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Preface

This Thesis is the result of four years of work, done at the Institute for Theoretical
Physics of the Utrecht University under the supervision of Prof. Dr. Cristiane de
Morais Smith and Institute for Theoretical Physics of the University of Amsterdam
under the supervision of Dr. Jasper van Wezel. This work is part of the Delta
Institute for Theoretical Physics (DITP) consortium, a program of the Netherlands
Organization for Scientific Research (NWO) that is funded by the Dutch Ministry
of Education, Culture, and Science (OCW).

The whole Thesis is united by the idea of topology and its applications. Never-
theless, we tried to write the chapters in an independent and self-contained way.
Chapter 1 gives a general introduction to the topics discussed in this Thesis. Chap-
ters 2 and 4 review the main general concepts that are important for understanding
the further results. The results of the research are described in Chapters 3, 5, and 6.
Chapters 3 and 5 have the subject of applications of topology in condensed-matter
physics. Starting from Chapter 5, we discuss topological solitary waves in classical
field theory in various inhomogeneous settings, whereas in Chapter 6 we focus on
problems that might have influence in biology or medicine in the future.

At the end of the Thesis, the reader will find the bibliography, the summaries in
English and Dutch, acknowledgments, and the Curriculum Vitae of the author.

Mariia Lizunova
May 2020, Utrecht
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1 | Introduction

Over the past decades, physicists were creative in coming up with mathematical
models for actual observed phenomena, in which topological properties take a cen-
tral role in understanding the problem. Systems with different types of topological
order have different robust properties. These properties can only be changed by
means of a quantum phase transitions towards a system with another type of topo-
logical order. The ideas of topology, then, became essential as basic organizing
principles from condensed-matter physics to biology. The main purpose of this
Thesis and, in particular, of this chapter is to provide a brief overview to a few
examples of applications of topology as a powerful tool.
Let us start with an example in condensed-matter physics. Nowadays, the integer

quantum Hall effect is understood to be a part of a much larger class of topological
insulators [1–8]. However, in 1980 its experimental discovery by Klaus von Klitz-
ing in GaAs [9] made this two-dimensional material a first example that has an
insulating bulk, but metallic edge states. The topological nature of this topologi-
cal insulator is most clearly seen through the phenomenon of quantized adiabatic
particle transport from one edge to the opposite side of these systems, precisely
given by the bulk Chern number [10–12]. The topological pump brings together
all the main players in the modern understanding of topological matter: quantized
conductance, topological quantum numbers, edge states, robustness to disorder,
and the bulk-boundary correspondence [13]. One of the examples of this pump is a
thought experiment in Laughlin’s integer quantum Hall cylinder [14]. However, how
precisely the electrons are transferred between edges as quanta of flux are threaded
through Laughlin’s integer quantum Hall cylinder remains difficult to visualize, de-
spite some attempts [15, 16]. In Chapter 3 we use that the Harper’s equation [17–19]
can be interpreted as a tight-binding model for the integer quantum Hall effect in
two dimensions and as a family of mean-field descriptions for monatomic commen-
surate charge-density wave in one dimensions. This correspondence allows us to
visualize the detailed dynamics of the electron flow during a single pumping cycle
of the charge-density wave state, which is difficult to do directly in the quantum
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1 Introduction

Hall setup by using adiabatic and nonadiabatic transport protocols. We illustrate
modes of topological transport and discuss possible realizations in the context of
ultracold atoms and photonic waveguide experiments.
Another nice example of the importance of topology arises in connection with

Josephson effect [20, 21]. This is a phenomenon of an electric current, which flows
without any voltage applied, across two layers of superconducting material sepa-
rated by a thin insulating layer. This device is known as Josephson tunnel junc-
tion. These experimental setups [22, 23] over the last years became one of the
most successful tests for nonlinear theories. Specifically, a model based on the
perturbed sine-Gordon equation describes the internal dynamics of the junction,
and the magnetic flux quantum called Josephson vortex or fluxon plays a role of
topological solitary wave. This wave, as in other integrable systems, moves with
a constant velocity and shape and carrys a topological charge that is analogous to
the Chern number. However, in nature, plasma waves are generated because of
inhomogeneities in the junction [24], and the soliton may experience a modification
in evolution. Thus, it is interesting to study inhomogeneities that may affect the
most peculiar property of the sine-Gordon model, namely its integrability. To make
the results more meaningful, it is better to compare the influence of an inhomo-
geneity on integrable and on nonintegrable models. In order to do this, we adapt
the well-known ϕ4 theory, which found its applications in many places, e.g., from
Ginzburg-Landau phenomenological theory of second-order phase transitions [25]
to the Higgs mechanism [26]. In general, the soliton/kink-impurity interactions for
a single impurity are well-studied in both sine-Gordon [27–31] and ϕ4 [32–34] sys-
tems in (1 + 1) dimensions, mostly by including an extra potential barrier or well
directly in the equation of motion [33, 35, 36]. Nevertheless, one can introduce the
impurity through the metric of background space-time [31, 37, 38], or even consider
an extended inhomogeneity in space [39]. In Chapter 5, we consider a spatial step-
like nonuniformity that is represented by different coupling constants. We study the
influence of this type of inhomogeneity on the behavior of one solitary wave, namely
a soliton in the integrable sine-Gordon theory and a kink in the nonintegrable ϕ4

model. We observe how the waves are accelerated or decelerated, attracted or re-
flected, depending on the strength of the coupling constant. We first observe in
numerical simulations, and then show analytically that most of results for this type
of inhomogeneities are model-independent, meaning that the integrable structure
of the sine-Gordon model is irrelevant. This robustness is rooted in the topological
character of the soliton and the kink. One may consider an inhomogeneous half-
space as a limit case of a Gaussian impurity, which we discuss in Chapter 6, but
with infinite width.
Now, let us discuss an application of the theories investigated here in biological

system. Recently, it was found that the kinks of the ϕ4 model may be useful in
the description of proteins [40–42]. The latter [43] is a one-dimensional chain of
amino acids (the primary structure). The proteins perform specific functions in
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the cells. However, they usually perform specific functions in the cells only if they
have been correctly folded in three dimensions (the tertiary structure). Nowadays,
the “protein folding problem”[44–46] is a very relevant research field: only correctly
folded proteins may perform properly their functions, thus, keeping the living organ-
ism healthy and alive, while proteins without normal native structure may cause
diseases [47], e.g., cancer, Alzheimer’s disease, and amyloidosis. The first one is
characterized by uncontrolled cell division usually caused by mutations that lead
to disrupted activity of proteins, many of which may be abnormally folded [48–50].
The second one may be caused by misfolded amyloid-beta protein in the brains [51].
The last is a group of diseases with abnormal proteins (amyloid fibrils [52]) build
up in tissue and organs [53, 54]. Thus, the “protein folding problem” is a hot topic,
and there are two important aspects of it: how to predict or explain the tertiary
structure of the proteins, and how one could correct it when they are folded in-
correctly. Using the gauge field theory approach, it was recently shown [40] that a
protein may be schematically represented by a sequence of point-like vertices with
torsion and bending angles in between each of them (the angles correspond to kinks
in a one-dimensional classical ϕ4 field theory). Later [41, 42], an overlay of a native
structure of the protein that was reproduced from real data from the Protein Data
Bank and an approximate structure reconstructed by a superposition of kinks on
the example of Myoglobin yielded fantastic results. The gauge field theory approach
reproduces the protein structure up to 1 Å [41, 42], which shows the efficiency of
this method. In Chapter 6, we focus on the behavior of a single kink interacting
with different types of localized disorder, described by a Dirac delta, a Gaussian,
and a Lorentzian functions. We find how the strength and the width of the im-
purities may affect the movement, causing resonances or capturing the kink, for
example. We believe that the obtained results might bring benefits to the control
of protein folding in the future, thus, to make a step forward to solve the “protein
folding problem”. An indication of this is that drugs are used to tackle diseases like
Alzheimer’s which rely on the folding of proteins. Intrinsically disordered proteins
(IDP) are the type of proteins that usually act as targets in such molecular drug
therapeutic strategies [55]. Often, those drugs are designed, for example, to bind
lysine and arginine, perturbing aggregation and suppressing fibril formation [56].
One of the example of a target-drug couple is the IDP protein p53, that plays a
crucial role in human cancer, and the inhibitor nutlin-3 that targets and binds the
p53-MDM2 complex [57, 58].
As mentioned in Ref. [42], the effective approach to the modeling of the protein

backbone structure by a superposition of kinks not only reproduces the protein
structure with high precision [41, 42], but also the dynamical properties of the
protein chains may be defined by the corresponding kinks dynamics. Thus, it was
natural to extend the kink-impurity interactions, described in the first part of Chap-
ter 6. In the second part of Chapter 6 we add a second wave, the antikink, and
consider the evolution of a kink-antikink pair with a localized Gaussian-like impu-
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1 Introduction

rity in between them. In the absence of the impurity, the effect of multi-solitary
waves dynamics in the nonlinear Klein-Gordon equation attracted a lot of atten-
tion [59, 60]. Particularly, collisions in the framework of ϕ4 theory are peculiar,
because the kink and the antikink cannot just pass through each other and main-
tain their shape, as in the sine-Gordon model [59]. The reason is that they interact
and quasi-breather [61] or resonance phenomena [60–63] may occur. The dynamics
may be studied by numerically solving the equation of motion [61], as well as with
a help of the collective coordinate approximation [62, 64–68], or even simulated in
a real experiment using a mechanical system consisting of a ball rolling along a
specially-designed landscape, to model the resonances [69]. However, to the best of
our knowledge, the interaction of this pair with an impurity was not studied earlier.
In contrast to kink-impurity interactions, when resonances are observed only for an
attractive disorder, we see here new cases of resonances for a repulsive impurity. We
also obtain a quasi-long-lived solution with a small amplitude called an oscillon (a
Gaussian envelope), which was not observed in earlier calculations for the classical
(1+1)-dimensional ϕ4 model, but only used as an artificial initial condition [70, 71].
We discuss an osillon-oscillon bound state, the presence of the oscillon resonances,
and compare these phenomena to the one observed in the sinh-deformed [72, 73]
(1 + 1)-dimensional ϕ4 model [74].
Finally, we would like to point out that this work was started in autumn 2016

in one world and is finishing in spring 2020, during the COVID-19 pandemic, in
altered living conditions. One of the main ideas of this work is to show how the
solution of certain problems may help in the most unexpected areas of not only
physics, but also science as a whole. This is exactly what society needs nowadays:
fast graceful solutions. Topology like we show through the whole text, might be
one of those powerful tools to achieve them.
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2 | Introduction to topological trans-
port

2.1 Introduction
Topology has, over the past decades, taken center stage alongside symmetry as one
of the basic organizing principles of condensed-matter physics. As with symmetry,
the predictive power associated with topology can be enormous.

The experimental discovery of the integer quantum Hall effect (IQHE) in GaAs [9]
in 1980 by Klaus von Klitzing (1985, Nobel prize), revealed the first example of a
two-dimensional (2D) material that has an insulating bulk, but metallic edge states.
In the IQHE [9], e.g., knowing the integer value of a single topological quantum
number allows one to predict the transverse conductance of a 2D electron gas with
unlimited accuracy, independently of how the electron gas is realized experimen-
tally [75, 76]. Predictions of the transverse conductance have been verified to one
part in a billion, and in fact, the Quantum Hall Effect serves as a standard for
resistance calibration [77].
Nowadays, the IQHE is understood to be part of a much larger class of topological

insulators (TIs) [1–8]. The typical implication of an insulator being topological is
the presence of conducting states at its edges. The topological nature of these
edge states is seen most clearly through the phenomenon of quantized adiabatic
particle transport, more commonly known as topological transport or topological
pumping [10, 11]. Its idea is easily formulated. By periodically changing some
driving force, particles are transferred from one edge of the TI to the opposite
side. This transport is quantized, in the sense that for every period of the pumping
cycle, precisely an integer number of particles will move between edges [10, 12]. It
is topological because the discrete number of relocated particles is independent of

5



2 Introduction to topological transport

the details of both the system and the driving. As long as the driving is adiabatic,
and the system remains insulating, the number of transferred particles will always
be the same [78]. In fact, the topological nature of the pumping can also be seen
as an example of the celebrated bulk-boundary correspondence, since the number
of particles relayed between opposing edges precisely equals the integer topological
quantum number characterizing the bulk TI [14, 75]. This correspondence between
the bulk topological invariants and the dynamics of edge states has been put forward
by Laughlin [14, 75, 79, 80]. It shows that adiabatically threading a single Aharonov-
Bohm flux quantum through the interior of an IQHE cylinder [14, 79], results in a
quantized number of electrons moving from one edge of the cylinder to the opposite.
The amount of charge transported is given precisely by the bulk Chern number,
defined as an integral over the 2D Brillouin zone (BZ) [12]. The resulting cyclic
charge transfer may be regarded as a dynamical manifestation of the IQHE [81] and
has been observed in a Corbino geometry [15, 16].
Topological pumps thus bring together all the main players in the modern un-

derstanding of topological matter: quantized conductance, topological quantum
numbers, edge states, robustness to perturbations, and the bulk-boundary corre-
spondence [13, 82]. More generally, it is an example of the type of quantized adi-
abatic particle transport, or topological charge pumping, first proposed by Thou-
less [10, 12, 75, 83]. Experimentally, topological pumps have been realized in cold-
atom [84, 85] and single-spin [86] systems, and they attract attention in both adia-
batic [87, 88] and nonadiabatic [89, 90] regimes.
The theoretical understanding of the role of topology underlying the IQHE [75,

76], Fractional Quantum Hall Effect [91, 92], Quantum Spin Hall Effect [3, 93], and
more generally TIs and other forms of topological matter [4, 94] is one of the corner
stones of modern condensed-matter physics [6, 95]. Different topological classes
emerge depending on whether time-reversal, particle-hole, and chiral symmetries are
present or not [96, 97], and may be further refined using lattice symmetries [78, 98–
101]. Moreover, topological order has been suggested to open the way towards
various applications, including dissipationless topological transport, fault-tolerant
quantum computation, and the engineering of spin liquid phases of matter [6, 95].

2.2 Integer quantum Hall effect
In this section, we revise the main features of the IQHE. The reader familiar with
these concepts might wish to skip it.
The experimental setup [9] in which the IQHE may be observed is presented

in Fig. 2.1. A conductor is connected to a current source in 2D. The electrons
in the conductor move under the influence of an electric field E (contributing to
a longitudinal current, and resistance Rxx = RL). By applying a homogeneous

6



2.2 Integer quantum Hall effect

perpendicular magnetic field
B = {0, 0, B}, (2.1)

one obtains that the positive charges line up on one side of the conductor, while the
negative charges on the other. Thus, the charged particles move transversely to the
direction that they would move in the absence of the perpendicular magnetic field
B. That is how a transverse, or so-called Hall, current Rxy = RH appears. Now,
let us consider this phenomenon in detail.

It is well-known that a charge-carrying particle characterized by the charge e > 0,
mass m, and velocity v moving in 2D in a static perpendicular magnetic field B
experience the Lorentz force,

FL = −e (v ×B) . (2.2)

The equation of motion in components then reads as

m{ẍ, ÿ} = −{eBvy,−eBvx}, (2.3)

or, for example, in the x-direction

ẍ+ ω2
cvy = 0, where ωc = eB/m. (2.4)

Thus, it rotates with cyclotron frequency ωc along a circular orbit around the guid-
ing center rc with the cyclotron radius Rc = lm

√
2n+ 1, where n is an integer and

lm =
√

~/eB is the magnetic length, or the unity length of the IQHE, with the
Plank constant h = 2π~. The magnetic length lm is related to the area πl2m, which
encloses one quantum of magnetic flux φ0.

To go from classical to quantum mechanics within a one-electron picture, one
uses the minimal coupling,

Ĥ =
1

2m
p̂2 ⇒ Ĥ =

1

2m
(p̂ + eA)2, (2.5)

where Â denotes a vector potential generating the magnetic field B = rotÂ, and
we fix the gauge freedom by choosing the Landau gauge

Â = {0, Bx, 0} . (2.6)

Then, the energy is given by

En = ~ωc
(
n+

1

2

)
, n = 0, 1, 2, . . . (2.7)

n is a Landau level (LL) index. Landau quantization is a quantization of the radius

7



2 Introduction to topological transport

v

FL

B

−−−−−−−−−−−−−−−−−

+ + + + + + + + + + + + + + + + +

Rxx

Rxy

Figure 2.1: Experimental setup for the quantum Hall effect in a 2D electron gas.
The arrows show the directions of Lorenz force FL, the velocity of the
electron v, and the magnetic field B. The symbols + and − show the
charge separation. Here, Rxx = RL is the longitudinal resistance and
Rxy = RH is the Hall resistance.

of the circular trajectory of an electron in a magnetic field B. To see the effects
of LLs, i.e., to avoid “jumping” of the electron to the next LL, the thermal energy
kBT of the electron, with kB the Boltzmann constant, has to be much lower than
~ωc, which is a separation between energy levels En.

It is obvious that in a real case there is more than one electron. For a sample
that is finite in the x− and y-directions, with length L and width W , the density
of states in each LL reads

nφ =
BA

φ0
=

φ

φ0
, (2.8)

where φ0 = h/e is the flux quantum, A = LW is the area of the sample, and
φ = BA is the total flux. We define a characteristic ratio ν = ne/nφ called the
filling factor, which is the ratio between the electron density ne and the flux density
nφ describing how many LLs are filled at a certain value of the magnetic field B.
Classical calculations predict the Hall resistance to depend linearly on the applied

magnetic field B [102]. However, experiments have shown that the Hall resistance
RH = B/nee remains constant over a certain range of B, and its value in these
plateaus is given in terms of universal constants, namely,

RH =
h

e2
· 1

ν
, ν = 1, 2, 3, . . . . (2.9)

It means that RH is quantized and universal, i.e., it does not depend on the partic-
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2.2 Integer quantum Hall effect

ular properties of the sample. Here we discuss only integer values of ν because we
consider the IQHE, but in the general case, ν may be a fraction as well.
To examine the IQHE, we consider that the first n energy levels are totally filled

by electrons and the n + 1 energy level is totally empty. Then, we decrease the
magnetic field, which is equivalent to reducing the degeneracy of the filled nth LL.
The electrons, sent to the n+1 energy level will populate the valleys of the disorder
potential landscape (central panel in Fig. 2.2b). They are localized somewhere
in the bulk and do not affect in the global transport characteristics of a sample,
measured by the resistance, see lower pannels in Fig. 2.2a and Fig. 2.2b. Therefore,
we obtain that RH and RL remain constant despite the change of the magnetic field
B. This is the origin of the plateau in the Hall resistance.
If one continues to decrease the magnetic field, the regions of the potential land-

scape in the nth LL occupied by electrons will become larger, and eventually per-
colate across the sample, see Fig. 2.2c. At this moment, the longitudinal resistance
increases and the Hall resistance is no longer quantized, going from the current
plateau to the next lower plateau.

RL
RH

RL
RH

RL
RH

B B B

En En En

n
n -1

Figure 2.2: The influence of impurities in IQHE. First line: the filling of the LLs.
Second line: the impurity potential landscape of the last partially filled
level. Third line: the longitudinal resistance RL (red color), the Hall
resistance RH (blue color), and classical prediction for RH (purple
color) as a function of the magnetic field B. Adapted from [102].

In practice [9], the plateau transition in the Hall resistance RH is accompanied by
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2 Introduction to topological transport

a peak in the longitudinal resistance RL, which is shown schematically in Fig. 2.3.
Experiments show that for the observation of the IQHE in a 2D electron gas, the
temperature has to be around T ≈ 1K and the magnetic field as strong B ≈ 1T .
The last, but important as well, condition is the presence of impurities in the sample.
A total absence of impurities will lead to the classical Hall effect; the Hall resistance
RH will not be quantized and will linearly depend on the magnetic field B. However,
a too large number of impurities in a sample broaders the LLs. Thus hampering
the observation of its discrete character, which is essential for the IQHE.

1

2

3
4

RL RH

B

Figure 2.3: Schematic curve for the IQHE. The resistances RL (red color) and RH
(blue color) are represented as a function of the magnetic field B.

2.3 Dynamics in Laughlin’s IQHE cylinder
In the semi-classical picture of the IQHE, electrons in a 2D electron gas are confined
to the cyclotron orbits that are much smaller than the spatial extent of the system.
If the electron gas is confined to the surface of a torus (periodic boundary conditions
in all directions), the system will be completely insulating. Only when we look at the
IQHE on a surface with boundaries, like a finite sheet or a cylinder, charge transport
is possible. This is the so-called Laughlin’s Gedankenexperiment. We consider the
2D electron gas in the IQHE regime on a cylinder. We assume that we can thread
a flux through the cylinder, and this flux can be changed adiabatically (Thouless
pump) by an entire magnetic flux quantum φ0. The change of flux changes of the
vector potential. This change, however, does not modify the energy eigenvalues.
This means that the physical properties of the system are the same as before. When
the Fermi energy lies within a band of localized states, the number of occupied
localized states does not change. That means that it is only possible to obtain a
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2.3 Dynamics in Laughlin’s IQHE cylinder

change in the occupation of the edge states. Hense, electrons can be transferred
from one edge to another. For p particles with charge q transferred from one edge to
another, one obtains the quantization of the Hall resistance σxy = p q/φ0 [14]. This
conductance is strictly quantized, topological in nature, and can be calculated from
a bulk topological invariant [14, 75]. This is the manifestation of the celebrated
bulk-boundary correspondence.
Despite its status as an archetype of topological transport, the detailed dy-

namics of exactly how electrons are transferred between edges as a quantum of
flux is threaded through Laughlin’s IQHE cylinder remains difficult to visualize.
The straightforward plotting of electronic wave functions for arbitrary flux values
throughout the pumping cycle is hampered by the necessity to choose a gauge.
This should be contrasted to the situation in the IQHE model, where the Laughlin
argument [14] provides the direct analog of the Thouless pump [12]. There, con-
figurations in which the flux differs by a value that is not a multiple of the flux
quantum, cannot be directly compared to one another because the gauge-invariant
momentum is flux-dependent. It, thus, remains unclear how charges are actually
transported in real space from one edge to another as a function of real time. Fi-
nally, we want to come up with a system, in which the transport visualization may
be realized both theoretically and experimentally.
We remedy this situation by presenting a particular topological pumping process

that emphasizes the roles of the key players (the topological invariant, the pumping
process, and the connection between opposing edges) and that allows for a straight-
forward visualization of the particle transport throughout the pumping cycle. In
order to solve this problem, we use a well-known family of one-dimensional (1D)
charge-ordered systems that can be precisely mathematically mapped onto the 2D
IQHE setup [13], and allows for the mathematical identification of edge state dy-
namics. The details of the mapping will be discussed later, after the presentation
of the model. This will allow us to directly visualize the topological transport as
electrons flow from one edge of the system to the other, and thus clarify the nature
of the transport in both the charge-ordered and IQHE systems.
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3 | Visualizing topological transport
in charge-ordered materials

The detailed dynamics of topological charge transport in the integer quantum Hall
cylinder remain difficult to visualize, due to the presence of gauge symmetry. Here,
we exploit the reduced gauge freedom in one-dimensional charge-density waves sys-
tem subject to an external driving force, to demonstrate details of their topologi-
cal pumping. A close inspection of the instantaneous eigenstates of a particular
mean-field charge-ordered model reveals an interplay between topological edge states
and the mobility edge. This allows us to visualize adiabatic (Thouless) pumping
and nonadiabatic transport protocols in general charge-ordered materials and re-
lated topological systems. In the end, we discuss possible experimental setups, where
these protocols can be implemented.

