
 

Designer materials on demand: 
Honeycomb semiconductors      

by lithographic design 

Christiaan Post 

   D
esigner m

aterials on dem
and:  H

oneycom
b sem

iconductors by lithographic design       C
hristiaan Post    2021        

materials on 
demand: 
Honeycomb 

semiconductors by 
lithographic design 

 
 

Wednesday   
19th May 2021 
at 14:15 hrs. 

 

Academiegebouw  
Utrecht 

 

Christiaan Post 
lcpost91@gmail.com 

 

Paranymphs: 
Daniel Spitz 

Tim Prins 

Invitation 
 

to attend the public 
defence of my thesis 

 
Designer  





558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 1PDF page: 1PDF page: 1PDF page: 1

Designer materials on demand:
Honeycomb semiconductors by lithographic design



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 2PDF page: 2PDF page: 2PDF page: 2

PhD thesis, Universiteit Utrecht

Christiaan Post, April 2021

The cover was designed by Kees Post

Printed by: Gildeprint

ISBN: 978-94-6419-191-2



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 3PDF page: 3PDF page: 3PDF page: 3

Designer materials on demand:
Honeycomb semiconductors by lithographic design

Ontwerpmaterialen op aanvraag:

Honingraat halfgeleiders volgens lithografisch ontwerp

(met een samenvatting in het Nederlands)

Proefschrift

ter verkrijging van de graad van doctor aan de Universiteit Utrecht op gezag van de
rector magnificus, prof.dr. H.R.B.M. Kummeling, ingevolge het besluit van het college
voor promoties in het openbaar te verdedigen op woensdag 19 mei 2021 des middags

te 2.15 uur

door

Lambert Christiaan Post

geboren op 6 februari 1991
te Hilversum

https://prof.dr/


558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 4PDF page: 4PDF page: 4PDF page: 4

Promotor: Prof. dr. D. Vanmaekelbergh

Dit proefschrift werd mede mogelijk gemaakt met financiële steun van de Nederlandse
Organisatie voor Wetenschappelijk Onderzoek (NWO-programma TOPPUNT).



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 5PDF page: 5PDF page: 5PDF page: 5

Contents

Page

I Introduction 1

II Understanding honeycomb semiconductors: Theoretical back-
ground 7

II.1 Solid-state physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
II.2 Graphene . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
II.3 Honeycomb semiconductors . . . . . . . . . . . . . . . . . . . . . . . . . 19
II.4 Fabrication of honeycomb semiconductors . . . . . . . . . . . . . . . . 23
II.5 Scanning tunneling microscopy and spectroscopy . . . . . . . . . . . . 30

III Designing honeycomb semiconductors: The muffin-tin model 43
III.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
III.2 Design of a honeycomb semiconductor . . . . . . . . . . . . . . . . . . 45
III.3 Optimization of a honeycomb semiconductor . . . . . . . . . . . . . . . 47
III.4 Experimental comparison tool: the numerical muffin-tin model . . . 54
III.5 Conclusions and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
Supplementary information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

IV Realizing honeycomb semiconductors: A lithographic route
towards nanoperforated InGaAs quantum wells 77

IV.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
IV.2 Fabrication of a honeycomb semiconductor . . . . . . . . . . . . . . . . 79
IV.3 Statistical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
IV.4 Radial distribution function . . . . . . . . . . . . . . . . . . . . . . . . . 86
IV.5 Conclusion and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
Supplementary information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

V Investigating honeycomb semiconductors: Structural and
electronic investigation of an engineered InGaAs honeycomb
semiconductor 111

V.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 6PDF page: 6PDF page: 6PDF page: 6

V.2 Engineering of a Dirac-type band structure by lithographic design . 113
V.3 Electronic characterization of the honeycomb semiconductor . . . . . 115
V.4 Conclusions and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
Supplementary information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

VI Investigation of the electronic effects of geometric disor-
der in a honeycomb semiconductor: from a local defect to
a glassy system 137

VI.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
VI.2 Investigation of the electronic effects of a single local distortion

of the honeycomb lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
VI.3 Fully disordered antidot lattices: a glassy version of the honey-

comb semiconductor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
VI.4 Disordered tight-binding model . . . . . . . . . . . . . . . . . . . . . . 148
VI.5 Conclusions and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
Supplementary information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

VII Application of honeycomb semiconductors: Outlook & fu-
ture prospects 163

VII.1 Process optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
VII.2 Transport measurements . . . . . . . . . . . . . . . . . . . . . . . . . . 166
VII.3 Beyond InGaAs-based honeycomb semiconductors . . . . . . . . . . . 168

VIII Samenvatting in het Nederlands 177

Acknowledgements 187

Publications and conference contributions 193

About the author 195



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 7PDF page: 7PDF page: 7PDF page: 7

Chapter I
Introduction

It has always been the dream of the scientific world to design and construct materi-
als with full control over the electrical, mechanical and other relevant properties. In
the ideal case, individual atoms are manipulated and arranged one by one to fabricate
designer materials, creating an endless playground of different materials with spe-
cific properties for specific applications. Quantum simulators can help us with the un-
derstanding of these designer materials. Quantum simulators are systems which can
be tuned in composition and geometry at the nanoscale, they are used to investigate
less tunable and controllable materials [1]. Individual, manipulatable building blocks
can be used to design quantum simulators. These simulators include cold-atom sys-
tems [2,3], photonic systems [4–8], trapped ion systems [9–11] or acoustic systems [12].
To mimic electronic systems, electronic quantum simulators can be designed which al-
low to investigate all fundamental properties of the electrons, such as spin, charge and
orbital degree of freedom. For this purpose, scanning tunneling microscopy (STM) is
an ideal platform and tool: it allows to observe individual atoms [13], and these indi-
vidual atoms can also be manipulated and positioned with atomic precision [14]. When
the electronic quantum simulator is designed, the electronic properties can be directly
accessed using the conducting tip of a STM. Various quantum systems have already
been designed and investigated using this tool, starting from ’simple’ quantum sys-
tems such as artificial atoms [15], quantum corrals [16] and honeycomb lattices [17]
towards more complex systems such as Lieb lattices [18, 19], Kagome lattices [20, 21],
Su-Schrieffer-Heeger (SSH) chains and squares [22] and kekulé lattices [23]. Even
the dimesionality [24] of the confined electron gas can be modulated using the correct
design.

In this thesis, the honeycomb geometry is selected as a suitable system, since it has
a simple graphene-type lattice and can provide a Dirac-type electronic band structure
similar or different from that of graphene. A Dirac band structure means that the
conduction band contains one or more Dirac cones, where the energy of the charge

1
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I Introduction

carrier is linear with momentum, and that a p-orbital flat band emerges if the s- and
p-orbitals are sufficiently separated. Honeycomb physics have already been studied in
various types of quantum simulators using optical traps [25–27], ultra-cold atoms [28]
and molecules [17]. Electronically, the properties of graphene originate from the honey-
comb symmetry itself and do not depend on the composition [29]. This means that they
can be implemented in other types of materials such as semiconductor materials [30].
This could result in a geometric semiconductor with properties such as the band gap
that depend on the material, but conduction- and valence band structures determined
by the honeycomb geometry. One of the first real materials with a honeycomb symme-
try was build using semiconductor nanocrystals, which can form long-scale honeycomb
superlattices [31–33]. The electronic properties can be tuned and optimized by chang-
ing the dimensions of the honeycomb lattice and composition of the semiconductor
material. Such materials will be called honeycomb semiconductors: two-dimensional
semiconductor materials with an embedded honeycomb nanogeometry.

In this thesis, a different approach will be used to realize honeycomb semiconductors,
namely a top-down approach. In 2009, Gibertini et al. [34] proposed to design a honey-
comb semiconductor using lithography, a process used in the microfabrication to create
patterns in thin semiconductor films. Theoretical models already show that a Dirac-
type electronic structure can be obtained in honeycomb semiconductors by lithographic
design [35]. First efforts to fabricate a lithographic designed honeycomb semiconduc-
tor have already been performed. In 2015, Scarabelli et al. [36] fabricated arrays of Au
nanodisks with a honeycomb unit cell of 50 nm periodicity onto a modulation-doped
GaAs/Al0.1Ga0.9As quantum well using electron beam lithography, forming an attrac-
tive potential for the electrons in the semiconductor quantum well. By using resonant
inelastic light scattering [37] and transport measurements [38], first measurements
of the electron states were performed, showing only faint features due to the large
unit cell size of the honeycomb nanogeometry. Upon changing the design from honey-
comb attractive pillars to triangular repulsive pores [39], no clear improvements were
established. Although this research showed the possibility to design honeycomb semi-
conductors with tunable properties such as electron density, doping and symmetry in
size, the signatures of Dirac physics were faint and indirect.

The honeycomb semiconductor lattice needs several improvements to make the Dirac
cones wider in energy and thus more robust. First, the dimension of the honeycomb
unit cell needs to be reduced to reveal Dirac electrons with a measurable band width in
standard cryogenic conditions. This can be achieved by pushing the limits of the elec-
tron beam lithography technique towards lower unit cell sizes [30]. In parallel, alter-
native patterning technologies such as block copolymer lithography can be considered.
Second, different III-V semiconductor compounds can be considered. For example, In-
GaAs based quantum well heterostructures can be fabricated using well-established
routes [40], leading to to electron gases with high carrier mobilities. On top of that, the
low effective mass of InGaAs (compared with GaAs) enhances the confinement effects
of the charge carriers, improving the band width of the Dirac cone. Finally, the quality
of the honeycomb geometry is essential to achieve a robust Dirac-type electronic band
structure.

2
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Adequate semiconductor compounds and improved patterning will enable us to imple-
ment Dirac physics in real semiconductor materials, which will open the way to apply
this in real electronic devices fabricated by the semiconductor industry. On top of that,
this technique also enables us to explore also other symmetries [41] and other semicon-
ductor materials, truly giving full control over the electronic properties of a designer
material.

Outline of this thesis

The aim of this research to create and measure Dirac-like electronic physics in real
semiconductor materials with potential direct applications in electronic devices. This
will be achieved by a work-flow to design, realize and characterize InGaAs based two-
dimensional semiconductors with a honeycomb nanogeometry. By first modelling and
designing the desired honeycomb systems, the electronic structure can be investigated
and optimized by changing the lattice parameters. The fabrication process will not
only consist of steps which are already well mastered in the semiconductor industry,
but also on the optimization of the lithography and etching process by exploring the
limits of reducing the unit cell size. For this reason, different lithography and etching
techniques will be considered. The local electronic structure of the designed honey-
comb semiconductors can be directly accessed by using scanning tunneling microscopy.
Finally, the effect of lattice disorder onto the electronic properties will be investigated
theoretically and experimentally.

The thesis is structured as follows:

Chapter II will introduce methodologies and concepts which are used to understand
the research described in this thesis. First, the general properties of bulk and two-
dimensional semiconductors are described. Using a simplified tight-binding model, the
rich electronic structure of graphene can be outlined and understood providing a first
introduction to a Dirac-type electronic band structure. Using both the muffin-tin model
to solve the Schrödinger equation and tight-binding theory, the electronic properties of
two-dimensional honeycomb semiconductors are predicted. Furthermore, this chapter
will also be used to discuss the general procedure to fabricate honeycomb semiconduc-
tors, including the tools and machines used during the technological process. Finally,
scanning tunneling microscopy (STM) is explained which will be the main characteri-
zation tool for these materials.

Chapter III presents two different muffin-tin models which can describe the elec-
tronic structure of a designed honeycomb semiconductor. First, an analytical muffin-
tin model is used to calculate the band structure of a generic honeycomb semiconductor.
By changing the parameters of the lattice, the electronic properties can be tuned and
optimized, which can be made more realistic by adding additional physics to the calcu-
lation. Finally, a numerical approach to the muffin-tin model is used to calculate the
local density of states which can be used as a direct comparison tool for experimental
scanning tunneling spectroscopy.

3
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I Introduction

Chapter IV describes the work-flow to fabricate a honeycomb semiconductor using
electron beam lithography. Starting with a p-type grown InGaAs quantum well, elec-
tron beam lithography is performed onto a thin resist layer on top of the QW, which
will be used as a mask to etch a triangular antidot pattern inside the quantum well.
The structure of the honeycomb semiconductor is intensively analysed using various
techniques, characterizing the sample not only from above but also inside the pores.
Using a particle detection script, disorder in the antidot lattice is studied.

Chapter V presents the measured electronic structure of a honeycomb semiconductor
based on an InGaAs compound using scanning tunnelling microscopy. First, the hon-
eycomb semiconductor is fabricated using block copolymer lithography using similar
work-flow techniques as described in Chapter IV. We show the presence of Dirac-like
features marked by a robust flat band with strong density of states on high-symmetry
points of the honeycomb lattice. The analysis is supported by the theoretical models
described in Chapter III.

Chapter VI investigates the effects of geometric disorder in the honeycomb lattice onto
the electronic properties of the honeycomb semiconductor. Different types of disorder
are identified, investigated experimentally and compared with theory. We discuss the
robustness of the Dirac physics in these samples, showing that the flat band can sur-
vive the energy fluctuations present due to lattice disorder.

Chapter VII presents the future prospects of this research. First, optimization steps
towards the fabrication process of the honeycomb semiconductor are proposed. Second,
a possible design for an electronic honeycomb semiconductor device is present. Finally,
the endless possibilities towards new symmetries, materials and designs are discussed.

4
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II Understanding honeycomb semiconductors: Theoretical background

This chapter provides the theoretical background to understand the elec-
tronic properties of honeycomb semiconductors, and discusses the design,
realization and characterization performed in this research. The general
physics of solids and bulk semiconductors will be explained first before switch-
ing towards two-dimensional semiconductor materials without the honey-
comb symmetry. The effects of a honeycomb geometry onto the electronic
structure of a semiconductor material can be understood by performing a
simple tight-binding calculation on a well-known material with a honeycomb
symmetry: graphene. By implementing Dirac physics in two-dimensional
semiconductors, the electronic structure of both systems can be combined.
In the second part of this chapter, the design and characterization tools for
the fabrication process of honeycomb semiconductors are discussed in more
detail: Molecular beam epitaxy (MBE) is used for the growth of the thin semi-
conductor quantum well (QW). The honeycomb symmetry is fabricated by
etching a triangular lattice of pores into the thin semiconductor layer. The
pores are manufactured using nanolithography, creating a patterned mask
onto the semiconductor device via various fabrication steps. Using multiple
chemical wet etching and dry etching techniques, the mask is etched directly
into the semiconductor material. Finally, we explain how the electronic band
structure can be investigated with scanning tunneling microscopy and spec-
troscopy.

II.1 Solid-state physics

Generally, the materials used in this research are semiconductors. For a better under-
standing of what these class of solids are, a natural starting point for the thesis is to
explain the electronic differences between different type of solids.

Electronic structure of solids

Solids can be classified electronically by their ability to conduct charge carriers. The
electronic band structure describes the range of allowed energy states that electrons
can occupy within a solid. Single atoms have individual energy levels. Increasing the
total number of atoms in the material, all the allowed energy states form a continuous
band as indicated in Fig. II.1A. The electrons will fill up the available states starting
at the lowest available energy state up to the Fermi level, which the maximum energy
level where all energy states in the solid are filled with electrons. Only electrons with
higher energy can be added to the solid, i.e. when applying a voltage to the system,
which will increase the Fermi level of the solid.

A solid is called a metal when the Fermi level lies directly within an electronic band,
meaning that electrons can freely move throughout the metal (Fig. II.1A) when a small
bias voltage is applied, conducting electricity throughout the solid. In thermodynamic
equilibrium, the Fermi-Dirac distribution tells us the likelihood that an energy state E

8
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is filled with an electron [1]:

f (E)= 1
1+ e(E−EF )/kBT (II.1)

where EF is the Fermi energy, kB the Boltzmann constant and T the temperature of
the solid. When the temperature of the solid increases, electrons can occupy states
above the Fermi-level, also creating empty states below the Fermi-level, for instance
important for the heat capacity. The conduction in a metal is a more collective phe-
nomenon, as an electric field results in a smaller momentum change of all occupied
states.

Although bands are continuous for bulk materials, gaps can still occur between bands
which are essentially energy ranges without any energy states. These gaps are called
band gaps. When the Fermi level of a solid lies directly within a band gap, electrons
cannot move freely through the solid when a small voltage is applied, as there are no
states available. When the band gap of a solid is insurmountable large, the solid is
called an insulator (Fig. II.1A).

A BMetal Semimetal Semiconductor Insulator

p-type intrinsic n-type

0

-5

-10

5

XΓ ΓL

E 
(e

V
)

k

EF 

E 

Figure II.1: Electronic properties of various solids. (A) Schematic view of the valence
and conduction band for various solids, ranging from metals to insulators. Black indicates that
the band is filled with electrons, and white shows the empty electron states. The Fermi level
(EF ) is indicated by the dashed line. (B) Band structure of bulk silicon, which is a typical
semiconductor [2]. The band gap between the valence band and the conduction band is indicated
in grey.

For a semiconductor, the Fermi level lies within the band gap, but the band gap is rela-
tively small. This means that the material can be easily changed from non-conductive
to conductive by shifting the Fermi level to a higher or lower level. This can be per-
formed by adding impurities (dopants) to the semiconductor or by applying an electric
field or light to the material. For these reasons, semiconductors are widely used in
electronic circuits for amplification, switching and energy conversion. In case of dop-
ing of Si, for instance, a small amount of pentavalent or trivalent material is added to
the semiconductor, which will add or remove one electron per impurity atom. When
electrons are added to a semiconductor, the solid is called a n-type semiconductor, the
Fermi level is shifted upwards. When electrons are removed from the semiconductor,

9
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electron vacancies (called holes) are created in the valence band, and the semiconduc-
tor becomes p-type; the Fermi level is lowered to just above the valence band edge.

An important example of a semiconductor is silicon (Si). Looking at the band structure
of silicon (Fig. II.1B), a small indirect band gap of 1.12 eV is present. Hence, pure
silicon is an effective insulator at room temperature. Silicon can easily be doped with a
pnictogen (P, As, Sb), introducing one electron per dopant in the solid and shifting the
Fermi level. Similarly, a p-type semiconductor can be created from silicon by doping
the material with element from group 3 (B, Al, Ga). Due to this versatility of silicon
and good surface passivation by silicon oxide, it is widely used in the semiconductor
industry.

The semiconductors used in this research are so-called III-V semiconductors, which
consist of elements from groups III (B, Al, Ga, In) and V (N, P, As, Sb) in the periodic
table. III-V semiconductors have a much lower effective electron mass compared to Si,
increasing the confinement effects inside the solid, which is important to obtain robust
Dirac-type band structures. The elements from the III-V group are also much heavier
compared with Si, adding new interesting physics to the material due to spin-orbit
coupling [3].

From bulk towards two-dimensional semiconductors

In bulk semiconductors and metals, electrons near the minima of the conduction band
can be described using the free electron model. When ignoring electron-electron and
electron-ion interactions are neglected, the energy of the electrons is given by:

E = ħ2k2

2m∗
e
= ħ2

2m∗
e

(k2
x +k2

y +k2
z) (II.2)

where k is the wave vector (proportional to the momentum) of the electron in all three
dimensions and m∗

e is the effective mass of the electron.

When reducing the dimensionality of a semiconductor to a two-dimensional system,
the energy states of the electrons in the semiconductor layer will discretize due to the
confinement effect in the z-direction. The discretized energy states can be calculated
using the Schrödinger equation, which will yield the following expression for the elec-
tron energy [4]:

E2D
n = ħ2k2

x
2m∗

e
+
ħ2k2

y

2m∗
e
+ ħ2n2π2

2m∗
e D2 (II.3)

where D is the thickness of the two-dimensional semiconductor layer, and n are inte-
gers (n ∈Z). Here, we assume that the two-dimensional electron gas (2DEG) is confined
between two high potential barriers, trapping the electron gas in the thin semiconduc-
tor layer. In the z-direction, the energy has become independent of the wave vector,
and only discrete values En are allowed:

En = ħ2n2π2

2m∗
e D2 (II.4)

10
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while in the x-y plane the electron energies are still quasi-continuous. Using this ex-
pression, the total density of states (DOS) of a two-dimensional quantum well with
thickness D can be calculated. Implementing Eq. (II.3) into the general DOS formula
of a bulk semiconductor will yield [5]:

g(E)=
�

2m∗3/2
e

π2ħ3

�
E = m∗

e

πħ2
n
D

(II.5)

which is equal to the DOS of a pure two-dimensional system multiplied with n/D:
g(E) = g2(E)∗ n/D. This means that in each step of the quantum number n, a value
of g2(E)/D is added to the DOS of a semiconductor quantum well. The DOS is plotted
and presented in Fig. II.3D.

A B

Barrier

Barrier

Quantum well

z z

E

VB CBEg,b

Eg,q

Eg,b

V0

Figure II.2: Schematic representation of a semiconductor quantum well. (A) Schematic
presentation of a semiconductor quantum well confined between two barrier materials. (B) Rep-
resentation of the energy diagram of a typical grown quantum well showing the valence bands
and conduction bands of the heterostructure. The band gap of the semiconductor quantum well
is indicated by Eg,q, the band gap of the two semiconductor barriers is indicated by Eg,b. The
depth of the potential well where the 2DEG is confined is indicated by V0.

Thin layers of III-V semiconductors can be grown on top of each other with atomi-
cally sharp boundaries, allowing to tune the electronic structure of the grown struc-
ture almost endlessly due to the variation in band gaps and possibility to dope the
heterostructure [6, 7]. A 2DEG can be obtained by growing a semiconductor quantum
well layer between two barrier layers (Fig. II.2A), where the band gap of the quantum
well layer Eg,Q is lower than the band gap of the barrier material Eg,B (Fig. II.2B).
This will confine the charge carriers in the semiconductor quantum well layer by cre-
ating a discontinuity in the conduction band (CB) and valence band (VB), presuming
that the Fermi level for both the quantum well as the barrier material is the same.
The 2DEG will be confined in the conduction band and can be modelled by a potential
well with a potential heigh of V0, which depends on the discontinuity of the conduction
bands (Fig. II.2B).

For a better understanding of the electronic structure of a 2DEG in a semiconductor
heterostructure, the Schrödinger equation can be solved for a potential well with a
finite height V0. The problem is separated into three areas with three different poten-

11
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tials (Fig. II.3A):

V (z)=
⎧⎨⎩

I I : V (z)=V0 −∞< z <−D/2
I : V (z)= 0 −D/2< z < D/2
I I I : V (z)=V0 D/2< z <∞

Inside the well (area I) along the z-direction, the potential is zero, and the Schrödinger
equation can be written as:

− ħ2

2m∗
e

d2ψI (z)
dz2 = EψI (z) (II.6)

where ψI (z) is the wave function of the electrons inside the box. The wave function can
be solved, yielding the following result:

ψI (z)= Aeikz + A′e−ikz (II.7)

where the wave number k is written as k2 ≡ 2m∗
e E/ħ2, and A and A′ are complex

numbers.

Outside the potential well (region II and III), the potential V (z) is V0. To ensure that
the 2DEG is confined in the potential, the assumption is made that the energy of the
2DEG is smaller than the height of the potential barrier. When solving the Schrödinger
equation in both regions, the electron wave functions will yield decaying functions:

ψI I (z)= Be−αz +B′eαz (II.8)

ψI I I (z)= Ce−αz +C′eαz (II.9)

where α is defined as α2 ≡ 2m∗
e (V0 −E)/ħ2.

To find the specific solution for this problem, boundary conditions can be applied to
the edges of the regions, since the electron wave functions must be continuous and
differentiable at the edges of the potential well:

ψI I (−D/2)=ψI (−D/2) ψI (D/2)=ψI I I (D/2)
dψI I

dz
(−D/2)= dψI

dz
(−D/2)

dψI

dz
(D/2)= dψI I I

dz
(D/2)

By applying these boundary conditions, the complex constants A, A′,B,B′,C and C′
can be calculated. After some math, the solutions can have two sorts of solutions:
symmetric and antisymmetric solutions.

α= k tan(kD/2) Symmetric case (II.10)

α=−kcot(kD/2) Antisymmetric case (II.11)

Recall that both α and k are dependent of the electron energy, meaning that the energy
of the 2DEG can be calculated with these equations. Also note that α is written as
a function of the FWQ thickness D, meaning that the solutions will alter when the
thickness is changed.

12
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Figure II.3: Electronic structure of a semiconductor quantum well. (A) Schematic
overview of the finite potential well problem. The height of the potential in areas II and III
is V0, and the thickness of the well is D. (B) Solutions to the bound states of a finite potential
well. (C) Comparison between the energy states of the infinite potential well (green) and finite
potential well problem (brown). (D-E) Comparison between the density of states of the electrons
in the infinite potential well (SQW, green) and finite potential well (FQW, brown). Notice that
in the finite potential well, the energy of the electrons is no longer inversely proportional to the
thickness of the QW, and that the electrons behave similar as for a three-dimensional material
when the energy is higher than the potential barrier [5].

These solutions cannot be solved analytically but graphically by plotting the obtained
solutions and a quarter circle γ2 =α2+k2 = 2m∗

e V0
ħ2 , which is presented in Fig. II.3B. The

intersections of the solutions and the quarter circle give discrete values for kn. These
discrete value can be inserted back in Eq. (II.5) to find the DOS for a finite quantum
well (FQW):

gFQW (E)= m∗
e

πħ2
kn

π
(II.12)

Note that kn is dependent on the quantum well thickness D. Now that we have found
the DOS of a finite quantum well, we can look at the differences between the density
of states of the FQW and infinite quantum well (SQW) case, which can be viewed in
Fig. II.3D& E. Main difference between the two cases is that the DOS at high energies
of the FQW is equal to the DOS of a bulk semiconductor, while for the SQW case the
step behaviour remain in the DOS. Also, the energy difference between the steps is no
longer linear, but are getting more close to each other upon increasing the energy of the
electrons. This can also be observed when plotting the energy states of the FQW and
the SQW in one plot (Fig. II.3C). Experimentally, this has already been observed for
various quantum well heterostructures by performing differential conductance spec-
troscopy [8,9].

13
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II.2 Graphene

Now that the electronic structure of a two-dimensional semiconductor is explained,
the focus will switch towards two-dimensional materials with a honeycomb symmetry.
The most well-known material with this geometry is graphene. Graphene is a mate-
rial consisting of an atomically flat layer of carbon atoms arranged in a honeycomb
structure. First, It was studied to understand the structural and electronic proper-
ties of graphite [10–12], consisting of a stapling of graphene layers [13, 14]. A major
breakthrough was achieved when Andre Geim and Kostya Novoselov extracted single-
atom-thick crystallite sheets of carbon from bulk graphite, using the ’scotch tape tech-
nique’ [15,16]. More papers about graphene appeared presenting mostly experimental
work, confirming the predicted exotic electronic structure of graphene [17–19]. These
electronic properties can be derived using a tight-binding model which will be discussed
in this section. First, the geometric structure of graphene needs to be discussed, which
will be used in the tight-binding model.

The geometric structure of graphene is presented in Fig. II.4A. The carbon atoms are
packed in a hexagonal pattern, which can be described by translating lattice points of
the using the formula R= n1a1+n2a2, where n1 and n2 are whole integers (Fig. II.4A).
For a honeycomb lattice, the lattice points a1 and a2 can be written as:

a1 = a
2

(3,
�

3), and a2 = a
2

(3,−
�

3), (II.13)

where a ≈ 1.42Å is the distance between two carbon bonds. To effectively describe the
electronic structure of a solid, the reciprocal lattice needs to be defined. The reciprocal
lattice vectors of a honeycomb lattice, which span the reciprocal unit cell (Fig. II.4B,
are given by:

b1 = 2π�
3a

(1,
�

3), and b2 = 2π�
3a

(1,−
�

3), (II.14)

The area within the solid hexagon is the Brillouin zone of the honeycomb lattice, which
is the primitive unit cell of graphene in reciprocal space. High symmetry points K,
M and Γ of the Brillouin zone are indicated in the figure. The Brillouin zone and the
defined high symmetry points are very useful to describe the electronic structure of
graphene.

In graphene, each atom has three σ-bonds with neighboring atoms and one π-bond
which is oriented out of plane. The σ-bonds of the carbon atom are very stable due
to the overlap of the s-, px- and py-orbitals, resulting in an sp2 hybridized system.
The remaining pz-orbital makes one π-bond. These π-bonds hybridize together to form
noninteracting π- and π∗-bonds [20], leading to graphene’s geometric and electronic
properties. Although the σ-bonds are very stable, graphene is unstable when the di-
mensions are smaller than 20 nm [21].

A tight-binding model can be used for a detailed description of the electronic structure
of graphene. In this model, the electrons are described by trial wave functions con-
structed from the orbital wave function which reflects the symmetry of the underlying

14
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Figure II.4: Geometric structure of graphene. (A) The honeycomb structure of graphene in
real space. The lattice points of graphene are denoted by a1 and a2, and span the unit cell for
graphene, indicated by grey. The different atom sites inside the unit cell are denoted in red and
blue. (B) The structure of graphene in reciprocal space. The six reciprocal points form the first
Brillouin zone of graphene. The reciprocal unit cell contains two different K points (K and K’).
The middle of the Brillouin zone is denoted by Γ.

lattice. For graphene, which has two different atoms per unit cell (A and B), the trial
wave function Ψk can written as a sum of two different orbital wave functions ψA

k and
ψB

k :

Ψk(r)= akψ
A
k +bkψ

B
k (II.15)

where ak and bk are complex. Now we can assume that ψA
k and ψB

k are Bloch functions,
meaning that the wave functions are composed of a plane wave modulated by a periodic
function [22]:

ψ
j
k(r)=∑

R
eik·Rφ j(r+δδδ j −R) (II.16)

where j labels the atoms on the two sublattices (A or B), δδδ j is a vector which connects
the sites of the Bravais lattice with the site of the atom and RRR is a translation vector.

Now that we have a general description of the trial electron wave function Ψk, the
Schrödinger equation can be written down to calculate the electronic structure:

ĤΨk = EkΨk (II.17)

Ĥ(akψ
A
k +bkψ

B
k )= Ek(akψ

A
k +bkψ

B
k )

where Ek are the corresponding eigenvalues of the trial wave function, which are the
allowed energies of the system. Ĥ is the Hamiltonian operator, accounting for the ki-
netic and potential energy of the electrons. The expectation value of the Hamiltonian
operator will yield the total energy of the system, which can be calculated by integrat-
ing the following expression over the entire space:

〈E〉 = 〈Ψ∗
k(r)ĤΨk(r)〉 (II.18)

=
∫

space
Ψ∗

k(r)ĤΨk(r)dr (II.19)
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This equation can be obtained by multiplying the Schrödinger equation with the com-
plex conjugate of the wave function Ψ∗

k(r) on the left side, and taking the integral over
the total equation. This equation can be written out in a general matrix format:

(a∗
k,b∗

k)HHH
(
ak
bk

)
= Ek(a∗

k,b∗
k)SSS

(
ak
bk

)
(II.20)

where HHH and SSS are both matrices, called the Hamiltonian matrix and overlap matrix
respectively. They are defined as:

HHH ≡
(
HAA HAB
HBA HBB

)
=HHH∗

SSS ≡
(
SAA SAB
SBA SBB

)
=SSS∗

All the individual matrix elements of HHH and SSS are defined as:

Hi, j =
∫

ψi
k(r)Ĥψ

j
k(r)dr

Si, j =
∫

ψi
k(r)ψ j

k(r)dr

which are complex values independent of position. Although these values are not
known yet, assumptions can be made to simplify both matrices, which can be used to
find a general expression for the energy of the system. First we note that the on-site
energy on atom A and atom B are equal: HAA = HBB, and that the interaction between
atom A and B are equal: HAB = HBA . We assume that the atomic wave functions are
normalized, meaning that SAA and SBB will both yield one.

Now that the Schrödinger equation has been simplified, we can calculate the energies
of the system by obtaining the eigenvalues from the Schrödinger equation. This can be
performed by calculating the determinant of the following matrix:

det[HHH−E(k)SSS]= 0 (II.21)

Using the same convention as in Ref. [23], the obtained eigenvalues from the Schrödinger
equation can be expressed as:

E±(k)= −(−2E0 +E1)±
√

(−2E0 +E1)2 −4E2E3

2E3
(II.22)

where E0, E1, E2 and E3 are defined as followed:

E0 = HAA E1 = SABH∗
AB +HABS∗

AB

E2 = H2
AA −HABH∗

AB E3 = 1−SABS∗
AB

Now that we have found the general from of the allowed energies E±(k), the individual
components need to be calculated. The on-site matrix element HAA can be calculated
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by using Bloch’s theorem on the atomic wave functions (Eq. (II.16)), and plugging this
into Eq. (II.2). It can be shown that this can be reduced to a constant value ε2p:

HAA = 1
N

∑
RA

∑
RA′

eik(RA′−RA )〈φA(r−RA)|Ĥ|φA(r−RA′ )〉 (II.23)

= 1
N

∑
RA

〈φA(r−RA)|Ĥ|φA(r−RA)〉 = ε2p (II.24)

where N is the total number of unit cells in the crystal, RA and RA′ are the positions
of atom A and A′ respectively, and φA is the atomic Bloch wave function of the pz
orbital. A real value for ε2p can be obtained by fitting the calculated band structure to
experimental data.

HAB is a bit more complicated to calculate, but an approximation can be made by to
take only nearest-neighbors interactions into account, which will simplify the problem.
When looking at site A of the unit cell in the honeycomb lattice, three B sites can be
recognized as nearest-neighbors (Fig. II.4A). Therefore, the off-diagonal element HAB
can be expressed using the following equation:

HAB = 1
N

∑
RA

∑
RB

eik·(RB−RA )〈φA(r−RA)|Ĥ|φB(r−RB)〉 (II.25)

= γ0(eik·R11 + eik·R12 + eik·R13 ) (II.26)

where R11, R12 and R13 are the nearest neighbor distances between atom A and atom
B, and γ0 = 〈φA(r−RA)|Ĥ|φB(r−RB)〉 is a constant value. A similar expression can be
found when we calculate the overlap matrix SAB:

SAB = s0(eik·R11 + eik·R12 + eik·R13 ) (II.27)

where s0 is denoted as 〈φA(r−RA)|φB(r−RA −R1i)〉.

Using these values and substituting them in Eq. (II.22), the energy E±(k) can be
expressed in terms of ε2p, γ0, s0 and some function f (k) [10,23,24]:

E±(k)= ε2p ∓γ0
√

3+ f (k)

1∓ s0
√

3+ f (k)
(II.28)

where f (k) is defined as:

f (k)= 2cos(k ·a1)+2cos(k ·a2)+2cos(k · (a1 −a2)) (II.29)

= 2cos(
�

3kya)+4cos(
3
2

kxa)cos(
�

3
2

kya) (II.30)

The values ε2p, γ0 and s0 can be experimentally determined by fitting the result to
experimental or first-principle data. Since there are two energy solutions depending
on k, two electronic bands can be plotted. The obtained band structure is presented
in a two-dimensional representation along the high symmetry points of the reciprocal
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lattice (Fig. II.5A), where the two bands in red are the calculated bands from the sim-
plified tight-binding approach. The other bands in the band structure are calculated
using a full potential linearized plane wave method (FP-LAPW) [25–27].

Since the position of the Fermi level is at E = 0eV, graphene itself does not have a band
gap. The two gapless bands touch each other at the symmetry point K = 2π

3
�

3a
(
�

3,1).
The interesting electronic structure of graphene can be explained by zooming in on both
bands at the K point, and by plotting both band in an three-dimensional representa-
tion, which can be viewed in Fig. II.5B. Around the K points, the bands are conical
shaped and called Dirac cones, and the points where the bands touch each other are
called Dirac points, which describe some unusual electron properties.
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Figure II.5: Electronic properties of graphene. (A) The band structure of graphene ob-
tained using a full potential linearized plane wave method (FP-LAPW). The two bands indicated
in red are the π and π∗ bands, which are equal to the calculated bands from the TB method. (B)
The band structure of graphene in three-dimensional representation, showing the Dirac cones
at the K and K′ points.

When zooming in on the Dirac cone near the Dirac point, a linear relation between
the energy and the momentum of the electrons is found. This can also be calculated
by using a Taylor expansion on Eq. (II.28) near the Dirac point, using the definition
q≡k+K and presuming |q| |K|:

E± ≈±ħνF |q| (II.31)

where νF = �
3γ0a/2ħ is called the Fermi velocity [24, 28, 29]. This equation is fun-

damentally different from the energy dispersion relation for massive particles in bulk
crystals, where the energy dispersion is quadratic with the electron wave vector: E(k)=
ħ2k2/2m∗

e . For graphene, around the K point the energy dispersion is linear with
the electron wave vector, similar as the energy dispersion for relativistic particles:
E(k) = ħck. This means that the charge carriers near the K points of the Brillouin
zone can be treated as relativistic, massless particles with velocity νF . The Fermi ve-
locity of the electrons in graphene yield νF ≈ 106 m/s, which is only 300 times lower
than the speed of light.

The existence of Dirac carriers in graphene leads to its interesting properties. One
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of its most interesting properties is the half-integer quantum Hall effect, where only
half-integer values are allowed in the Hall conductivity σxy [30–32], which is directly
observed in the oscillations of the conductivity at low temperature and high magnetic
fields [17,18]:

σxy = 2N −1
2

(4e2

h

)
(II.32)

where N ∈Z. This is fundamentally different from other conventional two-dimensional
materials, where the conductivity is also discrete but follows whole integer values
(σxy = N( 4e2

h )).

Besides the specific half-integer quantum Hall effect, graphene also shows both a
tremendous electrical and thermal conductivity [15,33,34]. Another surprisingly effect
is that graphene has a non-zero conductivity, even when there is a negligible amount
of charge carriers present in the graphene [35]. It is also independent of temperature
beneath 100K.

After the discovery of graphene, other materials with potential Dirac physics got strong
interest from the community, for instance monolayer sheets consisting of silicium and
germanium atoms [36]. Calculations based on density functional theory [37] show that
silicene and germanene are also semimetallic and have Dirac cones in the band struc-
ture, similar as for graphene. These two-dimensional materials have a buckled hon-
eycomb symmetry, which adds spin-orbit coupling to the electronic lattice, opening up
the bands at the Dirac points [38]. Although the growth of these materials is already
intensively studied [39–41], there is a debate whether Dirac physics can be measured
in these class of materials. Absence of Dirac physics in honeycomb lattice will occur if
there is a large coupling between the two-dimensional material and the substrate, or if
there is symmetry breaking in the lattice [42–44]. Extensive research is conducted in
this field of research, since artificially opening the gap using electric fields [45] could
lead to new interesting physical phenomena such as topological insulators [46] and the
quantum anomalous Hall effect [47]. Other examples of carbon-like materials which
are under a lot of attention are graphynes and other types of carbon [48–51] and boron
allotropes [52]. However, the tight-binding model only presumed quantum mechani-
cal interaction between neighbour atoms in the honeycomb geometry without any re-
strictions on the material type specifically. Therefore, designing Dirac physics in any
two-dimensional conducting material is theoretically possible [53].

II.3 Honeycomb semiconductors

Honeycomb semiconductors are two-dimensional semiconductor crystals with a honey-
comb nanogeometry, potentially holding Dirac physics [54]. By fine-tuning the parame-
ters defining the honeycomb lattice, hybridization between the s- and p-orbitals can be
avoided. The resulting orbital degree of freedom result in s-s and p-p interactions, and
thus Dirac physics very different from that in graphene. A novel feature that emerges
besides the Dirac cone, is a p-orbital flat band.

Designing these materials is important not only for fundamental physics, but also for
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the semiconductor industry. The fabrication of semiconductor devices is already well-
mastered, and constitutes, therefore, an ideal platform to add Dirac physics to the
device. Calculations have already shown the possibility to combine Dirac physics with
the properties of a two-dimensional semiconductor in a semiconductor device [55].

