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Summary

Each research question in climate science requires an appropriate climate model to
be formulated, where specific approximations are made and a certain number of
physical processes is considered. Conceptual climate models occupy the lowest po-
sition in the hierarchy of models: they represent only fundamental processes and
they are particularly useful when trying to capture the essence of a certain system.
Moreover, when two well-separated time scales can be identified in the system, the
processes characterised by the smaller time scale are parametrised, often using a
stochastic approach. This is the case, for example, when the ocean circulation is
forced by high-frequency atmospheric fluctuations.
This thesis focuses on the effect of atmospheric noise on the large-scale ocean vari-
ability, in particular concerning sea surface height (SSH) variability and the stabil-
ity of the Atlantic Meridional Overturning Circulation (AMOC). Both problems are
addressed by using low-dimensional stochastic dynamical systems.
The effect of high-frequency wind-stress variations can be represented as a corre-
lated additive and multiplicative noise (CAM) stochastic model of sea-level varia-
tions. The one-dimensional model developed allows to formulate an appropriate
null hypothesis for SSH variability: given a time series of sea-level anomalies, spe-
cific phenomena in the ocean circulation can be detected by analysing peaks in its
power spectrum, and the significance of such peaks can be tested against the null
hypothesis. In other words, the model can be used to attribute specific sea-level
variability to other effects than wind-stress noise. From the power spectrum anal-
ysis of several time series of SSH anomalies in the ocean, we can conclude that
the CAM noise process under investigation can explain most of the variability of
the sea level. Moreover, we found that some peaks are significant under the tradi-
tional red-noise test, but not significant under the CAM noise test. This indicates
that using the incorrect test may lead to erroneous attribution of phenomena in
the sea-level variability.
Atmospheric noise is not only responsible for the existence of a background signal
in the ocean time series. In special kind of systems, noise can lead to the occur-
rence of tipping points. One of these systems is constituted by the AMOC, which is
the zonally integrated volume transport generated by a complex system of currents
in the Atlantic Ocean. It represents a crucial component of the climate system, as it
redistributes heat northward in the Atlantic. Thanks to the presence of the AMOC,
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north-western Europe experiences a relatively mild climate, compared to maritime
regions at similar latitudes on the Pacific (up to 6�C warmer). Whether the AMOC
is in a multistable regime, i.e. if the system can be in two different states under
the same external forcing, is under debate in the climate community. However, if
the present-day AMOC were in a multiple equilibria regime, a potential collapse
in the near future would cause large and rapid changes in the global climate sys-
tem. The possibility of occurrence of an abrupt change induced by high-frequency
atmospheric variability (i.e. noise) is especially alarming, as noise-induced transi-
tions are inherently unpredictable. In this thesis, we calculate the probability of a
noise-induced collapse of the AMOC, given different climate scenarios, by means
of a rare-event numerical algorithm. We also suggest some improvements to this
algorithm, which make it a promising tool to investigate noise-induced transitions
in multistable systems. Lastly, by studying transition probabilities of noise-induced
partial collapses of the AMOC in an ensemble of CMIP5 climate models, we revisit
one of the stability indicators of the AMOC, i.e. the freshwater transport carried
by the overturning circulation at the southern boundary of the Atlantic basin. A
correction to this indicator, based on the transition probabilities, is suggested to
measure whether an AMOC state is in a multiple equilibrium regime or not.
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Samenvatting

Voor elke onderzoeksvraag in de klimaatwetenschap is een geschikt klimaatmodel
nodig. In dergelijke modellen worden specifieke benaderingen gebruikt en wordt
een aantal fysische processen meegenomen. In de hiërarchie van klimaatmodellen
staan conceptuele modellen onderaan: ze beschouwen enkel de fundamentele pro-
cessen en worden vooral gebruikt om de essentie van een bepaald systeem te vat-
ten. Wanneer twee duidelijk verschillende tijdschalen in het systeem kunnen wor-
den geïdentificeerd, worden de processen op de korte tijdschaal daarnaast vaak
geparametriseerd met een stochastische methode. Dit is bijvoorbeeld het geval
wanneer de oceaancirculatie gedreven wordt door atmosferische fluctuaties met
een hoge frequentie. Dit proefschrift gaat over het effect van atmosferische fluctu-
aties op de grootschalige oceaancirculatie en in het bijzonder over de variatie in het
zeeniveau (ZN) en de stabiliteit van de Atlantische meridionale omwentelingscir-
culatie (AMOC). Voor beide vraagstukken worden laagdimensionele stochastische
dynamische systemen gebruikt. Het effect van een snel variërende windforcering
kan gerepresenteerd worden door middel van een stochastisch zeeniveaumodel
met gecorreleerde additieve en multiplicatieve ruis (CAM). Het in dit proefschrift
ontwikkelde eendimensionale model stelt ons in staat om een geschikte nulhy-
pothese op te stellen voor zeeniveauvariabiliteit. Met een tijdreeks van zeeniveau-
anomalieën kunnen bepaalde fenomenen in de oceaancirculatie worden gedetec-
teerd. Dit kan door pieken te analyseren in het powerspectrum van de tijdreeks
en de opgestelde nulhypothese vervolgens aan dergelijke pieken te toetsen. Met
andere woorden: het model kan gebruikt worden om bepaalde zeeniveauvari-
abiliteit toe te schrijven aan andere effecten dan een stochastische windforcering.
Uit de spectraalanalyse van meerdere tijdseries van zeeniveau-anomalieën kun-
nen we concluderen dat de meegenomen CAM-ruisprocessen het grootste deel van
de zeeniveauvariabiliteit kunnen verklaren. Daarnaast constateren we dat som-
mige pieken significant zijn volgens de rode-ruistest, maar niet volgens de CAM-
ruistest. Dit impliceert dat zeeniveauvariabliteit foutief aan bepaalde factoren kan
worden toegeschreven bij het gebruik van de verkeerde test. Atmosferische ruis
is niet alleen verantwoordelijk voor het bestaan van een achtergrondsignaal in de
oceaantijdseries, maar kan in bepaalde systemen ook leiden tot kantelpunten. Een
van dergelijke systemen betreft de AMOC: een zonaal geïntegreerd volumetrans-
port, gegenereerd door een complex systeem van stromingen in de Atlantische
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Oceaan. De AMOC vormt een cruciale component van het klimaatsysteem, omdat
het warmte noordwaarts herverdeelt in de Atlantische Oceaan. Dankzij deze cir-
culatie is het klimaat in Noordwest-Europa vrij mild vergeleken met kustregio’s op
vergelijkbare breedtegraden in de Grote Oceaan (tot 6oC warmer). Of de AMOC
zich in een meervoudig stabiel regime bevindt, dat wil zeggen of het systeem in
twee verschillende toestanden kan verkeren onder dezelfde externe forcering, is
onderhevig aan discussie. Als de huidige AMOC zich in een meervoudigeven-
wichtsregime bevindt, zou een potentiële overgang naar een ander evenwicht in
de nabije toekomst grote en abrupte veranderingen in het mondiale klimaatsys-
teem teweegbrengen. De mogelijkheid van een dergelijke abrupte verandering,
geïnduceerd door atmosferische fluctuaties met hoge frequenties (i.e. ruis), is
met name alarmerend doordat deze fluctuaties moeilijk te voorspellen zijn. In
dit proefschrift berekenen we de kans op een door ruis geïnduceerde transitie van
de AMOC, gegeven verschillende klimaatscenario’s met een zogenaamd rare event
algoritme. We stellen ook een aantal verbeteringen van dit algoritme voor, die het
een veelbelovende methode maken om ruisgeïnduceerde transities in meervoudig
stabiele systemen te onderzoeken. Tot slot bestuderen we de kans op een door
ruis geïnduceerde partiële transitie van de AMOC in een ensemble van CMIP5-
klimaatmodellen. Daarmee herzien we een van de stabiliteitsindicatoren van de
AMOC, namelijk het zoetwatertransport door de omwentelingscirculatie aan de
zuidelijke rand van de Atlantische Oceaan. Om na te kunnen gaan of de AMOC in
een meervoudigevenwichtsremige verkeert, suggereren we een correctie van deze
indicator gebaseerd op transitiekansen.
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Chapter 1

Introduction

1.1 Climate variability

The Earth’s climate system exhibits variability over a broad range of spatial and
temporal scales. In a narrow sense, “Climate is usually defined as the average
weather, or more rigorously, as the statistical description in terms of the mean
and variability of relevant quantities over a period of time ranging from months to
thousands or millions of years. The classical period for averaging these variables
is 30 years, as defined by the World Meteorological Organization.” [Stocker et al.,
2013]. However, a more practical definition includes all time scales of variability
(intrinsic and forced) [Dijkstra, 2019].

The traditional view [Mitchell, 1976] of such variability is represented in Fig. 1.1:
the power spectrum shown is clearly not directly computed from one time series,
but includes information relative to several of them. Indeed, there is no single time
series that is over 106 years long and with a temporal resolution in the order of
one hour. The figure reflects three types of variability [Ghil, 2002]: in the back-
ground, a continuous spectrum represents deterministic chaos and stochastically
forced variations; on top of it, sharp peaks indicate periodical forcings, whereas
broader peaks correspond to internal modes of variability. This classic framework
of ‘background and peaks’ has to be interpreted as a picturesque image of the vari-
ability. In fact, it has recently been challenged, as it can only explain a small frac-
tion of the overall variability and the underlying climate system dynamics [see
Franzke et al., 2020, for a review]. In particular, over certain spatial and temporal
ranges, the actual background spectrum of a climatic time series shows scaling be-
haviour, which can be described by power laws [Huybers and Curry, 2006, Lovejoy,
2015].

Why are we interested in characterising climate variability? One of the main
reason lies in the fact that it allows us to distinguish between phenomena induced
by natural processes (e.g. changes in astronomical forcing) from the ones caused

1
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Figure 1.1: Artist’s view of the climate system variability over the last 106 years [Ghil, 2002],
adapted from the original version in [Mitchell, 1976]. The figure represents the traditional
‘background and peaks’ paradigm of the climate variability. In the last years a new paradigm,
based on the scaling behaviour of the variability over certain time scales, was developed
[Lovejoy, 2015].

by human activities (e.g. anthropogenic greenhouse gas emissions). Furthermore,
increasing our understanding of the physical mechanisms underlying climate vari-
ability will ultimately reduce uncertainty and improve our capabilities to predict
climate on short and long time scales.

An instructive example of climate variability in the ocean is represented by the
sea surface temperature (SST) variability at mid-latitudes. Hasselmann [1976]
established a general framework to interpret the basic structure of climate spectra,
when two well-separated time scales are identified in the system. High-frequency
weather fluctuations (with a decorrellation time scale of approximately one week)
are modelled as white noise (with constant power spectrum) acting on the mixed
layer of the ocean, which serves as an integrator of the atmospheric signal and,
as a result, exhibits low-frequency variability. In mathematical terms, the linear
equation governing the evolution of the SST at mid-latitudes [Frankignoul and
Hasselmann, 1977] reads

dTt

dt
= �ATt + B⌘t , (1.1.1)
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where Tt represents the sea surface temperature and B the amplitude of the at-
mospheric noise. The term ⌘t denotes a normally distributed stochastic process,
with h⌘ti= 0 8t and h⌘t⌘

0
ti= �(t � t 0) 8t, t 0 . The constant A is a damping term,

necessary to obtain a statistically stationary response from the ocean; this negative
feedback could be represented, for instance, by long-wave radiation fluxes flow-
ing back to the atmosphere. The power spectrum estimated from the solution of
the differential equation above is the one of a red noise process, and the equilib-
rium probability density function (PDF) of the SST is a Gaussian, with mean and
variance depending on the magnitude of A and B.

When testing this approach on observational data, one finds that, indeed, month-
ly averaged SST anomalies at mid-latitudes are nearly Gaussian. This simple cli-
mate model has been widely adopted as the leading paradigm for the ‘null hypoth-
esis’ of SST variability in middle and high latitudes. Nonetheless, it is important
to stress the importance of the assumptions made by Hasselmann: first of all, the
time scales of atmospheric and oceanic variabilities need to be well separated, and
no feedback mechanisms are taken into account. Second, eq. (1.1.1) is linear,
which is a valid approximation only when non-linear effects are sufficiently weak.
Finally, the noise term does not depend on the characteristics of the ocean (i.e. B
is a constant) and the noise has a constant power spectrum. We discuss, in the last
section of this chapter, the validity of some of these assumptions.

The main focus of this thesis is the effect of atmospheric noise on the large-
scale ocean variability. Changes in the ocean circulation can considerably influ-
ence climate, mainly through their impact on heat transport, which, in turn, alters
magnitude and distribution of temperature and precipitation. When looking at
millennial time scales, drastic changes in the Atlantic circulation are believed to
be responsible of climate shifts during the last glacial periods [Clement and Pe-
terson, 2008, Crucifix, 2012]: such shifts are referred to as Dansgaard-Oeschger
(DO) events [Dansgaard et al., 1993] and are most pronounced in the Greenland
ice core records (Fig. 1.2). The temperature difference between warm (intersta-
dial) and cold (stadial) periods is believed to have reached up to 16�C [Kindler
et al., 2014].

1.2 Dynamical systems framework

Dynamical system theory is a powerful framework for studying asymptotic states of
the climate system. Thanks to the separation of time scales, like the one presented
in the previous section, it is possible to attribute climate variability phenomena to
low-order behaviour [Dijkstra, 2019].

Depending on the range of temporal and spatial scales of interest, and hence
on the number of physical processes considered, one can describe the climate sys-
tem with a dynamical system of a certain complexity and number of degrees of
freedom. Conceptual climate models consist of a small set of ordinary differential
equations (ODEs) and only fundamental processes are considered, which capture
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Figure 1.2: Temperature proxy from the Northern Greenland Ice-core Project (NGRIP) core
[Dansgaard et al., 1993]. The Dansgaard-Oeschger events are fluctuations between two
different states, referred to as stadials (corresponding to a cold climate) and interstadials
(corresponding to a warm climate). The temperature difference between the two states was
estimated to take values up to 16�C [Kindler et al., 2014]. These events are believed to be
related to major changes in the Atlantic Ocean Circulation during the last glacial period and,
hence, suggest the existence of multiple steady states in the Atlantic circulation.

the essence of the system. Prominent early examples are the model for atmo-
spheric convection developed by Lorenz [1963], the Stommel box-model of the
Atlantic Meridional Overturning Circulation (AMOC) [Stommel, 1961], and the
SST model studied by Hasselmann, described in the previous section. When the
spatial extension of the system is taken into account, and more processes are in-
cluded, intermediate complexity models are formulated: they are described by a
set of partial different equations (PDEs), as many as the number of the variables in
the system. PDEs, equipped with appropriate boundary and initial conditions, can
be discretised by means, for example, of finite difference methods, and, eventually,
a set of ODEs with algebraic constraints can be written [Pedlosky, 1996]. The high-
est position of this hierarchy of models is occupied by the so-called Earth system
models (ESMs), or general circulation models (GCMs), which integrate the inter-
actions of atmosphere, ocean, land, ice, and biosphere. Despite being extremely
simplified, conceptual models have the great advantage of isolating key processes
of a certain climate subsystem, facilitating their understanding. Moreover, unlike
complex models, the computational power required to simulate their time evolu-
tion is generally modest: therefore, they easily allow for ensemble simulations and
long runs, which are particularly useful when investigating climate variability on
long time scales.

In order to formulate a climate model, specific approximations are made, which
need to be adequate for the research questions one wants to address. For example,
to predict the weather in the Netherlands over the next two weeks, one can cer-
tainly assume a constant eccentricity of the Earth’s orbit. Similarly, when studying
the Dansgaard-Oeschger events, local fluctuations of the temperature appear irrel-
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evant. When formulating a dynamical system to represent a certain phenomenon,
common practice is to consider all processes with time scales much greater of the
time scale of interest as fixed in time, whereas a different treatment is needed
for the ones which are much smaller than that. Generally, small spatial and time
scales are parametrised, using either a deterministic or a stochastic approach. Has-
selmann’s theory, presented in the previous section, is an example of stochastic
parametrisation of a small time scale atmospheric forcing. The main assumption
behind this procedure is that the lag-1 autocorrelation of the parametrised phe-
nomena is negligible. Therefore, a deterministic autonomous system becomes a
non-autonomous one, where noise is imposed. Such systems are called stochastic
dynamical systems and consist of a set of ordinary (or partial) stochastic differen-
tial equations (SDEs) [Gardiner et al., 1985], in the form

dXt = F(Xt)dt + G(Xt)dWt , (1.2.1)

where Xt 2 Rn represents the state of the system at time t, F : Rn! Rn is the de-
terministic term (often referred to as drift field), G : Rm! Rn is a map that defines
the coupling of the system with the noise. The term Wt 2 Rm denotes a multivari-
ate Wiener process (or Brownian motion, in one dimension). The equation above
can be further generalised, for instance introducing a time dependence in F or G,
or by adding algebraic constraints to the system. For an SDE to be properly de-
fined, we need to specify whether its solution is formulated following either Itô or
Stratonovich interpretation [Gardiner et al., 1985]. A complete description of the
two approaches lies outside the scope of this thesis. It is worth to mention that the
Stratonovich SDEs are the most used in physical systems, as they can be seen as
limits of continuous time processes with increasingly small correlation times [van
Kampen, 1981, Soldatenko and Yusupov, 2017].

The last important aspect to explore here is the nature of the noise term in
eq. (1.2.1). Different physical processes are parametrised with different types
of noise. The original Langevin equation [Langevin, 1908], historically the first
example of a stochastic differential equation, describes the motion of a particle
in a fluid: the random collisions with the molecules of the fluid can be modelled
by adding white noise to the system. Mathematically, this can be achieved by
setting G constant in eq. (1.2.1). Additive white noise has been widely used when
formulating stochastic atmospheric models [e.g. Egger, 1981, Delsole and Farrell,
1995, Newman et al., 1997, Whitaker and Sardeshmukh, 1998]. However, if the
stochastic forcing represents fluctuations of parameters due to unresolved small-
scale processes, it is often state-dependent, and referred to as multiplicative noise
[Neelin and Weng, 1999, Sardeshmukh et al., 2001, Sura, 2002, Lin and Neelin,
2002, Monahan, 2004]. Moreover, as we have seen in the previous section, climate
variability is not equal at all frequencies: therefore, there exist processes that can
be better modelled as red noise [Pierini, 2010], for instance. Eq. (1.2.1) can be
easily adapted to allow for the presence of coloured noise. Finally, it is worth to
mention that the classic stochastic calculus can be extended to include other kind
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of processes in addition to a Wiener process. Levy flights [Applebaum, 2009],
for example, might be responsible for climate changes observed in paleoclimate
records [Ditlevsen, 1999]. In this work, we only consider noise originating from
high-frequency atmospheric variability.

1.3 Positive feedbacks and tipping points

A prominent example of the potential of conceptual models for the understanding
of key climate processes is Stommel’s box model of the Atlantic Ocean Meridional
Circulation [Stommel, 1961]. The Atlantic Ocean Circulation has a special role in
the climate system, because its associated meridional heat transport is positive over
all latitudes [Srokosz et al., 2012], peaking at about 1.5 PW at 26.5�N [Johns et al.,
2011]. Responsible for this heat transport is the Atlantic Meridional Overturning
Circulation (AMOC) which is the zonally integrated volume transport generated by
a complex system of Atlantic Ocean currents. Thanks to the release of heat from
the ocean to the atmosphere in the North Atlantic, northwest Europe experiences
a relatively mild climate, respect to maritime regions at similar latitudes on the
Pacific (up to 6�C warmer) [Palter, 2015].

Stommel proposed a minimal model for the AMOC, intended to analyse the
effect of surface freshwater and heat fluxes on the large-scale two-dimensional
(zonally integrated) ocean circulation in the Atlantic (Fig. 1.3(a)). Two boxes,
representing the equatorial and the polar regions, respectively, are connected by
means of an overflow channel at the surface and a capillary tube at the bottom.
The water in each box is well mixed, so that temperature and salinity are uniform
inside it. A linear equation of state is assumed, and the flow rate, directed from
high to low pressures, is proportional to the density difference between the two
boxes. The exchange between each box and the atmosphere is modelled through
a relaxation to prescribed values of temperature and salinity. Since the prescribed
salinity at the equator is higher than the one at the pole, a strengthening in the cir-
culation results in more salt being transported towards the polar box. As the flow
rate is proportional to the density difference, and hence to the salinity difference,
an enhanced salinity at the pole leads, in turn, to a further intensification of the
circulation. This positive feedback is referred to as the salt-advection feedback. On
the other hand, if one investigated the response of the temperature to a pertur-
bation in the flow, would find a negative feedback. Nonetheless, perturbations in
the temperature are more easily damped by the interaction with the atmosphere,
thanks to the fast time scale at which the relaxation to the prescribed tempera-
ture occurs. In mathematical terms, the salt-advection feedback can be explained
by the non-linearity of the governing equations of the box model, which, under a
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Figure 1.3: (a) Stommel’s box model of the AMOC [adapted from Stommel, 1961]. The
climate variables with subscript e (p) are relative to the equatorial (polar) box; the super-
script a indicates the prescribed values of temperature and salinity in the atmosphere. The
green solid arrows indicate the direction of the circulation when thermally driven ( > 0),
whereas the blue dash arrows represent the salinity-driven circulation ( < 0). (b) Bifurca-
tion diagram for the model in (a). The variable on the y�axis is the non-dimensional flow
rate  , computed by subtracting the salinity difference between the two boxes (Se � Sp)
from the temperature difference (with the same convention of signs). The dotted magenta
line indicates zero flow rate. Solid lines denote stable solutions, respectively the thermally-
dominated (TH) solution and the salinity-dominated one (SA), while the dash line indicates
the unstable steady state. The yellow band highlights the bistable region, bounded by two
saddle-node bifurcation points L1 andL2.

suitable scaling, read

dT
dt
= ⌘1 � T (1+ |T � S|) ,

dS
dt
= ⌘2 � S (⌘3 + |T � S|) .

(1.3.1)

In the equations above, T and S represent, respectively, the differences of the tem-
peratures and the salinities between the two boxes (equatorial minus polar). The
parameters ⌘1 and ⌘2 are a measure of the strength of the thermal and freshwater
atmospheric forcing, respectively, while ⌘3 is the ratio between the thermal and
the freshwater relaxation time scales. Thanks to the non-linear terms T |T � S|
and S|T �S|, the system exhibits multiple stable states, for a suitable choice of the
parameters. In particular, this occurs when the salt-advection feedback is strong
enough, hence when the two relaxation time scales are well separated. In this case,
Fig. 1.3(b) shows the sensitivity of the flow rate  to the freshwater forcing ⌘2.
When the forcing is small, a unique stable equilibrium is found, which takes the
name of thermally-dominated (TH) state, as  = T � S > 0. On the contrary, for
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high values of ⌘2, there exists a salinity-dominated (SA) state, with = T�S < 0.
At intermediate values, the two states coexist, and the system shows multistability:
that means that, for the same choice of the parameters, the system can asymptoti-
cally reach two different states, depending on the initial conditions imposed. The
dashed curve in Fig. 1.3(b) indicates the presence of an unstable equilibrium, or
saddle. Diagrams like the one represented in the figure are computed by finding
equilibrium solutions of systems like the one in eq. (1.3.1) - more in general, im-
posing F(X) = 0 in the deterministic system obtained from the generic SDE (1.2.1)
- by means of continuation techniques [Keller, 1977].
They are called bifurcation diagrams, as they give a visual representation of the
bifurcations in a dynamical system. A bifurcation is a qualitative change in the so-
lutions of the system, in terms of their type or number. Two examples are shown in
Fig. 1.3(b): both L1 and L2 take the name of saddle-node bifurcation points, char-
acterised by the sudden appearance or disappearance of one or more solutions
when varying a certain parameter. Other examples of saddle-node bifurcations in
climate dynamics include, for example, energy balance models [Ghil, 1976, North
et al., 1983, Charney and Devore, 1979]. Dynamical systems can exhibit a plethora
of bifurcations [Guckenheimer and Holmes, 2013], which go from changes in sta-
bility properties of fixed points (pitchfork, transcritical), to the occurrence of oscil-
latory behaviour (Hopf), to the collective interaction of multiple instabilities, that
leads to global bifurcations. For a brief collection of climate variability phenomena
described by several types of bifurcation, see [Dijkstra and Ghil, 2005].