3.1 Introduction
The ability to pump quantized amounts of charge is one of the hallmarks of topolog-
ical materials. An archetypical example is Laughlin’s gauge argument for transport-
ing an integer number of electrons between the edges of a quantum Hall cylinder
upon the insertion of a magnetic flux quantum. This is mathematically equivalent
to the equally famous suggestion of Thouless’ that an integer number of electrons
are pumped between two ends of a one-dimensional quantum wire upon sliding a
charge-density wave (CDW) over a single wave length. We use the correspondence
between these descriptions to visualize the detailed dynamics of the electron flow
during a single pumping cycle, which is difficult to do directly in the quantum Hall
setup theoretically and experimentally as well.

Here, we find a close correspondence between topological edge states and the
mobility edges in CDW, quantum Hall, and other topological systems. We illus-
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3 Visualizing topological transport in charge-ordered materials

trate this connection by describing an alternative, nonadiabatic mode of topological
transport that displaces precisely the opposite amount of charge as compared to the
adiabatic pump. We also discuss possible experimental realizations in the context
of ultracold atoms and photonic waveguide experiments.
The outline of this Chapter is the following: in Section 3.2, we introduce the

CDW, and in Section 3.3 we present the mapping between integer quantum Hall
effect (IQHE) and CDW. In Section 3.4 we consider an adiabatic protocol in CDW,
then, in Section 3.5, we explain the mobility edge, followed by a nonadiabatic trans-
port in Section 3.6. Afterwards, in Section 3.7 we discuss a possible experimental
implementations. Finally, in Section 3.8, we conclude.

3.2 Charge-density waves
To be concrete, we consider a CDW on a finite chain of N atoms (sites) described
by the Hamiltonian:

H = −t
N−1∑
j=1

(
ĉ†j ĉj+1 + ĉ†j+1ĉj

)
+ V

N−1∑
j=1

ĉ†j ĉj ĉ
†
j+1ĉj+1 +

N∑
j=1

ζj ĉ
†
j ĉj . (3.1)

Here, t > 0 signifies the likelihood for an electron to tunnel between neighboring
sites, V is the strength of the nearest-neighbor Coulomb interaction, and ζj is
a random potential that describes the effect of impurities. The operator ĉ†j (ĉj)
creates (annihilates) a spinless electron at position x = ja, where a is the lattice
constant. The filling factor n = p/q is a co-prime fraction, such that Nn is the total
number of electrons in the system. As usual, we assume the system to be charge
neutral in total and ignore any ionic charges.
We use the mean-field ansatz (see Appendix 3.A)

〈ĉ†j+1ĉj+1 + ĉ†j−1ĉj−1〉 ≈ 2〈ĉ†j ĉj〉 = A cos(Qja+ φ) (3.2)

for the particle density [103]. This ansatz defines the CDW amplitude A, the
propagation vector Q = n2π/a of the charge-density modulations, as well as the
phase φ that determines the position of the CDW with respect to the lattice. The
interaction term becomes [13]∑

j

V A cos(Qja+ φ) ĉ†j ĉj . (3.3)

Substituting the interaction back into Eq. (3.1) yields the full mean-field Hamil-
tonian that one can immediately put into matrix form:
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ĤMF =
(
ĉ†j=1, ĉ

†
2 . . . ĉ

†
N

)
h


ĉ1
ĉ2
...
ĉN

 , (3.4)

h =



ε1 −t 0 . . . 0 −t̃
−t ε2 −t 0 . . . 0

0 −t
. . . . . .

...
... 0

. . . 0

0
... −t

−t̃ 0 . . . 0 −t εN


. (3.5)

Here,
εj = V ρ(j) + ζj = AV cos(Qja+ φ) + ζj , (3.6)

where ρ(j) ≡ 〈ĉ†j ĉj〉. The introduced elements t̃ at the corners of the matrix given by
Eq. (3.5) may be used to implement different boundary conditions. An open chain
with nothing attached to the edges is described by using t̃ = 0. An intermediate
case of periodic boundary conditions, where the edges are connected via a weak
link, corresponding to an additional wire in an experimental implementation, may
be modeled by taking 0 < t̃� t, or t̃ = t.

3.3 Mapping between IQHE and CDW
Harper’s equation, and more generally, a Mathieu equation [17–19], can be inter-
preted both as a tight-binding model for the IQHE in 2D, and as a family of
mean-field descriptions for monatomic commensurate charge-density waves (CDW)
in 1D [13, 104]. The filling of the charge-ordered system, and hence its CDW pe-
riodicity, for example, can be taken to correspond to the magnetic field strength
perpendicular to the surface of a quantum Hall cylinder, which determines the filling
of its Landau levels [13, 19]. Under the same mapping, the phase φ of the CDW or-
der parameter then corresponds to a flux threading the quantum Hall cylinder [14],
while the spatial coordinate along the CDW chain is directly related to the spatial
coordinate in the periodic direction of the 2D cylinder. The mapping is indicated
schematically in figure 4.1.
Upon varying the parameter φ adiabatically from 0 to 2π, the CDW slides along

the 1D chain over precisely one wave length. The flux threading the IQHE system
is increased by one quantum under the same variation. When introducing edges, we

15



3 Visualizing topological transport in charge-ordered materials

thus expect to find adiabatic transport of a quantised number of electrons from one
side of the system to the other in both cases. In this way, the mapping relates the
quantized adiabatic particle transport (Thouless pumping [12]) in charge-ordered
systems to the topological transport between edge states upon insertion of a flux
quantum in a quantum Hall cylinder (Laughlin’s gauge argument [14]).

The bulk of both the CDW and IQHE systems is insulating, and only the edge
states cross the Fermi level. By solving Harper’s equation on a cylinder, the spec-
trum can be plotted as a function of momentum in the periodic direction. It consists
of bulk bands and isolated topological edge states crossing the gaps between them.
The edge states are protected, in the sense that the number of edge channels can-
not be modified, as long as the bulk of the system remains gapped [14]. In a CDW
system the periodic direction is given by the mean-field value of the phase variable
φ, as shown in figure 4.1. Each value of the phase then corresponds to a single
realisation of a CDW on the chain, which may or may not host edge states. The
combined spectrum of the family of CDWs containing all values of φ coincides with
that of the IQHE cylinder.

For periodic boundary conditions, i.e. t̃ = t and ζj = 0, we perform Fourier
transformation (see Appendices 3.B and 3.C) in Eq. (3.5) to obtain

ĤMF =
∑
k

(
ĉ†k+Q, ĉ

†
k+2Q . . . ĉ

†
k+qQ

)
Hk


ĉk+Q
ĉk+2Q

...
ĉk+qQ

 , (3.7)

Hk =



εk+Q ∆̃ 0 . . . 0 ∆̃∗

∆̃∗ εk+2Q ∆̃ 0 . . . 0

0 ∆̃∗
. . . . . .

...
... 0

. . . 0

0
... ∆̃

∆̃ 0 . . . 0 ∆̃∗ εk+qQ


, (3.8)

where k is the wave number with a condition k+qQ = k and ∆̃ = V Aeiφ. Numerical
diagonalization of Eq. (3.8) yields the energy spectrum, or band structure, for any
given value of the CDW phase φ, as shown in Fig. 3.1a. Collecting the energies
associated with all possible choices for k and φ at a given filling fraction n and
plotting them as dots in the plane of energy versus filling fraction, yields a version of
the famous Hofstadter butterfly spectrum [13, 19, 105] shown in Fig. 3.1b. This form
of the Hamiltonian will coincide with Hofstadter’s tight-binding description of the
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IQHE [19], if we make the identifications k → kx, Q→ eB/(~c), and φ→ kya. Here,
k is the momentum in the CDW, and kx,y are the x, y-components of momentum in
the IQHE. The radial magnetic field B in the IQHE cylinder determines the filling
of its Landau levels. Under this mapping, adding flux along the central axis of the
IQHE cylinder corresponds to changing the value of the phase φ in the CDW [14],
and thus to sliding the charge-density wave along the chain.
The Hamiltonian itself may be realised as a mean-field description of charge order

in 1D chains of aligned orbitals within a three-dimensional material [106], or as an
effective description of cold atoms in an optical lattice [13, 107]. Here, we focus first
on the topological properties of the theoretical mean-field model, before discussing
possible experimental probes of the various emerging modes of topological transport
in more realistic settings.

3.4 Adiabatic transport
In Laughlin’s argument for quantized transport across the IQHE cylinder [14], the
electromagnetic gauge structure plays a central role. Although helpful in establish-
ing why the charge transferred between the ends of the cylinder must be integer, the
presence of gauge freedom makes it hard to directly visualize the precise dynamics.
We know and understand what happens upon insertion of a single flux quantum,
but questions like at which value of the flux one edge state becomes unoccupied,
and the opposite one occupied, or what the wave function looks like after insertion
of only half a flux quantum, are difficult to answer in a gauge-independent fashion.
For the CDW system, this problem does not exist. The process corresponding to
a flux insertion is the sliding of the CDW by precisely one wave length, and this
results in a precisely quantized amount of charge being transferred from one end
of the chain to the other (Thouless pumping [12]). The quantized conductivity is
determined by the sum of Chern numbers for all occupied bands (in k, φ-space), as
in the IQHE. However, in this case we can plot the charge distribution for both bulk
and edge states for any value of φ, and hence visualize the topological transport as
a continuous process.
As shown in Fig. 3.2, the spectrum and eigenstates can be computed for a specific

choice of parameters, including any value of φ. As an example, we show the results
for a period-3 CDW with n = 1/3, N = 63, and AV/t = 5. We use this specific
example, but note that taking other parameter choices does not qualitatively affect
any of the obtained results. The number N , however, should be odd.
Among the numerically obtained wave functions in Fig. 3.2, bulk and edge states

can be easily distinguished. The bulk wave functions for a CDW with open bound-
ary conditions can be understood as products of plane waves (solutions of a CDW
system with periodic boundary conditions) and the eigenstates of a particle-in-a-
box. The edge states, on the other hand, are exponentially localized on one side of
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12

Figure 3.1: (a) Dispersion relation for the mean-field CDW with periodic bound-
ary conditions. Different colors correspond to different values of φ,
ranging between zero (purple) and π/3 (blue). The whole system is
2π/3-periodic, thus φ = 0 is equivalent to φ = 2π/3; 4π/3; 2π, and
φ = π/3 is equivalent to φ = π; 5π/3. (b) The spectrum of the
mean-field CDW as a function of filling fraction. For each n, ranges
are indicated for all energy eigenvalues found as ka is varied between
−π/(3) and π/(3), and φ is varied between zero and 2π. The result-
ing figure is known as Hofstadter’s butterfly and was first found in
a tight-binding model for the IQHE. (c) Pictorial representation of
the correspondence between the mean-field CDW and a tight-binding
model for the IQHE.

the chain.
Upon varying φ, the highest occupied state changes from an edge state localized

on one side to that on the opposite side. In the example of 1/3 filling shown in
Fig. 3.3, the highest state with E < 0 at φ = 0 is an edge state localized at the
right side of the chain (j = 63). In the region π/3 . φ . π, the edge state
is adiabatically transformed into a bulk state, until it emerges again as an edge
state on the opposite side of the system. At φ ' 5π/3, the highest occupied state
discontinuously changes from being localized on the left side of the chain (j = 1),
to being localized on the right. From the spectrum, it is clear that this behavior
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1 63

1 63

1 63

Figure 3.2: The spectrum of the mean-field CDW on an open chain, as a func-
tion of the phase variable φ. The real-space wave functions for some
fixed value of φ for the lowest energy state, first excited state, and the
first edge state are displayed as well, with colors corresponding to the
labels shown in the inset. Also indicated are the exponential and sinu-
soidal envelopes, which show that the low-energy wave functions are
modulated particle-in-a-box states, and the edge state is exponentially
localized at position j = 0.

stems from the two edge states crossing in energy at this point.

Notice that the states displayed in Fig. 3.3 are the highest occupied states at zero
temperature for a given value of the phase variable φ. Starting from a phase value
φ < 5π/3 and adiabatically sliding the CDW forward, the system will in fact, not
stay in the instantaneous ground state. The two edge states crossing within the bulk
gap are located at opposite edges of the chain in real space, and any matrix element
of local operators that could assist in tunneling across is exponentially small in the
chain length. A state on one end of the system can therefore not simply jump to
the other end in the way suggested by Fig. 3.3. For a sufficiently long CDW, an
adiabatic variation of φ causes the system to end up in an excited state at φ = 2π,
with a high-energy edge state occupied and a lower-energy edge state empty, see
Fig. 3.4a. The system can only return to its instantaneous ground state, and the
topological material can only function as an adiabatic charge pump if the two edges
of the CDW chain are connected to one another through some external coupling.
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3 Visualizing topological transport in charge-ordered materials

Figure 3.3: The squared amplitude of the highest occupied wave function at 1/3
filling, as a function of phase φ and position j along the CDW chain.
The bulk state between φ ≈ π/3 and φ ≈ π can be recognized as a
particle-in-a-box eigenfunction with additional CDW modulations. It
undergoes an avoided crossing at φ ≈ π and becomes a left edge state
for values of φ up to 5π/3, where it changes abruptly into a right edge
state until coming back to φ ≈ π/3. If opposing edges of the chain are
connected, the abrupt tunneling from left to right will turn into an
avoided crossing of its own, whose adiabatic traversal may correspond
for example to the physical process of charge being transferred from
one edge to another through an intermediary wire.

In fact, in any experimental implementation of a topological quantum pump, one
would indeed include a wire connecting the two sides of the system and typically
measure the current through the wire as the phase is being varied. Such a connection
can be easily included in the simulation as a weak hopping element between the
opposing sides of the chain by adding t̃ in Eq. (3.5). It allows the two edge states
to interact, and turns their intersection in the spectrum into an avoided crossing by
opening up a small energy gap, see Fig. 3.4b. Adiabatic evolution, which retains
the instantaneous ground state throughout a pumping cycle, is once again possible.
Thus, adiabatic varying φ from 0 to 2π then results in the transfer of precisely

one (the Chern number of the lowest band in kx, φ-space [13], see Appendix 3.D)
electron from one side of the system to the other, through the connecting wire, and
thus realizes the Thouless pump, or in the IQHE interpretation of the same system,
Laughlin’s gauge argument.
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3.5 Emergence of a mobility edge

Figure 3.4: (a) The spectrum of the mean-field CDW on an open chain, as a func-
tion of the phase variable φ, which may be adiabatically varied from
zero to 2π as a function of time. Without any connection between the
ends of the chain, the many-particle CDW ground state with one fully
occupied band of electronic states at φ = 0 will adiabatically evolve
into an excited state in which the lowest band has one empty state,
and the second band has a single electron in it. (b) Upon including
a weak connection between edges in the model, which corresponds to
the wire that would be used to measure the pumped current in any
experimental realization of the adiabatic particle transport, the edge
states in the spectrum become gapped. The many-particle ground
state now evolves back into itself after a full 2π cycle of the phase
φ. While doing so, a single electron traverses the external wire (at
φ ' 2π/3) and comes back though the bulk of the CDW (between
φ ' 4π/3 and φ ' 2π).

3.5 Emergence of a mobility edge
Inspecting the bulk wave functions in the spectrum of Fig. 3.1, two features stand
out. First of all, as the edge state enters the bulk band, it does not simply disappear.
Tracking, for example, the highest occupied state in Fig. 3.1, it is clear that the
state, which was an edge state at φ < π/3, becomes a bulk state at π/3 . φ . π.
The bulk state is the particle-in-a-box state with the highest available number of
nodes, dressed with charge-density modulations. A state with the same number of
nodes in fact, already existed for φ < π/3, as part of the occupied bulk states. The
edge state, therefore, does not evolve into a new bulk state as φ is adiabatically
changed, but rather has an avoided crossing with an existing bulk state and takes
over its character. The existing bulk state takes over the character of the edge state
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and is pushed down in energy in the process. It then has an avoided crossing with
the next bulk state and so on. This pattern is shown schematically in Fig. 3.5.
Close inspection of the wave functions in the spectrum indeed shows a cascade

of avoided crossings, witnessed by a remainder of an exponential localization that
is visible in bulk states undergoing the avoided crossings. These continue until the
edge state reaches precisely the middle of the bulk band. There, it emerges again
for an extended range of φ, in the form of another well-known topologically special
state, the mobility edge [108]. This isolated critical state was to be expected in the
center of the bulk band because the extended bulk states generic to the disordered
system are known to be constricted to just a single energy precisely in the center
of each (impurity-broadened) LL in the case of the quantum Hall effect [109]. Just
like the mobility edge was formed from a left edge state at φ ' π/3, it goes through
a second series of avoided crossing and reemerges as a right edge state at φ ' π.
The edge states are of the form ψ(x) ∝ exp(λx), with λ negative or positive for left
or right localized states respectively. The mobility edge naturally connects these
two states and has the same shape of the wave function, with λ = 0. This special,
totally delocalized wave function is thus a plane wave connecting both sides of the
sample. Within the CDW, the plane wave is again dressed by charge modulations,
as shown in Fig. 3.6a. Note that for even Nn, it is possible to have two orthogonal,
delocalized wave functions. We consider chains with odd Nn here, so that a single
mobility edge connects to edge states in both bulk gaps.
The topological nature of the mobility edge only really becomes apparent upon

switching on a random impurity potential ζj in Eq. (3.1). Notice that in contrast
to the IQHE, where the presence of weak impurities is necessary to observe the
quantization of the Hall conductivity, in the CDW system topological transport may
be detected even with only the Coulomb interaction. Nevertheless, the presence of
weak impurities (modeled here with |ζj |/t < 0.2) may be considered, and their effect
is much the same as in the IQHE, localizing electronic states at specific locations in
the chain. The difference between the mobility edge and other bulk states is now
immediately obvious. As shown in Fig. 3.6b, typical bulk states are severely affected
by the impurity potential, being amplified and suppressed at random locations. The
mobility edge, on the other hand, retains a more or less constant amplitude along
the entire length of the chain, as long as the impurity strength is weak. This clearly
indicates the topological nature of the mobility edge, and hence its connection with
the topological edge states.

3.6 Nonadiabatic transport
The connection between edge states and mobility edge may be illustrated by con-
sidering a nonadiabatic mode of quantized transport, which exists in addition to the
well-known adiabatic Thouless pump. Starting for example with the (red) left edge
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Figure 3.5: (a) Sketch of the spectrum as a function of the phase φ with all states
related to the topological order indicated. Red lines crossing bulk
gaps are edge states localized at the left (j = 1) end of the chain, blue
lines are right (j = 63) edge states, and purple lines in the middle
of bulk bands represent mobility edges. (b) Schematic close-up view
of the crossing of two edge states and of an edge state entering the
bulk band. If the two edges are connected they undergo an avoided
crossing, which can be either adiabatically traversed by tuning φ very
slowly, or nonadiabatically, by increasing φ more rapidly in the region
of the avoided crossing. As the edge state enters the bulk band, it
necessarily undergoes a series of avoided crossings, which ultimately
connect the edge state to the mobility edge. (c) Intensity plot of
selected wave function amplitudes |ψj(φ)|2, for different values of the
phase φ. In all plots, dark blue and white indicate low and high
amplitudes respectively. The leftmost plot shows the state which (b)
starts out as a right edge state (blue line) for low φ, then becomes a left
edge state (red line), and after the avoided crossing at φ ' π becomes
a bulk state (grey line). The orange line indicates that separate color
scales are used for the edge and bulk states. The other two panels show
the states that start out at low φ as the topmost state in the lower
bulk band and the one below it. The avoided crossings at φ ' π can
be identified by the changing number of nodes in the wave function.
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Figure 3.6: Wave functions in the presence of randomly distributed weak impu-
rities (|ζj |/t < 0.2). The delocalized mobility edge in (a) is hardly
affected by the impurities, testifying its topological character. The
lowest energy state in (b), on the other hand, becomes completely lo-
calized at the location of the strongest impurity. For both panels, the
same distribution of impurities was used.

state just below φ ' 5π/3 occupied, an induced nonadiabatic evolution that jumps
all avoided crossings with both bulk and edge states would result in the highest
occupied state going around the full spectrum as shown schematically in Fig. 3.5a.
As φ is increased by 6π, the highest occupied state has traversed all topologically
special states in the entire spectrum and returns to its initial configuration. Stop-
ping the nonadiabatic evolution after φ is increased by 4π, however, the highest
occupied state will have moved from its initial left edge state to the right edge state
in the lowest bulk gap. In the presence of a wire connecting both ends of the chain,
we can then either adiabatically increase φ by another 2π/3, or let the system spon-
taneously relax to its ground state. Both will lead to the excited state going from
right to left through the wire. That is, current is carried through the connecting
wire in the direction opposite to that of the usual adiabatic topological transport.
This nonadiabatic transfer of charge with the same magnitude but in the opposite
direction of the usual Thouless pumping is made possible by the edge states and
mobility edges forming a connected set of states winding throughout the electronic
spectrum.
Generalizing the procedure to systems of any filling, the integer number of charges

transferred by the nonadiabatic mode of transport will equal −C, with C the total
Chern number of all occupied bands, the exact opposite of the C electrons conveyed
in the usual Thouless pump. In this sense, it acts as a sort of anti-Thouless pump.
Notice that hybrid protocols employing both adiabatic and nonadiabatic driving can
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accomplish the same thing in a much simpler fashion. In such protocols, however,
the highest occupied state is in nontopological, localized bulk states for part of
the pumping cycle. The purely nonadiabatic process suggested here, in which the
highest occupied state jumps all avoided crossings that it encounters, is special
because it depends entirely on the special nature and connectivity of the topological
edge states and mobility edge states.
The non-adiabatic topological charge pump presented here is intended purely

as an illustration of the connection between different types of topological states.
Nevertheless, non-adiabatic or hybrid protocols may in some aspects be preferable
to purely adiabatic ones in practical implementations of topological pumping. As
has been recently pointed out, the presence of a spectrum of unoccupied states
imposes much more stringent conditions for achieving adiabaticity than just the time
scale of the driving being longer than the inverse gap size [110–112]. Nonadiabatic
driving across an avoided crossing, on the other hand, can always be accomplished
by sufficiently fast changes of the driving parameters, as long as the overlap between
initial and target states is large. We confirmed that this is the case in the model
CDW system by achieving an almost complete transfer of occupation across avoided
crossings upon ramping up the driving speed.

3.7 Possible experimental implementation
To realize the proposed nonadiabatic pumping cycle in experiments, several tech-
niques for imaging the real-space structure of CDW systems can be used.

