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CHAPTER 1

Introduction

1.1. General introduction

Internal gravity waves, abbreviated as internal waves, can exist in density-stratified
fluids that are exposed to gravity. Similar to surface waves, internal waves are essentially
nothing more than an oscillatory perturbation on a rest state. For surface waves, the
rest state is a flat interface between two fluids with different densities, e.g. the interface
between (dense) water and (light) air. Any perturbation on the flat surface creates a
surface wave, as gravity tries to restore the rest state. For internal waves, the rest state
is a continuous stable density-stratification, i.e. a monotonic increase of density with
depth. Perturbations typically distort the equilibrium-stratification, causing the grav-
itational restoring force (buoyancy) to counter-act the distortion, resulting in internal
wave motion.
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Figure 1.1. Time and space scales of ocean variability. This thesis focuses on the
internal wave dynamics at (horizontal) scales of 10 m − 100 km. The presented studies
aim at improving the understanding of the processes leading to internal wave-induced
turbulent mixing, which in turn influences the meridional overturning circulation (MOC)
at the basin scales.
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2 1. INTRODUCTION

Internal waves are ubiquitous in the atmosphere and the oceans, where they redis-
tribute enormous amounts of energy and momentum (Sutherland, 2010). The ocean
is density-stratified due to warmer and/or fresher water overlying cooler and/or saltier
water. The atmosphere is stratified in potential temperature, which is the temperature
an air parcel would acquire if compressed to the surface pressure. While many internal
wave properties are the same in the ocean and the atmosphere, it is due to the com-
pressibility of air that oceanic and atmospheric waves often require separate treatment.
This thesis focuses specifically on the dynamics of oceanic internal waves, for which the
fluid (water) can be assumed to be incompressible.

Ocean dynamics span more than 10 orders of magnitude, in both space and time,
ranging from molecular processes at the smallest scales (∼ 1 sec and ∼ 1 mm) all the way
to decadal and basin-scale (∼104km) variability, with climate change at even longer time
scales (see Fig. 1.1). Most internal waves are generated at intermediate scales (1− 100
km) by barotropic tidal oscillations over bottom topography (Garrett and Kunze, 2007),
a process that is called tidal conversion. Additionally, internal waves are generated by
wind-induced surface depressions. A variety of physical processes cascade the internal
waves to much smaller spatiotemporal scales (∼ 1 min, ∼ 1−10m), where breaking leads
to vertical turbulent mixing (see sketch in Fig. 1.2a). The primary scientific interest in
understanding oceanic internal waves stems from their ability to maintain the meridional
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Figure 1.2. (a): Sketch of the oceanic internal wave, generated at large scales by wind
forcing at the surface and tidal forcing over rough topography, cascading towards smaller
scales and (partially) dissipating at the small scales through turbulent mixing. Figure
adopted from Garrett (2003). (b): Hypothetical density distribution of the ocean if
internal wave-induced mixing was absent, for which the deep ocean would be quiescent
and practically unstratified below the mixed surface layer. Recall that internal waves
can only exist in a stratified ocean. This means that ironically, the absence of internal
wave-induced turbulent mixing would inhibit internal waves in the almost homogeneous
deep ocean. (c): Typical ocean density profile, which is stratified throughout the entire
water column due to internal wave-induced mixing, typically with an exponential decay
in stratification towards the bottom.
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overturning circulation (MOC) through turbulent mixing (Wunsch and Ferrari, 2004).
Notably, without internal wave-induced mixing, most of the deep ocean would be almost
homogeneous (unstratified), with only one sharp density interface below the mixed layer.
Ironically, this hypothetical quiescent state, sketched in Fig. 1.2b, would inhibit internal
waves. In reality, the ocean is stratified throughout the entire water column, typically
with a gradual decay in stratification towards the bottom (Fig. 1.2c).

It is known that the MOC forms a strong sink for atmospheric heat and CO2
(Chen and Tung, 2018), hence it must be well-reproduced in Global Circulation Models
(GCMs). Unfortunately, it is impossible to resolve the internal wave field up to the
small scales where mixing takes place. Instead, GCMs must parameterize the inter-
nal wave-induced mixing that strongly influences the MOC. This is often done through
artificially enhancing the vertical diffusivity, i.e. using a so-called (turbulent) eddy dif-
fusivity. These parameterizations typically fail to capture the spatiotemporal variations
of the turbulent mixing (Polzin et al., 1997), and are instead tailored to output the
estimated MOC fluxes for the present state of the ocean. This bears the risk that the
parameterizations are wrong and misleading for a future state of the ocean. It is gen-
erally thought that GCMs can be improved by designing parameterizations that mimic
the most relevant unresolved internal wave processes based on the resolved large-scale
ocean properties. Such adaptive parameterizations require a thorough understanding of
the mechanisms that cascade the internal wave energy from the large input scales (10 –
100 km horizontally) all the way to small scales (1-10 m, unresolvable in GCMs) where
mixing due to breaking occurs. There are most certainly several mechanisms that play a
role in cascading the energy towards smaller scales, and the relative importance of these
different processes is an ongoing scientific debate (Dauxois et al., 2018).

This thesis presents four scientific studies (chapters 3 – 6) that provide new insights
on mechanisms by which internal waves redistribute energy and impact their surrounding
environment. In §1.2 we provide a gentle and descriptive introduction of the basic
internal waves properties, followed by an overview (§1.3) of the four scientific studies
that form the main part of this thesis. The rigorous mathematical description of internal
wave dynamics is introduced in chapter 2. An outlook for further research is given in
chapter 7.

1.2. Basic properties of internal waves

The transparency of air and water typically prevents naked-eye observation of in-
ternal waves in the atmosphere and the oceans. A rare exception is the cloud pattern
shown in Fig. 1.3. The crests of the internal waves are visualised by water droplets
(clouds) that condensed as the internal wave lifted the air. The striped pattern is due
to the absence of cloud formation in between the crests – in the wave troughs – where
the internal wave motion is downwards.

In order to grasp and appreciate basic internal wave dynamics, it is helpful to review
some characteristics of water waves and sound waves. Water waves, also known as
water-air interfacial waves1, surface gravity waves or as wind waves, are probably the

1Some authors extend the use of internal waves to interfacial waves, because the interface can be
considered to be in the interior of a two-density fluid, such as water-air. In this thesis, however, the
term internal wave is exclusively used for oscillatory perturbations in continuously stratified fluids.
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best-known type of waves. We encounter surface waves at all visually perceivable scales,
ranging from tiny ripples in a cup of coffee when banging a table2, to ocean surface waves
with spectacular wave breaking at the beaches. At even larger scales – way beyond the
scales perceivable to human eyes – there are oceanic tidal waves and tsunamis with
wavelengths up to hundreds of kilometres, traveling at the speed of an aircraft. Despite
the enormous scale differences, the underlying physical mechanism (restoring motion by
gravity) is the same3.

Internal waves are similar in the sense that their dynamics are also scale-invariant,
at least as long as molecular viscosity is negligible. The strength of a mathematical
description of internal waves stems from the fact that we can scale it to both laboratory
experiments and ocean conditions. This allows us to upscale experimental results to
ocean dynamics.

While surface waves can reach a few meters in height (up to ∼25 meters in very
extreme storms), internal waves can reach hundreds of meters in height in the deep
ocean. The reason for these enormous wave amplitudes in the interior of the ocean is

2Try it yourself to generate such coffee-air interfacial waves, but make sure not to spill any coffee
on this thesis and do not hurt yourself.

3Some exceptions: The dominant physics differs at very small scales where surface tension cannot
be ignored. This is the case for the ripples in a cup of coffee. Also, the dynamics change slightly for
shallow water waves, i.e. if the water depth is small compared to the wavelength. Notably, tsunamis in
the deep ocean are shallow water waves.

Figure 1.3. Observation of an internal wave packet above the Alps. The internal
waves, also referred to as lee waves in this context, are visualised by condensed water
droplets in the waves’ crests. The condensation occurs due to the pressure decrease with
height. The photograph was taken on August 19 2017 by F. Beckebanze at cumulus
cloud-altitude from the Northern side of Chamonix valley, facing the Mont Blanc massif
to the South.
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the relatively small density change with height; less energy is needed to lift a dense water
parcel into slightly lighter water, than any type of water into extremely light air (such
as is the case for surface waves).

Let us briefly consider the neighbouring topic of sound waves. A speaking person
generates air-vibrations with his or her larynx that radiate outwards as sound waves. In
the listener’s ears the sound waves excite vibrations of the eardrums that the listener
perceives as the speaker’s voice. Sound waves and internal waves are similar in the sense
that they propagate through the fluid, as opposed to surface waves that are confined to an
interface. When speaking, sound waves transmit information (spoken words), encoded
in the frequencies of the sound wave. The listener is able to ‘decode’ the incoming wave
frequencies back into the words only because sound waves are non-dispersive, which
means that the sound speed is independent of the sound frequencies. In contrast, internal
waves are dispersive, i.e. their propagation speed depends on wave frequency; the faster
the internal wave oscillation, the slower its propagation. Surface waves can be both
dispersive (in deep water) and non-dispersive (in shallow water, when the wavelength is
much larger than the water depth).

Unlike the propagation of surface waves and sound waves, the internal wave prop-
agation is anisotropic – meaning directionally dependent – because the wave frequency
determines the propagation angle with respect to the vertical (here the gravitational
direction). The larger the frequency, the steeper the wave propagation with respect to
the vertical. This property makes it possible to derive the wave frequency from the wave
propagation angle with respect to the vertical, provided the strength of the stratification
is also known. At the so-called buoyancy frequency, which is set by the strength of the
stratification, internal waves oscillate vertically. No internal wave motion is possible at
frequencies higher than the buoyancy frequency.

If the stratified fluid is rotating4, there also exists a lower bound for the permitted
wave frequency, which is related to the rotation speed of the fluid (provided the rotation
is sufficiently weak). Note that the oceans are rotating with the spinning earth. Due to
the anisotropy, the internal waves originating from a point source oscillating at a single
frequency are confined to a “St. Andrew’s Cross”-pattern in two-dimensional fluids, and
to two cones in three-dimensions.

1.3. Overview and context of scientific content

This thesis consists of four scientific studies, presented in chapters 3 – 6, which are
also published in Beckebanze and Maas (2016); Beckebanze et al. (2018, 2019); Horne
et al. (2019). Each study focuses on specific dynamical aspects of internal waves. All
studies are in one way or another related to boundary layer dynamics. A study-specific
introduction is given at the beginning of each chapter. This section provides a short
overview to the studies, and how they are related.

The first two studies (chapters 3 & 4) are closely related and deal with the damping of
rigid boundaries on internal waves in closed fluid domains. While the results are applica-
ble to many laboratory experiments involving internal waves, the analysis is specifically

4In the presence of rotation, the internal gravity waves are also referred to as inertial internal gravity
waves. In the absence of density stratification, inertial internal gravity waves reduce to inertial waves,
which are perturbations on the (stable) stratification in angular momentum.
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focused on the quasi-two-dimensional trapezoidal setting studied by Hazewinkel et al.
(2008). It is known that the reflection of internal gravity waves at sloping boundaries
leads to (geometric) focusing or defocusing. Focusing increases the energy density of the
wave field, defocusing decreases the energy density. In closed domains, focusing typically
dominates and projects the wave energy onto so-called ‘wave attractors’. Wave attrac-
tors are lower-dimensional subsets of the fluid domain, i.e. lines in two dimensions and
surfaces in three dimensions. In the absence of viscosity, then energy density on attrac-
tors becomes infinite. Viscosity prevents such unphysical singularities in real fluids. As a
result, the energy density is typically elevated in the viscinity of attractors. The classical
example of a wave attractor is the diamond-shaped pattern in a trapezoidal domain, of
which figures are presented in chapter 4. Hazewinkel et al. (2008) provide a simple theo-
retical model that describes the spatial spectrum of two-dimensional attractors, i.e. the
relative energy density of wave attractors at different scales. Correcting mathematical
mistakes in Hazewinkel et al. (2008), we reveal that their model is insufficient to explain
the spectrum of their experimentally observed wave attractors. The studies presented
in chapters 3 & 4 extend the model for the spectrum of two-dimensional wave attrac-
tors to quasi -two dimensional attractors, taking also lateral wall-friction into account.
Additionally, chapter 4 also treats the damping caused by the boundary layer where the
wave attractor reflects. We show that good agreement between the theoretical spectrum
and the experimental wave attractor data by Hazewinkel et al. (2008) and Brouzet et al.
(2016b) is achieved when viscous dissipation in the lateral boundary layers is taken into
account.

The third study (chapter 5) analyses the mean (time-averaged) flow generated by
weakly nonlinear internal waves within the lateral boundary layers, and builds upon
the lateral boundary layer structure described in chapters 3 & 4. It is well-known that
internal waves can produce mean flow through wave-wave interaction (Bühler, 2010). In
two dimensions, the mean flow consists solely of the buoyancy induced mean flow, which
occurs at the scale of the weak nonlinearity (Kistovich and Chashechkin, 2001; Tabaei
and Akylas, 2003). No material transport can be associated with this buoyancy induced
mean flow, because it is precisely annihilated by the Stokes drift pointing in the opposite
direction (§5.7.2 & §6.8.1). A much stronger mean flow component, which we refer to as
vortical induced mean flow5, is generated in truly three-dimensional settings if the curl
of the horizontal mean Reynolds stresses is non-zero (Bordes et al., 2012; Kataoka and
Akylas, 2015; Beckebanze et al., 2019). Contrary to the buoyancy induced mean flow,
the vortical induced mean flow is persistently energised by the internal wave field. It is
this component that we are interested in, because (i) it forms an energy sink for internal
waves and (ii) it may enhance horizontal advection of sediment, nutrients and pollutants
in the ocean. In §5.4 we extend the analysis of chapters 3 & 4 to weakly nonlinear
internal wave beams. Our asymptotic wave field description, which expands in both the
small viscosity parameter and the weak nonlinearity, reveals that the vortical induced
mean flow is forced within the thin lateral boundary layers. The directly forced flow
towards one side of the laboratory tank must be compensated by a return flow, leading
to a strong horizontal dipolar circulation throughout the entire tank. This theoretically

5In Bordes et al. (2012), this vortical induced mean flow is simply called strong mean flow, while
Kataoka and Akylas (2015) use the terminology modulation-induced mean flow.
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derived return flow explains the experimentally observed particle transport in the vicinity
of an internal wave beam. The experimental results, which form a chapter in another
PhD thesis (Horne, 2015), are briefly presented in §5.3, and compared with our theory
in §5.5.

The fourth study (chapter 6) investigates further the generation of vortical induced
mean flow by weakly nonlinear internal wave beams. Once again, we perform a per-
turbational expansion in the small viscosity parameter and the weak nonlinearity, now
tailored towards three-dimensional internal wave beams originating from localised im-
posed wall-oscillations. Such internal wave beams have been studied experimentally by
Bordes et al. (2012). Whereas the vortical mean flow generation associated with vis-
cous beam attenuation – known as streaming – has been described theoretically before
(Bordes et al., 2012; Kataoka and Akylas, 2015), our asymptotic analysis unravels an
additional peculiar mean flow generation mechanism in the vicinity of the oscillating
wall, which results from vertical vortices at the lateral edges of the oscillating boundary.
Previous theoretical and numerical studies did not recognise this mean flow generation
mechanism due to inappropriate over-simplification of the wall-oscillations in the labo-
ratory set-up. Our theoretical prediction for the mean vertical vorticity production is
in good agreement with the laboratory experiments by Bordes et al. (2012). Addition-
ally, our rigorous derivation of an appropriate simplification of the notoriously difficult
forced boundary value problem suggests that typical numerical implementations of such
problems may require revision.





CHAPTER 2

Theory

This chapter introduces the partial differential equations that govern internal wave
dynamics6, which form the starting point of the scientific studies in chapters 3 – 6.

2.1. Navier-Stokes equations

Isaac Newton’s second law (F = m ·a) says that in an inertial frame of reference, the
sum of the forces (F ) acting on an object equals the change in its momentum. The change
in momentum is the mass of the object (m) multiplied by the object’s acceleration (a),
provided the mass m remains constant. The Navier-Stokes equations express Newton’s
second law in the context of fluid motion. In a reference frame with Cartesian coordinates
x = (x, y, z) that rotates with respect to an inertial frame at angular velocity Ω, the
Navier-Stokes equations for viscous fluids read (Cushman-Roisin and Beckers, 2011)

ρ

(
∂u

∂t
+ u · ∇u + 2Ω ∧ u

)
︸ ︷︷ ︸

mass per volume × acceleration

= −∇p+∇ · τ − ρgẑ︸ ︷︷ ︸
forces per volume

. (2.1)

Here, t is time, u = (u, v, w) is the velocity vector, ρ is the density of the fluid, p is the
pressure, ∇ = ( ∂

∂x ,
∂
∂y ,

∂
∂z ) represents the gradient, ∇ · τ is the divergence of the viscous

stress tensor τ (defined in Eq. (2.6)), ẑ is the unit vector pointing in the z-direction and
∧ denotes the cross-product.

Throughout this thesis, we assume gravity – which is actually a combination of
gravitational and centrifugal forces – to point downwards, in the negative z-direction.
This is an appropriate assumption for dynamics on our planet Earth on length scales up
to a few hundred kilometres, for which the curvature of the Earth’s surface (and hence
changes in the gravitational direction) is negligible.

2.2. Continuity equation

The continuity equation, expressing the conservation of mass is given by

∂ρ

∂t
+∇ · (ρu) = 0. (2.2)

Using the chain rule, we can rewrite equation (2.2) as

Dρ

Dt
= −ρ∇ · u, (2.3)

6For simplicity we denote both inertial internal gravity waves (in rotating density-stratified fluids)
and internal gravity waves (in non-rotating density-stratified fluids) as internal waves.

9



10 2. THEORY

where D
Dt = ∂

∂t + u · ∇ is the material derivative. The material derivative expresses
the change in the moving reference frame of a fluid parcel. The advection terms u · ∇
capture changes at a fixed point x and at time t due to a fluid parcel passing by at
speed u = u(t,x). The nonlinearity of the advection terms make it difficult, and often
impossible, to construct solutions for various types of fluid dynamics.

Turbulence is a prominent phenomenon that is intrinsically related to the nonlinear-
ity of the advection terms. Almost one century ago Horace Lamb said: “When I die and
go to heaven there are two matters on which I hope for enlightenment. One is quantum
electrodynamics, and the other is the turbulent motion of fluids. And about the former I
am rather optimistic.” This quote emphasises that there is little hope for establishing a
complete theory on turbulence. Even the well-posedness of the Navier-Stokes equations
– which forms one of the one-million dollar Clay problems – remains an active field of
research (Dubrulle, 2019).

2.3. Incompressibility and non-diffusivity

For the study of internal wave dynamics in water, it is convenient to assume the fluid
to be incompressible. This is a valid assumption if the characteristic times scales of the
studied dynamics are much longer than the time it takes for sound waves to cross the
domain of interest. Essentially, the incompressibility assumption filters out sound waves.
For an incompressible, mass-diffusive fluid, the density of each fluid parcel is governed
by the advection-diffusion equation

Dρ

Dt
= κ∆ρ, (2.4)

with κ the diffusivity coefficient and ∆ = ∇2 the Laplace operator. The diffusion of
mass is the result of temperature or salt diffusion, and holds if the density ρ scales
linearly with temperature or salinity. The Schmidt number Sc = µ/(ρκ) expresses the
relative importance of dynamic viscosity µ (discussed below in §2.4) over molecular mass
diffusion rate ρκ. For salt-stratified fluids, the Schmidt number is approximately 700.
This means that salt-diffusion is almost three orders of magnitude weaker as compared
to viscous dissipation of momentum, and may be neglected under most circumstances.
Throughout this thesis, we only consider non-diffusive fluids (κ = 0). Upon subtracting
equation (2.4) from (2.3) we get (with κ = 0)

∇ · u = 0. (2.5)

This reduced continuity equation, also known as incompressibility equation, states that
the velocity field u must be divergence-free. Equation (2.3) is often replaced by (2.5).
Note that equation (2.4) must hold independently of equation (2.5).

2.4. Stress tensor for Newtonian fluids

For Newtonian fluids, such as water and air, the viscous stresses tensor

τ = µ

 2∂u∂x
∂u
∂y + ∂v

∂x
∂u
∂z + ∂w

∂x
∂v
∂x + ∂u

∂y 2∂v∂y
∂v
∂z + ∂w

∂y
∂w
∂x + ∂u

∂z
∂w
∂y + ∂v

∂z 2∂w∂z

 (2.6)
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← f -plane

x

ϕ
0

z

y
Ω

Ω, rotation speed

Figure 2.1. Sketch of an f -plane, which is tangential to the Earth’s surface at latitude
ϕ0.

is symmetric7. The dynamic viscosity parameter µ may depend on various properties of
the fluid, and is assumed constant throughout this thesis. The divergence of the viscous
stress tensor can thus be written as

∇ · τ = µ∆u + µ∇(∇ · u). (2.7)

Evidently, for incompressible flows (∇·u = 0) the second term in (2.7) vanishes, and we
get ∇ · τ = µ∆u.

2.5. f-plane approximation for the Coriolis force

The Coriolis force 2ρΩ∧ u is on the left-hand side of (2.1) because it is an apparent
force, merely due to the rotation of the reference frame. Within this thesis, either non-
rotating fluids are considered (with Ω = 0), or the rotation speed Ω = |Ω| corresponds
to the Earth’s rotation. Without loss of generality, we may take the x-direction to point
in the longitudinal direction (eastward), so we can write Ω = Ω(0, cosϕ, sinϕ), where ϕ
is the latitude. As we already restrict our analysis to length scales which span at most a
few degrees of latitude, we can also simplify the Coriolis force, 2ρΩ∧u, by approximating
the latitudes ϕ by some fixed latitude ϕ0. This amounts to working on a flat surface,
referred to as the f -plane, which is tangental to the Earth’s surface at the latitude ϕ0

(see sketch in figure 2.1). Additionally, we neglect the angular velocity in the y-direction,
2ρΩ cosϕ0ŷ∧u = 2ρΩ cosϕ0(w, 0,−u). This is a traditional approximation8, motivated
by the relative weakness of the vertical velocity component in geophysical contexts. It

7Physically, a symmetric stress tensor means that viscosity acts according to the same law in all
spatial directions. Note that a symmetric stress tensor does not imply fluid motion to be symmetric (or
isotropic).

8It is known that this traditional approximation – neglecting the angular velocity in the y-direction
– eliminates internal waves under certain conditions, especially inertial waves near the equator (Gerkema
et al., 2008). This thesis does not focus on circumstances in which the so-called non-traditional Coriolis
effects have to be taken into account.
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allows us to replace 2Ω∧u by f0ẑ∧u = f0(−v, u, 0) where f0 = 2Ω sinϕ0 is the Coriolis
frequency .

2.6. Separation of wave dynamics from hydrostatic balance

Under the assumptions discussed, the governing equations (2.1), (2.2) & 2.4) simplify
to

ρ

(
Du

Dt
+ f0ẑ ∧ u

)
= −∇p+ µ∆u + ρgẑ,

Dρ

Dt
= 0, ∇ · u = 0. (2.8)

Equations (2.8) form a closed set of five partial differential equations for the state vari-
ables u, ρ and p that describe various types of fluid motions, among which internal wave
dynamics in stratified fluids.

For studying wave dynamics, it is convenient to separate the field variables u, ρ,
and p into their steady and dynamic (wave) components. The steady components are
the temporal and/or spatial averages, such as a mean current or the spatially averaged
density. The case studies presented in this thesis consider zero (initial) background
flow, hence u readily represents the dynamic velocity vector. We denote by ρ0 the
characteristic (constant) density, which may be the density of the mixed surface layer
for ocean applications or fresh water density for laboratory experiments. For stratified
fluids, the steady density can be split into two parts: (i) the characteristic density (ρ0)
and (ii) a correction accounting for the (temporally and horizontally) averaged density
increase with depth, ρ̄(z). The total density thus splits into

ρ = ρ0 + ρ̄(z) + ρ′(x, y, z, t), (2.9)

where the dynamic density ρ′(x, y, z, t) is the deviation from the steady density. Note
that for homogeneous fluids (having a constant density), ρ̄(z) = 0, and if ρ̄(z) decreases
with depth, then the fluid is convectively unstable. The density equation (2.4) for the
dynamic density is rewritten as

Dρ′

Dt
= −wdρ̄(z)

dz
. (2.10)

Typically, ρ0 � ρ̄(z) for all depths z within the fluid domain, which means that density
changes due to the stratification are relatively small over the full depth of the fluid. This
assumption is reasonable for the ocean, for which the density variations are at most 2%
from the mixed surface layer to the densest bottom water. In contrast, the air density
decreases by 50% for every 5.5 km altitude increase. Consequently, the results presented
in this thesis – based on the Boussinesq assumption (§2.7) that ρ0 � ρ̄(z) – may not be
directly applicable to atmospheric dynamics.

The steady pressure, p̄(z), also called hydrostatic pressure, is related to the steady
density through hydrostatic balance,

dp̄(z)

dz
= −(ρ0 + ρ̄(z))g. (2.11)

Straightforward integration, using the approximation ρ̄(z)� ρ0, gives an approximation
for the hydrostatic pressure in water,

p̄(z) ≈ patm + (z0 − z)ρ0g,
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in terms of the water density ρ0 ≈ 103 kg/m3 and the standard atmospheric pressure
patm ≈ 105 Pa at the surface height z = z0 (where we choose ρ̄(z0) = 0). The hydro-
static pressure increases rapidly with depth, by about one standard atmosphere per 10
meter (g = 9.8 m/s2). This makes diving a potentially dangerous exercise for living
beings that are equilibrated to the atmospheric surface pressure. Our understanding of
the deep ocean, where the hydrostatic pressure is three orders of magnitude larger than
the atmospheric surface pressure, is hampered by technical challenges to design obser-
vational tools such as moored instrumentation, gliders and submarines that can stand
the enormous (hydrostatic) pressure.

Conveniently, the hydrostatic pressure forms no obstacle for a theoretical analysis of
ocean dynamics, because we can simply subtract (2.11) from the Navier-Stokes equations
in (2.8), leading to(

ρ0 + ρ̄+ ρ′
)(Du

Dt
+ f0ẑ ∧ u

)
= −∇p′ + µ∆u + ρ′g. (2.12)

Note that equations (2.12) are identical to the Navier-Stokes equations in (2.8) – we
merely motivated why it is convenient to separate the dynamical pressure p′ = p − p̄
from the hydrostatic pressure.

2.7. Boussinesq approximation

The Boussinesq approximation amounts to replacing ρ0 + ρ̄+ρ′ on the left-hand side
of (2.12) by ρ0. This approximation is clearly appropriate for the ocean, where relative
density variations are at most ∼2 %, and reduces (2.12) to

Du

Dt
+ f0ẑ ∧ u = −∇P + ν∆u + bẑ. (2.13)

Here, we divided both sides by ρ0, and introduce the kinematic viscosity constant ν =
µ/ρ0, buoyancy b = −gρ′/ρ0 and reduced pressure9 P = p′/ρ0. Fluids for which the
Boussinesq approximation is reasonable are also called Boussinesq fluids. Defining the
Brunt-Väisälä frequency as

N0 =

√
− g

ρ0

dρ̄(z)

dz
> 0, (2.14)

we can express the density equation (2.10) in terms of the buoyancy b,

Db

Dt
= −N2

0w. (2.15)

It is merely for notational convenience that the buoyancy equation (2.15) is often pre-
ferred over equation (2.10) when studying Boussinesq fluids.