Coming back to the Stommel’s box model, the presence of multistability can
lead to the occurrence of critical transitions. For instance, imagine that the state
of the system is located in the multistable region, on the TH branch of the diagram
1.3(b). A sudden shift to the SA solution can take place because of two different
causes: (i) when the parameter ⌘2 is slowly increased, until it crosses the saddle-
node point L2; (ii) if noise is added to eqs. (1.3.1). Depending on the underlying
cause, the abrupt change in the system takes the name of bifurcation or noise-
induced transition, respectively. Other systems can exhibit another kind of abrupt
transitions, occurring when the control parameter is increased at a high rate, so
that the state of the system is not able to track its equilibrium state: they take
the name of rate-induced tipping [Wieczorek et al., 2011]. The three cases are
depicted in Fig. 1.4.

Such critical events are often referred to as ‘tipping’ phenomena. Lenton et al.
[2008] listed a series of tipping elements in the Earth’s climate system, which could
potentially undergo a transition due to the occurrence of instabilities. Greenland
Ice Sheet [Ridley et al., 2010, Robinson et al., 2012], Indian Monsoon [Sultan and
Janicot, 2000] and Amazon Rainforest [Higgins and Scheiter, 2012, Lasslop et al.,
2016] are notable examples among them, in addition to the AMOC. At this point,
it appears natural to ask whether a conceptual dynamical system like the Stom-
mel’s box model can actually represent the real oceanic circulation, or at least give
a qualitative picture of it. Numerous studies have addressed this problem in the
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Figure 1.4: Typical bifurcation diagram for a system that can exhibit three types of tipping
behaviour. The initial state of the system is represented by the black circle. Red arrows
indicate magnitude (length) and rate (thickness) of the increase of the control parameter;
blue arrows indicate the trajectory of the system in the parameter-variable space. The yellow
bands highlight the bistable regions, each of them bounded by two saddle-node bifurcation
points. (a) Bifurcation-induced tipping: the control parameter is slowly increased, until it
crosses a saddle-node bifurcation point. The state of the system tracks the upper equilibrium
branch of the diagram, until it falls to the lower branch. (b) Rate-induced tipping: the rate
of variation of the parameter is high, to the extent that the state is no longer able to track the
upper branch, and the system undergoes a transition to the lower steady state. (c) Noise-
induced tipping: the control parameter is kept constant, while noise is added to the system,
causing the occurrence of a transition.

last 60 years, and several models with different levels of complexity have shown
bifurcation diagrams similar to the one in Fig. 1.3(b) [see chapter 5 of Dijkstra,
2005, for a collection of studies]. The highest model in the complexity hierarchy,
for which a similar structure was found, is an intermediate complexity model, that
combines a global ocean model with an energy balance atmospheric model [den
Toom et al., 2012]. Similar studies have been carried out on other tipping com-
ponents of the Earth systems (such as the ones already mentioned); for a review
of climate and eco-systems that exhibit bifurcations in a hierarchy of models, see
[Bathiany et al., 2016]. Bifurcation diagrams are generally not available for fully
coupled GCMs: that means that long - and computationally expensive - simulations
need to be run in order to detect abrupt changes in the corresponding time series.
Sudden collapses of the AMOC, as a response to slow increases of the freshwater
forcing in the North Atlantic, have been found in several ocean and climate mod-
els [de Vries and Weber, 2005, Hawkins et al., 2011, Vellinga and Wood, 2002,
Rahmstorf et al., 2005]. Nonetheless, such abrupt changes are not easy to find in
state-of-the-art global climate models, such as the ones used in the fifth assessment
report (AR5) of the Intergovernmental Panel for Climate Change (IPCC). Drijfhout
et al. [2015] made an attempt in this direction: they systematically searched for
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evidence of abrupt changes in the simulations produced by Coupled Model Inter-
comparison Project 5 (CMIP5) [Taylor et al., 2012], that were used to inform the
IPCC, and found them in sea ice, oceanic flows, land ice, and terrestrial ecosystem
response, although with little consistency among the models.
No transitions were found in the AMOC in CMIP5 models. This might indicate
that the multistability of the circulation might be an artefact of the simple models,
because of the absence of the stabilising effect of the atmospheric feedback [Yin
et al., 2006]. However, den Toom et al. [2012] have shown that such feedbacks are
not strong enough to eliminate the multistability. On the other hand, other studies
support the idea that the Atlantic Circulation may be much more sensitive to fresh-
water anomalies than what the global climate models show [Drijfhout et al., 2011].
Furthermore, the occurrence of DO events during the last glacial period hints at
the existence of multistable states in the Atlantic Ocean Circulation. The mech-
anisms involved include stochastic resonance [Ganopolski and Rahmstorf, 2002]
and noise-induced transitions [Ditlevsen et al., 2005].

As already mentioned, the stability of the states of a complex model, especially
high up in the model hierarchy, are generally not known. Therefore it is not pos-
sible, for a system which could potentially exhibit multistability, to know whether
the current state lies in the multistable region. Nevertheless, Rahmstorf [1996]
defined a criterion for the bistability of the AMOC, Mov , that is the sign of the
AMOC freshwater transport at the southern boundary of the Atlantic Ocean, when
the system is in the present-day state (corresponding to the TH solution in the
Stommel model). It is remarkable that an observable calculated from one equi-
librium state of the system can give information about the existence of another
steady state. The reasons behind the validity of the indicator, which are discussed
in detail in the next chapters, are based on specific physical mechanisms, inherent
to the AMOC.
Even if a certain system is known to be in a multistable regime, it is generally
not possible to know whether a bifurcation point is nearby. As a result, predicting
bifurcation-induced transitions is a serious challenge. Early-warning signals have
been developed, in order to detect the approach of tipping points: the underly-
ing idea is that a system close to a critical transition becomes increasingly slow in
recovering from small perturbations. This phenomenon is known as ‘critical slow-
ing down’ and has been widely used to analyse time series of ecological [Scheffer
et al., 2009] and climate systems [Lenton, 2011]. When slowing down occurs, the
time series often show an increase in auto-correlation [Held and Kleinen, 2004,
Dakos et al., 2008] and variance [Ditlevsen and Johnsen, 2010, Carpenter and
Brock, 2006]. More advanced measuring techniques include degenerate finger-
printing [Held and Kleinen, 2004] and detrended fluctuation analysis [Livina and
Lenton, 2007]. Nevertheless, most of these statistical indicators are sometimes
difficult to calculate with statistical significance [Boettiger et al., 2013], and they
seem to be not reliable when dealing with bifurcations other than the saddle-node
[Dutta et al., 2018]. When time-dependent forcing is considered [Wieczorek et al.,
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2011], delayed early-warning signals have been found for rate-induced transitions
[Ritchie and Sieber, 2016].

On a different note, noise-induced transitions do not show any of the early-
warning signals mentioned above [Lenton, 2011], thus they are generally unpre-
dictable [Ditlevsen and Johnsen, 2010]. In systems with a high level of noise, flick-
ering between states (i.e., noise-induced transitions in both directions) may occur
prior to a more permanent transition [Bakke et al., 2009]. Furthermore, transition
probabilities of abrupt changes in paleoclimate records can been estimated from
long time series, by inferring the stability landscape of the system and the noise
amplitude from the analysis of several transitions [Livina et al., 2011]. However,
there are two main limitations in these approaches: first of all, they require the
knowledge of both the steady states involved in the transition, which, as already
discussed, is often not available; second, even when the equations of the under-
lying dynamical system are known, one would like to find a systematic method
to estimate transition probabilities for general (non-gradient) systems, also when
such probabilities are small and no transitions have been observed yet.

1.4 Research questions and thesis overview

This thesis investigates the role of the atmospheric noise in the large-scale ocean
circulation, in particular with regard to the sea surface height (SSH) variability
and the stability of the AMOC.

In section 1.1 spectral analysis was introduced as an effective tool for inves-
tigating the mechanism underlying climate variability. In particular, given a time
series of a certain observable, specific phenomena can be detected by analysing
peaks in its power spectrum. In order to test the significance of such peaks, one
needs to formulate an appropriate null hypothesis: indeed, as already discussed,
part of the variability observed in every climate time series is generated by the re-
sponse to high-frequency deterministic and stochastic forcing. In the case of SST
variability at mid-latitudes, Hasselmann’s model provides a null hypothesis based
on a red-noise process as a background signal. The test has been successfully ap-
plied in many studies [Mann et al., 1999, Serra et al., 2001, Newman, 2007, among
others], in order to detect low-frequency variability phenomena in the ocean circu-
lation. We already mentioned some of the assumptions of Hasselmann’s approach,
among which the presence of a stochastic forcing that does not depend on the cli-
matic variable (in this case, SST). This choice makes the test of the null-hypothesis
straightforward, but it is not necessarily the correct one, especially when the dis-
tribution of the climate variable under study is not Gaussian.
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Sea level height (SSH) time series, for instance, often show non-Gaussian dis-
tributions [Thompson and Demirov, 2006] and a linear stochastic model with ad-
ditive white noise does not represent an appropriate null-hypothesis test for the
associated variability. Sura and Gille [2010] proposed a new paradigm for SSH
variability, based on a linear model with multiplicative noise. Nevertheless, a sta-
tistical significance test has not been formulated yet. The first research question of
the present work is the following:

1. What is an appropriate null-hypothesis test for SSH variability, considering
that multiplicative noise comes into play, via the interaction of the ocean and
the atmospheric forcing?

In chapter 2 the question is addressed. A one-dimensional stochastic model is
formulated, based on a shallow water model of the ocean circulation; the char-
acteristics of the resulting correlated additive and multiplicative (CAM) noise are
described in details and a new statistical test, with parameters estimated from a
SSH time series, is developed.

The second research line of this work revolves around noise-induced transitions
in multistable systems, discussed in section 1.3. In particular, we concentrate on
the AMOC. By reviewing the main literature concerning its multistability, we can
conclude that obtaining the correct AMOC stability in climate models is a great
challenge and the debate around it is not settled [Gent, 2018]. However, if the
present-day AMOC were in a multiple equilibria regime, a potential collapse in
the near future would cause large and rapid changes in the global climate system
[Jackson et al., 2015]. The possibility of occurrence of an abrupt change induced
by high-frequency atmospheric variability (i.e. noise) is especially alarming, as
noise-induced transitions are inherently unpredictable. The main question we are
interested in is the following:

2. What is the transition probability of a noise-induced collapse of the AMOC
under current atmospheric variability?

We have seen that, for several models of the AMOC of various complexity, the
bifurcation diagram of the system is known. Therefore, transition probabilities
of transitions between different stable states can, in principle, be computed, by
using, for example, Monte Carlo simulations. Nevertheless, when the probabilities
involved are very small and/or the model under study high-dimensional, more
sophisticated methods need to be implemented [Lestang et al., 2018]. In chapter 3
we discuss in detail one of this methods, namely the Trajectory-Adaptive Multilevel
Sampling (TAMS). In the same chapter, we describe a box model for the AMOC,
originally formulated by Cimatoribus et al. [2014], that is used in the next chapters.
In chapter 4 we introduce some improvements to the TAMS algorithm, necessary
to make it suitable for computing transition probabilities between steady states. We
then calculate transition probabilities for noise-induced transitions of the AMOC in
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the next 100 years, using the aforementioned box model: the results, presented in
chapter 5, show that two kinds of transitions can occur, corresponding to a partial
and full collapse of the AMOC, respectively, with different transition probabilities.
In order to compare these results to those of GCMs, for which bifurcation diagrams
are not available, we make use of the above-mentioned indicator for the stability
of the AMOC, i.e. Mov . Probabilities are then computed for a range of realistic
values of Mov and atmospheric forcing. Finally, in chapter 6, we investigate AMOC
transitions (i.e. partial collapses) in an ensemble of CMIP5 climate models: by
relating the associated probabilities to the values found in the box model, we revisit
the idea behind the use of Mov , and suggest a correction to the indicator, so that
it can become suitable for GCMs. The results further demonstrate the dependence
of the Atlantic surface freshwater flux on the AMOC and the impact of extreme
events in the AMOC on temperatures in the North Atlantic region. The thesis in
concluded with a recap of the main results and future perspectives in chapter 7.
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Chapter 2

A statistical significance test
for sea-level variability

A statistical test is presented to address the null hypothesis that sea-level fluctu-
ations in the open ocean are solely due to additive noise in the wind stress. The
effect of high-frequency wind stress variations can be represented as a correlated
additive and multiplicative noise (CAM) stochastic model of sea-level variations.
The main novel aspect of this study is the estimation of parameters in the discrete
CAM model from time series of sea surface height observations. This leads to a
statistical test, similar to the red noise (or AR(1)) test for sea surface temperature,
which can be used to attribute specific sea-level variability to other effects than
wind-stress noise. We demonstrate the performance of this test using altimeter
data at several locations in the open ocean.

This chapter has been published as:

Castellana, D., Dijkstra, H. A., and Wubs, F. W. (2018). A statistical significance
test for sea-level variability, Dynamics and Statistics of the Climate System, 3(1),
dzy008.
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2.1 Introduction

Sea level varies on many temporal and spatial scales [Harrison, 2002]. Tide gauges
and altimetry are currently providing most of the instrumental data; some of the
tide gauge records are over 100 years long while the altimetry data record starts
in 1992. This study is motivated by the problem of attributing sea surface height
(SSH) variations to specific mesoscale ocean features, such as eddies [Firing and
Merrifield, 2004] or rings [Beal et al., 2011]. This is problematic as much of the
sea-level variability is due to other processes, for example, due to high-frequency
wind-stress fluctuations and Rossby waves [Hughes and Williams, 2010].

For sea surface temperature (SST) variability, a similar problem occurs of dis-
tinguishing SST changes due to specific large-scale phenomena (e.g. El Niño) from
those caused by high-frequency fluctuations in atmospheric temperature and the
associated heat fluxes. This problem was addressed over 40 years ago by Hassel-
mann [1976], who introduced a stochastic model of the ocean mixed layer. In this
model, the SST anomalies can be modelled by an Ornstein-Uhlenbeck process with
a Gaussian probability density function (PDF). The discrete variant of this process
is the AR(1) or red noise process which is serving as a null hypothesis for SST vari-
ability. Indeed, when applied to SST variability in the Eastern Tropical Pacific, the
El Niño variations are such that this null hypothesis can be rejected [Neelin et al.,
1998].

In a series of studies, extensive statistical analyses of daily observed SST [Sura
et al., 2006, Sura and Sardeshmukh, 2008] and SSH [Sura and Gille, 2010] vari-
ations were performed. There are many areas of the globe where the skewness
(S) and excess kurtosis (K) values of SST anomaly time series are far from Gaus-
sian values (S = K = 0). Examples are large areas in the Southern Ocean (e.g.
S ⇠ �0.4) and the Eastern Tropical Pacific (e.g. S ⇠ 0.4), with also substantial sea-
sonal dependence. Much larger deviations from Gaussian distributions are found
in SSH anomaly time series [Sura and Gille, 2010], where S values range from �2
to +2. Analysis of probability density functions for SSH indicates that these have
a piecewise power law behaviour, also suggested in earlier studies [Thompson and
Demirov, 2006]. In [Hughes and Williams, 2010], it was found (using 12 years
of altimetry data) that an AR(5) spectral fit provides an adequate representation
of the shape of the spectrum over much of the ocean; this information was used
for trend (rate of sea-level change) detection. In [Bos et al., 2014], the effect of
the specific statistical models on the error in the estimated sea-level trend was
calculated.

To explain the non-Gaussian behaviour of SST variability, the stochastic Hassel-
mann model (from now on, red noise model) was extended to include (in addition
to the additive noise due to the heat flux) a multiplicative noise term, due to the
dependence of the heat flux noise on the SST anomaly [Sura et al., 2006, Sura
and Sardeshmukh, 2008]. The resulting model of Correlated Additive and Mul-
tiplicative (CAM) noise can be analysed through its equilibrium probability den-
sity function (PDF) by solving the corresponding Fokker-Planck equation. It was
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shown [Sura and Sardeshmukh, 2008, Sardeshmukh and Sura, 2009] that this
model gives a power law PDF for which K � 3S2/2, in agreement to what is found
from SST observations. A CAM noise stochastic model was also used to explain
the non-Gaussian behaviour of SSH anomalies [Sura and Gille, 2010] and to show
why K > 3(S2 � 1)/2 for most locations on the globe.

From all these studies, it is clear that the CAM noise stochastic model may serve
as a null hypothesis, in particular for SSH variability, where the deviations from
Gaussian behaviour are much larger than that for SST. While the use of such a null
hypothesis is mentioned in [Sura and Gille, 2010] this has, to our knowledge, not
yet resulted in a statistical test which can be used to reject it. Such a test would
replace the red noise test which is often carried out to draw conclusions about the
significance of certain frequencies of SSH variability.

The main purpose of this study is to develop a statistical test for wind-stress
driven sea-level variability based on a stochastic model for which the parameters
can be estimated from the altimetry (or tide gauge) time series (like the lag-1
autocorrelation in the AR(1) process). In section 2.2, we present a reduction of
the stochastic shallow-water model to the CAM noise model as an alternative to the
reduction in [Sura and Gille, 2010]. Then in section 2.3, we further analyse the
properties of the CAM model for noise-driven SSH variability. In section 2.4, we
develop a new statistical test for which parameters can be estimated from observed
time series. A summary and discussion (section 2.5) concludes the chapter.

2.2 An alternative motivation for the CAM model

A model which has been traditionally used to study the propagation of surface
waves in the ocean is a barotropic shallow-water model in a spherical sector basin
with a flat bottom. It is well-known that such a model contains the whole spec-
trum of waves, e.g. Poincaré and Rossby waves as well as Kelvin waves along the
boundaries. It should, therefore, serve as an elementary model to study wind-stress
noise-induced variability in sea-level variations.

In [Sura and Gille, 2010], the CAM model for sea-level variability was moti-
vated by considering small-scale nonlinear (advective) interactions in the shallow-
water model. However, the precise interactions leading to the multiplicative noise
component are unclear. Below, an alternative (or additional) motivation for the
CAM noise model is considered just through the wind-stress variations.

2.2.1 The stochastic shallow-water model

Consider an ocean basin with a horizontal domain bounded by a closed contour
� . The density of the ocean is constant and the flow is driven by a wind stress
⌧⇤(�,✓ ) = ⌧0(⌧� ,⌧✓ ), where ⌧0 is its amplitude and (⌧� ,⌧✓ ) provides the spa-
tial pattern. We denote (u, v) as the horizontal velocities and h as the depth of
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the basin. The governing shallow-water equations are non-dimensionalised us-
ing scales r0 , H, U , r0/U , and ⌧0 for length, layer depth, velocity, time, and wind
stress, respectively, where r0 is the radius of the earth and become (for a flat-bottom
ocean)

✏

Å
@ u
@ t
+

u
cos✓

@ u
@ �
+ v
@ u
@ ✓
� uv tan✓
ã
� v sin✓ =

= � ✏F
cos✓

@ h
@ �
+ E
Å
r2u� u

cos2 ✓
� 2sin✓

cos2 ✓

@ v
@ �

ã
+↵

⌧�

h
,

(2.2.1a)

✏
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@ v
@ t
+

u
cos✓

@ v
@ ✓
+ v
@ v
@ ✓
� u2 tan✓
ã
+ u sin✓ =

= �✏F
@ h
@ ✓
+ E
Å
r2v � v

cos2 ✓
� 2 sin✓

cos2 ✓

@ u
@ �

ã
+↵

⌧✓

h
,

(2.2.1b)

@ h
@ t
+

1
cos✓

Å
@ (hu)
@ �

+
@ (hv cos✓ )

@ ✓

ã
= 0, (2.2.1c)

where the dimensionless parameters are given by
8
>>><
>>>:

✏= U
2⌦r0

Rossby number
F = gH

U2 Inverse Froude number
E = AH

2⌦r2
0

Ekman number

↵= ⌧0
2⌦⇢HU Wind-stress coefficient

(2.2.2)

At the horizontal boundaries, no-slip boundary conditions are prescribed, i.e.,

u(�,✓ ) = v(�,✓ ) = 0 8 (�,✓ ) 2 � . (2.2.3)

The wind-stress forcing has a deterministic steady part (⌧�d ,⌧✓d ) and a stochastic
part where the latter, following [Sura et al., 2001], can be prescribed in terms of
atmospheric horizontal surface velocities Ua and Va anomalies. Hence,

(⌧� ,⌧✓ ) = (⌧�d ,⌧✓d ) +�(Ua, Va), (2.2.4)

where � is the amplitude of the noise. In addition,

(Ua, Va) = z(�,✓ ) (⌘u(�,✓ , t),⌘v(�,✓ , t)), (2.2.5)

where z(�,✓ ) is a given spatial dimensionless pattern and the quantities ⌘u and
⌘v represent uncorrelated (white) noise and satisfy

h⌘u(�1,✓1, t), ⌘u(�2,✓2, s)i= �(�1 ��2)�(✓1 � ✓2)�(t � s). (2.2.6)

The same holds for h⌘u(�1,✓1, t), ⌘v(�2,✓2, s)i and h⌘v(�1,✓1, t), ⌘v(�2,✓2, s)i.
The weight function z(�,✓ ) can for example be a Gaussian shape with circular
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symmetry to the atmospheric variability [Sura et al., 2001]. As already discussed
in the previous chapter, the white-noise structure of the atmospheric forcing is an
idealization: it reflects the time scale separation between the slow ‘climate sys-
tem’, represented by the ocean, and the fast ‘weather system’, represented by the
atmosphere [Hasselmann, 1976].

2.2.2 Linearised system

We can write the solutions in the model as

u= ud + u0; v = vd + v0; h= hd + h0, (2.2.7)

where (ud , vd , hd) are the steady state velocities and thickness field for the deter-
ministic wind-stress field. For example, when ⌧�d = ⌧

✓
d = 0, the equilibrium state

is represented by the ocean at rest, with a reference height h0, i.e. (u0, v0, h0) =
(0,0, h0).

Under the assumption of linearised dynamics and a zero deterministic wind-
stress field, eqs. (2.2.1) for the perturbations (u0, v0, h0) become

✏
@ u0

@ t
� v0 sin✓ = � ✏F

cos✓
@ ⌘0

@ �
+ E
Å
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� 2sin✓

cos2 ✓
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ã
+
✓

1
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� 1

h2
0

h0
◆
↵⌧� ,

✏
@ v0

@ t
+ u0 sin✓ = �✏F

@ ⌘0

@ ✓
+ E
Å
r2v0 � v0

cos2 ✓
� 2 sin✓

cos2 ✓

@ u0

@ �
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+
✓

1
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0
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◆
↵⌧✓ ,

@ h0

@ t
+

h0

cos✓

Å
@ u0

@ �
+
@ (v0 cos✓ )
@ ✓

ã
= 0.

(2.2.8)
When we discretise the system on a two-dimensional grid in (�,✓ ), we can

write it in the following matrix form

M
dX
dt
= AX+ (B+DX)⌘, (2.2.9)

where X 2 R3n is the state vector, with n representing the number of grid points,
A, M and B are 3n ⇥ 3n matrices, D is a 3n ⇥ 3n ⇥ 3n third order tensor and ⌘
is a 3n�dimensional vector of uncorrelated white noise with unit intensity. The
origin of the multiplicative noise term, involving the tensor D, has a direct physical
interpretation: the input of momentum by the wind stress depends on the thickness
of the layer.

If we represent the state vector X of eq. (2.2.9) in the form (u,v,h) (here we
drop the primes to simplify the notation), and recalling that the matrix M is a
diagonal matrix composed respectively of ✏ for the u and v part and 1 for the h
part, we can rewrite the SDE (2.2.9) in the form

8
<
:

✏ du
dt = ↵uuu+↵uvv+↵uhh+ (�h +�hh)⌘u,

✏ dv
dt = ↵vuu+↵vvv+↵vhh+ (�h +�hh)⌘v ,

dh
d t = ↵huu+↵hvv,

(2.2.10)
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where each ↵i j is a squared matrix (part of the matrix A) �h and �h are the only
non-zero components, respectively of the matrix B and the tensor D. The quantities
⌘u and ⌘v are the two independent sub-vectors of the vector ⌘. The term �hh⌘u
has to be interpreted as (�h)i jkhj(⌘u)k, with summation over repeated indices.

