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Summary

The ocean currents constantly transport and redistribute large amounts of trac-
ers such as heat, salt or plastic on the global scale. Understanding this large-
scale dispersal of tracers in the ocean is critical for many topics in oceanogra-
phy. In this thesis, we study the meso- and large-scale features of the ocean
flow in a Lagrangian framework, i.e. with trajectories that represent the mo-
tion of individual tracer parcels. Due to the chaotic behaviour of trajectories in
a nonlinear system such as the ocean flow, single trajectories have only very
limited meaning, as they strongly depend on the precise initial conditions. At
the same time, on the macroscopic scale, the ocean flow often possesses a
certain form of order that is less sensitive to the initial conditions of particles,
and is reflected by the collective and probabilistic behaviour of trajectories for
intermediate and long times. The different chapters in this thesis present, in
different contexts, methods to extract such macroscopic properties from sets
of Lagrangian ocean trajectories, covering bothmeasured and numerically sim-
ulated ocean trajectories.
This thesis was conducted as part of the TOPIOS project (Tracking Of Plastic In
Our Seas). Chapters 2 and 3 thus aim to contribute to a better understanding
of plastic transport and modelling in the ocean. In chapter 2, we show that the
well-known accumulation pattern of buoyant plastic in the centres of the five
major ocean basins, the so-called Subtropical Gyres, changes significantly when
particles are transported not at but close to the surface. Although it is known
that buoyant plastic particles can be submerged to deeper layers by different
mechanisms, the impact on the global accumulation pattern had not been stud-
ied so far. We show that near-surface transport can lead to an increased export
of plastic from subtropical to polar regions compared to surface transport, pro-
viding a potential explanation for the discovery of microplastic particles in po-
lar seas. The results of chapter 2 show that a surface-only view of microplastic
transport in the oceanmight bemisleading. It is therefore important to develop
more realistic transport models that accurately reflect the actual dynamics of
plastic in the ocean, including the vertical direction.
Chapter 3 focuses on basin-scale mixing of tracers at the ocean surface, which
is a direct consequence of the converging Ekman currents in the centres of the
Subtropical Gyres. Using concepts fromMarkov chain theory, our results show
that the correlation between initial and final particle distributions in each sub-
tropical basin decays on time-scales that are relevant for plastic transportmod-
eling. Our results imply that the backtracking of particles at the surface ocean is
not meaningful for times beyond a certain mixing time scale any more, which
is typically around 10 years for most of the ocean. The results of chapter 3
demonstrate that a straight-forward interpretation of long modelled particle
trajectories is not possible at the surface ocean, and, more generally, that fu-
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viii Summary

ture particle-based models of plastic transport in the ocean should recognize
the limited value of long modeled trajectories in a highly chaotic system.
Chapters 4 and 5 focus more generally on data-driven techniques to extract
large-scale structure from sets of measured andmodelled particle trajectories.
Important concepts in both chapters are the reduction of the dimensionality
of Lagrangian particle data, and data clustering. In chapter 4, we define a net-
work based onmeasured drifter trajectories to detect quasi-stationary features
in the ocean flow. The network is built upon concepts from symbolic dynamics,
and takes into account the quasi-stationarity of the features to be detected. We
successfully detect themajor structures in theNorth Atlantic Ocean, such as the
Western Boundary Current region, and the transport barrier between the Sub-
polar and Subtropical Gyres. The method presented in chapter 4 makes use
of the correspondence between an individual particle trajectory defined on a
continuous space, and its symbolic itinerary that is defined on a discrete space.
In particular, the method allows one to define a clustering problem on the dis-
crete, low-dimensional space, while the result of the clustering problem can be
mapped to the initial continuous space. This allows the extraction of features
at scales below the coarse graining scale.
Finally, in chapter 5, we show how density-based clustering can be used to
overcome problems of partition-based clustering for the detection of coher-
ent sets of particles, such as eddies and jets, in networks that are derived from
Lagrangian trajectories. In the chapter, we successfully detect Agulhas rings
in the South Atlantic Ocean within an ocean model, and show how a purely
data-driven application of an established clustering technique can outperform
many recent algorithms. A main conclusion of chapter 5 is that future research
should focusmore on exploring established data analysis techniques to identify
large-scale structure in Lagrangian ocean trajectories.



Samenvatting

De oceaanstromingen transporteren en herverdelen voortdurend grote hoe-
veelheden tracers zoals warmte, zout of plastic op wereldschaal. Inzicht in
deze grootschalige verspreiding van tracers in de oceaan is van cruciaal be-
lang voor veel onderwerpen in de oceanografie. In dit proefschrift bestuderen
we de meso- en grootschalige kenmerken van de oceaanstroming in een La-
grangiaans kader, d.w.z. met trajecten die de beweging van individuele tracers
weergeven. Vanwege het chaotische gedrag van trajecten in een niet-lineair
systeem zoals de oceaanstroming, hebben afzonderlijke trajecten slechts een
zeer beperkte betekenis, omdat ze sterk afhankelijk zijn van de precieze be-
ginvoorwaarden. Tegelijkertijd bezit de oceaanstroming op macroscopische
schaal vaak een bepaalde vorm van orde die minder gevoelig is voor de be-
ginvoorwaarden van deeltjes, en die tot uiting komt in het gezamenlijke en
probabilistische gedrag van trajectoriën op de middellange en lange termijn.
De verschillende hoofdstukken in dit proefschrift presenteren, in verschillende
contexten, methoden om dergelijke macroscopische eigenschappen te extra-
heren uit verzamelingen Lagrangiaanse oceaantrajecten, zowel van gemeten
als numeriek gesimuleerde oceaantrajecten.
Dit proefschrift is geschreven in het kader van het TOPIOS project (Tracking Of
Plastic In Our Seas). De hoofdstukken 2 en 3 hebben tot doel bij te dragen aan
een beter begrip van plastic transport en modellering in de oceaan. In hoofd-
stuk 2 laten we zien dat het bekende accumulatiepatroon van drijvend plastic
in de centra van de vijf grote oceaanbekkens, de zogenaamde Subtropische
Gyres, aanzienlijk verandert wanneer deeltjes dieper onder het oppervlak wor-
den getransporteerd. Hoewel bekend is dat drijvende plasticdeeltjes door ver-
schillende mechanismen naar diepere lagen kunnen worden getransporteerd,
was het effect op het globale accumulatiepatroon tot nu toe niet bestudeerd.
Wij laten zien dat transport op enkele tientallen meters onder het oppervlak
kan leiden tot een verhoogde export van plastic van subtropische naar polaire
gebieden in vergelijking met transport aan het oppervlak, wat een potentiële
verklaring biedt voor de observatie van microplastic deeltjes in polaire zeeën.
De resultaten van hoofdstuk 2 laten zien dat het alleen in beschouwing ne-
men van het transport van microplastic aan het oceaanoppervlak misleidend
kan zijn. Het is daarom belangrijk om meer realistische transportmodellen te
ontwikkelen die de werkelijke dynamiek van plastic in de oceaan nauwkeurig
weergeven, inclusief de verticale richting.
Hoofdstuk 3 richt zich op menging van tracers aan het oceaanoppervlak, een
direct gevolg van de convergerende Ekman stromingen in de centra van de Sub-
tropische Gyres. Met behulp van concepten uit de Markov chain theorie tonen
onze resultaten aan dat de correlatie tussen initiële en uiteindelijke deeltjesdis-
tributies in elk subtropisch bekken afneemt op tijdschalen die relevant zijn voor
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x Samenvatting

modellering van plastic transport. Onze resultaten impliceren dat het backtrac-
ken van deeltjes aan het oppervlak van de oceaan nietmeer zinvol is voor tijden
voorbij een bepaalde mengtijdschaal, die typisch rond de 10 jaar ligt voor het
grootste deel van de oceaan. De resultaten van hoofdstuk 3 tonen aan dat
een simpele interpretatie van lange gemodelleerde deeltjestrajecten niet mo-
gelijk is aan het oppervlak van de oceaan, en, meer generiek, dat toekomstige
deeltjes-gebaseerde modellen van plastic transport in de oceaan de beperkte
waarde van lange gemodelleerde trajecten in een zeer chaotisch systeemmoe-
ten erkennen.
De hoofdstukken 4 en 5 richten zich meer in het algemeen op data-gedreven
technieken om grootschalige structuur te extraheren uit sets van gemeten en
gemodelleerde deeltjestrajecten. Belangrijke concepten in beide hoofdstuk-
ken zijn de reductie van de dimensionaliteit van Lagrangiaanse deeltjes data,
en data clustering. In hoofdstuk 4 definiëren we een netwerk gebaseerd op
gemeten drifter trajecten om quasi-stationaire kenmerken in de oceaanstro-
ming te detecteren. Het netwerk is gebaseerd op concepten uit de symboli-
sche dynamica, en houdt rekening met de quasi-stationariteit van de te detec-
teren kenmerken. We detecteren met succes de belangrijkste structuren in de
Noord-Atlantische Oceaan, zoals de Westelijke Grensstroomregio en de trans-
portbarrière tussen de Subpolaire en Subtropische Gyres. De methode die in
hoofdstuk 4 wordt gepresenteerd, maakt gebruik van de overeenkomst tussen
een individueel deeltjestraject gedefinieerd op een continue ruimte, en de sym-
bolische route ervan die is gedefinieerd op een discrete ruimte. De methode
maakt het mogelijk om een clusterprobleem te definiëren en op te lossen op
de discrete, laag-dimensionale ruimte, terwijl het resultaat van het clusterpro-
bleem in kaart kan worden gebracht op de initiële continue ruimte. Dit maakt
het mogelijk om kenmerken te extraheren op kleinere schalen dan de coarse
graining schaal.
Tenslotte laten we in hoofdstuk 5 zien hoe een op dichtheid gebaseerde cluste-
ring kan worden gebruikt om problemen op te lossen die partitie-gebaseerde
clustering hebben bij de detectie van samenhangende sets van deeltjes, zoals
wervelingen en stromingen, in netwerken die zijn afgeleid van Lagrangiaanse
trajecten. In dit hoofdstuk detecteren wemet succes Agulhasringen in de Zuid-
Atlantische Oceaan binnen een oceaanmodel, en laten we zien hoe een puur
data-gestuurde toepassing van een gevestigde clusteringstechniek veel recente
algoritmen kan overtreffen. Een belangrijke conclusie van hoofdstuk 5 is dat
toekomstig onderzoek zich meer zoumoeten richten op het verkennen van ge-
vestigde data-analysetechnieken om grootschalige structuur in Lagrangiaanse
oceaantrajecten te identificeren.



1
Introduction

1.1.Motivation
The ocean currents constantly transport and redistribute large amounts of trac-
ers such as heat, salt, nutrients and plastic1. Tracers in the ocean can be pas-
sively transported by the currents, or influenced by other mechanisms such as
active swimming of fish [1] or biofouling related sinking of plastic [2]. Tracer
specific transport mechanisms lead to different temporal and spatial scales on
which transport takes place, or on which transport is of interest. For example,
the time fish larvae are transported by the ocean currents is restricted by the
larvae settling at a certain location, which typically takes place after less than
a month [3]. In contrast, for the accumulation of plastic in the centres of the
Subtropical Gyres2, time scales of several years to a decade are important [4].
On themicroscopic level, a small tracer parcel exposed to the ocean currents is
transported by a time-dependent and often chaotic flow. This makes it difficult
to predict the pathway of such a parcel, in particular for long times. On the
larger scale, however, the ocean flow can possess a certain form of order that
is less sensitive to the underlying microscopic chaos. Such order is reflected
by the collective and probabilistic behaviour of sets of tracer parcels for inter-
mediate and long times. Chapters 2-5 present, in different contexts, methods
to extract suchmacroscopic properties from sets of Lagrangian ocean trajecto-
ries.
Understanding the distribution of tracers in the ocean is important for many
topics in oceanography. An important example of ocean tracers are heat and
salt, which are influenced by freshwater and heat fluxes at the ocean surface,
andwhich almost entirely determine the density of seawater. Resulting density
gradients in turn affect the large-scale ocean circulation, creating the so-called

1In the following, we use the word ‘tracer’ to include both classic tracers like heat and salt, as well
as particulates like plastic or fish larvae.

2The Subtropical Gyres are basin-scale circular flows in the fivemajor ocean basins, i.e. in the North
Pacific, South Pacific, North Atlantic, South Atlantic and the Indian Ocean.
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thermohaline part of this circulation [5]. Changes in precipitation or enhanced
melting of polar ice under climate change have an impact on the distribution
of heat and salt in the ocean. Such changes can have an effect on the large-
scale ocean circulation, which in turn affects the distribution of heat and salt.
This interaction between heat and salt and the ocean currents leads to a range
of mathematically interesting phenomena such as positive feedback loops and
bistability, which are active subjects of research in physical oceanography (see
e.g. [6]). Understanding the distribution and transport of these tracers in the
ocean is crucial to understand potential consequences of climate change.
Marine plastic is another, yet human-made, tracer that has received significant
public and scientific interest in the past years. Entering the ocean from differ-
ent sources such as cities, river mouths or ships, plastic can be transported by
the ocean currents, while being subject to a multitude of other biophysical and
chemical mechanisms such as biofouling, degradation and weathering [7]. De-
spite recent efforts, the transport pathways and the fate of plastic in the ocean
are still largely not understood. Gaining a better understanding of the dispersal
of plastic in the ocean is important to assess the risk plastic poses for marine
ecosystems, but also to identify potential pathways of plastic into the human
food system.

1.2. Lagrangian ocean transport
The distribution of tracers in the ocean as a function of time can be studied
within two frameworks. The Eulerian perspective on tracer transport describes
the evolution of a tracer density 𝜌(𝑥, 𝑡) as a function of time 𝑡, defined on the
ocean domain Ω, with 𝑥 ∈ Ω. In the case of no diffusion, the time evolution of
the tracer density 𝜌(𝑥, 𝑡) is described by the continuity equation:

𝜕𝜌(𝑥, 𝑡)
𝜕𝑡 = −∇ ⋅ (𝑣(𝑥, 𝑡)𝜌(𝑥, 𝑡)), (1.1)

where 𝑣(𝑥, 𝑡) is the fluid velocity, which is governed by the Navier-Stokes
equations. The Eulerian perspective comes naturally within fluid dynamical
simulations on discretized spatial domains, where discretized fields such as
density and surface wind stress force the ocean circulation. The Lagrangian
perspective describes how individual tracer parcels, i.e. small concentrated
amounts of a tracer, spread across the domainΩ, i.e. the object of study are the
position vectors of such parcels, 𝑥(𝑡) ∈ Ω, as a function of time. The Lagrangian
approach is particularly useful in situations where the actual tracer pathway
is of interest, for example to study the connectivity of different regions in the
ocean for plankton [8], or the crossing of oceanographic fronts by surface trac-
ers [9]. The Lagrangian viewpoint has also been useful in understanding the
pathways and time scales of the global transport of water masses, and thus
heat and salt [10], which in turn determine parts of the large-scale ocean circu-
lation.
There are essentially two approaches to study Lagrangian ocean transport: by
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analysing drifter data, orwith numerically integrated virtual particles. TheNOAA
Global Drifter Program3 is an ongoing project of surface drifters sampling the
ocean velocity in the upper water column [11]. Drifter data has been used to
compute themeanflowandother climatological quantities of the surface ocean
[12], see LaCasce [13] for an account of the statistical analysis of drifter data.
Drifters have also been used to estimate a time-averaged form of the transfer
operator (cf. section 1.4.1), the transition matrix, in the context of surface plas-
tic transport modeling [4, 14]. In chapter 4, we analyse ocean surface trajecto-
ries derived from drifter experiments to detect the large-scale flow structures
of the North Atlantic Ocean.
Despite the growing number of drifters released in the ocean - in total more
than 20,000 drifters have been released in the last decades - the coverage of
sampling points in space and time is still too low for many applications. For
example, it is hard to study mesoscale time-dependent phenomena such as
eddies with ocean drifters, simply because eddies are almost never sufficiently
sampled by the drifters. The spatial and temporal inhomogeneity of the data
in addition causes problems in deriving unbiased statistical properties of the
ocean flow, such as large-scale transport rates. Numerically integrating virtual
Lagrangian particles in time based on a given velocity field allows one to study
the flow in regions that are poorly or not sampled by drifter experiments, such
as the deep ocean. It also allows the application of statistical methods to anal-
yse the behaviour of particle ensembles, as particles can be distributed arbitrar-
ily in space and in time to generate sufficiently large amounts of data. Virtual
Lagrangian trajectories have been used in different contexts, such as the dis-
persion of plastic in the ocean [4, 15–18], or to study the outcropping of isopy-
cnals into the surface mixed layer [19].
The equations of motion for a deterministic tracer (without diffusion) are

𝑑𝑥(𝑡)
𝑑𝑡 = 𝑣(𝑥, 𝑡), (1.2)

where 𝑥 = 𝑥(𝑡) is a particle’s position at time 𝑡, and 𝑣(𝑥, 𝑡) the velocity. The
velocity field 𝑣(𝑥, 𝑡) is context dependent. For passive and infinitesimally small
particles in the ocean, 𝑣(𝑥, 𝑡) corresponds to the velocity of the ocean currents.
In other situations, 𝑣(𝑥, 𝑡)might contain additional terms, e.g. a sinking term for
dinoflagellate cysts [20], or an inertial velocity component resulting from the fi-
nite size of the fluid parcel [21]. In any case, for applications in the ocean, 𝑣(𝑥, 𝑡)
contains the ocean currents in some form, giving rise to chaotic behaviour of
the trajectories resulting from the integration of eq. (1.2), with the typical asso-
ciated phenomena such as unpredictability of individual trajectories and mix-
ing, see e.g. Lasota and Mackey [22] for an introduction to these concepts.
The integration of eq. (1.2) from an arbitrary initial condition 𝑥 at time 𝑡 yields
the flow 𝜙 :

3https://www.aoml.noaa.gov/phod/gdp/

https://www.aoml.noaa.gov/phod/gdp/
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𝑥(𝑡) = 𝜙 (𝑥 ) = 𝑥 + ∫ 𝑣(𝑥(𝑡 ), 𝑡 )𝑑𝑡 . (1.3)

In chapters 2, 3 and 5 of this thesis, we use parcels4 (Probably A Really Com-
putationally Efficient Lagrangian Simulator) for the numerical integration of eq.
(1.2) for large amounts of initial conditions. Parcels comes with standard inte-
gration routines such as the 4th-order Runge-Kutta method and an easy way
to define custom particle behaviour. Parcels also has in-built methods to in-
terpolate the velocity field 𝑣(𝑥, 𝑡) in space and time to the particle position and
time for different grid types. The details of the simulations of each study in this
thesis can be found in the corresponding chapters.

1.3. Challenges for Lagrangian data analysis
There are many methods to analyse Lagrangian trajectory data, going beyond
the application to the ocean. van Sebille et al. [23] provide an overview over
some of the most common methods that have been applied in the ocean con-
text. As described in section 1.1, individual trajectories have only very limited
meaning due to the chaotic nature of the ocean flow. To illustrate the depen-
dence on initial conditions, fig. 1.1 shows the result of 100 simulated trajecto-
ries starting in the western North Atlantic Ocean. The underlying ocean veloci-
ties are taken from a NEMO ORCA-N006 model simulation [24] with a horizon-
tal resolution of 1/12∘, which is also used in chapters 2, 3 and 5. The virtual
trajectories are integrated with the 4th-order Runge-Kutta routine and a time
step of five minutes, for a total time of 500 days. The initial conditions are cho-
sen at random within a square cell of 1/12∘, i.e. below model resolution. The
large spread of the trajectories in fig. 1.1 over the course of time demonstrates
the influence of small uncertainties in the initial drifter location, even if these
are below the ocean model grid resolution. Due to the chaotic property of the
ocean flow, for a sufficiently long time interval, a single initial condition is not
representative for the action of the flow on the points in its surrounding any
more.

In some situations, where integration times are short, a few individual tra-
jectories might be good enough to study a certain phenomenon. An example
for this case are fish larvae, which are transported by the ocean currents for
timescales of less than a month [3]. In the case of surface plastic, particle tra-
jectories are often integrated for several years to a decade [4, 16, 25]. It is clear
from fig. 1.1 that individual trajectories can have only very limited meaning af-
ter such long integration times, cf. chapter 3.
A further, more practical, challenge arises in the analysis of measured drifter
data: drifter trajectories are inhomogeneously distributed in space, and are of
different length depending on the drifter lifetime. Figure 1.2 contains some
statistics of the drifters of the Global Drifter Program [11]. The data5 contains
4https://oceanparcels.org/
5downloaded in March 2020

https://oceanparcels.org/
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Figure 1.1: Illustration of 100 trajectories with random initial locations in a / ∘× / ∘ degree cell,
simulated for 500 days. The triangle marks the initial conditions of the particles. The large spread
of the virtual trajectories over time is clearly visible, even if the initial distance between them is
below the ocean model resolution.

more than 24,000 drifter trajectories in the global ocean. Figure 1.2a shows the
large variation of drifter lifetimes, which ranges from a few weeks tomore than
five years. The number of active drifters present in the global ocean as a func-
tion of time is shown in fig. 1.2b, with a strong increase in the 1990s and 2005.
The number of drifters that are present in the global ocean at the same time is
close to 1,500 in 2020, a number that is too low to study time-dependent phe-
nomena on small scales, e.g. on scales of ocean eddies. Further, drifters are
often released at places with a strongly repelling flow, and typically accumu-
late in the centers of the Subtropical Gyres over the course of time (cf. section
1.4.1 and chapter 4), such that spatial coverage of drifters is highly inhomoge-
neous. This makes the analysis of drifter trajectories more challenging than for
simulated trajectories.

Figure 1.2: Statistics of the data of the Global Drifter Program [11]. a: histogram of the drifter
lifetimes. b: number of active drifters as a function of time.
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1.4.Macroscopic features of the ocean flow at dif-
ferent scales

This section briefly introduces some of the oceanographic phenomena studied
in the chapters of this thesis. They all have in common that they result from
the collective behaviour of groups of fluid parcels, and possess some form of
insensitivity to exact choices of initial conditions. Ordinary differential equa-
tions as the one in eq. (1.2) and their macroscopic properties are described by
the theory of finite-dimensional dynamical systems. There are many textbooks
on the topic, and we refer to the open source ‘Chaosbook’ [26] for a general in-
troduction with many examples and exercises. In this section, we assume that
𝑣 = 𝑣(𝑥) in eq. (1.2) is independent of time for simplicity of the presentation.
The generalization to time-dependent systems is straightforward.

1.4.1. Basin-scale mixing
The chaotic property of a dynamical system implies that two initially close parti-
cles can separate in finite time. This sets a microscopic limit on the predictabil-
ity of individual particle trajectories. On the other hand, for many systems, the
long-term distribution of an initial particle cloud is completely predictable and
independent of the precise initial locations. For example, in classical chaotic
Hamiltonian systems, the preservation of phase space volumes (incompress-
ibility) as stated by Liouville’s theorem implies that the long-term distribution of
any initial particle cloud is the uniform distribution in phase space. The attrac-
tion of an arbitrary distribution of initial conditions to such an invariant density
defines a notion ofmemory loss, and the system is thus called amixing dynam-
ical system.
One can study the mixing properties of a flow with the Perron-Frobenius op-
erator 𝒫, also called transfer operator [22]. The transfer operator is the time
evolution operator of particle densities, i.e. it arises from the formal integration
of the continuity equation, eq. (1.1), for a time Δ𝑡:

𝒫 = 𝑒𝒜
𝒜 = −∇ ⋅ 𝑣(𝑥) − 𝑣(𝑥) ⋅ ∇. (1.4)

The transfer operator is a Markov operator, i.e. its action on a density 𝜌(𝑥, 𝑡)
preserves the 𝐿 -norm, ||𝜌(𝑥, 𝑡)|| = ||𝒫 𝜌(𝑥, 𝑡)|| = ||𝜌(𝑥, 𝑡+Δ𝑡)|| . It is a useful
tool to study a fluid flow, as it replaces the non-linear evolution operator 𝜙 of
eq. (1.2) by a linear evolution operator, yet on the infinite space of 𝐿 -integrable
positive functions. As described e.g. by Froyland [27], a finite dimensional ap-
proximation 𝑃 ∈ ℝ × of 𝒫 based on a partition (binning) of the underlying
domain into𝑀 bins can be obtained with Lagrangian particles by seeding every
bin with a certain number of 𝑁 particles. The entries of the matrix 𝑃 , (𝑃 ) ,
are then defined as the ratio of particles starting in bin 𝑖 at 𝑡 = 0 and ending up
in bin 𝑗 at 𝑡 = Δ𝑡, divided by 𝑁:
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(𝑃 ) = # 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 (𝑖, 0) → (𝑗, Δ𝑡)
𝑁 . (1.5)

𝑃 acts on discretised densities, which we denote by �̄� ∈ ℝ . With the
definition of eq. (1.5), the action of 𝑃 on discretised densities �̄� is defined by
multiplication from the right:

�̄�(𝑡 + Δ𝑡) = �̄�(𝑡)𝑃 . (1.6)
The matrix 𝑃 is a finite-dimensional Markov operator, i.e. its rows add up

to one, and time evolution by 𝑃 describes a finite Markov chain:

�̄�(𝑡 + 𝑛Δ𝑡) = �̄�(𝑡)(𝑃 ) . (1.7)
The transfer operator allows to define the invariant measure of the dis-

cretized dynamical system, 𝜋, by the density corresponding to eigenvalue 1 of
𝑃 :

𝜋 = 𝜋𝑃 . (1.8)
The fundamental theorem of Markov chains states that if a Markov chain

is aperiodic and irreducible, there is a unique stationary density 𝜋 with 𝜋 , 𝑖 =
1,… ,𝑀, strictly larger than zero [28]. Periodicity describes a situation where
the Markov chain returns to its original state after iterating for an integer 𝑛 > 1
in eq. (1.7), an unlikely situation if 𝑃 results from the discretisation of chaotic
dynamical system. Irreducibility means that every state can be reached from
any other state. For the dynamical system of eq. (1.2) this implies that there
are no boundaries to particle transport, cf. section 1.4.2. If 𝑃 has a unique
stationary density, then we have for an arbitrary density field �̄� ,

lim
→
�̄� 𝑃 = 𝜋.

In practice, �̄� 𝑃 will be indistinguishable from 𝜋 already for a finite value of
𝑛, which motivates the concept of the Markov chain mixing time 𝑡 = 𝑛Δ𝑡 by
the smallest value of 𝑛 with |�̄� 𝑃 − 𝜋| < 𝜖, where 𝜖 > 0 is some form of cutoff
(typically 𝜖 = 1/4, cf. chapter 3). As this is valid for any initial density �̄� , the
information of the initial state is lost over time.
In the ocean, the horizontal wind stress at the surface leads to the formation
of the Ekman current, with non-zero divergence of the 2-dimensional surface
velocity, see e.g. chapter 8 of Cushman-Roisin and Beckers [29]. The conse-
quence is a non-zero vertical velocity at the ocean surface. In the centres of
the Subtropical Gyres, this velocity points downwards, i.e. the surface currents
converge, leading to the attraction of particles transported at the ocean sur-
face. This convergence, together with other components of the flow, leads
to the large-scale subtropical accumulation zones of microplastic, also called
‘garbage patches’. In chapter 3, we study the mixing properties of the surface
ocean flow, with important implications of the interpretability of individual par-
ticle trajectories.
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1.4.2. Transport barriers

A strict transport barrier of a flow defined on an 𝑛-dimensional manifold Ω is
simply a (𝑛−1)-dimensional hypersurface that cannot be crossed by any trajec-
tory. Transport barriers divide a fluid into disjoint sub-manifolds {Ω }, ∪ Ω = Ω.
If a fluid flowpossesses a strict transport barrier, one can study the flowon each
of the disjoint manifolds separately. In general, systems with noise do not pos-
sess strict transport barriers. For 𝑡 → ∞, any two regions of the fluid domain
can be connected by the fluid flow. Even in such a situation, however, one can
often find approximate transport barriers by looking for non-overlapping sets
such that transport between the different sets is unlikely in a given time in-
terval. Finding such approximate transport barriers can yield valuable insights
and greatly simplify the understanding of a flow [30].
The surface ocean in fact consists of many approximate transport barriers. In
the North Atlantic, the Subpolar Gyre is known to be approximately separated
from the Subtropical Gyre [31]. Approximate transport barriers are also rele-
vant for the long-term transport of plastic at the ocean surface, where transport
between different subtropical basins is small [4]. We study approximate barri-
ers to transport in chapters 2 and 4. In chapter 2, we define a partition of the
surface ocean based on known transport barriers for passive surface particles,
and study how these ‘barriers’ can be crossed by particles that are transported
slightly below the surface. In chapter 4, we develop a network based on drifter
trajectories and detect, through data clustering, well-known transport barrierrs
in the North Atlantic Ocean.

