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1
Introduction

EVERYTHING around us is moving. Humans move between different loca-
tions to do their activities. Many species of animals migrate from one

habitat to another to take advantage of favorable weather conditions and
better food supplies. Natural phenomena like glaciers or hurricanes also
move along a path influenced by various factors such as wind, temperature,
and air pressure. Other objects like packages and documents are moving
while being delivered to recipients by couriers. Even the universe is in
motion: the earth revolves around the sun on its orbital path.

FIGURE 1.1: The movement of pedestrians. For each pedestrian, the sequence of small discs
shows her/his previous positions. Intervals between consecutive discs indicate the walking
speed. Pedestrians with a white trail are walking alone, while pedestrians with the same color
of the trail and spatially close are probably walking together.
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We show an example of movement by moving entities in Figure 1.1:1

several pedestrians are walking in a hallway. The colored discs following
each pedestrian show their previous locations. Therefore, the gap between
consecutive discs indicates the walking speed of a pedestrian. If the gaps
are small, then the pedestrian is moving slowly; if the gaps get larger, they
speed up. Furthermore, the use of the same color and spatial proximity of
the discs suggests that a few pedestrians are walking together. Identifying a
set of entities (not necessarily pedestrians) moving together is a common
task in research involving movement data. This thesis is primarily about one
specific type of movement: collective movement. A collective movement can
be defined informally as multiple moving entities that travel together over a
period of time. We study various aspects of a collective movement. First, we
discuss various measures that might be needed to perform different types
of analysis on collective movement. Next, we introduce a new definition
for collective movement and present algorithms to compute it. Finally,
we compare four definitions for collective movement experimentally using
different types of movement data sets.

In the rest of this chapter, we start with a short introduction to research
areas related to movement analysis. A brief summary of trajectories as
movement data follows it. Then, we give an overview of some analysis tasks
on movement data. We present different types of movement patterns and
give a more detailed explanation of the collective movement pattern. An
outline of the remainder of the thesis is the last part of this chapter.

1.1 Preliminaries
Movement data from various moving entities has become a new kind of
data that has gained significant interest among researchers from different
research areas. For instance, by analyzing the movement of free-grazing
domestic ducks, researchers can identify areas that may have the highest
risk of avian influenza transmission [2].

Since movement is continuously changing the (geographic) location of
an entity over time, analysis of movement data has become a mainstream
topic in the field of Geographic Information Systems and Science. Furthermore,
since movement data is essentially spatial, methods used in various types of
analysis are often based on geometric objects and algorithms to compute
or manipulate them. Hence, analysis of movement data also became an
important research focus in the field of Computational Geometry.

1The background image and movement data are from [1].
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1.1.1 Computational Geometry
Computational geometry, which has been developed since the nineteen-
seventies, is one of many branches of theoretical computer science. It
mainly focuses on the design and analysis of efficient algorithms and data
structures for solving computational problems involving geometric objects
(e.g., points, lines, line segments, polygons) [3]. Even though geometric
problems have been studied before, the use of modern computers increases
the popularity of geometric algorithms. Computers enable us to move from
small instances of geometric problems (which are usually “easy” to solve)
to much larger instances. Nowadays, researchers from different areas of
applied sciences can analyze, process, compute, and visualize large instances
of complicated geometric models representing (real) objects.

Examples of typical questions asked in computational geometry are:
• Given a set of line segments in a plane, report all intersections between

any two line segments.
• What is the minimum area of a convex polygon that encloses a given

set of points?
Computational geometry has many application areas that demand ef-

ficient geometric algorithms and data structures, such as Computer-Aided
Design (CAD), Computer Graphics, Computer Vision, Shape Recognition,
and many more [3]. Initially, the combination of the study of movement and
computational geometry arose in Robotics, which results in various motion
planning algorithms and kinetic data structures. Consequently, analysis
of the movement of moving entities has also become an essential topic in
computational geometry.

1.1.2 Geographic Information Systems and Science
Geographic Information Systems (GIS) are computer-based tools to im-
prove the efficiency and effectiveness of handling information about objects
and events located in geographic space by collecting, storing, processing,
analyzing, and visualizing geographic information [4]. There are many
application fields where GIS play an essential role, for example, urban
planning, agriculture, tourism, defense, transportation, and many more.

While GIS focuses more on tools and technologies to solve problems
involving geographic information, Geographic Information Science (GISc)
focuses on the scientific knowledge behind the GIS technologies that will
still be valid many years from now. Geographic Information Science is a
multi-disciplinary field, with research contributions from geography, geodesy,
geostatistics, cartography, and computer science.
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Since geographic information contains spatial data related to space (e.g.,
location, shape), many computational problems in GIS (and thus, GISc) are
geometric by nature. Therefore, computational geometry plays an integral
part in the research in GISc. Problems in GISc where computational geom-
etry can provide (part of) a solution include, for example, data structures
for spatial data (e.g., R-Tree), map overlay, map generalization, map visu-
alization, spatial queries, spatial interpolation, label placement, and many
others [5].

Along with its spatial components, geographic information can also have
various non-spatial parts, such as a temporal component (i.e., time). These
components enable the geographic information to incorporate changes over
time because sometimes it is necessary to record the changes as well, rather
than maintain only the most recent data. For example, in transportation
management, the position of vehicles may change continuously. Not only
their starting and ending position but also their movement over time is an
essential factor for planning and managing transportation systems. However,
the spatial component of the geographic information is not necessarily
influenced by the change in its temporal component. Consider the case in
urban and regional planning where the use of an area may change from
industrial to residential at a specific time, but the location of the area itself
does not change [6, 7].

Many challenging real-world problems can be solved if we have efficient
methods to extract knowledge from movement data of moving entities. For
example, understanding the movement pattern of a hurricane could be
useful for a better natural disaster management. For ecologists, knowledge
about the collective motion of animals might give helpful insight to under-
stand their movement behaviors. Thus, analysis of movement by entities
has gradually become a significant research field in GISc.

1.1.3 Computational Movement Analysis

Although observations of various moving entities have been carried out for a
long time, previous analysis of movement data at that time often produced
unsatisfactory results mainly because of two reasons [8, 9]:
• Movement data was difficult to gather because of limited technology.

It was collected in relatively small numbers and had poor quality in
terms of sampling rate and spatial precision.
• In-depth analysis of those data was performed manually because no

computational methods were available and those manual processes
were feasible only for small numbers of data.
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However, the presence of devices equipped with advanced tracking tech-
nologies and sensors (e.g., GPS-enabled mobile phones, RFID tags), other
systems based on the Global Navigation Satellite Systems (GNSS), and video
surveillance/tracking analysis, make it possible to easily record the locations
and track the movement of an entity over a period of time.

The widespread use of such inexpensive devices by various types of
moving entities (e.g., people, animals, vehicles) leads to the availability of a
vast amount of high-quality movement data (i.e., high sampling rate and
precise geographical location). Consequently, this gives rise to an increasing
interest to analyze them and open new opportunities to develop useful ap-
plications in many research fields. In recent years, Computational Movement
Analysis (CMA) has emerged as a mainstream research domain within the
GISc community. It focuses on developing and applying computational tools
for analyzing movement data.

Laube [10] defines Computational Movement Analysis as the interdis-
ciplinary research field studying the development and application of compu-
tational techniques for capturing, processing, managing, structuring, and
ultimately analyzing data describing movement phenomena, both in geo-
graphic and abstract spaces, aiming for a better understanding of the processes
governing that movement.

From the practical point of view, CMA can be considered as a bridge to
connect the low-level tracking data and the high-level understanding of the
semantics of movement in various research fields. Examples of application
domains where movement analysis is a crucial part of its research are:
animal movement and behavior, traffic and transportation, defense and
surveillance, oceanography, disaster management, people behavior, health
management, sports science, and many others [8, 10].

1.2 Trajectories
Movement data of a moving entity is typically described as a trajectory: a
path made by a moving entity as it travels through space over a period of
time.

Abstract and Data Model. Since a trajectory is the model of a moving
entity, we can use either the abstract model or the data model of a trajectory.
In the abstract model, a trajectory is the representation of a moving entity,
assumed to be a point that moves without discontinuities. With this model,
the spatial position of the moving entity can be located at any moment in
time. Thus, a trajectory can be regarded as a function that maps a time
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FIGURE 1.2: (Left) A path of an abstract model of a trajectory. (Right) In the data model,
trajectory consist of recorded locations of the moving entity, which are ordered by time.

interval to the space in which the entity is moving. We define the path of a
trajectory as the image of the function, which has a shape and annotated
with a direction but has no time component.

Movement data is generally collected by tracking devices that give spatial
information at a certain time when the location is sampled. Even though
the movement is often continuous, due to the limitation of the technologies,
tracking devices usually report the locations only at specific moments with
regular or irregular time intervals in between. Hence, in the data model, a
trajectory is a time-ordered sequence of locations where the position of the
moving entity was recorded. Here, the geometric precision and the sampling
rate are the two most important aspects of data quality for trajectories that
exist in the data model but not in the abstract model. Figure 1.2 illustrates
the two models of a trajectory.

Movement Space. There are various types of movement space in which
the entity could be moving. We consider the space where entities move
based on the type of entities being observed and the type of applications
that use the movement data. When the height or depth of the positions
is not important, we usually use the Euclidean plane R2. For instance, in
sports analysis, the z-coordinate of soccer players in the field probably is
insignificant for researchers who want to analyze their movement. However,
if we want to observe the movement of migrating birds or fish in the ocean
(where location includes altitude or depth), then we want to consider R3

as the movement space. Moreover, other types of specific space may also
be used to analyze movement data. For example, researchers hypothesize a
structure of political mentality (political left, liberal, and conservative) in a
three-dimensional space to analyze referendum data [11].

Lagrangian and Eulerian Perspective. There are two different approaches
to obtain trajectory data for the data model [10]. From the Lagrangian
perspective, the trajectory data is determined by tracking the position of
entities as they move in time. Thus, it is useful if we want to track the
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FIGURE 1.3: (Left) The Lagrangian perspective of movement: movement data is collected
while the blue entity moves along the gray path. The information of the recorded locations is
taken from the tracking devices attached to the entity. (Right) The Eulerian perspective: the
stationary GSM towers track the movement of the entity.

movement detail of an entity. The use of GPS collars on animals is a typical
example of the practical acquisition of movement data using this approach.
While the Lagrangian viewpoint is an entity-based, the Eulerian perspective
is location-based. It focuses on the movement changes by an entity which is
observed at a known fixed location using technologies like RFID tag, WiFi,
or GSM (through mobile phone cell towers). Figure 1.3 shows the difference
between the two views.

Trajectory Interpolation. Although collecting trajectory data using the
Lagrangian approach makes it possible to sample them at finer spatial
resolutions (e.g., by sampling the position every second), the advantage
of having such trajectory data still depends on the scale that we use in the
analysis or applications. When we use a larger scale, we might still not know
where the moving entity is at times in between the samples. Nevertheless,
since the original movement is continuous, we may want to analyze and
process the (discrete) trajectory data in its continuous form. There are
various approaches to address this issue.

First, one might choose to ignore this problem and analyze the movement
only at times when the location is known. This approach has at least one
advantage: it usually leads to a simple and fast algorithm to process the
movement data. However, if the trajectory data is not densely sampled, then
we could interpolate the time and locations between consecutive recorded
locations.

The simplest assumption for the location of a moving entity at any
time between two consecutive sampled locations is to perform a linear
interpolation between them. In this interpolation, we assume that the
moving entity moves with constant speed along a straight line connecting
the two locations. If the movement data is sampled sufficiently often, we
can further assume that the linear interpolation does not induce a significant
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FIGURE 1.4: The actual trajectory is shown in gray. Different Interpolations for a sequence
of time-stamped locations (blue discs). (Left) Linear interpolation: the entity is assumed to
move along a straight line between two blue discs with a constant speed. (Right) An example
of a non-linear interpolation.

error. Due to rather efficient computation of trajectories with this type of
interpolation, this model is very common in GIS, Computational Geometry,
and other domains.

Sometimes, a linear interpolation is not realistic in a particular sce-
nario. Therefore, a more complicated shape (e.g., curve) is needed and
probably more suitable to connect the two consecutive sampled locations.
For instance, Tremblay et al. [12] suggest that curvilinear interpolations
(Bézier curve, Hermite, and cubic spline) are more advantageous than linear
interpolation for trajectories of entities that move in a fluid environment.
Other non-linear interpolations include the constrained random-walk [13],
kinematic interpolation that incorporates object kinematics (i.e., velocity
and acceleration) [14] and the Brownian motion to estimate the movement
path [15, 16, 17].

1.2.1 Notation

Throughout this thesis, we use T to denote the trajectory of an entity. Recall
that in the abstract model, a trajectory T is a function that maps a time
interval I = [tα, tβ] to space. The location at the start time tα (or tstart) is
the origin of T and the location at the end time tβ (or tend) is the destination
of T .

Furthermore, we only consider the movement in R2 and study trajectory
data from the Lagrangian perspective. Therefore, in the data model, the tra-
jectory T is a sequence of time-stamped locations (p1, t1), (p2, t2), . . . , (pτ , tτ )
where pi = (xi, yi) denotes the position of the entity at timestamp ti and τ
denotes the total number of recorded data points.

We use linear interpolation between two consecutive data points to make
a continuous mapping from time to space. Hence, a trajectory T now is a
(continuous) piecewise linear function mapping time to space. We refer to
the end-points of those pieces, which are the recorded data points, as the
vertices of a trajectory.
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For most parts of this thesis, instead of analyzing only one trajectory, we
study a collection of trajectories. Let X be a set of moving entities whose
trajectories are tracked and n be the number of entities in X . We denote
dij(t) as the Euclidean distance between two entities i ∈ X and j ∈ X at
time t. Note that we may have differently sampled trajectories: their vertices
are not aligned in time.

1.2.2 Trajectory Data
Trajectory data comes from various moving entities, for example, vehicles,
animals, and pedestrians. There are diverse technologies and methods to
acquire their trajectory data. The quality of the acquired trajectory data de-
pends on several factors such as the type of entities, the environment where
the movement is observed, the technology used to record the locations, and
many more.

There are a few methods that do not use modern technology involving
electronic devices. For instance: the thread trailing method to follow
trajectories of box turtles [18, 19], manual marking by humans following
mangabey monkeys [20], and the use of a colored band/ring attached
to the leg of blue cranes [21]. One main advantage of these methods is
that they do not require any power source such as batteries. However,
these methods have several disadvantages, such as the low precision on the
recorded locations, the long intervals between recorded data, and only a
small number of trajectory data can be collected.

Nowadays, electronic devices are used to obtain fine-grained trajectory
data on a large scale for a more extended period of time. An example is the
use of VHF (Very High Frequency) Radio-Telemetry to track the movement
of brown bears [22]. The Starkey project uses automated radio-telemetry
systems to track and collect movement data of elks and deer for three
years [23].

More advanced technologies include satellite-based tracking technolo-
gies like the Argos-Doppler systems and the more popular GPS (Global
Positioning System). The main difference between the two is in the type
of device carried by the moving entity. In the Argos Doppler systems, the
moving entity is equipped with the transmitter, while in the GPS, the entity
carries the receiver. The Argos Doppler systems can be used better than
GPS if the entity (usually animals) spends time under water, for example, to
track the movement of whales in the Atlantic sea [24]. In recent years, the
use of GPS has increasing and gradually become a standard to track various
types of moving entities, not only for animals but also for vehicles [25, 26]
and humans [27, 28].
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Other specific types of vehicles like ships use the Satellite-AIS (Automatic
Identification Systems) in conjunction with the marine radar. The resulting
trajectory data can be used to predict the arrival time of a vessel in the
future [29]. An example of AIS trajectory data available for download
and use freely for research purposes is provided by the Danish Maritime
Authority [30]. Furthermore, trajectories can also be constructed from
satellite imagery, for example, to track hurricane trajectories [31]. One
of the primary sources for animal movement data collected using various
tracking systems is the Movebank database [32].

When the size of the environment is limited (e.g., inside a building or
in a hallway), it is challenging to use previously listed technologies, which
are usually intended to cover a larger area. Therefore, the use of devices
with a close (or medium) range capability, such as sensors and Bluetooth,
are preferable. Static 3D range sensors can be installed inside a building
and then used to track the movement of humans inside the building, for
example, to track trajectories of visitors inside a shopping mall [33, 34, 35].
Small sensors can also be attached to small animals (e.g., mice, turtles)
inside a small monitored environment to acquire their trajectories [36].
Nevertheless, limited range tracking devices can also be useful to extract
movement data with the Eulerian specification (see Section 1.2) in a larger
area. For example, Michau et al. [37] proposed a model to reconstruct ve-
hicular trajectories collected from Bluetooth detectors scattered throughout
road networks.

Now, the acquisition of real-world movement data using technologies
we described above depends on various aspects such as weather, battery
power, and signal strength. Therefore, the recorded trajectory data might
not have uniform time intervals in between consecutive recorded locations.
A similar problem also arises if we want to acquire trajectories from a set of
moving entities; the interval of recorded time might differ from one entity
to another.

Sometimes, tracking devices are difficult to install in some environments
(e.g., fluid) or to attach on the moving entities (e.g., fish). In this case, we
can record the movement using video recording systems such as surveillance-
type videos. Then, the trajectories of the observed entities can be extracted
from the resulting videos using VCA (video content analysis) and video
tracking algorithms. Some examples of trajectory data obtained using
this method are trajectories of fish in the ocean [38, 39] and also inside a
tank [40]. This method is also very common to get trajectories of pedestrians,
either outside [41] or inside [42] a building.
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Finally, if it is challenging to obtain trajectory data using any of the
previous methods, then we can model the movement of moving entities.
Based on the model, we can create computer programs and run simulations
on computers to generate trajectories. From the simulations, we obtain
artificial trajectory data. Although modeling the movement of entities is a
complicated process, this method also has advantages over other methods.
We can adjust important things related to the simulation: the duration of the
simulation, the size and the type of the environment (and its obstacles), the
number of moving entities, as well as various features of the moving entities
(e.g., speed, behavior). Furthermore, we can produce a large amount of
trajectory data of the modeled entity easily.

Huth and Wissel [43] tried to model the movement of fish and then
compare it against the actual movement observed using a video camera. The
agent-based modelling software Netlogo [44] provides a simulation model
that attempts to mimic the movement of a flock of birds or school of fish [45,
46, 44]. There have been extensive works from various research fields to
create simulations of pedestrians in crowds [47]. Moreover, various models
have been used to simulate crowds: flow-based [48], ruled-based [49], and
agent-based models [50, 51]. Examples of crowd simulation software in
which we can record the trajectories of the (artificial) moving entities during
simulations are PEDSIM [52] and the framework developed at Utrecht
University [53, 54].

1.3 Trajectory Analysis
A number of methods have been developed in recent years to analyze
trajectory data. Even though movement data is used in various applications,
those methods usually perform generic and fundamental tasks. We present
an overview of several important analysis tasks: segmentation, similarity
determination, clustering, representation, and various patterns that may
emerge from the movement of the entities. We discuss one of the pattern in
more detail: the collective movement pattern, which is the main topic in this
thesis.

1.3.1 Examples of Analysis Tasks on Trajectory Data
Segmentation. Trajectory segmentation is the process to partition or di-
vide a trajectory into several sub-trajectories such that within each sub-
trajectory, certain properties are uniform and satisfy a given criterion [55,
56]. The criterion used in the segmentation is usually based on typical
attributes of a trajectory such as speed, acceleration, direction/heading,
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t0
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t9
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t8

FIGURE 1.5: The blue and red trajectories are considered to be similar. For the green
trajectory, only the sub-trajectory from t3 to t8 is similar to the other two within the same
time interval.

curvature, or a combination of those attributes [57, 58]. Furthermore, a tra-
jectory can also be divided based on its contextual spatial information [59].

Segmentation may also be used to split a trajectory into sub-trajectories
with different movement behavior. In animal ecology, trajectory segmenta-
tion is useful for the detection of activities or behavioral states (e.g., resting,
foraging, migration) of animals [60, 61]. In transportation related studies,
trajectory segmentation is combined with machine learning to detect un-
usual behavior from travelers [62]. Furthermore, the trajectory of a traveler
can be partitioned based on the transportation mode they used using a
change-point based segmentation [63].

Similarity. Another important analysis task on trajectory data is similarity
analysis, to determine whether two trajectories appear alike or not. The rea-
sons for appearing alike can be varied. We could define similarity based on
visiting the same locations, or based on having the same speed development
(e.g., slow in the beginning, then linearly increasing speed). Similarity anal-
ysis can be used not only to determine how similar the (part of) trajectories
of two distinct entities is [64], but also to find similar sub-trajectories from
a trajectory of a single entity [65]. Usually, similarity analysis is used as a
preprocessing or subroutine for other analysis tasks such as clustering or
finding movement patterns.

The similarity between the two trajectories sometimes is understood as
the distance between them. We present an example in Figure 1.5. There
are various distance measures that can be applied to determine trajectory
similarity for different applications. If we only consider the path of the
trajectory, then we can use the Euclidean distance (in combination with
Principal Component Analysis) [66], the Hausdorff distance [67, 68], or the
Fréchet distance [68]. Other measures incorporate the temporal aspect of
trajectories. These include Dynamic Time Warping [69], time-focused dis-
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tance [70], edit distance [71], and the Longest Common Subsequence [72].
Additional attributes of movement such as speed, acceleration, and direction
can also be used to determine trajectory similarity [73]. Furthermore, those
attributes can be combined with other contextual data (e.g., land-cover,
temperature) [74].

Finding similar trajectories is useful for diverse purposes. For instance,
to find pedestrians with similar movement behaviors [75] or to estimate
the migration route of animals [16]. Moreover, trajectory similarity is often
used in video surveillance analysis [76] and sign language retrieval [77].

Clustering. Clustering is a procedure to partition objects into several
clusters. Objects in the same clusters are similar to one another but dissimilar
to objects in other clusters. Clustering can be applied to trajectories from
various moving entities [78, 79], including in veterinary research to analyze
the trajectories of animals [80]. We can cluster trajectories based on the
similarity between trajectories or sub-trajectories [70, 75, 76]. Furthermore,
trajectory clustering can also be used to detect the occurrence of a specific
movement pattern (e.g., commuting pattern) [65, 81].

In general, clustering methods (on any type of data) can be classified into
five methods: partitioning-based, hierarchical-based, density-based, grid-
based, and more advanced model-based [82]. Therefore, different results
on trajectory clustering can also be based on those methods. For instance,
Wu et al. [83] use a partitioning-based clustering to study the movement
styles of entities at different local regions due to geographic nature. To
visually analyze the migration patterns of gulls, Konzack et al. [84] integrate
their method with a hierarchical clustering algorithm. The density-based
clustering is adapted by Nanni and Pedreschi [70] to cluster trajectories that
consider the temporal component to improve the quality of the results. Mao
et al. [85] develop a trajectory clustering algorithm that combines the grid-
based and density-based method to realize adaptive parameter calibration.
These parameter values have a great influence on the effect of clustering.
Finally, Gaffney et al. [86] propose (probabilistic) model-based clustering
to observe the behavior of cyclones based on their trajectory tracks.

Representation. From a cluster of similar trajectories, one might want to
compute a suitable representative trajectory for that cluster. This trajectory
could represent a typical route that was taken by ships in one region or
describes the overall movements of a group of animals traveling together.
In Figure 1.6, we illustrate some examples of a possible representative
trajectory of the same cluster.It could be a single trajectory (from that
particular cluster), a trajectory consisting of sub-trajectories from trajectories
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FIGURE 1.6: Examples of representative trajectories from a set of three black trajectories
(top-left). The representative trajectory uses only the vertices of trajectories (in green, bottom-
left), or must use parts of trajectories in the set (in red, top-right), or a completely new
trajectory (in blue, bottom-right).

in the same cluster, a whole new trajectory, or a trajectory which has some
parts made from pieces of trajectories in the cluster and the other parts
are new (e.g., Figure 1.6, bottom-left). Nevertheless, the representative
trajectory is required to be similar or close (for a given distance function) to
all trajectories in a cluster.

Finding a representative trajectory is useful for several reasons. Firstly,
we can reduce the amount of trajectory data to be analyzed since the repre-
sentative trajectory already represents other similar trajectories. Secondly,
when we want to analyze a set of trajectories visually, the representative tra-
jectory offers better visualization since we can focus on only one or a few tra-
jectories. Thirdly, we can use it to detect an outlier, which can be done by an-
alyzing the similarity or the closeness between the representative trajectory
and other trajectories. Finally, in the k-medoids and k-means clustering algo-
rithm, representative trajectories can act as central objects, which are chosen
before the clusters are made. Then, other objects are distributed into differ-
ent clusters based on their similarity with each central object.

Lee et al. [87] proposed a simple sweep algorithm to efficiently discover a
representative trajectory that describes the overall movement of trajectories
from the same cluster. It is an imaginary trajectory consisting of a sequence
of “average coordinate” points with respect to vertices (with the same
timestamps) from the trajectories in the cluster. Therefore, the vertices
of this “mean” trajectory usually do not coincide with the vertices of the
input trajectories. On the contrary, Buchin et al. [88] introduce the concept
of median trajectory that only uses pieces of trajectories from a given set.
However, it does not consider the time information of the trajectories. Van
Kreveld et al. [89] incorporate the temporal component and propose another
type of representative: the central trajectory. It also uses pieces of the input
trajectories but is allowed to “jump” and switches to another piece if they
are within a small distance.
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Several examples show that the concept of representative trajectory
might be useful in different applications. For instance, it can be used to
analyze the trajectory of an aircraft during take-off and landing [90]. Buchin
et al. [91] use it in map reconstruction and Jiang et al. [92] use it to simplify
a vast number of trajectories that do not fit into the computer memory for
further processing.

1.3.2 Movement Patterns
Movement patterns of an entity refer to the interesting characteristics rec-
ognized from its trajectory [93, 94, 95]. For multiple moving entities, it
usually refers to interesting interactions or relationships among them. Since
various types of moving entities could have different types of relationships
and characteristics, relevant patterns usually depend on the respective do-
main. For example, the movement patterns of visitors in a national park
may provide useful information about interesting places that are regularly
visited. In animal ecology, analyzing the movement patterns of groups of
animals may help ecologists to understand the correlation between animal
behaviors in different activities (e.g., foraging, mating) and the types of
locations where the activities happened.

A Single Trajectory. From an individual entity, we can retrieve some
interesting patterns based on its trajectory. The periodic pattern [96, 97]
occurs when the entity shows the same spatio-temporal pattern with some
periodicity (e.g., visit an area with some regularity). We can also identify
popular places that are frequently visited by looking at the trajectory pattern
of an entity [98, 99]. Furthermore, based on the history of the previous
movement pattern, we can predict the next location to be visited by an
entity [100]. Other examples of movement patterns for a single trajectory
include commuting [65] and concentration patterns [93].

