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Abstract  

A new method is described to do population size estimation, while linkage 

of sources occurs with errors. Our model is derived from a linkage error 

correction model introduced by Ding and Fienberg (1994). They show how 

to use linkage probabilities to correct the capture - recapture estimator for 

linkage errors, but only in the case of two sources and no covariates. A 

generalisation is proposed by incorporating the Ding & Fienberg model into 

the standard log - linear modelling approach used in multiple - recapture 

estimation. We show how the method performs in a simulation study with 

data that resemble real data. 
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1. Introduction 

This paper is a summary of Zult et al. (2019), which we refer to for a more 

extensive and elaborate discussion of this topic. The size of a partly observed 

population is often estimated with the capture – recapture (CR, for two 

sources) or multiple – recapture (MR, for multiple sources) method. An 

important assumption for these models is that records in different sources can 

be identified such that it is known whether these records belong to the same 

unit or not, i.e. records can be perfectly linked between sources. This 

assumption of perfect linkage is of particular relevance if identification is not 

obtained by some perfect identifier (like a tag or id-code) but by indirect 

identifiers (like name and address). In that case record are usually linked with 

probabilistic linkage (see Fellegi and Sunter, 1969, Winkler, 1988 or Jaro, 1989) 

and the perfect linkage assumption is often violated which generally leads to 

a biased population size estimate (PSE) (Gerritse et al., 2017). 

A solution to this problem was provided by Ding and Fienberg (1994) (DF), 

Di Consiglio and Tuoto (2015) (DC&T_15) and De Wolf et al. (2018) (DW). 

These authors show how to use linkage probabilities to correct the capture - 

                                                           
1 The authors like to thank Jan van der Laan from Statistics Netherlands for his review of the 

final version of this the paper. 
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recapture estimator for linkage errors. Recently, Di Consiglio and Tuoto (2018) 

(DC&T_18) extended their method to three sources. 

In this paper we provide a general framework that allows us to extend this 

work further in two ways, with covariates and multiple sources. This is done by 

generalising the standard log - linear modelling approach used in multiple - 

recapture estimation such that it incorporates linkage error correction. This 

leads to the weighted multiple – recapture (WMR) model and is discussed in 

section 2. In section 3 we show the results of a simulation study that tests the 

WMR model. 

 

2. Methodology 

We first introduce some formal notation. S defines the source, where in 

standard CR  = (1,2) and in MR  = (1,2, ... ). Next, we define the linked ‘register’  

𝑅𝑡−1 as: 

𝑅𝑡−1 = 

{
 
 

 
 
𝑅0= 𝑆1                        
𝑅1= 𝐿1(𝑆1, 𝑆2)          

𝑅2= 𝐿2(𝑅1, 𝑆3)         ,
⋮ 

𝑅𝑡−1= 𝐿𝑡(𝑅𝑡−2, 𝑆𝑡)  

 

where 𝑅𝑡  refers to a set of t + 1 sequentially linked sources and 𝐿𝑡 refers 

to the linkage process that links 𝑅𝑡−1 
 with 𝑆𝑡+1 . In case of CR this reduces 

to 𝑅1  = 𝑅  = 𝐿(𝑆1, 𝑆2) . The true cell counts, estimated cell counts and 

observed cell counts (i.e. the counts of records that are linked and not 

linked between 𝑅𝑡−1 and 𝑆𝑡+1) are denoted as 𝑚𝑖𝑗 = (𝑚11,𝑚10,𝑚01), �̂�𝑖𝑗 =

(�̂�11 , �̂�10 , �̂�01 ) and 𝑛𝑖𝑗 = (𝑛11 , 𝑛10  , 𝑛01 ) respectively. Here i ∈ {1,0} 

corresponds to records in and not in 𝑅𝑡−1 and j ∈ {1,0} corresponds to 

records in and not in 𝑆𝑡+1. When there are no linkage errors, the true cell 

counts are equal to the observed cell counts, i.e. 𝑚𝑖𝑗 = 𝑛𝑖𝑗 . Furthermore, 

we define 𝑚𝑖𝑗
∗ = (𝑚11

∗ ,𝑚10
∗ ,𝑚01

∗ ) and 𝑛𝑖𝑗
∗ = (𝑛11

∗ , 𝑛10
∗ , 𝑛01

∗ ) as the true and 

observed cell counts in a random sample from 𝑅𝑡−1 called a rematch or audit 

study (for a discussion on the difference between rematch and audit sample, 

which is small, we refer to Zult et al. (2019)). Beside that 𝑚𝑖𝑗
∗  refers to a 

subsample, the difference between 𝑚𝑖𝑗
∗  and 𝑚𝑖𝑗 is that in the presence of 

linkage errors 𝑚𝑖𝑗
∗   is assumed to be known while 𝑚𝑖𝑗  is not. Finally, we 

introduce   𝑝 = 1,… , 𝑃𝑡  which are the records in 𝑅𝑡 . Under perfect linkage 

this implies that all records refer to unique units/individuals, but in case of 

linkage errors two records in 𝑅𝑡 might belong to different units/individuals 

or one record in 𝑅𝑡 might represent two or more units. 