2.8. Non-dimensionalization

For the perturbational expansions performed in chapters 3 – 6, it is convenient to
work with non-dimensionalized equations, such that small terms are readily apparent.

9In later chapters, we refer to the reduced pressure simply as pressure, and denote it by p.
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Using U0 as the velocity scale, ω−1
0 as the time scale and L0 as the length scale, we can

write

u = U0ũ, P = U0ω0L0P̃ , b = U0ω0b̃, x = L0x̃, t =
1

ω0
t̃. (2.16)

Inserting the non-dimensional variables defined by (2.16) into (2.5), (2.13) and (2.15)
gives

D̃ũ

Dt̃
+ f̃ ẑ ∧ ũ = −∇̃P̃ + ϑ∆̃ũ + b̃ẑ,

D̃b̃

Dt̃
= −N2w̃, ∇̃ · ũ = 0. (2.17)

Here, D̃
Dt̃

= ∂
∂t̃

+εũ·∇̃ is the non-dimensionalized material derivative, with ∇̃ the gradient

in non-dimensional coordinates x̃ and ε = U0/(ω0L0) is the Stokes number quantifying
the relative importance of the nonlinear advection terms. The inverse Reynolds num-
ber ϑ = ν/(L2

0ω0) quantifies the relative importance of viscosity, N = N0/ω0 is the

non-dimensionalized Brunt-Väisälä frequency and f̃ = f/ω0 is the non-dimensionalized
Coriolis parameter. For notational convenience, we drop the tildes in the following anal-
ysis.

In chapters 3 – 5, we denote the inverse Reynolds number ϑ by δ2, since we use (inte-

ger) powers of δ for the asymptotic expansion. Physically, δ =
√
ϑ = d0/L0 corresponds

to the non-dimensionalized Stokes boundary layer thickness given that ω0 is the wave
frequency. The dimensional Stokes boundary layer thickness d0 =

√
ν/ω0 is discussed

further in §2.11. The starting points in chapters 3 & 4 are the linearizations of (2.17)
for non-rotational fluids, which corresponds to taking ε = 0 and f = 0.

2.9. Dispersion relation and St. Andrew’s cross

In the inviscid (ϑ = 0) and linear (ε = 0) limit, we can combine (2.17) into one
equation for w, the vertical velocity,[

∂2

∂t2
∆ + f2 ∂

2

∂z2
+N2

(
∂2

∂x2
+

∂2

∂y2

)]
w = 0. (2.18)

Upon assuming w to be proportional to sin (±ωt+ kx+ ly ±mz) for some non-dimensional
frequency ω > 0 and non-dimensional wavenumber vector k = (k, l,±m), we find the
well-known dispersion relation (e.g. Bühler (2010); Sutherland (2010)) for internal waves
in infinite domains,

ω2 = N2 sin2 θ + f2 cos2 θ, with θ = arccos

[
±m√

k2 + l2 +m2

]
, (2.19)

where θ is the angle of the wavenumber vector k = (k, l,±m) with respect to the vertical.
Notably, the angle θ is fixed for given wave frequency ω, Brunt-Väisälä frequency N and
Coriolis parameter f ,

θ = arctan

[
ω2 − f2

N2 − ω2

]
. (2.20)

From the dispersion relation (2.19) we can readily calculate the phase speed,

cp = (k, l,±m)

(
±ω
|k|2

)
. (2.21)
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Figure 2.2. A vertically oscillating cylinder (red circle) generates a “St. Andrew’s

cross”-pattern consisting of four beams making an angle θ = arctan
[
ω2−f2
N2−ω2

]
with respect

to the horizontal in any vertical plane (here in (x, z)), provided that the imposed wave
frequency ω satisfies either f < ω < N or N < ω < f .

Note that in any vertical plane and for fixed wave frequency ω, there are only four possible
phase propagation directions, as sketched in figure (2.2). Straightforward calculation of
the group velocity

cg =

(
∂

∂k
,
∂

∂l
,
∂

∂m

)
ω (2.22)

reveals that cg · cp = 0, i.e. the phase and group velocities are always orthogonal with
respect to each other (hence the group velocity makes an angle θ with respect to the
horizontal). As a result, there are also only four possible directions along which internal
wave motion can propagate outwards from a localised source (in each vertical plane).
The internal wave pattern with four beams originating from a localised source is often
referred to as the “St. Andrew’s cross”.

2.10. Boundary conditions

Real-world fluid domains are often finite-sized. Therefore, the governing equations
must be equipped with appropriate boundary conditions. If the fluid dynamics of interest
is unaffected by boundary layer dynamics, then one may consider an infinite domain
and thereby avoid specifying boundary conditions. Numerically, infinite domains can be
mimicked by using periodic domains for short times.

The boundary condition is typically split into the following two parts:

(i) The normal-to-wall velocity component must vanish, because no flow can cross
the boundary. This impermeability constraint needs to hold for viscous and
inviscid fluids and reads

u · n = 0 for all points x on ∂D, (2.23)
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where ∂D denotes the boundary of the fluid domain, and n is the corresponding
normal vector.

(ii) The along-wall velocity component(s) must vanish, because surface-friction
makes slipping along material surfaces physically impossible10. Combined with
the impermeability constraint (2.23), the no-slip boundary condition is

u = 0 for all points x on ∂D. (2.24)

If only the impermeability constraint holds, we refer to it as the free-slip boundary
condition. In the inviscid limit, the friction with the boundary vanishes, and only the
free-slip constraint (2.23) must hold. There are also cases where the free-slip boundary
condition is the physically correct boundary constraint for viscous fluids, such as for the
water surface when wind stress is negligible.

It is often much easier to implement the free-slip boundary condition as compared to
the no-slip boundary condition. When solutions for both free-slip and no-slip constraints
are available, then it is possible to judge whether the free-slip simplification is appropri-
ate. The crux is of course that one prefers solving only the simpler free-slip problem.
It appears that for experimental studies on internal waves, presuming no-slip boundary
effects to be negligible is a recurring pitfall. In chapter 3 – 5 we highlight that previously
unrecognised boundary layer effects – which only occur mathematically upon incorporat-
ing the no-slip boundary condition – have a profound effect on the experimental results
by Hazewinkel et al. (2008) and Horne (2015).

In laboratory experiments, internal waves are often generated by oscillating bound-
aries. The movement of the boundary makes it notoriously difficult to describe such
experiments theoretically and numerically. Finding appropriate approximations that
simplify the boundary value problem is subject to ongoing research. In chapter 6 we
derive an approximation for the forcing of a wave maker in a three-dimensional setting.
The analysis highlights previously unrecognised subtleties of the wave maker’s effects
that are essential for the understanding of the fluid dynamics near the boundary.

2.11. Stokes boundary layer

The classical Stokes boundary layer describes the viscous boundary layer dynam-
ics for oscillatory fluid motion along a rigid (no-slip) boundary in homogeneous fluids
(Schlichting and Gersten, 2000). We extend this homogeneous boundary layer to strat-
ified Stokes boundary layer dynamics in chapters 3 – 5. Mathematically, the homoge-
neous Stokes boundary layer dynamics corresponds to a dominant balance between the
linearized acceleration of the along-boundary velocity component (say u) and viscous
dissipation of this velocity component in the direction normal to the boundary (say y),

∂u

∂t
= ν

∂2u

∂y2
. (2.25)

10A material surface so smooth that the water can ‘slip’ alongside the wall would be incredibly
useful for various engineering purposes, such as reducing drag for boats or within pipelines.
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For wave motion oscillating at frequency ω0, i.e. u ∝ exp[iω0t], we can replace the partial
time derivative by iω0, reducing (2.25) to the ordinary differential equation(

i
ω0

ν
− ∂2

∂y2

)
u = 0. (2.26)

Only one of the two exponential solutions u ∝ exp
[
iω0t± 1+i√

2

√
ω0/ν y

]
is physically

feasible, namely the one which decays exponentially towards the interior of the fluid. The
inverse of the spatial decay rate,

√
2ν/ω0, is often used as the characteristic thickness

of the boundary layer. We use d0 =
√
ν/ω0 as the characteristic thickness because it

removes the factor
√

2 in our perturbational analysis that would otherwise constantly
appear in front of the non-dimensionalized thickness, δ = d0/L0. As mentioned, we

use the non-dimensionalized Stokes boundary layer thickness, δ = d0/L0 =
√
ϑ, as the

small parameter describing the weak viscosity in chapters 3 – 5. To be precise, viscosity
is weak everywhere except near the no-slip boundary, where the normal-to-wall shear
viscosity enters the leading order dynamics.
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3.1. Introduction

The dispersion relation of internal waves is given by ω2
0 = N2

0 sin2 θ, with ω0 the wave
frequency, θ the angle of phase propagation with respect to the vertical, z, antiparallel
to gravity, and N0 the Brunt-Väisälä frequency, assumed constant. The group propaga-
tion is always orthogonal to the phase propagation (Sutherland, 2010), thus the angle
of energy radiation with respect to the vertical is fixed for monochromatic waves. This
property results in geometric focusing or defocusing upon reflection at sloping topogra-
phy. Repeated geometric focusing in closed domains can project the wave energy onto
closed orbits, known as wave attractors (Maas and Lam, 1995; Maas et al., 1997). In the
vicinity of the wave attractor, energy is dissipated by viscous dissipation (Hazewinkel
et al., 2008; Rieutord et al., 2002), or lost to nonlinear wave-wave interactions (Scolan
et al., 2013). The energy loss at the wave attractor can have far-reaching consequences
for the mixing budget of stratified fluids, such as the oceans.

Hazewinkel et al. (2008) studied the equilibrium spectrum of internal wave attractors
in the classical trapezoidal set-up, both in the laboratory and with a simple model. For
their model, the nonlinearity is assumed to be negligibly small, and the energy input is
taken at low wavenumbers. The geometric focusing increases the wavenumbers k by the
factor

γ =
sin(α+ θ)

sin(α− θ)
> 1

upon each reflection at the supercritically inclined wall (of angle α > θ with respect to
the horizontal). Let A(k) be the wavenumber spectrum of the buoyancy gradient, ∂ηb,
with η normal to the wave attractor. For the spectrum A(k), the focusing leads to a
linear increase11, i.e.

A(γk) = γA(k).

For each loop along the wave attractor with length La, the propagating internal waves

are dampened with the factor12 exp
[
−Laν tan θ

2ω0
k3
]
, with ν the dynamical viscosity. The

balance between the geometric focusing and viscous dissipation sets the width of the
wave attractor.

In this study, we extend the simple model by Hazewinkel et al. (2008) by incorporat-
ing the damping induced by stratified Stokes boundary layers at the two lateral walls.
In §3.2 we construct the 3D velocity field of an internal wave beam between two walls,
representing one branch of an attractor. We show that our analytical three-dimensional
velocity field corresponds well with the the 3D numerical wave attractor simulation by
Brouzet et al. (2016b). Subsequently, in §3.3, we determine the damping exerted by
the two boundary layers on an internal wave attractor. Additionally, we compare the
theoretical equilibrium spectrum of our extended model with the observed wave attrac-
tor spectrum by Hazewinkel et al. (2008). Conclusions are drawn in §3.4. Our results
establish that the three-dimensionality of the typical, quasi-two-dimensional laboratory

11We have corrected for a missing factor γ−1 on the right-hand side of the recursive relation A2
n =

γ3A2
n−1 by Hazewinkel et al. (2008), where An and An−1 are the buoyancy gradient spectra before and

after reflection, respectively.
12In the viscous dissipation decay rate, we also corrected for a missing factor 1/2 in Hazewinkel

et al. (2008).
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set-ups are not negligible for the shape of the wave attractor, contrary to what was
previously thought.

3.2. Preliminaries

To study the effect of the no-slip boundary conditions at two lateral walls on an
internal wave beam, we consider an infinite domain with Cartesian coordinates (x, y, z)
between two walls at y = ±ly. The linearization of the equations (2.17) governing the
dimensionless velocity field u = (u, v, w), buoyancy b, and pressure p of the Boussinesq
fluid, with scaled Brunt-Väisälä frequency N = N0/ω0, is given by

ut = −∇p+ δ2∆u + bẑ, bt = −N2w, ∇ · u = 0. (3.1)

Here, δ = d0
L0
� 1 is the thickness of the boundary layer, d0 =

√
ν/ω0, scaled with the

typical thickness of the wave beam, L0. We solve (3.1) with no-slip boundary conditions
u = 0 at y = ±ly by expanding the velocity vector u in the small parameter δ,

u = u0 + δu1 +O(δ2),

and similarly for buoyancy b and pressure p. We assume that ly = W/(2L0) ≥ 1, i.e. the
dimensional width of the domain, W , is at least of the same order of magnitude as the
wave beam width, L0.

We restrict the energy propagation to be upwards along ξ = x cos θ+z sin θ, implying
that the phase propagation is downwards along negative ζ = −x sin θ + z cos θ. Using
these constraints, the most general wave beam velocity field at y = 0, solving (3.1) at
O(δ0), is given by

[u0, v0, w0] = [cos θ, 0, sin θ]U, with U = −i
∫ ∞

0

A(k)

k sin θ
ei(kζ+t)−δβξdk, (3.2)

for some undetermined, complex-valued β, and k now dimensionless (scaled by L−1
0 ).

We claim that β ∈ O(1), implying that Uξ ∈ O(δ), thus the along-wave-beam velocity
component U is divergent at O(δ). It is the real part of δβ that describes the damping of
the interior wave beam due to the presence of the two lateral Stokes boundary layers. The
purpose of the present analysis is to determine β. In §3.3 we solve for β by matching the
divergence Uξ at O(δ) with the divergence of the O(δ)-transversal velocity component,
v1, which is determined next.

Using the stretched coordinate η = δ−1y, the momentum equations for u0 and w0

are given by

iu0 = −p0x + u0ηη , −i cot2 θ w0 = −p0z + w0ηη . (3.3)

In these two equations, the partial time derivatives have already been replaced by i. It
is the buoyancy, b0 = i sin−2 θ w0 that adds to the time derivative of the vertical velocity
component, producing the factor − cot2 θ. The along-wave-beam velocity component U
is related to the pressure gradient in η-direction by p0η = i cot θU . Solving (3.3) with

no-slip boundary conditions at the walls, η = ±δ−1ly, and prescribed velocity field (3.2)
in the center plane, η = 0, gives

u0 = cos θ

(
1− cosh[i

1
2 η]

cosh[i
1
2 δ−1ly]

)
U, w0 = sin θ

(
1− cosh[i−

1
2 cot θη]

cosh[i−
1
2 cot θδ−1ly]

)
U. (3.4)
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The presence of stratification (non-zero buoyancy) causes the factor-cot θ difference
in the thicknesses of the boundary layer, δ and δ tan θ, for respectively horizontal and
vertical velocity components, making (u0, 0, w0) divergent near the walls. In Fig. 3.1a,b
these velocity components are compared with the 3D numerical simulation by Brouzet
et al. (2016b). During the (non-steady) start-up phase, the numerical data (blue circles)
fit the analytical velocity components (green lines) remarkably well. At steady-state
(red circles), the boundary layer structure is also well-captured by our analytical velocity
expression (3.4). The discrepancy between numerical data and exact expressions towards
the center, y = 0, hints at the presence of some 3D effect in the interior, outside of the
boundary layers, that is not captured by (3.4). By the continuity equation at O(δ0) in
stretched coordinate, η,

u0x + w0z = −v1η ,

we get the O(δ) transversal velocity component13

v1 = sin θ cos θ

(
i
1
2 tan θ

sinh[i−
1
2 cot θη]

cosh[i−
1
2 cot θδ−1ly]

− i−
1
2

sinh[i
1
2 η]

cosh[i
1
2 δ−1ly]

)
Uζ + V (y).

Here, V (y) is an undetermined velocity component satisfying Vy(y) ∈ O(δ), that is to
say, slowly varying in y-direction. The impermeability boundary condition (v1 = 0) at
both walls translates to

V (±ly) = ±σUζ , with (3.5)

σ = sin θ cos θ
(
i−

1
2 tanh[i

1
2 δ−1ly]− i

1
2 tan θ tanh[i−

1
2 cot θδ−1ly]

)
.

In the limit δ−1ly � 1, the expression simplifies to σ = sin θe−i(θ+π/4). The transver-
sal velocity component V is governed by (3.1) at O(δ) in the unstretched coordinates,
(x, y, z). The continuity equation at O(δ) reads Uξ + Vy = 0. Since U is y-independent,
we get Vyy = 0, hence V = σy

ly
Uζ . Thus, the transversal velocity v decays linearly (=

slowly) towards the center plane, y = 0, making the velocity field in the interior truly
three-dimensional at O(δl−1

y ).

3.3. Damping of internal wave attractors by lateral walls

Rewriting the continuity equation Uξ + Vy = 0 in terms of the spectrum A(k) gives∫ ∞
0

(
i
σδ

ly
k − δβ

)
A(k)

k
ei(ζk+t)−δβξdk = 0.

This equation is satisfied for an arbitrary spectrum A(k) if and only if

β =
iσk

ly
.

Hence, the velocity U decays in the along-wave-beam direction, ξ, with e−δl
−1
y σ0kξ, where

σ0 = Re{[iσ]} > 0 for θ ∈ (0, π/2). The imaginary part of β, which takes both positive
and negative values for θ ∈ (0, π/2), describes a slight change in tilt in phase propagation

13The y-momentum equation is also satisfied at O(δ) by choosing an appropriate pressure p2(η),
which is O(δ2) and thus negligible.
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Figure 3.1. Horizontal velocity u (a) and vertical velocity w (b) at two points in time, t = 0 and
t = T0/4, with T0 = 2π/ω0 the period. Circles: numerical simulation by Brouzet et al. (2016b), filtered
around ω0 = 0.589s−1 over respectively 3 T0 during start-up phase (blue), and over 75 periods during
steady-state (red). Green lines: the analytical expressions (3.4) for u0 and w0, with their amplitudes
fitted to the corresponding numerical data at t = 0 and y = −8.1 cm. In (c), the (normalized) observed
spectrum |A(k)|2 (red) by Hazewinkel et al. (2008) is compared with the theoretical spectrum, expression
(3.6) for P = constant, with (blue) and without (black) wall damping. The ranges [kb, γkb] for the peak
for all possible choices of P are indicated by the horizontal dashed lines. Plot (d) shows the range
2π/kb[γ

−1, 1] (between blue lines) as a function of tank width, W ; the black horizontal lines present the
same range for internal viscous dissipation only (W → ∞). The observed attractor width, L0, in the
experiment by Hazewinkel et al. (2008) is indicated by the red dot. We refer to the cited papers for the
details on the 3D simulation and laboratory set-up, including the parameter values, which we adopted.

direction, that changes from ζ to ζ − δl−1
y Re[σ]ξ.

We now turn to the simple model for the equilibrium spectrum A(k) by Hazewinkel
et al. (2008), which we briefly introduced in §3.1 (with k again dimensional). Our ex-
tended model for the wave spectrumA(k), incorporating both internal viscous dissipation
and the damping by the two lateral walls, gives the constraint

A(γk) = γA(k) exp

[
−2Lad0iσ

W
k − Lad

2
0 tan θ

2
k3

]
. (3.6)

Solutions to (3.6) are not unique. All solutions to the inviscid case, A(γk) = γA(k), are
given by kP (logγ(k)) for arbitrary period-1 functions P (Beckebanze and Keady, 2016).
Extending this to (3.6) gives

A(k) = kP (logγ(k))e−λ1k−λ2k
3
, with λ1 =

i2Lad0σ

W (γ − 1)
and λ2 =

Lad
2
0 tan θ

2(γ3 − 1)
. (3.7)
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The “model continuous” by Hazewinkel et al. (2008) corresponds to P = constant.
Whereas the corrected14 version of the simple theoretical spectrum by Hazewinkel et al.
(2008) (black line in Fig. 3.1c) clearly mismatches the observed spectrum (red line), the
extended theoretical spectrum (blue line) matches the observation fairly well.

The choice P = constant is arbitrary, and different choices for the period-1 function
P lead to different wavenumbers k0 for which |A(k)| peaks. The maximum of |A(k)| for
arbitrary period-1 function P falls in the range (kb, γkb), where kb > 0 solves |A(kb)| =
|A(γkb)| for P = constant. This range is indicated by the horizontal dashed lines in Fig.
3.1c. Consequently, without knowledge of the precise energy input at low wavenumbers,
one can only define a range for the typical thickness of the wave attractor, L0 = 2π

k0
, as

indicated Fig. 3.1d.

3.4. Concluding remarks

The present analysis establishes the importance of damping by the lateral walls on the
shape of wave attractors in quasi-two-dimensional set-ups. Neglecting the effects by the

side walls (W →∞), we get a viscous attractor width15 LI0 = 2π (3λ2)1/3 ∝ (Laν/N0)1/3,
as originally found by Rieutord et al. (2001) and numerically verified by Grisouard et al.
(2008). Damping only by the walls results in an attractor width LW0 = 2πRe[λ1] ∝
(La/W ) (ν/N0)1/2. Interestingly, this attractor width, LW0 , is independent of the actual
size of the 3D tank, because scaling both La and W leaves LW0 invariant. The effects of
the walls may be neglected only if LI0 � LW0 , which is the case when

W � L2/3
a d

1/3
0 σ0[cot θ 4(γ3 − 1)/3]1/3/(γ − 1).

For the experiments by Maas et al. (1997), Hazewinkel et al. (2008), and Brouzet et al.
(2016b), this is not the case. Recall that it is the stratification that causes the factor-
cot θ difference in the thicknesses of the Stokes boundary layer for vertical and horizontal
velocity components. Vasiliev and Chashechkin (2003) also found this peculiar twist of
the stratification on the boundary layer thickness in their theoretical study on 3D internal
wave generation by an oscillating inclined plane.

While the boundary layer structure of our analytical velocity expressions fits the
numerical data by Brouzet et al. (2016b) very well, the comparison also reveals some
discrepancies for the steady-state motion. It appears that our assumption that, away
from the boundaries, the along-wave attractor velocity does not vary in transverse di-
rection (Uy = 0 in the interior) does not hold. Through the nonlinear advection terms,
a mean flow and the first higher harmonic are induced at lowest order of (weak) nonlin-
earity. It is speculated that these flow components might interact with the leading-order
monochromatic velocity field, thereby producing the numerically observed inhomogene-
ity in the harmonic field in the transversal direction (Fig. 3.1a,b).

14Notice that the spectrum for internal dissipation only (black line in our Fig. 3.1c) does not
correspond to the same theoretical spectrum in Hazewinkel et al. (2008), their Fig. 6, because they
seemingly scaled their set of wavenumbers, {k0, k1, k2, ...}, while keeping the corresponding spectrum
amplitudes, {A0, A1, A2, ...}, constant. However, all amplitudes An, n = 0, 1, 2, ... depend on k0. Strictly
speaking, it is thus not permitted to change k0 without adjusting An. Additionally, we corrected for the
missing factors γ−1 and 1

2
discussed in footnotes 1 and 2.

15For simplicity, we consider only P = constant.
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4.1. Introduction

The dispersion relation of internal waves is given by ω2
0 = N2

0 sin2 θ, with ω0 the wave
frequency, θ the angle of phase propagation with respect to the vertical, z the direction
antiparallel to gravity, and N0 the Brunt-Väisälä frequency, here assumed constant. The
group propagation is always orthogonal to the phase propagation (Sutherland, 2010),
thus θ also represents the angle of energy propagation with respect to the horizontal
plane, and is fixed for monochromatic waves. This property results in geometric focusing
or defocusing upon reflection at sloping topography. Repeated geometric focusing in
closed domains can project the wave energy onto closed orbits, known as wave attractors
(Maas and Lam, 1995; Maas et al., 1997). In the vicinity of internal wave attractors,
energy is dissipated by viscous dissipation (Hazewinkel et al., 2008), or lost to nonlinear
wave-wave interactions (Scolan et al., 2013; Brouzet et al., 2016a, 2017a; Dauxois et al.,
2018). Internal wave attractors are studied most thoroughly in the classical quasi-two-
dimensional (quasi-2D) trapezoidal set-ups (Maas and Lam, 1995; Maas et al., 1997;
Maas, 2005, 2009; Swart et al., 2007; Harlander, 2008; Hazewinkel et al., 2008, 2010;
Grisouard et al., 2008; Scolan et al., 2013; Brouzet et al., 2016a,b, 2017a,b), geometries
which are also popular in studies on closely related inertial wave attractors (Manders and
Maas, 2003; Klein et al., 2014; Troitskaya, 2017). Recent studies also examine internal
wave attractors confined to more sophisticated domains, resembling simplified ocean
topography (Tang and Peacock, 2010; Echeverri et al., 2011; Hazewinkel et al., 2011;
Wang et al., 2015; Guo and Holmes-Cerfon, 2016). Applying standard boundary layer
theory, Klein et al. (2014) establish the importance of the Ekman boundary layers for
inertial wave attractors. Surprisingly, the role of energy dissipation at rigid boundaries
for internal wave attractors still remains an open question, even for the simplest domain,
the classical quasi-2D trapezoid. The energy loss at the wave attractor – and in the
broader sense internal wave beams – can have far-reaching consequences for the mixing
budget of stratified fluids, such as the deep oceans (Wunsch and Ferrari, 2004) and
marginal seas (Lamb, 2014).

In this chapter, we apply standard boundary layer theory to quantify the frictional
damping mechanisms of internal wave attractors in the classical quasi-2D laboratory
set-up. Frictional dissipation takes place in two types of viscous layers: the shear layers
in the interior along the attractor and the boundary layers at the rigid boundaries.

Internal wave damping through interior shear layers, first described by Thomas and
Stevenson (1973), has been studied extensively over the past decades, and in particu-
lar in the context of internal wave attractors by Dintrans et al. (1999); Swart (2007);
Hazewinkel et al. (2008); Brouzet et al. (2016a) and inertial wave attractors by Dintrans
et al. (1999); Rieutord et al. (2001, 2002); Ogilvie (2005); Jouve and Ogilvie (2014). A
simple model for an equilibrium wave attractor spectrum, with the energy input at the
basin scale (= low wavenumbers) and dissipation only through internal shear at high
wavenumbers, has been derived by Hazewinkel et al. (2008). Although the structure of
their theoretical spectrum resembles their experimentally observed spectrum of an in-
ternal wave attractor in the classical quasi-2D trapezoidal set-up, the discrepancy hints
at significant dissipation at the rigid boundaries. Grisouard et al. (2008) performed 2D
numerical simulations, designed to replicate the laboratory experiment by Hazewinkel
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et al. (2008) with free-slip boundaries. Their simulations underestimate the energy dis-
sipation at high wavenumbers, also indicating an additional energy sink at the walls in
the laboratory. The fully 3D simulations by Brouzet et al. (2016b) signify significantly
increased dissipation rates in the lateral boundary layers. Our theoretical analysis shows
that adding dissipation at the rigid boundaries closes the gap between the model and
observations in Hazewinkel et al. (2008).