Scanning tunneling microscopy (STM) for example, can directly observe the am-
plitude and phase of charge-density modulations induced by a CDW [113–116], as
well as charge excess at the end of a chain [117]. More straightforward experimen-
tal realizations of quantized transport protocols, however, use ultracold atoms in
an optical lattice or photons in a waveguide array. The mean-field Hamiltonian
can be constructed with the help of ultracold atoms by projecting a circular optical
dipole lattice through a microscope objective [107, 118]. Introducing a weak link
between two particular sites in the lattice allows them to act as edges, while the in-
teraction term can be implemented by superimposing a rotating lattice with larger
spacing [107]. Variations of the mean-field CDW phase φ are then implemented by
shifting the phase of the rotating lattice with respect to the system edge. After a
full driving cycle, the quantized build-up of charge at the edges can be directly ob-
served using the microscope. Photons in a waveguide array are an alternative way of
directly simulating the CDW Hamiltonian [117]. Variations of the mean-field CDW
phase φ are then implemented by appropriate variations of the index of refraction.
The quantized transport of charge can be detected by injecting photons into the
waveguide at one edge and observing the intensity distribution in the waveguides
after various propagation distances. The required values for experimental param-
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3 Visualizing topological transport in charge-ordered materials

eters in both types of experiments can all be realistically obtained with existing
technology. Let us now discuss one of the proposed methods in more detail.
Using ultracold atoms, the mean-field Hamiltonian may be constructed by pro-

jecting a circular optical dipole lattice of 63 sites through a microscope objec-
tive [107, 118], e.g., with a numerical aperture of NA=0.8 [119], and a short wave
length of 532 nm [120], obtaining a waist of the projected Gaussian beams of the
order of 0.4 µm. To ensure that the projected potential is attractive at this wave
length, one could use, for example, Sr atoms to load the lattice with. Gaussian
beams with a spacing of 0.7 µm then result in a potential that closely resembles a
sine. The lattice depth will be approximately 0.3 times the depth of one Gaussian
beam. The lattice sites can be created by imaging a mask or a pattern from a
digital mirror device (DMD) through the objective [107]. In order to confine the
atoms in the direction orthogonal to the plane of the ring, an optical lattice can be
applied in that direction.
Appropriate values of the model parameters, establishing a Mott-insulator regime

with a weak residual tunneling, may be achieved by choosing a lattice depth of about
eight recoil energies, or approximately 10 kHz. The mean-field energies are then
V = 270 Hz and t = 45 Hz. A weak link may be introduced between two particular
sites in the lattice to allow them to act as edges. The strength of the tunneling
across the weak link can be adjusted arbitrarily far down from 45 Hz by increasing
the spacing between the two selected sites.
To create and move the CDW, an additional lattice with larger spacing may

be added [85]. The required specifics for this additional lattice are much more
relaxed than the ones of the primary lattice and can be freely adjusted within a
sizeable range. The rotation of the secondary lattice could be achieved by imaging
a DMD or a rotating mask onto the atoms. The life-time of the system is limited by
off-resonant scattering of the strongest, primary lattice, which for the parameters
discussed above, will be over 200 seconds. The experiment should take a few times
63 tunnel times, which is a few times 2.8 seconds, and therefore comfortably fits in
the expected experimental lifetime. The system can be prepared in its ground state
by using the Mott-Insulator transition. After a full driving cycle, the quantized
build-up of charge at the edges can be detected by quantum gas microscopy, which
directly measures the parity of the number of atoms in each lattice well.
In other words, the proposed nonadiabatic transport protocol may be done with

existing technologies.

3.8 Conclusion
In this Chapter, we visualized adiabatic and nonadiabatic topological charge trans-
port in a 1D charge-ordered system, which is well-known to be mapped precisely
onto the tight-binding model for the 2D IQHE in the Landau gauge used by Laugh-
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lin to explain topological transport in an IQHE cylinder. The absence of an electro-
magnetic field in the CDW, and hence of the need to make a gauge choice, enables
us to directly compare plots of wave functions at different values of the CDW phase.
The topological transport and dynamics of electrons in the CDW chain found here,
thus give direct insight into the detailed motion of electronic states in the IQHE as
well.
The visualisation of the topological transport brings to the fore an explicit con-

nection between edge states localized at the ends of the chain or cylinder, and the
mobility edges residing in the very centre of their bulk states. To illustrate the
connection between these two types of topological states, localized and extended,
we formulate a purely non-adiabatic protocol that nonetheless results in quantized,
topological transport of charge. The number of electrons pumped in a single cycle
is precisely equal to that of the well-known adiabatic pump, but they flow in the
opposite direction, creating a sort of “anti-Thouless” pump. We expect our conclu-
sions, and in particular the connection between edge states and the bulk mobility
edge to apply more generally to disordered topological systems. Any system with
a non-trivial Chern or Z2 invariant is guaranteed to have edge states, and similarly
mobility edges arise generically in models with disorder-induced localization. A
simplified intuitive picture of the connection between the two types of states, sug-
gested by the CDW system studied here, can then be drawn starting from an edge
state localized on one side of the system. By evolving this state as a function of
some system parameter, such as the CDW phase, it may be adiabatically connected
to an edge state on the opposite side of the system. If the evolution is adiabatic
throughout, however, a fully delocalized state must generically exist between the
two edge-localized extremes.
We discussed experiments on ultracold atoms in an optical lattice, as well as in

photonic waveguides, which can test the proposed connection between edge states
and mobility edges, as well as the nonadiabatic pumping cycle, using realistic pa-
rameter values.
We are indebted to Prof. Dr. Florian Schrek for a quantitative analysis of

experimental parameters for the realization of this phenomenon, as described in
Section 3.7.
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Appendix

3.A The mean-field Hamiltonian
To find the mean-field description of CDW in 1D, we start from the Hamiltonian
given by Eq. (3.1) with ζj = 0,

Ĥ =

N−1∑
j=1

{
−t
(
ĉ†j ĉj+1 + ĉ†j+1 ĉj

)
+ V ĉ†j ĉj ĉ

†
j+1 ĉj+1

}
. (3.9)

For now, we will use periodic boundary conditions, so that the labels j and j +N
correspond to the same site.
The idea behind the mean-field analysis is that we expect to be able to make

a reasonable guess for the ground state expectation value of the electron density
ρ(j) ≡ 〈ĉ†j ĉj〉. At the end of the calculation, one may check that the initial guess is
indeed consistent with the model we end up with. To see how we can use the fact
that we know what to expect for the density operator, first rewrite it as:

ĉ†j ĉj = 〈ĉ†j ĉj〉+ f̂j (3.10)

with f̂j ≡ ĉ†j ĉj −〈ĉ
†
j ĉj〉.

This expression defines the fluctuation operator f̂j and does not involve any ap-
proximation yet. Assuming that we do have a good guess for the expectation value
of the electron density, however, we may assume that the expectation value of the
fluctuations f̂j is small, and its square even smaller. We can use this by rewriting
the Hamiltonian in terms of the fluctuation operator and then neglecting all terms
of quadratic (or higher) order in the fluctuations:

Ĥ =

N−1∑
j=1

{
−t(ĉ†j ĉj+1 + ĉ†j+1 ĉj) +V

(
〈ĉ†j ĉj〉+ f̂j

)(
〈ĉ†j+1 ĉj+1〉+ f̂j+1

)}
(3.11)

≈
N−1∑
j=1

{
−t(ĉ†j ĉj+1 + ĉ†j+1 ĉj) +V

(
〈ĉ†j ĉj〉f̂j+1 + 〈ĉ†j+1 ĉj+1〉f̂j (3.12)

+〈ĉ†j ĉj〉〈ĉ
†
j+1 ĉj+1〉

)}
.

In the final line, we can use Eq. (3.11) to write the remaining fluctuation operators
in terms of density operators again and afterwards replace the expectation values
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〈ĉ†j ĉj〉 with the guessed electron density ρ(j):

Ĥ ≈
N−1∑
j=1

{
−t(ĉ†j ĉj+1 + ĉ†j+1 ĉj) (3.13)

+V
[
ρ(j) ĉ†j+1 ĉj+1−ρ(j)ρ(j + 1) +ρ(j + 1) ĉ†j ĉj

]}
=

N−1∑
j=1

{
−t(ĉ†j ĉj+1 + ĉ†j+1 ĉj) (3.14)

+ V [ρ(j − 1) + ρ(j + 1)] ĉ†j ĉj −2V ρ(j) ρ(j + 1))} .

The final term in this Hamiltonian is a constant that can be removed by a suitable
redefinition of the zero of energy (which is always arbitrary). Since the charge
density is a smooth and continuous function, we can also use the approximation

〈ĉ†j−1 ĉj−1 + ĉ†j+1 ĉj+1〉 ≈ 2ρ(j) (3.15)

for the final form of the mean-field CDW Hamiltonian:

Ĥ ≈
N−1∑
j=1

{
−t(ĉ†j ĉj+1 + ĉ†j+1 ĉj) + 2V ρ(j) ĉ†j ĉj

}
= ĤMF. (3.16)

In this mean-field Hamiltonian, we can now explicitly write for the electron den-
sity [103]:

ρ(j) = A cos(Qja+ φ). (3.17)

Finding and minimizing the ground state energy, in principle allows us to check
that this guess is self-consistent. Since it is not essential for the CDW topology, we
will not elaborate on the self-consistency conditions here.

3.B The Fourier-transformed Hamiltonian
Assuming periodic boundary conditions again, we can introduce creation and anni-
hilation operators for electrons whose wave functions are the plane waves:

ĉ†k =
√

1/N

N∑
j=1

e−ikja ĉ†j , (3.18)

ĉk =
√

1/N

N∑
j=1

eikja ĉj . (3.19)

29



3 Visualizing topological transport in charge-ordered materials

Notice that the plane-wave electrons can be interpreted as a (discrete) Fourier
transformation of the localized electrons. Because of the assumed periodicity of the
chain in real space, the plane wave amplitude at position j has to be equal to that
on position j +N . For the 1D chain then, k can be allowed to have discrete values
2πm/(Na), with m ∈ {1, 2, . . . , N}. Moreover because the chain consists of discrete
atoms, and the electronic wave function can only have a nonzero value at atomic
positions, the wave numbers turn out to be periodic. This means that ĉ†k=2π/a

creates the same electronic wave function (that is, it has the same amplitude on
each of the discrete atomic sites) as ĉ†k=0.

We can also express the localized electrons in terms of the plane-wave ones:

ĉ†j =
√

1/N
∑

0≤k<2π/a

eikja ĉ†k, (3.20)

ĉj =
√

1/N
∑

0≤k<2π/a

e−ikja ĉk . (3.21)

These equations can be substituted directly into the Hamiltonian of Eq. (3.16):

ĤMF =
1

N

∑
j

∑
k

∑
k′

[
−teikjae−ik

′(j + 1)a −teik(j + 1)ae−ik
′ja (3.22)

+2V A cos(Qja+ φ)eikjae−ik
′ja
]
ĉ†k ĉk′ .

In these expressions, we can write the cosine as a sum of exponents:

2 cos(Qja+ φ) = ei(Qja+ φ) + e−i(Qja+ φ). (3.23)

Applying the definition of the Dirac delta function

δk,k′ = (1/N)
∑
j

ei(k − k
′)ja (3.24)

then allows us to perform the sum over one of the momenta:

ĤMF =
1

N

∑
k

∑
k′

(
−tδk,k′e−ik

′a − tδk,k′eika (3.25)

+V Aeiφδk+Q,k′ + V Ae−iφδk−Q,k′
)
ĉ†k ĉk′

=
∑

0≤k<2π/a

{
−2t cos(ka) ĉ†k ĉk +V Aeiφ ĉ†k ĉk+Q +V Ae−iφ ĉ†k ĉk−Q

}
. (3.26)
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3.C The Hamiltonian in matrix form

To facilitate the use of numerical software for calculating the eigenvalues of the
Hamiltonian, it is convenient to write it in matrix form:

ĤMF =
∑
k

(
ĉ†k+Q, ĉ

†
k+2Q . . . ĉ

†
k+qQ

)
Hk


ĉk+Q
ĉk+2Q

...
ĉk+qQ

 . (3.27)

In this expression, we assumed Q = n2π/a, with n = p/q a co-prime fraction.
While writing the Hamiltonian this way, however, one should be careful with the
sum over wave numbers. If we simply sum k over the values 2πm/(Na), with
m ∈ {1, 2, . . . , N}, electrons with momentum equal to for example 3Q/2 will be
created both by the first component ĉ†k+Q of the vector of creation operators (for
k = Q/2), and by the final component ĉ†k+qQ in the vector (for k = 3Q/2). The
eigenvalues of the Hamiltonian matrix Hk, however, will correspond directly to the
energies of ĤMF only if it is expressed in an orthonormal basis, or equivalently if the
every possible electron state is created only once within the sum over k. This can be
achieved by restricting the range of momentum values summed over to 2πm/(Na),
with m ∈ {1, 2, . . . , N/q}. Notice that the restricted range of momenta consists
precisely of all momenta within the so-called reduced BZ that corresponds to the
enlarged real-space unit cell of size qa in the CDW state.

To find the matrixHk for the 1D chain, we thus first rewrite the equation for ĤMF
such that it contains only a sum over this restricted range of momentum values:

ĤMF =
∑

0≤k<2π/a

{
εk ĉ
†
k ĉk +V Aeiφ ĉ†k ĉk+Q +V Ae−iφ ĉ†k ĉk−Q

}
(3.28)

=
∑

0≤k<2π/qa

q∑
n=1

{
εk+nQ ĉ

†
k+nQ ĉk+nQ + V Aeiφ ĉ†k+nQ ĉk+(n+1)Q (3.29)

+ V Ae−iφ ĉ†k+(n+1)Q ĉk+nQ

}
.

In this expression, we used (q + 1)Q = Q, which follows from the periodicity of the
wave numbers.

Writing out this equation in the desired matrix form, yields the final expression
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for Hk:

Hk =



εk+Q ∆̃ 0 . . . 0 ∆̃∗

∆̃∗ εk+2Q ∆̃ 0 . . . 0

0 ∆̃∗
. . . . . .

...
... 0

. . . 0

0
... ∆̃

∆̃ 0 . . . 0 ∆̃∗ εk+qQ


. (3.30)

Recall that here, ∆̃ = V Aeiφ, and k + qQ = k owing to the periodicity of the wave
numbers. Note that this form of the matrix does not apply to the special case q = 2,
which we do not consider.

3.D Calculating the topological invariant
To clarify how the Chern number can be straightforwardly calculated for charge-
ordered materials, we consider a 1/3 filled chain with periodic boundary conditions.
The Hamiltonian Hk from Eq. (3.8) then reads

Hk(k) =

−2t cos ka V Aeiφ V Ae−iφ

V Ae−iφ −2t cos(ka+ 2π/3) V Aeiφ

V Aeiφ V Ae−iφ −2t cos(ka+ 4π/3)

 . (3.31)

The amplitude of the mean-field parameter V A may be assumed to be much smaller
than t. The 1/3 filling implies that the chemical potential lies within the lowest
energy gap for all values of φ. The periodic boundary conditions remove all edge
states from the spectrum and allows the Chern number to be calculated as an
integral over the periodic BZ.
This Hamiltonian has the same form as Harper’s equation, describing the IQHE,

upon identifying k → kx and φ→ ky. Its energy spectrum is presented in Fig. 3.1a.
The Chern number cm may now be computed as an integral of the Berry curvature

Ωmkφ over the first BZ, calculated for the one occupied band of energy eigenstates:

Ωmkφ = 〈∂kψm|∂φψm〉 − 〈∂φψm|∂kψm〉 ,

cm =
1

2πi

∫ 2π

0

dφ

∫
BZ

Ωmkφdk.
(3.32)

The resulting Chern number is the topological index, which characterizes the
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CDW and yields the number of electrons in the mth band that are adiabatically
transported around the chain upon varying the phase φ over one period.

Because the Chern number is a topological quantity, it is invariant under trans-
formations of the Hamiltonian that affect both its eigenvalues and eigenvectors, as
long as the transformations do not cause any band inversions. We use this fact to
calculate the Chern number for the CDW in a straightforward manner. All that is
needed is to consider the three special points k1 = −π/3a, k2 = 0 and k3 = π/3a,
at which band inversions might occur. At these points, the eigenstates can be ap-
proximated by leaving all off-diagonal elements out of the Hamiltonian, except for
those two that connect the two states which are nearly degenerate. Since 1/3 filling
involves only the lowest band, we are interested only in the near degeneracies at k1
and k3. Near the point k1, the lowest energy eigenstate can then be approximated
by writing

Hk(k1, φ) ≈

 −t V Aeiφ 0
V Ae−iφ −t 0

0 0 t

 , (3.33)

|ψ1〉 ≡ |ψ(k1, φ)〉 =
1√
2

 1

−e−iφ
0

 . (3.34)

For point k3, we should instead consider

Hk(k3, φ) ≈

 −t 0 V Ae−iφ

0 2t 0
V Aeiφ 0 −t

 , (3.35)

|ψ2〉 ≡ |ψ(k3, φ)〉 =
1√
2

 1
0
−eiφ

 . (3.36)

In between these two near degeneracies, at k = 0, the lowest energy state is far
from all other states, and may be approximated as |ψ(k2, φ)〉 = (1, 0, 0)†.

The eigenvectors in Eq. (3.34) and Eq. (3.36) are determined up to an arbitrary
phase factor only. The calculation of the Chern number will become particularly
straightforward if we divide the BZ into two parts, S1 ∈ [k1, k2] and S2 ∈ [k2, k3],
and choose different conventions for the phase of the eigenvectors in each region.
The lowest energy eigenstates can then be defined to be:

|Ψ1(k, φ)〉 =
1√
2

√2− α2(k)
α(k) e−iφ

0

 , (3.37)
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|Ψ2(k, φ)〉 =
1√
2

√2− β2(k)
0

−β(k) eiφ

 . (3.38)

Here, α(k) is some real function with values 1 and 0 at momenta k1 and k2 re-
spectively, and β(k) is a real function with values 0 and 1 at momenta k2 and k3
respectively. The formula for the Berry curvature given in Eq. (3.32) then yields

S1 : Ω1
kφ = −iα′α, S2 : Ω1

kφ = iββ′. (3.39)

The Chern number can be found to be

c1 =
1

2πi

∫ 2π

0

dφ

[
−i
∫ k2

k1

α′αdk + i

∫ k3

k2

ββ′dk

]
= +1. (3.40)

This result shows that the CDW acts as a Thouless pump, by transferring one
electron through the wire connecting its ends as the charge order slides by one
wavelength. This is the CDW-analogue of the well-known result for the IQHE [80].
A similar calculation will show that the Chern number c2 for the second band

equals −2 while that for the uppermost band is again 1. In terms of quantized
transport between edges in an open CDW chain, this means that for filling fraction
n = 1/3 sliding the CDW over a single wave length results in a single electron being
transferred in the direction of sliding. For a filling of n = 2/3 we have c1 + c2 = −1,
so that a single electron will instead be transferred in the direction opposite to the
sliding motion.
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4.1 Introduction
Solitary waves were introduced in physics by J.S. Russell in 1834 [121], after he
observed one traveling for miles along the Union Canal near Edinburgh, Scotland,
without altering its shape or speed. The dynamics of this particular wave was later
described using the Korteweg–de Vries equation [122], but the idea of solitary waves
as stable, localized configurations with finite energy in any medium or field [123]
turned out to be much more general. They are now known to occur and play
an important role in almost all areas of physics, including particle physics [124],
cosmology [125, 126], (nonlinear) optics [127, 128], condensed-matter theory [129–
131], and biophysics [132].

To understand the generic properties of solitary waves, one can consider in the
most elementary models or field theories possible. Two famous examples are the
sine-Gordon and the ϕ4 models.
The sine-Gordon model is an integrable model [133] with infinitely many con-

served quantities in its field configurations. The solitary waves in this model can
pass through one another while retaining their individual sizes and shapes [134],
and for this reason they are named solitons. Solitons have found many applica-
tions including, for example, the analysis of seismic data [135], convecting nematic
fluids [136], Josephson-junction arrays [137, 138], and magnetic materials [139].
The ϕ4 theory was first introduced by Ginzburg and Landau as a phenomenolog-

ical theory of second-order phase transitions [25]. Since then, it has been identified
as a low-energy effective description of phenomena in almost any field of physics,
making the detailed understanding of its fundamental properties and excitations
particularly relevant. The ϕ4 theory can be extended to higher order [68, 140–142],
as well as more structured fields [143–148], but the classical scalar theory already
contains all essential ingredients required to describe the emergence, dynamics, and
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interactions of solitary waves. In contrast to the sine-Gordon model, the ϕ4 theory
is not-integrable, and although it possesses stable and localized solitary wave ex-
citations of finite energy called kinks [123], they cannot pass through one another
unaffected, as the solitons do in the sine-Gordon model [59].