Before we treat semiconductor devices, we first discuss electronic simulations of the
honeycomb lattice. Artificial honeycomb lattices can be prepared atom-by-atom in an
STM, and the electronic density of states can be measured in-situ. In 2012, Gomes et
al. [56] designed and prepared a honeycomb lattice by arranging carbon mono-oxide
(CO) molecules on a Cu(111) surface using scanning tunneling microscopy (STM). By
creating a triangular formation of the CO molecules, the two-dimensional electron gas
which is trapped in the surface state of the Cu(111) is forced into a honeycomb pat-
tern, since the CO molecules act as repulsive barriers. A Dirac cone is observed in the
differential conductance spectra, showing that these quantum simulators are an ideal
candidate to study new physics. They also show that they can tune the electronic prop-
erties of the system, by for example changing the lattice parameters. Small gaps can
be added by rearranging CO molecules, a pseudo-magnetic field up to B = 60 T can be
generated and the position of the Fermi level can be altered by increasing or decreasing
the lattice constant, making it possible to build artificial p-n junctions on the atomic
scale. Also new physics can be measured in these types of system: the presence of the
zeroth Landau level was clearly observed, which is not possible to measure in natural
graphene due to the larger energy scale [18,57]. In our group, we were able to optimize
the investigated honeycomb lattices using double-ringed CO rosettes as scatters, sepa-
rating the s-orbital and p-orbital bands from each other such that a p-orbital flat-band
emerges besides the Dirac cone [58].

Now, we return to the case of honeycomb semiconductors which should finally result
in stable electronic materials in a device, which needs extra steps with respect to the
quantum simulators discussed above. A first method to fabricate honeycomb semicon-
ductors is by oriented attachment of II-VI semiconductor nanocrystals into honeycomb
superlattices. In this bottom-up approach, monodisper quantum dots are fabricated us-
ing well-known synthesis procedures [59], and attached to each other by slowly evap-
orating the solvent under nitrogen atmosphere. By changing the process conditions,
different type of structures can be formed ranging from linear structures to honey-
comb structures. The oriented attachment is performed using PbSe quantum dots,
honeycomb semiconductors of other compounds can be obtained from the PbSe struc-
ture by performing cation-exhange [60, 61] after the attachment process. Looking at
the attachment in more detail, it shows that the quantum dots attachs on the {100}
facets [60, 62], and form a silicene-type honeycomb lattice [63]. Long-range transport
measurements on two-dimensional square superstructures have shown the possibili-
ties for these class of semiconductor devices [64], although improvements in the forma-
tion process are desired due to structural defects in the lattice and the small size of the
crystalline domains [65,66].

Theoretical modelling has demonstrated the interest and feasibility of honeycomb semi-
conductors. Kalesaki et al. [67] showed that in the case of CdSe semiconductors with
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a honeycomb geometry, Dirac cones appear in the conduction band at two different
energies, which are separated by a non trivial flat band. The lowest Dirac conduc-
tion band (s-like bands) can be compared with the π−π∗ band of graphene, but the
higher bands have no counterpart in graphene. These high-order bands (p-like bands)
show a dispersive Dirac cone at the K-point and two flat-bands above and below the
Dirac cone [68, 69]. s-p hybridization destroys the single-orbital bands including the
interesting flat band when the coupling between the atomic sites is too large. Other
types of symmetries are also investigated [70], which could be used to implement other
interesting physical phenomena such as topological states [71].

Nanopatterning III-V semiconductors

The ideal concept would be to design and construct honeycomb semiconductors using a
method which is well-mastered in semiconductor industry. III-V Semiconductor QWs
have already obtained a central place in opto-electronics and advanced logics. By us-
ing a top-down approach, these two-dimensional semiconductors can be patterned by
means of nanolithography.

Such a lithographic design has several advantages: first, it can be applied to families
of well-established semiconductor materials with low effective carrier mass and very
high electron mobilities, such as several III-V semiconductors [72]. Secondly, by per-
forming nanoperforation using lithography, the size of the honeycomb unit cell can be
altered in an independent way. This allows for a precise tuning of the electronic band
structure. Lastly, the lithographic procedures can be directly applied to semiconductor
quantum wells incorporated in classic transistor devices, allowing for direct investiga-
tion of the band structure and transport properties of the honeycomb semiconductor
with a controllable position of the Fermi-level.

First efforts to design honeycomb semiconductors using nanolithography on III-V semi-
conductors were already performed. In previous works, a modulation-doped GaAs
heterostructure subjected to a lateral attractive potential with honeycomb geometry
was proposed [73–76]. Experiments revealed interesting many-body effects but di-
rect evidence for massless Dirac fermions (MDFs) remains elusive because the width
of the Dirac band was too small ( 0.1meV) due to the relatively large lattice con-
stant (> 100nm) [77]. Recently, S. Wang et al realized a honeycomb semiconductor in a
nanopatterned GaAs quantum well with a lattice constant of 50 nm. Resonant inelas-
tic light-scattering spectra revealed some features of Dirac type bands [78]. However,
it was reported that the lattice parameter of the honeycomb semiconductor based on
GaAs heterostructures should be as low as 20 nm to directly observe MDFs in standard
cryogenic conditions [54]. As a result, nanofabrication techniques should be pushed to
their ultimate limit in terms of resolution.

We found that it is more effective to etch a triangular antidot lattice inside the QW
instead of using attractive potential barriers. By creating a triangular antidot lat-
tice directly in the semiconductor layer, a honeycomb semiconductor will be formed by
the remainder of the semiconductor quantum well. Using this approach, the lattice

21



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 28PDF page: 28PDF page: 28PDF page: 28

II Understanding honeycomb semiconductors: Theoretical background

constant of the honeycomb unit cell can be decreased by a factor
�

3 compared with
previous results, which will increase the width of the Dirac band [79].

The width of the Dirac cone is not only dependent on the lattice constant of the hon-
eycomb lattice, but also on the effective mass of the charge carriers in the employed
semiconductor material. When lowering the effective mass of the semiconductor mate-
rial, the effects of the lateral confinement are enhanced, resulting in a broader Dirac
cone. Calculations from Tadjine et al. show that the energy range of the Dirac cone can
extend over tens of meV in honeycomb semiconductors with a reasonable size of lattice
parameters in InAs heterostructures [80]. In-based semiconductor materials are there-
fore more promising candidates as 2DEG channel materials for realizing Dirac semi-
conductors compared to GaAs, which was used in previous research. For instance, In-
GaAs with a relatively low electron effective mass (0.041m0 for In0.53Ga0.47As lattice-
matched to InP), can be grown by molecular beam epitaxy (MBE) on InP barrier sub-
strates using well-established routes, leading to 2DEG with high carrier mobility [81–
84].

The general design for the honeycomb semiconductor obtained from a triangular anti-
dot lattice presented in Fig. II.6A, from a top view and a side view perspective. The
III-V semiconductor quantum well is nanoperforated with pores forming a triangular
antidot lattice with a pore-to-pore distance D and pore size d. The remaining semicon-
ductor crystal can be considered as a two-dimensional semiconductor with a honeycomb
geometry; the inequivalent lattice sites are indicated with red and blue spheres.
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Figure II.6: Electronic structure of a nanoperforated InGaAs QW. (A) Schematic top view
and side view of the triangular etched III-V semiconductor quantum well, with a barrier material
placed beneath to confine the electrons. The critical parameters for these lattices is the distance
d between two adjacent pores, and the diameter D of the pores. (B) A typical band structure of a
nanoperforated InGaAs QW with lattice parameters D = 40 nm and d = 24 nm. The calculation is
performed using a muffin-tin model, assuming a two-dimensional free electron gas at the bottom
of the conduction band.

A calculated band structure of a nanoperforated InGaAs quantum well with lattice
parameters D = 40 nm and d = 24 nm is presented in Fig. II.6B, showing the lowest
conduction bands of the honeycomb lattice [85]. The two lowest bands form a s-type
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Dirac cone (s-type DC) at the K point. Looking at higher bands, a p-like flat band (p-
type FB) and a second DC are obtained. Aside from the energy range, similar results
are obtained in the tight-binding calculations on the heavy-element CdSe superlattices
using a different calculation. Since this multi-orbital behaviour is absent in natural
graphene, it would be very interesting to not only measure the first Dirac cone, but
also higher orbital bands.

Multiple challenges need to be overcome in order to fabricate honeycomb semicon-
ductors using nanolithography. The electrons need to be confined in the quantum
well layer, while minimizing defects in the semiconductor material during the growth,
lithography and etching process which can drastically alter the local electronic proper-
ties of the electrons. The pores in the nanoperforated semiconductor need to be prefer-
able fully cylindrical in order to obtain a true two-dimensional honeycomb semicon-
ductor. Another important factor which is usually not considered is the quality of the
build-in honeycomb symmetry etched in the QW. Positional disorder in the antidot lat-
tice can greatly affect the symmetry in the lattice, perturbating the Dirac cone and
providing mass to the carriers [86]. The fabrication of high quality antidot triangular
lattices is essential for the observation of Dirac physics in these samples. It is therefore
relevant to fully understand the complete fabrication process.

II.4 Fabrication of honeycomb semiconductors

To fabricate a honeycomb semiconductor using nanolithography, a complete roadmap
needs to be designed using various process steps. A general technological roadmap of
the proposed fabrication method can be viewed in Fig. II.7. The main techniques will
be discussed further in this chapter, but a general overlook of the whole process will be
presented here.

In Fig. II.7A, the III-V semiconductor heterostructure is grown to assure that a two-
dimensional electron gas is obtained. In this step, a thin layer of high-quality semicon-
ductor material is grown on top of a semiconductor barrier material using molecular
beam epitaxy (MBE). Most important is to pick a barrier material where the conduction
band is higher in energy, which will confine the electron gas in the thin III-V semicon-
ductor layer, obtaining a semiconductor quantum well (QW). With this technique, it is
also possible to dope the barrier material or QW material by adding dopants during the
growth process such that a gas of conduction electrons is present under equilibrium,
rising the Fermi level of the heterostructure. On top of the QW layer, a thin layer of
SiO2 is grown to protect the QW layer from oxidation during the fabrication process.

After the growth of the semiconductor heterostructure, nanolithography can be per-
formed onto the heterostructure. To start this process, a layer of organic resist is spin
coated on top of the sample (Fig. II.7B). This organic layer will be exposed during the
lithography process, changing the solubility of the exposed resist. For this research, a
triangular pattern is exposed to the resist which can be viewed in Fig. II.7C. After the
lithography process, the exposed parts of the resist can be removed by placing the sam-
ple in a chemical bath. This part of the process is called wet etching (Fig. II.7D). The
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Figure II.7: General fabrication process towards nanoperforated III-V semiconduc-
tors. (A) Growth of the III-V semiconductor heterostructure using molecular beam epitaxy. (B)
Organic resist is spin coated on top of the semiconductor heterostructure. (C) Lithography pro-
cess, where part of the organic resist is exposed (red), while another part is unexposed (green).
(D) Exposed resist is etched using a wet etching process, forming a mask on top of the semi-
conductor heterostructure. (E-F) The pattern is etched into the protective SiO2 layer (E) and
heterostructure (F) using different dry etching processes.

etched resist layer will act as a mask to transfer the triangular pattern initially into
the SiO2 layer, followed by an etching process to transfer the pattern into the under-
lying semiconductor layer (Fig. II.7E-F). Dry etching is performed by bombarding the
etched resist layer with a mixtures of atoms or molecules inside a reactive ion etching
chamber.

Although the principles are simple, many steps are involved during the total fabrica-
tion process using various instruments. Each step will be discussed in more detail for
a better understanding of each fabrication procedure.

Molecular beam epitaxy

High-quality semiconductor thin films can be grown using molecular beam epitaxy
(MBE). This is a thin-film deposition method for growing epitaxially single elements
onto a wafer. The method was developed in the late 1970s in the Bell Telephone lab
by Alfred Y. Cho and J.R. Arthur [87]. Nowadays, it is commonly used to fabricate
diodes and MOSFETs (metal-oxide-semiconductor field-effect transistors). MOSFETs
are generally used to switch electronic signals, and therefore form the basis of modern
electronics.

A schematic view of the MBE chamber can be viewed in Fig II.8A. From effusion cells,
various materials can be heated such as III-V semiconductors, II-VI semiconductors
and silicides until the material sublimates. The cells are directed towards the wafer,
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Figure II.8: Molecular beam epitaxy. (A) Schematic view of the vacuum chamber of a MBE.
(B) Schematic view of the deposition of atoms onto the surface. (C) Schematic overview of the
RHEED setup. (D) An example of a RHEED pattern of the growth of GaAs along the [110] (top
image) and [110] (bottom image) direction. (E) Schematic view of the (4x6) surface reconstruction
of GaAs. Adaped from [88,89].

and the gaseous material condenses onto the wafer (Fig. II.8B). The mean free path
of an atom inside the chamber will go up to 1 km due to the low pressure inside the
chamber (10−11 mbar), meaning that no collisions will take place with other particles
when it travels to the surface of the wafer. This will result in a high quality film with
low impurities from other gases in the chamber. The number of impurities φ is linear
with the pressure, and it is therefore essential to work in ultra high vacuum, as can be
understand from the Hertz-Knudsen equation [90,91]:

φ= P√
2πMkBT

(II.33)

where P is the pressure of the impurity element, M is the molar mass of the impurity,
kB is the Boltzmann constant and T is the temperature.

When the atoms arrive onto the wafer, they react with the wafer or other condensed
atoms, forming a crystalline layer of material. The deposition rate onto the wafer can
be controlled at a sub-monolayer level by changing the temperature of the sources and
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opening or closing the shutter of the effusion cells. Diffusion and desorption of the
substrate can be controlled using sample heating. Sample heating can also be used to
introduce dopants to the film, enabling to create n-type or p-type semiconductor films.

The surface quality of the grown quantum well is usually monitored in situ using high-
energy electron diffraction (RHEED). An electron gun targets electrons onto the sur-
face of the wafer during the growth, which reflects onto a fluorescent screen. By fol-
lowing the pattern, the surface reconstruction of the film can be measured, and the
growth kinetics of the sample can be observed. This technique can also observe re-
moval of contaminants from the substrate surface, and to determine the stoichiometry.
A schematic overview of this technique is presented in Fig. II.8C. In Fig. II.8D-E, a
typical line pattern is presented of a GaAs wafer during the MBE growth. A four line
pattern can be observed in the top image, while in the bottom image a six line pattern
can be viewed when observing from a different angle. Combing both patterns, a (4×6)
surface reconstruction can be extracted from both images. During the growth, the
surface reconstruction will naturally change of the grown film. The challenge in this
technique is to control mono layer growth with high lateral uniformity while retaining
the structural quality and epitaxial match between layers.

Nanolithography

Originally, lithography is a method of printing text and figures using immiscible oil
and water phases, and was invented in 1796 by a German author Senefelder, who used
it to publish theatrical works. Nanolithography refers specifically to patterns smaller
than 100 nm, which are lithographically obtained. It is an technique which is often
applied in the fabrication of semiconductor devices. A large number of different nano-
lithography techniques exist or are being developed. The most well-known technique
is photolithography, which uses photons to transfer a geometric pattern to a photo-
sensitive material (photoresist) [92]. Other techniques are for example nanoimprint
lithography [93], X-ray lithography [94,95] and scanning probe lithography [96,97].

The two lithography techniques used during this research are electron-beam lithogra-
phy (EBL) and block copolymer lithography (BCP). Both techniques will be discussed
in more detail.

Electron-beam lithography

Electron-beam lithography is a writing technique where a focused beam of electrons
writes a pattern in an organic resist [98]. The beam size is very small compared with
photolithography, which enables to create smaller structures. Thus, this technique is
ideal for small scale production of electronic devices. Electron-beam lithography is not
conventionally used in large scale production due to the long duration of writing large-
scale patterns. This can be easily understood when calculating the time t to write an
area A, which is dependent on the electron beam dose D and beam current I:

D · A = t · I (II.34)
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For example, to write a total exposure area of 1cm2 using a typical dose of 10−3 C/cm2

and a beam current of 10−9 A, the minimum writing time would be 106 seconds, which
is about 12 days. Therefore, optimization of EBL writing time by using different scan-
ning techniques [99, 100] or different shaped electron beams [101, 102] is a leading
research field in the lithography community.

A B
Electron gun

Anode

Magnetic lens

Focusing lens

XYZ Stage

Sample

Electron detector

Positive resist Negative resist

D E

C

Figure II.9: Electron-beam lithography. (A) Schematic overview of an electron-beam lithog-
raphy machine setup. (B-C) Development of a positive resist and a negative resist. The result
shows that pores and pillars respectively are obtained. (D) SEM image of a developed PMMA
resist on top of a GaAs substrate. Scalebar denotes 100 nm. (E) SEM image of a developed HSQ
resist on top of a GaAs/SiO2 substrate. Scalebar denotes 100 nm.

A schematic setup of a typical electron-beam lithography column inside the machine
can be viewed in Fig II.9A. Electrons are generated from an electron source and acceler-
ated to the anode with a typical acceleration voltage of 100 kV. Different lenses are used
to focus the electron into a bundle with a certain size and shape. The beam is acceler-
ated towards the resist of the sample, which is sensitive to high-energy electrons. The
chamber of the EBL is kept under vacuum (10−6 mbar) to limit collisions of electrons
with other elements in the chamber, keeping the electron bundle uniform in shape
and energy. When the primary electrons hit the resist, chemical bonds are formed
or destroyed, changing the chemical composition of the exposed resist, and therefore
the solubility. For a positive resist, the exposed resist will be removed when rinsing the
sample with an appropriate solvent, creating an organic mask on top of the sample (Fig.
II.9B). The most widely used positive resist is polymethyl methacrylate (PMMA), which
is a high-resolution resist with low sensitivity [103–105]. Another widely used resist is
hydrogen silsesquioxane (HSQ), which is a negative resist [106–109] (Fig. II.9C). Here,
the unexposed resist is removed during the wet etching step, leaving the exposed resist
onto the wafer. When printing a similar pattern, organic pillars in a triangular sym-
metry are obtained onto the wafer in stead of pores. The difference between the two
types of resist can also be observed in Fig. II.9D-E when printing pores in a triangular
symmetry. In the first scanning electron microscope (SEM) image, dark spots can be
observed, which are holes inside the organic mask. The second image shows bright
spots, which are organic pillars on top of the wafer.
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Although it depends on more factors, the resolution in this technique is mainly limited
due to the proximity effect [110]. This effects occurs when two patterned areas merge
together if the areas are too small or are too close to each other. The cause of this effect
is due to inelastic scattering of the the primary electrons from the incident beam line
onto the resist or substrate, changing the direction of the primary electrons. When
the primary electrons hit the atomic electrons of the resist, secondary electrons can be
produced. These electrons can also generate lower energy electrons, which can result
in an electron cascade throughout the resist. The secondary electrons can transfer to
other patterned areas, resulting in disordered patterns. The proximity effect is already
intensively studied [111–114], and various correction procedures have been proposed to
limit this effect by applying different electron beam doses depending on the geometry
of the pattern [115]. In addition, the use of high-energy electron beams will also reduce
the proximity effect [116].

Block copolymer lithography

Another lithography technique used in this research is block copolymer (BCP) lithogra-
phy. In this technique, block copolymers are used to obtain long-range self-assembled
morphologies, which can be etched to obtain nano patterns with large length scales
and low costs. A block copolymer are two or more monomers which have been poly-
merized in long chains and form subunits of homopolymers (Fig. II.10A). They are
generally fabricated using various polymerization techniques. A thin layer of the poly-
mer mixture can be spin coated on top of the sample, similar as any other resist for
electron-beam lithography or photo lithography. Upon annealing the wafer with the
polymer mixture, various self-assembled morphologies can be obtained. By performing
plasma etching, one of the polymers can be removed, and the remaining polymer layer
can be used as a mask to etch the obtained pattern into the semiconductor wafer. The
process scheme is presented in Fig. II.10B.

Various self-assembled microphases can be obtained, including lamellae (L), gyroid net-
works (G), hexagonally close-packed cylinders (H) and spheres (S) [119]. The type of
morphology can be controlled by changing the degree of polymerization (N), the Flory-
Huggins parameter, which is the interaction between the different polymers (χAB) and
the relative volume fraction of each block ( fA , fB) [120]. A phase diagram can be con-
structed (Fig. II.10C), showing how different microphases can be acquired by varying
f = fA / fB, χAB and N. The different Flory-Huggins parameters between polymers can
be predicted by extensive computer simulations [121]. The resolution of the morphol-
ogy can be controlled by varying N and χAB, since the domain length L0 scale with
χ1/6

ABN2/3 [122]. This means that when increasing the Flory-Huggins parameter and
decreasing the polymerization length N, the same microphase can be obtained while
increasing the resolution of the domain. Feature sizes with lattice spacings of 7 nm
have already been reported [123].

By optimizing the plasma etching procedure, the quality of the domains can be en-
hanced [124] and ordered, high-quality nanopatterns can be obtained with much lower
periodicities compared to EBL [125]. The nanopatterns can be transferred into the
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Figure II.10: Block copolymer lithography. (A) Schematic view of a block copolymer, consist-
ing of two different polymers which are attached in a block formation. (B) Schematic overview of
the block copolymer lithography process. (C) Phase diagram showing how to obtain different mi-
crophases in a polymer mixture by changing the volume fraction of the polymers, the interaction
and the chain length. Adaped from [117,118].

semiconductor wafer using similar techniques as in conventional lithography [126],
which can be used to further etch down the sample or grow other stuctures on top op
the etched wafer such as quantum dots [127] or nanowires [128]. Extensive studies
have already shown the possibility to create long-range, defect free systems [129,130],
which opens up a new route towards ultra-high density systems.

Dry etching techniques

The last part in the fabrication process will be etching the mask with the obtained
pattern into the semiconductor layers. This will be performed using various dry etching
steps. Dry etching refers to removal of material by bombarding ions onto the wafer. Its
widely used in the semiconductor industry due to the ability to etch very small features
with high anisotropic etch profiles patterns, and the etching parameters are easy to
control. Dry etching can be performed by both physical bombardment or by chemical
reaction between the ions and the semiconductor layer.

The dry etching step mostly used in this research is reactive ion etching (RIE), which
is a plasma dry etching step where ions are created from a gas and are launched di-
rectly to the sample by using an electromagnetic field under low pressures. This will
uniformly remove material from the wafer by using both physical removal and chem-
ical reaction. Various settings control the etching rates and the profiles of the etched
layers: the temperature of the surface of the wafer, the flow rate of the used gas (sccm),
the chamber pressure and the RF power. Depending on the material that needs to
be patterned, different gases can be used. For example, sulfur hexafluoride (SF6) is
commonly used to etch silicon-based materials. Many standard procedures are already
provided to accurately etch different materials [131–134]. Lastly, this technique can
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also be used in more gentle etching steps to remove residual resist from the wafer, for
instance by employing an oxygen plasma.

When a more controlled etching procedure is desired for high-quality etching profiles at
low dimensions, inductively coupled plasma (ICP)-RIE can be deployed. In this process,
similar techniques are used compared with regular RIE, but the ion density and ion
energy can be decoupled from each other, enabling more flexibility during the etching
process. By wrapping a coil around the plasma in the RIE chamber, further ionization
of the plasma can be achieved, creating more or less ions by varying the ICP-power
over the coils. This will result in a higher quality etching profiles than for standard
RIE. Similar gases can be used as in regular RIE to etch different materials. ICP-
RIE etching using a boron trichloride (BCl3) based plasma already showed promising
results on III-V semiconductors such as InGaAs [133, 135]. Therefore, this plasma
is used in this research to etch the triangular pattern into the III-V semiconductor
quantum well layer.

II.5 Scanning tunneling microscopy and spectroscopy

Scanning tunneling microscopy (STM) is a technique to image surfaces on the atomic
scale while spectroscopy is used to determine the local electronic properties by measur-
ing the local density of states (LDOS). This technique was invented by Rohrer and Bin-
nig in 1981 [136,137], who measured a 7×7 surface reconstruction of a Si(111) crystal
on the atomic scale [138]. The possibilities of STM does not only extend to measuring
the surface accurately or probe the local electronic attributes, but it also extends to the
manipulation of atoms [139] which could be used to form electronic lattices [140] and
chemical identification of molecules and atoms using their magnetic [141–143], vibra-
tional [144] or optical [145] properties. In order to achieve image resolution on the order
to the atomic scale, measurements are normally performed under ultra high vacuum
(UHV) with a typical pressure p = 10−11 mbar, and cryogenic conditions (T = 4.1K). To
better understand the technique and physics behind scanning tunneling microscopy
and spectroscopy, a concise background will be presented below.

Surface imaging

STM uses the concept of quantum tunneling, meaning that electrons tunnel through
a small vacuum gap from an atomically sharp tip to a surface when a bias voltage is
applied between the tip and the sample (Fig. II.11A). The distance between the end
of the tip and the surface is about 0.5 to 1 nm. The tunneling current I depends on
the bias V , and increases exponentially with decreasing tip-sample distance d. With
an electric driven piezo, the tip is manoeuvred over the surface of the sample. When
using constant-current mode, a feedback loop is applied to keep the tunneling current
constant, changing the height of the tip with values Δz, which are used to construct a
height map of the measured surface. Not only will this mode produce high-resolution
topography images of the surface, but this mode will also prevent damage to the tip
due to the proximity of the tip and surface.
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Figure II.11: Scanning tunneling microscopy. (A) Schematic overview of the STM principles
in constant-current mode. (B) Energy landscape of the tip/vacuum/quantum well sample present
on a barrier materials. (C) High-resolution STM image of a MBE grown In0.53Ga0.47As(001)
QW. A zoom-in on the surface shows a (2× 4) surface reconstruction, which is schematically
presented besides the STM scan. Imaging parameters: I = 10 pA, V = 1.8 V for both STM im-
ages. (D) Differential conductance spectrum acquired above an MBE grown In0.53Ga0.47As/InP
heterostructure. Clear steps can be observed in the conduction band at 0.8 V, 1.0 V and 1.2 V
indicated by E1, E2 and E3 respectively, showing the step-like behaviour of the local density of
states. Feedback parameters: V = 1.3 V, I = 400 pA. Both the STM images and the differential
conductance spectrum are adapted from [9].

To describe the tunneling of the electrons more accurately, time dependent perturba-
tion theory can be used, as originally proposed by Bardeen. The tunneling current can
be written using Fermi’s golden rule:

I = 2πe
ħ

∑
τ,σ

f (Eτ) [1− f (Eσ+ eV )] |M|2δ(Eτ−Eσ) (II.35)

where M is the tunneling matrix, which describes the coupling between the sample
and the tip, δ is the Dirac delta function, f (E) is the Fermi distribution and Eτ and Eσ

are the energies corresponding the states τ of the tip and σ of the sample respectively
[146, 147]. When using Fermi’s golden rule, a couple of assumptions were taken into
account: electron tunneling is approximated as a one-particle process, meaning that
interactions between electrons are neglected, which is a good approximation in the
low tunneling regime. Secondly, coupled electronic states between sample and tip are
disregarded, which is valid if the distance between tip and sample is large enough
(> 0.4nm). Lastly, the electrons tunnel elastically from the tip to the sample, meaning
that there is no energy loss in this process.

The tunneling matrix Mmn derived from the tunneling current can be expressed using
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the wave function from the state m in the tip φT
m and states n in the sample φS

n :

Mmn = ħ2

2m

∫[
φS

n∇φT∗
m −φT∗

m ∇φS
n

]
·dS (II.36)

meaning that the current between the tip and sample is not only dependent on the
wave function of the sample, but also on the wave function of the tip [148]. A general
approximation which can be made is the assumption that the end of the tip is perfectly
spherical, which would lead to a symmetrical s orbital wave function from the end of the
tip. Coupling from the bulk of the tip can be neglected, since the distance between bulk
states and sample states is much larger. This will significantly simplify the tunneling
matrix Mmn, showing the exponential dependence between the tunneling current and
the distance between the sample and the tip d when a bias voltage eV is applied which
is smaller than the work function φ [149]:

I ∝
∫EF+eV

EF

ρT (E− eV )ρS(E)exp

(
−2d

√
2mφ

ħ

)
dE (II.37)

where ρT and ρS are the energy-dependent density of states (DOS) of the tip and sam-
ple respectively. We obtain indeed that the current is exponentially dependent on the
distance d between tip and sample. A schematic representation of the electron tun-
neling is illustrated in Fig. II.11B. Now that the tunneling current is expressed as a
function of the density of states of the sample, we can define the local density of states
(LDOS) at vector position x0, which is proportional to the total DOS of the sample.

ρS(E,x0)∝ ρS exp

(
−2d

√
2mφ

ħ

)
(II.38)

This equation is only for a good approximation for coupled s orbitals between the sam-
ple and the tip, and when a spherical, point-like tip at the center of curvature x0 is
assumed. This will finally yield an equation where the variation in the tunneling cur-
rent is proportional to the local density of states of the sample:

I ∝
∫EF+eV

EF

ρT (E− eV )ρS(E,x0)dE (II.39)

The exponential dependence of the tunneling current on the tip-sample distance gives
the opportunity to create atomically precises image with high resolution. A typical
STM image of In0.53Ga0.47As(001) QW grown by MBE is presented in Fig. II.11C,
adaped from [9]. Individual atomic terraces can be identified, and a (2× 4) surface
reconstruction can be observed, giving direct information how the atoms are arranged
near the surface of the quantum well.

Differential conductance measurements

The local electronic properties of a conducting material can be investigated by mea-
suring the local density of states using the scanning tunneling microscope. The local
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density of states of the sample can be accessed due to the linear relation between the
differential conductance dI/dV and ρS . This can be easily obtained by taking the
derivative of Eq. (II.5):

dI
dV

(V )∝ ρT ·ρS(EF + eV ,x0) (II.40)

The DOS of the tip ρT is assumed to be constant at different energies and different po-
sitions of the tip onto the sample, meaning that the differential conductance is directly
related to the local electronic structure of the sample.

The differential conductance can be obtained using a modulation technique. A bias
modulation is superimposed to the bias voltage applied between the tip and the sample
using a lock-in amplifier with a modulation frequency ωmod.

V =V0 +Vmod cos(ωmodt) (II.41)

The modulation in the bias voltage will automatically introduce a small modulation to
the tunneling current I(V ). For small oscillations around a bias voltage V0, a Taylor
expansion can be used to approximate I(V ):

I(V )= I(V0)+ dI
dV

∣∣∣
V0

(V −V0)+ ... (II.42)

Here, only the zeroth and first order terms are taken into account, which is a good
approximation for small oscillations (V −V0). The modulated bias voltage can be im-
plemented in this equation, yielding:

I(V )= I(V0)+ dI
dV

∣∣∣
V0

Vmod cos(ωmodt)

= I(V0)+ I mod cos(ωmodt)

showing that the differential conductance can be measured using the modulation in
the current, providing direct access to the local electronic structure of the sample.

A typical differential-conductance spectrum of an InGaAs/InP heterostructure can be
viewed in Fig. II.11D, adaped from [9]. A bias voltage V of 1.3 V is applied, and
swept down to -0.4 V, before increasing back to 1.3 V. In the spectrum, a valence band
between -0.25 V and -0.4 V and a conduction band between 0.8 V and 1.3 V is observed,
separated by a clear band gap of 0.9 V. In the conduction band, three steps (indicated
by E1, E2 and E3 respectively) are visible in the spectrum, which can be assigned
to the electronic structure of a two-dimensional semiconductor material. Differences
between theoretical spectra and experimental spectra can be explained by defects in
the quantum well or tip induced band bending [9, 150]. Further increase of the bias
voltage will result in leaking of electrons to the InP barrier material, losing the two-
dimensional characteristics in the electronic structure, and obtaining the electronic
structure of a bulk semiconductor.

Broadening

Although differential conductance spectroscopy is a powerful tool to measure the elec-
tronic properties of a material, various sources of broadening have to be taken into
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account. First, the intrinsic lifetime τ of the electrons in a III-V semiconductor quan-
tum well state need to be taken into account. A straightforward calculation shows
that the intrinsic lifetime of an electron trapped in a two-dimensional semiconduc-
tor layer can extend to tens of nanoseconds [9, 151, 152] without any nanoperfora-
tion, which is mainly determined by electron-electron and electron-phonon interac-
tions. Following the uncertainty principle, this translates to a Lorentzian broadening
of Γ=ħ/τ= 0.00065 meV, which is very low compared with the experimental measured
energy width. The long lifetime of the electrons also allow for large coherence lengths,
i.e. the average propagation distance of an electron before it collides with other parti-
cles. Since the coherence length is typical larger than the unit cell size of the lattice,
Dirac physics can be observed in these materials. However, this is only the case for a
perfect two-dimensional electron gas. Since electrons can easily be scattered into bulk
states by defects in the material such as step edges or dopants, the electron lifetime will
be much lower. More importantly, the Bloch wave functions will scatter with the dis-
ordered potential barriers in the periodic honeycomb landscape, which will drastically
increase the energy broadening of the electrons confined to the honeycomb symmetry.

Differential conductance spectroscopy on the nanoperforated honeycomb semiconduc-
tor exhibit an energy broadening of approximately Γ = 5−8 meV, which can mainly
be assigned due to scattering via the disordered potential barriers. Compared with
artificial lattices on the more widely used Cu(111) surface, this value is much lower,
allowing us to perform scanning tunneling spectroscopy on lattices with larger unit
cells [153]. Since the bandwidth of Dirac features in the desired unit cell size are in
the order of 10 meV or higher, no major loss of resolution is expected when performing
differential conductance measurements on a honeycomb semiconductor.

Another source of broadening originates from modulation of the bias voltage, which is
in the order of ΔE rms ≈ 1.22Vrms = 6.2 mV when a typical bias modulation of Vrms =
5 mV is used. Also thermal broadening could potentially play a role, but can be
neglected since the thermal broadening ΔEth is much smaller compared with other
sources of broadening (ΔEth ≈ 5.4kBT = 0.65 mV at liquid helium temperatures [154]).
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III Designing honeycomb semiconductors: The muffin-tin model

The electronic structure of an electron gas in a two-dimensional semiconduc-
tor can be altered by an external potential landscape which forces electrons
to move in different nanogeometries. In the case of a honeycomb nanogeome-
try created by a triangular lattice of electron repelling barriers [1–3], a Dirac-
type band structure with massless fermions is expected. Here, the electronic
properties of a designed honeycomb semiconductor are theoretically investi-
gated using a muffin-tin model. This model gives the opportunity to investi-
gate the effects on the band structure by varying the lattice and material pa-
rameters of the honeycomb semiconductors to realistic values obtained using
different lithographic techniques [4–6]. This can be used to optimize the hon-
eycomb semiconductor, e.g. to increase the energy width of the Dirac cone in
order to obtain separate s-orbital and p-orbital Dirac bands, unlike the case
of graphene. Using a numerical approach to this model, the electronic prop-
erties of the honeycomb semiconductor can be determined locally, providing
us with a tool to compare the theoretical model with experimental differen-
tial conductance measurements.

III.1 Introduction

The muffin-tin model is a two-dimensional (2D) description of the electronic struc-
ture of a free electron gas subjected to barriers with a certain potential height [7].
By purposely positioning potential barriers in certain lattices, electrons can therefore
be forced to move in certain lattice symmetries.

The electrons inside the conduction band of the two-dimensional semiconductor quan-
tum well can be treated as a two-dimensional free electron gas with an effective mass
m∗

e . The energy states and wave functions of the two-dimensional free electron gas
can be calculated using the Schrödinger equation, showing a step-like behaviour in the
density of states. When placing cylindrical potential barriers with height V0 and diam-
eter d into the two-dimensional electron gas, the energies and states of the electrons
will change. The general time-independent Schrödinger equation can be written using
a spherical coordinate system:

Hψn(r)= Enψn(r) (III.1)

which can be written out as:[
− ħ2

2m∗
e
∇2

r +
∑

i
V (r−Ri)

]
ψn(r)= Enψn(r) (III.2)

where Ri are the Bravais lattice vectors of the potential barriers in real space forming
the lattice, i is the index number of barrier potentials, ψn are n linear coupled wave
functions of the electrons and En are n number of eigenvalue energies states of the
electrons. For cylindrical potential barriers with height V0 and diameter d, V (r−Ri)
can be defined as:

V (r−Ri)=
{

V0 : |r−Ri| ≤ d/2
0 : |r−Ri| > d/2 (III.3)
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Design of a honeycomb semiconductor

meaning that when r−Ri is smaller than/or equal to the radius of the potential barrier,
the potential energy has a value of V0.

In this chapter, two different approaches to the muffin-tin model will be explored.
When a periodic honeycomb lattice is considered, the muffin-tin model can be solved an-
alytically using Bloch’s theorem [5,8]. This theorem allows us to solve the Schrödinger
equation analytically, meaning that the band structure along the high symmetry points
of the Brillouin zone can be calculated with a low calculation time and high precision.
By changing the lattice and material parameters, the electronic structure of the mod-
elled system can be altered to our liking, and additional effects onto the electronic
structure can be considered such as the confinement in the z-direction and the non-
parabolicity behaviour of III-V semiconductors. This will be further investigated by
calculating the total density of states (DOS) of the first Brillouin zone.

For a better subscription of the local electronic structure of the honeycomb semicon-
ductor, a numerical muffin-tin model is used to solve the Schrödinger equation on in-
dividual grid points of the total lattice, obtaining the local density of states (LDOS).
This result can be directly compared to the results of differential conductance spec-
troscopy from scanning tunneling microscopy (STM) experiments. Therefore, the nu-
merical muffin-tin model gives us a tool to compare theoretical and experimental work.
This model can also be used to simulate differential conductance maps by plotting lo-
cally the absolute values of the solved wave functions, which is a more convenient tool
to observe Dirac physics over the entire lattice. Since the simulated lattice is finite-
sized, direct effects of the locality on the electronic structure can be investigated.

III.2 Design of a honeycomb semiconductor

To obtain an electronic honeycomb semiconductor (Fig. III.1A), the potential barriers
have to be positioned in a triangular arrangement (Fig. III.1B). In this configuration,
the free electrons moving through the two-dimensional plane scatter from the repulsive
potential barriers into a honeycomb nanogeometry. Looking from the side view (Fig.
III.1B), the potential barriers have a repulsive potential V0, while outside the barrier
the potential is zero (V = 0). Other lattice parameters for the muffin-tin model are
the size of the honeycomb unit cell which can be altered by changing the distance D
between the potential barriers. The diameter of the barriers d can also be varied to
better define the honeycomb symmetry. Lastly, the effective mass m∗

e of the electrons
will also affect the solved energies, which is solely dependent on the semiconductor
material. The mathematical background on the analytical muffin-tin model can be
found in the supplementary information (SI).

Performing the muffin-tin calculation, the energy states are plotted at individual re-
ciprocal point (kx,ky), and a three-dimensional plot of the electronic band structure
can be obtained. When plotting the two lowest conduction bands, six Dirac cones are
observed where the bands touch each other (Fig. III.1C). At these points, the energy
scales linearly with the wave number k, obtaining conical shaped bands. The six-fold
symmetry is visible in Fig. III.1D, where a contour plot of the lowest conduction band
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Figure III.1: Electronic structure of a two-dimensional electron gas with a honeycomb
nanogeometry. (A) Schematic view of the honeycomb nanogeometry. (B) Top and side view of
the described muffin-tin model. By placing the potential barries in a triangular lattice, the free
electron gas will move into a honeycomb nanogeometry. (C) Three-dimensional band structure
of the honeycomb lattice (D = 40 nm,d = 24 nm,V0 = 1 eV), only showing the first two bands. An
effective mass of m∗

e ≈ 0.041me is used, which is a typical value for a III-V semiconductor such
as InGaAs [9]. (D) Two-dimensional contourplot of the lowest energy conduction band in kx,ky
space. High symmetry points K, M and Γ are indicated in the plot. High intensity is visible at
the K points of the Brillouin zone, indicating the presence of the Dirac cone. (E) Band structure
of the described model along the high symmetry lines of the Brillouin zone, showing a s-type
Dirac cone (s-DC), a p-type flat band (p-FB) and a p-type Dirac cone (p-DC).

is presented. An increase of intensity at the edges of the first Brillouin zone is ob-
served where the Dirac cones are located. Since the lattice is symmetrical, it is more
common to plot the energy versus the wavevector in a two-dimensional plot, following
the high-symmetry lines of the first Brillioun zone Γ→ K → M → Γ of the honeycomb
lattice, which is indicated in Fig. III.1D. The band structure along these symmetry
points is presented in Fig. III.1E. Since the muffin-tin is a single particle model, the
energy reference of the conduction band starts at 0 meV. The lowest two bands of the
band structure are similar bands as presented in Fig. III.1C, showing similar disper-
sion as the π- and π∗-bands in graphene [10]. Comparing the muffin-tin model with a
tight-binding model, both bands can be treated as coupled s-orbitals of the honeycomb
lattice sites. Therefore, the Dirac cones formed by these s-like orbital bands are called
s-type Dirac cones (s-DC).