On the large scale, ✏⌧ 1 while ✏F = O(1) and hence we can neglect the left-
hand side in both the first two equations, and rewrite the vectors u and v in terms of
h and the noise (assuming invertibility of the block matrix formed by ↵uu,↵uv ,↵vu
and ↵vv). Substituting these equations in the time evolution for h, we have

dh
dt
= ↵̃h+
�
�̃ + �̃h
�
⌘h, (2.2.11)

with an appropriate definition of the parameters. Thanks to the independence of
⌘u and ⌘v , it is guaranteed that ⌘h is also a white-noise term.

2.3 Analysis

As in the model of [Hasselmann, 1976] , we now neglect the interaction between
the sea-level height at different locations so that we only capture the local effects of
the wind-stress noise (which are assumed to be the strongest). This is the principle
of diagonal dominance of ↵̃ in [Sura and Sardeshmukh, 2008], and hence we focus
on the scalar version of (2.2.11), given by

dh
dt
= Ãh+
�
B̃ + D̃h
�
⌘h, (2.3.1)

where now h, Ã, B̃ and D̃ are scalars. From a physical point of view, the constants
can be interpreted as the effect of the local near-geostrophic response on the sea
level. The multiplicative noise term arises because the input of momentum by the
wind stress depends on the total layer thickness. This is different from the SST
model in [Hasselmann, 1976], where the atmospheric heat flux into the mixed
layer does not depend on the total mixed layer depth. Note that a more extended
mixed-layer model as in [Sura and Sardeshmukh, 2008], where also the depen-
dence of the perturbative heat flux on SST is taken into account, does include a
multiplicative noise term.

Eq. (2.3.1) captures the effects of the wind-driven noise on sea-level variability
in its simplest way. However, without any indication of the appropriate choice of
the interpretation of the noise term, we are not able to solve it. In fact, when
we try to solve the equation, we have to decide whether to use the Itô or the
Stratonovich calculus [Pavliotis, 2016]. In order to make this choice, we have to
look at the origin of the noise in the system. As we pointed out in section 2.2.1, the
white-noise structure of the wind forcing is the limit case of a fast decorrelating
atmospheric variability. It can be shown [van Kampen, 1981] that these kind of
systems can be approximated by equations with white noise using the Stratonovich
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interpretation. Therefore, a more correct way to write eq. (2.3.1) is the following
one

dh̃t = Ãh̃t dt + (B̃ + D̃h̃t) � dWt , (2.3.2)

where the symbol � is conventionally chosen to represent a Stratonovich SDE and
the subscript t is referring to the time dependence of the stochastic process. How-
ever, from a mathematical point of view, it is usually easier to deal with Itô SDEs, es-
pecially because they constitute Markovian processes, in contrast with Stratonovich
SDEs.

It is easy to show [Pavliotis, 2016] that eq. (2.3.2) is equivalent to the Itô SDE

dht = Aht dt + (B + Dht)dWt , (2.3.3)

where

ht =
2Ã+ D̃2

B̃D̃
h̃t + 1,

and

A= Ã+
1
2

D̃2 ; B =
2Ã
D̃

; D = D̃.

2.3.1 Probability density function

Consider now eq. (2.3.3) with A < 0 and B, D > 0. The corresponding Fokker-
Planck equation is

@ p
@ t
= �@ (Ahp)

@ h
+

1
2
@ 2[(B + Dh)2p]

@ h2
, (2.3.4)

where the solution p = p(h, t) is the probability density function of the stochastic
variable ht at time t. Furthermore, the boundary conditions for the distribution
and its derivative in space are

p,
@ p
@ h
! 0 for h! ±1. (2.3.5)

We are interested in the stationary distribution, that is

ps(h) := lim
t!1

p(h, t). (2.3.6)

Hence eq. (2.3.4) becomes

Ahps �
1
2

d[(B + Dh)2ps]
dh

= 0, (2.3.7)

which can be solved to give

ps(h) = k exp

⇢
2A
D2

✓
1� D2

A

◆
ln |Dh+ B|+ B

Dh+ B

��
, (2.3.8)
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with k normalization constant. In case D is positive, we can calculate the one-sided
limits close to x = �B/D as

lim
h!� B

D
�

ps(h) = e1 =1, (2.3.9)

and
lim

h!� B
D
+

ps(h) = e�1 = 0, (2.3.10)

and hence the integral of ps(h) over the whole domain diverges. By definition, a
solution of the Fokker Planck equation has to be smooth and integrable over the
domain [Pavliotis, 2016]. Hence for D > 0, the solution is given by

ps(h) =

®
0 h �B/D
N exp
¶

2A
D2

îÄ
1� D2

A

ä
ln |Dh+ B|+ B

Dh+B

ó©
h> �B/D

(2.3.11)

where N is the normalization constant. One can show that ps(h) satisfies the
stationary Fokker-Planck equation and the requirements for its solution. In case
D < 0, the solution is found as

ps(h) =

®
N exp
¶

2A
D2

îÄ
1� D2

A

ä
ln |Dh+ B|+ B

Dh+B

ó©
h �B/D

0 h> �B/D
(2.3.12)

In Fig. 2.1(a), a series of trajectories is seen to converge to an equilibrium distri-
bution and the histogram in Fig. 2.1(b) can be well represented by the analytically
determined ps.

2.3.2 Moments of the distribution

It is useful to calculate the moments of the distribution. In principle we could
determine the moments of the stationary distribution, starting from the distribution
itself

Mn :=
Z

ps(h)hn dh. (2.3.13)

The integrals cannot be solved analytically but ODEs for the moments can be ob-
tained using an Itô formula. Given a one dimensional SDE

dht = ✓ (ht)dt +�(ht)dWt (2.3.14)

and a smooth function f (ht): Rn! R, the following (Itô) formula holds [Pavliotis,
2016]

d f (ht) =
✓
✓ (ht) f 0(ht) +

�2(ht)
2

f 00(ht)
◆

dt +�(ht) f 0(ht)dWt . (2.3.15)
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Figure 2.1: (a) Trajectories of the system (2.3.3), with parameters (A, B, D) =
(�2.00, 3.00,0.50), initiated from 100 points uniformly distributed in the interval [-30,10]:
it is clear that, after a certain amount of time, all the solutions remain above a certain thresh-
old. (b) Histogram relative to the final distribution of the end points (after 105 time steps)
of the trajectories in (a). On top of it, the PDF (2.3.11), drawn with a red line, perfectly fits
the histogram.

Defining the n-th moment as

Mn(t) = E[hn(t)], (2.3.16)

we can write an evolution equation for Mn by combining eq. (2.3.3) and eq.
(2.3.15), resulting in

dMn

dt
= n
Å

A+
n� 1

2
D2
ã

Mn + n(n� 1)BDMn�1 +
n(n� 1)

2
B2Mn�2. (2.3.17)

For the first four moments, we obtain
8
>>><
>>>:

dM1
dt = AM1

dM2
dt = 2
Ä
A+ D2

2

ä
M2 + 2BDM1 + B2

dM3
dt = 3(A+ D2)M3 + 6BDM2 + 3B2M1

dM4
dt = 4
Ä
A+ 3D2

2

ä
M4 + 12BDM3 + 6B2M2

(2.3.18)

At equilibrium (corresponding to the stationary distribution) we can explicitly cal-
culate the moments in terms of the constants A, B and D as

8
>>><
>>>:

M1 = 0
M2 = � B2

2A+D2

M3 =
2B3 D

(A+D2)(2A+D2)

M4 =
3B4(A�3D2)

(2A+D2)(A+D2)(2A+3D2)

(2.3.19)
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which corresponds (with a different notation) to those obtained in [Sura and Sarde-
shmukh, 2008]. Hence we can compute some interesting statistical quantities rel-
ative to CAM noise (mean µ, variance C , skewness S and kurtosis K):

8
>>><
>>>:

µ= 0
C = � B2

2A+D2

S = � 2D(�(2A+D2))1/2
A+D2

K = 3(A�3D2)(2A+D2)
(A+D2)(2A+3D2)

(2.3.20)

As expected, the statistical properties of the solution ht are quite different from
the ones obtained from an Ornstein-Uhlenbeck process. For instance, the distribu-
tion is asymmetric (skewness different from zero) and the kurtosis (different from
three) indicates a heavy-tail behaviour. It is easy to show that, for D = 0, we can
recover the corresponding moments for the Ornstein-Uhlenbeck process. Further-
more, in order for the variance to be positive, we have to impose the condition
2A+ D2 < 0 for the SDE (2.3.3).

2.3.3 Temporal discretization

The easiest way to perform a temporal discretization of the SDE (2.3.3) is using
the Euler-Maruyama scheme [Gardiner et al., 1985], resulting in

ht = (1+ A�t)ht�1 + (B + Dht�1)
p
�t ⌘t , (2.3.21)

with �t the time step and ⌘t time uncorrelated white noise, with zero-mean uni-
tary variance. The stochastic process (2.3.21) is equivalent to eq. (2.3.3), assum-
ing that �t is small. The same result is valid in the comparison between an AR(1)
and an Ornstein-Uhlenback process. A simple argument to prove this statement
can be given calculating the second and the third moment of the discrete process
(2.3.21) and expressing them in terms of the parameters A, B, D and �t. In the
limit �t ! 0, we can neglect the higher order terms and the equations turn out to
be equivalent to the moments of a SDE with CAM noise (2.3.19).

Suppose we have a time series of SSH data and want to determine whether the
stochastic process (2.3.21) can describe the statistics of the time series, how do
we estimate the parameters in this equation? While the literature concerning the
estimation of the parameters of an Ornstein-Uhlenbeck process is quite broad, to
our knowledge there is no systematic approach existing for the process (2.3.21).
The first thing to notice is that we are not able to perform the estimation basing
it only on the stationary distribution of the corresponding SDE, or on its related
statistical quantities. In fact, one can always rescale the parameters of the contin-
uous CAM process, and also rescale the time. In other words, the distribution is
invariant under the following transformation

A0 = kA B0 =
p

kB D0 =
p

kD, (2.3.22)

with k > 0.
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2.3.4 Parameter estimation

As for the red noise case, in order to make the estimation unique, it is necessary to
include some information about the temporal behaviour of the time series in the
procedure. For instance, we could use the autocorrelation structure of the time
series. To this effect, we first have to determine the autocorrelation function for
a SDE with CAM noise (2.3.3). Using the general solution of the SDE [Pavliotis,
2016]

ht = yt

✓
X0 � BD
Z t

0
y�1

s ds+ B
Z t

0
y�1

s dWs

◆
,

yt = exp
ïÅ

A� 1
2

D2
ã

t + DWt

ò
,

(2.3.23)

one can show that

�̃(s) = lim
t!1
hht ht+si= �

B2

2A+ D2
exp (As). (2.3.24)

Knowing that the term in front of the exponential function is the variance of the
SDE, we can rewrite the normalised autocorrelation function for the corresponding
stochastic process as

�(n�t) =
�̃(n�t)

M2
= exp (A�t n), (2.3.25)

where n represents the time lag. Through the last equation, substituting the auto-
correlation function with its estimated value, and choosing the value of �t (pro-
viding that we use the same value in the simulation of the process), it is possible
to determine the parameter A. In order to estimate the other two parameters, we
are going to use two different methods: a moments estimation and a fit of the data
with the probability density function.

One of the most well-established methods to estimate the parameters of an
Ornstein-Uhlenbeck process consists in writing the autocorrelation function and
the second moment (that is the variance, for a zero-mean process) in terms of the
parameters, then estimating these two quantities from data and substituting the
values in the equations. In our case, since we have an additional parameter (com-
pared to the Ornstein-Uhlenbeck process), we need another equation, namely the
third moment. Therefore, after having found A with the autocorrelation function,
we are going to make use of the moment equations

M̂2 = �
B2

2A+ D2
, M̂3 =

2B3D
(A+ D2)(2A+ D2)

, (2.3.26)

where the quantities M̂2 and M̂3 are respectively the estimated second and third
moment. In Fig. 2.2(a) the result of the estimation for a simulated time series is
shown (see the figure caption for further details), and it is shown to be successful.
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Figure 2.2: (a) Normalised histogram obtained from a long simulated time series, from a
CAM noise SDE. The parameters A,B and D are (�2.00,3.00, 0.50). The estimated param-
eters with the moments method for a CAM process are (�2.00, 2.99,0.49). The red line
is the analytical pdf (2.3.11), with the estimated parameters. (b) Normalised histogram
obtained from a long simulated time series, from a CAM noise SDE. The parameters are
(�2.00, 3.00,0.50). The estimated parameters with the moments method for a red noise
process are (�2.00,3.09). The cyan line is the analytical Gaussian pdf for the estimated
parameters.
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The same data can be used to estimate the parameters A and B via the auto-
correlation function and the second moment of the Ornstein-Uhlenbeck process,
and the result is shown in Fig. 2.2(b). It is clear that the estimated parameters
differ substantially from the true ones. The result is a distribution which doesn’t
resemble at all the true one. The reason behind this behaviour has to be found
in the statistical properties of the stochastic processes under consideration: while
the Gaussian distribution is completely determined by its first two moments, this is
not the case for more complex processes, such as the SDE with CAM noise (2.3.3).
Therefore, even if the autocorrelation function and the variance of two processes
are the same, it doesn’t mean they have the same distribution, assuming that at
least one of them is not Gaussian.

Therefore, in order to make the test of the null hypothesis meaningful, one
should consider, together with the power spectrum analysis, an evaluation of the
accuracy of the parameters estimation. To this effect, we introduce a �-square
measure

� =
1
L

LX

i=1

( F(zi)� ps(zi) )
2 , (2.3.27)

where zi is the midpoint of the i-th interval obtained by binning the data (L being
the number of bins), F(zi) is the corresponding value of the normalised histogram,
and ps(x) is the stationary probability density function under consideration (de-
pending on which model is used for the estimation). The � measure represents
the distance between the distribution of the data and the one predicted by the
model. It has to be noticed that this measure is very useful in order to evaluate
which distribution is the closest one to the one obtained from the data. Neverthe-
less, it can’t be used to compare the accuracy of a certain estimation for different
time series: its value, indeed, depends on how much the data is spread around
the mean, assuming a constant k. For the simulated time series in Fig. 2.2, we
obtain � sim

RED ⇠ 10�4, � sim
CAM ⇠ 10�7, where the subscript RED refers to red noise,

i.e., Ornstein-Uhlenbeck process with a Gaussian distribution. As expected, the
comparison between the two measures allows us to state that the CAM estimation
works well, whereas the Ornstein-Uhlenbeck process is not an accurate model for
our simulated data.

Another method of estimation consists in fitting the histogram of the time series
under consideration with a certain distribution (which in the CAM case is repre-
sented by eq. (2.3.11)). That means solving the following non-linear least-squares
problem (for unknowns A, B and D)

min
LX

i=1

| F(zi)� ps(A, B, D, zi) |2, (2.3.28)

where zi is the midpoint of the i-th interval obtained by binning the data (L being
again the total number of bins), F(zi) is the corresponding value of the normalised
histogram, and ps(A, B, D, z) is the stationary probability density function for the
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Figure 2.3: Normalised histogram obtained from a long simulated time series, from a CAM
noise SDE. The parameters are (�2.00,3.00, 0.50). The estimated parameters with the fit
method for a CAM process are (�2.00,3.01, 0.49), whereas for a red noise process are
(�2.00, 3.09). The red and cyan lines are the analytical pdf, respectively CAM and red
noise, with the estimated parameters.

chosen model. In order to perform the least-squares problem, we used the MAT-
LAB function lsqnonlin, which computes L functions and finds the minimum of the
norm (2.3.28). The choice of the initial condition seems to be crucial for the con-
vergence of the algorithm, especially for a high number of functions: in our code
we performed the optimisation starting from the computation of only 2 functions
(corresponding to a fit with a histogram with 2 bins), choosing a certain initial con-
dition. Later, we incremented the number of bins and chose, as initial condition,
the parameters found in the previous step. Then we iterated the procedure until
the maximum number of bins (100) was reached.

In Fig. 2.3 the result of the estimation for the simulated time series under con-
sideration is shown (see the figure caption for further details). Again we can com-
pute the � measures for the two estimates, which turn out to be very similar to
the previous ones, i.e., � sim

RED ⇠ 10�4, � sim
CAM ⇠ 10�7. For long simulated time series,

at least for the CAM noise case, the two methods (moments and fit) give similar
results; this is not the case for short ones, with possible consequences in the test of
the null hypothesis. We consider the distribution fitting method the most effective
one to estimate the parameters: with this method, indeed, we take into account
also the other moments, while with the moment estimation we are only able to
consider the second moment for a red noise process, and the second and third
moment for a CAM noise process, respectively.
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Figure 2.4: Ratio between �-squared measures calculated respectively from estimation with
red and CAM noise. If the ratio is greater than one, then �RED > �CAM, which indicates that
the CAM estimation works better: the locations showing this behaviour are coloured in red.
If the ratio is less than one, then the red noise estimation works better and the correspon-
dent location is coloured in cyan. Yellow-coloured locations correspond to distributions
which do not resemble any of the two considered processes, hence both estimations fail
(�RED,�CAM >> 1). The black crosses indicate the four locations for which more details are
provided in the text. The resolution of the map is 1x1 degree.

2.4 Application: Sea-level variability

The distribution fitting method of the previous section is applied to SSH anomaly
data in this section. The dataset we use consists in daily gridded multi-mission sea
surface height anomalies, measured over about 20 years, collected by the Archiv-
ing, Validation and Interpretation of Satellite Oceanographic data base (AVISO,
http://www.aviso.altimetry.fr/en/data.html).

In Fig. 2.4 we first give a representation of the accuracy of the CAM noise
estimation with respect to the red noise one. For every location in the ocean, we
performed the two estimations and compared the values of the respective values of
the �-squared measure (see figure caption for further explanation). It is clear that
the CAM estimation works (red colour) better in many locations of the oceans. It is
also interesting to compare this result with the analysis of the skewness of the SSH
distributions obtained from data, as determined in [Sura and Gille, 2010]. From
the comparison between Fig. 2.4 and Fig. 3 in [Sura and Gille, 2010], we see that,
when the distribution of data is skewed, the CAM estimation works well, especially
in the cases where the skewness is positive.

From the results of section 2.3, we can now formulate the null hypothesis for
the sea-level variability. Wind-stress (white) noise causes sea-level variability ac-
cording to the CAM noise process and, if sea-level variability is attributed to differ-
ent causes, the null hypothesis should be rejected. In order to test this hypothesis,
the following procedure is used, as applied to sea surface anomaly data (mean
zero, detrended, seasonal cycle removed): (i) estimate the parameters A, B and
D in the CAM noise process, (ii) run many realizations of the stochastic process
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with the same time step as that in the data and (iii) determine power spectra for
each realization. After choosing a significance level p̃, plot the 1 � p̃ quantile of
the sampled spectra, for each frequency, together with the power spectrum of the
data. If there are peaks extending above the chosen spectrum, it means that the
null hypothesis is rejected at a 100(1 � p̃) % significance level. We applied this
procedure for several time series, corresponding to different locations of the ocean
(see crosses in Fig. 2.4), which represent the most interesting cases.

We first consider a location (location 1) where, according to Fig. 2.4, the sea-
level statistics are approximately Gaussian. In Fig. 2.5, the results for the estima-
tions and the power spectrum analysis are shown. The values of � for both esti-
mations are � sim

RED = 0.48, � sim
CAM = 0.5 and hence indeed the red noise estimation

performs slightly better than the CAM process one. It has to be noticed that, when
the distribution of the data is approximately Gaussian, the CAM process which
solves eq. (2.3.28) will have a very small (positive) value of the parameter D. This
is the reason why the difference between the two estimations, and the correspon-
dent � measures, is small. The situation is well represented in Fig. 2.5, where the
curves relative respectively to red and CAM noise almost overlap, both in regard
to the distribution and the power spectrum. The peaks extending above the CAM
power spectrum (⇠ 100-days period) are generated by the mesoscale eddy field
[Holland, 1978] in this region.

Next, we look at a region where the distribution of the sea-level anomalies is
definitely skewed. In Fig. 2.6, we present the results for a location in the North
Pacific Ocean (location 2). The values of � are � sim

RED = 0.91, � sim
CAM = 0.14, clearly

showing that a CAM noise spectrum is much better than a red noise spectrum:
Fig. 2.6(b) shows that some peaks, which seem to be significant under the red noise
test are not significant under the CAM noise test. The only remaining significant
peak is again generated by the mesoscale eddy field in that region.

As a third example, we consider the region west of South Africa (location 3).
The Agulhas Current affects the South-West Indian Ocean, along the East coast of
South Africa and, where it turns back on itself, it periodically releases an eddy into
the South Atlantic Gyre. By investigating the variability of sea level in the area
around the east coast of South Africa, we expect to observe a peak in the power
spectrum, with a period of about 50 days [Beal et al., 2011]. Furthermore, the CAM
noise model should not be able to represent the dynamics of the sea level, at least
in the region of the spectrum where these phenomena occur (Fig. 2.7). The values
of the � measure are � sim

RED = 0.17, � sim
CAM = 0.07. Again, the ratio between the

two measures is low, indicating that the two estimations give similar results: the
distribution of the data, indeed, doesn’t differ much from a Gaussian distribution.
The 50-day peak is significant under both the red noise and CAM noise test.

A final case is a location where both the estimations fail (location 4). Observa-
tions over the last century indicate that Kuroshio current in the North Pacific Ocean
shows bimodal behaviour off the southern coast of Japan [Qiu and Miao, 2000].
While the mechanisms leading to such bimodality have not been completely under-
stood, it is clear that they must be part of the internal dynamics of the ocean and
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Figure 2.5: (a) Normalised histogram obtained from the time series relative to sea-level
anomalies at the indicated location 1. The red and cyan lines are the analytical pdf with
the estimated parameters, respectively for CAM noise (�0.03,0.01, 0.02) and red noise
(�0.03, 0.01). The two estimated distributions practically overlap, reflecting the almost-
Gaussian shape of the histogram. See text for further explanations. (b) Null hypothesis test
for the time series relative to sea-level anomalies in the indicated location. The blue line is
the power spectrum of the data. The red and cyan lines represent the values of the power
spectra relative to an ensemble of simulations, at the 0.01 level of significance for each
frequency, respectively for CAM noise and red noise SDEs, with the estimated parameters.
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Figure 2.6: Same as Fig. 2.5, but for location 2. (a) The estimated parameters are respec-
tively (�0.04,0.02, 0.08) for CAM noise and (�0.04, 0.02) for red noise. The two estimated
distributions differ substantially, as indicated also by the value of the parameter D. (b)
Many peaks, which are significant under the red noise test, are not significant under the
CAM noise test.
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Figure 2.7: Same as Fig. 2.5, but for location 3. (a) The estimated parameters are respec-
tively (�0.03,0.02, 0.04) for CAM noise and (�0.03, 0.02) for red noise. The two estimated
distributions partially differ, as indicated also by the value of the parameter D. (b) The
50-days peak is significant under both the tests.
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Figure 2.8: Normalised histogram obtained from the time series relative to sea-level anoma-
lies at the indicated location 4. The red and cyan lines are the analytical pdf with
the estimated parameters, respectively for CAM noise (�0.01,0.08, 0.01) and red noise
(�0.01, 0.07). It is clear how the estimated distributions differ from the distribution of
the data. See text for further explanations.

thus they cannot be explained by wind-stress noise. In Fig. 2.8, the result of the
estimation of the parameters is shown for one of these time series. The estimation
has been performed for both an Ornstein-Uhlenbeck process and a CAM noise SDE.
Even without investigating the power spectrum of the time series, we can conclude
that our null-hypothesis has to be rejected: this example clarifies the importance of
the accuracy of the estimations, as a preliminary investigation before proceeding
with the null hypothesis test.