1.4.3.Mesoscale eddies

The ocean is full of mesoscale eddies, i.e. circular flow structures on the scale
of around 10-100 km. The formation of eddies can be explained within quasi-
geostrophic theory [5]. Large horizontal shear of the flow or horizontal density
gradients lead to instabilities of geostrophic flows, such that ageostrophic per-
turbations amplify. To first order, the resulting perturbation of the fluid velocity
leads to the circular flow observed in an eddy. An important feature of eddies
is their ability to trap watermasses, while being transported by the background
flow. Fluid parcels that are trapped in the eddy stay in the eddy until its decay,
and have, on the larger scale, very similar pathways. Consequently, precise
initial conditions (below the size of the eddy) only play a minor role for these
particles. The identification of eddies in simulated ocean trajectories allows a
comparison with observations, e.g. in terms of their size or frequency. Many
methods to detect so-called Lagrangian coherent structures, or finite-time co-
herent sets, have been proposed in the context of ocean eddy detection [32–
37]. Identifying eddies and other coherent sets of particles in an otherwise
noisy background flow is the focus of chapter 5.
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1.5. Goals and research questions of this thesis
This thesis was conducted within the TOPIOS project (Tracking Of Plastic In Our
Seas)6. Chapters 2 and 3 specifically address questions arising in transport
modeling of plastic in the ocean, themethods presented there are however not
limited to plastic and can be applied in other situations as well. The transport
of plastic in the ocean is a particularly interesting example, as plastic particles
can be transported on the global scale, for years or even decades [4], a time
scale after which only very limited meaning can be attributed to an individual
trajectory (cf. chapter 3). Chapters 4 and 5 focus more generally on meso- and
large-scale structure detection in Lagrangian trajectory data in the ocean.
The main goals of this thesis can be summarized as follows:

1. Further develop Lagrangian models to better understand the large-scale
and long-term transport properties of plastic in the ocean

2. Investigate the limits regarding the interpretation of basin-scale long-term
Lagrangian trajectory data at the ocean surface, which is particularly rel-
evant for plastic transport modelling

3. Propose new, data-driven, methods to efficiently analyse large data sets
of Lagrangian particles and extract macroscopic information from them,
for both ocean drifters and numerically simulated trajectories

The research questions for each individual chapter of this thesis are summa-
rized in the following paragraphs.

Howdoesourunderstandingof global plastic transport in theocean change
if we take into account near-surface currents?
A major paradigm of buoyant plastic transport is its accumulation in the sub-
tropical accumulation zones, called garbage patches. Simulations of virtual par-
ticles at the ocean surface have shown that this accumulation comes with a de-
pletion of particles in polar and equatorial regions. However, buoyant plastic
entering the ocean does not necessarily stay at the ocean surface for all times.
It is known that buoyant plastic can loose its buoyancy due to biofouling, or
be transported to deeper layers through wind-induced turbulent mixing. Fur-
ther, very small particles, though buoyant, can follow the three-dimensional
currents and not stay at the surface. Chapter 2 focuses on the long-term fate
of microplastic and goes beyond studying transport in the ocean surface flow
only. Particles are constrained to different depths close to the surface to mim-
ick buoyancy loss through biofouling, advected with the three-dimensional ve-
locity field or randomly displaced along the vertical to simulate wind-driven tur-
bulent mixing in the upper water column.

What is the mixing time of the surface ocean flow, and how does that af-
fect our current understanding of plastic transport?
6https://topios.org/

https://topios.org/
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Mixing, as described in section 1.4.1, has implications for the interpretability of
individual particle pathways: beyond the mixing time scale, initial conditions
only play a minor role. This potential loss of correlation between initial condi-
tions and final particle distribution has not been studied in the plastic transport
modeling community, although the time scales that are relevant for the global
accumulation of surface plastic are relatively long. In chapter 3, we study the
mixing time of surface particles in the ocean, using the concepts of Markov
chain mixing and mixing entropy.

Canwe identify themajor features of the large-scale flow in the North At-
lantic Ocean based on drifter data with network theory?
There are several important large-scale features in the North Atlantic Ocean
flow, such as the Western Boundary Current, the Carribean Sea, and the trans-
port barrier between the Subtropical and Subpolar gyres. The detection of
these features from drifter data is however not trivial, in particular as the data
is very inhomogeneous in space and time, and contains data gaps. In chapter
4, we develop a network based on drifter trajectories to detect such large-scale
flow features from Lagrangian trajectories. Our method is designed for the ap-
plication to scarce and incomplete drifter data.

Can we accommodate the concept of hierarchy and noise in detecting co-
herent structures in Lagrangian particle data?
There are many methods to detect coherent structures, such as eddies, in La-
grangian particle data, cf. section 1.4.3. A few recent methods explore the pos-
sibility to detect coherent structures using particle based networks together
with data clustering techniques. Yet, most of these methods are based on
graph partitioning, i.e. each particle trajectory by definition belongs to a clus-
ter. This is problematic for applications in the ocean, where many eddies are
present in large, noisy fluid domains. In chapter 5, we explore if eddies can
be detected with the OPTICS clustering algorithm of Ankerst et al. [38], which
comes with a natural notion of noisy trajectories and a hierarchy of coherent
structures.

All four research questions can be seen as different facets of the same, cen-
tral question: how can we identify macroscopic structure in large sets of
Lagrangian ocean trajectories? Each chapter addresses this question from a
different viewpoint and in a different context, and with different temporal and
spatial scales. Yet, the overall goal of each of the methods presented in this
thesis is to get rid of the superfluous information of individual trajectories, and
to provide tools for the analysis of the large-scale, emergent features of ocean
flow.



2
Influence of Near-Surface Currents on the
Global Dispersal of Marine Microplastic

Buoyant microplastic in the ocean can be submerged to deeper layers through
biofouling and the consequent loss of buoyancy or by wind induced turbulent
mixing at the ocean surface. Yet the fact that particles in deeper layers are
transported by currents that are different from those at the surface has not
been explored so far. We compute 10-year trajectories of 1 million virtual par-
ticles with the Parcels framework for different particle advection scenarios to
investigate the effect of near-surface currents on global particle dispersal. We
simulate the global-scale transport of passive microplastic for (i) particles con-
strained to different depths from the surface to 120m depth, (ii) particles that
are randomly displaced in the vertical with uniform distribution, (iii) particles
subject to surface mixing and (iv) for a 3D passive advectionmodel. Our results
show that the so called ’garbage patches’ become more ’leaky’ in deeper lay-
ers, and completely disappear at about 60 m depth. At the same time, subsur-
face currents can transport significant amounts of microplastic from subtrop-
ical and subpolar regions to polar regions, providing a possible mechanism to
explain why plastic is found in these remote areas. Finally, we show that the fi-
nal distribution in the surface turbulentmixing scenario with particle rise speed
𝑤 = 0.003 m/s is very similar to the distribution of plastic at the surface. This
demonstrates that it is not necessary to incorporate surface mixing for global
long-term simulations, although this might change onmore local scales and for
particles with lower rise speeds.

This chapter has been published as:

Wichmann, D., Delandmeter, P., and van Sebille, E. (2019): Influence of near-surface currents on the
global dispersal of marinemicroplastic. Journal of Geophysical Research: Oceans, 124, 6086–6096.
https://doi.org/10.1029/2019JC015328
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2.1. Introduction
Plastic pollution in the ocean has become one of the major environmental con-
cerns in recent years. Plastic debris has been found in all five ocean basins [39],
in the deep sea [40], and has been measured at the poles and in sea ice [41–
43]. Debris can be transported thousands of kilometres away from its source
by ocean currents, and is hence a global environmental problem. Owing to the
complexity of the ocean currents, numerical modelling is an essential tool for
understanding the transport pathways and accumulation patterns of marine
plastic debris [18].
Transport modelling has proven to be successful in explaining the distribution
of surface microplastic. The high concentrations in the subtropical gyres, of-
ten called ’garbage patches’, is mainly a consequence of the converging Ekman
component of the surface velocities [15, 44]. The fact thatmany numerical stud-
ies find more or less the same surface accumulation pattern irrespective of cir-
culation models, temporal and spatial resolution and spatio-temporal plastic
input scenarios [4, 14, 16, 17, 25] indicates a rather strong robustness of sur-
face transport, sharing some similarity with an attractor of a dynamical system:
small perturbations such as differences in the circulationmodels, sub-grid scale
effects and uncertain initial conditions hardly change the long-termdistribution
of surface debris. Note that the individual garbage patches all play the role of
(approximate) attractors [45], such that the kind of robustness described above
is only expected within each basin separately. While a strong attractor is a con-
venient property in modelling transport rates and final distributions in a highly
uncertain flow (such as in marine plastic modelling), one may be tempted to
over-emphasize the role of the surface flow based on more or less accurately
simulating the spatial distribution of surface plastic. A strong attractor at the
ocean surface could in principle eliminate some of the history of a particle en-
semble. Degradation processes or sinking would then not produce an easily
observable signal in the surface distribution. Simulations of the 2-dimensional
surface dynamics, though inaccurate on the individual particle level, could still
produce accurate results for the distribution in the attractor region.
This is likely to be the case in the ocean due to two facts. First, it is difficult
to reconcile the total surface plastic amount estimated with observations and
modelling [17, 25, 39, 46]with the estimated amount of plastic available to enter
the ocean [47]. Typically, in these studies the observed amounts at the surface
are at the order of 1% of the estimated amount entering the ocean in 2010 only
(according to Jambeck et al. [47]), whereas around half of the produced plastic
is initially buoyant [48]. Second, microplastic has been found in regions far off
the subtropical accumulation regions such as the Southern Ocean and Antar-
tica [43, 49, 50] and in the Arctic [41, 42, 51]. As discussed in these studies, it is
often not clear whether microplastic in the polar regions originates from local
sources or if there are significant transport pathways from lower latitudes into
these regions, and the answer may very well depend on the specific sampling
location. If transport pathways from lower, subtropical latitudes exist however,
these can hardly be explained by the strongly converging surface currents, al-
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though some of the polar transport can also be explained by wave-induced
Stokes drift [9], and perhaps also by atmospheric transport [52]. These points
show that near-surface transport, rather than surface transport, in the water
column could play a crucial role in the global dispersion of marine microplas-
tic. In fact, it has been shown that through biofouling, initially buoyant plastic
might lose its buoyancy within a few weeks to months [53, 54], which is much
less than the typical time scale of attraction of a garbage patch (several years,
see fig. S2.1 in the supplementary materials). What happens with non-buoyant
microplastic in the water column is however rather poorly understood. Kooi
et al. [2] developed a model for explaining the size-selective behaviour of sur-
face plastic removal and showed that particles can in principle stay in the water
column, performing oscillations in the vertical caused by subsequent fouling
and de-fouling, as was also described by Ye and Andrady [55]. For such kind of
particles, it is obvious that subsurface currents are the ones that govern their
motion and not the currents at the surface, and the former are expected to dif-
fer strongly from the latter due to the exponential decay of Ekman velocities as
well as baroclinic pressure gradients. In particular, we expect less pronounced
accumulation regions at depth due to the decay of the Ekman velocity.
In addition to biofouling and buoyancy loss, buoyant plastic particles at the
ocean surface can be transported to deeper layers through wind-induced tur-
bulent mixing, which leads to an exponentially decreasing depth profile of plas-
tic concentrations depending on the particle rise velocity and local wind condi-
tions [56–58]. This effect was shown to be important when comparing simula-
tion results to measured surface concentrations, as surface trawl nets usually
sample the uppermost part of the ocean only. The potential underestimation
of the total amount ofmarine plastic was at first demonstrated by Kukulka et al.
[56], and since then simulation results andmeasured concentrations have been
corrected for such effects (e.g. [17, 25, 46]). In the simulations performed so
far however, the effect of turbulent mixing was considered only after the sim-
ulation of trajectories, which does not take into account a potential effect of
varying flow fields with depth. Clearly, a weakly buoyant particle will spend,
through turbulent mixing, more time deep in the water column than at the sur-
face because once submerged it needs more time to rise back to the surface.
Lastly, very small plastic particles are expected to behave very similarly to pas-
sive water parcels, with only little dependence on particle density. This is in-
tuitively clear by considering Stokes’ law for the rise velocity of a suspended
particle, which depends linearly on the density difference, but quadratically on
the particle diameter (e.g. [59]). Very small particles, even with a lower density
than water, are therefore only very weakly buoyant and are likely transported
by the full 3-dimensional currents, rather than the surface currents.
It should be emphasized that there is a range of other possible processes that
can have an effect on plastic transport pathways, and which are not addressed
in this paper. To name only a few, particle properties such as composition, size
and shape can have an impact on global transport pathways because they af-
fect the surface removal rate through biofouling [53, 60], on the rise velocity of



2

14
2. Influence of Near-Surface Currents on the Global Dispersal of Marine

Microplastic

submerged particles [58, 61], and can lead to inertial effects of a particle in a
fluid (e.g. [62]). Shape, size and buoyancy of a plastic particle can also change
in time due to fragmentation through degradation [63]. The beaching of plastic
particles, e.g. through breaking waves is far from being understood and could
constitute a large sink of plastic. More realistic plastic source scenarios, such
as the one of Lebreton et al. [64], can clearly have an effect on plastic distri-
butions. Oceanographic phenomena such as downwelling and tides may also
have a local effect on the transport pathways of plastic particles. All of these
processes come with relevant temporal and spatial scales of importance, and it
is currently not known to what extent the different processes are important for
the global long-term fate and distribution of marine plastic. The large number
of uncertainties makes it challenging to model the global dispersion of real-
istic marine debris. More experimental and numerical efforts are needed to
constrain the parameter space that governs the dispersion of marine plastic
debris, together with extendedmeasurement campaigns of marine plastic that
not only contain plastic counts, but also size, composition and other parame-
ters such as the amount of biofouling.
Here, we do not intend to fully model the realistic dispersion of plastic in the
ocean. Neither do we parameterise relevant processes such as degradation
nor do we use realistic plastic input scenarios. We rather aim to assess the im-
portance of sub-surface advection for the global accumulation and transport
pathways of marine debris. Despite the evidence for the importance of verti-
cal transport of microplastic presented above, to our knowledge no study so
far has addressed the question how the global accumulation pattern and path-
ways of microplastic could be influenced by the transport through subsurface
instead of surface currents. Yet, the importance of measuring plastic through-
out the entire water column is starting to get recognised in the plastic com-
munity, and our understanding of the dispersal, accumulation and quantity of
plastic might change substantially when deeper measurements become avail-
able [65]. With this paper, we wish to contribute to the understanding of the
dynamics of submerged particles, which will also help with the interpretation
of deep measurements.
Here, we study this effect through numerically simulating the trajectories of
approximately 1 million particles in the global ocean for 10 years of advection
for different simulation scenarios. We test the importance of biofouling-related
subsurface transport through constraining particles to certain fixed depths and
through randomly displacing them in the upper ocean. Thesemodels are highly
idealised, but due to the lack of precise understanding of the vertical trans-
port dynamics this can be seen as a first step in studying the consequences
of subsurface transport on the global dispersion of marine microplastic. We
also study the effect of turbulent surface mixing through explicitly including
the wind-dependent vertical mixing process according to Kukulka et al. [56] in
the particle trajectory integration. Finally, we run a simulation where particles
are subject to the full 3-dimensional currents of our dataset.
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2.2.Methods
We simulate the transport of microplastic through modelling the trajectories
of Lagrangian particles. We use version 1.11 of the Parcels framework [66]
(oceanparcels.org) for the 2D simulations, and version 2.0 for the 3D sim-
ulation [67]. We use current and wind stress data for the 10 years of 2000-
2009 from a NEMO ORCA-N006 run, a standard run of NEMO [24], forced by
the Drakkar forcing [68], available at http://opendap4gws.jasmin.ac.uk/
thredds/nemo/root/catalog.html. The flowandwind stress fields are avail-
able on anORCA grid [69] with a 1/12∘ resolution, provided for every 5 days. The
model has 75 vertical levels with an increasing spacing between them for larger
depths, 26 of which are within the upper 120 m of the water column.
The fields are interpolated in space and time to the particle position and time
with the C-grid interpolation scheme described in Delandmeter and van Sebille
[67]. We use the 4th order Runge-Kutta method with a time step of 10 minutes
for the trajectory integration. For each of the different simulation scenarios
(see table 2.1), we study the long-term distribution of marine plastic and the
transport pathways between different ocean regions (shown in fig. S2.2 in the
supplements) with approximately 1 million particle trajectories starting from a
uniform distribution on the vertices of a 0.2∘ × 0.2∘ grid on January 5, 2000 and
advecting them for 10 years.
We perform runs for four kinds of passive particles: (i) particles constrained to
different depths, (ii) particles randomly displaced in the vertical according to
a uniform distribution at each time step, (iii) particles that are, again at each
time step, randomly displaced in the vertical according to the exponential dis-
tribution suggested by Kukulka et al. [56], and (iv) particles that follow the full
3-dimensional flow. (i) also includes a surface run (z = 0 m), which serves as a
baseline to compare the other simulations to. Simulations with particle con-
strained to certain depths (i) represent the horizontal advection of particles in
the water column. The assumption of a fixed depth is a strong simplification,
but it allows us to gain first insights into the transport of submerged plastic
particles with a reasonable computational cost and with no additional assump-
tions on real vertical transportmechanisms. Similarly, the simulation of the uni-
formly displaced particles serves as a simple model where particles can move
to any other position in the upper water column, either due to biofouling or
wind-induced mixing with very low buoyancy. Simulations (i)-(iii) neglect verti-
cal flow velocities and are confined to the depth interval [0m, 120m]. 120m is
the depth where the concentration for very weakly buoyant particles with rise
speed 𝑤 = 0.003 m/s under strong wind conditions of 𝜏 = 0.8 Pa decreases
to roughly 20 % of the surface concentration within the parameterisation of
Kukulka et al. [56] (see below), such that it captures the largest part of the tur-
bulent mixing range in the surface layer. It also comprises the range of depths
within which bio-fouled initially buoyant microplastic particles oscillate in the
water column according to the model of Kooi et al. [2] (which ranges typically
to around 60m, see their fig. S1). The simulation of passive particles at the sur-
face (at z = 0 m) is similar to the approach of most previous studies on surface

oceanparcels.org
http://opendap4gws.jasmin.ac.uk/thredds/nemo/root/catalog.html
http://opendap4gws.jasmin.ac.uk/thredds/nemo/root/catalog.html
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microplastic (e.g. [16, 17, 25]). For the 3D simulation (iv), we place the particles
at an initial depth just below the surface at 𝑧 = 1.5 m as we work with a non-
moving ocean surface such that the vertical velocity is set to zero at 𝑧 = 0m by
definition. This is similar to the methodology in Delandmeter and van Sebille
[67].
According to Kukulka et al. [56], the depth-dependent plastic concentration 𝑛(𝑧)
follows an exponential distribution (we take the z-axis pointing downwards)

𝑛(𝑧) ∝ exp(−𝜆𝑧). (2.1)

Here 𝜆 = 𝑤 /𝐴 where 𝑤 is the rise velocity of the buoyant particle and
𝐴 = 1.5𝑢∗ 𝜅𝐻 with 𝑢∗ the frictional velocity of water, 𝜅 = 0.4 the van Karman
constant, 𝐻 = 0.96𝑔 𝜎 / 𝑢∗ with gravitational constant 𝑔, wave age 𝜎 and
frictional air velocity 𝑢∗ . As in [56] we take 𝜎 = 35. The frictional velocities of
air and water are determined by the wind conditions, given by 𝑢∗ = √ |⃗| for

water with wind stress 𝜏 and water density 𝜌 . Finally, the frictional velocity

of air is defined by 𝑢∗ = √ |⃗| . Taking 𝜌 = 1027 kg/m3 and 𝜌 = 1.22 kg/m3

leads to 𝐴 = 0.31 ⋅ |𝜏| / , where |𝜏| is given in Pa and 𝐴 in m2s-1. We model
turbulent mixing through randomly displacing the virtual particles at each time
step along the vertical with an exponential probability distribution 𝑝(𝑧) = 𝜆𝑒 ,
where 𝜆 depends on the wind stress that is taken from the NEMO dataset. This
approach assumes that the time scale of turbulent mixing is much faster than
the one of particle advection, which is a reasonable assumption. We take a
small value of the rise velocity of 𝑤 = 0.003 m/s, which is at the lower end
of the rise velocities reported by Reisser et al. [58] and hence simulates an ex-
treme case of strong mixing effects. Table 2.1 shows the different simulation
scenarios of this study (1 million particle trajectories each). The code for the
simulations and data analysis is available on GitHub (https://github.com/
OceanParcels/near_surface_microplastic).

Table 2.1: Simulation overview

Simulation Parameters
(i) Fixed depth 𝑧 = 0, 2, 5, 9, 16, 26, 41, 61, 87, 97, 120m
(ii) Uniform mixing 𝑝(𝑧) = 𝑈(0m, 120m)
(iii) Exponential mixing 𝑝(𝑧) = 𝜆𝑒 , 𝑤 = 0.003m/s, 𝑧 < 120m
(iv) Full 3D advection Initial depth = 1.5 m
The values correspond to the depths within different layers of the
hydrodynamic data.
Random uniform distribution between top layer at 𝑧 = 0m and 𝑧 = 120m.
See the text for the definition of 𝜆.

https://github.com/OceanParcels/near_surface_microplastic
https://github.com/OceanParcels/near_surface_microplastic
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2.3. Results
2.3.1. Particle distributions
Figure 2.1 shows the resulting long-term distribution of the surface (z = 0 m)
particles at the end of the simulation. The accumulation regions in all five sub-
tropical gyres are clearly visible and agree roughly with the expected locations
from measured data (compare to e.g. fig. 1 of van Sebille et al. [25]). Note that
many regions outside of the gyres are completely depleted of particles after
the 10 years of simulation. This distribution did not change significantly in the
last few simulated years, indicating that the particle distribution is in an almost-
equilibrium state (see fig. S2.1 in the supplementary materials).

Figure 2.1: Modelled distribution for surface particles (fixed depth of m), in logarithmic scale
with square binning of 2∘. As described in the text, the particles were released uniformly and ad-
vected for 10 years.

Figure 2.2 shows the final distribution for a selection of the different scenar-
ios (see fig. S2.3 for the correspondingmaps for the other scenarios), which we
compare to the distribution of the surface simulation shown in fig. 2.1. Note
that for figs. 2.2d-f, the distributions are shown as depth-integrated sums, i.e.
distributions of the particles’ longitudes and latitudes only. As expected, the
strong converging property of the surface flow weakens at depth, see figs. 2.1
and 2.2a-c. The garbage patch structure is still clearly visible in the top part of
the water column, with a transition towards more smeared out distributions
at 41 m. Note that 𝑧 = 16 m shown in fig. 2.2a is close to the depth sam-
pled by drogued drifters [70]. At 61 m (fig. 2.2c), no garbage patches exist any
more, and the distribution remains essentially unchanged up to the deepest
layer considered at 𝑧 = 120 m. Different from the surface flow, the polar and
equatorial regions are not as strongly depleted of particles at larger depth any
more. This is also the case for the random uniform simulation (fig. 2.2d), al-
though the patches are still clearly visible. The exponential mixing simulation
according to Kukulka et al. [56] does not show a significant visible difference
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to the surface simulation on the global scale, as seen in fig. 2.2e. It should be
noted however that this could be an effect of the choice of the rise speed (here
𝑤 = 0.003m/s), which depends on particle composition and size. Smaller par-
ticles with even smaller rise speeds would be mixed into deeper layers, and
consequently the effects of turbulent surface mixing would increase. In addi-
tion, turbulent mixing could still be important on smaller spatial and temporal
scales. The distribution of the 3D simulation (fig. 2.2f) does show only very little
spatial variation, together with a removal of particles from the Southern Ocean
region. Note here that this can also be an effect of our choice of initial condi-
tion for the 3D simulation, as we position the particles close to the surface at a
depth of 1.5 m. More than 80% of the particles are still within the upper 350 m
of the water column at the end of the simulation (see fig. S2.6).

Figure 2.2: Final distributions of a selection of simulations. The colour bars show the number
of particles per bin on a square binning of 2∘. a-c show a selection of cases for the fixed depth
simulations (i), see table 2.1. d-f show the results for the other cases (ii)-(iv). In d-f, the distributions
are depth-integrated sums. Similar figures for the other scenarios can be found in fig. S2.3.

2.3.2. Regional transport
We next analyse the inter-regional transport by dividing the ocean into seven
regions: North Pacific, North Atlantic, South Pacific, SouthAtlantic, IndianOcean,
Arctic, and Southern Ocean. A map of the division is shown in fig. S2.2. The
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Arctic region is chosen to be north of 65∘N latitude, and the Southern Ocean to
be south of 60∘S. We analyse the regions of attraction of the different garbage
patches and the connectivity between the polar and lower-latitude regions for
the different simulations. Figures 2.3 and 2.4 show the final destination plotted
in the respective colour at the initial location of the particles for those ending up
in one of the five subtropical basins, and the two polar regions, respectively. In
fig. 2.3a, we see rather well-defined boundaries between the different colours
for the surface simulation, as expected. The area of each colour here corre-
sponds to the region of attraction of the garbage patches. It is clearly visible
that surface particles hardly cross the Equator in the Pacific and Atlantic basins.
For larger depths (figs. 2.3b-c) however, these borders become smeared out,
in particular the border between the Atlantic and Pacific basins, respectively:
there are no clear-cut boundaries between the different basins any more, al-
ready at the relatively shallow depths we consider here. Similar plots for the
other scenarios are shown in fig. S2.4. Figures 2.3a-c also show that the Indian
Ocean plays a somewhat special role: the region of attraction becomes much
less coherent at intermediate depths of z = 41 m, and more coherent again for
deeper particles at z = 120 m. This is different from the other four subtrop-
ical basins, where the respective regions of attraction become less coherent
monotonously with depth. The result for the uniform mixing scenario in fig.
2.3d resembles in its broad features the simulation at a depth of z = 41 m (fig.
2.3b). It is again notable that there is no significant visible difference between
the surface (fig. 2.3a) and exponential mixing (fig. 2.3e) scenarios, although we
would expect this to change for smaller rise speeds, as discussed above. Fi-
nally, we see in fig. 2.3f that in the 3D simulation the boundaries between the
basins are also less clearly defined, in particular for the Atlantic basin. This is
expected due to the transport of shallow water from the South to the North
Atlantic where deep water is formed (see fig. S2.6) as part of the thermohaline
circulation.

In figs. 2.4a-c, we can see that transport towards the poles increases with
increasing depth. We also see that the polar North Atlantic is quite well con-
nected to the subtropical North Atlantic already for the surface flow, as was
also observed to be the case for surface drifters [31], although this connection
increases for larger depths. For the Southern Ocean, at 𝑧 = 120 m particles
can originate from parts of the Indian Ocean and from the South Pacific and
South Atlantic on the 10-year time scale considered here. This is very differ-
ent from the surface flow and the 3D flow, where almost nothing enters the
Southern Ocean from the other basins. The effect of the Antarctic Circumpo-
lar Current to prevent transported matter from entering the Southern Ocean
hence weakens significantly with depth. Figure 2.4d shows that the uniform
mixing simulation leads to a stronger flow of particles from the northern North
Pacific to the Arctic region, compared to the simulations at fixed depths. This is
surprising, but it highlights that vertical dynamics can actually matter, and that
the dynamics of the random uniform simulation is not simply an average of the
fixed depth simulations. As can be seen in fig. 2.4e, the exponential mixing sim-
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Figure 2.3: Scatter plot of the initial position of the particles that end up in one of the subtropical
basins (indicated by the colours) for a selection of the performed simulations. a-c show a selection
of cases for the fixed depth simulations (i), see table 2.1. d-f show the results for the other cases
(ii)-(iv). Similar figures for the other scenarios can be found in fig. S2.4.

ulation does again not show significant differences to the surface simulation.
Finally, we note that there is also significant inflow from the northern basins
into the Arctic region in the 3D simulation (fig. 2.4f), as expected from the cir-
culation in the global thermohaline circulation. Note that the fact that there
are almost no particles that reach the Southern Ocean regions in the 3D simu-
lation is again likely to be a consequence of our choice of initial depth of 1.5 m
for the particles. Simulation results for the other scenarios are provided in the
supplementary materials (fig. S2.5).
With figs. 2.3 and 2.4 one has to take into account that our simulation is of
course limited by an unrealistically low number of particles released only once
into the ocean with a uniform distribution. Continuous, spatially heteroge-
neous release of many more particles, as in the real world, would also lead
to different transport into these regions.