Furthermore, at higher energy directly above the s-like Dirac cone, four bands with
interesting features are observed. These bands orginate from coupling between in-
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Optimization of a honeycomb semiconductor

plane p-orbitals of the on-site electrons, where two p-bands form a Dirac cone (p-DC)
and two p-bands form flat bands above and below the Dirac cone (p-FB). These two
dispersionless flat bands are formed due to destructive interference of the electron
hopping. This can be solely assigned to the honeycomb nanogeometry [11], but is not
naturally found in graphene due to s− px− py hybridization. These bands are however
already observed in other electronic and photonic honeycomb lattices [12, 13]. The
flat band can give rise to new physical phenomena such as fractional quantum Hall
states [14–16]. Also, superconductive pairing of electrons in a flat band is of high
scientific interest [17].

These results show the effectiveness of the muffin-tin model for the honeycomb lattice.
Further investigation of the lattice parameters on the electronic structure can now be
performed.

III.3 Optimization of a honeycomb semiconductor

By tuning the parameters of the honeycomb lattice, well separated s- and p-orbitals
can be obtained with well-defined Dirac cones and flat bands. First, the effects on
the band structure for varying potential barrier heights is investigated (Fig. III.2).
When the potential is completely removed (V0 = 0 meV), an empty lattice is obtained
in a two-dimensional material, and parabolic bands folded in the reciprocal space are
observed. For all calculations, the conduction band starts at 0 meV as a reference
energy. Upon applying a small potential height to the barriers, the model shows that
bands are starting to split, and a non-isolated Dirac cone is formed at the K point in
the two lowest s-like bands. Since the trigonal potential land-scape of the honeycomb
lattice and the quantum confinement is weak, other possible electronic states are still
near the Dirac cone, meaning that the Dirac cone is not fully isolated yet. Looking at
higher band, the bands are still parabolic and folded into each other. When further
increasing the potential of the barriers, bands are splitting in different regions and
clear gaps between bands are formed. The two s-orbital bands are separated from the
four p-orbital bands at sufficient high potential height. At V0 = 100 meV, the two s-
orbital bands form an isolated Dirac cone at the K-points, while at V0 = 1000 meV, the
four p-orbital bands form a dispersionless flat band, a Dirac cone, and a second flat
band above the Dirac cone. Increasing the potential has therefore a direct effect on
the emergence of Dirac physics in the system. This has also been observed in other
models [18, 19]. Upon further increasing the potential height, higher orbitals bands
are affected, while the lower s- and p-orbital bands remain constant.

The energy width of the Dirac cones can be altered by changing the size of the unit
cell, i.e. the distance between the lattice sites of the honeycomb lattice. This is verified
by performing muffin-tin calculations with varying distances between barriers of the
triangular lattice (Fig. III.3A-D). To correctly compare different unit cell sizes with
each other, the ratio d/D is kept constant for all lattices, meaning that the diameter of
the potential barriers varies linearly with the unit cell size. For unit sizes with a pore-
to-pore distance of 80 nm, the width of the energy bands is very small (Fig. III.3A),

47



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 54PDF page: 54PDF page: 54PDF page: 54

III Designing honeycomb semiconductors: The muffin-tin model

V0 = 0 meV V0 = 10 meV V0 = 1000 meV

D

V0 = 100 meV

A B C D

Figure III.2: Electronic structure of the triangular antidot lattice versus the potential
height. (A-D) Band structure calculations for a triangular antidot lattice. Lattice parameters:
D = 40 nm, d = 24 nm. The height of the barrier potentials is increased from 0 meV (A), 10 meV
(B), 100 meV (C) to 1000 meV (D).

since many bands are visible in the same energy range. Decreasing the size of the unit
cell will increase the energy range of the bands quadratically, enhancing the energy
width of the s- and p-orbital Dirac cone.

To be able to measure the electronic structure experimentally, a certain energy width is
needed to overcome various sources of broadening, meaning that a certain dimension
of the honeycomb unit cell is needed. This can be expressed as the effective energy
width E DC of the s-DC, which is the energy distance between the two M points of the
s-like Dirac cone, indicated in Fig. III.3D.

For large unit cells (D = 80 nm), the effective energy width E DC of the s-DC is only
1 meV, which will be too difficult to measure directly. However, it was reported that
the lattice parameters of triangular antidot lattices based on GaAs should be as low
as 35 nm to directly observe massless Dirac fermions in standard cryogenic condi-
tions [20]. Since the energy width is inversely proportional to the effective carrier
mass, InGaAs-based heterostructures will enhance the energy width due to a lower
effective carrier mass compared with GaAs. Therefore, triangular lattices of 40 nm
and below are needed in order to measure the modelled electron properties in InGaAs-
based heterostructures. As a result, nanofabrication techniques such as lithography
should be pushed to their ultimate limit in terms of resolution [4,6].

Finally, changing the diameter of the barriers will also affect the electronic structure
(Fig. III.3(E-H)). For small pore sizes, the honeycomb lattice is not well defined and
an electronic structure of a nearly empty lattice is obtained, resulting in parabolic,
non-separated bands. Increasing the diameter of the potential barriers will result in a
better defined honeycomb lattice, improving the definition of the lattice sites coupled
in the honeycomb geometry. Splitting is observed between the bottom two s-bands and
the four p-bands above the s-bands. For d = 26 nm, there is a system of two s-orbital
bands with a Dirac cone at K, followed by four p-orbital bands: a flat band, a p-orbital
Dirac cone and a second flat band. No hybridization between the s- and p-bands is
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D = 80 nm D = 60 nm D = 20 nmD = 40 nm

A B C D

d = 2.0 nm d = 10.0 nm d = 26.0 nmd = 18.0 nm

E F G H

EDC

Figure III.3: Electronic structure of the triangular antidot lattice versus the lattice
parameters. (A-D) Band structure calculations with a constant pore radius ratio of 0.3, a po-
tential barrier of 1000 meV and a periodicity D = 80 nm, 60 nm, 40 nm and 20 nm. The width
of the s-type Dirac cone can be expressed by the energy distance between the two s-bands at the
M point, indicated by E DC in (D). (E-H) Band structure calculation with a periodicity of D = 40
nm, a potential barrier of 1000 meV and a pore diameter d′ = 4.0 nm, 10.0 nm, 18.0 nm and 26.0
nm.

observed, making this system an ideal candidate to study orbital degrees of freedom
in the honeycomb geometry. Tight-binding calculations on similar patterned systems
by lithographic design show similar results [1, 21]. The obtained band structures also
show excellent agreement with theoretical work on other types of honeycomb semicon-
ductor systems, such as honeycomb superstructures by oriented attachement of PbSe
and CdSe quantum dots [18, 19, 22] and artificial electronic lattices on Cu(111) using
CO molecules [23,24].

As an ideal, we wish to achieve a semiconductor with well-defined and separated s-
orbital and p-orbital bands. This can be achieved by fine-tuning the lattice parameters
of the triangular lattice of potential barriers. The width of the Dirac cone is not only de-
pendent on the lattice constant of the honeycomb lattice, but also on the effective mass
of the charge carriers in the employed semiconductor material [25]. When lowering the
effective mass m∗

e of the semiconductor material, the effects of the lateral confinement
are enhanced, resulting in a broader Dirac cone. Calculations from Tadjine et al. show
that the energy range of the Dirac cone can extend over tens of meV in InAs-based
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heterostructures [21]. For all calculations, an effective mass m∗
e = 0.041 me was taken

into account, which is the effective mass of electrons in an InGaAs semiconductor [9].

Towards lithographic designed honeycomb semicon-
ductors

Designing and optimization of the honeycomb semiconductor has been performed using
an ideal two-dimensional model. By applying some adaptations, more realistic systems
designed by lithography can be investigated.

Potential barrier shape

First, two differently shaped potential barriers will be considered: the conical potential
barrier and the inverted harmonic oscillator barrier, illustrated in Fig. III.4A-B. Both
models could give a more realistic electronic structure, since the shape of the electron-
repelling barriers will not be perfectly cylindrical in lithographic patterned semicon-
ductors. Using the Kronig-Penney model, it is already displayed that potential barriers
with different shapes can change the electronic properties of a material [26,27].

In the linear model, the potential term in the Schrödinger equation can be defined as:

V (r−Ri)=
⎧⎨⎩

V0 0< |r−Ri| ≤ d′/2
2V0
d (d/2−r) d′/2< |r−Ri| ≤ d/2

0 |r−Ri| > d/2
(III.4)

where d′ is defined as the diameter of the barrier at the bottom of the gap, as indicated
in Fig. III.4A. When d′ = 0 nm, perfect conical potential barriers are obtained. When
d′ = d, it will result in cylindrical potential barriers similar as in the previous case.

For the inverted harmonic oscillator, the potential term in the Schrödinger equation
can be written as (Fig. III.4B):

V (r−Ri)=
{ − 4V0

d ((d/2)2 −r2) : |r−Ri| ≤ d/2
0 : |r−Ri| > d/2

(III.5)

In both models, the Schrödinger equation can be solved analytically using Bloch’s the-
orem, assuming a periodic triangular antidot lattice. The mathematical background
can be found in the SI.

Placing the differently shaped potential barriers in the triangular lattice, the band
structures can be calculated and compared with the ideal case (Fig. III.4(C-E)). Looking
at the lower bands, no large differences are observed comparing the conical shaped
barriers and the inverted harmonic oscillator barriers with the cylindrical barriers.
The shape of the s-type Dirac cone remains the same, and is well separated from the
p-states with a dispersionless flat band. Looking at higher order bands, the bands
become more dispersive, and there is more mixing of the bands. This can be explained
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V = 0 V = 0V = V0
V = V0

D

d’

D
d d

A B

C D EV = 0

Figure III.4: Linear and inverted harmonic potential barrier. (A-B) Schematic side view
of the conical potential barrier and inverted harmonic oscillator barrier. D is the distance be-
tween the barriers, d is the diameter of on the top of the barriers and d′ is the diameter on
the bottom of the barrier for the linear case. (C-E) Band structure for the cylindrical poten-
tial barrier (C), the linear potential barrier (D) and inverted harmonic oscillator barrier (E). For
all calculations, D = 40 nm, d = 24 nm, V0 = 100 meV. For the linear calculation, d′ = 0 nm,
meaning that fully conical shaped potential barriers are obtained.

by the fact that the electrons are less confined in the honeycomb symmetry due to the
differently shaped barriers. Since the focus will be mainly on the s-bands and p-bands
of the band structure, higher bands are further ignored in this research, and cylindrical
shaped potential barriers will be used in further muffin-tin calculations.

Vertical confinement

Next, a third dimension can be added to the calculation, since previous calculations
were performed on a pure two-dimensional system. In reality, the electron gas will
be confined in a semiconductor quantum well with a certain thickness t along the z-
direction, adding confinement along the z-dimension. Since the potential barriers add
only confinement effects along the x-y direction, both problems are completely separa-
ble when solving the Schrödinger equation. Considering the infinite square well model,
the problem in the z-direction can be solved analytically and the well-known discrete
energy are obtained:

Ez
n = ħ2

2m∗
e

(nπ
t

)2
(III.6)

where n = 1,2,3... is an integer number. To show the effect of the addition of the z-
dimension, density of states (DOS) calculations are performed onto a InGaAs quantum
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well with thickness t using the muffin-tin model (Fig. III.5A-B). In this calculation, no
potential barriers are added to this calculation. Information on the DOS calculation
can be found in the SI. The characteristic steps of a confined two-dimensional material
are clearly observed in the DOS, indicated by the dashed lines. Increasing the thick-
ness of the quantum well will result in less confinement in the z-direction, resulting in
smaller quantization steps in the DOS.

d = 26.0 nm
d = 16.0 nm
d = 8.0 nm
d = 0.2 nm

t

t = 15 nm
t = 10 nm
t = 7 nm

A B

n = 1

n = 2

n = 3

n = 4

s-DC
p-FB

p-DC
s-DC

p-FB

p-DC

Barrier material

Quantum well

C

n = 1 n = 2

Figure III.5: Density of states of a honeycomb semiconductor versus a pure quantum
well. (A) Schematic view of the quantum well with thickness t, confined by a barrier material.
(B) Density of states for a pure InGaAs quantum well with a thickness t of 15 nm (green), 10
nm (red) and 7 nm (blue) calculated with the muffin-tin model. The quantization levels are
indicated with dashed lines. (C) Density of states for a 10 nm thick InGaAs QW with a triangular
lattice (D = 40 nm) with a superimposed triangular lattice of electron-repulsive potential barrier
(V0 = 1.0 eV) with diameters d = 0.2 nm (blue), 8.0 nm (red), 16.0 nm (green) and 26.0 nm (black).
For all the DOS calculation, a broadening parameter Γ of 0.5 meV is applied. The quatization
levels for the blue density of states are indicated.

To show the effects of the potential barriers in a honeycomb lattice with a realistic
thickness, the DOS is calculated by modelling a 10 nm thick quantum well with a tri-
angular lattice of potential barriers. The results are presented in Fig. III.5C. Starting
at a very small diameter (0.2 nm), the quantization steps due to the confinement in
the z-direction are similar as in Fig. III.5B, with nearly perfect flat quantization steps.
When increasing the radius of the lattice, more distinct features are visible: first, two
clear peaks with a dip in between are visible at the start of the first quantization step,
which can be subscribed to the s-type Dirac cone at the start of the quantization step.
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Upon further increasing the diameter of the pores, a clear peak can be observed directly
after the Dirac cone, which originates from the p-like flat band. Although theoretically
this feature is infinitely high, the dispersionless band is observed by a clear peak due
to the added broadening effect. Finally, when increasing the pore diameter to 26.0 nm,
a second Dirac cone can be observed between 60 and 70 meV, and a second flat band
is starting to emerge. The s-orbitals and p-orbitals are completely separated without
any mixing as can be seen by the absence of states between the s-bands and p-bands,
similar as in the calculated band structure in the previous section.

When looking at the second quantization step of the 0.1 nm radius triangular lattice
around E = 300 meV, similar features are observed compared with the first plateau.
Upon increasing the diameter of the electron-repelling barriers, the effect of the z-
quantization step seems to fade away, but similar features compared with the first
quantization step are still observed in the region of the second plateau. This can be
explained by a repetition of Dirac physics in the second quantization step in the z-
direction, defined by the thickness of the quantum well. Due to in-plane coupling of
the orbitals, we observe the separation of solutions for the z-direction (quantum well
thickness) and x-y direction (triangular lattice). In the current system, it will be diffi-
cult to address these repetitive features in experiments due to the small feature sizes
and larger energy broadening at higher energy, but will definitely be interesting to
investigate experimentally when possible.

Non-parabolicity effect

In the muffin-tin model, we assumed that the two-dimensional electron gas can be
described with the free particle model, where the energy of the electrons has a parabolic
dependence on the wavenumber. In reality, it is known that III-V semiconductors such
as GaAs, InAs and InGaAs are strongly non-parabolic further away from the band
edge [28, 29]. This will lead to an overestimation of the confinement energies in all
dimensions.

Several methods can be used to quantify non-parabolicity. Here, a direct approximation
is used to correct for the non-parabolicity, which has a low computational cost and
shows good agreement with other calculations including non-parabolicity [28]. In the
used model, a correction formula will be applied to the calculated energy:

E(k)= 1
2α

[
−1+

√
1+4αγ(k)

]
(III.7)

where γ(k) = ħ2k2/2m∗
e is the parabolic band dispersion energy, and the value α is ad-

justable to the amount of non-parabolicity. For InGaAs, α= 1.3 eV−1 when comparing
this model with sp3d5s∗ tight-binding calculations [30]. The difference on the dis-
persion relation between the parabolic and non-parabolic model can be viewed in Fig.
III.6A, where especially away from the band edge the energy is visible non-parabolic.
The implication of the NP model on the DOS for a pure QW can be viewed in Fig. III.6B.
The quantization steps for the non-parabolic model are much smaller compared with
the parabolic model, especially further away from the band edge. The size of the quan-
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tization steps obtained from STS experiments are well-explained when accounting for
non-parabolicity [31].

non-parabolic
parabolic

A B

Figure III.6: Non-parabolic energy dispersion for III-V semiconductors. (A) Energy
dependence versus the wavevector for the free electron model (blue) and the corrected non-
parabolic model, showing non-parabolicity away from the band edge. (B) Density of states of
10 nm thick InGaAs QW using the free electron model (blue) and the corrected non-parabolic
model.

III.4 Experimental comparison tool: the numerical
muffin-tin model

Using the muffin-tin model including the discussed improvements, a tool is provided
to us to compare the experimental differential conductance dI/dV measured with scan-
ning tunneling microscopy with the theoretical muffin-tin model. The differential con-
ductance dI/dV is proportional to the local density of states (LDOS), assuming a con-
stant density of states in the tip. From the theoretical side, the LDOS can be calculated
using a numerical approach to the muffin-tin model by simulating a finite lattice. The
numerical approach also allow us to calculate the electron wave functions, allowing to
simulate differential conductance maps for direct comparison with measured differen-
tial conductance maps. The numerical muffin-tin model also gives us the opportunity
to investigate the effects of disorder in the lattice parameters onto the electronic struc-
ture, since non-periodic lattices can be modelled. This will be discussed in Chapter
VI.

A schematic view of the simulated lattice is shown in Fig. III.7A. The lattice is divided
in smaller grid points, and a total Hamiltonian matrix is calculated using a finite-
element method, allowing to obtain the energies and wave functions at individual grid
points. The implicitly restarted Arnoldi method is used to find the lowest n number
of eigenvalues and eigenvectors [32] in the Hamiltonian matrix. For all calculations,
enough eigenvalues and eigenvectors were calculated to completely present the local
density of states (LDOS) in the desired energy range. A more in-depth mathematical
background on the method can be found in the SI. The energies can be binned, and
the density of states at every grid point can be calculated at different high symmetry
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Experimental comparison tool: the numerical muffin-tin model

points of the triangular lattice (see Fig. III.7B). In the numerical model, both vertical
confinement and non-parabolicity are taken into account similar as in the analytical
muffin-tin model.

D

d

A B C

D E F

lattice site
bridge site

LD
O

S (a.u.)

LD
O

S (a.u.)

LD
O

S (a.u.)

19 meV 34 meV 61 meV

Figure III.7: Numerical muffin-tin model on the triangular antidot lattice. (A)
Schematic view of the triangular lattice, showing the positions of the calculated LDOS. Lattice
parameters are D = 40 nm, d = 24 nm and V0 = 1.0 eV. (B) Local density of states calculated on
the lattice and bridge site of the honeycomb lattice. (C) Simulated differential conductance spec-
tra calculated at the energy of the s-type Dirac cone, p-like flatband and higher-order orbitals.
For all the LDOS calculations, a broadening Γ of 1.0 meV is used.

Taking a unit cell of the triangular lattice, two different sites of the honeycomb sym-
metry will be investigated: the lattice site of the honeycomb geometry (blue), and the
bridge site (red) located between two lattice sites (see Fig. III.7B). It will be important
to measure and understand the local density of states on the lattice sites and bridge
positions. The LDOS of both positions are presented in Fig. III.7C for a triangular lat-
tice with electron-repulsive potential barriers (D = 40 nm, d = 24 nm, V0 = 1.0 eV). Also
in the numerical muffin-tin model, the conduction band starts at 0 meV as reference.
On both sites, two peaks are observed at V = 14 meV and 20 meV. In between the two
peaks, a small dip is visible corresponding to the Dirac point. This double peak corre-
sponds to the LDOS of the s-orbital Dirac peak. At V = 35 meV, a large peak is visible
on the bridge position, but is absent on the lattice site. This peak corresponds to the
p-like flat band. The visibility of the p-like flat band on the bridge site seems to point
to a bonding combination of p-orbitals with nodes on the lattice sites. This is however
not correct: p-orbitals are orthogonal and their interaction pattern is mismatched with
the triangular honeycomb lattice. The exact physics of the electron density patterns
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will be described in more detail in the next chapters.

Looking at higher energies, two small peaks at 45 meV and 55 meV can be observed
on both the lattice and bridge site, with a small dip in between. This feature can be
assigned to the p-like Dirac point, which also corresponds to the previously calculated
band structure.

To support these findings and to investigate the spatial distributions of the electrons
onto the lattice, differential conductance maps are numerically calculated at specific
energies (see Fig. III.7D-F). Using these maps, the features described in the LDOS can
be assigned to the honeycomb symmetry. The first map is calculated around the energy
range of the s-type Dirac cone, showing similar high intensity on both the lattice and
bridge site. Looking at the flat band energy, a clear high intensity is visible on the
bridge site, confirming the presence of the p-like flat band. The calculated differential
conductance maps are in excellent agreement with experimental maps from the elec-
tronic honeycomb lattice build using CO molecules on Cu(111) by Gardenier et al. [24],
confirming the fidelity of the numerical model and the potential use for comparing
simulated maps with experimentally obtained maps.

III.5 Conclusions and outlook

In this chapter, two methods are presented to calculate the electronic structure of a
two-dimensional electron gas superimposed to electron-repelling potential barriers. By
placing the barriers in a triangular arrangement, the rich Dirac-type electronic struc-
ture of a honeycomb semiconductor is revealed by calculating the band structure and
density of states. The electronic properties can be altered and optimized to our liking
by changing the lattice parameters of the triangular antidot lattice. Extra effects such
as vertical confinement and non-parabolicity away from the band edge can be added
to the muffin-tin model, obtaining more realistic results. Finally, the local electronic
structure can be calculated by using a numerical approach to the muffin-tin model,
which can be directly compared to the results of scanning tunneling experiments, dis-
cussed further in this thesis.
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Analytical muffin-tin model

The muffin-tin model can be solved analytically using Bloch’s theorem, stating that the
wave function of an electron in a periodically-repeating environment can be written
as [8]:

ψn(r)=∑
k

Ckeik·r

where k is the crystal wave vector and Ck is a periodic function equal to the periodicity
of the crystal. Inserting Bloch theorem into the Schrödinger equation will yield:

∑
k

ħ2k2

2m∗ Ckeik·r + ∑
k’,G

Ck’VGei(k’+G)·r = E
∑
k

Ckeik·r

Here G is a reciprocal lattice vector which can be written in terms of a reciprocal lattice
vector basis G1 and G2: G = m1G1 +m2G2, m1,m2 ∈ Z. VG is defined as the Fourier
transform of the potential V (r):

V (r)=∑
G

VGeiG·r

Note that the second summation in the equation is written in terms of k’. We can set
k’ as k−G and rewrite this equation as:

∑
k

eik·r[(ħ2k2

2me
−E

)
Ck +∑

G
VGCk−G]= 0

which only holds when the equation inside the brackets is equal to zero:

[ħ2k2

2m∗ −E
]
Ck +∑

G
VGCk−G = 0

This equation can be solved by translating the equation by a reciprocal lattice vector
Gi: [ ħ2

2m∗ |k−Gi|2 −E
]
Ck−Gi +

∑
G

VGCk−Gi−G = 0
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By changing the variables in a way that G=G j −Gi, we can write the equation in the
final form: [ ħ2

2m∗ |k−Gi|2 −E
]
Ck−Gi +

∑
G j

VG j−Gi Ck−G j = 0

Using this formula, the individual elements of a n× n Hamiltonian matrix H can be
calculated using n number of reciprocal lattice vectors. By calculating the eigenvalues
of this matrix, n number of energy eigenstates En can be calculated. More specific, the
individual matrix elements of the Hamiltonian are calculated using the equation:

Hi, j =
[ ħ2

2m∗ |k−Gi|2 −E
]
δGi ,G j +VG j−Gi = 0

where δGi ,G j is a delta function which is equal to 1 when i = j and 0 when i �= j. On
the diagonal of the Hamiltonian matrix (i = j), the potential term VGi−Gi becomes 0
and only the first term of the equation remains. Looking at the off diagonal elements,
only the term VG j−Gi remains because the delta function in the equation removes the
kinetic term of the Schrödinger equation. The Hamiltonian matrix H can therefore be
constructed in the following form:

H=

⎛⎜⎜⎜⎜⎜⎝
ħ2

2m∗ |k−G1|2 −E VG1−G2 · · · VG1−GN

VG2−G1
ħ2

2m∗ |k−G2|2 −E · · · VG2−GN
...

...
. . .

...
VGN−G1 VGN−G2 · · · ħ2

2m∗ |k−GN |2 −E

⎞⎟⎟⎟⎟⎟⎠
The Fourier coefficients of the potential function V (r) can be calculated using the fol-
lowing general formula:

VG = 1
A

∫
space

V (r)e−iG·rd2r

where A is the area of the primitive unit cell. Since the potential outside the barriers
is equal to zero, we only have to integrate inside the potential barrier. For cylindrical
potential barriers, we only have to integrate over a circle. This will yield the following
expression [1,33,34]:

VG = V0

A

∫
circle

e−iG·rd2r

We perform first the integral over the angle component θ, which is a standard integral.
After this, we are left with only the radial part of the integral:

VG = 2πV0

A

∫R

0
rJ0(|G|r)dr

where J0 being the zeroth order cylindrical Bessel function, which is the first solu-
tion to the Schrodinger equation for an infinite circular well [35]. R is the radius of
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the cylindrical potential barrier, which is the bound for the obtained one-dimensional
integral. Integrating over r finally yields [33].

VG = 2πRV0J1(|G|R)
A|G|

here, J1 is the first order cylindrical Bessel function.

Now that we can calculate all the individual matrix components, we can construct total
Hamiltonian matrices H as a function of the wave vector k, and therefore calculate the
energy bands at wave vector k by calculating the determinant of the Hamiltonian ma-
trix. By following specific wave vectors along the high symmetry points of the lattice,
band structure are constructed.

Finite-size Effects

In the analytical model, a periodic lattice needs to be assumed in order to use Bloch’s
theorem. The reciprocal lattice represents the Fourier transform of the initial periodic
lattice. Upon including more reciprocal lattice vectors, the periodic lattice gets better
defined. To investigate the effects of the total number of reciprocal lattice vectors on
the electronic structure, band structures of a periodic triangular lattice with different
number n of reciprocal lattice vectors have been calculated and compared with each
other. Upon including n number of reciprocal lattice vectors into the muffin-tin model,
n×n sized Hamiltonian matrices will be calculated for every k point. This means that
n number of energies will be calculated, resulting in n number of electronic bands in
the band structure.

Fig. S1 shows the results for band structure when different number of reciprocal lattice
sizes are included. A triangular lattice is assumed with lattice parameters D = 40
nm, d = 24 nm and V0 = 1.0 eV. In the inset of each band structure, the reciprocal
lattice vectors used for that calculation are included. Starting with only four reciprocal
lattice vectors (Fig. S1A), the band structure is not stable yet, changing drastically
when adding more reciprocal lattice vectors. When adding more lattice vectors, more
bands are added to the band structure. Starting from the 64 reciprocal lattice vectors
(Fig. S1D), the band structure stabilizes, showing the typical Dirac features in the
band structure such as Dirac cones and flat bands. Upon including more reciprocal
lattice vectors, the band structure does not change any more in this energy range.
Nevertheless, 144 reciprocal lattice vector were used to calculate the band structures
in all the analytical muffin-tin models to ensure that the band structure is correctly
calculated, which has only a small effect on the calculation time.

Potential barrier shape

Using the analytical muffin-tin model, the effects of differently shaped potential barrier
onto the electronic structure can be considered and calculated. Since the shape of the
potential barrier affects the Fourier components of the potential, only the non-diagonal
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A B C

D E F

Figure S1: Finite-size effect on the band structure. (A-F) Band structures of triangular
lattice with size 2×2 (A), 4×4 (B), 6×6 (C), 8×8 (D), 10×10 (E) and 12×12 (F) using the analytical
muffin-tin model. The lattice parameters of the triangular lattice are D = 40 nm, d = 24 nm and
V0 = 1.0 eV.

element of the Hamiltonian matrix depend on the potential barrier shape. A schematic
view of the discussed potential barrier shapes are presented in Fig. S2, showing the
linear potential barrier and the inverse harmonic oscillator barrier.

The Fourier components VG of a general potential landscape dependent on the position
r can be calculated using the formula:

VG = 1
A

∫
space

V (r)e−iG·rd2r

To obtain linear potential barriers with height V0, the potential is defined as following:

V (r−Ri)=
⎧⎨⎩

V0 0< |r−Ri| ≤ d/2′

− 2V0
d (r−d/2) d/2′ < |r−Ri| ≤ d/2

0 |r−Ri| > d/2

where d′ is defined as the diameter of the barrier at the bottom of the gap and Ri
are the positions of the potential barriers onto the two-dimensional plane. When d′
is 0 nm, a perfect conical potential barrier is obtained, and when d′ = d, we end up
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with cylindrical potential barriers as in the previous case. The integral for the Fourier
components can be separated into two integral when implementing:

VG = 2πV0

A

∫R′

0
rJ0(|G|r)dr− 2πV0

AR

∫R

R′
(r−R)rJ0(|G|r)dr

where J0 is the zeroth order Bessel function. The first integral calculates the Fourier
component over a flat potential barrier V0, which has the same solution as for the
cylindrical model. The second part of the integral is more complicated. By expressing
R′ in terms of R by writing R′ =αR, the solution can be simplified. Solving the second
part of the integral will yield the following expression:

VG = πV0

A|G|2 (πJ1(|G|R)H0(|G|R)+αJ1(|G|Rα)(2|G|Rα−πH0(|G|Rα))

−πJ0(|G|R)H1(|G|R)+παJ0(|G|Rα)H1(|G|Rα))

where J1 is the first order Bessel function and H0 and H1 are the zeroth and first order
Struve functions respectively, which are solutions to the non-homogeneous Bessel’s
differential equation introduced by Hermann Struve [36].

The inverted harmonic oscillator potential model can be described using the following
potential:

V (r−Ri)=
{

− 4V0
d2 (r2 − (d/2)2) : |r−Ri| ≤ d/2

0 : |r−Ri| > d/2

The potential barrier will therefore have a parabolic shape. Using this model, the
Fourier components can be calculated, which will yield:

VG =−2πV0

AR2

∫R

0
(r2 −R2)rJ0(|G|r)dr

and we end up with the following expression for VG after solving the integral:

VG =− 4πV0

A|G|2 J2(|G|R)

where J2 is the second order Bessel function. Implementing these expressions for VG
back in the Hamiltonian matrix and calculating the eigenvalues of both systems will
obtain the presented band structures in Fig. III.4 .

Density of states

The density of states (DOS) shows the number of energy states D(E) available for the
electrons at a specific energy E. The DOS is calculated by taking a grid in reciprocal
space and calculate the energy states at every grid point. The modelled grid is framed
by the high-symmetry lines Γ→ K → M → Γ of the Brillouin zone, since the modelled
grid is symmetrical in all directions. The obtained energies are counted and binned
into a histogram:

D(E)=∑
n,k

δ(E−En,k)
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where En,k are the calculated energy states of the system. To create a distribution in
stead of an histogram, the DOS is smoothed out by replacing the delta function with a
Gaussian distribution:

D(E)=∑
n,k

exp−(E−En,k)2/2σ2

�
2πσ2

where σ is a broadening value for the DOS function. To reduce calculation time, all
data points which are 6σ outside of the center are neglected from the calculation.

To check the consistency of the DOS calculation, a triangular lattice with periodicity of
D = 40 nm and diameter of d = 24 nm is calculated for different number of grid points,
different energy steps in the DOS histogram and different broadening values σ. The
calculated DOS distributions are presented in Fig. S2.

A B C

Figure S2: Density of states consistency. (A) Density of states calculation with 50, 100, 200,
400 and 800 k-points from the bottom to the top respectively. (B) Density of states calculations
with different energy steps. The steps are 5.0 meV, 3.0 meV, 1.0 meV, 0.5 meV and 0.1 meV from
bottom to top. (C) Density of states with different amount of broadening. Broadening of 10 meV
(bottom), 5.0 meV, 2.0 meV, 1.0 meV and 0.5 meV (top) is used in these calculations.

First, the DOS is calculated where the reciprocal area enclosed by the high symmetry
points is divided between 50 grid points (bottom) to 800 grid points (top). For a low
number of grid points, the number of states per energy step will be low. Therefore,
more fluctuations are expected in the DOS distribution using only 50 grid points. Upon
increasing the number of grid points, features will get more distinct. Naturally, more
grid points will also mean that the calculation time will increase, limiting the total
number of grid points to a certain value. For all the DOS calculations, 400 k-points
were used, restraining the calculation time while still obtaining trustful results. Since
the number of calculated energies per grid point n goes linear with the total number of
grid points used for the calculation, more grid points are only needed when calculating
the DOS at higher energies.
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Second, the width of the energy steps in the DOS distribution is varied between 5.0
meV (bottom) and 0.1 meV (top), showed in Fig. S2 in green. Clearly, using a large
energy width means less resolution in the DOS, showing no clear features any more
such as the s-type Dirac cone and p-like flat band. Therefore, an energy step of 0.5
meV is used for all DOS calculations to obtain clear features, since this has only a
minor impact on the calculation time.

Lastly, the broadening parameter of the Gaussian distribution is varied between 10
meV (bottom) and 0.5 meV (top), showed in Fig. S2C. For high broadening, all Dirac
features are absent, showing a smooth continuous distribution of energies. Decreasing
the broadening reveals again the Dirac like properties of the simulated semiconductor.
In all the theoretical work, a broadening of 0.5 meV is used to clearly reveal the Dirac
cones and flat bands in the DOS. Upon comparing the calculated DOS with experi-
ments, the value of the broadening parameter can be altered to better fit theoretical
work with experimental results.

Numerical muffin-tin model

In a numerical muffin-tin model, the complete simulated potential landscape is divided
in discrete data points (Fig. S3A,B). By selectively assign potential values to individual
grid points, a lattice of potential barriers can be formed, such as the triangular symme-
try forming the honeycomb semiconductor. By transforming the Schrödinger equation
into a matrix equation, the energies and wave functions are calculated on each individ-
ual grid point numerically, which are used to calculate the local density of states and
to create a simulated differential conductance map. To calculate this, the Schrödinger
equation needs to be written in some sort of a matrix form:

Eψ(r)=Hψ(r)⇒ E

⎡⎢⎢⎢⎢⎢⎢⎣
ψ(r1)
ψ(r2)
ψ(r3)

...
ψ(rN )

⎤⎥⎥⎥⎥⎥⎥⎦=

⎛⎜⎜⎜⎝
H11 H12 · · · H1N
H21 H22 · · · H2N

...
...

. . .
...

HN1 HN2 · · · HNN

⎞⎟⎟⎟⎠
⎡⎢⎢⎢⎢⎢⎢⎣
ψ(r1)
ψ(r2)
ψ(r3)

...
ψ(rN )

⎤⎥⎥⎥⎥⎥⎥⎦
where Hmn are the individual terms of the Hamiltonian matrix, N is the total num-
ber of discrete points used for the calculation and ψ(r) is a column vector, telling the
value of the wave function at vector r. When the Hamiltonian matrix is calculated, the
eigenvalues of the matrix can be evaluated obtaining N eigenvalues and N eigenvec-
tors, which can be calculated using the restarted Arnoldi method [32]. By increasing
the number of grid points of the numerical muffin-tin calculation, the resolution will
increase and more energies and wave functions can be calculated. Naturally, the cal-
culation time will also increase exponentially.

To investigate the exact form of the matrix equation, we need to first recall the form of
the Schrödinger equation:

Hψ(r)=
[
− ħ2

2m∗
e
∇2 +V (r−Ri)

]
ψ(r)= Eψ(r)
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where Ri are the Bravais lattice vectors of the lattice formed by the potential barriers,
i is the index number of barrier potentials, N is the total number of grid points, ψ(r)
are the value of the wave function at vector r and E is the calculated energy state of
the electron.

Since the Schrödinger equation consist of two parts, both parts can individually be
written into a matrix form. For simplicity, we start with one-dimensional case, which
will be later translated into two dimensions. Looking at the the potential landscape on
the simulated grid, V (r−Ri) will be a step-like function, telling us the potential energy
at each individual grid point. Since the potential on each grid point does not interact
with other neighboring points, the potential matrix V can be written as a diagonal
matrix where on the diagonal the potential value V (xi) is written of each grid point at
vector point xi:

V=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

V (x1) 0 · · · · · · · · · 0
0 V (x2) 0 · · · · · · 0
... 0

. . .
...

...
...

. . .
...

...
...

. . . 0
0 0 · · · · · · 0 V (xN )

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
In this case, V (xi) will either have value of 0 or V0 since the simulated potential barri-
ers will have a constant value V0, as indicated in Fig. S3C.

D

2r

x1 x2 x3 xN-1 xN

x

V(x)

V(x) = 0

V(x) = V0

A B C

Figure S3: Numerical muffin-tin model (A) Simulated triangular lattice with lattice constant
D and diameter d. (B) A unit cell of the triangular lattice simulated with grid points. In the light-
blue grid points, the potential is set to zero, while in the dark-blue grid points, the potential has
a value of V0, forming a potential landscape with a triangular symmetry. (C) Side-view of the
potential landscape in the x-direction, showing the height of the potential in the dark-blue grid
points.

The kinetic part of the Schrödinger equation is more tedious to express in a matrix
form, since it contains a second derivative ∇2. An approximation method will be used
to write the second derivative into a matrix form, which is called the finite element
method. Considering only one dimension, we will start with a wave function ψ(x) which
is assumed to be a solution of the Schrödinger equation. The first derivative of the
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wave function between two grid points xn+1 and xn with a distance Δx between them
is defined as: [∂ψ

∂x

]
n+1/2

= ψ(x+Δx)−ψ(x)
Δx

= ψ(xn+1)−ψ(xn)
Δx

The first derivative between points xn and xn−1 can be written in a similar way:[∂ψ
∂x

]
n−1/2

= ψ(xn)−ψ(xn−1)
Δx

Using both definitions, the second derivative at grid point n can now be written in term
of the wave function:

[∂2ψ

∂x2

]
n
=

[
∂ψ
∂x

]
n+1/2

−
[
∂ψ
∂x

]
n−1/2

Δx
= ψ(xn+1)−2ψ(xn)+ψ(xn−1)

Δx2

Assuming there are N number of total grid points in the x-direction, the second deriva-
tive of the wave function ψ(x) at every grid point can now be defined using a column
vector representation of the wave function ψψψ(x) and a certain N ×N matrix Uxx, yield-
ing the following expression:

[∂2ψ

∂x2

]
= 1

Δx2 Uxxψψψ(x)= 1
Δx2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 1 0 · · · · · · · · · 0

1 −2 1 0 · · · · · · ...

0
. . .

. . .
. . .

. . . · · · ...
...

. . .
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . . 0

...
...

... 0 1 −2 1
0 · · · · · · · · · 0 1 −2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎣
ψ(x1)
ψ(x2)
ψ(x3)

...
ψ(xN )

⎤⎥⎥⎥⎥⎥⎥⎦

Using this matrix format, the second derivatives of the wave function at all grid points
can be derived except for the starting grid point (n = 1) and the end grid point (n = N),
where the formula assumes that ψ(x0)=ψ(xN )= 0. This is called the hard-wall bound-
ary condition. Since this is experimentally not feasible, periodic boundary conditions
can be implemented, which means that ψ(x0) =ψ(xN ) = 1. Implementing this into our
matrix will yield:

[∂2ψ

∂x2

]
= 1

Δx2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 1 0 · · · · · · · · · 1

1 −2 1 0 · · · · · · ...

0
. . .

. . .
. . .

. . . · · · ...
...

. . .
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . . 0

...
...

... 0 1 −2 1
1 · · · · · · · · · 0 1 −2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎣
ψ(x1)
ψ(x2)
ψ(x3)

...
ψ(xN )

⎤⎥⎥⎥⎥⎥⎥⎦

65



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 72PDF page: 72PDF page: 72PDF page: 72

III Designing honeycomb semiconductors: The muffin-tin model

In this way, the boundary of the numerical muffin-tin calculation will have no effect on
the electronic structure of the simulated system. To check the differences in electronic
structure, both boundary conditions have been simulated using the same lattice, which
will be discussed later in this section.

Now that the second derivative has been constructed in matrix format, the matrix
needs be expanded in order to describe a two-dimensional system. Using Carthesian
coordinates, the two-dimensional Laplacian operator ∇2 is defined as a sum of the
second derivatives in both the x- and y-direction:

∇2 = ∂2

∂x2 + ∂2

∂y2

For both second derivatives, the same finite-difference equations can be applied, which
will result in the second derivative of the wave function at grid position (n,m):

∇∇∇2ψ(n,m) =
∂2ψ

∂x2 + ∂2ψ

∂y2

= ψ(xn+1, ym)−2ψ(xn, ym)+ψ(xn−1, ym)
Δx2 + ψ(xn, ym+1)−2ψ(xn, ym)+ψ(xn, ym−1)

Δy2

where n = 1,2, ..., N and m = 1,2, ..., M are indices of the grid points in the x- and y-
direction on a N ×M grid. To write this equation in a general matrix form, the column
ψ(x, y) needs to be translate into a one-dimensional column of length N ×M.