The derivation of the WMR model follows three steps. First the D&F model 

is written as log – linear Poisson regression model. Second, the dependent 

variable in this model is corrected for linkage errors in case of two sources but 



STS547 Daan Zult et al. 

326 | I S I  W S C  2 0 1 9  

with covariates. These two steps are discussed in section 2.1. Third, this model 

is extended towards multiple – sources, which is discussed in section 2.2. 

2.1  Capture - recapture estimation and linkage error correction 

         In the most basic case of CR the PSE is given by the standard Petersen (Petersen, 

1986, Lincoln, 1930) formula: 

�̂�𝑃𝑒𝑡𝑒𝑟𝑠𝑒𝑛 = 𝑚11 + 𝑚10 + 𝑚01 + 
𝑚10𝑚01

𝑚11
= 

(𝑚11+𝑚10)((𝑚11+𝑚01)

𝑚11
=

𝑚1+𝑚+1

𝑚11
    (1), 

where under the appropriate assumptions �̂�𝑃𝑒𝑡𝑒𝑟𝑠𝑒𝑛 is an unbiased estimate 

of the true population size (Wolter, 1986). The Petersen estimator is closely 

related to a fitted value obtained from a log - linear Poisson regression model 

with cell counts data (e.g. see Cormack, 1989), i.e.: 

𝐸[𝑚𝑖𝑗] =  𝑒
(𝛽0+ 𝛽1𝑖+ 𝛽2𝑗) for i, j ∈ {1,0}                                                      (2),                      

where 𝑚𝑖𝑗  serves as the dependent variable in the log - linear 

regression model. The Poisson regression model uses maximum likelihood 

to obtain estimates �̂�0 , �̂�1 , �̂�2 . An important difference between equation (1) 

and (2) is that (2) can be easily extended with additional sources or categorical 

covariates. 

When the appropriate assumptions are not met, for instance records are 

not perfectly linked, �̂�𝑃𝑒𝑡𝑒𝑟𝑠𝑒𝑛 is biased. Therefore D&F developed a linkage 

error correction method that uses a rematch study from which they calculate 

the linkage error probabilities that are used to correct the PSE for linkage 

errors. DW show that this correction method can be written as: 

�̂�𝐷&𝐹 = 
𝑚1+𝑚+1

�̂�11
                                                                                                                 (3), 

where �̂�11 is the estimated number of links between both sources that takes 

linkage errors into account. Combining equation (1), (2) and (3) allows us to 

write:  

𝐸[�̂�𝑖𝑗] =  𝑒
(𝛽0+ 𝛽1𝑖+ 𝛽2𝑗) for i, j ∈ {1,0}                                                                      (4)                      

where �̂�11 = 𝑛11
𝑚11
∗

𝑛11
∗  , �̂�10 = 𝑛1+ − �̂�11  and �̂�01  = 𝑛+1 − �̂�11  (see Zult et 

al. (2019) for a more extensive derivation). In words, equation (4) constitutes 

the same model as equation (2), except the dependent variable 𝑚𝑖𝑗  is 

replaced by �̂�𝑖𝑗 , where �̂�𝑖𝑗  is simply a vector of estimated cell counts that 

is based on the results of the audit study. Here we should note that the 

calculation of �̂�11 is independent of the exact linkage procedure 𝐿 . In fact, 

the only thing that matters is that the fraction 
𝑚11
∗

𝑛11
∗  is a consistent estimate 

of 
𝑚11

𝑛11
 , which implies that the audit study should be representative for 𝑅. 
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Equation (4) allows for the inclusion of covariates in the same way as in a 

regular log - linear Poisson regression, which implies that �̂�𝑖𝑗  must be 

separated further into groups (e.g. male/female) and this categorical 

covariate can be added to the regression equation. We refer to this 

extension of the D&F model as the weighted CR (WCR) model. Why it is 

called ‘weighted’ will become clear in the next section.   

