: 

I~> = f daf(a)la, x>, (7.1) 

with arbitrary f .  This is different from the situation with the instantons in gauge 
theories, where integration over the sizes a and the form of f are prescribed. 

The amplitude 

(a, x, tie-#nlb, x', t),  (7.2) 

corresponds to a functional integral in a euclidean space-time with two Eguchi- 
Hanson  objects (one self-dual, one anti-self-dual, so the entire configuration is 
neither). Asymptotically this space-time is a torus (R 3 ® $1), with periodicity 2ft. A 

closed form for this metric is not known to the author. 
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Other  configurat ions ment ioned in ref. [5] are surrounded by an asymptotical ly 

flat space with more than two points  identified, dividing R 4 by a discrete subgroup 

of the ro ta t ion  group, with the dodecahedral  group as an extreme example. It would 

be interes t ing to see what these metrics imply for our Hilbert  space. 

The  author  thanks G. G ibbons  for an explanat ion of gravitat ional ins tan tons  that 

led h im to this investigation. 
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