ψ(x, y)=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ψ(x1, y1)
ψ(x2, y1)

...
ψ(xN , y1)
ψ(x1, y2)

...
ψ(xN , yM)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
To obtain a linear system, we introduce global ordening of the grid lattice, explained
as in Fig. S4. This will translate into a linear system of equations. Using this method,
we need to construct a different matrix using the calculated matrices in finite element
method. This matrix can be constructed using the following equation:

∇2 =Uxx ⊗IM×M +IN×N ⊗Uyy

where ⊗ stands for the Kronecker product, IM×M and IN×N are M×M and N×N unity
matrices, and Uxx and Uyy are the second derivative matrices in the x- and y-direction
respectively. The Kronecker product between two matrices A and B of size 2×2 can be
written as follows:

A⊗B=
(
a11B a12B
a21B a22B

)
=

⎛⎜⎜⎝
a11b11 a11b12 a12b11 a12b12
a11b21 a11b22 a12b21 a12b12
a21b11 a21b12 a22b11 a22b12
a21b21 a21b22 a22b21 a22b22

⎞⎟⎟⎠
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f1,1 f2,1 f3,1 f4,1 f5,1

f1,2 f2,2 f3,2 f4,2 f5,2

f1,3 f2,3 f3,3 f4,3 f5,3

f1,4 f2,4 f3,4 f4,4 f5,4

f1 f2 f3 f4 f5

f6 f7 f8 f9 f10

f11 f12 f13 f14 f15

f16 f17 f18 f19 f20

A B

Figure S4: Rearrangement of grid points to a linear system (A) Old notation of the grid
points in a two-dimensional system. Function f i, j is the value of the function f at position (i, j).
(B) New notation of the grid points.

which will result in a 4× 4 matrix. Applying the Kronecker product to the second
derivative matrices, we end up with a matrix of size (N ×M)× (N ×M). Together with
the wave function column of length N×M, the Laplacian operator can be written using
this matrix format. Also noteworthy is that the matrix is a so-called tridiagonal block
matrix, meaning that the matrix can be divided into a collection of smaller matrices
which are all tridiagonal. The equation of the two-dimensional Laplacian can easily be
extended to three dimensions by adding a third component. We can also easily switch
between different boundary conditions by using the different forms of Uxx and Uyy as
discussed earlier.

Now all the tools are there to completely rewrite the Schrödinger equation into matrix
format:

Hψ(x)=
[
− ħ2

2m∗∇∇∇2 +V
]
ψ(x)= Eψ(x)

where∇∇∇2 and V are matrices which can be calculated. By constructing a two-dimensional
potential landscape and dividing this into grid points, the total Hamiltonian matrix can
be formulated and the eigenvalues and eigenvectors of this matrix can be calculated,
providing us the energies and wave function at each grid point. From there, the LDOS
can be calculated at each grid point, and differential conductance maps can be simu-
lated using the calculated wave functions.

Local density of states

At each grid point, a list of available energy states is calculated. The local density of
states (LDOS) is defined as the total of number of energies E which can be occupied at
grid point i:

LDOS(i,E)=∑
E′

∣∣ψi,E′
∣∣2 δ(E−E′)

where δ(x) is the Dirac delta function. Plotting the LDOS will yield a histogram of en-
ergy distributions. However, since a histogram is not representable for experimentally
obtained results, the Dirac delta function is replaced with a Lorentzian distribution
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to take broadening of the energy states into account. The Lorentzian is a continuous
probability distribution, which will change the LDOS expression:

LDOS(i,E)=∑
E′

∣∣ψi,E′
∣∣2 1

πΓ

Γ2

(E−E′)2 +γ2

where Γ is the broadening parameter specifying the half-width at half-maximum of
each energy state. The broadening Γ was set to 1.0 meV in every numerical muffin-
tin calculation performed in this chapter, showing clearly the desired Dirac features.
The broadening parameter can be adjusted to more realistic values to fit the simulated
LDOS with differential conductance spectra, which will be presented in Chapter IV.
Lastly, the offset of the conduction band is not shifted in this model, meaning that the
reference energy of the conduction band is equal to 0 eV. This can be shifted when
comparing with experimental data.

Resolution

To check the consistency of the numerical muffin-tin calculation, several parameters
of the calculation have been investigated. To start, the total number of grid points
is investigated. Upon including more grid points to the model, the calculated energy
states will be more stable and precise. However, the size of the Hamiltonian matrix
scales linearly with the total number of grid points, meaning that the calculation time
increases rapidly. For this reason, a trade-off value needs to be found for the number
of total grid points used in the numerical muffin-tin model.

To find this trade-off value, a numerical muffin-tin calculation is performed for a 7×7
triangular lattice with lattice parameters of D = 40 nm, d = 24 nm and V0 = 1.0 eV
with different resolution parameters. The resolution of the calculation is expressed
as a total number of points per lattice constant. Here, 10, 20 and 30 grid points per
lattice constant were used, meaning that size of each grid point is 4×4,2×2 and 1.33×
1.33nm2. This will result in simulated 7×7 triangular lattice with a total grid sizes of
81×76, 161×145 and 241×217 data points.

The LDOS on the lattice site and bridge site of the honeycomb symmetry are calculated
and presented in Fig. S5 for the different grid sizes. For the 81×76 simulated grid,
Dirac features are immediately observed in on the lattice site and bridge such as the
two s-bands forming a Dirac cone around E = 15 meV. Looking at the p-like bands, an
intense peak is observed on the lattice site around 30 meV which can be assigned to
the flat band, and a second Dirac cone seems to be forming at 45 meV. Comparing with
spectra with higher resolution, the intensity of all features are much lower and bit
more noisy. In the calculated map, the modulated potential barriers seem not to have a
perfect circular shape, and shapes vary between barriers, which is highlighted by the
increased electron density on the lattice sites in the middle of the triangular lattice,
while on other lattices sites the density is lower. This indicates that the number of grid
points for this calculation is too low, and a higher resolution is desired.

Increasing the resolution to 161×145 and 241×217 will lead to better defined, circular
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Figure S5: Resolution effect on the electronic structure. Calculated LDOS on the lattice
(blue) and bridge site (red) for a 7×7 triangular lattice with 81×76 (A), 161×145 (B) and 241×217
(C) number of grid points, accompanied with differential conductance maps taken around the
energy of the Dirac point (E = 20 meV). Lattice parameters are D = 40 nm, d = 24 nm and V0 =
1.0 eV. Scalebar denote 50 nm.

potential barriers, improving the consistency of the calculation. Looking at the cal-
culated LDOS, the same features are observed as in the previous calculation, but all
features are more clear, and especially higher-order states are more distinct and less
noisy. Between the 161×145 grid point calculation and the 241×217 calculation, no
significant differences are detected from the calculated spectra and maps. Therefore,
all numerical calculations have been performed with at least 20 grid points per lattice
constant. This means that the total grid size of the calculation can still vary, but it is
independent of the lattice constant of the unit cell.

Finite-size effects and boundaries

To investigate the effects of the total size of the triangular lattice onto the local elec-
tronic properties, three lattices with different sizes are simulated. The sizes of the
triangular lattice are presented Fig. S6. Spectra are calculated as close as possible to
the middle of the lattice, showing the LDOS on the lattice site (blue) and bridge site
(red). Additionally, differential conductance maps show the change of the LDOS as a
function of the lattice size. On top of that, two different boundary conditions are used
to define the edge of the simulated area: the hard-wall boundary condition and the
periodic boundary condition. For all lattices, lattice parameters of D = 40 nm, d = 24
nm and V0 = 1.0 eV are used.

First we look at the hard-wall boundary, meaning that the simulated lattice is closed
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Figure S6: Finite size effect with hard-wall boundary conditions. (A) Small simulated
3×3 triangular lattice, accompanied with the calculated LDOS on the lattice (blue) and bridge
site (red) and a calculated differential conductance map at 15 meV. Scalebar denotes 20 nm.
(B) Simulated triangular lattice with one extra ring of potential barriers (5×5 lattice). LDOS
are calculated on similar sites, and the map is calculated at 15 meV. Scalebar denotes 50 nm.
(C) Large 7×7 triangular lattice, accompanied with the calculated LDOS and map at 20 meV.
Scalebars denote 50 nm.

by a hard-wall, where the wave function on the edge and beyond the edge is equal to
zero (ψ(x) = 0). Looking at the smallest lattice, it is intriguing to see that a s-Dirac
cone and a p-flat band is already visible on the lattice site and bridge site respectively,
while in total only 7 potential barriers are used in this calculation model. This is also
visible in the map, showing high intensity on the lattice site and lower intensity at the
bridge site around the energy of the first Dirac cone (E = 15 meV), which is similar
to the calculated maps in the main chapter. The maps also confirm that the hard-wall
boundary conditions is applied correctly, since the electron density reaches zero around
the border of the map. However, features higher in energy cannot be observed on the
lattice site due to the small lattice size. Increasing to larger lattices will lead to more
smooth spectra and maps, Dirac features get better defined and higher order Dirac
bands can be recognized. For this reason, triangular lattices of at least 7×7 in size are
modelled to accurately investigate the electronic properties in other calculation models.

The difference between the hard-wall boundary condition and the periodic boundary
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condition can be viewed in Fig. S7, where the LDOS and maps of the different sized
lattice are calculated with periodic boundary conditions. Comparing the smallest lat-
tice, large differences can be observed in the calculated LDOS for the hard-wall and
no-wall boundary. In the calculated map, a high electron density is found around the
border of the map, confirming that a periodic boundary conditions is applied. Increas-
ing to larger lattices, the electronic properties converge into a more stable state, and
similar results are obtained with different boundary conditions. This also holds for
the calculated maps. Since there is experimentally no hard-wall boundary between
electronic states in the honeycomb lattice and the two-dimensional electron gas, the
periodic boundary condition is used in all numerical muffin-tin models.

A B C
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Figure S7: Finite size effects with periodic boundary conditions. (A) Small simulated
3×3 triangular lattice, accompanied with the calculated LDOS on the lattice (blue) and bridge
site (red) and a calculated differential conductance map at E = 20 meV. Scalebar denotes 20
nm.(B) Simulated triangular lattice with one extra ring of potential barriers (5×5 lattice). LDOS
are calculated on similar sites, and the map is calculated at E = 20 meV. Scalebars denote 50
nm. (C) Large 7×7 triangular lattice, accompanied with the calculated LDOS and map at E = 20
meV. For all lattices, lattice parameters are D = 40 nm, d = 24 nm, V0 = 1.0 eV. Scalebar denotes
50 nm.
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Unit cell size and radius

To check the validity of the numerical muffin-tin model and to compare it with the
analytical model, the size of the unit cell is varied while keeping the ratio between
the diameter and unit cell size d/D constant (Fig. S8A-C). Starting at D = 80 nm,
the two peaks of the s-Dirac cone are merged into one peak, and a quite broad flat-
band is observed in a narrow energy window. Decreasing the unit cell size to 40 nm
will increase the range of the energy, splitting the Dirac cone in two separate peaks,
and higher order Dirac states are visible. The energy range increases similarly as in
the analytical model, confirming the exactitude of the model. Upon further decreasing
the size of the unit cell (D = 20 nm), the total number of states at the Dirac point
of the s-like Dirac cone are almost vanished, meaning that the full Dirac cone can
be observed. Much more noise is also present, which can be attributed to the limit
number of calculated eigenvalues, creating more fluctuations in the calculated electron
states. All the Dirac features in the lowest unit cell size have also a much higher energy
range, meaning that LDOS has a more step-like distribution when the electron states
are broadened with Γ = 1.0 meV.

A B C

D E F

D = 80 nm
r = 24 nm

D = 40 nm
r = 12 nm

D = 20 nm
r = 6 nm

D = 40 nm
r = 4 nm

D = 40 nm
r = 8 nm

D = 40 nm
r = 12 nm

Figure S8: LDOS with different lattice parameters. (A-C) Calculated LDOS for a triangu-
lar lattice with unit cell sizes D = 80 nm (A), 40 nm (B) and 20 nm (C) with a constant diameter
of 0.6 times the lattice constant. (D-F) Calculated LDOS for triangular lattice of D = 40 nm with
diameters of d = 8.0 nm (D), 16 nm (E) and 24 nm (F).

Next, the diameter of the electron-repelling potential barriers is also varied (Fig. S8D-
F) to verify if the Dirac features change similarly with the observation in the analytical
model, as discussed in this chapter. Indeed, when the diameter of the potential barriers
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Supplementary information

is very small (Fig. S8D), the honeycomb symmetry is not well defined, and almost a
flat distribution is obtained on the lattice site (red) and bridge site (blue), similar as for
a free two-dimensional electron gas. Upon increasing the diameter (Fig. S8E), Dirac
features start to be visible on both sites, especially the s-like Dirac cone around E =
10 meV and the p-like flat band around E = 25 meV on the bridge site. Upon further
increase of the barrier diameter (Fig. S8F), the Dirac features become even more clear,
showing the improved definition of the honeycomb symmetry in the simulated model.
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[25] L. Nádvorník, M. Orlita, N. A. Goncharuk, L. Smrčka, V. Novák, V. Jurka, K. Hruška, Z. Výborný, Z. R.
Wasilewski, M. Potemski, and K. Výborný, “From laterally modulated two-dimensional electron gas
towards artificial graphene,” New Journal of Physics, vol. 14, p. 053002, may 2012.

[26] R. L. Pavelich and F. Marsiglio, “The Kronig-Penney model extended to arbitrary potentials via numer-
ical matrix mechanics,” American Journal of Physics, vol. 83, pp. 773–781, sep 2015.

[27] R. L. Pavelich and F. Marsiglio, “Calculation of 2D electronic band structure using matrix mechanics,”
American Journal of Physics, vol. 84, pp. 924–935, dec 2016.

[28] L. Wang, P. M. Asbeck, and Y. Taur, “Self-consistent 1-D Schrödinger-Poisson solver for III-V het-
erostructures accounting for conduction band non-parabolicity,” Solid-State Electronics, vol. 54, no. 11,
pp. 1257–1262, 2010.

[29] Y. Liu, N. Neophytou, G. Klimeck, and M. S. Lundstrom, “Band-structure effects on the performance of
III-V ultrathin-body SOI MOSFETs,” IEEE Transactions on Electron Devices, vol. 55, no. 5, pp. 1116–
1122, 2008.

[30] G. Zerveas, E. Caruso, G. Baccarani, L. Czornomaz, N. Daix, D. Esseni, E. Gnani, A. Gnudi, R. Grassi,
M. Luisier, T. Markussen, P. Osgnach, P. Palestri, A. Schenk, L. Selmi, M. Sousa, K. Stokbro, and
M. Visciarelli, “Comprehensive comparison and experimental validation of band-structure calculation
methods in III-V semiconductor quantum wells,” Solid-State Electronics, vol. 115, pp. 92–102, 2016.

[31] N. A. Franchina Vergel, A. Tadjine, V. Notot, M. Mohr, A. Kouassi N’Guissan, C. Coinon, M. Berthe,
L. Biadala, K. K. Sossoe, M. M. Dzagli, J.-C. Girard, G. Rodary, L. Desplanque, R. Berndt, D. Stiévenard,
X. Wallart, C. Delerue, and B. Grandidier, “Influence of doping level and surface states in tunneling
spectroscopy of an In0.53Ga0.47As quantum well grown on p-type doped InP(001),” Physical Review
Materials, vol. 3, p. 094604, sep 2019.

[32] R. Lehoucq, D. Sorensen, and C. Yang, “ARPACK USERS GUIDE: Solution of Large Scale Eigenvalue
Problems by Implicitly Restarted Arnoldi Methods,” tech. rep., 1998.

[33] Z. Liu, J. Wang, and J. Li, “Dirac cones in two-dimensional systems: from hexagonal to square lattices,”
Physical Chemistry Chemical Physics, vol. 15, no. 43, pp. 18855–18862, 2013.

[34] C. H. Park, L. Yang, Y. W. Son, M. L. Cohen, and S. G. Louie, “New generation of massless dirac
fermions in graphene under external periodic potentials,” Physical Review Letters, vol. 101, no. 12,
p. 126804, 2008.

[35] R. W. Robinett, “Visualizing the solutions for the circular infinite well in quantum and classical me-
chanics,” American Journal of Physics, vol. 64, no. 4, pp. 440–446, 1996.

[36] H. Struve, “Beitrag zur Theorie der Diffraction an Fernröhren,” Annalen der Physik, vol. 253, no. 13,
pp. 1008–1016, 1882.

75



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 82PDF page: 82PDF page: 82PDF page: 82

76



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 83PDF page: 83PDF page: 83PDF page: 83

Chapter IV
Realizing honeycomb semiconductors: A
lithographic route towards nanoperforated
InGaAs quantum wells

Based on:
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IV Realizing honeycomb semiconductors: A lithographic route towards
nanoperforated InGaAs quantum wells

The design of two-dimensional periodic structures at the nanoscale has re-
newed the attention for band structure engineering. Here we investigate the
nanoperforation of an InGaAs quantum well epitaxially grown on InP sub-
strates using high-resolution electron beam lithography and highly anisotropic
dry etching. We report on the fabrication of a honeycomb structure with an
ultimate resolution down to a periodicity of 40 nm in a 10 nm thick InGaAs
quantum well on n-type InP. The quality of the honeycomb structures is dis-
cussed in detail, and calculations will show the possibility to measure Dirac
physics in these type of samples. Based on the statistical analysis of the fluc-
tuations of the pore size and periodicity, calculations of the band structure
are performed to assess the robustness of the Dirac cones with respect to
small distortions of the honeycomb lattice.

IV.1 Introduction

III-V semiconductor quantum wells have obtained a central place in opto-electronics
and advanced logics. In more recent quests for semiconductors with entirely new func-
tions, the effects of a periodic potential on the nanometre scale on the electronic band
structure have been theoretically anticipated [1, 2]. In the case that the charge car-
riers are confined in a honeycomb geometry, the quantum well semiconductor band
gap remained, but the highest hole valence and lowest electron conduction bands be-
come Dirac cones with a linear energy-momentum relationship around the K-points
in the zone. This means that the beneficial properties of a semiconductor, such as a
bandgap and a controllable density of carriers, can be combined with valence and con-
duction bands with a K-region similar as for graphene. Moreover, the combination
of Dirac (mini) bands and spin-orbit coupling may result in topological phases, such
as non-trivial flat bands and the quantum spin Hall effect [3–6]. Hence, honeycomb
semiconductors form a new material class with unseen electronic functions.

With respect to the question of how to fabricate such honeycomb semiconductors, two
possibilities have been put forward, recently. The first route is based on the two-
dimensional assembly and attachment of semiconductor nanocrystals providing hon-
eycomb semiconductors of Pb- and Cd-chalcogenides [7,8] with a periodicity in the 5-10
nm range, supported by calculations [3,9]. The second route is based on nanopatterning
of two-dimensional semiconductors by means of lithography. Importantly, a hexagonal
array of pores in a semiconductor quantum well would result in a remaining crystal
with a honeycomb geometry.

Such a lithographic nanoperforation to form a honeycomb semiconductor has several
advantages: (i) it can be applied to families of well-established semiconductor materi-
als with low effective carrier mass and very high electron mobilities, such as several
III-V semiconductors; (ii) nanoperforation would enable to change the size of the hon-
eycomb unit cell and the size of the pores in an independent way. This allows for a
precise tuning of the electronic band structure. (iii) The lithographic procedures can be
directly applied to semiconductor quantum wells incorporated in classic transistor de-

78



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 85PDF page: 85PDF page: 85PDF page: 85

Fabrication of a honeycomb semiconductor

vices, allowing for direct investigation of the band structure and transport properties of
the honeycomb semiconductor with a controllable position of the Fermi-level. Previous
works using a modulation-doped GaAs heterostructure subjected to a lateral attrac-
tive potential with honeycomb geometry already showed promising results [10–13],
although direct evidence for massless Dirac fermions was not observed yet due to the
small width of the Dirac bands [14]. More recently, Wang et al realized a honeycomb
semiconductor in a nanopatterned GaAs quantum well with a very small lattice con-
stant of 50 nm. Resonant inelastic light-scattering spectra revealed some features of
Dirac type bands [15]. However, it was reported that the lattice parameter of a hon-
eycomb semiconductor based on GaAs heterostructures should be as low as 20 nm to
directly observe MDFs in standard cryogenic conditions [2].

In the present work, we describe a lithographic nanoperforation route towards honey-
comb In0.53Ga0.47As on an InP substrate. We describe how a hexagonal array of pores
(antidot lattice) is perforated to force the electrons in a honeycomb geometry. Using
this approach, the lattice constant of the honeycomb unit cell can be decreased by a
factor

�
3 compared with previous works, which will significantly increase the width

of the Dirac band. The two-dimensional InGaAs layer has a thickness of 10 nm, and
is grown on an InP substrate by MBE using well-established routes [16–19], leading
to a two-dimensional electron gas with high carrier mobility (> 1.3 ·105 cm2/Vs at 77
K) [20–23]. Using high-resolution electron beam lithography (EBL) and anisotropic
dry etching, a triangular antidot lattice is obtained in the InGaAs quantum well with a
unit cell constant as small as 40 nm. We show that the radius of the pores can be tuned
in an independent way. Our band structure calculations anticipate that Dirac cones
can be obtained with a width of 5.0 meV, allowing for electrical spectroscopy and trans-
port measurements at liquid helium temperature. The morphology of the samples was
studied with atomic force microscopy (AFM), energy dispersive electron spectroscopy
(EDS) and cross-section transmission electron microscopy (TEM).

The quality of the build-in honeycomb symmetry etched in the QW needs a thorough
analysis, since positional disorder in the antidot lattice can greatly affect the symmetry
in the lattice, and thus the electronic structure of the system. The disorder in the
lattices is quantified on the basis of scanning electron microscopy (SEM) images, which
obtained parameters can be used to theoretically investigate the effects of the disorder
on the electronic structure using the muffin-tin model. The fabrication of high quality
antidot triangular lattices is essential for the observation of Dirac physics in these
samples.

IV.2 Fabrication of a honeycomb semiconductor

The step-by-step fabrication process of the nanoperforated InGaAs/InP heterostructure
is described in Fig. IV.1. The InP base is placed into a MBE, and a InGaAs quantum
well is grown on top of the sample with a typical thickness of 10 nm [24]. Such a
quantum well heterostructure with different doping levels inside the InGaAs layer has
already been investigated electronically and optically [25–30]. A layer of SiO2 is de-
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IV Realizing honeycomb semiconductors: A lithographic route towards
nanoperforated InGaAs quantum wells

posited on top to protect the quantum well layer from contamination during the process
(Fig. IV.1A) with a typical thickness of 16 nm. An organic resist layer with a thickness
of 50 nm is deposited on top of the sample using a spin coater (Fig. IV.1B), before a
triangular pattern of pores is created in the PMMA by electron beam lithography (Fig.
IV.1C). The electrons will change the solubility of the exposed resist, which can be re-
moved using a wet etching procedure (Fig. IV.1D). The remaining resist will act as a
mask to further etch the pattern into the sample. The hexagonal pattern is first etched
into the SiO2 layer using reactive ion etching (RIE) (Fig. IV.1E), and finally the tri-
angular pattern is transferred into the InGaAs quantum well by BCl3 based inductive
coupled plasma (ICP) etching (Fig. IV.1F). After the lithography process, the sample is
cleaned and capped with As, and transferred into an ultra-high vacuum system.

SiO2

QW

Barrier

Resist

Development

SiO2 etching

E-beam
lithography

Resist 
spincoating

A B C

DEF

InGaAs 
etching

Figure IV.1: Overview of the fabrication process of the nanoperforated InGaAs/InP
heterostructure using electron beam lithography. (A) The desired heterostructure is
grown following well-known growth recipes. (B) Prior to the lithography process, an organic
layer is deposited on top of the heterostructure. (C) Electron beam lithography is performed
onto the sample, changing the solubility of the exposed resist. By exposing small areas of the
resist with a triangular symmetry, the desired symmetry is obtained. (D) The exposed resist
is removed using a wet etch step. (E) A dry etch step is applied to etch the triangular pattern
into the SiO2 layer, also (partially) removing the remaining resist. (F) A second, more specific
dry etching procedure is applied to etch the pattern in the InGaAs quantum well, (partially)
removing the SiO2 layer.

Scanning electron microscopy (SEM) images of the etched SiO2 and InGaAs layers are
presented in Fig. IV.2. The top three images show a top view of the triangular antidot
array of the SiO2 layer after the first dry etching step in the technological patterning
process. The triangular pore arrays have a lattice constant of 60 nm, 50 nm and 40 nm
respectively.

The triangular arrays transferred into the InGaAs QW with the same lattice parame-
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Fabrication of a honeycomb semiconductor

ters are presented in the bottom three SEM images after the ICP etching. Differences
in intensity at the edges of the pores can be explained by an accumulation of electrons
around the pores. Exact parameters of the fabricated triangular antidot arrays can be
found in the method section, and more lithography and etching tests on SiO2 and III-V
semiconductors are presented in the supplementary information (SI).
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Figure IV.2: Results of the lithographic patterning in every intermediate stage of the
process. SEM images of the triangular pore pattern in the SiO2 and InGaAs quantum well
layers after the different dry etching procedures. The periodicities of the lattices are 60, 50
and 40 nm in the left, middle, and right image, respectively. The results of the SiO2 etching is
presented in the three top images, the etching of the InGaAs quantum well is presented in the
bottom three images.

Over large areas of 20 x 5 μm, an uniform pore radius and periodicity can be achieved
after optimizing the EBL and etching process, with very few pore defects such as miss-
ing or misplaced sites. Upon decreasing the unit cell size of the triangular antidot
lattice, initial pore defects are starting to be visible. Further decreasing the unit cell
size will result in triangular lattices with too many defects, such as missing pores or
pores which are merged together into large holes, as can be viewed in the SI. There-
fore, the focus of this research was to fabricate these high quality triangular pores with
periodicity of at least 40 nm, since it is essential for optimal tuning of the triangular
potential that generates the honeycomb geometry inside the QW.

Structural analysis

To confirm the etched honeycomb geometry in the quantum well, several structural
analysis procedures have been carried out. Atomic force microscopy (AFM) measure-
ments were performed on the etched samples to check the height profile of the pores
and alignment markers (Fig. IV.3A). On the alignment marker, 15 nm of the substrate
sample has been etched, indicating that the pores in the quantum well cross the entire
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IV Realizing honeycomb semiconductors: A lithographic route towards
nanoperforated InGaAs quantum wells

10 nm quantum well depth. These results are supported by energy dispersive electron
spectroscopy (EDS) measurements (Fig. IV.3C): on the non-etched area (square one of
Fig. IV.3A), the chemical elements gallium (Ga) and arsenic (As) are found, consistent
with the top InGaAs layer, while on the etched area (square two of Fig. IV.3A), these
peaks are absent, demonstrating the complete etching of the InGaAs QW. The spec-
trum acquired on the QW also shows that the remaining SiO2 on the QW is removed
using the wet etching, since no silicon (Si) peaks are visible and the amplitude of the
oxygen (O) peak is similar to the one observed on the InP substrate.

1 2
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C In
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a
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Figure IV.3: Structural and chemical characterisation of the nanoperforated In-
GaAs/InP heterostructure. (A) AFM image and height profile acquired along the horizontal
direction. (B) AFM image of the nanoperforated InGaAs QW and height profile acquired along
a tilted direction. (C) Chemical EDS analysis of the sample after ICP etching. The spectra
were acquired in areas 1 and 2 defined in (a). (D-E) Cross-section scanning TEM image of the
nanoperforated InGaAs/InP heterostructure, revealing the formation of conical pores instead of
cylindrical pores.

AFM measurements on the large alignment markers only do not prove the complete
etching of the QW by the triangular array of pores. When performing AFM measure-
ments directly onto the antidot lattice, a similar uniformity of the lattice parameters is
observed, consistent with the SEM results. However, the full depth of the QW cannot
be measured directly, due to the broadness of the AFM tip. The AFM tip is too broad
to fully enter the pores, making it impossible to measure the full depth of the etched
pores (Fig. IV.3B). The shape and depth of the pores was therefore characterized with
cross-section transmission electron microscopy (TEM). A cross-section of the InGaAs
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sample is obtained by growing a protecting layer of platinum (Pt) on top of the sample,
and cut a thin layer out of the sample using a focused ion beam (FIB). The cross-section
is placed on the side observed in a TEM.

The scanning TEM image shows the inner shape of the pores directly from a side (Fig.
IV.3D). The pores have a conical shape instead of a cylindrical shape due to the non-
perfect anisotropic etching process. However, the pores are fully etched down to the
InP substrate, meaning that the full width of the QW is also etched inside the pores,
confirming the honeycomb geometry in the full QW thickness.

Band structure calculations

In order to determine the band structure of the nano-perforated heterostructure, calcu-
lations were performed based on the geometry of the honeycomb semiconductor mate-
rial schematized in Fig. IV.4A and IV.4B. The band structure of a 10 nm thick InGaAs
with a pore periodicity of D = 40 nm and pore diameter d = 19.2 nm is calculated using
an analytical muffin-tin model (Fig. IV.4C). The band structure shows that the low-
est two bands form a clear Dirac cone at the K point with an energy width of about
5.0 meV, due to coupling of the s-type on site envelope functions. The width is much
larger with respect to the thermal energy of liquid helium (4.4 T, 0.38 meV), opening
up the possibility to measure Dirac physics in lithography patterned heterostructures.
At higher energies, we find a quasi flat band and a second Dirac cone due to coupling of
the p-envelope functions. In Fig.IV.4D, the muffin-tin model (black) is compared with a
tight-binding calculation (red) for the lowest two bands, showing excellent agreement
between the two calculation methods. A detailed description of the muffin-tin calcu-
lations can be found in the previous chapter, and more details about the tight-binding
calculation can be found in the supplementary Information (SI) section.

The conical shape was taken into account in the tight-binding calculations for a period-
icity of 40 nm and a pore diameter of 28.4 nm. The diameter of the pores was reduced
from 100% on the top surface of the QW down to 20% at the bottom. The calculated
band structure of such type of sample is illustrated in Fig. IV.4E. The band struc-
ture shows almost no change in the shape and energy width of the Dirac cone between
the conical and cylindrical pores. Although the confinement effect will decrease when
lowering the size of the pores further down, the coupling strength will increase. This
interplay between the confinement effect and the coupling strength explains why the
Dirac cone is only weakly affected by the conical shape of the pores.

IV.3 Statistical analysis

The previous sections described the fabrication route of a two-dimensional InGaAs
semiconductor with a honeycomb geometry, and the interesting electronic properties
that the structure potentially holds. Nevertheless, the calculations are only valid for
two-dimensional structures with a perfect honeycomb symmetry, without any disorder
build inside the lattice. In this section, the exact dimensions of the triangular lattice
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Figure IV.4: Schematic of the structure used to perform the muffin-tin and tight-
binding calculations. (A-B) Side and top view of an InGaAs single crystal, 10 nm in thickness
(red) with a triangular array of etched pores, thus forming a lattice inside the InGaAs/InP het-
erostructure. Critical structural parameters for the electronic band structure are the thickness
of the InGaAs, here 10 nm, the diameter d of the pores, and the periodicity, i.e. the distance be-
tween the centre of two adjacent pores corresponding to the unit cell constant D. (C) Conduction
band structure for an InGaAs honeycomb lattice, with a periodicity of D = 40 nm, a pore diameter
of d = 19.2 nm and an electron repulsive potential of the pores of 1.0 eV. The sector where the
quasi s-orbitals are located are indicated in blue, the p-orbital in red. (D) Zoom in of the band
structure in the first two sectors. The results of the muffin-tin calculations and tight-binding
calculations are presented in black and red respectively. (E) Tight binding calculations on coni-
cal pores (red) and cylindrical pores (blue) show that the Dirac cones in the band structures are
almost unaltered with respect to each other.

are determined, and the disorder on the fabricated structures is analysed using a par-
ticle detection script. By calculating the radial distribution function of the measured
distances between pores of the triangular lattice and comparing them with two dif-
ferent models, different types of disorder can be differentiated, which can be used to
improve the technological process.

There are three potential disorder terms in the lattices which could influence the band
structure: a distribution in the distance between the center of the pores, a distribution
in the radius of the pores and variation in the shape of the pores. Variation in the
shape of the pores can be described by measuring the circularity C, which describes
the roundness of the pores. In principle, disorder in the periodicity should drastically
perturb the ideal band structure, while disorder on the shape of the pores has less
effect as was illustrated in the previous section.

The nearest distances between the pores can be calculated using a particle detection
algorithm, by generating a black-white image and applying a threshold to each individ-
ual pixel value. Contours are fitted around all detected pores, obtaining a total surface
inside the contour. The center position of each pore is obtained by fitting a circle to the
total area inside each contour. The distance D between two pores is measured using
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the obtained center positions of each pore. The radius of each pore is obtained using
the total area inside the contour, which is presumed to be a perfect circle. Finally, the
circularity is calculated using the total length of the contour of each pore. More infor-
mation on the exact procedure of the particle detection analysis can be found in the
supplementary information. After obtaining complete lists of values for the periodicity,
radius and circularity, Gaussian functions are fitted to these distributions, obtaining a
mean value and standard deviation value for each distribution.

Using this analysis technique, it is important to note that obtained values might not be
fully exact in the absolute sense, since they depend on the used settings in the particle
detection algorithm, such as the used threshold. When keeping the settings the same
for different images, values can be compared with each other, preserving in this way
a relative coherency between the results of different samples. As said, the absolute
values might be prone to slight deviations from reality.

The results of the particle detection analysis are presented in Fig. IV.5. For the D = 50
nm triangular antidot lattice (Fig. IV.5A), the measured periodicity is D = 49.8±3.1
nm with a pore radius of r = 7.8±0.3 nm and a circularity of C = 0.72±0.06.

A

B

Figure IV.5: Analysis of the structural disorder parameters. (A-B) Particle detection
analysis on a SEM image of the 50 nm periodicity (A) and 40 nm periodicity (B) triangular
lattice. Distributions of the periodicity, pore radius and circularity are plotted next to the SEM
images. The distributions are fitted with a standard Gaussian distribution. The mean value and
the standard deviation are indicated for each histogram.

For the D = 40 nm lattice (Fig. IV.5B), the calculated periodicity yields D = 40.0±3.1
nm with a pore radius of r = 7.7±0.5 nm and a circularity of C = 0.60±0.10. Compared
with the 50 nm lattice, the standard deviation in the periodicity is the same in absolute
value, but relative to the periodicity is larger for the 40 nm lattice. This is not too
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surprisingly, since this marks probably the limit of this lithography technique if the
disorder is completely random. This can also be observed in the distributions of the
pore sizes and shapes: the size of the pore is the same while the standard deviation
has increased, and the shape is less circular for the smaller lattice.

IV.4 Radial distribution function

For an accurate characterization of long-range positional disorder inside the triangular
antidot lattice, a two-dimensional radial distribution function of the lattice is calcu-
lated to check if the disorder is completely random and independent of the disorder on
other positions, or if any structural disorder is present in the lattice. This distribution,
also called the pair distribution function of a lattice, can be used to describe the change
in the pore density as a function of distance from a reference pore site. More exactly,
the pair distribution function g(r) yields approximately the mean number of lattices
sites n(r) in an annulus with thickness dr at distance r from a reference point divided
by the area of the annulus As(r) and the mean density of the lattice sites ρ:

g(r)≈ n(r)
As(r)ρ

(IV.1)

Using this formula and a home-build particle detection protocol, the radial distribution
function of the total lattice can be calculated from the obtained SEM images.

An uniform disorder is obtained when the pore positions of a perfect lattice are dis-
placed by a random displacement which is sampled from a Gaussian distribution. Con-
versely, a structural disorder is present when the disorder is not uniform. In order
to discriminate whether the disorder is structural or random, the radial distribution
function of the lattice can be fitted using two different statistical models: an ideal and
a real paracrystal model [31–34].

In an ideal paracrystalline model, the hexagonal lattice sites Rideal
n,m are generated by

independent vectors R(1)
i and R(2)

j which will replace the basis vectors a1 and a2 of a

non-disordered lattice. R(1)
i and R(2)

j are randomly drawn vectors from two-dimensional
Gaussian distributions G with means a1 and a2, and standard deviation ΣΣΣ1 and ΣΣΣ2
respectively:

R(1)
i ∼G(x;a1,ΣΣΣ1)

R(2)
j ∼G(x;a2,ΣΣΣ2)

For a non-distorted lattice, the (n,m)’th lattice site Rn,m would normally be described
as Rn,m = na1 +ma2. Similarly, we can describe the (n,m)’th lattice site in the ideal
paracrystalline model as:

Rideal
nm =

n∑
i=1

R(1)
i +

m∑
j=1

R(2)
j (IV.2)

This means that a two-dimensional ideal paracrystal is generated by first determining
all the values for R1

i and R2
i at once for (i, j) ∈Z, which are used to determine the lat-

tice point Rideal
nm at position (n,m). This will result in a lattice with a complete network
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Figure IV.6: Schematic diagram of the ideal paracrystal model versus the real
paracrystal model. (A) Hexagonal lattice generated using the ideal paracrystal model. The
middle lattice site is indicated by position (i, j), which is used to indicate all other lattice sites.
Lattice vectors indicated with the same color are equivalent, meaning that they have the same
length and direction. (B) Hexagonal lattice generated using the real paracrystal model. All
lattice vectors have different lengths and directions due to an extra displacement term in the
model.

of parallelograms (Fig. IV.6A, indicated in red): starting from the center (i, j), lattice
site (i+1, j) and (i, j+1) are distorted, but the lattice site (i+1, j+1) connecting both
sites is defined by these two lattice sites according to (Eq. IV.4), forming a parallelo-
gram. Concequently, it is visible that sites within a column (row) are correlated with
sites within any other column (row), although they are offset with a single random vec-
tor [35,36]. The disorder introduced in this model is therefore not completely random,
which would be expected in a truly disordered lattice, but describes propagating disor-
der only. Nevertheless, this model will still be used as a comparison with the calculated
radial distribution function to check how well the model fits to the experimental data
and if the disorder is indeed truly random. Using (Eq. IV.4), the theoretical radial dis-
tribution function of the ideal paracrystal model can be calculated and compared with
the radial distribution function of the measured hexagonal antidot lattice. The math-
ematical derivation of the theoretical radial distribution function of this model will be
explained in the SI, but the general form can be written as:

g(r)= 1
(2π)3/2rρ

∑
n,m

1
σnm

exp
[
− (r−anm)2

2(n+m)σ2
ideal

]
(IV.3)

which is a summation of Gaussian distributions where the mean of each distribution
anm ≡

√
(n+m/2)2 + (3/4)m2 a changes with (n,m), and the standard deviation grows

with the lattice site indices (n,m).

The other model used for the analysis is the real paracrystal model. This model is
generated by adding an uniform disorder term Rreal to the ideal paracrystal model,
which is a random value drawn from a Gaussian distribution G(x;0,ΣΣΣreal). This value
will shift all individual lattice sites independently from each other (Fig. IV.6B) after
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generating the ideal paracrystal model.

Mathematically, the lattice vector of site (n,m) in this model can be written as a sum-
mation of the lattice vectors in the ideal paracrystal model and an uniform disorder
term:

Rreal
nm =

n∑
i=1

R(1)
i +

m∑
j=1

R(2)
j +Rreal (IV.4)

which means that this model does not only describe propagating disorder, but also non-
propagating disorder indicated with a different standard deviation ΣΣΣreal. Again, the
theoretical radial distribution function of the real paracrystal model can be calculated,
which is more elaborately explained in the SI:

g(r)= 1
(2π)3/2rρ

∑
n,m

1√
(n+m)σ2

ideal +σ2
real

exp
[
− (r−anm)2

2((n+m)σ2
ideal +σ2

real)

]
(IV.5)

where anm ≡
√

(n+m/2)2 + (3/4)m2 a is defined similarly as for the ideal paracrystal
model. The pair distribution function is therefore a summation of normal distribution
functions with mean anm and a two different variances σideal and σreal.

The radial distribution functions of both models are used to fit the calculated radial
distibution function of the measured hexagonal antidot lattice.

