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Long bed waves in tidal seas: an idealized model
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An idealized model is proposed to explain the appearance of the long bed waves
that have been recently observed in shallow tidal seas. The model assumes that these
bedforms grow due to tide–topography interaction. The water motion is described by
means of the depth-averaged shallow water equations and the bottom evolution is
governed by conservation of sediment mass. The sediment transport formulation
includes a critical bottom stress below which no sediment moves. Also, anisotropic
sediment transport, due to local bottom slopes in the longitudinal and transverse
directions, is taken into account. A linear stability analysis of the flat bottom config-
uration reveals that different bottom patterns can emerge. In accordance with previous
analyses, for strong tidal currents, the fastest growing modes are sand banks. However,
if the tidal currents are elliptical and the maximum bottom stress is just above its
threshold value for the initiation of sediment motion, the model shows the presence
of further growing modes which resemble the long bed waves observed in the field.

1. Introduction
Two types of offshore periodic bottom forms are often observed in shallow seas

and are usually linked to oscillatory tidal currents. The first are sand waves, which
have wavelengths of a few hundreds of metres and crests almost orthogonal to the
major axis of the local depth-averaged tidal ellipse. The second are sand banks, which
have much longer wavelengths (O(10 km)) and crests that make a small angle with
the tidal current.

By analysing bathymetric surveys made in the North Sea, Knaapen et al. (2001)
have identified new bedforms which can be classified neither as sand waves nor as
sand banks. These new bedforms, named long bed waves, are characterized by crests
which are 60◦ counterclockwise rotated with respect to the direction of the tidal
current and by a wavelength of about 1.6 km. A further analysis of the bathymetric
data of the south-western part of the Dutch continental shelf (Van Dijk, 2008, private
communication) reveals the spatial extent of long bed waves and shows that these
bedforms are both clockwise and counterclockwise rotated with respect to the major
axis of the tidal current ellipse (see figure 1). The clockwise bedforms form an
angle of about 33◦, while the counterclockwise bedforms form an angle of about 64◦

with respect to the tidal ellipse. The large-scale grey patches in figure 1 represent
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Figure 1. Bathymetry of the surveyed area at the offshore end of the access channel to
Rotterdam harbour. The position of the surveyed area is sketched at the top-right corner
of (a). The bathymetric data are provided by TNO (Netherlands Organization for Applied
Scientific Research) and are compiled from measurements of the Netherlands Hydrographic
Office of the Royal Netherlands Navy (courtesy of T. Van Dijk). Some of the crests of the
long bed waves observed in the area are marked by white lines on (b) where the black line at
the top-left corner indicates the orientation of the major axis of the tidal ellipse.

counterclockwise rotated sand banks of small amplitude, as recently described by
Knaapen (2008). Moreover, sand waves occur throughout the entire area. Process-
based models, able to explain and simulate the excitation of tidal sand banks and sand
waves, are already available (a.o. the first contributions of Richards 1980; Huthnance
1982; Hulscher, De Swart & De Vriend 1993 and the recent unified approach of
Besio, Blondeaux & Vittori 2006). These bedforms emerge as free instabilities of a
state that constitutes tidal flow over a flat bottom. However, a model able to describe
the formation of long bed waves is still missing. In the following, it is shown that the
appearance of long bed waves can be explained by means of a simple model, similar to
that used to investigate the formation of sand banks. In § 2, we briefly summarize the
hydrodynamic and morphodynamic models used to determine the time development
of the bottom configuration of shallow tidal seas. The flow and sediment transport
generated by tidal currents over a flat bottom are described in § 3, along with the
investigation of the stability of the flat-bed configuration. The results of the stability
analysis are described in § 4, where also a comparison of the theoretical findings with
field observations is made. Moreover, in § 4, the sensitivity of the results to changes
of the model parameters is discussed. Finally, the conclusions are drawn in § 5.