2.2  The weighted – multiple recapture model 

        In section 2.1 we showed how the D&F model can be written as a log – 

linear Poisson regression model and how (categorical) covariates can be 

added to this equation by splitting - up �̂� into smaller groups. This implies 

that after this procedure we have for each cell count both an estimated and 

observed cell count. Here we should note that each cell count consists of 

records, so for each record we can calculate its weighted contribution to its 

estimated cell count, i.e.: 

𝑤𝑝 = 
�̂�𝑝

𝑛𝑝
                                                                                                                                 (5) 

where �̂�𝑝 and 𝑛𝑝 refer to the estimated and observed cell count of record 

𝑝. E.g., when we ignore covariates and record 𝑝 is linked between 𝑆1 and 𝑆2 

, �̂�𝑝  and 𝑛𝑝 = 11. Now 𝑤𝑝  is a record level weight that sums up to the 

different elements in �̂�. Adding up over 𝑤𝑝  is similar to the case of no 

linkage errors where each record has a weight of 1 and is added up to 

obtain (the true and observed) cell counts. However, when we want to 

extend the model such that it can deal with multiple – sources, we can write 

𝑤𝑝 as: 

𝑤𝑝
𝑡 = 𝑤𝑝

𝑡−1
�̂�𝑝
𝑡

𝑛𝑝
𝑡
                                                                                                                                     (6), 

with 𝑤𝑝
𝑡=0 = 1 , 𝑛𝑝

𝑡 = ∑𝑝𝜖𝑐𝑒𝑙𝑙 𝑐𝑜𝑢𝑛𝑡 𝑤𝑝
𝑡−1 . Under equation (6) 𝑤𝑝

𝑡  is updated 

after every linkage procedure, which can be repeated for each new source. 

After the update of  𝑤𝑝
𝑡  the estimated cell count elements of �̂� can be 

calculated by summing up 𝑤𝑝
𝑡  over the records 𝑝  that belong to that cell, 

where ̂ �̂� does not only distinguish between 𝑖  and 𝑗  but may distinguish 

between any number of sources and categorical covariates. The WMR model 

can then be written as: 

[�̂�𝑧𝑡] =  𝑒
𝑓(𝛽,𝑍𝑡)                                                                                                                             (7), 

where �̂�𝑧𝑡 is the estimated cell count vector that depends on 𝑍𝑡 = (𝑅𝑡−1, 𝑋) 

with a set of categorical covariates, according to some function 𝑓(𝛽, 𝑍𝑡) with 

𝛽 a parameter vector. 
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3. Results 

We evaluate the WMR model with a simulation study. In this study the true 

population size (TPS) is known and will be compared with estimates of the 

population size. We use a (quasi – real) dataset that is a publicly available 

fictitious population dataset of 26 625 persons that is representative for the UK 

population census. It was created in a European project on data integration 

(McLeod, Heasman and Forbes, 2011) that ran from 2009 to 2011. The dataset 

has linkage keys such as address and birthdate but also covariates such as 

gender and age. By generating sources from this quasi - real dataset, outcomes 

may reflect reality to some extent. 

The main goal of this simulation study is to evaluate the performance of the 

WMR model. The WMR model is applied within different scenarios, where 

scenarios differ with respect to three elements: 

1. Covariate dependence of capture probabilities, which implies that the 

probability of a record to be in 𝑆1 , 𝑆2  and 𝑆3 may vary due to 

differences in the covariate values of records (e.g. a male may have a 

higher probability to be in 𝑆1 and a lower probability to be in 𝑆2). 

2. Source dependence of capture probabilities, which implies that the 

probability of a record to be in 𝑆1 , 𝑆2  and 𝑆3  may depend on this 

record being in another source (e.g. a record in 𝑆1 , may have a 

different probability to be in 𝑆2 than a record that is equal in all other 

aspects except being in 𝑆1). 

3. Linkage errors in the linkage procedure; sources are linked either with 

errors or are linked perfectly without errors. 

These three elements are of particular interest, because they are the 

sources of bias that the WMR model aims to correct for while the alternative 

models should suffer from at least one of them. They lead to four different 

scenarios that can be seen in table 1. 
Table 1: Simulation study scenarios. 

Scenario Linkage errors  Covariate dependence Source dependence 

1 Yes No               No 

2 Yes Yes No 

3 Yes No Yes 

4 Yes Yes Yes 

Each scenario is replicated 1 0502 times and in each replication a population of 

10 000, together with three sources of approximately 8 000, 5 000 and 2000 

records is generated, where the generation of sources differs between 

                                                           
2 The number is ‘only’ 1 050 because we use a spark cluster of fifteen cores (available at Statistics 

Netherlands mainly for Big Data related computations) that each does 70 replications with 

different random seeds, in which each single replication takes about 10 minutes. In total it takes 

almost two days to run all four scenarios, which is mainly due to the computation time of the 

probabilistic linking the three sources. 
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scenarios. For further details on the simulation setup we refer to Zult et al. 

