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CHAPTER 1

Introduction
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“ Science is built up of facts, as a house is built of stones;
but an accumulation of facts is no more a science than a

heap of stones is a house.”
- Henri Poincaré

1.1 Tomographic imaging

The word ‘tomography,’ derived from the ancient Greek words ‘tomos’ (slice or
section) and ‘graphein’ (write down), is the procedure to image an object of
interest from its projections. For example, X-ray computed tomography provides a
3D-structure of an object by measuring the intensities of the X-rays that passed
through them. Due to its non-destructive nature, tomography has found
significance in many fields of sciences and engineering.

The last century has seen many contributions in the field of tomographic imaging.
We can broadly categorize them into physics, mathematics, and applications. In
physics, the significant contributions include the discovery of X-rays by Wilhelm
Röntgen [155], development of the electromagnetic lens by Hans Busch [42] and
the discovery of nuclear magnetic resonance by Isidor Rabi and Felix Bloch [28].
Some of the major early contributions to the mathematics of imaging were made
by Johann Radon (radon transform [150]), Stefan Kaczmarz (practical algorithm
for ray-based tomography [109]), and Max Born (linearization of scattering [30]).
The applications include the X-ray tomographic scanner by Hounsfield [93], the
magnetic resonance scanner by Paul Lauterbur [118], the electron microscope by
Ernst Ruska and Max Knoll [113], and the cryo-electron microscope by Jacques
Dubochet [64].

Tomographic imaging has found applications on all scales; from a resolution of
nanometers to light-years (see Figure 1.1). For example, electron tomography is
widely used to retrieve a detailed 3D reconstruction of sub-cellular
macro-molecules like structurally heterogeneous protein complexes [92]. In the
dairy industry, tomography is used to find holes in cheese [168]. In biomedical
tomography, researchers are aiming to determine the concentration of drugs in
mice to measure the performance of medicines [209, 116]. At the scale of the
human body, techniques like X-ray computed tomography, magnetic resonance
imaging, and ultrasound tomography are regularly used for medical diagnosis

Figure 1.1: Applications of Tomography at various scales
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[165, 138, 2, 75]. In the geophysical industry, tomography helps in locating and
characterizing hydrocarbon reservoirs [53, 36]. Tomography also has a significant
presence in astrophysics, for example, in detecting the downflows beneath sunspots
and plages from the travel-time measurements of acoustic waves [65].

We can distinguish tomography broadly into two types: (i) scattering-based, and
(ii) ray-based. In each experiment of scattering-based tomography, a set of sources
transmits energy (in the form of waves) into the medium in order to illuminate the
object. The energy interacts with the object resulting in a scattered wavefield that
is then measured by receivers at specific locations. This interaction is governed by a
wave equation, whose coefficients are dependent on the impedance of the object. By
changing the positions of sources and receivers, the experiment continues until we
obtain enough measurements. Figure 1.2(a) illustrates this setup. The tomographic
imaging then aims to find an image x (i.e., a map of the spatially varying impedance
of the object) by fitting the data, y, to a model, F , of the experiment. That is,
mathematically, we solve

F(x) = y, (1.1)

where F is the forward operator that maps from an image to the data. The operator
F accounts for the (nonlinear) interaction of the waves with the object described by
a wave equation. Here, we refer to F(x) as synthetic data since we obtain it from
the forward model that approximates the governing physics. This nonlinear inverse
problem, identified by the name of Full-Waveform Inversion, is generally cast using
a least-squares approach [77]. That is, it finds an estimate

x? = argmin
x

‖F(x)− y‖2 (1.2)

that minimizes the residual (or error) of the synthetic data, F(x), with the actual
data y. This least-squares optimization problem is typically solved using a gradient-
based iterative method, whose convergence depends on the initial estimate. The
last three decades have seen an increase in this area of research mainly due to
improvements in high-performance computing. For an overview, please refer to
[204].

Many efforts have been made in the early 20th century to linearize the interaction
between the waves and the object. In particular, Max Born introduced a series
expansion for the scattering process [30]. The first-order term in the series gives an
approximation of the scattered wavefield that only accounts for single scattering,
while the higher-order terms include multiple scattering. Approximating the
interaction by single scattering, referred to as the Born approximation, leads to a
linear inverse problem [94]. This approximation holds if the object is
semi-transparent (low impedance), and the wavelengths are long compared to the
size of the object.

Let us now look at the ray-based tomography. A typical setup for this tomography
consists of source and detector panels, with a source emitting a beam of high-energy
radiation that propagates along straight rays and a detector measuring the intensity
of the ray after their interaction with the object (see Figure 1.2(b)). Generally, the
sources and detectors are moved around the object (or, altenatively, the object is
moved) to get enough measurements for the description of the object. This setup



“Main-thesis” — 2019/11/19 — 10:29 — page 4 — #10

4 | Chapter 1 – Introduction

usually occurs in X-ray computed tomography and electron tomography. With the
assumption of (i) no diffraction and refraction (rays travel along a straight line), and
(ii) monochromatic rays (same frequency), the interaction is characterized by Beer’s
law. It states that each material has a characteristic linear attenuation coefficient
for rays emitted at a given frequency. As a result, dividing the measured intensity
for a ray by the intensity at the source and taking the negative logarithm yields
the integrated attenuation coefficient along the ray. Hence, the measurements are
represented using a Radon transform [60], and the reconstruction of the object from
these measurements leads to a linear inverse problem

x? = argmin
x

‖Ax− y‖2, (1.3)

where A represents the radon transform. This problem is solved readily either
using filtered back-projection (FBP [128]) or an iterative reconstruction algorithm
[109] like the algebraic reconstruction technique (ART [80]). These methods
numerically approximate the inverse map from the data to an image and require
enough measurements with low noise to find the solution accurately. Please refer to
[108] for an overview of ray-based tomography.

(b) Scattering-based (a) straight-ray

Figure 1.2: Tomography classified based on the interaction. On the left, we have sources, and
on the right of the object are the receivers (transmission setup). Another popular acquisition
scheme is a reflection where the sources and receivers are located on the same side of the
object.

1.2 Regularization and optimization

Solving the inverse-problem (1.1) is not trivial. French scientist Hadamard studied
these problems and provided conditions for well-posedness [85]. He stated that
well-posed problems must satisfy three conditions: existence, uniqueness, and
stability of the solution. The existence condition prescribes that for every set of
measurements, y, an image must exist for which F(x) = y, while uniqueness
requires that it must be unique. The stability requires that a small change in the
data should not produce substantial changes in the image. In other words, the
inverse map from the data to an image must be continuous. If at least one of these
conditions does not hold, then the problem is termed as an ill-posed problem.

In tomographic imaging, the existence condition fails if the measurement noise is
not in the range of the forward operator. A limited number of projections may lead
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to multiple images satisfying the data (non-uniqueness of the solution). The stability
is related to the conditioning of the operator. Suppose F is a linear operator with
singular values decreasing exponentially (with maximum singular value 1), then the
inverse-operator will have high singular values (� 1). Hence, a small change in the
data y will lead to a significant difference in the image x. We enlist the main reasons
for the ill-posedness of tomography problems in the following:
• Existence

– Noise: an improper model of the physics introduces non-random,
coherent noise. Hence, the noisy data may not be in the range of the
forward model.

– Nonlinearity: the relationship between the waves and the object may be
nonlinear.

• Uniqueness
– Partial information:
∗ In scattering-based tomography, scattered waves are measured at

only a few locations. In some cases, these measurements are
restricted to only one side (reflection measurements) due to limited
access around the object.
∗ In ray-based tomography, the projections are limited due to either

the time constraints or the destructive nature of the rays. Some
tomographic setup has a limited angular range for movement, hence
making it difficult to measure the projections for certain angles.

– Sharp contrasts: large discontinuities in the image give rise to complex
interaction resulting in many local minima.

The condition of existence is relaxed by casting the inverse problem into a
least-squares data-fitting procedure (see (1.2)). To address the ill-posedness
(mainly the uniqueness and stability), Russian mathematician A.N. Tikhonov
introduced regularization in 1963 [191]. It is one of the first instances where a
stable solution to an ill-posed problem has been obtained. Regularization is the
procedure of adding information to solve an ill-posed problem. It introduces prior
information about the structure of an image into the inverse procedure. The
regularized problem generates an estimate

xR = argmin
x

{
‖F(x)− y‖2 + αR(x)

}
, (1.4)

where the residual between the synthetic and observed data, F(x)− y, is measured
in some norm, R is a regularization function that incorporates the prior knowledge
about the image x, and α is a parameter that balances the misfit and the
regularization. We classify regularization methods according to the way they
enforce prior information, i.e., implicit or explicit. Typically, explicit regularizations
enforce strong prior information compared to implicit ones. This thesis mostly
deals with explicit regularization methods.

Implicit regularization: It deals with constructing a function that incorporates
the structure or characteristics of an image. Popular implicit regularization includes
Tikhonov (R(x) = ‖x‖2), `1 (R(x) = ‖x‖1), and total variation (R(x) = ‖∇x‖1).
Standard Tikhonov regularization finds a unique image that fits the data
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approximately in the case where either multiple solutions exist or where the
inverse operator is unstable [191]. Its generalized variant finds a smooth image
that approximates the data. In reality, the images may not be smooth. Around the
1990s, the idea of sparsity emerged, which states that the image can be
represented using only a subset of a large class of functions. This sparsity on the
image or its transformed domain is promoted through an `1-regularization, which
is a convex approximation to an `0 norm [154]. In recent years, total variation
(TV) regularization, introduced in [156], became very popular due to its ability to
find a piecewise-constant image (for example, see [71] for application of TV in
tomographic imaging).

Explicit regularization: These techniques represent images obeying the prior
information explicitly and hence restrict the space of appropriate images. For
example, if we are looking for an image that takes only a few known discrete
values, we can separate the spatial region of the image into several components
(whose grey levels are known) and try to find the shape of these components.
Enforcing this discrete prior in the reconstruction is the subject of discrete
tomography. A particular case of discrete images is a binary image. A binary image
x constitutes only two distinct (homogeneous) regions (with values u0 and u1)

x(r) =

{
u1 r ∈ Ω

u0 r /∈ Ω
,

where Ω denotes the spatial region corresponding to the u1. Without loss of
generality, we can scale the image to {0, 1}, and search for the solution in this
space. Since the search space is discrete, the reconstruction methods rely either on
sampling the discrete space [126, 74] or making use of heuristics [19]. An
overview of the contributions can be found in [89, 90]. In practice, a method
known as Discrete Algebraic Reconstruction Technique (DART) is commonly used
because of its ability to compute accurate reconstructions in almost real-time [18].
It exploits the discrete nature of the object by alternating iteratively between the
segmentation and the reconstruction on the boundary of the segmented image. It
has shown success in the various applications of computerized tomography [194]
and electron tomography [196, 17]. DART suffers from the noise in the projections
and requires many parameters to be specified by the user. To combat noise issue,
SDART uses a penalty matrix that spreads the noise across the whole image domain
[26]. Another method named TVR-DART produces more accurate reconstructions
than DART under a noisy limited data scenario and requires significantly less
parameters [215]. It uses the total variation framework to penalize the discrete
reconstructions. We note that these heuristic algorithms are limited to the linear
tomographic problems, and their extension to the nonlinear case is not trivial.

Instead of heuristics, we can write a continuous formulation using the level-set of
a characteristic function φ,

x(r) =
(

1− h
(
φ (r)

))
u0 + h

(
φ (r)

)
u1,

where r denotes the spatial coordinate, and h is a smooth approximation of the
Heaviside function. With such explicit representation of the image x, we can solve
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(a) True image (b) Level-set function

Figure 1.3: Level-set illustration for image (a). The image consists of only two grey levels;
hence it is a binary image. The corresponding level-set function is given in (b). The gray-color
plane denotes the zero-level-set plane. The level-set function represents an object shown at
the bottom of the sub-figure (b).

for the level-set of function φ, and later retrieve the corresponding image.
Figure 1.3 gives an example of the level-set reconstruction of a binary image. The
level-set method, proposed in [142] to capture the fronts in fluid propagating with
curvature–dependent speed, has been extensively used to solve inverse problems
involving binary images [40]. This method suffers from many issues, including the
reinitialization, and the use of a signed distance function. These issues can be
addressed by parametrizing the level-set using radial basis functions and thereby
reducing the dimensionality of the problem [1].

Another class of images, called partially discrete images, are images containing
inclusions (with known grey levels) surrounded by a heterogeneous medium.
There is a limited amount of research focused on the reconstruction of these
images from their tomographic projections. PDART, an extension of DART to
partially discrete images, segments the high-contrast inclusions embedded in
heterogeneous composition from their linear tomographic projections [153].

Unlike direct inversion processes such as ART and FBP, regularization techniques
require that the problem be solved by optimization methods. These methods differ
significantly depending on the properties of the data-misfit function and the
regularization function. In this thesis, we consider solving the problems of form
(1.4), where the misfit function is always differentiable with its convexity
dependent on the linearity of the forward operator F . The implicit regularization
functions are generally convex, but can be differentiable (e.g., Tikhonov) or not
(e.g., `1 and TV). The level-set method, an explicit regularizer, is non-convex. We
make this function differentiable by approximating the Heaviside function by a
smooth function. Table 1.1 summarizes the optimization methods for various
classes of regularized inverse problems.

1.3 Contributions and outline

The main aim of this thesis is to develop algorithms to incorporate discrete or
partially discrete priors for solving ill-posed tomographic problems. The existing
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data-misfit function
convex non-convex

R
eg

u
la

ri
za

ti
on

convex,
smooth

Krylov-based methods
[137]

gradient-based methods
[34]

convex,
non-smooth

Primal-Dual [49], ADMM
[33]

Proximal Newton-type
[120], ADMM [33]

non-convex gradient-based methods [34]

Table 1.1: Optimization methods for various classes of regularized inverse problems

(successful) algorithms are mostly based on heuristics and limited to the linear
setting. We borrow ideas from convex optimization and level-set theory to develop
a different class of methods to retrieve the discrete (or partially discrete) objects in
a linear as well as nonlinear setup. Our algorithms compare favorably to the
existing methods in the linear setup and outperform them in the nonlinear cases on
numerical phantoms.

To make the outline simpler, we distribute chapters 3 to 7 to fall in one of the
categories of tomography, as shown in Table 1.2. Chapter 2 provides an overview
of the forward operators, regularization, and optimization. Chapter 8 concludes
the thesis and provide future directions. We summarize our contributions in the
following points:
• Discrete tomography: We consider a discrete tomography problem with two

grey levels, known as binary tomography. We derive a novel convex
formulation of this problem, which turns out to be an `1-regularized
least-squares problem (LASSO). Based on small-scale experiments, we
conjecture that if the binary tomography problem admits a unique solution, it
can be recovered using the proposed formulation. In the case of multiple
solutions, the convex program gives the intersection of the solutions. The
proposed algorithm compares favorably to total variation and DART on
numerical phantoms. Chapter 3 provides more details about the method.

• Partially discrete tomography: In a reconstruction of partially discrete
images from its tomographic projections, we take a level-set approach. We
separate the homogeneous inclusion from the heterogeneous materials and
represent its shape using the level-set of the composition of radial basis
functions. Since the tomographic system is linear, the resulting problem is
linear in terms of the heterogeneous material and non-linear in terms of the
level-set function characterizing the homogeneous region. We propose a
bi-level optimization framework to solve this problem. The proposed method
outperforms total variation, DART, and PDART. We discuss the details in
Chapter 4.

• Discrete waveform inversion: Discrete waveform inversion is a particular
instance of the full-waveform inversion problem where the image is discrete.



“Main-thesis” — 2019/11/19 — 10:29 — page 9 — #15

Section 1.3 – Contributions and outline | 9

We considered a geophysical imaging problem of retrieving a salt-structure
(high impedance object) in the subsurface. For simplicity, we work with an
acoustic model and assume that the salt is homogeneous. We further assume
that the impedance of the salt and the earth layers (background model) are
known a priori. We use a level-set method to obtain the geometry of the salt
by parametrizing with radial basis functions (RBF). By fixing the centers and
the widths of RBFs, we try to find their coefficients by fitting the synthetic
waveforms to the measured seismic data. We numerically show that we can
reconstruct the salt quite accurately from the reflection measurements at the
surface of the earth. Further discussions are available in Chapter 5.
• Partially discrete waveform inversion: We consider the reconstruction of a

salt body embedded in a heterogeneous medium. This problem differs from
the discrete waveform inversion problem because we do not assume any prior
information about the heterogeneous medium. We use a parametric level-set
approach along with an alternating strategy to solve the resulting problem.
This is discussed in Chapter 6.
• High-contrast imaging: We consider the estimation of high-contrast materials

from reflection measurements. The problem resembles the partially discrete
waveform inversion, but it differs in the sense that the latter does not assume
prior information about the grey levels of the high-contrast materials. We
develop a total variation regularized inversion approach, which makes use of
the multiple frequencies in the data. The proposed approach outperforms the
classical methodologies on the numerical phantoms. We discuss this method
in Chapter 7.

Linear Non-linear

D
is

cr
et

e

Chapter 3: Binary Tomography
Chapter 5: Discrete Waveform
Inversion

Pa
rt

ia
ll

y

D
is

cr
et

e Chapter 4: Partially discrete
tomography

Chapter 6: Partially discrete
waveform inversion

Chapter 7: High-contrast reflection
tomography

Table 1.2: Outline of the thesis.
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Preliminaries
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“ The essence of mathematics lies in its freedom.”
- Georg Cantor

This chapter provides a theoretical background on the problem

min
x

‖F(x)− y‖2 + αR(x), (2.1)

where F is a forward operator, y is the data, x is the impedance (i.e., an image),
R is a regularization function, and α is a regularization parameter. In Section 2.1,
we discuss various forward operators for tomography. We give a brief overview
of regularization methods in Section 2.2. We then provide background on shape-
optimization to regularize a discrete prior in Section 2.3. Finally, we discuss how to
optimize the problem in Section 2.4.

2.1 Forward operators

We first discuss the forward model for scattering-based tomography. The scattering
theory describes the relationship between the scattered wavefield and the
impedance of the medium. First, we consider the exact relation, governed by the
wave equation, to describe the interaction. Following this, we discuss the Born
approximation that makes the forward operator linear. Finally, we discuss the
model for straight-ray tomography.

2.1.1 Scattering

Consider an object in a domain Ω ⊂ Rd located in a homogeneous surrounding, as
shown in Figure 2.1. Let r represent the spatial coordinate. A scalar wave equation

∇2u(r, t)− 1

c2(r)

∂2u

∂t2
(r, t)− η(r)

∂u

∂t
(r, t) + q(r, t) = 0,

with u(r, 0) = 0 and
∂u

∂t
(r, 0) = 0 ∀r ∈ Ω

(2.2)

provides a mathematical framework to relate a wavefield u that represents a physical
quantity like acoustic pressure or the electric field strength, to the coefficients c and
η characterizing the medium in which the wave propagates and the source function
q. We restrict ourself to scalar waves, but it is possible to extend this framework
to vector wavefields [31, 55]. We assume that the source function q is supported
in the domain Γs, which we call the source domain. A medium is homogeneous if
the impedance parameters, c, and η, do not depend on the position; otherwise, a
medium is heterogeneous. For a lossless media, η = 0.

Closely related to the wave equation is its frequency-domain counterpart known
as the Helmholtz equation. By applying a Fourier transform to the above wave
equation, we arrive at the Helmholtz equation

∇2û(r, ω)− γ2(r, ω)û(r, ω) + q̂(r, ω) = 0, (2.3)

where γ =
√
iω(iω + c2η)/c is a propagation coefficient with real part greater than

0, and ω is the angular frequency. For lossless media (η = 0), we have γ = iω/c. To
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Figure 2.1: Scattering tomographic imaging setup. Γs denotes the source domain, Γr is the
receiver domain, and Ω is an object domain.

solve this uniquely, we need to supplement this equation with boundary conditions.
The Sommerfeld radiation condition is one such condition which states that the
energy must scatter to infinity for a bounded source, i.e.,

lim
|r|→∞

|r|(d−1)/2

(
∂

∂|r|
− iω

)
û(r) = 0.

Integral equations
Let us first consider the case of a homogeneous medium where the impedance is
spatially invariant. We can apply a spatial Fourier transform to (2.3) to arrive at the
simplified Helmholtz equation

(k2 + γ2)ũ(k, ω) = q̃(k, ω),

where k = ‖k‖ with ‖ · ‖ denoting the Euclidean norm. Introducing the spectral
domain Green’s function G̃ = 1/(k2 +γ2), the solution in the spatial Fourier domain
is given by ũ = G̃q̃. Denote the spatial counterpart of G̃ by Ĝ(r, ω). From the
convolution theorem, the frequency-domain wavefield turns out to be

û(r, ω) =

∫
y∈Γs

Ĝ(r− y, ω)q̂(y, ω)dy,

where we have used the fact that q̂ vanishes outside the source domain Γs. For
a given external source q̂, the above expression provides the wavefield û in the
frequency-domain as long as we know the Green’s function Ĝ. The Green’s functions
are

Ĝ(r, ω) =


1

2γ exp(−γ‖r‖) d = 1

− i
4H

(2)
0 (γ‖r‖ exp (−iπ/2)) d = 2

1
4π‖r‖ exp(−γ‖r‖) d = 3

,

where H(2)
0 is the zeroth order Hankel function of the second kind. Although we

mainly work in the frequency domain, it is useful to write down the time-domain
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wavefield u(r, t):

u(r, t) =

∫
y∈Γs

∫ t

τ=0

G(r− y, t− τ)q(y, τ)dτ dy.

Now, let’s turn our attention to the heterogeneous case. The total wavefield û is
the superposition of an incident wavefield ûi and a scattered wavefield ûs

û(r, ω) = ûi(r, ω) + ûs(r, ω) (2.4)

where ûi is defined as the field in absence of the object, while ûs accounts for the
object. The incident wavefield satisfies the Helmholtz equation (2.3) with the
background medium represented by γ = γb. We can separately write the equation
for the domain Ω and outside of this domain:

∇2ûi(r, ω)− γ2
b (r, ω)ûi(r, ω) = 0, ∀ r ∈ Ω

∇2ûi(r, ω)− γ2
b (r, ω)ûi(r, ω) = −q̂(r, ω), ∀ r /∈ Ω

Similarly, we can express the Helmholtz equation for the total wavefield.
Combining the Helmholtz equations for input and total wavefield, we get the
Helmholtz equation for the scattered wavefield as follows:

∇2ûs(r, ω)− γ2
b (r, ω)ûs(r, ω) = −(γb − γ2)û(r, ω), ∀ r ∈ Ω

∇2ûs(r, ω)− γ2
b (r, ω)ûs(r, ω) = 0, ∀ r /∈ Ω.

By introducing the scattering source qs and the contrast function ξ as

qs(r, ω) = γ2
b ξ(r)û(r, ω), where ξ(r) =

1−
(
γ(r)
γb

)2

r ∈ Ω

0 r /∈ Ω
,

we get a single equation for the scattered wavefield:

∇2ûs(r, ω)− γ2
b (r, ω)ûs(r, ω) = q̂s(r, ω). ∀ r ∈ Rd

(integral) ûs(r, ω) = γ2
b

∫
r′∈Ω

Ĝ(r− r′, ω)ξ(r)û(r′, ω) dr′︸ ︷︷ ︸
Ĝ{qs}

∀ r ∈ Rd

where Γr is the receiver domain. Ĝ{qs} is the compact notation to denote the
convolution of Green’s function Ĝ with contrast source qs over region Ω. By
substituting the above expression of scattered wavefield in the equation (2.4), we
arrive at the Lippmann-Schwinger equation

û(r, ω)− γ2
b

∫
r′∈Ω

Ĝ(r− r′, ω)ξ(r)û(r′, ω) dr′︸ ︷︷ ︸
Ĝ{ξû}

= ûi(r, ω), (2.5)
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where the incident wavefield is computed from the source function using

ûi(r, ω) =

∫
r′∈Γs

Ĝ(r− r′, ω)q̂(r′, ω) dr′.

The Lippmann-Schwinger equation is also known as the state equation since it
provides the total wavefield (states) in terms of the contrast of the object ξ. The
receiver domain Γr measures the scattered wavefield ûs in the receiver domain and
is being retrieved using

ûs(r, ω) = γ2
b

∫
r′∈Ω

Ĝ(r− r′, ω)ξ(r)û(r′, ω) dr′ ∀ r ∈ Γs. (2.6)

The three forward operators based on the scattering theory are summarized in
Table 2.1. The operator P is the restriction operator that restricts the
measurements to the receiver domain.

Type x F(x)

Wave-
equation

c, η
∇2u(r, t)− 1

c2(r)
∂2u
∂t2 (r, t)− η(r)∂u∂t (r, t) = −q(r, t)

F(x) = Pu

Helmholtz γ
∇2û(r, ω)− γ2(r, ω)û(r, ω) + q̂(r, ω) = 0

F(x) = Pu

Integral ξ
û− Ĝ {ξû} = ûi

F(x) = Ĝ {ξû}

Table 2.1: Scattering-based forward models

Born approximation
To linearize the interaction of waves with an object, Max Born introduced a series
expansion for the Lippmann-Schwinger equation based on the Neumann series.
Suppose A is a bounded linear operator, then the inverse of the operator (I − A)
where I is an Identity operator, is given by a Neumann series,

(I − A)−1 =

∞∑
k=0

Ak = I +A+A2 + . . . .

This series converges if the operator norm is bounded by 1 (i.e., ‖A‖ < 1). Let us
now express the total-wavefield in the Lippmann-Schwinger equation as follows,(

I − Ĝ {ξ}
)
û = ûi =⇒ û =

(
I − Ĝ {ξ}

)−1

ûi.
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By using the Neumann series to approximate the inverse, we arrive at the following
Born series:

û = ûi + Ĝ {ξûi}+ Ĝ {ξûi} Ĝ {ξûi}+ . . .

The convergence of this series depends on the operator Ĝ {ξ} (the operator norm
must be below 1). This condition generally holds for low-frequency waves traveling
through an object with maximum contrast below 1.

The Born series carries the physics of multiple scattering:

û = ûi︸︷︷︸
(incident)

+ Ĝ {ξûi}︸ ︷︷ ︸
(single scattering)

+ Ĝ {ξûi} Ĝ {ξûi}︸ ︷︷ ︸
(double scattering)

+ . . .

If we ignore the second and the higher order terms in the series, we get an
approximate solution for the total wavefield. This is called the Born approximation:

û ≈ ûi + Ĝ {ξûi} (2.7)

Hence, it approximates the scattered wavefield ûs solely using the input wavefield
(ûs = Ĝ {ξûi}). This approximation results in the following inverse problem (posed
as a least-squares optimization problem):

min
ξ

‖Ĝ {ûi} ξ − y‖2.

This problem is known as least-squares reverse-time migration in geophysical
imaging [20]. It assumes that the interaction of the wave with an object can be
explained with single scattering. Hence, this approach works well in the absence of
multiple scattering (or if the multiple scattering is very weak).

2.1.2 Straight-ray
We introduce straight-ray tomography for the common case of X-ray imaging.
X-rays consist of a flux of high-energy electromagnetic radiation, and they are
characterized by their high frequency (de Broglie’s equation). A geometric wave
propagation approximation holds for X-rays, and we can model it as a vector field
I = I(r) for r ∈ Rd with d = 2, 3. The quantity ‖I(r)‖ indicates the intensity of the
flux at location r, and similarly, I(r)/‖I(r)‖ indicates the direction of flux. Let us
now describe the forward model, a description of the interaction between X-rays
and matter. First, we make the following assumptions:
• No diffraction nor refraction: The X-rays travel along straight lines that do

not bend when interacting with an object.
• Monochromatic rays: The X-rays all have the same frequency.
• Beer’s law: Each material has a characteristic linear attenuation coefficient µ

for rays emitted at a given frequency. That is,

dI

ds
= −µ

(
x(s)

)
I(s),

where s is the arc length along the trajectory described by the ray.
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Figure 2.2: Straight-ray tomography setup.

• Non-diverging source: The intensity of X-rays do not decay due to beam
spreading. Hence, the attenuation is explained solely by interaction with
matter.

Under these assumptions, we can write an expression for Beer’s law

Ir0(s) = Ir0(0) exp
(
−
∫ s

0

µ (r0 + τv) dτ
)
,

where we have parametrized a ray with a source at r0 as r(s, r0) = r0 + sv with
s > 0 and v (‖v‖ = 1) is the direction of propagation. By measuring the intensity at
two points rin = r0 + sinv and rout = r0 + soutv, we get

log

(
Ir0 (rout)

Ir0 (rin)

)
= −

∫ sout

sin

µ (r0 + τv) dτ.

The change in the energy along a ray encodes information about the coefficients of
the absorption of the object. We can rewrite the above expression as

log

(
Iout

I0

)
︸ ︷︷ ︸

y

= −
∫
L

µ(r) dS(r)︸ ︷︷ ︸
F(µ)

,

where L parametrizes the line. Next, we study the projection (i.e., the right-hand
side in the above equation) in the following subsection. Here, we restrict ourself to
2D (d = 2) for simplicity.