2. Formulation of the problem
A shallow sea of depth h∗ is considered and a Cartesian coordinate system is

introduced such that the x∗- and y∗-axis lie on the undisturbed free surface and the
z∗-axis is vertical, pointing upwards (hereinafter a star denotes dimensional quantities
and the same symbol without the star denotes their dimensionless counterpart). The
water is assumed to have a constant density ρ∗ and the seabed is composed of a
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cohesionless sediment of uniform size d∗ and density ρ∗
s . The water and sediment

motions are driven by free surface gradients of tidal origin which oscillate in time
with an angular frequency ω∗. The average water depth and the maximum value of the
depth-averaged velocity during the tidal cycle are denoted by h∗

0 and U ∗
0 , respectively.

By using the f -plane approximation, the problem of flow determination is posed by
continuity and momentum equations, where the Coriolis contribution related to the
Earth’s rotation should be taken into account because it affects the tidal current.
Since the water depth turns out to be much smaller than the horizontal scale of
the problem (the wavelength of the bottom forms), the shallow water approximation
is introduced and depth-averaged values of the velocity components are considered.
The problem can be simplified by assuming that both the Froude number F of the
tide (F = U ∗

0 /
√

g∗h∗
0, g∗ being the gravitational acceleration) and the ratio β between

the tidal period and the morphodynamic time scale (to be defined later on) are
much smaller than 1. The assumption F � 1 allows the rigid lid approximation to
be introduced, while the assumption β � 1 allows the time derivative of the water
depth to be neglected in fluid continuity equation. Equations of motion will be given
in terms of the dimensionless variables

(x, y) =
(x∗, y∗)

U ∗
0 /ω∗ , t = t∗ω∗, (U, V ) =

(U ∗, V ∗)

U ∗
0

, h =
h∗

h∗
0

. (2.1)

Here, t∗ is time and (U ∗, V ∗) are the depth-averaged velocity components along the
x∗- and y∗-axis, respectively. The continuity and momentum equations read

∂ (hU )

∂x
+

∂ (hV )

∂y
= 0, (2.2)

∂(U, V )

∂t
+U

∂(U, V )

∂x
+ V

∂(U, V )

∂y
= −(Ex, Ey) − μ

C2
0 (U, V )

√
U 2 + V 2

C2h
+ f (V, − U ),

(2.3)

where (Ex, Ey) are the free surface gradient components which drive the tidal current
and are of order one, being scaled with U ∗

0 ω∗/g∗. The second term on the right-hand
side is the dimensional frictional force per mass unit, which is the ratio of the bed
shear stress and the depth. A nonlinear constitutive relationship is used to relate the
dimensional bed shear stress to the velocity field,

(τ ∗
x , τ ∗

y ) = ρ∗U ∗2
0

(U, V )
√

U 2 + V 2

C2
. (2.4)

Hereinafter, the parameter C =Cz/
√

g∗, Cz being the Chézy coefficient, is called the
conductance coefficient. A standard formula is used to express C in terms of the
dimensionless roughness zr = z∗

r /h∗
0 of the sea bottom (C = 2.5 ln(11h/zr )) and

the value of C0 is that of C evaluated for h = 1. By assuming that the bottom
roughness is mainly due to the presence of small scale bottom forms (ripples), the
value of z∗

r is set equal to the ripple height, which can be determined using the
predictors of Soulsby (1997) and Soulsby & Whitehouse (2005). In (2.2) and (2.3) two
further dimensionless parameters appear:

μ =
U ∗

0

C2
0ω

∗h∗
0

, f = 2
Ω∗

ω∗ sinΦ. (2.5)

The parameter μ represents the ratio of the tidal period and the frictional time scale.
Furthermore, f is the Coriolis parameter, with Ω∗ the angular velocity of the Earth’s
rotation and Φ the local latitude.



488 P. Blondeaux, H. E. de Swart and G. Vittori

The evolution of the seabed is governed by the sediment continuity equation, which
states that the convergence (or divergence) of the sediment transport causes a rise (or
fall) of the bed level. By introducing the dimensionless sediment transport rates

(Qx, Qy) =
(Q∗

x, Q
∗
y)

[Q∗]
, (2.6)

with (Q∗
x, Q

∗
y) the x∗ and y∗ components of the volumetric sediment transport rate

per unit width, the sediment continuity equation can be written in the form

∂h

∂t
= β

[
∂Qx

∂x
+

∂Qy

∂y

]
. (2.7)

Here, β = [Q∗]/((1 − n)U ∗
0 h∗

0) is the ratio between the tidal period and the
morphodynamic time scale, n being the porosity of the bottom material. In principle,
the sediment transport rate scales with the magnitude of the bottom stress. However,
for typical field conditions, the choice [Q∗] =

√
(ρ∗

s /ρ
∗ − 1)g∗d∗3 yields a good

estimate of the transport rate, as it follows from the empirical predictors commonly
encountered in the literature.