Based on the regional division (fig. S2.2), we form a transport matrix 𝐹: if
𝑛 is the number of particles that starts in region 𝑖 and ends up in region 𝑗 af-
ter 10 years, we define this matrix as 𝐹 = 𝑛 /∑ 𝑛 , i.e. the row normalised
form of 𝑛 . The matrix 𝐹 describes the share of those particles that are trans-
ported from region 𝑖 to 𝑗 compared to all particles that start in region 𝑖, and
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Figure 2.4: Initial position of the particles that end up in the polar regions (indicated by the colours)
for a selection of the performed simulations. a-c show a selection of cases for the fixed depth
simulations (i), see table 2.1. d-f show the results for the other cases (ii)-(iv). Similar figures for the
other scenarios can be found in fig. S2.5.

its entries therefore indicate the strength of the particle transport between the
different regions. The transfer matrices for all simulations are shown in tables
S2.1-S2.14. The main observation is that, apart from the Indian Ocean, the di-
agonal elements 𝐹 for 𝑖 a subtropical basin decrease significantly for larger
depths, by roughly 7-13% from the surface to 𝑧 = 120 m, demonstrating that
the garbage patches in these four basins become less stable in the deep or that
their basins of attraction shrink. An exception is the Indian Ocean, whose di-
agonal element increases by about 10%. Note that these percentages are all
sensitive to the choice of basins, which is especially difficult at the boundary
between South Pacific and Indian Ocean. The diagonal elements for 𝑖 = polar
region increase by 12% (Arctic) and 60% (Southern Ocean) between the surface
and 120m, showing that particles in these regions are more likely to stay there
at larger depth than at the surface.
Figure 2.5 shows the significant non-diagonal (a and c) and diagonal (b and d)
entries of 𝐹 for transport towards the two polar regions. To assess the robust-
ness under different choices of regional divisions, we computed the transport
matrix for different definitions of the Southern Ocean boundary (56∘, 60∘, 62∘ S)
and the Atlantic-Artic boundary (60∘, 65∘, 70∘ N), illustrated by the light-coloured
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areas (for different depths) and error bars (for the other scenarios) in the fig-
ure. For the Southern Ocean, we can see that there is no particle transport
from the subtropical basins at the surface, but this increases to roughly 7%
(South Atlantic), 4% (Indian Ocean) and 1% (South Pacific). In addition to the
stronger import of particles into the Southern Ocean, there is also a weaker
export of particles from the Southern Ocean, as can be seen by the strongly in-
creasing diagonal element of 𝐹 (fig. 2.5b). The situation is slightly less clear for
the Arctic, where transport from the North Atlantic increases with depth, but
transport from the North Pacific decreases (fig. 2.5c). As mentioned earlier, it
is especially remarkable here that the random uniform simulation leads to sig-
nificantly stronger transport from the North Pacific as any of the fixed-depth
simulations. Finally, fig. 2.5d shows that over the whole range of depths the
export of particles from the Arctic also seems to decrease (as the diagonal ele-
ment increases), but this trend is not as significant as for the Southern Ocean.
It is visible that the transport rates of the exponential mixing scenario are again
very similar to the z = 0m case. It should be noted that there is nomonotonous
trend between the transport rates and the choice of boundaries of the two po-
lar regions, as is especially visible for the North Atlantic-Arctic transport shown
in green colour in fig. 2.5c.

2.4. Conclusion
The long-term dynamics of surface microplastic is governed by strong basin-
scale attracting regions, the garbage patches. Due to their robustness to dif-
ferent simulation scenarios and their ability to explain measured surface con-
centrations, surface simulations have dominated the recent efforts of global
oceanic microplastic modelling. Nevertheless, if transport from subtropical to
polar regions exists, this cannot be explained by considering the surface layer
only, at least if no additional effects such as wave-induced Stokes drift [9] or
atmospheric transport are taken into account. We provide another possible
mechanism to explain such poleward transport: the advection by near-surface
currents.
In this study, we tested the potential role of subsurface currents through sim-
ulating Lagrangian particle trajectories for 10 years. We perform runs for four
kinds of passive particles: (i) particles constrained to different depths, (ii) par-
ticles randomly displaced in the vertical according to a uniform distribution at
each time step, (iii) particles that are, again at each time step, vertically dis-
placed according to the exponential distribution suggested by Kukulka et al.
[56], and (iv) particles that follow the full 3-dimensional flow. The results show
that the transport of submerged microplastic is determined by completely dif-
ferent dynamics than at the surface. The decay of the Ekman component with
depth not only leads to less convergence and hence less pronounced accumu-
lation spots of plastic, but there is also stronger transport from the subtropical
and subpolar regions into the polar regions for particles at larger depth. This
means that plastic particles in regions of lower latitudes that loose their buoy-
ancy can in principle be transported to originally non-contaminated polar re-
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Figure 2.5: Matrix elements for particle transport to the poles for the different scenarios: fixed
depth (i), uniformmixing (ii), exponential mixing (iii) and the 3D simulations (iv). Note that the plots
have different y-axes. The edges of the light coloured areas (for fixed depths) and error bars ((ii)-(iv))
in the figures display the result under different definitions of the Southern Ocean (a, b) boundary
(56∘, 60∘, 62∘ S) and the Atlantic-Artic (c, d) boundary (60∘, 65∘, 70∘ N). The solidmarkers correspond
to the boundaries at 60∘ S and 65∘ N respectively. Note that changing the region boundaries does
not affect the transport ratesmonotonously, such that the rates for different region definitions can
intersect, as is particularly visible for the North Atlantic in (c).

gions. The exponential mixing scenario according to Kukulka et al. [56] did not
show any visible significant difference to the surface simulation, although this
would clearly change for particles with smaller rise speeds, which have a higher
probability to stay away from the surface for longer times, and potentially also
on smaller temporal and spatial scales. The 3D simulation also showed signif-
icant transport into the Arctic, which is a possible mechanism to explain the
transport of neutrally buoyant (very small) plastic particles into that region.
We studied the effects of subsurface currents through constraining particles to
certain depths, randomly displacing them or advecting them passively with the
3D flow, all of which are strong simplifications of the real world pocesses. In
addition, our analysis is based on simplified initial conditions of globally uni-
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form particles at one point in time, which affects transport rates between dif-
ferent regions. A full model of realistic plastic particles would need to take into
account a range of processes through parameterisations. For example, in the
model of Kooi et al. [2], most particles do not stay at a fixed depth but constantly
oscillate in the water column. A more realistic approach to study the effect of
biofouling would hence have to couple the Lagrangian advection scheme to a
model for the vertical transport of particles, such as the one of Kooi et al. [2].
However, considering the fact that the mechanisms of vertical transport are
still not fully understood, this study gives a first indication to the full complex-
ity of marine plastic transport and provides a simple and plausible mechanism
to explain how plastic could be transported from subtropical to polar regions.
Our results show that there is a need for a better understanding of the sinking
processes of plastic and to incorporate such effects in 3-dimensional transport
modelling in order to close the global marine plastic budget. This is crucial to
understand the impact plastic debris can have on remote but through subsur-
face currents connected pristine ecosystems.
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2.5. Supplementary material to chapter 2

Figure S2.1: Modelled annual surface distributions. The basin-scale accumulation regions in the
subtropics (garbage patches) become visible after 3 years of advection, and approximately stable
in time after 7 years. The colour bar represents the number of particles per ∘ bin (logarithmic
scale).
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Figure S2.2: Choices of different regions for the regional transport analysis.
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Figure S2.3: Distributions after the 10 simulation years for all simulations not shown in the main
text. The colour bar represents the number of particles per ∘ bin (logarithmic scale).
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Figure S2.4: Initial location (scatter points) and final region (colour) after 10 years, where particles
end up in one of the subtropical basins. Shown are the results for the scenarios not presented in
the main text.
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Figure S2.5: Initial location (scatter points) and final region (colour) after 10 years where particles
end up in one of the polar regions. Shown are the results for the scenarios not presented in the
main text.
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Figure S2.6: Vertical distribution of particles in the 3D simulation after 10 years of advection, in
the Pacific (a) and Atlantic (b) basins using the basin definition of fig. S2.2. Subfigure (c) shows a
normalised histogram of the depth of all particles, showing that with our initial conditions most
of the particles stay relatively close to the surface. The figures are based on the final location of
particles after 10 years of advection.
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Table S2.1: F-matrix [%]: z = 0.0 m

NP NA SP SA IO A SO
NP 95.1 0.1 0.6 0.2 2.9 1.2 0.0
NA 0.2 92.9 0.0 0.0 0.0 6.9 0.0
SP 2.0 0.0 89.5 4.0 4.5 0.0 0.0
SA 0.0 6.8 6.5 63.8 22.9 0.0 0.0
IO 1.5 0.0 25.0 10.1 63.4 0.0 0.0
A 0.0 31.0 0.0 0.0 0.0 68.9 0.0
SO 0.0 0.0 34.0 14.8 44.2 0.0 7.0

Table S2.2: F-matrix [%]: z = 2.1 m

NP NA SP SA IO A SO
NP 95.7 0.2 0.8 0.1 1.9 1.3 0.0
NA 0.1 91.5 0.0 0.0 0.0 8.4 0.0
SP 2.0 0.0 89.9 3.9 4.2 0.0 0.0
SA 0.0 5.9 5.4 65.0 23.7 0.0 0.0
IO 1.6 0.0 26.0 8.3 64.2 0.0 0.0
A 0.0 32.6 0.0 0.0 0.0 67.4 0.0
SO 0.0 0.0 25.7 16.4 42.8 0.0 15.1

Table S2.3: F-matrix [%]: z = 4.5 m

NP NA SP SA IO A SO
NP 95.3 0.2 1.1 0.1 1.7 1.5 0.0
NA 0.0 88.8 0.0 1.8 0.0 9.3 0.0
SP 1.9 0.0 89.7 3.9 4.5 0.0 0.0
SA 0.0 5.5 4.9 65.6 24.1 0.0 0.0
IO 1.7 0.0 27.1 6.9 64.3 0.0 0.0
A 0.0 38.8 0.0 0.0 0.0 61.2 0.0
SO 0.0 0.0 20.9 17.1 38.9 0.0 23.2
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Table S2.4: F-matrix [%]: z = 8.9 m

NP NA SP SA IO A SO
NP 94.3 0.4 2.1 0.0 1.5 1.7 0.0
NA 0.0 88.4 0.0 2.2 0.0 9.4 0.0
SP 1.7 0.0 90.9 4.0 3.3 0.0 0.0
SA 0.0 4.1 4.1 67.2 24.6 0.0 0.0
IO 1.7 0.1 28.4 5.1 64.7 0.0 0.0
A 0.0 44.9 0.0 0.0 0.0 55.1 0.0
SO 0.0 0.0 16.4 17.8 34.6 0.0 31.1

Table S2.5: F-matrix [%]: z = 15.2 m

NP NA SP SA IO A SO
NP 93.6 0.2 3.3 0.0 1.2 1.7 0.0
NA 0.1 89.1 0.0 3.2 0.0 7.7 0.0
SP 1.7 0.0 93.0 4.4 0.9 0.0 0.0
SA 0.0 2.6 4.3 68.5 24.5 0.0 0.0
IO 1.4 0.0 30.5 3.7 64.4 0.0 0.1
A 0.0 33.7 0.0 0.0 0.0 66.3 0.0
SO 0.0 0.0 13.7 17.6 31.7 0.0 37.1

Table S2.6: F-matrix [%]: z = 24.6 m

NP NA SP SA IO A SO
NP 91.2 0.2 5.8 0.0 1.3 1.4 0.0
NA 0.2 88.7 0.0 3.5 0.0 7.7 0.0
SP 1.6 0.0 91.6 5.6 1.1 0.0 0.0
SA 0.0 2.0 7.9 68.2 21.8 0.0 0.1
IO 1.3 0.0 42.7 3.1 52.7 0.0 0.2
A 0.0 43.1 0.0 0.0 0.0 56.9 0.0
SO 0.0 0.0 12.8 16.4 30.4 0.0 40.4

Table S2.7: F-matrix [%]: z = 38.4 m

NP NA SP SA IO A SO
NP 89.5 0.1 6.9 0.0 2.7 0.7 0.0
NA 0.4 85.7 0.0 5.0 0.0 8.9 0.0
SP 2.2 0.0 89.5 6.2 2.0 0.0 0.0
SA 0.0 3.9 13.1 64.6 18.1 0.0 0.3
IO 1.3 0.0 47.6 4.1 46.6 0.0 0.3
A 0.0 41.4 0.0 0.0 0.0 58.6 0.0
SO 0.0 0.0 13.6 12.8 30.6 0.0 43.0
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Table S2.8: F-matrix [%]: z = 57.4 m

NP NA SP SA IO A SO
NP 81.8 0.1 9.8 0.1 8.2 0.0 0.0
NA 0.4 85.3 0.0 4.1 0.0 10.2 0.0
SP 12.5 0.0 75.6 6.0 5.7 0.0 0.1
SA 0.0 14.9 15.1 49.8 19.4 0.0 0.8
IO 1.2 0.4 32.6 7.5 57.9 0.0 0.4
A 0.0 29.7 0.0 0.0 0.0 70.3 0.0
SO 0.0 0.0 14.8 9.2 30.0 0.0 46.0

Table S2.9: F-matrix [%]: z = 82.2 m

NP NA SP SA IO A SO
NP 79.4 0.1 11.9 0.2 8.5 0.0 0.0
NA 0.8 85.8 0.0 0.9 0.0 12.5 0.0
SP 13.1 0.0 74.8 4.9 6.8 0.0 0.3
SA 0.0 11.6 18.5 53.4 13.8 0.0 2.6
IO 0.9 0.5 17.3 10.8 69.2 0.0 1.3
A 0.0 22.8 0.0 0.0 0.0 77.2 0.0
SO 0.0 0.0 17.5 9.3 16.4 0.0 56.7

Table S2.10: F-matrix [%]: z = 91.9 m

NP NA SP SA IO A SO
NP 80.2 0.1 10.6 0.3 8.8 0.0 0.0
NA 0.6 86.1 0.0 0.8 0.0 12.5 0.0
SP 12.9 0.0 75.5 4.6 6.6 0.0 0.5
SA 0.0 11.5 16.9 55.4 12.4 0.0 3.8
IO 0.8 0.5 14.4 11.1 71.1 0.0 2.1
A 0.0 22.8 0.0 0.0 0.0 77.2 0.0
SO 0.0 0.0 14.1 10.2 14.8 0.0 60.9

Table S2.11: F-matrix [%]: z = 113.9 m

NP NA SP SA IO A SO
NP 82.7 0.0 8.1 0.3 8.9 0.0 0.0
NA 0.5 85.5 0.0 0.9 0.0 13.0 0.0
SP 11.1 0.0 76.9 4.5 6.5 0.0 1.0
SA 0.0 12.3 13.9 56.6 10.5 0.0 6.7
IO 0.6 0.6 11.2 10.4 73.5 0.0 3.7
A 0.0 19.1 0.0 0.0 0.0 80.9 0.0
SO 0.0 0.0 9.1 10.6 13.0 0.0 67.3
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Table S2.12: F-matrix [%]: Random Uniform

NP NA SP SA IO A SO
NP 84.2 0.8 5.0 0.3 6.5 3.2 0.0
NA 0.1 82.3 0.0 3.2 0.0 14.4 0.0
SP 4.0 0.0 82.1 7.3 6.6 0.0 0.0
SA 0.0 13.6 15.0 52.0 18.8 0.1 0.5
IO 1.6 0.2 39.9 8.1 50.0 0.0 0.2
A 0.0 46.3 0.0 0.0 0.0 53.7 0.0
SO 0.0 0.0 19.8 10.1 33.5 0.0 36.6

Table S2.13: F-matrix [%]: Kukulka mixing

NP NA SP SA IO A SO
NP 95.4 0.1 0.6 0.1 2.0 1.7 0.0
NA 0.2 92.1 0.0 0.0 0.0 7.8 0.0
SP 2.0 0.0 89.5 4.5 4.0 0.0 0.0
SA 0.0 6.3 4.9 65.0 23.8 0.0 0.0
IO 1.7 0.0 24.9 8.7 64.7 0.0 0.0
A 0.0 30.7 0.0 0.0 0.0 69.3 0.0
SO 0.0 0.0 22.2 18.9 46.0 0.0 12.8

Table S2.14: F-matrix [%]: 3D Simulation

NP NA SP SA IO A SO
NP 75.9 0.8 8.1 0.4 12.1 2.6 0.0
NA 0.1 83.6 0.0 1.8 0.0 14.5 0.0
SP 7.2 0.2 79.9 5.7 7.0 0.0 0.0
SA 0.0 18.7 5.3 49.7 26.1 0.2 0.0
IO 1.6 0.8 17.9 9.4 70.3 0.0 0.0
A 0.0 61.5 0.0 0.1 0.0 38.4 0.0
SO 0.0 0.5 23.9 22.4 38.4 0.0 14.8



3
Mixing of passive tracers at the ocean
surface and its implications for plastic
transport modelling

The tracking of virtual particles is one of the main numerical tools to under-
stand the global dispersion of marine plastic debris and has been successful
in explaining the global-scale accumulation patterns of surface microplastic,
often called ‘garbage patches’. Yet, the inherent inaccuracies in plastic input
scenarios and ocean circulation model results produce uncertainties in parti-
cle trajectories, which amplify due to the chaotic property of the surface ocean
flow. Within this chaotic system, the subtropical ‘garbage patches’ correspond
to the attractor. These facts make the large scale surface ocean circulation a
mixing dynamical system, which means that the information of a particle’s ini-
tial location is lost over time. We use mixing entropy and Markov chain mixing
of the transfer operator associatedwith surface ocean transport to quantify the
time scales of mixing for the global surface ocean in each subtropical basin. In
the largest parts of all basins we find mixing times in the order of or below 10
years, which is lower than typical simulation times for surface plastic transport
simulations. Maximum mixing times of more than 10 years are found in some
parts of the North and South Pacific. Our results have important implications
for global dispersion modelling of floating materials on the basin scale: precise
initial information has little relevance for long term simulations, and there is a
temporal limit after which the backtracking of particles is not meaningful any
more.

This chapter has been published as:

Wichmann, D., Delandmeter, P., Dijkstra, H. A., and van Sebille, E. (2019): Mixing of passive tracers
at the ocean surface and its implications for plastic transport modelling. Environmental Research
Communications, 1(11), 115001. https://doi.org/10.1088/2515-7620/ab4e77
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3.1. Introduction
Plastic debris is very common in today’s marine environment. It can be found
in the open ocean and on beaches, but also in more remote habitats such
as the polar regions and deep sea sediments [39, 48, 63, 71]. Sources of de-
bris can be land based (e.g. river mouths) or marine (e.g. shipping vessels)
[47, 64, 71]. Once in the ocean, buoyant plastic debris can be transported
over large distances by the surface ocean currents. An important tool to un-
derstand these pathways on the global scale has been numerical modelling
[18], mostly Lagrangian particle tracking. Most of the currently existing numer-
ical studies restrict themselves to the surface ocean, and they successfully re-
produce the large scale features of surface microplastic distributions, which
are the large scale accumulation patterns in each individual subtropical gyre
[4, 14, 16, 17, 25, 46]. Figure 3.1 shows the result of a typical simulation of an ini-
tially uniform particle distribution after 10 years (see section 3.2 for simulation
details). The high concentrations in the subtropical gyres are mainly caused by
the converging Ekman currents in the subtropics [15, 72] and are often called
‘garbage patches’.
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Figure 3.1: Concentration of approximately 1million initially uniformly distributed particles after 10
years. The concentration (logarithmic scale) is computed with a ∘ square binning. The converging
Ekman currents in the subtropics lead to the accumulation of particles in these regions, called
garbage patches. The simulation details are described in section 3.2.

The success of these surface transport simulations is to some extent sur-
prising. Recent experimental and theoretical studies clearly suggest that ini-
tially buoyant microplastic particles are likely to sink due to biofouling [53–55],
such that the actual particle dynamics is unlikely to be well-represented by sur-
face transport alone. Furthermore, the accumulation in the subtropical gyres is
a feature that is present in long term distributions of different modeling stud-
ies that use different initial particle input scenarios (e.g. uniform, realistic, re-
lease at once or continuous) and different circulation models [4, 14, 16, 17, 25].
The presence of large scale robust features in different models to some ex-
tend seems to argue against the usage of realistic, small-scale input scenarios
to model long term global plastic distributions, e.g. based on population den-
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sities [4, 16]. Particles seem to accumulate in similar regions in the long run,
with the particle history only playing a minor role.
In this article, we address this issue: our hypothesis is that the surface ocean
current in each basin ismixing on time scales of several years, which is in the or-
der of typical time scales of interest for global plastic transport modelling. The
mixing property means that individual surface particles ’forget’ their history,
and particle densities, i.e. particle distributions normalised to unity, converge
to the subtropical accumulation regions almost independently of initial con-
ditions or small perturbations of the flow, such as sub-surface advection. The
basic idea is illustrated in fig. 3.2, that shows the initial (a) and final (b) positions
of virtual particles as a scatter plot in the North Pacific. In the figure, particles
originating from the eastern and western parts of the basin are labelled with
different colours. While there are a few regions (mostly close to coasts) that
remain dominantly red or blue, the colours apparently have completely mixed
within the centre of the basin after 10 years.
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Figure 3.2: Initial and final positions of particles that are coloured according to their initial position.
The red and blue particles are apparently completely mixed after 10 years in the centre of the
subtropical gyre. We refer for simulation details to section 3.2.

For the application we present here, the property of ’history loss’ of an in-
dividual particle results from the combination of two features that are inher-
ent to all simulations using Lagrangian particle tracking on the oceanic scale:
the chaotic behaviour of trajectories, and the finite accuracy of ocean circu-
lation models. For plastic modelling, plastic input scenarios are an additional
source of uncertainty. The chaotic behaviour implies that two initially close par-
ticles will separate exponentially and thus very quickly go independent path-
ways [13]. Small errors in initial conditions, differences in trajectory integration
schemes and numerical errors amplify, such that the correlation between ini-
tial and final particle densities decays over time. This decay of correlations is
expected to be present in a chaotic system such as the surface ocean, but to
our knowledge the time scales of this process at the ocean surface have not
been analyzed so far.
Understanding these time scales is important due to several reasons. From
a practical perspective, specifying detailed initial particle positions is not nec-
essary if particles are advected for much longer than the typical mixing time
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scale. This also means that far beyond such a time scale, initial information
does not have much relevance for final particle densities, i.e. for particle dis-
tributions normalised to unity. Consequently, such a mixing time also poses a
natural limit for backtracking, i.e. when using Lagrangian particle tracking to
investigate where plastic debris or other floating material came from. This is
again illustrated in fig. 3.2b, where blue and red particles are mixed to length
scales below the typical spatial resolution of ocean circulationmodels. It is then
virtually impossible to accurately track individual particles back to their origin:
loosely speaking, almost any origin (here east or west) within a specific basin is
possible.
In this paper, we analyse the convergence to the subtropical accumulation re-
gions and the property of mixing at the ocean surface with two methods: mix-
ing entropy for a full time dependent particle transport model, and the concept
of mixing time of the Markov chain given by the discretised transfer operator
associated with the annual advective transport of particle densities. Both full
particle simulations and transfer operatormethods are common tools tomodel
long termmarine plastic debris transport, such that the relevance of our results
can be directly interpreted within these two frameworks. Our methods reveal
that on time scales of about 10-15 years, mixing is very relevant for basin scale
transport simulations.

3.2.Methods
All methods in this paper are based on the advection of virtual passive parti-
cles constrained to the global ocean surface. Surface ocean velocity fields are
obtained from a 1/12∘ global NEMO ORCA-N006 simulation [24] that is forced
by the Drakkar forcing consisting of wind, heat and fresh water fluxes derived
from reanalysis and observed data [68]. The hydrodynamic data is provided
on the ORCA grid [69]. Our dataset starts on January 5, 2000, and has a tem-
poral resolution of 5 days. We use the Parcels framework version 1.1.0 [66]
(http://oceanparcels.org) for the particle advection with the C-grid inter-
polation scheme described in [67]. Trajectories are integrated with the 4th-
order Runge-Kutta method, with a time step of 10 minutes. Our simulations
capture the transport of passive particles, i.e. we do not include any additional
mechanisms of beaching, sinking or other removal from the sea surface. The
code for advecting particles and for data analysis can be found on https://
github.com/OceanParcels/surface_mixing. We note again that we use
the term particle density to refer to a particle distribution normalised to unity.

3.2.1. Entropy of mixing
The entropy of mixing is the Shannon entropy [73] related to probabilities de-
rived from spatial distributions of particles that belong to different species. It
describes how well-mixed particles of different species are, i.e. how fast infor-
mation on particle species is lost when transported by a given flow (see [74]
and references therein).

http://oceanparcels.org
https://github.com/OceanParcels/surface_mixing
https://github.com/OceanParcels/surface_mixing
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In order to study the mixing process within each basin (see the definition of
the basins in section 3.2.3), we start from an initially uniform distribution of
particles on a global 0.2∘ × 0.2∘ grid (approximately 1 million particles) on the
beginning of our dataset (January 5, 2000), and advect them for 10 years. Each
particle receives a fixed label 𝑖 corresponding to its initial position within the
bins of a 5∘ × 5∘ lattice. This choice is to ensure that there are enough parti-
cles for each label to compute spatial densities based on particle statistics. It is
coarser than the choice of binning for the Markov chain models, for which we
are not limited by the finite number of particles (see section 3.2.2). Let 𝜌 , (𝑡)
denote the discretised density of particles with label 𝑖 evaluated in spatial grid
cell 𝑘 (taken to be 5∘ × 5∘ as well), computed based on the particle distribution
at time 𝑡. The (local) entropy of mixing at time 𝑡 and bin 𝑘 (called 𝑆 (species) in
[74]) is then defined as:

𝑆 (𝑡) = −∑𝑝 | (𝑡) ln𝑝 | (𝑡), (3.1)

where

𝑝 | (𝑡) =
𝜌 , (𝑡)
∑ 𝜌 , (𝑡)

is the conditional probability to find a particle of label 𝑖 in a fixed bin 𝑘 after
advection for time 𝑡. The entropy is a measure of how strongly particles of
different types are mixed within a cell 𝑘, larger values of 𝑆 corresponding to
stronger mixing. With our definition of particle labels, the entropy of mixing is
ameasure of the loss of the information regarding the origin of a particle. Note
that we only use the densities 𝜌 , to compute the entropy, which is indepen-
dent of the actual number of particles placed in a respective bin 𝑖, as long as it is
unequal of zero. Consequently, our results also apply to globally non-uniform
particle distributions that initially have a non-vanishing number of particles in
each bin.
As we are interested in the mixing property in each basin separately, we com-
pute 𝑆 for each individual basin by first dividing the ocean into five ocean
basins (see section 3.2.3). This is justified by the fact that the different sub-
tropical gyres are only weakly connected [45] on the time scales of interest for
plastic transport modelling (few decades). The maximum entropy is reached
for a distribution where all 𝑝 | are the same and therefore equal to , where
𝑀 is the number of labels in a respective basin. This yields a maximum value of
𝑆 = ln𝑀 for all 𝑘. Note that entirely particle depleted regions have 𝑆 = 0
by definition.