Multiple Trajectories. For a pair of trajectories, we can determine some
particular movement patterns like chasing behavior (e.g., between predator
and its prey) [101, 102] and an avoidance movement [103]. For a set of
moving entities, a leadership [104, 105] pattern occurs when one entity
acts as a leader and its movement is followed by others; for example, the
movement of a herd of wild horses. The more specific type of leadership
pattern is the single file movement [106] in which each entity is following
another in a row. Other movement patterns involving multiple trajectories
are meeting [107], convergence [107], and many more. We show a few
examples of movement patterns in Figure 1.7.
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FIGURE 1.7: Three trajectories show various types of patterns: meeting, commuting, and
leadership. From t4 to t14, the green entity acts as a leader and is followed by the other two
entities, recognized by the timestamps on the trajectories.

In this thesis, we mostly study the collective movement pattern. It is a
particular type of pattern which is determined by the spatial proximity of
multiple moving entities over a period of time. The Leadership pattern in
Figure 1.7 can be seen as a specialization of a collective movement pattern.

1.3.3 Collective Movement
One particular type of pattern that has been studied in various ways is the
collective movement pattern, which occurs when multiple entities travel
together (or simply are together) during a period of time. Throughout the
thesis, we also use the term group interchangeably with collective movement.
This pattern is related to clustering, but in clustering, we generally consider
the whole trajectory when making clusters (although sub-trajectory clus-
tering also exists), whereas in grouping, a single entity can be in different
groups at different times, or even at the same time.

Identifying this type of pattern is particularly relevant in many applica-
tions, for example, to understand the behavior of groups of animals like
brown lemur [108]. In veterinary science, researchers investigate whether
the composition of animals in a group depends on the health level of its
members [109, 80]. In social psychology, the collective movement can
be identified and analyzed within human crowds and can be useful in be-
havioral studies [110]. In all these areas (and many more), identifying
collective movement in trajectory data can provide critical new insights to
understand the movement of moving entities.

There are various aspects that need to be considered when one wants to
model collective movement:
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FIGURE 1.8: Different types of spatial proximity: (Left) All blue entities are contained in a
disc of radius ε. (Centre) The distance between two close entities must be ≤ ε. (Right) The
two green entities are considered to be close using the black entity as an intermediate.

• Input trajectories
Recall that the movement data is collected as discrete trajectories
(a sequence of time-stamped locations) and obtaining its continuous
version can be done using interpolation. If the model of a collective
movement only considers the discrete version, then the starting and
ending time of a group must coincide with the recorded times. On the
other hand, if we use the continuous version, we can estimate the time
and position of entities between known locations. Therefore, the same
group might have a longer time interval because of the differences in
the starting and/or ending time.
• Spatial Proximity

Usually, we consider entities that travel together to be spatially close to
one another. A straightforward approach to define closeness between
two entities is to set a single value ε > 0 as the maximum required
distance between them to be considered close. We can easily extend
this requirement for the spatial requirement of a group: every pair of
entities of a group must be close to each other at any time during the
duration of the group.
There are other ways to define closeness between entities in a group.
For example, Gudmundsson and van Kreveld [111] use a disc of radius
ε and require that entities in the same group are contained in it.
The maximum required distance between two entities can also be used
differently. Instead of considering the distance between two entities
directly, we can use another entity as an intermediate: two entities i
and j are close to each other at time t although dij(t) > ε as long as
there is another entity k such that both dik(t) ≤ ε and dkj(t) ≤ ε. See
Figure 1.8.
• Size

Obviously, we can consider two entities moving together as a group.
However, depending on the application, probably one wants to set a
different value as the minimum required size (the number of entities)
to form a group, or even limit the size of the group. Furthermore, at
any particular moment, one can decide whether a single entity should
only be part of one group, or could be a member of multiple groups.
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• Temporal Component
The temporal component refers mainly to the minimum time needed
for entities to stay together to be viewed as a group. One important
thing about the duration of a group is its continuity.
Consider a case when members of a group are separated for a moment
and then they join again to form the same group. It could be that
each separate time interval, before and after the split, does not fulfill
the time requirement for a group, but their cumulative time does.
Therefore, allowing discontinuity on the temporal requirement might
give a more robust definition of a group as it is not sensitive to short
interruptions in proximity.

There are various models of collective movement with slightly different
definitions. One of these definitions is flocks [111, 107, 112, 113]. Other
names for closely related concepts are moving micro-clusters [114], moving
clusters [115, 116], mobile groups [117], herds [118], convoys [81, 119,
120], swarms [121, 122], traveling companions [123], gatherings [124],
platoons [125], and groups [126, 127].

All definitions depend on at least three parameters (there could be
more): the size, the temporal parameter, and the spatial parameter. Note
that while most of the definitions above consider the discrete version of a
trajectory, there are also models designed to handle continuous trajectories
(e.g., groups [126]).

1.4 Outline of the Thesis

The remainder of this thesis consists of several chapters. In the next chapter,
we study the problem of simplifying a single polygonal line (henceforth
polyline) under two well-known distance measures. A polyline can be seen
as the image of a continuous piecewise-linear function of a trajectory (see
Section 1.2.1); it is a connected sequence of line segments specified by a
sequence of points.

The next three chapters cover different aspects of a collective movement:
various measures for a collective movement, a new definition for a collective
movement and algorithms to compute it, and experiments to compare
different definitions of collective movement using various types of trajectory
data sets. We conclude the thesis in the final chapter by providing an
overview of our works from each chapter. Furthermore, we also discuss
possible future research related to the collective movement of moving
entities.
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Chapter 2: Polyline Simplification

One crucial pre-processing step in trajectory analysis is the reduction of the
number of vertices of a trajectory. This procedure is known as trajectory
simplification. Trajectory simplification is important for at least two reasons:
to reduce the use of computer resources (e.g., memory, computational power,
storage) and to remove irrelevant or recurring information in a trajectory so
that the analysis can be performed faster.

Andrienko et al. [9] suggest five possible approaches to trajectory sim-
plifications: (i) geometry-based: convey the shape of the trajectory using
a minimum number of vertices, (ii) density-based: use a single vertex to
simplify consecutive vertices concentrated in one area (e.g., [128]), (iii)
place-based: remove vertices located in the area that will not be included
in the subsequent analysis (e.g., [129]), (iv) event-based: preserve only
vertices when certain movements of events such as stop events occurred
(e.g., [130]), and (v) attribute-based: remove consecutive vertices having
similar values of some thematic attributes (e.g., [131]).

Cao et al. [132] and Gudmundsson et al. [133] show that geometry-
based trajectory simplification can be done using a modification of the
Douglas-Peucker algorithm [134]. It is a well-known algorithm to solve
(poly)line simplification problems in computer graphics and cartography.
Recall that a polyline is the image of the continuous piecewise linear function
of a trajectory. Hence, a polyline only contains spatial information but does
not have any temporal information. In this chapter, we shift our focus
from trajectories to polylines and revisit the classical polyline simplification
problem and study it using the Hausdorff distance and (continuous) Fréchet
distance.

The line simplification problem takes a maximum allowed error ε and
a polyline P defined by a sequence of points 〈p1, . . . , pn〉, and computes a
polyline Q defined by 〈q1, . . . , qk〉 for which the error is at most ε in some
error metric. Commonly the sequence of points defining Q is a subsequence
of points defining P, and furthermore, q1 = p1 and qk = pn.

There are many ways to measure the distance or error of a simplification.
Among the distance measures for two shapes that are used in computational
geometry, the Hausdorff distance and the Fréchet distance are probably the
most well-known. They are both bottleneck measures, meaning that the
distance is typically determined by a small subset of the input like a single
pair of points (and the distances are not aggregated over the whole shapes).
The Fréchet distance is considered a better distance measure, but it is
considerably more difficult to compute because it requires us to optimize
over all parametrizations of the two shapes [68]. The Hausdorff distance
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ε

FIGURE 1.9: The input trajectory is shown in gray. The simplified trajectory (in blue) is
the result of the Douglas-Peucker simplification algorithm. All vertices of the input trajectory
have a distance ≤ ε to the blue trajectory.

between two simple polylines with n and m vertices can be computed in
O((n+m) log(n+m)) time [135]. Their Fréchet distance can be computed
in O(nm log(n+m)) time [68]. Note that the Fréchet distance is symmetric,
whereas the Hausdorff distance has a symmetric and an asymmetric version
(in term of the distance from the input to the simplification).

Among many polyline simplification algorithms, the ones by Douglas and
Peucker [134] (see Figure 1.9) and by Imai and Iri [136] hold a special place
and are frequently implemented and cited. There are many other results
in line simplification. Different error measures can be used [137], self-
intersections may be avoided [138], line simplification can be studied in the
streaming model [139], it can be studied for 3-dimensional polylines [140],
angle constraints may be put on consecutive segments [141], there are
versions that do not output a subset of the input points but other well-chosen
points [142], and it can be incorporated in subdivision simplification [143,
144, 142]. Some optimization versions are NP-hard [143, 142].

Interestingly, no previous authors studied line simplification under the
Hausdorff distance and Fréchet distance in its pure form, namely: for a given
ε > 0, choose a minimum size subsequence of the vertices of the input such
that the Hausdorff or Fréchet distance between the input and output polylines
is at most ε. We analyze how the well-known Douglas-Peucker and Imai-Iri
simplification algorithms using both measures perform compared to the
optimum possible.

Our results show that computing an optimal simplification using the
undirected Hausdorff distance is NP-hard. The same holds when using the
directed Hausdorff distance from the input to the output polyline, whereas
the reverse can be computed in polynomial time.

Finally, to compute the optimal simplification from a polygonal line
consisting of n vertices under the (continuous) Fréchet distance, we give
an O(kn5) time algorithm that requires O(kn2) space, where k is the output
complexity of the simplification. Very recently, Bringmann and Chaud-
hury [145] improved this result by giving an O(n3) time algorithm.



1.4. Outline of the Thesis 21

This chapter presents work that is published in:
[146] Marc van Kreveld, Maarten Löffler, and Lionov Wiratma. On optimal

polyline simplification using the Hausdorff and Fréchet Distance. In
Proc. of the 34th International Symposium on Computational Geometry,
SoCG 2018, pages 56:1–56:14, 2018.

Chapter 3: Measures for groups

All trajectory analysis types depend on measures defined on trajectories. In
the overview of trajectory analysis in Section 1.3, we mentioned several
attributes of a trajectory such as location, speed, and direction. These
attributes can be defined in the abstract model and can be computed in
the data model of a trajectory (see Section 1.2.1). In fact, an attribute like
speed gives rise to multiple measures: average speed, variations of speed,
total stationary time, etcetera.

In Chapter 3, we discuss measures for groups of trajectories. Many
analysis tasks that apply to trajectories exist for groups of trajectories as
well. For example, we can imagine segmentation of the whole group at
once or doing a similarity analysis on two groups. To perform such analyses,
we also need measures for the whole group. Groups are a natural unit of
aggregation which can be analyzed at once and which can be visualized
using a single stroke. With the ongoing trend of dealing with larger and
larger collections of data, aggregation is one of the approaches to cope with
the growth. Note that these measures are general measures for groups, and
therefore, their definition does not depend on a specific model of groups
(see Section 1.3.3).

We choose the abstract model of trajectory to define measures for trajec-
tories since it is mathematically more clean and representation-independent.
If needed, measures in an abstract model can be converted in various ways
to measures in a data model.

We begin with an overview of measures that exist for a single trajectory.
We classify them into three types: (i) measures for a single trajectory in iso-
lation, (ii) measures for a single trajectory that require the presence of other
trajectories (e.g., the centrality of a trajectory amidst other trajectories),
and (iii) measures defined by combining trajectory data with data from
other sources, such as the environment where the entities move. For each
measure, we give the description, the unit and range of the measurement,
where the measure is derived (from attributes or other measures), and
related works on that particular measure.

Next, we proceed with extensions of measures for groups, while at the
same time including new measures that do not exist for single trajectories
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like density and formation stability. We use the same three types of clas-
sification for measures for groups and use similar approaches to develop
those measures. There are three views of treating a group when defining its
measures: representative (consider only a single trajectory in the group),
complete (consider all trajectories in the group), and area view (consider
the area that the group occupied during movement). We will highlight such
more general approaches because they can potentially be used for other
measures needed in specific applications. Finally, we discuss several tasks:
settlement selection, visualization, and segmentation, where measures on
groups of trajectories are necessary.

This chapter presents work that is published in:
[147] Lionov Wiratma, Marc van Kreveld, and Maarten Löffler. On measures

for groups of trajectories. In Societal Geo-innovation - Selected Papers
of the 20th AGILE Conference on Geographic Information Science, pages
311–330, 2017.

Chapter 4: A Refined Definition for Groups

In Section 1.3.3, we describe the collective movement pattern and list
different definitions for this pattern. One of those definitions is the one by
Buchin et al. [126] called groups. We refine their definition for groups and
argue that our refined definition corresponds better to human intuition in
certain cases, particularly in dense environments.

Buchin et al. [126] introduce a model called the trajectory grouping
structure which not only defines groups but also the splitting of a group into
subgroups and its opposite, merging. Moreover, they analyze its mathemat-
ical structure and present efficient algorithms for computing all maximal
groups2 in a given set of trajectories. In their definition, a group is defined
for both the continuous and the discrete model of a trajectory (see Sec-
tion 1.2). Therefore, the algorithm to compute them considers times in
between the timestamps where the locations are recorded as relevant. In be-
tween these timestamps, locations are inferred by linear interpolation over
time. Thus, the computation allows trajectories to have recorded locations
not collected at the same timestamps.

This grouping definition by Buchin et al. [126] relies on three parame-
ters: one for the distance between entities, one for the duration of a group,
and one for the size of a group. We propose a refined definition for groups
and make a slight change in the condition for the distance parameter: the
requirement for connectivity between two entities from the same group.

2A maximal group is a group that is maximal in size and maximal in duration.
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Consequently, this change leads to different algorithms to compute the
refined groups.

Let n denote the number of moving entities and τ the number of times-
tamps used for each trajectory. Hence, the input size is Θ(τn). Note that
depending on the application, one of n or τ can be much larger than the
other.

We present an O(τ2n4) time algorithm to compute all maximal groups
from a set of moving entities in R1, according to the refined definition.
A similar approach applies if the timestamps of moving entities are not
synchronous, at the cost of a small extra factor of α(n) in the running time,
where α denotes the inverse Ackermann function.

In higher dimensions, we can compute all maximal groups inO(τ2n5 log n)
time (for any constant number of dimensions), regardless of whether the
timestamps of entities are the same or not. We model the moving entities
and their connectivity as a graph and use an efficient method that allows
O(log n) time per edge update [148] to maintain the changes of connected
components over time. Furthermore, we also show that one τ factor can
be traded for a much higher dependence on n by giving an O(τn42n) time
algorithm for the same problem. Consequently, we give a linear-time algo-
rithm when the number of entities is constant and the input size relates to
the number of timestamps of each entity.

Finally, we provide a construction to show that it might be challenging
to develop an algorithm with polynomial dependence on n and linear
dependence on τ .

This chapter presents work that is published in:
[149] Marc van Kreveld, Maarten Löffler, Frank Staals, and Lionov Wiratma.

A refined definition for groups of moving entities and its computa-
tion. International Journal of Computational Geometry & Applications.,
28(2):181–196, 2018.

Chapter 5: Experimental Evaluation of Grouping Definitions

In this chapter, we present the results of an extensive experimental study
to find small groups in pedestrian data using various data sets. Finding
small groups is a crucial case in analyzing the throughput in public spaces
like shopping malls, parks, and train stations, and in detecting suspect
behavior in such spaces. Note that small groups can be as small as just two
individuals.

We compare four definitions of groups, namely convoys [81] (which in
our setting are the same as traveling companions), swarms [121], groups [126],
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and refined groups [149]. These four grouping definitions are different by
one or more of three different characteristics: (i) input: how they model
the input trajectories (as a continuous piecewise linear function or as dis-
crete timestamps), (ii) connectivity: how they model when entities are
considered together, and (iii) duration: how they measure if the entities
are together long enough (it is measured cumulatively or as one contiguous
time interval).

Convoys (traveling companions) are a well-known type that considers
groups whose composition does not change, whereas togetherness is con-
secutive, and assessment is done at the timestamps themselves. Groups
and refined groups distinguish themselves from the other definitions on
a characteristic of their input trajectories; treating time as a continuous
phenomenon may make a difference for patterns that consist of relatively
few timestamps, which is the case in our pedestrian settings. The refined
group definition is the only definition that measures togetherness within
the group only, not having other non-group entities influence this. Swarms
distinguish themselves by not requiring a contiguous grouping; interruptions
are allowed.

Our study is not just an analysis of the four definitions, but also of how
the input, space, and time can be treated and how this affects the results.
Therefore, it may give indications to the results for other definitions. We
note that it is not the objective to find the “best” definition since we typically
do not have ground truth. For several of the data sets, we do have human
annotations of groups, so we can compare the four definitions to the human
annotations, which are by their nature subjective.

We consider the following research questions:
(1) How well do the four studied definitions of groups correspond with

what humans consider a “group”, and how do the characteristics
mentioned (input, connectivity, and duration) influence this?

(2) How does the number of groups, as reported by the various definitions,
depend on the density of the entities?

(3) How does the number of groups, as reported by the various definitions,
depend on the sampling rate of the input trajectories?

To answer these questions, we perform both a quantitative and qualitative
study.

We implement the algorithms to compute groups based on convoys,
swarms, groups, and refined groups. We compare the outputs from all
implementations, which is the same as comparing the various definitions of
groups since the implementations follow the definitions exactly.
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For the quantitative analysis, we compute and compare the number
of reported groups and the precision, recall, and F1 scores of the various
definitions with respect to human annotation. Furthermore, we compute
how well the various definitions correspond to social formations used in
crowd simulations; a behavior scheme used to generate synthetic movement
data that represents a group of friends moving in a crowd [150]. For the
qualitative analysis, we develop a novel visualization to show and compare
groups in video footage showing the movement of the entities. In particular,
our visualization allows easy comparison of the detected groups with human
annotation or with any other group definition.

We conducted experiments using three different types of trajectory data
sets:
• artificial trajectories generated by computer simulations;
• real-life trajectories of people moving in synthetic environments under

laboratory conditions;
• real-life pedestrian trajectories extracted from video recording systems

in a public area.
Note that our experimentation only focuses on the output and does not

consider the running time or memory consumption by the implementations.

This chapter is based on the following publications:
[151] Lionov Wiratma, Maarten Löffler, and Frank Staals. An experimental

comparison of two definitions for groups of moving entities (short
paper). In Proc. of the 10th International Conference on Geographic
Information Science, GIScience 2018, pages 64:1–64:6, 2018.

[152] Lionov Wiratma, Marc van Kreveld, Maarten Löffler, and Frank Staals.
An experimental evaluation of grouping definitions for moving entities.
In Proc. of the 27th ACM SIGSPATIAL International Conference on
Advances in Geographic Information Systems, SIGSPATIAL 2019, 2019.
To appear.





2
Polyline Simplification

IN this chapter, we study the classical polygonal line (polyline) simplifica-
tion problem. Line simplification (polygonal approximation) is one of

the oldest and best studied applied topics in computational geometry. It
was and still is studied, for example, in shape analysis, in the context of
computer graphics (after image to vector conversion), and in Geographic
Information Science.

Let P be an input polyline specified by a sequence of points 〈p1, . . . , pn〉
and Q be an output polyline, which is a subsequence of points ∈ P starting
with p1 and ending with pn. We consider the line simplification problem
using the Hausdorff distance [67, 68] and (continuous) Fréchet distance [68]
in its pure form: given an input polyline P and ε > 0, compute an output
polyline Q—a minimum size subsequence of points ∈ P—such that the
Hausdorff or Fréchet distance between P and Q is at most ε.

Both the Hausdorff and Fréchet distance are bottleneck measures since
a small subset of the input determines the distance (e.g., a pair of points)
and the distances are not aggregated over the whole shapes. For two
polylines with n vertices each, their Hausdorff distance can be computed
in O(n log n) time [135] and their Fréchet distance can be computed in
O(n2

√
log n(log log n)3/2) time [153]. Although the Fréchet distance takes

more time to compute, it is considered a better distance measure [68].
Probably the two most well-known algorithms for polyline simplification

are the ones by David Douglas and Thomas Peucker [134] and by Hiroshi
Imai and Masao Iri [136]. Both algorithms take a constant ε > 0 and
guarantee that the output polyline Q is within ε from the input polyline P.

The Douglas-Peucker algorithm [134] is a simple and effective recursive
procedure that keeps on adding vertices from P until the computed polyline

27
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lies within a prespecified distance ε. The procedure is a heuristic in several
ways: it does not minimize the number of vertices inQ (although it performs
well in practice) and it runs in O(n log n) time in practical cases (although
in the worst case, it runs in O(n2) time). Hershberger and Snoeyink [154]
overcame the worst-case running time bound by providing a worst-case
O(n log n) time algorithm using techniques from computational geometry,
in particular a type of dynamic convex hull.

The Imai-Iri algorithm [136] takes a different approach. It computes for
every link pipj with i < j whether the sequence of vertices 〈pi+1, . . . , pj−1〉,
in between pi and pj , lie within distance ε to the segment pipj . In this
case pipj is a valid link that may be used in the output. The graph G that
has all vertices p1, . . . , pn as nodes and all valid links as edges can then be
constructed, and a minimum link path1 from p1 to pn represents an optimal
simplification. Brute-force, this algorithm runs in O(n3) time, but with the
implementation of Chan and Chin [155] or Melkman and O’Rourke [156] it
can be done in O(n2) time.

Now, the Imai-Iri algorithm is considered an optimal line simplification
algorithm, because it minimizes the number of vertices in Q, given the
restriction that Q must be a subsequence of P. But for what measure? It is
not optimal for the Hausdorff distance, because there are simple examples
(see Section 2.2) where a simplification with fewer vertices can be given
that still have Hausdorff distance at most ε between P and Q. This comes
from the fact that the algorithm uses the Hausdorff distance between a link
pipj and the sub-polyline 〈pi, . . . , pj〉. This is more local than the Hausdorff
distance requires, and is more a Fréchet-type of criterion. But the line
simplification produced by the Imai-Iri algorithm is also not optimal for the
Fréchet distance. In particular, P and Q do not necessarily lie within Fréchet
distance ε, because links are evaluated on their Hausdorff distance only.

The latter issue could easily be remedied: to accept links, we require
the Fréchet distance between any link pipj and the sub-polyline 〈pi, . . . , pj〉
to be at most ε [157, 158]. This guarantees that the Fréchet distance
between P and Q is at most ε. However, it does not yield the optimal
simplification within Fréchet distance ε. Because of the nature of the
Imai-Iri algorithm, it requires us to match a vertex pi in the input to the
vertex pi in the output in the parametrizations, if pi is used in the output.
This restriction on the parametrizations considered limits the simplification
in unnecessary ways. Agarwal et al. [159] refer to a simplification that
uses the normal (unrestricted) Fréchet distance with error threshold ε as

1A path in G with a minimum number of edges. This term is commonly used in a polyline
simplification problem [142]
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TABLE 2.1: Algorithmic results

Douglas-Peucker Imai-Iri Optimal

Hausdorff distance O(n log n) [154] O(n2) [155] NP-hard (our result)

Fréchet distance O(n2) (easy) O(n3) [158] O(kn5) (our result)

n: vertices in the input polyline; k: output complexity of the simplified polyline

a weak ε-simplification under the Fréchet distance.2 They show that the
Imai-Iri algorithm using the Fréchet distance gives a simplification with no
more vertices than an optimal weak (ε/4)-simplification under the Fréchet
distance, where the latter need not use the input vertices.

The discussion begs the following questions: How much worse do the
known algorithms and their variations perform in theory, when compared
to the optimal Hausdorff and Fréchet simplifications? What if the optimal
Hausdorff and Fréchet simplifications use a smaller value than ε? As men-
tioned, Agarwal et al. [157] give a partial answer. How efficiently can the
optimal Hausdorff simplification and the optimal Fréchet simplification be
computed (when using the input vertices)?

Organization and results. In Section 2.1 we explain the Douglas-Peucker
algorithm and its Fréchet variation; the Imai-Iri algorithm has been ex-
plained already. We also show with a small example that the optimal
Hausdorff simplification has fewer vertices than the Douglas-Peucker output
and the Imai-Iri output, and that the same holds true for the optimal Fréchet
simplification with respect to the Fréchet variants.

In Section 2.2 we will analyze the four algorithms and their performance
with respect to an optimal Hausdorff simplification or an optimal Fréchet
simplification more extensively. In particular, we address the question how
many more vertices the four algorithms need, and whether this remains the
case when we use a larger value of ε but still compare to the optimization
algorithms that use ε.

In Section 2.3 we consider both the directed and undirected Hausdorff
distance to compute the optimal simplification. We show that only the
simplification under the directed Hausdorff distance from the output to the
input polyline can be computed in polynomial time, while the other two
versions are NP-hard to compute. In Section 2.4 we show that the problem
can be solved in polynomial time for the Fréchet distance.

2Weak refers to the situation that the vertices of the simplification can lie anywhere.
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2.1 Preliminaries
We first describe the formal definitions of the Hausdorff and Fréchet dis-
tance.

Hausdorff Distance. For arbitrary bounded sets A,B ⊆ R2, the Hausdorff
distance δH is defined as [68]:

δH(A,B) = max(sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b))

where d is the distance metric in the plane. In this chapter, we use the
Euclidean distance. We refer to the two terms supa∈A infb∈B d(a, b) and
supb∈B infa∈A d(a, b) as the asymmetric Hausdorff distance from A to B and
from B to A, respectively.

Fréchet distance. Let a curve f : [a, b] be a continuous mapping to an an
arbitrary Euclidean vector space V with a, b ∈ R and a < b. A polygonal
curve is a curve P : [0, n]→ V with n ∈ N, such that for each i ∈ {0, 1, ..., n−
1}, the restriction of P to the interval [i, i + 1] is affine, i.e. P (i + λ) =
(1 − λ)P (i) + λP (i + 1) for all λ ∈ [0, 1]. Then, the Fréchet Distance δF
between two curves A : [a, a′] and B : [b, b′] is defined as [68]:

δF (A,B) := inf
α[0,1]→[a,a′]
β[0,1]→[b,b′]

max
t∈[0,1]

‖ A(α(t))−B(β(t)) ‖

where α, β range over continuous and increasing functions with α(0) = a,
α(1) = a′, β(0) = b and β(1) = b′ only. Note that the Fréchet distance is
symmetric.

