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1 Introduction

Optimization is a broad concept that can be loosely defined as increasing the effec-
tiveness in solving problems we are faced with. As such, optimization is widely used
across many disciplines. In computer science, optimization often refers to improv-
ing the performance of a given algorithm through the design and implementation of
new and more efficient procedures. In addition, there are optimization algorithms,
which typically refers to automatically finding (near-)optimal solutions to optimiza-
tion problems, typically defined in terms of objective functions to be maximized or
minimized as a function of a set of variables.

Because of the widespread application of optimization algorithms, many promi-
nent fields of research that focus on or heavily rely on optimization have been es-
tablished and actively continue to expand and grow. Optimization problems and
algorithms are frequently categorized at the highest level according to the types of
variables that are involved. Two commonly encountered types are discrete and con-
tinuous optimization. The focus of discrete optimization is finding of optimal solu-
tions for problems of which the solutions are countable. The problem variables are
then represented by integer, binary or categorical values. In continuous optimiza-
tion, problem variables are continuous and are most often represented by real-valued
variables. While discrete and continuous optimization are often treated disjointedly,
one can easily imagine a problem where both discrete and continuous variables are
present simultaneously. Such problems are known as mixed-integer optimization
problems, and while common in the real-world practice, they are often very chal-
lenging to solve [23] [21] [40].

Key to defining effective and efficient optimization algorithms is exploiting prob-
lem structure and other problem-specific information. Sometimes, such problem-
specific knowledge is well-defined and known a-priori. This is referred to as white-
box optimization. While a white-box setting approach can be very efficient, algo-
rithms exploiting problem-specific information are very often highly-tailored to deal
with only the problem at hand making it difficult to generalize them to other prob-
lems. Additionally, problem information may be unknown, incomplete, or incom-
prehensible prior to optimization. This is referred to as the black-box setting. In
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INTRODUCTION 1.1

order to exploit the structure of problems in a black-box setting, this information
needs to be extracted, learned and processed during execution. While more chal-
lenging, approaching a problem in the black-box setting allows for the creation of
more generic methodologies that can be applied to variety of problems and does not
require the understanding or specification of the problem structure a-priori. Such
problems are common in many real-world settings, making black-box algorithms
potentially very powerful and desirable.

In this thesis, we design a methodology for solving mixed-integer problems in
the black-box setting. In order to accomplish this, we take an in-depth look at some
existing algorithmic solutions and consider their applicability to the mixed integer
domain. We specifically turn to the field of model-based Evolutionary Algorithms
(EAs). EAs are optimization algorithms that are loosely based on general concepts of
natural evolution. These algorithms, pertaining to the research field known as evolu-
tionary computation, iteratively generate better solutions to a problem through inter-
leaving the selection of better solutions and creating variations of solutions that are
maintained in a population. Competent EAs exist in both, discrete and continuous
optimization domains, achieve efficient and scalable results on many well-known
benchmark problems. In this thesis we aim to see if the abilities of such EAs in their
individual fields can be retained when expanding the scope to mixed-integer opti-
mization.

Furthermore, much optimization literature focuses on solving a single, poten-
tially constrained, objective. This often does not represent problems in the real
world, where multiple objectives are often present that need to be optimized si-
multaneously. In many such cases, different objectives may directly oppose each
other, introducing an additional layer of difficulty. As EAs are well-suited for multi-
objective optimization in a black-box setting, this further motivates our decision to
study them in our work.

The remainder of this chapter is organized as follows. In Section 1.1 we for-
mally define mixed-integer problems, and summarize their importance and asso-
ciated challenges. In Section 1.2 we then provide an overview of the key research
objectives of this thesis, as well as a summary of the main results and observations.
Additionally, an overview of peer-reviewed publications which provide the back-
bone of this thesis is provided.

1.1 Mixed-Integer Optimization

Mixed-integer optimization focuses on solving problems where discrete and con-
tinuous variables exist simultaneously in the problem definition. This means that
optimization challenges that arise in both, discrete and continuous optimization
are all potentially present when dealing with a mixed-integer problem. Addition-
ally, because of the existence the different variable types, cross-domain interactions
between the discrete and continuous variables may also exist, and can pose addi-
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1
tional challenges. Such cross-domain interactions, caused by variable constraints or
objective-function-specific variable dependencies, in combination with already ex-
isting challenges inherited from the discrete and continuous domains make mixed-
integer problems generally particularly difficult to solve. In this thesis we refer to
such cross-domain dependencies as inter-variable dependencies, while variable de-
pendencies exclusive to the same domain type, discrete or continuous, are referred
to as intra-variable dependencies.

A Mixed-Integer Problem is defined as follows:

min f(x) = f(xd,xc) (1.1)

s.t. h(x) = h(xd,xc) = 0, g(x) = g(xd,xc) ≤ 0 (1.2)

where x represents the solution

x = xdxc = d0...dld−1 c0...clc−1 (1.3)

where di ∈ D ∈ N, ci ∈ C ∈ R and xd, xc are the groups of all discrete and con-
tinuous variables, respectively. In this thesis, although it does not affect generality,
D ∈ {0, 1}. f is the objective function (potentially a vector for multi-objective ver-
sion). h and g are sets of equality and inequality constraint functions respectively. If
both of these sets are empty, the Mixed-Integer problem is said to be unconstrained.

Mixed-Integer problems can be categorized as either linear programming (LP)
or non-linear programming (NLP) problems [23] [5]. Key characteristics of a linear
programming problem is that the objective function, as well as the equality and non-
equality constraint functions are linear in x. An important consequence of this is
that the feasible solution space of LP problems is convex, making such optimization
problems relatively simple. Many mixed-integer LP (MILP) solvers directly exploit
and rely on these characteristics [7].

In a real-world setting, such assumptions may not hold. Mixed-integer problems
that do not guarantee the linearity of the objective or constraint functions, and there-
fore do not guarantee the convexity of the solution space are known as mixed-integer
non-linear programming (MINLP) problems [39] [81] [2]. Throughout this work we
make no assumptions about the nature of the objective and constraint functions, re-
sulting in a generally challenging mixed-integer non-linear programming (MINLP)
problem setting.

1.2 Research Objectives and Thesis Overview

In this thesis we aim to design a novel model-based EA that is capable of achieving
efficiently scalable optimization for case of mixed-integer optimization under the
assumption that the optimization problem has exploitable problem structure (of non-
trivial nature). To this end, we aim to leverage already existing and proven to be
highly-competent EA mechanisms for discrete and continuous optimization, as well
as introduce new mechanisms catered specifically to the intricacies inherent to the
mixed-integer domain. To test our approach we will consider a set of mixed-integer

3



INTRODUCTION 1.2

problems with differently challenging characteristics, and compare our algorithm
with a selection of other state-of-the-art algorithms. Finally, we aim to achieve results
for a real-world application and showcase a proof-of-concept for a cancer treatment
pre-planning optimization.

Provided below is a general overview of the research objectives and main results
in the remainder of this thesis as well as citations of first-author peer-reviewed pub-
lications related to different chapters of this thesis.

Chapter 2
This chapter provides an overview of the key foundations of evolutionary algo-
rithms that are of importance to the research in this thesis, and introduces the reader
to some core terminology and challenges associated with evolutionary computation.
Model-based evolutionary algorithms are introduced and explained in more detail.
Particularly, two existing state-of-the-art model-based evolutionary algorithms are
introduced (LTGA and iAMaLGaM), which have achieved very good optimization
results in the domains of discrete and continuous optimization respectively. Some of
their main components provide the foundation for GAMBIT, the algorithm that the
research in this thesis ultimately has led to.

Chapter 3
Before looking closer at mixed-integer problem optimization, we first examine the
flexibility and capabilities of discrete model-based evolutionary algorithms, in par-
ticular the LTGA which governs the discrete part in GAMBIT, by considering a
well-known complex optimization problem: maximum satisfiability (Max-Sat). Fo-
cused on discrete optimization, we consider different optimization approaches and
local search hybrids in a black- and white-box settings to determine how known or
learned problem structure processing can be useful in solving max-sat problems. A
flexible family-of-subsets structure is used as well as mutual information based de-
pendency learning with LTGA, which becomes a permanent feature of the GAMBIT
algorithm developed in further chapters. This is also the cause for the acceptance of
solutions of equal quality when LTGA performs variation, which is of prime impor-
tance especially in the presence of large plateaus in the optimization landscape.

This chapter is based on the following publication:

K. L. Sadowski, P. A. N. Bosman, and D. Thierens. On the Usefulness of Linkage
Processing for Solving MAX-SAT. In Genetic and Evolutionary Computation Con-
ference, GECCO ’13, Amsterdam, The Netherlands, July 6–10, 2013, pages 853-–860,
2013.

Chapter 4
One of the key challenges of mixed-integer optimization is the potential occurrence
of various types of dependency between problem variables. In this chapter we iden-
tify subproblems of different levels of complexities that impose different types of
such variable dependencies for both discrete and continuous optimization. These

4
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1
are then used to introduce new mixed-integer problems which vary in the composi-
tion of variable dependency types and variable proportions from each domain and
introduces new sub functions with interdependent variables of both the discrete and
continuous type [78]. This chapter provides motivation as to why the use of prob-
lems designed with these fundamental components is a useful and a powerful way
of examining performance of mixed-integer problems.

This chapter is based on the following publication:

K. L. Sadowski, D. Thierens, and P. A. N. Bosman. Combining Model-based EAs
for Mixed-Integer Problems. In Parallel Problem Solving from Nature – PPSN XIII,
pages 342-–351, 2014.

Chapter 5
In this chapter we introduce GAMBIT: a Genetic Algorithm for Model-Based mixed-
Integer opTimization. We designed GAMBIT by integrating mechanisms from well-
known discrete and continuous model-based EAs. In addition, novel mechanisms
that allow explicit learning and processing of mixed-variable dependencies inherent
to mixed-integer problems are proposed. Thanks to a balanced integrated models
mechanism, a clustering algorithm and an adaptation of a parameter-free scheme,
GAMBIT is a parameter-free out-of-the-box optimization algorithm for the mixed-
integer domain. Through empirical experiments we show how each of the compo-
nents included in GAMBIT improves the performance of the algorithm. In addition,
we consider a selection of alternative algorithms and highlight the strengths and
benefits of using GAMBIT, as well as potential drawbacks. We observe that GAM-
BIT is a good, scalable alternative for mixed-integer optimization.

This chapter is based on following publications:

K. L. Sadowski, D. Thierens, and P. A. N. Bosman. GAMBIT: A Parameterless
Model-Based Evolutionary Algorithm for Mixed-Integer Problems. Evolutionary
Computation, 26(1):117—143, 2018.

K. L. Sadowski, P. Bosman, and D. Thierens. Learning and Exploiting Mixed
Variable Dependencies with a Model-Based EA. In IEEE Congress on Evolutionary
Computation (CEC’16), pages 4382—4389, 2016.

K. L. Sadowski, P. A. Bosman, and D. Thierens. A Clustering-Based Model-
Building EA for Optimization Problems with Binary and Real-Valued Variables. In
Proceedings of the 2015 on Genetic and Evolutionary Computation Conference,
GECCO’15, pages 911—918, New York, NY, USA, 2015. ACM.

Chapter 6
In this chapter we introduce a multi-objective version of GAMBIT, referred to as
MO-GAMBIT. Most multi-objective mixed-integer optimization algorithms handle

5



INTRODUCTION 1.2

multiple objectives through some form of objective scalarization. With the addition
of dedicated multi-objective mechanisms to GAMBIT, a novel multi-objective evo-
lutionary algorithm for the mixed-integer domain is obtained that can find a com-
plete trade-off set of solutions that approximates the optimal, i.e. Pareto, front. We
show that MO-GAMBIT outperforms a restart version of single-objective GAMBIT in
which different weighted scalarizations are used as well as a selection of other multi-
objective optimization algorithms for mixed-integer problems. We conclude that
MO-GAMBIT provides a useful foundation for real-world, multi-objective mixed-
integer optimization.

This chapter is based on the following publication:

K. L. Sadowski, D. Thierens, and P.A.N. Bosman. Optimization of Multi-Objective
Mixed-Integer Problems with a Model-Based Evolutionary Algorithm in a Black-Box
Setting. [Submitted for review (journal article))]

Chapter 7
In this chapter MO-GAMBIT is applied to a real-world medical application: auto-
matically optimizing brachytherapy prostate cancer treatment plans. Brachytherapy
is a form of radiotherapy whereby a radiation source is guided near tumors, using
devices such as catheter implants. In the present clinical work-flow, catheters are
first placed inside or close to the tumor based on clinical expertise. Subsequently,
software is used to design a plan for the delivery of radiation. Treatment planning is
essentially a multi-objective optimization problem, where conflicting objectives rep-
resent radiation delivered to tumor cells and healthy cells. However, current clinical
software collapses this information into a single-objective, constrained optimization
problem. Moreover, catheter positioning is typically not included. As a consequence,
it is hard to obtain insight into the true nature of the trade-offs between key planning
objectives and the placement and number of required catheters. Such insights are
however crucial in understanding how better treatment plans may be constructed.
To obtain such insights, we interface with real-world clinical software and derive po-
tential catheter positions for previously treated patients. Selecting and configuring
catheters while obtaining insight into the most important trade-offs requires multi-
objective mixed-integer optimization. To this end, we use MO-GAMBIT. Our results
indicate that clinically acceptable plans of high quality may be achievable with less
catheters than typically used in current clinical practice [80].

This chapter is based on the following publication:

K. L. Sadowski, M. C. van der Meer, N. H. Luong, T. Alderliesten, D. Thierens,
R. van der Laarse, Y. Niatsetski, A. Bel, and P. A. N. Bosman. Exploring Tradeoffs
Between Target Coverage, Healthy Tissue Sparing, and the Placement of Catheters
in HDR Brachytherapy for Prostate Cancer Using a Novel Multiobjective Model-
based Mixed-integer Evolutionary Algorithm. In Proceedings of the Genetic and
Evolutionary Computation Conference, GECCO ’17, pages 1224-–1231, New York,
NY, USA, 2017. ACM.
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1Chapter 8
In this final chapter we provide a short overview and summary of our work. We
furthermore discuss limitations of our approach as well as potential extensions to
further improve our results.
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2 Evolutionary Algorithms

Evolutionary Algorithms (EAs) can be summarized as meta-heuristic population-
based optimization algorithms. EAs are the algorithms found in the field of Evo-
lutionary Computation which is a subfield of artificial intelligence. EAs are loosely
based on the Darwinian concepts of biological evolution, in which a population of
solutions improves over time, utilizing the improvements discovered in past iter-
ations [36] [26] [34]. EAs have been shown to be a powerful approach to solving
many types of optimization problems in case of discrete as well as continuous prob-
lem variables. While many different variants of EAs exist across different domains,
a common underlying idea and general functionality is shared between them.

This chapter describes the core, shared, concepts present across different EA-
based optimization approaches. These core concepts are explained by means of tak-
ing the simple Genetic Algorithm (sGA) as an example, as this relatively simple EA
for discrete representations can be considered to encompass many characteristics of
evolutionary-based optimization [45][46]. Pros and cons of this approach are consid-
ered, and an introduction is made to model-based EAs, which address some of the
known shortcomings of simpler EAs.

Two well-known model-based EAs, the Linkage Tree Genetic Algorithm (LTGA)
and the incremental Adapted Maximum-Likelihood Gaussian Model Iterated Den-
sity Estimation Evolutionary Algorithm (iAMaLGaM), are also introduced in detail
in this chapter, as they provide the backbone to the mixed discrete and continuous
optimization capabilities of GAMBIT, explained in further chapters of this thesis.

2.1 Basic Terminology and simple Genetic Algorithm

The Simple Genetic Algorithm (sGA) is not directly used to design GAMBIT. How-
ever, it provides a foundation of population-based optimization approaches for dis-
crete representations. While evolutionary-based optimization has substantially
evolved since the introduction of sGA, the core concepts associated with structures
and terminology are still very much present. Moreover, sGA provides a good exam-
ple of a simple, yet effective approach.

A solution encoding (also called solution) swith a discrete representation consists
of a set of variables d0, .., dl−1, where dj represents a value taken from a discrete

9



EVOLUTIONARY ALGORITHMS 2.1

Figure 2.1: A simple visualization of the evolutionary algorithm framework

set of possibilities for a specific problem variable and l is the number of problem
variables. Such a solution, when assessed with an evaluation function (also called
fitness function), results in a fitness value that represents how well this solution
solves the given problem. In discrete optimization, all the problem variables are
discrete: either binary, or integer. A set of such solutions s = s1, .., sn−1, forms a
population, where si denotes the i-th solution in the population with population
size n, as illustrated in Figure 2.2.

A population of solutions is iteratively changed (i.e., evolved). Each iteration is
called a generation. The goal is to improve the population over time with regards to
the fitness function. This, in any EA, is accomplished by two mechanisms: selection
and variation. While the specifics of these mechanisms can vary substantially across
different algorithms, the main idea remains the same. Better solutions are selected
(more frequently) and used to create new solutions by making variations of these
solutions, making use of the joint information that they represent, e.g., by making
combinations of the selected solutions. In sGA, selection and variation are clearly
identifiable phases, or operators, in the algorithm. Selection creates a set of so-called
parent solutions that are subject to the variation operations, resulting in evolved, so-
called offspring solutions. A new population of solutions is constructed by means of
combination of the offspring and the old population, which could entail entirely dis-
carding the old population. The process then begins anew. In practice, an EA often
starts with a randomly initialized set of solutions and the generational advancement
continues until some termination criterion is met. The general outline of an EA is
illustrated in Figure 2.1.

In the sGA, the selection phase often utilizes so-called tournament selection,
where randomly selected small sets of solutions from the population compete against
each other, in terms of their fitness value, and only the best solution is copied to the
parent pool. This results in only high fitness solutions reaching the variation stage,
where they are processed further to make offspring solutions. In sGA, the variation
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Figure 2.2: Population of a genetic algorithm, with population size n and number of problem variables
l, and fitness evaluation function f .

stage generally includes two operations: crossover and mutation. Crossover allows
two solutions to mix and share parts of their solutions with each other, while mu-
tation changes, usually with very low probability, values of a given solution before
the offspring solution creation is finalized. Figure 2.3 illustrates the process of a so-
called 1-point crossover, followed by mutation to generate two example offspring
solutions. Selection and variation are configured so that n offspring solutions are
created.

Figure 2.3: Variation of two selected parent solutions using 1-point crossover and bit-wise random
mutation. First a randomly chosen crossover point is selected, after which parts of the solutions are
swapped. Then, mutation changes values of the solutions using a low probability of making a ran-
dom new value assignment to each variable independently. This ultimately results in two offspring
solutions.

The sGA, though simple in its design, has proven very useful and efficient for
many academic and real-world problems, and is often considered a cornerstone of
evolutionary computation. A big drawback of this relatively simple approach how-
ever, is its inability to automatically adapt the variation operators to process problem
structure such as variable dependencies. Because such information is not considered
in the classical recombination and mutation operators associated with sGA, these op-
erators can be very disruptive in the sense that combinations of values for strongly
dependent variables are copied from parents to offspring with very low probabil-
ities, making it difficult to find high-quality solutions if many such sets of strong
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dependent variables exist. This, and other optimization challenges related to EAs
are detailed in the next section.

2.1.1 Optimization Challenges

Because many core concepts are shared across the entire field of evolutionary com-
putation, a common set of challenges can be identified, despite major differences in
various EA implementations.

Exploration versus Exploitation

One of they key challenges is the management of so-called exploration versus ex-
ploitation [32] [91]. Exploration refers to the ability of EAs to examine different,
previously unconsidered areas of the search space, potentially even far away from
where the first solutions were initialized. The ability to explore effectively can be of
great benefit if the global optimum is hard to find, e.g., due to the presence of (many)
local optima, or if the global optimum is located far away from where the population
is located in the search space. It can however also be a hindrance to the optimization
as too much exploration can lead to needless and inefficient search in regions of the
search space which are not interesting. Exploitation is effectively the opposite to ex-
ploration, as it describes the ability to focus the search in a given area and efficiently
find high-quality solutions in that area. While exploitation may lead to improved
ability of reaching a local optimum, it may also deter the search from other promis-
ing areas in the search space where a potentially better local optimum, or in fact
the global optimum may be located. While there is no easy answer to how much
exploration versus exploitation should be performed by an algorithm, the interplay
between factors such as the population size p, and the mechanisms used for the se-
lection and variation phases of execution are crucial to reaching an efficient balance.
The challenge of efficiently balancing the exploration and exploitation capabilities of
an algorithm becomes arguably even larger when working with mixed-integer prob-
lems. In this thesis, we will introduce mechanisms specifically aimed at improving
the balance of exploration and exploitation when solving mixed discrete-continuous
optimization problems and utilize them in GAMBIT.

Parameterization

Even for the sGA, many parameters require consideration before optimization can
take place. Population size, number of solutions involved in the selection phase, and
probability of mutation are just some of the parameters that need to be determined.
If the type of problem being solved is well-understood, it may be possible to compe-
tently pre-determine these parameters. However, in case of black-box optimization,
often encountered in the real-world, it may be impossible to set the parameters so
that efficient optimization is achieved without further analysis of the problem, or
much trial-and-error. To deal this issue, we will design GAMBIT such that the need
to set any parameters prior to execution is essentially removed.
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Variable Dependencies

For many non-trivial problems, certain variables will be dependent on each other.
That is to say that if all variables were to be independent, they would each have a
separate contribution to the fitness function, making the problem relatively easy to
solve as each variable can then be set optimally simply by considering each variable
separately and determining the best value just one variable at a time. Especially
if the variables are binary or low-cardinality integer, the problems becomes trivial
to solve. Intuitively, the existence of variable dependencies means that a change to
some problem variables, without consideration of their dependencies, could have a
very negative effect on the optimization effectiveness of an EA. In cases where de-
pendencies exist between problem variables, sGA can become very inefficient [86].
This is because the crossover operator picks the crossover-point at random without
consideration of underlying problem structure, leading to potentially very disrup-
tive behavior and exponential scale-up of the population size. A proper crossover,
can however be effective and efficient [43].

The proven benefits of properly considering problem structure in terms of vari-
able dependencies, led to materialization of a novel type of EA, namely the model-
based Evolutionary Algorithms. Such algorithms utilize the core concepts of EAs,
but they infuse this process with the ability to learn and exploit the underlying prob-
lem structure. Especially in a black-box setting, underlying variable dependencies
can have a strong influence on to how difficult a problem is to optimize. The chal-
lenges this poses, are potentially even more difficult when faced with mixed-integer
problems, as variable dependencies may then span across different domains. Effec-
tiveness in dealing with the latter is central to the design of GAMBIT.

2.2 Model-Based Evolutionary Algorithms

Model-based EAs are a specific type of EAs, which attempt to learn and represent
characteristics of the optimization problem in a model that can be exploited during
variation. Among these MBEAs, many of them focus on capturing and processing
variable dependencies, a key type of complexity-imposing problem characteristics,
in order to improve the optimization performance. Gene-pool Optimal Mixing Evo-
lutionary Algorithms (GOMEAs) [88] are a relatively recent representative of this
class of algorithms. By introducing a new means of defining and exploiting impor-
tant building blocks of a problem, GOMEAs utilize the central GA notion of exchang-
ing (good) parts of solutions approach in a potentially much more powerful way.
Estimation of Distribution (EDA) [55] [68] [60] algorithms utilize statistical model
building mechanisms to model and process variable dependencies. Where the for-
mer were originally introduced and proven effective for discrete solution represen-
tations, the latter has various state-of-the-art instances for continuous variables. In
this section we detail an algorithm from the GOMEA family, as well an EDA, which
are powerful in their respective domains, and are used to provide many components
of GAMBIT.
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2.2.1 Linkage Tree Genetic Algorithm

The Linkage Tree Genetic Algorithm (LTGA) is a member of the Gene-pool Optimal
Mixing Evolutionary Algorithm (GOMEA) family [88] and was introduced for bi-
nary variables. For any GOMEA instance, to generate a new solution, a collection of
subsets of problem variables, known as the Family of Subsets, or FOS, is traversed
and each subset is used in a mixing operation with existing solutions. The ratio-
nale behind using a FOS structure is to explicitly identify and exploit subsets which
make up important building blocks. Generally, FOS subsets could be composed of
any number of variables. These subsets can be acquired in a variety of ways ranging
from always enforcing completely independent subsets of one variable each, or oth-
erwise predetermined subsets, to some learning procedure. In LTGA, hierarchical
clustering is employed to arrive at a so-called linkage tree that expresses a hierarchi-
cal clustering of variable dependencies, ranging from independent to fully depen-
dent. Each node of this tree is considered a FOS subset. An example of a linkage tree
and the associated FOS is given in Figure 2.4.

Figure 2.4: A linkage tree created with a hierarchical clustering algorithm, and its associated FOS
structure.

To perform hierarchical clustering, mutual information is used as the basis for a
distance measure. A tree is built from the bottom-up, where each node represents a
subset of problem variables. This process starts from singleton clusters that are leaf
nodes of the linkage tree, where each cluster contains only one problem variable. In
more recent versions of LTGA, an unweighted pair group method with arithmetic
mean (UPGMA) is used as a distance metric based on pairwise dependencies, not
full MI [84][37]. Building a LT with this distance metric improves performance, as it
can be done in O(nl2) time.

Each linkage tree node represents a potential dependency between some subset
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of problem variables. As illustrated in Figure 2.4, each linkage tree node becomes a
subset of the FOS. Compared to discrete EDAs, that came before LTGA, more infor-
mation can now be obtained in less runtime, while still having only a linear number
of subsets, as exactly 2ld − 1 subsets are created each time where ld represents the
number of discrete variables.

The general procedure of LTGA is as follows. First, an initial population of N
randomly generated solutions is created and each solution is evaluated. In each gen-
eration, the linkage tree is built using hierarchical clustering. Next, every solution in
the population is considered (in turn). For each solution, a copy is created to start the
creation of an offspring solution. Each of the subsets in the FOS is then considered in
a random order. For each of these subsets, a random donor solution from the current
population is selected. Variable values specified by the current FOS subset of the
donor solution are copied onto the corresponding variables of the current offspring
solution. This mixing process alters the offspring solution, which is immediately
evaluated. If this mixing, depicted in Figure 2.5, results in an equally good, or better
(a contribution first made by the work in Chapter 3 of this thesis), solution than the
solution before mixing, the new offspring solution is saved. Otherwise, the changes
are discarded. If no improvement is found after processing all of the FOS subsets,
a Forced Improvements (FI) mechanism is invoked. In FI the mixing procedure is
repeated, using as the donor the best solution currently available in the population.
FOS subsets are processed again and once an improvement is found for a subset, the
solution is accepted and the remaining subsets are omitted. FI have been shown to
improve the convergence of solutions, without overly increasing the selection pres-
sure ([18]). After each solution in the population is processed in this fashion, the
offspring solutions replace the parent population.

Figure 2.5: Creating offspring solution with a FOS subset.