Since β � 1, significant changes of the bottom configuration only occur after a large
number of tidal cycles. Hence, it is convenient to introduce a new time variable T = βt

and to assume that the bed profile is a function of t and T . The dependence of h on
t describes the small (O(β)) oscillations of the bottom taking place during the tidal
cycle, while the dependence of h on T describes the slow but significant growth/decay
of h taking place on the morphodynamic time scale. The fact that β � 1 implies that
the oscillations of the bottom on the tidal time scale have a negligible influence on
the evolution of the bed on the morphodynamic time scale. Consequently, (2.7) can
be replaced by

∂h

∂T
=

∂Qx

∂x
+

∂Qy

∂y
, (2.8)

(Qx, Qy) being the sediment transport rate averaged over the tidal period.
To evaluate the sediment transport rate, the suspended load is assumed to be

negligible. This means that turbulent eddies, being generated by tidal currents, are
unable to pick up the sediment particles from the bottom and carry them into
suspension. The formulation of Fredsøe & Deigaard (1992) is used to quantify the
bed load. The latter depends on the x and y components of the dimensionless skin
friction (θx, θy):

(θx, θy) =
(τ

′∗
x , τ

′∗
y )

(ρ∗
s − ρ∗)g∗d∗ . (2.9)

The components of (τ
′∗
x , τ

′∗
y ) are evaluated from (2.4) by replacing C with the

conductance coefficient due to the sediment grains Cd , i.e. Cd = 2.5 ln(11h∗
0/(2.5d∗)).

Finally, following Kovacs & Parker (1994), a contribution to the sediment transport
formulation by Fredsøe & Deigaard (1992) is added to take into account that the
sediment is transported easier downhill than uphill. The result is

(Qx, Qy) =
30

μdπ
(θ − θc)(

√
θ − 0.7

√
θc)

[
(θx, θy)

θ
+

(
∂h

∂x
,
∂h

∂y

)
G

ω∗h∗
0

U ∗
0

]
H(θ − θc).

(2.10)
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In (2.10), θ is equal to
√

θ2
x + θ2

y , θc is the critical value of the Shields parameter such

that for θ smaller than θc no sediment moves, and H is the Heaviside function. The
value of θc is fixed at 0.05. Experimental observations of various authors (a.o. Talmon,
Struiksma & Van Mierlo 1995) provide estimates for the values of the components
of the tensor G (Seminara 1998). Using a reference frame (s, n) such that s is aligned
with the bed shear stress, it turns out that

Gns = Gsn = 0, Gss =
θc

μd

1

Q
dQ
dθ

, Gnn =
kG√
θ
, (2.11)

where Q is the modulus of the sediment transport rate over a flat bed, μd is the
dynamic friction coefficient of the bed material and kG is a coefficient.

The present depth-averaged model for offshore tidal bedforms differs from earlier
models (cf. Huthnance 1982). First, the conductance coefficient C is not constant,
since it depends on the local water depth. Second, a more sophisticated sediment
transport formulation is used, which includes a critical shear stress for erosion and a
slope induced anisotropic sediment transport.