The Douglas-Peucker algorithm for polyline simplification is a simple
recursive procedure that works as follows. Let the line segment p1pn be
the first simplification. If all points of P lie within distance ε from this line
segment, then we have found our simplification. Otherwise, let pf be the
furthest point from p1pn, add it to the simplification, and recursively simplify
the polylines 〈p1, . . . , pf 〉 and 〈pf , . . . , pn〉. Then merge their simplifications
(remove the duplicate pf). It is easy to see that the algorithm runs in
O(n2) time, and also that one can expect a much better performance in
practice. It is also straightforward to verify that polyline P has Hausdorff
distance (symmetric and asymmetric) at most ε to the output. We denote
this simplification by DPH(P, ε), and will leave out the arguments P and/or
ε if they are understood.
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We can modify the algorithm to guarantee a Fréchet distance between
P and its simplification of at most ε by testing whether the Fréchet distance
between P and its simplification to a segment is at most ε. If not, we still
choose the most distant point pf to be added to the simplification (other
choices are possible). This modification does not change the efficiency of
the Douglas-Peucker algorithm asymptotically as deciding whether or not
the Fréchet distance between a line segment and a polyline is at most ε can
be done in linear time [68]. We denote this simplification by DPF (P, ε).

Previously, we have already described the Imai-Iri algorithm. We refer to
the resulting simplification as IIH(P, ε). It has a Hausdorff distance (symmet-
ric and asymmetric) of at most ε. Similar to the Douglas-Peucker algorithm,
the Imai-Iri algorithm can be modified for the Fréchet distance, leading to a
simplification denoted by IIF (P, ε). Note that both IIH(P, ε) and IIF (P, ε)
never have more vertices than DPH(P, ε) and DPF (P, ε), respectively.

We will denote the optimal simplification using the Hausdorff distance
by OPTH(P, ε), and the optimal simplification using the Fréchet distance by
OPTF (P, ε). In the case of Hausdorff distance, we require P to be within ε
of its simplification, so we use the directed Hausdorff distance. Next, we
will show a case where DPH(P) and IIH(P)—which are both equal to P
itself—may use more vertices than OPTH(P). We also present a similar case
with the Fréchet distance.

For the Hausdorff distance, let P = 〈p1, ..., p7〉 = 〈(0, 0), (0, 2ε− µ),
(2ε, 2ε − µ), (4ε,−2µ), (4ε, 2ε), (0, 2ε)〉 with µ = 1

6ε (see Figure 2.1). The
Douglas-Peucker algorithm begins with the segment p1, p7. Then, at each
step of the algorithm, there is always at least one vertex that has δH > ε
from the current simplified polyline until the algorithm stops and returns
the final simplified polyline DPH(P) = P. The simplification IIH(P) is also
equal to P since there is no valid link (shortcut) between two non-adjacent
vertices that can be used in the Imai-Iri algorithm. The optimal simplification
OPTH(P) = 〈p1, p5, p6, p7〉 since part of p1, p2, p2, p3 and part of p3, p4 have
δH ≤ ε to p6, p7, while the remaining part of p1, p2 and p3, p4 has δH ≤ ε to
p5, p6.

For the Fréchet distance, consider P = 〈p1, ..., p4〉 = 〈(−
√

2ε−µ, 0 +µ),
(
√

2ε, 0), (0, 0), (
√

2ε,−
√

2ε)〉 with µ � ε (see Figure 2.2). All vertices
except p1 are located in the circle of radius ε and the three vertices make an
isosceles triangle where its two sides of the same length are parallel to the x
and y-axis. Now, DPF = P since the Douglas-Peucker algorithm determines
that δF (p1, p4, p2) > ε and δF (p2, p4, p3) > ε and subsequently add p2 and
p3 to the simplified output. Similarly, IIF = P since all possible links are not
valid (including p1, p3, because δF (p1, p3, p2) > ε). However, the optimal
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ε
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p4
p5

p6p7
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p2 p3

p5

p6p7
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FIGURE 2.1: Simplifications DPH and IIH (both are the same as the input, left) and OPTH
(in blue, right).

p1 p3
p2

p4

ε

p1 p3
p2

p4

ε

FIGURE 2.2: Simplifications DPF and IIF (both are the same as the input, left) and OPTF
(in blue, right).

simplification only uses three vertices, OPTF (P) = 〈p1, p3, p4〉. The segment
p1, p3 has Fréchet distance ≤ ε to the most part of p1, p2 and the rest of the
input has Fréchet distance ≤ ε to p3, p4.

2.2 Approximation Quality of Douglas-Peucker and
Imai-Iri Simplification
The examples of the previous section not only show that IIH and IIF (and
DPH and DPF ) use more vertices than OPTH and OPTF , respectively, they
show that this is still the case if we run II with a slightly larger value than
ε. To let IIH use as few vertices as OPTH , we must use 2ε instead of ε. This
will ensure link p1, p5 is a valid simplification for the part of the input until
p5, see Figure 2.1. For the Fréchet distance, the enlargement factor needed
for the example in Figure 2.2 is

√
2. This is needed to match the distance

between p2 and p3 (or between p2 and p4) and make all links involving p2
or p3 valid. Then, DPF and IIF can output the simplified polyline with 3
vertices.

In this section we analyze how the approximation enlargement factor
relates to the number of vertices in the Douglas-Peucker and Imai-Iri simpli-
fications and the optimal ones. The interest in such results stems from the
fact that the Douglas-Peucker and Imai-Iri algorithms are considerably more
efficient than algorithms to compute OPTH and OPTF .
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2.2.1 Hausdorff Distance
To show that IIH (and DPH by consequence) may use many more vertices
than OPTH , even if we enlarge ε by any constant factor, we give a construc-
tion where this occurs. Imagine three circle-shaped regions with diameter
ε (ε� 1) at the vertices of a sufficiently large equilateral triangle. Let the
center of the three regions X,Y and Z be located at (−1, 0), (0,

√
3) and

(1, 0), respectively.
Now we construct an input polyline P, see Figure 2.3. We start at p1

in region X and will go back and forth to region Z while visiting region Y
intermediately. The last vertex pn ∈ P is located at region Z. Therefore,
p1, p5, p9, . . . are in region X, p2, p4, p6, . . . are in region Y , and the remain-
ing vertices are in region Z. Therefore, each link in the Imai-Iri algorithm
connecting two vertices in two different regions is valid if and only if it has
δH ≤ ε to the third region. An optimal simplification OPTH is 〈p1, pi, pn〉
where i is any even number between 1 and n (any vertex in region Y ). Note
that all segments connecting vertices in region X and Y have δH ≤ ε to
p1, pi and the same also applies for segments connecting vertices in Y and
Z to pi, pn.

Since the only valid links are the ones connecting two consecutive
vertices of P , IIH is P itself. If the triangle is large enough with respect to ε,
this remains true even if we give the Imai-Iri algorithm a much larger error
threshold than ε. For example, if we enlarge ε by a factor c for IIH , then the
same construction P where the regions have a distance 2c from each other
will make IIH (P, cε) use more vertices than OPTH (P, ε) (which needs
only 3). Note that the example applies to both the directed and undirected
Hausdorff distance.

Theorem 1. For any c > 1, there exists a polyline P with n vertices and an
ε > 0 such that IIH(P, cε) has n vertices and OPTH(P, ε) has 3 vertices.

2.2.2 Fréchet Distance
Our results are somewhat different for the Fréchet distance; we need to
make a distinction between DPF and IIF .

Douglas-Peucker. We construct an example that shows that DPF may
have many more vertices than OPTF , even if we enlarge the error threshold
by any constant factor. See Figure 2.4 for the full construction. Let P be
the input polyline with n vertices. First, p1 is located at the origin. It is
followed by a (nearly vertical) zigzag p2, ..., pn−4 such that all vertices pi
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FIGURE 2.3: The Douglas-Peucker and Imai-Iri algorithms may not be able to simplify at
all, whereas the optimal simplification using the Hausdorff distance has just three vertices (in
blue, right).

.

where i is an even number are placed above the x-axis and the others are
below. Vertices p2 and p3 have distance ε to the x-axis and the rest of the
vertices gradually get closer to the x-axis. Then, we add vertex pn−3 which
is located exactly on the x-axis.

Now, the idea is to force the Douglas-Peucker algorithm to get all vertices
from the zigzag part, but the optimal simplification only needs one segment
that coincides with part of the x-axis because all vertices p1, ..., pn−3 have
δF ≤ ε to such a part. Therefore, we place pn−2 on the x-axis far away to
the right of pn−3 such that the distance between pn−2 and pn−3 is much
greater than ε. Then, we place pn−1 close to pn−3 but slightly below the
x-axis without intersecting the zigzag part. We finalize the input by placing
pn close to pn−2 and it should have the same y-coordinate as pn−1.

The placement of the last three vertices will ensure that the link p1, pn is
not close enough to any vertex above the x-axis to be valid. Since vertex
p2 is placed slightly higher than p4, p6, . . ., it will be added first by the
Fréchet version of the Douglas-Peucker algorithm and eventually, all vertices
will be added. Furthermore, the (horizontal) zigzag of pn−3, ..., pn is large
(wide) compared to ε and pn−3, pn has δF > ε to both pn−1 and pn−2. Thus,
both of the vertices will be added as part of the simplified output by the
Douglas-Peucker algorithm.

While DPF consists of all vertices from P, OPTF has only four vertices
because the link p1, pn−2 has a distance ≤ ε to all vertices up to pn−2. Since
the width of the zigzag pn−3, . . . , pn can be arbitrarily much larger than the
height of the vertical zigzag p1, . . . , pn−4, the situation remains if we make
the error threshold arbitrarily much larger.

Theorem 2. For any c > 1, there exists a polyline P with n vertices and an
ε > 0 such that DPF (P, cε) has n vertices and OPTF (P, ε) has 4 vertices.
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ε

FIGURE 2.4: Top: a polyline on which the Fréchet version of the Douglas-Peucker algorithm
performs poorly and the output polyline contains n vertices. Bottom: the optimal simplification
contains four vertices (in blue).

Remark. One could argue that the choice of adding the furthest vertex
is not suitable when using the Fréchet distance, because we may not be
adding the vertex (or vertices) that are to “blame” for the high Fréchet
distance. However, finding the vertex that improves the Fréchet distance
most is computationally expensive, defeating the purpose of this simple
algorithm. Furthermore, we can observe that also in the Hausdorff version,
the Douglas-Peucker algorithm does not choose the vertex that improves
the Hausdorff distance most (it may even increase when adding an extra
vertex).

Imai-Iri. Finally, we compare the Fréchet version of the Imai-Iri algorithm
to the optimal Fréchet distance simplification. The previous construction in
Figure 2.4 shows that under the Fréchet distance, IIF = OPTF because in
the Imai-Iri algorithm, p1, pn−2 is a valid link. Therefore, we give another
input polyline P to show that IIF also does not approximate OPTF even if
IIF is allowed to use a value for ε that is larger by a constant factor.

The main strategy for this construction is to prevent any occurrence of
valid links in the Imai-Iri algorithm, but OPTF must be able to skip several
vertices using non-valid links. We show the construction of such input
polyline in Figure 2.5. First, we start with three vertices p3, p4 and p5. The
three vertices are positioned at the vertices of an isosceles triangle that has
its base (p3 and p5) in a horizontal position with distance ε to each other
and p4 is located far away to the right with a distance 6ε from the base of
the triangle. Next, we put p1 and p2 very close to p5 and p4, respectively.
The starting vertex p1 is located on the base of the triangle and slightly
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FIGURE 2.5: The Imai-Iri simplification will have all vertices because the only valid links
with a Fréchet distance at most ε are the ones connecting two consecutive vertices in the
polyline.

below p5, their distance is µ where µ � ε. The vertex p2 is located to the
left of p4 (with the same y-coordinate) and their distance is also µ. With
this construction, we prevent any valid links except for the segments of the
polyline itself.

Then, the sub-polyline 〈p4, p5, ..., p10〉 is a horizontal zigzag whose width
becomes smaller at every turn. The vertex p6 has distance ε to p4, and
similarly p7 to p5, p8 to p6 and p9 to p7. The last three vertices p8, p9 and p10
are located on the circle with radius ε where p9 has distance 2ε to p10 and
more than ε to p8, but the distance between p8 and p10 must be less than ε.
This configuration ensures that p8, p10 will not be a valid link.

Since there is no valid link for the Imai-Iri algorithm, IIF = P . However,
the consecutive links p1, p4 and p4, p5 have δF ≤ ε to 〈p1, p2, p3〉, which can
be seen clearly in the free space diagram in Figure 2.6 (top). Furthermore,
the zig-zag part of the construction forces the simplified output to be always
two vertices behind the input. Since the distance between p5 and p3 and
between p6 and p4 is ε, we have δF (〈p1, ..., p6〉, 〈p1, ..., p4〉) ≤ ε and this is
still true if we continue adding the next vertex p7, and so on. Finally, in the
last part, the point in the middle of p9, p10 has a distance ε to the last three
vertices and therefore, the simplified output can make up for the situation
in which it is behind by two vertices. Since OPTF can use p1, p4 as a link,
it can skip two vertices and consequently, use less vertices than IIF . See
Figure 2.6 (bottom).

We can append multiple copies of this construction together with a
suitable connection in between. This way we obtain:

Theorem 3. There exist constants c1 > 1, c2 > 1 such that for any n > 0,
a polyline P with n vertices and an ε > 0 exist such that |IIF (P, c1ε)| >
c2|OPTF (P, ε)|.

From Agarwal et al. [157], we know that |IIF (P, 4ε)| ≤ |WF (P, ε)|
where WF is a weak ε-simplification under the Fréchet distance. Since
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FIGURE 2.6: The optimal simplification can skip p2 and p3; in the parametrizations
witnessing the Fréchet distance, OPTF “stays two vertices behind” on the input until the end.
Bottom, the free space diagram of P and OPTF .

we know that |WF (P, ε)| ≤ |OPTF (P, ε)|, it implies that |IIF (P, 4ε)| ≤
|OPTF (P, ε)|. Therefore, for any value of c1 ≥ 4, the above theorem is not
true.

2.3 AlgorithmicComplexity of the Hausdorff Distance
The results in the previous section show that both the Douglas-Peucker and
the Imai-Iri algorithm do not produce an optimal polyline that has Hausdorff
or Fréchet distance at most ε, or even approximates it well. Naturally, this
leads us to the following question: Is it possible to compute the optimal
Hausdorff or Fréchet simplification in polynomial time?

In this section, we present a construction which proves that under the
Hausdorff distance, computing the optimal simplified polyline is NP-hard.

2.3.1 Undirected Hausdorff Distance
We first consider the undirected (or bidirectional) Hausdorff distance; that
is, we require both the maximum distance from the initial polyline P to the
simplified polylineQ and the maximum distance fromQ to P to be at most ε.
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Theorem 4. Given a polyline P = 〈p1, p2, . . . , pn〉 and a value ε, the problem
of computing a minimum length subsequence Q of P such that the undirected
Hausdorff distance between P and Q is at most ε is NP-hard.

We prove the theorem with a reduction from Hamiltonian cycle in or-
thogonal segment intersection graphs.3 Akiyama et al. [161] show that
Hamiltonian cycle remains NP-complete in 2-connected cubic bipartite pla-
nar graphs and Czyzowicz et al. [162] prove that there is a linear time
algorithm to represent bipartite planar graphs as an intersection graph of
orthogonal line segments. Hence, Hamiltonian cycle in orthogonal segment
intersection graphs is NP-complete.

Let L be a set of n horizontal or vertical line segments in the plane.
Assume the segment endpoints have integer coordinates that are linear in n
and all intersections are proper (if not, extend the segments slightly). Let
G be its orthogonal segment intersection graph (that is, G has a vertex for
every segment in L, and two vertices in G are connected by an edge when
their corresponding segments intersect). We assume that G is connected;
otherwise, clearly there is no Hamiltonian cycle in G.

We first construct an initial polyline P as follows (Figure 2.7 illustrates
the construction). Let A be the arrangement of L (intersections in L become
vertices in A), let p be some endpoint of a segment in L, and let π be any
path on A that starts and finishes at p and must visit all vertices and edges of
A. Since π does not need to be a shortest path, it may visit the same vertices
and edges more than once and clearly, π can be constructed in linear time.
P is simply 3n+ 1 copies of π appended to each other. Consequently, the
order of vertices in Q now must follow the order of these copies. We set ε
to a sufficiently small value (ε� 1). Since we require all vertices to have
integer coordinates, there will be no valid link, except the ones where both
endpoints of a link have the same x- or y-coordinate.

Now, an output polyline Q with Hausdorff distance at most ε to P must
also visit all vertices and edges of A, and stay close to A. If ε is sufficiently
small, there will be no benefit for Q to ever leave A.

Lemma 5. A solution Q of length 3n + 1 exists if and only if G admits a
Hamiltonian cycle.

3Our original reduction was from Hamilton cycle in segment intersection graphs (not
necessarily orthogonal). Subsequently, van de Kerkhof et al. [160] simplified and extended
the reduction to show that the problem remains hard even when the simplification vertices
are not restricted to be a subset of the input vertices. Their choice to reduce from the smaller
class of orthogonal segment intersection graphs (on which Hamiltonian cycle is still NP-hard)
simplifies the argument and avoids the issue of coordinate bit complexity of an explicit
representation of the graph; hence, here we also adopt this change.



2.3. Algorithmic Complexity of the Hausdorff Distance 39

p

A

P Q

FIGURE 2.7: The construction: A is the arrangement of a set of segments L. We build an
input path P that “paints” over S completely, and we are looking for an output path Q that
corresponds to a Hamiltonian cycle. In this case, there is no Hamiltonian cycle, and the path
gets stuck.

Proof. Clearly, any simplification Q will need to visit the 2n endpoints of the
segments in L, and since it starts and ends at the same point p, will need
to have length at least 2n + 1. Furthermore, Q will need to have at least
two internal vertices on every segment ` ∈ L: once to enter the segment
and once to leave it (note that we cannot enter or leave a segment at an
endpoint since all intersections are proper intersections). Since a vertex to
leave a segment coincides with the vertex to enter another segment, the
number of these vertices is equal to the number of segments minus one.
Therefore, the minimum number of vertices possible for Q is 3n+ 1.

Now, if G admits a Hamiltonian cycle, it is easy to construct a simpli-
fication with 3n + 1 vertices as follows. We start at p ∈ Q and collect the
other endpoint of the segment `1 of which p is an endpoint. Then we follow
the Hamiltonian cycle to segment `2; by definition `1`2 is an edge in G so
their corresponding segments intersect, and we use the intersection point
to leave `1 and enter `2. In G, this means that we move from one vertex
(that represents a line segment in Q) to one of the vertices adjacent to it.
We proceed in this fashion until we reach `n, which intersects `1, and finally
return to p.

On the other hand, any solution with 3n+ 1 vertices must necessarily be
of this form and therefore imply a Hamiltonian cycle: in order to have only
3 vertices per segment the vertex at which we leave `1 must coincide with
the vertex at which we enter some other segment, which we call `2, and we
must continue until we visited all segments and return to p.

If there is no Hamiltonian cycle in G, then we have to visit at least one
vertex ∈ G more than once. This means Q will have two identical segments
to simplified one segment of P. In this case, Q is clearly not an optimal
simplification of P.
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2.3.2 Directed Hausdorff Distance: P to Q
We now shift our attention to the directed Hausdorff distance from P to Q:
we require the maximum distance from P to Q to be at most ε, but Q may
have a larger distance to P. The previous reduction does not seem to work
because there is always a Hamiltonian Cycle of length 2n for this measure:
Q can always leave a segment from its endpoint and move to an endpoint
of another segment directly without the need to stay close to P . Meanwhile,
P is always close to Q, as long as Q is also moving between endpoints of
the same segment. Therefore, we prove the NP-hardness using a different
approach.

The idea is to reduce from COVERING POINTS BY LINES, which is known
to be both NP-hard [163] and APX-hard [164]: given a set S of points in R2,
find a set of straight lines L of minimum cardinality such that every point in
S lies on at least one line in L.

The Construction of the Input Polyline P
Let S = {s1, . . . , sm} be an instance of the COVERING POINTS BY LINES

problem. We fix ε based on S and present the construction of a polyline
connecting a sequence of n = poly(m) points: P = 〈p1, p2, ..., pn〉 such that
for every 1 ≤ i ≤ m, we have si = pj for some 1 ≤ j ≤ n. The idea is to
force the simplification Q to cover all points in P except those in S, such
that in order for the final simplification to cover all points, we only need to
collect the points in S using as few line segments as possible (Figure 2.8
shows this idea). To this end, we will place a number of forced points F ⊂ P ,
where a point f is forced whenever its distance to any line through any pair
of points in P is larger than ε. Since Q must be defined by a subset of points
in P, we will never cover f unless we choose f to be a vertex of Q. On the
other hand, we need to place points that allow us to freely draw every line
through two or more points in S. Figure 2.9 shows the idea. We create two
point sets L and R to the left and right of S, such that for every line through
two or more points in S, there are a point in L and a point in R on that line.
Finally, we need to build additional scaffolding around the construction to
connect and cover the points in L and R.

We now discuss the construction in detail, divided into three parts with
different purposes:

1. a sub-polyline that contains S;
2. a sub-polyline that contains L and R; and
3. two disconnected sub-polylines which share the same purpose: to

guarantee that all vertices in the previous sub-polyline are themselves
covered by Q.
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Part 1: Placing S

First, we assume that every point in S has a unique x-coordinate; if this is
not the case, we rotate S until it is. We also assume that every line through
at least two points of S has a slope between −1 and +1; if this is not the
case, we vertically scale S until it is. Now, we fix ε to be smaller than half
the minimum difference between any two x-coordinates of points in S, and
smaller than the distance from any line through two points in S to any other
point in S not on the line.

We placem+1 forced points f1, f2, ..., fm, fm+1 such that the x-coordinate
of fi lies between the x-coordinates of si−1 and si (except for f1 where
f1x < s1x and fm+1 where fm+1x > smx) and the points lie alternatingly
above and below S. Furthermore, the y-coordinates of these forced points
must be larger or smaller (at least by 2ε) than the maximum (or minimum)
y-coordinate of all points in S. We also place these forced points such that
the distance of the line segment fifi+1 to si is 3

2ε and the distance of fifi+1

to si−1 is larger than ε. Next, we place two auxiliary points t+i and t−i on
fifi+1 such that the distance of each point to si is 2ε; refer to Figure 2.8.
These auxiliary points make another requirement for the position of the
forced points f1, ..., fm+1: for each forced point fi, its distance to fi+1 should
be at least 10ε. This ensures that the distance of fi, si to t+i and si, fi+1 to
t−i is more than ε. Finally, let τ1 = 〈f1, t+1 , s1, t

−
1 , f2, t

−
2 , s2, t

+
2 , f3, . . . , fm+1〉

be a polyline connecting all points in the construction; τ1 will be part of the
input segment P.

The idea here is that all forced points must appear on Q, and if only the
forced points appear on Q, everything in the construction will be covered
except the points in S (and some arbitrarily short stubs of edges connecting
them to the auxiliary points). Of course, we could choose to include more
points in τ1 in Q to collect some points of S already. However, this would
cost an additional three vertices per collected point (note that using fewer
than three, we would miss an auxiliary point instead), and in the remainder
of the construction, we will make sure that it is cheaper to cover the points
in S separately later.

Part 2: Placing and covering L and R

In the second part of the construction, we create two sets of O(m2) vertices,
L and R, which can be used to make links that cover S. Consider the set Λ
of all k ≤ m2−m

2 unique lines that pass through at least two points in S. We
create two sets of k points L = {`1, `2, . . . , `k} and R = {r1, r2, . . . , rk} with
the following properties:
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FIGURE 2.8: Example of τ1 where
m = 3. For a given ε, the (simplified)
polyline f1, f2, f3, f4 covers the gray area
but not the blue points s1, s2, s3.
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FIGURE 2.9: Construction to allow the
lines that can be used to cover the points
of S. To ensure the order of vertices in
Q, we create copies of L and R. Then, Q
can use them alternatingly.

• the line through `i and ri is one of the k lines in Λ,
• the line through `i and rj for i 6= j has distance more than ε to any

point in S, and
• the points in L (resp. R) all lie on a common vertical line.

Clearly, we can satisfy these properties by placing L and R sufficiently far
from S. We create a vertical polyline for each set, which consists of k − 1
non-overlapping line segments that are connecting consecutive vertices in
their y-order from top to bottom. Let R1 and L1 be such polylines containing
k vertices each.

Now, each line that covers a subset of S can become part ofQ by selecting
the correct pair of vertices from R and L. However, if we want Q to contain
multiple such lines, this will not necessarily be possible anymore, since the
order in which we visit R1 and L1 is fixed (and to create a line, we must skip
all intermediate vertices). The solution is to make h copies4 R1, R2, . . . , Rh
of R1 and h copies L1, L2, . . . , Lh of L1 and visit them alternatingly. Here
h = dm2 e is the maximum number of lines necessary to cover all points in S
in the COVERING POINTS BY LINES problem.

We create a polyline τ2 that contains R1 and L1 by connecting them
with two new vertices ur1 and u`1 located above R1 and L1, respectively. The
x-coordinates of ur1 and u`1 are the same as of R1 and L1 (for clarity in the

4The copies are in exactly the same location. If the reader does not like that and feels
that points ought to be distinct, she may imagine shifting each copy by a sufficiently small
distance (smaller than ε/h) without impacting the construction.
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figures, we slightly move ur1 to the left). Both ur1 and u`1 should be located
far enough from R1 and L1 such that a link between ur1 and a vertex in L1

(and u`1 with R1) will not cover any point in S.
To ensure that the construction ends at the last vertex in Lh after visiting

the h copies of R1 and L1 alternatingly, we use two intermediate vertices
v`1 and vr1 and make h− 1 copies of them. These intermediate vertices are
located close to u`1 and ur1, see Figure 2.9.

Finally, let τ2 = 〈R1, u
r
1, u

`
1, L1, v

`
1, v

r
1, R2, u

r
2, u

`
2, L2, v

`
2, . . . , Lh〉 be a poly-

line connecting all points in the construction; τ2 will also be part of the
input P.

Part 3: Putting it together

All vertices in τ1 can be covered by the simplification 〈f1, f2, ..., fm+1〉 and
a suitable choice of links that connect pairs of vertices from R and L (in
τ2). Therefore, the last part of the input P (τ3) has two purposes: to
definitely cover all vertices in τ2 and as a proper connection between τ1 and
τ2. Consequently, all vertices in τ3 will also be forced and therefore be a part
of the final simplified polyline.

We divide this last part into two unconnected polylines: τ3a and τ3b .
The main part of τ3a is a vertical line segment e that is parallel to R1.
There is a restriction to e: the Hausdorff distance from each of Ri, uri , v

r
j

(1 ≤ j < i ≤ h), and also from line segments between them to e should not
be larger than ε. In order to force e to be a part of the simplified polyline, we
must place its endpoints away from τ2. Then, τ1 and τ2 can be connected by
connecting fn+1 ∈ τ1 and the first vertex in R1 to different endpoints of e.