LTGA achieves very good results on problems such as Deceptive Trap, NK-Landscapes,
MaxCut, and Hierarchical Functions [18] as well as MAX-SAT [77] (the latter being a
contribution made by the work in Chapter 3 of this thesis).
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2.2.2 iAMaLGaM

The estimation of distribution algorithms (EDAs), have their roots in discrete rep-
resentations, but are today perhaps best known for the state-of-the-art algorithms
in this class for continuous optimization. EDAs generate selection pressure by se-
lecting a fraction of best solutions currently present in the population. Unlike other
EAs, EDAs utilize information from all selected solutions at once, through the use of
a probability distribution over all of the solutions. These distributions are estimated
from the selected solutions and used to sample offspring solutions [68].

The Incremental Adapted Maximum-Likelihood Gaussian Model Iterated Den-
sity Estimation Evolutionary Algorithm (iAMaLGaM) is a state-of-the-art Estimation-
of-Distribution Algorithm (EDA) for real-valued black-box optimization [15]. Fol-
lowing the general EDA paradigm, iAMaLGaM estimates a Gaussian distribution
every generation from the selected solutions and generates new solutions by sam-
pling the estimated distribution. The mean vector and covariance matrix are esti-
mated incrementally using intergenerational memory decay on maximum-likelihood
estimates. A mechanism which scales up the values in the co-variance matrix when
needed (based on the average improvement) is used to counteract the risk of prema-
ture convergence on slope-like regions of the search space. This mechanism works
in tandem with the intergenerational Anticipated Mean Shift (AMS). AMS is a multi-
generation spanning mechanism responsible for considering and adapting to the di-
rection the estimated distributions shift over generations. The optimization perfor-
mance of iAMaLGaM has been shown to be invariant to rotations of the search space
(if the full covariance matrix is used) and to scale-up very well on many well-known
black-box optimization benchmarks [16] [17].

The general procedure of iAMaLGaM is consistent with the EA paradigm and
can be summarized as follows. Initially, a random population of solutions is cre-
ated. If known, an initialization range can be specified for problem variables. All
variables in each solution of the initial population are randomly generated from this
range, and the evaluation function is used to calculate the fitness of each solution. A
selection typically spanning the top 35 percent of best solutions, based on the fitness
values determines a set of solutions which are used to estimate the parameters of the
updated distribution, as outlined above. The updated distribution can now be used
to sample an entire new population of solutions. Once all new solutions have been
sampled, these new solutions replace the population. Typically, the best solution is
copied from the current generation to the next. A general visualization of the process
can be found in Figure 2.6.

2.3 Summary

While the field of evolutionary computation has significantly advanced over the
course of past years, core concepts have remained similar ever since the introduc-
tion of the simple Genetic Algorithm. Key concepts include maintaining a popula-
tion of solutions and the use of selection and variation operators in a generational
process. Likewise, key challenges to the design of effective and efficient EAs remain
the same though many strides have been made to overcome these challenges for dif-
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Figure 2.6: Simplified example of iAMaLGaM execution for 2 subsequent generations for a specific
2-variable minimization problem, the 2D slope: c0 + c1.

ferent settings (e.g., types of optimization problem). Trade-offs between exploration
and exploitation, efficient ways to reduce the number of parameters to be set by a
user without (drastically) losing performance, or ways to handle problems where
variable-dependencies are present are some of the core challenges in evolutionary
computation.

Model-based evolutionary algorithms have more recently become a prominent
approach to effectively address some of such challenges. Two state-of-the-art EAs,
LTGA and iAMaLGaM, for the discrete and continuous domain respectively, have
been shown to provide many advantages over simpler approaches in terms of scal-
ability and the ability to address variable dependencies, especially when faced with
black-box optimization problems with exploitable underlying structure.

The observed performance of LTGA and iAMaLGaM motivates their potential
applicability to the mixed-integer domain. While mixed-integer optimization intro-
duces many new challenges, they are inherent discrete and continuous components
to the mixed-integer optimization process. Because of this, proven mechanisms of
model-building EAs for individual variable domains may be highly valuable to the
design of an effective and efficient mixed-integer black-box EA.
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3 Gene-pool Optimal
Mixing EAs for Max-Sat

This chapter is based on the following publication:

K. L. Sadowski, P. A. N. Bosman, and D. Thierens. On the Usefulness of Linkage
Processing for Solving MAX-SAT. In Genetic and Evolutionary Computation Con-
ference, GECCO ’13, Amsterdam, The Netherlands, July 6–10, 2013, pages 853—860,
2013.

3.1 Introduction

How to best exploit a problem’s structure is an ongoing research topic both in a
black-box setting where no knowledge on the problem at hand is available and in a
white-box setting where it is available. Linkage models, which attempt to describe
meaningful dependencies between variables, can be powerful tools for the creation
of new, highly-fit solutions. Mixing may be disruptive with respect to important
building blocks otherwise [87]. A group of linkage models known as the family of
subsets (FOS) has previously been introduced, and used with the Gene-pool Optimal
Mixing Evolutionary Algorithm (GOMEA) framework [88]. The GOMEA frame-
work provides an efficient mechanism for mixing partial solutions and generating
new candidate solutions, given a FOS linkage model.

The FOS model represents the linkage between problem variables. Learning link-
age and building a FOS model can be done in various ways including learning of
variable dependencies or using a predetermined structure, when it can be derived.
Within the GOMEA framework, we are interested in studying whether differently
acquired FOS linkage models can have a significant impact on the fitness of gener-
ated solutions. In other words, when is the overhead of exploring linkage informa-
tion useful ?

In this chapter we study the Maximum Satisfiability (MAX-SAT) domain to ana-
lyze the effects of using different linkage models. The definition of the Satisfiability
Problem (Section 3.2) permits us to take two separate approaches: black-box and
white-box.
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In the black-box setting, we assume no problem-specific information is known.
We examine a GOMEA instance which dynamically learns the FOS linkage model
by generating a linkage tree. This Linkage Tree Genetic Algorithm (LTGA) has al-
ready been successfully used to solve problems such as the Nearest Neighbor NK-
landscape or Deceptive Trap Functions with high efficiency [88]. We study whether
the benefit of learning linkage extends to solving MAX-SAT problems. We also study
the effects of complementing the LTGA with a local search, and contrast the results
with another black-box algorithm, hBOA [69].

From the white-box optimization perspective, more of the SAT problem’s infor-
mation is exploitable. In addition to learning the linkage with LTGA, we introduce a
new GOMEA instance: SAT-GOMEA. This algorithm predetermines the FOS linkage
structure by exploiting the structural information from the SAT problem’s formula
definition. We show that for SAT problems known to posses an underlying structure,
using linkage information yields significantly better solutions than for GOMEA in-
stances which ignore linkage. We also present the benefits of combining LTGA and
SAT-GOMEA with the well-known Walksat LS in the white-box setting.

While the main goal of this chapter is to establish the significance of explor-
ing variable linkage in the GOMEA instances, we also wish to study how our hy-
brid LTGA+Walksat and SAT-GOMEA+Walksat algorithms compare to SAT solvers
Walksat and GSAT. Local search (such as GSAT, or Walksat) in the MAX-SAT domain
have been reported by Rana and Whitley [72] to perform better than GAs. We wish
to show how LTGA and SAT-GOMEA behave on both, uniformly distributed and
structured MAX-SAT benchmarks, when combined with LS algorithms.

The remainder of this chapter is organized as follows. In Section 2, we provide
background information on linkage models and GOMEA. Then we define the Maxi-
mum Satisfiability problem and the benchmarks used in our experiments. In Section
3, we describe the black-box approach. Different FOS linkage model-building algo-
rithms, as well as the experimental results are presented and discussed. In Section
4, we examine the white-box setting. We explain the SAT-GOMEA algorithm, and
analyze the effects of different linkage models. We also provide experimental re-
sults of the hybrid LTGA+Walksat and SAT-GOMEA+Walksat algorithms. Section 5
summarizes and concludes our findings.

3.2 Background

The Gene-pool Optimal Mixing Algorithm (GOMEA) is a framework which we use
to explore the benefits of considering linkage information in the MAX-SAT domain.
This section provides background on GOMEA and how the family of subsets (FOS)
linkage model is used to create GOMEA instances. We also explain the MAX-SAT
problem and present the SAT benchmarks used in our experiments.

3.2.1 Linkage Models and GOMEA

A linkage model has the capacity to represent groups of variables for a given prob-
lem, which make an important contribution to the fitness of solutions. In this chapter,

20



3.2 BACKGROUND

3

we use the family of subsets (FOS) linkage model to represent variable dependencies.
A FOS is a set of subsets of a main set, which contains all problem variables [89]. Es-
sentially each subset of the FOS contains between one and l − 1 items, where l is the
number of problem variables. The number of subsets, their length and composition
is determined based on the different FOS model-building algorithms. The difference
between GOMEA instances used in this chapter lie in how the FOS linkage model
was determined.

GOMEA is a family of genetic algorithms which generate new solutions through
mixing, given a FOS structure [89]. Initially, a random population of solutions is
created and evaluated. Then, for each solution, the mixing process takes place. Each
subset of the FOS model is used as the variation operator, or a mask, which is applied
to copy values from a randomly picked donor solution from the population to the
cloned solution and the effect is evaluated immediately. If for a given subset, the
mask applied from the donor to the solution generates a higher-fitness solution, this
new solution is kept. If it does not result in a better solution, the mask is rejected. For
every solution, this mixing continues until all the FOS model masks have been tested.
It guarantees that the generated candidate solutions are not worse than the original
parent. If the solution is not improved after all the FOS masks are applied, Forced
Improvement (FI) takes place [18]. The mixing process is repeated for this solution,
but this time the donor is the best available solution in the population, instead of
a random one. If this process also fails at improving the solution, this solution is
entirely replaced with the best solution from the population. Ultimately, the set of
newly generated solutions replaces the parent population entirely. Pseudo-code of
this algorithm can be found in Figure 3.1.

3.2.2 Problem Definition

The Boolean Satisfiability (SAT) Problem is a well-known NP-complete problem. Its
instance consists of a set of Boolean variables X = {x1, x2, x3, .., xl}, as well as a
Boolean formula F : {0, 1}n → {0, 1}. This formula is a logical conjunction of clauses
of the form c1 ∧ c2 ∧ c3 ∧ ... ∧ cm, where each clause ci is a logical disjunction of a
subset of the problem variables (or its negations).

An example clause would be ci = (x1 ∨ x2 ∨ ¬x4) etc. An example of a complete
formula with l=3 variables and m=3 clauses could look like (¬x2)∧ (x1 ∨x2 ∨¬x3)∧
(¬x1 ∨ x2).

The objective in solving a SAT Problem is to find a variable assignment v : X →
{0, 1}, which will result in the Boolean formula evaluating to True. MAX-SAT is
a generalization of the SAT problem. The objective of a MAX-SAT problem is to
maximize the number of clauses which evaluate to True. In this chapter the number
of unsatisfied clauses (false clauses) is a measure of fitness, where zero refers to a
fully satisfied formula. This means that in our experiments our goal is to minimize
the fitness value.
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GOMEA //population size n, problem size l
for i ∈ {0, 1, . . . , n− 1} do
Pi ← CREATERANDOMSOLUTION()
EVALUATEFITNESS(Pi)

while ¬TERMINATIONCRITERIONSATISFIED do
xbest ← arg maxx∈P{fitness[x]}
S ← TOURNAMENTSELECTION(P, n, 2)
LEARNMODEL(S)
for i ∈ {0, 1, . . . , n− 1} do
Oi ← FI-GOM(Pi)
P ← O

FI-GOM(x)
b ← o ← x; fitness[b] ← fitness[o] ← fitness[x]; improved ←
false
for i ∈ {0, 1, . . . , |F| − 1} do

p← RANDOM({P0,P1, . . . ,Pn−1})
oF i ← pF i

if oF i 6= bF i then
EVALUATEFITNESS(o)
if fitness[o] > fitness[b] then
bF i ← oF i ; fitness[b]← fitness[o]; improved← true

else
oF i ← bF i ; fitness[o]← fitness[b]

if ¬improved then
for i ∈ {0, 1, . . . , |F| − 1} do

oF i ← xbest
F i

if oF i 6= bF i then
EVALUATEFITNESS(o)
if fitness[o] > fitness[b] then
bF i ← oF i ; fitness[b]← fitness[o]; improved← true

else
oF i ← bF i ; fitness[o]← fitness[b]

if improved then breakfor
if ¬improved then

o← xbest; fitness[o]← fitness[xbest]

Figure 3.1: Pseudo-code for GOMEA where FI-GOM is the genepool optimal mixing operator with
forced improvement for a single solution.

SAT Benchmarks

To show whether linkage information can improve the fitness of generated solu-
tions we need to examine benchmarks with both, little and lots of underlying struc-
ture. Benchmarks generated from a uniformly randomized distribution are expected
to have very little exploitable structure in terms of variable dependencies. Other
benchmarks, such as non-uniform random, handmade or industrial benchmarks are
expected to have more structure.

Empirical data is gathered over a set of benchmarks available from the SAT Prob-
lem Library: SAT-Lib [47]. Differently sized benchmarks, in terms of number of
variables and clauses are considered, as well as different benchmark types: random,
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handmade and industrial. Summary of all benchmarks can be found in Table 3.1.
The ’unif’ benchmark instance is the only instance generated randomly from a uni-
form distribution.

Benchmark Abbr. Vars. Clauses Type
uuf250-01 unif 250 1065 Random
sw100-X sw100-X 500 3100 Random
am-5-5.shuffled-
as.sat03-361

am-5-5 1076 3677 Industrial

hardnm-L32-03-
S1527311839.shuffle
d-as.sat03-942

hard32 1024 4096 Random

C880mul.miter.
shuffled-as.sat03-
348

C880 1612 9373 Industrial

20000009987nc.
shuffled-as.sat03-
1665

2nc 2756 10886 Handmade

Table 3.1: Specifications of the MAX-SAT benchmarks used in this chapter.

3.3 Black-Box Optimization

From the black-box optimization (BBO) perspective, problem-specific information is
unknown. It is a generic perspective, where only the number of variables and the
evaluation function are given. In this setting, the number of evaluations performed
by any algorithm in order to reach better fitness values is a frequently used mea-
sure of performance. It should be noted however, that building a linkage model
also requires computational effort. This effort may be non-negligible. However, it
should also be noted that the LTGA requires a relatively small computational over-
head of O(nl2), compared to most higher-order model-building evolutionary algo-
rithms such as hBOA, which requires O(nl2 + l3) [70]. To study the behavior of
different linkage models, we consider the linkage learning algorithm LTGA and con-
trast it against other GOMEA instances. We also compare our black-box results with
the well-known hBOA EDA [69].

3.3.1 Algorithms

In this section, we examine how much influence learning linkage information has on
the quality of generated solutions. To do this, we study the performance of GOMEA
instances which determine the FOS linkage structure differently.

Before providing an overview of the BBO algorithms used, a small algorith-
mic change to the GOMEA’s solution acceptance criteria is worth noting. Previous
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GOMEA instances often share the same solution acceptance criteria. A newly gener-
ated solution is only accepted and introduced to the population if this new candidate
solution is strictly better than its parent. We replaced this condition with a less strict
one. More specifically, a solution will replace its parent if it is at least as good. In
terms of a SAT problem, this allows for more plateau exploration and diversifica-
tion of the population, as equally good, but different solutions are not rejected. This
change has been applied to all GOMEA instances discussed in this chapter. Figure
3.2 exemplifies typical improvements achieved with this modification, which can be
substantial.
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Figure 3.2: Typical improvement from accepting equally fit solutions during mixing.

LTGA

The Linkage Tree Genetic Algorithm is a GOMEA instance that learns the linkage be-
tween the problem variables, by generating a linkage tree at each generation. Build-
ing this tree is accomplished by a hierarchical clustering algorithm [87]. To measure
dependencies between variables the hierarchical clustering algorithm uses mutual
information. Based on this measure the linkage tree is build from the bottom up.
Each variable is first assigned to a single cluster. Based on the mutual information
new clusters are created by joining together already existing clusters. This process
continues until only one cluster (containing all variables) is left, which requires an
computational overhead of O(nl2) [37]. Each cluster of the linkage tree, except for
the full cluster (which contains all variables), represents a subset of a FOS linkage
model which is then used with GOMEA.

Random-Tree GOMEA

This GOMEA instance has a linkage structure identical to LTGA. While the FOS link-
age structure is still based on a Linkage Tree, the actual linkage information is not
based on learned variable dependencies. The hierarchical clustering algorithm used
by LTGA is still present, and the linkage tree is still generated. However, the mu-
tual information used to determine variable dependencies and cluster proximities is
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completely random. In other words, this GOMEA instance generates it’s FOS struc-
ture similarly to LTGA in terms of mechanics, however no real linkage information
is discovered.

Univariate GOMEA

Univariate GOMEA is a very simple instance of the GOMEA family. All the problem
variables are considered to be independent of all other variables resulting in no link-
age between the variables being modeled. In other words, the FOS linkage structure
only consists of singleton subsets.

3.3.2 BBO Linkage Model Experiments

Figure 3.3 shows how different algorithms from the GOMEA family perform on our
representative benchmarks. For every problem and every population size consid-
ered, we perform 30 independent runs. The only algorithm in the black-box setting
which attempts to learn linkage information is LTGA.

The results show that learning linkage in a uniformly distributed random prob-
lem is not very efficient with small population sizes. Initially, Univariate-GOMEA
finds better solutions with less evaluations. However, with large enough population,
LTGA outperforms the other algorithms.

The results for problems with a better defined underlying structure favor linkage
learning. In benchmarks which are not uniformly distributed the use of linkage in-
formation shows significant improvement, even for smaller population sizes. LTGA
outperforms the other algorithms. This indicates that learning variable dependen-
cies and including those dependencies in the linkage model can be a powerful tool in
the MAX-SAT domain. These results only show the advantages in terms of evalua-
tions needed to reach near-optimal solutions. We also consider the cost of the linkage
learning overhead in terms of runtime.

LTGA is the most expensive GOMEA instance, because it requires the linkage
learning overhead. Table 3.2 shows the fraction of the total runtime needed by learn-
ing to reach highly-fit solutions. The results show that the time needed for linkage
learning is about ten percent of the total time needed by the algorithm. The other
algorithms however, may never reach good solutions, or require at least multiple
orders of magnitude more time to reach similar fitness levels on the tested bench-
marks. This means that the overhead of learning is acceptable in terms of runtime
limitations as well.

3.3.3 hBOA and LTGA Experiments

The hierarchical Bayesian optimization algorithm (hBOA) is a well-known EDA pro-
posed by Pelikan and Goldberg [69] as a black-box approach to solving hierarchi-
cal and nearly decomposable problems. hBOA works with a population of solu-
tions, which are initially random. Unlike GOMEA, each generation hBOA builds a
Bayesian network as a probabilistic model of promising solutions. New solutions
are generated though sampling the learned network [69]. While it is a competent
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Figure 3.3: Comparison of performances of different GOMEA instances with different FOS Linkage
Models on differently structured benchmarks.

algorithm in terms of linkage learning, the overhead of building a Bayesian network
can be substantial.

hBOA was also tested on MAX-SAT. In their experiments, two local search algo-
rithms are studied: GSAT and Walksat. GSAT is a best-improvement local search
algorithm designed for the Satisfiability Problem [83]. Walksat is an extension of
GSAT which incorporates random walks. Both of these algorithms are explained in
more detail in Section 4. Pelikan and Goldberg show that hBOA combined with
GSAT local search (hBOA+GSAT) outperforms the stand-alone GSAT and Walk-
sat on the morphed graph-coloring problems, which are translated into MAX-SAT.
These graph-coloring problems are known to be difficult for LS algorithms [69].
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Instance BBO f St.Dev f WBO f St.Dev f
unif 0.093 0.012 0.116 0.019

sw100-1 0.124 0.004 0.405 0.025
am5-5 0.097 0.007 0.342 0.020
hard32 0.061 0.011 0.301 0.033

c880 0.068 0.029 0.261 0.057
2nc 0.098 0.099 0.367 0.034

Table 3.2: Fraction f of total time needed by for linkage learning of the LTGA in BBO and WBO
setting

While GSAT and Walksat do not succeed at satisfying the tested problems within the
tested runtime constrains, the hBOA+GSAT does.

In order to compare the effectiveness of LTGA, we examine a LTGA+GSAT hy-
brid on the same benchmark set as in [69]. It is important to note some differences
between using GSAT with LTGA and with hBOA. With LTGA, a single GSAT in-
stance is executed after mixing is complete for a given solution, which consists of
many evaluations. Additionally, GSAT is allowed to run until no fitness-improving
move is possible in l flips, where l is the number of problem variables. hBOA per-
forms a GSAT search after every evaluation. It is unclear however, how many non-
improving side-steps, if any, this GSAT is permitted to take.

Just like the hBOA+GSAT hybrid, LTGA+GSAT succeeded at solving the graph
coloring benchmarks. Table 3.3 summarizes the results in terms of total evaluations
needed. Each LTGA+GSAT result found in Table 3.3 represents the number of eval-
uations performed by LTGA, averaged over thirty independent runs on the small-
est population size that is successful. The result show the number of evaluations
of hBOA and LTGA respectively, not representing the flips performed by the local
search.

3.4 White-Box Optimization

Algorithms examined in the previous section attempted optimization without any
problem-specific information. However, the Satisfiability domain provides us with
more information. Examining the Boolean formula structure of a SAT Problem, as
defined in Section 2, allows for many adjustments which can improve the quality
and the speed of generating solutions. With careful bookkeeping, partial-solution
evaluations and constant-time neighborhood search steps are possible, and can be
used to improve the optimization algorithm [83]. When a variable is flipped, we
only need to evaluate clauses which are affected by the flip, instead of performing a
full evaluation.

Since full function evaluations are no longer needed in this setting, the perfor-
mance measuring criteria is changed. We measure the performance of algorithms in
the white-box setting by the number of bit flips performed. This means that a single
move performed by a local search is equivalent to one flip, while a mixing operation
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Instance hBOA+GSAT LTGA+GSAT
SW100-8-5/sw100-1 1,262,018 257,823
SW100-8-5/sw100-2 1,099,761 209,972
SW100-8-5/sw100-3 1,123,012 232,916
SW100-8-6/sw100-1 1,183,518 622,748
SW100-8-6/sw100-2 1,324,857 1,388,747
SW100-8-6/sw100-3 1,629,295 1,948,879
SW100-8-7/sw100-1 1,732,697 1,433,359
SW100-8-7/sw100-2 1,558,891 1,354,856
SW100-8-7/sw100-6 1,966,648 2,659,001
SW100-8-7/sw100-7 1,222,615 917,577
SW100-8-8/sw100-1 1,219,675 1,110,319
SW100-8-8/sw100-2 1,537,094 766,796
SW100-8-8/sw100-6 1,650,568 968,124
SW100-8-8/sw100-7 1,287,180 1,322,188

Table 3.3: Number of hBOA and LTGA evaluations in a Black-Box setting

on a mask of length l is considered to be l bit flips. Recall, in the black-box setting
the number of bit flips in a mixing operator did not matter, as a full evaluation was
needed every time.

In this section, we revisit the experiments performed in the black-box setting.
Will learning of linkage remain beneficial in this setting ? We also introduce a new
GOMEA instance, SAT-GOMEA, whose linkage structure is predetermined, and based
on some problem-specific information.

The second aspect of our white-box experimentation will take advantage of rela-
tively cheap local search algorithms, which can be used in the Satisfiability domain.
Recall that in this setting making a best-improvement bit flip can be accomplished in
constant time. Because of this, many successful local searchers have been developed
for the SAT-Problem. We examine the GSAT and Walksat local search algorithms
and compare them with LTGA+Walksat and SAT-GOMEA+Walksat hybrids.

3.4.1 Algorithms

In addition to the equal solution acceptance modification inherited from the black-
box setting, another modification to all the GOMEA family algorithms tested in this
section is introduced: path remembering. A crucial feature of all GOMEA instances
is generating a Family of Subsets (FOS) linkage model. Those subsets specify a sub-
division of all variables which is used in the mixing process. When applying a sub-
set mask, every bit in the mask needs to be changed according to the material in the
donor solution [89]. The path remembering modification allows for looking at every
intermediate solution which was generated while applying a given subset mask. If
one of the intermediate solutions is more fit than the one generated from applying
the full mask, this intermediate solution is kept instead. Using path remembering is
possible in the white-box setting, because the bit flip cost of evaluating a full mask
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is identical to traversing every bit flip of this mask individually in random order.
This is not the case in the black-box setting. In the a black-box setting, using a full
mask costs one full function evaluation, however performing each bit flip individu-
ally would require a full evaluation at every step. Figure 3.4 exemplifies the typical
improvements achieved by introducing path remembering. Since the difference in
terms of bit-flips used may not be clear on a log-scale graph, a t-test is used to con-
firm statistical significance with p-value less then 0.001.
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Figure 3.4: Typical improvement from allowing Path Remembering during solutions mixing in the
white-box setting.

We study the linkage model effects from the white-box perspective using four
different GOMEA instances. The first three have already been introduced in the
black-box setting: LTGA, Random-Tree GOMEA and Univariate GOMEA. In this
section we introduce another GOMEA instance: SAT-GOMEA, which generates a
predetermined linkage model. We also explain two local search algorithms for solv-
ing SAT problems: GSAT and Walksat. Finally, we present a hybrid configuration of
LTGA+Walksat and SAT-GOMEA+Walksat.

SAT-GOMEA

SAT-GOMEA introduces a predetermined linkage model. It is a strictly white-box
algorithm, as it requires problem-specific information which is not available in the
black-box setting. SAT-GOMEA uses a predetermined FOS linkage model which is
directly related to the SAT-Problem’s Boolean formula. Specifically, the FOS linkage
model of this algorithm consists of subsets mapped directly from the clauses of the
Boolean formula. Each clause of the formula is represented by a subset in the linkage
model and each variable in a clause is represented by the same variable within a
subset. For example a clause ci = (x1 ∨ x2 ∨ ¬x4) would be represented by a subset
of the form si = {x1, x2, x4}
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Local Search Algorithms

GSAT and Walksat algorithms are well-known Satisfiability problem solvers. They
are very simple and fast, yet surprisingly well-performing algorithms. GSAT is a
best-improvement local search algorithm. If there is no actual improvement possi-
ble, a sideways step is taken by choosing a random bit flip which does not change
the fitness value [83]. Walksat consists of a GSAT move and a walk move which
are performed with probability p and 1− p respectively. GSAT moves consist of per-
forming a best possible (fitness-improving) single bit flip. While a GSAT move is not
fully deterministic because tie breaks between different solutions with the same best
fitness improvements and sideways steps are resolved randomly, it is the walk move
that really brings a stochastic factor to the Walksat algorithm. During a walk move, a
variable from a randomly chosen unsatisfied clause is flipped [82]. While the GSAT
move attempts to always improve the current solution, the walk move allows for a
greater search-space exploration. Throughout our experiments, we use the default p
value of 0.5 for Walksat.

Hybrids

LTGA+Walksat and SAT-GOMEA+Walksat are two hybrid algorithms which com-
bine modeling linkage information, genetic solution mixing and relatively inexpen-
sive and efficient local search. After a solution is generated by the respective genetic
algorithm, it is subject to a short local optimization performed by Walksat. We wish
to show that on many benchmarks which contain underlying structures, using a hy-
brid algorithm can generate results competitive with stand-alone GSAT or Walksat
in terms of best fitness found and the number of flips performed, within our experi-
mentation limits.