“Main-thesis” — 2019/11/19 — 10:29 — page 18 — #24

18 | Chapter 2 – Preliminaries

Radon transform

For a square intergrable function µ ∈ L2
(
R2
)
, its Radon transform (also known as

projection along a line) is

Rµ (t, θ) =

∫
Lt,θ

µ(r) dS(r) =

∫ ∫
µ(r)δ (〈r,nθ〉 − t) dr, (2.8)

where nθ = (cos θ, sin θ) is the unit vector with angle θ, and δ is a Dirac-delta
function. Rµ (t, θ) is the integral of µ along the line Lt,θ whose direction is
perpendicular to nθ, and whose distance from the origin is t:

Lt,θ = {r : 〈r,nθ〉 = t} .

Refer to Figure 2.2 for straight-ray tomography setup. We take θ ∈ [0, π) since the
integral in (2.8) gives Rµ (t, θ + kπ) = Rµ

(
(−1)kt, θ

)
. The Radon transform is

well-defined for smooth functions that decay rapidly at infinity (Hence, it works for
compactly supported µ). We discuss inverting the Radon transform in the next two
subsections.

Backprojection
The value µ(r) contributes to the projection Rµ (t, θ) for r ∈ Lt,θ. In absence of any
additional information, we will assume µ(r) contributes equally in all cases of t and
θ. Therefore, one way to estimate the value of µ(r) is by averaging the values of
Rµ (t, θ) along all lines that contain r. From the definition, r ∈ Lt,θ if and only if
t = 〈r,nθ〉, and hence, the lines containing r are parametrized by θ. We thus define
the backprojection of µ by

µ̃(r) =
1

π

∫ π

0

Rµ (〈r,nθ〉 , θ) dθ.

However, we should note that µ̃ is not equal to µ in general since it is not an inversion
formula.

Radon inversion formula
We use the connection of Radon transform to the Fourier transform to deduce its
inversion formula. The result is termed as the projection-slice theorem.
Theorem 2.1.1. For any θ ∈ [0, π), the Fourier transform of the projection Rµ(·, θ)
satisfies ∫

Rµ(t, θ)e−iωt dt = µ̂(ω cos θ, ω sin θ),

where µ̂ is a Fourier transform of function µ. That is, measuring the Radon transform
is equivalent to acquiring the Fourier transform of µ along radial lines.

Proof. From direction computations, we have∫
Rµ(t, θ)e−iωt dt =

∫ ∫ ∫
µ(r)δ (〈r,nθ〉 − t) e−iωt dr dt

=

∫ ∫
µ(r)e−iω〈r,nθ〉 dr

= µ̂(ωnθ)
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The above theorem says that we can recover µ from its radon transform with the
information of its Fourier transform µ̂ along radial lines. This observation leads to
an expression of filtered backprojection (or the Radon inversion formula) similar to
the backprojection formula.
Theorem 2.1.2. A filtered backprojection of a function µ is given by

µ(r) =
1

(2π)2

∫ π

0

(
Rµ(·, θ) ? h

)
(〈r,nθ〉) dθ,

where h is such that ĥ(ω) = |ω|, and ? denotes convolution.
The term “filtered" corresponds to the fact that the above inversion formula has

the same form as the backprojection formula, but instead of directly averaging the
contributions, we first filter the Radon transform along the radial direction with
convolution kernel h.

Proof. Using the inverse Fourier transform, we have

µ(r) =
1

(2π)2

∫ ∫
µ̂(ω)ei<ω,r> dω,

=
1

(2π)2

∫ 2π

0

∫ ∞
0

µ̂(ρnθ)e
iρ<nθ,r>ρ dρ dθ,

=
1

(2π)2

∫ π

0

∫ ∞
0

µ̂(ρnθ)e
iρ<nθ,r>ρdρdθ

+
1

(2π)2

∫ 2π

π

∫ ∞
0

µ̂(ρnθ)e
iρ<nθ,r>ρdρdθ,

where we have transformed to polar coordinates. The second integral can be
rewritten as∫ 2π

π

∫ ∞
0

µ̂ (ρnθ) e
iρ<nθ,r>ρdρdθ =

∫ 2π

π

∫ −∞
0

µ̂ (−ρnθ) e−iρ<nθ,r>(−ρ) dρdθ

=

∫ 2π

π

∫ 0

−∞
µ̂ (ρnθ−π) eiρ<nθ−π,r>(−ρ) dρdθ

=

∫ π

0

∫ 0

−∞
µ̂ (ρnθ) e

iρ<nθ,r>(−ρ) dρ dθ,

from which it follows that

µ(r) =
1

(2π)2

∫ π

0

∫ ∞
−∞

µ̂(ρnθ)e
iρ<nθ,r>|ρ|dρ dθ

=
1

(2π)2

∫ π

0

(
Rµ(·, θ) ? h

)
(〈r,nθ〉) dθ.

The last equality is obtained by the convolution theorem with ĥ(ρ) = |ρ|, applied
alongside the projection-slice theorem.
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Of course, in practice, it is not possible to acquire information arriving from rays in
all of the continuum directions, and hence, one needs to resort to discretize in both
t and θ. This means that we acquire only a fraction of the radial lines in the Fourier
domain (refer to projection-slice theorem). Therefore with this partial information
about the Fourier transform of µ, we approximate µ by summing the corresponding
filtered backprojections

µapprox(r) =
∑
k

(
Rµ(·, θk) ? h

)
(〈r,nθk〉).

2.2 Regularization theory

In this section, we describe three regularization techniques commonly encountered
in the variational formulation of inverse problems. These techniques are Tikhonov
regularization, `1 regularization, and total variation. These techniques are implicit
in the sense that they promote a particular structure of the solution without explicitly
defining it.

2.2.1 Tikhonov regularization
For Tikhonov regularization, one poses the optimization problem as

xtr , argmin
x

{
‖F(x)− y‖2 + α‖x‖2

}
, (2.9)

with α > 0. Here, xtr is the optimal solution to the problem. This regularization
addresses the ill-posedness and restores existence, uniqueness and stability. To see
this, let’s consider a linear forward operator, i .e.,F(x) = Ax, where A : Rn → Rm
is a matrix with rank k < min(m,n). This problem does not have a unique solution,
as the null-space of the matrix A is not empty. A particular unregularized solution is

x? =
(
ATA

)†
AT y = V Σ†UT y =

min(m,n)∑
i=1

1

σi

(
uTi y

)
vi,

where † denotes the pseudo-inverse, A = UΣV T is the singular value decomposition
of A with σi as singular values, and ui and vi denote the column vectors of the
matrix U and V respectively. For an unregularized problem, the stability of the
solution depends on the singular values of A. Since the matrix has rank k, that is,
the singular values σi = 0 for i = k + 1, . . . ,min(m,n), the unregularized solution
x? is unstable. Let us now look at the Tikhonov-regularized solution

xtr =
(
ATA+ αI

)−1
AT y = V

(
ΣTΣ + αI

)−1
ΣUT y =

min(m,n)∑
i=1

σi
σ2
i + α

(
uTi y

)
vi.

This solution is stable since the zero singular values are shifted by a constant α > 0.
A generalized Tikhonov regularization solves the problem

xgtr , argmin
x

{
‖F(x)− y‖2 + α‖Kx‖2

}
,
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where K is a linear operator. The idea here is that, instead of penalizing the image x
as in the standard Tikhonov regularization (K = I, where I is an identity operator),
the generalized variant penalizes the transformation of x represented by a linear
operator K. For example, if we penalize the image gradient (i.e., K = ∇), then
the solution will be smooth. If the forward operator is linear, we get an explicit
expression for the solution to generalized Tikhonov regularization:

xgtr =
(
ATA+ αKTK

)−1
AT y.

Tikhonov regularized least-squares problem can be solved by gradient-descent
methods. If the forward operator is linear, then Krylov-based methods like
conjugate-gradient (CG), generalized minimum residual (GMRES), are more
efficient.

2.2.2 `1 regularization
An `1-regularized least-squares problem finds a solution

x`1 , argmin
x

{
‖F(x)− y‖2 + α‖x‖1

}
, (2.10)

where ‖ · ‖1 represents the Manhattan norm, i.e., ‖x‖1 =
∑
i |xi|. The above

optimization problem is known as the Least Absolute Shrinkage and Selection
Operator (LASSO) when the forward operator is linear. The method was
introduced in 1992 [162] and started receiving attention in 1996 [190] due to its
ability to generate a sparse solution.

Let us consider a linear forward operator F(x) = Ax where A ∈ Rm×n is a full-
rank matrix (rank(A) = m) with m < n. For a given m-dimensional vector y, there
are multiple solutions that satisfy Ax = y due to the large null-space of A. We might
be interested in a solution with only a few active entries, i.e., in a sparse solution.
Sparsity can be measured using an `0 norm, which denotes the cardinality of the
vector (the number of non-zero entries). Since an `0-norm is not convex, we instead
use an `1-norm, the closest convex proxy to an `0-norm. It has been shown that the
`1 regularized problem indeed provides the solution with maximum sparsity (i.e.,
the solution with the minimum number of active entries) if matrix A satisfies the
restricted isometry property (RIP) [43]. The RIP states that if there exists a constant
δs ∈ (0, 1) such that for every m× s submatrix As of A and for every s-dimensional
vector x,

(1− δs)‖x‖2 ≤ ‖Asx‖2 ≤ (1 + δs)‖x‖2

then the matrix A is said to satisfy the s-RIP with restricted isometry constant δs.
In many scenarios, an image itself may not be sparse. Instead, it is composed of a

linear combination of only a few active orthonormal vectors (that are unknown,
but the complete orthonormal basis is known). This means, if K represents an
orthonormal basis (KTK = I), then an image has a sparse coefficient in basis K
(minimum ‖z‖1 such that z = Kβ). With such prior information, we get a
generalized version of the `1-regularized least-squares problem:

x`1 , argmin
x

{
‖F(x)− y‖2 + α‖KTx‖1

}
,
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This framework has found many applications due to the description of images using
Fourier, wavelet or similar basis [58, 181].
`1-regularized problems can be solved with proximal methods. However, if the

forward operator is linear, we can use a primal-dual method. ADMM can also be
used to solve these problems.

2.2.3 Total variation
For a function u : Ω→ R, the total variation (TV)

TV (u) = sup
‖p‖∞≤1

∫
Ω

u(x) div p(x) dx,

where div is the divergence operator. p, a continuous function, plays a central role
in variational formulation due to its numerous favorable properties: i) it preserves
discontinuities since a sharp transition from a to b has the same cost as a smooth
monotone transition, ii) it is convex and thus amenable to globally optimal
solutions, iii) efficient algorithms exist to solve the problem. This regularization
was introduced initially to denoise images [156]. It was observed that such
regularization gives a piecewise-constant approximation of the noisy image (later
proved rigorously in [193]). For C1-continuous functions, the TV has a following
more straightforward expression:

TV (u) =

∫
Ω

|∇u(x)|dx = ‖∇u‖1.

Hence, a TV-regularized least-squares problem finds a solution

xtv , argmin
x

{
‖F(x)− y‖2 + α‖∇x‖1

}
,

where α > 0 is a regularization parameter. In essence, this approach tries to
produce a piecewise constant image by penalizing the edges (captured by the
gradient). Here, the `1-norm promotes sparsity in the gradient and hence reduces
the blurry effects (the smooth transitions) in the image.

TV-regularized problems can be solved numerically using proximal methods. If the
forward operator is linear, then the resulting problem is solved using a primal-dual
method. ADMM is also useful in solving these problems.

2.3 Discrete prior - shape reconstruction

In this section, we consider a particular class of explicit regularization technique
that incorporates a discrete prior. A discrete image consists of a few homogeneous
regions (or domains). If the impedance (or grey level) of these regions is known, we
call this information a discrete prior. In many tomographic applications, we know
the impedance of the materials in the object: for example, in electron tomography,
the types of atoms present in the molecule under investigation is known. Hence, if a
discrete prior is available in tomographic reconstructions, we can cast the problem
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as finding the shape of these homogeneous regions. The procedure of finding the
optimal shape of a domain that minimizes or maximizes a given criterion (i.e., the
objective function) is known as shape optimization. Here, we briefly discuss the
level-set based approach for shape optimization. As such, shape optimization has a
long history. Therefore, there is a vast literature in this field, and we refer to the
articles [179, 4, 22, 119, 3, 178, 87, 198], and references therein.

A discrete image x consists of k distinct homogeneous regions, each of grey level
ui (i = 1, . . . , k),

x(r) =


u1 r ∈ Θ1

...
...

uk r ∈ Θk

, Θ = Θ1 ∪ · · · ∪Θk, Θi ∩Θj = ∅ ∀ i 6= j,

where Θ ∈ Rd is an entire region of the image. We restrict our discussion to a
binary image, that consists of only two grey levels, but it can be easily extended to
discrete images. A binary image x has two regions Θ0 and Θ1 of grey levels u0 and
u1 respectively. Generally, we regard the domain with grey-level u0 as background
and the area with grey-level u1 as inclusion. It is easy to observe that Θ0 = Θ \ Θ1.
Hence, to retrieve a binary image (with known region Θ, and grey levels u0 and
u1), it is sufficient to find the region Θ1. Therefore, a tomographic reconstruction
with the binary prior aims to retrieve the shape of the inclusion. Let us denote the
inclusion Θ1 by a characteristic function χΘ1

defined as

χΘ1
(r) =

{
1 r ∈ Θ1,

0 r /∈ Θ1.

The binary image of greylevels u0 and u1 is then mathematically represented as

x(r) = u0 (1− χΘ1
(r)) + u1χΘ1

(r) . (2.11)

Hence, finding a binary image amounts to finding a characteristic function χΘ1
. This

leads to an integer programming problem, an optimization problem over the domain
of integers (or discrete values). This problem is shown to be NP-complete [110],
meaning it cannot be guaranteed that an exact solution is found in polynomial time
with respect to the number of variables. Although the problem is NP-complete, we
can still find an approximate solution by various methods. We discuss one such
approach, called the level-set method, in the next subsection.

2.3.1 Level-set method

A binary image is implicitly related to the domain Θ1 (see equation (2.11)). Rather
than finding the domain Θ1 or its characteristic function χΘ1

, we need a more
explicit way to relate the domain to a binary image. Here is where the level-set
proves to be useful. Let us denote the boundary of the domain Θ1 by ∂Θ1, and
represent it as the zero level-set of a continuous function φ : Θ → R. The zero
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level-set relates the function φ to the domain Θ1 and its boundary ∂Θ1 as
φ(r) > 0 ∀ r ∈ Θ1

φ(r) = 0 ∀ r ∈ ∂Θ1

φ(r) < 0 ∀ r /∈ Θ1

.

We refer to the function φ as a level-set function for our convenience. With such
level-set function φ, we can represent a binary image as

x(r) = u0 (1− h (φ (r))) + u1h (φ (r)) ,

where h is the Heaviside function, i.e., h(x) = 0.5(1 + sign(x)). Hence, an inverse
problem regularized by a level-set takes the following constrained least-squares
form:

min
x,φ

‖F(x)− y‖2

subject to x = u0 (1− h (φ)) + u1h (φ) ,
(2.12)

Here, the constraint acts as a regularization on the image x. This binary constraint
restricts the values of x to u0 and u1, and hence, we call this regularization explicit.
There are multiple ways to solve the above problem in two variables. A standard
approach is to get rid of one of the variables and solve for the remaining. This
approach is called a reduced approach, and the corresponding problem as the
reduced problem. In the level-set case, we can get rid of x by substituting it, in
terms of φ, in the cost function. Note that the optimization problem becomes
unconstrained by getting rid of the constraints.

Two kinds of inter related methods are available to solve the reduced problem.
In the traditional approach, we evolve the level-set function in such a way that the
evolved form of the function minimizes the cost function. To take the concept of
evolution into account, we define an artificial time where a level-set function φ at
every time-frame t ≥ 0 is rewritten as φ(r, t). The zero level-set of φ(r, t) denotes
the boundary of domain Θ1 at time t, i.e., ∂Θ1. The Hamilton-Jacobi equation
represents this evolution process

∂φ

∂t
(r, t) + v(r, t) · ∇φ(r, t) = 0 =⇒ ∂φ

∂t
(r, t) + V (r, t)|∇φ(r, t)| = 0,

where v denotes the velocity of the evolution. The second equation indicates the
more straightforward form that assumes the movement of the interface in the
normal direction. Hence, the velocity v(r, t) = V (r, t)~n(r, t) with V being a scalar
speed function, and ~n = ∇φ/|∇φ| the unit outward vector on ∂Θ1. The obvious
choice for the speed function V is the gradient of the cost function with respect to
the characteristic function χ = h(φ) [63, 41]. Since the gradient is only valid on
the boundary of the domain, a velocity extension to the entire domain is required
to evolve the level-set function globally [141].

Another approach relies on the relaxation of the Heaviside function. If we
approximate the Heaviside function using a smooth function, we can obtain the
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gradient and the Hessian of the cost function with respect to the level-set function.
A first-order optimization scheme that solely relies on the gradient of the function,
is similar to the traditional approach that involves a Hamilton-Jacobi equation. The
iterates of the first-order scheme can be thought of as the time samples of the
level-set function evolved via a Hamilton-Jacobi equation with appropriate
step-size. The second-order scheme that uses the gradient and the Hessian
converges faster than the first order scheme by providing a better estimation of the
velocity (in the Hamilton-Jacobi equation).

2.4 Optimization

For simplicity, we express the optimization problem in (2.1) as follows:

min
x

C(x) = g (x) + h(Kx), (2.13)

where g(x) = ‖F(x)− y‖2, h(Kx) = αR(x),

and we introduce a linear operator K for generalization. For standard Tikhonov
and `1 regularization, K = I, an identity matrix, while for total variation, K = D,
a discrete operator that approximates the spatial derivatives. We first provide a
quick overview on the convex optimization theory [34]. We later discuss various
algorithms to solve problems of the form (2.13).

2.4.1 Convex set and functions
A set X is convex if the line segment between any two points in X lies in X, i.e., if
for any x1, x2 ∈ X and any θ with 0 ≤ θ ≤ 1, we have θx1 + (1− θ)x2 ∈ X.

A function f : Rn → R is convex if the domain of f , denoted by dom f , is a
convex set and if

f (θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y). ∀x, y ∈ dom f, 0 ≤ θ ≤ 1 (2.14)

Geometrically, it means that the line segment between (x, f(x)) and (y, f(y)) lies
above the graph of f . A strict inequality makes the function f strictly convex. We
say f is concave if −f is convex.

First-order condition

Suppose f is differentiable ( i.e., its gradient∇f exists at each point in dom f , which
is open). Then f is convex if and only if

f(y) ≥ f(x) +∇f(x)T (y − x)

holds for all x, y ∈ dom f . The above inequality states that for a convex function,
the first order Taylor approximation is in fact a global underestimator of the function.
It also shows that from local information about a convex function (i.e., its derivative
at a point) we can derive global information (i.e., a global underestimator of it).
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Second-order condition

We now assume that f is twice differentiable, i.e., its Hessian or second derivative
∇2f exists at each point in dom f , which is open. Then f is convex if and only if its
Hessian is positive semidefinite:

∇2f(x) � 0,

for all x ∈ dom f . If ∇2f(x) � 0 for all x ∈ dom f , then f is strictly convex.

The conjugate function

Given f : Rn → R, its conjugate function f? : Rn → R is defined as

f?(y) = sup
x∈dom f

{
yTx− f(x)

}
.

Since f? is the pointwise supremum of a family of convex functions of y, it is a
convex function. f? is convex even if f is not. From the above definition, we get the
Fenchel’s inequality which states that for all x, y,

f(x) + f?(y) ≥ xT y

holds. The conjugate of conjugate of convex function is the original function, i.e.,
f?? = f .

Subgradient of a function

g is a subgradient of f at x if

f(y) ≥ f(x) + gT (y − x) for all y,

If f is convex and differentiable, ∇f(x) is a subgradient of f at x. A set of all
subgradients of f at x is called the subdifferential of f at x, denoted ∂f(x):

∂f =
{
g : f(y) ≥ f(x) + gT (y − x) ∀ y

}
.

For any f , subdifferential ∂f(x) is a closed convex set. If f is a convex function, then
∂f(x) is non-empty, and furthermore, if f is differentiable, then ∂f(x) = {∇f(x)}.

2.4.2 Convex optimization
An optimization problem finds an x that minimizes the cost function C(x) among all
x :

x? = argmin
x
{C(x) = g (x) + h(Kx)} ,

where x ∈ Rn is the optimization variable and the function C : Rn → R is the total
objective function or the cost function. An optimization problem is called convex
optimization problem only when the cost function C is a convex function. x? is the
optimal solution for which the function C attains its minimum value.
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2.4.3 Proximal operators
A multivalued or set-valued operator H : Rn → Rn maps a point x ∈ Rn to sets
H(x) ∈ Rn. The operator is monotone if

(H(x)−H(x̂))
T

(x− x̂) ≥ 0 ∀ x, x̂.

A monotone operator H is considered maximal monotone if there is no other
monotone operator that properly contains it. The operator (I + γH)−1, with γ > 0
is called the resolvent of the operator H. I is an identity operator that maps a point
x ∈ Rn to itself. The resolvent (I + γH)−1(y) exists and is unique for all y ∈ Rn if
H is maximal monotone [35, Proposition 2.2]. We should note that the value
x = (I + γH)−1(y) of the resolvent is the unique solution of the monotone
inclusion

y ∈ x+ γH(x).

A resolvent of a monotone operator is a non-expansive operator. An operator H is
non-expansive if

‖H(x)−H(y)‖ ≤ ‖x− y‖, ∀ x, y.

A proximal operator (also known as prox-operator) of a closed convex function h
is the resolvent with H = ∂h, a sub-differential of a function h. The prox-operator
reads as

proxγh = (I + γ∂h)−1,

and it maps x ∈ Rn to the unique solution of the optimization problem

x? = argmin
x

{
h(x) +

1

2γ
‖y − x‖2

}
.

The prox-operator of a function and its conjugate are related by the Moreau identity,

proxγh?(x) + γ proxh/γ

(
x

γ

)
= x. (2.15)

This property is useful in terms of computing the prox-operator of a function from
the prox-operator of its conjugate, and the other way around.

2.4.4 Gradient-based methods
We discuss mainly two gradient-based schemes: Newton and the Quasi-Newton
method. For a twice-differentiable function C(x), the Taylor series around point x0

gives

C(x) = C(x0) +∇C(x0)T (x− x0) +
1

2
(x− x0)

T ∇2C(x0) (x− x0) +O
(
‖x− x0‖3

)
.

The Newton and the Quasi-Newton methods generate a sequence based on the
above quadratic approximation to the fuction C at every iterate of the sequence.
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The procedure is as follows:

s(k) = argmin
s

{
sT∇C

(
x(k)

)
+

1

2
sTHks

}
,

αk = argmin
α

{
C
(
x(k) + αs(k)

)}
,

x(k+1) = x(k) + αks
(k).

(2.16)

Here, Hk = ∇2C(xk) is the Hessian for the Newton method, while we approximate
the Hessian for the Quasi-Newton method. The standard algorithm for an
approximation, a BFGS scheme [73], updates Hk+1 as follows:

Hk+1 = Hk −
Hkpkp

T
kHk

pTkHkpk
+
yky

T
k

yTk pk
,

where pk = x(k) − x(k−1) and yk = ∇C(x(k))−∇C(x(k−1)). It is easy to observe that
these updates are rank-one. The BFGS Hessian can also be represented as

Hk+1 = H0 −QRQT (2.17)

where

Q = [H0Pk Yk] , R =

[
PTk H0Pk Lk
LTk −Dk

]−1

, Dk =

pT0 y0

. . .
pTk yk

 ,
Pk = [p0 p1 . . . pk] , Yk = [y0 y1 . . . yk] ,

and the matrix L is a lower triangular matrix with elements

lij =

{
pTi−1yj−1 if i > j,

0 otherwise.

The initial approximation to the Hessian is set to a constant diagonal matrix, i.e.,
H0 = βI, where β = yT0 p0/p

T
0 p0. As is evident from (2.17), the matrix Hk becomes

denser as k → ∞, and computationally expensive. To reduce the computations, we
use limited-memory BFGS. Rather than working with all the gradients, it relies on
the information from the m most recent gradients. The sizes of matrix Q and R are
reduced to n× 2m and 2m× 2m respectively.

Here, the linesearch refers to the strategy to compute αk. There are various ways
to perform linesearch, the prominent one being backtracking. This linesearch
procedure is based on finding a value β ∈ (0, 1] such that the Armijo rule is
satisfied, i.e.,

C
(
x(k) + βs(k)

)
≤ C

(
x(k)

)
+ βσ∇C

(
x(k)

)
for a σ ∈ (0, 0.5). If C is a convex function, then the Newton and Quasi-Newton
method converge to a global minimum. If C is non-convex, these methods can only
guarantee the convergence to a local optimum. Algorithm 1 describes the Newton
and/or Quasi-Newton method.
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Algorithm 1 Newton/Quasi-Newton Method

1: for k = 0 to kmax do
2: compute the gradient ∇C(x(k))
3: compute the (exact/approximate) Hessian Hk

4: s(k) = H−1
k ∇C(x(k))

5: αk = linesearchαC
(
x(k) + αks

(k)
)

6: x(k+1) = x(k) + αks
(k)

7: check optimality conditions
8: end for

2.4.5 Proximal methods
In this section, we discuss the proximal version of gradient-based methods. When
the cost function C(x) is non-differentiable (because of the non-differentiability of
the function h), we can no longer compute the gradient of the cost function. With
the Taylor series expansion of g around x0, we can express the cost function as

C(x) = g(x0) +∇g(x0)T (x− x0) + (x− x0)
T ∇2g(x0) (x− x0)

+ h (Kx) +O(‖x− x0‖2).

The proximal method generates a sequence of iterates based on the above quadratic
approximation of the cost function at the current iterate.

s(k) = argmin
s

{
sT∇g

(
x(k)

)
+

1

2
sTHks+ h

(
K
(
x(k) + s

))}
,

αk = argmin
α

{
C
(
x(k) + αs(k)

)}
,

x(k+1) = x(k) + αks
(k).

(2.18)

The steps in (2.18) can be summarized as follows: Step (a) finds a search direction
sk. It involves the minimization of quadratic approximation of f at x(k), ensuring
that it satisfies the constraints. In step (b), we define a function x̂ : R→ R which is
a proximal of the iterate xk+αs(k) with respect to g. The function x̂ ensures that the
step length, α, must satisfy the constraints. Step (c) does a line-search with respect
to the feasible α. Once we obtain the correct α, we update our variable of interest x
in step (d).

The minimization problem in step (a) of (2.18) is a convex minimization problem.
The cost function is the sum of two convex functions. To solve this minimization
problem, we use the first-order primal-dual method described in the next subsection.
Please refer to [120] for detailed discussions.

2.4.6 Primal-dual method
This method assumes that the function g is a differentiable closed convex function
and h is a closed non-differentiable convex function. It is based on a fixed-point
method. A fixed point of an operator T : Rn → Rn is defined as the set of points
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Algorithm 2 Proximal Newton/Quasi-Newton Method

1: for k = 0 to kmax do
2: compute the gradient ∇g(x(k))
3: compute the (exact/approximate) Hessian Hk

4: compute step size by solving step (1) of (2.18)
5: αk = linesearchα C

(
x(k) + αks

(k)
)

6: x(k+1) = x(k) + αks
(k)

7: check optimality conditions
8: end for

z ∈ Rn such that T (z) = z. A fixed point method finds one such point by generating
a sequence of iterates z(k) with k = 1, . . . , n of form

z(k+1) = T
(
z(k)

)
,

given an initial point z(0). The iterates converge to one of the fixed points if T is
a non-expansive operator. Now recall that the resolvent of a monotone operator is
a non-expansive operator. Also, it can be easily seen that the zeros of the maximal
monotone operator are the fixed points of its resolvent. Hence, the fixed point
iterations take the following form to find the zeros of a monotone operator H:

z(k+1) = (I + αH)
−1
z(k).

A more efficient scheme to find the zero ofH is a preconditioned fixed-point method.
This iteration scheme generates a sequence

z(k+1) =
(
I + P−1H

)−1
z(k),

with P being a symmetric positive-definite linear operator.
The optimality conditions for (2.13) states that a zero-vector must be in the

subdifferential of the cost function, i.e.,

0 ∈ ∇g(x) +KT∂h(Kx), (2.19)

where ∂h : Rm → Rm is the subdifferential of function h. Let’s consider variable
u ∈ Rm in the subdifferential of h i.e.,

u ∈ ∂h(Kx), =⇒ 0 ∈ ∂h?(u)−Kx, (2.20)

where h? is the convex conjugate of the function h. From equations (2.19) and
(2.20), we can write the optimality conditions in the form of a following system[

0
0

]
∈
[
∇g KT

−K ∂h?

]
︸ ︷︷ ︸

H

[
x
u

]
︸︷︷︸

z

. (2.21)
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It is easy to show that the operator H is a monotone operator. Considering a
preconditioner operator

P =

[ 1
γI −KT

−K 1
γI

]
,

with γ > 0, the fixed point iteration scheme results in the following system:[ 1
γI +∇g 0

−2K 1
γI + ∂h?

] [
x(t+1)

u(t+1)

]
=

[ 1
γI −KT

−K 1
γI

] [
x(t)

u(t)

]
.

Now each row can be expressed in terms of the resolvent and can be computed
explicitly. Hence, we obtain the following primal-dual algorithm

x(t+1) = (I + γ∇g)
−1
(
x(t) − γKTu(t)

)
u(t+1) = (I + γ∂h?)