3.2.2.Markov chain mixing
The second method is based on approximating ocean surface transport by a
finite Markov chain given by a transition matrix. Transition matrices have been
used tomodel passive particle advection at the ocean surface based on surface
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drifters [4, 14] and based on ocean circulationmodel output [45]. Our approach
to compute the transition matrix is similar to the one of [45].
We compute a global annual transition matrix by advecting an initially uniform
particle distribution, with particle spacing of 0.1∘ in longitude and latitude, for a
certain time interval Δ𝑡. We then divide the ocean into 𝑁 square-bins of some
size Δ𝑥 × Δ𝑥 in longitude and latitude, and calculate the share 𝑃 → of parti-
cles travelling from a bin 𝑖 = 1,… ,𝑁 at time 𝑡 to any other bin 𝑗 = 1,… ,𝑁 after a
time interval Δ𝑡. This share is then interpreted as the probability for a particle
starting at bin 𝑖 to travel to bin 𝑗 in time Δ𝑡. Similar to [45], we use Δ𝑡 = 60 days
and Δ𝑥 = 2∘ for most parts of this paper, and form the product of six matrices
to model the advection for 360 days: 𝑇 = 𝑃 → ⋅ 𝑃 → ⋅ ⋯ ⋅ 𝑃 → , where 𝑡 =
January 1, 2001, 𝑡 = 𝑡 + 60 days, 𝑡 = 𝑡 + 60 days, etc. For computational
convenience, we model annual transport as the transport for 360 days. Note
that the choice of 𝑡 = January 1, 2001 is different from the starting time for
the entropy method because we want the Markov matrix to correspond to one
specific year and our dataset for the ocean current starts only on January 5,
2000. We also vary the parameters Δ𝑥, Δ𝑡 and 𝑡 to analyse the robustness of
our results.
Thematrix 𝑇models the advection of a discretised particle density for one year
as a stochastic Markov chain. If 𝜌(𝑡) is an 𝑁-dimensional row-vector represent-
ing such a density at time 𝑡 (the beginning of the year), the density one year
later can be computed based on the transition matrix as

𝜌(𝑡 + 1) = 𝜌(𝑡)𝑇. (3.2)

Note that transport modelling with transition matrices is expected to be
more diffusive than with individual particles [75]. In addition, modelling the
advection of tracers with annual transition matrices assumes the ocean cur-
rent to be time-periodic. Despite these drawbacks, transitionmatrices take into
account some of the common problems of plastic transport modelling at the
ocean surface: initial conditions and the ocean currents are not known to in-
finite precision. In addition, tools from finite Markov chain theory are readily
available to study the mixing behaviour.
From Markov chain theory, it is known (e.g. [28]) that the transition matrix has
at least one stationary density 𝜋 satisfying

𝜋 = 𝜋𝑇 𝑤𝑖𝑡ℎ 𝜋 ≥ 0, 𝑖 = 1,…𝑁, ∑𝜋 = 1. (3.3)

The stationary density of the Markov chain is sometimes also called invari-
ant measure. If the Markov chain is irreducible and aperiodic, there is only one
such stationary density and an arbitrary initial density will be attracted to this
unique stationary density in the course of time [28].
For the ocean, however, each individual subtropical basin has an invariantmea-
sure, the ‘garbage patches’, such that the Markov chain is not irreducible. As
we are interested here in the mixing process within each individual basin, we
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project the transitionmatrix onto each basin separately (section 3.2.3) and nor-
malise the rows to obtain five Markov chains, one for each subtropical basin.
Each of these five Markov chains is irreducible and aperiodic and therefore has
one unique stationary density corresponding to the ‘garbage patch’ of the re-
spective basin. It is important to note that the projection is an approximation,
as some of the garbage patches are only approximately stationary [4, 76] in fi-
nite time (a few decades), see section 3.2.3.
Let Ω denote the ocean surface in a basin. The total variation distance (TVD)
between a density 𝜌 and 𝜋, is defined by (see e.g. [28]):

𝑑(𝜌, 𝜋) =max
⊆

|𝜌(𝐴) − 𝜋(𝐴)| = 1
2 ∑|𝜌 − 𝜋 |. (3.4)

Here, 𝜌(𝐴) denotes the probability to find a particle in the set 𝐴 ∈ Ω given
the probability density 𝜌 of particles over the ocean surface Ω. As both 𝜌 and 𝜋
are densities, i.e. ∑ 𝜌 = ∑ 𝜋 = 1, it is easy to see that 0 ≤ 𝑑(𝜌, 𝜋) ≤ 1, where
𝑑(𝜌, 𝜋) = 1 if the two densities 𝜌 and 𝜋 have disjoint support, i.e. when 𝜌 𝜋 = 0
for every 𝑖. Also, 𝑑(𝜌, 𝜋) = 0 if the densities are equal to each other. For an
irreducible aperiodic Markov chain, i.e. a Markov chain with a unique invariant
measure 𝜋, the distance 𝑑(𝜌(𝑡), 𝜋) of an arbitrary initial density 𝜌(𝑡 = 0) to the
stationary density 𝜋 decreases over time and converges to zero. Let 𝛿 denote
the density with 𝛿 = 1 if 𝑖 = 𝑘 and 0 otherwise. For each 𝑘, we define the
mixing time 𝑡 as the smallest integer 𝑛 (in years) that satisfies

𝑑(𝛿 𝑇 , 𝜋) < 𝜖. (3.5)

As is common in Markov chain theory [28], we take 𝜖 = 1/4, but also test
𝜖 = 1/10 to see how the mixing time changes.
Finally, it is easy to see that the maximummixing time for all the 𝛿 in a basin is
also the maximum for all other possible densities, as a discretised density in a
fixed basin can be written as 𝜌 = ∑ 𝑎 𝛿 , with ∑ 𝑎 = 1. Using this definition
of 𝜌 and ∑ 𝑎 = 1, it follows from the triangle inequality that

𝑑(𝜌𝑇 , 𝜋) = 𝑑(∑𝑎 𝛿 𝑇 , 𝜋)

≤ 1
2 ∑∑𝑎 |[(𝛿 𝑇 ) − 𝜋 ]|

≤ ∑𝑎 max𝑑(𝛿 𝑇 , 𝜋)

= max𝑑(𝛿 𝑇 , 𝜋). (3.6)

Thus, 𝑑(𝜌𝑇 , 𝜋) ≤ max 𝑑(𝛿 𝑇 , 𝜋) for any 𝜌 in a fixed basin, which means
that the mixing time of an arbitrary initial density in a basin is lower or equal to
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the maximummixing time of the individual 𝛿 . The stationary density 𝜋 can be
computed numerically from the eigenvector corresponding to the eigenvalue
𝜆 = 1 of 𝑇, cf. eq. (3.3).
We also test how well the individual stationary densities describe the final ac-
ccumlation pattern of a realistic plastic input scenario. For this, we advect the
plastic inputs with the global transition matrix and compute basin wide den-
sities (according to the basins defined in section 3.2.3) after each year. In this
case, different from restricting the dynamics to the basin wide matrices, the
number of particles in a basin can change over time. This is because particles
that are initially outside of any basin can end up in one of the basins, and also
due to connections between the different basins in the global transport matrix.
We can then compute the TVD of a realistic initial plastic density in each basin
advected by the Markov matrix according to eq. (3.4).
We finally also compute a mixing entropy for the transition matrix by setting
𝜌 , (𝑡) = (𝑇 ) , where 𝑡 is now an integer corresponding to the number of
years, which circumvents the problem of particle-depleted regions with mixing
entropy 𝑆 = 0 by definition (see section 3.2.1).

3.2.3. Division of the ocean surface into basins
As we wish to study the attraction to each of the individual garbage patches,
we need to split up the ocean into disjoint regions and restrict the dynamics to
these regions. Ideally, we would have to find the basins of attraction for each
of the garbage patches. Mathematically, the basin of attraction is the region
from which any particle is attracted to the attractor, i.e. each garbage patch
has its own region of attraction (e.g. the North Atlantic patch has its region of
attraction mostly in the North Atlantic, etc.). In our case however, the basins
of attraction will only be approximations, as the ‘garbage patches’ themselves
are only approximately stationary [4, 76]. We call our basins of attraction sim-
ply basins and identify them by making use of the particle dynamics instead of
drawing arbitrary geographic boundaries. We find the basins through the fol-
lowing heuristic procedure.
For the entropy method, we divide the ocean into bins of size 2∘ × 2∘ and com-
pute a transition matrix 𝑃 containing the share of particles traveling from bin
𝑖 to bin 𝑗 in the 10-year period considered. Based on this matrix, we define the
ocean basins as disjoint sets 𝐵 defined by a set of lattice points 𝐼 , 𝑙 = 1,… , 5
(for the five basins) such that 𝐵 , = 1 if 𝑖 ∈ 𝐼 and 𝐵 , = 0 otherwise. These sets
are chosen such that they satisfy ∑ ∈ 𝑃 ≥ 0.5 for 𝑖 ∈ 𝐼 and ∑ ∈ 𝑃 < 0.5 for
𝑖 ∉ 𝐼 . In words, this means that starting within a certain basin, the probability
for a particle to be in the same basin after 10 years is at least 50%. We find the
sets 𝐵 by initialising them in each basin around the garbage patches (see fig.
S3.1). We then compute the probability 𝑝 , for each grid cell 𝑖 to end up in 𝐵 :
𝑝 , = ∑ 𝑃 𝐵 , and add the index 𝑗 to 𝐼 if 𝑝 , ≥ 0.5, and remove it if 𝑝 , < 0.5. We
iterate this procedure until no new grid boxes are added to or removed from
𝐵 . After defining these regions, we restrict ourselves to those particles that still
are in their respective basin of origin after each year of simulation.
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For Markov chain mixing, we compute the 10th power of the annual transition
matrix, i.e. 𝑃 = (𝑇 ) , and apply the same algorithmon𝑃 as for the entropy of
mixing to determine the different regions. We choose 10 years because this is
a typical time of interest for plastic transport simulations, and because for this
time theNorth Atlantic and Arctic regions are not fully connected yet for Δ𝑥 = 2∘
and Δ𝑡 = 60 days (see fig. S3.2 for the basins based on different powers of 𝑇).
The two algorithms converge for all basins after less than 20 iterations. Figure
3.3 shows the final definitions of the five regions for the two methods. The
two figures are very similar, apart from the Arctic which is more strongly con-
nected to the North Atlantic for the Markov chain method than for the entropy
method. Note that the white areas in the figure, such as the Mediterranean
and the Arctic, do not belong to any region.
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Figure 3.3: Definition of the separate regions for a) entropy of mixing method and b) Markov chain
method with ( , ) ( ∘ , days).

For reference, fig. S3.3 shows the final concentration of particles that leave
their basin of origin for the full 10-year Lagrangian simulation. Figure S3.4
shows the share of effectively deleted particles after projecting the transition
matrix for each grid cell. To assess the sensitivity of our results to the cho-
sen parameters, we compute the entropy and transition matrix also for other
choices of parameter values, shown in table 3.1. The definition of the basins
corresponding to other parameter values for the transition matrix are shown
in fig. S3.5.

3.3. Results
3.3.1. Entropy of mixing
As mentioned, we restrict our considerations to particles that are in their re-
spective basin of origin (shown in fig. 3.3a) after each of the 10 years of simula-
tion. For the Pacific and Atlantic basins, more than 80% of the particles remain
in their respective basins during that time. Only 65% stay in the Indian Ocean,
reflecting the fact that the Indian Ocean itself is relatively leaky in the long term
(see also [76] and fig. S3.2). This is also a consequence of the definition of the
Indian Ocean region, which extends substantially into the Southern Ocean. We
compute the spatial entropy 𝑆 given by eq. (3.1) and divide it by the maximum
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Table 3.1: Parameters used in the sensitivity analysis

Method Case
Mixing entropy bin width 4∘ × 4∘; 5∘ × 5∘; 6∘ × 6∘
Markov chain 2001 (Δ𝑥, Δ𝑡) (1∘, 45 days), 𝜖 = 1/4

(1∘, 60 days), 𝜖 = 1/4
(2∘, 60 days), 𝜖 = 1/4𝜖 = 1/4𝜖 = 1/4
(2∘, 60 days), 𝜖 = 1/10
(3∘, 60 days), 𝜖 = 1/4
(3∘, 90 days), 𝜖 = 1/4
(4∘, 90 days), 𝜖 = 1/4
(4∘, 120 days), 𝜖 = 1/4

Markov chain 2005 (Δ𝑥, Δ𝑡) (2∘, 60 days), 𝜖 = 1/4
i.e. 𝑡 = Jan 1, 2001.
i.e. 𝑡 = Jan 1, 2005.

Note: All figures for the bold scenarios are in the paper.
Figures for the other scenarios can be found in the supplementary material.

entropy of each basin, 𝑆 = ln𝑀. The result is shown in fig. 3.4 for different
times during the simulation. Note that the figure shows the independent en-
tropies for each basin (according to the basin definition in fig. 3.3a) in one joint
global figure. As can be seen, the entropy increases during the course of the
simulation to values close to 1 in a longitudinal band containing the subtropical
accumulation zones. The spatial entropy is equal to its maximum in the largest
parts of all basins in fig. 3.4c, indicating a mixing time in the order of six years.
It should be noted that the entropy is close to its maximum value not only in
the regions of highest accumulation, i.e. the points of highest concentration in
fig. 3.1, but also in more extensive regions spanning from west to east in each
basin (as can also be seen in fig. 3.2 in the introduction for the North Pacific).
Note again that a zero entropy does not mean that there is no mixing taking
place at the specific location, but that there are simply no particles at these po-
sitions after some time. A change of the bin width from 5∘ to 4∘ and 6∘ leads to
similar conclusions (see figs. S3.6 and S3.7).

3.3.2.Markov chain mixing
Figure 3.5 shows the stationary densities in the different basins, given by the
eigenvectors of 𝑇 with eigenvalue 1. The regions of largest density correspond
to the high accumulation regions shown in fig. 3.1. Through our choice of
basins (section 3.2.3), there is one unique stationary density in each of the
five regions, and the individual transition matrices do not have the problem
of spurious stationary densities close to the coasts, as was the case in [45]. The
density in the North Pacific shown in fig. 3.5 roughly corresponds to the high
concentration of plastic measurements in the North Pacific, as shown in figure
1 of [25]. The same quantity in the North Atlantic seems to be slightly shifted to
the west. Comparison to the other basins are difficult due to the scarcity of the
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Figure 3.4: The spatial entropy defined with a bin width ∘, scaled by the maximum entropy for
each basin separately according to the definitions in fig. 3.3a.

data. It should be noted, however, that the densities in fig. 3.5 are very similar
to the simulation results of the ‘Maximenko model’ in [25], if the latter is con-
sidered in each basin separately (see their figure 3a). This is expected, as the
stationary density corresponds to the long term evolution of an arbitrary initial
density, including the uniform distribution of the ‘Maximenko model’ in [25],
without permanent particle release. We note that the second largest eigen-
valuemodulus is well separated from 1 for all basins andmaximal for the North
and South Atlantic with |𝜆 | = 0.89. Varying Δ𝑡 and Δ𝑥 does not result in a strong
obvious change of the stationary densities (see figs. S3.8-S3.14).

Figure 3.6 shows themixing time 𝑡 defined through eq. (3.5) for each bin of
the ocean surface. Themixing time for the other transition matrices are shown
in figs. S3.15-S3.22 in the appendix. For 𝜖 = 1/4, around 70% of the covered
ocean surface has mixing times of 10 years or less, and this does not change
for other parameter choices of (Δ𝑥, Δ𝑡) (see fig. S3.23). Note that this excludes
the part of the ocean that is not part of any basin, e.g. the Artic in fig. 3.3. The
time scale of 10 years is comparable to or shorter than the typical time scale of
simulation in many plastic transport models, which is typically in the order of a
few decades [4, 14, 16, 17, 25, 46]. Some regions in fig. 3.6, in particular parts
of the North Pacific and South Pacific, have higher mixing times of more than
10 years. Remarkably, it is also visible in fig. 3.6 that mixing times do not be-
come larger towards land. This means that within the probabilistic description
of ocean transport based on a transition matrix, particles with initial positions
close to land are equally mixed over the respective attractor as particles start-
ing in the open ocean. The low value of mixing time in the largest parts of the
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Figure 3.5: The stationary densities in each basin, corresponding to the eigenvector with eigenvalue
of , with ( , ) ( ∘ , days). The colour shows the particle density per ∘× ∘ bin, normalised

to the maximum density in each respective basin. Note that some bins have a stationary density
of zero (e.g. close to the Southern Ocean in panels d and e) and are coloured in grey.

global ocean indicates that the convergence towards the garbage patches hap-
pens on relatively fast time scales. Setting 𝜖 = 1/10 in eq. (3.5) changes the
mixing times of course, but still more than 70 % of the covered ocean surface
has a mixing time of 15 years or less (see figs. S3.22-S3.23).

We wish to emphasise that the maximum Markov mixing time is also the
maximummixing time for any arbitrary initial particle density in the basin, when
the dynamics is restricted to that particular basin, as was demonstrated in eq.
(3.6).
We now look at the advection of a realistic plastic input scenario, used in the
‘van Sebille model’ in [25], shown in fig. 3.7a. We first advect this input sce-
nario (given on a 1∘ grid) with the basin wide projected transition matrices of
(Δ𝑥, Δ𝑡) = (1∘, 60 days) and compute the TVD for each year and each basin to
the corresponding stationary densities. By doing so, we exclude all the particles
that are not initially placed in one of the five regions (see figure S3b). The result-
ing TVDs are shown in fig. 3.7b. We see that the TVD decreases over time and
tends towards zero for all basins. Figure 3.7c shows the TVDs of the full initial
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Figure 3.6: The Markov mixing time for each basin, with ( , ) ( ∘ , days).

particle distribution advected by the global transition matrix to the densities in
each basin (cf. section 3.2.2). The mixing times in fig. 3.7c are slightly larger
than in fig. 3.7b. This is expected, as we also include initial positions of parti-
cles that are not part of a basin. In addition, the individual basin wide stationary
densities can together only approximate a global stationary density because in-
terconnections between the different basins exist in the global transition ma-
trix, and because some particles. The restriction to the basins for fig. 3.7c leads
to a reduction of the total number of particles to about 77%. The remaining 23%
are mostly in the Artic and Mediterranean after 25 years of advection, see fig.
S3.24. The mixing time according to fig. 3.7c is still less than 15 years, much
smaller than the maximum mixing time for the matrix with (Δ𝑥, Δ𝑡) = (1∘, 60
days), which is 25 years (see table S3.1 in the supplementary material). This
also shows that our restriction to separately study the mixing property of the
individual basins is justified.

To test the sensitivity of our results on the choices of spatial and temporal
resolution Δ𝑥 and Δ𝑡, we determine themeanmixing time for 𝜖 = 1/4, 𝑡 = 2001
for each of theMarkovmatrices in each basin (table 1 in the supplementaryma-
terial). In all basins except for the North Atlantic, there is a trend for the mean
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Figure 3.7: a) Plastic input scenario of the ‘van Sebillemodel’ in [25]; b) TVDs for the different basins,
with dynamics restricted to the individual basins; c) TVDs of the basin wide densities from the full
dynamics, cf. section 3.2.2.

mixing time to become smaller for larger Δ𝑥, roughly decreasing by one year or
less when increasing Δ𝑥 by 1∘ in our models. This is intuitive, as larger spatial
binning introduces stronger randomization and thus diffusion in the dynamics,
such that densities are expected tomixmore quickly [75]. Again in all basins but
the North Atlantic, the mean mixing time becomes larger with larger Δ𝑡, with
a maximum of 0.6 years increase when increasing Δ𝑡 by 30 days. This is again
intuitive, as the construction of an annual matrix with a larger Δ𝑡 requires less
matrix multiplications, causing less randomization across grid cells. The North
Atlantic plays a somewhat special role, showing no clear dependence of Δ𝑥 or
Δ𝑡. Hence, the average mixing time does not change very strongly (order of 1-
2 years) when changing the parameters for the Markov matrices (see also fig.
S3.23 in the appendix).
The mixing entropy based on the transition matrix by setting 𝜌 , (𝑡) = 𝑇 , (cf.
section 3.2.2) is shown in fig. 3.8. We see that the mixing entropy is at its max-
imum in most parts of the ocean after 10 years, also containing regions which
were black in fig. 3.4 because of the lack of particles. It is interesting to note
that the parts of the Southern Ocean that are included in this study keep a rel-
atively low value for the entropy, as does the southeastern part of the North
Pacific. This indicates that these regions have mainly outflow into the rest of
the respective basin, but only little inflow.

3.4. Conclusion
The chaotic transport of passive particles by the surface ocean is highly sensi-
tive to the choice of initial particle positions and errors in particle advection
models. Tracers transported by the ocean currents are therefore mixed in
space, and their trajectories gradually loose the correlation to their initial parti-
cle positions. On the time scale of several decades, particle clouds are attracted
to the subtropical accumulation zone in each ocean basin and are dispersed
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Figure 3.8: Entropy computed from the transport given by the Markov matrix T, with ( , )
( ∘ , days).

over the attraction region, almost independent of their initial position.
We used the methods of mixing entropy and Markov chain mixing computed
from an annual transition matrix representing the surface flow to analyse the
typical mixing time scales of tracers at the ocean surface. All our results are lim-
ited to basin scale long term modelling of a few years to decades, and neglect
the possibility of a particle to sink or beach, as is similar to previous studies
[4, 14, 25, 46]. We apply our methods to individual subtropical basins in order
to capture the main dynamics in this time range. Based on a fully time depen-
dent transport model, the entropy method showed that particles from differ-
ent origins are almost completely mixed after approximately six years in the
largest regions of the subtropical basins. The Markov chain method revealed
that, while some regions in particular in the northern South Pacific have mixing
times up to 25 years, the mixing times are in the order of or below 10 years for
70% of the covered surface ocean area.
The effect of mixing and history loss of passive tracers is relevant and needs
to be considered for global Lagrangian particle simulations at the ocean sur-
face, in particular if initial particle positions are correlated with final distribu-
tions. This applies in particular to plastic transport modelling, where simula-
tion times are typically in the order of a few decades, i.e. precisely whenmixing
is relevant. From an environmental perspective, our findings imply that plastic
is transported over the entire accumulation zone within a time scale of about
10-15 years, regardless of the sources. Consequently, mitigating marine plastic
pollution needs common efforts of all neighbouring countries. Yet, our ‘plas-
tic particles’ are passive particles at the ocean surface, which is an incomplete
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model of real plastic particles. To model realistic plastic particles and analyse
their transport and fate is still one of the major challenges in the plastic com-
munity, and the global mixing properties of real plastic might be different from
the findings presented here.
It should be noted that our results on mixing apply solely to basin wide long
term transport processes, where particle distributions converge to the respec-
tive attractors, i.e. we neglect transient behaviour. On more local scales and
shorter time scales, initial particle locations will matter, and realistic input sce-
narios can be very relevant for transport pathways and final distributions.
The mixing property analysed in this study is mainly a consequence of incom-
plete knowledge of initial particle positions and the ocean circulation. We pa-
rameterised these uncertainties in an abstract manner by the choices of labels
for the entropy method, and the spatial binning and time step for the Markov
chain approximation. These parameters are clearly choices, but we find that
the spatial distribution of Markov chain mixing times is only weakly affected by
changes in these parameters. Further research is needed to actually quantify
the amount of uncertainty that is present in the results of Lagrangian particle
modelling, which is a combination of uncertainties from initial conditions and
the ocean current data. Yet, regardless of the level of uncertainty present in
particle advection models, the ocean surface transport will possess the mixing
property due to the chaotic nature of the ocean flow. The presence of mixing
needs to be carefully taken into account in the interpretation of results from
Lagrangian particle trajectories.
The mixing time that arises from these uncertainties sets a time scale after
which initial conditions only have limited influence on final particle densities.
Consequently, our results also have important implications for backtracking of
individual plastic particles: as any initial particle distribution in a basin is at-
tracted to the respective stationary density, the information of the precise initial
distribution is lost over time. On the basin scale it is therefore virtually impos-
sible to infer an initial distribution from a final distribution if the latter is close
to the stationary density.
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Figure S3.1: The initial regions chosen to find approximations of the basins of attraction for the
different subtropical gyres (within black rectangles), see methods section of the paper.

[deg] [days] North Pacific North Atlantic South Pacific South Atlantic Indian Ocean
1 45 8.4 [1.0, 15.0] 5.1 [1.0, 17.0] 11.5 [1.0, 34.0] 4.1 [1.0, 8.0] 6.5 [1.0, 20.0]
1 60 8.5 [1.0, 16.0] 5.0 [1.0, 18.0] 11.6 [1.0, 25.0] 4.2 [1.0, 8.0] 6.7 [1.0, 21.0]
2 60 7.5 [1.0, 12.0] 5.1 [1.0, 17.0] 11.0 [1.0, 23.0] 4.1 [1.0, 15.0] 5.8 [1.0, 20.0]
3 60 6.4 [1.0, 11.0] 20.0 [1.0, 43.0] 10.2 [1.0, 20.0] 3.3 [1.0, 7.0] 5.4 [1.0, 21.0]
3 90 7.0 [1.0, 12.0] 4.5 [1.0, 13.0] 10.7 [1.0, 22.0] 3.9 [1.0, 9.0] 5.7 [1.0, 23.0]
4 90 6.5 [1.0, 11.0] 4.3 [1.0, 14.0] 9.8 [1.0, 19.0] 3.3 [1.0, 6.0] 5.4 [1.0, 22.0]
4 120 6.7 [1.0, 11.0] 3.6 [1.0, 11.0] 10.4 [1.0, 21.0] 3.8 [1.0, 8.0] 5.6 [1.0, 18.0]
This value is very high due to the inclusion of the Artic to the North Atlantic in the clustering method.

See the corresponding figures for the clusters and mixing times.

Table S3.1: Mean [min, max] mixing time in years (2001 Markov matrices, / .)
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Figure S3.2: Different basin definitions for the Markov chain with ( , ) ( ∘ , days) for differ-
ent powers of , see section 2.3 in the main text. It can be seen that the basin of attraction of the
North Atlantic attractor increases towards the Arctic for higher powers. Also, the Indian Ocean at-
tractor ceases to exist for powers higher than 20. No further changes are visible for higher powers.
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Figure S3.3: Particle concentration of the particles that leave their initial basin, as defined in fig.
3.3a of the paper with ∘ binning. The figure title shows the basin of origin. One can see that the
highest concentration of these particles is reached in one of the other garbage patches.
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Figure S3.4: Percentage of deleted particles after projecting onto the different basins, computed
from the row-sum of the basin-projected matrices for ( , ) = ( ∘, 60 days). Note that the share
of deleted particles is very low everywhere but outside and at the boundaries of the basins, cf. 3.3b
in the paper.
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Figure S3.5: Basins for the Markov matrices with other parameters values.
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Figure S3.6: Entropy of mixing for a binning of ∘.
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Figure S3.7: Entropy of mixing for a binning of ∘.
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Figure S3.8: The stationary densities for ( , ) = ( ∘, 45 days).
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Figure S3.9: The stationary densities for ( , ) = ( ∘, 60 days).
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Figure S3.10: The stationary densities for ( , ) = ( ∘, 60 days).
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Figure S3.11: The stationary densities for ( , ) = ( ∘, 90 days).



3.5. Supplementary material to chapter 3

3

61

50°S

25°S

0°

25°N

50°N

150°W 60°W 0° 60°E 150°E

a) North Pacific

50°S

25°S

0°

25°N

50°N

150°W 60°W 0° 60°E 150°E

b) North Atlantic

50°S

25°S

0°

25°N

50°N

150°W 60°W 0° 60°E 150°E

c) South Pacific

50°S

25°S

0°

25°N

50°N

150°W 60°W 0° 60°E 150°E

d) South Atlantic

50°S

25°S

0°

25°N

50°N

150°W 60°W 0° 60°E 150°E

e) Indian Ocean 10 8

10 7

10 6

10 5

10 4

10 3

10 2

10 1

100

/
m

ax

Figure S3.12: The stationary densities for ( , ) = ( ∘, 90 days).
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Figure S3.13: The stationary densities for ( , ) = ( ∘, 120 days).
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Figure S3.14: The stationary densities for ( , ) = ( ∘, 60 days) and January 1, 2005.
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Figure S3.15: Markov mixing time for ( , ) = ( ∘, 45 days).
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Figure S3.16: Markov mixing time for ( , ) = ( ∘, 60 days).