Next, the rest of τ2 that has not been covered yet, will be covered by τ3b .
This is shown in Figure 2.10, left. First, we have a vertical line segment g
that is similar to e, in order to cover Li, u`i , v

`
j (1 ≤ j < i ≤ h), and all line

segments between them. Then, a horizontal line segment z is needed to
cover all horizontal line segments uriu

`
i and v`jv

r
j (1 ≤ j < i ≤ h). Similar

to e, the endpoints of g and z should be located far from τ2, implying that
z intersects both e and g. We complete the construction by connecting the
upper endpoint of g to the left endpoint of z and the lower endpoint of g to
the last vertex in Lh.

We can show that even if the input is restricted to be non-self-intersecting,
the simplification problem is still NP-hard. This is shown in Figure 2.10,
right. We modify the last part of the construction to remove the three
intersections. Firstly, we shorten z on the right side and place it very close to
ur1. Since the right endpoint of z is an endpoint of the input, it will always
be included in a simplification. Secondly, to remove the intersection of g
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FIGURE 2.10: Schematic views of connecting up different parts of the NP hardness
construction into a single polyline. The bold polylines show τ1 and τ2 and indicate multiple
parts of P close together.

and z, we bring the upper endpoint of g to just below z, so very close to u`1.
To make sure that we must include g in the simplification we connect the
lower endpoint of g to f1. This connecting segment is further from g so it
cannot help enough to cover the lower part of g; only g itself can do that.

Building the Construction in Polynomial Time

We will show that building the actual construction from the sketch in the
previous subsection is easy and can be done in polynomial time. Recall that
we have a set of points S = {s1, . . . , sm} as the instance of the COVERING

POINTS BY LINES problem and the actual construction of the input polyline
P is based on these points. We set ε = 4 and illustrate the full construction
in Figure 2.11.

We start with a sufficiently large rectangle Γ with a size of 512× 768 and
set the lower-left corner of Γ at the origin (0, 0).Imagine that we have two
squares with sides of ε, q` and qr, located at the upper-left and upper-right
corners of Γ, respectively. The upper-left endpoint of q` coincides with the
upper left endpoint of Γ and the same holds for the upper-right endpoints
of qr and Γ.

Let the lines g, z, and e (from Figure 2.10, right) coincide with the
left, top, and right edges of Γ. We put the lower endpoints of g and
e such that they coincide with the lower-left and lower-right corners of
Γ, respectively. The upper endpoint of e must be placed upwards from
the upper-right corner of Γ by more than ε. Now, we place the upper
endpoint of g such that it coincides with the lower-left corner of q`. For
z, its right endpoint must coincide with the upper left endpoint of qr and
its left endpoint must have smaller x-coordinate (by > ε) than the upper-
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FIGURE 2.11: The construction (with several important coordinates) that can be used to
create an actual input polyline P. The large black rectangle is Γ and the red rectangle in
the middle is the area to put S. After that, we can create P according to the process in
Section 2.3.2.
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right corners of q`. Furthermore, we use q` and qr as the locations for
the connecting vertices {u`1,v

`
1,u

`
2,v

`
2,...,u

`
h,v`h} and {ur1,v

r
1,ur2,v

r
2,...,urh,vrh},

respectively. Refer to Figure 2.9.
Next, we fix two rectangles w` and wr (shown in green) of size 320× ε

and place them inside Γ. The coordinates for their lower-right endpoints
are (0, 320) and (512− ε, 320). Both w` and wr are the locations for points
in L1, L2, ..., Lh and R1, R2, ..., Rh (h = dm2 e), respectively (see Figure 2.9).
Thus, w`, wr, q`, and qr are the locations of vertices of τ2, see Figure 2.10
(right).

We can now fix the position of two small rectangles as the places for the
set of m forced points f1, f2, ..., fm, fm+1. These rectangles should be placed
near the top and bottom edge of Γ, in the middle, with a distance > ε to
the top and bottom edges. Note that the rectangle near the bottom edge
is bigger than the other one because of the position of the forced points,
refer to Figure 2.8. Inside each rectangle, we use a curve to place the forced
points such that any shortcut connecting two forced points does not have
other forced points within distance ε.

Now, shortcuts through points in S must be line segments that have
endpoints inside w` and wr. Since it is possible to make other shortcuts
not starting and ending in both rectangles, for example, from q` to wr, we
have to place S such that it can avoid those unused shortcuts. We can
identify such locations by marking areas where those shortcuts may occur
and place S outside such areas. The gray area in Figure 2.11 denotes an
area connecting different parts of the construction in which no shortcut can
be useful for the output simplification. Next, we set the position for a red
rectangle (to put S) between w` and wr, which do not intersect with the
gray area.

Finally, to make sure that any lines between two points in S will intersect
both w` and wr, we can scale down the y-coordinates of all points in S by
an integer factor. Again, we assume that all points in S have distinct
x-coordinates.

We present an example of a full construction of the input polyline
P = 〈τ3b , τ1, τ3a , τ2〉 for m = 4 (m is the number of vertices in S, not all
of vertices in P) in Figure 2.12. In order to show the vertices clearly, we
reduce the size of Γ to 512× 480 and use a slightly larger ε (ε = 4.5).

NP-Hardness Proof

In the previous section, we presented the full construction for the input
polyline P. Now, we will prove the following theorem:
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FIGURE 2.12: The full construction showing that computing OPTH is NP-hard. τ3a is a
line segment e = f6, f7 and τ3b = 〈f8, ..., f11〉. The endpoints of the construction are f11
and `′6 ∈ L2. The gray area is within ε from the sub-polyline consist of all green vertices:
〈f11, .., f8, f1, .., f7〉, which is a part of the simplification. The rest of the simplification is the
purple polyline 〈f7, r6, `1, `4, r′3, `′6〉 that covers all blue points S (r′3 ∈ R2 and l′6 ∈ L2). In
order to show the blue points S clearly, we enlarged their size. As a consequence, both s2
and s3 have a distance > ε to a link going through s1 and s4.
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Theorem 6. Given a polyline P = 〈p1, p2, . . . , pn〉 and a value ε, the problem
of computing a minimum length subsequence Q of P such that the directed
Hausdorff distance from P to Q is at most ε is NP-hard.

Proof. The construction contains O(m2) vertices and a part of its simplified
polyline with a constant number of vertices that contains f1, f2, ..., fm+1 and
all vertices in τ3a and τ3b can cover all vertices in the construction except for
S. Then, the other part of the simplified polyline depends on links to cover
points in S. These links alternate between going from left to right and from
right to left. Between two such links, we will have exactly two vertices from
some L or two from some R.

The only two ways a point si can be covered is by including si explicitly
or by one of the O(m) links that cover si and at least another point sj . If
we include si explicitly then we must also include t+i and t−i or else they
are not covered. It is clearly more efficient (requiring fewer vertices in the
simplification) if we use a link that covers si and another sj , even if sj
is covered by another such link too. The links of this type in an optimal
simplified polyline correspond precisely to a minimum set of lines covering
s1, . . . , sm. Therefore, the simplified polyline of the construction contains a
solution to COVERING POINTS BY LINES instance. Since P in the construction
is simple, the theorem holds even for simple input.

2.3.3 Directed Hausdorff Distance: Q to P
Finally, we finish this section with a note on the reverse problem: we want
to only bound the directed Hausdorff distance from Q to P (we want the
output segment to stay close to the input segment, but we do not need to
be close to all parts of the input). This problem seems more esoteric but
we include it for completeness. In this case, a polynomial time algorithm
(reminiscent of Imai-Iri) optimally solves the problem.

Theorem 7. Given a polyline P = 〈p1, p2, . . . , pn〉 and a value ε, the problem
of computing a minimum length subsequence Q of P such that the directed
Hausdorff distance from Q to P is at most ε can be solved in O(n3 log n) time.

Proof. We compute the region R with distance ε from P explicitly. The
boundary of R consist of straight line segments and circular arcs with radius
of ε. Computing this boundary takes O(n log n) time when P is simple and
O(n2 log n) time when P is not, by first constructing the arrangement and
then the Voronoi diagram of the edges. The worst-case complexity of R is
quadratic.

Now, for every vertex p ∈ P, split circular arcs in R at tangent lines
through p. Since a circular arc is split into at most 3 pieces, the complexity
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of the new boundary B of R (with split arcs) still has quadratic complexity.
Sort all n shortcuts from p to other vertices in P and all extremes from B by
angle around p, and perform a rotational sweep. This way, it is easy to find
all valid shortcuts from p that lie inside B in O(n2 log n) time. In total, we
spend O(n3 log n) time to find all valid shortcuts for all p ∈ P. Finally, we
build the graph G where these valid shortcuts are the edges and compute
a shortest path in G, which represents an optimal simplification for this
measure.

2.4 Algorithmic Complexity of the Fréchet Distance
In this section, we show that for a given polyline P = 〈p1, p2, ..., pn〉 and
an error ε, the optimal simplification Q = OPTF (P, ε) can be computed in
polynomial time using a dynamic programming approach.

2.4.1 Observations
Note that a link pipj in Q is not necessarily within Fréchet distance ε to the
sub-polyline 〈pi, pi+1, ..., pj〉 (for example, p1p3 in Figure 2.2). Furthermore,
a (sequence of) link(s) in Q could be mapped to an arbitrary subcurve
of P, not necessarily starting or ending at a vertex of P. For example,
in Figure 2.6, the sub-polyline 〈p1, p4, p5, p6〉 has Fréchet distance ε to a
sub-polyline of P that starts at p1 but ends somewhere between p4 and p5.
At this point, one might imagine a dynamic programming algorithm which
stores, for each vertex pi and value k, the point p(i, k) on P which is the
farthest along P such that there exists a simplification of the part of P up to
pi using k links that has Fréchet distance at most ε to the part of P up to
p(i, k). However, the following lemma shows that even this does not yield
optimality.

Lemma 8. There exists a polyline P = 〈p1, . . . , p13〉 and an optimal ε-Fréchet-
simplification Q = 〈p1, p2, p5, p6, p13〉 using 4 links, with the following proper-
ties:
• There exists a partial simplification R = 〈p1, p3, p5〉 of 〈p1, . . . , p5〉 and

a point r on p6p7 such that the Fréchet distance between R and the
subcurve of P up to r is ≤ ε, but
• there exists no partial simplification S of 〈p5, . . . , p13〉 that is within

Fréchet distance ε to the subcurve of P starting at r that uses fewer than
7 links.

Proof. Let P = 〈p1, . . . , p13〉. The first part of P consist of the first six
vertices. They are positioned such that the only valid 2-link-simplifications
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FIGURE 2.13: An example where the farthest-reaching simplification up to p5 using 2 links
is not part of any optimal solution. (Left) The input curve P in black, with circles of radius ε
around all vertices in light gray. The optimal simplification of P consists of 4 links and must
include p5. (Middle) A 2-link simplification of 〈p1, . . . , p5〉 that reaches up to a point on p5p6
(in yellow) which can be extended to a 4-link optimal simplification of P. (Right) A 2-link
simplification of 〈p1, . . . , p5〉 that reaches point r on p6p7 (in pink) which does not allow an
optimal simplification.

that have δF ≤ ε to the subcurve 〈p1, . . . , p5〉 are 〈p1, p2, p5〉 and 〈p1, p3, p5〉.
Both 〈p1, p2, p5〉 and 〈p1, p3, p5〉 have δF ≤ ε to the subcurve of P up to
some point on p5, p6 and p6, p7, respectively. The second part of P , namely
〈p7, ..., p13〉, is located far away from the first part and forms a zigzag
configuration such that only the segment p6, p13 has a distance exactly ε to
the vertices in this part of P in between p6 and p13. See Figure 2.13 (left)
for an example of a complete construction of P .

Now, any simplification that contains ≤ 4 links must include p6, p13,
otherwise it will use more links in the zigzag part of P . Since this is the
case, there is no benefit to use a (partial) simplification that uses p5 and
already reaches a point on p6, p7. See Figure 2.13 (middle and right).

2.4.2 A Dynamic Programming Algorithm
Lemma 8 shows that storing a single data point for each vertex and value of
k is not sufficient to ensure that we find an optimal solution. Instead, we
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argue that if we maintain the set of all points at P that can be “reached” by
a simplification up to each vertex, then we can make dynamic programming
work. We now make this precise and argue that the complexity of these sets
of reachable points is never worse than linear.

First, we define π, a parameterization of P as a continuous mapping:
π : [0, 1] → R2 where π(0) = p1 and π(1) = pn. We also write P[s, t] for
0 ≤ s ≤ t ≤ 1 to be the subcurve of P starting at π(s) and ending at π(t),
also writing P[t] = P[0, t] for short.

We say that a point π(t) can be reached by a (k, i)-simplification for
0 ≤ k < i ≤ n if there exists a simplification of 〈p1, . . . , pi〉 using k links
which has Fréchet distance at most ε to P[t]. We let ρ(k, i, t) = true in
this case, and false otherwise. With slight abuse of notation we also say
that t itself is reachable, and that an interval I is reachable if all t ∈ I are
reachable (by a (k, i)-simplification).

Observation 9. A point π(t) can be reached by a (k, i)-simplification if and
only if there exist a 0 < h < i and a 0 ≤ s ≤ t such that π(s) can be reached
by a (k − 1, h)-simplification and the segment phpi has Fréchet distance at
most ε to P[s, t].

Proof. Follows directly from the definition of the Fréchet distance.

Observation 9 immediately suggests a dynamic programming algorithm:
for every k and i we store a subdivision of [0, 1] into intervals where ρ
is true and intervals where ρ is false, and we calculate the subdivisions
for increasing values of k. We simply iterate over all possible values of h,
calculate which intervals can be reached using a simplification via h, and
then take the union over all those intervals. For this, the only unclear part
is how to calculate these intervals.

We argue that, for any given k and i, there are at most n− 1 reachable
intervals on [0, 1], each contained in an edge of P. Indeed, every (k, i)-
reachable point π(t) must have distance at most ε to pi, and since the edge
e of P that π(t) lies on intersects the disk of radius ε centered at pi in a line
segment, every point on this segment is also (k, i)-reachable. We denote the
farthest point on e which is (k, i)-reachable by t̂.

Furthermore, we argue that for each edge of P, we only need to take
the farthest reachable point into account during our dynamic programming
algorithm.

Lemma 10. If k, h, i, s, and t exist such that ρ(k−1, h, s) = ρ(k, i, t) = true,
and phpi has Fréchet distance ≤ ε to P[s, t], then phpi also has Fréchet distance
≤ ε to P[ŝ, t̂].
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Proof. By the above argument, P[s, ŝ] is a line segment that lies completely
within distance ε from ph, and P[t, t̂] is a line segment that lies completely
within distance ε from pi.

We are given that the Fréchet distance between phpi and P[s, t] is at most
ε; this means a mapping f : [s, t]→ phpi exists such that |π(x)− f(x)| ≤ ε.
Let q = f(ŝ). Then |ph − π(ŝ)| ≤ ε and |q − π(ŝ)| ≤ ε, so the line segment
phq lies fully within distance ε from ŝ.

Therefore, we can define a new ε-Fréchet mapping between P[ŝ, t̂] and
phpi which maps ŝ to the segment phq, the curve P[ŝ, t] to the segment qpi
(following the mapping given by f), and the segment π(t)π(t̂) to the point pi.

Now, we can compute the optimal simplification by maintaining a
k × n × n table storing ρ(k, i, t̂), and calculate each value by looking
up n2 values for the previous value of k, and testing in linear time for
each combination whether the Fréchet distance between the new link and
P[ŝ, t̂] is within ε or not.

Theorem 11. Given a polyline P = 〈p1, ..., pn〉 and a value ε, we can compute
the optimal polyline simplification of P that has Fréchet distance at most ε to
P in O(kn5) time and O(kn2) space, where k is the output complexity of the
optimal simplification.

2.5 Conclusions and Future Work
In this chapter, we analyzed well-known polygonal line simplification al-
gorithms, the Douglas-Peucker and the Imai-Iri algorithm, under both the
Hausdorff and the Fréchet distance. Both algorithms are not optimal when
considering these measures. We studied the relation between the number
of vertices in the resulting simplified polyline from both algorithms and
the enlargement factor needed to approximate the optimal solution. For
the Hausdorff distance, we presented a polyline where the optimal simpli-
fication uses only a constant number of vertices while the solution from
both algorithms is the same as the input polyline, even if we enlarge ε by
any constant factor. We obtain the same result for the Douglas-Peucker
algorithm under the Fréchet distance. For the Imai-Iri algorithm, such a
result does not exist but we have shown that we will need a constant factor
more vertices if we enlarge the error threshold by some small constant, for
certain polylines.

Next, we investigated the algorithmic problem of computing the opti-
mal simplification using the Hausdorff and the Fréchet distance. For the
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directed and undirected Hausdorff distance, we gave NP-hardness proofs.
Interestingly, the optimal simplification in the other direction (from output
to input) is solvable in polynomial time.

Finally, we showed how to compute the optimal simplification under the
Fréchet distance in polynomial time. Our algorithm is based on the dynamic
programming method and runs in O(kn5) time and requires O(kn2) space.
Recently, Bringmann and Chaudhury improved this result [145].

For future work, we would like to show NP-hardness of computing an
optimal simplification using the Hausdorff distance when the simplification
may not have self-intersections.





3
Measures for Groups

ALTHOUGH trajectory data is analyzed by researchers from various domain
areas and used in varying applications, some fundamental analysis

tasks are frequently performed. We can distinguish the following main types
of trajectory analysis (see also Section 1.3):
• Segmentation [56, 165]: Partitioning a trajectory into sub-trajectories

so that within each sub-trajectory, certain attributes of the trajectory
are uniform. It may be used to split a trajectory into different move-
ment behaviors.
• Similarity analysis [64, 72]: Analyzing how much two trajectories

appear alike. It can be used to determine how similar movement of
a single entity is on different days, or to determine how similar the
movement of two different entities is. The reasons for appearing alike
can be rather varied: we could define similarity based on visiting the
same locations, or based on having the same speed development (e.g.
slow in the beginning, then linearly increasing speed).
• Clustering [87]: Grouping the trajectories in a collection based on

similarity.
• Outlier detection [166, 167]: Finding trajectories that do not belong

to any cluster.
• Classification [78]: Assigning a trajectory to a cluster of trajectories,

based on similarity.
• Hotspots detection [98]: Finding places that are visited frequently by

many trajectories.
• Pattern detection: Finding interesting characteristics in one or more

trajectories on any sort (e.g., leadership patterns [104], commuting
patterns [65]).

55



56 Chapter 3. Measures for Groups

• Collective movement pattern (group) detection [112, 126, 118]: Finding
a special type of pattern determined by spatial proximity of a subset
of the entities over a period of time.

All trajectory analysis types depend on measures defined on trajecto-
ries. In the listing above, we mentioned location, speed, and similarity as
attributes that are defined in the abstract model of trajectories. If needed,
then these attributes can be computed in the data model of trajectories. In
fact, an attribute like location gives rise to multiple measures: traversed
distance, global direction, etcetera.

In this chapter, we give a list of measures for a single trajectory and for
groups of trajectories. Recently, a number of different definitions of groups
have been given, accompanied by algorithms that compute them from a
collection of trajectories [117, 81, 126]. Analysis tasks for trajectories like
segmentation and similarity analysis can also be performed for groups of
trajectories. Therefore, we also need measures for the whole group.

Results and Organization. We first present an overview of the measures
that exist for a single trajectory in Section 3.1. We classify them into three
types: measures for a single trajectory in isolation, measures for a single
trajectory amidst other trajectories, and measures for a single trajectory in
other environments. Then, we proceed with extensions of these measures
to groups in Section 3.2, while at the same time including new measures
that do not exist for single trajectories. We use the same three types of
classification as for a single trajectory. When developing group measures,
similar approaches are sometimes taken. We will highlight such more
general approaches because they can potentially be used for other measures
needed in specific applications. Finally, in Section 3.3, we discuss three
applications involving groups where measures for a group of trajectories are
necessary: settlement selection, visualization, and segmentation.

3.1 Measures for a Single Trajectory
When defining measures for trajectories we will use the abstract model,
since it is mathematically more clean and also representation-independent.
All measures can be converted in various ways to measures in a data model.

Since a trajectory is a function from a time interval to the plane (or to
space), the image of the function gives the locations where the entity is at
the relevant times. The derivative of the function is the velocity, which is
a vector, and the second derivative is acceleration, which is also a vector.
Velocity has two components, namely speed and heading. These at any
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time measurable features (location, speed, heading, . . .) of a trajectory are
called attributes, and attributes are often the basis of measures defined over
a whole trajectory. For example, from speed we can derive the measures
average speed, maximum speed, standard deviation of speed, percentage of
stand-still, and more. These measures give a single value for the whole
trajectory.

There are also attributes for trajectories amidst other trajectories. For
example, for a given trajectory we have the attribute closest distance to
another trajectory, which exists at any time. We can use this as the basis for
a measure that intuitively corresponds to degree of isolation by averaging.

In this section we give an overview of various general-purpose measures
that can be defined for a single trajectory. We first discuss measures for a
single trajectory in isolation, then measures for a single trajectory amidst
other trajectories, and then measures for a single trajectory in various
contexts.

3.1.1 Measures for a Trajectory in Isolation

In this section we describe measures that relate to a single trajectory inde-
pendent of other trajectories and the environment. Our list is not complete;
we describe a number of existing useful, general-purpose measures. We
begin with a number of basic, well-known measures capturing proper-
ties of the whole trajectory at once. Note that most of these common
measures also appeared in similar lists of measures given in previous re-
search [168, 93, 169, 9].

DURATION

Description The length of the time interval (I) of the
trajectory (d)

tα

tβ

d=tβ−tαUnit second Range [0,∞)

Derived from -

Related work [170]
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TRAVERSED DISTANCE

Description The total length of the path of the trajec-
tory (s) s

Unit meter Range [0,∞)

Derived from location

Related work [25]

AVERAGE SPEED

Description The ratio of the traversed distance and
the duration (v)

tα

tβ

d=tβ−tα

v = s
d

s

Unit meter per second Range [0,∞)

Derived from speed

Related work [171]

While the average speed is a useful measure, it tells little about the
variation in speed during the time interval. The entity could have been
moving with constant speed equal to the average speed, or it could have
stood still for half the time and then moved to the destination with speed
double the average. Since this distinction is often important, we would
like to have measures for it. The most obvious candidate is the standard
deviation of speed over I.

In principle speed is an attribute that has a value at any time in I. To
capture speed development over I in a more extensive manner, there are
many options, both quantitative and qualitative. For example, we could split
up I into k equal-duration subintervals and use the average speed in each
of them. This may not be a good description of speed development because
it might be more fine-grained than a chosen value of k. Ideally, one wants a
partition of I into subintervals where the speed is similarly behaved. This
can be obtained by segmentation.

A derivative of speed is acceleration (and deceleration). Since acceleration
exists at any time, we have a similar measure choices as for speed. For
example, we can use the standard deviation of the acceleration to describe
its variation.
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GLOBAL DIRECTION

Description The direction of the vector from the origin
to the destination of T (θ)

θUnit radian Range [0, 2π]

Derived from location

Related work [172, 173, 174]

Also direction can be described more finely than with just a global
direction, and as with speed, we can use subintervals of I to describe it.
These subintervals may be obtained by equal durations or by segmentation.

GLOBAL VELOCITY

Description The vector from the origin to the destina-
tion of T divided by total duration (~v)

vUnit vector Range R2

Derived from velocity, or location and time

Related work [175]

DETOUR

Description The ratio of the traversed distance and
the length of the global velocity vector (δ)

v

s

δ = s
|v|

Unit - Range [1,∞)

Derived from -

Related work [165, 176]

In other work, the notion of detour is described under different names,
for example, sinuosity [9] and straightness index [17].

TOTAL ANGULAR CHANGE

Description The total change of the heading angle (ω)

ω=α+β+γ

α

β

γ

Unit radian Range [0,∞)

Derived from heading

Related work [170]
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The total angular change is a common shape descriptor that does not
depend on time. It is the global version of the attribute representing the
change in heading. It describes the shape in just one number on an angular
scale.

AREA COVERED

Description The area covered by a disc with radius r
that moves along the trajectory (A)

r
AUnit square meter (m2) Range [πr2,∞)

Derived from location

Related work [177]

Finally, it may be useful to define the area covered by the trajectory.
Andrienko et al. [9] describe this measure as the spatial extent of a trajectory,
which can be defined in several ways. A simple definition is to use a distance
parameter r and say that the moving entity covers the whole area within
distance r from its location. The covered area is then the total swept area of
a disk centered at the entity when it follows its path; multiply swept areas
count only once.

3.1.2 Measures for a Trajectory Amidst Other Trajectories
Some trajectory measures require the presence of other trajectories, for
example measures for notions like similarity and centrality. For now we
only consider other trajectories that exist at the same time as the trajectory
that we observe. However, it is also possible to take other trajectories into
account that occur later or earlier, by adapting the measures.

SIMILARITY

Description The average distance to another trajec-
tory

Unit meter Range [0,∞)

Derived from -

Related work [70]

Similarity has been studied extensively. It is a distance measure be-
tween two trajectories that can refer to average distance between the en-
tities, maximum distance between the entities, or maybe just similarity
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in shape of the path of the trajectory. Well-known similarity measures
for paths of trajectories are the Hausdorff distance [67] and the Fréchet
distance [68]. Well-known similarity measures for trajectories are the time-
focused distance [70], the dynamic time-warping distance [69], and the edit
distance [71]. All of these similarity measures take the location into account.
However, one can easily define speed similarity or acceleration similarity
if location is not relevant in the application. Another similarity measure,
introduced for shapes, is the turn function similarity. It is rotation-invariant,
and therefore particularly useful for comparing shape only.

In this work, we define the similarity as the average distance between
two trajectories during their time interval. To get the average distance, we
can take the integral of the distance over the time interval and divide by
the duration of the trajectories. Alternatively, one can take other possible
options such as taking the minimum (or maximum) value, or integrating
over space (reparameterize the trajectory).

CLOSENESS

Description Average distance to the nearest other tra-
jectory at each time

Unit meter Range [0,∞)

Derived from distance to the closest trajectory

Related work [178]

The closest entity to a single moving entity at a single time can change
over its time interval. Therefore, the average distance can show how close a
trajectory is to other trajectories.

CENTRALITY

Description Average distance to the central position
of several trajectories

Unit meter Range [0,∞)

Derived from centrality

Related work [159, 168]

Centrality is also an intuitive concept that allows various different def-
initions. The centrality of an entity amidst other entities can change over
time, so we first consider centrality measures at a fixed time. In other words,
we have a set of points in the plane and one specific point p, and we want
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to describe how central p is. One option is to define the center of mass as
the most central location, and use the distance of p to the center of mass
to define the centrality of p. We can do something similar with the median
location, whose coordinates are the median x-coordinate and the median
y-coordinate of all points. Another option is to use the distance to the
center of the smallest enclosing circle of the points. For one trajectory, we
take the average of centrality over its time interval, which is defined by an
integral. Similar with the two previous measures, other options than taking
the average are also possible.