−1
(
u(t) − γK

(
x(t) − 2x(t+1)

)) (2.22)

If the proximal operators of functions g and h are simple, then each iteration can
be computed efficiently. For the proximal operator of the conjugate h?, we use the
Moreau identity (2.15).

The convergence of primal-dual algorithm depends on the single parameter γ.
This parameter must be chosen such that the preconditioner operator is positive
semi-definite, i.e., P � 0. The positive definiteness of the operator is related to its
Schur complement: ’If operator M is positive definite then so is its Schur
complement. For a block operator M =

[
A B ; C D

]
with appropriate sizes of

operators A,B,C, and D, the schur complement of block D of the matrix M is
M/D = A − BD−1C . Hence, for a preconditioner operator P with D = I/γ, we
get a schur complement P/D = 1

γI − γKTK. Hence, the condition on γ is

0 < γ ≤ 1/
√
ρ (KTK), where ρ denotes the spectral radius. Algorithm 3 describes

the primal-dual method. Please refer to [157] for detailed discussion regarding this
method.

Algorithm 3 Primal-Dual Method

1: for k = 0 to kmax do
2: x(k+1) = proxγg

(
x(k) − γKTu(k)

)
3: u(k+1) = proxγh?

(
u(k) − γK

(
x(k) − 2x(k+1)

))
4: check optimality conditions
5: end for

2.4.7 Alternating direction method of multipliers
We can rewrite the minimization problem in (2.13) as

min
x,z

g(x) + h(z),

subject to z = Kx,
(2.23)
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by introducing the variable z ∈ Rm. An augmented Lagrangian for this problem
reads

Lρ(x, z, u) = g(x) + h(z) + uT (z −Kx) +
ρ

2
‖z −Kx‖2

with ρ > 0 a penalty parameter and u ∈ Rm a Lagrange multiplier corresponding
to the equality constraint z = Kx. The saddle point of this augmented Lagrangian
corresponds to the optimal solution of (2.23). Hence, to find a saddle point of the
augmented Lagrangian

(x?, z?, u?) = max
u

(
min
x,z
Lρ(x, z, u)

)
,

the alternating direction method of multipliers (ADMM) suggests a scheme to
generate a sequence of iterates that optimizes the augmented Lagrangian with
respect to each variable. The scheme leads to the following:

for k = 0, . . . , kmax

x(k+1) = argmin
x

{
g(x) +

(
u(k)

)T (
z(k) −Kx

)
+
ρ

2
‖z(k) −Kx‖2

}
,

z(k+1) = argmin
z

{
h(z) +

(
u(k)

)T (
z −Kx(k+1)

)
+
ρ

2
‖z −Kx(k+1)‖2

}
,

u(k+1) = u(k) + ρ
(
z(k+1) −Kx(k+1)

)
.

In the description of Algorithm 4, we have replaced the update in z by the proximal
operation. Please refer to [33] for more information about this method.

Algorithm 4 ADMM

1: for k = 0 to kmax do
2: x(k+1) = argminx

{
g(x) + ρ/2‖Kx− z(k) + u(k)/ρ‖2

}
3: z(k+1) = proxρh

(
Kx(k+1) + u(k)/ρ

)
4: u(k+1) = u(k) + ρ

(
z(k+1) −Kx(k+1)

)
5: check optimality conditions
6: end for
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CHAPTER 3

Binary tomography

Abstract - Binary tomography is concerned with the recovery of binary images from
a few of their projections (i.e., sums of the pixel values along various directions). To
reconstruct an image from noisy projection data, one can pose it as a constrained
least-squares problem. As the constraints are non-convex, many approaches for
solving it rely on either relaxing the constraints or heuristics. We propose a novel
convex formulation, based on the Lagrange dual of the constrained least-squares
problem. The resulting problem is a generalized LASSO problem which can be solved
efficiently. It is a relaxation in the sense that it can only be guaranteed to give a
feasible solution; not necessarily the optimal one. In exhaustive experiments on
small images (2 × 2, 3 × 3, 4 × 4) we find, however, that if the problem has a
unique solution, our dual approach finds it. In the case of multiple solutions, our
approach finds the commonalities between the solutions. Further experiments on
realistic numerical phantoms and an experiment on an X-ray dataset show that our
method compares favorably to Total Variation and DART.

This chapter is based on the following publications:

A Kadu and T van Leeuwen. A convex formulation for binary tomography. IEEE Transactions
on Computational Imaging, pages 1–1, 2019.
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“ Truth is ever to be found in simplicity, and not in the
multiplicity and confusion of things.”

- Isaac Newton

3.1 Introduction

Discrete tomography is concerned with the recovery of discrete images (i.e., images
whose pixels take on a small number of prescribed grey values) from a few of their
projections (i.e., sums of the pixel values along various directions). Early work on
the subject mostly deals with the mathematical analysis, combinatorics, and
geometry. Since the 1970s, the development of algorithms for discrete tomography
has become an active area of research as well [90]. It has found applications in
image processing and computer vision [163, 171], atomic-resolution electron
microscopy [159, 45], medicine imaging [170, 47] and material sciences
[130, 10, 196, 17].

3.1.1 Mathematical formulation
The discrete tomography problem may be mathematically formulated as follows.
We represent an image by a grid of N = n × n pixels taking values xj ∈ U =
{u0, u1, . . . , uK}. The projections are linear combinations of the pixels along m
different (lattice) directions. We denote the linear transformation from image to
projection data by

y = Ax,

where xj denotes the value of the image in the jth cell, yi is the (weighted) sum of
the image along the ith ray, and aij is proportional to the length of the ith ray in the
jth cell1.

The goal is to find a solution to this system of equations with the constraint that
xj ∈ U , i.e.,

find x ∈ UN such that Ax = y.

When the system of equations does not have a unique solution, finding one that
only takes values in UN has been shown to be an NP-hard problem for more than 3
directions, i.e., m ≥ 3 [76].

Due to the presence of noise, the system of equations may not have a solution,
and the problem is sometimes formulated as a constrained least-squares problem

min
x∈UN

1
2‖Ax− y‖2. (3.1)

Obviously, the constraints are non-convex and solving (3.1) exactly is not trivial.
Next, we briefly discuss some existing approaches for solving it.

3.1.2 Literature review
Methods for solving (3.1) can be roughly divided into four classes: algebraic
methods, stochastic sampling methods, (convex) relaxation and (heuristic/greedy)
combinatorial approaches.

1We note that other projection models exist and can be similarly represented by aij .



“Main-thesis” — 2019/11/19 — 10:29 — page 35 — #41

Section 3.1 – Introduction | 35

The algebraic methods exploit the algebraic structure of the problem and may
give some insight into the (non-) uniqueness and the required number of
projections [211, 86]. While theoretically very elegant, these methods are not
readily generalized to realistic projection models and noisy data.

The stochastic sampling methods typically construct a probability density function
on the space of discrete images, allowing one to sample images and use Markov
Chain Monte Carlo type methods to find a solution [127, 50, 74]. These methods
are very flexible but may require a prohibitive number of samples when applied to
large-scale datasets.

Relaxation methods are based on some form of convex or non-convex relaxation
of the constraint. This allows for a natural extension of existing variational
formulations and iterative algorithms [48, 202, 44, 169, 192]. While these
approaches can often be implemented efficiently and apply to large-scale problems,
getting them to converge to the correct discrete solution can be challenging.
Another variant of convex relaxation includes the linear-programming based
method [114]. This method works well on small-scale images and noise-free data.

The heuristic algorithms, finally, combine ideas from combinatorial optimization
and iterative methods. Such methods are often efficient and known to perform well
in practice [13, 18].

A more extensive overview of various methods for binary tomography and variants
thereof (e.g., with more than two grey levels) are discussed in [89].

3.1.3 Contributions and outline
We propose a novel, convex, reformulation for discrete tomography with two grey
values {u0, u1} (often referred to as binary tomography). Starting from the
constrained least-squares problem (3.1) we derive a corresponding Lagrange dual
problem, which is convex by construction. Solving this problem yields an image
with pixel values in {u0, 0, u1}. Setting the remaining zero-valued pixels to u0 or u1

generates a feasible solution of (3.1) but not necessarily an optimal one. In this
sense, our approach is a relaxation. Exhaustive enumeration of small-scale
(n = 2, 3, 4) images with few directions (m = 2, 3) show that if the problem has a
unique solution, then solving the dual problem yields the correct solution. When
there are multiple solutions, the dual approach finds the common elements of the
solutions, leaving the remaining pixels undefined (zero-valued). We conjecture that
this holds for larger n and m as well. This implies that we can only expect to
usefully solve problem instances that allow a unique solution and characterize the
non-uniqueness when there are a few solutions.

For practical applications, the most relevant setting is where the equations alone
do not permit a unique solution, but the constrained problem does. Otherwise,
more measurements or prior information about the object would be needed in order
to usefully image it. With well-chosen numerical experiments on synthetic and real
data, we show that our new approach is competitive for practical applications in
X-ray tomography as well.

The outline of the chapter is as follows. We first give an intuitive derivation of
the dual problem for invertible ATA before presenting the main results for general
A. We then discuss two methods for solving the resulting convex problem. Then,
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we offer the numerical results on small-scale binary problems in Section 3.3 to
support our conjecture. Numerical results on numerical phantoms and real data are
presented in Section 3.4. Finally, we conclude the chapter in Section 3.5.

3.2 Dual problem

For the purpose of the derivation, we assume that the problem has pixel values ±1.
The least-squares binary tomography problem can then be formulated as:

x? , argmin
x

(
inf
φ

1
2‖Ax− y‖2

)
, subject to x = sign(φ), (3.2)

where φ ∈ RN is an auxiliary variable, and sign(·) denotes the elementwise signum
function. In our analysis, we consider the signum function such that sign(0) = 0.
The Lagrangian for this problem is defined as

L(x,φ,ν) , 1
2‖Ax− y‖2 + νT (x− sign(φ)) . (3.3)

The variable ν ∈ RN is the Lagrange multiplier associated with the equality
constraint x = sign(φ). We refer to this variable as the dual variable in the
remainder of the chapter. We define the dual function g(ν) corresponding to the
Lagrangian (3.3) as

g(ν) , inf
x,φ
L(x,φ,ν)

The primal problem (3.2) has a dual optimization problem expressed as

ν? , argmax
ν

g(ν).

As the dual function is always concave [152], this provides a way to define a convex
formulation for the original problem. We should note two important aspects of
duality theory here: i) we are not guaranteed in general that maximizing g(ν) yields
a solution to the primal problem; ii) the reformulation is only computationally useful
if we can efficiently evaluate g. The conditions under which the dual problem yields
a solution to the primal problem are known as Slater’s conditions [177] and are
difficult to check in general unless the primal problem is convex. We will later
show, by example, that the dual problem does not always solve the primal problem.
Classifying under which conditions we can solve the primary problem via its dual is
beyond the scope of this chapter.

It turns out we can obtain a closed-form expression for g. Before presenting the
general form of g, we first present a detailed derivation for invertible ATA to provide
some insight.
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3.2.1 Invertible ATA

The Lagrangian is separable in terms of x and φ. Hence, we can represent the dual
function as the sum of two functions, g1(ν) and g2(ν).

g(ν) = inf
x

{
1
2‖y −Ax‖2 + νTx

}
︸ ︷︷ ︸

g1(ν)

+ inf
φ

{
− νT sign(φ)

}
︸ ︷︷ ︸

g2(ν)

(3.4)

First, we consider g1(ν). Assuming ATA to be a non-singular matrix, we find the
unique minimizer by setting the gradient to zero:

x? =
(
ATA

)−1 (
ATy − ν

)
. (3.5)

Substituting x? back in the expression and re-arranging some terms we arrive at the
following expression for g1:

g1(ν) = − 1
2‖A

Ty − ν‖2
(ATA)−1 + 1

2yTy, (3.6)

where ‖z‖2W = zTWz is a weighted `2-norm.
Next, we consider g2(ν). Note that this function is separable in terms of νi

g2(ν) = inf
φ

{
−

N∑
i=1

(
νi sign(φi)

)}
.

The function −ν sign(φ) achieves its smallest value for φ = ν when ν 6= 0. This
solution is not unique of course, but that does not matter as we are only interested
in the sign of φ. When νi = 0 the function takes on value 0 regardless of the value
of φi. We thus find

g2(ν) = −‖ν‖1. (3.7)

Hence, the dual function for the Lagrangian in (3.3) takes the following explicit
form:

g(ν) = − 1
2‖A

Ty − ν‖2
(ATA)−1 − ‖ν‖1 + 1

2yTy (3.8)

The maximizer to dual function (3.8) is found by solving the following minimization
problem:

ν? = argmin
ν∈RN

1
2‖ν −ATy‖2

(ATA)−1 + ‖ν‖1. (3.9)

This optimization problem lies in the class of least absolute shrinkage and selection
operator (LASSO) [190]. The primal solution can be synthesized from the solution
of the dual problem via x? = sign(φ?) = sign(ν?).

It is important to note at this point that the solution of the dual problem only
determines those elements of the primal problem, xi, for which νi 6= 0. The
remaining degrees of freedom in x need to be determined by alternative means.
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The resulting solution is a feasible solution of the primal problem, but not
necessarily the optimal one.

To gain some insight into the behaviour of the dual objective, consider a one-
dimensional example with A = 1:

x? = argmin
x∈{−1,1}

1
2 (x− y)2. (3.10)

The solution to this problem is given by x? = sign(y). The corresponding dual
problem is

ν? = argmin
ν∈R

1
2 (ν − y)2 + |ν|, (3.11)

the solution of which is given by ν∗ = max(|y| − 1, 0) sign(y). Hence, for |y| > 1, the
solution of the dual problem yields the desired solution. For |y| ≤ 1, however, the
dual problem yields ν? = 0 in which case the primal solution x∗ = 0. We will see in
Section 3.2.3 that when using certain iterative methods to solve the dual problem,
the iterations will naturally approach the solution ν? = 0 from the correct side, so
that the sign of the approximate solution may still be useful.

3.2.2 Main results
We state the main results below. The proofs for these statements are provided in
Section 3.6.
Proposition 3.2.1. The dual objective of (3.2) for general A ∈ Rm×N is given by

g(ν) =

{
− 1

2‖ν −ATy‖2
(ATA)†

− ‖ν‖1 + 1
2yTy ν ∈ RAT ,

−∞ otherwise

where † denotes the pseudo-inverse and RAT is the range of AT . This leads to the
following optimization problem

ν? = argmin
ν∈RAT

1
2‖ν −ATy‖2

(ATA)†
+ ‖ν‖1. (3.12)

Remark. In case m ≥ N and A has full rank (i.e., RAT = Rn), ATA is invertible
and the general form (3.12) simplifies to (3.9).
Corollary. The minimization problem (3.12) can be restated as

µ? = argmin
µ∈Rm

1
2‖AA† (µ− y) ‖2 + ‖ATµ‖1, (3.13)

and the primal solution is recovered through x? = sign(ATµ?).
Remark. For m ≤ N and A full row rank, we have AA† = I and the formulation
(3.13) simplifies to

µ? = argmin
µ∈Rm

1
2‖µ− y‖2 + ‖ATµ‖1. (3.14)

This form implicitly handles the constraints on the search space of µ in
Proposition 3.2.1. It allows us to use the functional form for matrix A thereby
reducing the storage and increasing the computational speed to find an optimal
dual variable µ?.
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Proposition 3.2.2. The dual problem for a binary tomography problem with grey
levels u0 < u1 is given by:

ν? = argmin
ν∈RAT

1
2‖ν −ATy‖2

(ATA)†
+ p(ν), (3.15)

where p(ν) =
∑
i |u0|max(−νi, 0) + |u1|max(νi, 0) is an asymmetric one-norm. The

primal solution is obtained using

x? = u01 + (u1 − u0)H(ν?),

where H(·) denotes the Heaviside function.
We summarize the procedure in algorithm 5 for finding the optimal solution via

solving the dual problem. In practical applications, the formulation in step 8 is
very useful since the projection matrix A generally has a low rank, i.e., rank(A) <
min(m,N).

Algorithm 5 Dual problem for various cases

Input: A ∈ Rm×N , y ∈ Rm
Output: x? ∈ {−1, 0, 1}N

1: if rank(A) = min(m,N) then
2: if m > N then
3: ν? , argminν

1
2‖ν −ATy‖2

(ATA)−1 + ‖ν‖1 return x? = sign (ν?)

4: else
5: ν? , argminν

1
2‖ν − y‖2 + ‖ATν‖1 return x? = sign

(
ATν?

)
6: end if
7: else
8: ν? , argminν

1
2‖AA† (ν − y) ‖2 + ‖ATν‖1 return x? = sign

(
ATν?

)
9: end if

Remark. The realistic tomographic data contains Poisson noise. In such a case, the
binary tomography problem takes the constrained weighted least-squares form [72,
164]:

x? = argmin
x

(
inf
φ

1
2‖y −Ax‖2Λ

)
, subject to x = sign(φ), (3.16)

where Λ ∈ Rm×m is a diagonal matrix with elements Λi > 0 representing the least-
squares weight per projection. The dual objective of (3.16) is given by

g(ν) =

{
− 1

2‖ν −ATΛy‖2B − ‖ν‖1 + 1
2yTy ν ∈ RAT ,

−∞ otherwise,

where B ,
(
ATΛA

)†
. This leads to optimization problem

ν? = argmin
ν∈RAT

1
2‖ν −ATΛy‖2

(ATΛA)†
+ ‖ν‖1. (3.17)
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If rank(A) = m with m ≤ N , the problem (3.17) reduces to

µ? = argmin
µ∈Rm

1
2‖µ−Λ1/2y‖2 + ‖ATΛ1/2µ‖1, (3.18)

and the primal solution is recovered from x? = sign(ATΛ1/2µ?).

3.2.3 Solving the dual problem

When ATA is invertible, the dual formulation (3.12) can be, in principle, solved2

using a proximal gradient algorithm ([59, 21]):

νk+1 , SL−1

(
νk − L−1

(
ATA

)−1 (
ATy − νk

))
, (3.19)

where L = ‖
(
ATA

)−1 ‖ and the soft thresholding operator Sτ (·) = max(| · | −
τ, 0) sign(·) is applied component-wise to its input. We can interpret this algorithm as
minimizing subsequent approximations of the problem, as illustrated in Figure 3.1.

−2 −1 1 2

1

1.5

2

2.5

ν

−g(ν)

−2 −1 1 2

0.5

1

1.5

2

ν

−g(ν)

Figure 3.1: Plot of the dual function g (gray line) corresponding the the primal objective
(x− y)2 for y = 1.5 (left) and y = 0.5 (right) and its approximations (red line) at x = 1.

An interesting note is that, when starting from ν0 = 0, the first iteration yields a
thresholded version of A†y. As such, the proposed formulation is a natural extension
of a naive segmentation approach and allows for segmentation in a data-consistent
manner.

If AAT is invertible we have AA† = I and it seems more natural to solve (3.14)
instead. Due to the appearance of AT in the one-norm, it is no longer
straightforward to apply a proximal gradient method. A possible strategy is to
replace the one-norm with a smooth approximation of it, such as | · | =

√
(·)2 + ε.

As illustrated in Figure 3.2, this will slightly shift the minimum of the problem.
Since we are ultimately only using the sign of the solution, this may not be a
problem. The resulting objective is smooth and can be solved using any
gradient-descent algorithm.

We also note that splitting methods can be used to solve (3.14). For example, the
alternating direction method of multipliers (ADMM) [33] and/or split-Bregman
method [79]. Another class of method that can solve (3.14) are the primal-dual
methods (e.g., Arrow-Hurwicz primal-dual algorithm [8], Chambolle-Pock

2In practice, computing the inverse of ATA for large-scale problems is difficult.
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algorithm [49]). These methods rely on the proximal operators of functions and
iterate towards finding the saddle point of the problem. If the proximal operators
are simple, these are computationally faster than the splitting methods. Recently,
proximal gradient methods have been developed to solve problems of the form
(3.14) [82].

The dual problem (3.15) for binary tomography problem with grey levels u0 < u1

is also solved using proximal gradient method. We provide the proximal operator
for an asymmetric one-norm in the following proposition.
Proposition 3.2.3. The proximal operator for an asymmetric one-norm function

p(x) =

N∑
i=1

|u0|max (−xi, 0) + |u1|max (xi, 0)

with u0 < u1, is given by

Pp,λ(z) , argmin
x

{
1
2‖x− z‖2 + λp(x)

}
= Sλu0<λu1

(z),

where λ > 0, and Sa<b(·) is an asymmetric soft-thresholding function

Sa<b(t) =


t− |b| t ≥ |b|
0 −|a| < t < |b|
t+ |a| t ≤ −|a|

.
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Figure 3.2: Plot of the dual function g (gray line) corresponding the the primal objective
(x− y)2 for y = 1.5 (left) and y = 0.5 (right) and its smooth approximation (red line) using
| · | ≈

√
(·)2 + ε with ε = 0.1.

3.3 Numerical experiments - binary tomography

To illustrate the behavior of the dual approach, we consider the simple setting of
reconstructing an n × n image from its sums along m lattice directions (here
restricted to the horizontal, vertical and two diagonal directions, so m ∈ [2, 4]). For
m,n > 2 the problem is known to be NP-hard. For small n we can simply
enumerate all possible images, find all solutions in each case by a brute-force
search and compare these to the solution obtained by the dual approach. To this



“Main-thesis” — 2019/11/19 — 10:29 — page 42 — #48

42 | Chapter 3 – Binary tomography

end, we solved the resulting dual problem (3.13) using the CVX package in Matlab
[81]. This yields an approximate solution, and we set elements in the numerically
computed dual solution smaller than 10−9 to zero. We then compare the obtained
primal solution, which has values −1, 0, 1 to the solution(s) of the binary
tomography problem. From performing these computations for n = 2, 3, 4 and
m = 2, 3, 4 we conclude the following:
• If the problem has a unique solution, then the dual approach retrieves it.
• If the problem has multiple solutions, then the dual approach retrieves the

intersection of all solutions. The remaining pixels in the dual solution are
undetermined (have value zero).

An example is shown in Figure 3.3.

Table 3.1: Summary of complete enumeration experiments.

n total unique multiple

m
=

2 2 16 14/14 2/2
3 512 230/230 282/282
4 65536 6902/6902 58541/58634∗

m
=

3 2 16 16/16 0/0
3 512 496/496 16/16
4 65536 54272/54272 10813/11264∗

m
=

4 2 16 16/16 0/0
3 512 512/512 0/0
4 65536 65024/65024 512/512

A summary of these results is presented in Table 3.1. The table shows the
number of cases with a unique solution where the dual approach gave the correct
solution and, in case of multiple solutions, the number of cases where the dual
approach correctly determined the intersection of all solutions). In a few instances
with multiple solutions, CVX failed to provide an accurate solution (denoted with ∗

in the table).

Figure 3.3: Example for n = 4 and m = 3 (using directons (0, 1), (1, 0) and (1, 1)). Two
images with the same projections are shown in the top row while the intersection and the
results obtained by the pseudo-inverse and the dual problem are shown in the bottom row.
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Figure 3.4: Example of a 4× 4 binary image that is not h,v,d-convex but does permit a unique
solution.

Based on these experiments, we conjecture that there is a subclass of the described
binary tomography problem that is not NP-hard. We should note that, as n grows
the number of cases that have a unique solution grows smaller unless m grows
accordingly. It has been established that binary images that are h,v,d-convex3 can be
reconstructed from their horizontal, vertical and diagonal projections in polynomial
time [14, 13]. However, we can construct images that are not h,v,d-convex but still
permit a unique solution, see Figure 3.4. Such images are also retrieved using our
dual approach.

3.4 Numerical experiments - X-ray tomography

In this section, we present numerical results for limited-angle X-ray tomography on
a few numerical phantoms and an experimental X-ray dataset. First, we describe
the phantoms and the performance measures used to compare our proposed dual
approach (abbreviated as DP) to several state-of-the-art iterative reconstruction
techniques. We conclude this section with results on an experimental dataset. All
experiments are performed using Matlab in conjunction with the ASTRA toolbox
[195].

3.4.1 Phantoms
For the synthetic tests, we consider four phantoms shown in Figure 3.5. All the
phantoms are binary images of size 128 × 128 pixels. The grey levels are u0 = 0
and u1 = 1. The detector has 128 pixels, and the distance between the adjacent
detectors is the same as the pixel size of the phantoms. We consider a parallel
beam geometry for the acquisition of the tomographic data in all the simulation
experiments.

3.4.2 Tests
We perform three different tests to check the robustness of the proposed method.
First, we consider the problem of sparse projection data. For all the phantoms, we

3For h,v,d-convexity one uses the usual definition of convexity of a set but considers only line segments
in the horizontal, vertical and diagonal directions.
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(a) (b) (c) (d)

Figure 3.5: Phantom images used in the simulation experiments. (a) Phantom 1, (b) Phantom
2, (c) Phantom 3, (d) Phantom 4.

first start with 45 projections at angles ranging from 0 to π and subsequently reduce
the number of projections. This setup is also known as sparse sampling, where the
aim is to reduce the scan time by decreasing the number of angles.

Next, we consider a limited angle scenario. Such a situation usually arises in
practice due to the limitations of the setup. For the test, we acquire projections in
the range [0, θmax] for θmax ∈ {5π/6, 2π/3, 7π/12, π/2}. Reconstruction of limited
angle data is known to lead to so-called streak artifacts in the reconstructed image.
Strategies to mitigate these streak artifacts include the use of regularization methods
with some prior information. We will experiment how the discrete tomography can
lead to the removal of these artifacts.

Finally, we test the performance of the proposed method in the presence of noise.
We consider an additive Gaussian noise in these experiments. We measure the
performance of our approach for tomographic data with a signal-to-noise ratio
(SNR) of {10, 20, 30, 50} dB.

To avoid inverse crime [107] in all the test scenarios, we generate data using strip
kernel and use Joseph kernel for modeling.

3.4.3 Comparison with other reconstruction methods
There exist a vast amount of reconstruction methods for tomography. Here, consider
the following three:
LSQR : Least squares QR method described in [144]. We perform a total of 1000

iterations with a tolerance of 10−6. We segment the resulting reconstruction
using Otsu’s thresholding algorithm [143].

TV : The total-variation method leads to an optimization problem described below:

min
x∈RN

‖Ax− y‖2 + λ‖Dx‖1,

where λ is a corresponding regularization parameter, and matrix D captures
the discrete gradient in both directions. We use the Chambolle-Pock method
[49] to solve the above optimization problem with non-negativity constraints
on the pixel values. For each case, we perform iterations till the relative duality
gap reaches a tolerance value of 10−4. To avoid slow convergence, we scale the
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matrices A and D to have unit matrix norm. The regularization parameter λ
is selected using Morozov’s discrepancy principle using the noise level defined
as ‖y−Axtrue‖ 4. Finally, we segment the TV-reconstructed image using Otsu’s
thresholding algorithm.

DART : We use the method described in [18] for DART on the above binary images.
The gray values are taken to be the same as true grayvalues. We perform 20
Algebraic Reconstruction Method (ARM) iterations initially before performing
40 DART iterations. In each DART iteration, we do 3 algebraic reconstruction
iterations. We use the segmented image as a result of the DART iterations to
perform the further analysis of the method.

DP : We solve the dual formulation (3.14) with a smooth approximation of the
`1-norm (as discussed in Section 3.2) using the L-BFGS method [123] with a
maximum of 500 iterations.

3.4.4 Performance measures
In order to evaluate the performance of reconstruction methods, we use the
following two criteria.
RMS The root-mean-square (RMS) error

RMS , ‖Ax? − y‖,

measures how well the forward-projected reconstructed image matches the
projection data. This measure is useful in practice, as it does not require
knowledge of the ground truth. An RMS value close to the noise level of the
data is considered as a good reconstruction.

JI The Jaccard index JI , 1−
∑N
i=1(αi+βi)/N measures the similarity between the

reconstructed image (x?) and the ground truth (xtrue) in a discrete sense. The
parameters α and β represent missing and over-estimated pixels respectively
and are given by

αi , (x?i = u0)×
(
xtrue
i = u1

)
,

βi , (x?i = u1)×
(
xtrue
i = u0

)
.

The blue and red dots denote the missing and the overestimated pixels in
Figure 3.7, 3.8, 3.9, 3.10, 3.11. If JI has high value (close to 1), the
reconstruction is considered good. Although this measure is not readily
applicable to real datasets, it is a handy measure to compare the various
reconstruction methods on synthetic examples.

3.4.5 Experimental data setup
We use the experimental X-ray projection data of a carved cheese slice[37].
Figure 3.6 shows a high-resolution filtered back-projection reconstruction of the
data. The cheese contains the letters C and T and the object is (approximately)

4Since the data is generated from a different modeling kernel, we compute noise level from the
mismatch of the projection of true image with the data. The discrepancy principle then selects the
parameter which fits data close to such noise level.
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binary with two grey levels corresponding to calcium-containing organic
compounds of cheese and air. The dataset consists of projection data with three
different resolutions (128 × 128, 256 × 256, 512 × 512) and the corresponding
projection matrix modeling the linear operation of X-ray transform.

We perform two sets of experiments: (1) Sparse sampling with 15 angles ranging
from 0 to 2π and (2) limited-angle using 15 projections from 0 to π/2.