3

66
3. Mixing of passive tracers at the ocean surface and its implications for

plastic transport modelling

60°S

30°S

0°

30°N

60°N

150°W 60°W 0° 60°E 150°E

a) North Pacific

60°S

30°S

0°

30°N

60°N

150°W 60°W 0° 60°E 150°E

b) North Atlantic

60°S

30°S

0°

30°N

60°N

150°W 60°W 0° 60°E 150°E

c) South Pacific

60°S

30°S

0°

30°N

60°N

150°W 60°W 0° 60°E 150°E

d) South Atlantic

60°S

30°S

0°

30°N

60°N

150°W 60°W 0° 60°E 150°E

e) Indian Ocean 0

2

6

10

15

20

25

30

35

40

t m
ix
 [y

ea
rs

]

Figure S3.17: Markov mixing time for ( , ) = ( ∘, 60 days).
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Figure S3.18: Markov mixing time for ( , ) = ( ∘, 90 days).
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Figure S3.19: Markov mixing time for ( , ) = ( ∘, 90 days).
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Figure S3.20: Markov mixing time for ( , ) = ( ∘, 120 days).
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Figure S3.21: Markov mixing time for ( , ) = ( ∘, 60 days) and Jan 1, 2005.
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Figure S3.22: Markov mixing time for ( , ) = ( ∘, 60 days) and / .
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Figure S3.23: a) Area weighted share and its b) cumulative distribution for the mixing time for
different parameter choices of the transition matrix. Note that we only consider the regions that
are part of one cluster for the area weighting, compare fig. S3.3. We exclude ( , ) ( ∘ ,
days) due to the large difference of the North Atlantic basin to the other models, see figs. 3.3 and
S3.5c
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Figure S3.24: Global advection of realistic plastic input scenariowith the transitionmatrix of ( , )
= ( ∘, 60 days), see section 3 in the paper. a) concentration (per ∘ bin) of particles that are not in
a basin after 25 years of advection. Shown are only concentrations for bins with at least 1 particle
per bin; b) share of particles that are in one of the basins over time. The value increases initially
because some of the particles start outside of any basin (cf. fig. 3.7a in the paper).
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Detecting flow features in scarce
trajectory data using networks derived
from symbolic itineraries: an application
to surface drifters in the North Atlantic

The basinwide surface transport of tracers such as heat, nutrients and plastic
in the North Atlantic Ocean is organized into large scale flow structures such
as the Western Boundary Current and the Subtropical and Subpolar Gyres. Be-
ing able to identify these features from drifter data is important for studying
tracer dispersal, but also to detect changes in the large scale surface flow due
to climate change. We propose a new and conceptually simple method to de-
tect groups of trajectories with similar dynamical behaviour from drifter data
using network theory and normalized cut spectral clustering. Our network is
constructed from conditional bin-drifter probability distributions and naturally
handles drifter trajectories with data gaps and different lifetimes. The eigen-
value problem of the respective Laplacian can be replaced by a singular value
decomposition of a related sparse data matrix. The construction of this matrix
scales with 𝑂(𝑁𝑀 + 𝑁𝜏), where 𝑁 is the number of particles, 𝑀 the number of
bins and 𝜏 the number of time steps. The concept behind our network construc-
tion is rooted in a particle’s symbolic itinerary derived from its trajectory and a
state space partition, which we incorporate in its most basic form by replacing

This chapter has been published as:

Wichmann, D., Kehl, C., Dijkstra, H. A., and van Sebille, E. (2020): Detecting flow features in
scarce trajectory data using networks derived from symbolic itineraries: an application to
surface drifters in the North Atlantic. Nonlinear Processes in Geophysics, 27(4), 501-518.
https://doi.org/10.5194/npg-27-501-2020.

All code needed to reproduce the results of this chapter is available at https://github.com/
OceanParcels/drifter_trajectories_network.
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a particle’s itinerary by a probability distribution over symbols. We represent
these distributions as the links of a bipartite graph, connecting particles and
symbols. We apply our method to the periodically driven double-gyre flow and
successfully identify well-known features. Exploiting the duality between parti-
cles and symbols defined by the bipartite graph, we demonstrate how a direct
low-dimensional coarse definition of the clustering problem can still lead to rel-
atively accurate results for the most dominant structures, and resolve features
down to scales much below the coarse graining scale. Our method also per-
forms well in detecting structures with incomplete trajectory data, which we
demonstrate for the double-gyre flow by randomly removing data points. We
finally apply our method to a set of ocean drifter trajectories and present the
first network-based clustering of the North Atlantic surface transport based on
surface drifters, successfully detectingwell-known regions such as the Subpolar
and Subtropical Gyres, theWestern Boundary Current region and the Carribean
Sea.

4.1. Introduction
The transport of tracers such as heat, nutrients or plastic in the ocean is an
important field of research in oceanography [23]. Despite the inherent time
dependence of oceanic transport due to turbulence and temporal variations
in the forcing, on the large scale, transport is organized into quasi-stationary
regions that are characterized by distinct flow properties. Examples include
the five major ocean basins, the Subtropical and Subpolar Gyres, the Western
Boundary Currents, etc. Clearly, understanding these features is important for
studying the dispersal of tracers. At the same time, changes in external con-
ditions such as through climate change might lead to variations in these large
scale flow features [77, 78], and it is therefore important to develop methods
that identify and characterize them based on oceanographic data sets.
Many methods exist to detect fluid structures such as regions with little fluid
exchange, transport boundaries and coherent structures based on Lagrangian
trajectory data [79]. While most of these methods are traditionally applied
to complete sets of uniformly distributed particle trajectories, recent methods
have been successful in identifying coherent structures from incomplete trajec-
tory data [80–82], making them suitable for applications to ocean drifter trajec-
tories with data gaps and different drifter lifetimes. These methods essentially
consist of two steps: first, the definition of a measure of similarity 𝑠(𝑛, 𝑛 ) or a
distance measure 𝑑(𝑛, 𝑛 ) that defines how similar or different two trajectories
𝑛 and 𝑛 are; and second, the choice of a clustering algorithm to group trajecto-
ries with similar behaviour together. The computational cost and the physical
interpretability of trajectory clusters depend on these choices.
[80] embed trajectories in a high-dimensional euclidean space, i.e. they define
the distance between trajectories as an abstract euclidean distance (or cosine
distance for trajectories on the earth surface) using the entire trajectories, and
directly cluster the embedded trajectories with a Fuzzy-c-Means algorithm. [81]
define a binary network that indicates if two particles come closer than a cer-
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tain distance 𝜖, together with spectral clustering, see also Banisch et al. [83].
Other methods related to clustering make use of diffusion maps [82] or the dy-
namical distance of trajectories [35]. The latter threemethods all use a spectral
relaxation of the normalized cut problem (NCut) for the trajectory classification,
which was introduced by [84].
Here, we propose a new and conceptually simple network-based method to
identify groups of trajectories that have similar dynamical behaviour. The net-
work is constructed based on ideas from symbolic dynamics, which describes
the coarse grained trajectory of a particle given some partition (binning) of the
state space. The itinerary of a particle, i.e. the sequence of bins it visited, if
known for long times, resolves informationmuch below the bin resolution. Dif-
ferent from previous network-based methods, we make full use of the duality
between individual particles and their coarse grained itineraries, which can lead
to significant computational advantages. Here, we simplify the itineraries to a
minimum: neglecting the time dimension, we represent the trajectory data as
a bipartite network connecting particles and bins, with links defined by condi-
tional distributions over symbols. With an appropriate choice of similarity mea-
sure, ourmethod allows us to formulate spectral relaxations of the NCut [84] in
terms of the singular value decomposition (SVD) of a related data matrix. Set-
ting up this matrix scales with 𝑂(𝑁𝑀+𝑁𝜏), 𝑁 being the number of trajectories,
𝑀 the number of bins and 𝜏 the number of time steps. Our method is naturally
extendable to incomplete trajectory data and thus readily applicable to ocean
drifters. Conceptually, our method is close to detecting minimally mixing fluid
regions, so called almost-invariant sets [27], although there are also important
differences to this method, cf. section 4.3.4. In our case, almost-invariant sets
are represented by the initial conditions of groups of particles, with trajectories
of different groups having only little overlap.
We show with a model flow, the periodically driven double-gyre flow, that the
method accurately finds almost invariant regions and transport barriers. We
also show that the method correctly classifies most of the trajectories in an in-
complete data set. Our method can also be used to formulate the clustering
problem in a low-dimensional setting by choosing a coarse partition, which can
still resolve the leading order flow structures to a high accuracy. We show this
for the double-gyre flow with an effectively 9-dimensional formulation of the
clustering problem, which still resolves the leading features of the flow up to
details much below the coarse graining scale. Our method is designed for de-
tecting quasi-stationary features from ocean drifter trajectories. We therefore
emphasize that, owing to the strong simplifications of the particle itineraries,
the method is not suitable for the detection of coherent vortices that are trans-
ported in a background flow, such as the ‘Bickley Jet’ (discussed e.g. in [79]).
Several trajectory based methods have been applied to the ocean drifter data
set on the global scale [80, 82]. In addition, transfer operator methods based
on virtual particle trajectories have been used to detect almost-invariant sets
at the ocean surface [45]. While these methods successfully identified the five
major ocean basins, each of these basins has an approximate attractor in its
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center [45, 85], such that the long-term dynamics of global drifter trajectories
is exceptionally low-dimensional. Using the ocean drifter data set of the Global
Drifter Program [11], we apply our method to identify prominent flow features
in the North Atlantic Ocean only, and present here the first drifter based clus-
tering result of the North Atlantic surface flow using network theory. Using
data from around 8,300 drifter trajectories, we successfully detect well-known
features such as the boundary between the Subtropical and Subpolar Gyres as
discussed in [31], the Western Boundary Current, the Carribbean Sea and the
separation between the Subpolar Gyre and the Nordic Seas [10].

4.2. Drifter data set
Weuse daily drifter data derived from the six-hourly interpolated data from the
NOAA-AOML global drifter program [11], and constrain the data set to those
drifters that were released (but not necessarily stay) in the North Atlantic. The
restriction to the North Atlantic leaves us with 5,270 drifter trajectories, starting
from 1989. A major challenge in analysing the data set is its inhomogeneity in
space and time. Figure 4.1a shows the distribution of drifter locations along
all trajectories with a square binning of 2∘ in both longitude and latitude. It is
visible thatmost of the data is located in the centre of the basin, the subtropical
gyre. The accumulation of drifters in the gyre centres is a well-known feature
of the basin-scale surface ocean, and is attributed to Ekman convergence in the
centre of the gyre, also explaining the accumulation of marine debris in these
areas [7, 15]. Figure 4.1b shows the distribution of release locations, again with
a square binning of 2∘. Drifters are mostly released in regions with strongly re-
pelling properties in order to probe the flow that is rarely sampled in the long
term. Most notably, many drifters are released in the Western Boundary Cur-
rent region (along the US east coast), including the Gulf Stream with vigorous
mixing and strong currents. Drifter lifetimes (fig. 4.1c) also vary widely, which
poses a challenge if trajectories of different lengths need to be compared. Our
algorithm is set up in a way that it naturally handles trajectories of different re-
lease times, lengths and lifetimes such that all drifter trajectories are available
for our analysis, cf. section 4.3.

4.3.Methods
4.3.1. Preliminaries
Suppose we are given a set of𝑁 drifter trajectories at 𝜏 time instances 𝑥 (𝑡), 𝑛 =
1,… ,𝑁, 𝑡 = 0,… , 𝜏 − 1. We divide the fluid domain Ω into 𝑀 disjoint sets (bins)
{𝐵 } such that ∪ 𝐵 = Ω. Given such a partition, a particle trajectory can be
described by a symbolic sequence of bin labels 𝑚 = 1,… ,𝑀, called itinerary,
which is a representation of the trajectory in terms of symbolic dynamics, see
fig. 4.2 for an example. The bin labels𝑚 = 1,… ,𝑀 are called the alphabet of the
symbolic dynamics. We define the coarse grained binary position vector 𝛿 (𝑡) ∈
{0, 1} of particle 𝑛 as 𝛿 , (𝑡) = 1 if 𝑥 (𝑡) ∈ 𝐵 , and 𝛿 , (𝑡) = 0 otherwise. If the
data set is incomplete in the sense that for some particles 𝑛, 𝑥 is not defined
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Figure 4.1: a: Total counts of all drifter locations (6-hourly for each trajectory), computed with a
binning of ∘ in both longitude and latitude. b: Distribution of drifter release per ∘-bin. c: Scatter
plot of initial drifter location, the colour indicating the drifter lifetime in months.

at time 𝑡, we simply set 𝛿 , (𝑡) = 0 for all 𝑚. As the sets 𝐵 are disjoint, 𝛿 (𝑡)
has maximally one non-zero entry at any point in time. With this definition, we
define the coarse grained data matrix 𝐶(𝑡) ∈ ℝ × as

𝐶 (𝑡) = 𝛿 , (𝑡). (4.1)

As a function of time, the matrices 𝐶(𝑡) describe the coarse-grained dynam-
ics of the entire data set. Note that 𝐶(𝑡) is very sparse, with maximally 𝑁 non-
zero entries at any time 𝑡. Next, we define a matrix 𝐺 as:

𝐺 =∑𝐶(𝑡). (4.2)

The matrix 𝐺 has a simple interpretation: 𝐺 is equal to the number of
times that particle 𝑛 visited bin𝑚 at the time instances 0, 1, … , 𝜏−1. 𝐺 defines a
bipartite graph, i.e. a graph connecting objects of different type, here particles
and bins. In the following, we define the degree vector 𝑑[𝐴] ∈ ℝ of an arbitrary
matrix 𝐴 ∈ ℝ × by 𝑑[𝐴] ∶= ∑ 𝐴 , and the degree matrix 𝐷[𝐴] ∈ ℝ × as
𝐷[𝐴] ∶= diag(𝑑[𝐴]).

4.3.2. Definition of the network
Given a partition {𝐵 }, the itineraries of a group of particles can be used to
slice the state space into smaller regions. For example, all particles having the
same itinerary for a certain number of time steps could be grouped together.
With increasing trajectory length, this partitions the state space into smaller
and smaller sets of initial conditions that have similar dynamic behaviour. We
refer to chapter 14 of the open source book by Cvitanović et al. [26] for an in-
troduction to symbolic dynamics and the use of particle itineraries to partition
the state space. In applications, requiring exactly equal itineraries is not very
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Figure 4.2: Two example trajectories on a binned fluid domain, with alphabet , … , and . The
markers along the trajectories represent the points in time the location is stored. The itinerary for
the blue particle is: . The red particle has itinerary _ _. Here, ’_’ denotes a missing
data point, the one at time , indicated by an ’X’ in the respective marker. The last data point
of the red trajectory is also missing, as its lifetime is shorter than time instances.

practical. This is because in a chaotic flow two particles that start closemay sep-
arate exponentially. As the number of all possible itineraries is still very large
- there are 𝑀 of them - there would be no two equal itineraries after a short
time.
We therefore define another continuous similaritymeasure 𝑠(𝑛, 𝑛 ) for two par-
ticles 𝑛 and 𝑛 , with 0 ≤ 𝑠(𝑛, 𝑛 ) ≤ 1, based on the particles’ itineraries. For
clarity, we will write the itineraries in terms of letters rather than numbers, and
imagine that each symbol is part of an alphabet with 𝑀 letters. Missing data
is represented by ‘_’. We require the following properties, using an example
itinerary 𝐴𝐴𝐵𝐶:

(Req. 1) Invariance to permutation: 𝑠(𝐴𝐴𝐵𝐶, 𝐶𝐴𝐵𝐴) = 𝑠(𝐴𝐴𝐵𝐶, 𝐴𝐴𝐵𝐶)

(Req. 2) Sensitivity to missing data: 𝑠(𝐴𝐴𝐵𝐶, _𝐴𝐵𝐶) < 1, 𝑠(𝐴𝐴𝐵𝐶, 𝐴𝐴_𝐶) < 1,
𝑠(_𝐴𝐵𝐶, _𝐴𝐵𝐶) < 1, 𝑠(𝐴𝐴𝐵𝐶, _𝐴𝐵𝐶) = 𝑠(𝐴𝐴𝐵𝐶, 𝐷𝐴𝐵𝐶)

(Req. 3) Zero similarity for disjoint itineraries: 𝑠(𝐴𝐴𝐵𝐶, 𝐷𝐸𝐹𝐹) = 0.

Requirement 1 essentially discards the timedimension. Requirement 2 takes
into account that an itinerary with data gaps contains less information than a
full itinerary, and that a missing data point should be treated just as another
symbol (’D’) that is not part of the example itinerary. Requirement 3 states that
completely different itineraries have zero similarity. The easiest way to imple-
ment requirements 1-3 is through introducing a conditional symbol distribu-
tion 𝑝(𝑚|𝑛) ∈ ℝ , defined for each particle 𝑛 and symbol 𝑚, and an appropri-
ate choice of similarity measure between these distributions. We define the
distribution by normalization of the individual symbol counts with the total tra-
jectory length, i.e. including data gaps. For example, a particle 𝑛 with itinerary
’AB_FCCH’ has

𝑝(𝐴|𝑛) = 𝑝(𝐵|𝑛) = 𝑝(𝐻|𝑛) = 𝑝(𝐹|𝑛) = 1/7, 𝑝(𝐶|𝑛) = 2/7. (4.3)
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All requirements are fulfilled with the similarity measure

𝑠(𝑛, 𝑛 ) =∑𝑝(𝑚|𝑛)𝑝(𝑚|𝑛 ). (4.4)

Identifying each letter in the symbolic alphabet with a number 𝑚 = 1,… ,𝑀,
we can directly relate 𝑠(𝑛, 𝑛 ) to the matrix 𝐺 defined in eq. (4.2) as 𝑠(𝑛, 𝑛 ) =
∑ 𝐺 𝐺 = (𝐺𝐺 ) . For spectral clustering with the normalized cut

(NCut), the constant is irrelevant. Thus, we define the following network of
similarities on particle trajectories:

𝑄 ∶= 𝐺𝐺 ∈ ℝ × . (4.5)

This is the projection of the bipartite network𝐺 onto particle space, see e.g. sec-
tion 10.4 of the book by Fouss et al. [86]. Note that in the case of two non-mixing
(invariant) sets, for example as in the autonomous double-gyre flow discussed
by [30], network 𝑄 defined in eq. (4.5) can be brought into block-diagonal struc-
ture. This can be achieved with a partition that is optimal in terms of the invari-
ant sets, i.e. if each set can be completely covered by a part of the alphabet.
For non-optimal partitions, we expect that it is still possible to detect an imprint
of the two invariant sets with a clustering algorithm, which we quickly present
in the following section.

4.3.3.Normalized cut and spectral relaxation
In this section we sketch the method of solving a relaxed version of the NCut
according to [84]. Our methods are equal to the simultaneous K-way NCut
method described in [87] and the hierarchical clustering of [84]. The main dif-
ference is that our network defined in eq. (4.5) allows to compute an SVD in-
stead of solving the eigenvalue problem of the Laplacian.
Assumewe are given an undirected network defined on a discrete set 𝑆 contain-
ing 𝑁 vertices, with edges given by the symmetric adjacency matrix 𝑄 ∈ ℝ × .
We assume that 𝑄 is connected. If it is not connected, we focus on each con-
nected component separately. According to Shi and Malik [84], the normalized
cut of a partition of the nodes into 𝐾 sets 𝑆 ,… , 𝑆 , 𝑆 = ∪ 𝑆 , is defined as

NCut(𝑆 , … , 𝑆 ) ∶=∑ 𝑄(𝑆 , 𝑆 )
𝑄(𝑆 , 𝑆) . (4.6)

Here, 𝑄(𝑆 , 𝑆 ) is the sum of all weights connecting 𝑆 and 𝑆 , i.e. 𝑄(𝑆 , 𝑆) is
the sum of all weights connected to 𝑆 . 𝑆 denotes the complement of 𝑆 . The
term ( , )

( , ) appearing in the definition of the NCut in eq. (4.6) is simply the
total weight of all the edges connecting a set 𝑆 to its complement relative to
the total weight of the set 𝑆 . Clustering a graph according to the NCut refers
to finding a partition {𝑆 } such the objective function in eq. (4.6) is minimized.
Note that for an increasing number of sets {𝑆 }, the NCut can never decrease.
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Minimizing the NCut leads to a clustering result that tries to balance the dif-
ferent terms in eq. (4.6), such that the resulting clusters are of approximately
equal size in terms of their total relative weight [84]. While this poses no seri-
ous problem for detecting large scale flow features in the ocean, it is certainly a
limitation for detecting even smaller structures such as eddies or jets in a large
ocean domain, and we explicitly exclude such examples from the scope of our
method.
As shown in [84], an approximate solution to the problem can be constructed
using the eigenvectors of the symmetric normalized Laplacian of 𝑄, defined by

𝐿 [𝑄] = 𝕀 − 𝐷[𝑄] / 𝑄𝐷[𝑄] / . (4.7)

Such a solution is only approximate, as constraints of the optimization prob-
lem are neglected, hence the term ’spectral relaxation’, see also [88] for a dis-
cussion of different relaxations of the NCut. 𝐿 [𝑄] is positive-semidefinite and
its eigenvalues {𝜆 , } satisfy 𝜆 , = 0 < 𝜆 , ≤ …𝜆 , . To identify clusters
with the NCut under spectral relaxation, we need the eigenvalues and the right
eigenvectors, {𝜆 , , 𝑣 , } of the random walk Laplacian [84]

𝐿 [𝑄] = 𝐷[𝑄] 𝑄, (4.8)

which are related to the spectrum of 𝐿 [𝑄] in the following way:

𝜆 , = 1 − 𝜆 , ,
𝑣 , = 𝐷[𝑄] / 𝑣 , . (4.9)

To find 𝐾 clusters in 𝑄 with the NCut under spectral relaxation, one can ei-
ther apply a hierarchical clustering procedure as done by Shi and Malik [84], or
a simultaneous K-way cut, see Von Luxburg [87] for more information. From
a computational perspective, in our case the K-way cut is preferable as we can
compute the spectrum of the Laplacian directly from the SVD of a related ma-
trix. This is because for the normalized cut with spectral relaxation, we need the
eigenvectors corresponding to the 𝐾 largest eigenvalues of 𝐷[𝑄] / 𝑄𝐷[𝑄] / .
As for any two matrices, 𝑑[𝐴𝐵] = 𝐴𝑑[𝐵], it follows that these eigenvectors are
equal to the left singular vectors corresponding to the 𝐾 largest singular values
of the matrix

𝑅 ∶= diag(𝐺𝑑[𝐺 ]) / 𝐺. (4.10)

Equation (4.10) also motivates to consider the right singular vectors of 𝑅.
These are indeed under certain conditions related to the almost-invariant sets
based on the transfer operator according to Froyland [27], see appendix 4.6.A.
The algorithm for the simultaneous K-way cut for 𝑄 in our case is:

Algorithm 1: simultaneous K-way clustering
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S1 Compute the first 𝐾 left singular vectors of 𝑅 = diag(𝐺𝑑[𝐺 ]) / 𝐺,
𝑣 , , … , 𝑣 , .

S2 Compute 𝑣 , = 𝐷[𝑄] / 𝑣 , for 𝑖 = 0,… , 𝐾 − 1.

S3 Embed the𝑁 nodes of the network inℝ by setting 𝑦 = (𝑣 , , , 𝑣 , , , … , 𝑣 , , ),
𝑛 = 1,… ,𝑁.

S4 Perform a standard euclidean-space clustering algorithm (here k-Means)
on the 𝑁 points 𝑦 ∈ ℝ .

We choose this algorithm for the double-gyre flow (cf. section 4.4.1) for com-
parison with previous methods such as Padberg-Gehle and Schneide [81], Ban-
isch and Koltai [82] and Hadjighasem et al. [35]. For the ocean drifter data set
(cf. section 4.4.2), we choose a hierarchicalmethod instead of the simultaneous
K-way cut, following [84]. The reason is that the hierarchy preserves the most
important boundaries of a clustering solution. This is physically desirable, as
several of these main boundaries are known to oceanographers. In addition, it
simplifies the presentation of our results and different choices of 𝐾 when com-
bined with a dendrogram. Note also that if a network is initially disconnected,
as is the case for the North Atlantic drifters, it is necessary to compute 𝑄 in or-
der to determine the individual connected components.

Algorithm 2: hierarchical clustering

H1 Compute the network 𝑄 defined in eq. (4.5).

H2 Find the largest connected component of the network and restrict 𝑄 to it.
Define �̄� as this restriction.

H3 Compute the eigenvector 𝑣 , of 𝐿 [�̄�].

H4 Compute 𝑣 , = 𝐷[�̄�] / 𝑣 ,

H5 Find a cutoff 𝑐 such that the sets of nodes definedby 𝑆 = {𝑛 ∈ {1,… , 𝑁} | 𝑣 , , <
𝑐} and 𝑆 = {𝑛 ∈ {1,… , 𝑁} | 𝑣 , , ≥ 𝑐} minimize the NCut for the two sets
𝑆 and 𝑆 .

H6 Split the original network into two networks, with respective adjacency
matrices 𝑄 ,𝑄 defined by the projection of �̄� onto these sets.

H7 For each sub-network, repeat steps H3-H5.

H8 Choose to split the sub-network that minimizes the generalized normal-
ized cut in eq. (4.6).

H9 Repeat the steps H3-H8 up to a certain number of sets 𝐾.
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At each iteration, only one of the clusters is split into two, and the global
NCut is minimized at each step. This is different from other hierarchical proce-
dures such as in Ma and Bollt [89], where a local coherence ratio is maximized
and the number of clusters can double at each iteration. Algorithm 2was, apart
from H2, suggested by Shi and Malik [84] and is preferable if we do not have a
specific bound for the coherence of an individual cluster in mind, ensuring to
have, at each step, the most important clusters in terms of eq. (4.6). Note that
we do not check for each sub-network if it is connected, as the sub-networks
derived from the North Atlantic drifters were connected (only one eigenvalue
equal to zero). However, this might be necessary for other data sets. We also
apply algorithm 2 to the double-gyre model flow to see how the clustering re-
sult is affected by the choice of algorithm.
Note that there is no general rule to determine the number of clusters 𝐾 in al-
gorithm 1, or where to stop the hierarchical clustering procedure in algorithm
2. A popular heuristic to determine 𝐾 is to look for a prominent gap in a spec-
trum of 𝐿 and choose 𝐾 as the number of smallest eigenvalues before that gap
[35]. This is however problematic for systems with no prominent spectral gap,
which is the case for the systems considered here (cf. section 4.4). For algo-
rithm 1, we therefore compute the clustering results for different values of 𝐾
to see how the results depend on this choice. For algorithm 2, one can set a
maximum value on the cost function in eq. (4.6) as suggested by Shi and Malik
[84]. Yet, the cost function is rather abstract, and there is no general rule what
this value should be. Here, we compute the clusters up to a certain (arbitrary)
order and compare the results to known structures in oceanography.

4.3.4. Comparison to existing methods
Our method aims to detect groups of particles, with trajectories of different
groups having only little overlap. In this sense, our method detects groups
of particles with little mixing between each other, which is close to detecting
almost-invariant sets according to Froyland [27]. Yet our method is different
from detecting almost-invariant sets with the transfer operator in several as-
pects. First, it is based on similarities between individual particles rather than
spatial sets (bins), which allows us to cluster on the particle level rather than the
bin level. As we will show in section 4.4.1, this can be used to resolve flow fea-
tures down to scales much below the bin size. Secondly, our method employs
the full trajectory information in terms of a particle’s symbolic itinerary, rather
than just the start and end points or symbols. In practical applications, this can
be an advantage compared to the transfer operator framework, as there is no
need in assuming Markovian behaviour of the flow given a state space parti-
tion, as done by e.g. [45].
There are alsomajor differences between ourmethod and other existingmeth-
ods that cluster on the particle level [35, 80–82]. First, thesemethods only com-
pare particles at equal times, while we disregard the time information. This can
be a significant advantage in situations where the major features of a flow are
approximately stationary, i.e. can be seen as part of a (noisy) autonomous dy-
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namical system. In this case, using the time information of drifter trajectories
should not be necessary. Especially for the ocean drifter dataset, containing
drifters of different starting times and lengths, it would be very difficult if not
impossible to find sub-basin large scale structures when restricting to drifters
that necessarily overlap temporally, although this is possible on the global scale
to identify the basins themselves [80, 82]. Note that simply placing all drifters at
the same initial time and proceeding with one of the existing methods would
lead to further problems, as there is ambiguity in which point of a trajectory
should be taken for the initial time, probably requiring more data processing
such as demanding an initially uniform particle distribution. Our method of
simplifying the trajectories does not have these problems by construction, and
can be readily applied to scarce drifter datasets.
From a computational perspective, setting up one of the sparsematrices 𝐶(𝑡) in
eq. (4.1) is𝑂(𝑁) such that computing thematrix 𝐺 in eq. (4.2) is𝑂(𝑁𝜏). Comput-
ing 𝑑[𝐺 ] is 𝑂(𝑁𝑀) as is the product 𝐺𝑑[𝐺 ]). In total, computing 𝑅 of eq. (4.10)
is therefore of computational complexity𝑂(𝑁𝑀+𝑁𝜏). If weworkwith 𝑅 directly,
i.e. we use the simultaneous K-way clustering method described in algorithm 1
in section 4.3.3, computing this network is of lower computational complexity
as the computation of the networks used by other studies [35, 81, 82]. These
methods typically rely on comparing particle positions between all particles at
all time instances, i.e. they scale with 𝑂(𝑁 𝜏) in the worst case, although a
nearest-neighbour search as applicable to the studies of Padberg-Gehle and
Schneide [81] and Banisch and Koltai [82] can reduce the𝑁 term to something
like 𝑁 log𝑁. Further, the matrix 𝑅 in eq. (4.10) is sparser than 𝐿 [𝑄] or can have
column dimension (= number of bins 𝑀) significantly lower than row dimen-
sion (= number of particles 𝑁), cf. section 4.4.1. In these cases, computing the
SVD of 𝑅 instead of the eigenvectors of 𝐿 can lead to computational speed up.
Finally, it is interesting to note that the computation of the network is faster
for coarser partitions, i.e. when particles are connected in the network even
when their trajectories are far apart, as the number of bins 𝑀 decreases. This
is opposite to the methods of Padberg-Gehle and Schneide [81] and Banisch
and Koltai [82], where computing the network becomes more costly for larger
spatial scale parameters (called 𝜖 in both studies).
The major drawback of our method is the dependence on a reference frame
with respect towhich thephase space partition and thus the symbolic itineraries
are defined. This can be understood when imagining a time-independent flow
from a rotating reference frame. The rotation of the reference frame con-
tributes to a particle’s itinerary, and, by averaging over different points in time,
non-zero similarities between trajectories can result from the sole rotation of
the reference frame. Due to this reason, our method can not be applied to
strongly time-dependent systems such as the Bickley jet model flow where co-
herent vortices are transported in a periodic background flow. It is, however,
still possible to detect transport boundaries in time-dependent flows such as
the periodically driven double-gyre flow, aswe show in section 4.4.1, where par-
ticle trajectories belonging to different invariant sets can still be distinguished



4

84
4. Detecting flow features in scarce trajectory data using networks

derived from symbolic itineraries

with a fixed partition.