4.2 Topological sectors
In this section, we review the main general concepts of classical field theories. The
reader familiar with these concepts might wish to skip it.
Consider a classical, real, and scalar field ϕ = ϕ(t, x) in (1 + 1)-dimensional

space-time [59, 149, 150]. Its dynamics is determined by the Lagrangian density:

L =
1

2

(
∂ϕ

∂t

)2

− 1

2

(
∂ϕ

∂x

)2

− U(ϕ). (4.1)

The specific potential U(ϕ) = m2ϕ2 yields a free scalar field theory, whose equation
of motion is described by the classical Klein-Gordon equation. More generally, the
function U(ϕ) can be thought of as a self-interaction potential of the field ϕ. We
can always use the freedom to choose the zero of energy to ensure that U(ϕ) is a
nonnegative function of ϕ, whose minimum value is precisely zero.
Using the Euler-Lagrange equation, the equation of motion for ϕ(t, x) is found

to be:

∂2ϕ

∂t2
− ∂2ϕ

∂x2
+
dU

dϕ
= 0. (4.2)

For a static, time independent solution this simplifies to d2ϕ/dx2 = dU/dϕ. The
dynamics of an initial field configuration ϕ(t0, x) may be studied by numerically
solving the equation of motion on a discrete lattice [61, 151].
The energy of any field configuration ϕ(x, t) is given by the functional:

E[ϕ] =

+∞∫
−∞

[
1

2

(
∂ϕ

∂t

)2

+
1

2

(
∂ϕ

∂x

)2

+ U(ϕ)

]
dx. (4.3)

Notice that in spite of the time dependence of ϕ, the energy E[ϕ] is a time-
independent, conserved quantity. The energy of a static ground state field con-
figuration is sometimes referred to as the mass of that field. This should not be
confused with the Klein-Gordon mass parameter m in a free field theory. For the
energy in Eq. (4.3) to be finite, the integral should converge. This yields the re-
quirement that all physical fields ϕ(t, x) approach a minimum of U(ϕ) sufficiently
quickly as x approaches positive or negative infinity.
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If there is only a single minimum in U(ϕ), at ϕ = ϕ
(1)
v , then the field config-

uration ϕ(t, x) = ϕ
(1)
v is the vacuum or ground state of the system. If there are

multiple, degenerate minima ϕ(1)
v , ϕ(2)

v , and so on, they together form a vacuum
manifold and any field configuration ϕ(t, x) = ϕ

(j)
v is a possible ground state. It

is also feasible however, to find static field configurations that approach distinct
minima at opposing boundaries of space (x = ±∞). These types of solutions are
called topological [149, 150, 152], and more generally, one may divide all static con-
figurations into topological sectors labelled by the set of minima they approach at
spatial infinity. This is indicated schematically in Fig. 4.1.
The energy of a static field in any topological sector may be written in a partic-

ularly convenient form by introducing the so-called superpotential W (ϕ), defined
by:

U(ϕ) =
1

2

(
dW (ϕ)

dϕ

)2

. (4.4)

The superpotential always exists for the nonnegative function U(ϕ), which is our
key assumption. Using the superpotential, the expression for the energy in Eq. (4.3)
can be written for a static field configuration as:

E[ϕ] =
1

2

+∞∫
−∞

[(
dϕ

dx

)2

+

(
dW

dϕ

)2
]
dx =

1

2

∫ (
dϕ

dx
− dW

dϕ

)2

dx+

∫
dW

dϕ

dϕ

dx
dx

=
1

2

∫ (
dϕ

dx
− dW

dϕ

)2

dx+
(
W |ϕ(x=+∞) −W |ϕ(x=−∞)

)
. (4.5)

From the final line, it is clear that any field in a given topological sector nec-
essarily has an energy E ≥ EBPS, with the minimum possible energy EBPS =(
W |ϕ(x=+∞) −W |ϕ(x=−∞)

)
. It always can be chosen to be positive, so it is re-

garded as a soliton mass and is named after Bogomolny, Prasad, and Sommer-
field [153, 154], we will denote it by M . Any field configuration with energy equal
to EBPS is said to saturate the BPS bound.
Since the integral in the final line of Eq. (4.5) is over a squared function, the

only way to obtain a BPS saturated configuration is to have a field obeying the
condition:

dϕ

dx
=
dW

dϕ
=
√

2U. (4.6)

If such a field configuration does exist, it is guaranteed by the variational principle
to be a ground state for its topological sector. The Euler-Lagrange Eq. (4.2) is
therefore automatically satisfied by solutions of Eq. (4.6), even though the latter is
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Figure 4.1: (a) — (b) Scheme of asymptotic behavior at x→ ±∞ of nontopolog-
ical solutions, e.g. the vacuum, when ϕ(i)

v = ϕ
(j)
v . (c) — (d) Scheme

of asymptotic behavior at x → ±∞ of topological solutions, when
ϕ
(i)
v 6= ϕ

(j)
v .

only a first order differential equation.

4.3 Solitons in the sine-Gordon model
In this section, we review the main general concepts of the sine-Gordon model. The
reader familiar with these concepts might wish to skip it.
The self-potential in Eq. (4.1) of the sine-Gordon model reads

U(ϕ) =
m2

β2
(1− cosβϕ) , (4.7)

but in the following we will use the dimensionless form

U(ϕ) = 1− cosϕ, (4.8)

which is presented in Fig. 4.2a. This potential has a vacuum manifold ϕ(j)
v = 2πj

for any integer j. The equation of motion Eq. (4.2) for this potential becomes:

∂2ϕ

∂t2
− ∂2ϕ

∂x2
+ sinϕ = 0. (4.9)

A nontrivial topological static solution, i.e. a soliton is

ϕS(x) = 4 arctan [exp (x− a)] , (4.10)
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4.3 Solitons in the sine-Gordon model

where a is an arbitrary center of the soliton that is characterized by width lS ' 1.
The plot of this function in presented in Fig. 4.2b. This solution satisfies not only
Eq. (4.9), but also Eq. (4.6) for potential in Eq. (4.8). It means that it is a stable
configuration, with the minimum possible energy MS = 8 from Eq. (4.5) for any
field connecting two distinct vacua at zero and 2π. Another topological solution,
called antisoliton and written ϕS = −ϕS , connects the same two vacua, but in the
opposite direction.
Finally, owing to the Lorentz invariance of the d’Alembert operator in Eq. (4.9),

the static (anti)soliton in Eq. (4.10) may be boosted to yield a dynamical one, that
moves with a constant velocity v:

ϕS(t, x) = ±4 arctan
[
exp

(
x+ a− vt√

1− v2

)]
. (4.11)

Here, v is measured in units of the speed of light with respect to the choice of units
in Eq. (4.9), where speed of light is equal to one in the d’Alembert operator.

Figure 4.2: (a) The self-interaction potential U for the sine-Gordon model given
by Eq. (4.8). (b) The soliton solution for the sine-Gordon model for
a = 0 given by Eq. (4.10).

An interesting feature of this model is that one can find analytically one more
solution called breather [155], a localized nontopological infinitely-long-lived solu-
tion that is periodic in time. “Like” this breather, a quasi-long-lived solution in
the ϕ4 model was found (or bion in (1 + 1) dimensions, it will be discussed later
in Section 6.4 of Chapter 6) that is called quasi-breather [64]. However, there is a
big difference between these two solutions. In the sine-Gordon model, it arises as
an independent solution of the equation of motion, while in the ϕ4 theory it is a
consequence of interactions between two solitary waves. The analytical studies of
the breathers with perturbation theory converged in the case of the sine-Gordon

39



4 Introduction to solitary waves
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Figure 4.3: The Josephson junction.

theory, while for the ϕ4 model it was only asymptotic. This means that to some
order in perturbation theory the spatial localization of the breather is destroyed.
Hence, that only solutions with a small amplitude of oscillating tails extending to
infinity and of infinite energy are possible in the continuum theory [156]. The names
breather for the sine-Gordon model and quasi-breather for the ϕ4 model have been
chosen historically due to visual similarity, and are still used, although the nature
of these two objects is completely different.

4.4 Josephson effect
As we mentioned above the sine-Gordon model has a lot of applications in physics.
Now, we dwell one such application in detail. The Josephson effect [157, 158] is
a phenomenon characterized by an electric current that flows indefinitely without
any applied voltage, across two superconductor regions S1 and S2 (see Fig. 4.3)
separated by a few nanometer layer of an insulating material (width d) that acts as
a potential barrier. This device is called a Josephson junction because the physical
phenomenon was theoretically predicted by Brian David Josephson [20] in 1962
(Nobel prize in 1973). It was then experimentally verified a year after [21].
Originally, the wavefunctions ψ1 and ψ2 and the phases φ1 and φ2 of the two

superconductors S1 and S2 are independent (see Fig. 4.3). By decreasing the insu-
lating interlayer one can experimentally measure the electromagnetic radiation from
the point contact with the frequency ν = V KJ , where V is an applied transition
voltage, KJ = Φ−10 is the Josephson constant, and Φ0 = h/2e is the magnetic flux
quantum. Note that in Chapter 2 we already faced a magnetic flux quantum in
the IQHE φ0 = h/e. The differences in factors may be explained by the number
of quantized electron-carriers. In this state, the system may be described by a sin-
gle macroscopic wave function ψ ∝ exp(iφ). That means that electrons are going
through the Josephson contact (Josephson tunneling) like so-called Cooper pairs
(becoming one boson instead of two fermions), and here φ is the quantum phase
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4.5 Kinks in the ϕ4 model

common to all Cooper pairs. This phase has a shape of the soliton, however, it is
not yet related to the sine-Gordon model, because V is fixed and the “soliton” can-
not move in this system. The interesting physical quantity in this experiment is a
quantum of magnetic flux Φ0, or a fluxon, that has a soliton-like behavior [158, 159].
It corresponds to the difference ±2π in the quantum phase φ in the wave function
ψ across the insulator separating the two superconducting electrodes. To obtain it
one should consider a ring geometry and a magnetic field passing through it. This
yields a static soliton because the position of the insulator is fixed. To obtain a
moving soliton, one has to consider a Josephson junction array, namely an array of
rings. Each ring then is characterized by its own phase, and this phase difference
can move in between rings representing the soliton motion.
The above mentioned soliton is described by some modification of Eq. (4.9) [159],

and the Josephson effect allows to observe the soliton dynamics in a real setup.
For example, single-soliton [160] and multi-soliton [161, 162] dynamics were stud-
ied in a ring-shaped junction geometry. Using low-temperature scanning electron
microscopy, one may also consider the Lorentz contraction of soliton [163] and
multi-soliton modes in long junctions [164–167].
Besides nonlinear solitons, the sine-Gordon equation given by Eq. (4.9) has an-

other solution ϕ ∝ exp [i( k x− ω t)] in linear order approximation (sinϕ ' ϕ),
which is called plasma waves, with dispersion relation ω2 = 1 + k2, where k is some
wavenumber and ω is some frequency. In real setups, plasma waves are generated
when fluxons move through some inhomogeneity in the junction [24], which might
influence the motion of fluxons.
In most real samples, one cannot avoid the presence of inhomogeneities and de-

fects. Thus, it is interesting to study the influence of an inhomogeneity on the
soliton dynamics in the sine-Gordon model. Some researches already looked at
this model in presence of perturbation [39, 168, 169], including the variable mass
the sine-Gordon model [170–172]. We will consider another type of inhomogeneity.
Because it is always interesting to compare the effects of integrability and noninte-
grability, we study both, the sine-Gordon and the ϕ4 models simultaneously.

4.5 Kinks in the ϕ4 model
In this section, we review the main general concepts of the ϕ4 model. The reader
familiar with these concepts might wish to skip it.
The simplest scalar field theory having distinct topological sectors is the so-called

the ϕ4 theory. It is defined as a particular instance of the general model of Eq. (4.1),
with the self-interaction potential equal to

U(ϕ) =
λ

4

(
m2

λ
− ϕ2

)2

, (4.12)
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and in the dimensionless form

U(ϕ) =
1

4
(1− ϕ2)2, (4.13)

which is presented in Fig. 4.4a. The equation of motion given by Eq. (4.2) with this
potential becomes

∂2ϕ

∂t2
− ∂2ϕ

∂x2
+ ϕ3 − ϕ = 0. (4.14)

This equation has a finite number of trivial solutions, in contrast to Eq. (4.9), given
by ϕ = 0, ϕ(1)

v = −1, and ϕ(2)
v = 1. The solution ϕ = 0, sitting at a maximum of

Eq. (4.13), is unstable, while the solutions ϕv = ±1 form two stable and degenerate
ground states.
The nontrivial solutions of Eq. (4.14) lie in a topological sector where the field

approaches one minimum as x → −∞, and the other minimum as x → ∞. One
such stable configuration, with the minimum possible energy for this choice of two
distinct vacua is

ϕK(x) = tanh

(
x− a√

2

)
, (4.15)

where a is a center of the kink. It is easily checked that this solution satisfies both
Eq. (4.14), and the BPS condition of Eq. (4.6) with substituted Eq. (4.13). This
topological solution is often called a kink, and it is presented in Fig. 4.4b. The
center of the kink lies at the position x = a, and it has a characteristic width
lK '

√
2. Another topological solution, called antikink, and written ϕK = −ϕK ,

connects the same two vacua, but in the opposite direction.
Because the energy does not depend on the kink position a, translations of the

kink in space may be interpreted as zero-energy excitations. There is also a stable
excitation mode of the kink at nonzero energy [150], which can be interpreted as
an internal or vibrational mode (see Appendix 4.A).
From Eq. (4.5) the valueMK = 2

√
2/3 can be found for the energy or mass of the

kink. Finally, owing to the Lorentz invariance of Eq. (4.14), the static kink solution
may be boosted to yield a dynamical solution in which the kink (or antikink) moves
with a constant velocity

ϕK(t, x) = ± tanh

(
x+ a− vt√

2(1− v2)

)
. (4.16)

Here, v is the velocity of the kink measured in units of the speed of light.
Apart from trivial solutions and the kink the Eq. (4.14) has one more, that is
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4.6 Proteins

Figure 4.4: (a) The self-interaction potential U for the ϕ4 model given by
Eq. (4.13). (b) The kink solution for the ϕ4 model for a = 0 given by
Eq. (4.15).

periodic and may be expressed in terms of elliptic sine:

ϕ(x) = ϕ0 sn (bx, k), with k2 =
ϕ2
0

2− ϕ2
0

, b2 = 1− ϕ2
0

2
. (4.17)

Here, the amplitude ϕ0 is taken to lie between zero and one. In the limit ϕ0 → 1,
the elliptic sine solution approaches the kink configuration (see Fig. 4.5). For more
detail see Appendix 4.B.

4.6 Proteins
One of the most exciting applications of the kinks of ϕ4 model is an approach in the
description of the tertiary structure of proteins [40–42]. The latter are polymers of
amino acids, originally a one-dimensional chain (the primary structure), however,
they usually may perform specific functions in cells only after correct folding in
three dimensions (the tertiary structure). In [40] it was shown that the tertiary
structure of proteins (to be more precise helix-loop-helix motif) may be successfully
modeled resorting to an effective ϕ4 field theory that is based on a local symmetry
of proteins. In this approach, the geometrical configuration of a protein chain is
represented by a one-dimensional curve with topologically stable inflection points,
in which the curve becomes flat. These points are represented exactly by the kinks.
As an example, we reproduce here the results from [41], in which 153 amino-acid

Myoglobin with Protein Data Bank (PDB) code 1M6C was reproduced using the
above mentioned approximation. This particular backbone structure is known to a
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Figure 4.5: The solution ϕel(x) depending on the parameter ϕ0. (a) For ϕ0 = 0.1
(solid green line), ϕ0 = 0.5 (dashed blue line) and ϕ0 = 0.9 (dotted red
line). (b) For ϕ0 = 0.991 (solid pink line) and ϕ0 = 0.999 (dashed gray
line). The period of the plotted function expanses with the increasing
of the value ϕ0.

Figure 4.6: Visualisation of the protein structure by depicting torsion τi (blue
dots) and bending κi (pink dots) angels, where κi changes a sign when-
ever there is an inflection point. The indexing refers to the position
of amino acids along the backbone. Reprinted from [41].

resolution of 1.90 Å in root-mean-square distance (RMSD) from X-ray crystallog-
raphy [174]. In [41] was shown that entire fold can be encoded into some global
parameters of the function that is introduced as an ansatz (similar [41] to Eq. (4.16))

x̃(t) =
b exp [c1(t− t0)]− a exp [c2(t− t0)]

exp [c1(t− t0)] + exp [c2(t− t0)]
(4.18)
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4.6 Proteins

Figure 4.7: (a) Photographs of a model of the Myoglobin molecule. Polypeptide
chains are white, the gray disk is the hem group. The spheres show
positions at which heavy atoms were attached to the molecule. The
marks on the scale are 1 Å. Reprinted from [173]. (b) The juxtapo-
sition of the native three-dimensional structure of the 1M6C protein
from PDB (green) together with its reconstruction in terms of approxi-
mate ansatz (purple). The RMSD distance between two configurations
is around 1.27 Å. Reprinted from [41].

that describes the geometry of a native folded protein. Here, t is a length parameter
that measures the distance along a static protein backbone and other parameters
may be specified using a particular protein. As it was shown, a modification of
this ansatz may describe bond κi and torsion τi angles, and it has an atomic-level
accuracy. In Fig. 4.6 a geometric structure of the 1M6C protein is presented. In
Fig. 4.7a we show X-ray crystallography and in Fig. 4.7b the juxtaposition of the
native three-dimensional structure of the 1M6C protein from PDB together with
its reconstruction in terms of an approximate ansatz.
Today, modeling the protein structure that is based on classical molecular dynam-

ics is promising, however, it is restricted only to some types of folding proteins [175].
For a more precise description of the tertiary structures much larger scale computing
power than is available nowadays is necessary [176]. As a result, the gap between
the number of known sequences and studied structures remains high.
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On the contrary, protein dynamics within a Monte Carlo simulation of the field
theory looks promising and shows that the protein clusters provide a mechanism of
the protein folding [42] that is related to the functions of the proteins. According
to the fact that the dynamics of the protein may be defined by the correspond-
ing kink dynamics [42], we expect that our research of kink-impurity interactions
might help in a better understanding kink dynamics, thus, make a step forward
in the understanding of protein misfolding, therefore, the understanding of disease
mechanisms.
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4.A Internal kink excitation mode

Appendix

4.A Internal kink excitation mode
To describe internal excitations of any static configuration ϕs(x), we can consider
small perturbations on top of the static solution [150]:

ϕ(t, x) = ϕs(x) + δϕ(t, x). (4.19)

Here, ϕs is a time-independent field satisfying the general Eq. (4.2). The perturba-
tion δϕ(t, x) may have any shape, but we assume its amplitude |δϕ| � |ϕs| to be
small compared to that of the static field.
Substituting this equation for the field ϕ(t, x) into the Eq. (4.2), and keeping only

terms up to linear order in the perturbation δϕ(t, x), yields the condition:

∂2δϕ

∂t2
− ∂2δϕ

∂x2
− δϕ+ 3ϕ2

sδϕ = 0. (4.20)

This equation can be solved using a separation of variables, by substituting the
ansatz:

δϕ(t, x) =
∑
i

δψi(x) cos(ωit+ θi). (4.21)

The temporal phase differences θi between distinct excitation modes will be set to
zero from here on without loss of generality. Inserting the ansatz into the linearized
equation of motion results in a set of Schrödinger-like equations, Ĥ δψi = E δψi,
with:

Ĥ = − d2

dx2
+ 3ϕ2

s − 1, (4.22)

E = ω2
i . (4.23)

Thus, the original problem of solving the linearized equation of motion can be
restated as the search for all eigenvalues ω2

i and eigenstates δψi(x) of the linear
operator Ĥ. Notice however, that these eigenfunctions accurately describe the
excitation modes only in the limit of small amplitude, where ignoring higher order
terms in Eq. (4.20) is justified. The exponential dependence of δϕ on ωi in Eq. (4.21)
implies that any eigenstate of the Hamiltonian with eigenvalue ω2

i < 0 corresponds
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to an instability of ϕs(x). If the initial configuration ϕs is a stable, static solution
to the equation of motion, such negative-energy excitation modes should not occur.
For Lagrangian densities with translational symmetry, there always exists a zero-

energy excitation that corresponds to a rigid translation of the initial state. To see
this explicitly for the ϕ4 theory, first notice that the Hamiltonian in Eq. (4.22) can
be written in terms of the potential given by Eq. (4.13) as:

Ĥ = − ∂2

∂x2
+
d2U

dϕ2
. (4.24)

Then, compare this to the spatial derivative of the static version of Eq. (4.2), which
can be written as:

−d
2ϕ′

dx2
+
d2U

dϕ2
· ϕ′ = 0. (4.25)

Here, ϕ′ = ∂ϕ/∂x is the spatial derivative of the static field ϕ(x). Any solution
ϕs to the equation of motion, is also a solution to Eq. (4.25). On the other hand,
this equation may be interpreted as the Schrödinger equation Ĥϕ′ = Eϕ′ with zero
energy and Ĥ defined by Eq. (4.24). We thus find that for every solution ϕs to the
equation of motion, there exists a zero-energy excitation δϕ(t, x) ∝ ϕ′s.
Focusing now on the specific case of kinks in the ϕ4 theory, consider ϕs to be

the static kink configuration of Eq. (4.15), with a = 0. The Hamiltonian whose
eigenfunctions are the excitation modes of the kink, then becomes:

Ĥ = − d2

dx2
− 3

cosh2
(
x/
√

2
) + 2. (4.26)

The eigenvalue equation for this specific Hamiltonian happens to be a well-known
problem with an analytic solution [177]. There are two eigenfunctions, correspond-
ing to two distinct excitation modes of the kink:

δψ0(x) =

(
3

4
√

2

)1/2
1

cosh2
(
x/
√

2
) with ω0 = 0, (4.27)

δψ1(x) =

(
3

2
√

2

)1/2 sinh2
(
x/
√

2
)

cosh3
(
x/
√

2
) with ω1 =

√
3/2. (4.28)

The zero-energy solution δψ0 is proportional to ϕ′K , the spatial derivative of the
kink solution. We thus recognise it as the translational mode that shifts the kink
along the spatial axis. The mode at nonzero excitation energy, δψ1, corresponds to
vibrations of the kink around its equilibrium shape, which do not affect the location
at which the field value crosses zero. The vibrational mode at nonzero energy can
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Figure 4.8: The plot of the Eq. (4.30) (up to a constant 0.25). The arrow shows
the solution ϕ(x) (after identification X(T )→ ϕ(x)) for ϕ0 = 0.5 that
corresponds to a dashed blue line in the Fig. 4.5.

be excited during kink collisions, and enables the formation of resonance windows
or quasi-long-lived wobbling kink [178, 179].

4.B Elliptic sine solution
To analytically find static solutions of the Eq. (4.14) in the ϕ4 theory, we assume
that there exists a stationary solution ϕ(x) that must then obey the equation of
motion with vanishing time derivatives:

d2ϕ

dx2
= ϕ3 − ϕ. (4.29)

To get some feeling for this equation, notice that it is reminiscent of Newton’s
second law of motion, −dV/dX = md2X/dT 2, where the role of time T is played
by the coordinate x, and the position X corresponds the field value ϕ. In other
words, the configuration ϕ(x) may be read as the trajectory X(T ) of a particle with
mass m = 1, subject to the potential:

V (X) = −1

4

(
1−X2

)2
. (4.30)

This potential is displayed in Fig. 4.8. For initial conditions X(0) = X0 < Xmax

and dX/dT = 0, the particle motion will consist of periodic oscillations between
X0 and −X0. These stable trajectories all correspond to static solutions of the ϕ4

theory, after substituting back X(T )→ ϕ(x).
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We can find an analytic expression for the static field configurations by first
integrating both sides of Eq. (4.29):

d2ϕ

dx2
+ ϕ− ϕ3 = 0, (4.31)∫

dx
dϕ

dx

(
d2ϕ

dx2
+ ϕ− ϕ3

)
=

∫
dx

dϕ

dx
(0) , (4.32)

1

2

(
dϕ

dx

)2

+
1

2
ϕ2 − 1

4
ϕ4 = C. (4.33)

Here, C is a constant of integration. Using intuition based on the particle trajectory
analogy, we can choose boundary conditions such that ϕ = ϕ0 at the point where
dϕ/dx = 0. This yields C = ϕ2

0/2 − ϕ4
0/4, and suggests separating the amplitude

and spatial dependence of the field, by writing ϕ(x) = ϕ0 χ(x), with |χ(x)| ≤ 1. In
terms of these new variables, Eq. (4.31) becomes:(

dχ

dx

)2

= 1− χ2 − 1

2
ϕ2
0

(
1− χ4

)
≡ b2(1− χ2)

(
1− k2χ2

)
. (4.34)

In the final line, we introduced the definitions:

k2 =
ϕ2
0

2− ϕ2
0

, b2 = 1− ϕ2
0

2
. (4.35)

Because we know from the particle trajectory analogy that there will be no stable
solutions for |ϕ0| > 1, we always have 0 ≤ k2 ≤ 1, and 1/2 ≤ b2 ≤ 1. Integrating
Eq. (4.34) now yields: (

dχ

dx

)2

= b2(1− χ2)
(
1− k2χ2

)
, (4.36)∫ x′

0

dx
|dχ/dx|√

(1− χ2) (1− k2χ2)
=

∫ x′

0

dx b, (4.37)∫ χ(x′)

χ(0)

dχ√
(1− χ2) (1− k2χ2)

= bx′. (4.38)

In the final line, we assumed that dχ/dx is positive over the integration interval. It
is easily checked that the final solution we obtain below will be valid also along inter-
vals where dχ/dx is negative, and that these intervals connect smoothly. Choosing
χ(0) = 0 without loss of generality, and making the substitutions χ ≡ sin(ψ) and
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Figure 4.9: The dependence of the period T given by Eq. (4.41) of the elliptic
function on the parameter ϕ0.