Figure 3.6: The high resolution (2000 × 2000 pixels) filtered back-projection reconstruction
of the carved cheese from 360 projections from 0 to 2π.

3.4.6 Sparse projections test

Figure 3.7 presents the reconstruction results from various methods for phantoms
1. The tomographic data are generated for ten equidistant projection angles from 0
to π/2. The reconstruction results show the difference between the reconstructed
image and the ground truth. It is evident that, compared to the other methods, the
proposed method (DP) reconstructions are very close to the ground truth. The
results from LSQR are the worst as it does not incorporate any prior information
about the model. The TV method also leads to artifacts as it includes partial
information about the model. The DART and DP are very close to each other. For
all the phantoms, we tabulate the data misfit (RMS) and Jaccard index (JI) in
Table 3.2.

We also show reconstructions with the proposed approach for a varying number
of projection angles in Figure 3.8. We note that the problem becomes harder to
solve as the number of projections gets smaller. Hence, we may also expect the
reconstruction to become poorer. We see that the proposed approach can reconstruct
almost correctly with as few as ten projection angles.

3.4.7 Limited angle test

Figure 3.9 shows the results of phantom 2 with various reconstruction methods for
limited angle tomography ( 10 equispaced angles in the range 0 to π/2). It is visible
that the reconstructions from DART and the proposed method are very close to the
true images of the phantoms. The values for data misfit and Jaccard index for all
the tests with each of the synthetic phantoms are tabulated in Table 3.3.

We also look at how the reconstructions with the proposed method vary with
limiting the angle (see Figure 3.10). As the angle gets limited, the reconstruction
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(a) LSQR (b) TV (c) DART (d) DP

Figure 3.7: Limited projection test I for Phantom 1. Performance of various reconstruction
methods with 10 projection angles from 0 to π/2.

(a) 45 (b) 20 (c) 10 (d) 5

Figure 3.8: Limited projection test II for Phantom 3. Performance of proposed method vs
number of projections.

problem gets difficult. The proposed method can reconstruct almost correctly with
angle limited to π/2.

(a) LSQR (b) TV (c) DART (d) DP

Figure 3.9: Limited angle test I for Phantom 2. Performance of various reconstruction
methods with 10 projection angles from 0 to π

2
.

3.4.8 Noisy projection test
This test aims to check the sensitivity of the proposed method to noise in the data.
We perform four experiments with varying levels of Poisson noise in the data. In
particular, we use expected incident photon counts I0 =

{
106, 104, 103, 102

}
. Note
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Table 3.2: Limited projection test performance measures
Te

st

Ph
an

to
m LSQR TV DART DP

R
M

S

JI

R
M

S

JI

R
M

S

JI

R
M

S

JI

45

P1 31.4 99.7 19.2 99.9 31.5 99.7 17.6 100
P2 26.2 99.6 12 100 36.4 99 12 100
P3 48.1 99 24.5 99.8 52.4 98.8 16.4 100
P4 11.6 99.8 5 100 13.6 99.6 5 100

20

P1 54.3 97.8 34.5 98.9 24.1 99.5 12 100
P2 60.5 95.8 12.8 99.9 17 99.6 8.9 100
P3 54.2 97.6 27 99.4 40.2 98.9 11.1 100
P4 20.8 99.3 3.4 100 6.8 99.8 3.4 100

10

P1 122.3 93.1 62.4 96.2 22.4 99.1 8.3 99.9
P2 254.4 76 81 91.1 17 99 11.2 99.7
P3 73.8 94.9 38.6 98 28.7 99 7.4 100
P4 42.7 97 5.4 99.9 5.9 99.7 2.4 00

5

P1 269.7 82.4 77.5 87 23.7 97.3 52.8 90.7
P2 370.8 63.2 158.5 71.3 38.8 76.1 72.8 73.9
P3 80 90.9 64.9 93.4 22.5 98.5 21.5 97.6
P4 79.7 86.4 22.9 95.8 4.7 99.6 1.7 100

(a) 5π/6 (b) 2π/3 (c) 7π/12 (d) π/2

Figure 3.10: Limited angle test II for Phantom 4. Performance of proposed method vs
maximum angle.

that the lower incident photon counts lead to low SNR. Figure 3.11 shows the results
on phantoms 1 and 2 for increasing noise level. We see that the reconstruction is
stable against a moderate amount of noise and degrades gradually as the noise level
increases.

3.4.9 Real data test
We look at the results of reconstructions from the proposed method for two sets
of experiments at various resolutions and compare them with the reconstructions
from LSQR and TV. Since the ground truth image is not available, we compare these
reconstructions visually.

In order to apply DP, we first need to estimate the grey values of the object. The
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Table 3.3: Limited angle test performance measures
Te

st

Ph
an

to
m LSQR TV DART DP

R
M

S

JI

R
M

S

JI

R
M

S

JI

R
M

S

JI

5
π
/
6

P1 158.3 91.6 101.9 93.9 23.6 99.1 5.4 100
P2 215.9 79.5 79.6 91.3 16.4 99.2 5 100
P3 82.4 94.5 53.3 96.7 28.5 99 5.3 100
P4 54.9 95.6 4.7 99.9 5.3 99.7 9.5 99.2

2
π
/
3

P1 199.7 88.4 141.7 91.5 18.7 99.3 6.7 100
P2 189.3 77.8 146.5 83 22 98 13.3 99.3
P3 96.2 92.9 70.5 95 27.4 98.6 3.4 100
P4 68.2 91.7 9.1 99.3 7.1 99.5 0.8 100

7
π
/
1
2 P1 213.2 87 164.6 89.7 20.1 99.2 7.7 99.9

P2 231.8 76.4 182.1 81.2 21.7 98 17 98.5
P3 105.5 92.3 79.9 94.3 28.3 98.5 3.7 100
P4 84.5 89.7 8.1 99.4 7.6 99.5 0.9 100

π
/
2

P1 258.6 84.9 293 85.2 19.1 99.3 18 99.2
P2 205.3 75.3 192.5 80.9 22.7 98.2 18.2 98.5
P3 127.1 90.5 99.2 93.5 31 98.3 4 100
P4 128.2 82.9 27.1 96.7 7.8 0.99.5 7.2 99.5

(a) 106 (b) 104 (c) 103 (d) 102

(e) 106 (f) 104 (g) 103 (h) 102

Figure 3.11: Noisy Projection test on phantoms 1 and 2. Performance of proposed method vs
expected total incident photon counts.

object, a thin slice of cheese, consists of two materials; the organic compound of
the cheese, which is we assume to be homogeneous, and air. For air, the grey value
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is zero. We estimate the grey value of the organic compound of cheese from the
histogram of an FBP reconstruction provided with the data. Figure 3.12 represents
the histogram. We obtain a value of 0.00696 for this compound.

u
0
 = 0

u
1
 = 0.00696

Figure 3.12: Histogram of filtered backprojection image of the carved cheese.

We first consider the reconstructions from sparse angular sampling (15 projections
spanning from 0 to 2π). The tests are performed on two different resolutions: 128×
128, and 512×512. Figure 3.13 presents the results of the reconstructions with LSQR,
TV, and DP for these resolutions. The DP reconstruction is discrete and correctly
identifies the letters C and T with also a little hole at the left side of C. Although
LSQR reconstruction is poor for 128 × 128, it improves with the resolution. We still
see the mild streak artifacts in these reconstructions. The TV reconstruction removes
these streak artifacts but fails to identify the homogeneous cheese slice correctly.

In the second test, we limit the projection angles to 0 − π/2. Figure 3.14 shows
the results of the reconstructions from LSQR, TV, and DP for two different
resolutions. We see that the reconstructions improve with increments in the
resolution. LSQR reconstructions have severe streak artifacts, which are the
characteristics of the limited data tomography. TV and DP reconstructions do not
possess these artifacts. TV reconstruction can capture the shape of the cheese, but
it blurs out the carved parts C and T. DP reconstructs the shape of cheese quite
accurately and has C and T are also identified.

3.5 Conclusion

We presented a novel convex formulation for binary tomography. The problem is
primarily a generalized LASSO problem that can be solved efficiently when the
system matrix has full row rank or full column rank. Solving the dual problem is
not guaranteed to give the optimal solution, but can at least be used to construct a
feasible solution. In a complete enumeration of small binary test cases (images of
n × n pixels for n = 2, 3, 4) we observed that if the problem has a unique solution,
then the proposed dual approach finds it. In case the problem has multiple
solutions, the dual approach finds the part that is common in all solutions. Based
on these experiments we conjecture that this holds in the general case (beyond the
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(a) LSQR (b) TV (c) DP

(d) LSQR (e) TV (f) DP

Figure 3.13: Real Data Test I - Sparse projection tomography. Performance of various methods
with different resolutions. (a)-(c) correspond to 128 × 128 pixels. (d)-(f) correspond to
512 × 512 pixels. The figure below each image denotes the histogram. The red contours
represent the thresholded image.

small test images). Of course, verifying beforehand if the problem has a unique
solution may not be possible.

We test the proposed method on numerical phantoms and real data, showing
that the method compares favorably to some of the state-of-the-art reconstruction
techniques (Total Variation, DART). The proposed method is also reasonably stable
against a moderate amount of noise.

We currently assume the grey levels are known apriori. Extension to multiple
(i.e., more than 2) unknown grey levels is possible in the same framework but will
be left for future work. To make the method more robust against noise additional
regularization may be added.
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(a) LSQR (b) TV (c) DP

(d) LSQR (e) TV (f) DP

Figure 3.14: Real Data Test II - Limited angle tomography. Performance of various methods
with different resolutions. (a)-(c) correspond to 128 × 128 pixels. (d)-(f) correspond to
512× 512 pixels. Figure below each image denote the histogram. The red contours represent
the thresholded image.

3.6 Proofs

3.6.1 Proposition 3.2.1

Proof. In (3.4), the g1(ν) has a closed-form expression for general A. To see this,
let us first denote

f(x,ν) , 1
2‖y −Ax‖2 + νTx. (3.6.1)

We are interested in the infimum value of this function with respect to x. To obtain
this, we set the gradient of f with respect to x to zero

∇xf = AT (Ax− y) + ν = 0.

Since A is a general matrix, it may be rank-deficient. Hence, the optimal value x?

only exists if ν is in the range of AT and it is given by

x? =
(
ATA

)† (
ATy − ν

)
.
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Substituting this value in (3.6.1), we get the following:

g1(ν) = inf
x
f(x,ν)

=

{
f(x?,ν) ν ∈ RAT

−∞ otherwise

=

{
− 1

2‖ν −ATy‖(ATA)† + 1
2yTy ν ∈ RAT

−∞ otherwise,
.

Now we return to the dual objective in equation (3.4). Substituting the explicit
forms for g1(ν) from above and g2(ν) from equation (3.7), we get the expression for
the dual objective:

g(ν) =

{
− 1

2‖ν −ATy‖2
(ATA)†

− ‖ν‖1 + 1
2yTy ν ∈ RAT ,

−∞ otherwise.

The above dual objective leads to the following maximization problem with respect
to the dual variable ν

ν? = argmax
ν∈RN

g(ν).

As we are only interested in the maximum value of the dual objective, the space of
ν can be constrained to the range of AT . This is valid as the dual objective is −∞
for the ν outside the range of AT . Hence, the maximization problem reduced to the
following minimization problem:

ν? = argmin
ν∈RAT

1
2‖ν −ATy‖2

(ATA)†
+ ‖ν‖1.

3.6.2 Corollary 3.2.2
Proof. Since the search space for the dual variable ν is constrained to the range of
AT , we can express this variable as ATµ, where µ ∈ Rm. Substituting ν = ATµ in
(3.12), we get

µ? = argmin
µ∈Rm

1
2‖A

T (µ− y) ‖2
(ATA)†

+ ‖ATµ‖1. (3.6.2)

Using the identities (ATA)†AT = A† and A = AA†A [15], we can re-write the
weighted norm ‖AT r‖2

(ATA)†
as ‖AA†r‖. The dual problem (3.6.2) now reads

µ? = argmin
µ∈Rm

1
2‖AA† (µ− y) ‖2 + ‖ATµ‖1.

Correspondingly, the primal solution x? related to the dual optimal µ? is

x? = sign(φ?) = sign (ν?) = sign
(
ATν?

)
.
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3.6.3 Proposition 3.2.2
Proof. The primal problem for binary tomography problem with levels u0 < u1 can
be stated as:

x? = argmin
x

(
inf
φ

1
2‖Ax− y‖2

)
,

subject to x = u01 + (u1 − u0)H(φ),

where H(·) denotes the Heaviside function and φ is an auxiliary variable. Such
problem admits a Lagrangian

L(x,φ,ν) = 1
2‖Ax− y‖2 + νT (x− u01− (u1 − u0)H(φ)) ,

where ν ∈ RN is a Lagrangian multiplier (also known as dual variable)
corresponding to the equality constraint. This gives rise to a dual function

g(ν) = inf
x

{
1
2‖Ax− y‖2 + νTx

}
︸ ︷︷ ︸

g1(ν)

+ inf
φ

{
− (u1 − u0)νTH(φ)

}
︸ ︷︷ ︸

g2(ν)

−u0ν
T1.

Since we already know g1(ν) (refer to equation (3.6)), we require the explicit form
for g2(ν). For its computation, we use the componentwise property of the Heaviside
function to separate the infimum.

g2(ν) =

N∑
i=1

inf
φi
{− (u1 − u0) νiH(φi)} = −

N∑
i=1

sup
φi

{(u1 − u0) νiH(φi)}

Since the range of Heaviside function is only two values, namely {0, 1}, we get the
simple form for g2(ν):

g2(ν) = −
N∑
i=1

q(νi) where q(νi) =

{
(u1 − u0)νi if νi > 0

0 otherwise

= (u1 − u0) max(νi, 0).

This infimal value is attained at φ? = H(ν). Now the dual problem reads

ν? = argmin
ν∈RAT

{
1
2‖ν −ATy‖2

(ATA)†
+
∑
i

(u1 − u0) max(νi, 0) + u0ν
T1
}
. (3.6.3)

We note that the last two terms in the dual objective can be compactly represented
by

p(ν) =
∑
i

|u0|max(−νi, 0) + |u1|max(νi, 0),

where p(·) is known as an asymmetric one-norm. The optimal point of the problem
(3.6.3) is denoted by ν? and the corresponding primal optimal is retrieved using

x? = u01 + (u1 − u0)H(φ?) = u01 + (u1 − u0)H(ν?).
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3.6.4 Proposition 3.2.3
Proof. The minimization problem for the proximal operator of an asymmetric one-
norm function p(·) reads

min
x∈RN

f(x) = 1
2‖x− z‖2 + λp(x), (3.6.4)

where λ > 0 is a parameter. Since the function is convex, we get the following from
the first-order optimality condition [152]:

0 ∈ ∂f(x?), =⇒ 0 ∈ x? − z + λ∂p(x?), (3.6.5)

where x? is an optimal point of (3.6.4), and ∂p(x) is a sub-differential of function
p(·) at x. This sub-differential is

∂p(xi) =


|u1| xi > 0

[−|u0|, |u1|] xi = 0

−|u0| xi < 0

.

Now coming back to the first-order optimality condition in (3.6.5), we get the
explicit form for optimal solution x?:

x?i =


zi − λ|u1| zi ≥ λ|u1|
0 −λ|u0| ≤ zi ≤ λ|u1|
zi + λ|u0| zi ≤ −λ|u0|

.

We recognize this function as an asymmetric soft-thresholding function.
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CHAPTER 4

Partially discrete tomography

Abstract - This chapter introduces a parametric level-set method for tomographic
reconstruction of partially discrete images. Such images consist of a continuously
varying background and an anomaly with a constant (known) grey-value. We
represent the geometry of the anomaly using a level-set function, which we represent
using radial basis functions. We pose the reconstruction problem as a bi-level
optimization problem in terms of the background and coefficients for the level-
set function. To constrain the background reconstruction, we impose smoothness
through Tikhonov regularization. The bi-level optimization problem is solved in
an alternating fashion; in each iteration we first reconstruct the background and
consequently update the level-set function. We test our method on numerical
phantoms and show that we can successfully reconstruct the geometry of the
anomaly, even from limited data. On these phantoms, our method outperforms
Total Variation reconstruction, DART and P-DART.

This chapter is based on the following publications:

A Kadu, T van Leeuwen, and K J Batenburg. A parametric level-set method for partially
discrete tomography. In International Conference on Discrete Geometry for Computer Imagery,
pages 122–134. Springer, 2017.
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“ If people do not believe that mathematics is simple, it is
only because they do not realize how complicated life is ”

- John von Neumann

4.1 Introduction

The need to reconstruct (quantitative) images of an object from tomographic
measurements appears in many applications. At the heart of many of these
applications is a projection model based on the Radon transform. Characterizing
the object under investigation by a function x(r) with r ∈ D = [0, 1]2, tomographic
measurements are modeled as

yi =

∫
D
u(r)δ(si − n(θi) · r) dr, (4.1.1)

where si ∈ [0, 1] denotes the shift, θi ∈ [0, 2π) denotes the angle and
n(θ) = (cos θ, sin θ). The goal is to retrieve x from a number, m, of such
measurements for various shifts and directions.

If the shifts and angles are regularly and densely sampled, the transform can be
inverted directly by Filtered back-projection or Fourier reconstruction [108]. A
common approach for dealing with non-regularly sampled or missing data, is
algebraic reconstruction. Here, we express x in terms of a basis

x(r) =

n∑
j=1

ujb(r− rj),

where b are piece-wise polynomial basis functions and {rj}nj=1 is a regular (pixel)
grid. This leads to a set of m linear equations in n unknowns

y = Ax,

with aij =
∫
D b(r − rj)δ(si − n(θi) · r) dr. Due to noise in the data or errors in

the projection model the system of equations is typically inconsistent, so a solution
may not exist. Furthermore, there may be many solutions that fit the observations
equally well when the system is underdetermined. A standard approach to mitigate
these issues is to formulate a regularized least-squares problem

min
x

1
2‖Ax− y‖22 + λ

2 ‖Rx‖22,

where R is the regularization operator with parameter λ balancing the data-misfit
and regularity of the solution. Such a formulation is popular mainly because very
efficient algorithms exist for solving it. Depending on the choice of R, however, this
formulation forces the solution to have certain properties which may not reflect the
truth. For example, setting R to be the discrete Laplace operator will produce a
smooth reconstruction, whereas setting R to be the identity matrix forces the
individual coefficients xi to be small. In many applications such quadratic
regularization terms do not reflect the characteristics of the object we are
reconstructing. For example, if we expect x to be piecewise constant, we could use
a Total Variation regularization term ‖Rx‖1 where R is a discrete gradient operator
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[173]. Recently, a lot of progress has been made in developing efficient algorithms
for solving such non-smooth optimization problems [49]. If the object under
investigation is known to consist of only two distinct materials, the regularization
can be formulated in terms of a non-convex constraint x ∈ {u0, u1}n. The latter
leads to a combinatorial optimization problem, solutions to which can be
approximated using heuristic algorithms [18].

In this chapter, we consider tomographic reconstruction of partially discrete
objects that consist of a region of constant density embedded in a continuously
varying background. In this case, neither the quadratic, Total Variation nor
non-convex constraints by themselves are suitable. We therefore propose the
following parametrization

x(r) =

{
u1 if r ∈ Ω,
u0(r) otherwise.

The inverse problem now consists of finding u0(r), u1 and the set Ω. We can
subsequently apply suitable regularization to u0 separately. To formulate a
tractable optimization algorithm, we represent the set Ω using a level-set function
φ(r) as follows:

Ω = {r |φ(r) > 0}.

In the following sections, we assume knowledge of u1 and discuss how to formulate
a variational problem to reconstruct Ω and u0 based on a parametric level-set
representation of Ω.

The outline of the chapter is as follows. In Section 4.2 we discuss the parametric
level-set method and propose some practical heuristics for choosing various
parameters that occur in the formulation. A joint background-anomaly
reconstruction algorithm for partially discrete tomography is discussed in
Section 4.3. The results on a few moderately complicated numerical phantoms are
presented in Section 4.4. We provide some concluding remarks in Section 4.5.

4.2 Level-set methods

In terms of the level-set function, we can express u as

x(r) = (1− h(φ(r)))u0(r) + h(φ(r))u1,

where h is the Heaviside function.
Level-set methods have received much attention in geometric inverse problems,

interface tracking, segmentation and shape optimization. In the classical level-set
method, introduced by Sethian and Osher [142], the level-set is evolved according
to the Hamilton-Jacobi equation

∂φ

∂t
+ v|∇φ| = 0,

where φ(r, t) now denotes the level-set function as a time-dependent quantity for
representing the shape and v denotes the normal velocity at the boundary of the
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shape. In the inverse-problems setting, the velocity v is often derived from the
gradient of the cost function with respect to the model parameter [40, 63]. There are
various numerical issues associated with the numerical solution of level-set equation,
e.g. reinitialization of the level-set. We refer the interested reader to a seminal paper
in level-set methods [141] and its application to computational tomography [111].

Instead of taking this classical level-set approach, we employ a parametric level-
set approach, first introduced by Aghasi et al [1]. In this method, the level-set
function is parametrized using radial basis functions (RBF)

φ(r) =

n′∑
j=1

αjΨ(βj‖r− χj‖2),

where Ψ(·) is a radial basis function, {αj}n
′

j=1 and {χj}n
′

j=1 are the amplitudes and
nodes respectively, and the parameters {βj}n

′

j=1 control the widths. Introducing the
kernel matrix K(χ,β) with elements

kij = Ψ(βj‖ri − χj‖2),

we can now express x on the computational grid {ri}ni=1 as

x = (1− h(K(χ,β)α))� u0 + h(K(χ,β)α)u1, (4.2.1)

where h is applied element-wise to the vector K(χ,β)α and � denotes the
element-wise (Hadamard) product. By choosing the parameters (χ,β,α)
appropriately we can represent any (smooth) shape. To simplify matters and make
the resulting optimization problem more tractable, we consider a fixed regular grid
{χj}n

′

j=1 and a fixed width βj ≡ β. In the following we choose β in accordance with
the grid spacing ∆χ as β = 1/(η∆χ), where η corresponds to the width of the RBF
in grid points.

Example
To illustrate the representation of a shape using finitely many radial basis functions,
we consider the green shape shown in Figure 4.1 (a). Starting from an initial guess
(Figure 4.1 (a), red) we obtain the coefficients α by solving a non-linear least-
squares problem minα ‖h(Kα) − y‖22, where y ∈ {0, 1}n indicates the true shape.
This leads to the representation shown in Figure 4.1 (b). With n′ = 196 RBFs, it
is possible to reconstruct a smooth shape discretized on a grid with n = 256 × 256
pixels.

Finally, the discretized reconstruction problem for determining the shape is now
formulated as

min
α

{
f(α) = ‖A[(u11− u0)� hε(Kα)]− (y −Au0)‖22

}
, (4.2.2)

where hε is a smooth approximation of the Heaviside function. The gradient and
Gauss-Newton Hessian of f(α) are given by

∇f(α) = KTDT
αA

TR(α),

HGN (f(α)) = KTDT
αA

TADαK,
(4.2.3)
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(a) (b)

Figure 4.1: Any (sufficiently) smooth level-set can be reconstructed from radial basis
functions. (a) The shape to be reconstructed is denoted in green. The initial shape (dash-
dotted line) is generated by some positive RBF coefficients (denoted by red pluses) near
the center and negative coefficients elsewhere (denoted by blue dots). Also shown is the
corresponding initial level-set function. The reconstructed shape denoted with a dash-dotted
line, the sign of the RBF-coefficients as well as the corresponding level-set function are shown
in (b).

where the diagonal matrix and residual vectors are given by

Dα = diag ((u11− u0)� h′ε(Kα)) ,

R(α) = A[(u11− u0)� hε(Kα)]− (y −Au0).

Using a Gauss-Newton method, the level-set parameters are updated as

α(k+1) = α(k) − µk
(
HGN (f(α(k)))

)−1

∇f(α(k)), (4.2.4)

where µk is a stepsize chosen to satisfy the weak Wolfe conditions [210] and α(0) is
a given initial estimate of the shape. The weak Wolfe conditions consist of sufficient
decrease and curvature conditions and ensure global convergence to a local
minimum.

From Equation (4.2.3), it can be observed that the ability to update the level-set
parameters depends on two main factors: 1) The difference between u0 and u1, and
2) the derivative of the Heaviside function. Hence, the support and smoothness of h′ε
plays a crucial role in the sensitivity. More details on the choice of hε are discussed
in Section 4.2.1.

Example
We demonstrate the parametric level-set method on a (binary) discrete tomography
problem. We consider the model described in Figure 4.2(a). For a full-angle case
(0 ≤ θ ≤ π) with a large number of samples, Figure 4.2(c) shows that it is possible
to accurately reconstruct a complex shape. The model is reconstructed by iteratively
updating α using Equation (4.2.4).

4.2.1 Approximation to Heaviside function
The update of the level-set function depends crucially on the choice of the
Heaviside function. In equation (4.2.3) we see that h′ε acts as a windowing function
that controls which part of the level-set function is updated. The windowing
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(a) (b) (c)

(d) (e) (f)

Figure 4.2: Parametric level-set method for Discrete tomography problem. (a) True model
(n = 256 × 256) (b) RBF grid (n′ = 27 × 27) with initial level-set denoted by green line,
positive and negative RBFs are denoted by red pluses and blue dots respectively (c) Final level-
set denoted by the green line, and the corresponding positive and negative RBFs (d) Initial
level-set function (e) level-set function after 10 iterations (f) final level-set function after 25
iterations.

function should achieve the following: (i) limit the update to a small region around
the boundary of the shape; (ii) have a uniform amplitude in the boundary region;
and (iii) guarantee a minimum width of the boundary region. Failure to meet these
requirements may result in poor updates for the level-set parameter α and
premature break-down of the algorithm.

Requirement (i) is easily fulfilled as any smooth approximation of the Heaviside
will have a rapidly decaying derivative. To satisfy the second requirement we
construct the Heaviside function by smoothing the piece-wise linear function 1

2 + x
2ε

for |x| ≤ ε. This approximation is shown in Figure 4.3 alongside two common
smooth approximations of the Heaviside. We now discuss how we can satisfy the
third requirement, starting with a formal definition of the width of the level-set
boundary layer as shown in Figure 4.3(c).
Definition 4.2.1. In accordance with the compact approximation of the Heaviside
function with width ε, we define the minimum width of the level-set boundary layer
as ∆ = minr0,r1 ‖r0 − r1‖2 such that φ(r0) = 0 and |φ(r1)| = ε.
Lemma 4.2.1. For any smooth and compact approximation of the Heaviside function
with finite width ε, the width of the level-set boundary layer, ∆, satisfies

∆ ≥ ε/‖∇φ‖∞.
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Proof. From a Taylor series expansion of φ(r) around r0 for which φ(r0) = 0, we get

φ(r) = (r− r0)T∇φ(ξ),

with ξ = tr0 + (1− t)r for some t ∈ [0, 1]. This leads to

|φ(r)| ≤ ‖r− r0‖2 · ‖∇φ(ξ)‖2 ≤ ‖r− r0‖2 · ‖∇φ‖∞.

Choosing r = r1 with |φ(r1)| = ε, we have ‖r1 − r0‖2 ≥ ε/‖∇φ‖∞. Since this holds
for all r0, r1 we obtain the desired result.

To ensure a minimum width of the boundary layer, Lemma 4.2.1 suggest to choose
ε proportional to ‖∇φ‖∞. For computational simplicity, we approximate this using
upper and lower bounds [105] and set:

ε = κ

(
max(φ(r))−min(φ(r))

∆r

)
= κ

(
max(Kα)−min(Kα)

∆r

)
, (4.2.5)

where κ controls the width of level-set boundary in terms of the underlying
computational grid. A small value of κ leads to a narrow boundary while big value
leads a wide boundary.
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Figure 4.3: New formulation for approximating the Heaviside function. The Heaviside
functions (a) and corresponding Dirac-Delta functions (b) with ε = 1. A global approximation
is constructed from the inverse tangent function ( 1

2
(1 + 2

π
arctan(π x

ε
))), while compact one

is composed of linear and sinusoid functions. (c) level-set boundary (orange region) around
zero level-set denoted by blue line, n represents the normal direction at x0.

4.3 Joint reconstruction algorithm

Reconstructing both the shape and the background parameter can be cast as a bi-
level optimization problem

min
u0,α

{
f(α,u0) := 1

2‖A[(1− h(Kα))u0 + h(Kα)u1]− y‖22 + λ
2 ‖Lu0‖22

}
, (4.3.1)

where L is of form [LTx LTy ]T where Lx and Ly is the second-order
finite-difference operators in the x and y direction, respectively. This optimization
problem is separable; it is quadratic in u0 and non-linear in α. In order to exploit
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the fact that the problem has a closed-form solution in u0 for each α, we introduce
a reduced objective

f(α) = min
u0

f(α,u0).

The gradient and Hessian of this reduced objective are given by

∇f(α) = ∇αf(α,u0), (4.3.2)

∇2f(α) = ∇2
αf −∇2

α,u0
f
(
∇2

u0
f
)−1∇2

α,u0
f, (4.3.3)

where u0 = argminu0
f(α,u0) [6].