Stokes boundary layers in homogenous fluids are well understood and are described in
many text books on fluid mechanics, e.g. Schlichting and Gersten (2000). The stratified
boundary layers for monochromatic internal waves are to some extent analogous to
homogenous Stokes boundary layers, but differ in a number of fundamental aspects,
such as the characteristic thickness of the boundary layer. The thickness of the stratified
boundary layer is given by

d0 = µ−1
( ν
ω

) 1
2
, with µ =

√∣∣∣∣sin2 ϕ

sin2 θ
− 1

∣∣∣∣
dependent on the angle ϕ of the boundary (with respect to the horizontal) and the
internal wave inclination, θ. Note that horizontal boundaries (ϕ = 0), investigated
by Renaud and Venaille (2018), coincide with the homogeneous case, µ = 1, that is
introduced in §2.11. For near-critical reflections (ϕ ∼ θ) the boundary layer thickness
d0 tends to infinity, making different approaches, such as in Dauxois and Young (1999),
necessary. The theoretical investigation on stratified rotating boundary layers by Swart
et al. (2010) stresses the importance of these critical cases (ϕ ∼ θ) for the generation of
internal inertial waves by oscillating boundaries. Kistovich and Chashechkin (1995a,b)
computed the boundary layer of a reflecting internal wave beam, but did not account
for the dissipative energy loss inside the boundary layer. Vasiliev and Chashechkin
(2003) constructed asymptotic solutions for internal wave fields generated by a rigid
plane vibrating along its surface. We now investigate a situation in which the energy
flux is in opposite direction, i.e. the wave attractor looses energy to the rigid walls. The
objective is to understand and quantify the damping induced by stratified boundary
layers on wave attractors. Partial results are also reported in chapter 3.

The structure of this chapter is as follows. The formulation of the problem is de-
scribed in §4.2. In §4.3, we construct inviscid wave attractor solutions. Internal shear,
lateral wall boundary layers and boundary layers at the reflecting walls are subsequently
added in respectively §4.4, §4.5 and §4.6. In §4.7, we compare our extended model
for the equilibrium wave attractor spectrum with the laboratory experiment and 3D
simulations. Conclusions are drawn in §4.8.

4.2. Preliminaries

In this chapter we consider monochromatic internal waves in a linearly stratified
Boussinesq fluid inside a trapezoidal tank

D = {(x, y, z) ∈ R | − ly ≤ y ≤ ly, −lx ≤ x ≤ lx, 0 ≤ z ≤ min[h, (lx − x) tanα]},

with z antiparallel to gravity. We anticipate ratios sin θ = ω0/N0 of wave frequency ω0

over Brunt-Väisälä frequency N0, such that the internal wave motion is predominantly
confined to a neighbourhood around the theoretical inviscid wave attractor, as illustrated
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Figure 4.1. Schematic view of the 3D trapezoidal domain D (a), and its side view
(b). The viscous wave attractor interacts with the rigid boundaries of D (free-slip at
surface, z = h) primarily in the shaded areas (a), as it is confined to a region around the
theoretical inviscid wave attractor orbit (dashed lines in a,b). The black dot in (b) to the
right of the inclined wall indicates the virtual source. The phase propagation is along
coordinates ζn, n = 1, 2, 3, 4 (red arrows), whereas the energy propagation is along ξn
(blue arrows) at an angle θ with respect to the horizontal x. The thickening of the wave
attractor in the energy propagation direction is due to viscous damping, as discussed in
§4.5, and it is balanced by the focusing reflection at inclined wall with angle α.

in Fig. 4.1a,b. The Cartesian coordinates, (x, y, z), are dimensionalized with the length
scale L0, which we assume to be the characteristic wavelength of the predominant wave
motion – the viscous wave attractor – measured in the cross-beam direction. Note
that scaling the non-dimensional half-bottom-length, lx, half-width, ly, and height, h,
with the same length scale, L0, leaves the angle of the inclined wall, α, and the energy
propagation angle, θ, both with respect to the horizontal, invariant. We require ly ' 1,
i.e. the dimensional width, W = 2lyL0, is at least of the same order of magnitude as the
wave attractor cross-beam length scale, L0.

We consider sufficiently weak monochromatic forcing, generating only small-amplitude
wave motion. This means that the Stokes number, U0

ω0L0
, with U0 the dimensional scale

of the internal wave velocity, is small such that all nonlinear advection terms can be
neglected. Under these assumptions, the linearization of the equations (2.17) govern-
ing for the dimensionless velocity field u = (u, v, w), buoyancy b and pressure p of the
Boussinesq fluid, with scaled Brunt-Väisälä frequency N = N0/ω0 = ±1/ sin θ, is given
in subscript-derivative notation by

ut = −∇p+ bẑ + δ2∆u + fe−it, bt = −N2w, ∇ · u = 0. (4.1)

Here, δ = d0
L0
� 1 is the non-dimensional Stokes boundary layer width, with d0 =

√
ν/ω0,

and ν the kinematic viscosity constant. We assume the fluid to be salt stratified, and
neglect diffusivity by considering an infinite Schmidt number (ratio of kinematic viscosity
over mass diffusivity, typically approximately 700 for salt-stratified fluids). The forcing
f = f(x, z) is assumed to be uniform in the transverse y-direction. For mathematical
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convenience, we consider f to be a localized source, located outside the trapezoidal
domain, D, as illustrated in Fig. 4.1b. This enables us to describe the viscous wave
attractor as four branches of a viscous internal wave beam (Ogilvie, 2005). The downside
of this approach is a slight violation of the impermeability constraint at the inclined wall
near the wave attractor upon incorporating viscous attenuation. In fact, the energy
input into the closed domain D occurs through spatially non-uniform oscillations at
the inclined wall, on which we have no control a priori. We accept this disadvantage,
which also underlies the theoretical 2D spectra by Hazewinkel et al. (2008), because it is
irrelevant for the energy loss through the boundary layers of a quasi-2D weakly viscous
wave attractor – the main objective of the presented analysis.

We solve the governing equations (4.1) asymptotically with no-slip boundary condi-
tions, u = 0, at the boundary of the trapezoidal domain D (except at the free surface,
z = h, where we impose free-slip), by expanding the velocity vector u in the small
parameter δ,

u = u0 + δu1 +O(δ2),

and similarly for buoyancy b and pressure p. We start in §4.3 by solving (4.1) at O(δ0)
with free-slip boundary conditions for u0. Free-slip means that we only require the
normal derivative of tangential velocity to vanish. Viscous attenuation is added in §4.4,
and in §4.5, we extend u0 such that it vanishes at the lateral walls (surfaces along dashed
theoretical attractor in Fig. 4.1a, blue online). In §4.6, we add correction terms in order
to satisfy the no-slip boundary condition also at the reflection sides (green surfaces in
Fig. 4.1a, green online).

4.3. Wave attractor branches in interior

It is convenient to express the four wave attractor branches in the rotated and shifted
coordinates [ξn, ζn], n = 1, 2, 3, 4, given by[

ξ1,3

ζ1,3

]
= ∓

[
cos θ − sin θ
sin θ cos θ

] [
x− x1,3

z − z1,3

]
,

[
ξ2,4

ζ2,4

]
= ∓

[
cos θ sin θ
sin θ − cos θ

] [
x− x2,4

z − z2,4

]
,

with [xn, zn] the reflection points of the attractor, see Fig. 4.1b. The theoretical inviscid
wave attractor (dashed lines in Fig. 4.1) corresponds to ζn = 0, for n = 1, 2, 3, 4.
The inviscid O(δ0)-velocity field generated by a monochromatic, localized source, de-
scribing the first wave attractor branch (labelled with the super-script 1), can be written
as

u
[1]
0 = ξ̂1U(ζ1) = [− cos θ, 0, sin θ]U(ζ1), U(ζ) =

∞∫
0

Û(k) exp [i(kζ − t)] dk, (4.2)

where k is the non-dimensional wavenumber (scaled by L−1
0 ). Physical quantities are

always the real part of the presented expression, and the hat on a coordinate always
denotes the unit vector pointing in the direction of this coordinate, i.e. ξ̂1 is the unit
vector along the first wave attractor branch. The Fourier spectrum

Û(k) =
1

2π

∫ ∞
−∞

U(ζ) exp[−iζk]dζ
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of the along-wave-beam velocity component U depends on the unspecified localized
source at (x0, z0). The main objective of the presented analysis is to derive constraints

for Û(k), based on geometric wave focusing (this section), and viscous dissipation (§4.4

– §4.6). Note that Û(k) = 0 for k ≤ 0 because no energy can propagate towards the
source (by assumption).

Subsequent free-slip reflections of the first wave attractor branch at the surface,
z = h, at the vertical wall, x = −lx, and at the bottom, z = 0, lead to the following
velocity fields for the second, third and fourth wave attractor branches:

u
[n]
0 = ξ̂nU(ζn) for n = 2, 3, 4. (4.3)

The fourth branch returns to the inclined wall, z = (lx − x) tanα, where the free-slip
boundary condition reads

Re
[(

u
[1]
0 + u

[4]
0

)
· n̂α

]
= 0, (4.4)

with n̂α = [sinα, 0, cosα] a normal vector of the inclined wall. On the inclined wall,
z = (lx − x) tanα, we have

u
[1]
0 · n̂α = − sin [α− θ]

∞∫
0

Û(k) exp

[
ik

sin[α− θ]
cosα

(x− x1)− it
]
dk (4.5)

and

u
[4]
0 · n̂α = sin [α+ θ]

∞∫
0

Û(k) exp

[
ik

sin[α+ θ]

cosα
(x− x1)− it

]
dk. (4.6)

Substitution of k → γk in (4.5), with

γ =
sin[α+ θ]

sin[α− θ]
,

such that the exponential terms in (4.5) and (4.6) become identical, and inserting (4.5)
and (4.6) into (4.4) gives

Re

 ∞∫
0

(
Û(γk)− Û(k)

)
exp

[
ik

sin[α+ θ]

cosα
(x− x1)− it

]
dk

 = 0. (4.7)

Satisfying the free-slip boundary conditions at the four reflecting walls for all times t
thus imposes the spectral constraint

Û(γk) = Û(k). (4.8)

Solutions to this functional equation are non-unique (see Beckebanze and Keady, 2016,
pp. 185 – 186 for a more rigorous analysis of this functional equation). The non-

uniqueness is apparent by writing Û(k) = P (logγ(k)), which satisfies Eq. (4.8) for arbi-

trary function P with period 1: Û(γk) = P (logγ(γk)) = P (1 + logγ(k)) = P (logγ(k)) =

Û(k). For all these spectra (except P = 0) the velocity expressions (4.2) and (4.3) are
non-integrable for points on the inviscid wave attractor, ζn = 0 (dashed lines in Fig.
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4.1b), confirming the results by Rieutord et al. (2001). The exact self-similar wave at-
tractor solution by Maas (2009) in terms of countable infinite Fourier coefficients is an

example of such spectrum Û(k) (where P is a superposition of Dirac delta functions).
The self-similar structure of wave attractors is reflected by the logγ-periodicity of the
spectra. Next, we regularize the singularity on the inviscid wave attractor by adding
viscous attenuation.

4.4. Internal shear layer dissipation

Incorporating weak viscous attenuation in an asymptotic wave beam expression was
first done by Thomas and Stevenson (1973), and has been achieved using different proce-
dures (see §6 of Voisin (2003) for an overview). Here, we determine the effect of viscosity

on the spectrum Û(k) – an exponential attenuation factor – and incorporate it in the
inviscid spectral decompositions for the velocity field, (4.2) and (4.3). We briefly demon-
strate this analysis because of its similarity with the damping mechanisms caused by the
rigid walls, presented in §4.5 and §4.6.

For notational convenience, we drop the superscript [n], and consider a wave at-
tractor branch with velocity U in the along-energy-propagation direction ξ, and phase
propagation along ζ. Upon incorporating continuity and buoyancy equations, one can
write the governing equation for U as

−∆U +N2
(
sin2 θ Uζζ + 2 cos θ sin θ Uζξ + cos2 θ Uξξ

)
= −iδ2∆2U. (4.9)

This equation is solved atO(δ0) by U(ζ) as defined in (4.2), provided the non-dimensional
dispersion relation, 1 = N2 sin2 θ, holds. The velocity function U is still an O(δ0)-

solution if we let the spectrum Û(k) to be weakly dependent on the along-beam coordi-

nate ξ, that is to say, if Ûξ ∈ O(δ). We assume Ûξ ∈ O(δ2) ⊂ O(δ). Equation (4.9) at
O(δ2) then becomes

2N2 sin θ cos θUζξ = −iδ2Uζζζζ .

This is solved by

U =

∫ ∞
0

Û(k, ξ) exp [ikζ − it] dk, Û(k, ξ) = Û(k) exp

[
−δ2 tan θ

2
k3(ξ − ξ0)

]
,

(4.10)

for arbitrary Û(k), and where ξ0 is the along-wave-attractor distance to the virtual
localized source. Adding weak viscous attenuation to the 2D wave attractor velocity
field is thus achieved by replacing Û(k)→ Û(k) exp

[
−δ2 tan θ

2 k3(ξ − ξ0)
]

in the velocity
fields (4.2) and (4.3).

Note that the real (imaginary) part U(ζ, ξ) in (4.10) is even (odd) in ζ around
ζ = 0. This symmetry is preserved among reflections at horizontal or vertical boundaries,
whereas reflections at inclined boundaries break it. All attractors include symmetry-
breaking reflections, hence, their velocity fields cannot be symmetric around the inviscid
attractor orbit, ζ = 0, when including viscous attenuation. Describing the wave attractor
branches nevertheless by a viscous wave beam emitted from a virtual point source leads to
a slight violation of the impermeability boundary condition at the inclined wall. Instead,
the viscous wave attractor satisfies an oscillating boundary constraint at the inclined wall,
with the spatial scale of the wall oscillation corresponding to the cross-beam thickness.
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Physically, the internal waves are thus generated by spatially non-uniform oscillations
of the inclined wall.

Incorporating the viscous attenuation in the impermeability constraint (4.7) at the
reflection point (x1, z1) results in the modified spectral constraint

Û(γk) = Û(k) exp

[
−δ2 tan θ

2
k3λ

]
, (4.11)

where λ = La/L0 is the non-dimensional length of the wave attractor. We consider La �
L0, such that the discussed asymmetry of the attractor is negligible. As a consequence,
the attenuation rate −δ2 tan θ

2 k3λ per attractor cycle can be orders of magnitude larger

than O(δ2k3), namely if λ & δ−1 � 1 (note that by assumption, the most energetic
wavenumber is non-dimensionalized to 2π).

The spectral constraint (4.11) for the velocity field is equivalent to the constraint for
the buoyancy gradient spectrum, A(k), given by Hazewinkel et al. (2008) upon correcting
for a missing factor 1/2 in their viscous attenuation rate, and a missing factor γ−1 on
the right-hand side of their recursive relation A2

n = γ3A2
n−1, where An and An−1 are the

buoyancy gradient spectra before and after the reflection from the slope, respectively.
The constraint (4.11) for Û(k) now admits integrable finite-energy spectra:

Û(k) = P (logγ(k)) exp
[
−β1k

3
]
, with β1 =

δ2λ tan θ

2(γ3 − 1)
(4.12)

for continuous period-1 functions P . The function P (logγ(k)) in the spectral solution
(4.12) still reflects the geometric wave focusing, which projects the internal wave field
distribution on any wavenumber interval [k, γk] onto [γk, γ2k], whereas the exponential
term accounts for the energy dissipation upon travelling once around the wave attractor.
If the energy input occurs within a low wavenumber interval, say I∗ = [k∗, γk∗], with

distribution E(k), then P (m) =
√
E(exp[log(γ)m]) defines P (m) for all m > logγ(k∗)

(by periodic continuation) and we take P (m) = 0 for m < logγ(k∗) (no energy at
wavenumbers smaller than k∗). If the energy input is spread over a wider interval than
I∗, then one can split it into several intervals, define corresponding functions P for each
interval and superimpose the resulting spectra. For mathematical convenience, we take
P (m) to be periodic with period 1 in the following.

If the energy input is discrete, say occurring only at fixed wavenumber k∗, then the
function P must have a spike at logγ(k∗) (a Dirac delta function), and P thus consists

of a superposition of Dirac delta functions by periodic continuation. The spectrum Û(k)
then peaks at wavenumbers k∗γ

n for n = 0, 1, 2, ... . The (discrete) spectral model
derived by Hazewinkel et al. (2008) corresponds to this special case. We also discuss this
discrete case in the comparison section, §4.7.

In the next section, we show that the dissipation at the lateral walls also adds an
exponential attenuation factor to the spectral constraint (4.11).

4.5. Dissipation at lateral walls

In this section we extend the wave attractor velocity field to the lateral walls, y = ±ly,
where we apply the no-slip boundary condition. Again, we do this for one (arbitrary)

wave attractor branch with interior velocity field u0 = ξ̂U , and phase speed along ζ̂.
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Using the stretched coordinate η = δ−1y, the momentum equations for u0 and w0 are
given by

− iu0 = −p0x + u0ηη , i cot2 θ w0 = −p0z + w0ηη . (4.13)

In these two equations, the partial time derivatives have already been replaced by −i.
It is the buoyancy, b0 = −i sin−2 θ w0, which adds to the time derivative of the vertical
velocity component, w0, producing the factor − cot2 θ. Outside the boundary layers, the
along-wave-beam velocity component U is related to the pressure gradient in ζ-direction
by

− iξ̂xU = −ζ̂xp0ζ ⇒ p0ζ = −i cot θ U, (4.14)

which solves the momentum equations in the unstretched coordinates at O(δ0), i.e.

(4.13) without the diffusive terms. Here, ξ̂x = ± cos θ is the x-component of the unit

vector ξ̂, and similarly ζ̂x = ± sin θ, the sign again depending on the branch. Solving
(4.13) with no-slip boundary conditions at the walls, η = ±δ−1ly, and interior velocity

field ξ̂U in the centre plane, η = 0, gives

u0 = ξ̂x

(
1− cosh[i−

1
2 η]

cosh[i−
1
2 δ−1ly]

)
U, w0 = ξ̂z

(
1− cosh[i

1
2 cot θ η]

cosh[i
1
2 cot θ δ−1ly]

)
U. (4.15)

The presence of stratification (non-zero buoyancy) causes the factor-cot θ difference in the
thicknesses of the boundary layer, δ and δ tan θ, for respectively horizontal and vertical
velocity components, making (u0, 0, w0) divergent near the walls. This peculiar twist
of the stratification on the boundary layer thickness was previously found by Vasiliev
and Chashechkin (2003) in their theoretical study on 3D internal wave generation by an
inclined plane oscillating in the planar direction.

Note that the y-momentum equation is satisfied at O(δ) by choosing an appropriate
pressure p2(η), which is O(δ2), and thus negligible. By the continuity equation at O(δ0)
in stretched coordinate η,

u0x + w0z = −v1η ,

we get the O(δ) transversal velocity component

v1 = cos θ sin θ

(
i
1
2

sinh[i−
1
2 η]

cosh[i−
1
2 δ−1ly]

− i−
1
2 tan θ

sinh[i
1
2 cot θ η]

cosh[i
1
2 cot θ δ−1ly]

)
Uζ + V (y),

Here, V (y) is an undetermined velocity component satisfying Vη(y) ∈ O(δ), that is to say,
slowly varying in the transversal y-direction. The impermeability boundary condition
(v1 = 0) at both walls translates to

V (±ly) = ±σUζ , with (4.16)

σ = cos θ sin θ
(
i−

1
2 tan θ tanh[i

1
2 cot θ δ−1ly]− i

1
2 tanh[i−

1
2 δ−1ly]

)
.

In the limit δ−1ly � 1, the expression simplifies to σ = −i
1
2 sin θeiθ. The transversal

velocity component V enters the continuity equation at O(δ) in the unstretched coordi-
nates:

Uξ + δVy = 0. (4.17)
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Since U is y-independent, we get Vyy = 0, hence

V =
σy

ly
Uζ . (4.18)

Thus, the transversal velocity v decays linearly (hence slowly) towards the centre plane,
y = 0, making the velocity field in the interior truly three-dimensional at O(δl−1

y ).
The transversal divergence,

Vy =
σ

ly
Uζ =

iσ

ly

∞∫
0

kÛ(k) exp [ikζ − it] dk,

is balanced by −δ−1Uξ, according to the continuity equation (4.17). This means that U
must be ξ-dependent at O(δ). For the velocity expressions (4.2) and (4.3) of the wave at-

tractor, this requires the spectrum Û(k) to be replaced by Û(k) exp
[
−iδl−1

y σkξ
]
. Conse-

quently, the velocity U decays in the along-wave-beam direction, ξ, with exp
[
−δl−1

y σ0kξ
]
,

where σ0 = Re[iσ] > 0 for θ ∈ (0, π/2). The imaginary part of il−1
y σ, which takes both

positive and negative values for θ ∈ (0, π/2), describes a slight change in tilt in phase
propagation direction, that changes from ζ to ζ − δl−1

y Re[σ]ξ.
Adding the damping by the lateral walls to the constraint for the 2D viscous wave

attractor spectrum, (4.11), gives

Û(γk) = Û(k) exp

[(
−δ2 tan θ

2
k3 − iδ σ

ly
k

)
λ

]
. (4.19)

This extended equilibrium wave attractor spectrum constraint is solved by

Û(k) = P (logγ(k)) exp
[
−β1k

3 − β2k
]
, with β2 =

iδλσ

ly(γ − 1)
, (4.20)

for all period-1 functions P .

4.6. Dissipation at reflecting walls

No-slip reflection of 2D monochromatic internal waves from a wall has been analysed
theoretically for wave beams by Kistovich and Chashechkin (1995a,b). Whereas dissi-
pation due to internal shear is included in the analysis by Kistovich and Chashechkin
(1995a,b), they do not account for the energy loss in the viscous boundary layer, which
also weakens the reflected wave beam. We are interested in precisely this energy loss at
the reflecting wall, such that we can tell when it is negligible.

To begin with, we consider the inviscid free-slip velocity field at the inclined wall,
z = (lx−x) tanα, as this is the most general prescription of a planar reflecting boundary.
Expressed in the rotated and shifted coordinate system of the inclined wall,[

x′

z′

]
=

[
cosα − sinα
sinα cosα

]
·
[
x− x1

z − z1

]
,
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Figure 4.2. This sketch illustrates the velocity components involved in the reflection of
the wave attractor (dashed line, wave motion confined to shaded area) at the inclined wall
(solid line), with arrows pointing in the energy propagation directions. The velocity field

of the reflected beam, u[1] = u
[1]
0 +δu

[1]
1 +O(δ2), is – due to focusing – larger in amplitude

than the incident beam velocity, u
[4]
0 , but weaker than the free-slip reflected velocity field,

u
[1]
0 (dashed arrow). The velocity component ũ′0, pointing along the wall, annihilates the

free-slip velocity field u
[1]
0 +u

[4]
0 at the wall, z′ = 0, and decays exponentially towards the

interior. By mass conservation, it generates the velocity component w̃′1 at O(δ), normal

to the wall, which itself is canceled by ẑ′u
[1]
1 at z′ = 0. Contrary to ũ0 and w̃1, the

component u
[1]
1 does not decay towards the interior; it is the correction on the reflected

beam due to damping by the no-slip reflection.

with z′ normal to the wall (see sketch in Fig. 4.2), the inviscid free-slip velocity field at
the inclined wall, z′ = 0, is given by

u
[1]
0 +u

[4]
0 = x̂′Ũ(x′), Ũ(x′) =

− sin 2θ

sin[α− θ]

∞∫
0

Û(k) exp
[
ik sin[α+ θ]x′ − it

]
dk, (4.21)

where we have used the velocity expressions from §4.3 and the inviscid spectral constraint
(4.8).

The task is now to find a quasi-2D correction velocity field, ũ = [ũ, 0, w̃], such
that it annihilates the free-slip velocity (4.21) at the inclined wall, z′ = 0, and decays
exponentially towards the interior. Using the stretched coordinate Z = δ−1z′, the x′-
momentum equation at O(δ0), governing the velocity component ũ′0 = ũ0 cosα−w̃0 sinα
in the direction along the inclined wall, becomes

i

(
sin2 α

sin2 θ
− 1

)
ũ′0 = ũ′0ZZ . (4.22)

As previously in (4.13), we have replaced the partial time derivatives with −i, and used

b̃0 = i sinα
sin2 θ

ũ′0. The pressure gradient is absent because the pressure is not modified by
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the no-slip boundary. Solving (4.22) for ũ0 = x̂′ũ′0 such that it annihilates (4.21) at
z′ = Z = 0 and vanishes in the interior, Z ′ → −∞, gives

ũ0 = −x̂′Ũ(x′) exp
[
i
1
2µZ

]
with µ =

√
sin2 α

sin2 θ
− 1. (4.23)

By the continuity equation at O(δ0) in stretched coordinate Z,

ũ′0x′ + w̃′1Z = 0,

with w̃′1 the O(δ)-velocity component normal to the wall, we get

w̃′1 = i−
1
2µ−1Ũx′(x

′) exp
[
i
1
2µZ

]
+ F (x′, z′). (4.24)

Here, F is an undetermined velocity component, with spatial variations of O(1), similar
to V in the previous section. Previously, we were able to find a linear function in y
for V , such that the impermeability boundary conditions at opposite lateral walls are
satisfied. This procedure fails here (because there is no opposite inclined wall), and we
must take F = 0. As a consequence, w̃′1 describes an apparent flow through the inclined
wall, z′ = Z = 0. This apparent flow through the wall,

w̃′1(x′, Z = 0) = −i
1
2
γ sin 2θ

µ

∞∫
0

kÛ(k) exp
[
ik sin[α+ θ]x′ − it

]
dk, (4.25)

can be balanced by absorbing some O(δ)-fraction of the incident wave beam (see also
illustration in Fig. 4.2). Consequently, the viscously reflected beam with velocity field

u[1] = u
[1]
0 + δu

[1]
1 +O(δ2) is weaker than the inviscid velocity field, u

[1]
0 . We write

u[1] = ξ̂1

∞∫
0

Û(k) exp[−δRαk] exp [ikζ1 − it] dk,

such that

u
[1]
1 = −ξ̂1Rα

∞∫
0

kÛ(k) exp [ikζ1 − it] dk, (4.26)

where δRe[Rα] > 0 is the dissipation rate (per wavenumber) due to the reflection.
The complex-valued reflection dissipation rate Rα is determined by the imperme-

ability condition at O(δ):

w̃′1 + u
[1]
1 · ẑ

′ = 0 at z′ = 0. (4.27)

Substituting (4.25) and (4.26) into (4.27) and noting that on the inclined wall, z′ = 0,
we have ζ1 = sin[α− θ]x′, gives

Rα = i
1
2

sin 2θ

µ sin[α− θ]
. (4.28)

We can readily use expression (4.28) to determine the dissipation rates due to the re-
flections at respectively the flat bottom (α→ 0) and the vertical wall (α→ π/2):

R0 = i−
1
2 2 cos θ and Rπ/2 = i

1
2 2 sin θ tan θ = i tan2 θR0.
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Figure 4.3. This figure presents the O(δ)-dissipation rate, Re[Rϕ], as a function of the
angle ϕ of the reflecting wall with respect to the vertical, for θ = 0.42 rad. As expected,
Rϕ blows up at the critical reflection angle, ϕ = θ = 0.42 (vertical asymptote). The
total dissipation by no-slip reflections of a wave attractor such as in Fig. 4.1a is the sum
of dissipation rates at the bottom (Re[R0]), the inclined wall (Re[Rα], here α = 1.1) and
the vertical wall (Re[Rπ/2]).

Brunt-Väisälä frequency N0 3 rad/s
Angle of wave beam with respect to horizontal θ = arcsin[ω0/N0] 0.42 rad
Angle of sloping wall with respect to horizontal α 1.10 rad
Width of the tank W = 2lyL0 10.1 cm
Tank length at bottom L = 2lxL0 45.3 cm
Water column height H = hL0 19.0 cm
Wave attractor length La = λL0 85.0 cm

Table 1. Parameter values of the laboratory experiment by Hazewinkel et al. (2008).