3.4.2 WBO Linkage Model Experiments

We wish to examine if linkage information is still a factor from the white-box opti-
mization perspective. Recall, in the black-box setting the Linkage Tree Genetic Al-
gorithm performed significantly better than algorithms which did not use linkage
information in their FOS structures. This time we have the LTGA and SAT-GOMEA
algorithms which use some linkage information, and Random-Tree GOMEA and
Univariate GOMEA which ignore the linkage. Results in Figure 3.5 correspond with
the black-box results. On a uniformly generated random benchmark, exploring the
linkage by learning, or using a predetermined structure is an unnecessary overhead
with small population sizes. With large enough population budget however, bene-
fits of linkage information become clear. On more challenging and structured bench-
marks this advantage becomes clear sooner. Algorithms using linkage information
find near-optimal solutions faster in terms of bit-flips.

We again also considered runtime. We measured how much the learning over-
head adds to the runtime of the algorithms. LTGA is the most expensive GOMEA
instance, because it requires the linkage learning overhead. Table 3.2 shows the frac-
tion of the total runtime needed by learning to reach highly-fit solutions. The results
show that learning becomes relatively more expensive in the white-box setting. This
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was anticipated, as the rest of the algorithm can perform faster in this setting. How-
ever, the time needed for learning remains a constant factor, which did not exceed
more than 45 percent of the total runtime on any of the tested benchmarks. While
it is possible to construct a benchmark where this conclusion would not hold (very
many variables, very little clauses) , for most interesting benchmarks (near the phase-
transition) the learning overhead should remain relatively small due to the clause-to-
variable ratio. The results show that on those benchmarks GOMEA instances which
do not use linkage information may never reach, or require multiple orders of mag-
nitude more time in order to reach the same levels of fitness, again favoring the use
of building linkage models, even in the white-box setting.
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Figure 3.5: Comparison of performances of GOMEA instances on differently structured benchmarks
in the White Box Optimization setting.
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Figure 3.6: Comparison of performances of the LTGA+Walksat, GOMEA-SAT+Walksat and stand-
alone Walksat and GSAT algorithms

3.4.3 Hybrid Experiments

So far in the white-box setting we only described experiments performed with the
GOMEA instances exclusively. While the results are promising, it does not help
us understand how these algorithms perform in comparison to other SAT solvers.
Figure 3.6 shows the LTGA and SAT-GOMEA algorithms enhanced with a Walksat
LS. After any new solution was generated by one of those GAs, Walksat was allowed
to optimize it further for 5 ∗ l flips, where l is the number of variables in a problem.
The 5 ∗ l search length was chosen, as it generated good results and balanced the
number of flips performed by the GA and local searcher well.

It is not a surprise that on many simple and uniformly structured problems the
stand-alone Walksat performs better. In fact, even on more structured but relatively
simple benchmarks it arrives at the optimal solution faster. However, as the stand-
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alone GSAT or Walksat algorithms fail to reach good solutions on more complex
benchmarks, the LTGA and SAT-GOMEA hybrid versions continue to find better
solutions with the same number of bit-flips.

It remains very benchmark-specific which, LTGA or SAT-GOMEA, performs bet-
ter in terms of required bit-flips. However, the results show that using linkage in-
formation in the GOMEA setting successfully helps to guide Walksat into promising
search space locations. By doing so, Walkast can discover solutions which it failed
to encounter on its own. Moreover, given that no additional computation overhead
is required for building the linkage model in SAT-GOMEA, it is preferable or at least
worth trying.

The Average Landscape-Guided Hopping (ALGH) algorithm was recently intro-
duced for MAX-SAT [71]. ALGH uses a population of independent GSATs, whose
results are averaged and generate a single solution. This solution is then used as
starting point for Walksat. ALGH outperforms GSAT and Walksat, however re-
ported experiments are limited to uniformly distributed MAX3SAT instances above
the phase transition. Our experiments show that obtaining linkage information can
be very useful on problems which are not uniform, and possess underlying structure.

3.5 Conclusions

We have discussed the behavior of instances from the Gene-pool Optimal Mixing
Algorithm family in the MAX-SAT domain. The algorithms differ in the fashion in
which the FOS Linkage Model was created. In the generic black-box optimization
setting, LTGA, which obtains its linkage model by learning and constructing a link-
age tree, was proven superior over other GOMEA instances which did not examine
linkage on benchmarks of sufficient complexity.

We were unable to determine if the linkage structure predetermined with SAT-
GOMEA performed better than one learned by LTGA. The results varied based on
the benchmark tested. However, exploitation of linkage information proved to be
just as beneficial in the white-box setting. Algorithms which build linkage mod-
els based on some structural knowledge, the linkage learning LTGA and the pre-
determined linkage SAT-GOMEA, performed better than GOMEA instances which
lacked linkage information. This lets us conclude that for benchmarks with some un-
derlying structure and sufficient difficulty, the exploration of the linkage generates
better-fit solutions faster. The results hold in terms of evaluations performed in both
black and white-box settings, and in terms of the total runtime the algorithms need
to generate near-optimal solutions.

To compare those GAs with other existing solvers, we created a LTGA+Walksat
and SAT-GOMEA+Walksat hybrids. LS algorithms (such as GSAT, and Walksat) in
the MAX-SAT domain have been reported to perform better than GAs. Our results
confirm that LTGA does not outperform algorithms such as Walksat on uniformly
randomized MAX-SAT problems and other benchmarks which are easily solvable
by local searchers. However, in cases of more structured and difficult benchmarks
which cause local searchers to stall, both of our hybrid algorithms continued to im-
prove their solutions.
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Extensive research is ongoing in the SAT-problem domain. It is more than likely
that for problems where the LTGA or SAT-GOMEA do not perform well, algorithms
already exist which can solve these problems more efficiently. The optimal structure
of a SAT problem for use within GOMEA is still not known, and research on fur-
ther improvements is possible. We did however succeed in showing that exploring
the structure of some satisfiability problems is beneficial. Furthermore, our results
added evidence to the idea that the use of linkage information could be a useful
optimization technique for a broader range of problems, both in the black-box and
white-box setting.
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4 Mixed-Integer
Optimization and

Benchmarks

This chapter is based on the following publication:

K. L. Sadowski, D. Thierens, and P. A. N. Bosman. Combining Model-based EAs
for Mixed-Integer Problems. In Parallel Problem Solving from Nature – PPSN XIII,
pages 342—351, 2014.

The presence of both discrete and continuous variables introduces new optimiza-
tion challenges. Scalability in the face of non-trivial dependencies and unbalanced
numbers of variables with different domain sizes are some of the key challenges
unique to the mixed-integer (MI) domain. In order to properly experimentally an-
alyze any mixed-integer approach, a selection of benchmark problems is necessary
that covers the type of difficulty that we wish to be able to tackle efficiently and ef-
fectively. In this chapter we therefore introduce and consider a set of benchmarks
problems, which take into account factors that play a key role in affecting the com-
plexity of mixed-integer problems. We identify these factors to include the problem
size, problem composition in terms of the proportionality of discrete and continu-
ous variables, and the different types of variable dependencies that can be present
in mixed-integer problems, i.e., combinations of discrete-only, continuous-only and
mixed discrete-continuous.

In order to consider these factors, we consider a set of well-known discrete and
continuous functions that exhibit different types of landscape features in-line with
the key factors mentioned above. In Section 4.2 we introduce a set of mixed-integer
benchmarks that combine these discrete and continuous functions in various ways,
resulting in problems with different types of intra- and inter-variable dependencies
and problem size and composition, which will be used throughout this thesis.

4.1 Mixed-Integer Optimization

Recall that a mixed-integer problem can be defined as follows:
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min f(x) = f(xd,xc) (4.1)

s.t. h(x) = h(xd,xc) = 0, g(x) = g(xd,xc) ≤ 0 (4.2)

where x represents the solution

x = xdxc = d0...dld−1 c0...clc−1 (4.3)

where di ∈ D ∈ N, ci ∈ C ∈ R and xd, xc are the groups of all discrete and con-
tinuous variables, respectively. In this thesis, although it does not affect generality,
D ∈ {0, 1}. f is the objective function. h and g are the sets of equality and inequality
constraint functions respectively. If both of these sets are empty, the Mixed-Integer
problem is considered to be unconstrained.

4.2 Mixed-Integer Problems

We introduce a set of functions primarily designed to test the dependency-structure
learning abilities of the algorithms under study. The rationale behind creating these
problems is to introduce mixed-integer problems with a well-understood, customiz-
able structure, with different types of intra- and inter-variable dependencies. These
types of problems will allow us to get more in-depth insight into the performance
of model-based EAs when faced with different types of problem landscapes with
respect to variable dependencies, problem sizes and problem composition.

The next Section explains and summarizes the discrete and continuous func-
tions which we use as components of the mixed-integer problems. Following this
overview, we provide an explanation of the design of the mixed-integer functions
which include different types of intra- and inter-variable dependencies and will be
used as benchmark problems throughout this thesis.

4.2.1 Problem Components

To design the mixed-integer benchmarks we use some well-established benchmark
problems and adapt them into the mixed-integer setting by using them as compo-
nents that comprise a mixed-integer problem. In all problems, minimization is as-
sumed. Definitions of the well-established benchmark functions can be found in
Table 4.1. Note that due to minimization and by our design, zero is the optimal
value for all proposed functions. Detailed explanation of each of these functions is
provided below.

Sphere Function

In the Sphere function all problem variables are completely independent from each
other. It is defined as follows:

FSphere(xc) =
∑lc−1

i=0
c2i (4.4)
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Table 4.1: Continuous and Discrete functions that are used to define our MI benchmarks

Function Name Domain Definition

Sphere Continuous FSphere(xc) =
∑lc−1

i=0 c2i
Rotated Ellipsoid Continuous FR.Ellip.(xc) = FEllip.(R ∗ xc) , where

FEllip.(xc) =
∑lc−1

i=0 106∗i/(lc−1) ∗ c2i
Onemax Discrete FOnemax(xd) =

∑ld−1
i=0 1− di

Deceptive Trap Discrete FDT5(xd) =
∑ld/k−1

i=0 fsubTrap−k(
∑ki+k−1

j=ki dj) ,
where

fsubTrap−k =

{
0 : if u = k
1− (k − 1− u)/k : otherwise

where lc is the number of continuous variables in the function. It is a perfectly sym-
metric, convex and smooth function with one global optimum at ci = 0.0. In our
experiments the initialization range is [-10,10], unless otherwise specified. An exam-
ple of the two-variable (lc = 2) Sphere function is visualized in Figure 4.1.

Figure 4.1: Two-dimensional sphere function with minimum at (0,0).

The Sphere function is considered the simplest function to optimize in the Black-
Box Optimization Benchmark (BBOB) framework [42], a well-known framework
used for measuring the effectiveness and performance of black-box continuous opti-
mization algorithms.

Rotated Ellipsoid Function

Rotated Ellipsoid is considered a more complex member of the BBOB framework
functions. It can be viewed as an extension of the Sphere function with two critical
differences. First is a different weight factor applied in each dimension, effectively
elongating the fitness contours more along each dimension with different weight.
Second is a rotation factor which introduces dependencies between problem vari-
ables through a rotation matrix R(θ) designed for rotation angle θ. The Rotated

37



MIXED-INTEGER OPTIMIZATION AND BENCHMARKS 4.2

Ellipsoid function is defined as follows:

FR.Ellip.(xc) = FEllip.(R(θ) ∗ xc) (4.5)

where
FEllip.(xc) =

∑lc−1

i=0
106∗i/(lc−1) ∗ c2i (4.6)

The 106∗i/(lc−1) factor is responsible for ’stretching’ the function. Regarding rota-
tion, let the rotation matrix Rij(θ), defined for each i, j ∈ {0, 1, ..., lc − 1}, define the
rotation of the plane spanned by dimensions i and j, with:

Rij
ii = cos(θ), Rij

ij = −sin(θ), R
ij
ji = sin(θ) and Rij

jj = cos(θ) (4.7)

The full rotation matrix R can then be defined as a product of all pairwise rotation
matrices as follows:

R(θ) =

lc−1∏
i=0

lc−1∏
j=i+1

Rij(θ) (4.8)

Similarly to the Sphere function in our experiments the initialization range is [-
10,10] and global optimum is located at ci = 0.0. The rotation angle is θ = 45.

The Rotated Ellipsoid function is known to be a difficult problem to optimize for
approaches which are incapable of exploiting variable dependencies.

Onemax Function

In the discrete domain, Onemax is arguably the simplest function to optimize, ex-
hibiting no dependencies.From a minimization perspective, it is defined as follows:

FOnemax(xd) =
∑ld−1

i=0
1− di (4.9)

As the name suggests, to find the global optimum of Onemax, all the ld problem
variables need to be set to one. It is a well-known function often used to verify
algorithmic correctness or to perform theoretical analyses on convergence properties
of a given algorithm. It is however an easily solvable function, even for many less
sophisticated optimization approaches such as local search.

Deceptive Trap Function

Deceptive Trap function (DT) is a well-known discrete function for which all vari-
ables are pairwise dependent [29]. The DT5 function is a binary, non-overlapping,
additively decomposable composition ofm of the deceptive trap functions, of length
k = 5, where the problem length is ld = m ∗ k. From a minimization perspective, it
is defined as follows:

FDT5(xd) =
∑ld/k−1

i=0
fsubTrap−k(

∑ki+k−1

j=ki
dj), (4.10)
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where

fsubTrap−k(u) =

{
0 : if u = k
1− (k − 1− u)/k : otherwise

(4.11)

The global optimum of fsubTrap−k is achieved if all variables are set to one. A de-
ceptive local optimum exists where all variables are set to zero. Figure 4.2 visualizes
the fitness of a single five-variable block of the DT5 function. The definition of the
DT function is such that the average fitness of any configuration with a certain num-
ber of ones, is lower than the average fitness of the same configurations but with
zeros instead of the ones, i.e., 11*** vs 00*** with * representing a wild-card (it may
be 0 or 1). Only for the full configuration, i.e. 11111 vs 00000 it is clear that ones are
preferable. Because optimization with a crossover-based GA results in proliferating
configurations with better average fitness, provided that crossover preserves them,
it is much more likely that solutions with more zero’s than ones are created and se-
lected and thus proliferated, unless the structure of the problem is respected (i.e.,
entire sub functions DT5 are copied in crossover). Indeed, Thierens [86] showed that
without proper crossover, a GA requires an exponentially increasing population size
as the problem length of DT5 increases, whereas Harik et al [43] showed that with
the proper crossover, this number scales sub-linearly.

It is important to note that trap functions can vary in the difficulty they present
to the optimization algorithms. In particular, deceptiveness of a trap function is de-
pendent on the fitness averages of the aforementioned configurations. Changing the
fitness values affects the slope of the left-hand part of the graph in Figure 4.2, i.e., the
slope to the local optimum. A trap function may become non-deceptive and much
simpler to solve. It is moreover important to realize that, although we will encode
the trap functions tightly, i.e., by using subsequent bits in the genotype bitstring,
this encoding property is a priori unknown to the optimizer. Hence, independent
of distributing the variables differently throughout the genotype, the optimization
problem is equally complex to solve. This also means that optimization algorithms
should not be configured to exploit any partial tight encoding for a fair comparison,
from a BBO perspective.

4.2.2 Independently Mixed Benchmarks

With the use of the functions summarized in the previous section, we can design
mixed-integer benchmarks that contain various types of intra-variable dependen-
cies, yet do not contain any inter-variable dependencies. We consider all 4 combina-
tions of the discrete and continuous problems where the contributions of the discrete
and continuous parts are kept independent through addition, see Table 4.2.

F1 combines the two simplest functions from each domain, the Sphere and One-
max functions, resulting in a fully independent problem. Only continuous variables
are dependent in F2, through the combination of the Rotated Ellipsoid function
with Onemax. Conversely, only discrete variables are dependent in F3 where the
Sphere function is aggregated with the DT5 function. Finally, both types of intra-
dependencies are present in the F4 function, where dependencies between discrete
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Figure 4.2: Fitness contribution from a single five-variable block of the Deceptive Trap Function with
order k=5.

Table 4.2: F1 − F4: Domain Independent Mixed-Integer Benchmarks

ID Function name Definition
F1 OnemaxSphere F1(xd,xc) = FOnemax(xd) + FSphere(xc)
F2 Rotated Ellipsoid F2(xd,xc) = FOnemax(xd) + FR.Ellip.(xc)
F3 DT5Sphere F3(xd,xc) = FDT5(xd) + FSphere(xc)
F4 DT5Ellipsoid F4(xd,xc) = FDT5(xd) + FR.Ellip.(xc)

and dependencies between continuous variables exist though the combination of the
Rotated Ellipsoid and the DT5 functions.

4.2.3 Cross-Domain Dependence Benchmarks

The first four of our proposed benchmark problems focus on solely the dependencies
within either continuous, discrete or both parameter sub-spaces. In this section we
introduce two functions that contain inter-variable dependencies.

The F5 benchmark includes inter-variable dependencies between the continuous
and discrete variables, as well as intra-variable discrete and continuous dependen-
cies simultaneously. It is a specific combination of the previously defined FDT5 func-
tion and the Rotated Ellipsoid function. It is additively decomposable and consists
of sub-functions pertaining to blocks of k discrete and k continuous variables.

More specifically, for a trap function with k = 5, there are 2k = 32 different
binary combinations per block. A differently translated Rotated Ellipsoid function
corresponds with each of those combinations (the origin of each function was ran-
domly generated in [-5,5]). This way, the continuous function that is being optimized
jointly depends on the binary counterpart, introducing non-trivial higher-order de-
pendencies between the discrete and continuous variables that pertain to the same
subset. In this benchmark the number of discrete variables is the same as the number
of continuous variables: ld = lc = l/2.
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F5(xd,xc) =
∑0.5l/k−1

i=0
(1 + 10af trapsub (

∑ki+k−1

j=ki
dj)) ∗ (1 + fsubEllipse(D

block
i , Cblock

i )),

(4.12)
where Dblock

i is a block of five discrete variables, and Cblock
i are the corresponding

five real variables. The D block variables determine which of the 2k different el-
lipsoid functions need to optimized, while the C block provides the values of the
ellipsoid function variables. In order to solve this benchmark, the algorithm needs
to not only solve the trap function, but also optimize the correct Rotated Ellipsoid
function.

Finally, the Paired-MixDependency, or F6 function, is a problem with mixed de-
pendences between variable pairs, where each continuous variable is dependent on
a corresponding discrete variable. In this problem, the number of discrete variables
ld and continuous variables lc must be the same. While it contains pairwise inter-
variable dependencies between corresponding discrete and continuous variable de-
pendencies, no intra-variable dependencies exist. F6 is defined as follows:

F6(xd,xc) = 2 ∗
∑lc−1

i=0
(di − ci)2 − di (4.13)

It is important to note that functions F1 − F4 could be decomposed into separate
problems for the discrete and continuous domains and solved independently, if per-
fect information was known about the problem (i.e., the problem would be treated
as a white-box problem). However, this is no longer be possible for F5 and F6, as
the inter-variable dependencies link the two sub-domains, making the these func-
tions arguably more challenging and more representative of difficult mixed-integer
problems.

4.3 Summary and Discussion

Key factors that make mixed-integer optimization especially difficult include the dif-
ferent types of variable dependencies that can be present in a mixed-integer problem.
Problem variables may interact with each other within the same domain, either dis-
crete or continuous (intra-dependencies). Dependencies across different domains
may however exist as well (inter-dependencies). Problem composition is another
key factor that affects the optimization difficulty, i.e., different proportion of discrete
and continuous variables.

Based on these factors we introduced a set of customizable mixed-integer prob-
lems, which are based on well-known discrete and continuous problems. The prob-
lems introduced in this chapter serve as a foundation for performance analysis in
the following chapters in terms of efficiency in discovering and processing depen-
dencies, and scalability of any introduced algorithms in terms of resources (i.e. pop-
ulation size and number of evaluations) until the optimum is found (to within a
sufficiently small margin).

With this, we are now ready to explore the design of efficient and effective evo-
lutionary algorithms for optimization in the mixed-integer domain. The remainder
of this thesis focuses on this domain.
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5 Single-Objective
GAMBIT

This chapter is based on following publications:

K. L. Sadowski, D. Thierens, and P. A. N. Bosman. GAMBIT: A Parameterless
Model-Based Evolutionary Algorithm for Mixed-Integer Problems. Evolutionary
Computation, 26(1):117—143, 2018.

K. L. Sadowski, P. Bosman, and D. Thierens. Learning and Exploiting Mixed
Variable Dependencies with a Model-Based EA. In IEEE Congress on Evolutionary
Computation (CEC’16), pages 4382—4389, 2016.

K. L. Sadowski, P. A. Bosman, and D. Thierens. A Clustering-Based Model-
Building EA for Optimization Problems with Binary and Real-Valued Variables. In
Proceedings of the 2015 on Genetic and Evolutionary Computation Conference,
GECCO’15, pages 911—918, New York, NY, USA, 2015. ACM.

The mixed-integer domain is characterized by the presence of both discrete and
continuous problem variables simultaneously. As outlined in previous chapters, one
of the main challenges in designing scalable EAs is efficiently and effectively deal-
ing with variable dependencies. In mixed-integer optimization dependencies are
possible between groups of discrete problem variables as well as between groups of
continuous problem variables. These are referred to as intra-variable dependencies.
Additionally, cross-domain dependencies between discrete and continuous variables
are possible in mixed-integer problems. We refer to such cross-dependencies as inter-
variable dependencies. Such inter-variable dependencies, especially in combina-
tion with intra-variable dependencies and a black-box setting where no information
about the problem is known a-priori, are key reasons why mixed-integer problems
are often considered particularly difficult to solve.

Model-based Evolutionary Algorithms (EAs) have been shown to be a compe-
tent approach to solving many discrete or continuous problems, even in the pres-
ence of variable dependencies. In Chapter 2 we introduced the evolutionary algo-
rithms LTGA and iAMaLGaM. Thanks to the ability to accurately learn and exploit
problem structure, especially in the form of variable dependencies, both LTGA and
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iAMaLGaM are successful algorithms for black-box optimization in the discrete and
continuous domains respectively, motiving the idea that such an approach can also
be applicable in the mixed-integer domain.

In this chapter we introduce GAMBIT: Genetic Algorithm for Model-Based mixed-
Integer opTimization. GAMBIT is a result of our research on the applicability of
model-based EAs for the mixed-integer domain. It uses as its foundation the dis-
crete and continuous model building mechanisms of EAs, specifically LTGA and
iAMaLGaM, and introduces new mechanisms that allow for effective optimization
in the mixed-integer domain in case inter-variable dependencies are present. In this
chapter we explain in-depth the design of GAMBIT, motivate the need and rationale
behind all of its components, and verify its performance on various mixed-integer
problems. Additionally, we remove the need to explicitly specify any execution pa-
rameters such as problem population size p or cluster size k through the adaptation
of a parameter-less scheme.

We attempt to answer the following research questions:

• Can an integrated combination of both the discrete and continuous model-
based approaches result in an efficient mixed-integer optimization algorithm?

• Can we design mechanisms to learn and effectively process inter-variable prob-
lem dependencies?

• Can we eliminate the need for specifying parameter settings of the algorithm
manually without harming scalability?

The remainder of this Chapter is structured as follows. First, we introduce a gen-
eral high-level summary of GAMBIT and its components. In later sections we take
an in-depth look at the different components such as a balanced model integration,
clustering mechanism, ability to learn and subsequently process mixed variable de-
pendencies, achieving parameter freedom and handling constraints. We examine the
performance of GAMBIT on the problem set introduced in Chapter 4 as well as on
a set of constrained problems and contrast it with the performance of a selection of
alternative algorithms. In a discussion section we highlight the benefits and possible
downsides of our approach, and finally we summarize our findings.

5.1 GAMBIT General Overview

GAMBIT is a parameter-free model-based evolutionary algorithm designed for opti-
mizing black-box mixed-integer problems by learning and exploiting different types
of variable dependencies. To accomplish this, various mechanisms were designed
and integrated.

Figure 5.2 demonstrates a top-level overview of GAMBIT and Figure 5.1 illus-
trates a key part of GAMBIT, its operation procedure for one cluster. An instance of
the algorithm is defined by setting two key parameters: the population size n and the
number of clusters k. Both of these parameters are however handled by a parameter-
free scheme, explained in detail further in this chapter, allowing the parameter-free
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version of GAMBIT to be executable ”out-of-the-box” without the need of the user
to specify any parameters.

GAMBIT’s optimization capabilities come from its capacity to capture and ex-
ploit problem structure through estimation of important variable dependencies. The
ability to learn over time which these dependencies are allows for creation of vari-
able subsets which represent important building blocks of the problem. Once such
building blocks are established, they can be used to exploit linkage problem structure
and generate better solutions more effectively. This approach of exploiting a prob-
lem’s linkage structure works excellently in LTGA, where a similar methodology is
in place for discrete variable optimization. Mixed-integer optimization introduces
new optimization challenges, however. The existence of discrete and continuous
variables creates a potential for intra- and inter-variable dependencies to exist that
LTGA alone is not equipped to handle. GAMBIT makes use of mechanisms based on
LTGA and iAMaLGaM for handling discrete and continuous variables respectively.
It further introduces a new way to learn and process mixed inter-variable depen-
dencies, as well as an efficient and balanced mechanism to integrate each of these
components during optimization.

The core functionality of GAMBIT can be summarized as follows. A popula-
tion is first initialized with random values for each variable (if known, initialization
ranges can be defined for each variable). At the beginning of each generation this
population is clustered into k equally sized clusters, based on the proximity of each
solution to k solutions taken from the population which are furthest apart from each
other according to a mixed distance described in detail in Section 5.2.3. For the dura-
tion of the generation, each of these sub-populations Pk are processed individually
with an integrated-models mechanism. The integrated-models mechanism learns
and attempts to exploit the structure of a given problem by considering three types
of possible variable dependency types: discrete, continuous (intra-dependencies)
and mixed discrete-continuous (inter-dependencies). A family-of-subsets structure
is created containing discrete, continuous and mixed subsets of problem variables,
which represent important solution blocks. The linkage sets in the FOS are then
used to sample the offspring solutions, following a balanced-sampling mechanism
explained in detail further in this chapter. From each of the k clusters, an integrated-
models mechanism generates an equal number of offspring solutions which are joined
and form the offspring population to be used for the next generation. This process
continues until a specified termination criterion is met, based on reaching a speci-
fied runtime maximum, number of allowed evaluations, or finding the globally op-
timal solution (if known). Thanks to the adaptation of a parameter-free scheme, the
key initialization parameters, population size and number of clusters, are internally
managed and do not require specification by the user, making GAMBIT a truly ”out-
of-the-box” black-box mixed integer optimization algorithm.