4.4. Results
4.4.1. Periodically driven double-gyre flow
To test our method, we choose a model flow that has been used for the detec-
tion of coherent structures before [30, 80, 82]. The periodically driven double-
gyre flow is defined on a domain Ω = [0, 2] × [0, 1], with equations of motion:

�̇� = −𝜋𝐴 sin(𝜋𝑓(𝑥, 𝑡)) cos(𝜋𝑦),

�̇� = 𝜋𝐴 cos(𝜋𝑓(𝑥, 𝑡)) sin(𝜋𝑦)𝑑𝑓𝑑𝑥 (𝑥, 𝑡), (4.11)

where 𝑓(𝑥, 𝑡) = 𝜖 sin(𝜔𝑡)𝑥 + (1 − 2𝜖 sin(𝜔𝑡))𝑥, and 𝐴 = 0.25, 𝜖 = 0.25 and
𝜔 = 2𝜋. Similar to Banisch and Koltai [82], we initially place 20,000 particles
on the vertices of a uniform grid on the domain (0, 2) × (0, 1) and compute
trajectory outputs for twenty gyre periods with time steps of 0.1, i.e. we have
𝜏 = 201. The eigenvectors are computed with the SVD of the matrix 𝑅 in eq.
(4.10). These eigenvectors are then used for the K-way clustering algorithm
with k-Means, cf. algorithm 1 in section 4.3.3.
Figure 4.3 shows the result for the clustering of 𝑄, plotted at 𝑡 = 0 and a binning
of Δ𝑥 = Δ𝑦 = 0.04, i.e. the column dimension of 𝑅 is 𝑀 = 1, 250. In the figure,
we include higher order (larger 𝐾) splits as well to show the full range of results
obtained by our algorithm. For 𝐾 = 2 (fig. 4.3b, and all even values of 𝐾), we
see a clear separation between the left and right gyres, which is a common
feature found by other studies [30, 80, 82]. The figure also resolves to a certain
accuracy the expected transport barrier for the blue and brown particles (the
filaments extending into the respective other set). For 𝐾 = 3, we separate the
gyre centres from their surrounding. Subsequent uneven values of 𝐾 further
split up the gyre centres in slices. Corresponding results for the autonomous
double gyre (𝐴 = 1, 𝜖 = 0) illustrating the idea of optimal partitions (cf. section
4.3.2) are shown in figs. 4.7 and 4.8 in the appendix.

We emphasize that the clustering of 𝑄 in fig. 4.3 does not show any bin-
ning structure. Intuitively, a long itinerary can resolve small-scale structures,
i.e. distinguish particles that are initially much closer than the typical bin size,
see chapter 14 of [26]. The computational cost can be reduced evenmore if we
make the bins larger. Figure 4.4 shows the result of the clustering for Δ𝑥 = 2/3,
Δ𝑦 = 1/3, i.e. 𝑀 = 9, up to 𝐾 = 4. Note that the choice of Δ𝑥 prevents a prefer-
able binning along the 𝑥 = 1 line. For this choice, the matrix 𝑄 has column di-
mension equal to nine, i.e. the clustering problem is effectively 9-dimensional.
The corresponding clustering result still resolves the most dominant structure
up to very high resolution: the split between the left and right side is preserved,
and even the structure of the transport barrier is very similar to the one in fig.
4.3. The results for 𝐾 = 3 and 𝐾 = 4 are however different from fig. 4.3, as the
gyre centres appear smaller. This indicates that only themost prominent struc-
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Figure 4.3: Clustering of with . of the full data set, i.e. , and .

tures, here the separation between the left and right sides, are preserved under
coarsening the partition. Nevertheless, figs. 4.4c-d do still give an impression
about the flow structures at higher orders, though not completely equal to the
high resolution case. Note that the singular values (fig. 4.4a) are strongly sup-
pressed compared to the 𝑀 = 1, 250 case in fig. 4.3.

Figure 4.4: Clustering of with / , / of the full data set, i.e. , and .
The most dominant structure is still visible to high accuracy, although the problem is effectively
9-dimensional.

To test the robustness of our method to missing data, we randomly choose
500 out of the 20,000 particles and for the remaining data set randomly delete
80 % of the data points. This is similar to the approach of [82] and [80]. When
the data becomes sparser, different nodes become disconnected, which leads
to small, noisy clusters that can be identified by multiple singular values equal
to 1. We can remedy that by increasing the bin size such that the network be-
comes connected again. Therefore, we choose Δ𝑥 = Δ𝑦 = 0.4. In doing so, we
effectively extend the domain in the 𝑦-direction to 𝑦 = 1.2 and disregard the
fact that the top row of bins is not completely covered with initial conditions.
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Figure 4.5 shows the result for the clustering of 𝑄 for the incomplete data set,
plotted on top of the corresponding clustering result of the full trajectories (i.e.
Δ𝑥 = Δ𝑦 = 0.04). The result of the incomplete data set roughly agrees with the
expected result of the full clustering. For the results shown in fig. 4.5b, 10 out
of the 500 labels were assigned incorrectly compared to the full data case com-
puted with Δ𝑥 = Δ𝑦 = 0.04 (fig. 4.3), see fig. 4.9 in the appendix for the number
of wrongly assigned labels for different bin sizes. Note again the strong sup-
pression of the singular values for the incomplete data case (fig. 4.5a).

Figure 4.5: Clustering of for the incomplete data set, where 500 particles are retained and sub-
sequent deletion of 80 % of the data points. a: singular values of for the incomplete data set,
with . . b-d: points representing the initial position of those particles that have data
at initial time. Background: result for the full trajectory with . (cf. fig. 4.3).

The results for the double-gyre flow illustrate the robustness of our method
in identifying the most dominant structures with incomplete trajectory data.
Having control over the bin size enables to tune the network such that it stays
connected and the major structures can be resolved. At the same time, small-
scale features of the flow seem to be resolved, at least to some extent, inde-
pendent of the bin size using the K-way simultaneous NCut.
We also tested the algorithm for shorter trajectories, cf. fig. 4.10 in the ap-
pendix, showing an expected change of the boundary filaments between the
left and right sides of the fluid, which mix less in the shorter period of time.
To better understand the differences between algorithms 1 and 2 introduced
in section 4.3.3, we also applied the hierarchical NCut method to the non- au-
tonomous double gyre flow. A problem arises here for the first split into two
clusters, as there is no uniqueminimum in the objective function in eq. (4.6), i.e
determining the cutoff 𝑐 in algorithm 2, H5 (cf. section 4.3.3), is ambiguous for
Δ𝑥 = Δ𝑦 = 0.04. The lack of a unique minimum for the NCut has been observed
before for the same model flow by Froyland and Padberg [30] in the transfer
operator framework (see their fig. 15) corresponding to the lack of a unique
maximum of the coherence ratio there (see proposition 1 in appendix 4.6.A).
Yet, for Δ𝑥 = Δ𝑦 = 0.04, in our case, the split between the left and right sides
along the transport boundary (the 𝐾 = 2 split in fig. 4.3) does not even have
a local minimum for the NCut, cf. fig. 4.11, as opposed to the local maximum
of Froyland and Padberg [30]. This however changes to a local minimum for
Δ𝑥 = Δ𝑦 = 0.1 (fig. 4.12) and finally to a global minimum for Δ𝑥 = Δ𝑦 = 0.2 (fig.
4.13). A possible explanation of this dependence on bin size is that the addition
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of noise (i.e. larger bins) decreases the coherence of the gyre centres compared
to the transport boundary, making the latter easier to be detected. Due to the
sensitivity of the hierarchical clustering result to the bin size, we test different
bin sizes for the clustering of the North Atlantic drifters in section 4.4.2 (cf, fig.
4.15).

4.4.2. Surface drifters in the North Atlantic
We compute the matrix 𝐺 for the drifter data set with a square binning of 1∘
and a time step of one day and maximum time of 365 days, i.e. 𝜏 = 365. The
binning is the same as the one chosen by van Sebille et al. [4] for the computa-
tion of drifter-derived transition matrices. We discard the time dimension for
the trajectories and place every trajectory at 𝑡 = 0 at the location of drifter re-
lease. All trajectories exceeding one year are cut into smaller pieces, each of
length smaller or equal to one year, which expands our data set from 5,270 to
8,334 trajectories. The network defined by the drifters is not connected, such
that we identify the largest connected component prior to the clustering (with
the python networkx package). This restriction removes seven out of the 8,334
trajectories, one of which is a short trajectory of nine time steps at the Strait of
Gibraltar, and the other six corresponding to invalid drifter data. Note that the
size of the largest connected component is expected to decrease with decreas-
ing bin size, as trajectory overlaps are less likely for smaller bins. We cluster the
data with the hierarchical NCut algorithm for 𝑄, cf. section 4.3.3.
Figure 4.6a shows the particle labels at 𝑡 = 0. The dendrogram in fig. 4.6c
shows which groups of particles are split, the y-axis corresponding to the value
of the global NCut before the split. See the caption of fig. 4.6 for the oceano-
graphic names of the different regions. Nine out of the 20 clusters consisted of
one or two particles only. These are coloured in grey in the figure, and have a
label ’.’ in the dendrogram.
The first major split separates the Subpolar Gyre and Nordic Seas from the
subtropical and tropical North Atlantic. This splits essentially the Subpolar Gyre
from the Subtropical Gyre, which compose together a double-gyre system, hav-
ing some similarity to the one in section 4.4.1. The scarce transport of drifters
between these two regions has been studiedbefore [31, 75, 90], and it is promis-
ing that we identify this separation first. Compared to Rypina et al. [90], the
separation is slightly shifted northwards at the western side of the basin, the
Western Boundary Current region particles, labelled ‘E’, extending slightly into
the Labrador Sea. This changes if we plot the drifters at their final time, see
fig. 4.6b, showing that some particles of group ‘E’ from the western Labrador
Sea are transported into the northern Western Boundary Current region. Note
here that the trajectories in the different clusters do have small but non-zero
overlap, such that the spatial extent of the clusters can be different at initial
and final time.
Next, our algorithm separates the Subpolar Gyre from the Nordic Seas. A rel-
atively clear cut is seen along the Iceland-Scotland ridge. The strength of the
transport over the ridge is in fact an old topic in oceanography [10]. Compared



4

88
4. Detecting flow features in scarce trajectory data using networks

derived from symbolic itineraries

to fig. 4.6a, this separation is slightly less prominent in figure 4.6b, indicating
some slow but non-zero flow across the ridge. The next separation that our al-
gorithm detects is between the southern and northern parts of the Subtropical
Gyre, which can be explained by the slow clockwise rotation of the gyre. The
next split separates out the Caribbean Sea (label ‘F’), a region well known to be
rich of eddies and able to trap water masses, after which the Western Bound-
ary Current region (label ‘E’) extends northwards along the east coast of the US
into the northern part of the subtropics. We eventually also identify the north-
ern part of the Subpolar Gyre (Irminger Current), and separate the Barents Sea
from the Norwegian Sea, as well as the Bay of Biscay as last separation of the
hierarchical clustering algorithm.
Wealso testedour clustering algorithmwithout constraining the trajectory length
of the data set, see fig. 4.14 up to comparable values of the NCut. We still
resolve many of the major features of the flow in the North Atlantic such as
the Western Boundary Current region and the Caribbean Sea, the Subpolar
Gyre and the Norwegian Sea. Others disappear, e.g. the Bay of Biscay and the
Irminger Current. This is likely an effect of longer trajectories receiving more
weight in the definition of our network, cf. section 4.3.2, or due to the fact that
some particle groups mix with each other on longer time scales, cf. section
4.4.1. It could, however, also be an effect of the fewer trajectories compared to
the case whenwe set a cutoff on trajectory length. For example, there is almost
no drifter starting in the Barents sea in the full data set, see fig. 4.14.

To test the sensitivity of the clustering result in fig. 4.6 on the bin size, we
applied the same method to square bins of 2∘ and 4∘, see fig. 4.15. The main
changes to the result in fig. 4.6 occur in the centre and the south of the Sub-
tropical gyre, where no specific structures were expected in the first place. Only
the Bay of Biscay is not detected in the 2∘ case (fig. 4.15a). All other struc-
tures such as the boundary between the Subtropical and Subpolar Gyres, the
Western Boundary Current region, the Caribbean Sea and the structures in the
Nordic Seas are still detected very similar to the result in fig. 4.6.

4.5. Conclusion
We introduce a new and conceptually simple method that enables the fast con-
struction and clustering of particle based networks to detect quasi-stationary
regions with similar flow properties. Our method is based on ideas from sym-
bolic dynamics, where a coarse but long particle itinerary can still resolve very
detailed structures below the partition size. We implement a conceptually sim-
ple form of this idea and construct a bipartite graph that connects particles and
bins, with links corresponding to the time-averaged conditional symbol distri-
bution of each particle’s trajectory. We use this bipartite graph to define a sim-
ilarity graph on particle trajectories, to which we apply normalized cut spectral
clustering. The bipartite fundament of our method enables us to use singular
vectors of a related data matrix to construct a simultaneous K-way clustering
solution under the normalized cut with spectral relaxation instead of comput-
ing eigenvectors of the normalized Laplacian.
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Figure 4.6: a: clustering of for the drifter data set with ∘. Clusters corresponding
to one or two particles are coloured in grey. Oceanographic regions of the individual clusters (if
existing): D: Norwegian Sea, E: Western Boundary Current region, F: Caribbean Sea, I: Irminger
Current, J: Barents Sea, K: Bay of Biscay. Names of groups of clusters: Subtropical Gyre (A,F,G,E,H,K),
Subpolar Gyre (B, I), Nordic Seas (D, J). b: clustering result plotted at final time. c: hierarchy of
the different splits. For each split, the (inverted) y-axis shows the respective NCut after the split.
Clusters corresponding to one or two particles are labelled by ’.’. The initial conditions are randomly
shuffled prior to plotting such that no colour dominates another one at the region boundaries.

Our results show that although we reduce the amount of processed data to a
minimumby considering distributions over particle itineraries only, ourmethod
is powerful in handling incomplete trajectory data and is computationally effi-
cient to implement. The basic idea of our algorithm is rooted in dynamical sys-
tems theory and symbolic dynamics, where long and coarse particle itineraries
slice the state space up to scales much below the partition size. The construc-
tion of the sparse data matrix used for the singular value decomposition (SVD)
has computational complexity 𝑂(𝑁𝑀 + 𝑁𝜏), where 𝑁 is the number of parti-
cles, 𝑀 the number of bins and 𝜏 the number of time steps. The linear scaling
with the particle number is promising for applications to large trajectory data
set, although the complexity of the corresponding SVD depends on the sparsity
structure of the resulting matrix, which under some parameter choices (such
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as very long time scales with fine binning) could become problematic.
Despite the performance and the low computational complexity of ourmethod,
the construction of the networks defined with itinerary distributions is to a cer-
tain extent ad-hoc. The construction is mostly motivated by practical require-
ments, i.e. the need to define a reasonable similarity measure between par-
ticles that is not too exclusive, satisfies some reasonable behaviour regarding
missing data and decomposes into block-diagonal structure for invariant flow
regions in ideal cases. Due to completely discarding the time dimension, our
method is dependent on a fixed reference framewith respect towhich the state
space partition is defined. Therefore, it can not detect moving Lagrangian vor-
tices, such as those in the ‘Bickley Jet’ (discussed e.g. in [79]). The method pre-
sented here is the most basic way itineraries can be dealt with. When refining
the definition of similarities, it is likely that graphs constructed from symbolic
itineraries have a large potential for fast and reliable coherent structure detec-
tion.
For the double-gyre flow, our method successfully identifies known flow fea-
tures to relatively high detail in the known transport boundaries. We demon-
strate that our algorithm performs relatively well under deleting a large part of
the trajectory data, making it suitable for real-world applications. We also show
that an a priori low-dimensional definition of the clustering problem through a
coarse binning can still detect the major flow features with an accuracy down
to scales well below the bin resolution. We finally apply hierarchical clustering
to the network constructed from drifter data in the North Atlantic, and suc-
cessfully detect major flow regions such as the Western Boundary Current re-
gion, the Subpolar-Subtropical Gyres and the Caribbean Sea, providing the first
drifter based clustering of the North Atlantic surface transport using network
theory.

4.6. Appendices
4.6.A. Relation of Q to almost-invariant sets with the transfer

operator
For an introduction to finding almost-invariant sets with the transfer operator,
see Dellnitz and Junge [91], Froyland [27] and Froyland and Padberg [30]. As-
sume 𝜏 = 2 and denote by 𝐶 = 𝐶(0) and 𝐶 = 𝐶(1) the two required data
matrices defined in eq. (4.1). The transition matrix 𝑃 that approximates the
transfer operator from time 𝑡 = 0 to 𝑡 = 1 is by definition related to these
matrices by: 𝑃 = 𝐷[𝐶 ] 𝐶 𝐶 . As described by Froyland [27], one can find
almost-invariant sets with the eigenvectors of the matrix �̂� = (𝑃 + Π 𝑃 Π),
where Π = diag(𝜋 , … , 𝜋 ) and 𝜋 corresponding to the invariant measure of the
flow, i.e. 𝜋𝑃 = 𝜋. �̂� can be seen as a reversible Markov chain with stationary
density 𝜋, and is the random walk Laplacian 𝐿 [𝐴 ] of the adjacency matrix

𝐴 = 1
2 (Π𝑃 + (Π𝑃) ) . (4.12)
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Froyland [27] then proposes to find sets {𝑆 , … , 𝑆 }, defined by index sets
{𝐼 , … , 𝐼 } referring to the contained bin labels in each set, such that a general-
ized coherence ratio 𝜌(𝑆 ,… , 𝑆 ) (see eq. (4.13) for a definition) is maximized.
We first show that this is equivalent to the NCut problem applied to 𝐴 .

Proposition 1: Minimizing the generalized normalized cut of 𝐴 defined in
eq. (4.6) is equal to maximizing the generalized coherence ratio 𝜌 defined by
[27].

Proof: By definition,

𝜌(𝑆 ,… , 𝑆 ) = ∑
∑ ∈ , ∈ 𝜋 𝑃
∑ ∈ 𝜋

= ∑
∑ ∈ , ∈ 𝐴 ,
∑ ∈ , 𝐴 ,

= ∑
∑ ∈ , 𝐴 , − ∑ ∈ , ∉ 𝐴 ,

∑ ∈ , 𝐴 ,

= 𝐾 −NCut(𝑆 , … , 𝑆 ).□ (4.13)

Note that this relies on the fact that 𝜋 is invariant under right multiplication
by 𝑃, from which follows that ∑ 𝐴 , = 𝜋 in the denominator of lines 2-3 in eq.
(4.13). We now show that the right singular vectors of 𝑅 defined in eq. (4.10)
are equal to the right eigenvectors of �̂� if the particle measure is invariant and
uniform.

Proposition 2: If the particle measure is invariant and uniform, the right
eigenvectors of the matrix �̂� = (𝑃 + Π 𝑃 Π) used by Froyland [27] are the
same as the right singular vectors of 𝑅 defined in eq. (4.10) with 𝐺 = 𝐶 + 𝐶 as
defined in eq. (4.2).

Proof: First, note that if the particle measure is invariant and uniform in a
complete data set, 𝑅 = 𝛽𝐺 for a constant 𝛽 > 0. We therefore have to show
that the eigenvectors of 𝐺 𝐺 are under the specified conditions the same as the
right eigenvectors of �̂�. As the transition matrix is defined by Π𝑃 = 𝐶 𝐶 , the
symmetric adjacency matrix is 𝐴 ∶= Π�̂� = (𝐺 𝐺 − 𝐶 𝐶 − 𝐶 𝐶 ) = 𝐺 𝐺 − Π.
The last equality follows from the fact 𝐶 𝐶 = 𝐶 𝐶 = Π, as the particle measure
is invariant. As Π is assumed to be uniform, this proves the result. □

4.6.B. Supplementary figures double-gyre flow
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Figure 4.7: Clustering of for the autonomous double gyre with . , i.e. an optimal
partition, and the simultaneous K-way NCut (algorithm 1 in section 4.3.3). The singular values are
doubly degenerate as the network consists of two disconnected sets.

Figure 4.8: Clustering of for the autonomous double gyre with . , i.e. a non-optimal
partition, and the simultaneous K-way NCut (algorithm 1 in section 4.3.3). The main separation at

is still resolved, but only at every even clustering step. The degeneracy of the singular values,
see fig. 4.7, is lifted.

Figure 4.9: Share of incorrectly assigned particle labels for the double-gyre flow (simultaneous K-
way clustering) for varying , and the incomplete (N=500) data set, compared to the
baseline of the complete data set with . , cf. fig 4.3. The values were obtained with
100 random incomplete data sets for each value of ( ). The filled areas show the minimum
andmaximumranges, one standard deviation, and the points the correspondingmeans. It is visible
that for too small bin spacing, the number of wrongly assigned labels is very high. This is most likely
because the network becomes less connected, such that it is more difficult to find structure in the
eigenvector corresponding to the second smallest eigenvalue of [ ]. As explained in the main
text, for bin sizes that donot exactly fit the domain, the x- and y-directionswere artificially extended.
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Figure 4.10: Clustering of (simultaneous K-way clustering) for the non-autonomous double gyre
with . and shorter trajectories of 10 gyre periods, i.e. .

Figure 4.11: Hierarchical clustering result of the double gyre using algorithm 2 of section 4.3.3 and
. . a: NCut for the first split as a function of the cutoff , where corresponds to

a cut along the transport boundary, the red line indicating the minimum found by our algorithm.
b: result of the hierarchical clustering. c: dendrogram representing the hierarchy, where the hor-
izontal lines correspond to the NCut value after each split. There is no global or local minimum at

in (a), which is why the transport boundary is not detected. Instead, two global minima are
present in (a), but our implementation selects the left minimum for the first split due to the choice
of sampling points.
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Figure 4.12: Hierarchical clustering result of the double gyre using algorithm 2 of section 4.3.3 and
. . a: NCut for the first split as a function of the cutoff , where corresponds to a

cut along the transport boundary, the red line indicating the minimum found by our algorithm. b:
result of the hierarchical clustering. c: dendrogram representing the hierarchy, where the horizon-
tal lines correspond to the NCut value after each split. There is only a local minimum at , which
is why the transport boundary is still not detected. This situation is similar to the one described by
Froyland and Padberg [30] for the transfer operator framework.

Figure 4.13: Hierarchical clustering result of the double gyre using algorithm 2 of section 4.3.3 and
. . a: NCut for the first split as a function of the cutoff , where corresponds

to a cut along the transport boundary. b: result of the hierarchical clustering. c: dendrogram
representing the hierarchy, where the horizontal lines correspond to the NCut value after each
split. There is a global minimum at , so that the transport boundary is detected as the first
split.
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4.6.C. Supplementary figures ocean drifters

Figure 4.14: Clustering of for the drifter data setwith ∘ andno restriction on trajectory
length, plotted at the drifter release location. Somemain features as seen in fig. 4.6 are still visible,
but some details disappear. The hierarchical clustering was stopped at a NCut value comparable
to the maximum NCut in fig. 4.6, i.e. about 3.8.
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Figure 4.15: Clustering of for the drifter data set and different bin sizes, with trajectory lengths
restricted to one year, 20 clusters as in fig. 4.6, plotted at initial time and the drifter release location.
a: ∘. b: ∘. The main features of fig. 4.6 are still visible, although some
structures change: the Bay of Biscay is not detected in (a), and the structure of the clusters in the
centre of the Subtropical Gyre change compared to fig. 4.6. There are also new clusters in black
(a, b) and dark green (b). Note that the main features of the North Atlantic Ocean such as the
Subtropical-Subpolar Gyre boundary, the Western Boundary Current region, the Caribbean Sea
and the Nordic Seas are still detected, see the result in fig. 4.6.
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Ordering of trajectories reveals
hierarchical finite-time coherent sets in
Lagrangian particle data: detecting
Agulhas rings in the South Atlantic Ocean

The detection of finite-time coherent particle sets in Lagrangian trajectory data
using data clustering techniques is an active research field at the moment. Yet,
the clustering methodsmostly employed so far have been based on graph par-
titioning, which assigns each trajectory to a cluster, i.e. there is no concept of
noisy, incoherent trajectories. This is problematic for applications in the ocean,
where many small coherent eddies are present in a large, mostly noisy fluid
flow. Here, for the first time in this context, we use the density-based clus-
tering algorithm OPTICS [38] to detect finite-time coherent particle sets in La-
grangian trajectory data. Different from partition-based clustering methods,
derived clustering results contain a concept of noise, such that not every tra-
jectory needs to be part of a cluster. OPTICS also has a major advantage com-
pared to the previously used DBSCANmethod, as it can detect clusters of vary-
ing density. The resulting clusters have an intrinsically hierarchical structure,
which allows one to detect coherent trajectory sets at different spatial scales
at once. We apply OPTICS directly to Lagrangian trajectory data in the Bickley
jet model flow and successfully detect the expected vortices and the jet. The

This chapter has been published as:

Wichmann, D., Kehl, C., Dijkstra, H. A., and van Sebille, E. (2021): Ordering of trajec-
tories reveals hierarchical finite-time coherent sets in Lagrangian particle data: detect-
ing Agulhas rings in the South Atlantic Ocean, Nonlin. Processes Geophys., 28, 43–59.
https://doi.org/10.5194/npg-28-43-2021

All code needed to reproduce the results of this chapter is available at https://github.com/
OceanParcels/coherent_vortices_OPTICS. The data for the virtual particles in the South At-
lantic is available on Zenodo [92].

97

https://doi.org/10.5194/npg-28-43-2021
https://github.com/OceanParcels/coherent_vortices_OPTICS
https://github.com/OceanParcels/coherent_vortices_OPTICS


5

98
5. Ordering of trajectories reveals hierarchical finite-time coherent sets

in Lagrangian particle data

resulting clustering separates the vortices and the jet from background noise,
with an imprint of the hierarchical clustering structure of coherent, small-scale
vortices in a coherent, large-scale, background flow. We then apply ourmethod
to a set of virtual trajectories released in the eastern South Atlantic Ocean in an
eddying ocean model and successfully detect Agulhas rings. We illustrate the
difference between our approach and partition-based k-Means clustering using
a 2-dimensional embedding of the trajectories derived from classical multidi-
mensional scaling. We also showhowOPTICS can be applied to the spectral em-
bedding of a trajectory-based network to overcome the problems of k-Means
spectral clustering in detecting Agulhas rings.