C ′ ≡ arcsinχ(x′), Eq. (4.36) reduces to:∫ C′

0

dψ√(
1− k2 sin2 ψ

) = bx′. (4.39)

The integral on the left hand side is a standard integral, known as the incomplete
elliptic integral of the first, and is often denoted F(C ′, k) [180]. Using the known
properties of the elliptic integral, Eq. (4.39) can be inverted, and yields the solution
χ(x′) = sn(bx′, k), with sn(bx, k) the elliptic sine [180]. The static solutions to the
equation of motion for the ϕ4 theory can thus finally be written as:

ϕs(x) = ϕ0 sn(bx, k). (4.40)

For ϕ0 < 1, these solutions are the elliptic sines shown in Fig. 4.5. For very small
values of ϕ0, the elliptic sine approaches sin(x), and the static solution corresponds
to small sinusoidal oscillations around the unstable homogeneous solution ϕ = 0,
which it approaches in the limit ϕ0 → 0.
To understand the opposite limit, of ϕ0 → 1, notice that the period of the static

solution ϕs(x) is given by [180]:

T =
4F(π/2, k)√

1− 0.5ϕ2
0

. (4.41)

The period is plotted as a function of ϕ0 in Fig. 4.9. As ϕ0 approaches one, the
period diverges. In terms of the particle trajectory analogue, this situation cor-
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responds to the massive particle starting out precisely in an unstable equilibrium
state on one of the potential maxima. If the particle at some point (spontaneously,
or due to an infinitesimal perturbation) leaves the unstable maximum, it traverses
the minimum in the potential and ends up at the opposite maximum at infinite
time.
In terms of the field ϕs(x), the same limiting behavior corresponds precisely to a

kink configuration. This can be seen taking the limit ϕ0 → 0 directly in Eq. (4.36),
and using k2 → 1 and b→ 1/

√
2:∫ χ(x′)

0

dχ

1− χ2
=

x′√
2
, (4.42)[

1

2
ln

(
1 + χ

1− χ

)]χ(x′)

0

=
x′√

2
, (4.43)

χ(x′) = tanh
(
x′/
√

2
)
. (4.44)

Since we took ϕ0 → 1, the final static solution ϕs equals χ, and we recover the
equation for the kink, Eq. (4.15), centered at the origin.
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5 | Solitary wave propagation in me-
dia with step-like inhomogeneities

We study the evolution of solitary-wave solutions in (1 + 1) dimensions within the
sine-Gordon and the ϕ4 field models propagating in media with step-like inhomo-
geneities. We choose two different protocols. First, we consider a step-like spatial
dependence of the overall coupling constant in the potential, which physically cor-
responds to the junction of two homogeneous systems, e.g., a Josephson junction.
Second, we explore a quench protocol that corresponds to a sudden change of the cou-
pling constant in the whole of space. In both scenarios, we study the solitary wave
and observe that its behavior can be predicted describing the latter as a relativis-
tic particle. Most of predictions are model-independent meaning that the integrable
structure of the sine-Gordon model is irrelevant and rather the general topological
sector of the considered profiles is important.

5.1 Introduction
Solitary waves play an important role in several areas of physics, from particle
physics and cosmology to (nonlinear) optics and condensed-matter theory, as we
already discussed in Chapter 4.

The most elementary models that host solitary-wave solutions (solitons and kinks)
are the (1+1)-dimensional sine-Gordon and ϕ4 field theories. While the sine-Gordon
model is integrable, the ϕ4 model is not. Comparing the two models thus allows us
to study a role of integrability in the step-like inhomogeneous setups. The solitons
in the sine-Gordon equation can describe the magnetic flux quantum in a Josephson
junction, thus, it can be realized in a real setup.
Here, we study the interaction of a solitary wave with a defect that is represented

by an inhomogeneity of the coupling constant. More specifically, we focus on a
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5 Solitary wave propagation in media with step-like inhomogeneities

spatial step-like dependence of the coupling constant, which equals to some constant
value for one part of the space and another for the other one. Physically, such a
situation corresponds to the junction of two systems with different parameters. We
study conditions under which the wave is reflected, transmitted by the junction, or is
locked in between two junctions. We also study soliton behavior in the homogeneous
system with a quench. Then, the value of the coupling constant is suddenly changed
in time. Our method is a numerical integration of the equation of motion for
different initial conditions. To give theoretical predictions we use the fact that
a solitary wave in the homogeneuous space has kinetic properties of a relativistic
particle. The inhomogeneity can be attributed to the step-like spatial or temporal
dependence of the particle’s mass. We numerically observe that this is indeed the
case: the solitary wave remains localized shape after interacting with the junction
or after the quench. This robustness is rooted in the topological character of the
field configurations and the smallness of the radiation modes. The similarity of
the results for the sine-Gordon and the ϕ4 models suggests that integrability is
irrelevant for such type of phenomena.
The outline of this Chapter is the following: in Section 5.2, we introduce the step-

like inhomogeneity in the scalar field. Then, in Sections 5.3.1—5.3.4 we present the
results for quench in space for moving solitary wave and static wave on the border.
In Section 5.3.5 we consider a locking of the moving solitary wave between two
dense regions. Afterwards, in Section 5.4 we look at quench in time. Finally, in
Section 5.5, we conclude.

5.2 Step-like inhomogeneity in scalar fields
One way to add a step-like inhomogeneity in the systems is to modify Eq. (4.1) and
Eq. (4.2) in the following way:

L =
1

2

(
∂ϕ

∂t

)2

− 1

2

(
∂ϕ

∂x

)2

−Θ(t, x)U(ϕ), (5.1)

ϕtt − ϕxx + Θ(t, x)
dU

dϕ
= 0, (5.2)

where
Θ(t, x) = ζ1θ(−x) + ζ2θ(x), −∞ < t <∞, case (i), (5.3)

or
Θ(t, x) = θ(−t) + ζθ(t), −∞ < x <∞, case (ii), (5.4)

with θ(x) and θ(t) denoting the Heaviside step function. In the case (i), we obtain
two homogeneous parts of space, with different prefactors ζ1 and ζ2, forming a junc-
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5.2 Step-like inhomogeneity in scalar fields

tion at the point x = 0. The case (ii), is nothing but a quench (the sudden change)
of the coupling constant at the moment t = 0 by the factor ζ, homogeneously in
the whole space. Further, we take into account only ζ1 ≥ 0, ζ2 ≥ 0, and ζ ≥ 0 to
remain in the class of nonnegative potentials U(ϕ).
The equation of motion Eq. (5.2) reads for the sine-Gordon model as

ϕtt − ϕxx + Θ(t, x) sinϕ = 0 (5.5)

and for the ϕ4 model as

ϕtt − ϕxx + Θ(t, x) (ϕ3 − ϕ) = 0. (5.6)

For the coupling constant scaled by the factor ζ the soliton ϕS and the kink ϕK
read as

ϕ(t, x) = 4 arctan
[
exp

(√
ζ
x+ a− vt√

1− v2

)]
(5.7)

and

ϕ(t, x) = tanh

(√
ζ
x+ a− vt√

2(1− v2)

)
, (5.8)

correspondingly. The trivial static solutions, namely vacua and unstable maxima
of U(ϕ) are not influenced by the change of a coupling constant in both theories.
We want to study the evolution of a solitary wave for the sine-Gordon and the

ϕ4 models. In all scenarios, we solve Eq. (5.2) numerically with a solitary wave,
as initial condition, that is solution of corresponding equation of motion with ζ1 =
ζ2 = ζ = 1 (see Appendix 5.A). Hereinafter, just mentioned initial conditions we
represent schematically as

0

x

ζ1 ζ2

The center of the solitary wave is depicted with a black dot, and the arrow shows
the direction of movement.
We characterize the wave evolution by its final velocity vf (its sign and value). If

the wave is reflected, then vf < 0, while the wave going through a border yields vf >
0. The solitary wave under consideration is localized in both systems, consequently,
one may just focus on its center xc as a function of t and check the final velocity vf
of the wave

vf =
xc(t2)− xc(t1)

t2 − t1
, (5.9)

where t1 and t2 are some separated moments in time after interaction with a junction
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5 Solitary wave propagation in media with step-like inhomogeneities

in the system (see also Appendix 5.B).

5.3 Quench in space

5.3.1 Moving solitary waves: ζ1 = 1 and 0 < ζ2 <∞

0

x

ζ1 = 1 1 < ζ2 <∞

We start with junction of two homogeneous systems with step-like nonuniformity
by taking Eq. (5.3) with ζ1 = 1 and 1 < ζ2 < ∞ in Eq. (5.2). We want to
understand the behavior of the moving soliton ϕS or the moving kink ϕK , that we
put at x = −7 at t = 0 and send with some initial velocity 0 < vin < 1 from left to
right. We observe that the dynamics for the sine-Gordon and the ϕ4 theories are
similar.
For small initial velocities the kinetic energy is not enough to overcome the po-

tential barrier, so we observe an elastic reflection resulting with a final velocity
vf = −vin. The turning point of the soliton/kink lies close to the junction, and
depending on the initial velocity vin, can be either in the ζ1 area (see Fig. 5.1) or
in ζ2 area (see Fig. 5.2), this way exhibiting a finite penetration length in the more
dense media. We plot the dependence of the minimal distance measured from the
junction, as the function of ζ2, for the fixed initial velocities in Fig. 5.3 for both
systems. By fitting the data we conclude that there is an exponential decay with
the parameter ζ2. In Fig. 5.4 we show the evolution of waves for the sine-Gordon
and the ϕ4 models for small initial velocities.

For high initial velocities, the solitary wave is completely transmitted and contin-
ues its propagation indefinitely. After entering the area with ζ2 the initial solitary
wave given by Eq. (4.11) or Eq. (4.16), it is no longer an exact solution of Eq. (5.5)
or Eq. (5.6), correspondingly. Thus, for the systems it is energetically favorable to
modify the solitary wave from Eq. (4.11) or Eq. (4.16) to Eq. (5.7) or Eq. (5.8)
that are the exact solutions of Eq. (5.5) or Eq. (5.6) at x ≥ 0. This process is
accompanied by a velocity drop and occurrence of small waves (radiation) on the
surface of the soliton or the kink. In Fig. 5.5 we show the evolution of waves for the
sine-Gordon and the ϕ4 models, and in Fig. 5.6 we show the dependence of final
velocity on the initial one.
The presence of two different processes depending on the inial velocities means

that there is a critical velocity vcr that separates them. The particular values of vcr
depend on the value ζ2, however, we notice that they are independent of the choice
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5.3 Quench in space

Figure 5.1: The dependence of the center of the solitary wave xc on time for fixed
ζ1 = 1, ζ2 = 1.5, and vin = 0.3. (a) For the sine-Gordon model. (b)
For the ϕ4 model. The maximums of the functions are xc = −0.60 for
(a) and xc = −0.55 for (b).

Figure 5.2: The dependence of the center of the solitary wave xc on time for fixed
ζ1 = 1, ζ2 = 1.1, and vin = 0.3. (a) For the sine-Gordon model. (b)
For the ϕ4 model.

of the model (see Fig. 5.7). This result may be explained by energy conservation.
For presence of a piecewise constant given by Eq. (5.3) in the system we rewrite
Eq. (4.3)

E[ϕ] =

+∞∫
−∞

[
1

2

(
∂ϕ

∂t

)2

+
1

2

(
∂ϕ

∂x

)2

+ [ζ1θ(−x) + ζ2θ(x)] U(ϕ)

]
dx (5.10)

that is conserved in time (see Appendix 5.A). The general form of a solitary wave
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5 Solitary wave propagation in media with step-like inhomogeneities

Figure 5.3: The dependence of the minimal distance, on which the waves are com-
ing to the region with ζ2 for fixed values of subcritical initial velocities
vin = 0.1 (red stars and dots) and vin = 0.3 (blue stars and dots).
Here, ζ1 = 1. (a) For the sine-Gordon model. (b) For the ϕ4 model.
The gray line on both panels represents the fitting with a+b exp(c·ζ2),
where a, b, and c are some parameters of fitting that are different for
each of these lines.

Figure 5.4: Solitary wave with subcritical velocity vin < vcr incident from the
left onto the barrier and its elastic back-reflection for: (a) the sine-
Gordon model with ζ1 = 1, ζ2 = 5, and vin = 0.3; (b) the ϕ4 model
with ζ1 = 1, ζ2 = 2, and vin = 0.3.

(Eq. (4.11) or Eq. (5.7) or Eq. (4.16)) or Eq. (5.8)) is

ϕ1,2(x, t) = F

√ζ1,2 x− v1,2 t√
1− v21,2

 , (5.11)

where ϕ1(x, t) and ϕ2(x, t) are the solutions of Eq. (5.2) for two parts of space with
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5.3 Quench in space

Figure 5.5: Solitary wave with supercritical velocity vin > vcr incident from the
left onto the barrier and its transmission: (a) the sine-Gordon model
with ζ1 = 1, ζ2 = 5, and vin = 0.91; (b) the ϕ4 model with ζ1 = 1,
ζ2 = 2, and vin = 0.80.

prefactors ζ1 and ζ2 in the equation of motion respectively. Here, v1 = vin and
v2 = vf . Now let us consider energy for x < 0 at t = 0. Specifically, for Eq. (5.11),
the energy given by Eq. (5.10) can be written as

E1 =

√
ζ1√

1− v21
M, (5.12)

where M reads as

M =

∞∫
−∞

dx

[
1

2

(
dF

dx

)2

+ U(F (x))

]
. (5.13)

The only assumption made here is that we can extend the integration domain form
(−∞, 0] to (−∞,∞), because the profile is highly localized. This is true for all
times except the moment of the collision. Similarly for the right part of the space

E2 =

√
ζ2√

1− v22
M. (5.14)

Neglecting the radiation that appeared during the crossing process we can just
equate E1 = E2 due to energy conservation and obtain vf , namely

vtheorf =

√
ζ2
ζ1

(
v2in −

ζ2 − ζ1
ζ2

)
=

√
ζ2
ζ1

(v2in − 1) + 1. (5.15)

We see that this equation always has solutions for ζ1 > ζ2, but in the opposite case
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5 Solitary wave propagation in media with step-like inhomogeneities

Figure 5.6: The dependencies of the final velocities vf given by Eq. (5.9) on su-
percritical initial velocity vin > vcr for ζ1 = 1 and fixed ζ2. (a) For
the sine-Gordon model, ζ2 = 7. (b) For the ϕ4 model, ζ2 = 3. The
gray line on both panels represents the theoretical prediction vtheorf

given by Eq. (5.15).

vin should be bigger than some critical value

vtheorcr =

√
ζ2 − ζ1
ζ2

=

√
1− ζ1

ζ2
. (5.16)

This formula was already obtained in [39] (Eq. 5.23), however, it has a typo that
we correct here. We overlap vcr in Fig. 5.7 that showed itself independent of the
model with theoretically predicted value vtheorcr and see a perfect match.
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Figure 5.7: The dependence of the critical velocity vcr for the inhomogeneity
jump from ζ1 = 1 to ζ2 > 1 in the sine-Gordon model (purple stars),
the ϕ4 model (green dots), and the theoretical prediction vtheorcr given
by Eq. (5.16) (gray line).
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5.3 Quench in space

Then, we compare the theoretical prediction for the final velocity given by Eq. (5.15)
to the numerically obtained values for some chosen values of ζ2 for the sine-Gordon
and the ϕ4 theories. The results are presented in Fig. 5.6. Contrary to the perfect
match for the critical value of the velocity, the value for vf somewhat deviates for
a theoretical prediction (see Fig. 5.6). The most significant deviation for the veloc-
ities happens just above the critical velocity. In this case our main assumption of
the solitary wave being in either half of the space is violated. In particular, from
the theoretical prediction one would expect for vin = vtheorcr , implying the solitary
wave would stick to the boundary. However, we see that it never happens, and in
fact for vin = vtheorcr is still reflected. The existence of the solution with vf = 0
would represent a static solution localized on the boundary. In Section 5.3 we try
to construct this solution artificially, and observe that it always acquires some finite
velocity.

0

x

ζ1 1 < ζ2 <∞

One can notice, that the critical velocity vtheorcr defined in the Eq. (5.16) depends
not on ζ1 and ζ2 separately, but on its ratio ζ1/ζ2. In order to check it numerically,
we choose different values of ζ1 and ζ2, while the keeping ratio ζ1/ζ2 constant for
both models. Changing the initial conditions appropriately (from Eq. (4.11) to
Eq. (5.7) and Eq. (4.16) to Eq. (5.8) for corresponding value of ζ1) we verify for
the sine-Gordon model that the critical velocity for ζ1 = 3 and ζ2 = 30 is the same
as for ζ1 = 1 and ζ2 = 10, and that ζ1 = 2 and ζ2 = 6 is equivalent to ζ1 = 1 and
ζ2 = 3 for the ϕ4 model.

5.3.2 Moving solitary waves: ζ1 = 1 and 0 < ζ2 < 1

0

x

ζ1 = 1 0 < ζ2 < 1

The case ζ2 < ζ1 can be treated similarly, since Eq. (5.15) and Eq. (5.16) we
derived without any restrictions on ζ1 and ζ2. In this case, we see numerically that
the solitary wave is always transmitted regardless of the values of the initial velocity
with vf > vin. This can be shown using Eq. (5.15), namely

(
vtheorf

)2
=
ζ2
ζ1

(v2in − 1) + 1 > v2in or
(

1− ζ2
ζ1

)
(1− v2in) > 0 or ζ2 < ζ1. (5.17)
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Figure 5.8: The dependence of the final velocity vf given by Eq. (5.9) for the
inhomogeneity jump from ζ1 = 1 to ζ2 = 0.5 in the sine-Gordon model
(purple stars for a = 7, red star for a = 2), the ϕ4 model (green dots),
and the theoretical prediction vtheorf given by Eq. (5.15) (gray line).

In Fig. 5.8 we plot the numerically obtained dependencies of the final velocities
vf on initial velocities vin for ζ2 < ζ1 along with the theoretically predicted curve
given by Eq. (5.15) for both systems. We see the perfect match between theoretical
predictions and numerical results. Also, we notice that

vtheorf (vin = 0) =

√
1− ζ2

ζ1
, (5.18)

which means that the less dense area sucks the static wave inside. To check it, we
take the soliton with a = 2 (to fix the time of the evolution) for ζ2 = 0.5, for which
we observe this effect. In Fig. 5.8 we add the value of the gained velocity in this
case.

5.3.3 Moving solitary waves: ζ1 = 1 and ζ2 = 0

0

x

ζ1 = 1 ζ2 = 0

One can also apply Eq. (5.15) in the case ζ2 = 0. This value of ζ2 corresponds to
the tunneling of the solitary wave to the vacuum. According to Eq. (5.15) the wave
should be accelerated to the highest possible final velocity vtheorf = 1 regardless of
the value of initial velocity. In numerical simulations we observe a perfect match
with this prediction. The profile in the vacuum keeps its soliton-/kink-like form,
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5.3 Quench in space

which can be seen by taking the simultaneous limit v → 1 and ζ2 → 0 in Eq. (5.7)
or Eq. (5.8). This form is allowed by the conservation of the topological charge

Q =

∫ +∞

−∞
∂xϕ dx = ϕ(+∞)− ϕ(−∞). (5.19)

It gets its quantized value 2π for the sine-Gordon model and two for the ϕ4 model in
the “dense” half of space, and keeps its value even in the vacuum due to conservation
of this quantity

∂tQ =

∫ +∞

−∞
∂x∂tϕ dx, (5.20)

where ∂tϕ(−∞) = ∂tϕ(+∞) by constraint, thus, ∂tQ = 0. The waves start their
motion from the area with ζ1 6= 0, where the topological charge is fixed by the
potential U(ϕ), and its conservation in time yields to keeping the original structure
even after the transmission to the area with ζ2 = 0.

5.3.4 Static solitary waves on border

0

x

ζ1 = 1 0 ≤ ζ2 <∞

We continue considering a junction of two homogeneous systems with step-like
nonuniformity by taking Eq. (5.2) and Eq. (5.3) with ζ1 = 1 and 0 ≤ ζ2 < ∞.
We take as the initial profile the originally static soliton or kink that is located
exactly at the junction. More specifically, we take ϕS or ϕK given by Eq. (4.11) or
Eq. (4.16) respectively, and put it at x = 0 at t = 0 with vin = 0.
The subsequent evolution looks similar for the soliton and the kink even on a

quantitative level. The wave moves always into the less dense area that is a region
with lower potential energy. For ζ2 < ζ1 we observe the transmission to the right
side of space with ζ2 (see Fig. 5.9), while for ζ2 > ζ1 the wave is reflected into the
area ζ1 (see Fig. 5.10). Thus, the solitary wave always gains some kinetic energy and
keeps its localized form because of the topological constraint, in contrast to [181]
when for similar systems a wave could stick near the step-like inhomogeneity. Only
for ζ1 = ζ2 the originally static solitary wave remains motionless, because the whole
space is homogeneous, and Eq. (4.11) or Eq. (4.16) are the exact solutions of the
corresponding equation of motion. In Fig. 5.11 we present numerically obtained
dependencies of final velocities vf on value of ζ2 for the sine-Gordon and the ϕ4

models.
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5 Solitary wave propagation in media with step-like inhomogeneities

Figure 5.9: Static solitary wave on the border between ζ1 = 1 and ζ2 < 1: (a)
the sine-Gordon model with ζ2 = 0.5; (b) the ϕ4 model with ζ2 = 0.4.

Figure 5.10: Static solitary wave on the border between ζ1 = 1 and ζ2 > 1: (a)
the sine-Gordon model with ζ2 = 7; (b) the ϕ4 model with ζ2 = 4.