5.2 GAMBIT Details on Components

GAMBIT can be viewed as an integrated collection of components which together
form a novel optimization algorithm, where four major components can be identified
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Figure 5.1: GAMBIT and the integrated model mechanism for a single cluster

GAMBIT Overview
P ← GENERATEANDEVALRANDOMPOPULATION(n)
while ¬TERMINATIONCRITERIONSATISFIED do
C ← DETERMINECLUSTERCENTERS(P, k)
for j ∈ {0, 1, . . . , k} do
Pk ← GROWSUBPOPFROMCENTERS(P, Ck)
O′k ← INTEGRATEDMODELSMECHANISM(Pk)

P ← O′0 ∪ O′1... ∪ O′k

Figure 5.2: Pseudo-code overview of GAMBIT. P represents the population of size n. C is a set
of solutions representing k cluster (also called sub-population) centers. Pi represents the i-th sub-
population and O′

i is the offspring generated from sub-population i.

that are responsible for dealing with different challenges inherent to mixed-integer
optimization. Each of the key components of GAMBIT is detailed in this section,
along with the reasoning behind and the importance of these components.

First, a core functionality of GAMBIT relies on the ability to estimate intra- and
inter-variable dependencies in order to effectively construct new solutions. To this
end, an integrated models mechanism adapts and extends the family-of-subsets (FOS)
functionality already present in LTGA to allow the existence of purely discrete, purely
continuous and mixed discrete-continuous subsets of problem variables. Second,
the integrated models mechanism should also exploit the learned dependencies ap-
propriately. This entails sampling appropriately according to the type of modeled
variables but also balancing the model learning, updating, and sampling solutions.
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Third, GAMBIT consists of multiple instances of the integrated models mechanism.
A clustering mechanism partitions the population and assigns which
sub-populations are processed with the different integrated models mechanism in-
stances. Finally, fourth, parameter settings are handled internally with a parameter-
free scheme.

5.2.1 Integrated Models Mechanism: Learning and Representing
Variable Dependencies

In order to deal with different types of dependencies, GAMBIT includes a different
mechanism for each type. These mechanisms result in generating three types of vari-
able subsets: exclusively discrete, exclusively continuous and mixed, which form
family-of-subsets that can be used to generate new offspring solutions. In this sec-
tion we focus on explaining how different variable dependencies are estimated and
how the FOS structure is populated with them. While intra-variable dependency
learning and processing is inherited from LTGA and iAMaLGaM, inter-variable de-
pendency learning requires an additional mechanism.

Intra-variable Dependencies

Following the LTGA procedure detailed in Chapter 2, GAMBIT uses a discrete mu-
tual information calculation to generate a linkage tree containing subsets of discrete
problem variables. These 2ld − 2 subsets populate the FOS structure in LTGA. The
same methodology is used with GAMBIT, with two notable differences. First, GAM-
BIT allows the subset at the root of the linkage tree to be included in the FOS struc-
ture, making the number of discrete subsets in the FOS 2ld − 1. LTGA ignores this
final subset as it represents all of the problems variables. However, with GAMBIT
all of the discrete variables are still only a subset of all the problem variables as
continuous variables are also present in the problem, making this additional subset
potentially useful during optimization. Second, these discrete subsets make up only
part of the entire FOS structure, as continuous and mixed subsets are also possible
in GAMBIT.

While LTGA relies on mixing discrete subsets to create offspring, iAMaLGaM
generates the continuous variables at once, through building, maintaining and sam-
pling a Gaussian distribution over all variables. In order to retain this functionality,
while at the same time incorporate it into GAMBIT’s FOS structure, we introduce
continuous subsets to the FOS. Unlike the discrete subsets however, which can rep-
resent any sub-structure of the discrete variables, the continuous subsets in GAMBIT
include all of the continuous variables in each subset so as to capture all possible
dependencies between all continuous variables. This means that while each of the
discrete subsets is unique in terms of composition and varies in length, every con-
tinuous subset is identical.

The number of discrete subsets in each FOS is 2ld − 1. In order to establish a
balanced FOS, 2lc − 1 continuous subsets are added to the FOS, each containing
all the lc continuous variables. This is important because through optimal mixing
(in LTGA), many small improvement steps may be made. Adding only a single
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full continuous FOS element could very well cause the discrete part of the solutions
to converge much faster, potentially eliminating much needed diversity before the
impact of optimizing for the continuous variables can be observed, which may well
influence which discrete updates are really improvements.

Inter-variable Dependencies

In order to model inter-variable dependencies within a FOS, allowing subsets that
contain both discrete and continuous variables is necessary. Estimating such depen-
dencies is not straightforward and requires the ability to quantify some measure of
strength of dependency between variables of different types.

Mutual Information is a very useful measure of variable interactions [27] [52].
While the discrete subset estimation of GAMBIT already uses mutual information to
generate subsets with a linkage-tree, the same calculation is not directly applicable
to the mixed-variable case, as mutual information as calculated in the discrete and
in the continuous domains are not directly comparable.

Because of this, we utilize a recently introduced approach called the nearest
neighbor method [73]. This method relies on calculating the Jensen-Shannon di-
vergence, which measures the dissimilarity between two or more continuous proba-
bility distributions [53] [58] [38].

The nearest neighbor method aims to determine if different values of the discrete
variable X are biased towards different values of the continuous variable Y . More
specifically, for each data point (xi, yi) a number Ii is computed based on the nearest
neighbors of (xi, yi) considering only the continuous variable yi. First, the k-th clos-
est neighbor of point (xi, yi) is found whose value of the discrete variable is xi, i.e.
point (xi, yj) for which Euclidean distance d = |yi − yj | is the k-th smallest. Using
d as the distance to the k-th neighbor, the number of neighboring points mi that are
within distance d, is counted from the entire data set, where distances again only
consider real-valued variables, but now the discrete value is not restricted to match
xi. We compute

Ii = ψ(N)− ψ(Nxi) + ψ(k)− ψ(mi) (5.1)

where ψ is the digamma function, N is the number of all data points, Nxi is the
number of data points whose discrete values equal xi. Now, the estimation of the MI
between the discrete-continuous pair (X,Y) is an average Ii over all the data points:

I(X,Y ) = 〈Ii〉 = ψ(N)− 〈ψ(Nx)〉+ ψ(k)− 〈ψ(m)〉 (5.2)

In our implementation we use k = 3, following a recommended guideline for this
method [73].

With the use of the nearest neighbor method, GAMBIT is able to calculate a mu-
tual information-based measure of variable dependencies between discrete and con-
tinuous variables. Motivated by the success of the discrete linkage-tree building
procedure used for generating discrete subsets, we now propose to obtain the mixed
subsets in a similar fashion. Specifically, a second linkage-tree spanning across all
lc + ld problem variables is obtained using the nearest-neighbor based mutual in-
formation. For this, any mutual information value between subsets of exclusively
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the same types of variables are set to zero, while the remaining values are calculated
using the nearest-neighbor method. The procedure results in a tree formation based
on exclusively mixed dependency estimation. This mixed-variable linkage tree gen-
erates 2(lc + ld) − 1 linkage-tree nodes. All the leaf nodes can be discarded as they
represent singleton nodes of either discrete or continuous variables. The root node
is just a representation of all the problem variables and can also be discarded. The
remaining lc + ld − 2 nodes represent mixed-variable dependencies, and are added
to the FOS alongside of the exclusively discrete and continuous subsets. The FOS
formation used with GAMBIT, based on the two linkage-tree approach, is visualized
with a simple example in Figure 5.3.

Figure 5.3: Example of generating the FOS subsets with GAMBIT with 3 different mechanisms for
discrete, continuous and mixed variables. According to GAMBITs procedure the FOS will be populated
with 2ld− 1 discrete subsets (blue), 2lc− 1 continuous subsets (orange) and ld+ lc− 2 mixed subsets
(green).

Figure 5.4: Example FOS structure of GAMBIT for 3 discrete and 3 continuous variables, which
includes discrete, continuous and mixed subsets.
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5.2.2 Integrated Models Mechanism: Processing Dependencies and
Sampling Offspring Solutions

Integrative dependency processing can be considered key to the success of an ap-
proach using model-based algorithms to solve mixed-integer problems in case non-
trivial mixed dependencies exist. A crucial aspect is determining a way of maintain-
ing a balance between structure learning and offspring creation done by sampling
from a discrete model when a discrete subset is encountered, sampling from the con-
tinuous model when a continuous subset is encountered, and sampling from a mixed
model when a mixed-subset is encountered. Because of the nature of mixed-integer
landscapes, performing independent learning with different models for the contin-
uous and discrete variables can easily lead to premature convergence when the pos-
sible values for some variables are not sufficiently explored, or to over-exploration
when too much focus is given to some variables. For instance, having optimization
of only one type of variable proceed much faster (i.e. faster convergence) may lead
to too much diversity reduction on the side of the other type of variable for efficient
optimization of the entire solution to be realized. This potentially even increases the
chances of getting stuck in local optima in the space of the problem variable type
where search progresses much slower and is thus, via selection being biased to im-
provements, dominated by the search on the variable type that is processing faster,
being forced to discard values that happen to be associated with values in the same
solution for the other types of variables that result in high fitness. This problem is
aggravated if underlying dependencies exist between real and discrete domains.

With a FOS structure populated with discrete, continuous and mixed subsets
representing important variable groupings as illustrated in Figure 5.4, GAMBIT can
now utilize them to sample and create new solutions. The integrated models mech-
anism handles each subset type differently.

The details of the integrated models mechanism insofar learning is concerned
have already been presented in previous chapters. In Figure 5.5 these details are
complemented with details on the use of these models for generating new solutions
and are explained here. The initial population is randomly generated. Each solution
Pi in the population consists of a continuous component Pic as well as a discrete
component Pid . At the beginning of each generation, a clustering mechanism is used
to group solutions, on the population level, in k clusters. This mechanism is detailed
in the next section. For each of these clusters the discrete model is updated and a
linkage tree is built over all discrete variables. It is used to generate the 2ld−1 discrete
FOS elements as previously illustrated in Figure 2.4. The FOS is then extended
with 2lc − 1 continuous subsets, each containing all lc continuous variables. Finally
lc + ld − 2 mixed-subsets are generated in the manner explained in the previous
section. The FOS subsets are then exhaustively processed in a randomized order.
For each FOS subset, each individual in the cluster is subjected to variation. The
processing of the subsets depends on the subset type.

If the subset type is continuous, the continuous model is first updated. Each
offspring solution is created by copying all discrete variables from the current par-
ent solution, and sampling all new continuous variables. The offspring solution is
always accepted, following the iAMaLGaM sampling procedure. Updating the con-
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tinuous model consists of re-building a covariance matrix, based on τ = 0.35 fraction
of best solutions in the cluster, and updating iAMaLGaM’s intergenerational mech-
anisms.

If the subset is discrete, the variables specified by the subset are copied from
a donor solution randomly selected from the current cluster, and copied onto the
current solution, while the remaining discrete variables and all of the continuous
variables remain unchanged. This offspring solution is only accepted if it is not
worse than the parent solution. This procedure is illustrated in Figure 2.5.

When a mixed FOS subset is encountered, sub-models are created. Specifically,
the sub-population that is currently handled by the integrated models mechanism,
is grouped into model clusters, this time on the population cluster level, however
now only considering the variables present in the mixed subset for distance calcula-
tion. This results in k equally-sized sub-clusters for every mixed subset in the FOS.
The value for k is set equal to the number of clusters used by the main (i.e., popu-
lation) clustering mechanism of GAMBIT. This way k does not need to be explicitly
specified. A sub-model represents only the variables present in those linkage sets,
making it relatively inexpensive in terms of additional computing resources needed
(i.e., computing covariance matrices and decomposing them for sampling). When a
mixed subset is encountered, for each solution a donor solution is randomly selected
from the cluster. The sub-cluster to which this donor belongs, is probabilistically cal-
culated (i.e., maximum-likelihood match). The discrete subset variables are copied
from the donor, into the current solution. The continuous variables are sampled
from the sub-model which was matched to the mixed subset. Only after both, the
continuous and discrete variables of the mixed subset have been sampled, changes
are evaluated and kept only if it results in an improvement. Otherwise, the change
is rejected. Pseudo-code for this procedure is given in Figure 5.5.

After every subset is processed for every solution, the generation ends. The off-
spring solutions generated by each instance of the integrated models mechanism are
merged together, forming a new population, and is used for clustering in the next
generation.

5.2.3 Clustering Mechanism

Clustering offers a means of partitioning the search space and allowing an EA to
focus its search on different regions of the search space. A well-designed cluster-
ing approach can be especially useful in the black-box setting, where the problem
structure is initially unknown and may include features such as many local optima.

A clustering mechanism is one of the key components of GAMBIT. The clustering
mechanism offers the ability to partition the problem population on the solution
level, resulting in sub-population groupings that are then optimized with an instance
of the integrated models mechanism.

The overview of this clustering mechanism is as follows. A constant number k of
clusters is predetermined. A population is generated randomly with n solutions that
are evaluated. This population is then clustered into k equally-sized (n/k) clusters.
A separate instance of the integrated models mechanism is then associated with each
cluster. This is, within each cluster, the variable linkages and Gaussian-distribution
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Integrated Model Sampling for a cluster sub-population Pk

INTEGRATEDMODELMECHANISM(Pk)
F = LearnFOS(Pk)
for i ∈ {0, 1, . . . , (|F| − 1)} do

if F i is all continuous then
S ← TRUNCATIONSELECTION(Pk, τ)
UPDATEGAUSSIANPARAMETERS(k,S)
for j ∈ {0, 1, . . . , n− 1} do

((Pk)j)F i ← SAMPLECONTINUOUSMODEL(k,F i)
EVALUATEFITNESS((Pk)j)

if F i is all discrete then
for j ∈ {0, 1, . . . , n− 1} do
O ← (Pk)j
donor ← GETRANDOMSOLUTION(Pk)
(O)F i ← (donor)F i

EVALUATEFITNESS(O)
if fitness(O) at least as good as fitness((Pk)j) then
((Pk)j)F i ← (O)F i

if F i is mixed then
Pksub

[0, ..., k − 1]← GROUPINTOCLUSTERS(i, k,Pk)
UPDATEMIXEDSUBMODELS(i,Pksub

)
for j ∈ {0, 1, . . . , n− 1} do
SubID ← DETERMINESUBPOPULATION(j)
O ← (Pk)j
(O)F i ← SAMPLESUBMODEL(i,Pksub

[SubID])
EVALUATEFITNESS(O)
if fitness(O) at least as good as fitness((Pk)j) then
((Pk)j)F i ← (Ok)F i

return Pk

Figure 5.5: Pseudo-code for generating solutions for mixed integer problems with GAMBITs Learning
Models.

parameters for the discrete and continuous variables are learned respectively. Based
on the learned information, each model instance generates n/k new solutions, which
are added into the main population. The clustering process begins anew in every
generation. After clustering takes place, the clusters from the previous generation
are matched with the newly created clusters using the distance-minimizing Hun-
garian method [54], where the cluster distance is the sum of all pairwise distances
between solutions. Intuitively, this approach identifies the pairing of solutions that
has the smallest sum of paired distances. The distance metric used between solu-
tions is the same as the one used for clustering. By doing so, the intergenerational
mechanisms needed by iAMaLGaM can proceed smoothly as the clusters do not
chaotically change their positions over generations. The clustering process is sum-
marized in pseudo-code form in Figure 5.7 and an example visualization is provided
in Figure 5.6.

The clustering process itself takes place at the beginning of every generation.
First, k cluster leaders are selected. The best solution available in the population is

52



5.2 GAMBIT DETAILS ON COMPONENTS

5
(a) Cluster Centers Selection (b) Populating Cluster Solutions

(c) Generating Offspring (d) Matching IMM Instances

Figure 5.6: A visualization of GAMBIT’s Clustering Mechanism and integrated models mechanism
during a generation for cluster size k = 3.
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always selected as a cluster center. Other centers are iteratively chosen as solutions
with the largest minimal distance to any already chosen center. Once the centers
are determined, n/k solutions closest to the chosen centers are added to the clusters
in accordance with the chosen distance metric. This approach also allows certain
solutions to be part of multiple clusters. This cluster selection process is based on a
similar approach used for Multi-Objective optimization first presented in [13].

Clustering-Based Model-Building EA
for i ∈ {0, 1, . . . , n− 1} do
Pi ← CREATERANDOMSOLUTION()
EVALUATEFITNESS(Pi)

t← 0
while ¬TERMINATIONCRITERIONSATISFIED do
C(t)← POPULATECLUSTERS(P)
if t > 0

MATCHCLUSTERS(C(t), C(t− 1))
for j ∈ {0, 1, . . . , k − 1} do
Pi ← CLUSTERBASEDVARIATION(Ci)

P ← P0 ∪ P1 ∪ . . . ∪ Pk−1
t← t+ 1

Figure 5.7: Pseudo-Code overview of the Clustering-based mechanism

A final but important component of the clustering mechanism is the distance
metric used for calculating the distance between two mixed-integer solutions. In
order to consider both discrete and continuous variables together, a joint distance
metric is required. In GAMBIT, this is accomplished by considering discrete and
continuous variables together in the continuous domain. The continuous variables
are normalized and scaled down to a 0-1 range where the current largest value in
the population takes on the value of one, and the smallest zero. Binary variables are
then treated as real values and the Euclidean distance is used. While other distance
metrics were considered and tested, they resulted in less efficient optimization by
GAMBIT.

5.2.4 Parameter Freedom

When experimental results of running algorithms are presented, they are often asso-
ciated with certain parameter settings that were used. For some parameter settings
a given algorithm can perform much better than for others on a given problem. As
indicated earlier, GAMBIT requires two crucial parameters: population size p and
number of clusters used k. In this section we explain why the need for setting these
parameters can be problematic, especially in a black-box optimization setting, and
propose a methodology that allows for a parameter-free execution of GAMBIT.

The population size is an essential parameter of any evolutionary algorithm. De-
termining a population size that results in efficient performance, however, is often
difficult. Setting the population size too small will result in premature convergence
and inability to solve the problem. Choosing the population size too large may re-
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sult in an unnecessary overhead leading to inefficient performance in terms of eval-
uations needed. In research on population-based algorithms, very often results are
reported based on empirical data obtained using the optimal, or at least to some de-
gree tuned, population size for a given problem. While the use of bisection to find
the optimal population size is very useful to examine algorithmic performance from
the fundamental perspective, it is very often infeasible and not useful in practice. For
example, if the optimum of a problem is not known, it may be impossible to know
if a given population size results in good or poor performance. Additionally, once a
problem is solved, it makes no sense to try solving the problem again for a smaller
population size.

A priori predicting a good population size for a given problem in a black-box set-
ting can be near impossible. While it is generally true that when the dimensionality
of a problem increases, the population size required to solve it also increases, there
is very little information that tells us what this optimal population size might be for
different problems. This is because many factors affect problem difficulty such as
multi-modality, variable interactions or constraints.

Similarly to the population size parameter, determining an optimal number of
clusters for a given problem prior to execution may often be impossible in practice.
Choosing the wrong number of clusters however, can have a negative impact on the
performance. An insufficient number of clusters may lead to inability to exploit more
complex problem structures, while too many clusters will likely result in significant
overhead.

In order to design an algorithm that may be useful in a real-world setting, the
problem of determining values for the population size and the number of clusters
needs to be addressed. We hereto adapt the Parameter-Free scheme initially pro-
posed for discrete optimization by [44]. Our goal is to determine if it is possible to
adapt this scheme to GAMBIT while retaining similar performance in terms of scala-
bility as with the optimal population size. To this end, we will test the performance,
with and without the parameter-free scheme, of GAMBIT on problems with different
landscape features and with different problem composition.

Methodology

The population-free scheme was initially proposed for discrete optimization. In re-
cent work this approach was successfully used with GOMEA, and was called an
interleaved multi-start scheme (IMS) ( [63] [64]). In this scheme, the optimization al-
gorithm is initialized dynamically over time for different population sizes. The gen-
erational progress of each instance is inversely proportional to the instance’s popu-
lation size, allowing for an evaluation balance between instances. Additional mech-
anisms exist which determine when to terminate smaller instances based on their
relative performance or when to start new, larger instances. The general idea behind
this scheme is to give instances with smaller population sizes a chance to solve a
problem, but allow larger instances to attempt to solve it simultaneously without
the need of instances with smaller population sizes to reach a termination criterion
first.
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Figure 5.8: A visualization of the population size free scheme for b = 2.

More specifically, an instance of an algorithm is first created for a certain minimal
population size. This instance runs for b generations, where b represents the base,
suggested to be 2 or 4. After this, a new instance of the algorithm is created, with
a doubled population size. This instance will perform a single generational step at
the frequency 1/b smaller than the previous instance. After b generational steps of
this instance (by which time the first instance made b2 generational steps), again a
new instance with a double population size is created and the process continues. An
visualization of this process is provided in Figure 5.8.

A major drawback of using an iteration rather than an interleaved scheme is the
need to specify when the algorithm should move on to a larger population size.
Such stopping criteria are very often difficult, if not impossible, to specify. With the
interleaved approach, this is no longer necessary as algorithm instances with larger
population sizes will be utilized, alongside of smaller population size instances.

Some modifications are made to this scheme. If for a given GAMBIT instance, the
average fitness of solutions selected by GAMBIT is higher than the average fitness of
the selected solutions for an instance that is still running with a smaller population
size, the instance with the smaller population size as well as all instances with a
smaller population size than the one that is being outperformed, cease execution.
This is a way to save needless evaluations, since a larger instance already reached
better fitness levels. Additionally, the best current solution out of any instance is
always preserved and shared among all instances. In our implementation we use b
= 4. The minimal, or starting population size is based on iAMaLGaM’s population
size guidelines, which is 10

√
lc. We adapt this guideline to the mixed-integer case, by

setting the initial population size to 10
√
lc + ld to consider the addition of variables

from the discrete domain.
Determining the number of clusters is done in a similar manner. Every time a

new instance (with a doubled population size) is introduced, the number of clusters
for this instance is increased by one from the previous instance. With a linearly
growing number of clusters k, and exponentially growing population size n, the
number of solutions in each cluster will also increase with time, as the number of
population members per cluster is n/k. In our implementation the starting cluster
size is k = 1.
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5.3 Experiments

Good performance of model-based EAs, LTGA and iAMaLGaM in their respective
domains does not necessarily translate to these EAs having good performance in
the mixed-integer space. To see whether an EA such as GAMBIT with its dedi-
cated mechanisms truly has additional value, we will compare it to several other
approaches that leverage LTGA and iAMaLGaM in more straightforward ways. An
empirical analysis is performed with the following key considerations:

• Problem composition: how does GAMBIT behave when the problem consists
of different fractions of continuous and discrete variables under different types
of dependencies present?

• Simple approaches: what is the difference in performance when we utilize
already successful algorithms for either discrete or continuous domain in the
mixed-integer domain directly?

• Inter-variable dependencies: is using mechanisms specifically designed for
mixed-dependencies worth the overhead associated with them?

• Alternative algorithms: how do state-of-the-art commercial and
non-commercial alternative algorithms compare on our benchmarks?

In order to examine these considerations, this section is organized as a series of
subsections. Each subsection consists of the description and motivation behind the
specific consideration as well as additional information about algorithms or prob-
lems specific to the given consideration. Finally, each of the subsections concludes
with a description and analysis of the results pertaining to the experiments per-
formed for the specific consideration.

5.3.1 Problem composition

Problem composition in terms of the number of variables of a different type is a
characteristic inherent to mixed-integer optimization, and not present in exclusively
discrete or continuous optimization. We wish to examine the behavior of GAMBIT
when the problem composition is even, when it is mostly discrete and when it is
mostly continuous. We hope to retain a favorable scalability in each of these cases,
just as iAMaLGaM and LTGA are capable of doing in their respective domains. Fur-
thermore, we hope to show that the adaptation of the parameter-free scheme does
not introduce a substantial increase in terms of evaluations needed.

We compare the parameter-free GAMBIT with GAMBIT parameterized with the
optimal population size determined via bisection aimed at finding the population
size that leads to requiring the smallest number of evaluations. Specifically, we use
bisection to find the population size that corresponds to the minimal total evalua-
tions needed to solve a problem with the precision of 10−10 at least 29/30 times.
We test benchmarks with different landscape characteristics: F1, F2, F3 and F4 (see
Chapter 4). For each of the problems, different problem sizes and problem compo-
sitions are considered. Let ρ describe the ratio ρ = lc/(lc + ld) of the continuous

57



SINGLE-OBJECTIVE GAMBIT 5.3

variables in a given problem. For instance ρ = 1.0 denotes a problem where all vari-
ables are continuous, while ρ = 0.5 represents a problem with the same number of
discrete and continuous variables. We consider different values for ρ: 1.0, 0.75, 0.5,
0.25, 0.0. The success criterion is finding the optimum in at least 29 out of 30 runs. All
benchmark problems have an optimal value of 0. However, since part of these prob-
lems is continuous, we consider a benchmark problem solved if the value-to-reach
of 10−10 is reached.

Heat-maps in Figure 5.9 show how many evaluations are needed for problems
with different dimensionality and variable composition. As could be expected, as
the problem dimensionality increases, so does the number of evaluations required.
Additionally, a larger number of evaluations is also needed when the problem com-
position becomes more continuous (larger values of ρ), or when problems containing
discrete dependencies (F3 and F4) are present.

Intuitively, F1 should be the simplest problem, as it contains no parameter depen-
dencies. As the problem composition shifts towards a more continuous landscape,
GAMBIT requires more evaluations. The required population size is less affected
by the problem composition for F1 than for the remaining benchmarks. This can be
explained by the simplicity and independence of all problem variables.

The effects of changing the problem composition strengthen when
intra-dependencies are introduced into the problem landscape. As with F1, for the
remaining benchmarks more evaluations are also required for the same problem
sizes as the composition of the problem shifts towards larger numbers of continuous
variables. Moreover, as expected, benchmarks which contain dependencies within
the continuous sub-space, F2 and F4, require larger number of evaluations than F1

or F3.
This shows that in addition to problem length, the composition of the problem

and variable dependencies are a big factor for efficiency in terms of evaluations and
population sizes. From the heat-maps it follows that the parameter-free GAMBIT ob-
tains a fairly similar behavior as the GAMBIT instance with an optimal population
size in terms of evaluation requirements as a function of problem size and compo-
sition. We explore the overhead in more detail by considering the scalability of the
GAMBIT equipped with the parameter-free scheme.

Scalability

Figure 5.10 demonstrates changes in scalability of population size and evaluations
over benchmarks F1 − F4 when the proportions of discrete to continuous variables
is changed. Results are shown on a log-log scale. This means that polynomial scal-
ability is indicated by straight lines. From the scalability graphs it is clear that fac-
tors such as variable ratios and dependencies can affect the behavior of GAMBIT.
GAMBIT does exhibit polynomial scalability on the tested mixed-integer problems,
which shows that when faced with different mixed-integer problem compositions
that include intra-domain dependencies GAMBIT retains the efficient scalability of
LTGA and iAMaLGaM. Comparison between the optimal population size and the
parameter-free scheme equipped GAMBIT version is presented in Table 5.1.
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Figure 5.9: Heat maps representing the number of evaluations needed with the optimal population size
(left column) and with the parameter-free scheme (right column). Horizontal axis: problem length, the
vertical axis: fraction of continuous variables (lc/(lc + ld))) in the problem.
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Table 5.1: Regression coefficients for scalability of evaluations on F1 through F4 benchmarks. αρ is
the regression coefficient where ρ is the fraction of continuous variables in the problem.