5.1. Introduction
Understanding the transport of tracers in the ocean is an important topic in
oceanography. Despite large-scale transport features of the mean flow, on
smaller scales, mesoscale eddies and jets play an important role for tracer
transport [7]. Such eddies can capture large amounts of a tracer, and, while
transported in a background flow, redistribute them in the ocean. Eddies have
been shown to play an important role for the accumulation of plastic [93] and
the transport of heat and salt [94]. To quantify the effects of eddies on tracer
transport in the ocean, it is necessary to develop methods that are able to de-
tect and track them. Many methods exist to detect such finite-time coherent
setsof fluid parcels based ondifferentmathematical or heuristic principles [79].
The term ‘finite-time coherent set’ is based on the work of Froyland et al. [95],
and is in our context defined as a set of particles that stay, in a sense to bemade
more specific, close to each other along their entire trajectories. Here, for the
first time in this context, wemake use of the density-based clustering algorithm
OPTICS [38] to detect finite-time coherent sets in Lagrangian trajectory data.
The detection of coherent Lagrangian vortices using abstract embeddings of
Lagrangian trajectories together with data clustering techniques has received
significant attention in the recent literature [35, 37, 80–82, 96, 97]. Using em-
bedded trajectories for the detection of finite-time coherent sets is interesting
as it allows one to use sparse trajectory data, and it can in principle be applied
to ocean drifter trajectories, as demonstrated by Froyland and Padberg-Gehle
[80] and Banisch and Koltai [82] for the detection of the five ocean basins. Yet,
most of these methods cluster trajectory data with graph partitioning, which
does not incorporate the difference between coherent, clustered trajectories
and noisy trajectories that should not belong to any cluster. Graph partition-
ing has been shown to work in situations where the finite-time coherent sets
are not too small compared to the fluid domain [35, 80–82, 97]. For applica-
tions to Lagrangian trajectory datasets on basin-scale ocean domains, where
multiple small-scale coherent sets (eddies) coexist with noisy trajectories in the
background, graph partitioning is however likely to fail. Similar observations
weremade by Froyland et al. [37] for the partition-based clustering approaches
based on transfer and dynamic Laplace operators [97]. Although some at-
tempts have been made to accommodate such concepts in hard partitioning,
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e.g. by incorporating one additional cluster corresponding to noise [35], this ap-
proach is likely to fail for large ocean domains, as discussed by Froyland et al.
[37] and shown in section 5.4 of this paper. Froyland et al. [37] have developed
a special form of trajectory embedding based on sparse eigenbasis decompo-
sition given the eigenvectors of transfer operators and dynamic Laplacians. By
superposing different sparse eigenvectors, they successfully separate coherent
vortices from unclustered background noise.
Motivated by the results Froyland et al. [37] obtained by developing a new form
of trajectory embedding, we here explore the potential of another clustering al-
gorithm to overcome the inherent problems of partition-based clustering. We
use the density-based clustering method OPTICS (Ordering Points To Identify
the Clustering Structure) developed by Ankerst et al. [38] to detect finite-time
coherent sets in large ocean domains, using a very simple choice of embed-
ding (cf. section 5.2). Density-based clustering aims to detect groups of data
points that are close to each other, i.e. regions with high data density. Our
data points correspond to entire trajectories, and groups of trajectories stay-
ing close to each other over a certain time interval correspond to such regions
of high point density. Different from partition-basedmethods such as k-Means
or fuzzy-c-means, OPTICS does not require to fix the number of clusters before-
hand. Further, density-based clustering has an intrinsic notion of a noisy data
point: a point does not belong to any cluster (i.e. a finite-time coherent set)
if it is not part of a dense region. A more detailed comparison of the method
presented here to existing related methods can be found in section 5.4.
Another desirable property of the OPTICS algorithm is its ability to capture co-
herence hierarchies. In the ocean, coherent sets of trajectories naturally come
with a notion of such a hierarchy. For example, the surface flow in the North At-
lantic Ocean can be seen as approximately coherent [45], while mesoscale ed-
dies and jets are also finite-time coherent sets of trajectories at smaller scales
within the North Atlantic Ocean. Froyland et al. [37] show how their leading
eigenvectors resolve coherent sets at large scales, while small-scale results can
be obtained with a sparse eigenbasis approximation of a set of eigenvectors.
Similarly, clustering results obtained fromOPTICS are typically hierarchical. The
main result of OPTICS, the reachability plot, provides this hierarchical informa-
tion in a simple 1-dimensional graph.
In section 5.4, we first show howOPTICS detects finite-time coherent sets at dif-
ferent scales for the Bickley jet model flow (also discussed e.g. by Hadjighasem
et al. [79]), successfully detecting the six coherent vortices and the jet as the
steepest valleys in the reachability plot. The general structure of the reacha-
bility plot also reveals the large-scale finite-time coherent sets, i.e. the north-
ern and southern parts of the model flow, separated by the jet. We then apply
ourmethod to Lagrangian particle trajectories released in the eastern South At-
lantic Ocean, where large rings detach from the Agulhas Current (e.g. Schouten
et al. [98]). We detect several Agulhas rings, and on the larger scale also sep-
arate the eastward and westward moving branches of the South Atlantic Sub-
tropical Gyre. While the traditional approach to study Agulhas rings is based
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on sea surface height analysis (see e.g. Dencausse et al. [99]), several methods
based on virtual Lagrangian trajectories have been applied to Agulhas ring de-
tection before [32–36]. Our method is different from these approaches in that
it is directly applicable to a trajectory dataset, i.e. without much pre-processing
of the data. As theOPTICS algorithm is readily available in the scikit-learn library
in Python, the detection of finite-time coherent sets can be done without much
effort and with only a few lines of code. A further difference is the mentioned
intrinsic notion of coherence hierarchy, which allows for simultaneous analy-
sis of trajectory data at different scales. While we mainly focus on the direct
embedding of trajectories in an abstract high-dimensional Euclidean space, we
also show in appendix 5.6.C that OPTICS can be used to overcome the limits of
k-Means clustering in the context of spectral clustering of the trajectory-based
network of Padberg-Gehle and Schneide [81].

5.2. Trajectory datasets
5.1. Quasi-periodically perturbed Bickley jet
We apply ourmethod to amodel system that has been used frequently in stud-
ies to detect finite-time coherent sets [35, 79, 81, 82, 97]. The velocity field of
the quasi-periodically perturbed Bickley jet [100, 101] is defined by a stream
function 𝜓(𝑥, 𝑦, 𝑡), i.e. �̇� = − and �̇� = , with 𝜓(𝑥, 𝑦, 𝑡) = 𝜓 (𝑦) + 𝜓 (𝑥, 𝑦, 𝑡)
consisting of a stationary eastward background flow

𝜓 (𝑦) = −𝑈𝐿 tanh(𝑦/𝐿), (5.1)

and a time-dependent perturbation

𝜓 (𝑥, 𝑦, 𝑡) = 𝑈𝐿 sech (𝑦/𝐿) Re [∑ 𝑓 (𝑡) exp(𝑖𝑘 𝑥)] , (5.2)

where Re(𝑧) denotes the real part of the complex number 𝑧. We use the same
parameter values as Hadjighasem et al. [79], with 𝑈 = 62.66m/s the character-
istic velocity of the zonal background flow, and 𝐿 = 1770 km. The parameters
in eq. (5.2) are given by 𝑘 = 2𝑛/𝑟 , 𝑓 (𝑡) = 𝜖 exp(−𝑖𝑘 𝑐 𝑡) with 𝜖 = 0.075,
𝜖 = 0.4, 𝜖 = 0.3, 𝑐 = 0.1446𝑈, 𝑐 = 0.205𝑈, 𝑐 = 0.461𝑈. The domain of inter-
est is Ω = [0, 𝜋𝑟 ] × [−3000 km, 3000 km], where 𝑟 = 6371 km is the radius of
the Earth, and the left and right edges ofΩ are identified, i.e. the flow is periodic
in x-direction with period 𝜋𝑟 . Similar to Banisch and Koltai [82], we seed the
domain with an initial number of 12,000 particles on a uniform 200 × 60 grid.
For this choice, the initial particle spacing is slightly above 100 km in both direc-
tions. We compute the trajectories for 40 days with a time step of one second
using the SciPy integrate package. We output the trajectories every day, i.e. we
have 𝑇 = 41 data points in time for each trajectory.
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5.2. Agulhas rings in the South Atlantic
To test the OPTICS algorithm with a more realistic ocean flow, we simulate
surface particle trajectories in a strongly eddying ocean model. Surface ve-
locities are derived from a NEMO ORCA-N006 run [24], which has a horizon-
tal resolution of 1/12∘ and velocity output for every five days. The model is
forced by reanalysis and observed data of wind, heat and fresh water fluxes
[68], i.e. the currents do not only contain the geostrophic component, as is
the case in altimetry-derived currents [33, 37]. For the advection of virtual
particles, we use version 1.11 of the open source Parcels framework [66], see
oceanparcels.org. The 2-dimensional surface current velocity is interpo-
lated in space and time with the C-grid interpolation scheme of Delandmeter
and van Sebille [67], using a 4th order Runge-Kutta method with a time step
of 10 minutes. We initially distribute particles uniformly in the ocean on the
vertices of a 0.2∘ × 0.2∘ grid in the domain [30∘𝑊,20∘𝐸] × [40∘𝑆, 20∘𝑆], which
corresponds to a total number of 23,821 particles. At 30∘S, a spacing of 0.2∘
corresponds to roughly 20 km. The particles start at January 5, 2000 and are
advected for two years. We output the trajectories with a time interval of five
days. We only use the first 100 days as data to detect the finite-time coher-
ent sets, i.e. we have 𝑇 = 21 data points for each trajectory, but also look at
later times to see how long the rings need to disperse. We provide the used
trajectory data for the Agulhas flow as NumPy file on Zenodo [92].

5.3.Methods
5.1. Detectingcoherent structures inLagrangian trajectorydata
For 𝑁 trajectories of dimension 𝐷 and length 𝑇, the trajectory information can
be stored in a data matrix 𝑋 ∈ ℝ × , where each row results from a particle
trajectory by concatenating the different spatial dimensions. The analysis of
trajectory data to detect finite-time coherent sets of trajectories [35, 80–82, 96,
97, 102] can be split into two essential steps:

Step 1 Embedding of the trajectories in an abstract (metric) space, i.e. 𝑋 → �̄� ∈
ℝ × , where 𝑀 ≤ 𝐷𝑇. If one uses a dimensionality reduction method,
𝑀 < 𝐷𝑇.

Step 2 Clustering of the embedded data with a clustering algorithm.

The embedding is necessary to represent the trajectories as points in amet-
ric space. Different options for embedding the trajectories exist, e.g. a direct
embedding of the data points along the trajectories [80], or embeddings based
on the eigenvectors derived from networks that are defined by physically moti-
vated trajectory similarities [81, 82, 82, 97]. Once an embedding of each trajec-
tory as a point in a metric (typically Euclidean) space is established, one can
apply a clustering algorithm. Roughly speaking, clustering algorithms try to
identify groups of points that are close to each other as a cluster. Partition-
based clustering methods divide the entire data into a (typically fixed) number

oceanparcels.org
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of 𝐾 clusters, such that each data point belongs to a cluster. The most popu-
lar method in this category is the k-Means algorithm, which tries to find a given
number of𝐾 clusters such that the sum of pairwise squared distances of points
within a cluster is minimized. Other clustering algorithms contain a concept of
‘noisy’ data, i.e. data points that do not belong to any cluster, or belong to a
cluster only with a certain probability. Examples for the former case are DB-
SCAN [103], discussed by Schneide et al. [96] in the fluid dynamics context, and
the here presented OPTICS [38] algorithm. For the latter case, the most popu-
lar method is fuzzy-c-means clustering, as discussed by Froyland and Padberg-
Gehle [80] in the context of finite-time coherent sets.
Figure 5.1 shows a few possible options for trajectory embedding and cluster-
ing that have partially been explored before (see the footnotes in the figure for
the combinations used in related studies). For a given trajectory dataset, one
can in principle apply an arbitrary combination of embedding and clustering
methods. Only a few of the different combinations have been explored so far,
and many more options for embedding and clustering as those shown in fig.
5.1 exist. It is important to note that a good choice of embedding and cluster-
ing might well depend on the specific problem at hand, and there might be no
combination that performs well for all possible situations.

Figure 5.1: Different steps to detect coherent trajectories in Lagrangian data with trajectory clus-
tering. The figure is non-exhaustive, and many more options for embedding and clustering ex-
ist. Footnotes: Froyland and Padberg-Gehle [80]. Hadjighasem et al. [35], Padberg-Gehle and
Schneide [81] and Banisch and Koltai [82] all define networks with spectral embedding and sub-
sequent k-Means clustering. Froyland et al. [37] define spectral embeddings defined on dynamic
Laplacian and transfer operators. Schneide et al. [96].

Most of the studies that use clustering techniques to detect finite-time co-
herent sets have focused on developing new forms of trajectory embeddings.
For example, Hadjighasem et al. [35], Padberg-Gehle and Schneide [81], Ban-
isch and Koltai [82] and Froyland and Junge [97] all use different forms of spec-
tral embeddings, together with k-Means clustering. Froyland et al. [37] have
developed a powerful form of embedding, based on a sparse eigenbasis ap-
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proximation. Here, we focus on the clustering step in fig. 5.1, and propose the
OPTICS clustering algorithm in the fluid dynamics context. We test the algo-
rithm for three different kinds of embeddings:

E1 A direct embedding of the trajectory data in a high dimensional Euclidean
space, i.e. 𝑀 = 𝐷𝑇 (cf. section 5.2).

E2 A reduction of the trajectory data to a 2-dimensional embedding space us-
ing classical multidimensional scaling (MDS, cf. section 5.2). This is mainly
to visualize the difference to partition-based k-Means clustering.

E3 A spectral embedding of the network proposed by Padberg-Gehle and
Schneide [81].

In the following sections, we explain in detail the embeddings E1 and E2 and
the OPTICS algorithm. We introduce the network embedding E3 together with
the corresponding results in appendix 5.6.C.

5.2. Trajectory embedding
Direct embedding
The direct embedding of each trajectory inℝ is themost straightforward em-
bedding as it requires no further pre-processing of the trajectory data. For sim-
plicity, assume we are given a set of 𝑁 trajectories in a 3-dimensional space, i.e.
(𝑥 (𝑡), 𝑦 (𝑡), 𝑧 (𝑡)) where 𝑖 = 1,… ,𝑁 and 𝑡 = 𝑡 , … , 𝑡 . We then simply define the
embedding of trajectory 𝑖 in the abstract 3𝑇-dimensional space as

𝑢 = (𝑥 (𝑡 ), 𝑥 (𝑡 ), … , 𝑥 (𝑡 ), 𝑦 (𝑡 ), 𝑦 (𝑡 ), … , 𝑦 (𝑡 ), 𝑧 (𝑡 ), 𝑧 (𝑡 ), … , 𝑧 (𝑡 )) ∈ ℝ ,
(5.3)

and impose an Euclideanmetric inℝ tomeasure distances between different
embedded trajectories. The resulting embedded data matrix �̄� is then simply
given by the vertical concatenation of the different embedding vectors. This
kind of embedding was also explored by Froyland and Padberg-Gehle [80], to-
gether with a fuzzy-c-means clustering. Intuitively, if two trajectories 𝑖 and 𝑗
belong to the same finite-time coherent set, the corresponding particles follow
very similar pathways, i.e. the Euclidean distance of the embedding vectors
𝑑 = ||𝑢 − 𝑢 || is expected to be small. On the other hand, a particle 𝑖 that
belongs to a coherent set is expected to have a larger distance to a particle 𝑗
that is not part of the set. In other words, groups of particles that form a finite-
time coherent set are dense in the embedding space. This motivates to use a
density-based clustering algorithm to detect finite-time coherent sets.
To take into account the 𝜋𝑟 -periodicity in x-direction of the Bickley jet flow, we
first put the individual 2-dimensional data points on the surface of a cylinder
with radius 𝑟 /2 inℝ , and interpret the resulting trajectories in a 3-dimensional
Euclidean space. The resulting data matrix is �̄� ∈ ℝ × , with 𝑁 = 12, 000 and
𝑇 = 41. For the Agulhas particles, we put the single data points on the earth
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surface in a 3-dimensional Euclidean embedding space by the standard coordi-
nate transformation of spherical to Euclidean coordinates. The resulting data
matrix is thus �̄� ∈ ℝ × with 𝑁 = 23, 821 and 𝑇 = 21.

Dimensionality reduction with classical multidimensional scaling
To get an intuition for what the OPTICS algorithm does, and the differences to
k-Means, we wish to visualize the data structure in the plane. For this, it is nec-
essary to reduce the embedding dimension of each trajectory from 3𝑇 to two in
a way that the density structure, and hence the individual Euclidean distances
between embedded trajectories 𝑑 = ||𝑢 −𝑢 ||, cf. eq. (5.3), are preserved. We
do so by a common method of nonlinear dimensionality reduction, called clas-
sical multidimensional scaling (MDS), see e.g. chapter 10.3 of Fouss et al. [86].
Classical MDS tries to find an embedding of the high-dimensional data points
in a low dimensional space such that the pairwise distances are approximately
preserved. Similar to a principal component analysis, classical MDS makes use
of the eigenvectors corresponding to the largest eigenvalues of a kernel matrix,
which is in this case defined by

𝐵 = −12𝐻Δ 𝐻, (5.4)

where Δ ∈ ℝ × is a matrix containing all squared distances between the
points, Δ = ||𝑢 −𝑢 || , and𝐻 is the centring matrix with𝐻 = 𝛿 −1/𝑁, where
𝛿 denotes the Kronecker delta. The matrix 𝐵 in eq. (5.4) is called the centred
inner product matrix. If �̃� is thematrix of inner products of the embedded data
points, i.e. �̃� = 𝑢 ⋅𝑢 with Euclidean scalar product, then 𝐵 can be obtained by
removing themean of all rows and columns of �̃�, cf. chapter 10.3 of Fouss et al.
[86]. An embedding of the data points using the eigenvectors corresponding
to the leading non-negative eigenvalues of 𝐵 in eq. (5.4) ensures to capture the
main variance of the (squared) distance structure, similar to a principal compo-
nent analysis.
We compute Δ with the Euclidean embedding described in section 5.2 and re-
strict ourselves to the first two dimensions to visualize the data structure in the
plane, i.e. the embedding is defined by

𝑢 = (𝑤 , , 𝑤 , ), 𝑖 = 1,… ,𝑁, (5.5)

where 𝐵𝑤 = 𝜆 𝑤 , and 𝜆 ≥ 𝜆 ≥ 𝜆 for all 𝑘 = 2,…𝑁−1. This choice of embed-
ding ensures to capture the main variance of the data points, and we therefore
also expect to capture themain structure in termsof data density. For large par-
ticle sets however, computing the spectrum of 𝐵 in eq. (5.4) is computationally
not feasible, as the matrix 𝐵 is dense and computing the spectrum scales with
𝑂(𝑁 ). We apply classical MDS to the 12,000 particles of the Bickley jet model
flow, and a random selection of the equal number of particles for the Agulhas
flow. In our context, the method is most useful for visualization purposes, as it
provides a good 2-dimensional approximation of the point distances, i.e. also
the density structure of the embedded trajectories.
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5.3. Clustering with OPTICS
The detection of dense accumulations of points that are separated from each
other by non-dense regions (noise) is themain goal of density-based clustering.
We use the OPTICS (Ordering Points To Identify the Clustering Structure) algo-
rithm by Ankerst et al. [38] to detect these regions. The OPTICS algorithm can
be seen as an extension of DBSCAN [103]. As we have no prior information on
the density structure of the embedded nodes, we set the ‘generating distance’
of OPTICS to infinity and our presentation here is limited to this case. The gen-
eral OPTICS algorithm with finite generating distance is computationally more
efficient and slightly more complicated, and we refer to [38] for more details.
For 𝛿 ∈ ℝ, the 𝛿-neighbourhoodof a point 𝑝 ∈ ℝ is defined as the𝑀-dimensional
ball of radius 𝛿 around 𝑝. Define 𝑀 (𝑝) as the number of points that is in the
𝛿-neighbourhood of 𝑝, including 𝑝 itself. OPTICS requires one parameter, an
integer 𝑠 (called MinPts by Ankerst et al. [38]), that defines the core-distance
of a point 𝑝 as

𝑐(𝑝) = {min(𝛿) | 𝑀 (𝑝) ≥ 𝑠 }. (5.6)

The core distance is simply the minimum radius of a ball around 𝑝, such
that the ball contains 𝑠 points. Note that the generating distance that we
set to infinity is a maximum cut off distance for the computation of the core
distance in eq. (5.6), beyond which the core distance is not defined. As we do
not have an intuition for a good value of such a cut off, we remove it by setting
it to infinity.
The ordering of the points is based on the reachability distance of a point 𝑝
w.r.t. another point 𝑞, defined as

𝑟(𝑝|𝑞) =max(𝑐(𝑞), ||𝑝 − 𝑞||), (5.7)

where ||𝑝−𝑞|| in our case denotes the Euclidean distance between 𝑝 and 𝑞. The
ordering of points is then constructed with the following scheme:

Step 1 Pick a point 𝑝 . This is the first point in the order, and is arbitrary.

Step 2 Compute the core-distance 𝑐(𝑝 ) of 𝑝 .

Step 3 Define an ordered seed list containing all other points, 𝑝 , 𝑙 = 2,… ,𝑁. For
each point 𝑝 , define the reachability value 𝑟(𝑝 ) as the reachability dis-
tance (eq. (5.7)) w.r.t. 𝑝 , 𝑟(𝑝 ) = 𝑟(𝑝 |𝑝 ). Order the list in ascending
order of the 𝑟(𝑝 ).

Step 4 Pick the first point on the ordered seed list as 𝑝 and compute the core-
distance 𝑐(𝑝 ). For all remaining points 𝑝 , 𝑙 = 3,… ,𝑁, update the reacha-
bility value 𝑟(𝑝 ) →min(𝑟(𝑝 ), 𝑟(𝑝 |𝑝 )).

Step 5 Update the ordered seed list according to the new reachability.

Step 6 Repeat steps 4-5 to obtain 𝑝 . Continue until all points are processed.
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Note that the ordering of points is achieved by constantly updating the or-
dered seed list, cf. step 3. In this way, the algorithm iterates through groups of
dense points one after the other, and only continues with other points once a
dense region has been fully explored. Note also that the entire algorithm de-
pends on the choice of the parameter 𝑠 . The value of 𝑠 should be chosen
roughly as a minimum value of the expected cluster size. In the examples pre-
sented in this paper, we take values for 𝑠 that correspond to the estimated
minimum size of the coherent sets.
The main result of the OPTICS algorithm is a reachability plot. This plot is the
graph defined by (𝑖, 𝑟(𝑝 )), where 𝑟(𝑝 ) = ∞ by definition. The reachability plot
is a powerful presentation of the global and local distribution of a set of points
at once. The valleys in this plot correspond to dense regions, which we relate
to finite-time coherent sets. We show examples of reachability plots in section
5.4. Given the reachability plot (𝑖, 𝑟(𝑝 )), we use two common ways to derive a
clustering result:

1. DBSCAN clustering: Choose a cut-off parameter 𝜖 and define all points 𝑝
with 𝑐(𝑝 ) ≤ 𝜖 as core points. All points that are not in the 𝜖-neighbourhood
of a core point are defined as noise. This set of noisy data points is equiv-
alent to all points 𝑝 that are not core points and have a reachability value
𝑟(𝑝 ) with 𝑟(𝑝 ) > 𝜖. A cluster of size 𝐿 is then defined as a consecutive set
(in the sense of the ordering) of non-noise points (𝑝 , 𝑝 , … , 𝑝 ), with
adjacent points 𝑝 and 𝑝 being noise. This is similar to the clustering
result of a DBSCAN run with equal values for 𝑠 and 𝜖. All possible real-
izations of DBSCAN clusters, with the same value for 𝑠 , can therefore
be derived from the reachability values, core distances and the ordering
determined by OPTICS. Up to boundary points, a DBSCAN clustering re-
sult can be obtained by drawing horizontal lines in the reachability plot,
cf. section 5.4.

2. 𝜉-clustering: While the DBSCAN clustering method looks for deep valleys
in the reachability plot, this method looks for valleys with steep bound-
aries. In short, the larger a parameter 𝜉 with 0 < 𝜉 < 1, the steeper the
boundary of a valley has to be to be classified as a cluster. In more detail,
a 𝜉-cluster is defined as a consecutive set of points (𝑝 , 𝑝 , … , 𝑝 ) that
has steep boundaries in the sense that for a parameter 𝜉, 0 < 𝜉 < 1:

(a) The start of the cluster 𝑝 is in a 𝜉-steep downward area. A 𝜉-steep
downward area is amaximal set of consecutive points (𝑝 , 𝑝 , … , 𝑝 ),
𝑘 ∈ {1, ..., 𝑁 − 𝑙} where: 1. 𝑝 and 𝑝 are 𝜉-steep downward points,
i.e. 𝑟(𝑝 ) ≤ (1 − 𝜉)𝑟(𝑝 ) and 𝑟(𝑝 ) ≤ (1 − 𝜉)𝑟(𝑝 ), 2. 𝑝 ≤ 𝑝
for all 𝑖 = 1,… , 𝑘 and 3. not more than 𝑠 consecutive points in the
set are no 𝜉-steep downward points.

(b) The end of the cluster 𝑝 is a 𝜉-steep upward area. The definitions
are the reverse of the 𝜉-steep downward area, with the definition of
a 𝜉-steep upward point as 𝑟(𝑝 ) ≤ (1 − 𝜉)𝑟(𝑝 ).
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(c) The cluster contains at least 𝑠 points, i.e. 𝐿 ≥ 𝑠 .

(d) Every point in the inside of the cluster is at least a factor of (1 − 𝜉)
smaller than the boundary points 𝑝 and 𝑝 . All points that do
not belong to a cluster are classified as noise.

We refer to Ankerst et al. [38] for amoredetailed discussion of the 𝜉-clustering
methodwith illustrations for example data. Note that the full 𝜉-clusteringmethod
presented by [38] does contain some more details related to the choice of the
start and end points, which we did not mention here.
TheOPTICS algorithm aswell as functions to derive both clustering results from
anOPTICS output are available in the Python scikit-learn package. Note that the
implementation in sklearn allows for aminimumcluster size different from 𝑠
for the 𝜉-clustering method (item 2 c above), but we will not make use of this
additional freedom to reduce the number of parameters. Note that, different
from k-Means, both clustering methods do not require an a priori determina-
tion of the number of clusters. For the 𝜉-clustering method, a larger 𝜉 requires
steeper boundaries to form a cluster, i.e. will typically lead to a reduction of
the number of resulting clusters. For DBSCAN clustering with very large 𝜖, one
will detect one large global cluster. Making 𝜖 smaller leads then to consecutive
splits of this cluster, forming (up to noise) a cluster hierarchy. We will demon-
strate the properties for both clustering methods in section 5.4 for different
situations. In the following applications, we use an estimation of the minimum
number of particles per finite-time coherent set for the parameter 𝑠 .
Intuitively, the two clustering methods can be understood as follows. DBSCAN
detects those groups of points that have a certain minimum density defined by
the minimum reachability distance 𝜖. Clusters detected by DBSCAN are there-
fore defined by a global density criterion. This assumes no structural differ-
ences in the type of coherent sets in different regions of the fluid. Different
from that, the 𝜉-clustering method detects clusters by finding strong changes
in the density of the data points, and not based on absolute densities. This has
the advantage that clusters of different absolute density can be detected. Such
a situation can arise if the distribution of particles is inhomogeneous over the
fluid domain, or if the spatial extend of the fluid domain is very large such that
the properties of finite-time coherent sets vary significantly. It is important to
note that the main result of OPTICS is the reachability plot itself. The DBSCAN-
and 𝜉-clustering methods should be seen as useful tools to identify the most
important features of that plot.