The dissipation rate (real part of Eq. (4.28)) as a function of the angle of the reflecting
boundary is shown in Fig. 4.3. In laboratory and numerical set-ups, the surface of the
fluid, z = h, is typically free, so the most appropriate constraint on this boundary is free-
slip (because vertical variations are negligibly small), i.e. no dissipation by reflection.
The full viscous 3D equilibrium wave attractor spectrum must thus satisfy

Û(γk) = Û(k) exp
[
−δ2 (λ/2 tan θ) k3 − δ

(
iσl−1

y λ+Rα +R0 +Rπ/2
)
k
]
. (4.29)

Solutions to this spectral constraint are given by

Û(k) = P (logγ(k)) exp
[
−β1k

3 − β2k − β3k
]
, with β3 = δ

Rα +R0 +Rπ/2

γ − 1
, (4.30)

for arbitrary period-1 functions P . If not stated otherwise we always consider P =
constant in the following.

4.7. Comparison with laboratory experiments and 3D simulations

We validate our theoretical results by comparing it with experimental spectral results
by Hazewinkel et al. (2008) and Brouzet (2016) in §4.7.1 and §4.7.2 respectively. §4.7.2
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Figure 4.4. Normalized modulus of the buoyancy gradient spectra, Â(k) ∝ kÛ(k).
The red curves with black dots reproduce the observed spectrum by Hazewinkel et al.
(2008). Theoretical spectra are presented in plot (a) with P = constant and in plot (b)
with Ps(k) = 3 + sin(2πk), Pc(k) = 3 + cos(2πk): 3D spectrum (Eq. (4.30), thick blue)
and 2D spectrum (Eq. (4.12), black dashed). Plot (a) also shows the spectra excluding
dissipation upon reflection (Eq. (4.20), i.e. β3 = 0, dotted blue) and excluding internal
shear dissipation (Eq. (4.30) with β1 = 0, black dashed-dotted).

also includes a comparison with fully 3D numerical simulations, replicating one of the
experiments by Brouzet (2016).

4.7.1. Comparison with laboratory experiment by Hazewinkel et al. (2008).
Hazewinkel et al. (2008) studied the equilibrium spectrum of internal wave attractors
in the classical trapezoidal set-up, both in the laboratory and with a simple model.
The parameter values relevant for the comparison with our theory are listed in Table
1. Using synthetic schlieren techniques, they directly measured the buoyancy gradient
field, [bx, bz]. Spatial variations of this buoyancy gradient field for each wave attractor
branch align primarily in the corresponding phase propagation directions, ζ. Fig. 4.4
reproduces the normalized modulus of the observed spectrum Â(k) = −i

sin θkÛ(k) of the
buoyancy gradient, bζ , pointing in the phase propagation direction of the first wave at-
tractor branch, along transect S1 as shown in Fig. 1(a) in Hazewinkel et al. (2008).
For comparison, Fig. 4.4 shows our theoretical 3D wave attractor spectrum (thick blue
solid line) for different period-1 functions P in Eq. (4.30). Additionally, we present the
theoretical 2D spectrum including internal shear dissipation only (Eq. (4.12), dashed
line in Fig. 4.4), which corresponds to the 2D theoretical spectrum by Hazewinkel et al.
(2008), their Eq. (4.6), for P = constant and upon correcting mathematical mistakes in
their analysis, mentioned in §4.4. Note that Hazewinkel et al. (2008) seemingly achieved
a good fit in their figure 6 because they changed their input wavenumber, kin = 2π/H
(in their notation k0), while keeping the same kin fixed in their Eq. (4.6). Correct
application of their theory reveals that their theoretical spectrum does not depend on
their input wavenumber, kin, and that the theoretical 2D spectrum predicts the attractor
wavelength to be a factor 2 smaller than observed. The mismatch between the 2D spec-
tra and observation supports our striking and unexpected conclusion that dissipation at
the rigid walls must be substantial.
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Small tank Large tank
Brunt-Väisälä frequency N0 1.37 0.867 rad/s
Angle of wave beam θ = arcsin[ω0/N0] 0.61 0.58 rad
Angle of sloping wall α 1.13 1.18 rad
Width of the tank W = 2lyL0 17.0 17.4 cm
Water column height H = hL0 29.5 92.0 cm
Wave attractor length La = λL0 103.3 337.8 cm
Wave maker amplitude a 2.5 1.5 mm

Table 2. Parameter values of the laboratory experiments by Brouzet (2016).

To illustrate the importance of the different dissipation mechanisms, we also present
in Fig. 4.4 the spectra excluding dissipation upon reflection (Eq. (4.20), dotted blue line)
and excluding internal shear dissipation (Eq. (4.30) with β1 = 0, black dashed-dotted
line) for P = constant.

Three conclusions can be directly inferred from the comparison in Fig. 4.4.

(i) The full 3D wave attractor spectrum fits the observed spectrum reasonably well
for the choices P = constant and P (k) = Pc(k) = 3 + cos(2πk). The contact
surface of the wave attractor with the tank boundaries (shaded surfaces in Fig.
4.1a) consists primarily (∼ 73%) of those at the lateral walls. It thus comes as no
surprise that in this particular laboratory set-up, with β3 ≈ 0.28β2, neglecting
dissipation at the reflecting walls still results in good fits with the observation
(see also relatively small difference between solid and dotted blue lines in Fig.
4.4a). Hence, dissipation occurs primarily in the internal shear layers and in the
lateral boundary layers, and secondarily also at the reflecting rigid boundaries.

(ii) Neglecting internal shear dissipation (Eq. (4.30) with β1 = 0, dashed-dotted
line) leads to a spectrum whose peak coincides with the observation. However,
at large wavenumbers, this spectrum diverges from the observation. This indi-
cates that the neglected internal shear dissipation, which is cubic in wavenumber
k, is the dominant dissipation mechanism at high wavenumbers in the labora-
tory experiment.

(iii) The discrepancy between the full 3D spectrum for Pc(k) = 3 + cos(2πk) and
Ps(k) = 3 + sin(2πk) shows that the shape of the theoretical spectrum depends
strongly on this period-1 function, P . As discussed in §4.4, the precise nature
of the P is set by the spatial structure of the energy input, i.e. by the geometry
of the tank used in the experiment by Hazewinkel et al. (2008). This means
that the energy input strongly influences the spatial structure of the equilibrium
wave attractor, and upscaling of a laboratory set-up generally does not leave
the wave attractor invariant. Despite the sensitivity on P , we can only achieve
reasonable fits between theory and observations if we include dissipation at the
rigid boundaries, which is dominated by lateral walls dissipation.
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Figure 4.5. Experimental results by Brouzet (2016) in the small and large tank set-ups.
Top: snapshots of the buoyancy gradient, bζ , in the phase propagation direction ζ of first
branch, derived from observed field [bx, bz] after Hilbert-filtering at ω0. Bottom: Nor-

malized modulus of experimental buoyancy gradient spectra, |Â|/|Âmax|, (black lines)
along the depicted transects of the first attractor branch in top panels. For compari-
son, corresponding 3D theoretical spectra (solid blue) and 2D spectra (dashed blue) for
P = constant; the blue dots indicate the discrete 3D spectra with energy input only
at kin. The red dot-dashed curve in (d) shows the numerical spectrum taken along the
dot-dashed transect in (b) after ω0-Hilbert filtering simulated steady state time-series of
the large tank set-up. See text for additional explanation.

4.7.2. Comparison with laboratory experiments by Brouzet (2016) and
3D simulation. Following Scolan et al. (2013), Brouzet (2016) performed laboratory
experiments on wave attractors in a trapezoidal tank using a wave generator. They
especially carried out experiments in two trapezoidal tanks with almost identical lateral
width (W ), but with differences in height (H) and attractor length (La) of approximately
a factor 3 (see Table 2 for parameter values). Here, we briefly describe the experiments
for a comparison with our theory.

In both experimental set-ups, the internal waves are generated by a sinusoidally
shaped wave maker (Gostiaux et al., 2007) situated on the left side of the tank, with the
vertical wavelength corresponding to half the height of the water column, so kin = π

H cos θ .
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Figure 4.6. Snapshots (a-f) of the density perturbation (= proportional to buoyancy
b) in an inclined plane, ξ = constant, along phase propagation direction ζ (dot-dashed
transect in Fig. 4.5b), and in the vicinity of one lateral wall (here y = 0). Simulated
density perturbation at times t = 1000 s (a), and 0.3 wave periods later, at t = 1004
s (b), are plotted on top of corresponding theoretical density perturbation for the fully
dissipative attractor (3D spectrum, plots c,d) and for internal shear dissipation only (2D
spectrum, plots e,f). The (buoyancy) boundary layer widths, d0 tan θ = 0.13 cm and
d0µ at respectively lateral wall (y = 0) and inclined wall (ζ = 19 cm), are indicated by
the dashed lines; the solid line shows the center of the wave attractor. In (g) and (h):
Comparison of simulated (dot-dashed red) and theoretical (3D in sold, 2D in dashed)
density perturbations in above figures along y = d0 tan θ = 0.13 cm (dashed in (a-f)).

Previous experiments (Scolan et al., 2013), also reported in Brouzet et al. (2016a,b,
2017a), show that triadic resonance instabilities arise if the wave maker amplitude, a,
exceeds a critical value in the range 2.5 − 3 mm, dependent on the position of the
attractor. Both experiments presented here are stable, and a steady-state is reached
after a spin-up of approximately 20 wave periods.

Fig. 4.5a,b presents two snapshots of the observed buoyancy gradient field, bζ , in
steady state, with the derivative taken in the phase propagation direction of the first
branch. The Fourier spectra16 along the depicted transects are shown in Fig. 4.5c,d.

16The experimental non-dimensional buoyancy gradient bζ = g/(ρ0N
2
0 )ρ′ζ , where the coordinate ζ is

now understood dimensional, is first projected onto 1000 data points along each depicted transect; then
it is Fourier transformed with zero padding to get 10000 data points in Fourier space.
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For comparison, Fig. 4.5c,d also present the theoretical spectra with and without rigid-
wall dissipation for P =constant (solid and dashed lines, respectively). Fig. 4.5d also
includes the spectrum of the numerical simulation17 for the large tank set-up, discussed
below.

The dots on the solid blue line of the fully dissipative spectra indicate the hypothet-
ical spikes of Û(k) at k = γnkin, n = 0, 1, 2, ..., which occur according to our theory if
the energy is confined to precisely kin. Such spikes are by no means visible in the exper-
imental and simulated spectra. We believe that due to imperfections in the laboratory
set-up and numerics in the simulation, the experimental and simulated energy inputs
do not occur precisely at kin, but over a continuous range of wavenumbers near kin.
The spectra with P = constant capture such continuous energy input over a range of
wavenumbers. We have no reason to believe that P = constant is the best representation
of the actual energy input. Different period-1 functions P (not shown) lead to similar
discrepancies between 3D theory and experimental spectra in Fig. 4.5d.

Despite small discrepancies in Fig. 4.5d, it is clear that for both experimental set-ups
the correspondence between the observation and our 3D model is best. This supports
our new conclusion that dissipation at the rigid walls (mostly at the lateral walls) is
significant even for very small ratios of boundary layer thickness over lateral width,
d0/W ∼ O(10−2).

Fully 3D simulations are run for the ’large tank’ set-up (see Table 2) with the method
of spectral elements, which combines the accuracy and high resolution of spectral meth-
ods with geometric flexibility of finite element methods (see Brouzet et al. (2016b); Sib-
gatullin and Kalugin (2016) for details on the numerical method). Fig. 4.6 presents two
snapshots of the steady state buoyancy field in a ξ = constant plane (dot-dashed tran-
sect in Fig. 4.5d), intersecting the first wave attractor branch in the phase-propagating
direction, ζ. We present only ∼ 6% of the transversal wall-to-wall distance, to magnify
the boundary layer structure near the lateral wall (here at y = 0). For comparison, we
show the theoretical buoyancy field for spectra with and without rigid-wall dissipation.
The theoretical buoyancy field for the fully dissipative spectra (middle panels, max. am-
plitude scaled to max. amplitude of simulation) agrees with the numerical simulation
remarkably well. In contrast, neglecting rigid-wall dissipation leads to a much thinner
wave attractor, which might even be unstable to triadic resonance instabilities for this
experiment.

Fig. 4.6 also visualizes the complex structure of the buoyancy field in the lateral
boundary layer, which is of relevance to secondary processes, such as mean flow gen-
eration. In fact, we find that the transversal velocity component, v, (not shown) is
dominated by a mean component. Our linear theory cannot capture the induced mean
flow, discussed in §4.4 of Brouzet (2016), which increases continuously throughout the
simulated 107 wave periods.

17Simulation output is directly saved on an inclined (ζ, y)-plane (40 × 173 grid-points), which in-
tersects the first wave attractor branch at the dot-dashed transect in Fig. 4.5b. The simulated density
perturbation is differentiated with respect to ζ, averaged in the y-direction (excluding 10 grid points in
lateral boundary layer) and ω0-Hilbert filtered over the last 63 wave periods of the simulation (simulation
lasted 107 wave periods), before computing the spectrum (with zero padding to get 120 data points in
Fourier space).
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Figure 4.7. Theoretical wavelength L0, as function of orbital attractor length, La,
for parameter values corresponding to ‘small tank’ (blue) and ‘large tank’ (red), with
the dots showing the observed wavelength at the actual orbital lengths (1 and 3 m,
respectively). Solid lines: Scaling of L0 as a function of La for fixed W and fully
dissipative attractor (value W = 0.17 m is marked). Dashed lines: Scaling for internal

shear damping only (LI0 ∝ L
1/3
a ). Dot-dashed lines: rigid wall dissipation only (LW0 ∝

La).

Last but not least, the comparison of buoyancy gradient spectra in Fig. 4.5d shows
that simulated and experimentally observed spectral properties agree very well, thereby
confirming that wall dissipation is also important for the numerical simulation.

Our results suggest that similar 2D simulations by Grisouard et al. (2008), meant to
replicate quasi-2D laboratory set-ups, probably miss significant dissipation at the lateral
walls. We speculate that the lateral wall dissipation shifts the onset of triadic resonance
instabilities towards stronger energy input, i.e. larger wave attractor amplitude a in the
experiments by Scolan et al. (2013) and Brouzet (2016).

4.7.3. Scaling of wave attractors. There is an ongoing debate on the scaling of
wave attractors (Rieutord et al., 2001; Ogilvie, 2005; Grisouard et al., 2008; Hazewinkel
et al., 2008; Brouzet, 2016; Brouzet et al., 2017b). Our new analysis predicts that
the scaling of wave attractors depends on the type of energy dissipation. We define
the characteristic wavelength of the attractor as 2π/kmax, where kmax is the dimen-
sional wavenumber corresponding to the maximum of the spectrum. Considering only
internal shear dissipation (Eq. (4.12) with P = constant), we get the characteristic

attractor wavelength LI0 = 2π/kmax = 2π (3β1)1/3, where β1 is now understood as
the dimensional equivalent of its non-dimensional definition in (4.12), taking d0 in-

stead of δ, and La instead of λ. We recover LI0 ∝ (Laν/N0)1/3, as originally found
by Rieutord et al. (2001) and numerically verified by Grisouard et al. (2008). Damping
only by the lateral walls (Eq. (4.20) with β1 = 0) results in an attractor wavelength
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LW0 = 2πRe[β2] ∝ (La/W ) (ν/N0)1/2, with β2 also understood to be dimensional. In-
terestingly, this attractor length scale, LW0 , is independent of the actual size of the 3D
tank, because scaling both La and W leaves LW0 invariant. The dissipation at the lateral
walls is negligible only if LI0 � LW0 , which is the case when

W � L2/3
a d

1/3
0 σ0

[cot θ 2(γ3 − 1)/3]1/3

2(γ − 1)
.

Fig. 4.7 shows L0 as a function of La for the parameter values of the small and large
tank set-ups by Brouzet (2016), with the dots showing the experimentally observed
characteristic wavelengths (corresponding to kmax indicated in Fig. 4.5c,d). The two
graphs do not coincide due to slightly different parameter values, most prominently
differences in angle α for the two set-ups. One can distinguish two different regimes:

(i) For La �W , lateral wall dissipation dominates, so LW0 ∝ La.
(ii) For W . La, internal shear dissipation contributes significantly, so LI0 ∝ L

1/3
a .

The presented experiments fall into the transition between region (i) and (ii). This
stresses the importance of previously unrecognized dissipation at rigid lateral walls.

4.8. Concluding remarks

From our theoretical analysis it is evident that the structure of a wave attractor in
equilibrium is primarily determined by wave focusing, viscous dissipation at the rigid
boundaries (mostly at the lateral walls), as well as viscous dissipation in the internal
shear layers. Contrary to what was previously suggested, we show that the quasi-2D
experiments by Hazewinkel et al. (2008) cannot be captured by the theoretical spectrum
of a 2D steady-state wave attractor, which takes only internal shear dissipation into
account. We close the gap between observations and theory by adding viscous dissipation
at the lateral walls, which are the primary contact surfaces of the attractor and the rigid
boundaries in the experiment by Hazewinkel et al. (2008). It is clear that rigid-wall
dissipation also plays an important role in the experiments by Scolan et al. (2013) and
Brouzet (2016).

Contrary to previous studies, we find that the shape of the equilibrium wave attractor
in the classical trapezoidal set-up is not only dependent on the properties of the stratified
fluid (viscosity ν, Brunt-Väisälä frequency N0), the geometry of the tank (width W , wave
attractor length La, sloping wall angle α) and forcing frequency ω0, but also on the nature
of the energy input, which determines the period-1 function P in equations (4.12), (4.20)
and (4.30). Whereas the fluid properties and geometry determine the characteristic
cross-beam wavelength of the wave attractor, the nature of the energy input sets the
fine structure of the equilibrium wave attractor. The role of the period-1 function P
remains vague, and more research is needed to understand the relation between a single
wavenumber energy input and a continuous steady-state wave attractor spectrum.

The striking unresolved problem is the following: If the energy input is discrete, as
one may argue for the ’small tank’ and ’large tank’ set-ups, then the period-1 function
P should consist of Dirac delta functions, leading to a discrete spectrum. However, the
experimental and simulated spectra with supposedly discrete energy input are smooth.
It is unclear whether the energy input is not as discrete in spectral space as we imagined,
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or whether some other mechanism (not captured by our theory) effectively smooths the
wave attractor spectrum.

In the ocean, sites where internal waves propagate parallel to a rigid vertical bound-
ary over long distances are sparse; the channel between two coral atolls studied by
Rayson et al. (2016, 2018) being such exceptional example. Wave beam reflection at
bottom topography is much more common. To the best of our knowledge, we are the
first to explicitly determine the dissipation due to such reflection. Our assumption of
a stable laminar boundary layer holds in the ocean for semi-diurnal tides with ampli-
tudes up to 32 m (Bukreev, 1988). For internal tides with wavelength of the order of
100 m (k0 = 0.06 rad/m), we find that the velocity amplitude decay due to non-critical
reflection, d0k0Rα, can amount up to ∼ 1%. For larger wavelength, the decay is even
smaller, confirming that dissipation due to laminar reflection is typically negligible in the
ocean. Probably more important is the three-dimensionality of the boundary layer ve-
locity field occurring for reflecting wave beams, which happens if incoming and outgoing
beams point in different horizontal directions. It is well known that the 2D steady-state
similarity linear solutions for collinear viscous wave beams by Tabaei and Akylas (2003)
can also be valid in the nonlinear regime. This may change in the vicinity of the rigid
boundary, where Reynolds stresses may become large. Consequences can be the gener-
ation of strong mean flows, such as observed experimentally by Bordes et al. (2012) and
Grisouard et al. (2013), and in the simulations by King et al. (2010) and Raja (2018), or
triadic resonance instability (Scolan et al., 2013; Brouzet et al., 2016a, 2017a). Both sce-
narios may result in the breakdown of the internal wave beam, strong energy dissipation
near the reflecting boundary and potentially vertical mixing (Dauxois et al., 2018).





CHAPTER 5

Internal wave-induced particle transport

This chapter18 is published as:

Particle transport induced by internal wave beam streaming in lateral
boundary layers

E. Horne, F. Beckebanze, D. Micard, S. Joubaud, L. R. M. Maas, P. Odier
Journal of Fluid Mechanics, 2019, Vol. 870, pages 848-869

18The theory and its comparison with the experimental data is contributed by F. Beckebanze.
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5.1. Introduction

Internal waves are ubiquitous in the global oceans where they play a critical role
in transporting sediments, nutrients and pollutants from localized sources to remote
places (Alford, 2003), with potentially strong influence on marine ecosystems (Wood-
son, 2018). Many efforts have been undertaken to understand the behaviour of particles
in the ocean. For the upper ocean, particle advection, dominated by ocean currents and
surface waves, is reasonably well-understood (van Sebille et al., 2018). On the contrary,
the mechanisms dominating suspended particle advection in the stratified interior and
near the bottom of the abyssal ocean remain to be established clearly. In analogy to sur-
face waves being important for particle advection near the surface, it is regularly invoked
that internal waves must be relevant for particle advection near the sea bottom, both
vertically through mixing related to breaking of waves and horizontally through induced
(Lagrangian) transport. While internal wave-induced sediment transport has been ob-
served on continental shelves (Hosegood et al., 2004; Butman et al., 2006; Quaresma
et al., 2007), field observations in the abyssal sea are largely hampered by the technical
challenges.

Recent studies indicate that mixing in the vicinity of steep ocean topography is much
stronger than previously thought (McDougall and Ferrari, 2017; Mashayek et al., 2017),
suggesting strong erosion of nearly neutrally buoyant particles into the water column
right above the bottom. Coincidentally, internal wave motion is typically also enhanced
above rough topography (Wunsch and Ferrari, 2004; Garrett and Kunze, 2007). This
raises the question of how internal wave motion may facilitate advection of slowly sinking
particles in the vicinity of steep topography. This study investigates boundary layer
effects near steep topography on internal wave-induced particle advection. Steep refers
to the slope tanα of the topography with respect to the horizontal being significantly
larger than the slope tan θ of the internal wave propagation.

We analyse a series of laboratory experiments (partially reported in Ch. 5 in Horne
(2015)) revealing that slowly sinking particles experience significant horizontal advection
in the vicinity of an internal wave beam. Peculiarly, the observed particle advection is
strongly dependent on the wave frequency ω0 relative to the Brunt-Väisälä frequency,

N0 =
√
− g
〈ρ̄〉

dρ̄
dz , where g is the acceleration of gravity, ρ̄(z) is the component of the

density that monotonically increases with depth and is stationary, 〈ρ̄〉 is the vertical
average of ρ̄(z); therefore, the full density profile can be written as ρ0 = ρ̄(z) + ρ,
where ρ represents the density perturbations. The goal of this study is to understand
and rigorously describe the dynamics that dominates the experiments. We provide
strong evidence that the observed particle displacement is facilitated by an internal
wave-induced horizontal mean flow.

Our theoretical analysis, extending the work in chapters 3 & 4 to weakly nonlinear
internal waves, highlights a previously unrecognized lateral-wall streaming mechanism.
Streaming refers to irreversible mean flow generation through nonlinear internal wave
interactions, in analogy to acoustic streaming (Lighthill, 1978). Typically, streaming
results in strong horizontal mean flow generation if mean vertical vorticity is produced.
Here, ‘strong’ refers to persistent, cumulative transfer of energy from the wave field
into the mean flow. Strong mean flow generation is known to occur due to horizontal
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cross-beam variation (Bordes et al., 2012; Kataoka and Akylas, 2015; Semin et al., 2016;
Beckebanze et al., 2019), with important modifications by planetary rotation (Grisouard
and Bühler, 2012; Fan et al., 2018), and upon reflection where incident and reflected
beams interact (Thorpe, 1997; Grisouard et al., 2013; Zhou and Diamessis, 2015; Raja,
2018). Renaud and Venaille (2018) recently also found strong mean flow generation in
a flat bottom boundary layer.

Our detailed analysis demonstrates that the lateral-wall streaming is related to a
peculiar difference in the lateral boundary layer thickness for vertical and horizontal
velocity components, first noted by Vasiliev and Chashechkin (2003), and linked to in-
tensified wave field damping described in chapters 3 & 4. The lateral-wall streaming is
strongest for substantially inclined wave beams, when vertical and horizontal along-wall
velocity components are of similar magnitude19, explaining the experimentally observed
dependency on the wave frequency. We remark that the previously unknown lateral-wall
streaming was only recognized due to the absence of known streaming mechanisms in the
experimental set-up. As such, it is likely to have also occurred in other laboratory exper-
iments on internal waves, among which are the experiments on internal wave attractors
by Hazewinkel (2010) and Brouzet et al. (2017a), and possibly also in Semin et al. (2016).
Importantly, this streaming mechanism in the stratified boundary layer is absent in ho-
mogeneous fluids, and thus fundamentally different from the well-known homogeneous
streaming mechanisms summarized in Riley (2001). In the ocean, the stratified stream-
ing mechanism may be secondary to the homogeneous streaming mechanism because the
most energetic part of the oceanic internal wave field is quasi-horizontal.

The structure of this chapter is as follows. In §5.2 we report the laboratory set-
up, including a detailed description of a newly developed particle injector in §5.2.1.
The experimental results (§5.3) are the motivation for the theoretical derivation of the
internal wave-induced mean flow near the lateral walls, presented in §5.4. The multiple-
scale analysis may be skipped as the main theoretical results are summarized in §5.5,
where we compare them to the experimental results. Oceanic circumstances for which
our results are potentially important, as well as possible extensions and limitations of
our study are discussed in §5.6.

5.2. Experimental set-up

A rectangular tank of inner size L ×W ×H = 156 × 17 × 42.5 cm3, corresponding
respectively to coordinates x, y and z, is filled up to ∼37 cm with a linearly salt-
stratified fluid by using the two-bucket method (Fortuin, 1960; Oster and Yamamoto,
1963). Vertical density profile measurements are performed with a conductivity probe.
The fluid densities at z = 33.6 cm, where the particles enter the fluid, and bottom
(z = 0) are ρ0 = 0.998 g/cm3 and 1.039 ± 0.002 g/cm3, respectively, corresponding to
a buoyancy frequency N0 = 1.1 ± 0.03 rad/s. Internal plane waves are created by an
internal wave generator based on the set-up developed by Gostiaux et al. (2007). The
wave generator consists of 50 plates stacked vertically. Each plate extends over the full
width of the tank W and is 6.5 mm high. We use the upper 25 plates (from z = 17.35

19We refer to such angles as significantly inclined angles to contrast them with the ocean environment
where most dominant waves have low frequency, and thus low angles.
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Figure 5.1. (a): Snapshot of experimental internal wave beam, generated by wave maker on
the left (x = 0 cm) and extending over the full width of the tank (in y direction), propagating
downward to the right with an angle θ = sin−1[ω0/N0] = 15◦ with respect to the horizontal,
and intersecting the sinking particle column, here at x = 40 cm from the wave maker. The
colour map visualizes the horizontal density gradient, ∂xρ (here, the vertical background density
gradient is 72 kg/m4). (b): Spatially averaged along-beam decay of the wave field (normalized)
extracted from ω0-filtered time series (blue), with the gray shading indicating two standard
deviations. The observation matches the theoretical exponential decay (derived in §5.4) including
both internal shear and lateral wall-friction (black line). Taking only internal shear dissipation
into account (red dashed line) over-predicts the wave beam strength at x = 60 cm by about 80%
(≈ 1− 0.16/0.09).

cm to z = 33.6 cm) for the forcing in the present experiments. We install the plates
such that the oscillating plates mimic a sinusoidal vertical profile, with upward phase
propagation and vertical wavelength Lz = 3.9 cm composed by 6 plates, over the vertical
extent of 4.17Lz = 16.25 cm. Fig. 5.1a shows a composite snapshot of the steady state
wave beam and the column of settling particles described in §5.2.1, here at x = 40 cm.
The colour map visualizes the horizontal density gradient, ∂xρ, derived from synthetic
schlieren, which can be converted to any wave beam field quantity.