In Fig. IV.7A and Fig. IV.7B, SEM images of two lattices with different periodicities
are presented which are used for the radial distribution analysis. The calculated radial
distribution functions from the 50 nm and 40 nm lattices are presented in Fig. IV.7C-F,
indicated in blue. The radial distribution function of the ideal paracrystalline model is
fitted in Fig. IV.7C and Fig. IV.7D, yielding a pore-to-pore distance a = 49.69 nm and
standard deviation σ ideal = 1.64 nm for the 50 nm lattice, and a pore-to-pore distance
a = 39.87 nm and standard deviation σ ideal = 1.74 nm for the 40 nm lattice. Fitting
the real paracrystal model to the radial distribution function of the 50 nm lattice, a
pore-to-pore distance of a = 49.69 nm, an ideal standard deviation of σreal = 1.05 nm
and a real standard deviation of σreal = 1.83 nm are obtained.

When comparing both models with eachother, the real paracrystal model is a better
fit than the ideal model, showing that random disorder dominates over structural dis-
order in both lattices. Nevertheless, propagating disorder is clearly present in both
the 50 nm and 40 nm lattices when comparing the values of σ ideal and σreal with each
other. Comparing the disorder between the two differently sized lattices, the disorder
remains constant upon decreasing the lattice dimensions, and therefore increases as
a percentage of the lattice constant. The effect of propagating disorder is also visible
in the SEM images, especially for the 40 nm lattice. This effect is highlighted in both
SEM images of Fig. IV.7 using dashed green and red lines: for the 50 nm lattice, the
distances between the pores stay visibly the same in the y-direction, while for the 40
nm lattice the distances change alternately, indicating that a structural disorder is
present inside the lattice. The origin of the structural disorder is still unknown, but
different writing techniques [37] for the electron beam lithography can be investigated
to lower the structural disorder in the antidot lattice.
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Figure IV.7: Order-disorder characterization in two InGaAs triangular antidot lattices
with periodicity of D = 50 and D = 40 nm. (A,B) SEM image of the investigated InGaAs tri-
angular antidot lattice with a periodicity of D = 50 nm (A) and D = 40 nm (B). Green and red
dashed lines are indicated along the x-direction of the lattice, showing a clear propagating disor-
der presence in the y-direction of the 40 nm periodicity hexagonal lattice. (C,D) Calculated radial
distribution function (blue) of the 50 nm periodicity lattice (C) and 40 nm lattice (D) are fitted
with the radial distribution functions obtained from the ideal paracrystalline model (red), only
describing propagating disorder. (E,F) Calculated radial distribution function (blue) of the 50 nm
periodicity lattice (E) and 40 nm lattice (F) are fitted with radial distribution functions obtained
from an real paracrystalline model (red), describing both propagating and non-propagating dis-
order.

IV.5 Conclusion and outlook

To summarize, a route has been described to create honeycomb semiconductor samples
in InGaAs/InP QW heterostructures which are nanoperforated with a two-dimensional
triangular lattice of pores using electron beam lithography. Lattices with periodicities
of 50 and 40 nm have been demonstrated. The morphology of the samples is thor-
oughly studied by using various tools, revealing a good degree of control on the lattice
parameters. At the smallest periodicity, muffin-tin and tight binding calculations show
a clear Dirac cone at the K point with an energy width of several meV. The disorder
of the lattice has been thoroughly studied using an effective particle detection protocol
and by calculating the radial distribution function of the lattice from the measured
SEM images. Two different paracrystalline models have been considered to discrimi-
nate between random and structural disorder in the lattice. Although random disorder
dominates, structural disorder is clearly present in the fabricated triangular antidot
lattices, offering space for further improvement of the fabrication process. Our results
provide general guidelines to fabricate honeycomb semiconductors consisting of III-V
heterostructures, exhibiting potential Dirac physics such as Dirac cones and non-trivial
flat bands.
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Method
Growth of the InGaAs quantum well. An InGaAs layer (10 nm) is grown onto the InP substrate using
MBE (reference). To protect the surface of the QW layer from carbon contaminations, 16 nm of SiO2 is grown
on top of the QW using plasma-enhanced chemical vapor deposition (PECVD). 150 sccm of 5 % SiH4/N2 and
700 sccm of N2O are used as precursors to form the SiO2. For the SiO2 growth, the temperature is 300 ◦C,
the pressure is 1 Torr and the RF power is 20 W. The total deposition time is 13 seconds.

Electron beam lithography. The sample is dehydrated by heating the surface to 120 ◦C for 10 mins, and a
diluted polymethylmethacrylaat (PMMA) 950K 4% resist is spin coated on top of the sample, followed by an
annealing at 80 C for 1 min on a hot plate and a bake out at 180 C for 10 mins. A thickness of 50 nm resist
is obtained. E-beam exposure was performed using Raith EBPG 5000Plus equipment, taking advantage of
the improved recipes of our previous work [38]. Triangular nanopatterns with different periodicities of 60,
50 and 40 nm were exposed in 20 μm × 5 μm areas with an accelerating voltage of 100 kV, a beam current
of 200 pA and an e-beam dose of 10000 μC/cm2. The position of the patterns can be located by printing large
markers around the patterns, used for localization in the SEM. After the exposure procedure, the resist was
developed in a 2:1 methyl-isobutyl ketone:isopropanol (MIBK:IPA) solution for 60 s, removing the exposed
resist. The sample is further rinsed in IPA for at least 30 s to stop the development and cleaned under low
N2 flow to remove dust.

SiO2SiO2SiO2 etching. The triangular pattern is etched inside the SiO2 layer using reactive ion etching (RIE) in a
Plasmalab 80+ (Oxford) system with a mixture of CHF3 and CF4 (40/40 sccm). The chamber pressure was
set to 50 mTorr, while the RF power was 180 W. The sample was etched for 40 seconds, removing all the
SiO2 inside the pores. The residual PMMA resist on top of the SiO2 is removed using a gentle O2 plasma
etching procedure. The sample was further rinsed with IPA and low N2 flow.

InGaAs etching. The InGaAs QW was etched for 40 seconds using BCl3 (30 sccm) based inductively coupled
plasma (ICP) etching with power of 200 W and pressure of 2 mTorr, removing the InGaAs inside the pores.
The remainder of SiO2 mask on the sample is removed by wet etching (1% HF for 1 min).

Atomic force microscopy. AFM measurements were performed on a JPK Nanowizard II with a Nikon
Eclipse Ti-U inverted microscope. The machine was placed on top of an active vibration isolation table to-
gether with a Halcyonics Active Vibration Isolation Unit. The whole setup was placed inside a large acoustic
vibration box to further isolate the setup from external vibrations. SHR300 ultra sharp AFM probes were
used to obtain these measurements, which have a sharp carbon spike attached to a gold coated cantilever.
The tips have a typical force constant of 40 N/m, resonance frequency of 300 kHz and a radius curvature of
1 nm.

Scanning electron microscopy. Scanning electron microscopy has been performed both at IEMN and at
Utrecht University. SEM measurements in Lille are performed on a Zeiss Ultra 55 with a backscattering de-
tector running at 1 kV. Typical settings used for obtaining images are electron accelerating voltages between
3-5 kV, a working distance of 4 mm and a magnification of 100.000-300.000 times. Measurements in Utrecht
are performed on a FEI Talos F200X with similar settings

Energy-dispersive spectroscopy. High sensitive 2D EDX chemical mapping is performed on the FEI
Talos F200X with a electron beam acceleration of 3 kV and 2048 data points between 0 and 10 keV.

Cross-section TEM. Cross-section TEM is carried out in a Fei Strata DB 235 Dual-Beam Focus Ion Beam
(FIB) system, which was operated at 30 kV equipped with a field emission gun. The spatial resolution was
about 2 nm. The TEM foils were prepared by a FIB setup with Ga ions with a resolution of about 7 nm. The
sample was protected by growing a layer of Pt on the top of the surface and a thin part of the sample with a
thickness of 200 nm is cut out.

Muffin-tin model. For the calculation of the band structure, an analytical muffin-tin calculation was per-
formed on a hexagonal lattice by solving the Schrödinger equation analytically. 144 barriers are used for this
calculation, solving 144 eigenvalues. Lattice parameters: D = 40 nm, pore diameter d = 19.2 nm, a repulsive
potential barrier V0 = 1.0 eV and an electron effective mass of 0.041me . The analytical muffin-tin model was
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performed using Python. The mathematical background of the muffin-tin model can be found in Chapter III.
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Supplementary information

Design of the triangular array

An schematic overview of the general exposed pattern during tests can be viewed in
Fig. S1A. Nine squares with pores in a triangular arrangement are designed, with four
large markers surrounding the arrays. The large markers will enable to find the arrays
when observing the arrays in SEM or AFM, since the arrays cannot be observed with
an optical microscope. The distance between two triangular markers is 200 μm.

200 μm
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μm

100 nm

70 nm

50 nm

46 nm

42 nm

40 nm

38 nm

34 nm

30 nm

5 μm

5 
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A B C

D

2 nm
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Figure S1: Design of the triangular antidot lattice. (A) Schematics of the general design of
the triangular lattice with different periodicities. Exposed patterns are indicated in black/grey,
sizes of the design are indicated in red. (B) Enlargement (red square in (A)) of the nine triangular
lattices with different periodicities. (C) Schematic enlargement (red square in (B)) of a part of
the triangular lattice of the 100 nm pore distance. (D) Part of a SEM image of the triangular
lattice with a pore-to-pore distance of 50 nm.

Fig. S1B shows an enlargement of the nine squares of Fig. S1A, which the triangular
array of pores with pore-to-pore distances of D = 100, 70, 50, 46, 42, 40, 38, 34 and 30
nm. The typical dimensions of each square is 5×5 μm2 in order to obtain long-range
lattices. By designing lattices with different periodicities, the optimal distance between
pores can be found for the specific lithography settings. The design of each triangular
array itself is presented in Fig. S1C. Individual squares with sizes of 2×2 nm2 are
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designed with varying distance D for each triangular array. Since the dimensions of the
squares are below the resolution limit of the electron beam machine, the squares will
be overexposed during the lithography process, resulting in round pores (Fig. S1D). By
changing the electron beam doses, the size of the pores can be increased or decreased,
which will be demonstrated further down in the supplementary information.

The design files of the triangular array were prepared using a so-called GDS database
file format. This also includes patterns which can be designed to be exposed in an
electron beam lithography machine. These patterns can be printed repeatedly onto the
organic resist layer with different lithography settings and are aligned using standard
electron beam lithography markers. Various parameter in the lithography process can
be tuned such as different electron beam doses and different apertures of the lenses.
This will enable to find the optimal settings for the triangular array with the lowest
pore distance and highest quality.

Preliminary lithography and etching tests

Preliminary lithography and etching tests are performed to obtain the correct lithog-
raphy settings for high quality, low dimensional triangular arrays, and to transfer the
mask with the correct depth into the SiO2 and III-V semiconductors layers. For these
tests, high-quality commercial GaAs substrates were used, on which a 16 nm thin layer
of SiO2 was grown using PECVD. Using these test samples, the preliminary lithogra-
phy and etching results will be discussed in the following sections.

Electron beam lithography

To start, a GaAs/SiO2 substrate is dehydrated by heating the surface to 120◦C for 10
mins and a diluted polymethylmethacrylaat (PMMA) 950K 4% resist with a thickness
of 50 nm is spin-coated on top of the sample, followed by an annealing at 80 C for 1
min on a hot plate and a bake out at 180 C for 10 mins. Triangular nanopatterns with
different periodicities of D = 100, 70, 50 and 40 nm were exposed in 50 μm × 50 μm
areas with an accelerating voltage of 100 kV, a beam current of 200 pA and an e-beam
dose ranging between 25000 and 10000 μC/cm2. The position of the patterns can be
located by printing large markers around the patterns. The resist was developed in
a 2:1 methyl-isobutyl ketone:isopropanol (MIBK:IPA) solution for 60 s, removing the
exposed resist.

Top view SEM images of the developed resist layer are presented in Fig. S2, showing
the triangular array of pores with different periodicities and different electron beam
doses. When decreasing the electron beam dose (left to right), the pore size of the
triangular array decreases, which is visible in all arrays. Decreasing the electron beam
dose too much will result in undeveloped pores, creating vacancies inside the triangular
array. When decreasing the periodicity of the pore array, more pores are visible in each
which are molten together can be observed when the electron beam dose is too high. In
order to obtain high quality arrays with low periodicity, a lower range in electron beam
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Figure S2: Electron beam lithography procedure on a GaAs/SiO2 substrate. (A)
Schematic view of the electron beam lithography procedure. (B) SEM images of triangular arrays
patterned with different array periodicities (D = 100, 70, 50 and 40 nm) and different electron
beam dose values (25000, 20000, 15000 and 10000 μC/cm2).

dose needs to be investigated.

Reactive ion etching of the SiO2SiO2SiO2 layer

Etching test on the SiO2 surface are first performed on a small layer of SiO2 on top of
a commercial GaAs substrate. Etching is performed using a reactive ion etching (RIE)
technique with a mixture of CHF3 and CF4 gases (40/40 sccm). The chamber pressure
was set to 50 mTorr, and a RF power of 180 W is used. The SiO2 layer is etched for
40 seconds, etching all the SiO2 inside the pores of the resist. The complete triangular
pattern is therefore transferred onto the SiO2 layer. Residual PMMA resist on top of
the SiO2 surface is removed using a gentle O2 plasma etching step. The sample was
further rinsed and cleaned with IPA under a low N2 flow.

Results of the etching of the SiO2 layer can be observed in Fig. S3, which only show
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Figure S3: SiO2 etching procedure using reactive ion etching. (A) Schematic view of the
etching procedure. (B) SEM images of the SiO2 etching procedure for different low periodicity
arrays (D = 50, 46, 42 and 40 nm) and different electron beam dose (12500, 10000 and 7500
μC/cm2). (C) AFM image of the tip of a alignment marker. (D) Height profile acquired along the
white line of the AFM image.

lattices with a periodicity between 50 and 40 nm. The SEM images show the difficulty
to obtain high-quality array or pores at low periodicities. Increasing the electron beam
dose will result in molten structures, and too low electron beam dose values will result
in undeveloped pores, which is still mainly an effect of the lithography process. An
optimal electron beam dose of 10000 μC/cm2 is found for the 40 nm periodicity array,
which will be used as a guidance for further investigation of the technology process.
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To confirm that the sample is etched deep enough, atomic force microscopy (AFM) is
performed on a large marker surrounding the pores (Fig. S3C). Due to the size of the
pores, measuring the depth directly on the array with AFM is not possible. The height
profile between the marker and the SiO2 layer shows a height difference of 15 nm,
confirming that the whole 10 nm layer of SiO2 is etched away.

Reactive ion etching on III-V semiconductor

The final technological step which is investigated is the etching of the III-V semicon-
ductor layer, which is performed on a GaAs test substrate without the grown SiO2
layer on top of the sample (Fig. S4A). In this test, PMMA resist is spin-coated on top
of the substrate, and electron beam lithography and development of the PMMA resist
are performed using similar parameters from the earlier experiments, printing a tri-
angular array of pores in the resist. After the development of the resist, etching is
performed using RIE with an argon flow of 12 sccm and a RF power of 350 W, trans-
ferring the pattern into the GaAs substrate. The pressure of the RIE chamber was set
to 0.2 mTorr. The sample was etched for 35 seconds, removing 22 nm of the PMMA
resist and 17 nm of the GaAs inside the pores, which was observed using atomic force
microscopy. The remaining PMMA was removed by placing the sample in a ultrasonic
bath of Remover PG for 2 minutes, followed by an aceton ultrasonic bath for 2 minutes
and finalized by an ultrasonic bath of IPA for two minutes.

Results of the RIE etching procedure are presented in Fig. S4B. Similar to the pre-
vious steps in the technology process, decreasing to lower electron beam dose result
in smaller, less defined pores which is a direct result from the lithography settings.
The depth of the pores is measured using AFM, which is 17 nm measured on a large
marker. An increase in height can be observed around the etched area, which is rede-
position of material around the contour of the marker. Again, AFM directly onto the
triangular array was performed, but the tip of the AFM was too large to fully enter
the pores. Nevertheless, the redeposition of material is also visible on the SEM images
of the triangular arrays, indicating that extra material is present around the pores.
For this reason, other etching techniques were investigated to avoid redeposition of
material around the pores.

An other etching technique which is investigated is induced coupled plasma (ICP)-RIE.
This etching technique is already extensively studied on various III-V semiconductors,
showing the possibility to transfer low-dimensional patterns with a high quality [39].
The advantage of using ICP etching over conventional RIE is the seperate control over
the generated plasma density and the accelerating ion energy, allowing for a better
tuning of the degree of anisotropy of the etching [40].

To accurately investigate the last essential etching step in the fabrication process, elec-
tron beam lithography was performed on the designed InGaAs/InP QW heterostructure
with an electron beam dose of 10000 μC/cm2, and the protecting SiO2 layer was etched
according to previous steps. Lastly, the triangular array was transferred into the In-
GaAs layer using BCl3 based ICP-RIE, using the same settings as presented in the
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Figure S4: III-V semiconductor etching procedure using RIE. (A) Schematic view of the
III-V semiconductor etching procedure of the GaAs. (B)SEM images of the III-V semiconductor
etching procedure for different low periodicity arrays (50, 46, 42 and 40 nm) and different elec-
tron beam dose (15000, 10000 and 9000 μC/cm2). (C) AFM image of an alignment marker.(D)
Height profile acquired along the white line of the AFM image

method section of the main body of the chapter (Fig. S5A). After the etching procedure,
the remaining SiO2 was removed by performing a standard wet etching procedure (1%
HF for 1 min).

The results of the BCl3 based ICP-RIE procedure are presented in Fig. S5B for a tri-
angular antidot lattice with a periodicity of D = 60, 50 and 40 nm. Next to the SEM
images, a full analysis of the lattice is presented, showing the pore distance distribu-
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Figure S5: InGaAs etching using BCl3BCl3BCl3 ICP-RIE (A) Schematic view of etching process of
the InGaAs layer. (B) SEM images of triangular arrays with 60, 50 and 40 nm pore-to-pore
distances, including a full statistical analysis.

tions, pore radius distributions and circularity distributions using a particle detection
script. The triangular arrays are transferred into the InGaAs layer with a high quality,
which can be viewed in the full analysis. When decreasing the pore distance, smaller
pores are formed and more vacancies are present which can be observed in the SEM
image. The higher uncertainty in the circularity for the 40 nm triangular array also
suggests that the 40 nm array is of less quality compared to the other arrays, therefore
limiting the size of the triangular lattice to 40 nm.

After imaging of the top-view of the triangular lattice, the heterostructure was further
characterized, which results are presented in the main body of this chapter.

Particle detection algorithm

To accurately investigate the quality of the triangular lattice, a particle detection pro-
tocol for SEM images is written, extracting the pore-to-pore distances, pore sizes and
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circularity of the pores. By fitting Gaussian distributions to the data sets, average val-
ues and standard deviations can be extracted, revealing the amount of positional and
radial disorder in the triangular lattice.

First, the full raw SEM image is loaded into the script (Fig. S6A). The image is pre-
pared for particle detection by removing the information bar below the image, and
excessive number of pixels (’salt-and-pepper noice’) is removed by Gaussian blurring
to improve the quality of the SEM image (Fig. S6B). A black-white image of the SEM
is obtained using an adaptive Gaussian threshold algorithm (Fig. S6C). The adap-
tive Gaussian threshold algorithm determines different threshold values for each pixel
based on a small area around the pixel, resulting in different threshold values for dif-
ferent areas of the image. These threshold values is Gaussian-weighted sum of the
neighborhood values. The adaptive Gaussian threshold algorithm therefore also works
for images with varying illumination, which will change when the lattice is imaged
with different electron beam doses.

All the pores are labelled, and small grains and hollows which are overlapping with
the edge of the image are removed. The total number of pixels in the contour and area
of each pore is detected, which is used to find the center coordinates of each pore (Fig.
S6D). The radius of each pore is calculated by fitting a circle to every pore, and the
circularity of each pore is determined using the equation

C = 4πA
P2

where A is the surface of the pore and P the perimeter of the pore. For a perfect
round circle, this equation will yield one. The value C will go down when the pores are
less round. Using the center coordinates, all the nearest neighbor distances between
the pores are computed. With the obtained data, we obtain three distributions that
are plotted in histograms and fitted with a standard Gaussian distribution in order to
determine their mean and the standard deviation (Fig. S6E). Using this particle detec-
tion script on the obtained SEM images, short range positional disorder and disorder
in the shape of the pores can be immediately characterized. Final images are created
by cropping the blurred SEM image and by adding a scale bar to the image (Fig. S6F).

Radial distribution function

As discussed, the radial distribution functions can be calculated from the particle de-
tection algorithm, giving us information of the origin of the disorder. The calculated
distribution can be compared with two different models: the ideal paracrystal model
and the real paracrystal model. Both models will be further explained here in more
detail.

Ideal paracrystal model

In an two-dimensional ideal paracrystal model, the next neighbor distance between
adjacent pores is a variable Rideal which is randomly drawn from a two-dimensional
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Figure S6: Schematic overview of the particle detection process. (A) Full raw SEM
image loaded into the particle detection script. (B) Blurred SEM image without the information
bar and reduced in pixels to remove ’salt-and-pepper’ noice. (C) Binarized image showing the
detected triangular array in white. (D) The detected pores are individually fitted with circles
(green) with position (x,y) and radius r. (E) Distributions of distances between pores, radius
of the pores and circularity are calculated and fitted with Gaussian distributions to extract the
mean μ and standard deviation σ of each distribution. (F) The final blurred SEM is cropped and
the correct scalebar is added.

Gaussian distribution P(d)(r) = G(r;a(d),Σ) where the length of the mean is equal to
the periodicity of the lattice (|〈Rideal〉| = a) and variance Σ.

As discussed, the (n,m)’th lattice site in of an ideal paracrystal lattice is described
using the formula:

Rideal
n,m =

n∑
i=1

R(1)
i +

m∑
j=1

R(2)
j

Now that an ideal paracrystal can be created, the probability density function Pn,m(r)
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can be calculated which is needed to calculate the radial distribution function of the
ideal paracrystal. The probability density function of finding lattice site (n,m) at co-
ordinate r can be written as a product of n×m Gaussian distributions, which can be
simplified in one Gaussian distribution with mean Rideal

nm and total variance nΣΣΣ1+mΣΣΣ2:

Pnm(r)= P(1)(r)∗P(1)(r)∗ . . .∗P(1)(r)︸ ︷︷ ︸
ntimes

∗P(2)(r)∗P(2)(r)∗ . . .∗P(2)(r)︸ ︷︷ ︸
mtimes

=G(r;a1,Σ1)∗G(r;a1,Σ1)∗ . . .∗G(r;a1,Σ1)︸ ︷︷ ︸
ntimes

∗G(r;a2,Σ2)∗G(r;a2,Σ2)∗ . . .∗G(r;a2,Σ2)︸ ︷︷ ︸
mtimes

=G(r;na1,nΣΣΣ1)∗G(r;ma2,mΣΣΣ2)

=G(r;Rnm,nΣΣΣ1 +mΣΣΣ2)

This shows that the total variance of the probability density function at lattice site
(n,m) Pnm(r) grows linearly with the lattice site (n,m). For an hexagonal lattice, the
unit vectors are defined as a1 = ax̂ and a2 = a

2 x̂+
�

3a
2 ŷ. Assuming that the ideal para-

cystal lattice is isotropic, meaning that variance for both lattice vectors is the same
(ΣΣΣ1 =ΣΣΣ2 =σ2I2, where I2 is a two-dimensional identity matrix) the probability density
function can be written as:

Pnm(r)=G(r; (n+m/2)ax̂+
�

3
2

maŷ, (n+m)σ2I2)

Using this definition of the probability density function, the radial distribution function
g(r) can be calculated, which yields approximately the mean number of lattices sites
n(r) in an annulus with thickness dr at distance r from a reference point divided by
the area of the annulus As(r) and the mean density of the lattice sites ρ:

g(r)≈ n(r)
As(r)ρ

(IV.6)

The radial distribution function becomes exact when the area of the annulus As(r) =
2πrΔr becomes smaller and smaller, taking the limit of Δr to zero:

g(r)= lim
Δr→0

n(r)
2πrΔrρ

A schematic representation of the radial distribution function can be found in Fig. S7.

Next, the mean number of lattice sites in an annulus can be calculated by taking the
radial integral over the total probability of finding a lattice site at position r in this
small annulus. The total probability function P(r) is simply a summation over all
probability density function of every site which was calculated earlier:

n(r)=
∫r+Δr

r

∫2π

0
P(r)rdθdr

=
∫r+Δr

r

∫2π

0

∑
n,m

Pn,m(r)rdθdr
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Figure S7: Geometry for the calculation of the radial distribution function.

Combining both equations will and applying the fundamental theorem of calculus will
yield:

g(r)= 1
2πrρ

lim
Δr→0

1
Δr

∫r+Δr

r

∫2π

0

∑
n,m

Pn,m(r)rdθdr

= 1
2πrρ

∫2π

0

∑
n,m

Pn,m(r)rdθ

The last step which needs to be performed is to rewrite Pn,m(r) into polar coordinates,
since currently it is expressed in carthesian coordinates:

Pn,m(r)=G(r; (n+m/2)ax̂+ (
�

3/2)maŷ, (n+m)σ2I2)

=G(x; (n+m/2)a, (n+m)σ2)∗G(y; (
�

3/2)ma), (n+m)σ2)

= 1
2π(n+m)σ2 exp

[
−
( (x− (n+m/2)a)2

2(n+m)σ2 )+ (y− (
�

3/2)ma)2

2(n+m)σ2

)]

Expressing this equation in polar coordinates, and using that the spread of the proba-
bility function (that is the standard deviation) is small relative to the distance r from
the reference point (r �

�
n2 +m2σ), an approximation can be made:

Pn,m(r)≈G(r;
√

(n+m/2)2 + (3/4)m2 a, (n+m)σ2)∗G(rθ;0, (n+m)σ2) (IV.7)

Substituting this equation back into the equation for the radial distribution function,
we can further simplify this expression by changing correctly the interval of the in-
tegral and approximating this by an integral over the whole space, which is equal to

103



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 110PDF page: 110PDF page: 110PDF page: 110

IV Realizing honeycomb semiconductors: A lithographic route towards
nanoperforated InGaAs quantum wells

1:

g(r)= 1
2πrρ

∫2π

0

∑
n,m

rdθG(r;
√

(n+m/2)2 + (3/4)m2 a, (n+m)σ2)∗G(rθ;0, (n+m)σ2)

= 1
2πrρ

∑
n,m

G(r;
√

(n+m/2)2 + (3/4)m2 a, (n+m)σ2)
∫π

−π
rdθG(rθ;0, (n+m)σ2)

≈ 1
2πrρ

∑
n,m

G(r;
√

(n+m/2)2 + (3/4)m2 a, (n+m)σ2)
∫∞

−∞
rdθG(rθ;0, (n+m)σ2)

= 1
2πrρ

∑
n,m

G(r;
√

(n+m/2)2 + (3/4)m2 a, (n+m)σ2)

= 1
2πrρ

∑
n,m

1
2π

�
n+mσ

exp
[
− (r−

√
(n+m/2)2 + (3/4)m2 a)2

2(n+m)σ2 )
]

Finally we have obtained the theoretical radial distribution function for an ideal paracrys-
tal, which is a summation of Gaussian distributions where the mean of each distribu-
tion anm ≡

√
(n+m/2)2 + (3/4)m2 a changes with (n,m), and the standard deviation of

each Gaussian distribution grows with the lattice site indices (n,m):

g(r)= 1
(2π)3/2rρ

∑
n,m

1
σnm

exp
[
− (r−anm)2

2(n+m)σ2
ideal

]
(IV.8)

The radial distribution fit of the ideal paracrystal in Fig. IV.7C & D is a least square
fit to the experimentally obtained radial distribution function of the SEM image.

Real paracrystal model

In a real paracrystal model, each lattice site is generated using the ideal paracrystal
model and then shifted with an extra random displacement Rreal which is a random
value drawn from a Gaussian distribution G(x;0,ΣΣΣreal). Upon applying this extra shift,
a real paracrystal is obtained, which is described in Fig. IV.6B of the main text. With
this model, the position of the pore at lattice site (n,m) can be written as:

Rreal
n,m =

n∑
i=1

R(1)
i +

m∑
j=1

R(2)
j +Rreal

=Rideal
n,m +Rreal

where R(1)
i and R(2)

i are defined as in the ideal paracrystal model. To calculate the
radial distribution function of the real paracrystal, the probability density function of
lattice site (n,m) needs to be derived. The position of lattice site (n,m) can be written
similar as for the ideal paracrystal model with an addition of an extra variance term
in the Gaussian distribution:

Pnm(r)=G(r;Rnm,nΣΣΣideal
1 +mΣΣΣideal

2 +ΣΣΣreal) (IV.9)
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With this probability density function and following the same mathematical steps for a
two dimensional hexagonal lattice, a similar pair distribution function can be obtained
for the real paracrystal model:

g(r)= 1
(2π)3/2rρ

∑
n,m

1√
(n+m)σ2

ideal +σ2
real

exp
[
− (r−anm)2

2((n+m)σ2
ideal +σ2

real)

]
(IV.10)

where anm ≡
√

(n+m/2)2 + (3/4)m2 a is defined similarly as for the ideal paracrystal
model. The pair distribution function is therefore a summation of normal distribution
functions with mean anm and a total variance σ2

total = (n+m)σ2
ideal +σ2

real which scales
with the lattice site (n,m) similar as for the ideal paracrystal model.

The radial distribution function obtained from the particle particle detection script are
both fitted with equation IV.8 and IV.10 using a least square fit.

Tight-binding model

The atomistic calculations of the electronic structure of the honeycomb lattices made
from In0.53Ga0.47As/InP heterostructures were performed using a tight-binding ap-
proach. The In0.53Ga0.47As alloy is described as a virtual crystal in which a virtual
atom (Va) replaces each In or Ga atom. Each atom in the heterostructures (Va, As,
In, P) is described by 20 atomic orbitals, sp3d5s∗ for each spin orientation. The d-
orbitals and the second s-orbital (s∗) are required for a good description of conduction
bands [42]. The atomic orbitals are considered as orthogonal and the hopping matrix
elements are restricted to first nearest neighbors. We used tight-binding parameters
(Table S1) which are partly derived from those of Ref. [42]. This model gives an en-
ergy gap of 0.8160 eV for In0.53Ga0.47As, a valence-band offset between In0.53Ga0.47As
and InP of 0.3540 eV, and a conduction-band offset of 0.2536 eV. Spin-orbit coupling
is introduced as intra-atomic terms in the p-sector. Free surfaces are saturated by
pseudo-hydrogen atoms described by a single s-orbital.
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IV Realizing honeycomb semiconductors: A lithographic route towards
nanoperforated InGaAs quantum wells

In0.53Ga0.47As
Es(Va) -0.53320 Es(As) -5.98453 Ep(Va) 6.43928 Ep(As) 3.57805
Ed(Va) 12.61806 Ed(As) 12.61806 Es∗ (Va) 18.58054 Es∗ (As) 18.58054
Δ(Va) 0.08532 Δ(As) 0.17630
Vssσ(VaAs) -1.54461 Vs∗s∗σ(VaAs) -3.76901 Vss∗σ(VaAs) -2.06653 Vss∗σ(AsVa) -1.38306
Vspσ(VaAs) 2.86527 Vspσ(AsVa) 2.39829 Vs∗pσ(VaAs) 2.04568 Vs∗pσ(AsVa) 2.42900
Vsdσ(VaAs) -2.43091 Vsdσ(AsVa) -2.65354 Vs∗dσ(VaAs) -0.74850 Vs∗dσ(AsVa) -0.77492
Vppσ(VaAs) 4.25538 Vppπ(VaAs) -1.41030 Vpdσ(VaAs) -1.93705 Vpdσ(AsVa) -1.96188
Vpdπ(VaAs) 1.87994 Vpdπ(AsVa) 1.65707 Vddσ(VaAs) -1.17270 Vddπ(VaAs) 2.19187
Vddδ(VaAs) -1.87195

InP
Es(In) -0.02010 Es(P) -5.68610 Ep(In) 6.14250 Ep(P) 2.99070
Ed(In) 12.42160 Ed(P) 12.42160 Es∗ (In) 18.51980 Es∗ (P) 18.51980
Δ(In) 0.11240 Δ(P) 0.02280
Vssσ(InP) -1.40100 Vs∗s∗σ(InP) -3.68980 Vss∗σ(InP) -1.84500 Vss∗σ(PIn) -1.28670
Vspσ(InP) 2.64400 Vspσ(PIn) 2.16600 Vs∗pσ(InP) 2.05210 Vs∗pσ(PIn) 2.56520
Vsdσ(InP) -2.21920 Vsdσ(PIn) -2.55590 Vs∗dσ(InP) -0.81660 Vs∗dσ(PIn) -0.79120
Vppσ(InP) 4.02030 Vppπ(InP) -1.28070 Vpdσ(InP) -1.88510 Vpdσ(PIn) -1.92390
Vpdπ(InP) 1.77630 Vpdπ(PIn) 1.56790 Vddσ(InP) -1.24820 Vddπ(InP) 2.14870
Vddδ(InP) -1.68570

Nearest-neighbor hopping terms between In and As
Vssσ(InAs) -1.47890 Vs∗s∗σ(InAs) -3.85140 Vss∗σ(InAs) -2.13200 Vss∗σ(AsIn) -1.22190
Vspσ(InAs) 2.80060 Vspσ(AsIn) 2.31590 Vs∗pσ(InAs) 1.90120 Vs∗pσ(AsIn) 2.64670
Vsdσ(InAs) -2.44990 Vsdσ(AsIn) -2.58280 Vs∗dσ(InAs) -0.83710 Vs∗dσ(AsIn) -0.84970
Vppσ(InAs) 4.11880 Vppπ(InAs) -1.36870 Vpdσ(InAs) -2.05840 Vpdσ(AsIn) -2.12220
Vpdπ(InAs) 1.71060 Vpdπ(AsIn) 1.54620 Vddσ(InAs) -1.20090 Vddπ(InAs) 2.18200
Vddδ(InAs) -1.77880

Nearest-neighbor hopping terms between Va and P
Vssσ(VaP) -1.54383 Vs∗s∗σ(VaP) -3.63368 Vss∗σ(VaP) -1.73145 Vss∗σ(PVa) -1.45078
Vspσ(VaP) 2.80192 Vspσ(PVa) 2.46746 Vs∗pσ(VaP) 2.09727 Vs∗pσ(PVa) 2.48220
Vsdσ(VaP) -2.26390 Vsdσ(PVa) -2.66311 Vs∗dσ(VaP) -0.74248 Vs∗dσ(PVa) -0.72136
Vppσ(VaP) 4.10420 Vppπ(VaP) -1.35275 Vpdσ(VaP) -1.85008 Vpdσ(PVa) -1.86148
Vpdπ(VaP) 1.94292 Vpdπ(PVa) 1.70397 Vddσ(VaP) -1.23814 Vddπ(VaP) 2.20816
Vddδ(VaP) -1.83925

Parameters for H-Va, H-As, H-In and H-P (eV)
EH 0.0 Vssσ -3.5 Vspσ 4.5

Table S1: Tight-binding parameters in eV (notations of Slater and Koster [41]) for the
In0.53Ga0.47As/InP system in an orthogonal sp3d5s∗ model. Δ is the spin-orbit coupling. Va
denotes the virtual atom (≡ In0.53Ga0.47). Lattice parameter: a = 5.87 Å.
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V Investigating honeycomb semiconductors: Structural and electronic investigation
of an engineered InGaAs honeycomb semiconductor

Electron state energies in solids can be modified by quantum confinement
which has been exhaustively exploited with III–V semiconductor heterostruc-
tures to investigate intriguing physical phenomena with tremendous conse-
quences in our everyday life [1]. Adding the concept of geometric lattices to
these systems [2,3] offers the prospect to reach further freedom and flexibility
in the design of electronic bands. An interesting situation arises with the cre-
ation of highly correlated and non-trivial eigenstates, which involves the en-
gineering of flat bands [4]. However, this scheme is very challenging, because
it requires the construction of specific two-dimensional lattices with peri-
odicities at the limit of high-throughput lithography and a strong immunity
against geometrical fluctuations [5–7]. In this chapter, we describe the de-
sign of a multi-orbital honeycomb lattice, obtained by block copolymer (BCP)
lithography, in an In0.53Ga0.47As/InP heterostructure quantum well with a
lattice constant of 21 nm. Despite the nanoperforation of the well for en-
hanced confinement, optimization of the surface quality enables a scanning
tunneling spectroscopy of the local density of states exhibiting salient s- and
p-orbital bands. We show that the p-orbital flat band is protected against
the disorder induced by imperfections of the nanopatterning, making this
industry-standard technology a powerful tool for studying exotic phases of
matter.

V.1 Introduction

The propagation of waves interacting with a periodic potential landscape leads to the
formation of energy bands for wavelengths on the order of the lattice constant. This
concept has played an essential role in the development of solid-state physics and thus
of the semiconductor industry. It is also universal [8] and has been successfully applied
to the controlled propagation of photons, plasmons, exciton polaritons and phonons, by
designing suitable periodic structures using lithographic methods borrowed from the
semiconductor process technology [9,10].

Further breakthroughs in band engineering derive from the physics of graphene [3]
and consist in confining the waves in one direction and applying a nanoscale periodic
potential in the lateral directions [11–13]. For electrons in two-dimensional (2D) crys-
tals, such a small potential strongly affects their energy dispersion. This concept of
band engineering was nicely validated with scanning tunneling microscopy (STM) for
a two-dimensional electron gas localized at the surface of a metal by building disorder-
free honeycomb and Lieb lattices with periodicities in the nanometer range [14–16].
Transposing this approach to semiconductor heterostructures, in which the Fermi level
and the carrier density can be easily tuned, is particularly attractive as it would open
new research fields in which geometric lattice concepts can be combined with spin-
orbit coupling or with electronic or magnetic interactions for the study of new elec-
tronic phases and band structure topology. However, this is very challenging because
engineering bands and bandgaps with widths in the 10 meV range or above, compati-
ble with applications in information technologies, requires the construction of lattices
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Engineering of a Dirac-type band structure by lithographic design

with periodicities below 50 nm, down to 10 nm [5,17,18].

Although the honeycomb patterning of a semiconductor heterostructure with poten-
tial periodicities around 100 nm showed the faint signature of band features imposed
by the patterning [6, 19], progress in this field has been slow, impeded by immature
technologies for nanoscale patterning. Moreover, the fate of the band structure with
respect to the ubiquitous disorder introduced by the patterning processes is still un-
known, despite numerous theoretical predictions of the influence of disorder on spe-
cific energy-momentum dispersions, such as conical intersections and nondispersive
bands [7,20,21].

Here, we present a solid-state electronic platform in which the honeycomb lattice is ob-
tained by patterning a triangular array of antidots (pores) in an In0.53Ga0.47As/InP
(hereafter, InGaAs/InP) heterostructure quantum well (QW) using block copolymer
(BCP) lithography. Aiming at engineering electronic bands with widths up to 10 meV,
our approach takes advantages of the following properties: 1) the small effective mass
of InGaAs to enhance quantum confinement effects; 2) a low cost and large scale self-
assembled BCP enabling the creation of a honeycomb lattice with a lattice constant a
≈ 21 nm; 3) a complete perforation of the QW leading to the maximum periodic poten-
tial achievable for lateral confinement. Moreover, the doped heterostructure overcomes
the limited effective screening in semiconductor materials, while dedicated technology
results in a clean, reconstructed top surface, keeping the density of surface states low
despite manifold technological processes.