Using a modified Gauss-Newton algorithm to find a minimizer of f , it leads to the
following alternating algorithm

u
(k+1)
0 = arg min

u0

f(α(k),u0) (4.3.4)

α(k+1) = α(k) − µk
(
HGN (f(α(k)))

)−1

∇αf(α(k),u
(k+1)
0 ), (4.3.5)

where the expressions for the gradient and Gauss-Newton Hessian are given by
(4.2.3). Convergence of this alternating approach to a local minimum of (4.3.1) is
guaranteed as long as the step-length satisfies the strong Wolfe conditions [210].

The reconstruction algorithm based on this iterative scheme is presented in
Algorithm 6. We use the LSQR method in step 3, with a pre-defined maximum
number of iterations (typically 200) and a tolerance value. A trust-region method is
applied to compute α(k+1) in step 4 restricting the conjugate gradient to only 10
iterations. We perform a total of K = 50 iterations to reconstruct the model.

Algorithm 6 Joint Reconstruction Algorithm

Require: p - data, W - forward modeling operator, u1 - anomaly property, A - RBF
Kernel matrix, α0 - initial RBF weights, κ - Heaviside parameters

Ensure: αK - final weights, u - corresponding model
1: for k = 0 to K − 1 do
2: compute Heaviside ε from Equation (4.2.5)
3: compute background parameter u

(k+1)
0 by solving Equation (4.3.4)

4: compute level-set parameter α(k+1) from Equation (4.3.5)
5: end for
6: compute u from Equation (4.2.1).

4.4 Numerical experiments

The numerical experiments are performed on 4 phantoms shown in Figure 4.4. We
scale the phantoms such that u1 = 1. For the first two phantoms, the background
varies from 0 to 0.5, while for the next two, it varies from 0 to 0.8. In order to
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avoid the inverse crime [107], we use two different discretization schemes for
Equation (4.1.1) (namely, the line kernel [27] for data generation, and the Joseph
kernel [27] for forward modeling). We use the ASTRA toolbox to compute the
forward and backward projections [27]. First, we show the results on the full-view
data and later we compare various methods on a limited-angle case.

(a) Model A (b) Model B (c) Model C (d) Model D

Figure 4.4: Phantoms for Simulations. All the models have a resolution of 256× 256 pixels.

For the parametric level-set method, we use Wendland compactly supported radial
basis functions [105]. The RBF nodes are placed on a 5 times coarser grid than
the model grid, with an extension of two points outside the model grid to avoid
boundary effects. To constrain the initial level-set boundary to 4 grid-points, the
Heaviside width parameter κ is set to be 0.01.

The level-set parameter α is optimized using the fminunc package (trust-region
algorithm) in MATLAB. A total of 50 iterations are performed for predicting the α,
while 200 iterations are performed for predicting u0(r) using LSQR at each step.

4.4.1 Regularization parameter selection
The reconstruction with the proposed algorithm is influenced by the regularization
parameter λ (cf. (4.3.1)). In general, there are various strategies to choose this
parameter, e.g., [189]. As our problem formulation is non-linear, many of these
strategies do not apply. Instead we analyze the influence of the regularization
parameter numerically as follows.

We define two measures (in the least-squares sense) to quantify the residuals:
the data residual (DR), which determines the fit between the true data and
reconstructed data, and the Jaccard index (JI), defined as a similarity coefficient
between two sets, to capture the error in the reconstructed shape (on the scale of 0
to 100). In practice, one can only use the data residual to select the regularization
parameter λ. It is evident from Figure 4.5 that there exists a sufficiently large
region of λ for which the reconstructions are equally good. Moreover, this region is
easily identifiable from the data residual plot for various λ values.

4.4.2 Full-view test
For the full-view case, the projection data is generated on a 256× 256 grid with 256
detectors and 180 equidistant projections (0 ≤ θ ≤ π). The Gaussian noise of 10
dB Signal-to-Noise ratio (SNR) is added to the data. The results on phantoms A,
B, C and D with the full-view data are shown in Figure 4.6. The geometry of the



“Main-thesis” — 2019/11/19 — 10:29 — page 66 — #72

66 | Chapter 4 – Partially discrete tomography

(a)

10
4

10
5

10
6

10
7

10
8

10
9

10
1

10
2

10
3

10
4

re
s
id

u
a

l

 =1.83e+05 

 =6.95e+06 

 =5.46e+08 

 =3.79e+05 

  =2.07e+04

Data Residual

Model Residual
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Figure 4.5: Variation of residuals with regularization parameter for Tikhonov. An appropriate
region for choosing λ exists between 3.79 × 105 and 6.95 × 106. (a) behavior of DR and MR
over λ for model A with noisy limited-angle data. (b),(c),(d),(e) show reconstructions for
various λ values.

anomalies in all of these reconstructed models are very close to the ground truth, as
is indicated by the Jaccard index shown above the figures. The background, though,
has been smoothened out with the Tikhonov regularization.

JI = 99 JI = 98 JI = 99 JI = 96

(λ = 2.97× 107) (λ = 1.13× 109) (λ = 2.97× 107) (λ = 1.27× 108)

Figure 4.6: Full-view test: Reconstructions with full-view data for the regularization
parameter λ shown below it.

4.4.3 Limited-angle test

In this case, we generate synthetic data using only 5 projections, namely,
θ = {0, π/6, π/3, π/2, 2π/3}. We add Gaussian noise of 10 dB SNR to the synthetic
data. To check the performance of the proposed method, we compare it to the Total
Variation method [27], DART [18] and its modified version for partially discrete
tomography, P-DART [153]. For Total Variation, we determine the shape from the
final reconstruction via a simple segmentation step (tresholding). A total of 200
iterations were performed with the Total Variation method and the regularization
parameter determined such that it optimally reconstructs the shape. In DART, the
background is modeled using 20 discrete grey-values for model A and B, while 30
discrete grey-values for model C and D. The true model has been segmented per
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mentioned grey-values to generate data for DART. 40 DART iterations were
performed in each case. For P-DART, a total of 150 iterations were performed.

Phantom Total Variation DART P-DART Proposed Method
λ = 3.36 λ = 3.79× 105

DR = 59.91 DR = 100.36 DR = 12.8 DR = 70.2
JI = 92 JI = 49 JI = 76 JI = 96
λ = 1.44 λ = 3.79× 105

DR = 39.39 DR = 32.8 DR = 10.9 DR = 52.6
JI = 78 JI = 40 JI = 69 JI = 91
λ = 3.36 λ = 7.43× 105

DR = 70.35 DR = 115.28 DR = 16.54 DR = 117.56
JI = 92 JI = 19 JI = 39 JI = 95
λ = 0.62 λ = 3.79× 105

DR = 21.52 DR = 78.30 DR = 8.92 DR = 50.10
JI = 80 JI = 25 JI = 49 JI = 87

Figure 4.7: Reconstructions with noisy limited data. The first column shows the true models,
while the last 4 columns show the reconstructions with various methods. Red dotted line
shows the contour of the segmented model in Total Variation method. Different measures are
also shown below each reconstructed model.

The results on limited-angle data are presented in Figure 4.7. The proposed
method is able to capture most of the fine details (evident from the Jaccard Index)
in the phantoms even with the very limited data with moderate noise. The P-DART
method achieves the least amount of data residual in all the cases, but fails to
capture the complete geometry of the anomaly. The Total variation method gives
surprisingly good reconstructions of the shape. However, we obtained these results
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by selecting the best over a large range of regularization parameters. The level-set
method consistently gives the best reconstruction of the shape.

4.5 Conclusions and discussion

We discussed a parametric level-set method for partially discrete tomography. We
model such objects as a constant-valued shape embedded in a continuously varying
background. The shape is represented using a level-set function, which in turn is
represented using radial basis functions. The reconstruction problem is posed as a
bi-level optimization problem for the background and level-set parameters. This
reconstruction problem can be efficiently solved using a variable projection
approach, where the shape is iteratively updated. Each iteration requires a full
reconstruction of the background. The algorithm includes some practical heuristics
for choosing various parameters that are introduced as part of the parametric
level-set method. Numerical experiments on a few numerical phantoms show that
the proposed approach can outperform other popular methods for (partially)
discrete tomography in terms of the reconstruction error. As the proposed
algorithm requires repeated full reconstructions, it is currently an order of
magnitude slower than the other methods. Future research is directed at making
the method more efficient.
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CHAPTER 5

Discrete waveform inversion

Abstract - Seismic full-waveform inversion tries to estimate subsurface medium
parameters from seismic data. Areas with subsurface salt bodies are of particular
interest because they often have hydrocarbon reservoirs on their sides or underneath.
Accurate reconstruction of their geometry is a challenge for current techniques. We
present a parametric level-set method for the reconstruction of salt-bodies in seismic
full-waveform inversion. We split the subsurface model in two parts: a background
velocity model and the salt body with known velocity but undetermined shape. The
salt geometry is represented by a level-set function that evolves during the inversion.
We choose radial basis functions to represent the level-set function, leading to an
optimization problem with a modest number of parameters. A common problem
with level-set methods is to fine tune the width of the level-set boundary for optimal
sensitivity. We propose a robust algorithm that dynamically adapts the width of the
level-set boundary to ensure faster convergence. Tests on a suite of idealized salt
geometries show that the proposed method is stable against a modest amount of
noise. We also extend the method to joint inversion of both the background velocity
model and the salt-geometry.

This chapter is based on the following publications:

A Kadu, T van Leeuwen, and W A Mulder. Salt reconstruction in full-waveform inversion
with a parametric level-set method. IEEE Transactions on Computational Imaging,
3(2):305–315, 2017.



“Main-thesis” — 2019/11/19 — 10:29 — page 70 — #76

70 | Chapter 5 – Discrete waveform inversion

“ The shortest path between two truths in the real
domain passes through the complex domain ”

- Jacques Hadamard

5.1 Introduction

Seismic imaging attempts to obtain detailed images of the subsurface from seismic
data. Such data are obtained by placing explosive or other types of sources on or
near the surface and recording the response with a large array of receivers at the
surface. By repeating the experiment many times for different source positions,
enough data can be gathered to form useful images. The scale of these experiments
varies from tens of meters, for instance, for near-surface imaging, to tens of
kilometers in oil and gas exploration, up to the whole Earth in global seismology.
For hydrocarbon exploration, depths typically extend to several kilometers.

One of the main challenges of seismic imaging is that the propagation velocity of
the seismic waves traveling through the subsurface is unknown. Since this velocity
can vary significantly, both laterally and with depth, it has to be estimated prior to
applying a conventional imaging method. A wrong subsurface velocity can lead to
severely distorted images. The conventional workflow for seismic imaging,
therefore, is to first estimate the subsurface velocity and subsequently
back-propagate the data to obtain an image. The success of this two-step approach
relies crucially on the ability to isolate the reflection events in the data. This can
only be done if the earth structure is relatively simple, e.g. smoothly varying with
small perturbations. A particularly relevant setting in which the
separation-of-scales argument fails to hold is in the presence of strong contrasts,
such as salt diapirs, salt slabs, anhydrite or basalt layers. Salt geometries are of
particular interest because they often have hydrocarbon reservoirs on their sides or
underneath.

Full-waveform inversion (FWI) attempts to fit the data using a fairly precise
numerical model for wave-propagation in heterogeneous media [77, 148, 204]. By
posing the inverse problem as a nonlinear least-squares problem, the velocity
structure in the subsurface can, in principle, be estimated quantitatively. However,
this optimization problem is severely nonlinear and ill-posed, making it very
difficult to obtain reasonable results without a good initial guess of the velocity
parameters. Starting from an initial guess that is far away from the truth often
leads to an incorrect subsurface model. While many approaches have been
proposed to mitigate this problem, the issue remains unsolved[185, 39, 146, 200].

In this chapter, we aim to alleviate the ill-posedness of the problem to some extent
by adding an appropriate regularization. In the particular setting of salt bodies,
it is reasonable to assume that the subsurface can be described as one or more
continuous bodies (salt) with known constant material parameters, surrounded by
continuously varying parameters (sediment). Our approach is based on a level-set
method, where we implicitly represent the shape of the salt body with a level-set
function. By expanding the level-set function in some basis, we greatly reduce the
effective number of parameters and obtain a nonlinear optimization problem that is
better behaved than the original nonlinear least-squares problem.

The chapter is organized as follows. In Section 5.2, we review the details of the
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classical FWI approach and give an overview of regularization approaches
specifically aimed at the reconstruction of salt bodies. In Section 5.3, we present
the basics of the parametric level-set method and discuss several practical issues in
detail. Numerical results on a stylized seismic example are presented in Section
5.4. Finally, Section 5.5 concludes the chapter.

5.2 Full waveform inversion

Full waveform inversion (FWI) is nonlinear data-fitting scheme aiming to retrieve
detailed estimates of subsurface properties from seismic data. The basic workflow
of FWI is as follows: (1) predict the observed data by solving a wave-equation,
given an initial guess of the subsurface velocity, (2) compute the difference between
predicted and observed data, and (3) update the velocity in order to improve the
data fit. This process is repeated in an iterative fashion until the residual drops
below some tolerance. An excellent overview of various flavors of this basic scheme
can be found in [204].

There are several ways to model seismic wave propagation, in either the frequency
or time domain. We refer the reader to the reviews by [46] and [203]. For our
purpose, it suffices to consider a two-dimensional scalar Helmholtz equation that
models the acoustic pressure:

ω2m(x)u(ω,x) +∇2u(ω,x) = q(ω,x), (5.2.1)

where x ∈ R2 denotes the subsurface position, m(x) is the squared slowness with
units s2/m2, ω is the angular frequency, q the source term and u the pressure
wavefield. We consider an unbounded domain and impose Sommerfeld radiation
conditions The observed data are modeled by solving (5.2.1) for several sources
{qi}nsi=1 and sampling the resulting wavefields ui at locations {xj}nrj=1 and
frequencies {ωk}

nf
k=1, i.e.,

dijk = ui(ωk,xj).

The inverse problem is now to retrieve m(x) from a set of observations dijk. This
problem has been extensively studied and uniqueness results are available for a few
specific cases, including layered earth-models, small perturbations around a known
smooth reference medium and asymptotic versions of the problem. We refer to [183]
for an extensive overview.

5.2.1 Discretization and optimization
A common approach to the inverse problem is to first discretize and solve the wave
equation for forward modelling and to subsequently formulate a finite-dimensional
data-fitting problem.

A finite-difference discretization of (5.2.1) on an N -point grid with absorbing
boundary conditions leads to a sparse system of equations

A(ω,m)u = q,

where A ∈ CN×N is structurally symmetric and indefinite. Various
dispersion-minimizing finite-difference stencils have been proposed in the literature
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[172, 97, 187] and several absorbing boundary conditions are described in [52]
and [54].

The system of equations can be solved by a decomposition of A such as the LU
(lower and upper triangular) decomposition. The advantage of this direct approach
is that, once the decomposition has been performed, the system can be solved
efficiently for multiple sources by forward and backward substitution [125, 131].
The direct approach with nested dissection [78] is efficient for 2-D problems
[97, 182, 96]. However, the time and memory complexities of LU factorization and
its limited scalability on large-scale distributed memory platforms prevent its
application to large-scale 3-D problems that may involve more than 10 million
unknowns [139]. Helmholtz-specific factorization methods have been developed
[205], but these are only suitable when the computational cost can be amortized
over many sources.

Iterative solvers provide an alternative approach for solving the Helmholtz
equation [151, 145, 66, 112]. These iterative solvers are usually implemented with
Krylov subspace methods [158] that are preconditioned by solving a damped
Helmholtz equation. The solution of the damped equation is computed efficiently
with a multigrid method. The main advantage of the iterative approach is the low
memory requirement, although the main drawback results from the difficulty to
design an efficient preconditioner because A is indefinite [67]. Also, the iterative
scheme has to be started again for each source.

Organizing the observations in a vector d ∈ CM with M = nsnrnf , we introduce
the forward operator

d = F (m).

Application of the forward operator on a given model m involves the solution of
nfns Helmholtz equations, including the LU decompositions, and constitutes the
main computational cost of FWI.

The conventional least-squares formulation of FWI can now be expressed as

min
m
{f(m) = 1

2‖F (m)− d‖22}. (5.2.2)

This optimization problem is typically solved with a Newton-like algorithm [149]:

mk+1 = mk − λkH−1
k ∇f(mk),

where λk is the step size and Hk denotes (an approximation of) the Hessian of f at
iteration k. The gradient of the objective is given by

∇f(m) = J(m)∗(F (m)− d),

where J(m) is the Jacobian of F and J∗ denotes its adjoint or conjugate transpose.
In practice, the Jacobian matrix is never formed explicitly but its action is computed
using the adjoint-state method [84]. This entails solving nsnf linear systems with A∗

and the residual as right-hand sides. The action of the (Gauss-Newton) Hessian may
be computed in a similar fashion at the cost of additional Helmholtz-solves [149].
This can be done cheaply in 2D if the LU factors are kept in memory while needed
[133].
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5.2.2 Ill-posedness and local minima
Unfortunately, waveform inversion is hampered by the presence of local minima in
f [160]. In practice, this requires a good initial estimate of the parameters m. To
circumvent this problem, the data can be inverted in a multi-scale fashion, starting
at some lowest frequency available in the data and using the inversion result to
initialize a next pass at a higher frequency [39, 175]. The low frequencies are
important in reconstructing the large-scale variations in the model, while high
frequencies fill in the details [36]. All of these will fail, however, when the initial
guess does not explain the observations well enough for the lowest available
frequency.

Many alternative formulations have been proposed that depart from the usual
data-fitting approach [185, 146, 200, 184, 23]. While these approaches can to some
extent mitigate the non-linearity of the problem, they do not solve the inherent
ill-posedness of the problem. This means that some features of m are simply not
recoverable, regardless of the method we use to estimate the parameters. To address
this problem, we need to add regularization.

5.2.3 Regularization
We distinguish two types of regularization: implicit regularization, where we add a
penalty ρ(m) to the objective in (5.2.2) to penalize unwanted features, and explicit
regularization, where we expand m in an appropriate basis that contains only the
features we desire. For example, when we expect the model to vary smoothly, we
can penalize the second derivative by a penalty term

ρ(m) = ‖Lm‖22,

with L the discrete Laplace operator. Alternatively, we can choose a representation
of the form

m = Ba,

where B consists of smooth basis functions such as B-splines. This type of
regularization works well when the scales of the model are separable, since we can
invert for a smoothly varying velocity from low-frequency data [39].

In some geological settings, however, the scales do not separate, and we need
to find an alternative form of regularization. If we expect our model to have strong
discontinuities, a popular choice is a Total-Variation (TV) regularization with ρ(m) =
‖Dm‖1, with D a discrete gradient operator [156, 122]. A natural basis is hard
to define in this case. Alternatively, we can regularize the model by imposing the
constraint ‖Dm‖1 ≤ τ [68].

A disadvantage is that TV regularization acts globally and causes the model to
be blocky everywhere. Nevertheless, some promising results have been obtained
recently [68, 9, 5].

As an alternative to TV regularization, a level-set method for waveform inversion
in the presence of salt-bodies has been considered by [121, 83]. For completeness
sake and to set the notation, we first give a brief overview of the classical level-set
approach and then introduce our approach.
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5.3 Level-Set method

We represent m(x) as being constant in a certain region and continuously varying
elsewhere. We start again from the continuous formulation of the inverse problem
and derive a finite-dimensional optimization problem analogous to (5.2.2). We
represent m as

m(x) =

{
m1 if x ∈ Ω,

m0(x) otherwise.

Here, Ω indicates the salt-body, m1 is the constant value of the model parameter
inside the salt body and m0(x) denotes the spatially varying parameters in the
sediment. Figure 5.1 sketches three different models, representing the smooth
variation, blocky structure and a combination of both. Model 1 is a typical
sediment structure, while model 2 represents the salt geometry. We generally
expect a seismic velocity distribution similar to model 3, combining model 1 and 2.
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Figure 5.1: Model 1: smooth velocity variation (sediment). Model 2: random 2D body with
higher velocity (salt). Model 3: combination of smooth variation and blocky model. All
velocities in m/s.

We can represent the model formally as

m(x) = [1− χΩ(x)]m0(x) + χΩ(x)m1,

where χΩ(x) is the indicator function of Ω. The inverse problem now consists of
finding the set Ω and the model parameters m0(x) and m1. The basic idea behind
the level-set method is to represent the domain Ω through a level-set function as
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Ω = {x |φ(x) ≥ 0} [140, 132]. This then leads us to represent the indicator function
as χΩ(x) = h(φ(x)), where h is the Heaviside function h(s) = (1 + sign(s))/2.

To be able to compute sensitivities, one typically uses a smooth approximation of
the Heaviside function. A common choice is

hε(s) =
1

1 + e−s/ε
,

where hε → h as ε → 0. This function has the nice property that its derivative is
non-zero everywhere. A disadvantage is that, in order to accurately represent the
indicator function, the level-set function φ will need to tend to ±∞. This induces
very steep gradients in φ around the boundary of the level-set. In turn, these steep
gradients in φ require that we pick a proportionally large ε to remain sensitive to
changes in the level-set. This suggest that we pick ε in accordance with the
(maximum) gradient of φ. We will get back to this observation in Section 5.3.3.

To avoid some of these issues, we use a smooth Heaviside defined by

hε(s) =


0 if s < −ε,
1
2

[
1 + s

ε + 1
π sin(πsε )

]
if − ε ≤ s ≤ ε,

1 if s > ε.

To avoid getting trapped in the region where h′ε = 0, we again have to pick ε in
accordance with the (maximum) gradient of φ. A practical heuristic to pick ε and
adapt it to the current φ will be discussed in Section 5.3.3.

The level-set method was originally introduced for tracking regions in fluid flow
applications, providing a natural way to evolve the level-set by solving a Hamilton-
Jacobi equation [142]. In applications like FWI, it is not obvious how to update φ
away from the boundary of Ω, because h′ε(x) quickly tends to zero. The problem of
finding the level-set function is ill-posed.

5.3.1 A parametric level-set approach
We adopt a method proposed in [1] and represent the level-set function with a finite
set of radial basis functions (RBFs):

φ(x) =

L∑
i=1

αiΨ(β‖x− ξi‖2),

where Ψ(r) is a RBF, ξi are the nodes and β is a scaling parameter. The choice of
RBF will be discussed in more detail in the next subsection.

Discretization on an N -point grid leads to the so-called RBF-kernel matrix K ∈
RN×L with elements kij = Ψ(β‖xi − ξj‖2), allowing us to represent the parameters
as

m(m0,m1,α) = m0 � (1− hε (Kα)) +m1hε (Kα) , (5.3.1)

where � represents element-wise multiplication, also known as the Hadamard
product. We can now define the corresponding optimization problem for the
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Table 5.1: Global RBFs.

Name Ψ(r)

Gaussian exp(−r2)

Multiquadric
√

1 + r2

Inverse multiquadric (IMQ) 1√
1+r2

Inverse quadratic (IQ) 1
1+r2

parametric level-set approach, for fixed m0,m1, as minization over the cost
functional

f̃(α) = 1
2‖F (m(α))− d‖22. (5.3.2)

The gradient of this objective is given by

∇f̃(α) =

(
∂m

∂α

)T
∇f(m(α)), where

∂m

∂α
= diag {(m11−m0)� h′ε(Kα)}K.

(5.3.3)

5.3.2 Radial basis functions

Radial basis functions are a means to approximate smooth multivariate functions.
They have been extensively studied in the context of the interpolation of scattered
data in high dimensions and for meshless methods [214, 38, 147]. RBFs are
classified into two main types, global RBFs, which have infinite support, and
compactly supported RBFs. Next, we discuss some relevant properties when we
consider approximating a given smooth function φ using RBFs.

Global RBFs

Global RBFs have infinite support and hence the RBF kernel matrix K is dense.
An overview of several common global RBFs is given in Table 5.1 and their radial
behavior is shown in Figure 5.2. For the multiquadric, the kernel matrix is positive
definite [129]. Among the advantages of global RBFs are (1) highly accurate and
often exponentially convergent, (2) easily applicable to high-dimensional problems,
(3) meshless in the approximation of multivariate scattered data and (4) numerical
accuracy is easily improved by adding more points in regions with large gradients.

However, the corresponding interpolation matrix is dense and ill-conditioned and
therefore sensitive to the shape parameter. As a result, the application of traditional
RBF interpolation to large-scale problems is computationally expensive.

Compactly supported RBF

These result in a sparse, positive definite, and generally better conditioned kernel
matrix [207]. However, the order of approximation is usually less than with global
RBFs. Table 5.2 provides an overview of some common compactly supported RBFs.
Figure 5.2 presents their radial behavior.
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Figure 5.2: Various types of global and compact (Wendland) RBF.

Table 5.2: Wendland compactly-supported RBFs. Here, k denotes the order of smoothness
(i.e., φ is k times continuously differentiable). (x)+ operation gives value itself if x ≥ 0, and
set it to 0 if x < 0.

Name Ψ(r) k

Wendland-1 (1− r)2
+ 0

Wendland-2 (1− r)4
+(4r + 1) 2

Wendland-3 (1− r)6
+(35r2 + 18r + 3) 4

Wendland-4 (1− r)8
+(32r3 + 25r2 + 8r + 1) 6

.

5.3.3 Shape representation
To determine which type of RBF is most suitable for our purpose, we study how
well we can represent typical salt bodies with various RBFs. These salt models are
discretized on a cartesian grid with grid spacing h. We choose the nodes of the
RBFs on a cartesian grid with a larger grid spacing hr = 5h and normalize the scale
parameter for the compactly supported RBFs with β = 1

γhr
.

We determine the coefficients α by solving

min
α

1
2‖hε(Kγα)−m‖22,

with a L-BFGS method[136]. Results for the Wendland-4 RBF with γ = 4 and
ε = 10−1 are shown in Figure 5.3(a–d). The lower-order Wendland RBFs gave a
less good approximation. Results with the global RBFs are similar to those of the
compact ones.

As noted earlier in Section 5.3, we need to pick ε in accordance with the gradient
of the level-set function in order to have optimal sensitivity. We propose to choose ε
adaptively based on the (fraction) of an upper bound on the gradient. It is
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.3: (a), (b), (c), (d) show level-set reconstructions of salt geometries with fixed
ε = 0.1, while (e), (f), (g), (h) reveal the improved reconstructions with new formulation of ε
presented in equation (5.3.4) (red dotted line denotes the reconstructed zero contour of the
level-set).

represented as

ε = κ [max(Kγα)−min(Kγα)] . (5.3.4)

This choice of ε with κ = 5× 10−2 produced the results in Figure 5.3(e–h).

5.3.4 Algorithm

Algorithm 7 summarizes parametric level-set full waveform inversion (PLS-FWI).
This method introduces a small, O(N) flops overhead compared to the conventional
FWI approach. This is negligible compared to the O(N (3/2)) complexity of solving
the Helmholtz equation in 2D with nested dissection.

Algorithm 7 PLS-FWI Basic Algorithm

Require: Data d ∈ Rns×nr×nf , estimate of background parameter m0, salt
parameter m1, initial estimate of weights α, κ

Ensure: final weights α, model m
1: for j = 1 to itermax do
2: compute Heaviside ε from equation (5.3.4).
3: compute misfit f̃(α) from equation (5.3.2) and gradient ∇f̃(α) from

equation (5.3.3). Form an estimate of the Hessian, H̃ from the LBFGS procedure.
4: α← α+ λH̃−1∇f̃(α).
5: end for
6: compute m from equation (5.3.1).

Algorithm 8 outlines the multi-scale approach of PLS-FWI. We reduce κ for
Heaviside ε after every frequency band to decrease the size of level-set boundary.
The idea is to start optimization with large boundary (high κ) and small initial
level-set to capture large sensitivity, allowing for large updates. Decreasing the
level-set boundary then provides sharper images.
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Algorithm 8 PLS-FWI Multi-scale Algorithm

Require: Data in frequency batches {d1,d2, . . .dn}, estimate of background
parameter m0, salt parameter m1, initial estimate of weights α0

Ensure: model m
1: κ← 0.1
2: for i = 1 to nbatches do
3: αi ← PLS-FWI(di,m0,m1,αi−1, κ)
4: κ← 0.8× κ
5: end for
6: ε← 0
7: compute m from equation (5.3.1).

5.4 Results

To demonstrate the capabilities of the parametric level-set full waveform inversion,
we perform simulations on four different velocity models. These models are shown
in Figure 5.4. Each has a background velocity increasing linearly with depth z as
1500 + bz with b = 0.8333. The salt bodies in these model have a constant velocity
of 4500 m/s. We choose a grid spacing of 50 m in each direction, providing a total
of N = 201× 61 grid points.

The acquisition setup is shown in Figure 5.5, with 50 sources placed at the top of
the model and 100 receivers placed at a depth of 50 m. Also shown is the part of the
model to which the data are most sensitive. Features of the model in the lower left
and right corners are hard to recover because of the limited aperture.

We use a frequency-domain finite-difference code [174] to generate the data for
frequencies between 2.5 and 3.5 Hz with a spacing of 6.25 × 10−2 Hz. The data are
weighted in frequency by a Ricker wavelet with a peak frequency of 15 Hz. For the
inversion, we select four bands, [2.5 − 2.75] Hz, [2.75 − 3.0] Hz, [3.0 − 3.25] Hz and
[3.25− 3.5] Hz, each with 4 four frequencies.