3. The growth of the bottom forms
As in many other morphodynamic models, the bottom features are assumed to

emerge as inherent instabilities of a simple basic state of the coupled water-bottom
system. The present model allows for a basic state which is characterized by a flat
horizontal bed and a spatially uniform velocity field, i.e. (U, V ) = (U0(t), V0(t)) and
h = 1. In particular, (2.8)–(2.10) show that this is a morphodynamic equilibrium
state. Next, the stability properties of this basic state are investigated by adding
a bottom perturbation of small amplitude and investigating the growth or decay
of this perturbation. Since the perturbation is assumed to have a small amplitude,
the problem is linearized and the bottom profile is described by the superposition
of different spatial components, which, in the linear regime, evolve independently of
each other. Hence, the problem can be solved for the generic spatial component of the
bottom configuration. Here, the x-axis is chosen to be aligned with the crests of the
bottom form so, without loss of generality, we consider a bottom profile described by

h = 1 − ε[A(T )eiky + c.c.]. (3.1)

In (3.1) εA(T ) is the amplitude of the generic component which is periodic in the
y direction with an arbitrary wavenumber k. Moreover, c.c. indicates the complex
conjugate of the previous term. The parameter ε is assumed to be much smaller
than 1 and A(T ) is a function of the morphodynamic time coordinate T , which
describes the growth/decay of the bottom perturbation. The small value of ε allows
the solution to be expanded in the form

(U, V, Ex, Ey, C) = (U0, V0, Ex0, Ey0, C0) + ε[(U1, V1, 0, Ey1, C1)A(T )eiky + c.c.]+O(ε2),

(3.2)

with C0 = 2.5 ln(11/zr ) and C1 = −2.5. At the leading order, i.e. O(ε0), the solution as
described above is obtained. At order ε, fluid continuity equation yields

V1 = V0. (3.3)
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Substitution of (3.3) into the linearized momentum equation along the x-axis results in

dU1

dt
= −ikV0U1 + f V0 −μ

√
U 2

0 +V 2
0

[
U1

(
1 +

U 2
0

U 2
0 + V 2

0

)
+ U0

(
1 +

V 2
0

U 2
0 + V 2

0

+
5

C0

)]
.

(3.4)

The interest is in the non-transient part of the solution U1 of (3.4), which is
determined by standard numerical methods. Finally, the linearized version of the y

component of (2.3) is used to determine Ey1, even though Ey1 is not necessary to
obtain the time development of the bottom perturbation.

Once the hydrodynamic problem is solved, the amplitude equation, which provides
the time development of the amplitude A(T ) of the generic component of the bottom
perturbation, follows from sediment continuity equation. The result is

dA(T )

dT
= −ikQy1A(T ) = Γ A(T ), (3.5)

where the variable Qy1, which is the time average of the contribution of order ε to
Qy , follows from (2.10). The solution of (3.5) is

A(T ) = A0 exp[Γ T ]. (3.6)

The complex growth rate Γ depends on the parameters of the problem. Its real part
Γr controls the growth/decay of the bottom perturbation, while its imaginary part
equals −k c, where c is the migration speed of the perturbation.

In this study, we consider a basic state tidal flow that consists of a single tidal
constituent and describes an elliptical tidal flow,

(U0, V0) = sin(t) [cos(α), sin(α)] + e cos(t) [sin(α), − cos(α)] . (3.7)

Here, α is the angle between the major axis of the tidal ellipse and the x-axis and
e is the ratio between the minor and major axes of the tidal ellipse (−1 � e � 1).
Positive e refers to anticlockwise rotation of the tidal current vector, whilst negative
e indicates clockwise rotation. Since this flow is symmetrical in time, the bedforms do
not migrate and the imaginary part of Γ vanishes.

The growth rate can be determined for any value of the wavenumber k and the
angle α, given any fixed combination of the model parameters. The perturbation with
the largest growth rate is called the fastest growing mode and is expected to dominate
the solution after some time.

4. Results
4.1. Main findings

We consider values of the parameters representative of the coastal area shown in
figure 1 and considered by Knaapen et al. (2001). The area is located at about 52◦

North and 2◦50′ East. The sediment of the seabed is characterized by a mean grain
size d∗ equal to about 0.4 mm and the value of z∗

r can be set equal to 2.5 cm. The
average water depth is 40 m and the dominant tide constituent is the semidiurnal
component. According to numerical models of tide propagation in the North Sea
(Carbajal 1997), the background depth-averaged tidal flow (i.e. the flow which is
not affected by the bedforms) turns out to be characterized by a counterclockwise
rotating velocity vector, with a maximum amplitude of about 0.60 ms−1, which is not
far from the critical value (∼0.58 ms−1) for sediment erosion. The ratio e between
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Figure 2. Dimensionless growth rate Γr of the bottom perturbations as function of their
dimensionless wavenumber k and angle α between their crests and the major axis of the
tidal ellipse, for the default values of the parameters (Γr = 0.002, only positive values are
displayed).