V.2 Engineering of a Dirac-type band structure by
lithographic design

As shown in Fig. V.1A, band theory predicts that the step-like two-dimensional density
of states (DOS) of a 10 nm-thick InGaAs QW grown by molecular beam epitaxy (MBE)
on an InP (001) substrate gets featured upon its perforation with tiny pores arranged
in a triangular lattice with a periodicity D of 36 nm. This arises from the interplay be-
tween band folding in the Brillouin zone of the super-lattice and the gap opening at the
edges or at the centre of the Brillouin zone due to scattering of the electronic waves by
the periodic potential of the pores (Fig. V.1B). As the pore size increases, these features
get more pronounced and separate in energy due to a stronger lateral confinement,
which is further explained in the supplementary information (SI). At a pore diameter
d of 20 nm, the DOS consists of well separated mini-bands (Fig. V.1C), including, in
the lowest part of the spectrum, two Dirac cones (DC) and a flat band (FB), the latter
giving rise to an intense peak in the DOS. As each lattice site in the honeycomb lattice
can be considered as a quantum dot characterized by s- and p-orbitals, the two lowest
bands in Fig. V.1C have a pronounced s-like character, while the next four bands are
mainly p-like. A ratio d/D of 0.56 is predicted to maximize the s-DC bandwidth (7 meV
between the M points of the Brillouin zone) and to ensure the absence of hybridization
between the s- and p-bands (see SI), leading to the formation of a distinct FB, 22 meV
above the s-DC. Due to the p-character of the FB, the corresponding peak in the LDOS
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vanishes at lattice sites where p-orbitals have a node, and presents a maximum at the
bridge sites connecting two lattice sites (Fig. V.1A) [22].

Figure V.1: Band structure engineering upon the periodic nanoperforation of a quan-
tum well. (A) Variation of the conduction-band density of states of an InGaAs quantum well
grown on a InP (001) substrate, which is nanoperforated with increasing pore sizes. The thick-
ness t of the quantum well, the periodicity D of the lattice and the diameter d of the pores are
indicated. The local density of states at the lattice (L) and bridge (B) sites are superimposed to
the density of states for a pore diameter of 20 nm. Vertical arrows point to key features of the
density of states, such as Dirac cones (DC) and a flat band (FB). The energy reference is the top
of the bulk valence band. (B) Band structure of the quantum well in the first Brillouin zone and
in the reduced zone scheme obtained for a periodicity of 36 nm in the real space. (C) Band struc-
ture of the triangular nanoperforated quantum well with D = 36 nm, d = 20 nm. (D) Illustration
of the fabrication process using a self-assembled block copolymer (BCP) thin film as a mask to
obtain a honeycomb lattice with a lattice constant a = D/

�
3.

The top-down patterning methodology using a self-assembled BCP thin film is illus-
trated in Fig. V.1D [23]. The plasma-enhanced chemical vapour deposition of a 16 nm-
thick SiO2 layer on the QW, prior to the spin coating of the BCP thin film, warrants a
successful pattern transfer to the InGaAs QW. As seen in Fig. V.2A, after the removal
of this protective layer, the QW shows periodic pores, arranged into the micro-domain

114



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 121PDF page: 121PDF page: 121PDF page: 121

Electronic characterization of the honeycomb semiconductor

structure of the BCP mask, which is also illustrated in the SI. The generated antidot
lattice has a periodicity of 36.0 ± 2.8 nm and a pore size of 20.0 ± 1.4 nm (Fig. V.2B, C),
calculated using an in-home build particle detection script. In comparison with other
lithographic techniques, the BCP lithography approach offers the advantage to create
a honeycomb pattern over arbitrarily large areas, which makes its observation with
STM straightforward. As the deposition of the SiO2 layer leads to the oxidation of the
QW surface, which is further altered by the etching of the SiO2 mask at the end of
the whole workflow, a cleaning of the surface with atomic hydrogen and As4 flux was
performed in the MBE chamber [24]. It was followed by a thin amorphous As cap-
ping [25], which is key to recover a clean and well-ordered InGaAs (001) surface [26],
as demonstrated in the STM image of Fig. V.2D. Based on the height profile of Fig.
V.2E, the surface structure is consistent with an As-rich (2×4) surface [27]. Although
the STM tip is not sharp enough to reach the bottom of the pore, cross-sectional scan-
ning transmission electron microscopy (STEM) of the heterostructure indicates the full
perforation of the QW (Fig. V.2F). The conical shape of the pores does not significantly
affect the electronic properties of the structure [28].

To further investigate the QW surface, a topographic STM image is presented in Fig.
V.3, showing the fabricated honeycomb lattice from a three-dimensional view point.
Since the STM image is scanned in feedback settings, the image is purely topographic.
The honeycomb symmetry is well-defined, but clear non-uniformities are presents in
the shape of the pores and surface roughness. Observing more closely, the thickness of
the QW is thinner on the bridge sites compared with the lattice sites of the honeycomb
lattice on multiple areas of the honeycomb lattice. Since bridge sites are located more
closely to the pores than the lattice sites, less QW materials is present than on the lat-
tice sites due to anisotropic etching of the pores [29], which becomes more problematic
upon decreasing the size of the honeycomb unit cell. The possible electronic effects will
be discussed further in this chapter.

V.3 Electronic characterization of the honeycomb semi-
conductor

To investigate if major changes occur in the electronic structure of the nanoperfo-
rated InGaAs quantum well, differential conductance spectroscopy is performed on the
nanoperforated sample over the full energy range of the band gap, and compared with
spectra of the atomically resolved InGaAs quantum well (Fig. V.4). In order to resolve
the DOS in the conduction band using scanning tunneling spectroscopy (STS), the QW
was doped with Be atoms at a concentration higher than 1019 cm−3. The degenerate
holes in the QW ensure the efficient recombination of the tunneling electrons, avoid-
ing any charging of the QW. More importantly, it minimizes the potential fluctuations
caused by the random distribution of the charged impurities and defects. This screen-
ing efficiency is kept intact after the nanoperforation of the QW, as the pinning of the
Fermi level at the surface remains close to the top of the valence band. Even though
it can shift between remote regions of the samples, at most by 85 meV (Fig. V.4B), a
mean position of 160 ± 11 meV above the valence band edge indicates a low density of
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Figure V.2: Structural properties of the nanoperforated InGaAs quantum well (A) SEM
image showing the successful pattern transfer. (B) and (C) Distributions of the pore periodic-
ity and pore diameter measured from SEM images. (D) Atomically-resolved STM image of the
nanoperforated InGaAs (001) surface, showing variability in the pore size and height of the
lattice sites. (E) Height profile measured along the dash segment of the STM image. The corru-
gation seen on the atomic terraces arises from the As-rich (2×4) reconstruction, which is high-
lighted in the graph. (F) High resolution cross-sectional high angle annular dark field STEM
image of the nanoperforated heterostucture. Inset: Larger cross-sectional view.

defects [30], which is remarkable in view of the large number of technological processes
undergone by the sample. The spectra of the atomically resolved InGaAs quantum well
(indicated in black) shows a clear band gap of about 1.0 eV, and three quantized states
are visible in the conduction band, labelled by E1, E2 and E3. These quantized states
are characteristic for the DOS of a two-dimensional material.

After the nanoperforation of the quantum well, the Fermi level is still pinned close to
the top of the valence band, which ensures an efficient recombination of the tunneling
electrons (red). Also, the size of the band gap remains unaltered after performing
the technological processes. Upon shifting to a different area on the nanoperforated
material, similar spectra are obtained (dark-red), indicating that the general electronic
properties do not change over large distances.
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Figure V.3: Three-dimensional topographic STM image of the triangular antidot lattice showing
a stronger etching at the bridge sites in comparison with the lattice sites. Image size: 300×300
nm2. Feedback parameters: Vs = +3.00 V / I setpoint = 20 pA.

Figure V.4: Comparison of the tunneling spectra before and after nanoperforation. (A)
Atomically resolved STM image of the surface of the InGaAs (001) quantum well. (B) Tunneling
spectra measured on the InGaAs quantum well (bottom) and on the bridge sites of a nanoper-
forated InGaAs quantum well in two different regions separated by hundreds of micro meters
(intermediate and top). The spectra were vertically shifted for clarity. The top of the valence
band, the three quantized states in the quantum well and the flat band in the nanoperforated
quantum well are labelled EV , E1, E2, E3, and FB respectively. Feedback parameters, in order
from bottom to top: Vs = +1.30 V, I setpoint = 400 pA (bottom), Vs = +1.10 V, I setpoint = 50 pA
(intermediate), Vs = +1.00 V / I setpoint = 100 pA (top). (C) Atomically resolved STM image of
the surface of the nanoperforated InGaAs (001) quantum well. The upper right area of the STM
image shows a partial mask transfer from the BCP thin film.

To investigate the electronic properties of the nanoperforated quantum well more closely,
a zoomed-in spectra is performed on the conduction band. Spatially-resolved tunnel-
ing spectra were first acquired across two lattice sites (Fig. V.5A). Right at the bridge
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site B (blue), the differential conductance spectrum reveals a distinct peak centred at
788 ± 3 meV, with two tiny shoulders pointed by arrows at smaller bias (770 meV and
753 meV) and another one at higher bias (780 meV) (Fig. V.5B). The peak fades 2 nm
away from the bridge site, whereas the shoulders turn into distinct peaks. Remark-
ably, these features are observed to be symmetric with respect to the bridge site. On
the honeycomb lattice site L2, the peak doublet is still visible, while the third peak
becomes blurred. The doublet is absent in the opposite lattice site (L1); as shown in
Fig. V.5C, a height difference of two bilayers between lattice sites L1 and L2 strongly
decreases the transmission probability, preventing the detection the conduction band
edge at position L1 for similar STS feedback parameters (see SI).

Figure V.5: Spatially-resolved scanning tunneling spectroscopy of the honeycomb lat-
tice. (A) topographic and (B) spectroscopic measurements at varying positions across two adja-
cent lattices via a bridge site, labelled L1, L2 and B respectively. The vertical segment indicates
the position of the p-flat band, whereas the arrows point to spectral features of the s- and p-
dispersive bands. (C) Contour followed by the STM tip scanning at constant height between the
acquisition of the spectra. The electronic coupling of the tip states with the wave function Ψs
of the antidot lattice depends on the thickness of the lattice sites L1 or L2. (D) Check of the
occurrence of the p-orbital FB peak on the bridge site concomitant with its absence on the adja-
cent lattice site in four regions of the sample. Insets: STM images of the corresponding regions,
which shows various degrees of patterning disorder.

A careful analysis of the surface corrugation (Fig. V.2D, V.3 and Fig. V.4C) reveals
that the etching of the QW is usually more pronounced at the bridge sites, allowing
a stronger coupling of the tip states to the electronic states of the honeycomb lattice.
This generally means that the measured electronic states are more pronounced on the
bridge sites due to the vicinity of the STM tip to the QW surface. Focussing the STS
measurements in the vicinity of bridge sites for many other areas of the sample, some
of them being separated by hundreds of micrometers from each other, we consistently
measured the same spatial dependence of the most intense peak within 2 to 3 nm from

118



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 125PDF page: 125PDF page: 125PDF page: 125

Conclusions and outlook

the bridge site (Fig. V.5D and SI). In line with the theoretical predictions of Fig. V.1A,
which need to be shifted in energy as the experimental reference is given by the position
of the Fermi level, we assign this peak to the p-FB. We identify the peak doublet and
the third peak measured at smaller and higher bias to the dispersive s- and p-bands
respectively. The peak doublet at the lowest energy reflects the maximum LDOS at the
M point of the Brillouin zone for a s-orbital DC. We, however, observe a strong variation
in the shape and peak separation of this feature. For instance, the energy difference
between the two maxima is often substantially larger than the 7 meV expected for an
ideal honeycomb lattice. This can be explained by a stronger local coupling between the
lattice sites, as the energy differences between the two maxima is given by the nearest
neighbour hopping between the s-orbitals on the lattice sites [31].

V.4 Conclusions and outlook

Using the honeycomb lattice as a prominent example, we presented the basis of a
future technological platform for two-dimensional semiconductors in which the band
structure can be engineered by nano-perforation with lattice constants < 50 nm. The
intrinsic honeycomb resonances are still perturbed by nanoscale disorder, but remain
visible over the entire honeycomb structure. Especially the p-orbital flat-band, aris-
ing from the interference of in-plane p-orbitals, is an intrinsic lattice resonance that is
strongly resilient against the disorder induced by imperfect nanoperforation. Further
investigation of the influence of the disorder onto the electronic structure will be per-
formed in the next chapter. Strengthening the intrinsic band features in this lattice,
or any other lattice of interest, by smaller lattice vectors and reduced disorder is now
within reach.

Method
Growth of the InGaAs/InP heterostructure The In0.53Ga0.47As/InP heterostructures were grown by
molecular beam epitaxy (MBE) on a Zn p-type doped InP (001) substrate with a concentration of 4×1018

cm−3, following well-known growth routines [32]. The samples consist of a top 10 nm-thick In0.53Ga0.47As
quantum well, a 10 nm-thick InP spacer layer and a 100 nm-thick p-doped InP buffer layer. The buffer layer
was doped with Be acceptors at a concentration of 7×1018 cm−3. The whole structure was grown at 525◦C
in order to favor the diffusion of Be in the quantum well [26, 32, 33]. To protect the surface of the QW from
carbon contaminations, 16 nm of SiO2 was grown on top of the QW using plasma-enhanced chemical vapour
deposition (PECVD).

Block copolymer lithography Poly(styrene)-block- (poly)methylmethacrylate (PS-b-PMMA) copolymers
were synthesized the sequential anionic polymerization of styrene and methyl methacrylate leading to well-
defined BCP architectures with low dispersity. The resulting BCP was dissolved in toluene (2 wt%) and spin-
coated onto chemically-modified SiO2 surface. The self-assembly of the BCP layer was further promoted by
thermal annealing at 220◦C leading to out-of-plane PMMA cylinders packed into a triangular lattice. By
selectively removing the PMMA domains using plasma chemistry, this process results in the formation of a
PS honeycomb mask.

Dry etching process After the formation of the mask, the triangular pattern was first etched inside the
SiO2 layer using reactive ion etching (RIE) in a Plasmalab 80+ (Oxford) system with a mixture of CHF3 and
CF4. The chamber pressure was set to 10 mTorr, while the power was 300 W. The sample was etched for 40 s,
making pores inside the whole thickness of the SiO2 layer. The remaining resist on top of the nanoperforated
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SiO2 layer was subsequently removed. The triangular pattern was then etched inside the In0.53Ga0.47As
QW using BCl3 based inductively coupled plasma (ICP) etching with a ICP power of 200 W and a RIE power
of 50 W. The pressure inside the chamber was set to 2 mTorr and the samples were etched for 40 s. The
nanoperforated SiO2 mask was removed by a wet etching in diluted HF at 1% for 30 s.

Surface cleaning and capping The final step of the nanofabrication consisted in the cleaning and protec-
tion against oxidation. For this purpose, after the wet HF etching of the SiO2 layer, the samples were loaded
back to the MBE chamber. They were annealed at 430◦C and bombarded with H plasma for the deoxidization
of the surface. The H plasma was performed under an As flux to compensate the As desorption caused by the
high temperature. At the end of the deoxidization, the samples were cooled down to room temperature and
their surface was capped with 10 nm of amorphous As. This protective layer preserved the surface to become
contaminated during the transfer of the samples in air between the MBE chamber and the STM setup. In
the preparation chamber of the STM setup, the thin As layer was desorbed at 350◦C for 2 hours to recover
the As-rich (001) surface of the nanoperforated In0.53Ga0.47As QW.
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Electronic structure calculations

In this work, the electronic structure of the honeycomb superlattices of InGaAs (de-
scribed in Figure S1) was calculated using three different methodologies of decreasing
computational requirements:

1. Atomistic tight-binding method

2. Effective-mass approximation plus non-parabolic corrections

3. Effective tight-binding model

Using these models, results obtain from spatially-resolved scanning tunneling spec-
troscopy can be compared with each other to fully understand the calculated electronic
structure.

Atomistic tight-binding method

Following Refs. [18,28], we used a fully atomistic tight-binding method to calculate the
electronic structure of the superlattices. The InGaAs alloy is described as a virtual
zinc-blende crystal in which a virtual atom (Va) represents each In or Ga atom. Each
atom (Va, As) in a superlattice is described by 20 atomic orbitals, sp3d5s∗ for each
spin orientation (s∗ is a second s-orbital). The tight-binding parameters, restricted to
nearest-neighbor hopping, are written in the two-center approximation and are given
in the Supplementary Information of Ref. [18]. The simulated surfaces are passivated
by pseudo-hydrogen atoms such that they form a very high potential barrier for the
electrons.

We have investigated systems containing up to ∼ 105 atoms and ∼ 2×106 atomic or-
bitals. Because of these large numbers, only the lowest conduction minibands are cal-
culated using the numerical methods described in Ref. [34]. These methods are based
on the Jacobi-Davidson algorithm, which allows us to compute only few eigenvalues
(and corresponding eigenstates) near a given energy σ. In this work, σ is set in the
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Figure S1: Schematic view of the simulated superlattice. (A) Schematic top view of a
honeycomb superlattice realized by perforating a thin film of In0.53Ga0.47As (hereafter, InGaAs)
with a periodic (triangular) array of cylindrical holes (blue disks). The electrons are confined
in the remaining semiconductor material that forms a honeycomb superlattice. (B) Effective
honeycomb lattice seen by the electrons in the system. The lowest conduction bands of the
electronic structure can be described by an effective tight-binding model characterized by one
s-orbital and three p-orbitals on each node (site) of the lattice.

Figure S2: Band structure of a honeycomb superlattice realized in a 9.8 nm thick
In0.53Ga0.47As film (D = 35.2 nm, d = 20.6 nm). Lowest conduction bands along the K-Γ-M-K
path in the Brillouin zone of the honeycomb lattice calculated using the atomistic tight-binding
method (red dotted line) or the effective-mass method including non-parabolic corrections (blue
solid lines). The reference of energy is the conduction-band minimum Ec of bulk InGaAs.

bulk gap. Figure S2 presents the conduction band structure for a honeycomb superlat-
tice close to the one experimentally studied in the present work. As already discussed
in Refs. [18,28], the behaviour of these minibands can also be understood by consider-
ing each vertex of the superlattice as a quantum dot characterized by s- and p-orbital
states, like artificial atoms. Due to the honeycomb geometry, the s-like states (of the
artificial atoms) give rise to the lowest minibands (“the s-bands”) which behave like
π-bands in graphene, with a Dirac cone at K points. Higher in energy, the in-plane
px,y-states (z being the vertical direction) also form a Dirac cone in addition to non-
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trivial flat bands induced by the frustration of the px,y-orbitals under the hexagonal
symmetry resulting in destructive quantum interferences.

Muffin-tin model plus non-parabolic corrections

The atomistic tight-binding calculations are numerically very heavy, and only the low-
est conduction bands can be computed. To be able to compute more bands at a lower
cost, we have performed calculations in the muffin-tin (MT) model in which we solve
the Schrödinger equation: ( ħ2

2m∗Δ+V (r)
)
Ψ(r)= εΨ(r) (V.1)

where m∗ = 0.041m0 and V (r) is the height of the confining potential. By placing
repelling potential barriers in a triangular arrangement (Fig. S1), a honeycomb lat-
tice can be obtained. In the case of cylindrical barriers and the effective mass being
isotropic, the Schrödinger equation can be separated in two equations: the first one
along the z-direction and the second one in the x-y plane. The eigenstates and eigen-
values are written as:

Ψ(r)= χn(z)φm(x, y)

ε= ε⊥n +ε‖m
(V.2)

Along the z-direction, we are left with the problem of a simple quantum well problem
which can be solved analytically:

ε⊥n = ħ2

2m∗
(nπ

t

)2
(V.3)

where t is the film thickness and n is an integer.

Along x-y, the Schrödinger equation must be solved numerically. We used two numeri-
cal methods, either a muffin-tin approach or a simple s-band tight-binding description,
but we checked that they provide identical results. In the muffin-tin approach, the
wave functions ψm(x, y) are decomposed into plane waves and the potential V (x, y) is
written as Fourier series. Details on the methodology can be found in the Supplemen-
tary Information of Ref. [28] and in Chapter 3 of the thesis.

We have found that this model provides a good description of the bands but tends to
overestimates quantum confinement effects compared to the atomistic tight-binding
method. This is due to the fact that the conduction band of bulk InGaAs is actually
non parabolic away from the band edge. This leads to an overestimation of confinement
effects that increases with energy. In order to improve the accuracy, a simple solution
is to apply non-parabolic (NP) corrections. Following Refs. [35, 36], an eigenvalue ε

obtained in MT becomes, in NP-MT, the energy E given by:

E = 1
2α

[
−1+

�
1+4αε

]
(V.4)

where α= 1.3eV−1 for InGaAs.
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Figure S2 shows the comparison between atomistic tight-binding calculations and NP
muffin-tin calculations for the lowest conduction bands (n=1). The agreement between
both models is excellent, in spite of the considerable reduction in computation effort.
Similar agreement was found for other dimensions of the superlattices (D,d). As a con-
sequence, all other theoretical results presented in the present work were calculated
using the NP-EMA approach.

Evolution of the bands with geometrical dimensions

Figure S3 shows the evolution of the DOS for a triangular arrangement of repulsive
potential barriers with a constant periodicity of D = 36 nm and an increasing pore
diameter. The DOS is plotted for several geometrical ratio values d/D. At very low
ratio (d/D = 0.01), the structure reaches the electronic properties of a two-dimensional
free electron gas, which can be observed in the quintessential steps in the DOS. Upon
increasing the ratio, small peaks are starting to emerge in each step. At a d/D ratio of
0.39, the lowest p-flat band starts to emerge from the density of states, indicated by a
sharp peak around 0.12 eV. A s-type Dirac cone is also viewed lower in energy, which
is not entirely splitted from the flat band due to relative strong s-p hybridization. With
increasing pore diameter and thus lateral confinement, the mini-bands shift apart and
a second p-flat band emerges at the highest energy side of the p-dispersive band at 0.18
eV. In between both p-states, a broad p-type Dirac cone is visible.

Figure S3: Evolution of the density of states Evolution of the density of states as a function
of the pore diameter for a triangular lattice with a periodicity D = 36.0 nm. The density of
states was obtained from muffin-tin calculations, including non-parabolicity effect. A 0.5 meV
broadening was added to the spectra. The reference of energy is the conduction-band minimum
Ec of bulk InGaAs.
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Looking at the second quantization step of the DOS starting from 0.27 eV, more distinct
peaks can be observed. Comparing the peaks with the DOS at the first quantization
step, somewhat of a similarity can be observed, and the intensity of the peaks change
similarly with the geometrical ratio d/D. Therefore, we believe that at higher energies
we observe a mixture of states from a higher order state in the lateral direction z and
the lowest states from the x-y plane. This is quite logical since the calculated electron
energy states in the x-y plane and z-direction can be solved separately. Especially the
s-like Dirac cone around 0.29 eV and a p-like Dirac cone at 0.33 eV can be recognized
from the calculated DOS.

Figure S4 presents the evolution of several energy features of the s- and p-like bands
with the geometrical ratio d/D, which is used to better understand the formation of the
Dirac bands. In the case where we wish to study the orbital degrees of freedom and the
physics of in-plane p-orbitals in the honeycomb lattice, we wish to have separated s-
and p-bands. Also, a well-defined flat band is desired, which is the case when the lowest
p-band is very flat. Lastly, a relatively large width between the two s-bands at the M
point is aspired, which would mean that we would obtain an s-type Dirac cone with a
maximal broadness at periodicity D. These plots shows us the ideal geometric pore ratio
to meet all these demands, which is universal for all periodicities for the triangular
lattice. An optimal geometric ratio of d/D ∼ 0.6 is appropriate for this purpose.

0

Figure S4: Evolution of the band structure (including non-parabolic corrections) for
honeycomb superlattices. (A) Energy distance between different bands as function of the
ratio d/D, where d is the diameter of the holes and D the distance between two consecutive holes
(D = 35.2 nm). Green squares (■): Width of the s-band at the Γ point. Red dots (•): Same but
at the M point. Blue triangles (�): Width of the “flat” band. (B) Energy gap between the top of
the s band (at Γ) and the bottom of the “flat” p-band (at K) indicated by brown triangles (�). A
negative value means that the two bands overlap but in different regions of the k-space.

The numerical muffin-tin approach was further used to investigate the local electronic
properties of the honeycomb lattice by calculating the local density of states (LDOS)
along connecting lattice site (Fig. S5), which is used to directly compare spatially-
resolved STS measurements. On the bridge site of the honeycomb lattice (red), a sharp
peak is visible (0.124 eV) which can be assigned to the p-flat band. Moving toward
the lattice site, the flat band slowly vanishes, while the clear s-type Dirac cone remains
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visible (0.106 eV). To underline, differential conductance maps are calculated in the en-
ergy region of the s-band and p-bands, showing the electron density at different sites.
The electron probability pattern at the p-type flat band energy (0.124 eV) is remark-
able, with a very high electron probability at the bridge sites that decreases towards
the lattice site and vanishes at the lattice site. Although differential conductance maps
measurements are not stable enough for these samples due to disorder in the structure
and unit cell size, the calculated maps can be useful to compare with more disordered
lattice, and to predict the effect onto the electronic structure.
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Figure S5: Local electronic properties of a honeycomb semiconductor. The LDOS was
obtained using a numerical muffin-tin model for a triangular lattice of D = 36.0 nm, d = 20.0
nm and cylindrical potential barriers (dark blue). The local density of states was calculated on
the lattice site of the honeycomb lattice (blue), bridge site (red) and intermediate sites (black
and green). A 0.5 meV broadening has been taken into account. The reference of energy is the
conduction-band minimum Ec of bulk InGaAs. On the right side, the distribution of the electron
density was calculated for the lattice shown in the inset at energies corresponding to s-Dirac
cone (0.106 eV) and the p-flat band (0.124 eV).
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Effective tight-binding model

An effective tight-binding model was also considered, giving us a tool to investigate
which atomic site orbitals are involved in the formation of the electronic bands, and
the influence of the coupling strength between orbitals on the electronic structure.

The lowest conduction mini-bands can be described using an effective tight-binding
model in which each site of the honeycomb lattice formed by the triangular antidot
lattice is described by one s- and three p-orbitals (see Fig. S6A). The Hamiltonian in
this model is defined by six parameters: two on-site parameters Es and Ep, and four
hopping parameters Vssσ, Vspσ, Vppσ, Vppπ, notated similarly as in Ref. [37]. Vssσ
denotes the interaction energy between the s-orbitals of two adjacent sites, the inter-
action energy between the s-orbital and the in-plane px- and py-orbital is denoted by
Vspσ, the interaction between both in-plane p-orbitals on neighboring sites is denoted
by Vppσ, and finally Vppπ denotes the interaction between the pz-orbitals of adjacent
sites. On-site orbitals at higher energies are neglected in this model, and only nearest-
neighboring coupling is taken into account. Using these descriptions, the general tight-
binding Hamiltonian can be written as:

HHH =
(

H1H1H1 H2H2H2
H2H2H2

† H1H1H1

)
(V.5)
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The tight-binding Hamiltonian can be calculated for different kx and ky values along
the high-symmetry lines of the Brillouin zone of the honeycomb lattice. The energies
can be obtained by calculating the eigenvalues of the obtained matrices and plotted
along the high-symmetry lines.

The parameters of the effective tight-binding model are derived using numerical fits of
the band structures calculated from the NP-MT model. Figure S6B-E presents band
structure for the NP-MT model (blue) and the effective tight-binding model (red) for a
triangular lattice with D = 36.0 nm and varying geometrical ratios d/D. The following
tight-binding parameter values were used for fitting the tight-binding model with the
NP-MT model (the on-site parameters are in eV, the hopping parameters in meV):
Es = 0.10, Ep = 0.13, Vssσ = -3.5, Vspσ = 6.1, Vppσ = 10.7, Vppπ = -1.1 when d/D =
0.46. For d/D = 0.58: Es = 0.11, Ep = 0.14, Vssσ = -2.8, Vspσ = 3.0, Vppσ = 13.1,
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Vppπ = -0.3. For d/D = 0.69: Es = 0.12, Ep = 0.16, Vssσ = -1.9, Vspσ = 0.1, Vppσ =
13.1, Vppπ = 0.1. The effective tight-binding model cannot address situations where
d/D → 0 (e.g., d/D = 0.06), because the tight-binding method is on principle unsuitable
for describing a two-dimensional free electron gas. The band structures show that the
effective tight-binding model gives a very good description of the lowest bands in the
s- and p-sectors for different values of d/D, indicated by the matching bands of both
models. This is especially true for high d/D values. This can be explained by the fact
that orbitals higher than the p-orbital are not included in the tight-binding model, but
they are included in the NP-MT model. These orbitals still play an important role at
low geometric ratios, but their effect on the s- and p-orbitals will diminish when the on-
site energy separation between the s-orbital and p-orbital increases, when more pure
s- and p-bands are obtained.

A

B NP-MT NP-MT
TB

NP-MT
TB

NP-MT
TB

C

E F

V V

V V

D
d

Figure S6: Band structures comparing the effective tight-binding model and NP-EMA.
(A) Schematic presentation of the tight-binding model, showing how the honeycomb symmetry
is formed which can be electronically described using a tight-binding model. (B-E) Calculated
band structures with relative pore sizes of (B) d/D = 0.06, (C) d/D = 0.46, (D) d/D = 0.58 and (E)
d/D = 0.69. The blue curves show the bands calculated using NP-MT, red curves show calculated
bands using the effective tight-binding model with one s- and three p-orbitals per site. The pz
orbital, placed at high energy, is not involved in the visible bands. The reference of energy is the
conduction-band minimum Ec of bulk InGaAs.

The corresponding parameter values are presented in Fig. S7, showing how the tight-
binding parameter change when increasing the geometric ratio. When d/D is large,
the s- and p-sectors are well separated, since the s-p hybridization is weak (Vspσ → 0).
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Figure S7: Parameters of the effective tight-binding model. (A) Obtained on-site param-
eters Es and Ep by fitting the model to the NP-MT model, the reference of energy being the
conduction-band minimum Ec of bulk InGaAs. (B) Obtained hopping parameters Vssσ (+), Vspσ
(∗), Vppσ (∗), Vppπ (�) from the fitting procedure.

On the opposite situation (d/D → 0), s-p hybridization is strong, and we recover the
situation of the free-electron gas. The gaps at Γ and M in the s-sector are of different
nature. The gap at Γ increases when d/D → 0 because it comes from the folding of the
free-electron parabola at the zone center [38]. On the contrary, the gap at M closes
both when d/D → 0 and d/D → 1, and presents a maximum in between. This results
from opposite effects of Vssσ and Vspσ terms on the gap.
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Experimental conductance spectroscopy

To validate the experimental data in the main body of the chapter, more conductance
measurements are presented on two different scanning tunneling microscopy machines
with different settings. Results on both machines will be discussed here.

High voltage sweeps differential-conductance spectra

At Utrecht University, STM experiments were performed in a low temperature, UHV
(5×10−11 Torr) Polar SPM system (Sigma Surface Science). STM measurements were
performed at 5K with a Pt-Ir tip, which was prepared by cutting a Pt-Ir wire. Topo-
graphic STM images were usually acquired at feedback conditions of +1.3 V for the
sample voltage and 100 pA for the setpoint current. Spatially-resolved tunneling spec-
troscopy were performed by starting with a feedback voltage of +1.3 V, and the voltage
sweep limited between +1.3 and +0.7 V. The differential conductance was acquired with
a lock-in amplifier using a bias modulation of 2−3 mV peak to peak at a frequency of
973 Hz. Tens of spectra were recorded, with a typical number of 801 data points per
sweep with an acquisition time of 500 ms and a delay time of 100 ms, yielding a to-
tal sweep time of 8 min. During the data processing, spectra were averaged, and no
background subtraction was performed.

Differential conductance spectra are presented in Fig. S8. Measurements were per-
formed on different bridge sites B (green) and lattice sites L (red) of the honeycomb
lattice. Measured area have micrometer distances between them. Desirable spots for
measurements are marked which have the least amount of deformed and/or vacancy
pores nearby. Prior to every differential conductance measurement, the tip is approach
to the surface and stabilized for at least one hour.

Inspecting all the differential conductance spectra, two quantized states of the quan-
tum well are clearly visible which are indicated by E1 and E2 in Fig. S8. These states
were not visible in earlier measurements due to the lower bias voltage range. When
looking more closely onto the first quantized state on both sites, Dirac features are
more difficult to recognize compared to the measurements performed in Lille, which
can also be assigned to the larger voltage sweep. Comparing differential conductance
spectra with each other, some reassembles between bridge sites can be observed: a
clear distinctive peak around 820 mV is observed on the bridge site at the start of the
conduction band, which is absent on all lattice sites. Therefore, we attribute this peak
to the dispersion less p-flat band, which is also located in a similar bias range mea-
sured in Lille (Fig. V.3 and Fig. S9). Changes in shape and position of the peak can be
explained by disorder in the honeycomb symmetry or by defects in the surface.

Comparing the lattice sites with each other on the other hand, we do not observe any
distinct Dirac features. Especially the s-bands, which should be located lower in energy
compared to the p-like flat band, is not visible in the spectra on both sites. This can
be explained by the lower sensitivity of the measured differential conductance spec-
tra compared to the measurements performed in Lille, which is due to the larger bias
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Figure S8: Differential conductance spectroscopy performed in Utrecht. Topographic
and spectroscopic measurements at different lattice sites (red) and bridge sites (green) measured
at the university of Utrecht. Feedback settings: Vs = +1.30 V and I setpoint = 100 pA. The peak
corresponding to the flat band and the individual quantized states of the QW are indicated by
FB, E1 and E2 respectively.

voltage sweeping range. Also a longer acquisition time was needed for each individ-
ual spectra due to the larger bias voltage range, resulting in less spectra which could
be used for averaging. We also note that the etching of the quantum well is more
pronounced at the bridge site of the honeycomb lattice, increasing the transmission
probability compared with lattice sites. This could also explain the more pronounced
features on the bridge sites compared to the measurements of the lattice sites.

Looking at the second quantization step of all the bridge sites, we note that features
can be observed which are somewhat symmetrical with the features on the first quan-
tization step. This would be in agreement with calculations from the muffin-tin model
presented in Chapter II and Fig. S4, showing a repetition of Dirac features in the sec-
ond quantized state combined with higher-orbital physics from the first quantization
step. Although we cannot assign features at higher bias directly to potential Dirac
physics, the symmetrical agreement between the two quantized states is already re-
markable.
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Low voltage sweep differential-conductance spectra

For the high-resolution differential-conductance measurements, STM experiments were
performed in a low temperature (4.4 K), UHV (5×10−11 Torr) STM (Omicron) at IEMN,
Lille. STM measurements were performed at 5K with a tungsten tips prepared by
an electrochemical etching and then cleaned by direct contact heating in UHV. Topo-
graphic STM images were usually acquired at feedback conditions of +2.0 V for the
sample voltage and 20 pA for the setpoint current. Spatially-resolved tunneling spec-
troscopy were first acquired by reducing the sample bias to +1.3 V and by increasing
the setpoint current to 100 pA. The position of the Fermi level with respect to the va-
lence band was then determined by disabling the feedback and measuring sequences of
I-V curves. For such measurements, a voltage ramp from positive to negative voltages
and then a reverse ramp both with a total duration of 10 s were applied. In order to
increase the energy resolution in the spectral range corresponding to the conduction
band, the feedback voltage was reduced to +1.0 V or less and the voltage sweep lim-
ited between +0.5 and +1.0 V. The differential conductance was acquired with a lock-in
amplifier, using a bias modulation of 2-3 mV peak to peak at a frequency of 490 Hz.
Hundreds of spectra were recorded when the sweep time was limited to 20 s, averag-
ing all spectra during the data processing. No background was subtracted from the
spectra.

In Fig. S9, differential-conductance spectra obtained in Lille are presented. Zoomed-in
spectra with high sensitivity and transmission probability are obtained, revealing low
bias features in the electronic structure. First, spectroscopy is performed along two
lattice (L) sites, showing a distinctive peak at the bridge site (B) at 810 mV (light blue)
(Fig. S9B). The distinctive peak fades away when measuring away from the bridge site,
and smaller peaks become more visible at lower bias voltages (785 mV). This features
are very similar compared with the differential conductance spectra presented in the
main body. It is also clear that the QW thickness at the bridge site B is much thinner
compared to the thickness at the lattice site L. The spectra on the bridge and lattice
site are also plotted in Fig. S9C, including spectra with increased sensitivity, enhancing
the transmission probability. These spectra show two small peaks indicated by arrow,
which can be attributed to the maximum LDOS at the M point for a s-orbital Dirac
cone.

Differential conductance spectra across the bridge site B between two adjacent pores
show how that the p-flat band peak slowly disappears when moving away from the
bridge site towards a pore (Fig. S9D). On the edge of the pore (red), hard any signal
is observed, showing a low electron density. Finally, many different bridge site spectra
were obtained over multiple unit cells of the honeycomb lattice, which are presented
in Fig. S9F and G. Although shape and position of the p-flat band may vary between
sites, the same distinct peak is observed, showing the resilience of the dispersion less
band in the honeycomb lattice, while disorder in the honeycomb symmetry is clearly
present. This will be further investigated in the following chapter.
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Figure S9: Differential conductance spectroscopy performed at IEMN, Lille. (A) Topo-
graphic and (B) spectroscopic measurements at varying positions along the connection bridging
two lattice sites. The lattice site and bridge site are labelled L and B respectively. The vertical
segment indicates the position of the p-flat band, whereas the bracket indicates the extent of
the s-dispersive bands. All the spectra were acquired with a setpoint current of 250 pA and a
duration of 7.3 s per voltage ramp. The feedback voltage was +1.0 V, except at the lattice site,
where it was reduced to +0.9 V in order to slightly improve the sensitivity of the measurement.
Indeed, based on the STM contrast, the lattice site is higher than the other locations. (C) In
order to further increase the sensitivity of the measurements by enhancing the transmission
probability across the tunneling barrier, the setpoint current was increased to 300 pA at the
lattice site (upper red curve) or the sample bias was reduced to +0.9 V at the bridge site (upper
blue curve). As a result, small peaks pointed by vertical arrow appear. (D) Spectroscopic and (E)
topographic measurements at varying positions across a bridge site that separates two adjacent
pores. The differential conductance spectra correspond to single dI-dV measurements, except for
the spectrum acquired at the bridge site, which was obtained after averaging 250 traces. (F) To-
pographic and (G) spectroscopic measurements at different neighboring bridge sites. Feedback
parameters for the spectroscopic measurements: Sample bias of +1.1 V and setpoint current of
150 pA. Spectroscopic measurements are obtained by averaging 250 spectra.
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VI Investigation of the electronic effects of geometric disorder in a honeycomb
semiconductor: from a local defect to a glassy system

In contrast to a perfect lattice, the structural analysis of the nanoperforated
QW reveals obvious modulations in the honeycomb geometry and semicon-
ductor thickness. While a conical shape of the pores does not significantly af-
fect the band structure [1], small changes in the dimensions of the patterned
structure alter the vertical and lateral confinement of each lattice site and
thus the s- and p-orbital on-site energies as well as the coupling between two
adjacent sites [2, 3]. In this chapter, the electronic effects of the lateral- and
vertical disorder will be investigated using two different models, namely a
numerical muffin-tin model and an effective tight-binding model. First, the
muffin-tin model is used to implement local perturbation to the lattice geom-
etry, resulting in energy shifts and perturbation of the local density of states,
but only to a distance of a few unit cells around the perturbations. Hence, we
simulate a localised electronic defect. By analyzing STM images, lattices that
are disordered over larger areas are investigated, showing that the density of
states is more perturbed, although often with some resemblance of the den-
sity of states of the ideal lattice. Finally, an effective tight-binding model is
used to approach the disorder problem by investigating the effect of spatial
variation in the on-site energies and the coupling between two neighbouring
lattice sites. Both models provide a density of states landscape that shows
only qualitative agreement with the measurements. The disordered struc-
ture can be considered as a glassy version of a honeycomb semiconductor.

VI.1 Introduction

When disorder is implemented into a perfectly defined lattice, the electronic properties
of the lattice will change. Imposing disorder onto a lattice can result in localization of
the electronic wave functions, which is also called Anderson localization [4]. This can
be understood by the interference of multiple wave paths of the electrons [5]. An other
effect is the smoothening of Van Hove singularties [6] in the density of states of the dis-
ordered lattice, smearing out the electronic states over the energy [7]. Upon increasing
the total number of defects and the randomness of the disorder, more complex effects
can be observed, eventually resulting in complete localization of the electronic wave
functions.

Disorder has also been studied in lattices of particles different from electrons, for in-
stance in latices of ultra-cold atoms [8, 9] and in photonic arrays [10]. It is especially
interesting to investigate the effect of lattice disorder on the flat band of the system.
Theoretical predictions argue that dispersionless bands are persistent to disorder and
fluctuations in for example magnetic systems [11], and can even lead to new exciting
physics phenomena such as flat band splitting [12, 13], leading to flat band ferromag-
netism.