2.5 Summary and discussion

In this chapter, we formulated a statistical test associated with the null hypothesis
that sea-level variability is only forced by random (white noise) fluctuations in the
wind stress. In many studies on sea-level variability, one wants to distinguish the
effects of specific flow phenomena, such as eddies, on sea-level variability from
the noisy wind-stress driven variability. In [Sura and Gille, 2010], it was already
argued that the basic SSH model (represented by the stochastic process ht repre-
senting sea-level anomalies) is given by the Itô SDE

dht = Aht dt + (B + Dht)dWt , (2.5.1)
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with parameters A, B and D and constraint 2A+D2 < 0 (which implies that A< 0).
It was shown here that the choice of a stochastic linear model with CAM noise for
the SSH variability also arises naturally from the shallow water equations under a
random wind forcing, when only the local geostrophic flow effect due to the wind-
stress forcing is considered. The multiplicative noise term arises because the mo-
mentum input by the wind is inversely proportional to the layer depth which makes
the situation more complicated than in the classical Hasselmann model [Hassel-
mann, 1976] which captures only additive noise processes.

Whereas the estimation of parameters in the red noise process is relatively
straightforward, the non-Gaussian behaviour of the SSH statistics requires a more
sophisticated method of estimation (i.e. distribution fitting) with respect to the
usual autocorrelation and moments evaluation. The reason is the fact that the
knowledge of a few moments does not necessarily provide reliable information
about the statistical distribution of the data, especially in the case the length of
the time series is limited. Furthermore, we defined a �-squared measure, which is
an indicator of the accuracy of our estimation of the PDF. For similar reasons, and
relevant to the null hypothesis test, we argued that the power spectrum analysis is
not enough: a preliminary study of the distribution is necessary to guarantee that
the probability density function of the chosen stochastic process (with estimated
parameters) can resemble the distribution of data. In other words, the evaluation
of the accuracy of the estimation tells us whether the estimation with the chosen
model is meaningful or not; if yes, then we can proceed with the power spectrum
analysis.

The comparison between the � measures for the different estimations (red and
CAM) indicate that, in many locations of the ocean, the stochastic model with red
noise is a good approximation. By contrast, for clearly skewed distributions, the
CAM model is much more reliable than the red noise one. The comparison between
the power spectra tells us that the CAM power spectrum extends always above the
red noise one, and the distance between the two depends on the non-Gaussianity
of the data.

Once the null-hypothesis was chosen, we performed a statistical test to reject
it based on SSH data. From the power spectrum analysis of several selected time
series, we can conclude that the CAM noise process under investigation can ex-
plain most of the variability of the sea level. When there are some peaks extending
above the chosen 99% interval of confidence, they are attributable to physical pro-
cesses different from wind-stress noise. In the Agulhas case, we clearly see a peak
corresponding to a period of about 50 days, extending above the spectrum of the
CAM process, as expected. Despite the fact that differences with red noise may
be small in practice, the CAM noise test is in principle a better test and is also
more stringent to attribute sea-level variability to specific phenomena. Although
in the Agulhas case considered, this may not matter much, it can certainly matter
in more extreme sea-level fluctuations as CAM has a power law distribution and
the red noise an exponential one.

It has to be noticed that the null hypothesis test performed in this study has
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the desired significance level only in the case it is carried out for each single fre-
quency. If one is interested in multiple testing, for instance when the same process
is responsible for multiple peaks in the power spectrum, then a higher frequency
pointwise confidence level has to be used [see section 5.2.5.1 in Mudelsee, 2013].
The consequence of not employing the correct multiple testing confidence interval
is to detect false positives in the significant peaks.

Obviously, wind-stress noise is not the only source of noise induced by small-
scale processes as is the case for SST, where noise is not only due to that in the atmo-
spheric heat flux [Sura et al., 2006] and hence may also exhibit non-Gaussian be-
haviour . For the SSH case, also the heat flux is likely to be important through steric
influences, as are small-scale processes in ocean mixing, such as sub-mesoscale pro-
cesses. This defines a possible future line of study, where more and more compli-
cated stochastic models can serve to define null hypotheses for small-scale induced
variability in relevant observables in the climate system.
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Chapter 3

Model and methods for
transition probabilities

This chapter is dedicated to introducing some of the concepts that are necessary
for the following chapters. First of all, a box model for the AMOC is described in
detail, and its suitability for addressing the second research question in section 1.4
is discussed. Second, a class of methods used to study rare events is introduced,
with a particular focus on the Trajectory-Adaptive Multilevel Splitting (TAMS) al-
gorithm. This method is the one chosen to calculate AMOC transition probabilities
in the next chapters.

Part of this chapter can be found in the following publication (including its supple-
mentary material):

Castellana, D., Baars, S., Wubs, F. W., and Dijkstra, H. A. (2019). Transition prob-
abilities of noise-induced transitions of the Atlantic ocean Circulation, Scientific
Reports, 9(1), 1-7.

The part relative to the rare event algorithms is adapted from the following manuscript:

Wang, P., Castellana, D. and Dijkstra, H. A. (2020). Improvements to the use of
the Trajectory-Adaptive Multilevel Sampling algorithm for the study of rare events.
Manuscript under review.
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3.1 A box model for the Atlantic Meridional Ocean
Circulation

In order to compute transition probabilities for a noise-induced collapse of the
AMOC, we need to find a model that represents a compromise between two aspects.
On one hand, it needs to be simple enough, so that it is computationally feasible
to calculate transition probabilities with a rare event algorithm (introduced in the
next section). On the other hand, as we want to compare our result with simula-
tions from GCMs, the model needs to distinguish between the freshwater transport
by the overturning circulation and the one carried by the subtropical gyre at the
southern border of the Atlantic Ocean: therefore, Stommel’s conceptual model is
too simplistic to this purpose.

3.1.1 Model formulation

The model chosen is an improvement of the one developed by Cimatoribus et al.
[2014], which was extended to allow the existence of a collapsed state of the
AMOC. The Atlantic Ocean is represented as five boxes (Fig. 3.1). A deep box
(labelled as d) extends throughout the whole latitudinal width of the basin. It is
separated from the upper ocean layer by a pycnocline, whose depth D is a depen-
dent quantity in the model. Two other boxes s and n represent, respectively, the
Southern Ocean and the northern part of the Atlantic Ocean, where the down-
welling of dense water takes place. The pycnocline layer is represented by two
boxes (t and ts) where the latter is located south of 30�S.
Density variations in the boxes are solely due to the salinity variations, as the tem-
perature in each box is assumed to be constant. The downwelling in the North
Atlantic (and hence the AMOC strength) is represented by the term qN , while qS
is the difference between the wind-driven Ekman flow (qEk) and the eddy-induced
flow (qe), the latter associated with baroclinic instabilities of the Antarctic Cir-
cumpolar Current. The upwelling volume transport from the deep layer to the
pycnocline layer is represented by qU . Two coefficients, rN and rS , capture the
effect of the wind-driven subtropical gyres on the salinity transport. Finally, the
Atlantic Ocean circulation model is forced by external freshwater fluxes, split into
a symmetric (Es) and an asymmetric (Ea) component (Fig. 3.1); the noise will only
be incorporated through Ea.

The equations determining the evolution of the AMOC in this model are the
salinity budgets of the different boxes, together with the variation of the volume
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Figure 3.1: Sketch of the box model, adapted from [Cimatoribus et al., 2014]. The red,
blue and green arrows represent, respectively, the volume fluxes between the boxes, the
freshwater exchange between the basin and the atmosphere, and the effect of the subtropical
gyres on the transport. The dashed (dotted) arrows indicate fluxes present only in the AMOC
‘on’ (‘off’) state: in the collapsed state, the downwelling (qN ) stops and the transport qS is
reversed.

of the pycnocline, and the salt and volume conservation equations:

d (VtSt)
dt

= qS(✓ (qS)Sts + ✓ (�qS)St) + qUSd � ✓ (qN )qN St + rS(Sts � St)

+ rN (Sn � St) + 2EsS0,
d (VtsSts)

dt
= qEkSs � qeSts � qS(✓ (qS)Sts + ✓ (�qS)St) + rS(St � Sts),

d (VnSn)
dt

= ✓ (qN )qN (St � Sn) + rN (St � Sn)� (Es + Ea)S0,

d (VsSs)
dt

= qS(✓ (qS)Sd + ✓ (�qS)Ss) + qeSts � qEkSs � (Es � Ea)S0,
Å

A+
LxALy

2

ã
dD
dt
= qU + qEk � qe � ✓ (qN )qN ,

S0V0 = VnSn + VdSd + VtSt + VtsSts + VsSs,
(3.1.1)

where the function ✓ (x) is the Heaviside step function, which is 1 for a positive
argument and 0 otherwise. Through this function, we can represent the different
circulation given by the different sign of qS and by the possibility that the down-
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welling (qN ) is zero. The last equation expresses the conservation of salinity in the
basin. The transports depend, in turn, on the variables, via the following relations:

qEk =
⌧LxS

⇢0| fS |
,

qe = AGM
LxA

Ly
D,

qU =
A
D

,

qN = ⌘
⇢n �⇢ts

⇢0
D2,

qS = qEk � qe,

(3.1.2)

where the density of the generic box i is defined as

⇢i = ⇢0 (1�↵(Ti � T0) + �(Si � S0)) . (3.1.3)

The equation for the downwelling, introduced by Cimatoribus et al. [2014], is
based on the northward geostrophic transport above the thermocline in the high
latitudes. Thus, qN is determined by the density contrasts between the northern
part and southern part of the Atlantic Ocean. The relation was found in several
ocean GCM studies [Rahmstorf, 1996, Weijer et al., 2012, den Toom et al., 2014],
even with near eddy-resolving resolution. For instance, Fig. 8 in [Rahmstorf, 1996]
shows the linear dependence of the NADW (North Atlantic Deep Water) flow on
the density difference between two latitudinal strips (50-55�N and 35-40�S) at
mid-depth (750 m). Moreover, this linear dependence was successfully tested in
[Levermann and Fürst, 2010].

Also the volume of the pycnocline, as well as the one of the deep box, depend
on the state of the system, in particular on the variable D:

Vt = AD,

Vts =
LxALy

2
D,

Vd = V0 � Vn � Vs � Vt � Vts.

(3.1.4)

The reference parameter values, together with their descriptions, are shown in
table 3.1.

Two different circulation regimes can be achieved, corresponding to two stable
steady states of eqs. (3.1.1): for future reference, they are referred to as AMOC
‘on’ and ‘off’ state, respectively (see Fig. 3.1). A detailed study of the equilibria of
the system is given in chapter 5.
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Parameters used in the model

V0 3⇥ 1017 m3 total volume of the basin

Vn 3⇥ 1015 m3 volume of the northern box

Vs 9⇥ 1015 m3 volume of the southern box

A 1⇥ 1014 m2 horizontal area of the Atlantic pycnocline

LxA 1⇥ 107 m zonal extent of the Atlantic Ocean at its southern end

Ly 1⇥ 106 m meridional extent of the frontal region of the Southern Ocean

LxS 3⇥ 107 m zonal extent of the Southern Ocean

⌧ 0.1 N m�2 average zonal wind stress amplitude

AGM 1700 m2s�1 eddy diffusivity

fS �10�4 m3 Coriolis parameter

⇢0 1027.5 kg m�3 reference density

 10�5 m2s�1 vertical diffusivity

S0 35 psu reference salinity

T0 5 K reference temperature

Tn 5 K temperature of the northern box

Tts 10 K temperature of the box ts

⌘ 3⇥ 104 m s�1 hydraulic constant

↵ 2⇥ 10�4 K�1 thermal expansion coefficient

� 8⇥ 10�4 psu�1 haline contraction coefficient

rS 1⇥ 107 m3s�1 transport by the southern subtropical gyre

rN 5⇥ 106 m3s�1 transport by the northern subtropical gyre

Es 0.17⇥ 106 m3s�1 symmetric freshwater flux

Table 3.1: Reference parameters used in eqs. (3.1.1) - (3.1.4).

3.1.2 An indicator for the AMOC stability

Following initial ideas by Rahmstorf [1996] and de Vries and Weber [2005], a
well-known indicator for the present-day AMOC stability is based on the AMOC-
induced freshwater divergence in the Atlantic, referred to as ⌃ in [Dijkstra, 2007],
later reintroduced as �Mov by [Liu et al., 2014, 2017]:

⌃(✓n,✓s) = Mov(✓s)�Mov(✓n), (3.1.5)
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where ✓n and ✓s are the northern and southern latitudes of the Atlantic domain.
Mov is defined as follows:

Mov(✓ ) = �
⌘

S0

Z
hvi(hSi � S0)dz, (3.1.6)

with⌘ given by⌘ =
R

r0 cos✓ d�, where r0, ✓ and� represent, respectively, radius
of the Earth, latitude and longitude, and h·i= 1

⌘

R
·r0 cos✓ d�.

A negative value of⌃ indicates that the overturning circulation transports fresh-
water out of the Atlantic basin. If the AMOC weakens due to a perturbation, less
freshwater is transported out of the basin; therefore, the Atlantic Ocean becomes
fresher, which results in a further weakening of the AMOC. In other terms, the
AMOC is sensitive to finite-amplitude perturbations, that can lead to its collapse.
When ⌃ is positive, salt is transported out of the Atlantic Ocean and a negative
feedback is established as a result of a perturbation. Therefore, ⌃ can serve as an
indicator for the AMOC stability, at least when the atmospheric fluxes are consid-
ered constant: a negative (positive) value of ⌃ indicates that the AMOC is in a
multiple (single) equilibria regime. The component at the southern boundary of
the Atlantic (at 35�S) happens to be much larger than the northern component (at
65�N)[de Vries and Weber, 2005, Huisman et al., 2010], hence Mov(✓s) ⌘ Mov is
often used instead of ⌃.

Thanks to the splitting of the pycnocline layer in our model, it is possible to
isolate the overturning contribution to the freshwater transport at the southern
boundary of the Atlantic ocean, corresponding to the southern border of the ts
box. The indicator is then given by

Mov = �
qS

S0
(Sts � Sd) . (3.1.7)

3.1.3 Atmospheric freshwater noise

The amplitude of the atmospheric noise forcing in the model is estimated from ob-
servational data relative to the freshwater forcing in the Atlantic Ocean. The values
the P-E (precipitation minus evaporation) were year-averaged and integrated over
two basins, corresponding to the northern and southern boxes in the model. The
time series thus obtained were summed and subtracted from each other, result-
ing respectively in the symmetric and antisymmetric component of the freshwater
forcing, namely Es and Ea in the model (see Fig. 3.2). The value of the noise (re-
ferred to as f�) is then computed as the ratio between the standard deviation and
the mean value of Ea. Such value is representative of the interannual time scale
variability of the forcing. If more high-frequency noise is used, ocean mixed-layer
processes (not represented in the box model) will integrate this noise to give inter-
annual variability in the surface salinity affecting the North-South density gradient.
Hence, in our box model these interannual variations are an adequate description
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of unresolved processes. As a first order approximation of the process, we assume
the noise to be white and normally distributed. In [Ganopolski and Rahmstorf,
2002], a similar choice was made, given that the decorrelation time of the stochas-
tic freshwater forcing, computed by their model, is one year. We use f� as the
lower bound of the noise amplitude, as, if smaller time scales are considered, the
associated variability increases.

Figure 3.2: From the observed yearly averaged P-E in the Atlantic Ocean, from ERA-Interim
Archive at ECMWF [Dee et al., 2011], its antisymmetric part is shown, respect to the North
(50�N - 70�N) and South (South of 40�S) Atlantic. The black horizontal lines indicate the
mean value (solid line) and one standard deviation confidence interval (dashed lines). The
value of f�, that is the ratio between the standard deviation and the mean value, is about
0.1.
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3.2 Transition probabilities of noise-induced transi-
tions

Estimating transition probabilities for transitions between different states in a gener-
ic stochastic system is a challenging task.

Consider a system of SDEs (1.2.1) and assume that the corresponding deter-
ministic system has two stable steady states, XA and XB and a saddle point XC ,
for a certain choice of the parameters. The system is subject to a noise term, with
noise matrix G = �I . Our goal is to compute transition probabilities for transitions
between XA and XB, defined as the probability P(⌧B < T |X0 = XA) that a trajectory
starting in XA reaches a neighbourhood B around XB before time T .

Analytical results are only available for very specific low-dimensional dynami-
cal systems, namely when the drift term in eq. (1.2.1) can be written as the gradi-
ent of a certain potential F = �rV . Such results are based on the Eyring-Kramers
formula [Eyring, 1935, Kramers, 1940], which gives an estimation the mean first
passage time, that is the average time it takes to reach XB from XA at a noise level
�:

E[⌧�XA!XB
] ⇠
�!0

2⇡
��C

vut | det(r2V (XC)) |
det(r2V (XA))

e
V (XC )�V (XA)

�2/2 , (3.2.1)

where �C is the single negative eigenvalue of the Hessian matrixr2V (XC). This is
reminiscent of Arrhenius’ law [Arrhenius, 1889], which states that the rate constant
� of a chemical reaction scales like �(T )⇠ e�Ea/(kB T ), where Ea is the activation en-
ergy, kB the Boltzmann constant and T the temperature. Here, the noise parameter
� plays the role of the temperature. For a Poisson process (which assumes transi-
tions to be instantaneous and independently scattered), the probability of having a
transition in an infinitesimal interval of time d t is then given by d t/E[⌧�XA!XB

]. By
taking d t = T/N for N !1, the transition probability in a fixed time T is then:

P(⌧B < T | X0 = XA) = 1� P(Xt 62 B, 8 t 2 [0, T] | X0 = XA)

= 1� lim
N!1

Ç
1� T
E[⌧�XA!XB

]N

åN

= 1� e�T/E[⌧�XA!XB
]

(3.2.2)

By substituting eq. (3.2.1) into the previous equation, we can finally express
the transition probability as a function of the noise � and the potential V . The
Eyring-Kramers formula has been generalised to non-gradient systems [Bouchet
and Reygner, 2016], where the quasi-potential plays the role of the potential. The
procedure described here has some limitations: first of all, eq. (3.2.1) is valid only
when white additive noise is imposed to the system, and it is exact only in the limit
of small noise (�! 0); second, the transitions occurring in a generic system cannot
always be well represented by Poisson processes. Moreover, the method suggested
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by Bouchet and Reygner [2016] for non-gradient systems (the large majority of
the physical systems) requires considerable computational efforts, and it is often
not feasible, especially for high-dimensional systems.

3.2.1 Rare event algorithms

From the numerical point of view, transition probabilities can be computed, in prin-
ciple, using a Monte Carlo approach, namely by performing simulations of large
ensembles of trajectories and counting the number of trajectories which actually
undergo a transition. However, if the occurrence of a transition is a rare event,
such computations are not feasible. Indeed, for instance, to sample an event of
probability p ⇠ 10�8, one would need to compute at least N > Nmin = 108 tra-
jectories (Nmin ⇠ 1/p), which is computationally impossible to achieve for large-
dimensional dynamical systems, where time integrations are expensive.

In order to sample tails of distributions more effectively, various methods have
been developed, generally referred to as rare-event algorithms. One of the promis-
ing methods to compute transition probabilities is the Trajectory-Adaptive Multi-
level Sampling (TAMS) method [Lestang et al., 2018]. Its underlying idea is to
perform a selection/mutation process that discards trajectories going away from a
certain target set and splits/branches from those that get closer to this set. A very
similar algorithm, Adaptive Multilevel Splitting (AMS) based on the same mech-
anism, has been used in the study of transitions in Jupiter’s turbulent dynamics
[Bouchet et al., 2019] and in molecular dynamics to compute the expected disso-
ciation time between a protein and its ligand [Teo et al., 2016]. In these studies,
AMS proved to be a powerful tool that improved computational capabilities by
several orders of magnitude. Indeed, the required minimum number of computed
trajectories scales like Nmin ⇠ 1/ log p [Cérou et al., 2016], which is exponentially
better than that for the Monte Carlo estimation. Furthermore, it has to be noticed
that these algorithms do not require specific assumptions on the structure (state
dependent or not) or color of the noise.

3.2.2 TAMS algorithm

The Trajectory-Adaptive Multilevel Splitting algorithm [Lestang et al., 2018] is
based on the idea of simulating a large ensemble of trajectories, and discarding
the ones that do not reach the final state and splitting (or branching) trajectories
that are closer to it. As a consequence, the probability that a trajectory reaches
the final state keeps increasing, which is why this method is more efficient than
brute-force techniques.

At each time step, the trajectories are ranked according to a so-called score
function, which gives a measure of how close the trajectory is to the final state.
The ones with the lowest rank are discarded, while new ones are generated, by
randomly branching other trajectories. A certain weight, which is related to the
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number of discarded trajectories at each time iteration, is a measure of the proba-
bility of a trajectory to reach the next step. An unbiased estimator of the transition
probability p̂ can be obtained multiplying these weights. A step-by-step description
of the method is given in the next page.

𝑋𝐵 

𝝓𝒕𝒂𝒓𝒈𝒆𝒕 

Figure 3.3: Illustration of the TAMS algorithm. First, simulate N trajectories starting in XA.
(N=3 blue trajectories in the figure). The trajectories are ranked according to their score
�i , which is the maximum value of the user-supplied score function � along the trajectory.
Then, at each iteration, the trajectory with lowest score (1 in the figure, with score �1) is
discarded. It is replaced by picking a trajectory uniformly at random from the other ones
(2 in the figure), then computing the earliest position at which it reaches a higher score
than the discarded trajectory (orange dot) and finally using this position as the branching
point for the new trajectory (10). Repeat until all the trajectories reach B or the number of
iterations k reaches a predefined limit kmax .

Note also that in the version of TAMS we use, the trajectories having the small-
est score are discarded. However, one can also choose to discard those which have
the K > 1 smallest scores, which leads to an unbiased estimator as well. A good
score function is crucial for the convergence and the performance of the algorithm
[Rolland and Simonnet, 2015]. In the next chapter several choices are discussed
in detail.
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Trajectory-Adaptive Multilevel sampling (TAMS) algorithm

Input: N number of trajectories in the ensemble
T time at which the probability is eventually calculated
kmax maximum number of iterations of the algorithm
� score function
�tar get target score: the condition that defines the occurrence of a transition

Output: p̂ transition probability estimation

Initialization:
1: for i=1,. . . ,N do
2: Simulate the trajectory (X(i)) = (X(i)0 , . . . ,X(i)T ) of the different ensemble members i

(e.g. using the Euler-Maruyama scheme).
3: Compute the score �i ⌘ max

0tT
�(X(i)t ) of trajectory i, which is the maximum value of

the score function � along the trajectory i.
4: end for

5: Set the iteration number k = 1

Main loop:
6: while min

1iN
�i < �tar get and k < kmax do

7: Discard the ensemble members for which the trajectories realised the minimum score
i.e discard the indices in Sk ⌘ { j | � j = min

1iN
�i}.

8: Set lk ⌘ Card(Sk) the number of discarded trajectories (Sk = {1} and lk = 1 in Fig. 3.3.
Note that Sk can have multiple elements because of the time discretization).

9: for j in Sk do
10: Choose uniformly at random a trajectory index r in {1, . . . , N} \ Sk. This is the

trajectory from which the new trajectory will originate from (r = 2 in Fig. 3.3).
11: Copy the trajectory (X(r)) into the new trajectory (eX( j)) up to the first time the value

of the score function is greater than � j . In other words, set (eX( j)0 , . . . , eX( j)tbranch
) ⌘

(X(r)0 , . . .X(r)tbranch
) where tbranch ⌘min({0 t  T | �(X(r)t )� � j}).

12: Generate the rest of the new trajectory starting from eX( j)tbranch
⌘ X(r)tbranch

(orange dot
in Fig. 3.3) until time T (green trajectory in Fig. 3.3).

13: Replace the discarded trajectory (X( j)) (eX( j)0 , . . . , eX( j)tbranch
, . . . , eX( j)T ).

14: Update the corresponding score � j  max
tbranchtT

�(X( j)t ) which is greater than or

equal to the previous score (by construction of tbranch).
15: end for
16: k k+ 1
17: end while
18: Set NB the number of trajectories having reached the target set B, i.e that have a score

greater than �tar get .

19: return

p̂ =
NB

N

kY

i=0

Å
1� li

N

ã
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Chapter 4

The importance of score
functions in the TAMS
algorithm

As we have mentioned, the Trajectory-Adaptive Multilevel Sampling (TAMS) algo-
rithm is a promising method to determine probabilities of noise induced transition
in multi-stable dynamical systems. In this chapter, we focus on two improvements
of the current algorithm related to (i) the choice of the target set and (ii) the formu-
lation of the score function. In particular, we use confidence ellipsoids, determined
from linearised dynamics, in the choice of the target sets. Furthermore, we define
a score function based on empirical transition paths computed at relatively high
noise levels. The suggested improved TAMS method is applied to the AMOC box
model introduced in the previous chapter.