Eleven experiments are performed for imposed wave frequency ω0 in the range 0.125−
0.785 rad/s, all for fixed wave maker amplitude A0 = 0.9 cm. The generated internal
wave beam with characteristic wavelength L0 = Lz cos θ propagates downwards and to
the right at angles θ = sin−1[ω0/N0] = 0.11−0.8 rad with respect to the horizontal. Table
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Parameter Dimensional, in experiments Non-dimensionalized
Wave frequency ω0 = 0.125− 0.785 rad/s 1
Along-beam velocity amplitude U0 = A0ω0 = 1− 7 mm/s 1
Cross-beam wave length L0 = cos θLz = 2.76− 3.88 cm 1
Vertical wave length Lz = 3.9 cm 1/ cos θ = 1.006− 1.435
Angle θ = sin−1[N0/ω0] θ = 0.11− 0.79 rad θ, same values
Brunt-Väisälä frequency N0 = 1.1 rad/s N = N0/ω0 = 1/ sin θ = 1.4− 8.8
Amplitude of wave maker forcing A0 = 9 mm U0 cos θ/(L0ω0) = ε cos θ = 0.23
Width of the tank (in y-direction) W = 2lyL0 = 17.0 cm 2ly = 4.4− 6.2
Height of wave maker and beam 4.17Lz = 16.25 cm 2h = 4.17/ cos θ = 4.2− 5.9

Boundary layer thickness d0 =
√
ν/ω0 = 1.1− 2.8 mm δ = d0/L0 = 0.04− 0.08� 1

Decay rate due to internal shear β1/L0 = 0.02− 0.08 cm−1 β1 = 0.07− 0.2
Decay rate due to wall friction β2/L0 = 0.005− 0.02 cm−1 β2 = 0.02− 0.06
Stokes number at wave maker ε = U0/(ω0L0) = 0.23− 0.33
Stokes number at particle column ε18cm = 0.05− 0.15� 1

Table 1. Parameter values of the experiments and their corresponding non-dimensional
values. Note that the Stokes number εx = ε exp[−(β1 + β2)x/L0], quantifying the weak
non-linearity of the wave field, decreases strongly with distance to the wave maker. Both
ε and δ are sufficiently small for our perturbation analysis to be valid.

1 summarizes the parameter values and ranges explored in this work. The along-beam
decay (Fig. 5.1b) is extracted from a time series of 175 s (frames at 4 Hz), starting 50 s
after the onset of the wave maker, filtered at the forcing frequency ω0 = 0.22 rad/s for
this case, and spatially averaging over 2 cross-beam wavelengths (300 data points). The
exponential decay only matches the theoretical decay rate upon incorporating lateral-
wall friction, emphasizing the importance of the lateral walls in the present experiments.
The theoretical decay rates are derived in §5.4. Viscous attenuation reduces the wave
beam strength by ∼ 99.7% at the end of the tank (x = 156 cm), making a sponge
layer unnecessary. The wave field is observed using the synthetic schlieren technique,
with a computer-controlled video camera (Allied Vision Technologies Stingray) with a
CCD matrix of 2452 × 2054 pixels, which measures the variations of the gradient of
density of the fluid (Dalziel et al., 2000; Sutherland et al., 1999). The conversion of
pixels to distance varies by approximately 5% throughout the tank, being 26 pix/cm
at the back (y = −W/2) and 28.5 pix/cm at the front (y = W/2) of the tank. We
apply the conversion 26.8 pix/cm to the experimental data to match the experimentally
determined wave beam height (in pixels) to the theoretically known wave beam height.

5.2.1. Sinking particle column. We developed a particle injector that allows for
the production of a column of particles of controlled particle density, raining into the
stratified fluid in a rectangular section, which embraces the full width of the tank (from
wall to wall). The particle injector is placed at 18, 25 or 40 cm to the right of the wave
generator. It is only at 18 cm that the particle column is located outside of the wave
beam bottom reflection region for all tested wave frequencies, in which case we can rule
out streaming effects associated with the interaction of incident and reflected beams.
For this reason, we only analyse experimental particle column dynamics injected at 18
cm distance from the wave maker.



52 5. INTERNAL WAVE-INDUCED PARTICLE TRANSPORT

t=0

(a)

w
av

e
m

ak
er

t=6.25T

(b)

t=12.5T

(c)

δxmax

(d)

t=37.5T

Figure 5.2. Snapshots at four instances (here, the wave period is T = 20 s) of the sinking
particle column at 18 cm from the wave maker, intersected by the wave beam between the blue
dashed lines. The wave maker is switched on at time t = 0 with fully established column of
sinking particles (a). The maximum horizontal displacement, δxmax, of the left edge of the
sinking particle column is illustrated in (d).

The particles are injected between two vertical acrylic plates (see Fig. 1a) and
slightly below the free surface through a slit in a copper tube, the slit extending along
the entire y-direction, from wall to wall. The distance between the acrylic plates (in
along-wall x-direction) is fixed at 3 cm for the present experiments. Beforehand, the
particles are mixed with fresh water (density ρ0 = 0.998 g/cm3 ) and surfactant to avoid
clustering during the immersion in the stratified fluid. The fresh water, acting as a
carrier for the particles, drags the suspended particles from a small container (particle
reservoir) through the copper tube to its slit transect. A peristaltic pump guarantees
that the same amount of fluid is pumped into the slit transect of the copper tube as is
sucked out of it. A constant flow rate of 20 mL/min for the carrier fluid results – after
an initial transient phase – in a stationary homogeneous column with packing fraction
φ ∼ O(10−2). We verified experimentally that this small packing fraction does not affect
the internal wave field.

The granular column consists of polystyrene grains with density ρp = 1.055 ± 0.01
g/cm3. The particle density reported by the particle producer and in Horne (2015) is
1.05 g/cm3, without any margin of error. Our own measurements – inferring particle
densities from the height where particles come to rest in a linearly stratified fluid –
revealed a slightly larger average particle density, with an estimated error of 0.01 g/cm3.
The particle size of O(100) µm was intended to be identical in all experiments. Indirect
measurements of the prevailing particle sizes, derived from an experimental Doppler
shift and explained in the appendix, §5.7.4, indicate that the prevailing particle diameter
increased in consecutive experiments, ranging from 40 to 240 µm. We believe that the
carrier fluid segregated the particles, dragging smaller particles more efficiently, thereby
first removing predominantly smaller particles from the particle reservoir. Only after
comparison with our theoretical results – when repeating the experiments was no longer
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Figure 5.3. Displacement δx of the left edge of the sinking particle column (at 18 cm from
wave maker and for ω0 = 0.31 rad/s), as a function of height z (vertical) and time t (horizontal).
Particles are subject to wave beam motion between the two blue dashed horizontal lines. The
four black arrows at the top indicate the corresponding snapshots in Fig. 5.2; the three horizontal
arrows at the left indicate the vertical levels at which time series are shown in Fig. 5.4a. The
column phase speed, ωc/kz = ω0/kz + w̄p, (indicated by four red dot-dashed lines, matching
observed phase lines) differs from the wave beam phase speed, ω0/kz = 0.195 cm/s, (four blue
dashed lines) due to a Doppler shift. The average particle sinking velociy w̄p is accurately
determined from the difference between ω0 and the experimentally estimated column oscillation
frequency ωc, see also Fig. 5.4b. The curved downward-sloping lines show theoretical particle
trajectories based on average sinking velocity (here w̄p ≈ 0.03 cm/s at z = 20 cm) determined
from Doppler shift, with the factor 2/3 slowdown from the surface towards the bottom due to
decreased density difference between stratified fluid and sinking particles (see §5.7.4).

possible – did we realized that it would have been desirable to use higher-quality particles,
with better-characterized particle sizes.

5.3. Experimental results

For each experiment, the wave maker is turned on once the column of settling parti-
cles is fully established in the quiescent stratified fluid (Fig. 5.2a), as described in §5.2.1.
The wave beam builds up quickly (over a few wave periods) and is in the steady state
throughout most of the experiment, lasting 730 seconds (in some cases 750 seconds), cor-
responding to 15 to 90 wave periods, depending on the imposed wave frequency, ω0. We
observe that the internal wave beam perturbs the column, moving it back and forth with
the wave beam motion, thus imprinting wiggles on the column snapshots in Fig. 5.1a
and Fig. 5.2b-d. In addition, throughout the experiment, the particle column is slowly
shifted towards the wave maker (Fig. 5.2b-d), which is of particular interest because the
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Figure 5.4. (a): Time series of the horizontal displacement δx of the left edge of the sinking
particle column for the experiment with ω0 = 0.31 rad/s at three heights, near the top of the
wave beam (black), half way through (red) and near the lower edge of the wave beam (blue).
The corresponding simulated mean column displacements (see §5.4) are superimposed (smooth
lines). (b): Corresponding spectra of experimental displacement time series, clearly peaking at
Doppler shifted particle column frequency ωc/ω0 = 0.84± 0.02, which gives an accurate sinking
velocity estimate, w̄p = 0.33± 0.04 mm/s. (c) Maximum horizontal displacement of the sinking
particle column at the end of the experiments, for 11 different wave frequencies, all with N0 = 1.1
rad/s.

driving mechanism behind this leftward particle column motion was initially unknown.
We present the displacement of the left edge of the sinking particle column, δx, for the
same experiment, as a function of height z and time t in a contour plot in Fig. 5.3, and
at three vertical levels in Fig. 5.4a. We find that the column displacement increases
linearly from top to bottom of the wave beam interaction zone (Fig. 5.2c-d), suggesting
that the settling particles are exposed to a depth-independent transport mechanism as
they sink through the wave beam. In Fig. 5.2d, the particles below the wave beam have
been displaced horizontally before they fell out of the wave beam. This can also be de-
duced from Fig. 5.3, especially in the lower right corner of the plot. Despite the overall
movement to the left, we also observe that some particles are transported to the right
(slightly visible in Fig. 5.2d). We interpret this transport to the right as a clear indi-
cation that the quasi-two-dimensional wave beam facilitates a particle transport that is
non-uniform in the cross-tank direction (y), consistent with our theoretical explanation
developed in §5.4.

We find that the strength of the horizontal column displacement, δx, is strongly
dependent on the imposed wave frequency, ω0. This is visualized in Fig. 5.4c, where
we present the maximum displacement of the left column edge, δxmax, for all eleven
experiments. The maximum displacement, illustrated in Fig. 5.2d, ranges from 0.3 to
5 cm to the left across the eleven experiments, with one exception for the experiment
with the largest wave frequency (ω0 = 0.785), where we find a transport of ∼ 1 cm to
the right. It is the peculiar horizontal displacement, the apparent non-uniformity in the
cross-tank direction, and its strong dependence on the wave frequency, that we intend
to explain by the theory developed in §5.4.
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5.4. Theory on mean flow generation at lateral walls

In this theoretical part we employ small-amplitude expansions to derive asymptotic
expressions for monochromatic quasi-two-dimensional internal wave beams between two
lateral walls, with viscous dissipation taken into account due to shear in the cross-
beam direction and friction with the lateral walls. The exact solutions to the linearized
equations, constructed in §5.4.1, are used in §5.4.2 to compute the induced mean field. In
particular, we focus on the previously unrecognized mean vertical vorticity production
in the stratified lateral-wall boundary layers, which drives a strong horizontal mean
circulation.

5.4.1. Internal wave beam between lateral walls. For the theoretical analysis,
we shall work with dimensionless variables (listed in Table 1), employing 1/ω0 as the time
scale and the wavelength, L0, as the length scale. The velocity is non-dimensionalized
by U0 = A0ω0, which is the along-beam velocity amplitude based on an empirical pa-
rameterization20 for a vertically oriented, horizontally oscillating wave maker (see Table
1).

Denoting the dimensionless coordinates also by (x, y, z), we consider a linearly strat-
ified Boussinesq fluid with scaled Brunt-Väisälä frequency N = N0/ω0 = 1/ sin θ in an
infinite domain between two lateral walls at y = ±ly = W

2L0
and for x ≥ 0.

The equations (2.17) governing the dimensionless velocity field u = (u, v, w), buoyancy
b, and pressure p of the Boussinesq fluid are given by

∂tu + ε (u · ∇) u = −∇p+ δ2∆u + ẑb, ∂tb+ ε u · ∇b = −N2w, ∇ · u = 0.
(5.1)

Here, ε = U0
ω0L0

� 1 is the Stokes number, and δ = d0
L0
� 1 is the thickness of the Stokes

boundary layer, d0 =
√
ν/ω0, scaled by wavelength L0, and where ν = 1 mm2/s is the

kinematic viscosity. We assume δ � ly, that is to say, the dimensional half width of the

domain, W
2 = lyL0, is much larger than the Stokes boundary layer width, d0. We solve

(3.1) with no-slip boundary conditions, u = 0 at y = ±ly by expanding the velocity
vector u in δ and ε,

u(t) =

 u0(t)
δv1(t)
w0(t)

+

ū(εt)
v̄(εt)

0

+ ε

ū1

v̄1

w̄1

+O(δ2, δε, ε2), (5.2)

and similarly for buoyancy b and pressure p, valid for the time range t ∈ [0,O(ε−1)].
Additionally, we make the Ansatz that u0 = [u0, δv1, w0] oscillates at the imposed wave
frequency, 1, (dimensionally ω0). either varying only over the slow time, τ = εt, or being
constant, as is the case for the slaved mean flow, ū1 = [ū1, v̄1, w̄1]. The slowly-varying
mean flow, ū(εt) = [ū, v̄, 0], also referred to as vortical induced mean flow in chapter 6 or

20Based on the impermeability boundary condition of the horizontal velocity at a vertically oriented
wave maker with frequency ω0, horizontal oscillation amplitude A0 and vertical wavelength Lz, one
may expect the generated along-beam velocity amplitude to be A0ω0/ cos θ + O(A0/Lz). However,
experiments and simulations by Mercier et al. (2010) have revealed that the ratio of observed along-
beam velocity over the theoretical value (A0ω0/ cos θ) typically falls in between cos θ and cos2 θ. We use
the upper bound parameterization, U0 = A0ω0, for our non-dimensionalization.
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strong mean flow (Bordes et al., 2012; Dauxois et al., 2018), is initially zero (ū(0) = 0).
Our objective is to understand how the leading order wave field, u0 = [u0, δv1, w0]e−it,
forces the vortical induced mean flow at O(ε), possibly leading to O(ε0)-amplitudes for
the vortical mean flow amplitudes, ū(εt) over 1/ε time scales. We do not study wave-
mean flow interactions, i.e. possible feedbacks of the mean flow on the wave field.

2D wave beam. Motivated by the experiments, we consider the internal wave energy
propagation to be downwards along coordinate ξ = x cos θ − z sin θ, implying that the
phase propagation is upwards along ζ = x sin θ+ z cos θ. The leading order velocity field
of transversally uniform wave beams solving (5.1) at O(δ2, ε0)-accuracy with free-slip
condition at the lateral walls can be expressed as

[u0, v0, w0] = [cos θ, 0,− sin θ]U, with U =
1

2π

∫ ∞
0

Û(k)eikζ−(β1+β2) x
cos θ
−itdk.

(5.3)
Here, β1 and β2 are the viscous decay rates corresponding to internal shear dissipation
and friction with the lateral walls, respectively. As in previous chapters, the physical
quantities are the real part of the presented expression. The spectrum Û(k) of the
along-beam velocity component is presumed to vanish for negative wavenumbers, k < 0,
because the phase propagation is primarily along positive ζ. It is known (Mercier et al.,
2010; Beckebanze et al., 2019) that the upper and lower edges of the wave maker act
as line sources, also radiating waves upwards. These upward-propagating waves, hardly
visible in the experimental velocity field (Fig. 5.1a), are not relevant for the dynamics
discussed here.
Replicating the laboratory experiment, we consider the along-beam velocity spectrum

Û(k) =
sin [h cos θ(k − 2π)]

π(k − 2π)
, (5.4)

generated by a wave maker of height 2h with vertical wavenumber 2π cos θ at x = 0, as
depicted in Fig. 5.5.

The along-beam decay rate due to shear in the cross-beam direction ζ can be derived
in various ways (see §6 in Voisin (2003) for an overview) and is given by β1 = δ2 tan θk3/2.
For the laboratory experiments with the cross-beam widths 2h cos θ = 4.17, the spectrum
Û(k) peaks sharply at the imposed wavenumber 2π, justifying the use of the simplified
internal shear decay rate β1 = 4π3δ2 tan θ for k = 2π. The decay rate β2 obviously van-
ishes for free-slip conditions at the lateral walls, and is determined next upon imposing
no-slip boundary conditions.

Lateral boundary layer. Following the analysis in chapters 3 & 4, we consider the
momentum equations for u0 and w0 with subscript-derivative notation and in stretched
transverse coordinate η = δ−1y:

− iu0 = −p0x + u0ηη , i cot2 θ w0 = −p0z + w0ηη . (5.5)
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Figure 5.5. Snapshot of the theoretical along-beam velocity, U , in the center plane,
y = 0, with parameter values corresponding to the experiment with ω0 = 0.31 rad/s.
The velocity vector u0 = [u0, 0, w0] is presented at x = 15 cm along three cross-tank
transects (z = 19.9, 22.95, 26 cm, blue arrows) and along a vertical transect in the
center plane (red arrows). For visualization purposes, the magnitude of the vector u0 is
elongated by a factor 3 in the along-phase propagation direction, ζ. Note that near the
lateral walls, the velocity vector u0 is not aligned with the along-beam direction, ξ. As
a result, the in-product of u0 with ∇u0 (pointing along the phase propagation direction,
ζ) is non-negligible (see also Fig. 5.6a), causing strong mean flow generation near the
lateral walls (shown in Fig. 5.7).

Imposing no-slip boundary conditions at the walls, η = ±δ−1ly, and interior velocity
field (5.3), gives

u0 = cos θ (1− Ex)U, Ex(η) =
cosh[i−

1
2 η]

cosh[i−
1
2 δ−1ly]

,

w0 = − sin θ (1− Ez)U, Ez(η) =
cosh[i

1
2 cot θ η]

cosh[i
1
2 cot θ δ−1ly]

.

(5.6)

The non-planar orbital structure of this along-beam velocity vector, [u0, w0], is illustrated
in Fig. 5.5. The velocity vector [u0, 0, w0] has a non-zero divergence near the lateral walls
due to the presence of stratification. Please note that for homogeneous lateral boundary
layers, in which Ez and Ex are identical, the velocity vector u0 would be divergence-free.
It is only due to the difference between Ex and Ez (caused by the stratification that
modifies the vertical momentum equation in strechted coordinates, (3.3)) that we must
include a O(δ)-velocity term to satisfy the divergence-free constraint. Hence, by the
continuity equation u0x + w0z = −v1η at O(δ0) in stretched coordinate (η), and using
the impermeability boundary conditions v1 = 0 at y = ±ly, we find the O(δ) transversal



58 5. INTERNAL WAVE-INDUCED PARTICLE TRANSPORT

x [cm]

y
 [
c
m

]

 

 

0 10 20 30 40 50 60
−8.5

−5

0

5

8.5

0

0.005

0.01

0.015

0.02

0.025

F̄ [m/s2]
(a)

−0.1 0 0.1 0.2
−8.5

−5

0

5

8.5

y
 [

c
m

]

 

 

z=14 cm

z=20.5 cm

z = 27 cm

steady state
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Figure 5.6. (a) Spatial structure of along-wall Reynolds stress, F̄ , expression 5.10, for
parameter values corresponding to the experiment with ω0 = 0.31 rad/s, at z = 20.5
cm, vanishing almost everywhere except within a distance (1 + cot θ)d0 = 0.78 cm of
the lateral walls (indicated by solid lines). This distance is the sum of the homogeneous

boundary layer thickness, d0 =
√
ω0/ν = 0.18 cm (dashed lines) and the (stratified)

boundary layer thickness of the vertical velocity component, d0 cot θ = 0.69 cm. (b)
Simulated mean flow in x-direction, U0ū, along a cross-tank transect (y) at three vertical
levels and x = 17 cm, at times t = 5 T and t = 37.5 T. The thick light blue line
corresponds to the theoretical steady-state mean velocity, derived in §5.4.3.

velocity

v1 = sin θ

i 12 cos θ
sinh

[
i−

1
2 δ−1y

]
cosh

[
i−

1
2 δ−1ly

] − i− 1
2 sin θ

sinh
[
i
1
2 cot θ δ−1y

]
cosh

[
i
1
2 cot θ δ−1ly

] − i 12 eiθ y
ly

Uζ .

(5.7)

The slow O(l−1
y )-decay of v1 towards the interior, −i

1
2 sin θeiθUζy/ly, requires an addi-

tional viscous attenuation factor, exp[−β2ξ] with decay rate β2 = δl−1
y Re[i−

1
2 sin θeiθk],

to satisfy the O(δ)-continuity equation (see chapter 3). Again, we may replace k by the
dominant wavenumber, 2π. Despite the relatively thin boundary layers, we find that the
friction with the lateral walls almost doubles the decay at 60 cm from the wave maker
for the experiment depicted in Fig. 5.1.

5.4.2. Induced Eulerian mean flow. In this section, we construct the so-called
induced mean flow, u = [ū, v̄, w̄], generated through the time-averaged Reynolds stresses
at O(ε). Balancing time-independent terms in the buoyancy equation at O(ε), one
readily finds the vertical induced mean flow

w̄ = − ε

N2
< Re[u0] · Re[∇b0] > = − ε

2N2
Re[u0 · ∇b∗0] =

ε

2
Im[u0 · ∇w∗0], (5.8)

where u0 = [u0, δv1, w0], b0 = −iN2w0, and < · > stands for time-averaging over
one wave period, 2π. This weak (order-ε) induced mean vertical flow (in the Eulerian
framework) is exactly balanced by the vertical Stokes Drift of the wave beam velocity
field, u0, which we show in the appendix, §5.7.2. Consequently, net mass transport can
only take place in the horizontal plane, and we thus focus on the horizontal induced
circulation.



5.4. THEORY ON MEAN FLOW GENERATION AT LATERAL WALLS 59

Using a Helmholtz decomposition, the horizontal induced mean velocity field can
be split into [ū, v̄] = [Ψ̄y + φ̄x,−Ψ̄x + φ̄y], where Ψ̄ and φ̄ are the stream function and
flow potential, respectively. The flow potential is set by the vertical mean velocity, w̄,
through the continuity equation, φ̄xx+φ̄yy = −w̄z, and is weak at all times. Whereas the
flow potential, φ̄, investigated by Kistovich and Chashechkin (2001); Tabaei and Akylas
(2003) among others, may be relevant for truly two-dimensional wave fields (where φ̄y =
0), it is typically secondary to the vortical flow described by the stream function, Ψ̄,
in the quasi-two-dimensional and three-dimensional configurations (see chapter 6). The
mean vortical flow associated with Ψ̄ can persistently accumulate energy until a strong
large-scale circulation is established. The slow evolution equations of the potentially
strong horizontal vortical induced mean flow associated with stream function Ψ̄, and
no-slip boundary conditions at the tank boundaries, x = 0, lx and y = ±ly, are given by

∆h∂τ Ψ̄ = ε−1δ2∆2
hΨ̄ + F̄y with F̄ = − < Re[u0] · Re[∇u0] >,

Ψ̄(x,±ly) = Ψ̄y(x,±ly) = 0, Ψ̄(0, y) = Ψ̄x(0, y) = Ψ̄(lx, y) = Ψ̄x(lx, y) = 0.
(5.9)

Here, ∆h is the horizontal Laplace operator, and τ = εt is the slow time over which
the time-averaged O(ε)-Reynolds stress divergence, εF̄ , acts as a O(1)-source of mean
vertical vorticity. We also decoupled the three-dimensional induced mean flow problem
into independent two-dimensional planar problems by neglecting shear in the vertical
direction. This is an appropriate simplification, because lateral-wall friction turns out
to dominate induced mean flow damping.
A lengthy but straightforward small-amplitude expansion (see appendix §5.7.1) simplifies
the mean Reynolds stress divergence, F̄ , to

F̄ = −1

2
Re
[
u0 · ∇u∗0

]
= −sin θ cos2 θ

2

5∑
n=1

Im

[
an

cosh
[
cnδ
−1y
]

cosh [cnδ−1ly]

]
Im
[
UU∗ζ

]
+O(δl−1

y , δ2)

(5.10)

with a1 = −1− ie−iθ

cos θ
, a2 = 1, a3 = tan θ, a4 = −1, a5 = 1 + i,

c1 = i−1/2, c2 = i1/2 cot θ, c3 = i−1/2 (cot θ + 1) , c4 = i1/2 (cot θ + 1) , c5 =
√

2.

Here, we have absorbed the effects due to along-beam viscous dissipation in O(δl−1
y , δ2).

The spatial structure of the mean Reynolds stress divergence, F̄ , which is practically zero
everywhere except in a neighbourhood of δ(1+cot θ) near the lateral walls (dimensionally
d0(1 + cot θ)) is presented in Fig. 5.6a. Importantly, the magnitude of this O(δ0)-
Reynolds stress divergence is independent of viscosity; it is the width δ(1 + cot θ) of the
non-zero forcing regions of Eq. (5.10) that vanishes in the inviscid limit (δ → 0).

Scaling analysis also reveals that the forcing due to transversal advection, given by
< Re[u0] ·Re[∇v1] >, is at most O(εδ), hence it does not contribute to the leading order
Reynolds stresses at O(ε). Note also that in the interior, the largest Reynolds stresses
are O(εδl−1

y ) due to viscous dissipation by the lateral walls, and O(εδ2) due to internal
shear dissipation. We solve Eq. (5.9) numerically on a rectangular grid, as explained in
the appendix, §5.7.3. Snapshots of the simulated induced mean flow in three horizontal
planes are shown in Fig. 5.7, with three corresponding cross-tank transects in Fig.
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Figure 5.7. Visualisation of the along-wall induced velocity, U0ū, (in mm/s) at time
5T = 100 s, in three horizontal planes (z = 14, 20.5 and 27 cm). The rectangular region
where particles sink, centered at x = 180 mm, is sketch by the black box, and the wave
beam motion is confined to the region between the blue dashed lines. Note that velocities
in the boundary layer are a magnitude larger compared to the interior flow, and that the
bottom of the plot (z = 13 cm) does not correspond to the bottom of the tank (z = 0).

5.6b. Simulated induced mean velocities and associated particle column displacements
for different wave frequencies are presented in Fig. 5.8.

5.4.3. Steady-state-induced mean flow. The objective is to derive a simple ex-
pression for the horizontal induced mean velocity. We simplify the problem by assuming
the domain to be infinitely long in the along-tank x-direction. We can then assume that
the y-variations are much stronger than the variations in the x-direction (which permits
to ignore derivatives of the streamfunction involving x). Therefore, we obtain that the
spatial variance of the Reynolds stress divergence F̄ only in the cross-tank y-direction.
By Eq. (5.9), εF̄y is balanced by δ2∆2

hΨ̄, reducing to

δ2Ψ̄yyyy = −εF̄y ⇔ δ2ūyyy = −εF̄y.