5.4. Comparison to related methods
Our method is closely related to existing methods to detect finite-time coher-
ent sets with clustering techniques. Most notably, Froyland and Padberg-Gehle
[80] also use a direct embedding of individual trajectories similar to eq. (5.3),
together with fuzzy-c-means clustering. Hadjighasem et al. [35], Banisch and
Koltai [82], Padberg-Gehle and Schneide [81] and Froyland and Junge [97] use
spectral embeddings of graphs that are defined on some form of physical in-
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tuition or of dynamical operators, together with k-Means clustering. These
studies show applications of their methods to example flows where the size of
almost-coherent sets is not too small compared to the fluid domain. Such ex-
amples are the Bickley jet flow, whichwe also study in section 5.1, the fivemajor
ocean basins [80, 82], or few individual eddies in an ocean or atmospheric flow
[35, 81, 97]. In such situations, noisy background trajectories can be detected
as individual clusters by the partitioning method, as discussed by Hadjighasem
et al. [35]. For applications in large ocean domains, where the number of ed-
dies is not known beforehand and where there are many more noisy trajecto-
ries than coherent trajectories, such an approach is likely to fail, see also the
discussion by Froyland et al. [37]. OPTICS does not require to fix the number of
clusters beforehand, and also contains an intrinsic concept of noisy trajectories
that do not belong to any cluster, making OPTICS suitable for challenging flows
in large domains.
As mentioned, OPTICS also contains an intrinsic notion of cluster hierarchy, i.e.
coherent sets that are themselves part of coherent sets at larger scales. Ma and
Bollt [89] studied hierarchical coherent sets in the transfer operator framework
of Froyland et al. [95], in the spirit of the hierarchical clustering method pro-
posed by Shi and Malik [84]. Their approach is also partition-based, i.e. there
is no concept of noisy trajectories. In addition, at each stage of the hierarchy, a
fixed cut-off has to be chosen based on minimizing an objective function [89].
Different from that approach, the main result of OPTICS, the reachability plot,
contains such hierarchical information in a smooth and intrinsic manner.
As described in section 5.3, clustering results of the DBSCAN algorithm [103]
can be derived from the reachability plot of OPTICS. DBSCAN has been used
in the context of coherent sets before by Schneide et al. [96], although not to
identify specific clusters, but to distinguish noisy from clustered trajectories.
The potential of density-based clustering for applications in the ocean and its
comparison to other existing clustering methods for flow examples such as the
Bickley jet (cf. section 5.1) has not been explored so far. Different fromOPTICS,
DBSCAN detects clusters with a certain fixed minimum density, although clus-
ters with varying densities might be present in a dataset [38]. More specifically,
the value for the cut-off parameter 𝜖, cf. section 5.3, has to be set beforehand.
Choosing a good value for the density parameter in DBSCAN is challenging if
there is no underlying physical intuition for the density structure. As described
in section 5.3, OPTICS allows one to derive any DBSCAN clustering result, with
the same value for the parameter 𝑠 , after computing the reachability plot,
i.e. after one can get first insights into the clustering structure of the dataset
to make an appropriate choice for 𝜖. Furthermore, it also allows one to use the
𝜉-clustering method instead of DBSCAN (cf. section 5.3).
A more recent and powerful technique to detect finite-time coherent sets in
sparse trajectory data was presented by Froyland et al. [37], based on dynamic
Laplacian and transfer operators [97]. Froyland et al. [37] apply their method
to a trajectory dataset in the Western Boundary Current region in the North
Atlantic Ocean, and successfully detect many eddies by superposing individual
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eigenvectors. The methods presented there are based on a form of spectral
embedding, derived from discretized dynamical operators. Based on this em-
bedding, clustering results have also been derived with k-Means by Froyland
and Junge [97] and with individual thresholding by Froyland et al. [37]. Froy-
land et al. [37] also show how the low-order eigenvectors correspond to large-
scale coherent features, while the individual eddies are derived by a sparse
eigenbasis approximation of a number of eigenvectors. The latter approach
is essentially a transformation of the embedding to represent the most reli-
able features, such that a superposition of the eigenvectors alone yields the
information about the location and size of finite-time coherent sets (without a
clustering step). This is essentially an optimized form of embedding, i.e. the
second step in fig. 5.1. Our aim here is to focus on the third step in fig. 5.1, i.e.
to demonstrate the potential of the density-based clustering algorithmOPTICS,
together with a very simple embedding of eq. (5.3).
A downside of our method compared to other approaches is the rather ad-
hoc choice of embedding, cf. eq. (5.3). Different from many other methods,
most notably the ones of Banisch and Koltai [82], Froyland and Junge [97] and
Froyland et al. [37], this type of embedding is not derived from ameaningful dy-
namical operator. It could be fruitful to explore a combination of these more
meaningful embeddings together with OPTICS as a clustering algorithm in fu-
ture research.

5.4. Results
5.1. Bickley jet flow
We start with the direct embedding of the Bickley jet flow trajectories, cf. sec-
tion 5.2. The data matrix has dimension 𝑋 ∈ ℝ , × . We apply the OPTICS
algorithm to the resulting points together with DBSCAN clustering, choosing
𝑠 = 80 as a minimum size of the finite-time coherent sets. In the following,
all axis units are in multiples of 1000 km. Figure 5.2 shows the reachability plot,
together with the DBSCAN clustering result of three different choices of 𝜖. The
six vortices and the jet are clearly visible as the major valleys in the reachabil-
ity plot. The hierachical structure of the DBSCAN clustering with decreasing 𝜖
is visible in the figures from top (large-scale coherence) to bottom (small-scale
coherence). Note that for the DBSCAN clustering results, boundary points of
the clusters can be above the hozitonal line at 𝑦 = 𝜖. This is because of the
definition of the DBSCAN clustering in section 5.3.

To illustrate the difference between OPTICS and k-Means, we use the em-
bedded trajectories and apply classical MDS to obtain a 2-dimensional embed-
ding. As described in section 5.2, this assures to capture the major variance
along the embedding axes. The spectrum of 𝐵 in eq. (5.4) is shown in fig. 5.11
in the appendix, with two clearly dominant eigenvalues. The fact that there are
two very dominant eigenvalues assures that the illustration of the data in the
plane captures the major variance of the data points. Figure 5.3a shows the
corresponding embedding of the trajectories in the 2-dimensional Euclidean
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Figure 5.2: Result of the OPTICS algorithm applied to the direct embedding of the trajectories. (a),
(d) and (g) show the reachability plot with different DBSCAN clustering results, indicated by the
black horizontal line. The corresponding clustering results of each choice of DBSCAN parameter
is shown on the right of the reachability plots for different times. Grey particles correspond to

noise. Axis units in the centre and right column are in km.

space. The star-shaped distribution of data points reflect the strong symme-
tries of the underlying idealized Bickley jet flow. Such symmetry is not expected
to be present for more realistic flows. Figures 5.3b and 5.3c show the cluster
labels for OPTICSwith DBSCAN clustering at 𝜖 = 10 km, and for a k-Means clus-
tering with 𝐾 = 8 clusters, respectively. 𝐾 = 8 corresponds to the six vortices,
the jet, and one noise cluster as suggested by [35].

The corresponding clustering results in real space are shown in figs. 5.4 and
5.5 for OPTICS and k-Means, respectively. The jet and the six vortices are clearly
recognizable as dense accumulations of points in the 2-dimensional space of
fig. 5.3b, see fig. 5.4 for the corresponding colours. The clustering result with
k-Means in fig. 5.5 shows that the clusters corresponding to the vortices are
much less focussed. In addition, each of the eight clusters in fig. 5.3c contains
some of the noisy points of fig. 5.3b, which shows that using one additional
cluster for noise does not work in this situation. It is interesting to note that
capturing the noisy data points of fig. 5.3b by an additional cluster in k-Means
is geometrically impossible, simply because k-Means clusters are circular. Cov-
ering all noisy points without including the centre, i.e. the jet in fig. 5.3b, is not
possible for k-Means.
It should be noted here that the poor performance of k-Means in figs. 5.3c and
5.5 is not representative for other methods that use k-Means. For example, the
method of Banisch and Koltai [82] captures the coherent structures in the Bick-
ley jet rather well, including the jet in the middle. We emphasize again that we
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Figure 5.3: a: 2-dimensional embedding of the classical MDS method (cf. section 5.2) of the trajec-
tories. b: with labels according to the DBSCAN result of fig. 5.4. The six vortices and the jet are
clearly visible as dense regions. Grey particles correspond to noise. c: k-Means clustering result
for K=8, see fig. 5.5 for the spatial clustering result of k-Means.

use classical MDS here mostly for visualization purposes, as the computation
of the classical MDS embedding is difficult for large particle sets. In our case, a
dense 12, 000×12, 000 symmetric matrix has to be diagonalized, which already
takes a significant amount of computation time.

Figure 5.4: Result of DBSCAN clustering of the 2-dimensional embedding of the classical MDS
method. a: reachability plot with black line representing the DBSCAN parameter . b-c: corre-
sponding clustering results at different times. Grey particles represent noise. Axis units are in

km.

Figure 5.5: Result of k-Means clustering of the 2-dimensional embedding from classical MDS,
cf. fig. 5.4. Axis units are in km.

We finally also tested the performance of our algorithm with a random sub-
set of 2,000 particles, using data for every five days instead of every day, cf. fig.
5.12 in the appendix. OPTICS still detects the six vortices and the jet, although
the cluster boundaries are less clearly defined compared to fig. 5.2. Froyland
and Junge [97] detect the vortices and the jet by using data of 3,000 particles
only at initial and final times (𝑡 = 0 and 𝑡 = 40 days). Our method is not able



5

112
5. Ordering of trajectories reveals hierarchical finite-time coherent sets

in Lagrangian particle data

to detect the expected finite-time coherent sets with using only initial and final
particle data. This is likely to be a result of the ad-hoc direct embedding, cf. eq.
(5.3), see the discussion at the end of section 5.4.

5.2. Agulhas rings
We next apply OPTICS to the Agulhas trajectories. As described in section 5.2,
we have �̄� ∈ ℝ × with 𝑁 = 23, 821. We choose 𝑠 = 100 in the following,
which corresponds initially to a square cell of 2∘×2∘, i.e. a reasonableminimum
size of an Agulhas ring. Figure 5.6 shows the result of the direct embedding.
The reachability plot in fig. 5.6a is much more jagged than for the Bickley jet
model flow (cf. fig. 5.2a). The narrow deep valleys and the wider valleys in
the reachability plot indicate the presence of large- and small-scale coherence
patterns. Figure 5.6a-c show the DBSCAN clustering result for a relatively large
value of 𝜖. The main separation of fluid domains is between the red and the
blue particles, with a few vortices at their boundary. These two water masses
are the northern and southern parts of the subtropical gyre in the South At-
lantic, the red particles moving to the west, the blue particles to the east. The
second and third rows of fig. 5.6 show other clustering results for the DBSCAN-
and the 𝜉-clustering method, respectively. The valleys in fig. 5.6g with steep-
est boundaries as detected by the 𝜉-clustering method mostly correspond to
eddy-like structures, separated by background noise. Note that not all clusters
in the figure correspond to eddies. For example, the blue cluster in figs. 5.6g-i
stays approximately coherent over the considered time interval, although it is
certainly not an Agulhas ring. An animation of the detected finite-time coherent
sets for the full two years of trajectory data based on the 𝜉-clustering method
as in the last row of fig. 5.6 can be found on Zenodo [104], showing that many
of the sets stay coherent for significantly longer times than the first 100 days.

Figure 5.6 shows that for this situation, the 𝜉-clustering method detects
more Agulhas rings than DBSCAN. While the clustering results shown in the
figure all depends on the parameter values for 𝜉 and 𝜖, it is visible in the reach-
ability plot of fig. 5.6g that the definition of some eddies includes the entire
boundary of the valleys, i.e. up to very high reachability values. At the same
time, the detection of the large-scale clusters as in 5.6a-c is not possible with
the 𝜉-clustering method. These findings are in fact expected, cf. the discussion
of the two clustering methods at the end of section 5.3. DBSCAN is best to de-
tect global density structures, i.e. when the reachability values of all points are
compared to the same cut-off 𝜖. Regions that are dense locally but not neces-
sarily globally are better detected with the 𝜉-clustering method. Despite these
differences between the two clustering methods, we again emphasize that the
main result of OPTICS is the reachability plot itself. Fig. 5.7 shows a colour
map at initial time of the reachability values. We clearly see Agulhas rings as
the dark regions corresponding to lowest values of reachability. The regions of
large reachability correspond to trajectories that are relatively noisy compared
to all the other trajectories.

In order to illustrate again the difference between OPTICS and k-Means for
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Figure 5.6: Result of the OPTICS algorithm applied to the direct embedding of the trajectories, with
different clustering methods. Grey particles correspond to noise.

this example, we choose 12,000 random trajectories and again embed the tra-
jectories in a 2-dimensional space with classical MDS (cf. section 5.2). The re-
duction of the particle set is necessary to simplify the eigendecomposition of
the matrix 𝐵 in eq. (5.4), and we therefore choose 𝑠 = 30. The correspond-
ing spectrum of 𝐵 is shown in fig. 5.13 in the appendix, showing that there
are again two dominant eigenvectors, i.e. visualizing the netwok in the plane
captures the main variance of the data. Figure 5.8 shows the embedded tra-
jectories together with OPTICS / DBSCAN clustering (fig. 5.8b) and k-Means (fig.
5.8c) for K=40. Figs. 5.9 and 5.10 show the corresponding clustering results
in the fluid domain. It is visible that k-Means does not detect a single vortex,
but splits the fluid domain into regions of approximately similar size. OPTICS
detects multiple Agulhas rings by finding the deepest valleys in the reachability
plot.

It is interesting to note that the use of classical MDS in fig. 5.9 has lead to
the detection of many of the vortices of fig. 5.6d-f with DBSCAN instead of the
𝜉-clustering method. The transformation to the reduced 2D space has hence
lead to a simplification of the reachability plot, which now represents the ma-
jor variations in the distances of the embedded trajectories. At the same time,
the large-scale structure of 5.6a is not visible any more in fig. 5.9. This indi-
cates that exploring more dimensionality reduction techniques could be useful
for future research, in particular those that are computationally more efficient
than classical MDS.
Spectral embeddings derived fromnetworks togetherwith partition-based clus-
tering have a similar problem as the one illustrated in figs. 5.8c and 5.10 [37].
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Figure 5.7: Reachability values at initial time, resulting from the OPTICS algorithm applied to the
direct embedding of the trajectories. The regions with lowest values clearly correspond to Agul-
has rings. The colour bar is cut off at a reachability of km to show the relevant structure of
variations.

Figure 5.8: Embedding of the Agulhas trajectories in the 2-dimensional space defined by the leading
eigenvectors of the MDS Kernel matrix . a: no labels. b: clustering labels of OPTICS / DBSCAN,
see fig. 5.9 for the corresponding plot in the Agulhas region. Grey particles represent noise. c:
k-Means with , see fig. 5.10 for the corresponding plot in the Agulhas domain.

Similar to the case discussed here, OPTICS can be used to overcome the prob-
lems of k-Means. We show this in appendix 5.6.C for the network proposed
by [81] for the Agulhas region, together with a brief introduction of the net-
work and how to construct spectral embeddings. In summary, k-Means again
fails to detect any of the vortices, while OPTICS detects many of the coherent
vortices in the spectrally embedded network. Yet, other flow features are also
present that result from the physical motivation of the network definition, see
the results in appendix 5.6.C.

5.5. Conclusion
The abstract embedding of particle trajectories in a metric space with subse-
quent clustering is a promising field of research for the detection of finite-time
coherent sets in oceanography. Yet, most of the existing methods have been
based on graph partitioning, which has no concept of noisy, unclustered tra-
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Figure 5.9: Result of OPTICS applied to the 2-dimensional embedding of 12,000 randomly selected
particles with the classical MDS method, cf. fig. 5.8b, and . The corresponding spectrum
is shown in fig. 5.13 in the appendix, showing that there are two dominant eigenvectors. Grey
particles are classified as noise.

Figure 5.10: Result of the k-Means clustering with applied to the 2-dimensional embedding
with classical MDS, cf. fig. 5.8c.

jectories. This is a problem for applications in the ocean, where many eddies
are transported in a noisy background flow on large domains. This study is
motivated by the success of Froyland et al. [37] in overcoming the problem of
graph partitioning by a sophisticated form of trajectory embedding. Here, we
show how the density-based clustering algorithm OPTICS [38] can be used in-
stead of graph partitioning, in order to detect small-scale eddies in large ocean
domains. Different from partition-based clustering methods such as k-Means,
OPTICS does not require to fix the number of clusters beforehand. Clusters are
detected by identifying dense accumulations of points, i.e. groups of trajecto-
ries that are close to each other in embedding space. Coherent groups of par-
ticle trajectories can be identified as valleys in the reachability plot computed
by the OPTICS algorithm. This plot also has a natural interpretation in terms of
cluster hierarchies, i.e. finite-time coherent sets that are by themselves part of
a larger scale finite-time coherent set. Such hierarchies are present in the sur-
face ocean flow, where the subtropical basins are approximately coherent and
at the same time contain other finite-time coherent structures such as eddies
and jets.
We apply OPTICS to Lagrangian particle trajectories directly, in the spirit of Froy-
land and Padberg-Gehle [80]. OPTICS successfully detects the expected coher-
ent structures in the Bickley jet model flow, separating the six vortices and the
jet from background noise. We also apply OPTICS to simulated trajectories in
the eastern South Atlantic and successfully identify Agulhas rings, separated
by noise. We visualize the difference between OPTICS and k-Means with a 2-
dimensional embedding of the trajectories based on classicalmultidimensional
scaling. We also show how OPTICS can be applied to the spectral embedding
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of the particle-based network proposed by Padberg-Gehle and Schneide [81],
providing a necessary amendment to their method to detect coherent vortices
in a large ocean domain, i.e. when k-Means fails. Our method is very simple to
implement in Python, as OPTICS is available in the Python scikit-learn package.
While we here present the results of OPTICS with three different kinds of em-
beddings, it is likely that OPTICS also works for other trajectory embeddings,
such as the spectral embeddings of Banisch and Koltai [82] or Froyland and
Junge [97]. Using such dynamically motivated embeddings instead of the ad-
hoc direct embedding presented here could be a promising direction for future
research.
Extending our method to datasets with more trajectories can be made more
efficient by choosing a finite generating distance for OPTICS [38]. While this
is better from a computational point of view, it requires some knowledge or
intuition about the spatial distribution of the embedded trajectories. A ma-
jor challenge for the method proposed here is the embedding dimension. For
long trajectories, it is necessary to reduce the dimensionality of the trajectories
before applying OPTICS. A complication here is the desired property of an em-
bedding to preserve both local and global distances in order to make full use of
the hierarchical properties of OPTICS. This means, for example, that the popu-
lar method of a locally linear embedding [105] is not suitable, unless only the
small-scale (densest finite-time coherent sets) are to be detected. Using clas-
sical multidimensional scaling (MDS), as we did here to visualize the clustering
results, in principle preserves local and global distances, although our results
indicate that the large-scale coherence structure in the Agulhas flow is less pro-
nounced for the classical MDS embedding compared to the full embedding of
trajectories. In any case, classical MDS is not an option for very large datasets,
as it requires the diagonalization of a dense symmetric square matrix of size
equal to the particle number. Spectral embeddings of derived networks such
as the ones of Hadjighasem et al. [35], Padberg-Gehle and Schneide [81] and
Banisch and Koltai [82] are useful to achieve lower-dimensional embeddings,
but they come with the introduction of additional parameters for the network
construction and heuristics to truncate the embedding dimension. Further re-
search into other non-linear dimensionality reduction techniques that have not
been explored in the context of finite-time coherent sets can lead to more effi-
cient and robust methods.

5.6. Appendices
5.6.A. Additional figures for the Bickley jet flow
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Figure 5.11: Spectrum of the classical MDS kernel matrix for the Bickley jet flow. It is visible
that there are two dominant eigenvalues. We choose the vectors corresponding to these first two
eigenvalues as embedding vectors in section 5.1.

Figure 5.12: Result of the OPTICS algorithm for a random subset of 2,000 particles in the Bickley
jet flow, with particle data every 5 days instead of every day. To account for the smaller number of
particles, we set for this case. The six vortices and the jet are still clearly visible.
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5.6.B. Additional figures for the Agulhas flow

Figure 5.13: Spectrum of the classical MDS kernel matrix for the Agulhas flow, where we first
constrain the particle data to 12,000 randomly selected trajectories. There are again two dominant
eigenvalues, for which we choose the corresponding vectors for the embedding in section 5.2.
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5.6.C. Detecting Agulhas rings with a particle-based network
To demonstrate that OPTICS can also be applied to the spectral embedding of
a particle-based network, we use the network proposed by Padberg-Gehle and
Schneide [81]. If we have a set of particle trajectories 𝑥 (𝑡), where 𝑖 = 1,… ,𝑁,
𝑡 = 𝑡 , 𝑡 , … , 𝑡 with 𝑁 the number of particles and 𝑇 the number of time steps,
the network 𝐴 ∈ ℝ × is defined as:

𝐴 = {1, if ∃𝑡 ∈ {𝑡 , 𝑡 , … , 𝑡 } 𝑠.𝑡. ||𝑥 (𝑡) − 𝑥 (𝑡)|| < 𝑑,
0, otherwise. (5.8)

Here, ||.|| denotes the Euclidean norm and 𝑑 > 0 is a fixed pre-determined
cut-off parameter, see Padberg-Gehle and Schneide [81] for a discussion on the
choice of 𝑑 (called 𝜖 in Padberg-Gehle and Schneide [81]). Similar to Padberg-
Gehle and Schneide [81], we embed the nodes in a lower dimensional space
ℝ by means of the eigenvectors of its random walk Laplacian, (see e.g. Von
Luxburg [87])

𝐿 = 𝐷 𝐴, (5.9)

where 𝐷 is a diagonal matrix with 𝐷 = ∑ 𝐴 . The embedding of node 𝑖 is
defined by

𝑦 = (𝑣 , , 𝑣 , , … , 𝑣 , ) ∈ ℝ , (5.10)

where 𝑣 , 𝑖 = 0,… ,𝑁 − 1 are the right eigenvectors corresponding to the
largest eigenvalues 𝜆 of 𝐿 . The eigenvalues are assumed to be ordered in de-
scending order, i.e. 1 = 𝜆 > 𝜆 ≥ … ,≥ 𝜆 . The classical simultaneous K-way
normalized cut proceeds with applying the k-Means algorithm to the embed-
ding defined in eq. (5.10) to detect 𝐾 clusters [87], resulting in an approximate
solution to the normalized cut problem [84].
Figure 5.14 shows the spectrum of the resulting random walk Laplacian with
𝑑 = 200 km. No obvious spectral gap is visible that would suggest a truncation
of the embedding space. Figure 5.15 shows the clustering result if we apply a
k-Means algorithm as suggested by Padberg-Gehle and Schneide [81] to detect
𝐾 = 40 clusters. It is visible that the partition-based k-Means clusteringmethod
does not detect any individual Agulhas rings, but partitions the state space into
regions of approximately equal size.

Applying OPTICS instead of k-Means with a subsequent 𝜉-clustering detects
some of the Agulhas rings, see fig. 5.16, where we choose 𝑠 = 100 as in
section 5.2. Note that also other structures than typical circular eddies are de-
tected. While this depends on the clustering parameter 𝜉 (or 𝜖 for DBSCAN),
this is also a consequence of the physically motivated network defined by eq.
(5.10), where particles are connected equally if they are close to each other at
least once in time. This is different from the direct embedding, where we re-
quire particles to stay close to each other along the entire trajectory.
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Figure 5.14: Spectrum of the random walk Laplacian, cf. eq. (5.9) of the network proposed by
Padberg-Gehle and Schneide [81] applied to the Agulhas trajectory data. No clear gap exists that
suggest a truncation of the embedding.

Figure 5.15: Result of k-Means clustering applied to the 40 leading eigenvectors of the randomwalk
Laplacian, cf. eq. (5.9), looking for 40 clusters. No individual vortices are detected.

Figure 5.16: Result of OPTICS applied to the spectral embedding of the network defined in
eq. (5.8) with km and . Grey particles are classified as noise.
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Conclusion and outlook

This thesis explored methods to understand the large-scale structure of the
ocean flow with Lagrangian trajectories. With regards to the three main goals
of this thesis (see section 1.5), chapter 2 addressed goal 1 by including some
of the known behaviour of microplastic in the vertical direction, albeit in a very
idealized form. Goal 2 was achieved by the results of chapter 3, where the
limits of surface plasticmodelling were successfully quantified and shown to be
relevant for existing models. Chapters 4 and 5 addressed goal 3, providing two
methods for the data-driven analysis of large amounts of Lagrangian particles
for ocean drifters and simulated trajectories.

6.1. Research questions and answers

How does our understanding of global plastic transport change if we take
into account near-surface currents?
In chapter 2, we computed transport rates between large-scale oceanographic
regions for different models of particle transport. The long term distribution
of particles constrained to the ocean surface successfully reproduced previous
results of the accumulation of microplastic in the Subtropical Gyres. Constrain-
ing particles not to the surface but to different fixed depths up to 120 m in the
water column leads to a gradual decay of this ‘garbage patch’ structure, where
the accumulation regions disappear at a depth of around 60 m. This is a con-
sequence of the decay of the Ekman velocity with depth. The results for the
global long-term distribution for particles being randomly displaced in the up-
per water column, and for particles that follow the full three-dimensional cur-
rents are similar. The most important result of chapter 2 is that the transport
between subtropical and polar regions becomes more likely in deeper layers
compared to the surface. As buoyant plastic is known to loose its buoyancy
due to biofouling, this could provide a possible explanation for the occurrence
of microplastic in subpolar and polar regions. Moving slightly away from the
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ocean surface does change our understanding of the global transport of buoy-
ant microplastic, although it is important to develop more accurate transport
models that reflect the actual biofouling behaviour of particles in the ocean in
the future.

What is the mixing time of the surface ocean flow, and how does that af-
fect our current understanding of plastic transport?
In chapter 3, we show that the mixing time scale for large parts of the ocean
is at the order of or below 10 years, which is a typical simulation time chosen
in studies on the accumulation of surface microplastic. Our method is based
on assuming imperfect knowledge of the initial plastic distribution in space, re-
flected by the choice of binning for the mixing entropy and Markov chain mix-
ing time. Our results have two important implications in the plastic context.
First, it is not necessary to develop complicatedmodels for plastic release if the
integration time is on the order of 10 years. The information of any initial dis-
tribution will be lost after such a long time of particle advection. Secondly, as
the correlation between an initial particle distribution and its final distribution
decays over time, there is a limit to the backtracking of Lagrangian particles, i.e.
for determining where particles came from.

Canwe identify themajor large-scale features in theNorth Atlantic Ocean
based on drifter data with network theory?
We showed in chapter 4 that a network based on the symbolic itineraries of in-
dividual particles together with spectral clustering can indeed detect the most
popular features of the large-scale surface flow in the Atlantic Ocean, such as
the Western Boundary Current region, the Carribbean Sea, as well as the ap-
proximate transport barrier between the Subpolar and Subtropical Gyres. Our
method presented in chapter 4 is designed for the application to incomplete
trajectory data, and maximises the possible use of data by neglecting all time-
dependence of the drifter trajectories.

Can we accommodate the concept of hierarchy and noise in detecting co-
herent structures in Lagrangian particle data?
The OPTICS clustering technique of Ankerst et al. [38] used in chapter 5 accom-
modates the concepts of hierarchy and noisy data points. In the chapter, we
show that OPTICS can be used to overcome problems of partition based clus-
tering. OPTICS is a powerful tool for the detection of finite-time coherent sets,
i.e. eddies and jets, on challenging ocean domains. As the clustering method is
fully implemented in the scikit-learn library of Python, the method is very easy
to apply to Lagrangian data, and naturally comes with a hierarchical interpre-
tation of coherence.

6.2. Future perspectives
There are several concrete potential topics for future research related to the
results presented in this thesis. In the context of surface mixing, cf. chapter 3,
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it could be useful to study how the global mixing structure changes with more
realistic particle advection models, e.g. by including more realistic forms of
biofouling, such as the one proposed in [2]. It is likely that the mixing of par-
ticles that are not restricted to the strongly converging surface currents is less
strong.
In the context of data clustering and the identification of structure in drifter
data, further research into suitable dimensionality reduction techniques, such
as the locally linear embedding [105], could yield important information on tra-
jectory patterns. More specifically, one could test the combination of the spec-
tral embedding of Froyland and Junge [97] with OPTICS as a clustering algo-
rithm. This is a straightforward extension of chapter 5, with large potential in
terms of performance and physical interpretability of the resulting coherence
structure.
Finally, an extension of the density-based clustering technique of chapter 5 to
the three-dimensional ocean flow could yield valuable insights into the trans-
port patterns of the deep ocean. This could also provide useful insights into
the performance of an ocean model for reproducing the global thermohaline
circulation. In this context, particularly the 𝜉-clustering technique of the OPTICS
algorithm of chapter 5 could be useful for the three-dimensional ocean flow, as
it provides a detection of clusters based on a local density criterion. Such a lo-
cal criterion is necessary as the time scales of the ocean flow varies significantly
with depth. To implement this in practice, it is necessary to first significantly re-
duce the dimensionality of the Lagrangian particle data set with dimensionality
reduction techniques.
The simulation of virtual particles in geophysical flows is about to reach a con-
siderable scale, producing very large amounts of data with large computing
facilities and powerful numerical implementations of the Lagrangian dynam-
ics. Yet, in the overall picture, the analysis of such large Lagrangian data sets
seems to lag behind the current state-of-the-art data analysis techniques. Ex-
isting studies in the field have only explored a very limited range of available
data reduction and clustering algorithms. This is very well reflected by the fact
that most of the published algorithms employing data clustering techniques,
cf. chapters 4 and 5, still rely on k-means clustering. The research presented
in this thesis shows the large potential that existing methods from data sci-
ence can have for the analysis of Lagrangian particle data. In chapter 5, we
have shown how an established algorithm developed more than 20 years ago
outperforms many recent algorithms in the detection of ocean eddies on large
ocean domains, even without an abstract pre-processing of the data. It is likely
that other data reduction techniques exist that perform even better, poten-
tially yielding valuable insights into the dynamics and the emergent behaviour
of large sets of Lagrangian particles. Future advances in the field of Lagrangian
data analysis will have to move forward by employing more sophisticated data
reduction and analysis techniques.
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