We can verify this result analytically using Eq. (5.10). We take profile in the
form given by Eq. (5.11) with ζ1 for −∞ < x < 0 and with ζ2 for 0 ≤ x < +∞.
Numerically this is implemented by taking the first and the second layer in the initial
conditions (see Appendix 5.A), which yields ∂tϕ = 0 in the initial moment. After
substitution Eq. (5.11) in Eq. (5.10) with ∂tϕ = 0 and integrating with

√
ζ x→ x,

one obtains√
ζ1

∫ 0

−∞
dx [. . . ] +

√
ζ2

∫ +∞

0

dx [. . . ] =
M

2

(√
ζ1 +

√
ζ2

)
, (5.21)

where dots represent the integrand in Eq. (5.13), and M is given by Eq. (5.13).
This is an expression for energy at t = 0. The total energy is conserved, and we
assume that its value comes mainly from the localized wave that moves in the less
dense area. So, we consider two separate cases, ζ1 > ζ2 and ζ1 < ζ2, for which the
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conservation law reads

M

2

(√
ζ1 +

√
ζ2

)
=
M
√

min [ζ1, ζ2]√
1− v2f

. (5.22)

Then, the final velocity can be presented as

(
vtheorf

)2
= 1− 4min [ζ1, ζ2]

(
√
ζ1 +

√
ζ2)2

. (5.23)

The sign for vf is such that the wave moves in the less dense area. We take ζ1 for
ζ1 < ζ2, then vf < 0 and ζ2 for ζ1 > ζ2, then vf > 0, finally,

vtheorf = sgn[ζ1 − ζ2]

√
1− 4min [ζ1, ζ2]

(
√
ζ1 +

√
ζ2)2

. (5.24)

This result proofs that the dynamics of the solitary wave does not depend on the
particular model. We compare the numerically obtained vf with the theoretical
prediction vtheorf in Fig. 5.11 and see perfect agreement. Note that existence of a
force pushing the fluxons in Josephson junction in the direction of smaller self-energy
in the presence of a temperature gradient was earlier seen in experiments [182].
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Figure 5.11: The dependence of the final velocity vf given by Eq. (5.9) for the
originally static solitary wave on the border for the nonuniformity
jump from ζ1 = 1 to 0 ≤ ζ2 < ∞ in the sine-Gordon model (purple
stars), the ϕ4 model (green dots), and the theoretical prediction given
by Eq. (5.24) (gray line).
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5.3.5 Mirror reflection

ζ1 = 1

x

1 < ζ2 <∞ 1 < ζ2 <∞

vin < vcr

Now, we consider the junction of three homogeneous systems with step-like spatial
nonuniformity by modifying Eq. (5.3) in a way

Θ(t, x) = ζ2θ(|x| − b) + ζ1θ(b− |x|) (5.25)

for −∞ < t <∞. Here, b > 0 defines the boundaries of the sections and is assumed
to be much larger than the width of solitary waves b � lS or b � lK . We set
initial profile in the middle section in a form of the soliton or the kink moving with
the subcritical velocity 0 < vin < vcr (vcr is defined by Eq. (5.16)). For such a
choice of vin the solitary wave would reflect from the boundaries at x = ±b, so
it cannot escape the middle section and moves freely inside as a photon between
two mirrors. We check this behavior for both the sine-Gordon and the ϕ4 models
(see Fig. 5.12). Despite the small-amplitude ripples on the wave profile, after seven
cycles the profile keeps its initial form and velocity, within the margin of error.
Therefore, we obtain a long-lived solution that is oscillating between two regions in
the space with a constant speed.

Figure 5.12: The moving solitary wave is locked in the region with ζ1 = 1 between
two regions with ζ2 > 1: (a) the sine-Gordon model with ζ2 = 5; (b)
the comparison of dynamics in the sine-Gordon (red dashed line, a
scaled data) and the ϕ4 (black solid line) models with ζ2 = 5.
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5.4 Quench dynamics

5.4 Quench dynamics
In this section, we consider a nonequilibrium situation when the prefactor in front
of the potential U(ϕ) is rapidly changed (see Eq. (5.4)). This protocol is similar
to the other quench protocols that effectively correspond to the re-scaling of t and
x [183–186], since the coupling constant in the potential can be removed by such
re-scaling. The main difference is, however, that due to the topological constraint
there is no multiple soliton creation after the quench contrary to the nonlinear
Schrödinger equation [183, 184], where radiation can accumulate the finite phase
difference over the system [185].

0

x

ζ ζ

We consider the quench parameter 0 < ζ <∞ for both the sine-Gordon and the
ϕ4 models. As initial condition we consider the solitary wave given by Eq. (4.11) or
Eq. (4.16) located at x = 0 at t = 0 and moving from left to right with some initial
velocity vin.

Figure 5.13: The solitary wave evolution for quench in time: (a) the sine-Gordon
model with ζ = 2.50 and vin = 0.7; (b) the ϕ4 model with ζ = 0.75
and vin = 0.3.

In this setup, the profile given by Eq. (4.11) or Eq. (4.16) is no longer an exact
solution of the corresponding equation of motion, thus, the evolution is accompanied
by the emission of small waves. This small amplitude waves can be interpreted as
plasma waves on top of fluxon in the Josephson junction (see Section 4.4 in Chapter
4). We see that the wave always conserves its original direction of motion, because
the whole space is homogeneous, which means that there is no anymore less or more
preferred area for wave motion. In Fig. 5.13 we present the profile of solitary waves
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Figure 5.14: The dependence of the final velocity vf given by Eq. (5.9) on ζ for
the quench in the sine-Gordon model (stars), the ϕ4 model (dots),
and the theoretical prediction given by Eq. (5.29) (lines). Parameter
values: yellow for v = 0.1, orange for v = 0.3, green for v = 0.5, blue
for v = 0.7, and purple for v = 0.9.

for one chosen value of ζ and vin for both models. The numerical measurement of
the final velocities vf yields Fig. 5.14.

Like in Section 5.3 we notice the independence of the results on the choice of a
particular model. To obtain an analytical prediction for vf for this we use that the
momentum

P =

∫ +∞

−∞
∂tϕ∂xϕdx = const (5.26)

is conserved for this constraint, and substitution Eq. (5.11) yields

−ζ1,2 v1,2
1− v21,2

∫ +∞

−∞

F ′
√ζ1,2 x− v1,2 t√

1− v21,2

2

dx =
−
√
ζ1,2 v1,2√

1− v21,2

∫ +∞

−∞
F ′(y)dy.

(5.27)
In the considered case, we have ζ1 = 1 (according to the initial condition given
by Eq. (4.11) or Eq. (4.16)), ζ2 = ζ, v1 = vin, and v2 = vf . Then, the law of
momentum conservation reads

vin√
1− v2in

=

√
ζvf√

1− v2f
(5.28)

or
vtheorf =

vin√
v2in + ζ(1− v2in)

. (5.29)
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In Fig. 5.14 the lines represent the theoretical predictions for vtheorf given by Eq. (5.29).
We see the perfect match with numerical data.

5.5 Conclusion
In this Chapter, we study two field theoretical models that contain field configu-
rations that can be identified with particles. In the sine-Gordon theory we con-
sider a topological soliton, and in the ϕ4 theory a topological kink solution. Both
these configurations represent solitary waves with the dispersion identical to that
of a relativistic particle with finite mass. One can associate a conserved quantized
topological charge Q to each of these waves. In the sine-Gordon theory the “quan-
tization” is Q = 2πn, with integer n ∈ Z due to the periodicity of the sine, and
in the ϕ4 theory the kink connects two minima of the potential so this charge can
take the values Q = ±2. We study the behavior of the solutions that correspond to
Q = 2π (soliton) in the sine-Gordon theory and Q = 2 (kink) in ϕ4 theory, under
the perturbations imposed by the re-scaling of the magnitude of the potential terms
(the overall coupling constant). We study two situations: (i) a step-like spatial de-
pendence of the coupling constant, which physically corresponds to the junction of
two homogeneous systems, and (ii) a sudden change of the coupling constant in
the whole space. The latter is comparable to a quench protocol studied in similar
integrable one-dimensional systems [183].
For the spatially nonuniform setup we consider the soliton and the kink initially

localized away from the junction and moving towards it with some initial veloc-
ity. Depending on the parameters of the system we observe either reflection or the
transmission of the solitary wave after scattering on the boundary. In either case,
the profile keeps its soliton/kink-like form with the additionally excited radiation
modes. This physically manifests as small density ripples. Assuming that the con-
tribution of the radiation to the total energy is negligible we use the energy conser-
vation law to predict the critical velocity that separates reflective and transmitting
regimes, and the value of the final velocity, when the solitary wave is transmitted.
The total energy coincides with the energy of a relativistic particle, whose mass is
different in different regions of space. We compare the theoretical prediction with a
numerical solution and find perfect agreement for the values of the critical velocity,
while the prediction for final velocity works reasonably well for the initial velocities
substantially large than the critical one. The latter can be explained by the fact
that the profile spends significant amount of time at the boundary rendering the
expression for the total energy more complicated than for the relativistic particle.
In particular, one could imagine, that the solitary wave moving exactly with the
critical velocity would stick to the boundary, this way, creating a bound state. This
situation is not realized in our numerical experiment. We try to create a bound
state artificially considering initial profile as static solutions in each half-space con-
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5 Solitary wave propagation in media with step-like inhomogeneities

nected at the boundary. We observe that even in this case the profile starts moving
as a solitary wave to the region with the small coupling constant transforming its
potential energy into the finite velocity. Again, we predict the value of this veloc-
ity and find the perfect match with the numerical simulations. This confirms the
robustness of the particle like structure of the soliton and the kink that does not
depend on the exact form of the potential, i.e. it is identical for the sine-Gordon
and the ϕ4 models. The robustness follows from the topological protection and the
fact that the ripples, or radiation modes always have a trivial charge, contrary to
the nonlinear Schrödinger case [184, 185]. We have also numerically investigated
the penetration depth (the turning distance) for the solitary wave in the reflecting
case. It turns out to be model dependent, i.e. it is different for the ϕ4 model and
the sine-Gordon model. We find that it can be fitted with exponential dependence
as a function of the ratio of the coupling constants.
As a special case of spatially nonuniform setup we study the evolution of the

moving wave between two junctions. We find a way to lock this wave with constant
velocity in the finite region. Earlier, the motion of solitary waves in the Josephson
junction that can be controlled or modulated by a magnetic field was discussed
in [182, 187], both for experimental and theoretical setups. All the mentioned results
are looking quite promising for implementing in telecommunications or rapid single
flux quantum logic through a fluxon diode.
Finally, we studied the behavior of the moving solitary wave, when the value

of the prefactor in front of the potential is quenched (suddenly changed). We
numerically observe that the solitary wave remains solitary with the altered velocity.
The energy is not conserved in the quench protocol, but since the system remains
spatially homogeneous the total momentum is conserved. Again identifying the
total momentum with the momentum of the relativistic particle, whose mass has a
step-like time dependence we can predict the final value of the post-quench velocity.
Comparing with the numerical simulation, we again find a perfect match. The
key assumptions made here were the localized form of the profile and the small
contribution of the radiation. Both these assumptions are possible due to topological
nature of the initial profile and the fact that the conserved charge Q is “quantized”.
This condition is not satisfied in the nonlinear Schrödinger case, so one cannot
describe parameters of the quenched profile apart of the integrable cases [183, 184] or
for the asymptotically large times [185]. Comparing this protocol with the previous
one, for the spatial dependence, one could expect the naive self-quenching picture.
Namely, it is tempting to describe a solitary wave that has tunneled into the region
with a different coupling constant, as a result of quench in the total space. Indeed,
the solitary wave is localized and the transition time is quite short. This picture,
however, gives a wrong prediction for the final velocity it would derive from the
conversation of energy and not momentum. Therefore, the transition time for the
junction cannot be neglected.
We believe that the observed phenomena are robust and should be detect in
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any system with topologically protected excitations. i.e. excitations that have
a quantized, conserved charge. Indeed, the value for critical and final velocities
turned out to be identical for the sine-Gordon and the ϕ4 models. Technically,
this happens because the model dependent bare mass cancels in all calculations.
So one would require more sophisticated observables to distinguish between the
models. One such observable is the penetration depth of the slow solitons/kinks
in the more dense media. The easiest, way to experimentally see these phenomena
is perhaps, in nonuniform Josephson junctions described by the nonuniform sine-
Gordon model [158, 159].
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Appendix

5.A Numerical method
We numerically integrate the equation of motion given by Eq. (5.2) and determine
the time evolution of any given initial field configuration. To do so, we are first
of all forced by the finite computing power of any numerical code to restrict our
attention to a finite interval of space and time. We thus consider only positions
−xmax ≤ x ≤ xmax and times 0 ≤ t ≤ tmax. Furthermore, we necessarily have
to use a discrete grid within this continuous space-time interval. We choose a
simple (N + 1) by (M + 1) rectangular grid, with step sizes ∆t = tmax/N and
∆x = 2xmax/M . Points on this grid can be denoted by (n, j) with 0 ≤ n ≤ N and
−M/2 ≤ j ≤ M/2. These coincide with the continuous space-time coordinates at
tn = n∆t and xj = j∆x. To compute derivatives on the discrete grid, we employ
a method of finite differences:

∂ϕ

∂t

∣∣∣∣
(t,x)=(tn,xj)

≈
ϕnj − ϕ

n−1
j

∆t
,

∂2ϕ

∂t2

∣∣∣∣
(t,x)=(tn,xj)

≈
ϕn+1
j − 2ϕnj + ϕn−1j

∆t2
, (5.30)

∂ϕ

∂x

∣∣∣∣
(t,x)=(tn,xj)

≈
ϕnj − ϕnj−1

∆x
,

∂2ϕ

∂x2

∣∣∣∣
(t,x)=(tn,xj)

≈
ϕnj+1 − 2ϕnj + ϕnj−1

∆x2
. (5.31)

The equation of motion for the particular case given by Eq. (5.2) for field values
ϕnj on the discrete grid can now be written as:

ϕn+1
j = 2ϕnj − ϕn−1j +

∆t2

∆x2
(ϕnj+1 − 2ϕnj + ϕnj−1)− ζi ∆t2

dU

dϕ

∣∣∣∣
ϕ=ϕn

j

, (5.32)

with ζi = ζ1 for −M/2 ≤ j < 0 and ζi = ζ2 for 0 ≤ j ≤M/2.
The initial conditions required to solve the complete dynamics then consist of the

field configurations ϕ0
j and ϕ1

j at the initial two time slices. This can be thought
of as specifying a position (amplitude) and velocity (rate of change) for all classical
degrees of freedom (the field values) in the classical field theory. In general, the
numerical simulation can be stable on the chosen rectangular grid as long as the
temporal step size is smaller than the spatial one, i.e. ∆t < ∆x [188].
A peculiarity of the finite differences used to compute spatial derivatives, is that

they cannot be reliably computed at the edge of space because no information is
available about the field values at |j| = M/2 + 1. Physically, this means that any
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propagating wave in the field that reaches the edges of space will be reflected by
the boundaries. To avoid seeing these unphysical reflections for the problem with
open boundary conditions in the final simulated dynamics, the output of the code
should only contain field values at positions |j| < M/2 −N . In this way, even the
mistake made in the spatial derivative at time step n = 0, or equivalently the wave
that is reflected at the edge of space at t = 0, has no time to propagate into the
observed spatial interval.
To ensure that the numerical code functions correctly and that the inherent nu-

merical error of the calculation does not get out of hand, several consistency checks
can be considered. First of all, static solutions like vacua or the solitary wave should
not change in time. Secondly, the total energy should be conserved in time, except
for the energy flowing out of the window of observation defined by |j| < M/2−N .
This can be checked by computing the change in total energy, which should be close
to zero:

∆Etot(n
′) = E(n = n′)− E(n = 0)−

n′∑
n=0

[
∂ϕ

∂t

∂ϕ

∂x

]M/2−N

j=−M/2+N

(5.33)

with E(n) =

M/2−N∑
j=−M/2+N

(
1

2

(
∂ϕ

∂t

)2

+
1

2

(
∂ϕ

∂x

)2

+ (ζ1θ(−x) + ζ2θ(x))U(ϕ)

)
.

In these expressions, the partial derivatives should be interpreted in terms of the
finite differences defined in Eq. (5.30). The conservation of energy (∆Etot = 0) can
be checked at every time step in the simulation.
The final consistency check is to ensure that the field dynamics obtained in the

numerical calculation does not change when decreasing the step sizes ∆t and ∆x.
The actual values of the step sizes can then be chosen empirically such that they
ensure a desirable balance between having a manageable run time for the numerical
code, and an adequate level of accuracy in the results. To quantify the latter, we
should use both the independence of the result from the value of step sizes and
the conservation of total energy. For simulations, it turns out that τ = 0.01 and
h = 0.02 are reasonable values for the choices of tmax = 350 and xmax = 730. The
maximal detected deviation in energy is less than 2.0% for the sine-Gordon and 2.3%
for the ϕ4 models, respectively, which is reasonable because further decreasing of τ
and h can correct the numerical error in energy conservation, but has no affects on
observing dynamics.

5.B Systematic error for vf
We calculate an error for each value of vf given by Eq. (5.9) using systematic error
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5 Solitary wave propagation in media with step-like inhomogeneities

for indirect measurement as ∆vf = [(xc(t2)− xc(t1))τ + (t2 − t1)h] /
[
(t2 − t1)2

]
,

where xc is a center of solitary wave, t1 and t2 are some separated moments in
time after interaction with a junction in the system, τ and h are step sizes in the
numerical scheme. In all presented results ∆vf < 2.2%, and we decide to not put
an error-bar on any corresponding plot.
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6 | Kinks and realistic impurity mod-
els in the ϕ4 theory

We study the evolution of the kink and the kink-antikink pair in (1+1)-dimensional
ϕ4 field model in the presence of impurities. We start with the kink-impurity in-
teractions. We consider the Dirac delta, the Gaussian, and the Lorentzian types
of impurity, and we compare the observed dynamics between them. The excitation
of impurity mode occurs, and its frequency fulfills the theoretical predictions. We
continue with the kink-impurity-antikink interactions with the Dirac delta impurity.
We discuss the observed phenomena such as oscillon, its bound state, and the reso-
nances. We also study the behavior of the critical velocity as a function of impurity
strength, and finally, we check the impurity mode for this type of initial conditions.

6.1 Introduction
The ϕ4 theory is ubiquitous as a low-energy effective description of processes in all
fields of physics ranging from cosmology to particle physics and condensed-matter
theory, as we discussed already in Chapter 4. The topological defects, or kinks, in
this theory describe stable, particle-like excitations. In chemistry and condensed-
matter settings, actual impurities in the atomic lattice are an unavoidable fact of life,
while in particle physics and cosmology variations in the potential or background
metric act as impurities [31, 33, 35–38, 189].

First, we describe the interaction between kinks and various types of realistic
impurity models simulated with the Dirac delta, the Gaussian, and the Lorentzian.
We find that realistic impurities behave qualitatively like the well-studied, idealized
delta function impurities, but that significant quantitative differences appear in
both the characteristics of localized impurity modes and in the collision dynamics.
We also identify a particular regime of kink-impurity interactions, in which kinks
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6 Kinks and realistic impurity models in the ϕ4 theory

lose all of their kinetic energy upon colliding with an impurity.
Second, we study the influence of a localized impurity on the behavior of the kink-

antikink pair for idealized delta function impurities. The dynamics is fruitful. We
observe the capture of the kink-antikink pair, resonances and inelastic reflection, and
excitation of the impurity modes for different values of impurity strength. Apart
from that, we observe the birth of another quasi-long-lived solution, namely an
oscillon-oscillon pair.
The outline of this Chapter is the following: in Section 6.3, we introduce the

localized impurity in the scalar field. Then, we discuss the kink-impurity interac-
tions. We start in Section 6.3.1 with Dirac delta limit of the Gaussian profile for an
impurity, then in Section 6.3.2 we focus on the influence of impurity strength and
width for the Gaussian profile, and in Section 6.3.3 we discuss the phenomenon of
the impurity mode. We finish in Section 6.3.4 with discussions of the Lorentzian
profile. Then we switch to kink-antikink interactions. In Section 6.4 we recall the
well-known facts about kink-antikink collisions without an impurity. Then, in Sec-
tion 6.5 we add an impurity in a system. In Section 6.5.1 we Dirac delta limit of the
Gaussian profile for an impurity, later we study in detail the observed phenomena,
namely an oscillon in Section 6.5.2, the critical velocity as a function of impurity
strength in Section 6.5.3, and the impurity mode in Section 6.5.4. Finally, in Section
6.6, we conclude.

6.2 Impurity
In the early days of kink research one [33] has already studied the kink-impurity
collisions using idealized impurities, with a Dirac delta spatial profile. Here, we
generalize this approach to include interactions between kinks and more realistic
impurity models, based on Gaussian or Lorentzian spatial profiles. We find qualita-
tive agreement with the physics of idealized defects described in [33], but significant
quantitative effects of the impurity profile on the shape of the localized impurity
mode, the scattering dynamics, and the possible long-time fate of kinks interacting
with strong impurities.
We introduce a single inhomogeneity γ(x) into the potential of Eq. (4.1) by writ-

ing [33, 35, 36]
1

4
(1− ϕ2)2 −→ 1

4
(1− ϕ2)2(1− εγ(x− x0)). (6.1)

Here, |ε| < 1 and x0 represent the strength and the center of a weak impurity. For
ε = 0 the clean model is recovered, while ε < 0 and ε > 0 correspond to a repulsive
barrier and an attractive potential well respectively. Including the impurity in a
way of Eq. (6.1), the equation of motion becomes

ϕtt − ϕxx + (ϕ3 − ϕ)(1− εγ(x− x0)) = 0. (6.2)
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6.2 Impurity

We numerically solve Eq. (6.2) using a finite differences method (see Appendix
6.A for details). We consider the initial condition of a single kink ϕK , centered at
t = 0 at the position a = 6, and moving with some initial velocity v = vin towards
an impurity located at x0 = 0. It is presented in Fig. 6.1 We explore the influence
of the impurity profile γ(x) on the kink-impurity scattering by considering three
distinct types of impurities. The first is the idealized Dirac delta function originally
proposed in [33]:

γ(x− x0)→ δ(x− x0). (6.3)

We then generalise to a more realistic Gaussian form for the impurity:

γ(x− x0)→ 1

σ
√

2π
exp

[
−
(
x− x0
σ
√

2

)2
]
. (6.4)

Here, choosing 0 < σ < 1 corresponds to the impurity width σ being less than the
width lK of the kink. We compare the results of the Gaussian impurity model with
a final realistic ansatz, given by a Lorentzian profile:

γ(x− x0)→ 1

(x− x0)2 + α2
. (6.5)

-10 -5 5
x

1
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φ

Figure 6.1: The kink at t = 0 given by Eq. 4.16 with a = 6. The arrow shows the
directions of the wave motion. The orange circle shows the place of
the impurity.
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6 Kinks and realistic impurity models in the ϕ4 theory

6.3 Kink-impurity interactions

6.3.1 Dirac delta limit of the Gaussian profile

To establish a connection to the known result for the idealised Dirac delta impu-
rity [33], we first consider a very narrow form of the Gaussian profile. We choose
the height of the Gaussian at its center to coincide with the numerical value for the
delta function height used in Ref. [33]. This results in a width σ ' 0.016 that is
smaller than the lattice spacing in our numerical routine, in accordance with the
Dirac delta limit.
For a repulsive impurity with ε = −0.5, we reproduce the two types of processes

known to occur as the value of vin is varied [33]. For low initial velocities, such as
vin = 0.4 (shown in Fig. 6.2a), the kink is reflected by the impurity. For velocities
above some critical value vcr, the kink is transmitted, but its kinetic energy (veloc-
ity) is reduced in the process (part of it goes into excitations of small waves on top
of the kink). This is shown in Fig. 6.2b for the initial velocity vin = 0.8.