A more combinatorial notion of centrality is the minimum number of
points of the set that must be removed to bring p to the convex hull of the
points.

Discussion. Other notions that can be turned into measures are isolation
and sociality. To define these, we could use nearest-neighbor distance or
k-nearest neighbor distances.

3.1.3 Measures for a Trajectory in an Environment

Since the environment influences how an entity moves, it is natural to
consider trajectories in the context of other data. Other data can be internal
or external, that is, it can refer to the moving entity or to its environment.
Depending on the source of the data, internal attribute data can be heart
rate, brain activity, CO2 level in exhaust, and produced noise. External
attribute data can be current land cover, elevation, weather, quality of road,
water currents, and visibility information.

Environmental factors can influence how the measures defined before
may be redefined. For example, two trajectories at distance 80 meters in the
open field can be deemed more similar than two trajectories at 60 meters,
one of which is in the field and one in the forest. A speed of 10m/s in the
open field may be considered similar to a speed of 8m/s in bushland.

Moreover, the environment may give rise to measures that do not exist
without it, like a measure for the diversity of landcover types crossed by
the moving entity. Here, the locations of the moving entity is used to select
other data (the environment) to which the measure relates.

The definitions of measures for trajectories in environments are very
much application-dependent, and therefore we omit further discussion in
this chapter that aims to take a general view on measures for trajectories
and groups.
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3.2 Measures for a Group of Trajectories
When sufficiently many moving entities are close enough for a relatively long
period of time, they form a group. Closely related concepts are flocks [111],
swarm [121], herds [118], convoys [81], and many more. Here, we assume
that a group is a fixed set of entities during a fixed period of time. Intuitively,
the existence of a group relies on some conditions, such as a minimum num-
ber of entities in it, a minimum entity inter-distance, a minimum duration,
etcetera. It is possible to add further requirements to a group definition, like
similarity of heading of the group entities.

Just like for a single trajectory, many measures exist for a group of
trajectories. Some of these are direct extensions from the single trajectory
case, while others only occur for a group. In general, there are three views
of treating a group when defining these measures:

Representative view: A single trajectory (not necessarily from the group)
is used to define the measure. For example, we can take the mean
location at every time and use this to define a mean trajectory. This
mean trajectory can then be used to define group speed, for instance.

Complete view: All entities in the group are used to define the measure.
For example, to define group speed in a different way than in the
representative view, we can take the average speed of each entity over
the group duration, and average this over the entities.

Area view: The area that the group occupies is used to define the measure.
For example, to define group density, we could define the area that
the group occupies and let the density be the ratio of the number of
entities and the area.

Not all views make sense for all measures we will define. Often, these
different views give rise to different possible measures for the same concept,
like for our example of group speed. The representative view gives us a way
to generalize all single trajectory measures to groups.

In the following subsections we define group measures that do not
require other input, group measures that exist for a group amidst other
groups of moving entities, and group measures that require other types
of input. The measures exist for any definition of a group, assuming that
the number of entities in the group does not change in the interval during
which this group exists. We also assume that the group exists during exactly
one time interval, so we do not allow a group to form, break up, and later
form again and call it the same group. Both assumptions can be lifted if
required by the application at hand; they are made for the sake of clarity of
the definitions of the measures.
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3.2.1 Measures for a Single Group in Isolation

Measures extended from a single trajectory

Almost all measures for a single trajectory in isolation can be extended
directly to a group. Both the representative view and the complete view
work well with these measures (except for the covered area). For example,
the traversed distance of a group can be defined in two ways: as the average
of the traversed distance of all entities in the group or as the traversed
distance of a representative.

Furthermore, each of these two views can have more variations. With
the complete view, instead of taking the average of the measure from each
trajectory, we can also choose to take, for example, either the minimum or
the maximum value. There are also several possibilities to get a representa-
tive trajectory. For example, to define the representative trajectory, we can
take the mean or median point of all entities in a group at a single time, or
just pick one trajectory to represent the group.

Only one measure for a single trajectory cannot be extended directly to
a group:

AREA COVERED

Description
The union of the total area covered by
each trajectory (using a disc of radius r)
in a group (A) A

r

r

rUnit square meter (m2) Range [πr2,∞)

Derived from location

Related work [176]

Clearly, we cannot sum up the covered area from all entities in a group
because they may overlap. For the same reason, it is also not possible to
aggregate the covered area by a group at each single time. Therefore, we
define the area covered by a group as a union of the total area covered by
its entities. Note that this measure relies on a parameter r to define the disc
which is used to sweep the covered area.

The movement behavior of a group influences this measure. For instance,
when entities in a group move by following each other (single file behavior),
then the group covers roughly the same area as one of its entities. A more
compact group will also yield a smaller value for this measure than a more
spread out group.
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Measures that only exist for a group

In addition to attributes of a group that exist in a single trajectory, there are
also attributes that only naturally exist when we observe multiple entities
at a single time. For example, the number of entities in a group, (which is
fixed for the whole duration of a group), or the density of a group.

SIZE

Description The number of entities in a group (n)

Unit - Range [2,∞)

Derived from the number of entities in a group

Related work [179]

DENSITY

Description The average of the density of a group over
its duration (ρ)

Unit per square meter
(m−2)

Range [ 2
πr2

,∞)

Derived from density

Related work [180, 179]

Intuitively, density relates a count to an area. Therefore, it is natural to
define the density using an area view: a ratio of the size of a group and the
covered area at a single time. Then, we integrate it over time to get a single
value to represent the density of the group.

Other options to define the density of a group are based on the distance
between entities in a group. We describe several possible definitions:
• The average of all distances between pairs of entities in a group.
• The weighted average of all distances, where small distances get a

higher weight. Closer entities have more influence on the density than
the farther ones.
• The ratio between the farthest distance occurring between two entities

in the group and the maximum distance possible between two entities
in any one group of the same size.

These distance-based measures have the advantage that they do not depend
on a parameter to be determined.



66 Chapter 3. Measures for Groups

FORMATION STABILITY

Description
The average of the magnitudes of the ve-
locity difference of each entity and the
group (F )

Unit meter per second Range [0,∞)

Derived from velocity

Related work [181, 182]

A group of moving entities may move in a mostly stable formation, for
instance, the V-formation of migrating birds. Often, entities keep the same
formation for several reasons, like increasing the efficiency of movement by
using the least energy.

At a fixed time, we define this measure using the magnitude of the
difference in velocity of each entity and the group. We can average these
magnitudes over the group entities and over time. Lower values for this
measure indicate that the group has a low deformation rate. The formula to
compute F for a group G = {e1, e2, . . . , en} over the duration [tα, tβ] is:

F =
1

tβ − tα

∫ tβ

tα

1

n

n∑
i=1

‖~ei(t)− ~G(t)‖dt

where ~ei(t) is the velocity vector of entity ei at time t and ~G(t) is the velocity
vector of G, which is the average over all of its entities at time t.

Discussion. Many more application-specific group measures are conceiv-
able. For instance, the occurrence of a leader. A leader can be defined
as a single entity that is usually in front of the rest of the entities in the
group, or as an entity whose movement drives the movement of the group
[176, 104]. Some groups are more clearly led than others, which can be
captured in a measure. Because such measures depend more on behavior
interpretation than a clear objective aspect of groups, we will not suggest
any formal definition in this chapter.

3.2.2 Measures for a Group Amidst Other Groups
Most of the measures for a group among other groups can be directly defined
using the representative trajectory of each group and apply to measures for
a trajectory amidst other trajectories.
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SIMILARITY

Description The average distance to another group

Unit meter Range [0,∞)

Derived from location

Related work [183]

To define similarity between two groups of entities we need to be aware
of a few issues: (i) The two groups may have different size, and we still
want a similarity measure that makes sense, and (ii) The trajectories in one
group may be dissimilar among each other, and if this occurs in the same
way in the other group, then the groups are similar. These considerations
suggest a many-to-many matching-based definition. For each trajectory in
each group, consider the similarity to the most similar trajectory in the other
group, and average over these similarity values. If the one group has n
trajectories and the other m, then we use n+m similarity values to average
over. Alternatively, we could take all n ·m pairs of trajectories, one from
each group, and take their average, but this does not allow groups to be
similar if their trajectories are not similar internally.

Alternatively, we can compare the similarity between the two groups at
a single time and then integrate the result over the duration of the groups.
If we ignore the temporal component, then the area view can be used to
compare the shape of the groups by comparing the shape of their covered
area for a group shape similarity measure.

CLOSENESS

Description The average distance to the nearest other
group at each time

Unit meter Range [0,∞)

Derived from distance to the closest group

Related work –

Although this measure is a straightforward extension from the measure
for a single trajectory, applying it directly to the representative trajectories
might not give the proper estimation about how close the two groups are.
Intuitively, a group is near to the other groups if one or more entities
in the group is close to entities in other groups. However, because the
representative trajectory is located roughly in the middle of other entities in
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the group, there must be other pair of entities (each from different groups)
that are closer.

Since the nearest other group might change over the duration of the
group, it is better to first define the distance between two groups at a fixed
time. Then, we can pick the minimum distance to one other group and get
the average of this value over the whole duration of the group. At a single
time, the distance between two sets of points can be defined in several ways.
The simplest is to take the closest distance from any entity in one group to
any entity in the other. Other options include the Hausdorff Distance [67]
and the Earth Mover’s Distance [184]. The question is whether we consider
two groups to be very close when they are completely interspersed or when
they move closely side by side as a whole group.

CENTRALITY

Description The average distance to the central posi-
tion of other groups

Unit meter Range [0,∞)

Derived from centrality

Related work –

Centrality can be defined using the representative trajectories and then
apply the centrality measure for a single trajectory. We can also use the
complete view of a group by computing the centrality of each entity w.r.t
the central position of all entities and then average them over time to get
the centrality of the group.

Discussion. So far in this section, we only considered measures that as-
sume all groups start and end at the same time. It is also possible to define
measures if we drop this assumption. For example, we can measure how
many other groups exist (on average) during the lifetime of a group, and
we can measure how similar a group moves with respect to any previously
existing group.

3.2.3 Measures for a Group of Trajectories in an Environment
Similar to the case for a single trajectory, we can consider environmental
factors when defining the measure of a group. For example, entities in
a group may change their formation because they are moving in a single
file formation while crossing a river, and may change back to the previous
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formation on the opposite bank. In this case, we probably want to say that
the formation is consistent if the formation is the same in each terrain type.
We cannot use the formation stability measure to capture this.

Different types of moving entities show different behavior when moving
as a group, and this is influenced by different types of external factors.
Consequently, integrating those factors into measures for a group depends
on the type of moving entities that we want to analyze. Therefore, mea-
sures that take external factors into account are application-dependent, and
general purpose measures are less easily defined.

3.3 Applications of Group Measures
With the vast increase of trajectory data, large collections of trajectories must
be organized well and good tools for selection, visualization, and analysis
must be available. We discuss how group measures may be used for these
tasks. We assume that a group structure exists and has been computed.

Selection. To explore a collection of trajectories organized in groups, we
may want to select the ten or twenty most important or characteristic
groups. What is important about a group is application-dependent and
can be discussed, but generally one can say that large groups with a long
duration are more important than small groups with a short duration. Any of
the other attributes can contribute to the importance of a group too: perhaps
fast-moving groups (high average speed) or groups with a large area covered
are important. The more measures play a role, the more dimensions the
Pareto-optimal front has, and the more Pareto-optimal choices there are.

While the single most important group may be defined by weighing
the different measures that contribute to importance, selecting a set of
ten most characteristic and important groups is more complex. In many
applications the selection should be varied, implying that choosing one
group in the set influences which other groups should also be chosen.
The corresponding issues have been studied in the classical problem of
settlement selection [185, 186]: not necessarily the ten biggest cities should
be chosen, they should also be spatially distributed over the region of
interest. Various models for such selections have been suggested in the
literature. Transferring these issues to groups in a set of trajectories, it may
be important to get variation in where in the plane (in space) the group
occurred. If the six biggest and longest duration groups all occurred in
the west, the next six ones occurred in the east, and we wish to select six
groups, then it would probably be undesirable to select all groups in the
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FIGURE 3.1: (Left) Each group is represented using a single black trajectory and an area
with different colors. The width of the area shows the size of the group. (Middle) Only the
six longest and biggest groups are selected, shown in color. (Right) A better selection of six
groups for diversity of the groups with respect to location.

west; instead, three or four in the west and three or two in the east gives a
better idea of the data (see Figure 3.1).

While a full treatment on when groups are important, salient or char-
acteristic, and when a selection is an appropriate selection is beyond the
scope of this work, it is clear that group measures do play an important role
in the process.

Visualization. Visualization of large collections of trajectories is difficult
for several reasons. First of all, it is not easy to show time in an intuitive
manner, besides animations. Second, simply showing all paths of trajectories
usually creates a chaos in which little can be seen. If the trajectories come in
groups, it is attractive to identify these groups and use visual encodings of
relevant attributes or measures. A representative can be used to show each
group (determined by trajectory measures), the group size can be visualized
by line thickness of the representative, and the group speed or density can
be visualized by color or other visual variable.

Segmentation. The segmentation of a single trajectory has been discussed
in several papers [55, 165, 58], but it may be more appropriate to segment
a group in case the group as a whole shows certain behavior types. A herd
of bison may be roaming, migrating, or sleeping. Segmentation is typically
determined by within-segment similarity and across-segment dissimilarity
and hence it relies on suitable measures. How to extend trajectory segmen-
tation to trajectory group segmentation is an interesting research question
in which it is clear that group measures will play an important role.
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3.4 Conclusions and Future Work
In this chapter, we discussed measures for a single trajectory and a group
of trajectories arising from moving entities. These measures provide extra
information than just the spatial and temporal component needed to be
able to analyze the trajectory data better. First, we gave basic measures for
a single trajectory and differentiated them into three types: measures for
a single trajectory, measures for a trajectory amidst other trajectories, and
measures for a trajectory in the context of other data.

For a group of trajectories, we introduced three different views to define
measures for a group: the representative view, the complete view and the
area view. Most measures for a single trajectory can be extended directly to
groups using at least one of the three views. We also introduced exclusive
measures for a group like density and formation stability. For measures for
a group amidst other groups, we discussed their differences with the same
measure for a single trajectory and gave alternative approaches to define
them.

Finally, we considered several tasks where group measures are essential
to analyze collections of trajectory data.

Our discussion of measures gives rise to various directions of future work.
Firstly, the three cases: selection, visualization, and segmentation of groups
have only been addressed briefly, and a complete study of each of these
tasks would be valuable. Secondly, we may examine the measures further
on robustness to “outliers” within a group. Finally, measures need to be
computed by algorithms, which in several cases still need to be developed.





4
A Refined Definition

for Groups

MOVEMENT data may consist of just one trajectory tracked over a period
of time, or a whole collection of trajectories that are all tracked

over the same time period. Note that for the latter case, the locations of
each trajectory are not necessarily recorded at the same time stamps. It is
common to denote the number of trajectories (or moving entities) by n and
the number of time stamps used for each trajectory by τ . Thus, the input
size is Θ(τn) and depending on the application, one of n or τ can be much
larger than the other.

To analyze movement data, a number of methods have been developed
in recent times. These methods perform similarity analysis or compute a
clustering, outliers, a segmentation, or various patterns that may emerge
from the movement of the entities (see Section 1.3). These methods are
often based on geometric algorithms, because the data is essentially spatial.

In this chapter we present the results of one of the important tasks in
the analysis of movement data collected from moving entities: finding a
collective movement pattern (or group). This pattern occurs when a set of
entities travel together for a sufficiently long period of time. The informal
description above suggest three important parameters to define groups:
• the size parameter for the minimum number of entities in a group,
• the temporal parameter for the duration of a group, and
• the spatial parameter for the distance between moving entities, which

is used to define the togetherness between entities.
There are various formal definitions of groups such as flocks [111, 107, 112,
113], convoys [81, 119, 120], swarms [121, 122], groups [126, 127], and
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many more (see Section 1.3.3). We continue the study of such groups and
propose a refined definition to the one by Buchin et al. [126].

Buchin et al. [126] introduce a model called the trajectory grouping
structure which not only defines groups, but also the splitting of a group into
subgroups and the merging of groups. The algorithmic problem of reporting
all maximal groups (we give a formal definition of maximal groups later)
that occur in the trajectories is solved inO(τn3+N) time, whereN ∈ O(τn4)
is the output size (the summed size of all groups reported). The algorithm
also considers times in between the τ time stamps where the locations are
recorded as relevant. In between these time stamps, locations are inferred
by linear interpolation over time. We refine the definition of groups by
Buchin et al. [126] and motivate why our proposed definition corresponds
better to human intuition in certain cases, particularly in dense environment.
We also present algorithms to compute all maximal groups based on the
refined definition.

Previous definition of a group. The definition of a group by Buchin
et al. [126] relies on three parameters: one for the distance between entities,
one for the duration of a group, and one for the size of a group. We review
their definitions next.

For a set of moving entities X , two entities x and y are directly ε-
connected at time t if the Euclidean distance between x and y is at most ε
(ε > 0) at time t, dxy(t) > ε. Two entities x and y are ε-connected in X at
time t if there is a sequence x = x0, ..., xk = y, with {x0, ..., xk} ⊆ X and
for all i, xi and xi+1 are directly ε-connected at time t.

A group for an entity inter-distance ε, a minimum required duration
δ, and a minimum required size m, is defined as a subset G ⊆ X and
corresponding time interval I for which three conditions hold [126]:

(i) G contains at least m entities.
(ii) I has a duration at least δ.

(iii) Every two entities x, y ∈ G are ε-connected in X at all times in I.
Furthermore, a group G with time interval I is maximal if there is no time
interval I ′ ⊃ I for which G is also a group, and there is no proper superset
G′ ⊃ G that is also a group during I [126].

Refined definition of a group. One issue with the previous definition is
that it does not correspond fully to our intuition. Two entities x and y may
form a (rather small) maximal group in an interval I even if they are always
far apart, as long as there are always entities of X in between them to make
x and y ε-connected in X . These entities in between are not part of the
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FIGURE 4.1: In the previous definition of groups by Buchin et al. [126], x and y are
ε-connected during [t0, t2].
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FIGURE 4.2: Entities in G = {a, h} are ε-connected using entities not in G.

maximal group, but they do cause x and y to be ε-connected by the previous
definition. This can have counter-intuitive effects especially in dense crowds.
To avoid such issues, we refine the definition of a group. In particular, we
replace condition (iii) above by:

(iii’) Every two entities x, y ∈ G are ε-connected in G during I.
We define maximal groups analogous to the previous definition by Buchin
et al. [126], but now based on the refined definition of groups.

We give two examples that show the difference in these definitions.
First, consider a number of stationary entities S and two entities x and

y, see Figure 4.1. Entity x starts (at time t0) to the North of S and moves
around its perimeter to the East. Entity y starts (at t0) to the South and
also moves around the perimeter to the East. After encountering (at t1)
each other at the East side, both continue together eastward, away from the
stationary entities in S (ending at t2). By the previous definition of groups
by Buchin et al. [126], x and y form a maximal group in the interval [t0, t2].
By our refined definition, they form a maximal group during [t1, t2], starting
when x and y are at distance ε and actually encounter each other.

Second, the previous definition can even see groups of entities that
were never close, see Figure 4.2. Here, {a, h} is a maximal group in the
interval I = [t1, t3] using the definition in [126]. At each time, a and h
are ε-connected, but through different subsets of entities. By choosing the
coordinates carefully, we can ensure that no supergroup of {a, h} is also a
group in the same time interval, and hence {a, h} will be maximal. Although
a and h move in the same direction with the same speed, intuitively they
do not form a group because they are too far apart and separated by other
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entities that move in the opposite direction. With our refined definition,
we do not consider {a, h} a group in the interval I, and hence also not a
maximal group.

Results and Organization. We have refined the previous definition for a
group of moving entities by Buchin et al. [126] and argued why our refined
definition can give an intuitively plausible group. From now on, we will use
the term “group” to denote a group of entities that comply with our refined
definition.

In the following section, we show that for a set X of n moving entities in
R1 with τ time stamps each, the number of maximal groups by the refined
definition is O(τn3), which is tight in the worst case.

In Section 4.2, we present algorithms to compute all maximal groups
in R1. First we consider the case where all trajectories have their vertices
at the same time and begin with a basic algorithm for that runs in O(τ3n6)
time. Subsequent improvements lead to a running time of O(τ2n4). When
the time stamps of different trajectories are not the same, our algorithm
runs in O(τ2n4α(n)) time.

Next, for moving entities in Rd (d > 1), we model entities and their inter-
distance into graphs and show that all maximal groups can be computed
in O(τ2n5 log n) time, regardless the uniformity of the time stamps in the
trajectories. We show how to achieve this bound in Section 4.3.

In Section 4.4, we consider situations where the value of n is significantly
smaller than τ , which is typical in real-life moving entity datasets. We give an
O(τ2nn4) time algorithm for entities that move in any constant dimension.

Finally, we show an exponential bound on the number of maximal groups
that can contain any given time t in the last section.

4.1 Preliminaries

Let X be a set of n entities moving in R1, given by locations at τ time stamps.
A trajectory of an entity in X can be expressed by a piecewise-linear function
which maps time to a point in R1. If R1 is associated with the vertical axis
and time with the horizontal axis of a 2-dimensional plane, the trajectories
of entities in X are polylines with τ vertices each. We will use the same
notation to denote an entity and its trajectory.

When dij(t) = ε, we say that an ε-event occurs. For any ε-event v, we
denote by tv the time when v occurs and ω(v) the function that returns the
two entities that create v. We assume that no two or more ε-events occur at
the same time.
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Consider an ε-event v; let ω(v) = {i, j}. If the distance between i and j
is more than ε immediately before tv, then v is a start ε-event; if this happens
after tv, then v is an end ε-event. If there is no entity k ∈ X located strictly
in between i and j at tv (so dik(tv) + djk(tv) = ε), then we say that v is a
free ε-event.

For clarity, we assume that there are no two parallel edges of trajectories
with distance ε. This assumption can be lifted without complications; we
just need to handle such situations in the appropriate manner.

Observation 12. The number of ε-events is O(τn2).

Let G be a group of entities in time interval I that is maximal in size. All
entities in G are pairwise ε-connected in the interval I, and hence, there
are no free ε-events in G during I. In the arrangement of trajectories from
G, we define the height of a face as the length of the longest vertical line
segment inside the face. Thus, no face has height greater than ε.

It is also clear that G can begin only at a start ε-event and end only at an
end ε-event. Furthermore, we observe that if a start ε-event (or end ε-event)
of G is not a free ε-event with respect to the entities in G, then before (or
after) the interval I, entities in G are still pairwise ε-connected and we can
extend the interval of G. Therefore, G can be a maximal group only if both
the start ε-event and end ε-event are free ε-events (but this is not a sufficient
condition).

Observation 13. There can be at most one maximal group that starts and
ends at a particular pair of start ε-event and end ε-event.

Theorem 14. For a set X of n entities, each entity moving along a piecewise-
linear trajectory of τ edges, the maximum number of maximal groups is
Θ(τn3).

Proof. Any group G that starts at a start ε-event contains at most n entities.
When a free end ε-event involving G occurs, only group G ends but a
subgroup of G with fewer entities may continue longer. This can happen at
most n− 1 times. Therefore, the maximum number of maximal groups is
O(τn3).

For the lower bound on the number of maximal groups, we use the same
construction given by van Goethem et al. [187]. Although they use the
previous definition by Buchin et al. [126] to define a group, the construction
itself also works for our refined definition of a group. They start by building
a construction in which all n entities move along lines and show that there
can be Ω(n3) maximal groups. Then, repeating the construction Ω(τ) times
gives Ω(τn3) as a lower bound on the number of maximal groups.
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The approach to compute all maximal groups is to work on the arrange-
ment A of line segments that are the trajectories. For a subset G ⊆ X and
interval I, we can remove entities from G that are separated at a face with
height larger than ε in I (corresponding to a free ε-event). Only if there
are no such faces, the remaining entities in G can be a group. Note that
removing entities in G involves removing the corresponding trajectories
from the arrangement A, which can cause new faces that are free ε-events.

4.2 Algorithms for Entities in R1

In this section, first we consider the case where the trajectories have the
same time stamps. We present a basic algorithm that computes all maximal
groups in O(τ3n6) time for entities moving in R1. Then we present a more
efficient algorithm that runs in O(τ2n4) time. Furthermore, we present an
O(τ2n4α(n)) time algorithm if the vertices of the trajectories have different
time stamps.

4.2.1 Basic Algorithm
We describe a simple algorithm to compute all maximal groups. Let Vs and
Ve be the sets of all start ε-events and all end ε-events, respectively. Fix
one event of each type: β ∈ Vs and γ ∈ Ve. By Observation 13, at most
one maximal group G that starts at β and ends at γ. Furthermore, observe
that G necessarily contains the entities ω(β) = {a, b} and ω(γ) = {c, d}, and
that if G is a maximal group on I = [tβ, tγ ], then all entities in G are on the
same side at time tλ ∈ (tβ, tγ) when a free ε-event λ occurs. We then use
the following approach to find G (if it exists):

1. Initialize a set G containing all entities in X .
2. Build an arrangement A induced by the trajectories of the entities

in G on I.
3. A face f in A contains a free ε-event λ if (and only if) the height of f

is more than ε. If f has height larger than ε, test if (the trajectories of)
a, b, c, and d, all lie on the same side of f . If not, there is no maximal
group G that starts at β and ends at γ. If they do pass on the same side,
let S denote the set of entities whose trajectories lie on the other side
of f . Remove these entities of S from G, and remove their trajectories
from A. Observe that new free ε-events may appear because removal
of a trajectory from A merges two faces of A into a larger one. See
Figure 4.3. Repeat this step until there is no more free ε-event λ with
tλ ∈ (tβ, tγ).
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FIGURE 4.3: Removing trajectory p (due to the free ε-event λ) causes the ε-event π to
become a free ε-event.

4. Check that β and γ are now free. If so, G is a maximal group on I,
and hence we can report it. If not, G is actually a group during a time
interval I ′ ⊃ I. Hence, G may be maximal in size, but not in duration.
We do not report G in this case.

Theorem 15. Given a set X of n entities in which each entity moves in R1

along a trajectory of τ edges, all maximal groups can be computed in O(τ3n6)
time using the Basic Algorithm.

Proof. The number of combination of a pair of start and end ε-events is
O(τ2n4). Building an arrangement from trajectories of entities takes O(τn2)
time. Removing a trajectory e and checking new faces in A takes time
proportional to the zone complexity of e: O(τn). Since there are at most n
trajectories to be removed, the whole process to remove entities for each
interval I takes O(τn2) time. Therefore, the running time of the algorithm
is O(τ3n6) time.