the minor and major axes of the tidal ellipse has a value of about 0.4. The values
of the dimensionless parameters of the problem are f =0.8, μ =0.18, zr = 6.25 · 10−4,
d∗/h∗

0 = 1.0 · 10−5 and β = 2.2 · 10−6. Finally, following Seminara (1998), we choose
μd = 0.6 and kG = 0.55.

Figure 2 shows the growth rate Γr as function of k and α for the values of the
parameters given above. Note that k is the dimensionless wavenumber of the bottom
perturbation, the crests of which are parallel to the x-axis, and α is the angle between
the major axis of the tidal ellipse and the crests of the bottom forms. Different relative
maxima can be identified in figure 2. The maximum value of the growth rate is found
for k =5.6 and α = −27◦. This growing mode has a dimensional wavelength of about
4.8 km and its crests are counterclockwise rotated (angle of 27◦) with respect to the
major axis of the tidal ellipse. This growing mode resembles the small amplitude tidal
sand banks observed in the investigated area.

Two further relative maxima, each having a slightly smaller growth rate, can be
identified in figure 2 for k equal to about 12.1 and 13.7 and α equal to about −33◦ and
−14◦, respectively. These modes have crests that are counterclockwise rotated with
respect to the major axis of the tidal ellipse and their wavelengths are approximately
2.2 km and 1.95 km, respectively. Both these modes have geometrical characteristics
similar to those of the counterclockwise rotated long bed waves appearing in figure 1.
In particular, their wavelength falls between those of sand waves and sand banks
and agrees with the values measured in the field. The orientation of the modelled
bedforms only qualitatively agrees with the observed values. A plausible reason for
this discrepancy is that the present simple model does not account for different
directions between depth-averaged tidal currents and tidal currents near the bottom.
The latter in fact control the direction of the sediment transport.

Additional growing modes with positive values of α can be recognized in figure 2.
One is characterized by k = 9.8 and α = 22◦, the other by k = 17.4 and α = 16◦. Both
these modes turn out to be clockwise rotated with respect to the major axis of the tidal
ellipse and have dimensional wavelengths of about 2.7 km and 1.5 km, respectively.
It is possible to correlate them with the long bed waves which appear to be clockwise
rotated with respect to the direction of the tidal current, but again, their angle with
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Figure 3. Dimensionless growth rate Γr of the bottom perturbations as function of their
dimensionless wavenumber k and angle α between their crests and the major axis of the tidal
ellipse, for (a) the default values of the parameters but U ∗

0 = 0.90 ms−1 and e = 0.4 (Γr = 0.04,

only positive values are displayed), (b) the default values of the parameters but U ∗
0 = 0.60 ms−1

and e = 0 (Γr = 0.002, only positive values are displayed).

the major axis of the tidal ellipse is smaller than that observed in the field. Note that
the time evolution of the amplitude of the bottom forms is described by exp(Γβω∗t∗).
Taking into account the values of the parameters, for all the growing modes, the e-
folding time turns out to be of O(103) years. However, close to the critical conditions
for sediment erosion, the uncertainty of the sediment transport rate formulae is very
large and the use of a different formula to quantify Q might lead to much larger
sediment transport rates and to a reduction of the order of magnitude of the e-folding
time. Moreover, as described in § 4.2, for different values of the parameters, long bed
waves grow at a much faster rate such that their e-folding time scale becomes of
O(102) years.

Other growing modes can be identified in figure 2, but they have much smaller
growth rates. The presence of multiple relative maxima and the emergence of long
bed waves appear to be related to the relative weakness of the tidal current and to the
ellipticity of the tidal current. Indeed, for the same values of the parameters as those
of figure 2, but for stronger tidal velocities and/or unidirectional tidal currents, the
amplification rate Γr has only one significant maximum which corresponds to sand
banks. For example, figure 3(a) shows that, for U ∗

0 = 0.90 ms−1, the fastest growing
mode has crests which are counterclockwise rotated with respect to the direction of
the tidal current and a crest-to-crest distance of about 7.4 km. Similar conclusions
apply with regard to the results shown in figure 3(b) (default values of the parameters
but e = 0).