This chapter is based on the following manuscript:

Wang, P., Castellana, D. and Dijkstra, H. A. (2020). Improvements to the use of
the Trajectory-Adaptive Multilevel Sampling algorithm for the study of rare events.
Manuscript under review.
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4.1 Introduction

The selection and mutation process of discarding and branching trajectories in
TAMS is carried out according to a score function, which allows to rank trajecto-
ries at each time step. Rolland and Simonnet [2015] have shown that the choice
of the score function plays an important role for the performance of the algorithm,
even for systems with only two degrees of freedom. When using non-optimal score
functions, especially near phase transitions, the variance of the estimated proba-
bility can peak and the convergence of the algorithm can be slow.

The aim of this chapter is to propose improvements to the use of the TAMS al-
gorithm to be able to compute transitions in multi-stable systems more efficiently.
The first type of improvement is the choice of the target set, which is often de-
termined from rather arbitrary thresholds. This choice also raises more broadly
the question of a precise definition of what we consider a noise-induced transi-
tion between two (stable) states. The second type of improvement regards the
choice of the score function: we propose a more systematic method of defining a
score function, based on empirical transition paths. The modified TAMS method
is first applied to an idealised gradient systems, and then to the AMOC box model
presented in the previous chapter.

In section 4.2, we describe the methods developed to improve the TAMS al-
gorithm. In section 4.3 we show how to incorporate these techniques into the
definition of the score function and present the results for idealised dynamical sys-
tems and the low-dimensional AMOC model. A discussion follows in section 4.4,
indicating the strengths and the limitations of our approach.

4.2 Methods

4.2.1 Transition probabilities using TAMS

We consider finite-dimensional dynamical systems described by stochastic differ-
ential equations of the following form:

dXt = F(Xt)dt + G dWt , (4.2.1)

where Xt 2 Rn and F : Rn! Rn is the drift field. The noise term Wt 2 Rm consists
of m independent Wiener processes with the matrix G : Rn ⇥Rm being the noise
matrix. The equation above is a particular case of the more general expression
(1.2.1): in this chapter we only consider systems subject to additive noise. How-
ever, the methods presented can be easily adapted to include the multiplicative
case.

Assume that the system has two stable steady states, XA and XB. Without fluc-
tuations, a trajectory starting in XA stays in XA. However, because of the presence
of noise, modelled by the noise term in the SDE, it can move away from XA and, in
some cases, make the transition to the other stable state XB.
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A prominent example of the system (4.2.1) is a model of a free particle moving
in a double-well potential system, with n = m = 2. The drift term in the time-
evolution equation for the variables x and y is in this case

F(x , y)⌘ �rV (x , y) = (x � x3,�y), (4.2.2)

where V (x , y) represents the potential (Fig. 4.1(a)). In the deterministic case (i.e.
G = 0), the stable steady states of the system are XA = (�1, 0) and XB = (+1,0),
while the unstable steady state is XC = (0,0).

We would like to compute the transition probability, in a certain time T , of
the occurrence of a noise-induced transition, using the TAMS algorithm. In order
to properly characterise transitions, we need to define a target set (B), that is a
small (at first, arbitrary) neighbourhood of XB. In Fig. 4.1(b) an example of noise-
induced transition is represented.

Figure 4.1: (a) Iso-potential contours corresponding to the double-well potential (4.2.2).
The two stable steady states XA = (�1,0) and XB = (+1,0) are marked with a filled circle
and a cross, respectively. The saddle XC = (0, 0) is indicated by a circle. (b) Example of a
noise-induced transition from XA to XB for a particle moving in the double-well potential in
(a). The noise matrix in the general SDE (4.2.1) is chosen as G = �I , with � = 0.32. The
red circle denotes an arbitrarily defined target set B.

4.2.2 Different score functions

As already mentioned in the previous chapter, the TAMS algorithm needs a score
function to be defined, which allows to rank trajectories, and to select the ones to
discard. The optimal score function �com(X, t), i.e. the score function that min-
imises the variance of the probability estimator, is called the static committor. Its
generic expression is given by the following conditional probability [Lestang et al.,
2018]:

�com(X, t) = P(⌧B < T |X, t) (4.2.3)

where T is the fixed duration of the trajectories and ⌧B is the stopping time asso-
ciated with reaching the target set B. In other words, �com(X, t) is the probability
that a trajectory starting in X at time t reaches B before time T . This expression is
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quite natural because, ideally, the score of (Y, s) should be higher than the score of
(X, t), i.e., �(X, t)  �(Y, s), if and only if P(⌧B < T |X, t)  P(⌧B < T |Y, s). This
condition is clearly satisfied by �com (and in fact any increasing function of �com).
However, the expression given in eq. (4.2.3) is generally unusable because it is the
very quantity that we want to compute. For instance, �com(XA, 0) is precisely the
transition probability that TAMS estimates.

As a conditional probability of the form P(Y, s|X, t), the committor �com(X, t)
satisfies the backward Fokker Planck equation [Lestang et al., 2018]:

@ �

@ t
+ F ·r� + 1

2

X

i, j

Gi j
@ 2�

@ Xi @ X j
= 0

®
8X 2 @ B, 8t 2 [0, T], �(X, t) = 1
8X 2 Rn \ B, �(X, T ) = 0

(4.2.4)
However, solving the backward Fokker Plank equation in systems with many de-
grees of freedom is computationally infeasible. Moreover, even if the committor
is available on a discretised grid, using interpolation to evaluate it during a TAMS
loop can also have a prohibitive computational cost.

Therefore Bouchet et al. [2019] proposed a score function based on the dis-
tances of the state X from the starting state XA and the destination equilibrium XB,
respectively: it is defined as

�dist(X)⌘
®

dA/2dB if dA < dB

1� dB/2dA otherwise
with dA ⌘ kX�XAk, dB ⌘ kX�XBk (4.2.5)

Alternatively, a Gaussian-shaped score function �gauss was proposed in [Baars,
2019]. It is defined as:

�gauss(X)⌘ ⌘�⌘e��kX�XAk2/kXC�XAk2
+ (1�⌘)e��kX�XBk2/kXC�XBk2

, (4.2.6)

with ⌘ ⌘ kXC � XAk/kXA � XBk. Here � 2 R is a parameter controlling the decay
and XC is the saddle state of the system. Due to the general expressions of �dist
and �gauss, these score functions can be used in systems of any dimension.

4.2.3 Definition of the target set

As already mentioned, once the score function has been chosen, a threshold needs
to be defined for the TAMS algorithm to converge, so that the occurrence of a
transition can be detected. In other words, we do not expect each trajectory that
undergoes a transition to reach exactly the destination equilibrium XB, but rather
a neighbourhood of it (B). The target set B can then be defined according to a
level set � tar get of the score function �:

B = {X 2 Rn | �(X)> � tar get}. (4.2.7)

However, different score functions � and different level sets � tar get correspond
to different target sets B, which can differ in volume and in shape. Moreover,
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often the level set � tar get is defined somewhat arbitrarily. For example, by using
�gauss with target score � tar get = 0.85, 0.9 or 0.95, we found that the average of
the transition probability estimator for a two-dimensional double-well potential
system can vary up to 30%. This may not be a concern if one only cares about
the order of magnitude of the transition probability but it can be problematic if
quantitative comparisons are needed. Moreover, a poor choice of the target set
can lead to inaccuracies when a trajectory has a score greater than � tar get without
actually making the transition in all the degrees of freedom. Thus, there is a need
for defining a canonical choice of target set B, which is fundamentally equivalent
to defining what is considered a noise-induced transition.

For this purpose, we use the concept of confidence ellipsoid. This is an ellip-
soidal neighbourhood around a stable equilibrium state, inside which a trajectory
subject to the locally linearised dynamics stays, within a certain confidence level
[Cowan, 1998]. For example, as illustrated in Fig. 4.2, when initializing a tra-
jectory at XA or XB in the two-dimensional double-well system, it stays inside the
correspondent ellipsoid with a certain confidence 1 � ↵ = 0.95. Consider a gen-

Figure 4.2: Confidence ellipsoids for a two-dimensional double-well potential system, with
confidence level 1 � ↵ = 0.95 and noise matrix G = 0.25I , where I is the identity matrix
in R2. Two trajectories of duration T = 200 are shown: one (blue) is initialised at the
initial state and one (orange) at the target state. 93% of the points composing a trajectory
are inside their corresponding ellipsoid. This is lower than the prescribed confidence level
because, away from the equilibrium, the first order dynamics from which the confidence
ellipsoids are derived does not hold.

eral SDE system given by (4.2.1). Because the drift vanishes at an equilibrium
state F(XB) = 0 , its first order approximation around the equilibrium state XB via
Taylor expansion is:

F(X) = A(XB)(X�XB) +O(kX�XBk2), (4.2.8)

where A(XB) =rF(XB) 2 Rn⇥n is the Jacobian matrix of F at XB. Using a transla-
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tion eX= X�XB, the first order approximation of the SDE is then:

dfXt = A(XB)fXtdt + G dWt . (4.2.9)

Because the drift term has been linearised, this is the equation for a n-dimension-
al Ornstein-Uhlenbeck process. The stationary probability density function (PDF)
f of the approximating process is Gaussian [Cowan, 1998] and given by

f (X) =
1

(2⇡)
n
2 |CB|

1
2

e
� 1

2 kX�XBk2
C�1

B , (4.2.10)

where CB 2 Rn⇥n is the covariance matrix of the system calculated in XB and k.kC�1
B

the norm induced by its inverse C�1
B , defined by kXk2

C�1
B
⌘ X>C�1

B X. The covariance
matrix CB can be thought heuristically as the matrix containing the correlations
E(xi x j) (with X = (x1, . . . , xn)), which generalises the notion of variance in n-
dimensions. CB is obtained by solving the Lyapunov equation [see Kuehn, 2012,
for the full derivation]:

A(XB)CB + CBA(XB)> + GG> = 0. (4.2.11)

We then define the confidence ellipsoid, which has C�1
B as shape matrix, as

follows

E = {X 2 Rn | kX�XBk2
C�1

B
⌘ (X�XB)>C�1

B (X�XB)<Q↵}, (4.2.12)

where Q↵ is the quantile of confidence level 1�↵ of the n-dimensional �2 distribu-
tion [Cowan, 1998]. We usually choose 1�↵= 0.95. The directions of symmetry
of the ellipsoids are given by the eigenvectors of the covariance matrix CB and the
radii are given by the corresponding eigenvalues and the confidence level 1 � ↵.
Intuitively, the greater the eigenvalue, the more a trajectory fluctuates in the given
direction.

The (1 � ↵)-covariance ellipsoid represents the n-dimensional volume where
a trajectory is confined with confidence level 1� ↵, provided its dynamics is well
approximated by the first order expansion at the equilibrium point. An illustration
of the 0.95-confidence ellipsoid for the double-well potential is shown in Fig. 4.2.
The confidence ellipsoid E constitutes a way to meaningfully define the target set
B with minimal arbitrary parameters. In the next section, we show how to incor-
porate this choice of target set in the score function �.

4.2.4 Estimating the typical transition path using histograms

The second line of improvement of the score function concerns the estimation
of typical transition paths of the dynamical system. In the zero noise limit, the
Freidlin-Wentzell theory of large deviations predicts that transition paths clus-
ter around the most probable transition path, called the instanton [Freidlin and
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Wentzell, 1984]. On the other hand, in the finite noise regime, transition paths
may deviate from the instanton. Moreover, instantons may be computationally in-
accessible for systems with many degrees of freedom. Therefore, it can prove more
relevant to estimate empirically the typical transition path that the system follows
at a given finite noise level, which is the approach we follow here.

The idea is to first accumulate transition paths at a noise level where transitions
are frequent enough (typically p > 10�3) so that any sampling method (direct
Monte Carlo or TAMS with naive score functions) can be used. Then, we compute
the spatial histogram of the transition paths over a discretised phase space using
n-dimensional boxes. This provides the spatial distribution of the transition paths,
which is concentrated around a typical transition path, reminiscent of an instanton
phenomenology, which was also observed in more complex systems [Bouchet et al.,
2019]. From the spatial histogram, we extract a typical transition path. The main
steps of the path-finding algorithm are listed below:

(i) the trajectory of the typical transition path starts in the box of the histogram
containing the initial state XA;

(ii) the next box in the trajectory corresponds to the neighbour which has the
highest nonzero histogram value but which has not already been visited by
the typical transition path;

(iii) the algorithm stops if it reaches the box containing the target state XB.

In addition, the full typical path estimation algorithm uses a self-correcting method
to avoid dead ends when there are no valid neighbours to be the next point in
the trajectory. The spirit of the path-finding algorithm is similar to the depth-first
search algorithm [Cormen et al., 2009]. We found that, as long as the histogram
is not fragmented, i.e., there is a sufficient number of accumulated trajectories or
large enough histogram bins, the algorithm converges. Possible artefacts created
by this estimation include spiralling near the initial equilibrium (because of the
concentric shell structure of the local probability density function (4.2.10) and
zigzagging at the histogram box size. They can be both addressed by a clean-up
algorithm: starting from the first box, at each box X j , if the trajectory goes back
to one of its neighbours at a later time, with X j+k being the latest neighbour visit,
we erase the points X j+1, . . . ,X j+k from the trajectory. Both the path-finding and
the clean-up algorithms can be found at https://github.com/pascalwangt/
PyGMAM.

4.3 Results

In this section, we apply both modifications to TAMS (ellipsoids in the score func-
tion and typical path estimation) to different problems.

https://github.com/pascalwangt/PyGMAM
https://github.com/pascalwangt/PyGMAM
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4.3.1 Incorporating ellipsoids in the score function

First, we apply this modified TAMS method to the two-dimensional double-well
system defined by (4.2.2). In general, the level sets of the score function do not
have the shape of an ellipsoid. Hence, there is no level � tar get such that the 0.95-
confidence ellipsoid E coincides with B = {X 2 Rn | �(X) > � tar get}. Here we
propose a general method to modify any target score function so that we are able
to choose the target set to be exactly the confidence ellipsoid of XB. Let E be the

Figure 4.3: (a) Contour levels of the modified score function e�gauss, for the two-dimensional
double-well system represented in (4.1), according to the procedure described in eq.
(4.3.2). The level set � tar get (dotted blue line) of the former score function �gauss is tan-
gent to the ellipsoid. The level set e� tar get (dashed red) of the modified score function e�gauss

coincides with the ellipsoid. (b) Same plot, for the score function e�dist .

0.95-confidence ellipsoid around the equilibrium state XB and � (e.g. �gauss) the
score function to be modified. We first compute the level e� tar get , defined as the
minimum of the score function � on the confidence ellipsoid E:

e� tar get ⌘min
X2E

�(X), (4.3.1)

such that the set {X 2 Rn | �(X)> e� tar get} contains the ellipsoid E and is tangent
to E . This can be done numerically by generating a mesh of points around XB, then
selecting the points inside E by comparing their norm kX�XBk2

C�1
B

with the quantile

Q↵ and finally computing the minimum e� tar get of � on these points. Then, define
the modified score function e� in the following way:

e�(X)⌘

8
><
>:

1 if X 2 E i.e. kX�XBk2
C�1

B
<Q↵

e� tar get if �(X)> e� tar get and X 62 E

�(X) otherwise

(4.3.2)
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The target set B = {X 2 Rn | e�(X) > e� tar get} for the modified score function
e�turns out to coincide with E . We apply this procedure on both the score functions
�gauss and �dist and the results for the improved score functions e�dist and e�gauss
are shown in Fig. 4.3.

4.3.2 Designing a score function based on a typical transition
path

In order to show how to design a score function based on a typical transition path,
we consider a two-dimensional system slightly less trivial than the double-well
system, i.e. a two-dimensional system with the following potential:

V (x , y) = 0.1x2 + 0.05y2

| {z }
global confinement

+30e�(x/2)
2
(1+ tanh(15� y))

| {z }
potential barrier at y<15, x=0

+

� 10e((x+6)/2)2�(y/2)2

| {z }
left potential well

�10e�((x�6)/2)2�(y/2)2

| {z }
right potential well

,

(4.3.3)

depicted in Fig. 4.4(a). It consists in two energy minima at XA ⇡ (�5.77, 0) and
XB ⇡ (5.77, 0) and a potential barrier spanning y < 15 and at x = 0. The dynamics
is then given by the SDE (4.2.1), with drift F(Xt) = �rV (Xt).

The dynamics of the system is quite interesting, as it exhibits two distinct
regimes for transition paths, depending on the noise level � (assuming G = �I).
At high noise (�2 � �V , i.e. the potential barrier height), trajectories are likely
to cross the potential barrier. At low noise (�2 ⌧ �V ), trajectories are not likely
to cross the barrier and the trajectories which undergo the transition instead go
through the upper channel at y ⇠ 15. Typical examples of such trajectories are
shown in Fig. 4.4(b). In a recent paper, Rolland and Simonnet [2015] investi-
gated the convergence properties of another rare event algorithm using a triple-
well potential system, which also exhibits two regimes of preferred transition paths
depending on the noise. They found a strong dependency of the statistics of the al-
gorithm (e.g., the number of iterations) and the duration of reactive trajectories on
the choice of score function. We expect the same behaviour when applying TAMS
to this system. We also hope that this system reveals differences in performance
between various score functions.

Fig. 4.5(a) shows an histogram computed with 300 transition paths for the
system with the potential given by eq. (4.3.3), with noise level set at � = 3. On
top of it, a typical transition path was estimated using the algorithm sketched in
the previous section. As already mentioned, some artefacts created by the estima-
tion (such as spiraling or zigzagging) can be corrected using a clean-up algorithm.
The result is shown in Fig. 4.5(b): the empirical estimation of the typical path is
a very reasonable approximation of the typical transition path. In fact, it resem-
bles the instanton around which the transition paths are clustered at lower noise
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Figure 4.4: (a) Potential landscape of the two-dimensional gradient system defined by eq.
(4.3.3). Two energy minima are located at XA ⇡ (�5.77,0) and XB ⇡ (5.77,0). They are
separated by a potential barrier spanning y < 15 and at x = 0. (b) Typical transition paths
from XA to XB for two noise levels �. At high noise, trajectories can cross the potential
barrier (� = 10, blue). At low noise, trajectories go through the upper channel (� = 3,
red).

(Fig. 4.5(b)). The instanton was calculated by implementing the geometric mini-
mum action method [Heymann and Vanden-Eijnden, 2008].

Note that, if instead we accumulated trajectories at high noise � > 10, we
would obtain trajectories going from XA to XB in a straight line, which is the typical
path at high noise similar to [Rolland and Simonnet, 2015]. This typical transition
path is substantially different from the instanton, which goes through the upper
channel. Thus, our method can be advantageous in multistable systems where the
typical path depends on the noise level. We can start at high noise and reapply the
empirical estimation of the typical path each time the noise level is decreased.

Given a typical transition path C, we present the design of a score function
�C which encourages trajectories to follow the transition path C such that it gives
a reasonable approximation of the static committor. Let us consider a trajectory
C(s) in Rn parametrised by arclength s 2 [0, 1]. Then we define the score function
�C , called path-based score function, such that it grows from 0 to 1 along the
trajectory from XA to XB and decays exponentially along the direction transverse
to the trajectory:

�C : Rn! [0, 1]

X 7! s(X,C)⇥ exp
Ä
�d(X,C)2

d2
0

ä (4.3.4)

where d(X,C) = infs2[0,1] kX� C(s)kd is the distance between X and the trajectory
C(s), s(X,C) is the curvilinear coordinate of the position on the trajectory that sat-
isfies the infimum in the definition of d(X,C) and d0 is the characteristic decay
length (free parameter). The so-defined score function �C is shown in Fig. 4.6 for
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Figure 4.5: (a) Histogram of N = 300 transition paths at noise level � = 3, using the
modified score function e�gauss with � = 1.5, defined by eq. (4.2.6) and implemented with
(4.3.2). The corresponding transition probability (p = 2 ⇥ 10�3) is high enough so that
Direct Monte Carlo sampling could have been used to produce a similar histogram. The
bin resolution (�x = 1.4, �y = 1.75) is coarse for illustration purposes. The histogram is
used as input in the path-finding algorithm which produces the transition path in red. Grid-
scale spiralling occurs near the initial state XA because of the concentric shell structure of
the local probability density function given by eq. (4.2.10). (b) Same histogram as the left
panel. The estimated typical transition path (red) has been cleaned up from its grid-scale
spiraling and zigzags with the clean-up algorithm and has then been smoothed. It strongly
resembles the instanton (blue path), which was computed by implementing the geometric
action minimum method [Heymann and Vanden-Eijnden, 2008].

the estimated transition path C shown in Fig. 4.5 and two values of decay length
d0 = 20 and d0 = 200.
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Figure 4.6: (a) Contour levels of the score function �C defined in eq. (4.3.4), associated
with the estimated transition path C shown in Fig. 4.5 and with decay length d0 = 20.
(b) Same figure for d0 = 200.

The score function increases from 0 to 1 along the trajectory. Thus, it encodes
the preferred direction that the system has to follow. This contrasts with the generic
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score functions �gauss and �dist which are symmetrical in y: they do not contain
the information that the system has to increase in y in order to make the transi-
tion to XB. Note that the method we developed here can be applied, in principle, to
systems of any dimension. As shown in Fig. 4.6(b) the score function �C is discon-
tinuous because the trajectory has positive curvature. The discontinuity is located
near the axis x = 0. Indeed, when crossing the axis x = 0, the closest point on C

changes and s(X,C) is discontinuous.
Next, we applied TAMS with the path-based score function �C to the two-

dimensional double well with a potential wall. We compare its performance with
the previously defined score functions �dist and �gauss. In fact, we use the as-
sociated modified score functions, such that the target set B matches the 0.95-
confidence ellipsoid (we drop the tildes for readability). We use the following
parameters:

Parameter Value

T duration of a trajectory 20
d t time step 0.01

� tar get target score chosen to match the 0.95-confidence ellipsoid

Table 4.1: Parameters for TAMS algorithm with the improved score function

We show in Fig. 4.7(a) the transition probability estimates using the score functions
�dist , �gauss (with � = 1.5) and �C (with decay parameters d0 = 2, 20, 200)
averaged over 10 instances of the algorithm. The probability estimates are in good
agreement between each other and with a Monte Carlo estimation for � > 2.5.
The score function �C is robust with respect to the choice of the decay length d0.

The performances of the numerical methods are next measured using the work-
normalised relative error ✏ which combines the variance of the algorithm and its
computational cost [Glynn et al., 2009]:

✏⌘
�p̂

µp̂
⇥!, (4.3.5)

where µp̂ and �p̂ are the mean and standard deviation of the probability estimate
over the different instances, ! is the average number of time steps calculated in
one realisation. In short, ✏measures how precise the numerical method is at equal
computational cost. The smaller ✏, the better the algorithm performs.

The results are shown in Fig. 4.7(b). In this system, the score functions �dist ,
�gauss and�C have little difference in performance. For the lowest noise values, the
path-based score function has at most a 30% smaller error ✏ than the score function
�gauss. Changing the decay length d0 hardly changes the error ✏. When adjusting
the parameters of the potential V or applying the same method to the triple well
system used in [Rolland and Simonnet, 2015], the performance gain, while being
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often present, never systematically exceeded 30%. All in all, in this category of two-
dimensional systems, using the path-based score function approach yields little
improvement.
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Figure 4.7: (a) Transition probability p as a function of noise parameter �. Mean estimates
and interquartile range (error bars) over Nsamples = 10 independent realisations of the TAMS
algorithm using the score function �dist (green down triangle) �gauss (with � = 1.5, blue
circle) and �C with decay parameters d0 = 2, 20, 200 (yellow square, pink diamond, purple
up triangle) are shown. The Monte Carlo estimate (black cross) has been run with N =
5 ⇥ 105 trajectories with target set the confidence ellipsoids around XB , with associated
standard deviation �p =

p
p(1� p)/N (error bars). There is an overall good agreement

between the numerical estimations. The path-based score function is robust to the choice of
decay parameter. (b) Performance of the score functions measured by the work-normalised
error ✏ as a function of noise � (same markers as left panel). At most, there is a 30%
decrease in error when using the path-based score function �C at low noise. Note that at
high noise � = 3, using a short decay length d0 = 2 with �C leads to poor performance
because the greater values of �C are tightly concentrated around the estimated instanton
whereas typical transition paths are not necessarily clustered around it. Otherwise, the
performance of the score functions are roughly similar.