Direct integration, and incorporating the boundary condition ū = 0 at y = ±ly, symme-

try around y = 0 and zero net mass transport,
ly∫
−ly

ūdy = 0, gives

ū = ε
sin θ cos2 θ

4
Im
[
UU∗ζ

]( 5∑
n=1

Im

[
an
c2
n

(
1− 3

y2

l2y
+ 2

cosh
[
cnδ
−1y
]

cosh [cnδ−1ly]

)])
. (5.11)

We present this steady state induced mean velocity in Fig. 5.6b along a transect
from wall to wall at x = 18 cm, and in Fig. 5.8b at the center of the particle column,
(x, y) = (18, 0) cm, as a function of wave frequency ω0. Note that some simulated
mean velocities exceed the theoretical steady state mean flow. This reveals that our
assumption on the forcing F̄ being uniform along the x-direction slightly underestimates
the simulated steady state mean velocity. The theoretical time scale to reach the steady
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Figure 5.8. (a): Blue dots with error margin show maximum observed displacement of sinking
particle column at lower edge of interaction zone with wave beam. Black dots: simulated column
displacement, where we used the Doppler-shifted sinking velocity to determine how long particles
take to sink through the wave beam with height 16.25 cm. (b): In solid line, the theoretical steady
state induced mean flow (see equation 5.12) is compared with simulated induced mean flow at
x = 165 cm (black squares). The blue dots show the observed column displacement divided by
its residence time in the wave beam interaction zone, with a maximum of 365 seconds.

state is given by W 2/(4ν) ∼ 2 hours, though it appears to be already reached towards
the end of the presented experiments.

Dimensionalizing expression 5.11, and approximating the sum by (sin θ+1)/(2 cos2 θ),
we find a characteristic value for the interior induced mean return flow:

U0ū(y = 0) ≈ −π
4

sin θ(1 + sin θ)
U2

0

L0ω0
. (5.12)

Interestingly, the magnitude of the steady state induced mean flow is independent of
viscosity (ν) and of the distance between the lateral walls (W ). This implies that the
steady state mean flow does not vanish in the limit of zero viscosity whilst the driving
Reynolds stress does vanish for zero viscosity. It is the time scale over which the steady
state is reached that approaches infinity as viscosity vanishes or when the width of the
domain goes to infinity. The assumption that the y-variations of F̄ are much stronger
that the x-variations is appropriate if the along-wall forcing region (of size 2h cot θ)
is much larger than the wall-to-wall distance (2ly). For relatively large wall-to-wall
distances, ly � h cot θ, two separate circulation cells are established in the vicinity of
the walls.

In §5.6 we consider oceanic conditions in which the interior return flow, Eq. 5.12,
may be relevant.

5.5. Comparison between theoretical and experimental results

This section is devoted to a detailed comparison between the experimental results
in §5.3, and the theory derived in §5.4, providing strong evidence that the observed
particle displacement is facilitated by the previously unrecognized internal wave lateral-
wall streaming.
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The theoretical results derived in detail in §5.4 can be summarized as follows:

(i) The lateral walls modify the otherwise two-dimensional internal wave field.
The most noticeable effect of the lateral walls on the linear internal wave beam
dynamics is the additional viscous attenuation due to boundary friction, as
discussed in §5.3 and shown in Fig. 5.1b.

(ii) Whereas in the interior the linear wave velocity vector is practically orthogonal
to the phase direction, resulting in negligible nonlinear terms, this is not the case
in the lateral boundary layers (Fig. 5.6a). The stratification causes differences
in the boundary layer thickness for vertical and horizontal velocity components,
producing strong nonlinearities near the lateral walls. The nonlinear Reynolds
stresses, driving a mean flow, are strongest for strongly inclined beams, when
vertical and horizontal velocity components are of similar magnitude. The
strong dependency on the wave frequency ω0 is a manifestation of the underlying
dependency on the wave beam slope, tan θ = ω0/

√
N2

0 − ω2
0.

(iii) The directly forced mean flow in the lateral boundary layers and in the direction
of the horizontal beam-propagation is balanced by a return flow through the
interior. The return flow is initially nearly uniform in the interior if the stretch
of along-wall forcing exceeds the wall-to-wall distance.

If the experimentally observed particle transport is facilitated by streaming at the
lateral walls, then the observations should be consistent with the described theoretical
results. We can compare temporal evolution, spatial patterns and ω0-dependence of the
particle displacement. In Fig. 5.4a we compare simulated and experimental evolution
of the column edge at three vertical levels of the interaction zone of the sinking particle
column and the wave beam. Whereas we find very good agreement at the top level,
we attribute discrepancies at the middle and lower levels primarily to uncertainties in
the residence time of particles within the interaction zone. Fig. 5.7 illustrates that the
directly forced flow at the lateral walls (in red) and the interior return flow (in blue)
strongly decay with distance to the wave maker. Particles subject to the return flow are
thus accelerated as they approach the wave maker – a feedback process that we did not
take into account in the numerical simulations.

While the strength of the directly forced mean flow at the lateral walls varies strongly
in the cross-tank direction, the return flow is initially roughly uniform in the cross-tank
direction (see profile at t = 5T in Fig. 5.6b). This is consistent with the observations:
the sinking particle column is shifted to the left in the interior, maintaining a sharp left
edge, while the particle advection to the right near the tank’s boundaries blurs the right
edge of the particle column (visible in the snapshots in Fig. 5.2c,d).

The strongest evidence for the lateral-wall streaming mechanism generating the ob-
served horizontal particle displacement can be seen in the matching frequency depen-
dency, presented in Fig. 5.8. Albeit large discrepancies at particular frequencies, it is
the overall strong variation with ω0 that matches surprisingly well. An exception is the
experiment with the largest wave frequency (ω0 = 0.785 rad/s), which clearly shows
transport towards the opposite direction, at odds with the boundary layer streaming
hypothesis. It appears that the horizontal mean velocity field has changed sign, gen-
erating transport to the right, blurring the left column edge (not shown). It may be
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useful to remark that for this particular experiment, the beam slope, tan θ = 0.87, ex-
ceeded the maximum wave maker inclination, Lz/(2πa0) = 0.69, implying (theoretical)
fluid motion through the wave maker plates, with possibly unknown nonlinear dynamics
occurring at the wave maker. Last but not least, we also find reasonable agreement
between theoretical induced mean velocities and velocities inferred from the observed
particle displacement (Fig. 5.8b).

5.6. Concluding remarks

Our study has revealed a previously unknown streaming mechanism by internal waves
at the lateral walls. It was only due to the absence of known streaming mechanisms in
this experimental set-up that the previously unrecognized streaming mechanism was
discovered. As such, it seems plausible that the mechanism we describe also played a
role in other internal wave experiments. The horizontal particle advection observed by
Hazewinkel (2010) in the vicinity of an internal wave attractor (see Fig. 7.3 of the thesis)
appears to be such a candidate, especially given the thin tank width of only 12 cm. Strong
evidence of the lateral-wall streaming at play is also provided by the three-dimensional
numerical simulations by Brouzet et al. (2016b), where they found a lateral boundary
layer intensified mean circulation in the vicinity of wave attractor branches (their figures
7 and 8). While it remains challenging to disentangle mean flow generation mechanisms
in more complicated set-ups, we do believe that our lateral-wall streaming mechanism
contributed to the induced mean flow observed both numerically and experimentally by
King et al. (2010) for tidal flow over three-dimensional topography.

Bordes et al. (2012) had also observed the generation of a mean flow in a stratified
fluid, which was approximately an order of magnitude larger than what we observe.
However, the mechanism was different, since it was based on transverse non-uniformity
of the wave field, with a wave generator that did not span across the whole tank. This
is not the case in our set-up, thus discarding this mechanism as a possible explanation
for our observation of the mean flow.

It should be noted that the presented laboratory experiments were not designed to
investigate the lateral-wall streaming mechanism and that the theoretical background
was only provided when the experiment was not available anymore. For future experi-
ments we propose to include horizontal particle image velocimetry measurements, to get
a more direct observation of the induced mean flow, especially near the lateral walls.
Additionally, it was unclear until detailed comparison with our theory that the particle
sizes varied strongly among the eleven experiments. This prevented us from using the
traditional expression 5.17 to determine the sinking velocity. Instead, we derived the
sinking velocity accurately from the Doppler-shifted column oscillation frequency, and
subsequently used the expression 5.17 to infer the prevailing particle diameter, finding a
factor of five difference among the eleven experiments. We believe that the large spread
in particle size is caused by segregation of the carrier fluid in the newly designed par-
ticle injector. Changes in particle sizes among experiments may be prevented by using
higher-quality particles with better-characterized particle sizes.

In the ocean, sites where internal waves propagate between two almost-vertical walls
over distances longer than the channel width are sparse. A topographic feature similar
to our laboratory set-up is the 500 m deep channel between two coral atolls studied
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by Rayson et al. (2018). As the length of the channel, roughly 10 km, exceeds the
cross-channel width of 2 – 3, we may apply our simple expression 5.12 for the return
flow. Using the observed M2 velocity amplitude of 0.2 m/s, a wavelength of 800 m (we
estimated a quarter wavelength from spatial variances in their figure 14), and Brunt-
Väisälä frequencies ranging from 10−3 to 0.5 ·10−2, we find a (theoretical) induced mean
return flow of 1 – 5 cm/s. This is small compared to the observed, bottom-intensified
mean current in excess of 1 m/s (Rayson et al., 2018). Nevertheless, it indicates that
the streaming at the lateral walls can be relevant in the ocean. While it is legitimate
to neglect the Coriolis effect at the coral atolls (taking it into account modifies the
angle θM2 by only 6%), this may not be appropriate closer to the poles. Our analysis
is not applicable to sites where the Coriolis frequency is similar to the strongest tidal
component, typically M2. In spite of decreasing the slope tan2 θ = (ω2

0 − f2
0 )/(N2

0 − ω2
0)

upon incorporating the Coriolis effect f0 – thereby reducing the strength of the lateral-
wall streaming – we do believe that the overall streaming is intensified in the presence
of rotation due to the appearance of additional nonlinear terms associated with the
rotational part of the wave field.

The directly forced mean flow in the vicinity of the boundary may be relevant for the
transport of suspended sediment, nutrients and litter that is (occasionally) lifted into
the near-bottom water column. Our theoretical analysis has revealed that mean flow
generation is strongest for wave frequencies near the Brunt-Väisälä frequency (justifying
the Coriolis effect to be neglected). Hence, we expect that small-scale internal wave
packets associated with frequencies close to the local Brunt-Väisälä frequency (N0) may
facilitate along-boundary particle transport upon oblique reflections at steep topography,
with ‘oblique’ meaning that the incident and reflected beams do not fall into the same
vertical slice.

We speculate that there exists a continuous transition from our streaming mecha-
nism at lateral (vertical) walls to the streaming mechanism over a flat bottom, recently
investigated by Renaud and Venaille (2018). The viscous boundary layer description
by Kistovich and Chashechkin (1995b,a) for supercritical internal waves reflecting at
inclined boundaries may be a good starting point to extend the lateral-wall streaming
analysis to oblique wave beam reflections at inclined boundaries. Furthermore, we pro-
pose to compute the boundary streaming upon oblique reflection at inclined walls for
wave packets, both for well-studied spherical Gaussian shapes (Sutherland, 2010) as well
as elongated beam-like packets (Fan et al., 2018).

5.7. Appendix

5.7.1. Derivation of the Reynolds stress divergence expression, Eq. (5.10).
We split F̄ = −1

2 Re
[
u0 · ∇u∗0

]
= −1

2 Re[u0u
∗
0x +w0u

∗
0z ]−

1
2 Re[v1u

∗
0η ] into its along-wall

components and wall-normal component, and derive their explicit expressions separately.
Using Ux = sin θUζ +O(δl−1

y , δ2) and Uz = cos θUζ +O(δl−1
y , δ2) allows us to write the
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time-averaged along-wall advection of u0 at O(δ0)-accuracy as

− 1

2
Re[u0u

∗
0x + w0u

∗
0z ]

=− cos2 θ sin θ

2
Re
[(
−Ex + Ez + ExEx

∗ − EzEx∗
)
UU∗η

]
=

cos2 θ sin θ

2
Im

[
−

cosh
[
c1δ
−1y
]

cosh [c1δ−1ly]
+

cosh
[
c2δ
−1y
]

cosh [c2δ−1ly]
+

cosh
[
c5δ
−1y
]

cosh [c5δ−1ly]

−
cosh

[
c4δ
−1y
]

cosh [c4δ−1ly]

]
Im
[
UU∗ζ

]
,

because Re
[
UU∗ζ

]
= 0, and constants cn are defined in (5.10). Here, we have ap-

proximated ExEx
∗

by
cosh[c5δ−1y]
cosh[c5δ−1ly ]

, which neglects a term of e−|O(δ−1ly)| ∈ O(δl−1
y ), and

similarly for EzEx
∗
. The along-wall advection thus sets the amplitudes a2 = 1 and

a4 = −1 in (5.10), and contributes to a1 = −1 − ie−iθ/ cos θ and a5 = 1 + i. The re-
maining terms in the summation of Eq. (5.10) originate from the wall-normal advection
term, −1

2 Re[v1u
∗
0η ].

Writing the y-velocity component v1 = sin θ cos θ
(
−iExη + i tan2 θEzη − i

1
2
eiθδη
cos θly

)
Uζ

in terms of Exη and Ezη gives at O(δ0)-accuracy

− 1

2
Re[v1u

∗
0η ]

=− sin θ cos θ

2
Re

[(
−iExη + i tan2 θEzη − i

1
2
eiθδη

cos θly

)
Uζ · cos θEx

∗
η U

∗
]

=
sin θ cos2 θ

2
Im

[
−iExηEx

∗
η + i tan2 θEzηE

x∗
η − i

1
2
eiθδη

cos θly
Ex
∗
η

]
Im [U∗Uζ ]

=
cos2 θ sin θ

2
Im

[
i
cosh

[
c5δ
−1y
]

cosh [c5δ−1ly]
+ tan θ

cosh
[
c2δ
−1y
]

cosh [c2δ−1ly]

− ie
−iθ

cos θ

cosh
[
c1δ
−1y
]

cosh [c1δ−1ly]

]
Im
[
UU∗ζ

]
.

Here, we approximated y
ly

sinh[c∗1δ
−1y] by cosh[c∗1δ

−1y], which again neglects a term of

e−|O(δ−1ly)| ∈ O(δl−1
y ). We also exploited the simple relation Im[U∗Uζ ] = − Im[UU∗ζ ],

and similarly for the term involving Ex
∗
ζ . Evidently, the wall-normal advection sets

a2 = tan θ, and contributes +i to a5 and −ie−iθ/ cos θ to a1.

5.7.2. Misconceptions concerning Stokes Drift. Horne (2015) suggested that
the Stokes Drift of the wave beam facilitated the observed particle transport, motivated
by simple calculations adopted by Hazewinkel (2010). This appendix points towards
subtle misconceptions that led both Hazewinkel (2010) and Horne (2015) to misleading
interpretations of their experimental results.
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By definition, the Stokes Drift is the difference of the time-averaged Lagrangian and
Eulerian flow (Longuet-Higgins, 1953):

uS = < uL > − < u > = ε < ∇u(x, t) ·
∫ t

0
u(x, t′)dt′ > + O(ε2), (5.13)

with the time-averaging over one wave period, < · >:= 1/T
∫ t0+T
t0

·dt, starting at arbi-

trary time t0. Horne (2015) made the inappropriate choice t0 = 0 in his analysis, which
corresponds to assuming all particles to enter the wave beam at one particular point
in time, rather than at any (random) point in time during one wave cycle. Repeating
the analysis by Horne (2015), we find a particle column widening without net horizontal
displacement upon averaging t0 over [0, T ]. Both Hazewinkel (2010) and Horne (2015)
assumed < u >= 0, an assumption that is not true at O(ε), the leading order of the
Stokes Drift. It is well known (Wunsch, 1971; Ou and Maas, 1986; Zhou and Diamessis,
2015; Beckebanze et al., 2019) and straightforward to determine from Eq. 5.13 that the
vertical Stokes Drift component is identical (with opposite sign) to the vertical induced
mean velocity, w̄, given by (5.8), such that the Lagrangian mean flow in the vertical
direction vanishes at its leading order:

< wL > = < w > + wS = 0 + O(ε2). (5.14)

For two-dimensional fluids, mass conservation and the presence of vertical walls also
require the horizontal Lagrangian mean flow component to vanish. This simple analy-
sis stresses that horizontal cross-beam variations are necessary to generate net particle
transport.

5.7.3. Numerical simulations. We solve (dimensionalized) Eq. (5.9) for the
stream function Ψ̄n

0 at time t = n · dt numerically on a rectangular domain, given by
(x, y) ∈ [0, 80] × [−8.5, 8.5] cm2, with 151 grid points in each direction, and time step
dt = 1 s. We employing standard central difference discretization in space and Euler
backward (EB) in time:(

L̃− dt νB̃
)

Ψ̄n+1
0 = L̃Ψ̄n

0 + dt U2
0k0F̄y. (5.15)

Here, L̃ is the conventional 5-node discretized Laplace operator with Dirichlet bound-
ary constraints, and B̃ is the conventional 13-node discretized Bi-harmonic operator,
using Dirichlet boundary constraints for first-neighbour nodes outside the domain and
Neumann boundary constraints for second neighbours. While L̃ and B̃ are sparse, the
related inverse, T̃ = (L̃−dt νB̃)−1, computed only once and used iteratively to solve Eq.
(5.15) forward in time, is an almost full m ×m-matrix, with m = 1492. Conveniently,

most matrix elements of T̃ are negligibly small, and we can set matrix elements below a
certain threshold (here 10−8) to zero – retaining only 20% non-zero matrix elements –
without noticeable effects on the simulation.

Simulations with grid size 101× 101 reveal increases of 1- 10% in simulated particle
displacements after 730 s. This numerical error is acceptable, as it is of the same order
as the approximations associated with the perturbation expansion and smaller than
uncertainties of the experimental results. Simulations for the induced mean horizontal
flow with free-slip boundaries predict particle displacements a factor ∼ 10 larger, clearly
indicating that the induced mean flow is damped primarily by lateral wall friction.
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5.7.4. Particle trajectory and sinking velocity from Doppler shift. In order
to compare the experimental results (§5.3) on particle advection with the the theoretical
wave-induced mean flow (§5.4) we briefly discuss the relevant particle dynamics.

The time scale associated with adjustment to the motion of the fluid for neutrally

buoyant spherical particles is 2a2

9ν (Maxey and Riley, 1983), where a is the particle radius.
For our experiments, the adjustment time for the suspended particles is of the order of a
few milliseconds. As such, the particle motion, up, can be described as a superposition of
the mean particle sinking velocity, w̄p, and the motion of a fluid parcel at the particle’s
position, xp(t) = [xp(t), yp(t), zp(t)]:

up = u(xp(t), t) + ẑw̄p(zp(t)). (5.16)

The Stokes particle sinking velocity is given by

w̄p(z) =
2a2g

9ν

(
1− zN2

0 /g − ρp/ρ0

)
< 0, (5.17)

where ρp = 1.055 ± 0.01 g/cm3 is the particle density, which is larger than the fluid
density at the bottom of the tank, ρ0 = 1.039± 0.002 g/cm3.

As mentioned in §5.2.1, the particle radius a varies strongly among the eleven exper-
iments, making Eq. 5.17 useless to determine the sinking velocity. Instead, we make use
of a Doppler shift to determine the particle sinking velocity, as explained in the following.
We can approximate the trajectory of a particle passing z at time t′, by zp(t) = (t−t′)w̄p.
Inserting this linearized particle trajectory into the leading order wave beam field quan-
tity, e.g. u0(x, y, z, t) ∝ exp[i(kxx+ kzz − ω0t)], we find that the velocity of the sinking
particle column edge is given by uc(x, y, z, t) ∝ exp[i(kx + kz(z − zp(t))− ω0t)], which
oscillates at Doppler-shifted frequency ωc = kzw̄p + ω0. We can accurately extract the
Doppler-shifted column frequencies from the time series (see Fig. 5.4a,b), allowing us to
determine the mean sinking velocity

w̄p =
ωc − ω0

kz
< 0

without knowledge of the particle sizes. Subsequently, we can determine the particle
size from the sinking velocity, using Eq. 5.17. For our experiments, we found that
the particle diameter ranged from 40 to 240 µm, with an increase of particle size in
consecutive experiments. The value of 200 µm, reported by Horne (2015), falls into this
range, but is clearly not representative for all experiments. As mentioned above, we
believe that the large spread in particle sizes is caused by segregation of the carrier fluid
that transports the particles from the particle reservoir to the particle injector.

Note that due to the stratification, the density difference, ρ̄(z) − ρp, reduces by
approximately a factor 2/3 from top to bottom in the laboratory experiments with
N0 = 1.1±0.03 rad/s, fresh water (with density 0.998 g/cm3) at the surface and particle
density ρp = 1.055 ± 0.01 g/cm3. For the linear stratification, it is straightforward to
solve żSp (t) = w̄Sp = w̄S(zSp (t)) for the associated particle trajectories starting at the
particle injector, z = h, at time t = t0:

zp(t) = h (−0.5 + 1.5 exp [−2(t− t0)w̄p(h)/(3h)]) . (5.18)

This particle trajectory is superimposed on the space-time particle column displacement
diagrams, Fig. 5.3.
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70 6. INTERNAL WAVE-INDUCED MEAN FLOW

6.1. Introduction

Internal waves are omnipresent in stratified and/or rotating fluids, such as the oceans.
Typical occurrence of internal waves includes oblique beams that propagate at a fixed

angle with respect to the horizontal, the angle θ = arctan

√
ω2
0−f20

N2
0−ω2

0
being controlled

by the wave frequency ω0, the natural buoyancy frequency of the ambient stratified
fluid N0 and the Coriolis frequency f0. It has been recognized that internal waves
play an important role in mixing the abyssal oceans (Wunsch and Ferrari, 2004) and
marginal seas (Lamb, 2014). Whereas the primary generation mechanism of internal
waves through tidal conversion at rough topography is fairly well understood (Garrett
and Kunze, 2007), it is still debated as to which mechanisms dissipate the internal waves
(Staquet and Sommeria, 2002; Dauxois et al., 2018).

An important dissipation mechanism of internal waves can be the generation of mean
flow (Bühler, 2010), and in particular horizontal mean flow associated with mean vertical
vorticity, here referred to as vortical induced mean flow, sometimes called strong mean
flow (Bordes et al., 2012; Dauxois et al., 2018). The hallmark of the potentially strong
vortical induced mean flow is the persistent, cumulative transfer of energy from the wave
field. By contrast, the typically weak buoyancy advection-induced mean flow (Kistovich
and Chashechkin, 2001; Tabaei and Akylas, 2003), comprising the induced mean hori-
zontal vorticity, is strongly suppressed by the background stratification. The buoyancy
advection-induced mean flow vanishes in the absence of viscosity except where internal
wave beams intersect (Thorpe, 1987; Tabaei et al., 2005). We emphasize that the buoy-
ancy advection-induced mean flow is absent in inviscid internal wave packages, which
are instead accompanied by the well-studied modulation-induced mean flow (Bretherton,
1969; Tabaei and Akylas, 2007), also known as Bretherton flow (van den Bremer and
Sutherland, 2018). Modulations of the internal wave field – not considered in this body
of work – may contribute to the vortical induced mean flow (Kataoka and Akylas, 2015).

A prominent class of underlying mean flow generation mechanisms for internal wave
beams is the so-called streaming (Lighthill, 1978), which entails mean flow generation
associated with viscous attenuation through nonlinear wave-wave interaction, similar to
streaming by acoustic waves, and analogous to mean flow generation by surface waves
(Longuet-Higgins and Stewart, 1964). As reviewed by Riley (2001), streaming also oc-
curs in a large variety of homogeneous fluid configurations. Key ingredients for mean
vertical vorticity production through streaming by internal waves beams – and hence
vortical mean flow generation – are both viscous attenuation and horizontal cross-beam
variations of the wave beam amplitude. Several recent studies investigate vortical mean
flow generation through streaming in truly three-dimensional (3D) settings, both nu-
merically (King et al., 2010; Grisouard and Bühler, 2012; van den Bremer, 2014; Zhou
and Diamessis, 2015; Rayson et al., 2018) and experimentally (Grisouard, 2010; Bordes
et al., 2012; Grisouard et al., 2013; Semin et al., 2016; Kataoka et al., 2017).

Over long time scales, the vortical induced mean flow may become sufficiently en-
ergetic such that wave-mean flow interactions eventually lead to a breakdown of the
internal wave itself. This breakdown mechanism is referred to as streaming instability
if the underlying generation mechanism is associated with irreversible energy conversion
from the wave to the mean field (Dauxois et al., 2018). This differs from self-acceleration,
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which refers to inviscid modulation-induced mean flow advecting the waves until they
become convectively unstable (Sutherland, 2006).

An approximate expression for the mean vertical vorticity production through stream-
ing for monochromatic internal wave beams was derived by Bordes et al. (2012), and
extended to slowly time-varying wave beams by Kataoka and Akylas (2015) and to nearly
monochromatic wave packages by Fan et al. (2018). Their analyses rely on scale sepa-
ration in the along-beam velocity, u, and the horizontal cross-beam velocity, v, which
limits the applicability of their asymptotic results. We find that this scale separation is
not always justified in the vicinity of an oscillating boundary.

In this study, we construct analytical solutions for 3D internal wave beams, exact up
to first-order accuracy in the viscosity parameter, generated by oscillating boundaries,
such as wave makers (Gostiaux et al., 2007). The velocity field satisfying the linearized
equations also includes purely horizontal wave motion associated with vertical line vor-
tices at the edges of the wave maker. Our analytic expression for the mean vertical
vorticity production term includes the well-known streaming as well as a peculiar invis-
cid mean flow generation in the neighbourhood of the oscillating boundary associated
with the vertical line vortices. The relative strengths of the line vortices – and hence the
relative importance of the associated mean flow generation – strongly depends on the
mathematical representation of the oscillating boundary. For this reason, we present a
detailed derivation of an appropriate mathematical representation of a small-amplitude
wall oscillation, which differs from popular representations in numerical simulations. Our
analysis suggests that streaming and inviscid mean flow generation by the line vortices
are equally important in energizing the vortical induced mean flow in the laboratory ex-
periments by Bordes et al. (2012). Our theory cannot describe the long-term mean flow
evolution as we ignore the feedback of the growing mean flow on the beam evolution.

The chapter is organized as follows. We first present preliminaries in §6.2 and de-
rive an appropriate mathematical idealization of small-amplitude boundary oscillation
in §6.3. Analytical expressions for monochromatic 3D internal wave beams solving the
linearized equations for the oscillating boundary representation are constructed in §6.4,
and used in §6.5 to determine the associated mean vertical vorticity production. Then
§6.6 is devoted to a thorough comparison of our new theoretical insights with the lab-
oratory experiments by Bordes et al. (2012). A discussion of our results, as well as
suggestions for insightful analysis of experimental internal wave field data, can be found
in §6.7.

6.2. Preliminaries

We consider a uniformly stratified incompressible Boussinesq fluid with Brunt-Väisälä
frequency N0 > 0 on an f -plane in Cartesian coordinates (x, y, z), rotating around the
vertical axis z with half the Coriolis frequency f0 > 0, and where gravity points along
the negative z-direction. In such rotating stratified fluids, inviscid internal waves with

frequencies ω0 > 0 propagate at angle θ = arctan

√
ω2
0−f20

N2
0−ω2

0
with respect to the horizon-

tal if either f0 < ω0 < N0 or N0 < ω0 < f0. For localized energy sources oscillating
at frequency ω0, this leads in two dimensions to the well-known St. Andrew’s cross
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(e.g. Sutherland (2010), also sketched in Fig. 6.1(a)), and in three dimensions to dou-
ble cones (Voisin, 2003). Throughout this article, we consider boundary forcings at a
vertical sheet, oscillating at frequency ω0, representative of small-amplitude wall oscil-
lations, such as sketched in Fig. 6.1(b). The precise oscillating boundary formulation is
described in §6.3.