In the case of strong tidal currents, as in figure 3(a), the mechanism that gives rise
to the growth of the bottom forms is well known. The interaction of the oscillatory
tidal current with ridges that are counterclockwise rotated with respect to the major
axis of the tidal ellipse generates anticyclonic residual circulation cells around these
ridges. The superposition of the basic tidal current and the steady current causes the
velocity upstream of the crests slightly larger than the downstream velocity, at each
phase of the tidal cycle. Since the amount of sediment transported by the current
increases with increasing magnitude of the fluid velocity, the sediment is deposited
at the crests and the amplitude of the ridges increases. In contrast, for clockwise
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Figure 4. Imaginary part of the dimensionless, perturbed along-crest velocity component U1

versus dimensionless time during the tidal cycle (broken line) and considering only the phases
such that θ0 is larger than θc (continuous line). The vertical lines in (a) indicate the phases
at which θ0 = θc , when the bed turns from active to passive, or viceversa. The horizontal solid
lines in (b) and (c) indicate the stages during which the bed is not active. (a) 1st mode, k = 5.6,
α = −27◦; (b) 2nd mode, k = 12.1, α = −33◦; (c) 4th mode, k = 9.8, α = 22◦.

rotated ridges, the velocity just upstream of the crests is slightly smaller than the
downstream velocity. Consequently, the sediment is eroded from the crests and the
amplitude of the bottom waviness decreases. For this reason, only the modes having
negative values of α tend to grow at a significant rate.

The physical explanation described above can be applied only if the seabed is active
during the major part of the tidal cycle. In that case the mean sediment transport
component Q1y is dominated by a contribution ∼ sin(2α)U 1. This can for instance be
traced back from the original model of Huthnance (1982), which neglects the critical
bottom stress in the sediment transport formulation. From (3.5) it then follows that
the growth rate scales as ∼ sin(2α) k 	(U 1), where 	 denotes the imaginary part of a
complex variable. Interestingly, it follows from sediment transport formulation (2.10)
that also when tidal currents are weak, the largest contribution to Q1y is related

∼ sin(2α) k 	(U 1). Important here is that the average of the velocity field should be
taken over the subintervals of the tidal cycle during which transport of sediment
occurs (θ > θc). This implies that growing bedforms with negative angles α have a
mean circulation, thus computed, which is anticyclonic around their crests (	(U 1) < 0).
Likewise, growing bedforms with positive α have cyclonic mean circulation around
their crests, if the average is computed over the morphodynamically active part of
the tidal cycle. This finding is confirmed by figure 4, which shows time series of
	(U 1) during one tidal period for three different bottom modes that were identified
in the first experiment (figure 2). The solid line shows the value of 	(U 1) when
θ0 is larger than θc. The residual flow calculated during the full tidal cycle differs
considerably from that computed during the intervals that the bed is active. Indeed,
the time averaged values of the imaginary part of U1 over the whole tidal period are
−0.213, −0.068, −0.100, −0.033, −0.011 for the first five modes, while the imaginary
part of U1 averaged over the phases of the cycle with an active seabed are −0.051,
−0.023, −0.032, 0.021, 0.022, respectively. Hence, both clockwise and counterclockwise
rotated sand ridges can grow, giving rise to the clockwise and counterclockwise long
bed waves which are observed in the field.
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4.2. Robustness of the results

We conclude the discussion of the results by pointing out that the model contains
many parameters. The results previously described have been obtained by fixing those
related to the site on the basis of the field measurements described in Knaapen et al.
(2001) (namely the water depth h∗

0 and the grain size d∗) or on the basis of the results
of numerical codes developed to describe the hydrodynamics of the investigated area
(namely the tidal strength U ∗