In this chapter, the electronic structure of a disordered honeycomb semiconductor will
be investigated by distorting the triangular antidot lattice. For this, two different the-
oretical models will be used. First, a numerical muffin-tin model will be used to cal-
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culate the electronic properties of a triangular array of pores with one perturbed pore.
For reference, an unperturbed triangular antidot lattice is used (Fig. VI.1A), similar
to the muffin-tin calculations in previous chapters. Two different types of disorder will
be considered in the triangular lattice: a positional shift of the middle pore and a vari-
ation in the size of the middle pore. The direct effect on the honeycomb symmetry can
be viewed in Fig. VI.1B-C.

Upon increasing the size of the middle pore (Fig. VI.1B) with a value Δd to a new value
d′ = d +Δd , the size of the red hexagon of the honeycomb lattice will increase. This
makes the six lattice sites around the pore smaller, hence the on-site s- and p-orbitals
increase in energy. Second, the increased radius also affects the interaction between
these sites, and between these sites and nearest neighbour sites in a second shell.

An other method to distort the honeycomb lattice is to shift the position of the middle
pore with a value ΔD (Fig. VI.1C), which will result in a distortion of the central (red)
hexagon, affecting on-site energies of a number of lattice sites and coupling parameters.
This will break the symmetry in the honeycomb lattice, affecting on-site energies, and
the electronic coupling between the sites.

A B C

d

D

d

D

d

D

d’ D’

Figure VI.1: Disordered honeycomb lattice using the muffin-tin model. (A) Schematic
view of the triangular antidot lattice (top) with pore-to-pore distance D and diameter d. This
will result in an honeycomb lattice (bottom) without any disorder. (B) Schematic view of the
triangular antidot lattice where the size of the middle pore is increased with a value Δd , result-
ing in a local perturbed honeycomb lattice. (C) Schematic view of the triangular antidot lattice
where the position of the middle pore is shifted to the left with a value ΔD , resulting in a local
perturbed honeycomb lattice.

A more experimental approach to the numerical muffin-tin model can be achieved
by converting a scanning tunneling microscopy (STM) topograph image into a two-
dimensional potential landscape using a particle detection algorithm (Fig. VI.2). By
assigning a repulsive potential to individual pixels inside the detected pores of the
STM image, a potential landscape can be defined which can be implemented into the
muffin-tin model. This will give us the opportunity to calculate directly the theoretical
LDOS from a STM image for comparison with experimental observations. On top of
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VI Investigation of the electronic effects of geometric disorder in a honeycomb
semiconductor: from a local defect to a glassy system

that, the local electronic properties of a disordered lattice can be investigated by calcu-
lating the LDOS on different sites and presenting the LDOS as a map of the squared
wave-function. Experimentally, other forms of disorder in the honeycomb semiconduc-
tor could potentially arise from fluctuations in the quality of the semiconductor quan-
tum well, such as variation in the surface chemistry due to the technological processes,
disorder in the different layers of the quantum well or potential fluctuations caused by
a random distribution of charged impurities and defects [14–17]. Although the main
focus will be on the lattice disorder, imperfections in the quality of the honeycomb semi-
conductor will have a large effect on the local density of states. Also the shape of the
pores in the antidot lattice can have an effect on the electronic structure, although it
was already discussed in Chapter III that this effect is only minor [1].

Particle detection 
script

Figure VI.2: Particle detection protocol onto a STM topograph image. A STM topograph
image is loaded in the script, detecting the pixels located inside the pores, creating a black-white
image. This image is used as a potential landscape in the numerical muffin-tin model, being able
to calculate its electronic structure. Scale bars in both images denote 30 nm.

Finally, a completely different approach will be used to interpret the disorder by using
an effective tight-binding model. In this model, each site of the honeycomb lattice is
described by one s- and three p-orbitals. By applying small energy fluctuations to the
on-site energies of the honeycomb lattice, the disorder in the lattice can be mimicked.
With this model, we obtained effects on the local density of states very similar as with
the muffin-tin model.

VI.2 Investigation of the electronic effects of a single
local distortion of the honeycomb lattice

The effect onto the electronic structure when varying a single pore size of the triangular
antidot lattice is presented in Fig. VI.3A. For the theoretical triangular antidot lattice,
a pore-to-pore distance D = 36.0 nm and a pore diameter of d = 20.0 nm is used. The
diameter d′ is slowly increased in size by adding small values Δd to the diameter of
the middle pore. The LDOS is calculated on the lattice site and bridge site on multiple
positions, starting adjacent to the distorted pore (red) and moving one period away
(blue) and two periods away (green) from the distorted pore. The positions are also
indicated in Fig. VI.3A. When the pore is not distorted (Δd = 0 nm), a clear s-like Dirac
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Investigation of the electronic effects of a single local distortion of the honeycomb
lattice

cone (s-DC) is obtained on both the lattice site and bridge site on all positions, and
a distinct p-like dispersion less band (p-FB) on the bridge site only, similar to earlier
results. Upon adding a small distortion (Δd = 2 nm), no significant differences can be
spotted in the LDOS of the lattice site and bridge site, independent of the position from
the distorted pore. Further increase of the pore size will changes the LDOS around the
defect, disturbing the band structure and thus creating electronic defects with energy
levels detached from the electronic band. On both the lattice and bridge site adjacent
to the pore defect (Fig. VI.3B), features of a s-orbital Dirac cone are still visible with
an increase of the peak intensity of the right M point. The energy width of the two M
points decreases with increasing pore size, which can be explained by the increasing
distance between the two adjacent lattice sites. It is also notable that the features of the
original Dirac band structure seem to shift to higher energies, which can be explained
by the direct increase of the pore size, increasing the confinement effect in the antidot
lattice. Interestingly to note is that the peak dedicated to the p-like flat band remains
visible even at relative high pore sizes, up to an increment of 8 nm. Above this value,
the flat-band resonance splits into two separate peaks.

It is important to note that band structures only hold for periodic, non-perturbed lat-
tices: this means that a local disturbance of the periodicity creates an electronic defect
smeared out over different lattice and bridge sites. The calculated energy levels detach
from the original band structure and localization, especially if the resulting energy is
lower than that of the periodic ideal band structure. Locally, there are no s- and p-
bands any more, but we end up with a collection of local s-like and p-like energy levels
with similar features as for the ideal honeycomb band structure. However, if the energy
deviations are very small, the energy levels can still more or less seen as an element of
the original band.

On the blue sites (Fig. VI.3C), an increase of the left peak (0.12 eV) at the M point
of the Brillouin zone can be observed on the lattice site when increasing the pore size.
The calculated LDOS on the blue lattice site also shows an increase between the two
s-like states, extending the energy width to almost 20 meV. This effect occurs when two
adjacent lattice sites get closer to each other, strengthening the coupling between both
sites [18]. On the bridge site, the two M points of the s-like Dirac cone merge together
into one broad s-like state, and the distinct peak of the p-like flat band decreases.

In general, the increase in pore size has less effect on the LDOS of the two green
sites (Fig. VI.3D), which are the two sites furthest away from the distorted pore. This
shows that the effect of the disorder on the electronic structure is very local. At the
site of the distortion and just around it, energy levels are (slightly) detached from the
bands, and thus form defect levels. Two lattice sites away from the distortion, the
LDOS reflects the normal periodic dispersion of the bands, protected by the regular
honeycomb structure.

LDOS wave-function maps are presented in Fig. VI.3E-F, which are calculated at the
energy of the s-DC (0.124 eV) and p-FB (0.138 eV) of the unperturbed lattice. For
the original honeycomb lattice, the maps show a high intensity on the lattice site and
bridge around the s-like Dirac cone energy point, and high intensity on the bridge
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Figure VI.3: Electronic properties of a triangular antidot lattice with an increased
pore size. (A) Schematic view of the disordered triangular antidot lattice. The diameter is
slowly shifted from 0 to 10 nm with steps of 2 nm. (B-D) Simulated differential conductance
spectra taken at the lattice site and bridge site on three different locations, ranging from more
close to further away from the disordered pore. The locations of the s-like Dirac cone (s-DC)
and p-like flat band (p-FB) of the unperturbed lattice are denoted in the spectra. For all cal-
culated LDOS spectra, A Lorentzian broadening of 1 meV, and the reference of energy is the
conduction-band minimum Ec of bulk InGaAs. (E-F) Simulated LDOS wave-function maps cal-
culated around the original s-DC energy (0.117 eV) and p-like flat band energy (0.138 eV). The
dark area highlight the extension of the local defect. Scale bars denote 50 nm.
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Fully disordered antidot lattices: a glassy version of the honeycomb semiconductor

site around the energy of the p-like flat band. Upon increasing the size of the middle
pore, the electron density in the vicinity of the pore lowers at the normal band energy,
because of the detachment of the energy level as a defect and the shift to higher energy,
but remains in the rest of the lattice. This shows that disorder in the pore size only
affects the electronic structure locally around the pore. Although the s- and p-levels
shift in energy with respect to the original map, most features remain recognizable.
These results indicate a similar local density of states, though locally shifted in energy,
of the Dirac bands of the ideal system.

Next, the honeycomb lattice is distorted by shifting the position of the middle pore
slowly to the left with step values ΔD , illustrated in Fig. VI.4. Again, the local elec-
tronic properties are calculated on multiple lattice and bridge sites of the honeycomb
lattice with varying distances from the shifted pore. The LDOS on these sites are pre-
sented in Fig. VI.4B-D. Since the calculated spectra on the red sites are much closer
when the middle pore is shifted, large changes to the electronic structure can be ob-
served. On the bridge site, the p-like flat band located at 0.138 eV diminishes when
moving the pore position more to the left. When the pore is shifted too much, the LDOS
is calculated directly inside the shifted potential barrier, and no states can be observed
at all. Looking at the red lattice site, features of the s-type Dirac cone shifts to higher
energies due to the increase of confinement, and changes to one large distinct peak on
the lattice site.

On the other side of the shifted pore (brown), less confinement is present, shifting the
s-levels to lower energy. This is significantly visible for the bridge site. The original
flat band features remain visible on the bridge site, showing a remarkable resilience
toward the imposed disorder. Looking at positions further away from the shifted pore
(blue and green), less impact is spotted when shifting the pore position, meaning that
the effect on the electronic structure is again locally, roughly one or two periodicities
away from the shifted pore. This is also observed in the LDOS wave-function maps,
which are simulated with increasing shift in the pore position.

These calculations show that a local perturbation of the honeycomb symmetry has a
local effect only on the electronic structure of the system. Features of the original,
unperturbed density of states can shift in energy and shape, but are still recognizable
are s- and p-states. The numerical muffin-tin model shows that shifting the periodicity
of the lattice has more impact on the local density of states compared with an increase
of the pore size. However, both types of disorder show that the feature originating from
the p-like flat band remains present at large amount of disorder.

VI.3 Fully disordered antidot lattices: a glassy ver-
sion of the honeycomb semiconductor

Now that we understand how local disorder, i.e. by forming a defect state, in the hon-
eycomb geometry will change the local electronic properties of the honeycomb semi-
conductor, more disordered and complex honeycomb lattices need to be simulated to
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Figure VI.4: Electronic properties of a triangular antidot lattice with a shifted pore
position. (A) Schematic view of the disordered simulated antidot lattice. Lattice parameters:
D = 36.0 nm, d = 20 nm. The middle pore position is slowly shifted from 0 to 10 nm to the left
with steps of 2 nm. (B-E) Simulated differential conductance spectra taken at the lattice site
and bridge site of three different unit cells, ranging from more close to further away from the
disordered pore. The suggested locations of the s-DC and p-FB are denoted in the spectra. For
all calculated LDOS spectra, A Lorentzian broadening of 1 meV, and the reference of energy
is the conduction-band minimum Ec of bulk InGaAs. (F-G) Simulated LDOS wave-function
maps calculated around the s-like DC (0.117 eV) and p-like flat band (0.138 eV). The dark area
highlight the extension of the local defect. Scale bars denotes 50 nm.
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Fully disordered antidot lattices: a glassy version of the honeycomb semiconductor

investigate the electronic properties, and argue if the features originating from the
Dirac-like band structure survive the present disorder. For this, a scanning tunneling
microscope (STM) topographic image of a lithographic designed InGaAs honeycomb
semiconductor is analyzed using a particle detection script, which can be used to de-
fine the potential V (x, y) in the numerical muffin-tin model. Using this method, a di-
rect comparison between experimental differential conductance spectra and simulated
LDOS spectra can be made, and the validity of the model can be reviewed.

A STM image of an InGaAs honeycomb semiconductor is presented in Fig. VI.5A,
accompanied with experimental differential conductance spectra on the lattice site
(green), bridge site (black) and two intermediate sites (dark-red and red). Features
of the local density of states of s- and p-bands are visible, with a distinct peak around
0.79 V on the bridge site which we can designate to the p-like flat band, indicated by
p-FB. At lower energies, two small peaks are visible on the lattice site and intermedi-
ate sites, which indicated the presence of the s-bands, possible a Dirac cone. Also on
the bridge sites, faint features can be observed since the left side of the distinct peak
holds two tiny shoulders. However, these peaks are much weaker compared with the
other sites. Also note that the energy width between the doublet peaks of the s-bands
is about 20 meV, which is larger than the theoretically predicted value of 7 meV [1]
for an ideal honeycomb lattice with a comparable dimension. This can be explained
by a stronger s-s nearest-neighbour coupling locally due to the present disorder in the
honeycomb symmetry.

The calculated LDOS of the simulated lattice are presented in Fig. VI.5B, showing the
lowest bands of the conduction band. The LDOS is computed on the indicated sites
similar as the positions measured in the STM image, and the LDOS on the lattice and
bridge sites of an ideal lattice is also shown for comparison. Looking at the calculated
local density of states, features of s-states can be observed on the different sites, which
is indicated by the position of a possible s-type Dirac cone (s-DC). Comparing with
the LDOS of the ideal honeycomb lattice with a lower broadening, the overall energy
position and shape are in agreement. Looking at the bridge site, the two possible s-
states merge into one distinct peak, which is not visible in the experimental results.

When looking at possible higher energy states for the ideal lattice, a clear p-like flat
band state is expected on the bridge site around 0.78 eV. This is also observed in the
experimental results, but is not clear in the calculated local density of states, where the
feature is much more broad. This broad feature is completely absent on the lattice site,
which suggest that this feature is indeed a feature originating from the p-like flat band
state. However, too many variation is present in the spectra to proof the real presence
of Dirac-like states. Although resemblances between the calculated and experimental
results can be observed, we conclude that it is hard to get a full grip on the measured
electronic resonances from these spectra; this is very different from the control of a
single defect in an otherwise periodic lattice environment. The calculated LDOS does
show qualitative agreement with the experimental measurements.

LDOS wave-function maps are calculated using the electron wave functions at the s-DC
energy and p-FB energy (Fig. VI.5C). Here, a drastic impact of disorder onto the local
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Figure VI.5: Experimental and theoretical electronic structure of a disordered hon-
eycomb semiconductor. (A)Experimental conductance spectra acquired on the bridge site
(black), lattice site (green) and two intermediate sites below (dark-red) and above (red) the bridge
site of the nanoperforated InGaAs honeycomb semiconductor. The exact locations of the acquired
spectra are indicated in the STM image. The suggested locations of the s-like Dirac cone (s-DC)
and p-like flat band (p-FB) are also denoted in the spectra. Imaging settings: I setpoint = 20 pA,
Vs = 2.0 V. Scale bar denotes 20 nm. (B) Local density of states calculations using the numer-
ical muffin-tin model using the STM image acquired in (A). The sites of the calculated LDOS
are indicated on the acquired image from the particle detection protocol. The calculated LDOS
spectra are broadened using a Lorentzian broadening of 6 meV, matching the broadness of the
peaks in the spectra with the broadness of the features observed experimentally. The LDOS of
an ideal honeycomb lattice (D = 36.0 nm, d = 20.0 nm) on the bridge site (B-site) and lattice site
(L-site) are also presented for direct comparision, using a broadening of 1 meV. The reference
in energy for the calculated LDOS of both the disordered and ideal honeycomb lattice has been
aligned with respect to the experimental Fermi level pinning, 160 meV above the top of the va-
lence band. Scale bar in the simulated lattice denotes 20 nm. (C) LDOS wave-function maps
simulated around the s-type Dirac cone and the p-type flatband energy using the acquired STM
image. Scale bars denote 20 nm.

electronic structure can be observed over the whole simulated honeycomb lattice. Al-
though strong fluctuation occur in the lattice, electron states are more present on most
lattice sites around the ideal s-DC energy, while around the ideal p-FB energy, states
are more distinct present on the bridge sites. This is again in qualitative agreement
with the calculated wave-function maps for the ideal honeycomb lattice. Instead of an
electronic lattice, the electronic states of an electronic glass are obtained, with some
features present of possible Dirac-like states. Unfortunately, experimental differential
conductance maps cannot be measured accurately on these samples due to the large
number of defects still present in the surface of the QW, causing instability in the STM
tip.

The variance of the local electronic structure of the honeycomb semiconductor is con-
firmed by performing the same analysis on different STM topograph images. In Fig.
VI.6A, a STM image of the InGaAs honeycomb semiconductor is studied on a different
area using the same particle detection method, and spectra on different lattice sites
(Fig. VI.6C) and bridge sites (Fig. VI.6D) are simulated. A similar energy offset is used
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Fully disordered antidot lattices: a glassy version of the honeycomb semiconductor
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Figure VI.6: Electronic structure of a fully disordered triangular antidot lattice. (A)
STM image of the honeycomb InGaAs heterostructure created using BCP lithography. Imaging
settings: I setpoint = 20 pA, Vs = 2.0 V. Scale bar denotes 20 nm. (B) Analyzed STM image
using a particle detection script, detecting the pixel inside the pores (yellow) and outside the
pores (purple). Scale bar denotes 20 nm. (C-D) Simulated local density of states calculated on
various lattice sites (C) and bridge sites (D). The locations of the calculated spectra are indicated
in (B). The calculated LDOS spectra are broadened using a Lorentzian broadening of 6 meV,
matching the broadness of the peaks in the spectra with the broadness of the features observed
experimentally. The reference in energy has been aligned with respect to the experimental Fermi
level pinning, 160 meV above the top of the valence band.(E) Simulated LDOS wave-function
maps calculated around the s-like DC, showing the variation of the s-bands. (F) Simulated LDOS
wave-function maps calculated around the p-like FB, showing the variation of the p-bands on the
bridge site in different unit cells.

as in the previous calculated LDOS, and a similar broadening parameter is used.

When looking at different lattice sites (red), a distinct peak is visible around 0.760 eV,
which can be attributed to the s-type Dirac cone. The two peaks which signature the
Dirac cone are broadened into one peak due to disorder and broadening. In all peaks,
shoulders are still visible, which can vary in energy. Looking at higher energies, peaks
show similar features, but are shifted due to the disorder. Looking at the different
bridge sites (green), a distinct peak is visible at 0.780 eV, which is higher in energy
than the s-like states. Therefore, this peak is assigned to the p-like flat band, which
again can fluctuate in energy. Around the energy of the s-like states, small peaks are
visible which are signatures of the s-like states.

Wave-function maps are calculated around the energies of the s-like states and p-like
states. Although the visible states are not symmetrical in the lattice, again similar
features are observed compared with wave-function maps of perfectly-ordered lattices.
Around the s-like Dirac cone, higher intensity is normally observed on the lattice sites,
while at energies of the p-like flat band, states at the bridge sites are encountered.
Interesting to see is that s-states and p-states can be found at different energies on
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VI Investigation of the electronic effects of geometric disorder in a honeycomb
semiconductor: from a local defect to a glassy system

different positions inside the honeycomb lattice, which can vary over energies of 10
meV. This especially shows that the effect of disorder is really local. In the framework
of solid state physics, we can conclude that the geometrical disorder results in localised
wave-functions and an energy distribution of the resonances comparable with that in
an electronic glass.

VI.4 Disordered tight-binding model

To support the results from the muffin-tin model, a like-wise disorder study is per-
formed using a tight-binding model. Since the model is based on the interaction of in-
dividual electron wave functions, small energy fluctuations can be introduced directly
into the model, simulating disorder in the system.

First, the tight-binding Hamiltonian of a honeycomb lattice is constructed. A Hamilto-
nian is constructed by using one s- and two p-orbitals for each honeycomb lattice site
using periodic wave functions [19]. By solving the eigenvalues of this matrix, six bands
of the band structure can be calculated for different kx and ky values along the high-
symmetry lines of the Brillouin zone of the honeycomb lattice. The energies can be
obtained by calculating the eigenvalues of the obtained matrices and plotted along the
high-symmetry lines. The values of the parameters of the tight-binding Hamiltonian,
defined by two on-site energies Es and Ep and four nearest-neighbor hopping parame-
ters Vssσ, Vspσ, Vppσ and Vppπ [20] were derived by fitting band structures calculated
from the muffin-tin model with varying geometric ratios d/D using the non-parabolic
correction [21–23]. Using this procedure, values of the tight-binding parameters can
be plotted as function of the geometric ratio d/D of the triangular antidot lattice, which
is presented in Fig. VI.7. The tight-binding parameters are derived for a triangular
antidot lattice with lattice parameters D = 35.2 nm and varying diameters d.

A BE
Ep V

V
V
V

Figure VI.7: Parameters of the honeycomb tight-binding model. (A) Obtained on-site pa-
rameters Es and Ep by fitting the tight-binding model to the non-parabolic muffin-tin model. (B)
Obtained hopping parameters Vssσ (+), Vspσ (∗), Vppσ (∗), Vppπ (�) from the fitting procedure
with the muffin-tin model.

To introduce disorder to the tight-binding model, the tight-binding parameters of each
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Disordered tight-binding model

site can be slowly varied, resulting in different coupling strengths between sites of
the honeycomb lattice. Using the diagrams presented in Fig. VI.7, an estimate of the
energy perturbation can be derived in each parameter upon increasing or decreasing
the size of the pore or the pore-to-pore distance. For example, an increase in the ratio
d/D from 0.55 to 0.60 increases the s on-site energies by approximately 3 meV and re-
duces the hopping integral between the s- and p-orbitals by 1 meV. This shows that the
on-site terms are much more sensitive to fluctuations in the ratio d/D than the hop-
ping terms. The diagrams also show that the energy variations of the on-site terms are
slightly smaller but comparable to the peak separation in the first doublet which is two
times the interaction energy between adjacent s-orbitals. This means that the disorder
is serious but will not completely cloud the intrinsic band features of the lattice.

Now that the amount of lattice disorder is linked to the energy fluctuation in the on-site
and hopping parameters, it can be applied into the tight-binding model. As the on-site
energies are more affected by the lattice disorder than the hopping terms, a random
energy perturbation was added to the initial on-site parameters E0

s and E0
p of different

sites i, while the hopping terms were kept constant:

Ei
s = E0

s +δE

Ei
p = E0

p +δE

where δE are randomly drawn values between a certain amplitude. Here, an ampli-
tude of 5 meV is used. All on-site parameters Ei

s and Ei
p of different sites i will have

different values. By performing this procedure correctly, a truly disordered honeycomb
lattice will be obtained, demonstrated in Fig. VI.8A.

Using an amplitude of ± 5 meV, a disordered lattice is simulated, and the LDOS spectra
are calculated between two particular lattice sites presented in Fig. VI.8B. The spectra
show that the applied disorder has only minor effects on the p-orbital flat band, while
it has a more drastic effect on the peak doublet of the s-orbital Dirac cone. The on-site
fluctuations pull the peaks in the first doublet (M-points of the s-band) further apart,
adding 4 meV to their natural separation. The spectra also show the possibility of an
increased intensity of the left peak, or the right peak, while a similar peak height is
expected for a non-disordered honeycomb lattice, as can be shown in the black spectra
indicated below the bridge site. Although the flat band is robust, splitting of the flat
band is observed on the bridge site and intermediate site (red). All these effects on the
p-orbital flat band and the s-orbital band are in line with the previous results obtained
from the numerical muffin-tin model.

To check the consistency of these results, calculations for tens of different bridge sites
were performed (Fig. VI.8C) on honeycomb lattices with different configurations. Eight
random bridge site spectra are presented in Fig. VI.8C. The results show a substan-
tial variation in the doublet peak shapes and peak separation for the dispersive bands,
whereas the p-orbital flat band is generally preserved. Moreover, the simulated dis-
order shifts states of the dispersive p-band towards the p-FB. A spatial variation of 8
meV is observed in the energy position of the p-like flat band using this model, while
the experimental fluctuation is around 19 meV which was discussed in Chapter V. We
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VI Investigation of the electronic effects of geometric disorder in a honeycomb
semiconductor: from a local defect to a glassy system

Figure VI.8: Disorder study using the tight-binding model. (A) Effective tight-binding
model where each site of the lattice is described by one s- and two p-orbitals. On each site, a ran-
dom potential perturbation δE is applied to the on-site energies Es and Ep. (B) Local density of
states calculated along the connection bridging two lattice sites at the positions marked with ar-
rows in (A). The black thin curve, calculated at the bridge site in the absence of disorder, is used
as a reference. The reference of energy is tuned to the measured value in the differential conduc-
tance spectra, which is the conduction-band minimum Ec of the InGaAs QW. (C) Representative
LDOS calculated for eight different bridge sites among 422 sites, which show the robustness of
the p-FB peak and the variability of the dispersive s-bands. In (B) and (C), the amplitude of δE is
± 5 meV. The reference in energy has been aligned with respect to the experimental Fermi level
pinning, 160 meV above the top of the valence band. All the curves, except the reference one in
(B), were convoluted with a Gaussian function to account for the bias modulation of 3 meV.

attribute this difference between simulations and experiment to small variations of
the Fermi level pinning. Indeed, a variation in the position of the Fermi level induces
a long-range potential shift, which is not included in the calculations.

Looking at the lower s-bands, a wide variation of shapes is observed. In some spectra,
the first doublet gets further diverged from their original splitting. Other spectra show
also merging of the two M-points of the Dirac cone, showing one broad peak. Lastly,
some spectra show a more intense first peak, other spectra an increase second peak,
breaking the symmetrical shape of the Dirac cone. Most critical is that the s-bands
and p-bands remain separated from each other, meaning that the s-orbital Dirac cone
remains isolated and is not mixed with higher-order states.

Further results on the consistency of the model and using different amplitude values
can be found in the supplementary information. Also the effect on the local electronic
structure from variation in the quantum well thickness can be found in the supplemen-
tary information.
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Conclusions and outlook

VI.5 Conclusions and outlook

To conclude, the effect of disorder onto the electronic structure of an honeycomb semi-
conductor has been studied using two different models. The numerical muffin-tin
model was utilized to investigate the effect of a local defect in a periodic honeycomb
lattice. On top of that, the model was adapted to directly analyze STM topograph im-
ages and to calculate the LDOS of fully disordered honeycomb lattices at various lattice
sites, showing the resilience of the p-like flat band peak despite the fluctuation in shape
and position of the s- and p-bands. A tight-binding model was introduced to explore the
disorder effects as an analogy with the muffin-tin model. Comparing both the effective
tight-binding model and the muffin-tin model, clear similarities can be observed in the
calculated LDOS. Both calculations show the resilience of flat band despite the addi-
tion of the disorder, and a variation in shape and position the s-bands and p-bands is
observed, which is in agreement with experimental results.
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Supplementary information

Numerical muffin-tin model

The muffin-tin calculation is performed in Python. The model is solved numerically
in the x-y plane, and analytically in the z plane as explained in Chapter III. A non-
parabolic correction was applied to the model to obtain more realistic energy values.
In all muffin-tin models, a potential barrier height of V0 = 5.0 eV is incorporated in the
calculation, using a sufficient height potential barrier to correctly simulate the empty
pores. In all calculations, periodic boundary conditions were assumed in all simulated
lattices to obtain realistic electron states around the edges of the simulated lattice.

From STM topograph towards potential landscape

STM images were analyzed using an effective particle detection script, similar as de-
scribed in chapter 3. Raw STM images were levelled using the three point leveling
tool, and scars in the image were corrected using Gwyddion [24]. The obtained image
is loaded in the particle detection script, which is performed in Python. The image are
resized, and a threshold is applied to the image using the OpenCV package, detecting
the pixels inside the pores. The same threshold value is used for all STM images. The
obtained mask image is directly used as a two-dimensional potential landscape in the
numerical muffin-tin model.

To all honeycomb lattice analyzed using the particle detection script, a potential barrier
height of V0 = 5.0 eV is assigned to each detected yellow pixel inside the pores. A thin
edge with no pores is simulated along the border the image in order to correctly apply
periodic boundary conditions. Again, the model is solved numerically in the x-y plane,
and analytically in the z plane. A non-parabolic correction was applied to the model.

Tight-binding model

In the tight-binding model, we have considered a finite sample of 477 sites in the form
of a disk built from the honeycomb lattice (Fig. S1A). A Hamiltonian will be consid-
ered where each site of the honeycomb lattice is described by one s- and two p-orbitals
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VI Investigation of the electronic effects of geometric disorder in a honeycomb
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using periodic wave functions [19]. Using these descriptions, the general tight-binding
Hamiltonian can be calculated and written as:

HHH =
(

H1H1H1 H2H2H2
H2H2H2

† H1H1H1

)
(VI.1)

where H1H1H1 and H2H2H2 are defined as:
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The parameters of the tight-binding Hamiltonian, defined by two on-site energies Es
and Ep and four nearest-neighbor hopping parameters Vssσ, Vspσ, Vppσ and Vppπ [20]
were derived by fitting band structures calculated from the muffin-tin model as dis-
cussed in the main body of the chapter. Higher order hopping terms, such as next-
nearest-neighbor hopping, are neglected in the model.

Adding disorder to the model

To introduce disorder in the honeycomb lattice, both on-site terms Es and Ep for each
lattice site are shifted with an energy shift δE in the intervals

[
− ΔE

2 , ΔE
2

]
(Fig. S1B).

We consider a uniform distribution of the random variables in these intervals. Upon
performing this procedure correctly, we end up with different on-site terms (E1

s , E2
s , E1

p
etc.) for each individual lattice site.

To estimate the amount of energy shift for each parameter due to lattice disorder, the
tight-binding parameters are plotted as function of d/D of the triangular antidot lat-
tice. Since the hopping parameters of the model hardly alter upon changing the ra-
tio between the diameter of the pores, the nearest-neighbor hopping parameters Vssσ,
Vspσ, Vppσ and Vppπ were remain constant.

Using this estimation method, energy perturbations can also be derived when investi-
gation variation in the quantum well thickness. Based on height profiles acquired from
STM images from Chapter V, various thickness in the quantum well can be observed,
which also can cause energy perturbations in the electronic structure. Since the z-
direction can be solved analytically, the energy perturbation can be directly calculated
by changing the thickness t of the quantum well with a value of δt:

ΔEv = Et −Et−δt =
ħ2π2

2m∗
( 1

t2 − 1
(t−δt)2

)
≈ ħ2π2

m∗
( δt

t(t−δt)2
)

(VI.2)
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Figure S1: Tight-binding model for the disordered honeycomb lattice. (A) General
model of the honeycomb lattice used for the tight-binding model (top), which is described by
the general on-site parameters E (Es and Ep for the s-orbital and p-orbital respectively) and the
hopping parameters V (Vssσ, Vspσ, Vppσ and Vppπ). (B) General model of the disordered honey-
comb lattice used for the tight-binding model (top), where all individual on-site parameters are
shifted with a random value, ending up with different on-site terms E1

s , E2
s , E1

p etc.

which holds for small values of δt and was evaluated for the lowest s-state (n = 1). As an
example, a thickness reduction of one bilayer (δt = 0.29 nm) from an InGaAs quantum
well with thickness t = 10 nm yields an increase of the confinement of ΔEv = 5.6 meV.
This value will only increase further when increasing to higher states for the vertical
confinement.

Disordered tight-binding model

Now that the size of the energy perturbation is roughly estimated for both the lattice
disorder as the in-plane disorder, both parameters can be implemented in the tight-
binding model. As an extension of the previous model, we now choose on-site energy
shifts δEv and δEh in the intervals

[
− ΔEv

2 , ΔEv
2

]
and

[
− ΔEh

2 , ΔEh
2

]
, respectively. We

consider a uniform distribution of the random variables in these intervals. Using this
method, the model does not show differences electronically between lattice disorder and
in-plane disorder, but solely the amount of disorder expressed in an energy fluctuation.
Again, since the hopping terms of the model are significantly less affected than the on-
site terms, only disorder effects induced by the variations of Es and Ep is investigated.
The on-site energies are re-written as

Es = E0
s +δEv +δEh

Ep = E0
p +δEv +2δEh

where δEv (δEh) is a random energy shift due to vertical (horizontal, or in-plane)
disorder. In the equation, we also take into account that Ep variates two times faster
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with the geometrical factor d/D compared with Es, observed from the diagram in Fig.
VI.7A. This will result in an additional factor two. The vertical disorder δEv comes
from variations in thickness of the semiconductor film that results from the etching
process. Keep in mind that the on-site energy terms Es and Ep describe the lowest
states of the honeycomb geometry, which is combined with the s-state of the in-plane
confinement only. Since the disorder investigation is only performed at the lowest
energy states, higher-order states in the in-plane confinement is not taken into account

With this model, a finite honeycomb lattice is simulated with varying on-site energy
terms. Typical spectra of the LDOS are presented in Fig. S2 on ten random bridge
sites of the lattice with varying amount of energy fluctuations. In each diagram, the red
spectra shows the LDOS for the unperturbed honeycomb lattice. As reference energy,
the conduction-band minimum Ec of bulk InGaAs is used. A broadening function with
an energy broadening of 1 meV is used for this model.

For ΔEv =ΔEh = 1 meV (Fig. S2A), the LDOS on all bridge sites do not differ substan-
tially from the LDOS calculated in absence of disorder since the energy fluctuations is
still low. The lowest peaks between 0.09 and 0.11 eV correspond to the π-like s-bands.
The LDOS is vanishing at the Dirac point and has a V shape in its vicinity. The most
visible peak, higher in energy (0.123 eV), is attributed to the p-like flat band. Above,
the less visible and broader peaks are attributed to the π-like p-bands characterized by
a second Dirac cone (0.144 eV).

By increasing the disorder all the way up to ΔEv = ΔEh = 6 meV, the broad peaks
related to the π-like s- and p-bands deform, new peaks appear and there are increasing
variations of the spectra from site-to-site, similar as observed in measured differential
conductance spectra. Remarkably, the main peak coming from the p-type flat band is
very resilient to the disorder compared to the other peaks. For example, for ΔEv =
ΔEh = 4 meV, the flat band peak remains visible on the 10 sites that we have selected,
whereas the peaks arising from s-bands exhibit important variations.

The resilience of the flat-band peak to disorder can be understood as follows:

• First, the flat band is relatively well separated from the other band in energy.
For moderate disorder, the coupling and mixing to other bands remains weak.

• Second, the flat band is composed of a large number of degenerate states which
can be as linear superposition of Wannier-like localized states. There exists
one localized state per hexagonal plaquette and its configuration in terms of p-
orbitals is shown in Fig. S3A [25]. Coupling between localized states induced by
disorder is only possible between states that share a common bond, on neighbor
hexagons.

• Third, any asymmetry between the two sub-lattices that form the honeycomb
lattice deforms the dispersive π-like s- and p-bands but has no effect on the flat
p-bands. The honeycomb lattice is characterized by two sites (A and B) per unit
cell. The sites of sub-lattice A are only connected to sites of sub-lattice B (chiral
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Figure S2: DOS of disordered honeycomb lattices. LDOS on 10 different bridge sites of
the disordered honeycomb lattice sample. From top-left to bottom-right, an energy fluctuation
of ΔEv = ΔEh = 1,2,3,4,5,6 meV. The red curve is the LDOS in absence of disorder, shown as
reference. The reference of energy is the conduction-band minimum Ec of bulk InGaAs.

A B C

Figure S3: DOS of disordered honeycomb lattices. (A) Eigenstate for the lowest flat band
localized on one hexagon of the honeycomb lattice. (B) Band structure of the asymmetric hon-
eycomb lattice. (C) DOS corresponding to this band structure. The reference of energy is the
conduction-band minimum Ec of bulk InGaAs.

symmetry) but they are equivalent in graphene-like lattices : EA
s = EB

s ,EA
p = EB

p .
It is interesting to consider the case where sub-lattices A and B are not equivalent
(asymmetric lattice). We have calculated the band structure using the effective
tight-binding model in which we set: EA

s → EA
s +Δ,EB

s → EB
s −Δ,EA

p → EA
p +
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VI Investigation of the electronic effects of geometric disorder in a honeycomb
semiconductor: from a local defect to a glassy system

Δ,EB
p → EB

p −Δ. Fig. S3B shows this band structure for Δ = 2 meV. Gaps open
at Dirac cones but flat bands remain flat (maintaining a weak s-p hybridization).
In other words, flat bands are resilient to sub-lattice asymmetry.

To investigate the direct effect of disorder onto individual lattice site, modulated LDOS
spectra are presented in Fig. S4 on different sites of the honeycomb lattice with increas-
ing energy perturbation. All spectra are calculated using the same pattern of disorder
as indicated in Fig. S4A, but it’s amplitude is tuned by a uniform factor on the whole
sample. On every site, the lowest plot shows the unperturbed LDOS, which is multi-
plied up to seven times towards the highest plot. Site 1 to 10, as indicated in Fig. S4A,
is plotted in Fig. S4B-K. In this way, the effect of the disorder can be followed on each
individual site.

Looking first at the lower s-orbitals, drastic changes can be observed in the height of
both M peaks, around 0.10 eV. A few sites show an increase in peak height of the left M
peak (e.g. on sites 1, 4 or 7), other sites show an increase of the right M peak (sites 2, 8
or 10). Some sites even show splitting of the M peaks, completely destroying the Dirac
point of the lattice. In many cases, the flat-band peak is more robust to disorder than
the other peaks. Even if at high disorder potential, it tends to split in two peaks [12].
When the on-site potential (energy) is strongly positive (e.g., on sites 2, 3 or 6), the
flat-band peak tends to shift to higher energy at increasing potential strength. Other
interesting point is the robustness of the p-like Dirac cone (0.145 eV) and the higher
p-like flat band (0.16 eV), showing that all p-bands in the honeycomb lattice are more
resilient to disorder in the lattice.
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Figure S4: LDOS of locally disordered honeycomb lattices (A) Top, left: Region of a disor-
dered honeycomb lattice. On each site, the potential δEv+δEh chosen at random (ΔEv =ΔEh = 1
meV) is visualized by its color (color scale from -1 to +1 meV). (B-K) The LDOS on sites from 1
to 10 as illustrated in (A). In each figure, the LDOS is always calculated using the same disorder
potential landscape but its amplitude is tuned uniformly by an integer factor varying from 0 (no
disorder) to 7 (strong disorder).
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Application of honeycomb semiconductors:
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VII Application of honeycomb semiconductors: Outlook & future prospects

The research performed in this thesis shows that honeycomb semiconduc-
tors can be created using techniques already well-mastered by the semicon-
ductor industry. Although the first signs of Dirac physics has been observed
in these samples, we are still far away from implementing these electronic
properties into real semiconductor devices. This last chapter of the the-
sis will discuss first how we can optimize the fabrication process, to obtain
better-defined honeycomb nano symmetries with a smaller period, thus mak-
ing the Dirac physics more robust. We will not only look into improvement of
the used lithography techniques, but also investigate other lithography tech-
niques. Second, a proposed work-flow will be presented how to implement
honeycomb semiconductors into electronic devices. Lastly, lattice symme-
tries different from the honeycomb symmetry will be considered which will
hold other interesting electronic properties. By using lithography, we have
the freedom to create any symmetry that we want, and thus to tune the elec-
tronic structure of materials indefinitely, creating truly designer materials.

VII.1 Process optimization

Honeycomb semiconductors are a special type of material which can be fabricated using
lithography techniques. Although this research has showed the possibilities to build
these, improvement of the quality and size of the honeycomb geometry is still desired
to render more robust Dirac bands. Several parameters in the electron beam lithogra-
phy procedure contribute to the resolution of the pores, such as instrument limitations,
interactions between electrons and the resist, the development of the resist and finally
the pattern transfer into the semiconductor layer. Further developments in this field
have already shown the possibilities to create very small pores with sizes of sub-5 nm
using aberration-corrected electron beam lithography [1]. Also new developments re-
garding the electron beam resist show the possiblity to reduce the dimensions of the
pores [2]. The quality of the honeycomb pattern is mainly determined by the pattern
transfer into the semiconductor layer, which still faces challenges to meet the resolu-
tion requirements. For silicon based materials, etching experiments have shown the
possiblity to fabricate sub-10 nm devices using induced coupled plasma etching proce-
dures [3].