4.2.2 Improved Algorithm
The previous algorithm checks every pair of possible start and end ε-events
β and γ to potentially find one maximal group. To improve the running
time, we fix a start ε-event β and consider the O(τn2) end ε-events γ in
increasing order. We show that we can check for a maximal group on [tβ, tγ ]
in amortized O(1) time.

We build the arrangement A for all trajectories, starting from time tβ,
and sort the end ε-events γ, with tγ > tβ on increasing time. We then
consider the end ε-events γ in this order, while maintaining a maximal set G
that is ε-connected in G throughout the time interval [tβ, tγ ].

Let ω(β) = {a, b} be the entities defining the start ε-event β, and let
G ⊇ {a, b} be the largest ε-connected set on [tβ, tγ ]. We compute the largest
ε-connected set on [tβ, tγ′ ] for the next ending event γ′ as follows. Note that
this set will be a subset of G.
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Let S be the set of entities that separate from a and b at γ. We remove
all trajectories from the entities in S from A. As before, this may introduce
faces of height larger than ε. For every such face f , we check if a and b
still pass f on the same side. If not, there can be no maximal groups that
contain a and b, start at tβ , and end after tγ . If a and b lie on the same side
of f , we add all entities that lie on the other side of f to S and remove their
trajectories from A. We repeat this until all faces in A that have non-empty
intersection with the vertical strip defined by [tβ, tγ′ ] have height at most
ε (or until we have found a face that splits a and b). It follows that the
set G′ = G \ S is the largest set containing a and b that is ε-connected
throughout [tβ, tγ′ ]. If β and γ′ are free with respect to G′ then we report G′
as a maximal group.

Building the arrangement A takes O(τn2) time, and sorting the ending-
events takes O(τn2 log(τn)) time. By the Zone Theorem, we can remove
each trajectory in O(τn) time. Checking the height of the new faces can
be done in the same time bound. It follows that the total running time
is O(τn2(τn2 + τn2 log(τn) +R)) where R is the total time for removing
trajectories from the arrangement. Clearly, R is bounded by the complexity
of the arrangement: O(τn2). So, the total running time is O(τ2n4 log(τn)).

Further Improvement. We can avoid repeated sorting of end ε-events by
pre-sorting them in a list, and for each start ε-event, use this list. The list
will contain events that do not concern the entities involved in the start
ε-event, but this can be tested easily in constant time. Thus, we conclude:

Theorem 16. Given a set X of n entities in which each entity moves in R1

along a trajectory of τ edges, all maximal groups can be computed in O(τ2n4)
time.

Next, we consider finding all maximal groups when the vertices of
different trajectories do not have the same time stamps. We use the same
idea as in the above algorithm: take one start ε-event β at a time and remove
trajectories to find all maximal groups containing ω(β).

We use a similar strategy to split trajectories vertically into τ cells as
in [188], where each cell now contains O(n) segments of trajectories. It
follows that the complexity of each cell is bounded by the number of possible
intersections between segments: O(n2). Thus, building the arrangement A
still takes O(τn2) time. However, by the Zone Theorem for an arrangement
of line segments, removing a trajectory in each cell now takes O(nα(n))
time [189], where α(n) is the inverse Ackermann Function. Therefore, the
total time to remove trajectories in A is O(τn2α(n)) time and we obtain:
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FIGURE 4.4: At t2, β is not a free ε-event because a and c are still ε-connected through b.
At t3, a and b create the free ε-event γ.

Theorem 17. Given a set X of n entities in which each entity moves in R1

along a trajectory of τ edges under the condition that their vertices have
different time stamps, all maximal groups can be computed in O(τ2n4α(n))
time.

4.3 Algorithms for Entities in Rd

In Rd (d > 1), it is harder to test whether an ε-event really connects or
disconnects because the two entities may be ε-connected through other
entities in the group, see Figure 4.4. This observation immediately gives the
condition for an ε-event to be free.

We model our moving entities as a graph where vertices represent
entities and an edge exists if two entities are directly ε-connected. As shown
by Parsa [148], we can maintain the graph under edge updates, while
allowing same component queries, in O(log n) time per operation.

To compute maximal groups, we start at a start ε-event β, where ω(β) =
{a, b}, and maintain the connected component C throughout the sequence
of sorted ε-events. At each ε-event γ, we remove any vertices that are
disconnected from C and start again from β in case we remove anything.
We stop if a and b are disconnected. If β is a free ε-event when we reach γ
again, we report C as a maximal group and continue. See Figure 4.5 for an
example of how the algorithm works.

We start at O(τn2) ε-events and for each, we process O(τn2) ε-events.
We may need to restart this process up to n− 1 times. In Rd, our approach
only examine the ε-events of entities and is not affected by whether the
vertices of trajectories have the same time or not, therefore we obtain the
same result for both cases:

Theorem 18. Given a set X of n entities moving in Rd along a trajectory of τ
edges, all maximal groups can be computed in O(τ2n5 log n) time.
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FIGURE 4.5: Two ε-events β and γ. (i) The maximal group {a, b, c, d} has a time interval
[tβ , tγ ]. (ii) Connectivity of the graph after tβ . A new edge appeared connecting a and b. (iii)
Connectivity of the graph after tγ . The edge between c and d disappeared.

4.4 Algorithms with Linear Dependence on τ
In many real-life situations, GPS is used for collecting trajectory data from
human, vehicle or animal movement. Since it may record the position of
an entity frequently and over a period of time, the number of vertices in
each trajectory is often much larger than the number of moving entities [9].
Therefore, the dependence of the algorithm on τ is more important than the
dependence on n. Next, we present a simple algorithm that is linear in τ ,
at the cost of an exponential dependence on n. In particular, our algorithm
will compute all maximal groups in O(τn42n) time.

We consider all 2n subsets of X in order of decreasing size, while main-
taining the set of maximal groups found so far (ordered by increasing
starting time). For each subset G we determine the maximal time intervals
during which G is ε-connected, and for each such interval I we check if G
is dominated by a maximal group H ⊃ G on I. If such a set does not exist,
then G is a maximal group on I. Notice that we only need to know when the
start ε-event and end ε-event of a particular group occurs. Therefore, this
algorithm can be applied for both cases where the vertices of trajectories
have the same or different time stamps.

For each subset G, we consider the ε-events generated by the entities
in G. We can compute all these O(τn2) ε-events in O(τn2 log n) time, by
sorting the batches of O(n2) ε-events between two consecutive time stamps
separately, and concatenating the resulting τ lists. We then go through the
ε-events in order, and check if G is ε-connected at every ε-event. We can
easily handle every event in O(n2) time, by naively checking if the entities
in G are ε connected (we can easily improve on this, but the total running
time will be dominated by the number of sets anyway). It follows that
we can compute the sequence SG of maximal time intervals on which G
is ε-connected in O(τn4) time. Note that SG contains at most O(τ) such
time intervals.
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FIGURE 4.6: The sequences of maximal time intervals for G = {a, b} and all of its supersets.
The three time intervals at the bottom are found when processing G; the other ones were
found earlier. The dashed time intervals do not give rise to a maximal group.

For each interval I in SG we now have to check if G is a maximal group
during I. The set G is a maximal group on I if and only if there is no
maximal group H ⊃ G on a time interval that contains I. Since we maintain
the maximal groups larger than G (and the time interval on which they
are a maximal group), ordered by increasing starting time, we can iterate
through them once, and extract the maximal groups that are a superset of
G. Figure 4.6 shows the sequence of maximal time intervals found by the
algorithm when processing the entity set G = {a, b} and its supersets.

Since by Theorem 14 there are at most O(τn3) maximal groups, this
takes at most O(τn4) time. Let I denote the set of time-intervals correspond-
ing to those groups, ordered by increasing starting time. We now simply
scan through SG and I simultaneously, while maintaining the time interval
in I that started earliest and has not ended yet. For every interval I in SG
we can then check if G is a maximal group on I in constant time. In total
this takes O(τn3) time. Using a similar simultaneous scan we can add the
intervals on which G is maximal to our set of maximal groups found so far.

It follows that we can compute all time intervals on which G is maximal
in O(τn4) time. Since we do this for all subsets G ⊆ X we obtain the
following result.

Theorem 19. Given a set X of n entities in which each entity moves in Rd
along a trajectory of τ edges, we can compute all maximal groups in O(τn42n)
time, using O(τn3) space.
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4.5 A Lower Boundon theMaximumNumber ofMax-
imal Groups at some Time t
The result in the previous section shows that, when τ is large but n is small,
we can improve the dependence on τ from quadratic to linear. However,
we pay for this by having an exponential dependence on n. This naturally
raises the question whether an algorithm with linear dependence on τ , but
polynomial dependence on n, is possible. While we do not know the answer
to this question, we present a construction which may indicate that such a
result is hard to obtain, if possible at all.

We show that the number of maximal groups that contain a given time
t can be exponential in n, provided that τ is sufficiently large. Without
the requirement that the maximal groups must span a single moment in
time, it is easy to make a construction of trajectories that has a number
of maximal groups that is linear in τ , even with just two entities, so it
is unbounded in n. Similarly, we can easily construct trajectories that
give rise to 2n − n − 1 maximal groups (with a group size of at least 2)
that are different in composition using roughly 2n time stamps by making
these groups consecutive. The construction that we present, where many
different maximal groups occur simultaneously, is more involved, and shows
that there may be Ω(

√
2
n
) maximal groups simultaneously when there are

Ω(
√

2
n
) time stamps. While the result does not imply any lower bound

for the problem of computing all maximal groups, it suggests that it may
be difficult to obtain an algorithm that is linear in τ and polynomial in n.
Several natural approaches to the problem (based on, for instance, divide-
and-conquer) appear not to work due to this construction and the result on
simultaneous maximal groups.

Theorem 20. There exists a set X of n entities in R1 whose trajectories are
defined by Θ(

√
2
n
) time stamps, for which the number of maximal groups at

some time t is Ω(
√

2
n
).

Proof. We use a set of n = 2k+2 entities, denoted p1, . . . , pk, p′1, . . . , p
′
k, and

q and q′. We are interested in counting the groups that contain q, q′, and
for each i, exactly one of pi and p′i. We call any such group k-max and will
show that they are all maximal. A k-max group G is encoded by a length-k
bitstring where the i-th bit is 1 if pi ∈ G and it is 0 if p′i ∈ G.

We make a construction with the following properties; the half after tmid
is illustrated for k = 3 in Figure 4.7:

1. The trajectory of pi is the reverse of p′i, with respect to tmid (that is,
mirrored in tmid), and vice versa.
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FIGURE 4.7: Right half of the lower bound construction for k = 3. The times very near the
start and end ε-events of q and q′ are shown together with the bitstring of the k-max group
that ends there. At tmid, all trajectories are in a single point (the trajectories are not shown
near tmid).

2. A k-max group starts and ends at free εq-events of q and q′.
3. A k-max group encoded by bitstring B starts a fraction after time 1 +B

and ends a fraction before time tmid + 1 + B, where B is interpreted
as a binary number.

4. There are only O(1) trajectory vertices of each trajectory within one
time unit.

5. Each k-max group is maximal.
At tmid, all trajectories pass through a single point to ensure they are

continuous when mirroring, and they are pairwise directly ε-connected. It
is the moment in time for which Ω(

√
2
n
) maximal groups exist, as we will

show. After tmid, the entities q and q′ will have 2k pairs of ε-events: an end
ε-event directly followed by a start ε-event. We call these events εq-events.
Whether these εq-events are free for a k-max group G depends on the time
and the bitstring, or equivalently, which entities from p1, . . . , pk are in G.

The εq-event at a time t is free for a k-max group G if and only if the
bitstring corresponding to time t is the same as the bitstring of G. Hence,
(assuming that no earlier ε-event ends G) G will end at the time of its
bitstring, so a fraction before tmid + 1 + B. By symmetry of pi and p′i, G will
start a fraction after time 1 + B. In Figure 4.7, for example, at time tmid + 4,
the k-max group {p′1, p2, p3, q, q′} ends.

The other ε-events of the trajectories are between two consecutive εq-
events. These ε-events involve the entities of p′1, . . . , p

′
k and the trajectories

need three vertices between εq-events. Their presence ensures that only one
of pi or p′i is in a particular k-max group. Notice that these ε-events will also
be the start or end ε-events of maximal groups that are supersets of a k-max
group.

Suppose p′i is an entity that creates a free ε-event β just before a k-max
group G containing pi ends at tmid + B. Obviously, p′i only needs to create
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such a free ε-event once and it follows this is only necessary if the previous
k-max group G′ that ends at tmid + B − 1 is not containing pi. However,
other k-max groups that will end after G might contain p′i. Therefore, to
prevent this ε-event becomes free in the duration of those k-max groups,
we make entities of p1, . . . , pk that are not in G to keep p′i ε-connected to
all other entities. Still, not all of them are needed to prevent β to become
free, but only for each entity p′h where h < i, because by the ordering of
the bitstrings, k-max groups contain p′i and those entities might end after β.
See Figure 4.7: before ε-event β, only p1 prevents p′2 from creating a free
ε-event (but not p3). Two k-max groups contain p1,p′2 and one of p3 or p′3
end after β while k-max group of {p′1, p′2, p3} ends before β.

Claim 21. If a maximal group containing time tmid contains at least pi or
p′i for all indices i, and both pi and p′i for at least one index i, then its time
interval cannot contain both time h and tmid + h for any integer h.

Proof. Suppose for contradiction G is a maximal group which contains both
pi and p′i, and its time interval fully contains an interval [h, tmid+h] for some
integer h; suppose further that i is the smallest index for which this is the
case. Let B be the bitstring that encodes the entities with indices 1 . . . i− 1;
let B− = B0111 . . . 1 be obtained from B by appending a single 0 and k − i
1s and let B+ = B1000 . . . 0 be obtained from B by appending a single 1 and
k − i 0s. Then G starts not earlier than some time between B− and B+, and
ends not later than some time between tmid + B− and tmid + B+. Refer to
Figure 4.7. Hence, there is no integer h such that both h and tmid + h are
contained in the time interval of G.

The claim directly implies that all k-max groups are maximal, because
by Property 3 they start and end at some time h and tmid + h, but adding
any other trajectories will cause both pi and p′i to be in the group for some i.

Moreover, the ε-events created by entities of p′1, . . . , p
′
k are also the end

ε-events of the 2k − 1 groups that have more entities than a k-max group.
Let the maximal group contains all entities end at free ε-event γ at time
tγ = tmid + 2k−1 + T (0 < T < 1) created by p′i. By the symmetry of
the construction and the ordering of the bitstrings, two groups of n − 1
entities not containing either p′i or pi will end at time tγ − 2k−2 and tγ +
2k−2, respectively. Then, continuing the same process with the two groups
recursively will results on other maximal groups with different entities.
Since the start and end ε-events of these groups are always start later or
end earlier than k-max groups, then these groups are maximal because
their interval will not contain interval of other maximal groups. Clearly,
the number of these maximal groups is fewer than k-max groups because
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their ε-events only occur between two consecutive εq events. In Figure 4.7,
p′1 defines γ, the end ε-event for a maximal group containing all entities.
Then, maximal group that are not contain p1 or p′1 will end before or after
γ, respectively.

To build the construction, all trajectories must have a constant times
2k vertices for the ε-events of q and q′ and a constant number of vertices
in between those ε-events. Each trajectory in the construction has Θ(

√
2
n
)

vertices. We conclude that the number of maximal groups that contain time
tmid in this construction is at least 2k = 2n/2−1 = Ω(

√
2
n
).

4.6 Conclusions and Future Work
In this chapter we introduced a variation on the grouping structure def-
inition [126] and argued that it corresponds better to human intuition.
The number of maximal groups that can arise in a set of n moving entities
is Θ(τn3) in the worst case. We have given an algorithm for trajectories
moving in R1 that computes all maximal groups and runs in O(τ2n4) time.
In Rd, our algorithm runs in O(τ2n5 log n) time. For the more general case
where the input trajectories do not have time-aligned vertices, the algorithm
for trajectories in R1 can be extended at the cost of an extra factor of α(n),
while the same result still holds for trajectories in Rd.

Furthermore, we presented an algorithm that has only linear dependence
on τ , at the expense of exponential dependence on n. Since collections of
trajectories are often very large in the number of time stamps and not nec-
essarily in the number of trajectories, this algorithm or a practical variation
on it may still be useful. This algorithm is not affected by whether or not
the vertices of the trajectories are aligned in time.

In the next chapter, we implement our O(τ2n5 log n) time algorithm for
entities moving in Rd and experimentally show the differences between the
definition of convoys [81], swarms [121], groups [126] and our refined
definition, both qualitatively and quantitatively.

For future work, it would be interesting to develop algorithms that take
geodesic distance into account to define direct ε-connectedness instead
of the straight-line distance, as was done for the previous definition of a
group [188].





5
An Experimental Evaluation

of Grouping Definitions

IN the previous chapter, we refine the (original) definition of groups by
Buchin et al. [126] and show that in dense environments the refined

definition might give intuitively more plausible groups. Now, we compare
several grouping definitions (including the original group [126] and our
refined group) by conducting an extensive experimental study using various
types of trajectory data sets. Our experimentation focuses on finding small
groups—which can consist of just two entities—in pedestrian data, which is
essential to analyze the throughput in public spaces such as train stations or
airports, and in detecting suspect behavior in such spaces.

Beside our refined group and the original grouping definition by Buchin
et al. [126], there are many different definitions have been suggested
to model the collective movement of a “sufficiently large” set of entities
that travel “together” for a “sufficiently long” period of time: moving
micro-clusters [114], moving clusters [115, 116], mobile groups [117],
flocks [111, 112, 113], herds [118], convoys [81], swarms [121], gather-
ings [124], traveling companions [123], and platoons [125].

Most of the grouping definitions listed above are different by one or
more of three different characteristics: whether they use the measured
sample points or the continuous movement as the input, how distance is
used to decide the togetherness of entities in the same group, and whether
the togetherness of entities is measured cumulatively or as one contiguous
time interval. It is beyond the scope of this study to overview them all and
explain their often subtle differences. We refer to the original papers, most
of which introduce the new model for a collective movement, present one

89
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or more algorithms to compute it, and describe experiments where the new
algorithms are run on some data sets, sometimes with a comparison to one
earlier type.

We compare four of the definitions, namely convoys [81] (which in
our setting are the same as traveling companions [123]), swarms [121],
original groups [126], and our refined groups. Early definitions that use
a shape of the cluster (flocks) in the definition are disregarded because
they exhibit the lossy flock problem [81]. Since we study small groups,
allowing group composition change is not so suitable, and hence we do
not take definitions into account where the composition may change (like
moving clusters and gatherings). Some other definitions are motivated
mostly by vehicle data; we also do not consider these. We note that the
four chosen definitions all use exactly three primary parameters: one for
group size, one for group duration, and one for entities inter-distance.
Therefore, comparing these definitions is more clean than including more
complex definitions that need more parameters. There are no definitions
that use fewer parameters. Note that convoys and swarms use one additional
parameter for the density threshold, but we fix its value. We provide a full
explanation of this parameter in the next section.

Our study is not just an analysis of the four definitions (i.e., convoys,
swarms, original groups, and refined groups). We also investigate of how
the input, space, and time can be treated and how this affects the results
of the experimentation. Furthermore, the objective of our study is not
to find the “best” definition since we typically do not have the ground
truth. However, there are human annotations of groups for several real-life
trajectories data sets. Therefore, we can compare the four definitions to the
human annotations, which are by their nature subjective.

We consider the following research questions:

1. How well do the above definitions correspond with what humans
consider a “group”, and how do the characteristics mentioned (input,
connectivity, and duration) influence this?

2. How does the number of groups, as reported by the various definitions,
depend on the density of the entities?

3. How does the number of groups, as reported by the various definitions,
depend on the sampling rate of the input trajectories?

We answer these questions by performing both a quantitative and qual-
itative analysis. For the quantitative analysis, we use real-life trajectory
data sets to compare the reported groups by the four definitions with the
human annotation groups. To evaluate the results, we use three evaluation
metrics: precision, recall, and F1-scores. We also use a crowd simulation
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system to generate synthetic trajectory data from small groups (moving in a
crowd) that stay in coherent and have socially-friendly formations [150].
We compute how well the various definitions correspond to this kind of
group formations.

We analyze the four definitions qualitatively only for the experiments
with real-life trajectory data sets. The qualitative evaluation is augmented
with a novel visualization that shows the reported groups with color-coding
in video footage. Furthermore, the movement traces of the pedestrians in
the video are also shown. With this visualization, we offer easy comparisons
between the reported groups by one definition and the human-annotated
groups, or with groups from another definition.

Results and Organization. In the following section, we review the four
grouping definitions that we consider and analyze how they differ in theory.
Then, we describe the methods for our experimental comparison and intro-
duce our new visualization method in Section 5.2. We present the results of
our experimental evaluation in Section 5.3.

5.1 The Definitions
The four definitions rely on three parameters to define a group: the size
parameter (the number of entities in a group), the temporal parameter (
the time interval in which those entities form a group), and the spatial
parameter (the distance between entities in the group). We formalize these
parameters to define a group G from a set of moving entities X during time
interval I:
• G contains at least m entities.
• I has a duration at least δ.
• Every pair of entities x, y ∈ G is connected during I.

Note that for the size parameter, the required minimum of entities to form a
group is the same for all four definitions.

For the temporal parameter, the swarms [121] definition handles it
differently from the others since it measures the duration of a group cumu-
latively. Let T be a set of timestamps where at each timestamp, every pair
of entities ∈ G are connected. Then, swarm uses the size of T—the number
of timestamps—to define the duration of G, rather than the duration of
one contiguous time interval I. Note that with this property, swarm allows
entities ∈ G to leave G and join again later, as long as G is formed during
at least k timestamps (which may be non-consecutive). For the other three
definitions, the requirement for the temporal parameter is similar. Further-
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TABLE 5.1: Differences between grouping definitions.

Input Connectivity Duration

Original Groups (OG) continuous free consecutive
Refined Groups (RG) continuous within group consecutive
Convoys (CO) discrete free consecutive
Swarms (SW) discrete free cumulative

more, the original and refined group definitions consider trajectories in its
continuous form and interpolate positions between timestamps using the
linear interpolation. Therefore, the start and end time of the duration of a
group will typically not be at any timestamp.

For the spatial parameter, we take a close look at each definition. The
original group definition uses ε-connectivity between two entities as fol-
lows [126]: two entities x and y (x, y ∈ X ) are directly ε-connected if at any
particular timestamp t, the Euclidean distance between x and y is at most
ε (ε > 0). Furthermore, x and y are ε-connected in X at time t if there is
a sequence x = x0, ..., xk = y, with x0, ..., xk ∈ X and for all i, xi and xi+1

are directly ε-connected at time t. This definition has the advantage that we
need to consider the locations of all entities at time t only, to decide whether
two of them are ε-connected.

One may claim that it is more natural if connectivity for x and y at time
t can only be provided by entities who are in the same group, which is the
approach taken by the refined group definition. More specifically, to decide
if x and y are ε-connected in in a group G, we ignore all entities not in G
and require a sequence x = x0, ..., xk = y, with x0, ..., xk ∈ G where xi and
xi+1 are directly ε-connected at time t (see Chapter 4). Computing groups
using this refined definition appears more complex since we cannot decide
just from the locations at time t whether x and y are ε-connected. We need
the location history and future as well.

The convoy [81, 190] and swarm [121] definitions use the concept of
density connection [191], which is similar to the requirement of the spatial
parameter for the original group, but with a slight difference. Let the ε-
neighborhood of an entity x ∈ X is defined by Nε(x), the number of other
entities in X that have the Euclidean distance at most ε (ε > 0) from x (at
any given timestamp t). Now, given a density threshold µ (µ > 0), an entity
y ∈ X is directly density-reachable from x if y ∈ Nε(x) and |Nε(x)| ≥ µ.
Furthermore, y is density-reachable from x if a sequence of entities ∈ X
exists where each consecutive pair of entities in the sequence from x to y
is directly density-reachable. Clearly, if µ = 1 then the notion of (directly)
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close enough to be a group

close enough to be a group, but only via non-members

ε

FIGURE 5.1: Maximal groups according to: (m = 2, δ = 1)
CO: ABC[1, 2], ABC[4], AC[4, 5], BC[1, 4]
SW: ABC(1, 2, 4), AC(1, 2, 4, 5), BC(1, 2, 3, 4)
OG/RG: ABC[1, 2.1], AC[1, 2.5], AC[3.8, 5], BC[2.3, 4.6]

density-reachable is exactly the same as the (directly) ε-connected in the
original group definition. Henceforth, we only use µ = 1 since µ > 1
prevents the convoy and swarm definitions to identify groups that contain
only two entities.

We summarize the differences between the definitions in Table 5.1. We
note that no two of the four definitions we consider are the same on all
three aspects.

Maximal Groups. In the original and refined group definitions (see Chap-
ter 4), a group G is a maximal group during time interval I if there is no
time interval I ′ ⊃ I for which G is also a group and there is no G′ ⊃ G
that is also a group during I. Moreover, swarms also has exactly the same
concept as the maximal group, namely closed swarm. On the other hand, the
definition of convoys only considers the ones that are maximal. Henceforth,
we also use the term maximal group to describe the (maximal) convoy and
the closed swarm. Figure 5.1 illustrates the concept for a small example.
Note that the same set of entities can appear multiple times (at different
moments in time) as a maximal group under all definitions except swarms.

Differences. Now, the differences shown in Table 5.1 affect how each def-
inition specifies maximal groups from a set of trajectories. We demonstrate
this using examples. First, we present an example in Figure 5.2, where a
maximal group containing exactly the same entities may have different time
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t4.5
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FIGURE 5.2: According to different definitions, the black entities are a group at different
times.
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FIGURE 5.3: Entities a and h are not a refined group during [t1, t3], but they are an original
group, convoy, and swarm during [t1, t3] or t1, t2, t3.

durations, depending on which definition we use. Let two black entities x
and y be the only entities that move; all red entities are stationary. Further-
more, trajectories of x and y consist of the shown positions at t0, t1, ..., t6,
and we set δ = 2. Since x and y are not ε-connected (or density reachable)
at t5, the pair {x, y} is a convoy during the time interval [t0, t4], while the
swarm {x, y} is formed during the timestamps of {t0, t1, t2, t3, t4, t6}. With
the original group definition, x and y are a group starting at t1 and ending
at t4.5. Finally, the refined group of {x, y} can only start when the distance
between x and y is ≤ ε because they cannot be ε-connected through the red
entities. Therefore, they can only start at t2 and must end at t4.