Population Scheme Scalability Coefficient
α0 α0.25 α0.5 α0.75 α1.0

F1 Optimal Population-Size 1.5 1.5 1.8 2.0 1.9
Parameter-Free 1.5 1.6 1.8 2.2 1.9

F2 Optimal Population-Size 1.5 1.6 1.8 1.9 1.9
Parameter-Free 1.4 1.7 2.0 2.0 1.9

F3 Optimal Population-Size 1.4 1.7 1.8 1.9 1.9
Parameter-Free 1.7 1.6 1.9 1.9 1.8

F4 Optimal Population-Size 1.6 1.8 2.4 2.2 1.9
Parameter-Free 1.6 1.7 2.5 2.6 2.0

Figure 5.10: Scalability of population size and evaluations required by GAMBIT for benchmarks F1−
F4. Fraction f is the fraction of continuous variables (lc/(lc + ld)) in the problem.

Specifically, Table 5.1 provides the regression coefficients for scalability in terms
of the number of evaluations. The results show that performance in terms of eval-
uations scales more favorably as the problem shifts towards having relatively more
discrete variables. However, on all the tested configurations GAMBIT achieves a
polynomial scalability in terms of number of evaluations needed, and therefore is ca-
pable of retaining some of the excellent performance in terms of scalability of LTGA
and iAMaLGaM in the mixed-integer domain.

Additionally, data provided in Table 5.1 suggests that GAMBIT with the
population-free scheme can achieve very similar scalability as the scalability attained
with an optimal population size. In some cases (e.g. F4 : ρ = 0.75) the scala-
bility with optimal population size is slightly better, in the majority of cases the
population-free scheme scales just as good. In some cases (e.g., F2 : ρ = 0) the
parameter-free scheme even allows for slightly better scaling.
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5.3.2 Simple Approaches

In this section, we explore the idea to adapt and expand the LGTA and the iA-
MaLGaM algorithms from the discrete and continuous domains respectively for the
mixed-integer domain in the most straightforward manner. A natural question then
arises: can the model-based abilities of these algorithms be easily individually ex-
tended to mixed integer problems in a way which retains their effectiveness or at
least be as effective as the more elaborate design behind GAMBIT?

MI-LTGA

In MI-LTGA a mixed-integer problem is treated as if all variables were discrete. To
this end, a discretization of the continuous variables takes place, for which the well-
known Gray encoding ([33], [66]) is used. With Gray coding adjacent numbers al-
ways differ by exactly one bit. This solves the problem of Hamming cliffs which can
occur with decimal encoding, where a small change to the encoded number can be
mapped to a very large difference in representation in the binary space. We use a
base of b = 24 bits to represent every continuous variable, in order to have suffi-
cient precision. This means that a mixed-integer problem of size length l = ld + lc
where ld and lc represent the number of discrete and continuous problem variables
respectively becomes a fully discrete problem with problem length ld + b ∗ lc.

MI-iAMaLGaM and MI-iAMaLGaM-LS

MI-iAMaLGaM is the continuous analogy of MI-LTGA. All binary variables are ini-
tialized to either 0 or 1, but are otherwise treated as if they were real-valued. These
variables are converted to binary values during function evaluation (i.e., the solu-
tion itself is not changed), where values smaller than 0.5 are considered to be 0, and
values greater or equal to 0.5 are considered to be 1.

Additionally we consider a variant of MI-iAMaLGaM called MI-iAMaLGaM-LS
in which a local search (LS) variant is introduced. Local search is an optimization
heuristic which repeatedly performs small step size changes to a given solution,
until a local minimum is found. Local searches are often used in the discrete do-
main where the step size is a single bit flip. This functionality allows the continu-
ous model-building and sampling of iAMaLGaM to guide the search, while a first-
improvement local search hill-climbs in the discrete variable space. The use of local
search in a black-box algorithm is potentially expensive, as each bit flip requires a
full function evaluation. The benefits however include making sure the discrete part
of the solution is always at a local optimum, which may in turn simplify the opti-
mization process for iAMaLGaM.

Results

In order to examine how the simple approaches perform, we compare their perfor-
mance on functions F1 through F3 where different types of variable dependencies
are present. For contrast, we also report the performance of GAMBIT.
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The experimental setup is as follows. For each algorithm we use bisection to
find the population size that corresponds to the minimal total evaluations needed to
solve a problem with the precision of 10−10 at least 29/30 times. Only the evaluations
used for the optimal population size of each algorithm are presented, as well as the
corresponding population sizes. Results on functions F1 − F3, where lc = ld = l/2,
are presented in Figure 5.11.

Figure 5.11: Model-based EA variants performance for functions F1, F2, F3.

On the completely independent benchmark F1 the algorithms perform relatively
well, and manage to solve this simple benchmark for all tested problem sizes. MI-
iAMaLGaM+LS requires smaller population sizes than other algorithms on F1 and
F2. However, it performs significantly worse than the other algorithms in terms of
function evaluations. MI-iAMaLGaM performs better than MI-iAMaLGaM+LS in
terms of function evaluations on F1 and F2. However it is not able to consistently
solve F3 - a problem where strong discrete dependencies are present. MI-LTGA
can only solve small instances, and becomes very expensive as the problem size in-
creases. GAMBIT is the most consistent and most efficient approach. It is able to
solve all problems and performs better than other algorithms in terms of the number
of evaluations needed.

Results of the experiments make it clear that single model-based approaches for
mixed-integer problem optimization, while intuitive and straightforward, are not
sufficient when different variable types are present. Discrete and continuous model-
based EAs alone that we tested do not extend well into the mixed-integer domain.
The results indicate that both of the algorithms are able to efficiently deal with the
variables from the other domain only in a limited capacity. Once variable depen-
dencies are introduced for the domain that the algorithm at hand does not build its
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models for, originally, the respective algorithms become inefficient. By comparison,
the additional computational mechanisms introduced in GAMBIT thus really appear
to have substantial added value.

5.3.3 Inter-Variable Dependencies

In this section we focus on examining the added value of the inter-variable learn-
ing and sampling mechanism of GAMBIT. We consider problems with and without
inter-domain dependencies and use different mixed-learning approaches in GAM-
BIT, including not considering mixed inter-variable dependencies at all. We also
introduce a set of problems with constraints, where the level and types of dependen-
cies are not explicitly known.

GAMBIT Variants

In addition to the full fledged GAMBIT variant we propose, we consider two vari-
ants that generate mixed subsets in similar fashion to GAMBIT. However, instead
of the nearest-neighbor method, we utilize a much simpler mutual information es-
timation: fully discrete or fully continuous. For each of those variants, two ways of
constructing the FOS structure is considered.

A fully discrete configuration refers to using the discrete mutual information cal-
culation for all variables. This is accomplished with a crude discretization that cal-
culates the average value of a variable in the current population, and assigns a zero
value for all values below, and a one value for all values above the average. With
these temporarily discretized variables, mutual information can be calculated in the
same way as with LTGA, but now for all variables. In the fully continuous config-
uration, we do the converse. It is again possible to calculate mutual information
between all variables if the discrete variables are treated as real-valued and using
the definition of mutual information assuming a parametric distribution over the
variables such as the normal distribution. For the purposes of this calculation, the
continuous variables are normalized to a [0;1] range, and binary variables are treated
as real values.

We consider two variants of generating the FOS, resulting in four algorithms.
In the first variant we create a linkage tree with hierarchical clustering, but con-
sider all problem variables. A tree obtained in this fashion contains 2(lc + ld)-1 sub-
sets, and can include mixed subsets. Depending if the mutual information was es-
timated entirely in the continuous or discrete domain, we refer to this approach as
a fully continuous based FOS (”G-Full Cont.”) or fully discrete based FOS (”G-Full
Disc.”) respectively. The second variant retains existing mechanisms for generating
strictly discrete and strictly continuous subsets, and appends it with mixed subsets,
which are built using an additional linkage tree. This approach allows us to retain
all specific intra-domain dependencies, and join them with specifically learned inter-
domain dependencies. In order to generate the strictly mixed-subset linkage tree, the
mutual information between variables of the same type is set to −∞, ensuring that
in such a tree, all non-leaf nodes are guaranteed to contain both types of variables in
each subset. The resulting mixed subsets are added to the FOS. Based on this FOS
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representation we consider GAMBIT with the appended mixed subsets based on
continuous estimation (”G-Joined Cont.”) and discrete estimation (”G-Joined Disc.”).

Constrained Problems and Constraint Handling

In addition to the benchmark set of unconstrained problems we also test GAMBIT
with a selection of constrained problems. Constrained Problems (F7 through F12)
vary in problem size, as described in Table 5.2. The other benchmarks (F1 through
F4) were fixed to a problem size of 20 (the largest size for which we could test all the
MINLP solvers in the GAMS framework), where half of the problem variables are
continuous and the other half are discrete.

MI problems are often accompanied by constraints which limit the feasibility of
the search space. In a black-box setting, we cannot make any assumptions about
the number or types of constraints present in a given problem. The only feedback
we may hope for is an indicator of how strongly the current problem constraints are
violated. For such conditions, we consider the use of the Dynamic Penalty Function
Method ([74],[76]).

The Dynamic Penalty Method worsens the value of the objective function if the
solution is infeasible. This penalty factor is proportional to the constraint violation
value as well to the number of generations which have already passed. This means
that as time passes, the penalty factors of infeasible solutions becomes stronger. Be-
cause of these features, the penalty method initially allows for exploration of promis-
ing but not feasible regions. As time progresses however, feasible regions become
more important. In our implementation the penalty function value is the square of
the total constraint violation value multiplied by the number of generations which
have already passed.

Results

The success criterion is finding a solution within 10−10 of the known global optimum
at least 29 out of 30 times. A run is considered unsuccessful if the optimum is not
found after 10 million evaluations or execution time exceeds an hour. A successful
run for any tested algorithm was usually completed within a few minutes. The re-
ported results for the unconstrained problems consist of the same number of discrete
and continuous variables (lc = ld = l/2).

In Figure 5.12 ”G-joined NN” refers to our fully-fledged proposed GAMBIT vari-
ant where the nearest-neighbor mutual information estimation is used to calculate
mixed subsets which are added into the FOS. The ”NoMixLearning” refers to a vari-
ant of GAMBIT without the learning mechanism for the mixed space. The remaining
variants correspond to the four approaches detailed in the previous section.

Figure 5.12 shows that GAMBIT does not benefit from any variant of the mixed-
dependency processing mechanism on the DT5Ellipse (F4) problem, where no inter-
variable dependencies exist, however it does on the OnemaxSphere (F1) problem.
This can be attributed to the larger number of subsets that exist per generation when
the mixed dependency learning mechanisms are used. Because the subsets are cor-
rect, more subsets means more selection pressure used to get better solutions faster.
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Table 5.2: Specifications of the MINLP selected constrained benchmark problems, and initialization
ranges for problem variables.

Name Function Constraints Range

F7 2r1 + d1 −r21 − d21 ≤ −1.5, r1 + d1 ≤ 1.6
r1 ∈ [0, 1.6]
d1 ∈ {0, 1}

F8 2r1 + 3r2 + 1.5d1 + 2d2 − 0.5d3

r21 + d1 = 1.25, r1.52 + 1.5d2 = 3
r1 + d1 ≤ 1.6, 1.333r2 + d2 ≤ 3

−d1 − d2 + d3 ≤ 0

r1,2 ∈ [0, 10]
d1,2,3 ∈ {0, 1}

F9 0.8 + 5(r1 − 0.5)2 − 0.7d1
−exp(r1 − 0.2)− r2 ≤ 0

r2 + 1.1d1 ≤ −1, r1 − 1.2d1 ≤ 0

r1 ∈ [0.2, 1]
r2 ∈ [0.22554,−1]

d1 ∈ {0, 1}

F10

6 + (r1 − 1)2 + (r2 − 2)2

+(r3 − 3)2 − d1 − 3d2 − d3
−0.693147180559945d4

r1 + r2 + r3 + d1 + d2 + d3 ≤ 5
r21 + r22 + r23 + d3 ≤ 5.5

r1 + d1 ≤ 1.2, r2 + d2 ≤ 1.8
r3 + d3 ≤ 2.5, r1 + d4 ≤ 1.2
r22 + d2 ≤ 1.64, r23 + d3 ≤ 4.25

r23 + d2 ≤ 4.64

r1,2,3 ∈ [0, 10]
d1,2,3,4 ∈ {0, 1}

F11 −5r1 + 3r2

8r1 − 2r0.51 r2 + 11r2 + 2r22 − 2r0.52 ≤ 39
r1 − r2 ≤ 3, 3r1 + 2r2 ≤ 24

r2 − d1 − 2d2 − 4d3 = 1, d2 + d3 ≤ 1

r1 ∈ [1, 10]
r1 ∈ [1, 6]

d1,2,3 ∈ {0, 1}

F12

(r4 − 1)2 + (r5 − 2)2 + (r6 − 1)2

−log(1 + r7) + (r1 − 1)2

+(r2 − 2)2 + (r3 − 3)2

r1 + r2 + r3 + d1 + d2 + d3 ≤ 5
r26 + r21 + r22 + r23 ≤ 5.5, r1 + d1 ≤ 1.2

r2 + d2 ≤ 1.8, r3 + d3 ≤ 2.5, r1 + d4 ≤ 1.2
r25 + r22 ≤ 1.64, r26 + r23 ≤ 4.25

r25 + r23 ≤ 4.64
r4 − d1 = 0, r5 − d2 = 0
r6 − d3 = 0, r7 − d4 = 0

r1,2,3 ∈ [1, 10]
r4,5,6,7 ∈ [0, 1]
d1,2,3,4 ∈ {0, 1}

Since all problem variables are independent, modeling dependencies over genera-
tions is not necessary.

On problems that contain inter-domain dependencies (F5 and F6) the advantages
of the newly introduced mechanism become apparent. All variants of GAMBIT with
the mixed subset processing mechanisms outperform the configuration without any
mixed structure learning. The approach that uses discrete mutual information es-
timation performs worse than the remaining alternatives. This is likely due to the
crude one bit discretization used in these approaches. The GAMBIT approach is the
most efficient variant. This suggests that calculating mutual information in exclu-
sively discrete or continuous domain results in a less accurate estimation of mixed
dependencies than with the nearest-neighbor approach.

Furthermore, the G-Full Disc. and G-Full Cont. approaches fail to solve F12. This
suggests that relying on a single tree based FOS may be insufficient as intra-domain
dependency information may be lost. Our observations are further confirmed on
the constrained problems and summarized in Table 5.3. Dependency processing
is less useful on problems with few variables. This can be seen in functions F7

and F11, where learning the mixed subsets is not advantageous. All the alterna-
tives which attempt to estimate mixed dependencies are more successful than the
”NoMixedLearning” variant on most problems. The variant used with GAMBIT
outperforms all alternatives on F8, F9, F11 and F12, and therefore justifies our design
choices.
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Figure 5.12: Average number of evaluations required by GAMBIT variants on unconstrained bench-
marks, over 30 runs.

Table 5.3: Performance of GAMBIT vs alternatives to learning mixed dependencies on constrained
problems (average number of evaluations required, over 30 runs).

GAMBIT Variant
Problem No Mixed Learning G-Joined NN G-Joined Cont. G-Joined Disc. G-Full Cont. G-Full Disc.

F7 1056 4096.7 4521 5836.3 4939 4015.8
F8 50431.5 30868.3 35976 35724.6 41953.2 62347.2
F9 3404.8 2909 2911 2819.1 3388.4 2093.9

F10 114887.2 54645.3 57855 75241.6 58098.1 119347.4
F11 6271.6 4641.7 4693.3 6709.5 4771.6 4892.7
F12 720494 418224 558219 6311296 x x

5.3.4 Alternative Algorithms

While the mixed-integer optimization domain has been relatively less explored in
the field of EAs than the individual discrete and continuous domains, certainly sev-
eral alternative algorithms have been developed for the mixed-integer domain. In
this section we briefly summarize several of such algorithms, which we use to com-
pare and contrast results of GAMBIT with. Various state-of-the-art industrial mixed-
integer optimization software tools exist, that are efficient and successful on a wide
range of constrained and unconstrained problems. However, when faced with chal-
lenging non-convex problems, they may not perform as well.

Most of commercially available algorithms are known for their ability to effi-
ciently solve problems by exploiting the structure of objective and constraint func-
tions directly, i.e. taking a white-box approach. We wish to examine if these alterna-
tive approaches are able to exploit the structure of problems where dependencies be-
tween problem variables are a consequence of the objective function, or constraints.
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We test the performance of a selection of Mixed Integer Nonlinear Programming
(MINLP) solvers from the GAMS framework [22]. Additionally, we compare our
results with the Mixed-Integer Evolution Strategy (MIES) ([57]).

Mixed Integer Evolution Strategy

The Mixed Integer Evolution Strategy, or MIES, is an evolution strategy approach to
handling the mixed-integer domain in the black box setting. MIES extends the well-
known (µ + λ) evolution strategy (ES) for continuous problems to mixed-integer
search spaces. MIES generates solutions with the following procedure. The initial
population is randomly generated. Two random solutions from the population P (t)
act as parent solutions. A recombination operator is applied to the parent solutions,
followed by a mutation operator. These operators are defined differently for con-
tinuous, nominal discrete and integer problem variables and feature self-adaptive
step-sizes and/or mutation probabilities. This procedure repeats until λ offspring
solutions are created. The best µ solutions from the union of the µ parent solutions
and the λ offspring are carried over into the new population P (t+ 1) [57].

GAMS

General Algebraic Modeling System (GAMS) is a framework which gathers and
allows access to a selection of commercial and open-source state-of-the-art mixed-
integer solvers [22]. We consider the following GAMS algorithms that are designed
for the mixed-integer non-linear programming (MINLP) problems:

• ALPHAECP
The ECP method is an extension of Kelley’s cutting plane method, which was
originally given for convex NLP problems. ALPHAECP is an MINLP solver
based on an extension of Kelly’s cutting plane method (ECP) , originally devel-
oped for convex non-linear programming problems [92].

• BONMIN
BONMIN, or the Basic Open-source Nonlinear Mixed Integer programming
algorithm makes use of branch-and-bound, branch-and-cut, and outer approx-
imation methods [9].

• COUENNE
This Convex Over and Under Envelopes for Nonlinear Estimation algorithm [6],
uses spatial branch-and-bound techniques. It can be viewed as an extension
of BONMIN, which adds new functionality for computing linear outer ap-
proximations for non-convex problems and methods for bound tightening and
branching on nonlinear variables.

• DICOPT
DIscrete and Continuous OPTimizer is a mixed-integer optimization algorithm
based on the extensions of the outer-approximation algorithm for the equality
relaxation strategy [41].
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• KNITRO
A software package which makes use of interior-point and active-set methods
for solving MINLP problems [25].

• LINDO and LINDOGLOBAL
Algorithms adapting branch-and-cut methods [59].

• LOCALSOLVER
This algorithm is based on a hybrid neighborhood search approach [8].

• SBB
Algorithm based on the Standard Branch and Bound approach [24].

• SCIP
Solving Constraint Integer Programs is based on the branch-cut-and-price al-
gorithm [1] [35], and is considered one of the fastest non-commercial solvers
for mixed-integer non-linear problems.

Results

Table 5.4 summarizes the results of testing the algorithms mentioned above on all
considered benchmark problems. Almost without exception all of the algorithms
have no trouble solving any of the constrained problems. The objective function
definition of this selection of constrained benchmarks problems is relatively sim-
ple. Various equality and inequality constraints contribute to the difficulty of these
problems. The algorithms in the GAMS framework are very well equipped to deal
with such problems, as they very efficiently exploit many different constraint han-
dling mechanisms. MIES, using the global competitive ranking introduced by [74]
as a means of constraint handling, is also capable of solving F7 − F12 as explained
in more detail by [57]. GAMBIT using a penalty method approach also solves the
provided constrained benchmarks.

The performance of the tested algorithms changes however, when the objective
function definition becomes more challenging, even in the absence of constraints.
Benchmarks F1, F2 and F3 are solved by most algorithms tested. The MIES version
provided by [57] does not solve F2 − F5. MIES’s inability to solve F2 can be reme-
died by the inclusion of covariance information during the generation of continuous
variables. However, MIES cannot capture and exploit the Deceptive Trap function
structure, which prevents it from solving F3 − F5.

When strong dependencies are introduced into the problem, the success rate of
this set of algorithms goes down drastically. The F4 problem, which contains dis-
crete and continuous dependencies localized to the respective domains is unsolvable
for six out of the eleven tested algorithms. When cross-domain dependencies as well
as discrete and continuous dependencies are featured, as in F5, only two algorithms
succeed.

In contrast, GAMBIT is capable of solving all of the problems in this benchmark
set. A commercial algorithm ALPHAECP is the only other algorithm tested by us
which also solved all the tested problems successfully. The runtimes of both al-
gorithms were comparable. However, commercial algorithms strongly exploit the
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Table 5.4: Ability of MINLP algorithms to solve benchmarks with different landscape features.

Function: Unconstrained Constrained
Solver F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12

ALPHAECP X X X X X X X X X X X X
BONMIN X X no no no no X X X X X X

COUENNE X X X X X X X X X X X no
DICOPT X X no no no X X X X X X X
KNITRO X X X no no X X X X X X X
LINDO X X X X no X X X X X X X

LINDOGLOBAL X X X X no X X X X X X X
LOCALSOLVER X X X no no X X X X X X X

SBB X X X no no X X X X X X X
SCIP X X X X no X X X X X X X
MIES X no no no no X X X X X X X

GAMBIT X X X X X X X X X X X X

structure of constraints as formalizable like in Table 5.2. GAMBIT does not use com-
plex constraint-handling techniques. Instead, it treats the constrained space as a
black box and utilizes the penalty function method and the clustering mechanism
to solve constrained problems. Arguably, this makes GAMBIT more flexible when
it comes to arbitrarily formulated types of constraints of which the formulation may
not even be known.

5.4 Discussion

By design, GAMBIT aims to explore and exploit problem structure of multi-modal or
otherwise challenging objective function landscapes which may contain inter- and
intra-variable dependencies. Moreover, the design of GAMBIT was done with a
black-box setting in mind. The problem types which GAMBIT aims to optimize dif-
fer from the problems usually tackled with the MINLP solvers in the GAMS frame-
work. Such solvers are exceptionally equipped to optimize highly constrained prob-
lems, usually with relatively simple objective functions. They explicitly exploit linear
constraints and do not treat the constrained space as a black box. This is demon-
strated on problems F7-F12, where almost all GAMS solvers succeed on every con-
strained problem. The performance of GAMBIT on these functions is meant to illus-
trate GAMBITs ability to handle some constrained spaces despite treating the con-
straints as a black box. However, highly constrained MINLP problems solvable by
the GAMS solvers remain out of reach for GAMBIT. Conversely, the results provided
in Table 5.4 on functions F1-F6 show that while GAMBIT succeeds, many state-of-
the-art algorithms struggle to solve even low dimensional problems when strong
dependencies are present in the objective function between the discrete and contin-
uous variables. GAMBIT does not assume anything about the objective function,
the constraints, or about their structure. As such GAMBIT targets different types of
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problems under different assumptions making a direct comparison to GAMS solvers
not straightforward. This is not to say that GAMBIT can not be specialized to exploit
known problem characteristics such as linear constraints either directly or by hy-
bridization with other solvers, resulting in potentially vastly improved performance
in such cases.

5.5 Summary

Mixed-Integer problems introduce many optimization challenges which do not arise
in purely real-valued or discrete optimization problems. With the use of carefully
designed benchmarks, we were able to showcase some of such challenges. Through
consideration of a range of approaches we were able to narrow down a promising
approach to tackle mixed-integer problems with model-based EA components. This
approach, which we named the Genetic Algorithm for Model-Based mixed-Integer
opTimization, GAMBIT, combines the structure learning abilities of LTGA and iA-
MaLGaM from the discrete and continuous domains respectively for use in the MI
domain.

We observed that obtaining a proper balance in exploration of model information
for different types of variables, varying variable ratios and additional overhead or
fitness contribution scaling are some of the important issues which should be taken
into account when solving mixed-integer problems. By extracting key features from
EAs originally designed for either discrete or continuous domains, and carefully in-
tegrating their different models, we were able to develop a new EA and solve mixed
integer benchmarks with varying degrees of variable dependencies. The resulting al-
gorithm GAMBIT achieved polynomial scale-up behavior on the tested benchmarks.
We believe that these results provide a good foundation and motivation for further
work on solving mixed-integer optimization problems with model-based EAs.

Practicality is one of most important factors in real-world optimization. Many
algorithms produce good results only when correctly parameterized, which can be
problematic especially in black-box settings. Determining an optimal, or even a good
population size parameter for an EA is not trivial. To address this, a parameter-free
scheme was added to GAMBIT. Even though removing the need to specify the pop-
ulation size and number of clusters parameters from GAMBIT creates a potential
need for additional evaluations, the scalability of the algorithm is only a small con-
stant factor larger than using parameters which are empirically optimized before-
hand. Optimizing such settings beforehand often limits the algorithm to one type of
problem only, as such settings are often not transferable to other problems, further
motivating a parameter-free approach.

The performance of a collection of state-of-the-art MI solvers was compared with
GAMBIT. Our results showed that these solvers are very efficient on problems with
simpler objective functions, even in the presence of constraints. However, when
faced with non-convex objective landscapes, especially ones that contain strong intra-
domain or cross-domain dependencies, most of the alternative approaches we con-
sidered cannot solve even low dimensional cases. GAMBIT performs much more
efficiently on these benchmarks. Since real-world problems may exhibit difficult
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landscapes with complex variable dependencies, and may be complex to an extent
that a black-box approach is mandatory, our observations suggest that our model-
based EA approach can be successful in the mixed-integer domain, also for real-
world problems.
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K. L. Sadowski, D. Thierens, and P.A.N. Bosman. Optimization of Multi-Objective
Mixed-Integer Problems with a Model-Based Evolutionary Algorithm in a Black-Box
Setting. [Submitted for review (journal article)]

In this chapter we bring the strengths of the recently-proposed Genetic Algorithm
for Model-Based mixed-Integer opTimization (GAMBIT) to the multi-objective (MO)
domain, and determine whether the superior performance of GAMBIT is maintained.
In our approach, we introduce various mechanisms designed specifically for MO op-
timization resulting in MO-GAMBIT. We compare performance, in terms of the num-
ber of evaluations used and runtime, with alternative techniques, particularly linear
scalarization and a selection of alternative MO algorithms. To this end, we intro-
duce a set of objective functions which vary in composition in terms of discrete and
continuous variables, as well as in the strength of dependencies between variables.
Our results show that MO-GAMBIT can substantially outperform other algorithms,
thereby providing a promising new approach for multi-objective mixed-integer op-
timization in a black-box setting.