For PLS-FWI, the RBF grid has a spacing of 250 m in both directions. As shown
in Figure 5.6, two extra layers of RBF nodes are added outside the physical domain
to provide flexibility in reconstructing the level-set near the boundary. We use a
fourth-order Wendland RBF with γ = 4 and choose ε adaptively as described in
Section 5.3.3. We found that ε usually stabilizes after the first few iterations.

We compare FWI and PLS-FWI on noise-free data and on data with white noise,
with an SNR of 10 dB. Finally, we perform a joint reconstruction of both the salt
geometry and the background model m0 = 1500 + bz, parametrized by the slope b.

For FWI, we use a projected Quasi-Newton method [166] to solve the resulting
optimization problem with bound-constraints on m to ensure that the velocity stays
within the feasible range of [1500, 4500] m/s. To solve the resulting optimization
problem in α (PLS-FWI), we rely on the L-BFGS approximation of the Hessian[167].
We perform 150 iterations per frequency band while resetting the L-BFGS memory
after handling each frequency band. For joint salt and background reconstruction
with PLS-FWI, we use a bisection method to find the optimal b.
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Figure 5.4: Velocity models (in m/s) created for the inversion test. They are referred to as
model A (a), model B (b), model C (c) and model D (d).

Figure 5.5: Source and receivers for the simulation. Sources are placed on top, receivers at
a depth of 50 m. The two ray paths separate the region recoverable by inversion from the
shaded non-recoverable part [115].
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Figure 5.6: Placements of RBF on the computational grid (denoted by thick black line). To
initialize the zero contour of the level set (green line) that defines the salt body, a few RBFs
around the center have been allocated positive values (denoted by red plusses), others are
negative (denoted by blue dots).
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Table 5.3: Comparison of misfit and RRE values for classical FWI vs PLS-FWI

Model
ERF RRE

FWI PLS-FWI FWI PLS-FWI

A 0.0281 5.8197× 10−4 0.8213 0.0707

B 0.0221 2.9183× 10−4 0.8072 0.0856

C 0.0261 4.7127× 10−4 0.9102 0.0732

D 0.0339 9.0299× 10−6 0.8088 0.0434

5.4.1 Salt geometry determination
The initial model for conventional FWI and the background model for PLS-FWI are
taken to be the same, linearly increasing velocity models as in the true ones. For
PLS-FWI, we let m1 correspond to the true velocity in the salt and initialize the
level-set as shown in Figure 5.6. For model B, we initialize the level-set function
with two positive regions near the top of the two salt bodies.

Noise-free data
Figure 5.7a, 5.7c, 5.7e and 5.7g show the reconstructed models using FWI. To a
large extent, the results predict the top of the salt but fail to identify its proper shape.
They also include some artefacts, as shown in the left bottom part of Figure 5.7g.
On the other hand, PLS-FWI almost perfectly recovers the salt geometry in each of
the models, as can be seen in Figure 5.7b, 5.7d, 5.7f and 5.7h. These models retain
their sharpness even with low frequencies because we reduce ε to zero in step 6 of
algorithm 8.

To compare the proposed method with conventional FWI, we define the error
reduction factor (ERF),

ERFrecon =
‖F (mrecon)− d‖2
‖F (m0)− d‖2

.

An ERF close to the best achievable ERF (0 in case of noise-free data) indicates a
better performance of the reconstruction method in reducing the data misfit.
Table 5.3 shows the improvement in the data misfit with PLS-FWI over classic FWI.
The data misfit is reduced by a factor 10−4 on average with the use of PLS-FWI.

To compare the reconstructions for different methods, we define a measure called
the Relative Reconstruction Error (RRE) as

RRErecon =
‖mrecon −mtrue‖2
‖m0 −mtrue‖2

,

where mrecon is the model reconstructed by FWI or PLS-FWI. From Table 5.3, we
observe that the RRE is reduced dramatically with PLS-FWI.

Noisy data
Figure 5.8a, 5.8c, 5.8e and 5.8g show the reconstructed models using FWI while
Figure 5.8b, 5.8d, 5.8f, 5.8h show the models reconstructed by PLS-FWI. The results
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Figure 5.7: Salt reconstruction with classical FWI and parametric level-set full waveform
inversion (PLS-FWI) from noise free data. (a), (c), (e) and (g) represent models A, B, C,
and D, reconstructed with classical full waveform inversion. (b), (d), (f) and (h) represent
reconstructed model A, B, C, D using PLS-FWI. The red dotted line shows the true geometry
of salt.

are essentially the same as for the noise-free case, except for some artifacts outside
the region of interest in the PLS-FWI results. Figure 5.9 exhibits the variation of the
achieved level-set function for Model A. The gradient near the left bottom corner
still is large, suggesting the method has difficulty in getting rid of the incorrect salt
geometry.

Table 5.4 shows the improvement in the data misfit with PLS-FWI over classic
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Table 5.4: Comparison of misfit and RRE values for classic FWI vs. PLS-FWI (noisy data).

Model
ERF RRE

FWI PLS-FWI achievable FWI PLS-FWI

A 0.5425 0.5254 0.5246 0.8432 0.2437

B 0.6172 0.5956 0.5950 0.8332 0.2085

C 0.6090 0.5958 0.5951 0.9199 0.1817

D 0.5530 0.5325 0.5321 0.8239 0.1382

Table 5.5: Recovered values of b for different models (noisy data).

Model A B C D

b 0.8351 0.8351 0.8345 0.8333

FWI. For noisy data, we also look at the best achievable ERF, which is defined as

ERFachievable =
‖F (mtrue)− d‖2
‖F (m0)− d‖2

.

This quantity denotes the smallest ERF achievable by any reconstruction method.
The ERF for PLS-FWI is closer to the best achievable ERF than that of FWI. With the
classic approach, the relative reconstruction error is slightly affected when noise is
added to data. On the other hand, RRE changes by a large factor in the presence of
noise with the proposed method. The false salt geometries mainly attribute to these
large changes.

5.4.2 Simultaneous reconstruction of salt and background
Next, we jointly reconstruct the salt geometry and the background, parametrized by
b. For each frequency band, we first estimate the optimal b, for fixed α and setting
ε = 0, using a bisection method and subsequently estimate the salt geometry with
PLS-FWI (Algorithm 7). The bisection method is initialized with the interval [0, 1]
for b.

Figure 5.10a, 5.10b, 5.10c and 5.10d show the reconstructed models for noisy
data. The salt geometry is accurately predicted, but contains a few artifacts.
Table 5.5 indicates the predicted values of b in each of the models, which are very
close to true value of b = 0.8333.

5.5 Discussions and conclusion

Accurately determining the geometry of subsurface salt bodies from seismic data is
a difficult problem. When casting the inverse problem into a nonlinear data-fitting
problem, both the presence of local minima and the ill-posedness of the problem
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Figure 5.8: Salt reconstruction with classic FWI and Parametric level-set full waveform
inversion (PLS-FWI) with noisy data of SNR 10 dB. (a), (c), (e), (g) represent reconstructed
model A, B, C, D with classic full waveform inversion respectively. (b), (d), (f), (h) represent
reconstructed model A, B, C, D with PLS-FWI respectively. Red dotted line shows the true
geometry of salt.
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Figure 5.9: Gradient of the final level set function for model A with noisy data.
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Figure 5.10: Simultaneous reconstruction of salt and background with Parametric level-set
full waveform inversion (PLS-FWI) on noisy data with SNR 10 dB. (a), (b), (c), (d) represent
reconstructed model A, B, C, D respectively. Red dotted line shows the true geometry of salt.

prevent accurate recovery of the salt-geometry. We have investigated the
application of a parametric level-set method to address this problem. We represent
the Earth model as a continuously varying background with an embedded salt
body. The salt geometry is described by the zero contour of a level-set function,
which in turn is represented with a relatively small number of radial basis
functions. This formulation includes some additional parameters such as the width
of the basis functions and the smoothness of the Heaviside function. The latter is of
particular importance as it controls the sensitivity to changes in the salt geometry.
We propose a robust algorithm that adaptively chooses the required smoothness
parameter and tested the method on a suite of idealized Earth models with
different salt geometries. For a fixed and accurate background model, the level-set
method is shown to give superior estimates of the salt geometry and is stable
against a moderate amount of noise. Additional results demonstrate that it is
feasible to jointly estimate the background and the salt geometry.

To further develop the method as a viable alternative to conventional
full-waveform inversion, tests on more realistic Earth models are needed. In
particular, the joint estimation of the background model and salt geometry needs to
be investigated further. Even when representing the level-set function with a finite
basis, there are many level-set functions that result in the same salt geometry. To
address this issue, additional regularization is needed. An often-used approach is to
re-initialize the level-set function by solving an eikonal equation. In the parametric
framework, this can be included by adding the discretized eikonal equation as a
regularization term.

In this work, we fixed the RBF grid a priori. For very complex salt-geometries,
this may no longer be feasible as it would require too many nodes for their accurate
representation. An adaptive choice of the RBF grid may address this problem but it
is not obvious how to refine the grid.
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CHAPTER 6

Partially discrete waveform inversion

Abstract - Full-waveform inversion attempts to estimate a high-resolution model
of the Earth by inverting all the seismic data. This procedure fails if the Earth
model contains high-contrast bodies such as salt and if sufficiently low frequencies
are absent from the data. Salt bodies are important for hydrocarbon exploration
because oil or gas reservoirs are often located on their sides or underneath. We
represent the shape of the salt body with a level set, constructed from radial basis
functions to keep its dimensionality low. We have shown earlier that the salt body
can be completely recovered if the sediment structure is already known. We propose
a strategy to simultaneously reconstruct the sediment and the salt. The sediment
is implicitly represented by a bilinear interpolation kernel with a small number of
variables. An alternating minimization technique solves the resulting optimization
problem. The results on a synthetic model using Gauss-Newton approximation of
the Hessian shows the feasibility of the approach.

This chapter is based on the following publications:

A Kadu, T van Leeuwen, and W A Mulder. Parametric level-set full-waveform inversion in
the presence of salt bodies. In SEG Technical Program Expanded Abstracts 2017, pages
1518–1522. Society of Exploration Geophysicists, 2017.
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“The beauty of mathematics only shows
itself to more patient followers”

- Maryam Mirzakhani

6.1 Introduction

Full-waveform inversion (FWI) has become a popular technique to produce
high-resolution maps of the subsurface velocity and density from the available
seismic data. In its classic form, the method obtains a model by iteratively fitting
modeled to observed data in a least-squares sense. Because the underlying
minimization problem is highly nonlinear and seismic data typically lack
sufficiently low frequencies, a good initial guess of the model is required to avoid
convergence to the nearest local minimum, which generally does not represent the
ground truth [204]. The problem becomes worse in the presence of salt bodies,
which are of particular interest to the oil industry because hydrocarbon reservoir
are often located nearby or underneath. Often, conventional FWI reconstructs the
top of the salt but fails to obtain its interior, its bottom, and everything underneath.

A level set can help to regularize the problem. [161] introduced the method to
geometric inverse problems. It implicitly defines the shape of the salt as the level
set or zero contour of a smooth function. The conventional method deals with the
level-set evolution through the Hamilton-Jacobi equation, also known as the level-
set equation. This approach suffers from steepening and flattening of the level set
during iterations. The classic solution, re-initialization of the level set, solves the
issue but is computationally intensive. [57], [121] and [83] successfully applied the
method in combination with full-waveform inversion.

Previously, we presented a robust implementation that dynamically adapts the
width of the level-set boundary to obtain faster convergence [103]. This approach
implicitly avoids flattening and steepening of the level-set function near the
boundary by adjusting the width according to an approximate level-set gradient.
We assumed, however, a known background sediment model. In the present
chapter, we propose a joint-inversion approach and try to reconstruct the
background and salt geometry simultaneously.

6.2 Theory

The FWI problem in its classic least-squares formulation [188] reads

min
m

{
1
2‖F (m)− d‖22

}
,

where F models the scalar Helmholtz equation, m defines the subsurface model, for
instance, P-wave velocity or density or both, and d represents the data.

It is natural to separate the model into salt and sediment with constant and known
salt velocity, m1 and sediment model m0:

m(x) = {1− a(x)}m0(x) + a(x)m1, (6.2.1)

where a is an indicator function that separates the salt from the sediment. Solving
for a(x) is an NP-hard problem because of its discrete nature [61]. A level-set
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function, φ : R2 → R, will simplify the problem:

a(x) =

{
1, φ(x) ≥ 0;

0, φ(x) < 0.

Mathematically, we represent an indicator function with the Heaviside function, i.e.,
a(x) = h(φ(x)). Now, the problem is to find a function φ(x) that represents the true
salt geometry.

6.2.1 Parametric level-set method
[103] chose a representation of the level-set function by a linear combination of
finite compactly-supported radial basis functions (RBFs):

φ(x) =

ns∑
j=1

αjψ(‖x− χj‖2).

Its discrete version is represented by a RBF Kernel Matrix, B, with entries bij =
[ψ(‖xi − χj‖2)], where {xi}ni=1 represents the model grid points. The RBF nodes
{χj}nsj=1 are placed on an equidistant model grid. The RBF amplitudes {αj}nsj=1

control the level set. Typically, we use a sufficiently smooth Wendland RBF of the
form

ψ(r) = (1− r)8
+(32r3 + 25r2 + 8r + 1),

where x+ is equal to x if x > 0 and 0 otherwise. The Parametric Level-Set Full-
Waveform Inversion (PLS-FWI) for fixed m0 and m1 becomes

min
α∈Rns

{
f(α) = 1

2‖F (α)− d‖22
}
.

The gradient and Gauss-Newton Hessian for this problem are

gα = ATDT
αJ
∗ (F (α)− d) ,

Hα = ATDT
αJ
∗JDαA,

where J is the Jacobian of the forward modeling operator F . The diagonal matrix
Dα denotes the element-wise multiplication of the difference between the salt and
sediment velocity with the Dirac-Delta function:

Dα = diag (m1 −m0)� h′ε(Aα),

where hε(·) is an approximation of the Heaviside function with width ε. It is
important to note that the level-set sensitivities depend on two main factors: (1)
the difference between the salt and sediment velocity and (2) the approximation of
the Heaviside function.

We use a compact approximation of the Heaviside function, plotted in Figure 6.1.
This formulation provides a constant region of sensitivity around the level-set
boundary. This allows level-set parameters to take large steps as the FWI gradient
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(i.e., J∗(F (α) − d)) is extrapolated by a constant factor. Due to its compactness,
only neighboring RBFs are updated, providing less artifacts in the reconstruction.

The width of the Heaviside depends on the level-set boundary and the spatial
gradient of the level-set function. Because this gradient is expensive to compute, we
approximate it using the lower and upper bounds of the level-set function. Hence,
the Heaviside width is given by:

ε = κ∆x

(
max(φ)−min(φ)

∆x

)
= κ [max(Aα)−min(Aα)]

(6.2.2)
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Figure 6.1: Heaviside and corresponding Dirac-Delta functions (dashed) with a width of 0.5.

We refer the reader to [105] for more details.

6.2.2 Bilinear Interpolation
We can impose smoothness constraints on the sediment velocity by means of bilinear
interpolation from a model on a coarser mesh:

m0(x) = mmin
0 +

nb∑
j=1

βj lj(x− χ̃j).

Here, mmin
0 denotes the water velocity, lj(·) represents a piecewise linear basis

function at node χ̃j and βj denotes its corresponding weight. The latter term can
be captured using a bilinear interpolation kernel B when the model is discretized
on a grid.

For fixed m1 and φ(x) in equation (6.2.1), the optimization problem becomes

min
β∈Rnb

f(β) = 1
2‖F (β)− d‖2.

The gradient and Gauss-Newton Hessian are given by

gβ = BTJ∗ (F (β)− d) ,

Hβ = BTJ∗JB.
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Figure 6.2: An example of bilinear interpolation. The less nodes, from (a) to (d), the smoother
the representation of the model.

6.2.3 Joint reconstruction

The model is now represented in terms of α and β as:

m = {1− h(Aα)} � (mmin
0 +Bβ) + h(Aα)m1. (6.2.3)

With prior information about the salt velocity m1 and water velocity mmin
0 , the

minimization problem becomes

min
α,β

{
f(α,β) = 1

2‖F (α,β)− d‖22
}
,

such that βmin ≤ β ≤ βmax.

We use an alternating minimization strategy, splitting the optimization procedure
in two parts, namely minimization over the level-set parameters α and
minimization over the background parameters β. We alternately update the level
set and the background in a multi-scale fashion. Algorithm 9 presents the basic
algorithm, whereas Figure 6.3 outlines the multi-scale work-flow.
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Algorithm 9 Basic Joint Reconstruction Algorithm

Require: d - data for frequency batch If , F - operator
1: m1,m

min
0 ,βmin,βmax - model prior information

2: A,B - Kernel matrices, α0,β0 - initial values
Ensure: {αfinal,βfinal}, m - final model

3: for i = 1 to InnerItermax do
4: for j = 1 to J do

5: β(j+1) = β(j) +
(
Hβ

(
α(i−1),β(j)

))−1

gβ

(
α(i−1),β(j)

)
6: end for
7: β(i) = β(J)

8: for k = 1 to K do
9: α(k+1) = α(k) +

(
Hα

(
α(k),β(i)

))−1

gα

(
α(k),β(i)

)
10: end for
11: α(i) = α(K)

12: end for
13: compute m from equation (6.2.3).

In step 5, we use an interior-point method that incorporates bounds on the
parameters β and in step 9, a simple Newton method. In both these steps, the
descent direction is calculated by a truncated conjugate-gradient method.

Figure 6.3: Multiscale Joint Reconstruction Algorithm

6.2.4 Bounds on sediment parameter
To avoid the delineation of salt in the sediment, it is important to put bounds on
sediment velocity. Figure 6.4 shows an example. We allow for smooth updates of
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Figure 6.4: Bounds on the sediment velocity

the level set near the top region of the salt by constraining the sediment velocity to
an upper bound close to the true velocity. As noticed in the FWI results, the region
just below the top part demands very low velocities. This can also happen with the
proposed approach and will slow down the reconstruction procedure. To accelerate
the convergence, we impose an appropriate lower bound as a function of depth.

6.3 Examples
To demonstrate the capabilities of the proposed method, we present numerical
experiments on a synthetic model with acoustic data. Figure 6.5(a) shows a model
10 km long and 3 km deep, discretized with a 50-m grid spacing. The sediment is a
staircase in depth below a 300-m water layer with velocities between 1500 and
4000 m/s. The salt body, embedded in the sediment, has its top at 200 m below the
water bottom with a constant velocity of 4500 m/s. Sources were placed 10 m deep
and 200 m apart. The source is a Ricker wavelet with a 15-Hz peak frequency and
zero time lag. The data were acquired with receivers placed 50 m apart starting at
a smallest offset of 100 m up to a largest of 4 km. To avoid a full inverse crime, a
different finite-difference code generated the data for a model discretized with a
much finer grid spacing of 50/8 m. The amplitude of the source wavelet is
estimated for each frequency at every step [148].

For the classic full-waveform inversion, we apply a spectral projected gradient
method with bounds [166] on the velocity. For the initial model, we take a linear
velocity profile with depth. The inversion is performed in a multi-scale fashion over
the frequency range 2.5–4.5 Hz with 200 iterations for each frequency batch and a
total of 3 passes [70] over the frequency range. Figure 6.5(b) displays the results.
The top of the salt near the water bottom has been reconstructed reasonably well,
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Figure 6.5: (a) True velocity (in m/s) of synthetic model. (b) Classic Full-Waveform Inversion
results

but not the salt body below. The sediment structure at larger depths is also lost.
The parametric level-set parameters α are initialized as shown in Figure 6.6(a).

All negative RBFs have a value of −1 and all positive of +1. We place 25(z)× 20(x)
nodes over the model grid for the background. The background parameters β are
initialized with a smooth linear trend in depth. We incorporate prior information
about the water bottom, at z = 350 m, in the initial model.
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Figure 6.6: (a) Initial model with velocities in m/s. The level set is initialized around the
top of the salt. Positive RBFs are denoted by red plusses and negative by dots. (b) Model
obtained by the joint reconstruction approach. Corresponding positive (pluses) and negative
(dots) RBFs.

The optimization over β is performed with the interior-point method (fmincon in
MATLAB R©). We restrict ourselves to J = 10 iterations in algorithm 9. We apply the
minFunc [167] code in MATLAB R© to optimize over α, limited to K = 20 iterations.
In both these steps, the step direction is calculated by at most 10 iterations of the
conjugate gradient method. A total of 4 passes are made over the frequency range,
along with 2 inner iterations for each frequency batch. In total, we perform about
960 iterations. The Heaviside width parameter (κ) is initialized with 0.05 and
reduced by 20% after each frequency pass to produce sharp boundaries for the salt.

Figure 6.6(b) shows the model obtained with the proposed method. The salt is
reconstructed accurately at its top and sides. The sediment structure is reconstructed
well down to a depth of 1.5 km as shown in Figure 6.8. Figure 6.7 illustrates the
need for multiple passes over the frequency range. Figure 6.9 shows that the method
manages to fit the data for the lower frequencies but not for the higher.

6.4 Conclusions
We have proposed a joint reconstruction approach for salt delineation in seismic full-
waveform inversion. Our approach is based on the idea of separating the model into
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Figure 6.7: Reconstructed model after the 1st (a), 2nd (b) and 3rd (c) frequency pass.
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Figure 6.8: Velocity profile at x = 2 km (a), x = 5 km (b), and x = 8 km (c). The blue
line denotes the reconstructed velocity, the red dotted line denotes the true velocity, while the
yellow dash-dotted line represents the initial velocity.

salt and sediment. The salt geometry is defined with a level set represented by radial
basis functions. The sediment, in turn, is represented by piecewise linear functions
on a small number of nodes. This low-dimensional formulation of the model imposes
smoothness on the sediment and on the salt geometries. The proposed compact
approximation of the Heaviside function leads to faster convergence and produces
no artifacts. We apply an alternating minimization strategy to optimize over the
two different parameters. Results on a synthetic acoustic example demonstrate the
method’s capability. The proposed method accurately predicts the salt geometry
where the conventional full-waveform inversion fails.
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Figure 6.9: Normalized data misfit (only real part) for final reconstructed model at (a) 2.5
Hz, (b) 3.5 Hz, and (c) 4.5 Hz. We normalized the differences by the maximum value of the
true data per frequency.
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CHAPTER 7

High-contrast reflection tomography

Abstract - Inverse scattering is the process of estimating the spatial distribution of
the scattering potential of an object by measuring the scattered wavefields around
it. We consider a limited-angle reflection tomography of high contrast objects that
commonly occurs in ground-penetrating radar, exploration geophysics, terahertz
imaging, ultrasound, and electron microscopy. Unlike conventional transmission
tomography, the reflection regime is severely ill-posed since the measured wavefields
contain far less spatial frequency information of the target object. We propose
a constrained incremental frequency inversion framework that requires no side
information from a background model of the object. Our framework solves a
sequence of regularized least-squares subproblems that ensure consistency with the
measured scattered wavefield while imposing total-variation and non-negativity
constraints as a regularizer. We propose a proximal Quasi-Newton method to solve
the resulting subproblem and devise an automatic parameter selection routine to
determine the constraint in the regularizer of each subproblem. We validate the
performance of our approach on synthetic low-resolution phantoms and with a non-
inverse-crime test on a high-resolution phantom.

This chapter is based on the following publications:
A Kadu, H Mansour, P T Boufounos, and D Liu. Reflection tomographic imaging of highly
scattering objects using incremental frequency inversion. In IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP), pages 7735–7739. IEEE, 2019.
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“ . . . in fact, the great watershed in optimization isn’t
between linearity and nonlinearity, but convexity and

nonconvexity.”
- R. Tyrrell Rockafellar

7.1 Introduction

Inverse scattering addresses the problem of reconstructing an image of the scattering
potential of an object by probing it with electromagnetic or acoustic waves of finite
bandwidth. An incident wavefield propagating inside the object induces multiple
scattering of the waves that are generally measured on the boundary of the material.
The scattered waves carry information about the spatial distribution of the scattering
potential of the material, which has led to applications in numerous fields, such as,
non-destructive testing [117], optical tomography [7], geophysical imaging [176,
204], ground penetrating radar [208], medical imaging [212, 88], and electron
microscopy [95, 213, 16].

(a) (b)

Figure 7.1: Two acquisition scenarios in inverse scattering, (a) Transmission, and (b)
Reflection. Ω is the domain of interest, Γs is a source domain, and Γr is a receiver domain. A
single experiment consists of - a set of sources in Γs sending a wavefield into Ω, and scattered
wavefield being measured by a set of receivers in Γr. This experiment is repeated for various
angles around Ω.

A scattering experiment consists of a transmission domain Γs ⊂ Rd, an object
domain Ω ⊂ Rd and a receiver domain Γr ⊂ Rd, where d is the dimension of the
scene. A set of transmitters located in Γs sends waves into the scene that interact
with an object in Ω. The interaction of the waves with the object leads to scattering
of these waves. The scattered waves are then measured at the set of receivers located
in Γr. Based on the location of transmission and receiver domain with respect to the
object, we can classify the acquisition scheme into three different types: (i) full-
view, where Γs and Γr surround the domain Ω; (ii) transmission mode, where Γs
and Γr are located on opposite sides of the object; and (iii) reflection mode, where
Γr and Γs co-located. Figure 7.1 illustrates these acquisition schemes. The full-view
mode provides the most information about the spatial distribution of the object. The
transmission mode offers less information than that of full-view, but it reduces the
cost of the experiment due to the requirement of fewer transmitters and receivers.
Tomographic imaging in this acquisition mode, known as transmission tomography,
has found applications in many areas, for example, X-ray tomography in medicine
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Figure 7.2: Acquisition scenario for underground imaging. A green star (?) denotes the source
and a triangle (5) the receivers.

and non-destructive testing.
The reflection mode generally arises due to a limitation in the ability to access

different sides of the material, as in the case of underground imaging, illustrated in
Figure 7.2. We focus our presentation on the reflection tomography scenario where
the problem is severely ill-posed. The ill-posedness arises due to restricted
measurements and the limited availability of low spatial-frequency content in the
measured wavefields (more discussion on this in Section 7.2.3). The underground
imaging setup often appears in ground penetrating radar, seismic imaging, and
ultrasound imaging.

The spatial scattering potential of a material can be described by its contrast level.
The contrast indicates the power of interaction of a object material with a probing
wave. A low-contrast material is semi-transparent, meaning that the interaction
of the waves with it induces weak scattering. A high-contrast material strongly
interacts with waves inducing multiple scattering events. In this chapter, we classify
objects according to their contrast level, with a contrast below 1 being low, a contrast
ranging from 1 to 10 being medium-contrast, and a contrast above 10 to be high. In
general, the contrast varies with the frequency of the wave, but here we assume it
to be independent of frequency.

7.1.1 Related Work

Numerous techniques have been proposed for solving the inverse scattering
problem in the reflection regime. Earlier approaches dealt with iteratively
linearizing the scattering model, using straight-ray theory, the Born approximation,
and Rytov approximation [180, 31, 62, 20]. However, such linear models fail to
account for the complex interaction between the wavefield and the material
properties that result in multiple scattering. As a result, these methods require an
accurate initial target model to enable the inversion and they generally suffer from
poor reconstruction quality, especially when the material is inhomogeneous or
contains highly scattering objects. Recently, the nonlinear interaction between the
wavefield and the object has been incorporated into the inversion process using the
wave equation (for example, [55, 11, 12, 29]). The inverse problem that deals with
the wave-equation based scattering model is known as full-waveform inversion
(FWI) [188, 148, 204]. FWI has been applied in multiple domains and across all
modes of acquisition. A considerable amount of research has focused on full-view
tomography and transmission tomography with FWI. Since we restrict ourself to
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reflection tomography, we do not address the literature for other modes of
tomography.

The research on the reflection tomography with FWI has mainly appeared in the
geophysical community. Since the problem becomes nonlinear, the convergence of
the inversion depends heavily on the initial model [134, 186]. Various new
approaches have been proposed in the past decade to mitigate the effect of an
initial model on the reconstructed solution [206, 200, 25, 201, 24]. These methods
work well when the object does not have a high contrast. In the high-contrast
regime, these methods are often complemented by the regularization [69, 71, 9].
These methods may require an additional set of parameters which may or may not
be known apriori. Recently, the level-set approach, which incorporates quantitative
information about the material in the object, is receiving attention [105, 121].
However, the level-set method requires a strong prior about the material, which
may not be readily available.

Our work is inspired by the TV-regularization strategies proposed in [71]. Our
contributions are different in the following three aspects: (i) We consider
full-waveform inversion instead of its extended approach (the wavefield
reconstruction inversion). Hence, we avoid estimating an extra hyperparameter.
(ii) Instead of working with a batch approach for frequency, we keep the low
frequencies in the cost function to avoid potential local minima. This makes our
framework computationally more expensive. (iii) We work with a classical form of
TV instead of its asymmetric version. Since the total variation parameter may be
unknown (as also noted in [71]), we propose to estimate this value from the noise
level in the data.

The sequential workflow has a long history in the geophysical imaging. It was
introduced in [39] and named multiscale full-waveform inversion. We work with a
regularized version of this multiscale approach. Since, we add one frequency at the
time, as opposed to a frequency batch in [39], our approach is more robust against
local minima (more discussions in Section 7.3.1).