In the case of an attractive impurity, with ε = +0.5, three different types of
known dynamics are reproduced [33]. At low initial velocities, such as vin = 0.1
(shown in Fig. 6.2c), the kink is captured by the impurity. That is, it ends up
in a final state in which the kink center oscillates around the central position of
the impurity. For high initial velocities on the other hand, like vin = 0.5 (shown
in Fig. 6.2e), the kink is transmitted through the impurity entirely, loosing some
kinetic energy in the process, and leaving behind a localized excitation centered
at the impurity location. The localized impurity mode consists of small amplitude
periodic oscillations of the field at x = x0 around the vacuum value ϕ(1)

v . The value
of the initial velocity above which kinks are always transmitted through the impurity
is called the critical velocity vcr. For certain particular values of the initial velocity
vin < vcr, such as vin = 0.137 (shown in Fig. 6.2d), the kink is neither captured
nor transmitted. Instead, it oscillates around the impurity center a finite number of
times before leaving the impurity in the direction or opposite one it originally came
from. This type of behavior is known as resonance, and can be understood in terms
of the exchange of kinetic energy with internal excitations of the kink [33, 61].
For both attractive and repulsive impurity strengths, our results are in perfect

agreement with those reported in Ref. [33], confirming that the idealized Dirac delta
impurity gives a faithful approximation of the more realistic Gaussian profile in the
limit of very low width. Further, we focus on its qualitative behavior as the strength
and width of the impurity profile are varied.
Finally, we consider the limit of a very strong attractive impurity, with ε > 1.

The resulting dynamics is presented in Fig. 6.3a — Fig. 6.3c. As the impurity
strength increases, the captured kink oscillates around the impurity with ever lower
amplitude, eventually getting stuck at the impurity position entirely. This regime,
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Figure 6.2: The value of the field ϕ(t, x) at x = 0 as a function of time, for a
repulsive impurity with ε = −0.5 and σ ' 0.016 (left of the dashed
line) and for an attractive impurity with ε = +0.5 and σ ' 0.016 (right
of the dashed line). (a) For low initial velocity, vin = 0.4, the kink is
reflected by the impurity. (b) For high initial velocity, vin = 0.8, the
kink traverses the impurity, at the cost of loosing some kinetic energy.
(c) For vin = 0.1, the kink is captured by the attractive impurity.
(d) For specific intermediate values such as vin = 0.137, a resonance
causes the kink to oscillate around the impurity before being released
again. A few of the resonance windows are sketched along the bar of
vin values at the bottom. (e) For high initial velocity, vin = 0.5, the
kink traverses the impurity, leaving behind an excited impurity mode,
and loosing some kinetic energy.

in which the oscillation amplitude of a captured kink is smaller than its width, so
that the field value at the impurity location never returns to either of its vacuum
values ϕ(1,2)

v , may be called a super-capture. Fig. 6.3d shows the dependence of the
dominant oscillation frequency on impurity strength.
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Figure 6.3: (a) — (c) The value of the field ϕ(t, x) at x = 0 as a function of time,
for an attractive impurity with width σ ' 0.016, and fixed initial
velocity of the kink vin = 0.1. (a) For impurity strength ε = 0.70;
(b) with ε = 1.00; and (c) for a very strongly attractive impurity
with ε = 1.55. In all cases the kink is captured by the impurity and
oscillates around the impurity center with an amplitude lower than
the kink width. (d) The dominant frequency ω of oscillations of the
captured kink as a function of impurity strength.

6.3.2 Impurity strength and width

For an ideal Dirac delta impurity, the value of vcr is determined entirely by the
impurity strength ε. For vanishing strength, the critical velocity tends to zero,
while strong impurities cost a lot of kinetic energy to traverse, yielding a large vcr.
In the case of a Gaussian impurity profile, the width σ of the impurity as well as
its strength ε may be expected to play a role in determining the critical velocity,
i.e. vcr = vcr(ε, σ).

The qualitative effects of the strength and impurity may be understood from the
results in Table 6.1. The critical velocity increases in value upon either decreasing
the width σ for fixed values of the strength |ε|, or upon increasing |ε| for fixed values
of σ. These trends can be understood by comparing Eq. (6.2) and Eq. (6.4), which
show that the height of the impurity potential at x0 is proportional to the ratio
ε/σ.
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ε σ vin fate of kink
0.3 0.5 0.02 transmitted
0.3 0.3 0.02 captured
0.3 0.3 0.05 transmitted
0.3 0.1 0.05 captured

-0.6 0.5 0.47 transmitted
-0.6 0.3 0.47 reflected
-0.6 0.3 0.50 transmitted
-0.6 0.1 0.50 reflected

ε σ vin fate of kink
0.4 0.3 0.10 transmitted
0.6 0.3 0.10 captured
0.6 0.3 0.28 transmitted
0.8 0.3 0.28 captured

-0.1 0.3 0.3 transmitted
-0.4 0.3 0.3 reflected
-0.4 0.3 0.5 transmitted
-0.8 0.3 0.5 reflected

Table 6.1: (left) The effect of varying impurity width on the kink-impurity inter-
action, for fixed value of the impurity strength. Larger values of σ are
seen to yield lower values of vcr. (right) The effect of varying impurity
strength, for fixed value of the impurity width. Larger values of |ε| are
seen to yield higher values of vcr.

To further confirm that the interaction of kinks with a wide impurity differs only
quantitatively from that with a narrow impurity, we confirm that resonances still
occur for realistic impurity widths. For the values ε = 0.5 and σ ' 0.016 there is
a resonance around vin = 0.137. Upon increasing the impurity width to σ = 0.1,
we instead find a resonance at vin = 0.150. At ε = 0.6 and σ = 0.3 we observe a
resonance at the same value of vin. The qualitative behavior of having resonance
windows below vcr for attractive impurities thus survives also for more realistic
impurity profiles.

6.3.3 The impurity mode

When a kink traverses an attractive impurity it leaves behind an oscillating mode,
localized at the site of the impurity (see Fig. 6.4a). This mode oscillates at x = x0
with near-constant amplitude and frequency, as shown in Fig. 6.4b. It is a quasi-
long-lived mode, analogous to the wobbling kink [178, 179], and bion solutions found
in kink-antikink collisions [59] (see Section 6.4).
For the case of the idealised Dirac delta impurity, the approximate shape of the

impurity mode profile can be found analytically [33]. Since the mode is localized at
the impurity site and excited by the passing of a kink, we can write it as a small
deviation δϕ from the vacuum solutions ϕ(1,2)

v . Further, we write ϕ(1)
v because

this particular vacuum is related to the discussions above. Substituting ϕ(t, x) =

ϕ
(1)
v + δϕ(t, x) in Eq. (6.2) and Eq. (6.3) and keeping only terms up to linear order
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Figure 6.4: (a) The spatial profile of the impurity mode, excited by a kink travers-
ing the impurity site x = x0 = 0 and travelling to the right. (b) The
value of the field ϕ(t, x) at x = x0 = 0 as a function of time, for an
attractive impurity with width σ = 0.5 and strength ε = 0.5. An im-
purity mode is excited by a kink with initial velocity vin = 0.5 passing
x = x0 at approximately t ≈ 20. The horizontal dashed lines in the
inset are guides to the eye highlighting the quasi-long-lived character
of the impurity mode.

Figure 6.5: (a) Comparison of the numerically obtained values for the field ϕ(t, x)
after a kink traversed the impurity site (blue dots), with the analytical
prediction of Eq. (6.7) (red line). The impurity potential used is a
narrow Gaussian with strength ε = 0.5 and width σ ' 0.016, while the
incoming kink had initial velocity vin = 0.5. (b) The same comparison
using a wide Gaussian impurity potential with strength ε = 0.5 and
width σ ' 0.5.

in δϕ yields the equation of motion for the impurity mode:

δϕtt − δϕxx + 2 (1− εδ(x− x0)) δϕ = 0. (6.6)

Using the ansatz that the impurity mode oscillates with a fixed spatial profile and
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constant frequency, δϕ(t, x) ∝ <χ(x)e−iΩt, it is found to obey [33]:

δϕ(t, x) ∝ < exp (−ε|x|) e−iΩt, Ω2 = 2− ε2. (6.7)

The numerically obtained field configuration in Fig. 6.5a indicates that for a very
narrow impurity potential, ε = 0.5 and σ ' 0.016, an incoming kink with vin = 0.5
excites an impurity mode whose shape closely matches the prediction of Eq. (6.7).
The numerical results (see Appendix 6.B) in Fig. 6.5b on the the other hand, show
that for wider impurity potential, ε = 0.5 and σ ' 0.5, the analytic solution no
longer gives an accurate prediction for the impurity mode profile. The spatially
smooth impurity potential in this case does not allow for any discontinuities in the
field configuration or its derivatives, forcing the impurity mode profile to remain
smooth around the impurity location.
Besides the spatial profile of the impurity mode, its amplitude A and frequency

Ω̃ may also vary with impurity width, and deviate from the analytic prediction
of Eq. (6.7). For narrow impurity potential (σ ' 0.016) we find 〈Ω̃〉 ' 1.382 for
ε = 0.3 and 〈Ω̃〉 ' 1.323 for ε = 0.5, both in excellent agreement with the analytic
prediction of Eq. (6.7). For wider impurities, the approximations underlying the
analytic solution break down, and we numerically find the behavior displayed in
Fig. 6.6.
The frequencies in Fig. 6.6b do not vary much with the initial velocities. Taking

the average over all points shown yields a value of 〈Ω̃〉 ' 1.387 for ε = σ = 0.3, and
〈Ω̃〉 ' 1.355 for ε = σ = 0.5. The decrease of the frequency with increasing impurity
strength indicated in Fig. 6.6d is in line with the analytic prediction of Eq. (6.7)
for ideal Dirac delta impurities, but is now seen to also depend on the width σ of
the more realistic Gaussian profile. The frequency increases with increasing width,
as shown in Fig. 6.6f, in agreement with the fact that increased width in Eq. (6.4)
implies a lower value of the impurity potential at x = x0.

6.3.4 Lorentzian profile

To see whether the qualitative effects of a wide impurity profile, rather than an
idealised Dirac delta form, are generic to more realistic impurity models, we next
compare the results of the Gaussian case to interactions between a kink and a
Lorentzian impurity. We repeat the analysis of Section 6.3.1 using the impurity
profile of Eq. (6.5), with ε = ±0.5. To ensure that the peak height at x0 = 0
matches that of the Gaussian considered before, we take α = 0.2.
For the repulsive Lorentzian impurity, we find that the kink is reflected for all

initial velocities up to vin = 0.9. However, at vin = 0.99 the kink traverses the
impurity, showing that a critical velocity exists in the range 0.90 < vin < 0.99.
Reversing the sign of ε and considering an attractive Lorentzian impurity, we ob-
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Figure 6.6: (a) The impurity mode frequency Ω̃ and (b) its amplitude A, as a
function of the initial kink velocity vin, for fixed values of impurity
strength and width. (c) The frequency and (d) amplitude as a function
of impurity strength ε, keeping the initial velocity and impurity width
constant. (d) Frequency and (e) amplitude as a function of the the
impurity width σ, for fixed impurity strength and initial velocity.

serve that for initial velocities below vin = 0.8, the kink is always captured by the
impurity.
Although the capturing and reflecting of kinks is qualitatively similar to the

behavior in the presence of a Gaussian impurity, the values of the critical velocities
are much higher for a Lorentzian profile than for a Gaussian with the same maximum
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value. We therefore also compare Lorentzian and Gaussian profiles with the same
integrated strength, by using the scaled function:

α/π

(x− x0)2 + α2
. (6.8)

We again take ε = ±0.5 and α = 0.2.
In this case, the kink is reflected by a repulsive impurity for initial velocities up to

vin = 0.4, and traverses the impurity site for velocities vin = 0.5 and above. Like-
wise, the attractive impurity captures the kink at vin = 0.01, while it is transmitted
for initial velocities above vin = 0.1.
These results indicate a qualitative agreement between the dynamics of kink-

impurity interactions for Gaussian and Lorentzian impurity profiles. We leave for
future study, e.g., looking for resonances around the Lorentzian impurity, investi-
gating the precise dependence of the critical velocity on the parameter α, and so
on.

6.4 Kink-antikink interactions
In [42] it was pointed out that the dynamical properties of the protein chains may be
defined by the corresponding kink dynamics. One of the most well-known examples
of kink dynamics is kink-antikink interaction [60, 61, 64].

-10 -5 5 10
x

1

-1

φ

Figure 6.7: The kink-antikink pair at t = 0 given by Eq. 6.9 with a = 7. The
arrows show the directions of the wave motion. The orange circle
shows the place of the impurity, for the case described in Sec. 6.5.

To unveil the dynamics of the kink-antikink pair one should numerically solve
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Eq. (4.14) with the initial condition

ϕKK(t, x) = tanh

(
x+ a− vin t√

2(1− v2in)

)
− tanh

(
x− a+ vin t√

2(1− v2in)

)
− 1, (6.9)

namely the kink ϕK located at point x = −a and the antikink ϕK located at x = a
with 2lK � 2a at t = 0, moving towards each other with some initial velocity
0 < vin < 1. This configuration is presented in Fig. 6.7. One observes three
qualitatively different scattering regimes depending on vin that are separated by a
critical velocity vcr such that

� for vin < vcr there is so-called bion or breather (Fig. 6.8a), i.e. a local-
ized at x = 0 quasi-long-lived oscillating around the vacuum ϕ

(1)
v configura-

tion [61, 178] with a large amplitude that may be simulated in terms of the
collective coordinate approximation (see Appendix 6.C) or a special type of
ansatz containing Eq. (4.15) and Eq. (4.17) (see Appendix 6.D);

� for some special values of vin < vcr there are resonances [61] (Fig. 6.8b),
when the kink and antikink can break the bound state after a finite amount
of impacts; this phenomenon may be explained by redistribution of kinetic
and potential energies [61];

� for vin ≥ vcr there is an inelastic reflection (Fig. 6.8c) with a small loss of
kinetic energy, i.e. after first impact the kink and the antikink scatter to
infinity in opposite directions relative to the original one.

The critical initial velocity vcr was determined [61] as vcr ≈ 0.2598 for a = 7 (it
does not depend on a if 2lK � 2a) such that for vin ≥ vcr there were no observed
collisions during t = 300 after the first collision.

Figure 6.8: Three types of the kink-antikink collisions in absence of the impurity:
the bion for vin = 0.1, the resonance for vin = 0.2384, and inelastic
reflection for vin = 0.5. For all plots we use a = 7 in Eq. (6.9).
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6.5 Kink-impurity-antikink interactions
The next possible research step in to include one point-like impurity in between the
kink-antikink pair ϕKK given by Eq. (6.9). The initial condition for this case is
presented in Fig. 6.7. We introduce the inhomogeneity in the system in the same
way as it was discussed in Section 6.3 Here, we focus only on the behavior when
the impurity is present. Thus, we take only the Dirac delta limit of the Gaussian
profile of impurity, i.e. further we discuss only σ ' 0.016 (for the same reasons as we
discussed in Section 6.3). Below, we avoid discussions of high values of ε > 0 because
we could not reach the required time scale for the chosen steps, however, in general,
it is possible after choosing different steps while focusing on the implementation of
the law of energy conservation.

6.5.1 Dirac delta limit of the Gaussian profile
In order to unveil the general influence of localized disorder on the system dynamics,
we fix |ε| = 0.2.
In the case of a repulsive impurity we observe three types of processes. For

vin < vcr after the first collisions, the kink-antikink pair forms a special bound
state of two oscillons (see Fig. 6.9a and Fig. 6.10) or a moving oscillon-oscillon pair
(see Fig. 6.11). An oscillon is another quasi-long-lived bound state of the ϕ4 model
that has a shape of a Gaussian [190]. More details can be found in Section 6.5.2. For
vin ≥ vcr the kink and the antikink leave each other to infinity after one collision.
For some special values of vin < vcr we observe a resonance phenomena (similar
to Fig. 6.8b). Note that unlike here, for kink-impurity interactions described in
Section 6.3 the resonance phenomena are observed only for attractive impurities.

Figure 6.9: Different types of bound states for subcritical initial velocities in the
kink-impurity-antikink collisions. The transition from (a) oscillon-
oscillon bound state (ε = −0.2, vin = 0.1) through (b) a quasi-breather
(ε = 0.15, vin = 0.15) to (c) a decay into a vacuum state (ε = 0.4,
vin = 0.2).
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Figure 6.10: Oscillon-oscillon bound state for ε = −0.2 and vin = 0.1. The profiles
of the field ϕ(x) for some chosen values of t.

Figure 6.11: Moving oscillon-oscillon pair for ε = −0.2 and vin = 0.3. The profiles
of the field ϕ(x) for some chosen values of t, (a) — (c) correspond
to approximately half a period of oscillations. The arrows on (a)
represent the direction of the oscillon motion.

For an attractive impurity the dynamics is as follows. For vin < vcr after the first
collision a bion is formed, however, due to presence of an attractive impurity it is
no longer a quasi-long-lived solution and it decays to the vacuum ϕ

(1)
v faster (see

Fig. 6.9b and Fig. 6.9c). For vin ≥ vcr the kink and the antikink leave to infinity
leaving behind an excitation of an impurity mode at x = x0 (similar to Fig. 6.4, a
detailed research is presented in Section 6.5.4). Again, for some special values of
vin < vcr resonance phenomena occur (similar to Fig. 6.8b).

We observe the resonances for other values of ε as well, e.g., for ε = −0.8 (vin =
0.771, vin = 0.772), ε = −0.4 (vin = 0.540, vin = 0.555, vin = 0.557), ε = 0.05
(vin = 0.210), and ε = 0.15 (vin = 0.153).

6.5.2 Oscillon
As we mentioned in Section 6.5.1 for ε < 0 and vin < vcr, we observe either a bound
state of two oscillons (Fig. 6.10) or a moving oscillon-oscillon pair (Fig. 6.11).
An oscillon ϕO is another quasi-long-lived bound state of the ϕ4 model together

with the breather that oscillates around one of the vacua ϕ(1)
v or ϕ(2)

v . It has a
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Gaussian shape in peak [190]

ϕO(x) = AO exp
[
− (x−B)2

C2

]
, (6.10)

where AO is an amplitude, B is a center, and C is a width. In contrast to the
breather, the oscillon is characterized by a small amplitude. In [190] was shown for
(1 + 3) dimensions that for

2.90 ≤ C ≤ 3.54, (6.11)

with C as a radius of a bubble that relaxes in an oscillon, one obtains the longest-
lived oscillon. Thus, one can expect if the oscillon occurs in the system, the most
likely form of Eq. (6.10) with constraint given by Eq. (6.11).
In order to ensure that the observed phenomena presented in Fig. 6.10 and

Fig. 6.11 are exactly related to the oscillons, we take the field configurations ϕ(t, x)
for some t, when we observe the maximum peak, and fit them with Eq. (6.10).
We do this for two particular cases of kink-impurity-antikink collisions, namely for
ε = −0.2, vin = 0.30 and ε = −0.3, vin = 0.43, for which we observe moving
oscillon-oscillon pair. We take different ε and vin to check the dependencies of an
oscillon on these parameters.
For ε = −0.2 and vin = 0.30 the numerically obtained field configuration fits

Eq. (6.10) with AO = 0.58 and C = 3.07 (mean values). For ε = −0.4 and vin = 0.43
we obtain AO = 0.51 and C = 3.02 (mean values). The difference between these
results is 1.6% for C, and they both obey the prediction from Eq. (6.11). We obtain
a similar period of oscillations almost equals to five that yields ωO ' 1.26. However,
the final velocity of the separating oscillons is different, i.e. vf = 0.09 and vf = 0.16
for these two cases, correspondingly. We can conclude that the initial parameters
of kink-impurity-antikink interactions (ε and vin) mostly influence the amplitude
of the oscillons and the final velocity of oscillon-oscillon pair, and barely affects the
width of the oscillon and its period. We overlay the numerically obtained profile of
an oscillon-oscillon pair for some fixed t with the oscillon ansatz given by Eq. (6.11),
with A and C obtained from a fit, in Fig. 6.12a and see a perfect match.
As we mentioned above, apart from moving oscillon-oscillon pairs for ε < 0 and

vin < vcr we see the bound state of two oscillons. To ensure that the observed
bound state is nothing else but the bound state of two oscillons, we overlay the
numerically obtained profile of this configuration for some fixed t with the oscillon
ansatz given by Eq. (6.11), with A and C obtained from a fit, in Fig. 6.12b and see
a perfect match.
The presence of an oscillon-oscillon bound state is a sign that a moving oscillon-

oscillon pair is a resonance in comparison with a bound state of two of them, that
occurs due to an impurity in the system. These resonances are similar to the same
in kink-antikink collisions (see Section 6.4) in the sense that the oscillons can form
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Figure 6.12: The profile of the field ϕ for some chosen t (solid line) and overlap
with oscillon ansatz given by Eq. (6.11) (gray dashed line) with AO =
0.58 and C = 3.07 and some B. (a) Oscillon-oscillon pair, ε = −0.2
and vin = 0.30. (b) Oscillon-oscillon bound state, ε = −0.2 and
vin = 0.1.

a moving oscillon-oscillon pair instead of a bound state after a finite amount of
impacts (but not mandatory after two).
Earlier, the oscillons were found in the sinh-deformed [72, 73] (1+1)-dimensional

ϕ4 model without an impurity after kink-antikink collisions [74]. In this work, the
authors observe a similar type of behavior, namely a bound state of two oscillons
and so-called oscillons’ escape windows, when two oscillons are moving from each
other as a post-collision phenomenon. In [74] the resonance was explained by the
resonant energy exchange between the translational and the vibrational modes of
the deformed kink and the deformed antikink. To prove that the authors compare
the frequency of the oscillon ωdefO ' 1.88 to the vibrational mode of the deformed
kink ωdef1 ' 1.89. If we compare our result for the oscillon frequency of ωO ' 1.26 to
the vibrational mode of the kink ω1 =

√
3/2 ' 1.22 (see Eq. (4.27) in Appendix 4.A

in Chapter 4) we can also see the frequency matching. This allows us to conclude
that the formation of oscillon pairs might be explained by the resonant energy
exchange between the translational and the vibrational modes of the kink in the
kink-impurity-antikink system. However, we describe in Section 6.5.1 that apart
from this phenomenon, we observe the regular resonance when the kink and the
anitkink are leaving each other after a finite amount of impacts as the kink and the
antikink but not as two oscillons. The difference in resonance mechanisms between
these two processes can be interesting for future research.

6.5.3 The critical velocity

In Section 6.5.1 we describe different phenomena in kink-impurity-antikink colli-
sions. They are defined by the critical velocity that is different for each value of
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impurity strength. One could guess that the stronger (by absolute value) the im-
purity becomes, the higher is critical velocity. However, this does not happen for
kink-impurity-antikink interactions.

We determine the critical velocity for −0.9 < ε ≤ 0 with step 0.1 and 0 < ε ≤ 0.4
with step 0.05. The dependence of vcr on ε is presented in Fig. 6.13. We notice that
the critical velocity vcr decreases for ε ≤ 0.2, while afterwards it starts to increase.
In order to understand it, we study more carefully what happens to the system
for vin < vcr for different values of ε. In Fig. 6.9 we show the transition from a
bound state of two oscillons to the vanishing of a bound state of the kink and the
antikink by going from a high negative value of ε to a high positive value of ε. We
conclude that the kinetic energy of the initial kink-antikink pair goes into either the
formation of oscillons or into the faster vanishing of the breather into the vacuum
ϕ
(1)
v .