Next, we show that the type of connectivity between entities in a group
such as in the refined group definition can result in a completely different
grouping. In particular, we use the same example from the previous chapter.
In Figure 5.3, two entities a and h are moving in the same direction, opposite
to the other entities. At any time during the time interval I = [t1, t3], a and
h are ε-connected through other entities. As a consequence, the convoy and
the swarm definitions consider {a, h} to be a group at timestamps t1, t2, t3,
or during interval I for the original group definition. In the refined group
definition, {a, h} is not a group during I because their connectivity is only
through (changing) entities not in the group itself. There are several refined
groups that include a and h that have a considerably shorter duration.
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5.2 Methods

To answer the research question described previously, we conduct extensive
experiments by computing all maximal groups from various trajectory data
sets according to the different group definitions. We evaluate the results
both quantitatively and qualitatively.

5.2.1 Experimental Setup

Data sets. To conduct our experiments, we need trajectory data. We use
various data sets, which we divide into three categories based on the source
of the trajectories:
• Real-life trajectories extracted from videos surveillance in a public area:

the NYC Grand Station [192, 193], ETH Walking Pedestrian [194, 195],
Crowds by Examples [196, 197, 198, 1] and Vittorio Emanuele II Gallery
data sets [199, 197, 1].
• Real-life trajectories of pedestrians walking in a laboratory environ-

ment: the Pedestrian Dynamics data set [200, 201].
• Artificial trajectories generated by a computer simulation: the Netlogo

Flocking data set [44, 46] and the Utrecht University Crowd Simulation
data set [150].

We describe each data set in more detail along with the results of
experiments using them in Section 5.3. The real-life data sets are captured
from video surveillance; hence their raw coordinates are frame (pixel)
coordinates from the videos. These coordinates are first converted to world
coordinates using a homography matrix to be able to make fair distance
comparisons. Most real-life trajectory data sets also come with a list of
human-annotated groups; only the NYC Grand Station and the Pedestrian
Dynamics data set do not.

Implementations. In order to compute all maximal groups according to
the different notions of groups, we implement all algorithms ourselves:
• the Smart-and-Closed algorithm [123] to compute convoys,
• the ObjectGrowth algorithm [121] to compute swarms,
• the algorithm to compute original groups [126], and
• the algorithm in Section 4.3 to compute refined groups.

Note that since the swarm algorithm has an exponential running time we
were unable to compute all swarms for some of the parameter values in our
experiments.
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12

head tail id

FIGURE 5.4: A moving entity is shown in a schematic manner.

5.2.2 Evaluation Setup
Quantitative Evaluation. We analyze and evaluate the results from all
experiments quantitatively. We compute and count all maximal groups in
our data sets according to the four definitions while varying the parameters
of the definitions: the distance ε, the minimum time duration δ, and the
minimum group size m.
• For several data sets, we provide the precision, recall, and F1-score

as measurements to show the relevance between the groups found
by each definition with the human-annotated or computer-generated
groups. Note that we avoid the terms “correctness” and “ground
truth”: we can only test to what extent the groups found agree with
the human-annotated or computer-generated groups. In particular,
human-annotated data is likely to be influenced by personal interpre-
tation and therefore not a ground truth.
• We vary the density of the environment by considering different num-

bers of entities moving in the same bounded space. We compute the
number of groups for each definition and study how it changes with
the number of entities.
• We vary the sampling rate, or level of detail, of the trajectories by

ignoring a fraction of the vertices in each trajectory. We count how
many groups are identified by the different definitions, and analyze
the consistency of these numbers.

Qualitative Evaluation. We also qualitatively evaluate the results of our
experiments by visualizing the trajectories of pedestrians integrated in the
videos from the data sets.

Conceptually, we represent each moving entity by a schematic figure that
is overlaid on the video material; refer to Figure 5.4. Each entity consists of
three parts. The head is a disk which shows the current location of the entity.
The tail is a piece of curve which shows the previous locations of the entity
during a set duration. The id is a unique identifier of the entity.

Grouping information is encoded by the color of the head and tail. We
use the color of the tail to show a base grouping: depending on the data
set this can be either the “ground truth”, a human-annotated grouping, or a
grouping computed by one of the methods. Entities belonging to the same



5.3. Experimental Evaluation 97

FIGURE 5.5: A snapshot from a video.

group have the same color, and every entity can only belong to at most
one group, which cannot change over time. Entities that do not belong to
any group in the “ground truth” have a white tail. The color of the head
indicates the grouping as computed by the method currently under study.
The computed groups can in principle overlap, and they do change over
time. As a result, the head of an entity can have multiple colors, and the
color of a head may change as time progresses.

The combination of colors of the tails and heads gives insight into
the matching between annotated groups and groups based on a grouping
definition. Note that colors are chosen at random; even when a method
produces a group that exactly matches with one of the annotated groups,
the color of the head may be different than the color of the tail.

We applied this scheme to all our data sets and generated videos for
various parameter settings; see Figure 5.5 for an example. Our implemen-
tation of the visualization is based on the work by Maurice Marx [202].
In the remainder of this chapter, we supply some snapshots of interesting
configurations. The complete collection of videos from this chapter can be
found on our website [203].

5.3 Experimental Evaluation
In this section we evaluate the results of our experiments. We focus our eval-
uation on the differences of the four definitions, and thus on the maximal
groups that are reported, rather than the differences between the algorithms
and their implementation. All implementations are non-optimized proto-
types and therefore, comparing statistics like running times is meaningless.
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TABLE 5.2: Information on the trajectories in the data sets and parameters used in the
experiments. Here, g denotes the number of annotated groups, and G their size range. The
video length is specified in minutes and seconds; the values for ε and δ are in meters and
frames, respectively.

ETH HTL VEIIG CBE

video length 08:39 12:54 05:00 03:36
FPS 25 25 8 25
#entities 360 389 630 434
avg τ 143.37 159.2 189.82 400.12
g 58 39 207 115
G 2-3 2-6 2-7 2-4
ε 1.24 0.94 0.963 {1.22,1.52}
δ {72,89,105} {20,58,96} {17,38,58} {36,57,78}

5.3.1 Comparisons with Annotated Groups and Social Forma-
tions
We aim to establish how well the definitions capture the human intuition of
grouping. In our first experiment, we compute the groups, as reported by the
various definitions, and compare them to human annotation. We then report
the precision (the percentage of the groups reported by the algorithm that
also occur in the annotated data), the recall (the percentage of the human-
annotated groups also found by the definition), and the corresponding F1-
score. The F1-score is the harmonic mean of the recall (R) and the precision
(P ), and can be computed using the following formula: F1 = 2P×RP+R .In
our second experiment, we use a crowd simulation framework to generate
trajectories including a set of entities traveling in a “social formation”.
Intuitively, this is a group. We test if the various definitions identify these
entities as a group.

Annotated Groups

We use four data sets consisting of real-life trajectories from video surveil-
lance: ETH Walking Pedestrian (ETH-EWAP and HTL-EWAP) [195], Vittorio
Emanuele II Gallery (VEIIG) [1], and Crowds by Example (CBE) [198, 1].
See Table 5.2 for details of each data set. Besides trajectories of pedestrians,
these data sets are supplemented with homography matrices and lists of
groups that are annotated manually by the authors. The annotations specify
only which entities appear in a group, not when, or how long the entities
form a group. Moreover, unlike in the four definitions, an entity occurs in at
most one group in the human annotation.
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TABLE 5.3: Comparative results on the ETH-EWAP data set.

Precision Recall F1 Score

δ = 72

OG 0.410 0.741 0.528
RG 0.467 0.741 0.573
CO 0.453 0.741 0.562
SW 0.380 0.793 0.514

δ = 89

OG 0.411 0.638 0.500
RG 0.463 0.638 0.537
CO 0.446 0.638 0.525
SW 0.372 0.724 0.491

δ = 105

OG 0.418 0.569 0.482
RG 0.471 0.569 0.515
CO 0.452 0.569 0.504
SW 0.404 0.655 0.500

OG = Original Groups, RG = Refined Groups, CO = Convoys, SW = Swarms

For each definition, we count how many maximal groups match exactly
with the annotated groups and evaluate the correctness using the precision,
recall, and F1-score. For each data set we set the minimum required number
of entities m to 2. The values for the inter-entity distance ε are chosen based
on a study by Solera et al. [197], who analyze the average distance between
people in the same group in a human crowd. Finally, we determine three
different values for required minimum time δ that a group is together, based
on the group annotations. In particular, we assume that a set of people
cannot form a group when not all members are present in the video. Hence,
we compute the time interval during which all members of an annotated
group are present, and define the duration of the group to be the length
of this interval. The minimum such duration over all groups gives us one
choice of δ. The other two are chosen based on the average such duration δ̄
and the standard deviation σ. In particular, we pick δ̄ − σ and δ̄ − 1

2σ.

The ETH Walking Pedestrian. The data set contains two bird-eye view
videos from two locations: in front of a university building at ETH Zurich
(ETH) and a sidewalk near a tram stop (HTL). We consider this data sets
to have low to medium density pedestrian. The results of the experiments
using the ETH-EWAP and HTL-EWAP data sets are presented in Table 5.3
and Table 5.4, respectively.

As expected, if the density of the crowd is relatively low, all definitions
have similar results, which we can see from their F1-score from both data
sets. Furthermore, as we increase the value of δ, the recall values are
decreased because now many annotated groups with a short duration cannot
be found by all definitions.
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TABLE 5.4: Comparative results on the HTL-EWAP data set.

Precision Recall F1 Score

δ = 20

OG 0.400 0.974 0.567
RG 0.418 0.974 0.585
CO 0.409 0.974 0.576
SW 0.463 0.974 0.628

δ = 58

OG 0.660 0.897 0.760
RG 0.673 0.897 0.769
CO 0.660 0.897 0.760
SW 0.706 0.923 0.800

δ = 96

OG 0.690 0.744 0.716
RG 0.707 0.744 0.725
CO 0.707 0.744 0.725
SW 0.705 0.795 0.747

OG = Original Groups, RG = Refined Groups, CO = Convoys, SW = Swarms

FIGURE 5.6: Examples from ETH (left) and HTL (right) data set, orange and light green
lines shows the end and start of a group, respectively. Swarm can detect both groups, while
other definitions cannot because the length of contiguous time interval is below required δ.

We observe that swarm can match more annotated groups than other
definitions but with a low precision because of swarm output more maximal
groups. The other definitions output less number of maximal groups (and
different between each definition), but the number of annotated groups that
they are able to match is the same. Here, the strict connectivity requirement
makes the refined definition gets better precision scores.

Now, we look into details on the maximal groups found by each defini-
tion. It turns out that all maximal groups found by the three other definitions
are the same, while the swarm also finds them and more. From the ETH
data set, we give an example of a maximal group that is found by swarms
but not by the others (see Figure 5.6 (left)). This example is taken when we
set δ to 90 or 120, while for δ = 72, all definitions consider the two entities
in red as a maximal group.
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FIGURE 5.7: (Top-left) Swarm detects an annotated group of {69,70,71,72} but also
many other groups compare to the other definitions. (Top-right) The result from convoy.
(Bottom-right) The result from original group, which is the same with convoy. Notice that
{70,75} is also a group. (Bottom-left) The result from refined group. Since their connectivity
must be within group only, {70,75} is not a group.

After 83 timestamps, they reach a position where their distance to each
other is > ε (see the orange line in Figure 5.6 (left)) and no other entities
exist to keep their connectivity. Therefore, all grouping definitions that
require contiguous time interval as a duration of a group, fail to detect the
group for δ > 83. Later, they resume their ε-closeness (starting at the light
green line) for a short time which enables swarm to detect this as a maximal
group. The same observation also applies to the HTL data set, see Figure 5.6
(right).

We present another example in Figure 5.7 where swarms (the top-left
figure) find one particular maximal group (i.e., {69,70,71,72}) that other
definitions can not. We show the reason in Figure 5.8. The left and right
figures in Figure 5.8 show the events before and after the moment in
Figure 5.7, respectively. In Figure 5.8 (left), the white pedestrian walks
through the group and separate them far enough that the original group
and convoy find the two sub-groups are disconnected. Although the two
subgroups join again afterward, they do not stay together long enough
since the leftmost pedestrian (72) moves faster and leaves the others, see
Figure 5.8 (right). The time interval of these two events is not long enough
for the required minimum duration of δ = 72.

From Figure 5.7 (top-right) and (bottom-right), we can see that convoys
and original groups have the same results, but the refined group (Figure 5.7
(bottom-left)) is different. Since the refined group only realizes connectivity
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FIGURE 5.8: (Left) The white trajectory separates colored trajectories into two sub-groups.
(Right) The leftmost pedestrian (72) moves faster and leaves others.

TABLE 5.5: Comparative results on the Vittorio Emanuele II data set with human annotation.

Precision Recall F1 Score

δ = 17

OG 0.199 0.952 0.329
RG 0.223 0.947 0.361
CO 0.202 0.952 0.333
SW 0.125 0.957 0.221

δ = 38

OG 0.357 0.884 0.509
RG 0.414 0.884 0.564
CO 0.362 0.884 0.514
SW 0.238 0.932 0.379

δ = 58

OG 0.444 0.778 0.565
RG 0.503 0.778 0.611
CO 0.451 0.778 0.571
SW 0.315 0.870 0.463

OG = Original Groups, RG = Refined Groups, CO = Convoys, SW = Swarms

within members of groups, it does not consider the group of {70,75}. How-
ever, convoys and original groups use another entity (69) as an intermediate
to keep the two pedestrians (70 and 75) to be ε-connected.

Vittorio Emanuele II Gallery. The data set is taken from the video surveil-
lance in a hallway inside the Vittorio Emanuele II Gallery in Milan, Italy.
The flow of entities in the video is mostly bidirectional. The results of our
experiments are in Table 5.5.

First, we note that for all definitions, the precision values are relatively
small. This can be explained by the fact that all definitions (except for
swarm) consider a set of entities that is together during two disjoint but
sufficiently long time intervals as two different (maximal) groups. Also, a
group of 3 (or more) entities is often also found as one or two subgroups
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FIGURE 5.9: (Left) The pedestrians in a group are not within distance ε long enough.
(Middle) The pedestrian in the middle is close to the left pedestrian and not close to the right
one during this snapshot, but the reverse was the case earlier in the video. The annotation
has all three in a group. (Right) The pedestrian on the left is always close to a group but the
annotation does not include it.

FIGURE 5.10: (Left) In this group of 3, the two pedestrians on the right appear earlier
and disappear later in the videos, making a maximal group of 2 that is a subgroup of the
3. (Right) Frames in sequence from left to right show a group that separated for a while,
resulting in two different maximal groups by the grouping definitions, except for swarm.

of 2 entities with slightly longer duration. Therefore, we focus on relative
precision values. This also holds for the other data sets in our experiments.

We observe that in this data set, the refined group corresponds better
to human annotation than the others based on their F1-score. This is
mostly since the refined group definition has the highest precision out of
the definitions considered. The swarm definition has the best recall value,
while the maximal groups by the original group and convoy definitions find
the same number of annotated groups; refined group misses one in total.
The higher recall of swarm is related to the lower precision: swarm outputs
many more groups, some of which correspond to human annotation. These
may be groups with interrupted duration.

Our qualitative review shows several reasons why the grouping defini-
tions cannot match all annotated groups, see Figure 5.9. One main reason
is that the members of an annotated group are not within ε distance for a
duration δ. This results in (i) annotated groups not recognized at all, or (ii)
grouping definitions only found subgroups of annotated groups. There are
also situations where entities are always within distance ε, but they were
not annotated as a group. It possible to increase the recall by increasing ε,
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FIGURE 5.11: (Left) Two groups of pedestrians standing close together, making different
maximal groups when they walk again. (Middle) A group found by all four definitions that
was not annotated. (Right) In a dense environment, many more groups are produced by all
grouping definitions.

TABLE 5.6: Comparative results on the CBE data set; ε = 1.22.

Precision Recall F1 Score

δ = 36

OG 0.172 0.565 0.264
RG 0.181 0.565 0.274
CO 0.167 0.600 0.261
SW 0.176 0.652 0.277

δ = 57

OG 0.243 0.461 0.318
RG 0.254 0.452 0.325
CO 0.245 0.470 0.332
SW 0.269 0.574 0.366

δ = 78

OG 0.307 0.339 0.322
RG 0.315 0.339 0.327
CO 0.291 0.357 0.321
SW 0.326 0.522 0.401

OG = Original Groups, RG = Refined Groups, CO = Convoys, SW = Swarms

but the precision is likely to go down. Figures 5.10 and 5.11 show several
scenarios that help to explain the low precision of all four definitions.

Crowds by Example. The Crowds by Example (CBE) data set records
pedestrian outside a university building. The flow of pedestrians is different
than in the GVEII data sets: pedestrians move in various directions with
varying speed. In this data set, vertices are sampled once every 6 frames. For
experiments using this data set, we set ε based on Proxemics Theory [204],
rather than the theory by Solera et al. [197] which seems to suggest an
unrealistically small value for ε (namely 0.41m). Instead, the maximum far
phase for a personal distance between pair of individuals from Proxemics
Theory gives ε = 1.22m. We present the results in Table 5.6 Although
swarms have the same discrete handling of the input, it performs better on
recall because it appears there are groups with interrupted duration that are
not found by the other definitions.
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TABLE 5.7: Comparative results on the CBE data set; ε = 1.52.

Precision Recall F1 Score

δ = 36

OG 0.131 0.817 0.226
RG 0.138 0.817 0.236
CO 0.130 0.835 0.225
SW 0.097 0.861 0.174

δ = 57

OG 0.180 0.722 0.288
RG 0.203 0.722 0.317
CO 0.182 0.713 0.290
SW 0.135 0.800 0.231

δ = 78

OG 0.224 0.609 0.328
RG 0.260 0.591 0.361
CO 0.228 0.617 0.333
SW 0.164 0.757 0.270

OG = Original Groups, RG = Refined Groups, CO = Convoys, SW = Swarms

In dynamic crowds, we expect that entities from the same group will not
be close to each other all the time, which is one reason why swarms can
have a high recall score. Hence, we do the same experiment with different
ε, to see how the other definitions that find maximal groups by a longest
consecutive timestamp will perform. We set ε = 1.52 and present the results
in Table 5.7. As expected, we see an increase in recall and decrease in
precision for all definitions. However, the F1 results from the swarm get
worse and other definitions now perform better for all δ. Our qualitative
evaluation of the Crowds by Example data shows similar situations as for
the VEIIG data set.

Comparison to Generated Social Formations
We now compare the grouping definitions to other notions of grouping.
In particular, we consider “socially-friendly formations” in crowd simula-
tion [150].

We use a crowd simulation framework developed at Utrecht Univer-
sity [205], aimed at generating realistic crowd behavior. The framework
allows agents (entities) to traverse a virtual environment, using global “in-
dicative” routes on an underlying navigation mesh [206]. The framework
supports generating routes for a set of entities that attempt to stay in a
socially-friendly formation throughout the motion (and to re-establish such
a formation when it is lost) [150]. We use the framework to generate
trajectories in which there is exactly one such a socially-friendly formation
G. We then test how well the four definitions capture G.
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FIGURE 5.12: A set of trajectories generated using the UU Crowd Simulation.

The input trajectories are generated as follows: we construct a virtual
environment in which we place a set P of nine “points of interest”. We
choose the eight corners of an octagon and its center point as P . Each entity
has a global route visiting these points of interest. These global routes are
picked randomly, i.e., when an entity gets close to its point of interest we
randomly select a new target point of interest. We fix a set of four entities G
that behave like a social group, make sure that they start at the same point
in P , and follow the same global route. All remaining n′ = n− 4 entities do
not have any social group behavior and pick their global route individually.
Figure 5.12 shows an example of trajectories in this data set. For each
choice of n′ ∈ {100, 200, 300, 400, 500}, we run the simulation for 1000 time
steps, thus producing trajectories with 1000 vertices each. Furthermore,
for each n′, we repeat the simulation ten times. Note that even though the
entities in G use the same global route, the individual trajectories will differ
as the entities in G have to avoid colliding with other entities.

Finding Social Formations. We compute the maximal groups on the re-
sulting data sets, selecting ε = 1.6 and m = 4, and we compare when G
is a maximal group according to all definitions. Figure 5.13 shows the
percentage of time during which G is a maximal group as a function of the
number of dummy entities n′, and thus of the density in the environment.
First note that, even though the entities in G use the same global route, this
is not a guarantee that the entities remain close together (and thus form
a group) throughout the entire time interval considered. Indeed, we see
that as we increase the number of dummy entities, the entities in G may be
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forced to spread out in order to avoid collisions. We see that for all densities
considered, G occurs as a maximal group longest in the swarm definition
and shortest in the refined group. An explanation for this is that in all
definitions except for the refined group, the entities in G can stay in a group
longer by using the non-group entities to remain connected. Note, however,
that this does not guarantee that G is a maximal group for a longer period of
time, since these dummy entities could also create a larger maximal group
H ⊃ G that prevents G from being maximal. As expected, swarm has a
larger percentage where G is a group than the other definitions, especially
when the environment becomes more dense.

In Figure 5.14, we see the number of time intervals during which G is a
maximal group. For up to n′ = 300 we see a steady increase in the number
of time intervals—and thus also the number of interruptions—during which
G is a maximal group. So, it appears that as the crowd becomes more and
more dense, the entities in G have to separate to avoid colliding with other
entities more frequently. When we increase the number of dummy entities
even further, the number of interruptions seems to remain constant, or even
decline a bit. A possible explanation is that there are now so many entities in
the environment that it also takes more time for the entities in G to regroup.

The convoy has the fewest disjoint time intervals, although it has a simi-
lar percentage of G being maximal group with the refined group definition.
We believe the reason for these results is because the convoy only considers
the sampled point of trajectories. This characteristic has two consequences.
First, the convoy might not realize that a group is being separated or joined
between timestamps, while the refined group does. Therefore, the con-
tiguous time interval in the convoy is longer than the original group and
it makes the number of time intervals also less than the original group’s.
Second, in the dense environment, this easily leads to the situation where
at a particular time interval, a maximal group H ⊃ G exists. Thus, while
the contiguous time interval of the convoy is longer, its total duration is
similar to the original group, because G in the original group can avoid H
by starting and ending as a group just before and after H, respectively.

Research question (1): correspondence to human annotation and other
models. Over all experiments, the refined groups have a slightly higher F1-
score in the correspondence to human annotation than the original groups
and convoys definitions, but they are usually close. The higher F1-score is
caused by a better precision. The swarms definition sometimes corresponds
better and sometimes worse to human annotation. It appears to depend
on the precise parameter settings. We also observe that human annotation
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FIGURE 5.13: The percentage of time during which G is a maximal group as a function of
the number of entities n′ (averaged over ten simulations).
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FIGURE 5.14: The number of disjoint time intervals during which G is a maximal group
(averaged over all ten simulations).

is likely somewhat subjective. When analyzing the retrieval of a socially-
friendly formation, we observe that all definitions notice interruptions of
the groups with increasing density. The swarms definition suffers least from
this and the refined groups definition most.

5.3.2 Dependence on Density
For the second experiment, we investigate how the maximal groups pro-
duced by each definition is affected by the density of the environment.
Therefore, for each data set, we consider grouping in increasing density
situations. Arguably, dense situations are especially difficult for identifying
groups.

The Netlogo Flocking Model

We generated several data sets using an adapted version of the NetLogo
Flocking model [44, 46]. This data is convenient because we can easily
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FIGURE 5.15: Trajectories from the Netlogo Flocking data set.

produce data sets of varying densities. In the adapted model the entities
start to turn when they approach the border (instead of wrapping around),
and there is a small random component in the new direction of the entities.
This same model was used by Buchin et al. [126] to test the definition of
original groups.

In all our experiments, the size of the environment in which the entities
move is fixed and set to 256 × 256 units. See Figure 5.15 for a general
impression of the moving entities in these data sets. We consider different
densities by varying the number of entities n to be 200, 300 or 400, and
generate data sets with 500 time stamps each. For each generated data set,
we compute all maximal groups for all four definitions, with a fixed δ = 10
and m = 10, but using three values of ε, namely 4, 5, and 6. We chose to
vary ε because this distance value is related to density, the characteristic
under investigation. Each experiment is performed 10 times and the average
and standard deviation are computed. The results of these experiments are
shown in Table 5.8. There are no results for swarm when ε = 6 and n = 400
due to the computation time needed: the swarm algorithm has exponential
running time.

Generally, for all definitions the number of maximal groups increases
as the density increases or when ε increases, which is not a surprise. We
see that in most settings the refined group produces fewer maximal groups
than the other definitions, and swarm produces more. All definitions show
roughly a 20-fold increase from n = 200 to n = 300 when ε = 5. From
n = 300 to n = 400, the swarm definition has a larger than 20-fold increase
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TABLE 5.8: The average number of maximal groups for m = 10 and δ = 10, and the
standard deviation in the Netlogo data set for 10 generated sets.

average (10 sets) std. dev.

ε
=

3

n

200
300
400

OG RG CO SW
0 0 0 0

3.0 1.7 3.2 9.1
23.1 12.3 31.1 112.2

OG RG CO SW
0 0 0 0

3.99 2.86 3.63 16.27
23.48 17.95 21.65 252.86

ε
=

4

n

200
300
400

OG RG CO SW
2.9 2.2 3.0 10.8

411.6 38.4 61.7 229.0
396.1 259.0 410.8 5299.6

OG RG CO SW
3.58 2.00 4.60 11.00

12.17 6.50 12.79 77.89
64.15 47.61 53.61 2363.13

ε
=

5

n

200
300
400

OG RG CO SW
33.9 25.9 36.6 229.3

396.1 304.5 418.6 5017.3
1905.7 1357.0 1830.4 -

OG RG CO SW
9.63 7.98 9.83 45.00

108.00 64.43 106.38 2466.90
250.68 204.28 226.49 -

OG = Original Groups, RG = Refined Groups, CO = Convoys, SW = Swarms

while the other three definitions have a less than 10-fold increase. For ε = 4,
the values are too small for such observations. For ε = 6, we notice that
the increase for swarm from n = 200 to n = 300 is much larger than for the
other three definitions. Hence, it seems that swarm has a larger increase in
the number of maximal groups than the other three definitions when the
density increases. We notice a similar effect when ε increases rather than
the density.

Pedestrians in a Synthetic Environment

The purpose of this experiment is to measure the conformity of a grouping
definition in a dense environment. We use the data set consists of trajec-
tories extracted from video recordings of people walking in a synthetic
environment [200, 201]. These trajectories are recorded by the Institute
for Advanced Simulation of Jülich Supercomputing Centre to study the
dynamics of pedestrians.

The particular data set we use consist of two sets of people walking in
opposite directions through a corridor that is 8 meters long and 3.6 meters
wide [207]. See Figure 5.16.1 The density inside the corridor is controlled
by the width w, in centimeters, of the two entrances to the corridor: a larger
width w means that more people can enter the corridor simultaneously. The

1The frame is taken from http://ped.fz-juelich.de/experiments/2009.05.12_Duesseldorf_
Messe_Hermes/export/bot-360-250-250v2.mp4

http://ped.fz-juelich.de/experiments/2009.05.12_Duesseldorf_Messe_Hermes/export/bot-360-250-250v2.mp4
http://ped.fz-juelich.de/experiments/2009.05.12_Duesseldorf_Messe_Hermes/export/bot-360-250-250v2.mp4
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FIGURE 5.16: (Top) Frame from video recording of the corridor. (Bottom) Extracted
trajectories from the video.

considered widths w are taken from {120, 160, 200, 250}. Each experiment
consists of 300 trajectories, each of approximately 300 vertices as well.