6.1 Introduction

One of the key reasons why black-box optimization is considered to be challenging is
because even when a problem is decomposable, if strong dependencies exist between
problem variables, the scalability of algorithms becomes potentially very bad if such
dependencies are not properly handled. Evolutionary Algorithms (EAs) are of par-
ticular interest in this setting, as they provide mechanisms which allow the learning
and processing dependencies from a population, during optimization. The field of
model-based EAs directly confronts the issue of not knowing key dependencies a
priori. In the areas of continuous as well as discrete optimization, model-based EAs
have already shown great potential in solving challenging academic and real-world
problems in a black-box setting (see [16], [18] for examples of performance of EAs
used in this chapter on continuous and discrete well-known benchmark problems
respectively). Previous research has shown that the learning and model-building
ability of such EAs extends successfully into the MO domain, where algorithms such
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as MO-iAMaLGaM [14] and MO-GOMEA [62] perform efficiently in the MO con-
tinuous and discrete domains respectively.

Mixed-integer optimization in a black-box setting can be considered even more
challenging, in large part due to the unknown dependencies that may exist not only
between variables of the same type (intra-variable dependencies), but also across the
discrete and continuous domains (inter-variable dependencies). Learning and ex-
ploiting potential variable dependencies is a well-known approach in the discrete
and continuous optimization fields of evolutionary computation [89]. Less research
exists however on this topic when facing mixed-integer problem landscapes where
discrete and continuous variables are present simultaneously. Furthermore, existing
optimization techniques in this domain are often focused on single-objective opti-
mization, and do not explicitly consider multiple objectives.

Real-world optimization problems however often do have multiple objectives.
Such objectives are moreover often in direct conflict with each other. A key char-
acteristic of multi-objective optimization problems is that there is no single optimal
solution, but rather a set of optimal solution exists in which different solutions trade-
off the fitness of different objectives. The ultimate goal of MO optimization is to find
the set of all Pareto-optimal solutions.

This chapter aims to design scalable EAs for problems where the following char-
acteristics are present simultaneously: multiple objectives, mixed-integer landscapes
and the black-box setting. By doing so, we wish to establish foundations for EAs that
are capable of optimization of academic and real-world problems which exhibit all
the above mentioned characteristics.

In the previous chapter, the Genetic Algorithm for Model-Based mixed-Integer
opTimization (GAMBIT) was introduced for single-objective optimization in the black-
box setting, and was shown to perform efficiently on various problems, outperform-
ing other approaches, including straightforward combinations of evolutionary algo-
rithms for different variable types with different levels of inter- and intra-variable
dependencies (see also [79]).

GAMBIT combines and builds upon the learning and model building abilities of
two EAs - LTGA [87] and iAMaLGaM [15], respectively designed for discrete and
continuous variables, by introducing novel mechanisms designed for balanced dis-
crete, continuous and mixed model learning and sampling. GAMBIT has shown
promise in solving black-box problems where various intra-dependencies, as well as
inter-dependencies are present in a problem.

By addition of mechanisms designed specifically for the MO domain, we intro-
duce MO-GAMBIT. These mechanisms, explained in detail in further sections, in-
clude utilizing an Elitist Archive to retain and exploit best encountered solutions as
well as different selection and variation operators.

We introduce a set of problems designed to highlight different types of mixed-
integer problems with regard to problem composition and different types of possi-
ble variable dependencies in order to vary the types of dependencies present in a
problem. We compare results with different types of alternative approaches.

Specifically, we consider a novel way of using repetition of the single-objective
(SO) version of the same algorithm to search, in a balanced manner, for different
points on the Pareto front. It is generally believed that a dedicated MO version
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of an EA is more efficient, but here we test this hypothesis explicitly. To this end,
we compare MO-GAMBIT with a more-traditional approach to MO optimization
through linear objective scalarization using the single objective GAMBIT, as well
utilizing Chebyshev scalarization. Additionally we consider a selection of other al-
gorithms designed specifically for MO optimization, including iAMaLGaM adapted
to mixed-integer problem landscapes, as well as a dedicated black-box MO solver
for the mixed-integer domain: The Nonlinear Optimization by Mesh Adaptive Di-
rect Search algorithm (NOMAD) [56].

Our results show that MO-GAMBIT performs better on the MO problems than
different variants of the single-objective GAMBIT using objective scalarization. MO-
GAMBIT is also capable of outperforming alternative algorithms designed for the
MO domain considered in this chapter, especially when strong variable dependen-
cies are present. Based on the results we find that MO-GAMBIT is a promising algo-
rithm for black-box mixed-integer multi-objective optimization.

The remainder of this chapter is organized as follows. Section 2 introduces MO-
GAMBIT and outlines all MO-specific mechanisms used. Alternative algorithms
considered in this chapter as well the reasoning behind and specification of prob-
lems tested are detailed in Section 3. Section 4 summarizes the experimental results.
Finally, Section 5 concludes our work.

6.2 Multi-Objective GAMBIT

MO-GAMBIT introduces new mechanisms to GAMBIT in order to handle multiple
objectives. Some fundamental functionality of MO-GAMBIT however, is based on
the existing, single-objective version of GAMBIT which was described in detail in
Chapter 5 (also see [79]).

Evaluating the performance of an MO-EA is often not straightforward. With
single-objective optimization, even in a black-box setting, any feasible solution can
be evaluated and objectively ranked with respect to other feasible solutions thanks
to the objective function value. EAs often rely on the ability to rank the solutions in a
population, in order to guide the population towards exploring high-fitness regions
of the search space. In the presence of multiple objectives ranking solutions becomes
more difficult as solutions may exist, for which a value of one objective is high while
simultaneously low for other objectives. This is especially common when faced with
objectives which are conflicting. As a result, in vast majority of cases a single solu-
tion cannot be considered a comprehensive solution to a MO problem. Instead, a
typical solution to a MO problem is represented as a set of so-called Pareto-optimal
solutions, which form a front of optimal solutions. A theoretically optimal solution
to a MO problem is a set of such non-dominated solutions which form a Pareto-front.

Specifically, MO optimization problems consist of m objectives
fi(x), i ∈ {0, 1, . . . ,m − 1}, that without loss of generality, must all be maximized.
The objective value vector of a solution x is f(x) = (f0(x), f1(x), .., fm−1(x)). A so-
lution x0 dominates a solution x1 (denoted x0 � x1) if and only if fi(x0) ≥ fi(x1),∀i ∈
{0, 1, . . . ,m − 1} and f(x0) 6= f(x1). A solution x0 is Pareto optimal if and only if
there does not exist a solution x1 such that x1 � x0. The Pareto set PS of the prob-
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lem at hand is the set of all Pareto-optimal solutions. The Pareto front PF is the set
of the objective value vectors of all Pareto-optimal solutions. The goal of MO opti-
mization is to find a set of non-dominated solutions whose objective value vectors
constitute a good approximation of the Pareto front [28].

An estimation of a Pareto front is a set of solutions believed to lie on, or be very
near to, the optimal front. Additionally, such solutions need to be spread out across
the entire front, to accurately estimate it. In order to adequately compare the quality
of solutions and the efficiently of the algorithms we consider the hypervolume met-
ric [51]. Additionally, we compare the performance results of various algorithms in
terms of the number of evaluation functions used as well as runtime. Details regard-
ing these evaluation metrics are provided in Section 3.

In order to estimate the Pareto front, MO-GAMBIT uses a variety of mechanisms,
which are detailed in this section.

6.2.1 Elitist Archive

In the literature on multi-objective EAs, elitism has been shown to be very impor-
tant [12] [62]. For this reason, an elitist archive is used in MO-GAMBIT. Because
real-valued variables are involved, we use a technique that adaptively changes the
grid that governs the elitist archive so as to harbor a predefined maximum number
of solutions, preventing occurrences of very similar solutions in the archive while
promoting diversity. Specifically, every time a new solution is generated and evalu-
ated, the elitist archive is updated. A new solution enters the elitist archive if it is not
dominated by any already preserved solution (unless it lies too closely to an already
existing solution, in accordance to the adaptively scaling precision). Any solutions
which are dominated because of the addition of the new solution are deleted from
the archive [61].

6.2.2 Selection and Variation

The selection and variation mechanisms are changed in MO-GAMBIT to account for
the MO nature of the problems, and to make use of the elitist archive. Solutions are
still clustered at every generation, however clustering is performed in the objective
space. This allows MO-GAMBIT to specialize model-based optimization in different
areas of the Pareto front. Variation proceeds by improving existing solutions, as is
reminiscent of GOMEA, in case of discrete and mixed linkage sets. Solution parts
are copied from donors and mixed into solutions, and changes are only accepted in
case of a multi-objective improvement (i.e. Pareto-domination). Continuous vari-
ables are supplied from normal distributions estimated from MO rank-based selec-
tion [12] following procedures of the real-valued EDA known as iAMaLGaM [11]
and its multi-objective counterpart iMAMaLGaM [10].

Upon sampling new solutions, the clusters are first populated with solutions
from the elitist archive, using solutions that are closest to each cluster in the objec-
tive space, using a Euclidean distance metric. Up to a fraction of τ = 0.35 solutions
are copied this way. If not enough elitist archive solutions exist, the entire archive is
used for each cluster and if further needed, solutions from the previous generations
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are copied. This combination of solutions from the previous generation and the eli-
tist archive is used to estimate and sample new solutions. Previously, this approach
was found to have a positive effect on the speed of convergence to high-quality so-
lutions [61, 10].

Population and Cluster Sizing

Determining parameters such as the population size or number of clusters can be
crucial for the efficiency and effectiveness of EAs. Small population sizes or an in-
sufficient number of clusters can lead to premature convergence. On the other hand,
too many clusters or too large population sizes can result in a very large overhead.
To avoid the need to specify these parameters, MO-GAMBIT adapts an interleaved
multistart scheme, which dynamically introduces larger population sizes and more
clusters. Specifically, the scheme runs differently-sized instances of GAMBIT in an
inter-leaved fashion. For every γ generations of a certain instance of GAMBIT, one
generation of an instance of GAMBIT with twice the population size and one more
cluster is performed. By doing so, smaller population sizes perform more genera-
tional steps than larger ones. Moreover, in MO-GAMBIT the elitist archive is shared
over all instances, allowing to transfer knowledge about high-quality solutions al-
ready obtained with smaller populations.

This scheme is illustrated in Figure 6.1. Pmin represents an instance with a min-
imum population size. Each black rectangle represents execution of a single gen-
eration of the instance. The size of the rectangle represents the processing time /
evaluations associated with the instance. Larger instances are created as they are
needed, giving the illustrated pattern.

Figure 6.1: Illustration of executing the interleaved multi-start scheme. Pmin is an instance with a
minimum population size.

6.3 Setup of Experiments

We consider a set of algorithms of which the performance is compared to the newly
introduced MO-GAMBIT. This section provides a summary and reasoning behind
using these algorithms.
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6.3.1 Algorithms

Repeated GAMBIT with Objective Scalarization

A relatively straightforward approach to solving MO problems is by transforming
them into single objective problems and then use single-objective optimization ap-
proaches. To compare to such an approach, we introduce two variants of the single-
objective GAMBIT (which from here on we will refer to as SO-GAMBIT) for the
multi-objective domain.

In order to transform an MO problem into an SO problem a (weighted) scalariza-
tion of objectives can be used. We consider two common types of scalarization: one-
norm and infinity-norm, resulting in two multi-objective variants of SO-GAMBIT
respectively:

• SO-GAMBIT-One-Norm

• SO-GAMBIT-Infinity-Norm

In both of these variants weight vectors (w1,w2,...,wm) are used, where
∑
wi = 1

and m is the number of objectives are constructed iteratively. For each weight vector
SO-GAMBIT is run, resulting in a single point on the Pareto front.

The weighted objective function definitions, assuming minimization of each ob-
jective fi(x) and optimal value of 0, are as follows:

• One-Norm Scalarization: fobj =
∑
wi ∗ fi(x)

• Infinity-Norm Scalarization: fobj = maxi|wi ∗ fi(x)|

Selecting the weight values is not straightforward and the need to determine
their values can be considered a drawback of scalarization. A potentially intuitive,
equidistant distribution of the weights may not be sufficient as the corresponding
distribution on the Pareto front is not guaranteed to be evenly distributed. To ad-
dress this, we consider a dynamic approach of determining the next set of weight
distributions based on already discovered points of the Pareto front.

Specifically, at first the optimizer is ran m times, with each weight, in turn, set to
1. The center point in the m-dimensional simplex is then chosen as the next weight
vector to evaluate, and the simplex is scattered into m new simplexes. This proce-
dure is iterated, always choosing the largest simplex (in objective space) next.

MO-iAMaLGaM

MO-iAMaLGaM models a Gaussian distribution using Pareto-dominance based so-
lution raking, clustering the objective space an generating new solutions via sam-
pling the clustered distribution. Since this algorithm was originally designed to
handle only continuous variables, adjustments are needed for the mixed-integer set-
ting. Specifically, discrete variables are treated as continuous. Each binary variable is
initialized randomly on a [0,1] range and treated as a continuous variable, but eval-
uated as either 0 or 1 depending on if the real value representation is above or below
0.5.
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NOMAD

The Nonlinear Optimization by Mesh Adaptive Direct Search algorithm (NOMAD)
is a mixed-integer solver. It includes MO handling mechanisms and is designed to
solve both single and multi-objective problems. It has shown consistent and efficient
results in both of these optimization areas. NOMAD implements the Mesh Adap-
tive Direct Search (MADS) algorithm [4], and is designed for black-box optimization
under general nonlinear constraints. For more details on this algorithm, see [56].

6.3.2 Benchmark Problems

A mixed-integer problem can be defined as follows:

min F (xd,xc)

s.t. h(xd,xc) = 0, g(xd,xc) ≤ 0

Where

xd = d0...dld−1 and xc = c0...clc−1

with di ∈ D ⊆ N, ci ∈ R and xd, xc are the groups of all discrete and continuous
variables, respectively. F is the objective function. h and g are the sets of equality
and inequality constraint functions respectively. If both of these sets are empty, the
mixed-integer problem is considered to be unconstrained. In this work D = {0, 1}.

Objective Functions

We consider a set of MO problems with objectives that have different types of vari-
able dependencies and different numbers of objectives. To this end, the individual
objectives that make up the MO problems used in this chapter are based on well-
known discrete and continuous benchmark problems, see Table 6.1, and are com-
bined in ways that capture different mixed-integer landscape features.

Table 6.1: Continuous and Discrete functions used to define our unconstrained mixed benchmarks

Discrete and Continuous Functions

FSphere(xc) =
∑lc−1

i=0 c2i
FR.Ellip.(xc) = FEllip.(R ∗ xc) , where
FEllip.(xc) =

∑lc−1
i=0 106∗i/(lc−1) ∗ c2i

FOnemax(xd) =
∑ld−1

i=0 di

FDT5(xd) =
∑ld/k−1

i=0 fsubTrap−k(
∑ki+k−1

j=ki dj) ,
where

fsubtrap k(u) =

{
0 : if u = k
1− (k − 1− u)/k : otherwise

These mixed-integer functions are presented in Table 6.2.
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Table 6.2: Unconstrained benchmark problems

Definition Landscape Feature
F1(xd,xc) = FOnemax(xd) + FSphere(xc) All Independent
F2(xd,xc) = FZeromax(xd) + FSphere−1(xc) All Independent

F3(xd,xc) = FDT5inv (xd) + FR.Ellip.−1(xc)
Continuous and Discrete

Dependencies

F4(xd,xc) = FDT5(xd) + FR.Ellip.(xc)
Continuous and Discrete

Dependencies

Multi-Objective Problems

In order to create multi-objective mixed-integer problems that explicitly feature dif-
ferent types of variable dependencies, the functions in Table 6.2 are used as indi-
vidual objectives. Onemax and Sphere and well-know discrete and continuous op-
timization functions respectively, and are considered relatively simple as they con-
sist of independent variables only. The Rotated Ellipsoid is a more difficult contin-
uous function to optimize, as it contains very strong dependencies. A Deceptive
Trap Function (DT) is a dependent discrete function. The DT5 function is a binary,
non-overlapping, additively decomposable composition of the well-known decep-
tive trap function, with order k = 5, where problem length is ld = m ∗ k. Combining
these functions in various ways allows us to explicitly control the type of variable
interactions. We introduce the following MO mixed-integer problems: MO1 - MO3.

Each of the MO problems summarized in Table 6.3 represents different features
of a problem landscape, based on the objective components they are made up of. In
MO1 all variables in each of the objectives are independent. InMO2 variables of one
of the objectives are independent, while the second objective consists of both, dis-
crete and continuous, intra-variable dependencies. Finally, both objectives of MO3

contain discrete and continuous intra-variable dependencies.

Table 6.3: Multi-Objective Problems

Name Objectives

MO1 Obj1: F1(xd,xc) = FOnemax(xd) + FSphere(xc)
Obj2: F2(xd,xc) = FZeromax(xd) + FSphere−1(xc)

MO2 Obj1:F1(xd,xc) = FOnemax(xd) + FSphere(xc)
Obj2: F4(xd,xc) = FDT5(xd) + FR.Ellip.(xc)

MO3 Obj1: F3(xd,xc) = FDT5inv
(xd) + FR.Ellip.−1(xc)

Obj2: F4(xd,xc) = FDT5(xd) + FR.Ellip.(xc)

6.3.3 Evaluation Criteria

In order to measure the quality of solutions and the effectiveness of the algorithms
tested, we consider the hyper-volume metric [51]. This metric, explained in detail in
the following sections provides a much-used means of relative comparison between
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different Pareto-front estimations. We consider the hyper-volume results against
the number of function evaluations and computational runtime in our experimen-
tal setup.

Hyper-volume Metric

The hyper-volume is the volume of the objective space encompassed by an approx-
imation front and a fixed Nadir point, i.e. a point that is always dominated by any
point in the Pareto front. As all our benchmarks are normalized, the Nadir point
always lies at a value of 1 for each objective. It ts worth noting that the actual value
of the hyper-volume, which will be between 0 and 1, does not represent how good
a given estimation is because the ideal hyper-volume value depends on the shape
of the theoretical Pareto front and can vary for every problem. The hyper-volume
value does however describe which estimation is better. Intuitively, if we compare
two sets of Pareto front estimations with the same number of points, the one with the
higher hyper-volume covers more volume, meaning the points are positioned closer
to the optimal front, making the estimation a more accurate one.

Function evaluations and runtime

While the hyper-volume is the main indicator of the quality of the optimization re-
sults , we also look at other indicators of performance. Specifically, we examine the
number of black-box evaluations needed by each algorithm to reach certain hyper-
volume values. We also consider and contrast actual runtime.

6.3.4 Experimental Setup

Each experiment is repeated and averaged over 20 independent runs. Two different
termination criteria are put in place: total number of evaluations and runtime. This is
necessary due to substantial differences in the way that some of the tested algorithms
behave. For example, MO-GAMBIT performs many evaluations in a short period of
time, while NOMAD uses a lot more time and processing between evaluations. Due
to such discrepancies, setting only either a time limit or an evaluation limit could
bias the comparison by favoring one of the algorithms. Instead, a disjunction of
both criteria is used as a termination condition. Specifically, the front estimation is
terminated after half a million total evaluations or after 30 minutes of runtime per
single run. All experiments were performed on a Intel(R) Dual Core(TM) i7-2760QM
CPU@2.40GHz machine.

For each algorithm, default optimization settings were used. For the SO-GAMBIT
algorithms, an evaluation cap is needed for every weight-combination optimization.
Both SO-GAMBIT variants use p = 200 weight combinations, with each point alloted
an equal number of evaluations totaling a half million.
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6.4 Results

In this section we compare and contrast different algorithms. First, we consider the
advantages and drawbacks of the MO mechanisms in MO-GAMBIT by comparing
its performance to that of SO-GAMBIT variants as well as other algorithms designed
for MO optimization: MO-iAMaLGaM and NOMAD as outlined in earlier sections.

Results in terms of the hypervolumes with respect to the number of black box
evaluations as well as run times are summarized in Figure 6.3 for all problems. The
results are summarized and discussed in the sections below.

Figure 6.2: Pareto-front estimation for MO1 for (a) SO-GAMBIT-One-Norm (b) SO-GAMBIT-
Infinity-Norm (c) MO-GAMBIT

6.4.1 Single vs. Multi-Objective GAMBIT

A weighted scalarization of objectives approach, such as both SO-GAMBIT variants,
can be very powerful due its relative simplicity and the ability to use single-objective
mechanisms directly to solve multi-objective problems. Results presented in Figure
6.3 show however that under certain circumstances such approach may be insuf-
ficient. This is already illustrated in the MO1 problem. While the SO-GAMBIT-
InfinityNorm approach is capable of reaching similar hypervolume levels as MO-
GAMBIT, the One Norm variant is not. The reason for this is illustrated in Figure
6.2, where the approximation fronts generated by SO-GAMBIT and MO-GAMBIT
are visualized.

Despite the relative simplicity of the components ofMO1, the resulting MO prob-
lem consists of both concave and convex regions on the Pareto front. As the One
Norm approach is not capable of approaching convex parts of the front, the result-
ing estimation includes large gaps, which negatively affect the hypervolume metric
results. When such parts of the front do not exist, exemplified in MO2 results, the
One Norm approach is capable of outperforming the Infinity Norm variant. Given
the black-box setting, no assumptions can be made about the shape of the Pareto
front, making the Infinity Norm a theoretically preferred option over the One Norm
when solving MO mixed-integer problems. However, the infinity norm introduces
discontinuities that are potentially far more difficult to deal with compared to using
the one-norm variant, especially when using derivative-based local search operators.
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Figure 6.3: Number of black-box evaluations and run-times vs. hyper-volume of the selected MO
algorithms on problems MO1-MO3

For SO-GAMBIT this appears to be of little concern, attesting to the competence of
the GAMBIT design, in particular its variation operator.

MO-GAMBIT results show advantages of a dedicated multi-objective approach.
On all three problems the overhead of MO mechanisms is outweighed by the result-
ing performance, as MO-GAMBIT outperforms both SO-GAMBIT variants. Given

83



MULTI-OBJECTIVE GAMBIT 6.5

enough time and evaluations, MO-GAMBIT and SO-GAMBIT-Infinity-Norm even-
tually converge to similar hyper-volume values. MO-GAMBIT is however much
more efficient in doing so, in terms of both the number of evaluations needed and
runtime. Moreover, SO-GAMBIT approaches require parametrization in terms of
number of weighted combination considered and evaluations alloted for each. This
is an additional difficulty given a black-box setting, where such parameters may be
very difficult to predict. MO-GAMBIT does not need such parameterization.

6.4.2 MO Algorithm Performance

We further analyze the experimental results by considering other algorithms which,
like MO-GAMBIT, are explicitly designed to handle multi-objective optimization,
which are also illustrated in Figure 6.3 .

From the results it is clear that the MO-iAMaLGaM approach becomes very inef-
ficient when facing problems with strong variable dependencies in the domain that
they were not designed for. In terms of number of evaluations needed, NOMAD
performs best on the MO1 problem, very quickly reaching high hyper-volume val-
ues. MO-GAMBIT requires more evaluations to reach the same values. However, in
terms of runtime NOMAD is much slower than the remaining algorithms.

With strong variable dependencies present in MO2 andMO3, MO-GAMBIT out-
performs the remaining algorithms in terms of both number of evaluations and run-
time needed to reach high values of the hyper-volume.

6.5 Conclusions

Multi-objective mixed-integer optimization is often recognized as very challenging,
especially under the assumption of black-box optimization. One characteristic which
makes such problems difficult is the potential variable dependencies, resulting in
complex search spaces and very poor behavior of optimization algorithms if these
dependencies are not properly processed. In this chapter we introduced the evo-
lutionary algorithm MO-GAMBIT which considers model-learning and processing
features previously proven to result in efficient optimization of single-objective prob-
lems in combination with features specifically used in multi-objective optimization.
In particular, MO-GAMBIT provides a novel, parameterless alternative to solving
mixed-integer multi-objective problems.

Our results show that single-objective scalarization-based approaches are less ef-
ficient and require additional parametrization. Direct extensions of multi-objective
algorithms targeted at one type of variable (i.e. continuous or discrete) will most
likely also fall short when faced with problem landscapes with strong variable de-
pendencies in the variable domain they were not designed for, as illustrated with the
MO-iAMaLGaM.

Overall, MO-GAMBIT achieved favorable results compared to alternatives, in-
cluding a well-known mixed-integer optimization algorithm for MO problems, NO-
MAD. Good results were achieved on problems with and without variable depen-
dencies, regardless of whether the Pareto front is convex or concave. We therefore
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believe that our results further motivate the use of MO-GAMBIT over all the alter-
natives considered in this chapter for mixed-integer MO optimization.
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7 Application of GAMBIT
to Brachytherapy

Treatment Planning

This chapter is based on the following publication:

K. L. Sadowski, M. C. van der Meer, N. H. Luong, T. Alderliesten, D. Thierens, R.
van der Laarse, Y. Niatsetski, A. Bel, and P. A. N. Bosman. Exploring Tradeoffs Be-
tween Target Coverage, Healthy Tissue Sparing, and the Placement of Catheters in
HDR Brachytherapy for Prostate Cancer Using a Novel Multiobjective Model-based
Mixed-integer Evolutionary Algorithm. In Proceedings of the Genetic and Evolu-
tionary Computation Conference, GECCO ’17, pages 1224—1231, 2017. ACM.

Brachytherapy is a form of radiotherapy whereby a radiation source is guided
near tumors, using devices such as catheter implants. In the present clinical work-
flow, catheters are first placed inside or close to the tumor based on clinical expertise.
Subsequently, software is used to design a plan for the delivery of radiation. Treat-
ment planning is essentially a multi-objective optimization problem, where conflict-
ing objectives represent radiation delivered to tumor cells and healthy cells. How-
ever, current clinical software collapses this information into a single-objective, con-
strained optimization problem. Moreover, catheter positioning is typically not in-
cluded. As a consequence, it is hard to obtain insight into the true nature of the
trade-offs between key planning objectives and the placement of catheters. Such
insights are however crucial in understanding how better treatment plans may be
constructed. To obtain such insights, we interface with real-world clinical software
and derive potential catheter positions for real-world patients. Selecting and config-
uring catheters requires mixed-integer optimization. For this reason, we utilize the
recently-proposed Genetic Algorithm for Model-Based mixed-Integer opTimization
(GAMBIT) to tackle multi-objective optimization problems as presented in the pre-
vious chapter and apply it to the brachytherapy pre-planning problem. Our results
indicate that clinically acceptable plans of high quality may be achievable with less
catheters than typically used in current clinical practice.
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7.1 Introduction

Prostate cancer is the most common type of cancer among men in the Netherlands, a
diagnosis that over 10, 000 men are confronted with each year, and leading to about
2, 500 deaths per year [67]. Radiotherapy is a commonly applied cancer treatment
in which ionizing radiation is used to target tumor cells. An important form of ra-
diotherapy for prostate cancer is brachytherapy (BT), where the tumor is irradiated
from inside the body by guiding a radiation source close to or inside the tumor. In
this chapter, we focus on the case whereby catheters are placed in the prostate, for
the radiation source to be moved through. Each catheter contains a number of dif-
ferent positions, called dwell positions, where the source can dwell for prescribed
amounts of time, called dwell times. If the source dwells at a given dwell position,
that position is called active; otherwise, it is called inactive. By varying the dwell
times, different treatment plans are possible.