We shall work with dimensionless variables, employing some characteristic wave-
length L0 as length scale, 1/ω0 as the time scale and U0 = a0ω0 = εL0ω0 as the velocity
scale, where a0 is the dimensional wave amplitude and ε = a0/L0 � 1 is the Stokes
number.

The governing equations (2.17) for the non-dimensional velocity vector u = [u, v, w],
the buoyancy b and the pressure p with dimensionless Brunt-Väisälä frequency N =
N0/ω0 and Coriolis frequency f = f0/ω0 in subscript-derivative notation are

ut + ε (u · ∇) u + fẑ ∧ u = −∇p+ ϑ∆u + ẑb, (6.1)

bt + ε u · ∇b = −N2w, (6.2)

∇ · u = 0. (6.3)

Here, ϑ = ν
ω0L2

0
, with ν the kinematic viscosity constant, and ϑ/ε is the inverse Reynolds

number. We assume both ε and ϑ to be small, allowing us to perform a perturbational
expansion in these parameters.

We proceed by employing the wave/vortex decomposition for the horizontal flow
(Staquet and Riley, 1989; Voisin, 2003). The Helmholtz decomposition thus reads

u = ∇hφ+ ẑ ∧∇Ψ + ẑw, (6.4)

where φ is the potential (wave), and Ψ is the streamfunction (vortex) of the horizontal
velocity. The usefulness of this decomposition relies on the absence of vertical vorticity
(Ωz = ∆hΨ) for internal gravity wave fields, i.e. the vortex streamfunction Ψ is not
associated with internal wave motion. The decomposition (6.4) transforms the continuity
equation (6.3) into

∆hφ+ wz = 0. (6.5)

The lower index h denotes horizontal components only, i.e. ∇h = [∂x, ∂y, 0], ∆h = ∇2
h.

The curl of the horizontal momentum equations in (6.1), ẑ ∧∇, reduces to

(∂t − ϑ∆) ∆hΨ + f∆hφ = εR, (6.6)

where

R = ((u · ∇)u)y − ((u · ∇)v)x

= J(w, φz)︸ ︷︷ ︸
wave – wave

+ J(Ψ,∆hΨ)︸ ︷︷ ︸
vortex – vortex

+wz∆hΨ− (∇hw) · (∇hΨz)− (∇hφ) · (∇h∆hΨ)− w∆hΨz︸ ︷︷ ︸
wave – vortex

,

(6.7)

and J(A,B) = AxBy−BxAy is the horizontal Jacobian. The vertical curl of the nonlinear
horizontal advection terms, R, constituting the mean vertical vorticity production upon
time averaging over the wave period, is analysed in detail in §6.5.

Similarly, the divergence of the horizontal momentum equations becomes

(∂t − ϑ∆) ∆hφ− f∆hΨ = −∆hp + O(ε). (6.8)
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This allows us to relate the pressure p to the horizontal wave and vortex components, φ
and Ψ respectively, through

p = − (∂t − ϑ∆)φ+ fΨ + Ψcf +O(ε),

where curl-free streamfunction Ψcf is a harmonic gauge, satisfying ∆hΨcf = 0, and
determined by appropriate boundary conditions.

Expressing the vertical momentum equation in terms of w and φ by employing the
buoyancy equations (6.2), (6.6) and (6.8) gives[

(∂t − ϑ∆)2 + f2
]
∂t∂z∆hφ−

[
(∂t − ϑ∆) ∂t +N2

]
(∂t − ϑ∆) ∆hw = 0 + O(ε), (6.9)

Using the continuity equation (6.5), we can reduce (6.9) to[
(∂t − ϑ∆)2 ∂t∆ + f2∂t∂

2
z +N2(∂t − ϑ∆)∆h

]
w = 0 + O(ε). (6.10)

Next, we discuss and specify boundary constraints representative of small-amplitude
wall oscillations, for which we derive analytic solutions to (6.10) and (6.6) up to O(ϑ, ε0)-
accuracy in §6.4.

6.3. Mathematical representation of oscillating boundary forcing

The aim is to formulate an appropriate mathematical description of a boundary
value problem which is (i) representative of a small-amplitude horizontally oscillating
boundary, such as a wave maker in the laboratory set-up by Bordes et al. (2012), and (ii)
suitable to solve the linearized equations (6.1) – (6.3) analytically. Reasonable simplifi-
cations are necessary because it is notoriously difficult to compute the wave field with
velocity vector u satisfying the impermeability boundary condition at the oscillating
wall,

d

dt
(x− εa(t, y, z)) = 0 ⇔ n · u|x=εa(y,z,t) = ȧ(y, z, t) (6.11)

where d/dt = ∂t+ε u ·∇ is the material derivative, and n = (1,−ε∂ya,−ε∂za) is a vector
normal to the oscillating boundary, x = εa(y, z, t).

For computational convenience we restrict our analysis to temporally monochromatic
wall oscillations, with non-dimensional frequency21 ω = 1. A straightforward general-
ization of our results to almost-periodic wave fields follows by the theory developed in
Krol (1991). We consider the phase propagation (cp) of the oscillating wall to be primar-
ily upwards, such that the group velocity (cg) of the generated wave field is primarily
downwards, as sketched in Fig. 6.1b. Purely upward phase propagation is atypical for
laboratory experiments; the relative strength of the upward propagating field component
for primarily downward propagating beams is discussed in the appendix, §6.8.2.

A key simplification, valid for all small-amplitude oscillations (ε � 1), consists of
prescribing the impermeability constraint (6.11) at x = 0 instead of x = εa(y, z, t). If
additionally, the forcing in the vertical sheet is spatially smooth (∂ya, ∂za ∈ O(1)), then
the constraint (6.11) at O(ε0)-accuracy reduces to

u|x=0 = ȧ(y, z, t). (6.12)

21For the ease of dimensionalising our expressions, we denote the frequency 1 by ω everywhere. For
dimensional expressions, simply replace ω by ω0 and ϑ by ν everywhere.
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Figure 6.1. (a) Schematic snapshot of a St. Andrew’s cross generated by vertical
oscillation of a line force (point source in (x, z)-plane); cp and cg indicating phase and
group velocities. (b) Two wave beams generated by horizontal wave maker oscillations.
We impose the horizontal velocity, ȧ, of the oscillating wave maker (red line) at the
centre line, x = 0 (thick black line).

The physical wave makers in laboratory set-ups, which we want to mimic mathematically,
typically have sharp edges, where ∂ya � 1, possibly ∂ya ≥ 1/ε. This means that the
constraint (6.11) cannot be simplified to (6.12), i.e. the product of ε(∂ya) and v|x=0 in
(6.11) is non-negligible. Recall that the monochromatic wall motion, ȧ, generates a wave
field which oscillates predominantly at frequency ω = 1. This means that the product of
∂ya with the dominating first harmonic of v|x=0 (both oscillating at frequency ω) results
in a mean and/or second harmonic, which cannot be balanced by ȧ or the first harmonic
of u. An unphysical blow-up of mean and/or second harmonics at the lateral edges of
the wave maker is only circumvented if v|x=0 = 0 where ∂ya � 1, and we are forced to
add this condition as a constraint. While the impermeability constraint (6.11) cannot
be reduced to constraint (6.12), we can reduce it to

u|x=0 = ȧ(y, z, t) everywhere, and v|x=0 = 0 where ∂ya� 1. (6.13)

We remark that similarly to where ∂za blows up, the vertical velocity should vanish
(w|x=0 = 0). Treatment of this additional boundary forcing constraint is neglected
because it is irrelevant for the main objective of the present analysis22. We emphasize
that the constraint on v in (6.13) belongs to the impermeability constraint, i.e. it does
not specify a stress (no-slip) boundary condition for the along-wall velocity. This is
important, because it implies that even though v points along the wall x = 0 in our
approximate description, we may not use a Stokes boundary layer solution for v to
satisfy (6.13).

Let us first discuss two common approaches to implement (6.12), before we discuss
our implementation of (6.13).

The first approach consists in prescribing constraint (6.11) or a related formulation.
This approach is popular in simulations because its numerical implementation is straight-
forward. For an idealized wave maker with no-stress boundary conditions, Raja (2018)
prescribes u(x = 0) = ȧ(t). Using no-slip boundaries, Brouzet et al. (2016b) prescribe

22Large ε∂za corresponds to a horizontal line source, generating a St. Andrew’s cross, as sketched
in Fig. 6.1(a), and discussed in §6.6 and §6.8.2. No separate treatment of ε∂za� 1 is required because
the present analysis, focusing on the vortical induced mean flow generation, is unaltered by the weak
upward-propagating branch of the St. Andrew’s cross.
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w(x = 0) = −ȧ(t) tan θ, which is equivalent to u(x = 0) = ȧ(t) for two-dimensional (2D)
inviscid wave beams that propagate under an inclination tan θ. These representations
of a wave maker generate an accurate internal wave far field, i.e. at sufficient distance
from the energy input. However, our analysis in §6.4 reveals that these implementations
fail to describe the wave field components related to vertical line vortices, which are
inevitably generated at the lateral edges of the wave maker. Those line vortices do play
a significant role in the mean vertical vorticity production, and are thus essential for our
analysis.

The second common approach consists in prescribing a momentum body forcing
F = x̂ä(y, z, t)δ(x), where δ is the Dirac delta. This approach is popular in theoreti-
cal studies because Green’s functions of the governing equations are often known. For
numerical implementations of this momentum-forcing approach, the Dirac delta is typi-
cally replaced by a sharp Gaussian. Although one can easily find equivalent body forcing
formulations for forced boundary constraints for two-dimensional problems, it appears
non-trivial to do so for three-dimensional problems.

We first solve the traditional boundary value constraint (6.12) approximately in
terms of the wave potential (φ), such that we can subsequently construct a streamfunc-
tion Ψ to satisfy the additional constraint in (6.13) exactly. Although we are primarily
interested in the half-open domain, x > 0, we naturally extend the analytical expressions
to R3 by taking u and v even in x, and w odd in x, as sketched in Fig. 6.1b.

6.3.1. Wave maker representation. Throughout the remainder of this study, we
consider

a(y, z, t) = −E(y, z)e−iωt with E(y, z) =
1

4π2

∞∫
−∞

∞∫
0

Ê(ky, kz)e
ikyy+ikzzdkzdky,

where the Fourier spectrum Ê of the normalized wall oscillation envelope is assumed
to be negligible for all negative vertical wavenumbers kz to guarantee upward phase
propagation, an assumption that can be dropped whenever needed. We work with
complex expressions; physical quantities always correspond to the real part. For wave
makers of height 2lz, width 2ly and vertical wavenumber k?z , we take

E(y, z) = Πcy ,ly(y)Πcz ,lz(z) exp[ik?zz], Πc,l(s) =
tanh[c(s+ l)]− tanh[c(s− l)]

2
,

Ê(ky, kz) =
π2

cycz

(
sin[kyly] csch

[
kyπ

2cy

])
·
(

sin[(k?z − kz)lz] csch

[
(k?z − kz)π

2cz

])
,

(6.14)

where the smoothing parameters cy and cz must be chosen sufficiently large, as discussed
in detail in §6.6, with the discontinuous edges corresponding to cy → ∞ and cz → ∞.
An example with finite smoothing paramters cy and cz is plotted in Fig. 6.2. The exact
solutions to the linearized equations, constructed in the next section, do not rely on this
particular envelope choice, and thus are far more general.
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x = 0

↑
phase

t = 0

y = 0
x = 0

↑
phase

t = π/(2ω)

y = 0

Figure 6.2. Sketch of the imposed boundary oscillation in the forcing plane x = 0, at
two instances in time, t = 0 (left) and t = π/(2ω) (right), for smoothed wave maker
envelope given by expression 6.14 with cy = cz = 2.5, ly = lz = 1, k?z = 2π. The blue
box indicates the wave maker domain, (y, z) ∈ [−1, 1] × [−1, 1]. The solid and dashed
lines show contours of ȧ(y, z, t) at 0.25-intervals.

6.4. Three-dimensional propagating internal wave beams

In this section, we construct analytic expressions for 3D internal wave fields generated
by the oscillating boundary constraint, (6.13). Writing

Ŵ (x, ky, kz) =

∞∫
−∞

∞∫
−∞

w(x, y, z, t) exp[−ikyy − ikzz + iωt]dydz,

the governing equation (6.10) reduces to

Ŵxx +
(
k2
zµ

2 − k2
y

)
Ŵ = 0, (6.15)

where

µ2 =
ω(−iω + ϑk2)2 + ωf2

(ω2 + iωϑk2 −N2)(ω + iϑk2)
= tan2 θ + iϑk2

(
ω2N2 + f2(N2 − 2ω2)

ω(N2 − ω2)2

)
+O(ϑ2),

k =
kz

cos θ
.

(6.16)

In deriving equation (6.15), we neglected O(ϑ2)-terms by approximating the Fourier-
transformed Laplace operator with −k2 = −k2

z/ cos2 θ, whenever the Laplace operator is
associated with viscous dissipation. The validity of this approximation will be apparent
from the solution presented below, for which the Fourier-transformed Laplace operator
becomes −(k2

x + k2
y + k2

z) = −(µ2 + 1)k2
z = −k2 +O(ϑ), with µ given in equation (6.16).
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x/ly

z/ly

y/ly

ub

Figure 6.3. This figure shows the inviscid (ϑ = 0) non-dimensional x-velocity compo-
nent, ub, of a three-dimensional diffracting internal wave beam in three horizontal planes
(z/ly = 0.3,−1.2 and −2.7), for the smoothed wave maker forcing depicted in Fig. 6.2.
For clarity, values |u| < 0.05 are invisible. The four blue diagonal dashed lines indicate
the centre wave beam region (set by forcing region (y/ly, z/ly) ∈ [−1, 1]× [−1, 1]). Due
to diffraction, the wave beam widens in the y-direction with increasing distance to the
source at x = 0.

The homogeneous solution of the 1D Helmholtz equation (6.15), which is bounded

for x > 0, is proportional to exp[ikxx], where kx =
√
k2
zµ

2 − k2
y. This shows that the

potential φ can be written as

φ(x, y, z, t) =
1

4π2

∞∫
−∞

∞∫
0

φ̂(ky, kz) exp[ikxx+ ikyy + ikzz − iωt]dkydkz, (6.17)

with the spectrum φ̂(ky, kz) related to Ŵ (x, ky, kz) (by the continuity equation (6.5))
through

φ̂(ky, kz) =
i

µ2kz
Ŵ (x, ky, kz) exp[−ikxx]. (6.18)

Without yet specifying the spectrum φ̂(ky, kz), we can readily write the 3D wave beam

velocity field, which we denote by ub, in terms of φ alone (up to O(ϑ)-accuracy):

ub =

ubvb
w

 =

 ∂x
∂y

− tan2 θ∂z

φ+ iϑβ

 0
0
∂zzz

φ, β =

(
ω2N2 + f2(N2 − 2ω2)

ω(N2 − ω2)2 cos2 θ

)
.

(6.19)

The aim is to find a solution approximating the boundary forcing constraint (6.13).
We start by considering constraint (6.12) and approximate u|x=0 by ik?xφ|x=0, hence
imposing

φ̂ = − ω
k?x
Ê(ky, kz),
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where k?x = tan θk?z is the horizontal wavelength imposed by the wave maker. While
approximating u|x=0 by ik?xφ|x=0 does imply a slight violation of the (already approx-
imated) boundary constraint (6.13), it happens to come with the benefit of removing
an unphysical singularity in ∂xv at (x, y) = (0,±ly)23. Avoiding a singularity in ∂xv at
(x, y) = (0,±ly) is essential because v has to be continuous at (x, y) = (0,±ly) in order
to vanish at these edges.

Fig. 6.3 illustrates the spatial structure of the (inviscid) x-velocity component, ub,
for the smoothed wave maker forcing profile depicted in Fig. 6.2. The beam decays in

the along-beam direction due to horizontal diffraction at rate 1
cos θ Im[

√
k2
z tan2 θ − k2

y],

which is dominated by those transverse wavenumbers ky that are slightly larger (in
absolute value) than µkz = sin θk + O(ϑ). This means that part of the generated
internal waves, namely those associated with the wavenumber pairs (ky, kz) satisfying
|ky/kz| > tan θ, cannot leave the forcing plane, x = 0 due to diffraction. In contrast,

diffraction is practically absent if the imposed spectrum Ê(ky, kz) at x = 0 practically
vanishes for ky > kz tan θ, which is the case for transversely very wide, quasi-2D beams.
Interestingly, the diffraction decreases with angle θ, i.e. quasi-horizontal propagating
beams diffract much stronger than quasi-vertically propagating beams.

The viscous attenuation rate per unit distance along the beam, i.e. the real part
of ikx cos θ at viscous order O(ϑ), is given by ϑk4 sin θ/(2Nkx cos θ). For 2D beams,
satisfying kx = k sin θ + O(ϑ), we recover the viscous attenuation rate ϑk3/(2N cos θ)
(Thomas and Stevenson, 1973; Lighthill, 1978; Voisin, 2003), which equals 1/(2λH cos θ)
in the notation of Bordes et al. (2012).

What remains to be solved is the vorticity equation (6.6) for the horizontal stream-
function Ψ, such that v = ∂yφ + ∂xΨ vanishes at the sharp vertical edges of the wave
maker, at (x, y) = (0,±ly). Straightforward analysis gives

Ψ(x, y, z, t) = Ψrot + sΨsb + (1− s)Ψcf , (6.20)

consisting of rotational, Stokes boundary layer and curl-free streamfunctions, with the
relative contribution of the latter two determined by the parameter s, as discussed below.
The rotational streamfunction,

Ψrot = − if

ω + iϑk2
φ =

f

ω2
(−iω − ϑk2)φ+O(ϑ2), (6.21)

solves equation (6.6) at O(ε0) for given φ. In contrast to the other streamfunction
components, this is the only vortex component directly linked to the propagating wave
beam (φ), and it may be attributed to the internal wave field. Evidently, the rotational
streamfunction vanishes for non-rotating fluids, to which we restrict the analysis in §6.5.

23We remark that replacing u|x=0 by ik?xφ|x=0 also neglects the contribution from the curl-free
streamfunction, Ψcf , determined below. Effectively, replacing u|x=0 by ik?xφ|x=0 boils down to approx-

imating ikx + |ky| = i
√

tan2 θk2z − k2y + |ky| by i tan θkz, valid for all sufficiently small ky, and then
replacing kz by the imposed vertical wavenumber, k?z . The sharp spectral peaks at ky = 0 and kz = k?z
justify these simplifications.
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The Stokes boundary layer streamfunction,

Ψsb =
ω2

4π2k?x

∞∫
−∞

∞∫
0

kyÊ(ky, kz)

ksbx (ω + iϑk2
z)

exp
[
iksbx |x|+ ikyy + ikzz − iωt

]
dkydkz,

ksbx =

√
i
ω

ϑ
− k2

y − k2
z ,

(6.22)

is the solution of the viscous vertical vorticity equation (6.6), i.e.

(∂t − ϑ∆)Ωsb = 0, Ωsb = ∆hΨsb,

with Ωsb the associated vertical vorticity, and satisfying ∂xΨsb|x=0 = −∂yφ|x=0 +O(ϑ).
Similarly, the curl-free streamfunction

Ψcf =
iω

4π2k?x

∞∫
−∞

∞∫
0

sign[ky]Ê(ky, kz) exp[ikyy − |ky|x+ ikzz − iωt]dkydkz, (6.23)

is the solution to

∆hΨcf = 0 statisfying ∂xΨcf |x=0 = −∂yφ|x=0.

For the wave makers with sharp edges (envelope (6.14) with cy = cz = ∞), expression
(6.23) reduces to

Ψcf = − ω

2πk?x

(
log
(
r−
)
− log

(
r+
))

exp[ik?z − iωt] for |z| < lz,

r± =
√
x2 + (y ∓ ly)2 for x > 0.

(6.24)

Note that this curl-free streamfunction can be interpreted as originating from two vertical
line vortices at y = ±ly.

The undetermined parameter s in equation (6.20) weighs the relative contribution of
the (viscous) Stokes boundary layer and (inviscid) vertical line vortices. The y-velocity
component associated with the Stokes boundary layer, vsb = ∂xΨsb, takes amplitude
O(ϑ−1/2) at the vertical sheet, x = 0, i.e. large for weak viscosity. If we impose a no-slip
boundary constraint on v at x = 0, then svsb must be balanced by other O(1)-velocity

components, implying s ∈ O(ϑ1/2). For a free-slip (no-stress) boundary condition on v,
the parameter s must be zero, because a Stokes boundary layer cannot be established
at stress-free boundaries. This illustrates that representing the oscillating boundary by
a free-slip or no-slip surface is insignificant for the mean flow generation, allowing us to
choose s = 0 and neglect viscous boundary layer effects for simplicity.

From here onwards, we restrict ourselves to non-rotating fluids (f = 0). Rotational
effects on the generation of mean flow are worth to be investigating in a separate publi-
cation.

6.5. Streaming and inviscid mean flow generation

We are interested in the generation of mean flow, driven by the time-averaged nonlin-
ear terms in the governing equations (6.1)-(6.3), known as the mean Reynolds stresses.
The mean Reynolds stresses at O(ε) arise from the products of O(ε0)-solutions. This
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process is also referred to as ‘streaming’ when related to viscous attenuation of the wave
field (Lighthill, 1978), in analogy to acoustic streaming, or as ‘rectification’ when per-
taining to the mean field produced by periodic waves, as in tidal rectification (see §6.6
in Grisouard and Bühler (2012) and references therein).

The question we want to answer is the following. Which wave field components
are essential in forcing the potentially energetic vortical induced mean flow? As men-
tioned earlier, the vortical induced mean flow is associated with mean vertical vorticity,
which is the only vorticity component that can accumulate energy in the presence of
stratification. Conveniently, the (accelerating) vortical and (non-accelerating) buoy-
ancy advection-induced mean horizontal flow components can be disentangled through
a Helmholtz decomposition,

ū = φ̄x − Ψ̄y, v̄ = φ̄y + Ψ̄x,

where the overbar denotes time averaging over one wave period, T = 2π/ω. The vertical
velocity component, w̄, is attributed entirely to the buoyancy advection-induced mean
flow. We briefly discuss the buoyancy advection-induced mean flow, before analysing
the generation mechanisms driving the resonantly growing vortical induced mean flow.

6.5.1. Buoyancy advection-induced mean flow. Balancing the time-independent
terms in the buoyancy equation (6.2), one readily finds at O(ε) the buoyancy advection-
induced mean vertical flow,

w̄ =− ε

N2
Re[u] · Re[∇b] = − ε

2N2
Re[u · ∇b∗] = − ε

2ω
Im[u · ∇w∗], (6.25)

where ∗ denotes complex conjugate, and we used b = −i(N2/ω)w +O(ε). Remarkably,
the buoyancy advection-induced mean flow may also be non-zero for 3D inviscid wave
beams, apparent from substituting (6.19) into (6.25),

w̄ =
ε tan2 θ

2ω
Im[

(
−∇h

tan2 θ∂z

)
φ · ∇φ∗z] +O(ϑ) =

ε

2ω
Im[tan2 θ(uu∗z + vv∗z)− ww∗z ] +O(ϑ).

(6.26)
This emphasizes the fundamental difference with 2D wave beams, which satisfy w =
u tan θ+O(ϑ), v = 0, and hence solve the nonlinear equations identically in the absence
of viscosity (McEwan, 1973; Tabaei and Akylas, 2003).

In the appendix, §6.8.1, we show that, not surprisingly, this Eulerian vertical mean
flow is exactly opposed by the vertical Stokes drift, such that the net (Lagrangian)
vertical particle transport vanishes.

The continuity equation relates the vertical induced mean flow to the horizontal
buoyancy advection-induced mean flow, [φ̄x, φ̄y],

∆hφ̄ = −w̄z. (6.27)

For 2D internal wave beams in the (x, z)-plane, we recover the 2D induced mean flow,
(ū, w̄) = (Qz,−Qx), with Q = −

∫
w̄dx the mean streamfunction, corresponding to

equation (2.10) of Kistovich and Chashechkin (2001)24, as well as equation (3.10) of

24Note that, confusingly, Kistovich and Chashechkin (2001) refer to the induced mean flow as Stokes
drift. The apparent factor four difference in their expression results from a slightly different definition
of the streamfunction.
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Tabaei and Akylas (2003). The mean perturbation on the background stratification,
equation (2.12) of Kistovich and Chashechkin (2001) and equation (3.11) of Tabaei and
Akylas (2003), is more generally given by

b̄ = ε Re[u] · Re[∇w] =
ε

2
Re [u · ∇w∗] .

For a 3D wave beam, the expression (6.25) for w̄ depends on the transverse coordinate
y, and the 2D Poisson equation (6.27) must be solved. The scalar field φ̄ inherits the
O(ε)-amplitude from w̄, and is thus weak at all times for weakly nonlinear internal wave
beams.

6.5.2. Vortical induced mean flow. We now turn to the vortical induced mean
flow, [−Ψ̄y, Ψ̄x, 0], which is confined to the horizontal plane. It evolves slowly over the
slow time scale τ = εt, governed by time-averaged vertical vorticity equation (6.6) for
f = 0: (

∂τ −
ϑ

ε
∆

)
∆hΨ̄ = R. (6.28)

As argued in §6.4, we can neglect the contribution from a Stokes boundary layer. An
additional term 1

εfw̄z appears on the right-hand side of (6.28) if rotation (f 6= 0) is
included, resulting in considerably more complicated dynamics by coupling the buoyancy
advection-induced mean flow (w̄) with the vortical induced mean flow (Ψ̄).

6.5.3. Streaming in the absence of rotation. For wave fields in non-rotating
fluids (Ψrot = 0), the mean vertical vorticity production resulting from beam-beam
interactions associated with viscous dissipation is given by

R
b

= J(Re[w],Re[φz]) = −ϑβ̃J(Im[φzzz],Re[φz]) +O(ϑ2)

= ϑ
β̃

2
Im
[
ubz
∗
vbzzz − vbz

∗
ubzzz

]
+O(ϑ2),

(6.29)

where β̃ = tan2 θ/(ω cos4 θ) = β for f = 0. The superscript b denotes that R
b

is the
contribution from beam-beam interactions to the mean vertical vorticity production, R.
Physically, the generation of mean vertical vorticity can be understood as slight tilting
of the purely horizontal wave beam vorticity vector by the wave beam velocity field. An
illustrative discussion of vortex tilting (also known as vortex twisting) can be found in
Hoskins (1997).

For internal wave beams with a dominant vertical wavenumber, say k?z , we may
replace ∂z → ik?z , reducing (6.29) to

R
b

= −ϑβ̃k?z
4(ub(T/4)vb(0)− ub(0)vb(T/4)) +O(ϑ2), (6.30)

where [ub(t), vb(t)] = Re[∇hφ]. This expression is particularly useful for laboratory
experiments for which time series of the horizontal velocity field, [u(t), v(t)], in a hor-
izontal plane are acquired using PIV25, and where k?z is imposed by the wave maker.