In our experiments we fix the inter-entity distance ε to 80 cm, and
choose the minimum group size m from {3, 6, 9}. For the minimum required
duration δ we consider values in the range [60, 180]. This corresponds to a
minimum group duration roughly between four and twelve seconds. For
comparison, the average time t it takes a person to cross the corridor ranges
from roughly twelve to twenty-three seconds. Note that since the density of
the environment is extremely high, the swarm algorithm—whose running
time is exponential—unable to output any maximal group after a reasonable
period of time (around 6 hours). Therefore, we exclude the swarm definition
in these experiments.

The Number of Maximal Groups. The numbers of maximal groups for
the considered parameter values are in Table 5.9. We first consider the
number of maximal groups as a function of w, and thus of the density of the
environment. As Figure 5.17 highlights for the case m = 6 and δ = 150, we
see that up to w = 200, the number of reported maximal groups increase as
a function of w. This applies for the three definitions of a group, although
the number of maximal groups according to the original group and the
convoy increases much faster than for the refined group. For even bigger



112 Chapter 5. An Experimental Evaluation of Grouping Definitions

TABLE 5.9: The number of maximal groups in the pedestrian data set.

m = 3 m = 6 m = 9

w
=

1
2
0
,t

=
2
5
1
.7

1

δ OG RG CO

60 901 341 886

90 600 190 595

120 394 117 394

150 240 55 241

180 144 35 141

δ OG RG CO

60 691 177 682

90 431 68 431

120 261 31 264

150 132 13 134

180 59 7 55

δ OG RG CO

60 582 116 579

90 348 26 351

120 200 7 203

150 88 5 91

180 40 3 37

w
=

1
6
0
,t

=
3
1
8
.4

2

δ OG RG CO

60 4718 1126 4313

90 3991 580 3669

120 3371 387 3111

150 2802 290 2595

180 2246 229 2075

δ OG RG CO

60 4416 867 4025

90 3722 382 3414

120 3118 232 2868

150 2569 170 2370

180 2037 138 1874

δ OG RG CO

60 4200 747 3813

90 3518 286 3215

120 2923 154 2678

150 2394 105 2204

180 1871 85 1713

w
=

2
0
0
,t

=
3
6
9
.2

3

δ OG RG CO

60 9749 2233 8018

90 8700 1449 7164

120 7697 959 6337

150 6787 700 5616

180 5948 538 4926

δ OG RG CO

60 9452 1959 7734

90 8426 1232 6902

120 7431 768 6083

150 6540 535 5378

180 5722 397 4708

δ OG RG CO

60 9194 1825 7488

90 8180 1123 6669

120 7198 672 5863

150 6325 457 5168

180 5510 338 4503

w
=

2
5
0
,t

=
3
7
4
.3

8

δ OG RG CO

60 9277 2834 8396

90 8205 1888 7438

120 7280 1153 6617

150 6406 680 5809

180 5580 429 5064

δ OG RG CO

60 9030 2611 8158

90 7972 1693 7212

120 7054 976 6400

150 6190 524 5605

180 5381 302 4876

δ OG RG CO

60 8777 2487 7921

90 7725 1574 6981

120 6819 861 6182

150 5963 422 5394

180 5156 231 4667

values of w, the number of maximal groups flattens off, or sometimes even
decreases. These results are more apparent for larger values of δ. It seems
that if the density becomes higher, pedestrians that are far apart are more
likely to form a group. Since the speed of each entity also become slower,
then these groups are also bigger (and longer) from other maximal groups.

The number of maximal groups reported by the refined group definition
is generally much smaller than the number of maximal groups reported by
the other two definitions. This is also clearly visible in Figure 5.18, where
we show the number of maximal groups, with m = 6, and w = 200, as a
function of δ. The graphs for different settings of m and w are similar. Here,
we also see that the number of maximal groups decreases as we increase
the minimum required duration (which is to be expected).
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FIGURE 5.17: The number of maximal groups (N) for m = 6 and δ = 150 as a function
of the width w of the corridor entrance, which influences density.
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FIGURE 5.18: The number of maximal groups (N) for m = 6 and w = 200 as a function
of δ. There are much fewer maximal groups according to refined groups when compared with
original groups and convoys.

Measuring the Conformity of a Group. Since all entities (pedestrians)
completely cross the corridor, we can classify each entity as type going “left
to right” (type R), or “right to left” (type L). We can extend this notion to
groups of entities by taking the type of the majority of its members (in case
of ties we pick arbitrarily). We then define the conformity c(G) of a group G
as the percentage of its members that have the same type as the type of the
group. Hence, the conformity of G is a value varying from 50, half of the
members of G cross the corridor each way, to 100, all members of G go in
the same direction. Intuitively, we expect that a set of people that act as a
group (in the social sense) travel in the same direction, and thus we expect
the conformity to be high in a good grouping definition.
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FIGURE 5.19: The percentage of maximal groups with conformity 100 in the pedestrian
data for m = 6 and w = 120 as a function of δ.

We now measure the conformity of all maximal groups reported by
all three definitions. Specifically, we consider the percentage of maximal
groups that have conformity 100, that is, all group members travel in the
same direction. We say that such a group is uni-directional. The results
are in Figure 5.19. Consider the case where m = 6 and w = 120. For
all definitions, we see that as the minimum required duration increases,
so does the percentage of uni-directional maximal groups. However, the
refined definition generally has a much higher percentage of uni-directional
maximal groups. In particular, for a duration as short as 90 time units
(about 5 seconds), all maximal groups are uni-directional. For the original
group and the convoy, this requires a minimum duration threshold of more
than 180. These results are even more clearly visible as we increase the
width of the corridor. For example, for w = 250, all maximal groups with a
duration of at least δ = 90 are uni-directional, whereas in the original group
and the convoy definition, less than 20% of the reported maximal groups
are uni-directional, even if we increase the minimum required duration to
180. We expect that this is mostly due to the fact that the original group
and the convoy reports many more maximal groups than the refined group.

Research question (2): dependence on density. As expected, all group-
ing definitions find more groups when the density of entities increases or
when connectedness is satisfied at larger distances. The swarm definition
has a larger increase in the number of maximal groups than the other defi-
nitions. Since we do not have a ground truth or human-annotated groups
data, we cannot draw further conclusions from these observations.
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FIGURE 5.20: The Grand Station and trajectories of pedestrians.

However, in an extreme case where the density is very high and entities
only move in opposite directions, the refined group appears to be more
natural. The original group and convoy report many groups consisting of
entities that move in opposite directions, whereas the refined group finds
only a few of them. Moreover, such groups often have a short duration.
Another interesting observation is that the refined group gives fewer groups.
It is not clear whether this is an advantage or a disadvantage since the nature
of all definitions gives rise to groups that share entities at the same time.

5.3.3 Dependence on Sampling Rate
The purpose of our last experiment is to examine how different sampling
rates of trajectories affect the maximal groups produced by each definition.
We conduct experiments by gradually removing vertices from trajectories,
thus decreasing their sampling rate. For each new data set consisting of
trajectories with a lower sampling rate, we count how many maximal groups
result.

The data set consists of trajectories from pedestrians inside the Grand
Central Terminal in New York City, USA (see Figure 5.20).2 The data set
contains 6000 video frames at which data points are generated manually.
This is once every 0.8 seconds. There are 12,684 pedestrians, with an
average of 105.52 pedestrians in each frame. For our experiment, we choose
two sets of 800 consecutive frames that have a high density. The first set
contains 2591 trajectories while the second contains 3313 trajectories. The
average number of vertices in a trajectory are 46.57 and 46.85, respectively.

2The background image and movement data are from [193].



116 Chapter 5. An Experimental Evaluation of Grouping Definitions

TABLE 5.10: The number of maximal groups from 2591 trajectories in the Grand Station
data set with different sampling rate.

25% 50% 100%

δ = 8s

OG 174 178 170
RG 173 177 169
CO 140 158 177
SW 153 180 249

δ = 12s

OG 127 118 116
RG 127 118 117
CO 111 122 121
SW 115 138 199

δ = 16s

OG 97 96 96
RG 97 97 96
CO 92 94 97
SW 98 111 162

OG = Original Groups, RG = Refined Groups, CO = Convoys, SW = Swarms

TABLE 5.11: The number of maximal groups from 3313 trajectories in the Grand Station
data set with different sampling rate.

25% 50% 100%

δ = 8s

OG 276 268 257
RG 269 262 255
CO 222 256 264
SW 229 259 379

δ = 12s

OG 211 206 203
RG 206 200 200
CO 190 203 204
SW 196 215 304

δ = 16s

OG 172 168 159
RG 167 163 157
CO 160 156 161
SW 166 183 252

OG = Original Groups, RG = Refined Groups, CO = Convoys, SW = Swarms
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First, we create a homography matrix to map frame coordinates from
the data set into ground coordinates. We choose ε = 0.76m for a personal
distance between pairs, based on the maximum close phase from Proxemics
Theory [204]. We vary the required minimum duration for a maximal group
δ ∈ {8, 12, 16} in seconds. Finally, we consider different sampling rates for
the two sets of trajectories by taking 25%, 50%, 100% of the vertices of the
trajectories. Some trajectories may be removed because less than 2 vertices
remain. The results of our experiments are in Tables 5.10 and 5.11.

We notice that the number of original groups and refined groups is
stable or increases slightly when reducing the sampling rate. In contrast, the
number of convoys decreases slightly when reducing the sampling rate, and
the number of swarms decreases substantially. This trend is related to the
cumulative version of the time duration of swarms. Imagine a swarm with
several disconnected time intervals on its time duration (with a sampling
rate of 100%). By reducing the sampling rate, some of these time intervals
will likely to disappear, or their length is reduced. Therefore, the swarm may
not meet the required δ anymore. On the other hand, the other definitions
which use consecutive timestamps are not affected much by this situation.

Research question (3): dependence on sampling rate. In general it is
preferable when a definition of grouping is not influenced too much by the
sampling rate, so in this respect the original and refined group definitions
perform a bit better than convoys and much better than swarms.

5.4 Conclusions and Future Work
We experimentally evaluated four definitions for grouping in trajectory
data: (original) groups, refined groups, convoys, and swarms. We tried to
establish how well these definitions correspond to the human intuition of a
group, how the number of groups depends on the density of the entities in
their environment, and how the number of groups depends on the sampling
rate of the trajectories. In our experiments, the groups, refined groups, and
convoys perform similar in terms of recognizing all sets of entities that were a
group according to the human annotations, with the refined groups typically
having the highest F1-score. On occasion the swarm definition outperforms
the other definitions. To be more conclusive in these experiments, we first
of all need better human annotation, and second of all, test more data sets
and settings.

We observe that the definitions that consider the trajectories to be con-
tinuous mappings from time to space (original groups and refined groups)
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are more stable than the definitions considering the trajectories as discrete
input (convoys and swarms) when we consider the number of reported
groups under reductions of the sampling rate.

In general, it appears that swarm is most different among the definitions,
suggesting that taking group duration cumulatively has a larger effect on
grouping than the discrete or continuous handling of the data, or the type
of connectedness (see Table 5.1).

In terms of qualitative assessment, we developed a style of video annota-
tion that allows us to compare two different grouping definitions. It is best
suited for comparisons to groups from human annotation. Videos using this
visualization can be found on our website [203].

For future work, it is possible to extend the experimentation using
other pedestrian data sets in different environments such as inside a mu-
seum [208]. However, probably it is more interesting to perform experimen-
tal evaluations on animals trajectory data set (e.g., from Movebank [32])
since they may exhibit different behavior when grouping for various activi-
ties (e.g., foraging, migration) than pedestrians walking together.



6
Conclusions

IN this final chapter, we summarize the results of our work and describe
several open problems based on those results. Furthermore, we also

discuss possible directions for future research on the study of the collective
movement pattern.

6.1 Summary
Although our work was focused on the collective movement pattern, we also
considered the problem of simplifying a polyline (polygonal curve) in Chap-
ter 2. We studied the polyline simplification problem such that the output
simplification has Hausdorff [67] or Fréchet distance [68] at most ε > 0 to
the input polyline. We first compared the output simplifications from the two
well-known polyline simplification algorithms, by Douglas-Peucker [134]
and by Imai-Iri [136], with the optimum simplification possible. Then,
we showed that the polyline simplification problem is NP-Hard under the
undirected Hausdorff distance and the directed Hausdorff distance from
the input polyline to the simplified output. For the reverse case under the
directed Hausdorff distance from the output to the input, and also under
the Fréchet distance, we presented algorithms that run in polynomial time
to solve the problem.

We started our study on the collective movement pattern in Chapter 3,
where we presented various measures for a single trajectory and a group of
trajectories. For each measure, along with the name and its description, we
also gave more information: the unit and range of the measurements, from
which attribute or other measure it is derived, and its related work. First,
we described measures for a single trajectory and classified them into three
different types: for a single trajectory in isolation, a single trajectory amidst
other trajectories, and a single trajectory in an environment. Then, we ex-

119



120 Chapter 6. Conclusions

tended those measures for a group of trajectories using three different views
(i.e., representative, complete, and area) and added other measures that
do not exist for an individual trajectory. We also discussed several analysis
tasks where measures for groups of trajectories may play an important role.

We refined the previous definition of groups by Buchin et al. [126] in
Chapter 4. We made a small change in the spatial requirement for groups
in the previous definition and presented two scenarios in which we argued
that our refined definition will perform better. We provided algorithms to
compute the refined groups for entities that move in R1 or Rd(d > 1), also for
the case when the time component of the input trajectories are not aligned.
Both algorithms have polynomial dependence on n (the number of input
trajectories) and τ (the number of vertices on each trajectory). Furthermore,
we showed that the algorithm for moving entities in Rd can have linear
dependence on τ , although the dependence on n becomes exponential.
Improving the dependence on n from exponential to polynomial while
keeping the linear dependence on τ appears to be difficult.

Based on our work in Chapter 4, we conducted experiments to compare
four definitions of a collective movement pattern: convoys, swarms, groups,
and refined groups. The results of the experimentation were presented in
Chapter 5. We implemented the algorithm to compute each definition and
used various data sets in the experiments. The data sets include artificial
trajectories from computer simulations and real-life trajectories of pedestri-
ans in different environments: real-life and synthetic. The experimentation
focused on the differences between definitions and human-annotated data
in the pedestrian trajectories data (if available). We also analyzed how
each definition performed on different crowd densities and on different
sampling rates. We presented the results of the quantitative evaluations
and developed a visualization that shows groups with a color coding for
qualitative evaluation.

6.2 Open Problems
Our work described in this thesis is far from complete and left us with several
open problems. From the polyline simplification problem in Chapter 2, we
are still interested in the computational status of the optimal simplification
under the Hausdorff and the Fréchet distance when the simplification does
not need to use the vertices of the input. Note that Kostitsyna et al. [209] and
van de Kerkhof et al. [160] already have partial results on these problems.
Furthermore, we can use other distance measures to consider the optimal
polyline simplification.
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From the study of measures for a single trajectory and a group of tra-
jectories in Chapter 3, we have at least two open problems that are worth
mentioning. First, we can consider real-world trajectory data and investi-
gate the need for measures beyond the ones we have given. Second, we
can analyze how external factors like geographic context should influence
measures in various applications.

The running time of our algorithms to compute the refined groups in
Chapter 4 depend on the input parameters of n and τ . We have shown that
the algorithms for moving entities in Rd could have either (i) polynomial
dependence on both n and τ or (ii) linear dependence on τ but at the
expense of exponential dependence in n. The trade-off in the dependence
on n and τ gives rise to interesting open problems. Most importantly, is
it possible to develop an algorithm whose running time is linear in τ and
polynomial in n? Similarly, can we realize subquadratic dependence on τ
without having exponential dependence on n? In general, what trade-offs
are possible? Furthermore, it would be interesting to develop an output-
sensitive algorithm that uses considerably less time if the output is small, or
under realistic input assumptions.

The experimentation in Chapter 5 showed that by counting duration
cumulatively rather than consecutively, the swarm definition is more robust
to noise than the other methods, but at the same time finds more doubtful
groups that arise from several short, by-chance encounters. Therefore,
more robust grouping definitions can be developed and compared, which
would depend on a fourth parameter that describes how noise is handled.
Examples are platoons [125] and robust groups [126]. The extra parameter
makes proper experimentation harder, however.

6.3 Future Research
Most of this thesis presents our contribution to the study on the analysis
of movement data, especially of the collective movement pattern. There
are numerous possible directions for interesting future research. Below,
we briefly discuss several directions that reach further beyond the scope of
this thesis.

Our work in this thesis only used Lagrangian-based trajectory data (see
Section 1.2). However, we can expect that the availability of Eulerian-based
trajectory data will increase rapidly in the near future. This is due to the
use of more and more diverse types of location-aware technologies such as
WiFi and RFID tags. For instance, the positions of human entities can be
tracked whenever they use WiFi access, pay using digital payment systems
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in a supermarket, or even check-in or out from public transport systems
using digital gates. Recorded tracking data of this type is very different from
individual movement traces. We realize that the distinctions between these
two types of trajectory data will pose a unique challenge, especially when
we want to identify collective movement patterns from the Eulerian-based
trajectory data.

In Chapter 5, we used four definitions of collective movement pattern
and listed many other definitions. Each one of these definitions has its own
advantages and disadvantages. All definitions depend heavily on the spatial
component to define the “togetherness” between entities (at certain times).
However, the spatial component only concerns the distance between entities.
Nevertheless, we can further explore other features to extend the approach
to define togetherness so that it is not influenced solely by the distance
between entities. We may improve the definition of a collective movement
pattern in several ways:

• Measures
We can include measures (see Chapter 3) when defining a collective
movement pattern. This can be done, for example, by considering
measures of a trajectory when the associated entity is being examined
at any given time. There are several measures that we can use in this
scenario such as average speed, global direction, or global velocity.
Moreover, we can also consider measures (for groups) as additional
requirements for a set of moving entities to be considered as a group.
For example, we can set a fixed value f and require that the formation
stability value of a group (see Section 3.2.1) is smaller than f . In the
same way, the density measure for a group can also be used.
• Contextual Information

So far, most definitions focus on raw trajectories containing only the
spatial and temporal information. However, it is crucial to take contex-
tual information (e.g., environment data, weather data) into account
and integrate them into trajectory data [74, 210]. Consequently, in-
corporating contextual information to enrich trajectory data will lead
to various new approaches to define a collective movement pattern.
• Interactions

Naturally, entities from the same group will have interactions with
one another. The form of the interaction can be of various kinds.
For example, human pedestrians will probably have a conversation
or hold hands, whereas animals communicate through vocalization.
We can consider interaction differently: when an entity adjusts its
movement in response to the change of movement and position of
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other entities in the group. Hence, the interaction between two
entities can be defined, for example, as the difference in their turning
angle or in their heading direction. Recently, Loglisci [211] define a
new model for a collective movement pattern called crews that take
interactions into account. He used parameters such as the distance
ratio and the tortuosity ratio to express interactions between two
entities. However, we believe that the opportunities are still wide
open to expand the research on the collective movement pattern that
considers interactions among entities.

Integrating some or all features listed above to the computation of col-
lective movement patterns may significantly increase the computing time.
On the other hand, the availability of the massive amount of trajectory
data already lets researchers face the challenge to develop more efficient
algorithms to process and analyze them. Therefore, the combination of both
situations may lead to algorithmic problems whose solutions are computa-
tionally very expensive. Hence, it is interesting to explore the possibility to
apply some heuristic methods in the algorithms to compute groups. How-
ever, these heuristics should be tested extensively using real-life trajectory
data sets and most likely will depend on specific applications. Furthermore,
one can also develop algorithms that only work on trajectory data that has
specific features (e.g., geographic context information) to solve a domain-
specific problem.

Next, we also consider the visualization of collective movement patterns
that integrate features that we discussed above. In Chapter 5, we gave a
qualitative analysis and developed a visualization to show groups in video
footage. However, the visualization can only show the movement traces
and groups from various definitions. Therefore, it may be interesting to
visually include contextual information like geographic data or interactions
like the direction or the difference of heading between entities from the
same group. We believe a proper visual encoding for different aspects of
groups will allow researchers to analyze trajectory data accurately in a more
convenient way.

Finally, we want to emphasize the necessity to collaborate with re-
searchers from other domain areas (e.g., ecology, behavioral sciences) to
expand the study of collective movement patterns. In a domain-specific
case, enriching trajectory data with context information or using measures
to define groups of entities may require knowledge from experts in the re-
spective domains. Furthermore, how we visualize the collective movement
pattern is also crucial for experts to clearly analyze their trajectory data and
formulate new hypotheses through visual observation.
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Samenvatting

Geavanceerde tracking technologieën zoals Global Positions Systems (GPS)
maken het mogelijk om eenvoudig locaties op te slaan en de verplaatsin-
gen van mensen, dieren of andere bewegende objecten te volgen. Het
toenemende gebruik van dit soort technologieën heeft geleid tot grote
hoeveelheden verplaatsingsdata. Als gevolg hiervan is er ook meer vraag
naar efficiënte methoden om ze te bewerken en analyseren, want de anal-
yse van verplaatsingen is essentieel in verschillende onderzoeksgebieden.
Voorbeelden zijn ecologie en transport.

Gewoonlijk wordt verplaatsingsdata beschreven door een traject: een
pad gemaakt door een bewegende entiteit wanneer het zich verplaatst door
de ruimte in een tijdsbestek. Daarom kan een traject gezien worden als een
functie die een tijdstip afbeeldt op de positie op dat moment. Tracking tech-
nologieën zijn echter alleen in staat om de positie op specifieke momenten
te bepalen, met regelmatige of onregelmatige tijdsintervallen ertussen. In
dit model is een traject een reeks van posities voorzien van het tijdstip
waarop die positie werd waargenomen. We gebruiken lineaire interpolatie
tussen de waargenomen posities, en nu is een traject een continue functie
die lineair is op tijdsintervallen. De waargenomen posities zijn de vertices
van het traject.

Er zijn vele verschillende analysetaken die we kunnen uitvoeren op
trajectdata. Een van de meest belangrijke is het identificeren van diverse
patronen die tevoorschijn komen als de entiteiten zich verplaatsen. Deze
verplaatsingspatronen zijn essentieel want ze stellen het gedrag voor van
een entiteit, of ze stellen de relaties voor tussen meerdere zich verplaatsende
entiteiten. In dit proefschrift concentreren we ons vooral op een specifiek
patroon: gezamenlijke verplaatsingspatronen, ofwel groepsverplaatsingen.
Dit patroon treedt op als meerdere entiteiten zich gezamenlijk verplaatsen
gedurende een voldoend lange tijdsduur.

We beginnen onze studie naar groepsverplaatsing met de analyse van
diverse maten voor een groep trajecten. Als eerste beschouwen we maten
voor een enkel traject. Deze maten geven een enkele waarde voor een
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heel traject, zoals gemiddelde snelheid of globale richting. Er zijn drie
klassen voor deze maten: voor een traject op zich, voor een traject tussen
andere trajecten, en voor een traject in een omgeving of context. We breiden
deze maten voor een traject uit naar maten voor een groep trajecten en
klassificeren ze op dezelfde wijze. Daarnaast voegen we nieuwe maten toe
die niet bestaan voor een enkel traject, zoals de dichtheid van een groep.
We laten vervolgens zien dat diverse taken gerelateerd aan trajectanalyse,
zoals de visualisatie van grote hoeveelheden trajecten, deze maten kunnen
gebruiken om betere resultaten te verkrijgen.

Vervolgens beschrijven we een nieuwe definitie om groepsverplaatsingen
te modelleren. Deze definitie is een verfijning van een eerdere definitie.
We maken daarbij een kleine wijziging in wat het betekent om gezamenlijk
te zijn, de ruimtelijke parameter. Met voorbeelden laten we zien dat in
omgevingen met veel bewegende entiteiten, de verfijnde definitie beter
overeenkomt met de menselijke intuïtie. We formaliseren dit model en
geven efficiënte algoritmen om de groepen in een dataset met trajecten
te berekenen. De efficiëntie van deze algoritmen hangt af van het aantal
trajecten en het aantal vertices per traject. Het algoritme kan ook gebruikt
worden als de vertices van de trajecten niet met overeenkomende tijdstippen
zijn opgeslagen.

Tenslotte vergelijken we vier definities van groepsverplaatsingen op een
experimentele wijze, waaronder onze nieuwe definitie. Daartoe hebben we
de algoritmen geïmplementeerd die groepen volgens deze definities bereke-
nen. In de experimenten gebruiken we diverse soorten trajectdata: kunst-
matige data van computersimulaties en echte trajecten van voetgangers,
zowel in laboratorium- als in natuurlijke omgevingen. We beschouwen de
verschillen tussen elke definitie en door de mens geannoteerde data kwan-
titatief. We bestuderen ook de afhankelijkheid van de vier definities van
de dichtheid (van de entiteiten) en van de frequentie waarmee de posities
zijn opgeslagen. Met een nieuw visualisatiesysteem bieden we een manier
om de verschillende definities kwalitatief te vergelijken door middel van
kleurcoderingen in videomateriaal.

Naast de studie van groepsverplaatsingen behandelt dit proefschrift ook
het polygonale lijnsimplificatieprobleem. Een polygonale lijn is het beeld
van een continue functie die lineair is op tijdsintervallen. We beschouwen
het probleem om voor een invoer polygonale lijn een uitvoer polygonale
lijn te berekenen die goed op de invoer lijkt en zo weinig mogelijk vertices
bevat. Deze uitvoer dient een voorgeschreven maximale afstand tot de
invoer hebben. We gebruiken twee afstandsmaten: de Hausdorff afstand en
de Fréchet afstand.



Samenvatting 145

De Hausdorff afstand tussen twee verzamelingen punten is het maxi-
mum van alle afstanden van een punt in de ene verzameling tot het meest
dichtbije punt in de andere verzameling. Om de Fréchet afstand te begrijpen
beschouwen we een persoon en haar hond die elk een eigen route lopen.
Beiden kunnen hun snelheid willekeurig aanpassen, maar ze kunnen alleen
vooruit op hun route. De kleinste lengte van een hondenriem die nodig is
om de routes te belopen is de Fréchet afstand.

Met deze twee afstandsmaten vergelijken we eerst twee bekende lijn-
simplificatiealgoritmen, te weten het Douglas-Peucker algoritme en het
Imai-Iri algoritme, met de optimale simplificatie. Daarna beschouwen we
het berekeningsprobleem om de optimale simplificatie te berekenen met de
Hausdorff afstand en de Fréchet afstand.
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