(2019), in the next section we discuss the results. 

3.1  Simulation outcome 

       In figure 1 below the simulation results of the four scenarios are presented 

as density plots where each density plot contains the CR estimate (CRE), MR 

estimate (MRE) and TPS that are calculated in three different ways, i.e. naïve 

(with linkage errors and without correction), perfect (without linkage errors 

and without correction) and weighted (with linkage errors and with 

correction). The results are in figure 1 on the next page. 

Ideally the density of an estimate revolves around the TPS of 10 000. 

However, the first column shows that the densities of the naïve estimates do 

not, which implies that the linkage errors indeed lead to biased PSEs. 

Furthermore, in case of perfect linkage, in scenario 1 and 2 both the CREs and 

MREs revolve around the TPS. However, when source dependence is introduced 

in scenario 3 and 4 the CR model (necessarily) fails while the MR model still 

performs well. This failure of the CR model implies that it suffers from source 

dependence as intended by the simulation setup. Finally, the third column 

contains the weighted estimates. Here the (weighted) CR model performs well 

in scenario 1 and 2, which implies the WCR model is able to correct for both 

linkage errors and covariate dependence simultaneously. However, in scenario 

3 and 4 the CR model logically fails, because it is unable to deal with source 

dependence. Fortunately, in these scenarios the density of the MREs still 

revolves around the TPS, which implies that the WMR model indeed corrects 

for linkage errors, covariate dependence and source dependence 

simultaneously. 
Figure 1: Density plots of two PSEs with three dependent variables and four 

scenarios (table 1). 
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4. Discussion and Conclusion 

In this paper we derived and tested the WMR model for population size 

estimation corrected for linkage error. The model is derived from the D&F 

model and is a more general extension than the models developed by DC&T 

(2015, 2018) and De Wolf et al. (2018) because it can deal with three or more 

sources and covariates. Furthermore, the WMR model is incorporated in the 

more general family of log - linear regression models and therefore no longer 

has to be studied as an isolated issue in CR and MR models. Finally, the WMR 

model was tested and approved in a simulation study. 

In theory the WMR model might be an improvement on the D&F model, 

they both still require the availability of a rematch (for D&F) or audit (for WMR) 

study. The advantage of the WMR model is that an audit study might be easier 

to obtain, because it has lower requirements (it needs to be constructed on 

the cell count level instead of the much more detailed records matching pair 

level). However, the incorporation of covariates and additional sources in the 

WMR model also puts additional constraints on the audit study, in the sense 

that the audit study should include these same covariates and additional 

sources. Given that the sample that underlies the audit study must be 

representative for Rt, this might be more difficult for increasing t. 

Also, we should note that we paid little attention to the impact of the exact 

linkage procedure. In section 2 we developed the WMR model in the context 

of the common sequential linkage approach, in which first two sources are 

linked and a third source is linked to this combined source. However, it is also 

possible that sources are linked pairwise or simultaneously. These approaches 

are less common because they suffer either from computational (i.e. the 

number of potential matches between multiple sources increases 

exponentially) or methodological (e.g. what to do with inconsistent matching 

patterns like A → B, B → C, C ↛ A?). Furthermore, in the simulation study of 

section 3 we applied probabilistic linkage that uses techniques developed by 

Fellegi and Sunter (1969), Winkler (1988) and Jaro (1989) that aim to optimise 

the quality of matches on the matching pair level, while matching techniques 

that are designed to optimise the quality of the matches on the cell count level 

might already significantly reduce the problem of linkage errors in population 

size estimation. 

Another point that deserves some discussion is the ‘individual starting 

weight of 1’. Lists or registers of individuals sometimes also contain individual 

sample weights, which indicate the size of the group that this individual 

represents as part of the total population. There is no reason why these sample 

weights cannot replace the starting weights of 1 in the WMR model. 

Furthermore, when additional sources also contain sample weights they can 

be used to calculate 𝑛𝑡, 𝑛∗𝑡 and 𝑚∗𝑡 in a slightly different way, i.e. simply by 

adding up sample weights instead of counting. This way we would get ‘linkage 
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error corrected sample weights’. However, we should note that the presence 

of sample weights usually implies that the source only covers a (very) small 

part of the population, so when multiple sources contain sample weights the 

probability of matches becomes low, leading to very low cell counts and an 

unreliable PSE. How exactly sample weights can be combined with linkage and 

linkage error correction requires further research. 
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