7.1.2 Contributions and Outline
We develop an inversion framework for high-contrast limited-angle reflection
tomography. Our contributions are three-fold:
• Formulation: We adopt a regularized sequential approach based on an

incremental frequency. We keep the low frequencies in the cost function to
avoid potential local minima. For a total of k frequencies in the data, we solve
k constrained nonlinear least-squares problems sequentially.
• Regularization and Optimization: We introduce a combination of non-negative

and total-variation regularization for the contrast function. Note that both
regularizers are non-differentiable. To solve the regularized nonlinear least-
squares problem, we propose a proximal Quasi-Newton (prox-QN) method.
The proximal operations involved in the prox-QN are computed using primal-
dual method.
• Parameter Estimation: We recommend a strategy to estimate the total-variation

constraint parameter from the noise-level in the data.
We introduce the forward and the inverse scattering problem in Section 7.2. Here,
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we also discuss the challenges of reflection tomography. In Section 7.3, we present
the details of our sequential approach. We describe the regularization strategies
and the optimization framework. We validate the proposed method on numerical
phantoms and compare it with other methods in Section 7.5. We conclude the
chapter in Section 7.6.

7.2 Inverse scattering problem

We begin by presenting the scattering model that describes the relationship between
the wavefield and the contrast function. Next, we formulate the discrete inverse
problem to reconstruct the contrast function from the set of the measured scattered
wavefields. Finally, we discuss some challenges in estimating the contrast of an
object in the reflection regime.

7.2.1 Forward problem
The forward scattering problem deals with constructing a map from a contrast
function to the scattered waves measured at receivers. A wave-equation governs
this map in the time-domain. For simplicity, we restrict ourself to scalar waves, but
the map can naturally be constructed for other types of scattering problems with
some modifications (see, for example, [31]).

Let us consider an object located in a bounded domain Ω ⊂ Rd, where d = 2, 3
denotes the dimension. The object has a spatial distribution of permittivity given
by ε(r), where r denotes the spatial co-ordinate. The object lies in a homogeneous
background (free space) of permittivity εb. We define the contrast function (or the
relative permittivity) of the object as the difference of the permittivity of the object
from the background, i.e., f(r) = ε(r)−εb. We illuminate this object using the waves
generated from a source function q : Γt → R. Subsequently, the scattered wavefield
is measured inside the receiver domain Γr. Figure 7.1 illustrates the experimental
setup.

The total wavefield u : Ω → R in the object domain Ω is related to contrast
function f by an integral equation

u(r) = uin(r) + k2

∫
r′∈Ω

g(r− r′)u(r′)f(r′) dr′ ∀ r ∈ Ω, (7.2.1)

where g : Rd → R is the Green function, uin : Rd → R is an input wavefield,
k = 2πω/c represents the wave number in the vacuum, ω is the frequency and c
denotes the speed of light in the vacuum. We assume that f is real, or in other words,
the object is lossless. The equation (7.2.1) is known as the Lippmann-Schwinger
equation. The input wavefield in equation (7.2.1) depends on the source function q
as

uin(r) = k2

∫
r′∈Γt

g(r− r′)q(r′) dr′ ∀ r ∈ Rd. (7.2.2)

Finally, the scattered wavefield measured in the receiver domain, y : Γr → R is given
by

y(r) =

∫
Ω

g(r− r′)f(r′)u(r′) dr′, ∀ r ∈ Γr. (7.2.3)
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We provide a detailed derivation of equations (7.2.1), (7.2.2), and (7.2.3) in
Section 7.7.1. The forward problem finds the measurements y from the known
source function q, the contrast function f , and the Green function g. In essence, it
consists in first solving equation (7.2.2), then the Lippmann-Schwinger equation
(7.2.1), and finally, the data equation (7.2.3). Generally, we pre-compute the input
wavefield for each wavenumber k, since it is independent of the contrast function.

In the discrete setting, the scattering equation and data equation reduce to the
following system of linear equations for each transmitter illumination and wave
number:

u = v + G diag (f) u,

y = H diag(f)u,
(7.2.4)

where u ∈ CN and v ∈ CN are the total and input wavefields, respectively, N
denotes the number of grid points used to discretize the domain Ω, f ∈ RN denotes
the discretized contrast function, while G ∈ CN×N and H ∈ Cnr×N are the Green
functions of the domain and receivers, respectively. Let nr be the number of
receivers that discretizes the receiver domain Γ, then y ∈ Cnr is the noise-free
scattered wavefield measured at the receivers. The critical step in the forward
problem involves estimating the wavefield u by inverting the matrix
A := I − G diag (f), where I denotes the identity operator. As the discretization
dimension N increases, explicitly forming the matrix A and its inverse become
prohibitively expensive. Therefore, a functional form of A along with the
conjugate-gradient method (CG) are often used to perform the inversion. We note
here that the convergence of CG depends on the conditioning of the operator A,
which becomes ill-conditioned for large wavenumber and high-contrast medium,
i.e., large value of ‖f‖∞.

Convolution operations (right-most term in the equation (7.2.1)) are an important
step while computing the matrix-vector product y = A(f)u. These operations are
normally performed in the frequency domain, and the procedure is described as
follows: i) We discretize the Green function on a grid with twice the grid points of
the model. ii) We perform a circular shift to the Green function. iii) We obtain a
contrast source from the pointwise multiplication of u and f , and pad it with zeros
from all sides to make it of the same size as the Green function. iv) We convolve
the shifted Green’s function with the contrast source by first taking its fast Fourier
transform, and then taking an inverse Fourier transform. v) Finally, the top left part
of the inverse Fourier transform gives the final output of the convolution.

7.2.2 Inverse problem

An inverse scattering problem is defined as the estimation of the contrast function
given the measurement of scattered wavefield at nr receivers for each input
wavefield generated from nt transmitters. Assuming that the measurements are
contaminated by white Gaussian noise, we can formulate the discrete inverse
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problem as follows:

min
f

∑
j∈J

∑
i∈I

1
2‖yij −Hj diag(f)uij‖2,

subject to (I−Gj diag (f)) uij = vij ∀i ∈ I, j ∈ J ,
(7.2.5)

where J = {1, . . . , nf} and I = {1, . . . , nr} denote the index sets for frequencies
and receivers respectively, and nf represents the number of frequencies. We
assume that the J is ordered according to the frequencies (in increasing order).
For the rest of the chapter, ‖ · ‖ denotes the Euclidean norm (if there is no
subscript). In general, problem (7.2.5) is ill-posed and admits multiple solutions.
Therefore, spatial regularization in the form of a penalty function R(f) is often
added to make the solution space smaller.

Let us introduce a data matrix Yj ∈ Rnr×nt , a wavefield matrix U ∈ CN×nt and
the input wavefield matrix Vj ∈ CN×nt for j ∈ J . Hence, for each frequency, the
cost function and the constraint take the form

Dj (f ,U) = 1
2‖Yj −Hj diag(f)U‖22,

Cj (f ,U) = (I−Gj diag (f)) U−Vj .

It is possible to eliminate the wavefields U by satisfying the constraints,(
i .e.,U?

j = (I−Gj diag(f))
−1

Vj

)
. Such reduced cost-function at frequency j is

given by

Fj(f) ,

{
Dj(f ,U) subject to Cj(f ,U) = 0

}
. (7.2.6)

With the incorporation of this reduced form, the regularized version of (7.2.5) now
reads

min
f

∑
j∈J
Fj (f) +R (f) . (7.2.7)

This is a regularized least-squares optimization problem. The analytical solution is
not available since the cost function, and the constraints are nonlinear. We resort to
iterative methods to find a feasible solution to this problem.

7.2.3 Transmission vs reflection
A critical distinction between the transmission and reflection modes in inverse
scattering manifests itself in the spatial frequency content that can be captured by
the measured wavefields. In the transmission regime, the received measurements
generally capture more of the lower spatial frequencies of the target distribution
compared to the reflection regime. This is due to the fact that a probing pulse in
the transmission mode is modulated by the complete object before reaching the
receivers. On the other hand, the measured wavefields in the reflection mode are
modulated by the discontinuities in the object permittivity that lead to reflections
of the wavefields back to the receivers.
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In order to illustrate the phenomenon described above, we simulate two sets of
measurements {yT ,yR} of the scattered wavefield of the same object observed in
the transmission and reflection modes through the measurement operators HT and
HR, respectively. The object is illuminated from its left side by a flat spectrum pulse
containing 2, 3, and 5GHz frequency components. We want to identify the amount
of spatial frequency content that is encoded in each of yT and yR without being
affected by the nonconvexity of the inverse problem (7.2.5). Therefore, we provide
the true scattered wavefields U?

j = (I−Gj diag (f?))
−1

Vj for each frequency,
which reduces (7.2.5) to a convex linear inverse problem in f . Consequently, we
solve the convex form of (7.2.5) to compute f in each of the transmission and
reflection modes and plot in Figure 7.3 the spatial frequency content (2D Fourier
coefficients) of the reconstructed contrast f in each of the transmission and
reflection modes. Notice how the recovered contrast in the reflection mode exhibits
very little energy around the low spatial frequency subbands in the Fourier plane.
This is in stark contrast to the transmission mode where a significant portion of
spectral energy of the recovered contrast corresponds to the low spatial
frequencies. The above illustration helps motivate the argument that the received
measurements of the scattered wavefields in the reflection tomography mode
encode very little spatial frequency information about the target object. Since the
goal of tomographic imaging is to estimate the spatial distribution of the scattering
potential of an object, the weak acquisition of spatial frequency information
renders the problem severely ill-posed when compared to transmission tomography.
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Figure 7.3: Comparison of the spatial frequency content of the received wavefields between
the transmission mode and the reflection mode from a transmitted pulse containing 2GHz,
3GHz, and 5GHz frequency components.

7.3 Regularized multiscale approach

In this section, we present an incremental frequency inversion method that does
not require a smooth initial model of the target image for successful recovery. We
also discuss the regularization and the optimization strategy to solve the resulting
problem.
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7.3.1 Sequential workflow
The least-squares cost function in (7.2.7) provides a natural separation across
frequencies. Moreover, the topology of the nonconvex cost function varies
drastically between frequencies and can be leveraged to find a good local
minimum. We illustrate this behavior using a simple cylindrical model for the
target with a constant reflectivity c as shown in Figure 7.4(a). The true target has a
reflectivity c = 10 and is illuminated with transmitters located at a y-position of
-0.6m. We plot in Figure 7.4(b) the value of the data-fidelity cost function Fj(f) for
various j values. Notice for the higher-frequency wavefields, the cost function
starts to exhibit many local minima that are farther away from the global
minimizer than for the low-frequency wavefields.

The most popular approach in the exploration geophysics community is to start
with a low-frequency batch, and then slide linearly towards the high frequencies
keeping the batch-size fixed. In Figure 7.4(c), we plot such cost function
(
∑
j∈Jb
Fj(f) with Jb = {j0, j0 + 1, . . . , j0 + nb − 1}) for various frequency batches.

We observe that the higher frequency batch has many local minima. The sliding
approach works only when we get close to the global minimizer during a
low-frequency batch inversion. A more robust approach would be to keep the
low-frequencies as regularizer when inverting with high-frequency data. We plot
the cost function (

∑jmax
j=1 Fj(f)) in Figure 7.4(d). Notice that the cost functions are

almost convex even when dealing with high-frequncy data.
The observations above led us to use an incremental frequency inversion

framework where the model of the object’s permittivity is sequentially updated as
higher frequencies are included in the inversion. Given a measured wavefield
containing nf frequency components indexed in increasing order from 1 to nf , our
framework iteratively estimates the model from low to high-frequency while
keeping the low-frequency cost function as a regularizer for high-frequency
inversions.

for k = 1, . . . , nf :

f (k) , argmin
f

{ ∑
j∈Jk

Fj(f) + R(f)

}
.

(7.3.1)

Therefore, instead of solving a single nonconvex minimization problem in (7.2.7),
we solve nf subproblems sequentially according to (7.3.1), where the sequence of
solutions moves us closer to the global minimizer of (7.2.7).

7.3.2 Regularization

Total-variation

The Total-Variation (TV) norm of a compactly supported function u : Ω → R is
formally defined as

TV (u) , sup

{∫
Ω

u(x) divφ dx : φ ∈ C1
c

(
Ω,Rd

)
, ‖φ‖∞ ≤ 1

}
,
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Figure 7.4: (a) Illustration of a cylindrical object with true reflectivity equal to c? = 10
measured by five co-located transmitters and receivers. Topology of the cost function per
frequency (b), per frequency batch of size 10 (c), and incremental freqency batch (d) relative
to the estimated reflectivity c.
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where C1
c

(
Ω,Rd

)
denotes the set of continuously differentiable functions of compact

support contained in Ω. This norm measures the total change in the function over
a finite domain [156]. If u is differentiable, then we can express the total-variation
using an integral

TV (u) =

∫
Ω

‖∇u(x)‖1 dx,

where ‖·‖1 denotes the `1 norm or Manhattan norm. As a result, regularization with
a TV norm promotes piecewise constant approximation of the true model [193]. In
a discrete setting of two dimension, the TV-norm is represented as

TV (x) = ‖Dx‖1 where D =

[
Ix ⊗Dy

Dx ⊗ Iy

]
. (7.3.2)

The Dx and Dy are the finite difference operators in x and y directions, and Ix, Iy
are the identity operators. We adopt the TV regularization in its constrained form
[71], such that,

RTV (f) , δTV≤τ (f)

, δ‖·‖1≤τ (Df) .
(7.3.3)

where δC(·) is an indicator function to the set C, and τ is a constraint parameter.
The second line in (7.3.3) expresses the discretized version of the TV regularization
function using the constrained `1-ball. We note here that the proximal for an
indicator function to set C corresponds to the projection of a vector onto the set C.
Efficient algorithms exist for the projection onto the `1-norm ball (see, for example,
[56]).

Non-negative Constraints
Since the contrast function is defined as the relative permittivity of an object (with
respect to vacuum), it will always be non-negative. Hence, we impose this prior
information (i.e., the constraints) using a regularization defined as

RNN(f) = δ≥0(f),

where δ≥0 denotes the indicator to a non-negative orthant. This regularization
function is convex, since the constraint set is convex. The proximal operator for this
function corresponds to the projection of a vector onto a non-negative orthant.
More specific, the projection operator is

P≥0(y) =

{
y if y ≥ 0

0 otherwise
.

Implementation
In order to impose the non-negative + TV constraints, we define the proximal
operator:

proxγR(w) , argmin
f

{
1

2γ
‖f −w‖2 +RTV(f) +RNN(f)

}
, (7.3.4)
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with γ > 0. The proximal operator becomes a projection onto the intersection of
the sets, the TV-norm ball and the non-negative orthant. Although there is no
simple analytical expression for this proximal operator, it can be evaluated
efficiently using various splitting methods, e.g., the alternating direction method of
multipliers (ADMM) [33] and/or primal-dual method [49]. Here, we work with the
primal-dual method. We derive this method for the sum of three convex functions
in Section 7.7.3. Algorithm 10 describes the primal-dual method to solve (7.3.4).

Algorithm 10 Proximal for Non-negative + Total-Variation

Input: w ∈ Rn,D ∈ Rm×n, γ > 0, τ > 0, tmax

Output: f?

1: f (0) = 0,u(0) = 0,v(0) = 0

2: choose α ∈
(

0, 1/
√
ρ(DTD + I)

)
3: while t < tmax do
4: f̂ = f (t) − α

(
DTu(t) + v(t)

)
5: f (t+1) =

(
γ f̂ + αw

)
/ (α+ γ)

6: û = u(t) + αD
(
2f (t+1) − f (t)

)
7: u(t+1) = u(t) − αP‖·‖1≤τ (û/α)

8: v̂ = v(t) + α
(
2f (t+1) − f (t)

)
9: v(t+1) = v(t) − αP≥0 (v̂/α)

10: t = t+ 1
11: end while

7.3.3 Proximal quasi-Newton method

Let’s consider a subproblem in (7.3.1):

f? = argmin
f

{ ∑
j∈Jk

Fj (f) +R (f)

}
. (7.3.5)

To solve the above problem, we propose a proximal Quasi-Newton (prox-QN)
method. The method is derived in Section 7.7.4. Algorithm 11 enumerates the
steps of prox-QN for problem (7.3.5).
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Algorithm 11 Prox-QN method for solving (7.3.5)

Input: f (0), τ > 0, γ ∈ (0, 1)
Output: f?

1: for i = 0 to imax do
2: compute the gradient gi =

∑k
i=1∇Fi

(
f (i)
)
.

3: compute the approximate Hessian Hi

4: solve si from equation (7.7.24)(a)
5: define f̂(α) = proxγR

(
f (i) + αsi

)
6: αi = linesearchα

(
f̂(α)

)
7: f (i+1) := proxγR

(
f (i) + αisi

)
8: check optimality conditions
9: end for

The algorithm consists of an inner and an outer loop. The outer loop computes
the next iterate based on the search direction and step length, while the inner loop
finds the search direction. At every sequence of the outer loop, we first compute the
gradient using an adjoint-state method, and form the approximate Hessian with the
L-BFGS procedure. The procedure to compute the gradient is explained in
Section 7.7.2. Once we have the gradient and approximate Hessian at the current
iterate, we search for the descent direction using the primal-dual method (see
(7.7.27)). Next, we search for the feasible step length using the backtracking
linesearch. Finally, we compute the next iterate from the optimal search direction
and the feasible step length.

7.4 Estimating the constraint parameter τ

Recall that for each subproblem (7.3.5) in our proposed framework, we are solving
a TV-constrained nonlinear least-squares problem where the constraint parameter τk
should bound the `1 ball of the total variation of the solution. Naturally, the choice of
constraint parameter τk would significantly affect the reconstruction performance.

In order to estimate τk for each new subproblem, we develop a parameter
estimation routine inspired by the approach in [197] for sparse optimization with
linear least squares constraints. Suppose that we have an initial estimate of fk

obtained at the frequency corresponding to the kth subproblem for which the TV
norm τk = TV (fk), specifically,

fk = argmin
f

{ ∑
j∈Jk

Fj (f) s.t. ||Df ||1 ≤ τk

}
, (7.4.1)

where Fj is as defined in (7.2.6), and the constraints Cj(f
k,Uj) = 0 are satisfied

for all j ∈ Jk. At subproblem k + 1, the cost Fk+1 (f) is added to the objective
function, resulting in the potentially unsatisfied constraint

Vk+1 = AkUk+1, (7.4.2)
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where Ak , I−G diag(fk). To overcome the nonconvexity of the objective function
due to (7.4.2), we linearize the objective function around fk by estimating U?

k+1 =

A−1
k Vk+1, thus reducing Fk+1 (f) to a convex least squares cost function in f , i.e.,

Fk+1 (f) ≈ Dk+1

(
f ,U?

k+1

)
,

where Dk+1

(
f ,U?

k+1

)
is the data mismatch cost function defined in (7.2.6).

Consequently, we may now define a value function Φ(τ) for the k + 1 subproblem
as

Φ(τ) = argmin
f

{ ∑
j∈Jk+1

Dj
(
f ,U?

j

)
s.t. ||Df ||1 ≤ τ

}

= argmax
λ

{ ∑
j∈Jk+1

rj
HYj

‖rk+1‖ − τλ

s.t. TVpolar

 ∑
j∈Jk+1

diag(U?
j )HH

j rj

‖rk+1‖

 ≤ λ}
(7.4.3)

where rj = Yj − Hj diag
(
U?
j

)
fk is the data residual at the jth frequency, and

rk+1 is the vector formed by concatenating all the vectors rj , such that, ‖rk+1‖ =√ ∑
j∈Jk+1

||rj ||2. The TVpolar function is defined as TVpolar(x) = ‖D−Tx‖∞, with

D−T being the transposed pseudo-inverse of the finite difference operator D defined
in (7.3.2). Note that (7.4.3) shows the primal and dual problems for computing the
value function Φ(τ).

The dual problem in (7.4.3) conveniently shows that the maximum is achieved

when λ is at its minimum λ? = TVpolar

 ∑
j∈Jk+1

diag(U?
j )HH

j rj

‖r‖

. Moreover, the

gradient of Φ(τ) with respect to τ is easily computed as ∇τΦ(τ) = λ?. Therefore,
we can compute the update for τ using a Newton root finding step, such that,

τk+1 = τk +
‖rk+1‖

(
‖rk+1‖ − σk+1

)
TVpolar

( ∑
j∈Jk+1

diag
(
U?
j

)
HH
j rj

) , (7.4.4)

where σk+1 is the upper bound on the `2 norm of the noise up to the k+1 frequency
bin. Finally, we note that at the zeroth iteration, the parameter τ can be set to zero
resulting in a homogeneous solution for f0.

7.5 Numerical experiment

In this section, we describe the experimental setup for the reflection tomography.
We evaluate our method on two numerical phantoms and compare it with two other
approaches. We also experiment with a partially non-inverse-crime dataset towards
the end.
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7.5.1 Experimental details
We consider an experimental setup illustrated in Figure 7.5(a). The domain is 1 m
× 1 m and extends in x-direction from x = −0.5 m to 0.5 m and in y-direction from
y = −0.5 m to 0.5 m. There are total of five transmitters and receivers located on a
line y = −0.6 m. Each transmitter illuminates a flat spectrum pulse occupying the
frequency band [10, 2000] MHz. All 5 receivers are activated for each transmitter. We
consider three frequency bands: i) a low frequency band consisting of {10+5j}MHz
with j = 0, . . . , 17, ii) a medium frequency band consisting of {100 + 50j}MHz with
j = 0, . . . , 17, and iii) a high frequency band consisting of {1000 + 100j} MHz with
j = 0, . . . , 10. Hence, in total, we consider 47 frequencies between 10 MHz and
2000 MHz.

We work with 3 phantoms shown in Figure 7.5(b)-(d). All phantoms have a
length of 1 m in both x and y directions. Phantom1 is a Shepp-Logan phantom
which resembles the brain. It is a well-known phantom in the image processing and
tomography community. Here, we discretize it on a 16 × 16 grid. It has a total of 4
contrast values, namely {0, 0.2, 0.3, 1}. Phantom 2 resembles an underground
scene. It has layer structure in the background whose contrast ranges from 0.1 to
0.5. A square-type hole (of contrast of 0) is embedded in a rhombus-type structure
with a contrast of 1. This phantom also has a resolution of 16 × 16. We use these
low resolution phantoms to compare our method with other exisiting methods and
to check the robustness against the noise.

Phantom 3 is a high-resolution phantom depicting another underground scene. It
has a resolution of 128 × 128. It contains 3 horizontal layers of contrast
{0.05, 0.1235, 0.5}. The phantom consists of two circular pipes of outer diameter
0.4 m and 0.24 m with a thickness of 0.6 m and 0.5 m respectively. A large pipe has
an inner region filled with a high contrast material of permittivity 1 and a small
pipe has a vaccum inside. We use this phantom to perform a partially
non-inverse-crime test as described in Section 7.5.5.
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Figure 7.5: (a) Reflection tomography setup for all the numerical experiments. The dotted
region denotes the object domain Ω. The transmitters and receivers are collocated at y =
−0.6 m. (b), (c), (d) are the three numerical phantoms used for the experimentation.

7.5.2 Comparison with other methods
We restrict ourself to the two classical methods. For fair comparison we modify these
methods to add the prescribed regularization. We do not compare with linearized
methods like Born approximation and Rytov approximation as these methods have
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shown to fail for high-contrast imaging [124].
CISOR : The CISOR algorithm aims to solve the equation described in (7.2.5) by

taking all frequencies at once [124]. As opposed to penalization of TV-norm,
we use the proposed regularization. We regularized it with total-variation and
non-negative constraints. The problem is solved using a prox-QN method with
a maximum of 5000 iterations or until the convergence is reached.

RL : Recursive linearization (RL) method was introduced in [51], and has been a
standard while working with multi-frequency data. The method enjoys the
computational benefit of solving a single constraint at the time, but might
suffer in the high-contrast regime. It solves the sequence of problems

f (j), argmin
f

{
Dj(f ,Uj) subject to Cj(f ,Uj) = 0

}
,

with an initial guess to each subproblem being the solution of the previous
subproblem. We modify the cost function to include the regularization. Similar
to the CISOR, we consider a non-negative + total-variation regularization.
Each subproblem is solved using a prox-QN method with a maximum of 500
iterations or until the convergence is reached.

SF-τ : This method corresponds to the proposed sequential framework with known
τ value. It solves the problem described in (7.3.1). We use a prox-QN method
to solve each subproblem with a maximum of 500 iterations or until the
convergence is reached.

SF-σ : This method corresponds to the proposed sequential framework with
estimation of τ at each iteration. It solves the problem described in (7.3.1)
with the τ estimation from (7.4.4). Here, we assume that the noise-level σ is
known. We use a prox-QN method to solve each subproblem with a
maximum of 500 iterations or until the convergence is reached.

For all the methods the initial model corresponds to a contrast of 0 everywhere.

7.5.3 Performance Measures
We use the following measures to test the performance of the proposed methods,
and for comparison with other methods.
DR : The data residual (DR) measures the distance of the modeled data for the

reconstructed model with the actual data in the Euclidean sense. For multi-
frequency data the DR takes the following form

DR , 100×
∑
j∈J Fi(f?)∑
j∈J ‖Yj‖2

,

where f? is the reconstructed solution. Here, ‖Y‖ denotes the Frobenius norm
for the matrix Y. DR must be close to the noise-level for a method to be
considered good.

SNR : The signal-to-noise ratio (SNR) for the reconstructed model f? with respect
to the ground truth f true is

SNR , −20 log10

(
‖f? − f true‖
‖f true‖

)
.
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Again, this measure is only available if we know the ground truth. However, a
reconstruction is considered good if it has high SNR.

7.5.4 Small-scale experiments
We mainly perform two kinds of experiments: (i) The noise-free test, and (ii) noisy
test. In the noise-free test, we compare our methods with the other two methods
(CISOR and RL). In the noisy test, we only look at the robustness of our methods
against various levels of noise.

Noise-free test

We consider Phantom 1 and 2 for this test. We produce three types of phantoms by
scaling these phantoms with a maximum contrast (fmax) of {1, 10, 100}. The
contrast of 1 is a low-contrast phantom. Medium contrast phantoms have a
maximum contrast of 10. The phantom with maximum contrast 100 is a
high-contrast phantom. We consider the reflection tomography setup illustrated in
Figure 7.5(a) with the noiseless data. We check the performance of the methods
SF-τ and SF-σ, and compare it with the CISOR and RL method. Figure 7.6 and
Figure 7.7 show the reconstructions for various contrast levels for Phantom 1 and
2. We see that SF-τ consistently performs well except in the case of fmax = 100 for
Phantom 1, where all the methods fail. The reason for the failure is that Phantom 1
is ideal for the transmission or full-view tomography and not for reflection
tomography. For an underground scene (depicted by Phantom 2) we see that the
proposed methods performs well with the reflection tomography. We tabulate the
values for the performance measures in Table 7.1 and 7.2. We conclude that the
SF-τ and SF-σ performs superior to the existing methods (CISOR and RL).
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Figure 7.6: Phantom 1. Comparison of proposed methods with other methods
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Figure 7.7: Phantom 2. Comparison of proposed methods with other methods

Table 7.1: Comparison of methods on Phantom 1

fmax Measure CISOR RL SF-τ SF-σ

1
DR 28.24 91.59 0.06 0.03

SNR 7.91 4.47 64.81 64.61

10
DR 58.68 151.20 0.36 1.04

SNR 0.40 2.68 65.09 52.66

100
DR 456.04 85.92 7.95 19.84

SNR 0.11 2.96 4.69 3.44

Table 7.2: Comparison of methods on Phantom 2

fmax Measure CISOR RL SF-τ SF-σ

1
DR 442.35 131.80 0.48 1.54

SNR 0.76 4.99 63.65 44.32

10
DR 334.22 160.74 0.59 4.13

SNR 0.34 5.06 67.83 34.90

100
DR 449.01 120.20 0.59 14.13

SNR 0.12 5.95 31.08 14.18
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Noisy test
We consider Phantom 1 and 2, with the scaling {1, 10, 100}. We add a Gaussian
noise of strengths 5%, 10%, and 20%. We check the performance of the methods
SF-τ and SF-σ on these noise levels. Figure 7.8 and 7.9 show the reconstructions of
these methods on various levels of noise and various levels of contrast values. The
performance measures are tabulated in Table 7.3 and 7.4. We observe that SF-τ and
SF-σ are robust against high noise in the low-contrast phantoms. SF-τ is also stable
for moderate level of noise in the high-contrast regime.

fmax = 1 fmax = 10 fmax = 100

5%

SF
-τ

SF
-σ

20%

SF
-τ

SF
-σ

Figure 7.8: Phantom 1. Noise robustness of proposed methods

7.5.5 Partially Non-inverse-crime test
We consider Phantom 3 for this test that has a resolution of 128 × 128. To avoid an
inverse crime, we discretize the model on a high-resolution grid of size 192 × 192.
We use the nearest-neighbor algorithm for the rescaling to a high-resolution grid.
We generate the data on the high-resolution grid. As a sanity check, we look at
the difference between the data for high-resolution and low-resolution model, and
found the relative difference of 20% for a few high frequencies. We test SF-τ and
SF-σ methods with this high-resolution dataset. We assume a noise-level of 20%
for SF-σ, while we set τ to be the TV-value of ground truth (low-resolution model)
for SF-τ . The reconstruction results for SF-τ and SF-σ are presented in Figure 7.10.
SF-τ has DR of 0.35, MR of 9.08 and SNR of 20.84, while SF-σ has a DR of 11.52,
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Figure 7.9: Phantom 2. Noise robustness of proposed methods
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Table 7.3: Noise-Robustness of SF-τ and SF-σ on Phantom 1

fmax Measure SF-τ SF-σ
5% 10% 20% 5% 10% 20%

1
DR 4.69 9.41 18.99 4.74 9.70 20.57

SNR 37.02 30.98 25.11 33.15 24.28 18.35

10
DR 5.44 10.22 25.38 6.32 12.37 20.75

SNR 35.16 30.93 23.41 31.30 25.17 21.54

100
DR 6.87 16.43 29.06 16.69 17.66 24.26

SNR 4.35 4.02 3.22 4.68 4.93 4.76

Table 7.4: Noise-Robustness of SF-τ and SF-σ on Phantom 2

fmax Measure SF-τ SF-σ
5% 10% 20% 5% 10% 20%

1
DR 4.91 9.19 18.06 6.60 27.10 68.67

SNR 34.13 28.85 25.58 32.41 19.50 13.86

10
DR 6.55 9.74 17.63 7.65 22.14 30.00

SNR 33.61 29.62 24.52 24.51 15.79 7.87

100
DR 4.65 9.27 17.76 11.29 11.40 19.86

SNR 24.75 19.65 16.54 14.14 13.82 13.10

MR of 18.60 and SNR of 14.61. We observe that the SF-τ is able to reconstruct
the ground scene quite accurately. The top and the bottom regions of the pipes are
retrieved to a good precision, while the method suffers from reconstructing the left
and right sides of these pipes (see Figure 7.10(a) ). SF-σ is able to locate the high-
contrast and the low-contrast objects in the pipes but fails to get the boundary of
the pipes accurately. Figure 7.10(b) and (d) are the plots for the TV-values of the
models generated during the iterative process. Starting with a low TV-value model,
SF-τ generates a sequence of models with the next model having the higher or the
same TV-value as the previous model. This does not hold for the SF-σ procedure.
We see that it generates a model with low TV-value for low-frequency batches. The
SF-σ generated sequence also overshoots the true TV-value during high-frequency
batches (corresponds to high iteration number).