4.3.3 Transition probabilities in a box model of the AMOC

Finally, as a main application of one of the techniques shown in this chapter, we
consider the system defined in section 3.1, which represents a box model of the At-
lantic Meridional Ocean Circulation (AMOC). The system consists of five stochastic
differential equations, plus one algebraic constraint, representing the salt conser-
vation in the model (see eq. (3.1.1)):

dYt = F1(Yt , Zt)dt + B dWt ,
0= F2(Yt , Zt).

(4.3.6)

In the equations above, we split the state of the system Xt into two parts: Yt ,
which includes four of the salinities of box model, plus D, i.e. the depth of the
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pycnocline, and Zt , which represents the salinity of the deep box (Sd). As the
noise is applied only on the asymmetric component of the atmospheric freshwater
flux (Ea), it directly affects only two of the variables Sn and Ss). Moreover, the
stochastic increments associated with the two variables are identical, to make sure
that each decrease of freshwater forcing in the southern box results in the same
increase of it in the northern box in the model. As a result, the noise is not spatially
independent and the noise matrix G is no longer diagonal: it consists of a (5 ⇥ 1)
row vector, with only two elements different from zero. For a reasonable choice of
the parameters, the deterministic system is in a bistable regime, which means that
there are two possible equilibrium states, under the same forcing conditions. In
general, we are interested in studying transitions between the present-day AMOC
(XA) and the collapsed state (XB). See the next chapter for a full description of the
model and the stability of its equilibria.

For a differential-algebraic system of equations (DAEs), such as the system in
eq. (4.3.6), we need to be particularly careful while computing the covariance
ellipsoids. First of all, we make use of the Schur complement of the Jacobian of
the system, which allows to calculate the covariance matrix when an algebraic
constraint is present [Baars et al., 2017]. Nevertheless, the resulting matrix CB
is singular, with two eigenvalues being equal to zero. One of the corresponding
eigenvectors is a vector pointing in the direction of the variable D (depth of the
pycnocline). The reason behind it is that the differential equation governing the
evolution of D does not contain any of the other variables (see eq. (3.1.1)), when
the system is in the ‘off’ state (XB). This results in D not being affected by the
noise, as this is imposed only on two of the salinities. Motivated by this fact, we
compute the covariance matrix relative to the salinities CS

B , removing one degree
of freedom from the original matrix. Unfortunately, such matrix still gives one zero
eigenvalue, which means that the system does not oscillate around the direction
indicated by the corresponding eigenvector: this is due to the salinity conservation
(the algebraic equation in the system (4.3.6)).

To overcome this problem, we compute the Moore–Penrose inverse (or pseu-
doinverse) of the covariance matrix, CS+

B , by performing a singular value decom-
position of CS

B and removing the zero eigenvalue, together with the corresponding
eigenvector [Ben-Israel and Greville, 2003]. A two-dimensional projection of the
ellipsoid constructed for the box model is shown in Fig. 4.8.

For the system (4.3.6), the modified score function is more complicated, as
the covariance matrix used to construct the ellipsoid contains only the degrees of
freedom related to the salinities of the model, leaving the variable D (depth of the
pycnocline) out. From a geometric point of view, that means that the covariance
ellipsoid around XB is degenerated along the D-direction. Fig. 4.8 shows a projec-
tion of the ellipsoid - once the noise amplitude is fixed - on the plane identified
by the variables Sn and Ss (respectively, the salinity of the northern box and the
one of the southern box in the model). The projection was obtained calculating
the conditional covariance matrix of the two variables into consideration, given
that the other variables are set on their mean value [Wasserman, 2013]. The two-
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dimensional ellipse contains the large majority of the projected time points (on the
same plane) of a trajectory that wanders around the equilibrium. By construction,
the confidence level of the confinement is higher than the one prescribed for the
full dimensional ellipsoid (in this case 0.95). Clearly the shape of the level sets
of the score function do not coincide with the one of the ellipsoid. Hence, the
importance of modifying the score function appears evident.

Figure 4.8: Level sets of the score function�gauss, in proximity of the AMOC ‘off’ equilibrium
state XB of the system (3.1.1), projected on the plane identified by the variables Sn and Ss
(respectively, the salinity of the northern box and the one of the southern box in the model).
On top of them a trajectory of the system, initiated in the ‘off’ state, has been projected
on the same plane (blue circles). The red ellipse is the two-dimensional projection of the
covariance ellipsoid constructed by using the matrix CS

B and a confidence level of 0.95. 98%
of the points composing the trajectory turn out to be inside the ellipsoid.

When constructing an improved score function, in order to evaluate if a state
belongs to the neighbourhood of XB, we need to check two conditions: (i) whether
the state of the system is inside the salinity covariance ellipsoid drawn around the
destination equilibrium, and (ii) whether the variable D of the state is the same as
the one of XB. Hence, the improved score function for the box model reads

e�box(X)⌘

8
<
:

1 if XS 2 E
S and XD = XD

B
e� tar get if �gauss(X)> e� tar get and (XS 62 E

Sor XD 6= XD
B )

�gauss(X) otherwise
(4.3.7)

where XS indicates the part of the state vector representing the set of the salinities,
whereas X D represents the variable D. As already mentioned, to check whether a
certain state belongs to the salinity ellipsoid, we made use of the pseudo-inverse
of CS

B in the definition (4.2.12).
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To be able to assess the relevance of a proper definition of the target set in the
TAMS algorithm, and hence the importance of using the improved version of the
score function, we computed transition probabilities of the AMOC from the present-
climate state to the collapsed state, for reasonable values of the atmospheric forcing
and noise. In particular, we chose Ēa = 0.20 Sv and f� = 0.16. This last value
represents the ratio between the standard deviation of the noise in the atmospheric
forcing and its mean value (as already discussed in section 3.1.3). The number of
trajectories used in the algorithm was set to 100, and the time scale at which the
probabilities were evaluated was chosen to be 1000 and 10000 years, respectively.
For each transition probability, we used three different versions of the algorithm,
based on three different settings for the score function. The first two versions
were implemented using �gauss (equation (4.2.6)), with two different choices for
the threshold � tar get . In the third version, we used e�box, where the starting score
function was �gauss. Each probability was calculated running 15 instances of the
algorithm, and then computing the median and the interquartile range (IQR). The
results are shown in the Table 4.2 below.

Score function p at 1000 years [IQR] p at 10000 years [IQR]
�gauss, � tar get = 1� 10�4 < 10�9 < 10�9

�gauss, � tar get = 1� 10�2 (1.1 [0.6 : 1.2])⇥ 10�3 (5.3 [4.7 : 6.0])⇥ 10�2

e�box < 10�9 (2.0 [0.7 : 3.0])⇥ 10�3

Table 4.2: Results of the transition probabilities for the AMOC model using different score
functions

4.4 Summary and discussion

In this chapter, we presented and applied several improvements to the TAMS rare-
event algorithm, when used to compute transitions in multistable systems. The
first improvement has to do with a rigorous criterion to define noise-induced tran-
sitions. We used confidence ellipsoids E to formalise this criterion. In turn, this
led to the rigorous choice of the target set B = EB which was traditionally set by
arbitrary thresholds. We then showed how to incorporate this definition of B into
the score function �. For certain classes of systems, like the ones containing alge-
braic constraints in addition to differential equations, or when the noise does not
affect one or more directions in the variable space (i.e. the associated covariance
matrix is singular), this method requires some precautions. In particular, for the
AMOC box model studied in this thesis, we had to adapt the definition of the im-
proved score function (4.3.7), as well as calculate the pseudo-inverse matrix of the
covariance matrix, in order to compute the ellipsoid.
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When running TAMS to compute transition probabilities between two states of
the AMOC in the system, with different versions of the score function, we found
a considerable discrepancy between the obtained values (see Table 4.2). In par-
ticular, it appears that setting a very high threshold in the Gaussian score function
makes the algorithm detect no transitions (we set up the algorithm so that it stops
when the probabilities involved are smaller than 10�9): the reason behind this is
that, because of the presence of the noise, we don’t expect the state of the system to
stay indefinitely close to the destination equilibrium, but rather to wander around
it. Therefore, the score function, which assigns the maximum score only to a very
small neighbourhood of the equilibrium, is not able to properly recognise transi-
tions. Moreover, it is not surprising that, when using �gauss with a smaller value of
� tar get (0.99) or e�box , we obtain different results: as the shape of the covariance
ellipsoid is not spherical (see Fig. 4.8), we expect �gauss to detect transitions even
though the state is actually still far from the destination equilibrium, at least in
certain directions. As a general rule, we expect �gauss to give incorrect results as
long as the ellipsoid of the system is not spherical, regardless of the choice of the
threshold � tar get .

This method, while being quite general, is subject to some limitations. While
the modified score function e� is continuous outside B, it is constant in the domain
M = {X 2 Rn | �(X)> e� tar get} \ E (see Fig. 4.3(b)). This means that in the TAMS
algorithm, branching will never occur inside M , but at the boundary @M . This
can have an influence on the convergence of TAMS if the level sets of the initial
score function � have a pathological shape near XB and the spatial extension of
D is not negligible. Nevertheless, we expect this to have little impact because this
phenomenon is localised near the target state XB. Therefore, the trajectories will
naturally converge towards XB as a result of the dynamics, even without the help
of the branching process of TAMS.
However, to ensure that the confidence ellipsoid E defines a meaningful target
set, one needs to be sure that E is contained inside the basin of attraction of the
target state XB. While this is the case in the limit of small noise � ! 0, it might
not be the case for finite noise. A solution to this issue would be to compute the
basin of attraction V of XB and define the target set B as the intersection B = E\V.
However, we reasonably expect that in the generic case, this occurs when the noise
level � is high enough so that transitions are less rare and a direct Monte Carlo
estimation is sufficient to estimate transition probabilities.

Next, we proposed a systematic method of defining a score function, designed
to approximate the static committor, based on empirical transition paths. We pro-
posed an algorithm to estimate the typical transition path under a high-noise level,
which is then used to define a family of score functions with a single decay param-
eter d0.
We applied our method to a two-dimensional well with a potential barrier. We
found that our typical path estimation gave satisfactory results and that the as-
sociated score function, while discontinuous, remained unbiased and relatively
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insensitive to the change of decay parameter d0. While we did not find significant
performance improvements over existing non-trivial score functions, we think that
differences will become apparent if applied to higher dimensional systems, where
there are more directions to fluctuate in.

One key limitation of our approach of constructing the path-based score func-
tion �C is the computer memory needed to store the trajectory histogram, which
becomes prohibitively huge for high-dimensional systems such as discretised par-
tial differential equation (PDE) systems. As an example, a 50⇥50 two-dimensional
grid storing 4 variables in each cell (e.g. two velocity components, pressure and a
tracer) with 10 bins of resolution in each degree of freedom would require more
than 10 Petabytes of memory, which is unreasonable. However, this limitation
can be easily bypassed by defining the objects needed to run the TAMS algorithm,
namely the score function � and the target set B, in a reduced space of much
fewer dimensions. For instance, Bouchet et al. [2019] studied the dynamics of
the barotropic beta-plane quasi-geostrophic equations describing Jupiter’s turbu-
lent atmosphere. While the PDE system was evolved in the full phase space, their
rare-event algorithm was run in a reduced 3-dimensional phase space defined by
three Fourier coefficients. The target set B and the score function were defined
on this reduced space. Moreover, they accumulated transition trajectories in a
3-dimensional histogram and showed their concentration around instantons. By
applying the path-finding algorithm, an empirical estimation of the instanton can
be made. This offers a viable alternative to solving a minimization problem in the
full space to compute the instanton and then project it in the reduced space, which
is next to intractable for this system.

Another way to define the reduced space V in which to run TAMS is to consider
the principal components, also called empirical orthogonal functions (EOF), which
are the eigenvectors of the covariance matrix. One idea, suggested by Baars et al.
[2019], is to retain the principal components {YA

1, . . . ,YA
k,YB

1 , . . . ,YB
k0} with largest

variance (i.e. eigenvalue) of the covariance matrix at the initial state XA and target
state XB. Principal components represent the directions in which the system fluc-
tuates the most. They are then assumed to be the directions which capture best the
noise-driven dynamics. When studying transitions in a two-dimensional primitive
equation model of the Atlantic Meridional Overturning Circulation [Toom et al.,
2011, Baars, 2019] projected the dynamics in a reduced space W ⌘ Span{XA,XB,YA

1,
. . . ,YA

k,YB
1 , . . . ,YB

k0} of dimension (⇠ 500) still too large to apply the histogram
method directly. However, one idea is that the TAMS algorithm could be run in an
even smaller space V ⌘ Span{XA,XB,YA

1, . . . ,YA
d ,YB

1 , . . . ,YB
d 0} (of dimension <10),

while still computing the dynamics in the space W. Then, the memory required to
store a histogram becomes reasonable and our histogram method can be applied.

Another potential issue of our modified TAMS method is the fact that the score
function�C is discontinuous because the trajectory has positive curvature, as shown
in Fig. 4.6(b). The discontinuity is located near the axis x = 0. Indeed, when cross-
ing the axis x = 0, the closest point on C changes and s(X,C) is discontinuous. In
fact, in the mathematical proofs about the statistical and convergence properties
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of the probability estimator [Cérou et al., 2016], the score functions are assumed
to be continuous. Nevertheless, in our applications, we did not detect any statisti-
cally significant bias in the probability estimator due to the discontinuity. Moreover,
some meaning can be attributed to the discontinuity: it is located at the boundary
between the attraction basins of XA and XB and it thus reflects a qualitative change
of behaviour in the system. Crossing this boundary means that the trajectory con-
verges to XB instead of XA, if � = 0. In addition, the remnant of a discontinuity is
observed in the static committor of the similar triple well system used in [Rolland
and Simonnet, 2015]. Indeed, their Figure 4(c) shows the contour plots of the
static committor in the low noise regime. A steep gradient is present at the x = 0
boundary, which gives further evidence that the discontinuity of �C may not be
problematic.

Further testing of the ideas presented in this chapter in high-dimensional sys-
tems such as discretised PDEs would give more insight as to the effectiveness of our
approach, compared to more generic score functions used up to now. Moreover,
incorporating some form of time-dependence in the score function� to specifically
optimise TAMS would constitute an interesting project.
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Chapter 5

Transition probabilities of
noise-induced transitions of
the Atlantic Ocean Circulation

In this chapter, we determine estimates of the transition probability of noise-induced
transitions of the AMOC, within a certain time period, using the TAMS algorithm.
We find that there are two types of transitions, with a partial or full collapse of
the AMOC, having different transition probabilities. For the present-day state, we
estimate the transition probability of the partial collapse over the next 100 years to
be about 15%, with a high sensitivity of this probability to the surface freshwater
noise amplitude.

This chapter is based on the following publication:

Castellana, D., Baars, S., Wubs, F. W., and Dijkstra, H. A. (2019). Transition prob-
abilities of noise-induced transitions of the Atlantic Ocean Circulation, Scientific
Reports, 9(1), 1-7.
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Chapter 5. Transition probabilities of noise-induced transitions of the

Atlantic Ocean Circulation

5.1 Introduction

In the first chapter we described the role of the Atlantic Meridional Overturning
Circulation in the climate system and discussed the stability of its present-day state.

In chapter 3, we introduced Mov , namely the freshwater transport carried by
the overturning circulation at the southern boundary of the Atlantic Ocean, and
described its role as an indicator for the stability of the AMOC [de Vries and Weber,
2005]. A negative (positive) value of Mov indicates that the AMOC is in a multiple
(single) equilibria regime. Mov was developed from ocean-only model results and
hence neglects the effects of atmospheric feedbacks [Gent, 2018]. However, it has
been widely used in models to interpret the behaviour of the AMOC [Cimatoribus
et al., 2014, Mecking et al., 2016]. Present-day observational results show that Mov
is in the range of �0.35 Sv to �0.1 Sv [Weijer et al., 2001, Huisman et al., 2010,
Bryden et al., 2011, Liu et al., 2014]. Hence, if Mov is indeed a proper indicator,
then the present-day AMOC is in a multiple equilibria regime.

Our aim is to determine the probability of a transition to a collapsed state within
a certain period of time (e.g. into the future), for example due to noise in the
surface freshwater forcing. By using the TAMS algorithm, we present results for the
transition probabilities of noise-induced changes in the AMOC. As such technique
is still computationally demanding, we apply it here to a detailed box model of the
AMOC (presented in chapter 3), in which the value of Mov is a precise measure
of the multiple equilibria regime [Cimatoribus et al., 2014]. Thanks to Mov , we
can make an estimate, from the model results, of the transition probabilities for
the observed present-day AMOC. In section 5.2 we summarise the main features
of the box model, which was already described in chapter 3. Section 5.3 shows the
results, with the respect to the bifurcation diagrams of the deterministic system
and the application of the TAMS algorithm when additive white noise is added to
the system. A summary and discussion of the results conclude the chapter.

5.2 Model and methods

The model used in this chapter was already introduced in chapter 3 and its graphi-
cal representation can be found in Fig. 3.1. Here, we summarise its main features.
The Atlantic Ocean is modelled as five boxes, which interact though salinity fluxes.
The downwelling in the North Atlantic (and hence the AMOC strength) is repre-
sented by the term qN , while qS is the difference between the wind-driven Ekman
flow (qEk) and the eddy-induced flow (qe), the latter associated with baroclinic in-
stabilities of the Antarctic Circumpolar Current. The upwelling volume transport
from the deep layer to the pycnocline layer is represented by qU . Two coefficients,
rN and rS , capture the effect of the wind-driven subtropical gyres on the salinity
transport. Finally, the Atlantic Ocean circulation model is forced by external fresh-
water fluxes, split into a symmetric (Es) and an asymmetric (Ea) component; the
noise will only be incorporated through Ea.
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The model in [Cimatoribus et al., 2014] has been extended to allow for the
existence of both a strong and weak AMOC state, which we refer to below as the
‘on’ and ‘off’ state, respectively. The present-day state of a strong AMOC is repre-
sented by values qN > qS > qU > 0. The ‘off’ AMOC state occurs only when the
downwelling in the Northern Atlantic stops (qN = 0) and the circulation in the
South Atlantic is reversed (qS < 0).

The model is particularly suitable for investigating the variability of the AMOC
due to the buoyancy anomalies. While capturing the essential physical processes
involved in the dynamics of the AMOC (e.g. the wind-induced upwelling in the
Southern Ocean), it gives emphasis to the salt-advection feedback, which is the
feedback responsible for the collapse of the AMOC. In the real ocean, wind-induced
variability can lead to the occurrence of extremes in the strength of the AMOC, as
found in the RAPID measurements [Zhao and Johns, 2014]. These effects are
not captured by our model. Nevertheless, this does not affect the capabilities of
the model to capture the dominant processes underlying the buoyancy-induced
variability of the AMOC. Recently, [Wood et al., 2019] also showed that a 5-box
dynamical model can be calibrated with GCM output to capture (within some error
bars) the critical behaviour of the AMOC. In conclusion, the model used here,
forced by the interannual time scale noise in the freshwater flux, is fit for purpose
to look at freshwater-caused transitions (in a bistable AMOC regime) which are
affected by the salt-advection feedback.

Transition probabilities between states in this model are computed using the
Trajectory-Adaptive Multilevel Sampling (TAMS) method [Lestang et al., 2018].

5.3 Results

Variations in the forcing will only be considered through the asymmetric freshwater
flux, which is written as

Ea(t) = Ēa + E�a (t). (5.3.1)

Here the deterministic value Ēa is constant and the stochastic part (E�a (t) = �⇣(t))
is represented by a zero mean, unit variance white noise process ⇣(t) and a stan-
dard deviation �.

Steady states of the deterministic model (� = 0) for standard values of the
parameters (see table 3.1) are shown in Fig. 5.1. Two saddle-node bifurcation
points bound the multiple equilibria regime: for each value of Ēa in the range
[0.06 , 0.35], both ‘on’ and ‘off’ AMOC states exist (Fig. 5.1). The pycnocline depth
is much shallower (up to 1000 m) for the ‘on’ AMOC state (Fig. 5.1(a)) than for
the ‘off’ AMOC state. The main difference between the diagrams shown in Fig. 5.1
and the ones that can be found in [Cimatoribus et al., 2014] is the presence of
the ‘off’ AMOC state, since the model allows solutions with qN = 0 (Fig. 5.1(b))
and qS < 0 (Fig. 5.1(c)). The freshwater transport at 30�S carried by the AMOC is
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given by

Mov = �
qS

S0
(Sts � Sd) . (5.3.2)

As already shown in [Cimatoribus et al., 2014], the sign of Mov is an adequate
indicator for the multiple equilibria regime (Fig. 5.1(d)). The bifurcation diagrams
of the salinities in the different boxes and the upwelling strength qU are shown
in Fig. 5.1: It appears that the ‘off’ AMOC state is characterised by a constant
upwelling from the deep ocean.

We next fix the deterministic part of the asymmetric freshwater forcing (Ēa) to
a value within the multiple equilibria regime and add stochastic forcing (� > 0).
The value of � is chosen as a percentage of the deterministic forcing, hence � =
f� Ēa, based on observational data from P � E time series in the Atlantic ocean,
assuming that the noise represents interannual time scale variability [Ganopolski
and Rahmstorf, 2002]. We estimated a lower bound of this amplitude f� to be 0.1
(see section 3.1.3).

In Fig. 5.3 an example of a model trajectory is shown, which is initialised at the
‘on’ AMOC equilibrium state (with Ēa = 0.29 Sv and Mov =�0.21 Sv). The applied
noise in the freshwater forcing initially affects the polar boxes, and then propagates
through the rest of the basin. The salinity in the southern box Ss (Fig. 5.3(a))
switches between the two equilibrium values (see Fig. 5.2), while the variability in
the salinity of the northern box Sn (Fig. 5.3(b)) is not strong enough to reach the
value corresponding to the ‘off’ AMOC state. Moreover, the depth of the pycno-
cline D (Fig. 5.3(c)) remains essentially constant throughout the whole simulation
(D ⇠ 900 m in comparison to the 1700 m necessary to reach the value of the
‘off’ AMOC state). The most frequent abrupt changes involve the downwelling
qN , which repeatedly decreases to zero throughout the duration of the simulation
(Fig. 5.3(d)). However, the AMOC does not seem to undergo a full transition to
the ‘off’ state, as shown by the behaviour of the other variables.

These results are very instructive on the behaviour of the system, as they in-
dicate that the AMOC does not necessarily collapse (reach the ‘off’ state), even if
the salinity in the boxes show quite some variability. In fact, the fast variations in
the freshwater input determine large changes in the salinity of the polar boxes, to
the point where the downwelling collapses. However, such collapse would have
to be sustained for a long time to be able to considerably affect the deep ocean
circulation. For this reason, we consider two kinds of transitions in the model:
an F-type (fast) transition with a temporary cessation of the downwelling, and an
S-type (slow) transition to an ‘off’ state. As already suggested by the model re-
sults in Fig. 5.3, probabilities for the two types of transitions substantially differ in
magnitude.