In determining a treatment plan, there are multiple aspects of importance. Firstly,
as many tumor cells as possible should obtain a sufficiently high dose in order to
maximize the probability of damaging or killing cancer cells. Secondly, the dose
to nearby organs cannot be too high, to minimize the probability of complications.
Most current clinical software for determining a treatment plan is based on single-
objective optimization and manual tuning. However, because of the conflicting na-
ture of these objectives, multi-objective optimization would be a more natural ap-
proach since trade-offs can be shown between the different objectives of interest,
providing insight into how much may be gained in one objective at what cost to an-
other. This way, a well-informed decision may be taken on what is the best treatment
plan for the patient at hand.

Taking also the placement and number of catheters into account in the multi-
objective optimization perspective is a natural fit, because the exact location of
catheters governs much of what may be achieved in terms of plan quality. More-
over, to minimize the possibility of complications, one should use as few catheters
as possible [90, 49, 31]. Currently, the placement of catheters is done mostly based
on medical expertise. At the hospital involved in this study there are typically 16−18
catheters used. Many placements are possible and for each placement many treat-
ment plans are possible, comprising a vast search space. Even though expertise and
literature exists on how to place catheters, there is little information on the real-world
trade-offs of catheter placements. Our goal is to take a first step in this direction,
obtaining such insights, learning about the complexity of the multi-objective op-
timization problem, and start to work toward algorithms that may really be used
for patient-specific optimization in clinical practice. The novelty in our approach is
bringing together several aspects that were not considered altogether before. Multi-
objective approaches to treatment planning have been proposed, including catheter
placement via the weighted-sum method in combination with single-objective opti-
mization, but did not optimize directly on the evaluation criteria of a clinical eval-
uation protocol [50]. Related work that does optimize on these criteria exists, but
is single-objective and does not consider catheter placement [30]. In contrast, we
consider the use of real-world clinical software and patients combined with multi-
objective optimization directly on criteria as considered in clinical evaluation proto-
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cols.
From an algorithmic perspective, Evolutionary Algorithms (EAs) are among the

state-of-the-art when it comes to solving multi-objective optimization problems [28].
For this reason, we are interested in using an EA to solve this problem. The prob-
lem includes both discrete (which catheters) and continuous (dwell times) variables.
Many state-of-the-art (multi-objective) EAs focus on either discrete or continuous do-
mains exclusively. Optimization where discrete and continuous variables are present
simultaneously is explored relatively less and is referred to as mixed-integer opti-
mization. A recently introduced Genetic Algorithm for Model-Based mixed-Integer
opTimization (GAMBIT) has shown to be an effective approach to single-objective
optimization in the mixed-integer domain [75], especially in the case of black-box
optimization, meaning that no internal structure of the problem is assumed to be
known in advance. This makes GAMBIT flexible and easily adaptable for our multi-
objective approach of BT pre-planning optimization.

Figure 7.1: Graphical representation of a patient’s anatomy and implanted catheters.

7.2 BT treatment planning

7.2.1 Clinical practice

In BT for prostate cancer, the treatment targets are the prostate and the seminal vesi-
cles (see Fig. 1). The Organs At Risk (OARs), which should be radiated as little as
possible, are the nearby organs, i.e., bladder, rectum, and urethra. Guided by live ul-
trasound images, a typical High-Dose-Rate (HDR) prostate BT treatment starts with
implanting a number of catheters into the prostate through the patient’s perineum
skin (between scrotum and anus). The suitable number of catheters and their proper
positions depend on the size of the prostate and its geometry in relation to other
nearby organs (e.g., bladder and rectum). The inserted catheters need to be firmly
fixed to prevent displacements. The patient is subsequently transferred to the imag-
ing room, where computed tomography (CT) or Magnetic Resonance Imaging (MRI)
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scans of the pelvic cavity are acquired. These scans are then used to finalize the treat-
ment plan.

First, the catheters, the targets, and OARs are delineated on the CT/MRI scans in
planning software. The doctors then specify which dwell positions in each catheter
should be activated. For a given dwell time of a source at a dwell position, more
radiation dose is delivered to nearby tissues than to faraway tissues. Therefore, to
increase the probability of fully treating the target and sparing healthy tissues at the
same time, dwell positions inside the target volumes are activated while the ones far
away from the targets (e.g., at distances larger than 5mm) or too close to OARs are
normally not considered. A trivial treatment plan, in which dwell times take on very
large values, can kill all tumor cells but also causes necrosis (i.e., non-physiological
cell death) to healthy tissues. On the other hand, another trivial treatment plan,
where all dwell times are zero, can effectively spare healthy tissues from radiation
risks but such a plan equals no treatment at all.

A specific setting of dwell times delivers a certain radiation dose distribution to
the tissues surrounding the catheters. The dose distribution needs to be assessed by
doctors to determine if such a setting can be clinically acceptable. A radiation dose is
prescribed for the entire prostate, termed the prescribed dose. Tumor cells, which are
more susceptible to radiation than healthy cells, should receive at least the prescribed
dose to be effectively killed. Also, while healthy cells could recover from being radi-
ated at the prescribed dose level, they should not be radiated too much; otherwise,
healthy cells would be killed as well. However, it is impossible to compute the exact
amount of radiation received by every cell since the number of cells is prohibitively
numerous. Dose distributions, therefore, are often approximated by only comput-
ing the radiation dose at a certain number of so-called dose calculation points. Of key
interest is how large the cumulative volume of an organ covered by a certain dose
is. Such information, termed Dose-Volume-Histogram (DVH) indices, can be repre-
sented as V o

x : the volume (expressed either relatively or absolutely) of organ o that
received at least radiation dose level x. For example, international GEC/ESTRO rec-
ommendations [48] state that treatment plans should result in V prostate

100 ≥ 95%, i.e., the
prostate volume that receives at least 100% of the prescribed dose should be ≥ 95%

of the total prostate volume. To prevent necrosis, it is required that V prostate
200 ≤ 20%,

i.e., the prostate volume covered by 200% of the prescribed dose should ≤ 20% of
the total prostate volume. V prostate

100 , therefore, is a target coverage index while V prostate
200

is an organ sparing index. Similarly, there exist other sparing DVH indices for other
OARs. For example, it is recommended that V urethra

110 ≤ 0.1cc, i.e., the urethra volume
covered by 110% of the prescribed dose should be ≤ 0.1cc. Finally, because the vesi-
cles may also contain tumor cells, there is a constraint that V vesicles

80 ≥ 95%. A full
description of the current clinical protocol in terms of DVH indices at the hospital
involved in this study is presented in Table 7.1.

The values of DVH indices in the clinical protocol are consulted by the doctors
when making treatment plans. Planning often starts with an initial plan proposed
by BT treatment planning software. Note that it is difficult, however, to directly opti-
mize DVH indices due to their discrete nature. For example, maximizing the V prostate

100

index equals maximizing the number of dose calculation points inside the prostate
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Prostate Bladder Rectum Urethra Vesicles
V100 ≥ 95% V86 ≤ 1cc V78 ≤ 1cc V110 ≤ 0.1cc V80 ≥ 95%
V150 ≤ 50% V74 ≤ 2cc V74 ≤ 2cc
V200 ≤ 20%

Table 7.1: BT treatment planning in clinical practice at the involved hospital: DVH index criteria.

that receives at least the prescribed dose. To quickly achieve a result, planning soft-
ware therefore often solves simplified optimization models of the problem with local
search methods. It is thus not guaranteed that a treatment plan proposed by avail-
able software satisfies all DVH index criteria in the protocol or that the plan is the
best possible one for the patient case at hand. Medical planners then need to manu-
ally adjust this proposed plan. They often first consider the DVH index that is vio-
lated the most compared to the recommended protocol, and try to find the locations
of violation, then change the dwell times of nearby dwell positions to improve the
index until satisfied. They then continue with a different DVH index that is now the
most violated. Note that improving a DVH index might deteriorate other indices,
including ones that have been previously worked on. The plan is adjusted in such
an iterative manner until the doctors are satisfied.

How good the DVH indices can be, depends on the quality of the catheter im-
plant and the geometry of the involved organs. Certain implants will not allow all
DVH indices to satisfy the recommended protocol. For example, with too few or
improperly placed catheters, it is difficult to obtain V

prostate
100 ≥ 95% while meeting

constraints on indices of OARs. Similarly, if the rectum is too close to the prostate,
V rectum
78 ≤ 1cc and V

prostate
100 ≥ 95% might not be achievable at the same time. In such

situations, for each specific case, the doctors need to decide which indices are more
important to be satisfied and which indices can be compromised. Final approved
treatment plans, thus, might (slightly) violate some clinical protocol thresholds.

7.2.2 Multi-Objective Treatment Planning

BT treatment planning is intrinsically a multi-objective optimization problem. The
DVH indices in Table 7.1 can be categorized into two groups: treatment target in-
dices (i.e., V prostate

100 and V vesicles
80 ) and organ sparing indices. Candidate treatment plans

that do not achieve the minimum requirements on the indices in the clinical proto-
col are less favorable than candidate plans that satisfy all protocol thresholds. For
a treatment target index, the larger its value is (above the corresponding threshold),
the better it is. For an organ sparing index, the lower its value is (below the corre-
sponding threshold), the better it is. Optimizing treatment target indices results in
increasing dwell times to make the target volumes covered by the treatment dose
level as large as possible, where the best value is 100%. On the other hand, op-
timizing organ sparing indices results in decreasing dwell times to make the organ
volumes covered by the radiation risk dose levels as small as possible, where the best
value is 0%/0cc. The two groups of DVH indices conflict with each other such that a
utopian treatment plan yielding 100% for all target coverage indices and 0%/0cc for
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all organ sparing indices does not exist. Instead, the optimum of this multi-objective
problem is a set (i.e., Pareto set) of equally-good alternative plans which are optimal
in the sense that improving one objective deteriorates the other objective, and vice
versa.

There are nine different DVH index criteria. We argue, however, that the clinical
protocol can be reformulated to a bi-objective optimization problem without losing
key insight into trade-offs by combining the DVH indices of the same group (i.e., tar-
get coverage or organ sparing) into a representative objective of that group. To this
end, we employ a risk-averse perspective, meaning that a treatment plan is eval-
uated to be only as good as the worst target coverage index and the worst organ
sparing index. More specifically, each candidate plan has two objective values: the
Least Coverage Index (LCI), which corresponds to the worst-scored DVH index in the
target coverage group, and the Least Safe Index (LSI), which corresponds to the worst-
scored DVH index value in the organ sparing group. Therefore, for a specific treat-
ment plan, all indices in a group are at least as good as the representative value of
the group. Such an approach has an analogy with the clinical practice in the iterative
focus on improving the current worst index at each time as mentioned previously.
Moreover, unlike the weighted-sum approach, where all criteria are added together,
each DVH index in our problem modeling is still, in effect, considered separately.

The feasible search space is enlarged to contain solutions that violate the clinical
protocol to some degree. There are two reasons for this. The first is that, in this way,
the clinically-feasible solutions can be approached from both the clinically-feasible
and the clinically-infeasible space, making the search in these regions more efficient.
Secondly, we account for the fact that sometimes there exists no treatment plan sat-
isfying all clinical protocols (due to the quality of the implants and/or the geometry
of the involved organs, see Section 2.1), and a treatment plan that (slightly) violates
the protocol must thus be accepted. To relax the clinical constraints, the new upper
bounds for organ sparing indices are increased four times (e.g., V bladder

86 ≤ 1cc in the
protocol becomes V bladder

86 ≤ 4cc in the optimization model). The new lower bounds
for target coverage indices are also decreased accordingly as: V prostate

100 ≥ 80% and
V vesicles
80 ≥ 80%. The optimization constraints are presented in Table 7.2. Let V max

x

denote the clinical protocol threshold of a dose level x for an organ. To measure
and normalize the distance of an organ sparing index value to its corresponding up-
per bound, we define δ(Vx) = 1 − Vx

4×V max
x

. The larger the value of δ is, the better
the corresponding DVH index value Vx of that organ is and how safe an organ is
compared to the relaxed protocol threshold, with a value of 0.75 meaning that the
clinical protocol constraint is met. The LSI objective value is defined as the mini-
mum δ value among all organ sparing indices. Similarly, the LCI objective value of a
treatment plan is defined as the minimum coverage value among all target coverage
indices. For example, a treatment plan with V prostate

100 = 97%, V vesicles
80 = 96%, V prostate

150 =

19%, V
prostate
200 = 7%, V bladder

86 = 0.5cc, V bladder
74 = 1.3cc, V rectum

78 = 0.4cc, V rectum
74 = 1.2cc,

V urethra
110 = 0.1cc would have the Least Coverage Index value as 0.96 (taking the value

of V vesicles
80 ) and the Least Safe Index value as 0.75 (corresponding with V urethra

110 ).

In this chapter, we focus on the pre-planning phase, i.e., before the catheters are
inserted. To generate data and problem input that corresponds to real-world clinical
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Prostate Bladder Rectum Urethra Vesicles
V100 ≥ 80% V86 ≤ 4cc V78 ≤ 4cc V110 ≤ 0.4cc V80 ≥ 80%
V150 free V74 ≤ 8cc V74 ≤ 8cc
V200 ≤ 80%

f1 = min{V prostate
100 , V vesicles

80 }
f2 = min{δ(V prostate

150 ), δ(V
prostate
200 ), δ(V bladder

86 ), δ(V bladder
74 ), δ(V rectum

78 ),
δ(V rectum

74 ), δ(V urethra
110 )}

f3 = number of catheters used.

Table 7.2: Multi-objective optimization model for BT treatment planning. f1 and f2 should be max-
imized while f3 should be minimized. Because of the relaxation factor, V prostate

150 has become uncon-
strained.

practice, we are currently bound to real-world clinical software. Given a prostate BT
patient, a number of possible catheter configurations can be determined, after which
the clinical software provides information on these possible catheter configurations
and their corresponding dwell positions. Hence, there is a restriction in the sense
that the optimization can only use pre-determined catheter positions. In the software
many catheters can be placed, but in a real patient it is desirable to have catheters not
too close to each other to avoid complications. In order to have both a large enough
search space for interesting first results and a set of configurations in which catheters
are not too close to each other, we chose the set of possible configurations to consist
of 30 catheters for each patient.

The optimization problem now contains d discrete and c continuous variables.
The d discrete variables represent all the possible catheter placement positions. Each
of these variables takes on a binary value, where 1 represents placing the correspond-
ing catheter, and 0 not placing the catheter. Each of the continuous variables repre-
sents the dwell time corresponding to a dwell position in a catheter. Dwell times for
dwell positions inside an inactive catheter can be ignored.

7.3 Model-based Multi-Objective Mixed-Integer Evolu-
tionary Algorithm

In this section we summarize key concepts and terminology pertaining to mixed-
integer and multi-objective optimization and provide an overview and summary of
GAMBIT, and introduce the Multi-Objective GAMBIT (MO-GAMBIT).

7.3.1 Terminology

Mixed-integer optimization

A mixed-integer problem is defined as follows:

max f(xd, xc)
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s.t. h(xd, xc) = 0, g(xd, xc) ≤ 0

Here, x represents the solution

x = xdxc = d0...dld−1 c0...clc−1

where di ∈ {0, 1}, ci ∈ R, and xd, xc are the groups of all discrete and real-valued
variables, respectively. ld and lc represent the number of discrete and continuous
variables. Moreover, f is the objective function, and h and g are the sets of equality
and inequality constraint functions, respectively. If both sets are empty, the mixed-
integer problem is said to be unconstrained.

Multi-Objective Optimization

A Multi-Objective (MO) optimization problem consists of m objectives fi(x), i ∈
{0, 1, . . . ,m − 1}, that without loss of generality, must all be maximized. The ob-
jective value vector of a solution x is f(x) = (f0(x), f1(x), . . . , fm−1(x)). A solution
x0 dominates a solution x1 (denoted x0 � x1) if and only if fi(x0) ≥ fi(x

1),∀i ∈
{0, 1, . . . ,m − 1} and f(x0) 6= f(x1). A solution x0 is Pareto optimal if and only if
there does not exist a solution x1 such that x1 � x0. The Pareto set PS of the prob-
lem at hand is the set of all Pareto-optimal solutions. The Pareto front PF is the set
of the objective value vectors of all Pareto-optimal solutions. The goal of MO opti-
mization is to find a set of non-dominated solutions whose objective value vectors
constitute a good approximation of the Pareto front [28].

7.3.2 GAMBIT

GAMBIT is a recently introduced EA aimed at solving mixed-integer problems, espe-
cially in the black-box setting. Recall the detailed specification and design of GAM-
BIT is explained in detail in Chapter 5 of this thesis. Here, we give a brief outline
of GAMBIT as it pertains to brachytherapy. GAMBIT is a parameter-free model-
based EA capable of learning and exploiting different types of variable dependen-
cies, through a clustering mechanism and an integrated dependency-models mech-
anism. The ability to learn such dependencies (i.e., which groups of variables have
a joint synergistic effect on a solution’s quality) allows for the creation of variable
subsets which represent important building blocks of the problem. These building
blocks can be used to exploit problem structure and generate new and better solu-
tions more effectively. Such exploitation of problem structure based on dependencies
is well-established for discrete and continuous variables, respectively. Mixed-integer
optimization introduces new optimization challenges, however. The existence of
discrete and continuous variables creates a potential for intra- and inter-variable
dependencies that domain-specific model-based EAs are not equipped to handle.
GAMBIT therefore introduces a new way to learn and process mixed inter-domain
variable dependencies, alongside intra-domain dependencies (i.e., in individual do-
mains) during optimization.

GAMBIT splits the population in each generation with the use of a clustering
algorithm as detailed in Figure 7.2. Each of the sub-populations acquired is then
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subject to variation through the integrated dependency models mechanism, sum-
marized in pseudo-code in Figure 7.3. Specifically, a Family-Of-Subsets (FOS) model
is learned at the beginning of every generation, which is used to describe dependen-
cies and to create offspring solutions [88]. Essentially, a FOS is a set of linkage sets.
Each linkage set contains the indices of the variables that are considered to be de-
pendent. The linkage sets may overlap. The FOS consists of three types of subsets:
discrete, continuous, and mixed. In its full black-box optimization configuration dis-
crete subsets are generated using a so-called linkage tree, which is a specific type
of FOS that was first used in the algorithm known as Linkage Tree Genetic Algo-
rithm (LTGA), which is now considered to be an instance of the Gene-pool Optimal
Mixing Evolutionary Algorithm (GOMEA) family [88]. The linkage tree is a FOS
structure acquired by building from the bottom up (i.e., starting with singleton sub-
sets of problem variables) a tree of subsets by means of a hierarchical clustering al-
gorithm based on mutual information between pairs of variables. The linkage tree
has 2ld − 1 discrete subsets representing important building blocks in the discrete
domain. The same number of continuous subsets are added to the FOS, each con-
taining every continuous problem variable. Additionally, lc + ld mixed subsets are
added to the FOS by building another linkage tree constrained to merge discrete and
continuous variables using a mixed mutual information metric, described in detail
in [75]. Such mixed subsets allow for the consideration of discrete and continuous
variables together, resulting in the ability to exploit potential mixed variable depen-
dencies. Each type of subset is processed with a corresponding mechanism type to
generate new solutions. Once all subsets are processed, new solutions replace the
previous population and the clustering process begins anew.

GAMBIT Overview
P ← GENERATEANDEVALRANDOMPOPULATION(n)
while ¬TERMINATIONCRITERIONSATISFIED do
C ← DETERMINECLUSTERCENTERS(P, k)
for j ∈ {0, 1, . . . , k − 1} do
Pk ← GROWSUBPOPFROMCENTERS(P, Ck)
O′k ← INTEGRATEDMODELSMECHANISM(Pk)

P ← O′0 ∪ O′1... ∪ O′k−1
Figure 7.2: Pseudo-code overview of GAMBIT. P represents the population of size n. C contains
k cluster (also called sub-population) centers. Pi represents the i-th sub-population and O′

i is the
offspring generated from sub-population Pi.

7.3.3 Multi-Objective GAMBIT

In this chapter we utilize MO-GAMBIT that brings the black-box mixed-integer op-
timization capabilities of GAMBIT into the MO domain, as introduced in the previ-
ous chapter. The approach to handle MO problem landscapes with GAMBIT is to
include mechanisms designated specifically to exploit the multi-objective nature of
the problem landscape, such as an elitist archive and the ability to rank solutions in
a multi-objective space. In this section, we outline and refresh the key components
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Integrated Model Mechanism for a sub-population Pk

INTEGRATEDMODELMECHANISM(Pk)
F = LearnFOS(Pk)
for i ∈ {0, 1, . . . , (|F| − 1)} do

if F i is all continuous then
S ← TRUNCATIONSELECTION(Pk, τ)
UPDATECONTINUOUSMODEL(k,S)
for j ∈ {0, 1, . . . , n− 1} do

((Pk)j)F i ← SAMPLECONTINUOUSMODEL(k,F i)
EVALUATEFITNESS((Pk)j)

if F i is all discrete then
for j ∈ {0, 1, . . . , n− 1} do
O ← (Pk)j
donor ← GETRANDOMSOLUTION(Pk)
(O)F i ← (donor)F i

EVALUATEFITNESS(O)
if fitness(O) at least as good as fitness((Pk)j) then
((Pk)j)F i ← (O)F i

if F i is mixed then
Pksub

[0, ..., k − 1]← GROUPINTOCLUSTERS(i, k,Pk)
UPDATEMIXEDSUBMODELS(i,Pksub

)
for j ∈ {0, 1, . . . , n− 1} do
SubID ← DETERMINESUBPOPULATION(j)
O ← (Pk)j
(O)F i ← SAMPLESUBMODEL(i,Pksub

[SubID])
EVALUATEFITNESS(O)
if fitness(O) at least as good as fitness((Pk)j) then
((Pk)j)F i ← (Ok)F i

return Pk

Figure 7.3: Pseudo-code for generating solutions with GAMBITs Integrated Models Mechanism.

used in the design of MO-GAMBIT as introduced earlier in this thesis and outline its
specific application to brachytherapy pre-treatment planning.

Elitist Archive

In previous work on multi-objective EAs, elitism has been shown to be very im-
portant [12]. For this reason, an elitist archive is added in MO-GAMBIT. Because
real-valued variables are involved, we use a technique that adaptively changes the
grid that governs the elitist archive so as to harbor a predefined maximum number
of solutions, preventing occurrences of very similar solutions in the archive while
promoting diversity. For more details, see [61].

Selection and Variation

The selection and variation mechanisms are changed in MO-GAMBIT to account for
the MO nature of the problems, and to make use of the elitist archive. Solutions are
still clustered at every generation, however clustering is performed in the objective
space. This allows MO-GAMBIT to specialize model-based optimization in differ-
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ent areas of the Pareto front. Variation proceeds by improving existing solutions,
as is reminiscent of GOMEA, in case of discrete and mixed linkage sets. Solution
parts are copied from donors and mixed into solutions, and changes are only ac-
cepted in case of a multi-objective improvement. Continuous variables are supplied
from normal distributions estimated from a population-based MO rank-based selec-
tion [12] following procedures of the real-valued EDA known as iAMaLGaM [11]
and its multi-objective counterpart iMAMaLGaM [10]. For an overview in pseudo-
code, see Figure 7.3.

Upon sampling new solutions, the clusters are populated with solutions from the
previous generation as well as a fraction of τ = 0.35 elitist archive solutions that are
closest to the given cluster in the objective space, using a Euclidean distance metric.
If not enough elitist archive solutions exist, the entire archive is used for each cluster.
This combination of solutions from the previous generation and the elitist archive is
used to estimate and sample new solutions. Previously, in MO versions of GOMEA
and iAMaLGaM this was found to have a positive effect on convergence to high-
quality solutions [61, 10].

Population and Cluster Sizing

Determining parameters such as the population size or number of clusters can be
crucial for the effectiveness of EAs. Small population sizes or insufficient number
of clusters can lead to premature convergence. Conversely, too many clusters or too
large population sizes can result in a very large overhead. To avoid the need to spec-
ify these parameters, MO-GAMBIT adapts a interleaved multistart scheme, which
dynamically introduces larger population sizes. Specifically, the scheme runs differ-
ently sized instances of GAMBIT in an inter-leaved fashion. For every γ = 2 genera-
tions of a certain instance of GAMBIT, one generation of an instance of GAMBIT with
twice the population size and one more cluster is performed. By doing so, smaller
population sizes perform more generational steps than larger ones. The scheme al-
ready used with GAMBIT is altered to make use of the elitist archive. With GAMBIT,
all the differently sized instances are completely independent of each other. In MO-
GAMBIT the elitist archive is shared over all instances, allowing to transfer knowl-
edge about high-quality solutions already obtained with the smaller populations.

Problem-Specific Knowledge

A strictly black-box optimization algorithm may be a great starting point when con-
sidering new problems. In a real-world setting however, some problem-specific in-
formation can potentially improve performance. In our case consider that every
discrete variable d0, d1, ..., dld−1 is associated with an independent set of dwell posi-
tions. Instead of learning mixed-variable dependencies, which could result in a sig-
nificant overhead, a pre-defined mixed-variable subset structure is defined that cap-
tures key dependencies. Specifically, each subset contains one discrete variable (rep-
resenting the catheter) and the set of continuous variables that represent the dwell
positions associated with this catheter. Moreover, because we do not expect strong
dependencies to exist between continuous variables, we do not model them jointly
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in one linkage set as per default in GAMBIT, but rather model them independently,
i.e., univariately to reduce substantially the overhead of sampling high-dimensional
Gaussian distributions.

Sliced 3-objective optimization

We minimize the number of catheters in one of the objectives. However, we slice
this 3-dimensional problem into many 2-dimensional multi-objective problems. Lit-
tle relation between configurations with different numbers of catheters exists, and
switching a catheter on (i.e., changing a binary variable from 0 to 1) has huge im-
pact, implying there exist big jumps in the search space across different numbers of
catheters, making a direct 3-objective optimization approach extra difficult. A sliced
approach allows an instance of GAMBIT to focus on configurations with the same
number of catheters, while at the same time making it easier to parallelize the opti-
mization across configurations with different number of catheters. We refer to our
approach as a multi-layer approach, where in a given layer only combinations with
the of number of catheters are allowed. Because solutions resulting in a different
numbers of catheters can be created in variation, a simple random repair mechanism
is used to activate or deactivate a required number of catheters.

7.4 Experiments

7.4.1 Setup

Clinical data from three recently treated patients is used for optimization. For each
patient, there are 30 possible catheter locations, resulting in 30 MO-GAMBIT in-
stances, each performing optimization on a 2-objective mixed-integer problem. The
duration of optimization for each MO-GAMBIT instance is limited to 48 hours (on
an AMD Opteron(tm) Processor 6386 SE and Intel(R) Xeon(R) CPU E5 2699 v4), with
all 30 configurations executed in parallel. During the optimization 20,000 randomly
chosen dose calculation points are used to compute the objective values for every
function evaluation. To ensure sufficient accuracy in reporting final outcomes, the
final set of solutions on the approximation front is re-evaluated with 100,000 dose
calculation points, which is commonly considered to be sufficiently accurate.