Lithography techniques other than electron beam lithography (EBL) and block copoly-
mer lithography (BCPL) can also be considered and exploited. A third lithography
technique investigated in this research is thermal scanning probe lithography (t-SPL),
which is part of the broad scanning probe lithography (SPL) family [4]. This technique
makes use of a heated conical tip, which is used to directly pattern an organic layer con-
sisting of polyphthalaldehyde (PPA). By optimizing the parameters of this technique,
such as applied force and tip temperature, sub-10 nm features can be obtained in sili-
con based semiconductor materials [5,6]. Not only offers this technique the possibility
to remove material, but also to change the functionality of a material by performing de-
protection of functional surface groups [7], precursor conversion [8], amorphization [9],
crystallization [10] or magnetic polarization [11].
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Process optimization

Major strengths of t-SPL are that no charged particles are used to create features,
which is important for creating low-dimensional devices while avoiding unwanted for-
mation of covalent bonds, lattice defects, vacancies or trapped charges, which could
influence the electronic properties of the nano device [12]. This technique also paves
the way to create three-dimensional nanostructures [13, 14], extending even further
the vast amount of possibilities with this technique. Further advantages of this tech-
nique are the robust but compact setup of the machine, the possibility to perform t-SPL
under ambient conditions and in-situ atomic force microscopy (AFM) can be performed
to image the surface topography before, during and after the lithography process with
the same probe. Challenges in t-SPL are mainly the patterning speed, which is similar
as for electron beam lithography. This can be solved by performing t-SPL with multiple
probes in parallel [15].

Figure VII.1: Schematic workflow diagram for lithographic fabrication of a triangular antidot
lattice in an In0.53Ga0.47As quantum well grown on a InP (001) substrate by molecular beam
epitaxy (MBE). Three techniques were used: e-beam lithography (EBL), block copolymer lithog-
raphy (BCPL) and thermal scanning probe lithography (t-SPL).

A general work-flow diagram is presented in Fig. VII.1 to fabricate honeycomb semi-
conductors using different lithography techniques. The procedure for EBL and BCPL
can be found in Chapter IV and V respectively. The thermal scanning probe lithog-
raphy procedure uses a four-layer pattern transfer stack, consisting of a 8 nm thick
polyphthalaldehyde (PPA) thermal resist layer, a 2 nm thick polymethylmethacrylate
(PMMA) buffer layer, a 1.5 nm thick spincoated silicon hard mask (SH 113, PiBond Oy)
and lastly a 40 nm thick organic transfer layer (OTL 405, PiBond Oy)), which was all
spin-coated on top of the SiO2 protective layer. A commercial t-SPL system (NanoFra-
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zor Explore, Heidelberg Instruments Nano) was used to pattern the PPA layer with a
tip heater temperature of 700 °C. Followed by a brief O2/N2 reactive ion etching descum
step to remove the PMMA buffer layer at the bottom of the pattern, the PPA pattern
was first transferred into the silicon hard mask in a CHF3 reactive ion etching (RIE)
step and further into the OTL in another O2 RIE step.

A comparison of the nanopatterning between the lithography techniques is presented
in Fig. VII.2 using scanning electron microscopy (SEM) images. Optimization of the
EBL parameters has let to an optimal periodicity of 39 nm between the pores. Further
adjustments of the parameters has let to overlap of the pores due to proximity effects,
making it unable to lower the dimensions of the honeycomb symmetry. Using the BCPL
and the t-SPL technique, the periodicity was further lowered to 36 nm and 30 nm
respectively, while the sizes of the pores are for all techniques rougly thesame, about
20 nm. Based on a statistical analysis of the pore sizes [16], smaller disorder was
measured in the t-SPL mask compared with the EBL and BCPL masks. The full width
at half maximum of the pore size distribution was calculated, yielding values of 1.6 nm,
1.4 nm and 1.0 nm of EBL, BCPL and t-SPL respectively. For both BCPL and t-SPL,
lower dimensions of the honeycomb symmetry are still possible, which will increase
the present disorder in the lattice. This will need further investigation to reduce the
periodicity without loss of quality. Also other lithography techniques, such as helium
ion beam lithography (HIBL) [17–19], can be exploited to reduce the periodicity of the
lattice.

Figure VII.2: SEM images of the masks prepared with EBL, BCPL and t-SPL. The periodicity
of the triangular lattice is indicated for each mask. Comparison between the pore sizes for the
three different masks is plotted in the histogram.

VII.2 Transport measurements

This research explored the local electronic properties of a honeycomb semiconductor by
performing low-temperature scanning tunneling spectroscopy. For a more general char-
acterization, electronic magneto-transport measurements can be performed on honey-
comb semiconductors shaped and connected to a Hall bar symmetry [20,21]. This will
allow direct access to both the longitudinal resistance RL and transverse resistance RH
by measuring the voltages VL and VH as a function of the current I. Physical param-
eters such as the mobility and mean free path of the charge carriers can be studied as
a function of the temperature, charge density and magnetic field in the semiconductor
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Transport measurements
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Figure VII.3: Hall bar design for an InGaAs based honeycomb semiconductor.(A)
Schematic overview of the Hall bar device for the honeycomb semiconductor. (B) SEM image
of a graphene Hall bar device, adapted from Ref. [22]. False colours are chosen to indicate the
ohmic contacts of the device. (C) Top-view (left) and cross-section view (right) of the proposed
III-V semiconductor heterostructure with a honeycomb nanogeometry. The heterostructure is
sandwiched between two gates, allowing for remote potential modulation.

A proposed design for electronic magneto-transport measurements in an InGaAs hon-
eycomb semiconductor is presented in Fig. VII.3A. The general design is similar as
for electronic devices in graphene (Fig. VII.3B) [22–25] and in other III-V semiconduc-
tor materials [26–28]. First, the III-V semiconductor heterostructure is grown using
molecular beam epitaxy, following well-known growth procedures [29–31]. The het-
erostructure is protected by a layer of SiO2 grown by plasma-enhanced chemical vapor
deposition (PECVD) (Fig. VII.3C). Then, the honeycomb pattern is defined in the SiO2
layer over an typical area of 1 micron in width and 5 micron in length, preferably us-
ing EBL or t-SPL. Metal gate deposition is performed to create the top-gate above the
honeycomb lattice and to define the Hall bar geometry. By growing a top-gate and
back-gate on the heterostructure, remote potential modulation can be performed on
the honeycomb semiconductor. Not only can Dirac physics be investigated as function
of the potential inside the barriers, but it will also be easier to carry out electronic
measurements on the pristine InGaAs quantum well, i.e. in absence of a potential
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modulation.

For the further Hall bar fabrication itself, we rely on standard processing which is
already developed for III-V based heterostructures. Finally, we end up with a micron
scale honeycomb semiconductor device with six ohmic contacts (Fig. VII.3A), where
two current contacts are attached on the ends of the device, and four voltage contacts
are attached on the top and bottom of the device. The longitudinal and horizontal
resistances RL and RH can be derived, which is used to calculate the conductivity of
the honeycomb semiconductor. This can be performed in presence of a magnetic field,
meaning that Shubnikov-de Haas oscillations [24] can be studied. Another evidence
for the presence of Dirac fermions would be to measure the half-integer quantum Hall
effect similar to what is observed in graphene [23, 32]. Next, it would be interesting
to study the magneto-electronic properties when the Fermi level is positioned in the
flat band, looking beyond the properties of graphene. Since the electrons in the flat
band have no kinetic energy, interactions dominate the Hamiltonian. Several new
physical phenoma, such as Wigner crystallization [33] and unusual magnetism, have
been predicted in this regime. Also, direct access to the density of states (and thus the
band structure) of the device is possible when using a capacitance spectroscopy setup.
This technique already revealed the electronic properties of several two-dimensional
systems [34–36].

VII.3 Beyond InGaAs-based honeycomb semiconduc-
tors

The researched conducted in this thesis is focused on InGaAs-based honeycomb semi-
conductors. However, the idea behind designer materials is to be able to create different
symmetries with different materials, obtaining different electronic properties. In this
last part of this chapter, the wide possibilities to create designer materials is discussed
by looking into different compounds, different symmetries and different dimensions.

Materials

With regard to the type of semiconductor compound, there are many more materials
that can be used for band engineering and geometrical patterning. The choice to focus
on III-V heterostructures in this research is justified as the charge carriers have a
low effect mass in these type of materials, the growth process can be controlled to
individual atomic layer precision thanks to molecular beam epitaxy, and the processing
of III-V semiconductors is well-mastered. Technically, every semiconductor can be used
for this research as long as it can be grown two-dimensionally, meaning that barrier
materials have to be found with suitable band gaps, without large lattice mismatch at
the surfaces, and uncontrollable doping effects in both the quantum well and barrier
materials. Patterning also needs investigation of the etching procedures at the nano-
scale.

A first improvement to consider is to use an InAs-based quantum well material. It has

168



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 175PDF page: 175PDF page: 175PDF page: 175

Beyond InGaAs-based honeycomb semiconductors

a lower effective mass compared with InGaAs [37], it can be grown two-dimensionally
between suitable barrier materials [38–40] and similar etching profiles are expected.
Generally, this semiconductor would enhance the energy width of the Dirac cone and
seperation between the bands, a much desired property. In general, other III-V and
even II-VI semiconductor based quantum wells yield similar band structures [41], but
the band gap and band offset are different for each compound. Using heavy metal
semiconductors such as InSb-based quantum wells, it is also possible to implement
spin-orbit coupling. Intrinsic spin-orbit coupling results in topological band-openings
at the Dirac point between the flat band and the other p-bands, giving rise to heli-
cal quantum channels, i.e. the quantum spin Hall effect [42]. In addition, there is
a Rashba effect [43] resulting in a lift of the spin-degeneracy of the bands. Eventu-
ally, the ultimate goal would be to implement Dirac physics in silicon-based devices.
However, this is not feasible yet due to the large effective electron mass compared to
III-V semiconductor, and the limited research in the fabrication process of silicon in
the quantum limit in general.

Lattice symmetries

This research has focused on the honeycomb symmetry only, but other symmetries
can also be considered when the fabrication process is mastered. Some symmetries,
such as the square lattice, are still straightforward to fabricate, but also more com-
plex symmetries are possible to design. Of prime interest are the Lieb lattice and the
kagome lattice as they show Dirac physics and eventually topological corner and end
states [44, 45]. For each symmetry, the correct antidot lattice has to be derived, and
the difficulties have to be considered. Figure VII.4 presents a few different symmetries
with corresponding antidot lattices [41]. Figure VII.4A shows the honeycomb symme-
try and it’s antidot lattice, which was used as template in the lithographic procedure.
Other symmetries and their representative antidot lattices are the square lattice (B),
Lieb lattice (C) and kagome lattice (D). The parameters of each antidot lattice is indi-
cated in the images.

The square lattice itself is electronically not too interesting, but this symmetry could
still be used to confirm the calculated electronic properties experimentally, which has
been used in various models [46]. Things get more interesting in the kagome and
Lieb lattice. Both in the kagome [47–50] and the Lieb [51, 52] lattices, Dirac cones
and non-trivial flat bands are predicted. In the Lieb lattice, the nondispersive band
lies between the two Dirac bands, while in the kagome lattice the flat band is located
directly below/above the Dirac cone. Since both lattices share the same structural
configuration in the unit cell, similar electronic features are observed in the theoretical
models [53].

It has been shown that both lattices can be build artificially on metal surfaces [54, 55]
by manipulating CO molecules on a Cu(111) substrate [44, 56]. A major obstacle to
implement these symmetries into an electronic device is to nanopattern pores with dif-
ferent sizes in the semiconductor quantum well. This is limited by the resolution of the
desired antidot lattice. Upon further improvement of the resolution of the lithography
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VII Application of honeycomb semiconductors: Outlook & future prospects

process, Lieb and kagome lattices will become within reach. The number of possible
symmetries is endless, which will help to reach our goal to create designer materials
using lithography.
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Figure VII.4: Geometries of different lattices. Atomic lattices (top) and the corresponding
antidot lattices (bottom) for the honeycomb lattice (A), square lattice (B), Lieb lattice (C) and
kagome lattice (D). The tunable parameters of the antidot lattices are indicated in the figures.

Dimensionality

Lastly, lithographic-based techniques give the opportunity to fabricate semiconductor
materials with different dimensionalities. Both quantum dots [57, 58] and nanowires
[59,60] have already been extensively studied, exhibiting fascinating electronic and/or
optical properties [61–64]. Recent research even showed the possibility to confine elec-
trons in a planar fractal with dimension between 1 and 2 [45]. Lithography additionally
provides the freedom to combine electron systems into one single device. One special
case highlighted here is a double honeycomb semiconductor device, basically designing
artificial bilayer graphene.

Bilayer graphene consist of two graphene layers stacked on top of each other. It can
exist in different modifications: AA, AB or twisted bilayer graphene [65]. AA stacked
bilayer graphene is a configuration in which the carbon atoms of the second layer are
placed exactly on top of the first layer. However, AA stacked bilayer graphene is dif-
ficult to fabricate since it is likely to be metastable. In the AB stacked configuration,
half of the carbon atoms of the second layer are place on top of carbon atoms of the first
layer, and the other half are placed in the center of the hexagons. This will result in
a more stable configuration, and different experimental studies have been performed
on this configuration [66–69]. In the twisted bilayer configuration, the second layer is
twisted with a certain angle compared with the first layer.

Electronically, significant differences will occur for the different modifications. Looking
at the s-bands, four Dirac bands are observed for the AA stacked bilayer graphene,
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Beyond InGaAs-based honeycomb semiconductors

which are two copies of the single layer graphene band structure. Two Dirac bands
touch each other higher in energy than the Fermi level, and two Dirac bands touch
each other lower in energy [70–72]. For the AB configuration, again four Dirac bands
are observed around the Fermi level, but here two bands form a Dirac cone with an
energy splitting, and the other two bands form a second Dirac cone with the Dirac
point at zero energy [65, 73], effectively changing the band structure of the bilayer
graphene.

A bilayer honeycomb semiconductor can be designed by alternating barrier and quan-
tum well materials. An AA configuration bilayer honeycomb semiconductor can be
fabricated by direct nanopatterning or by etching the top layer and apply a top and
bottom gate to the device. An AB configuration bilayer honeycomb semiconductor will
be more challenging to fabricate using lithography: the lower quantum well needs to be
etched and the pores need to be filled with barrier material before the second quantum
well can be grown and etched.

Once it is possible to fabricate bilayer honeycomb semiconductors, the electronic struc-
ture can be tuned exactly: not only can the unit cell size of the honeycomb lattice be
varied, but also the distance between the two quantum wells can be altered. For the AA
configuration, it is discussed that the splitting between the two Dirac cones is linear
with the interlayer coupling, and therefore exponential dependent on the the distance
between the two quantum wells [41]. Therefore, splitting between the Dirac cones can
be controlled exactly.

Conclusions and outlook

This chapter showed the possibilities in the field of lithography. Progress in this field
will allow to optimize the engineering of honeycomb semiconductors and incorporate
them in state-of-the-art devices. A general template was presented to implement hon-
eycomb semiconductors into Hall bars, which can be used to directly access the elec-
tronic properties and reveal the exotic physics predicted by theory.

This chapter also presents future designs with different lattice symmetries: heterostruc-
tures using different compounds, different symmetries with their own unique elec-
tronic structure and different dimensionalities. The possibilities are truly endless. By
optimizing our power to manipulate materials at the nanoscale, true designer materi-
als can be constructed with full control over their electronic properties.
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Chapter VIII
Samenvatting in het Nederlands

In dit proefschrift wordt de mogelijkheid onderzocht om materialen te maken die de
elektronische eigenschappen van halfgeleidermaterialen en grafeen combineren: zoge-
naamde honingraat halfgeleiders. Deze materialen worden gemaakt door middel van
nanolithografie, een fabricatiemethode die periodieke structuren kan construeren met
een periode van enkele tientallen nanometers. Ter vergelijking, 1 nanometer staat
gelijk aan 0.000000001 meter, wat ook wel gelijk staat aan de verhouding tussen de
aarde en een knikker: stel dus dat de aarde een diameter heeft van 1 meter, dan heeft
een knikker een diameter van een nanometer.

Dit hoofdstuk zal eerst een korte uitleg geven over halfgeleiders en grafeen, en waarom
deze materialen zo interessant zijn. Vervolgens zal worden uitgelegd hoe de elek-
tronische eigenschappen van deze twee materialen gecombineerd kunnen worden, en
waarom daarvoor specifiek nanolithografie gebruikt wordt. Vervolgens zullen de hoofd-
stukken in dit proefschrift kort worden samengevat.
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Halfgeleiders

Allereerst, wat wordt er precies bedoeld met halfgeleiders? Halfgeleidermaterialen
zijn materialen die in zuivere toestand niet geleiden, maar die makkelijk geleidend
kunnen worden gemaakt door bepaalde ’verontreinigingen’ toe te voegen aan het niet
geleidende materiaal. Een klassiek voorbeeld hiervan is silicium (Si), dat men eerst
ontdekte als isolator (Figuur VIII.1A). Door kleine hoeveelheden fosfor (P) of boor (B)
toe te voegen kan dit materiaal geleidend worden gemaakt. Door deze eigenschap
is de halfgeleider een basiscomponent voor diodes, transistoren en chips, ook vooral
omdat de elektronische eigenschappen van dit materiaal makkelijk veranderd kunnen
worden.

We willen graag weten wat er elektronisch gezien precies gebeurt met de ladings-
dragers (elektronen) in een halfgeleider. Dit kan worden omschreven door middel
van een zogenaamde bandenstructuur, die aangeeft welke elektronische toestanden,
beschreven door een koppel van energie en momentum, toegestaan zijn. De banden-
structuur is een theoretisch model die voor elk materiaal uniek is, en kan gebruikt
worden om veel fysieke eigenschappen van een materiaal af te leiden, zoals de geleid-
ing en de optische absorptie.
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Figure VIII.1: (A) Een stuk silicium, een zeer bekende halfgeleider die als hoofdcomponent
gebruikt wordt in computerchips. (B) Bandenstructuur van silicium, waarbij de bandkloof is
aangegeven met grijs, en het Fermi-energie is aangegeven met een rode lijn. (C) Schematische
weergaven van de laagste band die nog gevuld is met elektronen (valentieband) en de eerstvol-
gende lege band (geleidingsband) voor een metaal, halfgeleider en een isolator.

De bandenstructuur van silicium is weergegeven in Figuur VIII.1B. De toegestane en-
ergietoestanden zijn aangegeven met zwarte lijnen, die ook wel banden worden ge-
noemd. We kunnen deze energietoestanden van beneden naar boven vullen met elek-
tronen: elektronen zullen daarbij als eerst de vrije toestand van een zo laag mogelijke
energie bezetten tot een bepaald energiepunt waar alle elektronen gevuld zijn. Dit
energiepunt wordt ook wel de Fermi-energie genoemd, vernoemd naar de Italiaanse
natuurkundige Enrico Fermi. De Fermi-energie is dus de energie van het hoogst ge-
vulde energieniveau in de grondtoestand van de elektronen. In de bandenstructuur
voor intrinsiek silicium is dit punt aangegeven met een rode lijn.

De bandenstructuur laat zien dat de Fermi-energie voor intrinsiek silicium precies in
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een gebied ligt waar geen banden zijn (grijs gebied). Dit gat wordt ook wel een band-
kloof genoemd. De verschillende elektronische eigenschappen van isolatoren, gelei-
ders en halfgeleiders kunnen verklaard worden door de positie van het Fermi-niveau
ten opzichte van de bandkloof. Een vereenvoudigende schematische weergave van de
bandenstructuur van verschillende materialen is te zien in Figuur VIII.1C, waarin
de energietoestanden en bandkloof zijn te zien voor metalen, halfgeleiders en insula-
toren. De laatst gevulde band onder de Fermi-energie wordt ook wel de valentieband
genoemd, en de eerstvolgende lege band wordt de geleidingsband genoemd.

Als het Fermi-energie (aangegeven met een rode lijn) halverwege een band ligt, zijn er
dus hoger gelegen energietoestanden die bezet kunnen worden door elektronen. Door
toevoeging van energie kunnen elektronen deze toestanden bezetten, vrijkomen uit het
atoomrooster en vrij bewegen door het materiaal: dit zorgt voor elektrische geleiding.
Dit materiaal wordt ook wel een metaal genoemd.

Het Fermi-niveau kan ook midden in een energiekloof liggen, wat dus ook geldt voor
silicium. Als deze kloof heel groot is, dan is er geen enkele manier mogelijk om elek-
tronen over te brengen van die valentieband naar de geleidingsband: het materiaal
wordt dan een isolator genoemd, en geleiding is niet mogelijk in z’n materiaal. Bij
een halfgeleider ligt de Fermi-energie ook midden in een bandkloof, maar is deze kloof
relatief klein: elektronen kunnen dan nog wel in de valentieband gebracht worden.
De elektronen kunnen de bandkloof overbruggen door er veel energie aan mee te geven
waardoor ze de geleidingsband kunnen bezetten, en zodoende de halfgeleider geleidend
maken. Een gemakkelijkere manier is echter om ’verontreinigingen’ in te brengen.
Door Si te doteren met P of As kunnen we de positie van het Fermi-niveau verhogen
tot dicht bij de conductieband, waardoor er vrije elektronen zijn in de conductieband (n-
type halfgeleider). Omgekeerd kunnen we B dopering toebrengen die het Fermi-niveau
tot juist boven de gevulde valentieband brengt. Hierdoor ontstaan lege niveaus in de
valentieband, ’gaten’ die als positieve quasi-deeltjes ook voor geleiding zorgen. Dit is
schematisch aangegeven in Figuur VIII.1C. Het verschil tussen isolatoren en halfgelei-
ders is dat voor isolatoren de energiegrootte van de bandkloof tussen de valentieband
en de geleidingsband groter is dan 5 elektronvolt (eV), waarbij conventionele halfgelei-
ders een bandkloof hebben tussen de 1 en 1.5 eV.

Honingraat-geometrie

Het belangrijkste kernwoord in dit onderzoek is de honingraat-geometrie, maar wat
maakt deze zeshoekige symmetrie zo interessant? De interesse in de honingraat-
geometrie is ontstaan vanuit grafeen (Figuur VIII.2A), een materiaal wat is opgebouwd
uit een enkele laag koolstofatomen die in een honingraatstructuur zitten. Grafeen
is een geleidend materiaal, wat betekent dat de elektronen in een honingraatstruc-
tuur door het grafeen bewegen. Deze combinatie geeft grafeen bijzondere elektronische
eigenschappen, die we kunnen begrijpen door naar de bandenstructuur te kijken. De
bandenstructuur van grafeen (Figuur VIII.2B) laat zien dat rond de Fermi-energie de
elektronen een lineair verband hebben tussen de kinetische energie en hun impulsmo-

179



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 186PDF page: 186PDF page: 186PDF page: 186

VIII Samenvatting in het Nederlands

ment in plaats van een kwadratisch verband, wat normaal is voor deeltjes met massa.
In de natuurkunde is een lineair verband tussen de energie en golfvector kenmerk-
end voor massaloze lichtdeeltjes, die fotonen worden genoemd. Fotonen zijn de snelste
deeltjes die we kennen, die in vacuüm bewegen met een snelheid van 300.000 km/s.
Dit betekent dus dat elektronen, normaal gezien deeltjes met een bepaalde massa, bij
deze energietoestanden zich gedragen als massaloze lichtdeeltjes.

Alhoewel de elektronen in grafeen niet de snelheid van het licht bereiken, is het experi-
menteel aangetoond dat ze slecht 300 keer langzamer bewegen dan de snelheid van het
licht: effectief betekent dit dat grafeen honderd keer beter elektrisch geleidt dan sili-
cium. Het lineaire verband in de bandenstructuur komt overeen met een Dirac-kegel
in het energie-momentum schema E(px, p)y) (elk impuls moment in het grafeen vlak
is een vector combinatie van de x- en y-component). Dit is schematisch weergegeven
in Figuur VIII.2C. Hierbij laten we alleen de valentieband en de geleidingsband zien.
We zien dat kegels in het energie schema de energietoestanden beschrijven waarbij de
elektronen zich gedragen als massaloze lichtdeeltjes.
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Figure VIII.2: (A) Schematische weergave van het materiaal grafeen, wat is opgebouwd uit een
enkele laag koolstofatomen in een honingraatstructuur. (B) De bandenstructuur van grafeen.
Op de plek waar de energie nul is raken twee banden aangegeven in rood elkaar precies zonder
dat ze overlappen. Rondom dit punt is een linear verband te zien. (C) Een tweedimensionale
weergave van de twee banden waar ze elkaar raken. Als gevolg van het lineaire verband vormen
de banden kegels, die ook wel Dirac kegels genoemd worden.

Honingraat halfgeleiders

Het doel van dit onderzoek is om de elektronische eigenschappen van grafeen te com-
bineren met de elektronische eigenschappen van halfgeleiders. Maar waarom willen
we dit eigenlijk onderzoeken, aangezien grafeen op zichzelf al zo interessant is? De
voornaamste reden hiervoor is dat grafeen geen halfgeleider is, maar een zogenaamde
halfmetaal: de valentieband en geleidingsband raken elkaar perfect op de Fermi-energie.
Dit betekent dat grafeen geen bandkloof heeft dicht bij het Fermi-niveau, wat het
moeilijk maakt om het materiaal elektrisch te switchen van een toestand met veel
ladingsdragers naar een toestand zonder ladingsdragers. Dit elektrisch switchen in
een transistor is noodzakelijk bij logische operaties die plaatsvinden in grote circuits
van transistoren in een computer. Hiervoor wordt gedopeerd Si gebruikt.
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De interessante elektronische eigenschappen van grafeen, bijvoorbeeld de hoge snel-
heid van de elektronen, zijn gerelateerd aan de intrinsieke honingraat symmetrie.
Tweedimensionale halfgeleiders met dezelfde honingraat geometrie behouden hun nor-
male band kloof, maar de structuur van de conductie- en valentiebanden wordt mede
bepaald door de honingraat geometrie, en lijkt dus op de Dirac kegels van grafeen.
De peridiciteit van de honingraat is tientallen nanometers, veel groter dan bij grafeen.
Daardoor is de energie breedte van de Dirac banden veel kleiner dan bij grafeen, en zijn
de eigenschappen alleen goed te bestuderen bij voldoende lage temperatuur. Tweed-
imensionale halfgeleidermaterialen met een honingraat nanogeometrie worden in dit
onderzoek honingraat halfgeleiders genoemd.

De methode om honingraat halfgeleiders te maken in dit onderzoek is een zogenaamde
top-down benadering. Eerst wordt een tweedimensionaal halfgeleidermateriaal gegroeid
van enkele atoomlagen dik op een ander materiaal. Daarbij wordt gebruik gemaakt
van groeiprocessen die goed bekend zijn in de halfgeleiderindustrie. In die dunne,
tweedimensionale halfgeleider zitten de elektronen gevangen in de verticale z-richting,
maar ze kunnen vrij bewegen in de x- en y-richting in het vlak. Vervolgens wordt
een periodiek hexagonaal rooster van kleine gaten aangebracht in de dunne halfgelei-
der. Een schematische weergave hiervan is te zien in Figuur VIII.3A. Door de gaten
(weergegeven in blauw) in een hexagonale configuratie te plaatsen, worden de vrije
elektronen in de halfgeleider gedwongen om in een honingraat symmetrie te bewegen,
dus zoals in grafeen. De honingraat halfgeleider kan in perspectief worden gezien in
Figuur VIII.3B. De technologische uitdaging bestaat erin de gaten zo klein mogelijk te
maken en zo dicht mogelijk bij elkaar te zetten, en tegelijkertijd de hexagonale orde zo
goed mogelijk te handhaven. Hoe kleiner de rooster periodiciteit, hoe breder de ban-
den, en hoe robuster de elektronische Dirac structuur. Een dergelijk rooster van gaten
wordt gemaakt met behulp van een techniek die veelgebruikt wordt door de halfgelei-
derindustrie: lithografie.

A B

Figure VIII.3: (A) Bovenaanzicht en (B) zijaanzicht van een honingraat halfgeleider.

Lithografie

Het woord lithografie is afgeleid van de Oudgriekse woorden lithos (steen) en graphein
(tekenen/schrijven), wat dus letterlijk vertaald naar steendruk. Het is een druktech-
niek wat is ontwikkeld tussen 1794 en 1798 door Alois Senefelder. Vroeger werd

181



558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post558050-L-sub01-bw-Post
Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021Processed on: 12-4-2021 PDF page: 188PDF page: 188PDF page: 188PDF page: 188

VIII Samenvatting in het Nederlands

lithografie gebruikt voor het drukken van tekeningen en teksten door deze aan te
brengen in een bepaald soort kalksteen. Door deze vochtig te houden en het teken-
materiaal te vervangen voor drukinkt kan de afbeelding worden overgebracht op pa-
pier. Later kon door een meer ingewikkelde procedure ook meerkleurdrukken gemaakt
worden met deze techniek, wat uiteindelijk vooral z’n toepassing vond in het maken
van tekeningen. Een mooi voorbeeld hiervan is een litho van De Aardappeleters, een
wereldberoemd schilderij van Vincent van Gogh (Figuur VIII.4).

A B

Figure VIII.4: (A) Een tekening van De Aardappeleters (1885), origineel geschilderd door Vin-
cent van Gogh. Deze tekening is gemaakt in kalksteen, wat gebruikt kan worden voor lithografie.
(B) De tekening is direct gedrukt op papier door middel van een steendruk.

De hedendaagse lithografie techniek die gebruikt wordt om elektronische schakelin-
gen te maken ziet er iets anders uit. Deze lithografie techniek wordt fotolithografie
genoemd, en stelt ons in staat om zeer kleine structuren te ’printen’ met een grootte
tussen enkele micrometers en honderden nanometers groot. Het lithografieproces is
schematisch weergegeven in Figuur VIII.5A. De techniek maakt gebruik van een fo-
togevoelig masker, die als eerst aangebracht wordt op het materiaal. Tijdens het
lithografieproces zelf wordt er licht op het masker beschenen, die de oplosbaarheid
van het fotogevoelige masker veranderd. Dit is in Figuur VIII.5A aangegeven met rode
gebieden. Tijdens de ontwikkelstap waarbij het belichte materiaal in een chemisch
bad wordt geplaatst wordt de belichte of juist onbelichte deel van de fotogevoelige laag
verwijderd. We eindigen dus met een chemisch masker met een bepaald patroon in
deze laag. Het patroon wordt dan in de halfgeleider geprint door de rest van de fo-
togevoelige laag te bombarderen met ionen en/of moleculen. Het voordeel van deze
lithografie techniek is dat het uitermate geschikt is voor massafabricatie van elektron-
ische schakelingen in bijv. computerchips. In Figuur VIII.5B is een foto te zien van een
silicium schijf die is bewerkt met fotolithografie, waarin honderden microchips geprint
zijn. Elk van deze microchips bestaat weer uit miljarden transistoren

In dit proefschrift wordt geen gebruik gemaakt van fotolithografie, maar zijn andere,
vergelijkbare lithografie technieken gebruikt voor het fabriceren van honingraat halfgelei-
ders. De direct reden hiervoor is omdat conventionele fotolithografie niet verfijnd ge-
noeg is om roosters te maken met voldoende kleine periodiciteit (< 50 nm).

De eerste lithografietechniek die is gebruikt is elektronenbundellithografie. De principes
zijn precies hetzelfde als bij gewone fotolithografie, alleen wordt het fotogevoelige masker
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Figure VIII.5: (A) Schematische weergaven van het fotolithografieproces. (B) Een silicium
wafer waarin honderden computerchips zijn gemaakt door middel van fotolithografie. (C) Een
foto van een processor, die opgebouwd is vanuit miljarden transistoren. Deze zijn allemaal
gemaakt met behulp van fotolithografie.

niet beschenen met licht, maar met elektronen (Figuur VIII.6A). Hiermee kunnen
structuren geprint worden ter grootte van enkele tientallen nanometers, wat ongeveer
100 keer kleiner is vergeleken met conventionele fotolithografie. Een elektronmicroscoop
afbeelding van het hexagonale patroon gemaakt met elektronenbundellithografie is te
zien in Figuur. VIII.6B. Een groot nadeel van deze techniek is dat het nog niet geschikt
is voor massafabricatie, omdat structuren individueel moeten worden beschenen. Dit
kost ontzettend veel tijd. Zo heeft deze techniek ongeveer 12 dagen nodig om een
oppervlakte van een kubieke centimeter te printen. Om deze reden wordt er veel on-
derzoek gedaan in elektronenbundellithografie om het proces te optimaliseren, en laat
deze techniek ook vooral zien dat het mogelijk is om nog kleinere structuren te printen
vergeleken met fotolithografie.

De andere lithografie techniek die is gebruikt in dit onderzoek heet blokcopolymeer-
lithografie. Dit is een lithografie techniek die gebruik maakt van twee verschillende
chemische verbindingen die bestaan uit zeer grote moleculen. Deze zogenaamde poly-
meren kunnen op het halfgeleidermateriaal worden aangebracht, waar ze een zelfassem-
blage proces ondergaan door het masker te verwarmen (Figuur. VIII.6C). Tijdens
dit proces ordenen de polymeren zich in een bepaalde symmetrie, zoals bijvoorbeeld
vierkant of hexagonale structuren. De symmetrie en grootte kan gecontroleerd worden
door de compositie van de polymeer en de lengte van de polymeerketting te veranderen.
Doordat het zelfassemblage proces verschillend loopt per gebied, zullen de gaten niet
zo mooi gerangschikt zijn als bij het andere lithografieproces. Dit is goed te zien op de
elektronmicroscoop afbeelding van Figuur. VIII.6D. Het voordeel van dit proces is dat
nog kleinere structuren gemaakt kunnen worden, en dat het proces snel uitgevoerd
kan worden over grote oppervlaktes.
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Figure VIII.6: (A) Schematische weergave van elektronenbundellithografie, met daarbij een
raster elektronenmicroop afbeelding van de gemaakte honingraat halfgeleider met behulp van
deze techniek. (B) Schematische weergave van blokcopolymeerlithografie, met daarbij een raster
elektronenmicroop afbeelding van de gemaakte honingraat halfgeleider.

Wat staat er in dit proefschrift?

In dit proefschrift wordt onderzoek gedaan naar de elektronische eigenschappen van
tweedimensionale InGaAs halfgeleiders met een honingraat nanostructuur. Dit proef-
schrift kan worden onderverdeeld in drie delen: modelleren, maken en meten. Eerst
wordt de honingraat halfgeleider gemodelleerd door middel van het zogenaamde muffin-
tin model, waaruit de elektronische eigenschappen kunnen worden berekend. Vanuit
hier kunnen we de elektronische eigenschappen veranderen en optimaliseren door de
posities en grootte van de putten te veranderen (Hoofdstuk III). Vervolgens worden
de honingraat halfgeleiders gefabriceerd, zowel door middel van elektronenbundel-
lithografie als met behulp van blokcopolymeerlithografie (Hoofdstuk IV en V). De elek-
tronische structuur van de gefabriceerde honingraat halfgeleiders wordt gemeten door
middel van rastertunnelmicroscopie, waarmee de lokale elektronische eigenschappen
van het rooster nauwkeurig onderzocht kan worden (Hoofdstuk V). De resultaten wor-
den vergeleken met het theoretische muffin-tin model, en het effect van wanorde in het
honingraatrooster wordt zo kwantitatief mogelijk bepaald (Hoofdstuk VI).

Hoofdstuk II beschrijft de theorie en methodologie om het onderzoek in dit proef-
schrift te begrijpen. Eerst worden de algemene elektronische eigenschappen van bulk
en tweedimensionale halfgeleiders uitgelegd. Door gebruik te maken van een tight-
binding model worden de interessante elektronische eigenschappen van grafeen on-
derstreept. Door deze twee theorieën te combineren voorspellen we de elektronische
structuur van een honingraat halfgeleider. Verder wordt in dit hoofdstuk de fabricatie-
methodologie van de honingraat halfgeleiders besproken, inclusief de apparatuur die
daarvoor nodig is. Als laatst leggen we in meer detail uit hoe we de elektronische struc-
tuur van honingraat halfgeleiders kunnen meten met rastertunnelingmicroscopie en
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spectroscopie.

Hoofdstuk III behandelt twee verschillende muffin-tin modellen die de elektronische
structuur van de honingraat halfgeleider omschrijven. In een analytische aanpak van
het model kunnen we de bandenstructuur modelleren door een tweedimensionaal elek-
trongas op te sluiten in een periodiek hexagonaal rooster van gaten. De gaten worden
beschreven als hoge-energie gebieden waar elektronen dus niet kunnen komen (een
hexagonaal ’anti-rooster’). We kunnen de elektronische eigenschappen optimaliseren
door de parameters van het antirooster aan te passen. Daarbij zullen bijkomende ef-
fecten meegenomen worden in de berekening om meer realistische resultaten te verkri-
jgen. Aansluitend wordt de Schrodinger vergelijking voor het muffin-tin model nu-
meriek opgelost. De berekende energieniveaus, die banden vormen, kunnen we dan
vergelijken met de toestandsdichtheid gemeten met rastertunnelingspectroscopie.

Hoofdstuk IV beschrijft het werkschema om honingraat halfgeleiders te maken met
behulp van elektronenbundellithografie. Door een dunne laag van het halfgeleider ma-
teriaal InGaAs te groeien op een andere halfgeleidermateriaal kunnen we een kwan-
tumput creëren waarin we een tweedimensionaal elektrongas verkrijgen. Een hexag-
onaal antirooster in het InGaAs materiaal wordt verkregen door middel van elektro-
nenbundellithografie en verschillende ets procedures. De structurele kwaliteit van het
gemaakte honingraat halfgeleider, dus de vorm en de periodiciteit van de gaten rooster,
wordt gekwantificeerd met verschillende methodieken.

Hoofdstuk V presenteert de elektronische eigenschappen van een honingraat halfgelei-
der gemeten met rastertunnelingmicroscopie en spectroscopie. Door middel van blok-
copolymeerlithografie verbeteren we de kwaliteit en de dimensies van de honingraat
halfgeleider. Aan de hand van de dI/dV-spectra (toestandsdichtheid) observeren we
een robuuste "vlakke band" op specifieke symmetrie punten van het honingraatrooster.
Een elektronische vlakke band is een band waarbij de energie van de elektronen con-
stant is, dus onafhankelijk van hun impuls of hun golflengte. Een vlakke band is
een generieke eigenschap van de honingraat halfgeleider op voorwaarde dat er geen
hybridisatie plaatsvindt tussen de on-site orbitalen. De vlakke band verdween niet
als gevolg van de structurele wanorde in het honingraatrooster. Dit resultaat is een
aansprekend voorbeeld van hoe rooster-geometrie kan resulteren in zeer speciale elek-
tronische eigenschappen.

Hoofdstuk VI laat met behulp van twee theoretische modellen, namelijk het muffin-
tin model en de tight-binding model, zien wat het effect is van wanorde in een hon-
ingraatrooster op de elektronische eigenschappen van het honingraat halfgeleider. Hi-
erbij worden verschillende types van wanorde meegenomen in het model en laten we
zien dat de verwachten effecten terug te zien zijn in de experimentele metingen. Het
model laat zien dat de berekende vlakke band in het model bestand is tegen de energie-
verbreding wat veroorzaakt wordt door de roosterwanorde.

Hoofdstuk VII behandelt de verdere optimalisatie, toepassingen en mogelijkheden
van het onderzoek in dit proefschrift. Verdere verbeteringen van de orde en verlag-
ing van de periodiciteit in de honingraat halfgeleider is nu al mogelijk door middel
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VIII Samenvatting in het Nederlands

van nieuwe lithografie technieken zoals rasternaaldlithografie. Door een meetcircuit
te maken in de honingraat halfgeleider kunnen elektrische transport metingen uit-
gevoerd worden. De resultaten zijn van groot belang in de natuurkunde, en zullen
wellicht ook duidelijk maken of het voordelig is om honingraat halfgeleiders te ge-
bruiken in transistoren, bijvoorbeeld om gebruik te maken van de grote elektronenmo-
biliteit. Als laatste laten we zien er ook andere geometrieën leiden tot een interessante
bandenstructuur. "Rooster engineering" laat toe om halfgeleiders te fabriceren met
elektronische banden die interessant zijn voor de wetenschap, maar ook voor speci-
fieke toepassingen.
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