Depending on the transition event one wants to study, the TAMS method has
to be properly implemented, in order to select for the trajectories that undergo the
transition. That means that a proper score function needs to be designed for each
of the two transitions.
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Ēa (Sv)

-5

0

5

10

15

20

25

30

35

q N
(S
v
)

(b)

0 0.2 0.4
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Figure 5.1: (a) Bifurcation diagram for the depth of the pycnocline versus the parameter
Ēa. Solid (dashed) lines indicate stable (unstable) equilibria of the system. Among the solid
lines, the thicker ones represent the AMOC ‘on’ state, while the thinner ones correspond to
the ‘off’ state. The yellow area indicates the bistable regime. The black circles indicate the
value of Ēa chosen for the time simulation in Fig. 5.3. The starting (destination) equilibrium
belongs to the ‘on’ (‘off’) branch of the diagram. (b-c) The same diagrams, respectively for
the downwelling in the North Atlantic (qN ) and the upwelling in the Southern Ocean (qS).
The dashed magenta lines indicate null transport: in the collapsed state, the downwelling
stops, while the circulation through the basin is reversed, as indicated by the negative value
of qS . (d) Mov , calculated following eq. (5.3.2), as a function of the asymmetric freshwater
forcing Ēa. The indicator is calculated only for the ‘on’ state of the system. Mov is positive
(negative) in the monostable (bistable) regime of the AMOC.
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Figure 5.2: Bifurcation diagrams for the salinity variables of the model and for the diffusive
upwelling (qU ) with respect to the deterministic parameter Ēa. Solid (dashed) lines indicate
stable (unstable) equilibria of the system. Among the solid lines, the thicker ones represent
the so called AMOC ‘on’ state, while the thinner ones correspond to the collapsed ‘off’ state.
The yellow area indicates the bistable regime. The black circles indicate the value of Ēa
chosen for the time simulation in Fig. 5.3. The starting (destination) equilibrium belongs
to the ‘on’ (‘off’) branch of the diagram.
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Figure 5.3: Trajectory of the box model, with reference parameters as in table (3.1), and
with Ēa = 0.29 Sv and f� = 0.16. The corresponding value of Mov is �0.21 Sv. The initial
condition is centered on the ‘on’ state of the system. Plots are shown for (a) Ss, (b) Sn,
(c) D and (d) qN . The blue (red) line indicates the ‘on’ (‘off’) steady state, for the chosen
parameters. The dashed magenta line indicates a zero transport.
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An F-type transition does not constitute an actual transition between different
steady state, as the ones defined in chapter 3, but rather the occurrence of an
extreme event in the system. That means that we are looking at the extreme be-
haviour or one variable, namely the downwelling (qN ), and the score function can
be defined a linear function of the qN , which assumes the value 0 when the system
is in the ‘on’ state and 1 when qN = 0. Hence

�F (x) = 1� qN (x)
qN (xon)

, (5.3.3)

where x represents the state vector of the system, xon the ‘on’ state, and qN (x) the
value of the downwelling.

For an S-type transition, i.e., a full transition to the ‘off’ state, the score function
is taken as the improved Gaussian score function defined in chapter 4 (see section
4.3.3). The improvement was made by using the covariance ellipsoid computed in
the ‘off’ state as the target set for the score function.

To compute the transition probabilities for a range of possible values of fresh-
water forcing for F-type transitions, we ran 15 instances of the TAMS algorithm for
a grid of size 100⇥ 125 in the (Ēa,�) space. Because we can connect Ēa and Mov
through the steady state (Fig. 5.1(d)), and the noise is a fraction f� of the steady
state value Ēa, we plot (Fig. 5.4(a)) the transition probabilities, using a transition
time interval of 100 years, in the space (Mov , f�).

The range of parameters, which corresponds to the present-day climate condi-
tions, is the region bounded by f� > 0.1 and�0.35 Sv< Mov < �0.1 Sv, taking the
values at 24�S as representative for Mov [Bryden et al., 2011]. The range of transi-
tion probabilities is then quite broad: depending on the actual value of Mov and the
stochastic forcing, an F-type transition can be very unlikely to occur (bottom-left
area of the plot), or near certain (top-right area). Hence, we show the transition
probability as a function of f� for Mov = �0.1 Sv and Mov = �0.2 Sv in Fig. 5.4(b)
and (c), respectively. For Mov = �0.1 Sv the transition probabilities only become
non-negligible for f� > 0.2, but for Mov = �0.2 Sv (which could be seen as a mean
value over the available estimates), the transition probability is already about 15%
at f� = 0.1.

In order to test the robustness of our results, we computed transition probabil-
ities for slightly different versions of our model, characterised by different values
of certain parameters. In all the simulations, we kept the value of Mov and the
noise constant. Note that, as the configuration of the system varies, a certain value
of Mov does not correspond to a unique value of Ēa. Based on the results of the
analysis, shown in Fig. 5.5, we can conclude that the method seems to be robust
under uncertainties in the estimation of the parameters, in particular transport by
the southern subtropical gyre rS , vertical diffusivity  and eddy diffusivity AGM (for
which reference values were shown in table 3.1).

When determining the S-type transition probability of the AMOC to the ‘off’
state we obtain very low probabilities (< 10�9) within 100 years, regardless of the
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Figure 5.4: (a) Transition probabilities of the F-type transition (cessation of the down-
welling) in 100 years, calculated for each couple of the parameters (Mov , f�), chosen on
a 100 ⇥ 125 grid. The computation was done with the TAMS algorithm, which was re-
peated 15 times for each transition probability computation. In this way, the error bars
(not shown) turn out to be quite narrow (see panels (b) and (c) as an example). The area
that corresponds to the range of parameters that can best represent the present-day climate
is highlighted in the red box. It is bounded by the minimum amplitude of noise found in
observations (0.1), and the observed range of values of Mov (-0.35 to -0.1 Sv). The black
circle indicates the parameters chosen for the time simulation in Fig. 5.3. (b-c) Transition
probabilities as a function of f� for two particular choices of Mov as indicated by the dashed
lines in (a). The shaded areas represent the interquartile range for the probabilities. Notice
the steepness of the gradient with respect to the value of the noise, which increases with
more negative values of Mov .
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Figure 5.5: Transition probabilities calculated for T = 100 years, Mov = �0.18 Sv and f� =
0.18, for different choices of the parameters rS (transport by the southern subtropical gyre),
 (vertical diffusivity) and AGM (eddy diffusivity). For each value of the probability, the bar
represents the interquartile range, calculated from 10 different repetitions of the TAMS
algorithm. The configuration (a) is the standard one, according to the parameters in table
3.1. Configurations (b) and (c) are characterised by a different value of rS , respectively 1.25
⇥ 107 and 0.75 ⇥ 107 m3s�1 (± 25%). In configurations (d) and (e),  was set respectively
to 2 ⇥ 10�5 and 0.5 ⇥ 10�5 m2s�1 (2 times and half the value of the standard configuration).
Finally, in configurations (f) and (g) AGM was set respectively to 1870 and 1530 m2s�1 (±
10%).

values of the parameters of the model. If we increase the time interval, we find
that only for time scales of the order of 10,000 years, the transition probabilities
become non-negligible (as shown in section 4.3.3). An example of the evolution of
the system on long time scales, showing an S-type transition, is shown in Fig. 5.6.

5.4 Summary and discussion

In this chapter we investigated the probability of noise-induced transitions of the
AMOC to a collapsed state within a specific time period, using a conceptual box-
model representation of the AMOC circulation [Cimatoribus et al., 2014]. Thanks
to its simplicity, the model is suitable for the application of the Trajectory-Adaptive
Multilevel Splitting (TAMS) algorithm. At the same time, it is quite comprehensive
in terms of physical processes driving the circulation and allows to calculate the
freshwater transported by the AMOC at 30�S (Mov), which connects the results of
our model to state-of-art climate models and observations. In the model, the sign of
Mov represents a perfect indicator for the multiple equilibria regime (Fig. 5.1(d)),
in line with what has been found in more detailed numerical models [de Vries and
Weber, 2005, Huisman et al., 2010, Hawkins et al., 2011].

The analysis of the time evolution of the stochastic model shows that two kinds
of transitions occur, namely a cessation of the downwelling in the North Atlantic



i
i

i
i

i
i

i
i

79

0 5000 10000 15000

time (model years)

34.6

34.7

34.8

34.9

35

35.1

35.2

S
d
(p
su
)

(a)

0 5000 10000 15000

time (model years)

31

32

33

34

35

36

S
n
(p
su
)

(b)

0 5000 10000 15000

time (model years)

600

800

1000

1200

1400

1600

1800

2000

D
(m

)

(c)

0 5000 10000 15000

time (model years)

0

10

20

30

40

50

q N
(S
v)

(d)

Figure 5.6: Trajectory of the box model on a long time scale (15,000 years), with reference
parameters as in Table (3.1) and with Ēa = 0.20 Sv and f� = 0.16. The corresponding value
of Mov is �0.12 Sv. The initial condition is centered on the ‘on’ state of the system. Plots are
shown for (a) Sd , (b) Sn, (c) D and (d) qN . The blue (red) line indicates the ‘on’ (‘off’) state,
for the chosen parameters. The plot (d) shows the evolution of the downwelling in the North
Atlantic. The dashed magenta line indicates null transport. The figure clearly shows that the
different quantities reach the values corresponding to the collapsed state at different times.
The system undergoes a full transition at the end of the time frame considered here, as
illustrated by the value of the salinity of the deep box, the slowest variable, which eventually
reaches the value corresponding to the ‘off’ state. The downwelling had already stopped
after about 1000 years, indicating that an F-type transition had occurred much earlier.
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Figure 5.7: 20 month Butterworth low-pass filtered time series of the maximum value of the
AMOC at 26.5�N (black), the zonally integrated Ekman transport (red) and the maximum
Sverdrup transport at the same latitude (blue), in the pre-industrial control simulation of the
CMIP5 model MIROC5. The dashed horizontal lines indicate, for each time series, the lower
bound of the 2 standard deviations confidence interval around the mean. The circles identify
the time points at which extreme events occur, defined as the values extending below the
confidence interval. The dotted magenta vertical lines are drawn in correspondence with
the extreme events of the AMOC on top of all the time series. In this way, it is possible to
assess whether a certain event is related with anomalies in the wind circulation. Some of
the events seem to occur independently of changes in both Ekman and Sverdrup transports
(e.g. the one found between time 80000 and 100000).

(called F-type transition) and a full transition to a collapsed state (called S-type
transition). We found that, while an F-type transition can have very high tran-
sition probabilities over a period of 100 years under a reasonable choice of the
parameters, the S-type transition seems unlikely to occur over this period, regard-
less of the values of the parameters involved. As expected, the probability of F-
type transitions increases with decreasing Mov (more negative) and with increasing
noise amplitude f� (see Fig. 5.4(a)). For the area in the parameter space by which
the present-day climate is best represented, our results indicate that the probabil-
ity of a (temporary) cessation of the downwelling is almost certain for values of
Mov < �0.2 Sv.

Indeed, such transitions may have been found already in the RAPID program
measurements [Cunningham et al., 2007, Smeed et al., 2014]: the dips in the
time series of the AMOC strength at 26.5�N (up to negative values) suggest the
occurrence of extreme events in the circulation which are not directly connected
to any subsequent collapse of the whole circulation system. They may be induced
either by noise in the freshwater flux, in the heat flux or in the wind-stress field.
The same phenomenon can be found in most of the CMIP5 models, where the
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time series of the AMOC at 26.5� N shows several dips during control simulations
(Fig. 5.7). The comparison between the occurrence of extremes in the transports
associated with wind anomalies and dips in the AMOC strength suggests that the
role of the stochastic buoyancy forcing can lead to extreme events in the AMOC.
Indeed, while some extreme events in the AMOC can be attributed to anomalies in
the wind field, others seem to occur independently of those anomalies. Therefore,
we believe that anomalies in the freshwater forcing are responsible for (F-type)
transitions in the AMOC.

In the context of paleoclimate transitions, such as the Dansgaard-Oeschger
events, it is interesting that S-type transitions, involving a full-scale transition to an
‘off’ state, have only non-negligible transition probabilities in our model on multi-
millennial time scales (see Table 4.2). However, to connect our model results to
these events, a change in the background climate state (glacial) is necessary and
possibly also a slow variation of the noise and the freshwater forcing should be
introduced in the model, which is outside the scope of this study.
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Chapter 6

Noise-induced transitions of
the Atlantic Meridional
Overturning Circulation in
CMIP5 models

By studying transition probabilities of the Atlantic Meridional Overturning Circu-
lation (AMOC) in an ensemble of CMIP5 climate models, we revisit one of the sta-
bility indicators of the AMOC, i.e. the freshwater transport carried by the AMOC at
the southern boundary of the Atlantic basin. A correction to this indicator, based
on the transition probabilities, is suggested to measure whether an AMOC state is
in a multiple equilibrium regime or not. As a consequence, the AMOC of all CMIP5
models considered is in a multiple equilibrium regime and hence, in principle, a
collapsed AMOC state should exist in each of these models. The results further
demonstrate the dependence of the Atlantic surface freshwater flux on the AMOC
and the impact of extreme events in the AMOC on temperatures in the North At-
lantic region.

This chapter is based on the following manuscript:

Castellana, D. and Dijkstra, H. A. (2020). Noise-induced Transitions of the Atlantic
Meridional Overturning Circulation in CMIP5 models. Manuscript under review.
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6.1 Introduction

The Atlantic Meridional Overturning Circulation (AMOC) plays a crucial role in
the climate system, as it transports about 1.5 PW of heat northward in the Atlantic
Ocean. Observations from the RAPID project have shown evidence of a decrease
of a few Sverdrups (Sv) in the strength of the AMOC over the period 2004-2017
[Smeed et al., 2019]. It is well known [Stommel, 1961, Bryan, 1986, Cheng et al.,
2013] that the AMOC strength is sensitive to the surface freshwater forcing. In
particular, model results [Cessi and Young, 1992, Weijer et al., 2001, Rahmstorf
et al., 2005, Hawkins et al., 2011] indicate that the AMOC can have more than
one stable state under the same surface forcing conditions. The physics behind
the multistability of the AMOC is well understood and due to the salt-advection
feedback [Stommel, 1961].

Projections from state-of-the-art climate models from the IPCC (Intergovern-
mental Panel on Climate Change, 2013) indicate that the AMOC will weaken un-
der the effect of the anthropogenic climate change at a rate up to about 1 Sv per
decade [Smeed et al., 2018]. When studying the output of climate models which
are part of the CMIP5 (Coupled Model Intercomparison Project Phase 5) [Taylor
et al., 2012], the stability of the AMOC cannot be determined easily because of
the long simulation times required [Gent, 2018]. This is one of the reasons why
multiple equilibria have not been found in such models. Another reason might
be that the AMOC states are not in a multiple equilibrium regime, possibly due to
biases in the models [Drijfhout et al., 2011]. Anyway, it cannot be excluded that
the AMOC in the present-day climate is in a multiple equilibrium regime [Weijer
et al., 2019].

As already discussed, to determine whether a multiple equilibrium regime ex-
ists in a model, an indicator of the AMOC stability has been developed: Mov . How-
ever, such indicator was only developed in the framework of ocean-only models, as
it ignores feedbacks between ocean and atmosphere [Drijfhout et al., 2011, Gent,
2018].

When the present-day AMOC is in a multiple equilibrium regime, changes in
the freshwater forcing may induce a transition to a weak or ‘collapsed’ AMOC state.
When such a transition is not induced by the crossing of a critical boundary, but by
fast variability in the forcing (‘noise’), it is called a noise-induced transition [Ash-
win et al., 2012]. In the previous chapter, such noise-induced transitions were
studied in a box model of the Atlantic Ocean, where Mov is a perfect indicator for
the multiple equilibrium regime of the AMOC. It was found that two types of noise-
induced transitions can occur: a full collapse of the AMOC, referred to as S-type
transition, and a partial and temporary collapse, associated with a temporary ces-
sation of the downwelling in the North Atlantic, referred to as F-type transition.
While an S-type transition is unlikely to occur within the next 100 years, the like-
lihood of an F-type transition strongly depends on the amplitude of the freshwater
noise and the value of Mov .

It is important to investigate the noise-induced transitions of the AMOC in
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CMIP5 models as these transitions can have substantial consequences for the cli-
mate of the North Atlantic. Several studies have shown the impact of the AMOC
variability on the sea surface temperature (SST) of the North Atlantic Ocean [Latif
et al., 2004, Kloewer et al., 2014], as well as its influence on the European climate
[Palter, 2015, Drijfhout, 2015]. Roberts et al. [2013] computed regression maps of
changes in SST, associated with a change in the AMOC, using decadal mean time
series from an ensemble of CMIP5 models, and found positive correlations in the
North Atlantic. The area that seems to be the most sensitive to the AMOC vari-
ability is the Atlantic Subpolar Gyre. Rahmstorf et al. [2015] developed an AMOC
index, based on the SST difference between the Atlantic Subpolar Gyre and the
Northern Hemisphere, which was found to correlate well with the AMOC strength.
Duchez et al. [2016] investigated the link between the observed AMOC anoma-
lies at 26�N and satellite based Atlantic SST anomalies and showed that there is a
significant correlation between these quantities.

The main aim of this chapter is to analyse noise-induced AMOC transitions in
CMIP5 model results. After an overview of the model output and the methodology
in section 6.2, we detect F-type transitions in section 6.3 in CMIP5 models and
connect these to Mov . Moreover, the consequences of noise-induced transitions in
the AMOC strength are explored, especially with regard to anomalies in the surface
temperatures of the North Atlantic region. A summary and discussion of the results
follow in section 6.4.

6.2 Models and methods

In this study, pre-industrial control simulations from 10 different CMIP5 models
were analysed and compared (see Table 6.1). Due to the availability of the specific
data needed, we were not able to use other CMIP5 models. The choice of using
control simulations is motivated by the fact that we are interested in noise-induced
transitions of the AMOC, with the background climate state being in equilibrium.

The AMOC strength is represented by the maximum value (over depth) of the
meridional overturning stream function at 26.5�N, from now indicated by  M .
Mid-latitude AMOC variations are partly induced by wind-stress variations, mainly
through the Ekman transport [Zhao and Johns, 2014], which is a relatively fast re-
sponse as it is accomplished by (barotropic) waves. The noise-induced transitions
of the AMOC we are interested in are induced by high-frequency variations in the
freshwater forcing (see previous chapter). Because of the nonlinear nature of the
ocean circulation, it is generally not possible to separate both AMOC responses to
buoyancy and wind-stress variations. Nevertheless, Biastoch et al. [2008] argue
that such a separation is meaningful for mid-latitude AMOC variability. Hence, we
modify the AMOC time series by subtracting the Ekman transport at 26.5�N, indi-
cated by  E and expect that variations in the resulting time series  cor

M =  M � E
better reflect those occurring through surface buoyancy fluctuations. Our choice is
in agreement with the results shown by Polo et al. [2014], who conclude that buoy-
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ancy forcing dominates in the geostrophic transport anomalies  cor
M (i.e., AMOC -

Ekman transport) on decadal time scales, whereas wind-stress induced fluctuations
are mostly confined to intraseasonal and interannual time scales.

To calculate the high-frequency variability of the freshwater flux over the At-
lantic Ocean, i.e. the main component of the ‘noise’, we follow the same approach
as in chapter 3 (see section 3.1.3). First, the integrated freshwater flux over the
northern Atlantic region (50�N - 70�N), indicated by F N

S , and a southern region
(south of 40�S), indicate by FS

S , is calculated. Next, the difference F NS
S = F N

S � FS
S

is determined and the ‘noise’ used here is the yearly-averaged component of F NS
S ,

say F̄ NS
S . The quantity ⌘ below is the ratio between the standard deviation and the

mean value of F̄ NS
S , and it can be easily determined for each CMIP5 model.

To meaningfully define an F-type transition for a CMIP5 model time series, we
recall the results for the box model in chapter 5. Here, the strength of the AMOC
was represented as the deep water flow in the North Atlantic (or downwelling).
The F-type AMOC transitions were the consequence of a temporary cessation of the
downwelling, without any subsequent reversal of the circulation. In a more realis-
tic model, one can identify these transitions with the occurrence of extreme events
in the AMOC time series, defined as values extending below a certain threshold.
Drijfhout et al. [2015] used a similar approach to detect abrupt climate changes in
CMIP5 models.

In the results below, the threshold used is 2�, where � is standard deviation of
the  cor

M time series. This choice seems to be a good compromise between two con-
ditions that need to hold: on one hand, the threshold needs to be far enough from
the mean, to guarantee that the occurrence of extreme events is well represented
by a homogeneous Poisson process if the transitions are rare enough (formally
when the threshold goes to infinity). On the other hand, enough values need to
extend below the threshold, so that the analysis is statistically robust. Another
precaution that needs to be taken is the fact that the events must be independent
from each other: for this purpose, we clustered the events, using a 10-year window.
Transition rates (�) are computed, for each time series, by counting the number of
extreme events per unit of time. The transition probabilities over a time interval
T are then obtained using the following formula [Coles et al., 2001]

P(T ) = 1� e��T ,

where, in most cases, we take T = 100 years.
Values of Mov of the CMIP5 models were provided by Mecking et al. [2017],

who calculated Mov at 34�S from historical simulations (in the period 1960-1989).
Since the strength of the AMOC did not vary considerably during such time period,
we assume that the corresponding values of Mov from control simulations do not
differ much from the values in [Mecking et al., 2017]. This was confirmed for
two of the models: we calculated Mov for pre-industrial control simulations from
MIROC5 and MRI-CGCM3. In both cases, the absolute error in the estimation of
Mov is about 0.02 Sv. Table (6.1) contains the Mov values of the models considered:
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four of them are positive, which would indicate [de Vries and Weber, 2005] that
the AMOC is in a single equilibrium regime and hence no noise-induced transitions
are expected.

Interrelations between extremes in the strength of the AMOC and in the sur-
face temperatures of the North Atlantic regions are studied by means of the Event
Synchronisation (ES) algorithm, conceived by Quiroga et al. [2002] and improved
by Malik et al. [2010]. The algorithm works as follows: consider two time se-
ries, labelled with indices i and j, and a set of events occurring at time t i

l , with
l = 1,2, . . . , si for the time series i and at time t j

m, with m= 1, 2, . . . , s j for the time
series j, respectively. Two events l and m are considered to be synchronised within
a time lag ±⌧i j

lm if 0 < t i
l � t j

m < ⌧
i j
lm, where ⌧i j

lm = min{t i
l+1 � t i

l , t i
l � t i

l�1, t j
m+1 �

t j
m, t j

m � t j
m�1}/2. The synchronisation index for the two events is defined as:

J i j
lm =

8
<
:

1 if 0< t i
l � t j

m < ⌧
i j
lm,

1/2 if t i
l = t j

m,
0 otherwise

(6.2.1)

Now it is possible to count the number of times two events occurring in the two
time series are synchronised (with the event in i preceding the one in j):

ci j =
siX

l=1

s jX

m=1

J i j
lm (6.2.2)

and vice versa c ji . The strength of the synchronisation is defined as

Qi j =
ci j + c ji

∆
(si � 2)(s j � 2)

(6.2.3)

and normalised, such that 0Qi j  1, for each pair of time series i and j. Qi j = 1
means full synchronisation (i.e. between a time series with itself), while Qi j = 0
indicates absence of synchronisation. With the algorithm, it is also possible to
check the delay between the events: this is measured by calculating another index

qi j =
ci j � c ji

∆
(si � 2)(s j � 2)

. (6.2.4)

When qi j is positive (negative), the events in the time series j precede (follow) the
events in the time series i.

6.3 Results

In Fig. 6.1(a), the time series of the AMOC strength  M and the Ekman trans-
port  E at 26�N are shown for the MIROC5 model. The time series were yearly-
averaged and detrended by removing the first EOF (Empirical Orthogonal Func-
tion) obtained with the Singular-Spectrum Analysis (SSA)[Von Storch and Zwiers,
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2001]. SSA has proven to be an effective way to make sure that trends are removed
from the time series: the stationarity is a necessary requirement in order to inves-
tigate extreme events. It is clear that several of the extreme events occurring in the

Figure 6.1: (a) Yearly-averaged time series of  M , i.e. the maximum value of the AMOC at
26.5�N (black) and of  E , i.e. the zonally integrated Ekman transport (red), respectively,
in the pre-industrial control simulation of the model MIROC5. The dashed horizontal lines
indicate, for each time series, the lower bound of the 2� confidence interval around the
mean. The disks identify the time points at which extreme events occur, defined as the values
extending below the threshold. Note that some of the values are not marked, because of
the (10-year) clustering. The magenta vertical lines are drawn in correspondence with the
extreme events of  M on top of both the time series. In this way, it is possible to qualitatively
check whether a certain extreme event in the AMOC is related with anomalies in the wind-
stress variations. (b) The difference time series  cor

M =  M � E .

AMOC cannot be attributed to extremes in the Ekman transport. Therefore, such
events are interpreted as being buoyancy-induced and to be able to isolate these
transitions we use (as mentioned in section 6.2) the time series  cor

M =  M �  E
(Fig. 6.1(b)).