0 and the eccentricity e of the tidal ellipse). Finally, the
other parameters (the roughness size z∗

r , the dynamical friction coefficient μd , the
constant kG . . .) have been given values which are widely accepted in the literature.
However, to ascertain the robustness of the model findings, further results have
been obtained by halving and doubling the values of μd and kG and by considering
values of z∗

r which are one-tenth and ten times the default value (z∗
r = 2.5 cm). In

all cases, the geometrical characteristics of the modelled bedforms (wavelength and
orientation) do not significantly change. The largest variations of the wavelength and
orientation of the five fastest growing modes are equal to 5 %. However, it appears
that for the smallest value of μd (μd = 0.3) and the largest value of z∗

r (z∗
r = 25 cm),

the second mode merges into the third one. Vice versa, for the largest value of μd

(μd = 1.2), the third mode merges into the second one. Only the value of μd appears
to significantly affect the growth rate which increases/decreases by a factor 2 when
μd is halved/doubled. Runs have also been conducted for different values of the tidal
strength U ∗

0 and eccentricity e. The model results show that, for e = 0.4, long bed
waves appear when U ∗

0 is larger than the threshold value (0.58 ms−1). For U ∗
0 larger

than 0.64 ms−1, only clockwise rotated long bed waves form and their growth rate
becomes smaller as U ∗

0 is increased, but for U ∗
0 close to 1 ms−1 when counterclockwise

rotated bed forms also appear with e-folding time scales of O(102) years. An e-folding
time of O(102) years is also found for clockwise rotated long bed waves when strong
tidal currents and smaller values of the Coriolis parameter are considered.

If the tidal strength is fixed at U ∗
0 = 0.6 ms−1 and the ellipticity is varied, both

clockwise and counterclockwise long bed waves form when e is larger than about
0.2, up to almost circular tides. Finally, runs have been made using the sediment
transport rate formulations of Meyer-Peter & Muller (1948) and Soulsby and Van
Rijn (Soulsby 1997) instead of that proposed by Fredsøe & Deigaard (1992). The
differences in k and α of the fastest growing modes are negligible, even though
the e-folding time becomes a factor 2 and 30 longer, respectively. For θ tending to θc

the sediment transport rate calculated with Fredsøe & Deigaard’s formula (Fredsøe
& Deigaard 1992) tends to vanish as θ − θc while the value of Q predicted by means
of Meyer-Peter and Muller, and Soulsby and Van Rijn’s formulae tends to zero as
(θ − θc)

3/2 and (
√

θ −
√

θc)
2.4, respectively. The use of a different sediment transport

formulae only enhances or reduces the growth of the bedforms.

5. Conclusions
A simple model has been developed and analysed to explain the appearance of

the long bed waves revealed by the field surveys carried out at the Noordhinder area
(North Sea). The theoretical results obtained provide not only a physical explanation
of the mechanism originating long bed waves, but also yields quantitative information
about the geometrical characteristics of these bottom patterns. A necessary element
to model long bed waves is that the sediment transport formulation includes a critical
bottom stress of erosion. Moreover, long bed waves are obtained in the case that
tidal currents are elliptical, and weak, in the sense that their maximum stress exerted
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at the bottom is slightly above the critical stress of erosion. A sensitivity analysis of
the model results with respect to changes of the parameters shows that the model
findings are quite robust.

A qualitative comparison of the model results with field data supports the model
findings, but further refinements of the model (e.g. the deviation φ of the bed shear
stress from the direction of the depth-averaged velocity should be accounted for
Shapiro 2004) are required to obtain accurate quantitative predictions of bedform
characteristics. If φ is accounted for by means of an empirical approach (i.e. assuming
φ = 10◦) and the values of the parameters slightly tuned, a significant improvement of
the model results is achieved and the angle formed by the crests of the second mode
with the major axis of the tidal ellipse turns out to be about −45◦. Moreover, while
the incorporation of φ improves the prediction of the geometrical characteristics of
the counterclockwise modes, it does not significantly affect those of the clockwise
rotated modes. Of course, only a full three-dimensional approach can provide a
reliable evaluation of the angle φ which should depend on the tidal phase.

The authors wish to thank Dr Thaiënne van Dijk (TNO/Deltares, Utrecht) who
kindly provided a first version of her analysis of the field data, and also helped to
improve an earlier version of this manuscript.
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