7.4.2 Results

Results in Figure 7.4 illustrate the quality of solutions which can be acquired with
different numbers of catheters. The results provide a clear illustration of the trade-
offs between the objectives. A solution that satisfies clinical protocol lies in the area
of the approximation front where LCI ≥ 0.95 while LSI ≥ 0.75. The clinically ap-
proved solutions for the considered patients all used 16 catheters. Figure 7.4 shows
that it is possible to obtain approvable, high-quality plans using smaller numbers of
catheters. Very little quality of solutions is lost when using a few less catheters. Only
when many less catheters are used (less than 9 for the tested patients) the resulting
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Figure 7.4: Approximation fronts obtained with MO-GAMBIT illustrating trade-offs between three
objectives for three patients. The color coding represents the number of catheters. Green points repre-
sent the high-quality solutions selected for visualization in Figure 7.5 with 10,12 and 16 catheters for
patients 1,2 and 3 respectively.

solutions lead to clearly inferior and unacceptable plans considering the other two
objectives.

Outcomes still differ widely between patients. More solutions with better objec-
tive values are found for patient 2. Increasing the number of catheters for patient
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2 provides bigger benefits in terms of the LCI and LSI objectives than for patient 1.
This suggests that plan optimization can substantially differ for different patients,
further highlighting the potential benefits of enabling insight into possible trade-offs
and especially the added value of considering the number of catheters as part of
optimization.

When the number of catheters is small, the addition of catheters can substantially
improve the trade-offs between target coverage and organ sparing (e.g., see the gap
between the 2D approximation fronts of using less vs more than 5 catheters). How-
ever, when the number of catheters is sufficient, the trade-off improvement due to
adding more catheters clearly diminishes. It would be interesting for future work to
investigate the marginal added value of each catheter insertion with respect to the
(2D) approximation front improvement when considering a larger patient group.

The severity of trade-offs between the LCI and LSI is much higher in the more
extreme regions of the approximation front. For example, at the area where LCI is
larger than 0.95, trying to increase target coverage can quickly worsen the sparing of
OARs. On the other hand, if a treatment plan of LCI = 0.95 is satisfiable, the healthy
tissues can be considerably spared from radiation risks (e.g., compare the high value
of LSI of solutions having LCI = 0.95). This is very likely part of the notorious prac-
tical hardness of deciding upon what values for a good plan to ultimately use.

Figure 7.5 illustrates selected plans obtained with MO-GAMBIT with only 10, 12
and 16 catheters for patients 1, 2 and 3 respectively. All DVH indices satisfy the
clinical constraints. For these plans a doctor can decide whether it is acceptable, or
whether a factor should be improved at the expense of another factor. For example,
it may be desirable to use less than 12 catheters for patient 2, even with worse target
coverage (but still satisfying all constraints). From the complete set of Pareto opti-
mal solutions, a candidate plan in that trade-off direction can be taken, for which
the same decision can be made, until finally the most appropriate Pareto-optimal
solution is chosen without optimization needing to be re-ran.

7.5 Discussion and Conclusions

This chapter considers BT treatment pre-planning optimization from a multi-objective
perspective, while combining, for the first time, a true multi-objective optimization
approach with optimization directly on clinical evaluation criteria and considering
trade-offs between key objectives: the covering of targets, the sparing of organs at
risk, and the number of catheters. In current medical practice devising such plans
depends heavily on the expertise of doctors. We wish to assist them by enabling the
ability to view and consider a set of approximated Pareto optimal solutions with re-
spect to the aforementioned objectives. With this ability, doctors may gain additional
insight into possible treatment plans, potentially resulting in improved patient care.
As a first proof of concept to this end, we combined real-world clinical software with
a novel extension of GAMBIT to multi-objective optimization.

The generated three-objective approximation fronts for real-world patients pro-
vided a useful overview of possible treatment plans with respect to the number of
catheters used, potential risk to healthy organs, and the coverage of the targets. In-
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cluding, for the first time, the number and location of possible catheters placements
with a multi-objective optimization approach allowed us to gain new, clinically rel-
evant insight into BT pre-planning optimization. We were able to obtain sets of clin-
ically acceptable non-dominated solutions, and indicated that it appears possible to
obtain good solutions with smaller numbers of catheters compared to the clinically
used plans for the tested patients. Using a larger number of catheters can lead to
better, clinically acceptable solutions in terms of the other objectives, but the added
value in key DVH indices used to evaluate plans strongly diminishes when using
more than around 10 catheters. Outcomes further present insights into trade-offs
between other key objectives, allowing doctors to utilize their expertise, and con-
sider which of such trade-offs may be beneficial to the patient without re-running
optimization.

Our approach based on MO-GAMBIT provides a new, promising and insight-
ful approach for optimization of BT treatment plans, but further improvements to
this approach are needed and possible. Optimization mechanisms which consider
problem structure specifics such as evaluation decomposability could potentially
improve optimization speed substantially. Combined with other problem-specific
mechanisms, such as a multi-resolution approach to increasing the accuracy of dose
calculations over time, a many-fold speedup may be obtained, reducing required run
times to minutes rather than hours (even though in the pre-planning phase this is far
less of an issue than when making treatment plans after physical catheter placement
has taken place) and allowing for more exhaustive exploration of the search space,
potentially leading to discovery of even more high-quality non-dominated solutions.
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(a) Selected patient 1 solution

Prostate Vesicles
V100 = 96.39% V80 = 96.40%

Prostate Bladder Rectum Urethra
V150 = 27.20% V86 = 0.58cc V78 = 0.78cc V110 = 0.09cc
V200 = 11.05% V74 = 1.78cc V74 = 1.09cc

(b) Selected patient 2 solution

Prostate Vesicles
V100 = 98.53% V80 = 99.00%

Prostate Bladder Rectum Urethra
V150 = 19.72% V86 = 0.52cc V78 = 0.81cc V110 = 0.08cc
V200 = 6.76% V74 = 1.82cc V74 = 1.21cc

(c) Selected patient 3 solution

Prostate Vesicles
V100 = 95.29% V80 = 95.50%

Prostate Bladder Rectum Urethra
V150 = 27.24% V86 = 0.85cc V78 = 0.50cc V110 = 0.09cc
V200 = 8.35% V74 = 1.87cc V74 = 0.69cc

Figure 7.5: Selected solutions from the approximation fronts of patients 1, 2 and 3 resulting in a high-
quality plan with 10, 12 and 16 catheters, respectively. The figures on the right show the corresponding
isodose lines in selected slices on the corresponding MRI scans, where red dots are active dwell positions.
The tables show the corresponding DVH indices. All DVH index values satisfy the clinical constraints.
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8 Summary, Discussion and
Conclusions

In this final chapter we revisit and summarize our research, results and contributions
presented throughout this thesis. Further, we reflect on the work we have done and
provide a discussion on potential shortcomings, possible future work as well as more
general observations and lessons learned.

8.1 Summary

In this thesis we have focused on learning and exploiting problem variable depen-
dencies when solving optimization problems with both discrete and continuous vari-
ables in a black-box setting, i.e., where these dependencies were not known a-priori.
Model-Based Evolutionary Algorithms (MBEAs) are interesting in this regard as they
have proven successful in overcoming non-trivial variable dependencies in case of
problems with one type of variable.

We specifically looked at the Gene-pool Optimal Mixing Evolutionary Algorithms
(GOMEAs) which are a relatively recent representative of MBEAs which introduce a
new means of defining and exploiting important building blocks of a problem. One
of our main objectives was to expand the applicability of model-based EAs to new
problems and to new domains. To this end, in Chapter 3 we presented how variable
dependencies can be utilized for solving maximum satisfiability (max-sat) problems
better, a well-known combinatorial optimization problem that was not considered
before in the literature on MBEAs. Using GOMEA-based approaches in a black-box,
as well as a white-box setting, we were able to obtain good results on challenging
max-sat benchmarks and showcase the importance and capabilities of learning and
exploiting problem structure in terms of variable dependencies. Additionally, it is
worth noting that our work on this topic led to a small but consequential change in
GOMEA-based implementations going forth. Changing the new solution acceptance
condition from only accepting better than parent solutions into the population to also
allowing equally good solutions to replace parent solutions drastically improved the
diversity of a population without loss of solution quality. For problems such as max-
sat, where plateaus in the fitness landscape are commonly occurring, this allows for
much better exploration of the search space, and less risk of convergence to local
optima, ultimately leading to better results in the same amount of time.
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The remaining core of this thesis focused on bringing the MBEA paradigm to the
very challenging mixed-integer domain, where discrete and continuous variables ex-
ist simultaneously. In Chapter 4 we devised and motivated a new set of benchmark
problems, which incorporate various degrees of variable dependencies and prob-
lem sizes. Our benchmark problems, derived from well-known test functions in the
discrete and continuous domains, enabled us to create mixed-integer problems rep-
resenting different types of problem difficulty, and different problem composition in
terms of size and variable type proportions.

In Chapter 5 we introduced a novel MBEA for single-objective mixed integer op-
timization in the black-box setting: the Genetic Algorithm for Model-Based mixed-
Integer opTimization, or GAMBIT. In GAMBIT, we introduced a balanced depen-
dency learning and exploitation mechanism which utilized techniques already
known from MBEAs in the discrete and continuous domains in an interleaved fash-
ion for handling intra-variable dependencies. A inter-variable dependency learning
and sampling mechanism was furthermore introduced to directly deal with potential
dependencies between discrete and continuous problem variables. A population-
level clustering mechanism allowed GAMBIT to efficiently explore different areas of
the search space, while implementation of an interleaved multi-start scheme enabled
out-of-the-box usage, as all algorithm specific parameters such as number of clusters
or population sizes do not have to be set by a user as they are dynamic and handled
internally. We compared the performance of GAMBIT against EAs that we extended
from other domains into the mixed-integer domain. We also considered alternative
open-source and commercial algorithms explicitly designed for mixed-integer opti-
mization. We observed that many existing algorithms for the mixed-integer domain
are very efficient for problems with many constraints. However, when faced with
benchmarks where problem variables are highly dependent, GAMBIT outperforms
all considered alternatives. This indicated that dependency learning and processing
in the mixed-integer search space has clear added value for solving difficult prob-
lems, and GAMBIT provides some of the foundations to this end that were not uti-
lized before for optimization of difficult, mixed-integer problems.

In Chapter 6 we expanded our dependency learning and processing approach re-
alized with GAMBIT and considered an additional optimization challenge: multiple
objectives (MO). MO-GAMBIT was proposed in which new components were intro-
duced to address MO-specific challenges. In particular, MO-GAMBIT uses an elitist
archive, a scaling mechanism to assure diversity and sampling approaches custom
to the MO domain. Our results show that these dedicated mechanisms lead to supe-
rior performance compared to more standard approaches including single-objective
GAMBIT-based optimization of objective scalarizations and other tested algorithms
dedicated for the MO-domain.

Finally, in Chapter 7 we applied MO-GAMBIT to the challenging real-world op-
timization problem associated with the pre-planning stage of prostate cancer treat-
ment with HDR brachytherapy (BT). With HDR BT, a radioactive source is passed
through a series of catheters that are surgically implanted to pass through the prostate.
Radiation is emitted for different time durations at different spots along these
catheters. By defining the problem as a multi-objective one, we attempted to ob-
tain new insight into tradeoffs associated with increasing coverage of the cancer-
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ous areas in terms of radiation dose delivered there, while minimizing the expo-
sure of the healthy organs. Finally, we also wished to minimize the numbers of
catheters used. Starting with the MO-GAMBIT implementation, and augmenting
it with some problem-specific knowledge, we obtained sets of clinically acceptable
non-dominated solutions, that indicated that it is possible to obtain good solutions
in terms of several commonly used clinical evaluation criteria with smaller numbers
of catheters compared to the clinically used plans for the tested patients.

8.2 Discussion

While we have shown promising results of our MBEA known as GAMBIT for solving
mixed-integer optimization problems, some limitations have become apparent. We
briefly reflect on our observations regarding such potential issues as well as potential
improvements in the following sections.

8.2.1 Learning Overhead

Working under a strict black-box assumption necessitates building algorithms that
are well extendable and adaptable to various new problems and domains because
little assumptions besides expecting some form of exploitable structure are made
about the optimization problem. This also promotes the design of algorithms to
be available ’out-of-the-box’, without the need to specify any parameters or have
in-depth knowledge of the problem at hand. There is however a cost to pay for
such flexibility: efficiency. The overhead needed for self-adaptation of parameter
settings and dependency learning to be able to tackle problems with a wide range of
problem difficulty, negatively impacts the performance of the algorithm when facing
problems which are relatively simpler. However, given that it is likely that many
problems in the real-world, especially in the MI domain, contain some degree of
inter- and intra-variable dependencies, the price of this overhead is often well worth
it. It should however be considered that when facing relatively simple problems and
when efficiency in terms of runtime or number of evaluations is needed, alternative
approaches may be better suitable. Designing novel mechanisms to explicitly detect
classes of difficulty and adapting the level of dependency exploitation accordingly
could lower the necessary overhead.

8.2.2 Black-box Setting

Another point worth discussing is the real-world usability of a strict black-box ap-
proach. The ability to perform out-of-the-box optimization can be very appealing,
as it allows for flexible applicability to real-world problems. It is worth considering
however, that many real-world problems are not completely a black box. While a
fully black-box approach may be a great starting point for optimizing such problems,
utilizing some known problem properties or structure may be very beneficial. This
is for instance apparent in the BT pre-planning optimization. With GAMBIT, some
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problem-specific information can be used to augment the strict black-box approach,
yielding greatly improved results.

Introducing such augmentations can be considered to result in a gray-box setting.
One can then include, among others, reasonable initialization ranges for different
variables, infusing the model with known dependencies (i.e., by including them as
pre-existing FOS sets) or focusing most optimization efforts on the domain which is
known to be more difficult.

Real-world mixed-integer problems can be heavily constrained. In Chapter 4 we
augmented the implementation of GAMBIT with some known constraint handling
mechanisms, such as the penalty method. This is a reasonable approach under the
black-box assumption. However, it is also reasonable to assume that in many real-
world cases the existing constraints are well established and known. Many open-
source and commercial algorithms utilize the knowledge and understanding of con-
straints which allows them to achieve more efficient optimization. Incorporating
similar considerations with GAMBIT, for instance through constraint-specific repair
operators, in case problem constraints are assumed to be explicitly known, could
greatly improve performance on heavily constrained problems.

8.2.3 Fitness Function

For difficult problems with expensive evaluation functions, obtaining good results
comes with a very large overhead in terms of computational time due to the number
of evaluations used, even though it is often less than competing approaches. The
reason for this is the fact that the EAs are designed (and tested) to overcome many
types of problem difficulty and to find near-optimal solutions rather than obtaining
good solutions as quickly as possible, even if this comes at the cost of substantial
overhead, i.e., as in expensive optimization approaches like Bayesian Optimization.
Of course multi-threading and distribution of the processing across many cores can
alleviate some of these issues, as is possible for many EAs due to the use of a pop-
ulation [19] [85] [3] [65]. Other approaches may also be possible depending on how
much is known about the problem. In the current implementation of GAMBIT the
evaluation function is treated as given, and the evaluation time for each such func-
tion is a necessity for any type of change to a solution, even if only few variables are
concerned. In many cases, this does not have to be the case, however. The ability
to leverage partial evaluations when some of the evaluation function properties are
known could be of paramount importance in improving the results in terms of ex-
ecution time. The impact thereof was recently shown in the Real-valued GOMEA
(RV-GOMEA), which achieves great improvements in terms of scalability for prob-
lems which allow partial evaluations [20]. Bringing similar mechanisms into the
mixed-integer domain could positively impact scalability for many applications.

8.3 Conclusion

Optimization is a vast field where extensive research has been actively performed
for many decades in many areas. In this thesis we looked for inspiration in areas of
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discrete and continuous optimization with EAs, in order to build novel competent
EAs for the mixed-integer domain. The flexibility of model-based evolutionary algo-
rithms (MBEAs) allowed us to create new MBEAs in this challenging domain, while
grounding our approach to the black-box setting helped us create a general rather
than a problem-specific approach.

Through our work in this thesis we have gained important new insights and un-
derstanding of how model-based EAs can be designed for and be applied in the
mixed-integer domain. While mixed-integer optimization remains challenging in
general, we have identified and developed critical mechanisms which allow GAM-
BIT, and by extension potentially other MBEAs, to be scalable and powerful alter-
natives in the MI optimization domain. Integrated models mechanisms allowing for
obtaining a good balance between sampling discrete and continuous domains across
different problem compositions, clustering mechanisms allowing for better explo-
ration and exploitation of the problem landscape, mixed-dependency learning and
model building mechanisms allowing for capturing and exploiting inter-variable de-
pendencies, interleaved multi-restart schemes removing the need to specify any ex-
ternal parameters and customized MO optimization mechanisms, are some of these
critical mechanisms. The particular mechanisms we proposed, and GAMBIT in gen-
eral, lay down a new foundation for real-world MI optimization with MBEAs, that
improves upon previous approaches from the EA field.

Based on the results obtained in this thesis, we believe that (MO-)GAMBIT,
through its new and state-of-the-art approach to learning and exploiting various de-
pendency types, provides a new competent evolutionary approach to solving black-
box optimization problems with both discrete and continuous variables, thereby sig-
nificantly expanding the types of problems that can be effectively handled by model-
based EAs. Experimental validation of this was obtained across a range of problems,
including a difficult real-world application. We believe this line of research offers a
lot of new possibilities to move forward, but it is by no means complete. We partic-
ularly believe that the foundations of MI optimization with dependency-exploiting
model-based EAs, provided in this thesis through GAMBIT, can serve as a motiva-
tion and inspiration for further work on model-based EAs for problems with both
discrete and continuous variables.
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J. H. C. Reiber. Mixed Integer Evolution Strategies for Parameter Optimization.
Evolutionary Computation, 21(1):29–64, 2013.

[58] J. Lin. Divergence measures based on the shannon entropy. IEEE Transactions
on Information Theory, 37(1):145–151, Jan 1991.

[59] Y. Lin and L. Schrage. The global solver in the LINDO API. Optimization Methods
& Software, 24(4-5):657–668, 2009.

[60] J. Lozano, P. Larranaga, I. Inza, and E. Bengoetxea. Towards a new evolutionary
computation. Advances on estimation of distribution algorithms. volume 192,
2006.

[61] H. Luong and P. Bosman. Elitist archiving for multi-objective evolutionary al-
gorithms: To adapt or not to adapt. In International Conference on Parallel Problem
Solving from Nature, pages 72–81. Springer, 2012.
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1 Samenvatting

In dit proefschrift hebben we ons gericht op het leren en benutten van afhankelijkhe-
den tussen probleemvariabelen bij het oplossen van optimalisatieproblemen in een
black-box setting, d.w.z., in een situatie waarin deze afhankelijkheden niet a priori
bekend waren. De belangrijkste bron van moeilijkheden voor dergelijke problemen
houdt nauw verband met schaalbaarheid en doet zich vaak voor in alledaagse situa-
ties. Model-Building Evolutionary Algorithms (MBEA’s, modelgebaseerde evolutio-
naire algoritmen) zijn in dit geval interessant omdat ze succesvol zijn gebleken bij het
omgaan met niet-triviale variabele-afhankelijkheden. In dit proefschrift kijken we
specifiek naar de Gene-pool Optimal Mixing Evolutionary Algorithms (GOMEA’s,
genenpoel optimaal mengende evolutionaire algoritmen), die een relatief recente
soort MBEA’s zijn. Deze introduceren een nieuwe manier voor het definiëren en
benutten van belangrijke bouwstenen van een probleem. Een van onze hoofddoe-
len was het uitbreiden van de toepasbaarheid van MBEA’s op nieuwe problemen
en nieuwe domeinen. Daartoe presenteren we in hoofdstuk 3 hoe afhankelijkhe-
den tussen variabelen max-sat, een bekend combinatorisch optimalisatieprobleem
dat nog niet eerder in de literatuur over MBEA’s werd overwogen. Met behulp van
GOMEA-gebaseerde algoritmen in een black-box- en in een white-box-setting, be-
haalden we goede resultaten op uitdagende max-sat-benchmarks. Hiermee laten we
de mogelijkheden van het leren en benutten van probleemstructuren in termen van
afhankelijkheden tussen variabelen zien.

In het vervolg van het proefschrift richten we ons op het toepassen van het MBEA-
paradigma op het uitdagende gemengd geheeltallige domein, waarin zowel discrete
als continue variabelen voorkomen in een probleem. In hoofdstuk 4 presenteren en
onderbouwen we een nieuwe verzameling benchmarks, die verschillende maten van
afhankelijkheden tussen variabelen en probleemcomplexiteit met zich meebrengen.
Onze benchmarkproblemen, die zijn afgeleid van bekende functies in de discrete en
continue domeinen, stellen ons in staat om gemengd geheeltallige problemen zo aan
te passen dat ze verschillende soorten probleemcomplexiteiten vertegenwoordigen.
Met deze verzameling flexibele benchmarks, waarmee we verschillende afhankelijk-
heidstypen en probleemsamenstellingen kunnen uitdrukken in termen van grootte
en verhoudingen tussen soorten variabelen, waren we in staat om nieuwe manieren
te introduceren om optimalisatie te bewerkstelligen in het geval van problemen met
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een enkele doelfunctie alsook problemen met meerdere tegenstrijdige doelfuncties
in een black-box-setting en om de prestaties ervan te vergelijken met verscheidene
bestaande algoritmen.

In hoofdstuk 5 hebben we een nieuw evolutionair algoritme (EA) geı̈ntroduceerd
voor gemengd geheeltallige optimalisatie in het geval van een enkele doelfunctie in
de black-box-setting: het Genetic Algorithm for Model-Based mixed-Integer opTi-
misation (GAMBIT, genetische algoritme voor modelgebaseerde gemengd geheeltal-
lige optimalisatie). In GAMBIT hebben we leer- en benuttingsmechanismen
geı̈ntroduceerd die technieken uit de discrete en continue domeinen op een even-
wichtige manier met elkaar verweven om goed om te kunnen gaan met afhanke-
lijkheden tussen variabelen van hetzelfde type. Een apart leer- en samplingme-
chanisme voor afhankelijkheden tussen variabelen van verschillende typen werd
geı̈ntroduceerd om direct om te gaan met mogelijke afhankelijkheden tussen discrete
en continue probleemvariabelen. Dankzij een clusteringmechanisme op populatie-
niveau kon GAMBIT verschillende gebieden van de zoekruimte efficiënt verken-
nen, terwijl de implementatie van een zogenoemd interleaved multi-startschema,
waarbij meerdere runs van een EA met een steeds grotere populatie op een verwe-
ven manier tegelijkertijd uitgevoerd worden, het geheel direct gebruiksklaar maakte.
Algoritme-specifieke parameters (zoals het aantal clusters of populatiegroottes) hoe-
ven hierdoor niet door een gebruiker te worden ingesteld, omdat deze dynamisch
zijn en intern worden verwerkt. We hebben de prestaties van GAMBIT vergeleken
met EA’s die we uit andere domeinen hebben uitgebreid naar het domein van ge-
mengd geheeltallige problemen. Daarnaast, hebben we ook vergelijkingen gedaan
met alternatieven: open-source en commerciële algoritmen die expliciet zijn ontwor-
pen voor optimalisatie van gemengd geheeltallige problemen. We constateren dat
veel bestaande algoritmen voor het gemengd geheeltallige domein zeer efficiënt zijn
voor problemen met meerdere randvoorwaarden. Op benchmarks waar probleem-
variabelen sterk afhankelijk zijn echter overtreft GAMBIT alle bekeken alternatie-
ven. Hieruit bleek dat het leren en benutten van afhankelijkheid in het gemengd ge-
heeltallige domein een duidelijke toegevoegde waarde heeft voor het oplossen van
moeilijke gemengd geheeltallige problemen; GAMBIT biedt hiervoor fundamenten
die niet eerder werden gebruikt voor het optimaliseren van complexe gemengd ge-
heeltallige problemen (met EA’s).

In hoofdstuk 6 hebben we onze manier van leren van benutten van afhankelijk-
heden (gerealiseerd met GAMBIT) uitgebreid en een extra optimalisatie-uitdaging
onderzocht: meerdere doelfuncties (multiple objectives, MO). Het hoofdstuk intro-
duceerde MO-GAMBIT, waarin nieuwe componenten werden aangevoerd om MO-
specifieke uitdagingen aan te gaan. In het bijzonder gebruikt MO-GAMBIT een ar-
chief waarin de beste tot nog toe gevonden oplossingen opgeslagen worden. Dit
is een mechanisme om diversiteit te behouden en nieuwe oplossingen te maken die
specifiek geschikt zijn voor het MO-domein. Onze resultaten laten zien dat, in verge-
lijking met meer gangbare benaderingen, deze toegewijde mechanismen leiden tot
superieure prestaties van MO-GAMBIT, waaronder het herhaaldelijk oplossen van
gescalariseerde enkelvoudige doelfuncties met GAMBIT.

Tot slot hebben we in hoofdstuk 7 MO-GAMBIT toegepast op het complexe op-
timalisatie probleem dat komt kijken bij de pre-planningsfase van een prostaatkan-
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kerbehandeling met HDR-brachytherapie (BT). Bij HDR BT wordt een radioactieve
bron door een reeks chirurgisch ingebrachte katheters, die door de prostaat lopen,
geleid. Straling wordt uitgezonden voor verschillende tijdsduren en op verschil-
lende plekken in deze katheters. Door dit probleem als een probleem met meerdere
doelfuncties te definiëren, hebben we getracht de afgegeven stralingsdosis te vergro-
ten in de gebieden aangetast door kanker, terwijl de blootstelling van gezonde orga-
nen werd geminimaliseerd. Ten slotte wilden we ook het aantal gebruikte katheters
minimaliseren. Beginnend met de MO-GAMBIT-implementatie, en aangevuld met
probleem-specifieke kennis, verkregen we verzamelingen van klinisch aanvaardbare
niet-gedomineerde oplossingen. Deze geven aan dat het mogelijk is om goede oplos-
singen te verkrijgen in termen van verschillende veelgebruikte klinische evaluatie-
criteria met een kleiner aantal katheters dan waarmee de door ons geteste patiënten
behandeld werden in de huidige klinische setting.

Op basis van de resultaten in dit proefschrift zijn we van mening dat
(MO-)GAMBIT door de nieuwe aanpak van leren, alsmede het benutten van ver-
schillende afhankelijkheidstypen, een nieuwe competente evolutionair algoritmi-
sche methode biedt voor het oplossen van black-box-optimalisatieproblemen met
zowel discrete als continue variabelen. Hiermee worden de soorten problemen die
effectief kunnen worden opgelost door modelgebaseerde EA’s aanzienlijk uitgebreid.
Experimentele validatie hiervan werd verkregen middels een breed spectrum van
problemen, waaronder complexe toepassingen uit de dagelijkse praktijk. Wij zijn
van mening dat we door ons onderzoek een geavanceerde nieuwe aanpak van mo-
delgebaseerde optimalisatie met GAMBIT hebben kunnen creëren. Wij geloven dat,
hoewel deze onderzoekslijn zeker niet voltooid is, ze veel nieuwe mogelijkheden
voor de toekomst biedt. Daarnaast denken we dat de basis van MI-optimalisatie met
afhankelijkheid-exploiterende modelgebaseerde EA’s in dit proefschrift via GAMBIT
kan dienen als zowel motivatie en inspiratie voor verder onderzoek naar modelge-
baseerde EA’s voor problemen met discrete en continue variabelen.
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