Extreme events (or transitions) like the ones highlighted in Fig. 6.1(b), ex-
tending below the 2� threshold, can be found in all the CMIP5 models investi-
gated here. Using the procedure described in the previous section, we are able to
compute, for each model, the transition probability of such events; the values are
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shown in Table 6.1. At first glance, it is surprising that, although the models show
very similar values of noise and transition probability, their values of Mov are quite
different. In particular, four of the models present a positive Mov , which would
indicate that the AMOC is in a single equilibrium regime, hence unable to undergo
transitions.

Focean

FS

AMOC

Focean

FS

AMOC

Focean

FS

AMOC

Focean

FS

AMOC

Focean
FS

AMOC

?

Focean + FS(�M)
F ext

S

AMOC

F ext
S

AMOC

Focean + FS(�M)
F ext

S

AMOC

Focean + FS(�M)

(a)

(b)

(c)

Figure 6.2: (a) Illustration of the positive feedback mechanism established with negative
Mov , in a ocean-only model. In the first figure, the AMOC is in equilibrium and it transports
freshwater (Focean) outside of the Atlantic ocean; FS represents the constant net freshwater
flux between ocean and atmosphere. In the second figure, the AMOC weakens due to a per-
turbation: therefore, less freshwater is transported outside of the basin (Focean decreases).
As a consequence, the basin becomes fresher and the AMOC further weakens, as depicted
in the third figure. (b) Same situation, for a coupled model: the freshwater flux is no longer
constant, therefore a weakening of the AMOC results in a change in its magnitude. Hence,
no conclusions can be drawn about a potential feedback mechanism. (c) Same situation,
for a coupled model, with M cor

ov < 0. The component of the atmospheric freshwater flux
dependent on the AMOC strength F( M ) is included in the definition of Mov and F ex t

S is
constant. Hence, the original idea behind Mov is retrieved.

While there could be several other reasons for this result, we interpret it here
as a indication that Mov is not an adequate indicator of the multiple equilibrium
regime in climate models. To explain our idea for a correction, we recall the physics
behind Mov (see Fig. 6.2(a) for an illustrative scheme). When Mov is negative, the
overturning circulation transports freshwater out of the Atlantic basin (Focean in the
figure): if a perturbation is introduced in the system, such that the AMOC weak-
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ens, less freshwater is transported out of the basin; therefore, the Atlantic Ocean
becomes fresher, which, in turn, further weakens the AMOC. When Mov is positive,
a weakening of the AMOC results in a saltier basin, which has the effect of stabil-
ising the circulation. In other words, a positive (negative) feedback mechanism
on the AMOC strength is established when Mov is negative (positive). However,
the mechanism explained above is valid only provided that atmospheric fluxes are
not affected by the AMOC. This assumption is certainly valid for ocean-only mod-
els, where fixed surface fluxes are prescribed. On the other hand, when coupled
models are taken into consideration, the atmospheric feedbacks cannot be ignored
[den Toom et al., 2012]: a weakened AMOC results in a variation in the surface
freshwater flux over the Atlantic ocean (Fig. 6.2(b)). An improved indicator for
the AMOC stability needs to take such feedbacks into consideration [Gent, 2018].

Corrections to Mov due to salinity biases in CMIP5 models [Liu et al., 2017] have
already been suggested [Mecking et al., 2017], but do not really take into account
the effect of the AMOC on the freshwater flux. In the following, we take a bold step
to develop a correction of Mov by making use of the relation between transition
probabilities, freshwater noise and Mov as determined in the box model in 3.1,
where Mov was a perfect indicator of the multiple equilibrium regime. It is known
that box models can quite accurately represent AMOC transitions [Wood et al.,
2019]. Although this approach is quite a leap, fortunately there is an interesting
check at the end on the consistency of the procedure.

Figure 6.3: (a) Transition probabilities of the AMOC transitions in 100 years, adapted from
Fig. 5.4, as function of Mov and atmospheric noise ⌘. The dashed magenta line indicates
Mov = 0, which is supposed to separate the monostable from the bistable regions. On the top
of the contour map, circles were drawn in correspondence of the Mov values and the noise
amplitudes calculated from the models (5th and 6th columns of Table 6.1, respectively). The
transition probabilities calculated from the models, indicated by the colors of the coloured
circles, do not match with the ones predicted by the box model. (b) The circles in (a) were
shifted horizontally, by correcting the values of Mov with the procedure described in the text.
The values (based on the box model) of the transition probability were calculated for each
value of the parameters (Mov , ⌘) and the Mov of each CMIP5 model has been corrected,
such that the calculated transition probability fits the one in the box model.

As expected, the probability of F-type transitions in the previous chapter was
found to be higher with lower (more negative) values of Mov and with higher
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noise amplitudes. Based on these results, we calculate the value of Mov that each
CMIP5 model should have, based on the values of noise and transition probabilities
calculated. This is done by inverting the map in Fig. 5.4 and interpolating Mov
on a grid constructed with the other two variables (the atmospheric noise ⌘ and
the transition probability P). The corrected values of Mov are shown in the last
column of Table 6.1. A graphical representation of the method is shown in Fig. 6.3.
Note that the correction for the model CNRM-CM5-2 is missing: this is due to the
fact that the corrected value of Mov should be less than �0.25 Sv; unfortunately,
the actual value cannot be obtained with the method previously described, as in
the box model, transition probabilities were not calculated for such large negative
values of Mov .

# model Model name Institute ID  M M34�S
ov (Sv) ⌘ P M cor

ov (Sv)

1 ACCESS1-0 CSIRO-BOM 14.7 -0.038 0.27 0.63 -0.14

2 ACCESS1-3 CSIRO-BOM 16.5 -0.004 0.30 0.70 -0.13

3 CNRM-CM5-2 CNRM-CERFACS 15.7 +0.039 0.11 0.81

4 GFDL-CM3 NOAA GFDL 20.6 +0.104 0.20 0.55 -0.16

5 GFDL-ESM2M NOAA GFDL 22.6 +0.150 0.22 0.80 -0.18

6 MIROC5 MIROC 15.5 -0.036 0.20 0.81 -0.19

7 MPI-ESM-LR MPI-M 18.9 +0.002 0.19 0.69 -0.19

8 MPI-ESM-MR MPI-M 16.6 -0.117 0.16 0.75 -0.21

9 MPI-ESM-P MPI-M 18.3 -0.014 0.19 0.66 -0.18

10 MRI-CGCM3 MRI 14.4 -0.006 0.12 0.80 -0.23

Table 6.1: Table containing the list of the models used in this study. Each model is identified
with a certain number, which is used in the following figures to refer to it. The other columns
of the table represent, respectively, the AMOC strength, the value of Mov obtained by Meck-
ing et al. [2017], the noise and the transition probability calculated with the procedures
described in section 6.2, and the corrected values of M cor

ov .

The discrepancy between the original values of Mov and their corrected values
is here interpreted as being due to the presence of atmospheric feedbacks on the
AMOC. Consider a generic General Circulation Model (GCM) and its freshwater
budget in the Atlantic Ocean. In equilibrium, this budget relates the integrated
freshwater flux over the Atlantic basin, including the Arctic Ocean, (FS) with the
freshwater transports by the AMOC and the horizontal gyre circulation through
[de Vries and Weber, 2005]:

FS = Mov +Maz , (6.3.1)

where Maz represents the freshwater transport by the southern Subpolar Gyre cir-
culation. In eq. (6.3.1), we have neglected small-scale mixing contributions and
Bering Strait transport as these terms are usually much smaller than the others
[Drijfhout et al., 2011]. Several studies [Cimatoribus et al., 2012] have shown that
the net evaporation over the Atlantic basin depends on the strength of the AMOC,
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i.e., a lower evaporation is associated with a weaker AMOC. This motivates to split
the term FS into two contributions:

FS = FS( M ) + F ex t
S , (6.3.2)

where the first term in the right hand side represents the dependence on the AMOC
strength  M , whereas the second term is the net evaporation over the Atlantic
Ocean in the absence of an AMOC.

A corrected value of M cor
ov should take into account the effect of the variation

of the AMOC on the transport of freshwater inside/outside the basin, hence

M cor
ov +Maz = F ex t

S . (6.3.3)

Therefore, using the relations (6.3.1) and (6.3.2), we obtain

M cor
ov = Mov � FS( M ). (6.3.4)

An illustration of the mechanism is given in Fig. 6.2(c): when M cor
ov is negative,

it cannot be stated whether the AMOC transports freshwater outside or inside the
Atlantic basin (the direction of Focean is unknown). However, if the component
of the atmospheric freshwater flux dependent on the AMOC strength F( M ) is in-
cluded in the definition of Mov , we can imagine as if a net freshwater transport was
flowing outside of the basin, partly via the southern border of the Atlantic ocean,
and partly through the atmosphere (Focean + F( M )). When the AMOC weakens
due to a perturbation, this net transport decreases, while F ex t

S remains constant,
by definition. Therefore, the Atlantic ocean becomes fresher, which, in turn, makes
the overturning circulation weaker. One could in principle extrapolate the depen-
dence of FS on the AMOC strength  M using additional CMIP5 model simulations
and calculate the corresponding value of Mov to determine M cor

ov . Unfortunately,
such results are not available for CMIP5 models, and in fact an enormous compu-
tational effort would be required to compute all these equilibrium solutions.

However, and here comes an internal check of the procedure, it is expected
that the different CMIP5 models should have about the same F ex t

S . If transition
probabilities were not connected to the correct stability indicator, here proposed
to be M cor

ov , then there would be an enormous spread in F ex t
S values. From the

CMIP5 models, we can evaluate F ex t
S from (combining (6.3.2) and (6.3.4))

F ex t
S = FS +�Mov , (6.3.5)

where �Mov = M cor
ov � Mov and FS is just the surface freshwater flux calculated

from the control simulation. The results (Fig. 6.4) are quite astonishing as the
mean value of F ex t

S , averaged over the 10 models, is 0.20 Sv, with a standard
deviation of only 0.06 Sv! This result is highly nontrivial as the correction M cor

ov
is only based on the transition probabilities. We see this as an indication of an
internal consistency of the, admittedly bold, assumptions made.
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Figure 6.4: F ex t
S , computed for each CMIP5 model with the procedure explained in the text.

The error bars represent the confidence interval of one standard deviation around the mean
values, calculated for the original time series FS .

In order to investigate the consequences of the occurrence of AMOC extremes
for the surface temperatures of both land and ocean areas in the North Atlantic
region, we selected three areas: Western Europe, Greenland and the Atlantic Sub-
polar Gyre (Fig. 6.5). The time series obtained by integrating the surface tempera-
ture field over the three subregions were yearly-averaged and detrended. Surface
temperatures differ from SSTs only when sea ice is present but when the data
is yearly-averaged, the differences in temperature anomalies are very small (not
shown). The time series for the temperature anomalies in the three regions, once
again for the model MIROC5, are shown in Fig. 6.6, together with the  cor

M time
series. Several of the temperature anomalies seem to be correlated with extremes
in the AMOC. In order to give a statistical measure of such correlation, for each
subregion, we calculate a synchronisation index between the extreme events in
the AMOC and those in the surface temperature, using the Event Synchronisation
(ES) algorithm. This method is preferred over more traditional correlation meth-
ods, since our focus is on the extreme events, and not on the whole time series.
Moreover, the advantage of ES is that it allows to study interrelations between se-
ries of non-Gaussian data or data with heavy tails [Malik et al., 2010, Stolbova
et al., 2014]. The algorithm, is applied to two time series (indicated as i and j,
respectively): the time series i was always chosen as  cor

M (top panel time series
in Fig. 6.6) and j was varied between the temperature anomaly time series in the
three subregions (the other three time series in Fig. 6.6). Fig. 6.7 shows the results
of the strength of the synchronization Q and and the lag q, calculated for each one
of the 10 CMIP5 models under consideration. Q varies substantially between the
different models, with a maximum value of 0.72 for the temperature anomalies
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Figure 6.5: Masks corresponding to three subregions of the North Atlantic: Western Europe,
Greenland and Subpolar Gyre ([40�N, 60�N] ⇥ [55�W, 15�W] ).

of the Subpolar Gyre in the model MRI-CGCM3, and a minimum of zero. Over-
all, the temperatures are considerably affected by the AMOC. The lags calculated
with the index q are in almost all the cases negative, i.e. the temperature changes
lag the AMOC changes. Furthermore, for the Subpolar Gyre, models with lower
values of M cor

ov , which supposedly have a less stable AMOC, show higher event
synchronisation between extremes in the AMOC and temperature.

6.4 Summary and discussion

In this chapter, we analysed noise-induced transitions of the AMOC in an ensem-
ble of CMIP5 models, and investigated the consequences of such transitions for the
surface temperatures of the North Atlantic region. In each of the CMIP5 models,
a considerable number of extreme AMOC events occur, events that cannot be at-
tributed to the wind-stress variability, as measured through the Ekman transport.
Transition probabilities were calculated through a threshold measure of 2� around
the mean.

Models simply show too many AMOC transitions, then what is expected based
on their Mov value; therefore, we proposed a correction to Mov . This new indica-
tor, M cor

ov , was calibrated with the transition probabilities as obtained from a box
model of the AMOC (see previous chapter). Although this was a bold step, internal
consistency was demonstrated by the small spread in the integrated surface fresh-
water flux F ex t

S which would arise under the absence of an AMOC. The average
value obtained for F ex t

S from the 10 CMIP5 models was 0.20± 0.06 Sv.



i
i

i
i

i
i

i
i

95

Figure 6.6: The upper panel shows the yearly-averaged time series of  cor
M , i.e. the

buoyancy-driven component of the AMOC, in the pre-industrial control simulation of the
model MIROC5. The dashed horizontal line indicates the lower bound of the 2� confidence
interval around the mean. The circles identify the time points at which extreme events
occur, defined as the values extending below the confidence interval. Note that some of
the values were not marked, because of the clustering. The other three panels are the SST
anomalies calculated over the three subregions indicated in Fig. 6.5. The magenta vertical
lines are drawn in correspondence with the extreme events of  cor

M on top of all the time
series. In this way, it is possible to qualitatively check whether a certain extreme event in
the AMOC is related with anomalies in the surface temperatures.

The implication of this view is that the AMOC substantially influences the At-
lantic freshwater flux FS and that all CMIP5 models considered are effectively in
the multiple equilibrium regime. This could be investigated by applying large tem-
porary localised freshwater fluxes and the results here would imply that collapsed
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Figure 6.7: (a) Event synchronisation strength Q, calculated, for each CMIP5 model, be-
tween the  cor

M anomalies and the surface temperature anomalies obtained for three differ-
ent subregions in the North Atlantic (Fig. 6.5). The models have been ordered, from left to
right, from the lowest to the highest value of M cor

ov . (b) Lags q.

AMOC states can be found. It would also be interesting, but certainly out of the
scope of this study, to compute F ex t

S using a coupled ocean-atmosphere model. A
slab-ocean version cannot be used as in these models a so-called Q�flux is pre-
scribed, which already captures the effect of the AMOC on the freshwater flux
[L’hévéder et al., 2015]. One needs to set the atmospheric buoyancy fluxes which
are transferred to the ocean to zero in a fully coupled simulation. The resulting
equilibrium state may be far from any historical climate state but, if so, that would
precisely demonstrate the impact of the presence of the AMOC on the present-day
climate state.

The values of M cor
ov also do not dramatically change with another choice (e.g.

3�) of threshold for the AMOC transitions. The transition probabilities are sensi-
tive to changes in Mov: therefore, small errors in the estimation of the probabilities
(still in the same order of magnitude) do not result in large errors in the estimation
of Mov .

Using event synchronisation, we studied connections between AMOC extreme
events and temperatures over three North Atlantic regions in the CMIP5 models.
The strength of the synchronisation substantially varies between the different mod-
els. Such differences were already found in another multi-model study, with a fo-
cus on correlations between decadal means of SST and the AMOC [Roberts et al.,
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2013]. As expected, the synchronisation between AMOC and temperatures seems
to occur for negative time lags, which means that the extreme events in the AMOC
precede the ones in the temperatures. There is no robust connection between the
stability of the AMOC, as measured by M cor

ov , and the influence of the AMOC on the
surface temperatures. Indeed, many other factors, such as a different background
climate state, may affect this temperature response.
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Chapter 7

Conclusions and outlook

In this thesis we explored the effects of high-frequency atmospheric variability,
modelled as white noise, in the large-scale ocean circulation. In particular, we
focused (i) on the problem of formulating a null-hypothesis for sea surface height
(SSH) variability, in order to distinguish specific ocean phenomena in observational
time series, and (ii) on the challenge of predicting a noise-induced collapse of the
Atlantic Meridional Overturning Circulation.

7.1 Null hypothesis for SSH variability

In chapter 2, the first research question was addressed. By linearising the shallow
water equations forced by a purely stochastic wind-stress field around its equilib-
rium, we obtained a linear one-dimensional stochastic model for the evolution of
sea level height. A similar type of equation was suggested by Hasselmann [1976]
to investigate the sea surface temperature at mid-latitudes. The main difference
here is the presence of a state-dependent noise term (correlated additive and mul-
tiplicative noise, or CAM noise), arising from the interaction between the wind
and the mixed layer of the ocean. Although Sura and Gille [2010] had already
proposed a CAM noise stochastic model to explain SSH variability, the novelty of
our study was the derivation of such model directly from the shallow water equa-
tions. Once the model was formulated, we suggested two methods for estimating
its parameters from time series. The first one is an extension of what is conven-
tionally done when estimating red-noise model parameters, that is inferring them
from lag-1 autocorrelation and moments of the time series; an additional parame-
ter is required for our model (i.e. the constant in front of the multiplicative noise
term in the stochastic model), which requires the use of an additional moment of
the distribution. The second method, which was eventually the preferred one, as
more accurate, consists in a least-square minimisation of the difference between
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the theoretical probability density function of the model and the empirical one,
directly obtained from the time series. Additionally, we introduced a measure (�)
of the validity of the stochastic model in representing the variability of the observ-
able under study, in our case SSH, and emphasised the importance of performing a
preliminary study of the distribution of the time series before proceeding with the
null-hypothesis test. Finally, to show the applicability of our estimation method to
observational time series, we applied the null-hypothesis test to SSH data, focus-
ing our attention on certain locations of the ocean, where specific phenomena are
expected to be detected from the analysis of SSH variability. When interpreting the
power spectrum of a time series that shows a skewed distribution, we found that
some peaks are significant under the red-noise test, but not significant under the
CAM noise test. This indicates that using the incorrect test may lead to erroneous
attribution of specific phenomena in the sea-level variability.

7.2 Noise-induced transitions of the AMOC

The other four chapters were dedicated to investigating atmospheric-noise-induced
transitions in the Atlantic Meridional Ocean Circulation (AMOC). In chapter 3 we
gave an introduction of the Trajectory-Adaptive Multilevel Sampling (TAMS) al-
gorithm, one of the so-called rare-event algorithms [Lestang et al., 2018]. This
method is particularly suitable for estimating the probability of occurrence of ex-
treme events in a system. The great advantage of this technique, respect to brute
force methods (such as Monte-Carlo simulations of big ensembles of trajectories),
lies in the fact that it promotes certain trajectories and discard others, based on
how close each trajectory is to the desired destination state.

In the same chapter we introduced a box model of the AMOC, originally devel-
oped by Cimatoribus et al. [2014]. The model appears suitable for addressing our
research question: on one hand, enough physical processes are included, so that
the effect of the overturning circulation on the freshwater transport can be distin-
guished from the one exerted by the subtropical gyre. On the other hand, it is still
a conceptual model, and hence the computational costs required to run long sim-
ulations are very limited. In order to compute transition probabilities between the
so-called ‘on’ and ‘off’ state in our model, corresponding to the present-day AMOC
and to a collapsed state, respectively, we made use of TAMS. Before carrying on the
simulations, we undertook a technical study of the algorithm, to make it suitable
for computing transition probabilities of transitions between steady states.

In particular, in chapter 4, we suggested some improvements to the score func-
tion, namely the function that ranks the trajectories at each time step of the algo-
rithm and allows for the selection/discarding process. First of all, we incorporated
covariance ellipsoids in the score function, in order to accurately assess the occur-
rence of a transition to a certain steady state. Due to the effect of the noise, indeed,
we don’t expect a trajectory to end up exactly in the destination equilibrium when
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undergoing a transition, but rather to wander around the steady state, and to spend
most of the time in a neighbourhood of it. Covariance ellipsoids, which are based
on the linearised dynamics around a steady state, are a good approximation of
these neighbourhoods. The second suggested improvement to the score function
revolves around the concept of transition paths. Once a typical transition path is
estimated in a certain system, a score function can be designed based on it, so that
trajectories in the TAMS algorithm are ranked according to how closely they follow
such path. While this method may have great advantages in high-dimensional sys-
tems, where trajectories can fluctuate in many different directions, it didn’t show
significant improvements in the performance of the algorithm in a two-dimensional
double well potential system.

For the same reason, we decided not to incorporate this second technique in
TAMS, when calculating transition probabilities for noise-induced AMOC transi-
tions, in chapter 5. In this chapter, we finally applied TAMS to address our re-
search question and we found that two different types of transitions may exist for
the AMOC. An F-type transition is defined as a temporary shut-down of the down-
welling of dense water masses in the North Atlantic: it is not a proper transition
to a new equilibrium state, but rather an extreme event in the circulation; the
likelihood of its occurrence in the next 100 years covers a broad range of values,
depending on the amplitude of the atmospheric noise and on the background state
of the system (i.e. its location in the bifurcation diagram). A complete reversal of
the AMOC, referred to as an S-type transition in chapter 5, was found to be unlikely
in the next century, regardless of the choice of the parameters in the model.

The connection between the AMOC background state in our box model and in
high-complexity general circulation models (GCMs), such as the ones used to in-
form the last IPCC report, was made by means of Mov , a well-known indicator for
the stability of the AMOC. In chapter 6, we were able to compare probabilities of
occurrence of extreme events (i.e. F-type transitions) calculated directly from the
GCMs and the ones obtained from the box model, by specifying Mov and amplitude
of the atmospheric noise for each GCM. The discrepancy between the two results
was attributed to the incorrectness of Mov as a good indicator for the AMOC sta-
bility in fully-coupled models. We therefore suggested a corrected indicator, which
accounts for the presence of atmospheric feedbacks on the AMOC. Finally, we in-
vestigated the effects of these extremes on the temperatures of the North Atlantic
region: the strength of the synchronization between extreme events in the circu-
lation and in the temperatures appears to vary substantially between the different
models.

7.3 Future perspectives

Several potential lines of future research can be defined based on our results.
With regard to formulating null-hypotheses for observables of the climate system,
the example of SSH suggests that a red-noise test is not always the most appropriate
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choice, despite being widely used and straightforward to perform. More compli-
cated stochastic models can serve to define null hypotheses for different variables,
especially when the associated distributions substantially deviate from a Gaussian
behaviour. To this extent, the estimation of parameters proposed in chapter 2,
based on the comparison between the theoretical and the empirical PDFs, appears
to be quite general, as long as a Fokker-Planck equation can be solved to obtain
an analytical result for the distribution. Furthermore, in case several stochastic
models are formulated, the �-squared measure can be used to assess the validity
of one model respect to the other in representing the process under investigation.

The method developed to estimate the transition probability of a noise-induced
collapse of the AMOC in the box model can certainly be extended to other models
higher-up in the hierarchy. An example in this direction was made by Baars et al.
[2019], who computed transition probabilities for a spatially two-dimensional mod-
el of the AMOC: a projected version of the TAMS algorithm was developed there, in
order to overcome the computational obstacles arising from the high-dimensional
nature of the system. More research is needed to make these projection methods
more accurate and suitable for fully-coupled GCMs. Furthermore, incorporating
typical transition paths in the definition of the score function, when computing
transitions for these models, may improve the efficiency of the TAMS algorithm
and simplify the computations. Laurie and Bouchet [2015] studied rare transi-
tions in the two-dimensional barotropic quasi-geostrophic equations and were able
to determine most likely transition paths using minimum action methods. It would
certainly be interesting to apply their method to the AMOC model in [Baars et al.,
2019] and, as second step, try to implement the score function in TAMS with the
information gained on the typical transition path.
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