The decay of a breather into a vacuum ϕ
(1)
v might be accompanied by the exci-

tation of an impurity mode (see Sections 6.3.1 and 6.3.3). An indication of this is
that, e.g., for ε = 0.5 and vin = 0.4 we observe a stable oscillation with frequency
Ω̃ ' 1.30. For this value of ε a theoretical prediction is given by Eq. (6.7) for the
impurity mode frequency Ω ' 1.32. Nevertheless, we observe the decay of the in-
peak amplitude of the oscillation, for t = 350 it is A = 0.3, which is higher than
regular impurity mode amplitude. This decay can be a sign that we do not reach a
moment of time (due to numerical restriction, see Appendix 6.A) when the breather
has not vanished completely, and that only the impurity mode stays. This question
can be an interesting topic for future detailed research.
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Figure 6.13: The dependence of the critical velocity vcr on impurity strength ε.
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6.5.4 The impurity mode

When the kink and the antikink collide with vin > vcr with an attractive impurity
in between, after the first collision they go away from each other, and leave behind
an oscillating mode, localized at the site of the impurity x = x0 (exactly the same
as in the Fig. 6.4). This effect one can observe for interactions of one kink with
an impurity that we describe in Section 6.3.1. We use the numerically obtained
impurity mode that is characterized by frequency Ω̃ and the peak amplitude A, to
check a coincidence with prediction given by Eq. (6.7). The procedure is the same
at the one described in Section 6.3.3. The results that are presented in Fig. 6.14
perfectly match the predictions. From the data in Fig. 6.14a we obtain that 〈Ω̃〉 '
1.41 (maximal deviation is 0.45%, for ε = 0.1) and 〈Ω̃〉 ' 1.38 (maximal deviation
is 1.10%, for ε = 0.3), which means that the frequency of the impurity Ω̃ almost
does not depend on the initial velocity of the incoming waves. Fig. 6.14c also shows
a perfect match between the numerical data and the theoretical predictions for Ω̃.
The maximum observed deviation for ε = 0.3 is 0.35%.

Figure 6.14: (a) The impurity mode frequency Ω̃ and (b) its amplitude A, as a
function of the initial kink and antikink velocity vin, for fixed values
of impurity strength. (c) The frequency and (d) amplitude as a func-
tion of the impurity strength ε, keeping the initial velocity constant.

92



6.6 Conclusion

6.6 Conclusion
In this Chapter, we have shown that the behavior of kink-impurity interactions in
(1 + 1)-dimensional ϕ4 theory is qualitatively the same for idealised Dirac delta
impurity profiles and more realistic Gaussian or Lorentzian shapes. In all cases,
repulsive impurities can either reflect or transmit an incoming kink, depending on
its initial velocity. Attractive impurities on the other hand either capture the kink,
release after a few oscillations in a resonant process, or transmit it immediately. In
the latter case, an impurity mode is excited at the impurity location by the passing
kink. We also observe that a kink impinging on particularly strong impurities may
lead to an extreme form of capture, in which the kink looses all of its kinetic energy
and remains localized at the impurity site.
The Gaussian profile reduces to precisely a Dirac delta impurity in the limit of

vanishing width, and all observed properties of the kink-impurity interaction agree
with the known results for ideal impurities in that limit. For wider impurity profiles,
the results differ quantitatively from the ideal case. The amplitude and frequency
of the impurity mode obtain a dependence on the impurity width, the values of
critical velocities are affected, and the kink velocity at which resonances appear is
altered. Similar quantitative effects are observed for interactions between a kink
and a Lorentzian impurity.
Then, we have shown that in kink-impurity-antikink interactions an impurity

mode is presented for an attractive impurity. The particular values of this mode
frequency shows perfect agreement with the theoretical prediction. This means that
the impurity mode is independent from the choice of initial conditions.
Apart from that, for small initial velocities of the waves in a kink-impurity-

antikink setup, we observe a quasi-long-lived solution with a small amplitude that
is called an oscillon. The breathers and oscillons are similar objects because they
both are quasi-long-lived oscillating solutions. However, the first one is charac-
terized by a high amplitude, and its exact structure is still unknown, while the
second one has a small amplitude, and its structure is well-known and has a form
of a Gaussian. Originally, they were introduced in (1 + 3) dimensions [190] in
the ϕ4 model, later they were implemented for lower dimensions [191] and some
other models, e.g., the signum-Gordon model [192]. Usually, oscillons are used as
ansatz [70, 71], however, the appearance of oscillons was observed beforehand for
the sinh-deformed (1 + 1)-dimensional ϕ4 model [74] after the procedure of a model
deformation [72, 73]. To the best of our knowledge, we describe here the first time
of the natural birth of oscillons in the classical (1+1)-dimensional ϕ4 model. Apart
from mathematical interest, these objects can be useful for developing models of
cosmic inflationary [193].
For future research, it might be interesting to study systems with two point-

like impurities for single kink and the kink-antikink pair placed in between two
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impurities, specifically the influence of these initial conditions on the described
above processes. A similar protocol was realized for multi-solitons in the sine-
Gordon model [29], and the results look promising for describing magnetization of
localized waves in a ferromagnet.
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Appendix

6.A Numerical method
A more general overview about numerically solving the equation of motion was
already given in Chapter 5 (see Appendix 5.A). Here, we specify the equation of
motion and the energy for the particular case that is considered in this Chapter.
To integrate the equation of motion in Eq. (6.2), we use finite differences on a

discretized lattice in both space and time:

ϕn+1
j = 2ϕnj − ϕn−1j +

∆t2

∆x2
(ϕnj+1 − 2ϕnj + ϕnj−1) (6.12)

−∆t2
(
ϕ3 − ϕ

)∣∣
ϕ=ϕn

j

(1− εγ(xj − x0)).

We compute the change in the total energy, which should be close to zero:

∆Etot(n
′) = E(n = n′)− E(n = 0)−

n′∑
n=0

[
∂ϕ

∂t

∂ϕ

∂x

]M/2−N

j=−M/2+N

(6.13)

with E(n) =

M/2−N∑
j=−M/2+N

(
1

2

(
∂ϕ

∂t

)2

+
1

2

(
∂ϕ

∂x

)2

+
1

4
(1− ϕ2)2(1− εγ(x− x0))

)
.

For simulations it turns out that ∆t = τ = 0.01 and ∆x = h = 0.02 are reasonable
values for choices tmax = 350 and xmax = 730. The maximal detected fluctuations
in the energy during the time evolution of an initial field configuration were less
than 0.74% (for the kink) and 1.06% (for the kink-antikink pair), indicating the
stability and accuracy of the numerical routine.

6.B Frequency and amplitude
To extract the frequency and amplitude of the impurity mode oscillations from the
numerically obtained field profile, we can either use a discrete Fourier transform of
ϕ(x0, t), or directly average the distances between its observed minima and maxima.
In either approach, we only consider the field values for t > 170 to ensure that the
kink has entirely passed by the impurity center. The accuracy of both methods
is limited by the discrete sampling of the continuous field ϕ(x0, t), and the values
obtained for A and Ω̃ with the two methods do not differ significantly.
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6.C Collective coordinate approximation

Colliding kink and antikink in the ϕ4 theory behave in many aspects like colliding
hard-core particles with a short-range attractive interaction. If the kinetic energy
of these particles is sufficiently large, the particles scatter without being affected
by their short-ranged attraction. If the kinetic energy is low enough, however,
the attraction will dominate, and a bound state will be formed. This qualitative
observation can be made quantitative by constructing a low-energy effective theory
for the ϕ4 model, in which only the dynamics of kinks is taken into account, and all
other variations in the field are neglected. Such an effective theory is known as the
Collective Coordinate Approximation, or CCA [64]. Originally [194], the “collective
coordinates” which correspond to the centers of the kinks and the amplitudes of
the small oscillations around them were used to write the effective Lagrangian to
discuss the “emission” of small oscillations (“bosons”) from the kinks, however, not to
qualitatively analyze kink-antikink interactions. A historical account can be found
in [156].

For the sake of concreteness, consider the case of colliding kink and antikink.
In its simplest form, the CCA consists of constructing a theory in which the only
degrees of freedom are the positions of the waves [64]. Going to a frame of reference
in which the configuration is symmetric around x = 0, there is only a single degree
of freedom a(t) describing the positions of the two waves. At any point in time,
the field configuration (is presented in Fig. 6.7) associated with a given value of the
collective coordinate a is then approximated by

ϕKK(x) = tanh

(
x+ a√

2

)
− tanh

(
x− a√

2

)
− 1. (6.14)

The effective Lagrangian for the collective coordinate, Lcca(a, ȧ), is obtained by
substituting the ansatz of Eq. (6.14) into the Lagrangian density for the full ϕ4

theory, Eq. (4.1) with Eq. (4.13), and integrating it over space. Taking into account
the time dependence of a(t) in the calculation of ∂ϕ/∂t, this leads to a Lagrangian
of the form:

Lcca(a, ȧ) =
1

2
m(a) ȧ2 − V (a). (6.15)

The position-dependent mass and potential energy in this expression can be written
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2MK
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Figure 6.15: The plot of V (a) from the Eq. (6.16). The gray dashed line corre-
sponds to 2MK . The blue arrows and the red arrows answer cor-
respond to inelastic reflection (infinite motion) and formation of a
quasi-breather (finite motion) correspondingly.

in terms of an auxiliary function as:

m(a) = I+(a) (6.16)

V (a) =
1

2
I−(a) +

1

4

∫ +∞

−∞
(1− ϕ2

KK
)2dx (6.17)

with I±(a) = 2MK ±
∫ +∞

−∞

dx

cosh2
(

(x+ a)/
√

2
)

cosh2
(

(x− a)/
√

2
) . (6.18)

At large separation, the integral in the auxiliary functions vanishes, and we find that
the mass parameter m(a) and the effective potential V (a) approach 2MK = 4

√
2/3,

the mass of two isolated static kinks (see Section 4.5 in Chapter 4). For general
values of a, the integrals can be evaluated numerically, and yield the functional form
for the effective potential plotted in Fig. 6.15.

The effective Lagrangian of Eq. (6.15) has reduced the initial relativistic field
theory to a nonrelativistic description of just a single point particle in an external
potential. This can be easily solved by considering the Euler-Lagrange equation for
the collective coordinate:

d

dt

∂Lcca
∂a

− ∂Lcca
∂a

= 0 (6.19)

⇒ mä+
1

2

dm

da
ȧ2 +

dV

da
= 0. (6.20)
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The velocity-dependent term in the final line may be interpreted as a frictional
force acting on the effective particle. This arises due the change of the effective
mass m(a) with position, which is significant only when the kink and the antikink
overlap. It is thus a direct manifestation of the two-kink configuration not being a
stable solution to the equation of motion for the full field theory.

Based on the shape of the effective potential V (a) shown in Fig. 6.15, we can
distinguish two qualitatively different types of dynamics. If the initial energy of the
particle described by a(t) is sufficiently high, it can cross the potential well around
the origin a = 0, climb up the potential barrier, which increases linearly with |a|
at negative a, then turn around and return through the well before escaping to
infinity. This describes the bouncing of the kink and the antikink. If the initial
energy is low enough, however, the particle may loose sufficient energy during its
crossing of the potential well to become stuck. It will then oscillate back and forth
across a = 0 with slowly decreasing amplitude. This describes the formation of a
quasi-long-lived bion.

In many cases, numerically solving Eq. (6.19) for the effective model yields good
agreement with the much more involved numerical solutions for the dynamics of the
full field-theoretical model [59]. The ansatz of Eq. (6.14) does neglect the Lorentz
contraction of moving waves, so that the CCA fails to reproduce relativistic effects
that may appear at high velocities. Another limitation of the CCA is that it cannot
describe the escape windows, because it does not include degrees of freedom to
describe the internal excitation modes of the kink and the antikink. Extensions of
the CCA that include resonance dynamics are possible [67].
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Figure 6.16: The profile of ϕ(t, x) at t = 0. Parameters: ϕ0 = 0.8 and δϕ =
−0.001 (left panel). The profile of ϕ(t, 0). Parameters: ϕ0 = 0.8 and
δϕ = −0.001 (right panel). Reprinted from [195].
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6.D Kink-elliptic sine-antikink ansatz
The quasi-long-lived bion that we described as a damped oscillator, can also be
thought of as a combination of parts of three static solutions to the Eq. (4.14). Just
considering the shape of the field configuration ϕ(t, x) for a bion at some time t,
you may notice that it looks like half a kink and half an antikink, glued together
by half a period of the elliptic sine, as shown in Fig. 6.16. In fact, we can make this
more precise by constructing a field configuration starting from the static solution
in Eq. (4.17). Taking a parameter λ to be the period of the elliptic sine, we keep
only half a period, within the range −λ/4 < x < λ/4. We then attach half a kink
to the left, for −∞ < x < λ/4, and half an antikink to the right, for λ/4 < x <∞.
The positions a = −λ/4 of the kink and a = λ/4 of the antikink are chosen such
that there are no discontinuities in the field. The value of ϕ0, and hence λ, has to be
chosen such that the three static solutions glue together smoothly at the connection
points x = ±λ/4. We can then consider this configuration of glued static solutions
as an ansatz for the bion field, and calculate its time evolution.
Notice that in the numerical calculation of the bion dynamics starting from this

ansatz ϕ(t, x), the field at time t + δt also needs to be defined. For this, we can
simply choose to decrease the value of ϕ0 by a small amount δϕ0. The result of
the ensuing time evolution is shown in Fig. 6.16 (right panel), and closely resembles
bion that found in the kink collisions.
The strategy of gluing together static solutions to find an appropriate ansatz

or initial state may be applied more generally. For example, dynamical kink-kink
pairs and triton solutions (kink-antikink-kink) were described this way [195]. The
latter may be used as an ansatz for obtaining the quasi-long-lived solution called a
wobbling kink [178, 179].
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Summary

The purpose of this Thesis is to theoretically investigate the power of topology on
various problems in condensed-matter physics, as well as their possible applications
for biological systems.
In Chapter 3, we start the discussions with a well-known problem, the so-called

Laughlin’s gauge argument, i.e. quantized topological adiabatic transport in the
integer quantum Hall cylinder. We describe singe-electron transport in the this
system by using the mathematical equivalence between the two-dimensional integer
quantum Hall effect and a one-dimensional charge-density wave, and reformulate the
problem for the latter system. The obtained results yield adiabatic and nonadiabatic
transport protocols for both setups. The theoretical predictions open prospects for
possible experimental realizations in the context of ultracold atoms and photonic
waveguide experiments.
In Chapter 5, we switch from topological insulators to the Josephson effect in a

superconductor-insulator-superconductor setup. In experiment, an oscillatory cur-
rent as a function of the phase difference between the two superconductors is ob-
served, and the periodicity of this oscillation is set by the quantum of magnetic
flux, so-called fluxon, that has a soliton-like character. It can be described with the
modified sine-Gordon equation. In real life, one usually cannot avoid the presence of
inhomogeneities in a system. In this chapter, we consider the behavior of topologi-
cal solitary waves (solitons and kinks) in the sine-Gordon and the ϕ4 classical field
theories, in the presence of a step-like inhomogeneity. We observe that the wave
evolution depends on the initial conditions, namely the initial velocity of a wave
and the coupling constant of the potential. The soliton and kink movement can be
either an elastic reflection or an inelastic propagation through the media with loss of
kinetic energy and the excitation of small waves on top of the main wave, which can
be interpreted as plasma waves in the Josephson effect. We observe that solitary
wave behavior can be predicted by describing the latter as a relativistic particle.
Most results are model-independent meaning that the integrable structure of the
sine-Gordon model is irrelevant and robustness is rooted in the topology of these
field configurations. Finally, we find a way to capture the moving wave in between
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two junctions. All mentioned results might be implemented in telecommunications
or rapid single flux quantum logic through a fluxon diode.
In Chapter 6, we continue investigating single kink solutions of the ϕ4 classical

field theory, but now we verify its interaction with a single impurity described as
a Dirac delta function, a Gaussian, or a Lorentzian. We find that kink behavior
depends on the exact shape of the defect and on whether it is attractive or repulsive.
We numerically prove the existence of an internal impurity mode, which already
had been predicted theoretically beforehand. In the second part of Chapter 6, we
study a similar system, a single Gaussian impurity, which stays in between the
kink and the antikink. We observe the excited internal impurity mode in this
system as well. Apart from that, we see some other interesting phenomenon in the
kink-impurity-antikink collisions. For some parameters of impurity strength and
initial velocities of the kink and the antikink, a transformation of a kink-impurity-
antikink system into oscillon-impurity-oscillon occurs. The oscillon is another small-
amplitude oscillating quasi-long-lived solution (a special form of a Gaussian) in the
ϕ4 model together with the high-amplitude quasi-breathers. We observe the bound
state of two oscillons and the oscillons’ escape windows by analogy with the quasi-
breather and resonances in the kink-antikink collisions. The kinks of the ϕ4 model
proved useful in the description of proteins. Despite the apparent simplicity of
a problem of kink-impurity and kink-impurity-antikink interactions, these results
might be useful in the future as a powerful tool for influence on a protein folding.
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Samenvatting

In de afgelopen decennia waren natuurkundigen creatief in het bedenken van wis-
kundige modellen voor werkelijk waargenomen verschijnselen, waarbij topologische
eigenschappen een centrale rol spelen bij het begrijpen van het probleem. Het doel
van dit Proefschrift is om de kracht van topologie op verschillende problemen in
de fysica van de gecondenseerde materie theoretisch te onderzoeken, evenals hun
mogelijke toepassingen voor biologische systemen.
In Hoofdstuk 3 beginnen we de discussies met een bekend probleem, het zo-

genaamde Laughlin ijkargument, met andere woorden gekwantificeerd topologisch
adiabatisch transport in de kwantum-Hall-effect cilinder. We beschrijven het trans-
port van elektronen in dit systeem door gebruik te maken van de wiskundige gelijk-
waardigheid tussen het tweedimensionale integer quantum Hall-effect en een eendi-
mensionale ladingsdichtheidsgolf, en herformuleren het probleem voor het laatstge-
noemde systeem. De verkregen resultaten leveren adiabatische en niet-adabatische
transport protocollen op voor beide opstellingen. De theoretische voorspellingen
openen perspectieven voor mogelijke experimentele realisaties in de context van
ultrakoude atomen en fotonische golfgeleider-experimenten.
In Hoofdstuk 5 schakelen we van topologische isolatoren naar een Josephson-

junctie in een supergeleider-isolator-supergeleider set-up. Bij een experiment wordt
een oscillerende stroom als een functie van het faseverschil tussen de twee supergelei-
ders waargenomen. De periodiciteit van deze oscillatie wordt bepaald door het
kwantum van de magnetische flux, het zogenaamde fluxon, dat een solitonachtig
karakter heeft. Het kan worden beschreven met de gewijzigde sine-Gordon vergeli-
jking. In de praktijk kan men de aanwezigheid van inhomogeniteiten in een systeem
meestal niet vermijden. In dit hoofdstuk bestuderen we het gedrag van topologische
solitaire golven (solitons en kinks) in de sine-Gordon en de ϕ4 klassieke veldenthe-
orieën in aanwezigheid van een stapachtige inhomogeniteit. We constateren dat de
golfevolutie afhangt van de initiële omstandigheden, namelijk de beginsnelheid van
een golf en van de variatie in de potentiaal. De soliton- en kinkbeweging kan een
elastische reflectie zijn of een niet-elastische voortplanting met verlies van kinetische
energie en de excitatie van kleine golven bovenop de hoofdgolf. Deze kleine gol-
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ven kunnen worden geïnterpreteerd als plasmagolven in de Josephson-junctie. We
stellen vast dat solitair golfgedrag kan worden voorspeld door de soliton te beschri-
jven als een relativistisch deeltje. De meeste resultaten zijn modelonafhankelijk,
wat betekent dat de integreerbare structuur van het sine-Gordon-model niet rele-
vant is en robuustheid is geworteld in de topologie van deze veldconfiguraties. Ten
slotte vinden we een manier om de bewegende golf tussen twee knooppunten vast
te leggen. Alle genoemde resultaten kunnen mogelijk worden geïmplementeerd in
telecommunicatie of snelle kwantumlogica met een enkele flux via een fluxondiode.
In Hoofdstuk 6 gaan we door met het onderzoeken van enkele kinkoplossingen

van de ϕ4 klassieke veldtheorie, maar nu verifiëren we de interactie ervan met een
enkele onzuiverheid die wordt beschreven als een Dirac-deltafunctie, Gaussische of
Lorentziaanse functie. We vinden dat kinkgedrag afhangt van de exacte vorm van
het defect en of dit aantrekt of afstoot. We bewijzen numeriek het bestaan van een
interne excitatie van defecten, die vooraf al theoretisch was voorspeld. In het tweede
deel van Hoofdstuk 6 bestuderen we een soortgelijk systeem, een enkele Gaussische
onzuiverheid, tussen een kink en antikink. We observeren ook het aanslaan van de
interne excitatie van de onzuiverheid in dit systeem. Afgezien daarvan zien we een
ander interessant fenomeen in de botsingen tussen kink, onzuiverheid en antikink.
Voor sommige parameters van onzuiverheidssterkte en beginsnelheden van de kink
en de antikink, vindt een transformatie van een kink-onzuiverheid-antikink systeem
naar oscillon-onzuiverheid-oscillon plaats. Het oscillon is een andere oscillerende
quasi-langlevende oplossing met een kleine amplitude (een speciale vorm van een
Gaussische golf) in het ϕ4 model, samen met de gebonden kink-antikink toestanden
met hoge amplitude. We observeren de gebonden toestand van twee oscillons en de
ontsnappingsvensters van de oscillons naar analogie met de quasi-breather en reso-
nanties in de kink-antikink-botsingen. De kinks van het ϕ4-model bleken nuttig bij
de beschrijving van proteïnen. Ondanks de schijnbare eenvoud van een probleem
van kink-onzuiverheid en kink-onzuiverheid-antikink interacties, kunnen deze resul-
taten in de toekomst nuttig zijn als een krachtig hulpmiddel voor het beïnvloeden
van het vouwen van proteïnen.
Ten slotte willen we erop wijzen dat dit onderzoek is begonnen in het najaar

van 2016 in een andere wereld dan het in het voorjaar van 2020 is beeïndigd onder
veranderde levensomstandigheden tijdens de coronacrisis of COVID-19-pandemie.
Eén van de belangrijkste ideeën van dit proefschrift is te laten zien hoe de oplossing
van bepaalde problemen kan helpen op de meest onverwachte gebieden van niet
alleen natuurkunde, maar ook van de wetenschap als geheel. Dit is precies wat de
maatschappij tegenwoordig nodig heeft: snelle, gracieuze oplossingen. Topologie,
zoals we in dit proefschrift willen aantonen, zou een van die krachtige instrumenten
kunnen zijn om dit te bereiken.
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