7.6 Conclusions

We consider limited-angle reflection tomography of high-contrast objects. We show
that the tomography problem is severely ill-posed due to the absence of
low-frequency content and multiple scattering of waves. To find a feasible solution
to this ill-posed problem, we developed a regularized multiscale approach. We pose
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Figure 7.10: (a) and (c) are the reconstruction results for SF-τ and SF-σ respectively. (b) and
(d) are the evolution of TV-value of the generated sequence of iterates for the SF-τ and SF-σ.
The red dotted line shows the TV-value of the ground truth.

the imaging problem as a nonlinear least-squares problem with constraints. The
cost function includes the wave-based modeling that accounts for multiple
scattering. The regularization, represented in the form of constraints, includes
non-negativity and total variation. The total cost function is decomposed according
to the frequency, and we observe that the low-frequencies bring smoothness while
higher frequencies add details in the reconstruction. Hence, we solve a sequence of
subproblems, where the kth subproblem has a constrained cost function measured
over the first k frequencies. We propose a proximal-Quasi-Newton method to solve
the resulting constrained problem. The underlying proximal operations are
performed using a primal-dual approach. We propose an automatic strategy to
update the TV-constraint parameter based on the noise-level in the data. Through
numerical experiments, we demonstrate that our methodologies outperform the
existing methods and are robust against moderate noise. The proposed techniques
can retrieve high-contrast object (contrast up to 100) for scenes similar to the
underground.

7.7 Appendices

7.7.1 Scattering formalism
Consider a scattering setup illustrated in Figure 7.1. The scene (free-space with
permittivity εb) has a dimension d. Transmitter domain Γs ⊂ Rd sends a pulse with
a source function q : Γs → C. It generates an incident wavefield uin : Rd → C
everywhere. This incident wavefield interacts with an object in domain Ω ⊂ Rd and
generates a total wavefield u : Rd → C. The scattered wavefield usc : Rd → C is
then measured in the receiver domain Γr ⊂ Rd.

The total wavefield is a superposition of an incident field uin(r) and a scattered
field usc(r),

u(r) = uin(r) + usc(r), r ∈ Rd. (7.7.1)

The incident wavefield is the field in the absence of the scatterer, while the scattered
field takes the presence of object into account. The incident wavefield satisfies the
Helmholtz equation

∇2uin(r)− k2εbuin(r) = −q(r) ∀r ∈ Rd,
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where k denotes the wavenumber. It is convenient to consider the above equation
for inside and outside the object domain Ω:

∇2uin(r)− k2εbuin(r) = 0 ∀r ∈ Ω,

∇2uin(r)− k2εbuin(r) = −q(r) ∀r /∈ Ω,
(7.7.2)

Similarly, the total wavefield satisfies the Helmholtz equation, and we can express it
inside and outside the domain as follows,

∇2u(r)− k2ε(r)u(r) = 0 ∀r ∈ Ω,

∇2u(r)− k2εbu(r) = −q(r) ∀r /∈ Ω,
(7.7.3)

where ε(r) is the permittivity of the object. Now, from the equations (7.7.1), (7.7.2)
and (7.7.3), the governing equation for the scattered wavefield reads

∇2usc(r)− k2εbusc(r) = −k2 (εb − ε(r))u(r) ∀r ∈ Ω,

∇2usc(r)− k2εbusc(r) = 0 ∀r /∈ Ω,

These equations can be compactly written as

∇2usc(r)− k2εbusc(r) = −k2f(r)u(r) ∀r ∈ Rd (7.7.4)

where f(r) is a contrast function that is equal to the difference between the
permittivity, ε(r) − εb, inside the object domain Ω and 0 outside. Another
interesting quantity to note is the contrast source qsc(r) = f(r)u(r). The contrast
source acts as a modified source term contributing to the generation of scattered
wavefield. We supplement the scattered wavefield equation (7.7.4) with the
Sommerfeld radiation condition

lim
r→∞

r

(
∂usc

∂r
− ikusc

)
= 0

where r = ‖r‖. Equation (7.7.4) can be converted to an equivalent integral equation
by introducing the free space Green function. The free space Green function g :
Rd → Rd satisfies

∇2g(r) + k2εbg(r) = −δ(r), ∀ r ∈ Rd

together with the Sommerfeld radiation conditions. Here, δ is a dirac-delta function.
The explicit representation for the Green function reads

g(r) ,


− i

2ke
−ikr d = 1

− i
4H

(2)
0 (kr) d = 2

1
4πr e

−ikr d = 3

,

where r = ‖r‖, and H(2)
0 is the zero-order Hankel function of second kind. Hence,

the integral representation for the input wavefield is

uin(r) = k2

∫
r′∈Γt

g(r− r′)q(r′) dr′ ∀ r ∈ Rd,
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and similarly, for the scattered wavefield is

usc(r) = k2

∫
r′∈Ω

g(r− r′)u(r′)f(r′) dr′ ∀ r ∈ Rd.

Noting that the scattered wavefield is the difference of the total wavefield and the
input wavefield (refer (7.7.1)) and restricting our observations to the object domain
Ω, we arrive at the well-known Lippmann-Schwinger equation

u(r) = uin(r) + k2

∫
r′∈Ω

g(r− r′)u(r′)f(r′) dr′ ∀ r ∈ Ω

The above equation describes the relation between the total-wavefield and the
contrast function inside the object domain Ω. The scattered wavefield is then
measured in the receiver domain Γr resulting in the following data equation:

y(x) =

∫
Ω

g(x− r)f(r)u(r) dr, ∀x ∈ Γr.

7.7.2 Gradient computation
In this section, we derive a gradient for an equality constrained cost function

F(f) =
{
h(f ,u) subject to k(f ,u) = 0

}
(7.7.5)

where h : Rn × Cn → R is a real-valued function and k : Rn × Cn → Rn is a set
valued function. We assume that both the functions h and k are smooth and hence,
differentiable. For the constrained problem (7.7.5), the Lagrangian reads

L (f ,u,λ) = h(f ,u) + λHk(f ,u), (7.7.6)

where λ ∈ Cn is a Lagrange multiplier corresponding to the constraints, and XH

represents the conjugate transpose of the matrix X with complex entries. The
stationary point of the Lagrangian L, (f ,u?,λ?), satisfies

∂L
∂u

= 0,
∂L
∂λ

= 0.

The first condition gives rise to an adjoint equation

∂h

∂u
(f ,u?) +

(
∂k

∂u
(f ,u?)

)H
λ? = 0, (7.7.7)

while the second condition is the states equation

k (f ,u?) = 0. (7.7.8)

The states equation generates a wavefield u? for a given parameter value f . The
adjoint equation calculates the Lagrange multiplier (also called adjoint wavefield)
corresponding to wavefield u? for given f . The gradient of F is now retrieved from
the partial derivative of the Lagrangian with respect to f ,

∇F(f) =
∂L
∂u

=
∂h

∂f
(f ,u?) +

(
∂k

∂f
(f ,u?)

)H
λ?. (7.7.9)

This method is popularly known as the adjoint-state method [145].
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Inverse scattering Example
For an inverse scattering problem, h represents the misfit function between the
simulated and the measured wavefields and k = 0 is a Lippmann-Schwinger
equation,

h(f ,u) , 1
2‖y −H diag(u)f‖2, and k(f ,u) , (I−G diag(f)) u− v.

At a given value of f , the adjoint system for the Lippmann-Schwinger equation is(
I−GH diag(f)

)
λ? = diag(f)HH (y −H diag(f)u?) . (7.7.10)

Here, λ? is the adjoint wavefield and the u? is obtained satisfying the constraints at
given value of f :

(I−G diag(f)) u? = v.

Once the forward wavefield u? and the adjoint wavefield λ? are computed, the
gradient is

∇F(f) = diag(u?)HHH (H diag(u?)f − y)− diag(u?)HGHλ?. (7.7.11)

It requires only one solve of each, the forward system (k(u, f) = 0), and the adjoint
system (7.7.10), to compute the gradient.

7.7.3 Primal-Dual method
We consider a class of optimization problem

min
x

h(x) + g(Lx) + k(x), (7.7.12)

where h : Rn → R is a differentiable closed convex function. g : Rm → R and
k : Rn → R are closed non-differentiable convex functions. We assume that the
proximal operators for the functions h, g and k are inexpensive. L ∈ Rm×n denotes
a structured matrix. For example, in TV regularization, L represents a discrete
gradient operator. We assume that the matrix L may be potentially non-invertible,
such as is the case in TV regularization. Here, we derive a primal-dual algorithm to
find an optimal solution to problem (7.7.12).

Let us look at the optimality conditions for (7.7.12). It states that a zero-vector
must be in the subdifferential of the cost function, i.e.,

0 ∈ ∇h(x) + LT∂g(Lx) + ∂k(x), (7.7.13)

where ∂g : Rm → Rm and ∂k : Rn → Rn are the respective subdifferentials of
functions g and k. Let’s consider variables u ∈ Rm in the subdifferential of g and
v ∈ Rn in the subdifferential of k,

u ∈ ∂g(Lx), v ∈ ∂k(x). (7.7.14)

The equations in (7.7.14) can be restated as follows.

0 ∈ ∂g?(u)− Lx, 0 ∈ ∂k?(v)− x (7.7.15)
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where g? and k? are the convex conjugate of the functions g and k respectively. From
equations (7.7.13) and (7.7.15), we can write the optimality conditions in the form
of a following system 0

0
0

 ∈
∇h LT In
−L ∂g? 0
−In 0 ∂k?


︸ ︷︷ ︸

A

x
u
v


︸︷︷︸

z

, (7.7.16)

where In ∈ Rn×n is an Identity matrix. Consider a preconditioner operator

P =

 1
γI −LT −In
−L 1

γI 0

−In 0 1
γI

 ,
with γ > 0, the preconditioned fixed-point iteration scheme

z(k+1) =
(
I + P−1A

)
z(k)

results in the following primal-dual algorithm:

x(t+1) = (I + γ∇h)
−1
(
xt − γLTu(t) − γv(t)

)
u(t+1) = (I + γ∂g?)

−1
(
ut − γL

(
x(t) − 2x(t+1)

))
v(t+1) = (I + γ∂k?)

−1
(
vt − γ

(
x(t) − 2x(t+1)

)) (7.7.17)

7.7.4 Proximal quasi-Newton method
Here, we discuss the Quasi-Newton (QN) method and its proximal version (prox-
QN). The QN method falls in the category of gradient-based methods. Let’s assume
the cost function f is twice differentiable. QN aims to solve the problem

x? = argmin
x

f(x) (7.7.18)

by generating a sequence based on the quadratic approximation to the fuction f at
every iterate of the sequence. The procedure is as follows:

s(k) = −H−1
k ∇f

(
x(k)

)
, (7.7.19)

αk = linesearch
(
f(xk + αs(k))

)
, (7.7.20)

x(k+1) = x(k) + αks
(k). (7.7.21)

Here, Hk is a L-BFGS approximation of the Hessian of function f at x(k). This
method differs from the Newton method, as the former relies on an approximation,
while the latter on the exact Hessian. If f is a convex function, the QN method
converges to a global minimum. If f is non-convex, the QN can only guarantee the
convergence to a local optimum.
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We are interested in adapting the QN method for solving the problem of form

x? = argmin
x

{
f(x) | g(Lx) ≤ τ,x ≥ 0

}
. (7.7.22)

Here, f : Rn → R is a twice-differentiable function, and g : Rn → R is a convex but
potentially non-differentiable function. For convenience, we rewrite the problem
(7.7.22) as

x? = argmin
x

{
f(x) + δg(Lx) + δk(x)

}
, (7.7.23)

where, δg is an indicator to the set {x : g(x) ≤ τ}, and δk is an indicator to the set
{x : x > 0}. We propose the following modification to the Quasi-Newton method,
and name it as Proximal Quasi-Newton (Prox-QN) method:

(a) s(k) = argmin
s

{
sT∇f

(
x(k)

)
+

1

2
sTHks + δg

(
L(x(k) + s)

)
+ δk

(
x(k) + s

)}
(b) define x̂(α) = proxαδg

(
xk + αs(k)

)
(c) αk = argmin

α
{f (x̂(α))}

(d) x(k+1) = x̂ (αk)

(7.7.24)

The steps in (7.7.24) can be summarized as follows: The step (a) finds a search
direction sk. It involves the minimization of a quadratic approximation of f at x(k),
ensuring that it satisfies the constraints. In step (b), we define a function x̂ : R→ R
which is a proximal of the iterate xk+αs(k) with respect to g. The function x̂ ensures
that the step length, α, must satisfy the constraints. Step (c) does a linesearch with
respect to the feasible α. Once we obtain the correct α, we update our variable of
interest x in step (d).

The minimization problem in step (a) of (7.7.24), is a convex minimization
problem. The cost function is the sum of three functions. The function

h(s) = sT∇f
(
x(k)

)
+

1

2
sTHks

is a convex quadratic function, while the remaining two, δg and δk, are
non-differentiable convex functions. To solve this minimization problem, we use
the first-order primal-dual method described in Section 7.7.3. The iterates for
t = 0, . . . , T are

s(t+1) = proxγh

(
s(t) − γLTu(t) − γv(t)

)
, (7.7.25)

u(t+1) = proxγδ?g

(
u(t) + γL

(
x(k) + 2s(t+1) − s(t)

))
, (7.7.26)

v(t+1) = proxγδ?k

(
v(t) + γ

(
x(k) + 2s(t+1) − s(t)

))
, (7.7.27)
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with γ > 0 controlling the speed of convergence. The proximal operations for h, δg
and δk are expressed as follows:

proxγh(y) = (I + γHk)
−1
(
y − γ∇f

(
x(k)

))
proxγδg (y) = proj‖·‖1≤τ (y)

proxγδk(y) =

{
y y > 0

0 y ≤ 0

The proposed method (prox-QN) differs from [120] in two aspects: (i) The function
g can be potentially be more than `1 type penalty. For example, we can work with
total-variation-type regularization. (ii) The linesearch ensures that the chosen α is
strictly feasible.
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Conclusions and outlook
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“ I was born not knowing and have had only a little time
to change that here and there. ”

- Richard Feynman

In this thesis, we have developed efficient algorithms to retrieve discrete and
partially discrete objects from their tomographic projections. Our key contributions
are:
• Convex formulation

We proposed a novel convex program to recover binary images from their
linear tomographic projections. The convex program turns out to be an
`1-regularized least-squares problem (known as LASSO). We conjecture that
the convex program gives a solution if it is unique and an intersection of the
solutions in the multiple solutions case (see chapter 3). Next, we consider ray
tomography for partially discrete objects. We developed a bi-level approach
by separating the homogeneous medium from the heterogeneous. In this
bi-level approach, the inner-level (corresponding to the heterogeneous
medium) is a convex problem, while the outer-level (corresponding to the
homogeneous medium) remains non-convex (see chapter 4).

• Parametric approach
We developed a level-set based approach to recover the shape of salt bodies
in the earth from reflection measurements. We use the full-waveform
inversion framework that models the interaction of the waves with the object
in a nonlinear fashion. We represent the geometry of the salt using the zero
level-set of the characteristic function composed of a few radial basis
functions (RBF) spread over the domain. First, with the assumption of a
known background medium, we show that salt geometry can be retrieved by
obtaining the right combination of the RBF coefficients (see chapter 5). Later,
we also parametrize the background medium with the RBFs and propose an
alternating minimization strategy to retrieve both the background and the
salt (see chapter 6).

• Total-variation regularized multiscale approach
We extended the multiscale approach to image high-contrast objects from
their scattered measurements. We mainly work in the reflection regime and
use an integral representation for the scattered wavefield. We developed a
combination of total-variation and non-negative constraint regularization to
steer the image towards the correct solution appropriately. We propose an
automated strategy to select the regularization parameter. We numerically
show that the proposed algorithm correctly identifies high-contrast objects
with a moderate amount of noise in the data (see chapter 7).

Based on the work in this thesis, we identify a couple of future directions. These
directions can be classified into i) convex programs, and ii) parametric models.
Convex programs deal with finding a suitable convex formulation of the
non-convex optimization problems, while parametric models deal with
dimensionality reduction of the shape reconstruction problem.



“Main-thesis” — 2019/11/19 — 10:29 — page 127 — #133

Section 8.1 – Convex programs | 127

8.1 Convex programs

Convex programs are compelling for their ability to solve the problem using fast
and accurate optimization techniques. The programs are reliable since they provide
a global solution with minimal computational efforts. Since we have already
developed a convex program for binary tomography, we see the following future
opportunities that rely on the developed formulation.

8.1.1 Binary to discrete
A discrete image is an extension of a binary image to more than two grey levels.
Presently, there are few heuristic techniques to obtain discrete images from their
tomographic projections [19, 215]. It is possible to extend the convex program
developed for the binary tomography to the discrete tomography case. A discrete
image of k distinct grey levels can be thought of as a convex combination of k binary
images. Hence, we can formulate the discrete tomography problem as a binary
tomography problem with an added constraint.

8.1.2 Vector-valued greylevels
An attractive extension of binary images is an image composed of two heterogeneous
regions. That is, an image with two function u0 : Ω→ R and u1 : Ω→ R is

x (r) = (1− a (r))u0(r) + a(r)u1(r) ,

where a : Ω→ {0, 1} is an indicator function. Since u0 and u1 are no more spatially
invariant, we call this image a binary image with vector-valued grey levels. A
partially discrete image is a particular case of this image where u1 is constant.
Although not trivial, a convex program can be formulated for linear tomographic
imaging of these images.

These images often occur in the image segmentation literature, where one is
interested in finding various regions in the image (depending on the structures).
Methods like Mumford-Shah segmentation are popular (implicit) regularization
techniques to obtain such images [135, 91].

8.1.3 Waveform inversion
Convex programs are easy to derive for linear operators due to the availability of
explicit expressions for their Fenchel conjugates. This does not hold for nonlinear
operators. Hence, to derive a convex program for waveform inversion, it is crucial
to separate variables such that it becomes a linear operator for at least one variable.
This can be achieved either by posing the waveform inversion problem in an ADMM
framework or using the wavefield reconstruction inversion approach [201].

8.2 Parametric models

Parametric models are a useful tool in reducing the dimensionality of the problem.
For example, in the parametric level-set approach, a level set function was
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constructed from a set of radial basis functions (RBF). Hence, instead of finding a
level-set function (in a discrete setting, its n point evaluations) that fits the shape,
we need only m� n coefficients of RBF for the parametric approach. Following are
some of the directions in this area.

8.2.1 Representation
It is vital to find a relationship between the shape (or its contour) and the parametric
model. That is, we need to answer the following questions: i) Can we represent a
given shape with a zero level-set of the function constructed from the parametric
model? ii) What are the conditions on the parametric model? iii) What is the
resolution limit of the shape with a given parametric model? These kinds of question
come under the umbrella of ‘representation’ which is important for understanding
shape recovery with parametric models.

8.2.2 Computational efficiency
Our iterative algorithms rely on the computation of the gradient and the Hessian
(or its approximation) at every iterate. With the parametric models, the size of
the gradient and the Hessian decreases (for example, by representing the function
evaluated at n discrete points with an m-dimensional parametric model (m � n),
the gradient is an m-dimensional vector and the Hessian is a m×m matrix). Hence,
parametric models reduce the memory of the algorithm, but do they also decrease
the number of computations? Can we use randomization techniques to compute
these small dimensional quantities quickly?

8.2.3 Vector-images
In wavefield imaging, the interaction of the object with waves depends on multiple
characteristics of the object. For example, in geophysical application, the
interaction is characterized by wave-speed, density, attenuation coefficients, Lamé
parameters. In electromagnetics, this interaction is governed by the permittivity,
permeability, conductivity, and the magnetic loss of the material. Hence, the
imaging problem finds a map of these parameters, i.e., a vector-valued image, from
the scattered wavefield measurements. In our discrete tomography framework, the
question arises if it is possible to represent vector-images with a single parametric
model.
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Summary

Discrete Seismic Tomography

Tomographic imaging reveals the interior of an object. Similar to a camera, it
images an object by illuminating it with electromagnetic or acoustic waves (or a
beam of photons). Due to its non-invasive nature, it has found applications in
various fields of sciences and engineering, including the medical sciences, material
sciences, and geophysical exploration. Recent challenges include fast and accurate
reconstructions of high contrasts in the object from a limited number of
tomographic measurements. To tackle this, prior information about the object
under inspection is beneficial. One particular example is a discrete prior where an
object is made up of only a few homogeneous materials of known grey levels. The
tomography that deals with this prior is known as discrete tomography. The
discrete assumption holds approximately for many objects. In general, the
low-contrast surrounding is not spatially invariant. This leads to a class of objects
called partially discrete objects, where high-contrast materials lie in the
non-homogeneous low-contrast background. This thesis develops algorithms based
on the theory of convex optimization, regularization, and the level-set method to
reconstruct discrete and partially discrete objects from limited measurements.

In X-ray tomography, the challenge to reconstruct an object from limited
measurements stems from the high levels of radiation dose from X-rays. Although
the tomographic problem is linear, the discrete prior makes it non-convex. Many
heuristic algorithms exist to image discrete objects from a few of their ray
projections. These algorithms often require manual tuning of parameters and may
suffer in the noisy scenario. We develop a convex program to recover the binary
objects (i.e., objects composed of only two materials) that relies on the Lagrangian
duality. The resulting problem is an `1-regularized least-squares problem (LASSO)
that can be solved quickly. Based on small-scale experiments, we conjecture that if
the binary tomography problem admits a unique solution, it can be recovered using
the proposed formulation. In the case of multiple solutions, the convex program
gives the intersection of the solutions. The proposed algorithm compares favorably
to existing state-of-the-art algorithms like total variation and DART.

In wavefield imaging, the access to the measurements on one side of the object
and the nonlinear interaction of waves with the object leads to challenges in the
recovery of high contrast objects. The famous example of high contrast is the
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salt-bodies in the earth, which are good indicators of hydrocarbon reservoirs. In the
first instance, we assume that the grey level of the high contrast material is known
and it is homogeneous. We develop a level-set approach that explicitly separates
the high-contrast object from the low-contrast surrounding. We make use of a
parametrization technique to represent the level-set function and make the
problem lower-dimensional and well-behaved. On synthetic phantoms, we show
that the high-contrast objects are recoverable under one-sided limited
measurements. The parametric level-set approach is extended to partially discrete
objects as well. In the second instance, we assume that the data consists of noise,
and the noise level is known. We developed a total variation regularized multiscale
framework that solves a series of least-squares problems. The regularization
parameter is estimated automatically based on the noise level in the data. The
proposed algorithm outperforms the classical methodologies on the numerical
phantoms. Since the algorithm does not account for discreteness of the object, it is
also applicable for the imaging of partially discrete objects.
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Samenvatting

Discrete seismische tomografie

Met tomografische beeldvorming wordt een beeld gemaakt van de binnenkant
van een object via non-destructieve metingen. Op soortgelijke wijze als bij een
camera wordt een beeld gevormd door het object te belichten met
elektromagnetische of akoestische golven (of een straal van fotonen). Door de
non-invasieve aard heeft het veel toepassingen in de wetenschap, waaronder de
medische wetenschap, materiaalwetenschap en geofysische exploratie.
Hedendaagse uitdagingen in het onderzoeksgebied zijn het ontwikkelen van snelle
en accurate reconstructies uit een beperkt aantal tomografische metingen. Dit
wordt veelal gedaan door voorkennis over het te meten object mee te nemen in de
reconstructie. Een specifiek voorbeeld is het gebruik van zogeheten discrete
voorkennis waarbij het te meten object bestaat uit slechts een aantal bekende
grijstinten. De tomografie die zich bezighoudt met dit type voorkennis heet discrete
tomografie. De aanname dat het object bestaat uit discrete grijstinten is
grotendeels geldig voor een groot aantal objecten. Over het algemeen heeft de
omgeving een laag contrast en is het niet invariant in de ruimte. Dit geeft
aanleiding tot zogeheten partieel discrete objecten, waar een object met hoog
contrast omgeven wordt door een inhomogene achtergrond met laag contrast. In
deze scriptie worden algoritmen ontwikkeld gebaseerd op theorie uit convexe
optimalisatie, regularizatie en de niveau-lijn methode om de discrete en partieel
discrete objecten te reconstrueren uit beperkte metingen.

In röntgentomografie kan men maar beperkt metingen doen door de destructieve
aard van de röntgenstralen. Hierdoor is er doorgaans te weinig informatie om het
object te reconstrueren zonder extra voorkennis. Het tomografische probleem is
linear, maar de voorkennis dat het object discreet is maakt het probleem
non-convex. Er bestaan veel heuristieke algoritmen die een beeld vormen van
discrete objecten uit een beperkt aantal projecties van de stralen. Deze algoritmen
hebben vaak parameters die handmatig afgesteld moeten worden en zijn gevoelig
voor ruis in de data. Wij ontwikkelen een convex programma dat de discrete
objecten reconstrueert gebaseerd op Lagrange dualiteit. Het daaruitvolgende
probleem is een `1-geregulariseerd kleinste kwadraten probleem (LASSO) dat snel
opgelost kan worden. Gebaseerd op kleinschalige experimenten, vermoeden we dat
het algorithme het object reconstrueert als het binaire tomografische probleem een
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unieke oplossing heeft. Als er meerdere oplossingen zijn geeft het algoritme de
doorsnede van deze oplossingen. Het voorgestelde algoritme vergelijkt gunstig ten
opzichte van bestaande moderne algoritmen zoals totale variatie en DART.

In beeldvorming met golfvelden wordt het object maar van een kant gemeten en
is de interactie van de golfvelden met het object niet-lineair. Dit leidt tot problemen
in het reconstrueren van objecten met een hoog contrast. Een bekend voorbeeld
van de reconstructie van een object met hoog contrast is het reconstrueren van een
zoutlichaam in de ondergrond. De aanwezigheid van een zoutlichaam geeft een
goede indicatie geven van de aanwezigheid van koolwaterstoffen. In eerste
instantie nemen we aan dat de grijstinten van het materiaal bekend zijn en dat het
object homogeen is. We ontwikkelen een niveau-lijn methode die expliciet het
object met hoog contrast onderscheidt van de achtergrond met laag contrast. We
gebruiken een parametrisatie techniek om de niveau-lijn te representeren, wat het
probleem laag-dimensionaal en goedgesteld maakt. Op een synthetisch voorbeeld
laten we zien dat het object gereconstrueerd kan worden met beperkte metingen
van één kant. De parametrische niveau-lijn methode wordt uitgebreid naar een
gedeeltelijk discreet object. In tweede instantie nemen we aan dat er ruis op de
data zit en dat het ruisgehalte bekend is. We ontwikkelen een door totale variatie
geregulariseerd multischaal raamwerk dat een reeks kleinste kwadraten problemen
oplost. De regularizatieparameter wordt automatisch geschat op basis van het
ruisgehalte. Het voorgestelde algoritme werkt beter dan de klassieke methoden op
onze voorbeelden. Aangezien het algoritme niet expliciet de discrete aard van het
object in beschouwing neemt is de methode ook toepasbaar voor het reconstrueren
van gedeeltelijk discrete objecten.
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