25Particle Image Velocimetry (PIV) is an optical method of flow visualization, which detects the
displacement of particles suspended in a fluid. If the particles are sufficiently small (in the sense of
negligible particle inertia time scale with respect to the smallest relevant time scale of the experiment),
then the particle motion is identical to the fluid parcel motion, and experimental PIV velocity fields
correspond to the Lagrangian velocity of the fluid.
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The wave beam velocity field [ub(t), vb(t)] can be extracted from [u(t), v(t)] by filtering
at the forcing frequency and applying a (discrete) Helmholtz decomposition. Note that
expression (6.30) is valid for truly 3D wave fields. For quasi-2D wave fields, for which
kx ≈ k? sin θ = k?z tan θ, valid if |ky| � k?z tan θ, we can interchange ∂z with cot θ∂x,
reducing (6.29) to

R
b

= − ϑk?3

2N cos2 θ
∂yU

2 +O(ϑ2), (6.31)

where U =
√
φxφ∗x is the x-velocity amplitude of the wave beam. This approximate

expression is identical to the mean vertical vorticity production term in equation (2.16) of
Fan et al. (2018). An expression proportional26 to the mean vertical vorticity production
derived by Bordes et al. (2012) is found upon assuming variations of U to be purely due
to viscous attenuation, with rate ϑk?3/(2N) in the x-direction, equal to 1/(2λH) in their
notation.

Whereas previous derivations (Bordes et al., 2012; Kataoka and Akylas, 2015; Fan
et al., 2018), resulting in an expression similar to (6.31) for quasi-2D wave beams, only
stress the importance of horizontal cross-beam variations (∂yU 6= 0), our more general
expression (6.30) links streaming to the elliptical wave motion in the horizontal plane.
This new insight implies that streaming is maximized for (nearly) circular wave motion,
when u and v are of similar magnitude and out of phase. Strong streaming may thus
be expected where two internal wave beams (both propagating upwards or downwards)
intersect obliquely, for example two beams with propagation in, respectively, x− and
y-directions. Configurations of truly oblique intersections of wave beams, where the
angle between the horizontal propagation directions is not 0◦ or 180◦, have not yet been
studied, although it seems plausible that oblique interactions of wave beams, generated
at and scattered by nearby topographic features, are common in the 3D oceans.

6.5.4. Inviscid mean flow generation associated with vertical line vortices.
We now focus on the interaction of the curl-free streamfunction Ψcf with the wave beam,
possible only through the second wave-vortex interaction term in equation (6.7), and
given by

R
cf

= −(∇hw) ·
(
∇hΨcf

z

)
= tan2 θRe

[
ubzv

cf∗
z − vbzucf

∗
z

]
+O(ϑ), (6.32)

where we used wx = −uz tan2 θ + O(ϑ) and wy = −vz tan2 θ + O(ϑ) for the second
expression. This mean vertical vorticity production is particularly interesting, because
it may be non-zero even in the absence of viscosity (ϑ = 0). For wave beams with
dominant vertical wavenumber, k?z , we can further simplify (6.32) to

R
cf

= k?z
2 tan2 θ

∑
t∈{0,T

4
}

(
ub(t)vcf (t)− vb(t)ucf (t)

)
+O(ϑ), (6.33)

where [ucf (t), vcf (t)] = Re[−Ψcf
y ,Ψ

cf
x ]. As with (6.30), this expression is also useful if

the horizontal velocity field, [u(t), v(t)], is known in a horizontal plane, such as is often
the case for laboratory experiments. For an experimental dataset, it is important to

26The mean vertical vorticity production term in (A18) in Bordes et al. (2012) is a factor two smaller
as compared to our expression and the expression by Fan et al. (2018).
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x
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line vortex at y = −ly

line vortex at y = ly

vcf < 0

vcf > 0

2π
k?x

Figure 6.4. Schematic snapshot of the downward propagating wave beam (solid and
dashed phase lines in centre plane, y = 0, and a horizontal plane) and the velocity

vcf = Ψcf
x (red and blue areas), associated with the vertical line vortices at the edges

(y = ±ly) of the wave maker (gray shading at x = 0 gives E, the strength of forcing

F ). Mean vertical vorticity production through R
cf

, dominated by 1
2 Re

[
w∗xv

cf
z

]
, occurs

primarily in the red and blue shaded areas. The strength of R
cf ∝ sin(k?xx)/x decays

radially from the wave maker edges, with sign changes imprinted by the horizontal beam
wavenumber, k?x.

verify whether [ucf (t), vcf (t)], extracted from ω-filtered [u(t), v(t)] through a Helmholtz
decomposition, is indeed vertical-vorticity-free (within measurement uncertainty).

For wave makers with sharp edges at y = ±ly, such as sketched in Fig. (6.4),
the velocity field associated with the line vortices decays inversely proportional to the
distance to the wave maker edges (see also explicit streamfunction solution Ψcf , equation
(6.24)). Variations of the wave beam velocity field in a horizontal plane (and within
the beam) are dominated by the horizontal beam wavenumber, k?x = k?z tan θ. As a
consequence, the mean vertical vorticity production near the edges y = ±ly, dominated

by R
cf ≈ 1

2 Re
[
w∗xv

cf
z

]
, is characterized by the sinc function (sin(k?xx)/(k?xx)), changing

sign with increasing distance to the wave maker at rate π/k?x. This is unlike streaming,
which does not change sign along the x-direction, decaying with distance to the wave
maker only due to the (weak) decay of the wave beam strength. This suggests that near
the line vortices, inviscid mean flow generation associated with the line vortices prevails,
whereas streaming dominates at sufficient distance from the wave maker.

6.6. Comparison with experiments by Bordes et al. (2012)

In this section, we compare our theoretical results with the experimental observa-
tions by Bordes et al. (2012). We adopt their parameter values, and specifically the
wave frequency ω0/N0 = 0.26 and wave maker amplitude a0 = 1 cm corresponding to
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2a0
ly

kz/k
?
z
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Figure 6.5. (a) The horizontal wave maker profile E(y, 0), defined in equation (6.14);
and (b) its derivative, ∂yE(y, 0) (normalized by its maximum), for cy =∞ (black, solid),
our choice cy = 15l−1

y (blue, dot dashed), and the choice by Kataoka and Akylas (2015);

Fan et al. (2018) cy = 2.5l−1
y (red dashed). The vertical lines in (b) illustrate Dirac

deltas, the horizontal line illustrates the relative wave maker excursion, 2a0/ly = 0.27,

in Bordes et al. (2012). (c): The spectrum Ê(0, kz) with k?z = 3π/lz for cz =∞ (black,
solid), cz = 15/lz (blue, dashed dot, almost indistinguishable) and cz = 2.5/lz (red,
dashed).

the experiments presented in their figures 2 and 3. We account for the wave maker inef-
ficiency (Mercier et al., 2010) by reducing the wave maker amplitude for the theoretical
expressions by 25%. The associated Stokes number, ε = 0.2, is sufficiently small for our
perturbational expansion to be valid.

Imperfections in the laboratory set-up justify smooth approximations of the rectangular-
shaped wave maker, i.e. finite smoothing parameters (cy < ∞, cz < ∞) in envelope
function (6.14). A smooth envelope function E(y, z) is needed to avoid the Gibbs phe-
nomena when numerically integrating the wave beam field, expression (6.17). We find
cy = cz = 15l−1

y justifiable, because ∂yE(y, 0) ∝ ∂yΠcy ,ly(y) then consists of two peaks
with widths comparable to the wave maker excursion, 2a0 (see Fig. 6.5b). This is not
the case for the choice27 cy = 2.5l−1, made by Kataoka and Akylas (2015); Fan et al.
(2018), also illustrated in Fig. 6.5.

6.6.1. Velocity fields of wave beam and line vortices. We present the x-

velocity component u = φx − Ψcf
y in Fig. 6.6, for an inviscid beam (panels a,b) and a

viscous beam (panels c,d), both including the inviscid contribution from the vertical line

vortices (Ψcf
y ). In agreement with the experimentally observed beam by Bordes et al.

(2012), their figure 2(a,b), we find that our theoretical viscous beam decays along the
propagation direction due to viscous dissipation. The comparison of the viscous and
inviscid beams illustrates that viscosity especially smooths the upper and lower edges of
the beam, which feature strong shear in the inviscid case. The intensity of the inviscid
beam also decays in the along-beam direction. This highlights that a considerable part
of the decay in the along-beam direction is due to (inviscid) diffraction, i.e. cross-beam

27Whereas the rectangular-shaped wave maker was horizontally highly smoothed for numerical con-
venience, Kataoka and Akylas (2015) and Fan et al. (2018) did use sharp vertical envelopes, respectively
cz = ∞ and cz = 7.5/lz. It should be noted that they use Y for the vertical and Z for the transverse
horizontal coordinate.
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Figure 6.6. Snapshot of inviscid (a,b) and viscous (c,d) wave field velocity, u(t) = Re[u]
at t = π, in mm/s, with contours representing the amplitude (|u|). The left panels (a,c)
present the side view (y = 0, dashed line in (b,d)) and the right panels (b,d) present the
top view (z = 0, dashed line in (a,c)). The plots are prepared so as to facilitate direct
comparison with the experimental results in figure 2(a,b) of Bordes et al. (2012). The
idealized wave maker envelope (cy = cz = 15l−1

y ) is indicated by the black lines. Gray
area: extend of oscillating wave maker in laboratory set-up.

widening. Consequently, the theoretical assumption by Bordes et al. (2012) that the
decay of the beam is purely due to viscous dissipation might be inappropriate for their
experimental set-up.

The attentive reader may spot weak upward-propagating wave beams in Fig. 6.6(a,c),
originating from the lower and upper edges of the wave maker. These wave field com-
ponents, also visible in the experimental data, figure 2(a) of Bordes et al. (2012), are

associated with the negative part of the spectrum, Ê(0, kz) for kz < 0, visualized in Fig.
6.5(c) and also discussed in §6.8.2. As opposed to the lateral edges of the wave maker,
the upper and lower edges function as two line sources of internal waves, generating St.
Andrew’s crosses (also illustrated in Fig. 6.1(a)), with the downward-propagating com-
ponents absorbed in the wave beam (and intensifying the lower and upper beam edges
in the inviscid case).

The beam’s y-velocity component, vb = φy, the y-velocity associated with the line

vortices, vcf = Ψcf
x , and their sum, v, are presented in Fig. 6.7. Whereas the maxima of

vb and vcf are located at the edges of the wave maker, we find that their sum, v, peaks
at around 6 cm from the wave maker. Moreover, v vanishes at x = 0, consistent with
the requirement for the (idealized) wave maker discussed in §6.3. The maxima of vb and
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Figure 6.7. Transversal horizontal (y-) velocity components in top view (z = 0) of (a)
the wave beam, vb, (b) the line vortices, vcf , and (c) their sum, v, in mm/s at t = π,
with contours representing their amplitude. All parameter values as in Fig. 6.6. The
wave maker extend (gray area) is transparent, to visualize the singularities of vb and vcf

at the edges, absent for v. Plot (d) presents the net Stokes drift in the x-direction, ūS ,
with arrows indicating the horizontal Stokes drift field, [ūS , v̄S ], possibly representing
the initially observed jet that Bordes et al. (2012) refer to, as discussed in the text. The
colour bar shown in (b) applies to (a) and (c) too.

vcf become singularities for cy → ∞, signifying that only their non-singular sum v is
physically feasible. This affirms the importance of taking the vertical line vortices into
account.

It is important to realize that the experimental velocity field is observed with PIV,
detecting the motion of suspended particles. The particle sizes (approximately 8 µm)
are sufficiently small such that their motion coincides with the Lagrangian velocity field,
representing the Eulerian field only if the Stokes drift is negligible. The Stokes drift,
discussed in §6.8.1, is secondary to the wave field, but may dominate the time-averaged
field, i.e. the observed mean flow. The net theoretical Stokes drift, ūS , is plotted in
Fig. 6.7(d), exceeding values of 0.05 mm/s, able to transport particles more than 5 cm
over the course of the experiment. Bordes et al. (2012) report that the (Lagrangian)
observed mean flow is initially located close to the wave generator. We speculate that
they initially observed the Stokes drift, which appears instantaneously within the beam,
dominating the linearly growing (Eulerian) induced mean flow during the first couple
of wave periods. Towards the end of the experiment (after ∼ 50 wave periods), the
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Figure 6.8. This figure shows the theoretical mean vertical vorticity production as-

sociated with (a) streaming, R
b
0, (b) interaction of the vertical line vortices with the

beam, R
cf
0 , and (c) their combined production. The mean vertical vorticity increase,

∂tΩ̄ = ∂t∆hΨ̄0, experimentally observed by Bordes et al. (2012) and presented in their
figure 3a, is reproduced in (d). Under the assumptions leading to equation (6.28), ∂tΩ̄
and R0 should be identical at O(ϑ)-accuracy. The colour bar shown in (b) also applies
to (a), (c) and (d).

Stokes drift constitutes only 10% of the Lagrangian mean flow, justifying treating the
Lagrangian PIV observation as an Eulerian field.

6.6.2. Mean vertical vorticity production. We present the mean vertical vor-

ticity production through streaming (R
b
), associated with the vertical line vortices (R

cf
),

and their sum (R) in Fig. 6.8(a-c). For comparison, we reproduce the mean vertical
vorticity increase observed by Bordes et al. (2012) in Fig. 6.8(d). The similarity of
Fig. 6.8(c,d) strongly suggests that both viscous streaming and inviscid mean vertical
vorticity production associated with the line vortices are significant for this particular
experimental set-up. This supports our new hypothesis that inviscid mean flow gen-
eration near the edges of wave makers in laboratory set-ups cannot be neglected. It
is unclear why the experimentally observed mean vertical vorticity is not symmetric
around the centre, y = 0. Our analysis suggests that the dipolar vortex centred around
9 cm from the wave maker results from streaming, whereas the dipolar vortex closer
to the wave maker, at x = 3 cm, is caused by interaction of the line vortices with the
beam. Consistent with the conclusions by Kataoka and Akylas (2015), the similarity
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between experimental results with our predictions – excluding mean flow generation as-
sociated with beam-modulations – suggests that modulation effects are not essential for
the experiments by Bordes et al. (2012).

The mean vertical vorticity associated with the horizontal net Stokes drift, [ūS , v̄S ],
instantaneously produced, may be imprinted on the experimental mean vertical vortic-
ity increase if one approximates ∂tΩ̄L(t) ≈ Ω̄L(t)/t, where Ω̄L = ∂xv̄L − ∂yūL is the
Lagrangian mean vertical vorticity. We verified that this Stokes mean vertical vorticity
is only relevant over the first wave period, and insignificant for the experimental data
reproduced in Fig 6.8(d).

It may be argued that the efficiency of the wave maker in generating a wave beam
and vertical line vortices differs. If the line vortex generation efficiency is slightly less
as compared to the beam generation inefficiency (estimated at 75%), then we find that
the mean vertical vorticity production (not shown) corresponds strikingly well with the
experimental mean vertical vorticity increase (Fig. 6.8d). We propose to estimate the
strengths of the line vortices experimentally, similar to the study on the efficiency to
produce wave beams performed by Mercier et al. (2010).

6.7. Concluding remarks

Our analysis has confirmed that the propagation of 3D internal gravity wave beams
differs fundamentally from their 2D counterparts. In agreement with the results by
Bordes et al. (2012) and Kataoka and Akylas (2015), we find that the finite width of
3D internal gravity wave beams is essential in producing mean vertical vorticity through
streaming, resulting in a strong horizontal mean flow.

Our results are primarily useful for the understanding of laboratory experiments on
internal waves, or reversely formulated, for avoiding misinterpretation of experimental
results. As such, our work may contribute to correct and insightful extrapolations of
experimental results to oceanic circumstances.

Importantly, we find that the vertical line vortices at the lateral edges of the wave
maker contribute to the mean vertical vorticity production at leading order, and can
therefore not be neglected. Moreover, this vertical vorticity production changes sign
with increasing distance to the wave maker, the rate being imprinted by the horizontal
beam wavelength. It is this sign change which results in the quadrupolar structure of
the mean vertical vorticity production, which was also observed experimentally.

One may wonder why the quadrupolar vertical vorticity production leads to a dipolar
induced mean flow (evident in figures 1(b) and 2(d) of Bordes et al. (2012)), rather than
a quadrupolar induced mean flow. The answer is surprisingly simple. The stress of the
wave maker on along-boundary mean flow produces a boundary layer with thickness√
νt (see e.g. Schlichting and Gersten (2000)), reaching 1 cm thickness within four wave

periods and almost 4 cm by the end of the experiment. This means that the dipole
associated with the vertical line vortices eventually ends up inside the boundary layer
of the vortical induced mean flow, and is thus strongly damped by wall friction. The
good agreement of the simulated induced mean flow by Kataoka and Akylas (2015) with
the experiments stems from the circumstance that the near-field induced mean flow
(associated with the wave-line vortex interaction and ignored in their theory) quickly
reaches a state in which its energy input matches the wall-friction dissipation rate,
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whereas the far field induced mean flow (forced by streaming) accumulates mean vertical
vorticity throughout the entire experiment.

A standard paradigm (also known as non-acceleration theorem) widely used in fluid
dynamics says that the resonantly growing induced mean flow can only arise when and
where waves are (A) dissipated or (B) generated (e.g. Andrews and McIntyre (1978)).
In our setting, streaming belongs to the dissipative processes (A), which may occur any-
where in space, whereas the inviscid generation mechanism associated with the vertical
line vortices only occurs in the vicinity of the energy source (B). The notion of ‘vicinity’
is obviously problem-dependent, ranging from a few centimeters in laboratory set-ups
to possibly dozens of kilometres in oceanographic settings. Although counterexamples
are known (Bühler and McIntyre, 2005), this paradigm nevertheless forms a suitable
conceptual classification of the two vortical mean flow generation mechanisms discussed
here.

The Helmholtz decomposition has proven extremely useful in many studies on fluid
dynamics (see e.g. the review by Bhatia et al. (2013)), including recent developments for
internal wave data analysis (Bühler et al., 2017). Once more, we find that disentangling
the wave horizontal wave field with a Helmholtz decomposition into propagating internal
wave (φ) and non-propagating oscillation (Ψ) is essential in determining the mean ver-
tical vorticity production contributions. It is now a standard procedure to disentangle
experimental wave field data in vertical planes into field components propagating in dif-
ferent vertical directions through Hilbert filtering (Mercier et al., 2008). We propose to
extend the experimental wave field decomposition procedure with a (discrete) Helmholtz
decomposition applied to the horizontal velocity field in horizontal planes to disentangle
wave and vortex components.

Possibly most importantly, our analysis in §6.3 illustrates that an appropriate math-
ematical representation of the wave maker is essential in studies on mean flow generation.
The numerical code by Sibgatullin and Kalugin (2016), used in several studies involving
wave makers, and the numerical code employed by Grisouard et al. (2013); Rayson et al.
(2018), for simulations of mean flow generation upon reflection at inclined bottoms, do
not capture the vertical line vortices at the edges of the wave makers. While the absence
of the vertical line vortices in simulations may be of no concern for the far field, one must
be aware that the vertical line vortices are intrinsic to laboratory experiments, and may
impact the nonlinear dynamics in the vicinity of the wave maker. Brouzet et al. (2016b)
find mean flow generation in their numerical simulations, possibly related to streaming
in the boundary layer at the rigid walls. A similar study by Pillet et al. (2018) places a
wave maker in a much wider tank, resulting in lateral spreading of the internal wave field.
Based on our analysis, we expect mean flow generation associated with the line vortices
at the edges of the wave maker in the laboratory, this being absent in the corresponding
numerical simulation. The strengths of our theoretical study is that we can ‘switch’ on
and off the vertical line vortices, thereby investigating whether incorporating the line
vortices may be important for more complicated configurations that can be tackled only
numerically.

This work also forms the basis for further research on the effect of rotation (f 6= 0) on
strong mean flow generation. Numerical simulations by Raja (2018), as well as recent
work by Wagner and Young (2015); Fan et al. (2018), indicate mean flow generation
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to be strongly influenced by rotation. Using the wave maker representation derived in
§6.3, it is straightforward to incorporate the effect of rotation on streaming, soon to be
presented in a separate publication.

6.8. Appendix

6.8.1. (Lagrangian) induced particle transport. The motion of fluid parcels
is described in the Lagrangian framework, which follows a parcel as it moves through
space and time. Experimental mean flow fields derived with PIV correspond to the
Lagrangian mean flow. This section briefly discusses the relation between Lagrangian
and Eulerian wave fields, which is needed for the comparison of our theory (in Eulerian
framework) with the experimental results (in Lagrangian framework) by Bordes et al.
(2012) in §6.6. We denote field variables in the Lagrangian framework with subscript L,
i.e. uL for the x-velocity component. The Lagrangian velocity field uL is related to the
Eulerian velocity uE through

uL = uE + uS , (6.34)

where uS is the so-called Stokes drift (see e.g. Bühler (2010)), and u may be replaced
by any field variable28. The description of the Stokes drift, which is in fact defined
by equation (6.34), is in general non-trivial. Mean field quantities in the Lagrangian
framework are in the most general setting described by the generalized Lagrangian mean
theory, developed by Andrews and McIntyre (1978). For sufficiently small Stokes number
(ε � 1) and over sufficiently short times t− t0, we can conveniently express the Stokes
drift at position x0 for times t > t0 as

uS(x0, t) = ε (x(t) · ∇) uE +O(ε2), (6.35)

where

x(t) =

∫ t

t0

uE(x(t′), t′)dt′ =

∫ t

t0

uE(x0, t
′)dt′ +O(ε)

is the fluid parcel displacement at time t with respect to the initial particle position
x(t0) = x0 at time t = t0. The small Stokes number ε = U0

L0ω0
� 1 appears in (6.35)

because uS is non-dimensionalized with U0 = εL0ω0, while x(t) is non-dimensionalized
by U0/ω0. The Stokes drift averaged over one wave period, ūS , can thus be expressed
at O(ε)-accuracy as

ūS = ε

(∫ t

t0

uE(x0, t′)dt′ · ∇
)

uE =
ε

2ω
Im [(u · ∇) u∗] , (6.36)

assuming that the time average of uE = Re[u] vanishes at leading order O(1), i.e. ū =
0 + O(ε). The (theoretical) horizontal Stokes drift components, [ūS , v̄S ], are presented
in Fig. 6.7d for the experimental parameter values by Bordes et al. (2012). We find
that the vertical Stokes drift, w̄S , is identical in magnitude and opposite in sign to the
vertical induced mean flow, w̄E = w̄ in equation (6.25), such that

w̄L = w̄E + w̄S = 0 (6.37)

28If u in equation (6.34) is replaced by a field variable other than a velocity component, i.e. by the
buoyancy b, then bS is referred to as the Stokes correction.
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up to O(ε)-accuracy. This means that internal waves cannot transport mass vertically
through streaming, a result which has been well known for a long time for monochromatic
2D internal waves (Wunsch, 1971; Ou and Maas, 1986), and may be expected based on
the conservation of the prescribed stratification. To the best of our knowledge, we are
the first to explicitly verify this for monochromatic 3D internal waves. Our analysis can
easily be extended to time-periodic internal waves (i.e. superposition of monochromatic
beams whose frequency ratios are rational).

In 2D, the absence of vertical Lagrangian mean flow, equation (6.37), together with
mass conservation (continuity equation) implies the absence of Lagrangian mean flow
altogether. This is not necessarily the case for 3D internal wave beams, stressing once
again the importance of considering truly 3D internal wave configurations.

The numerical investigation by Binson (1997) predicts wave-induced chaotic mixing
of particles (fluid parcels) for the superposition of at least three monochromatic inviscid
3D internal waves. Their analysis neglects the generation of (Eulerian) mean flow,
which oversimplifies matters as shown by our perturbational analysis; the absence of net
vertical particle transport evidently inhibits any particle mixing in the vertical direction.
Nevertheless, wave-induced chaotic particle mixing may still occur in the horizontal
plane, even for 3D inviscid internal wave beams.

6.8.2. Internal wave slit experiment. As a side remark, we want to mention
that the non-vanishing of the wave maker envelope spectrum Ê(ky, kz) for kz < 0 in
expression (6.14) may explain an unsolved diffraction problem by Mercier et al. (2008).
Using a similar laboratory set-up as Bordes et al. (2012), Mercier et al. (2008) generate
an upward-propagating internal wave beam impinging onto a slit. Their slit experiments
reveal that the transmitted internal waves propagate upwards and downwards; the rel-
ative strengths of the downward-propagating wave increases with decreasing slit height,
s0. The downward propagation may appear surprising, because classical ray theory (e.g.
Lighthill (1978)) predicts that all transmitted internal waves should continue propagat-
ing upwards. No theoretical explanation of the experiment has yet been provided.

We claim that the explanation of the slit diffraction problem is surprisingly simple.
The width of the spectral peak at kz = k?z in Fig. 6.5c increases with decreasing wave
beam height, 2lz. For sufficiently large lz, such as in Fig. 6.5c and for the impinging
internal wave beam in Mercier et al. (2008), the peak width is relatively thin, and wave
propagation is predominantly upwards (for the peak at kz = k?z) or downwards (for
peak at kz = −k?z). For the transmitted internal waves in the slit experiment, one must
replace lz in expression (6.14) by s0/2, half of the slit height. For the smallest slit heights
used by Mercier et al. (2008), the width of the peak at kz = −k?z (not shown) becomes
much wider than unity, hence the transmitted wave energy is split almost equally into
upward- and downward-propagating components.





CHAPTER 7

Discussion and outlook

This thesis has highlighted previously unrecognised boundary layers dynamics in
laboratory experiments by Hazewinkel et al. (2008), Bordes et al. (2012) and Horne
(2015). All these experiments were designed to study internal wave dynamics in the
interior of stratified fluids; it is merely due to constraints on the size of the laboratory
set-ups that boundary layer effects were unavoidable. It appears to be a recurrent pit-
fall to neglect the boundary effects in interpreting experimental observations without
checking the appropriateness of this simplification. A famous example is the impactful
experimental study by Williams et al. (2008), which suggested that spontaneous internal
wave generation emitted by balanced flow might be unexpectedly strong in the oceans.
While the authors admit that their extrapolation to global ocean fluxes is presumably
quite crude, it was recognised only later (Jacoby et al., 2011) that the generation of the
internal waves in the laboratory probably occurred within a thermal boundary layer.
More recent estimates by Brüggemann and Eden (2015) indicate that the ad hoc upscal-
ing by Williams et al. (2008), which neglected the effect of the thermal boundary layer,
over-estimates the spontaneous internal wave generation by a factor three to six.

More generally, boundary layer dynamics also appear to have been overlooked for a
long time as a mechanism to produce the required turbulent mixing that is needed to
maintain the meridional overturning circulation. For several decades, it was unclear why
the theoretically required strength of turbulent mixing (Munk, 1966) was typically not
observed in the ocean. While Polzin et al. (1997) and several subsequent field campaigns
pointed out that turbulent mixing occurs primarily above rough topography, these stud-
ies did not clarify what mechanism causes the turbulent mixing. Understanding which
mechanisms may produce the theoretically required turbulent mixing in the interior of
the deep ocean has been the primary motivation of this thesis. The recent studies by
Ferrari et al. (2016) and McDougall and Ferrari (2017) suggest that upwelling of deep
ocean water occurs primarily along weakly stratified boundary layers (Garrett, 1991).
This means that the internal wave-induced turbulent mixing in the interior of the deep
ocean may after all be less important than previously thought.

The analyses in §5.7.2 & §6.8.1 have shown (historically once again) that the Stokes
drift of two-dimensional internal waves is identically annihilated by the buoyancy-advection
induced mean flow. Despite the fact that this has been known for a long time (Wunsch,
1971; Ou and Maas, 1986), more recent studies, considering either only the Stokes Drift
(Binson, 1997; Hazewinkel, 2010; Horne, 2015) or only the mean flow (Kistovich and
Chashechkin, 2001)29, did suggest there to be a net mass transport. While these studies

29It is unfortunate that despite the large overlap between Kistovich and Chashechkin (2001) and
Tabaei and Akylas (2003), only the latter has received attention within the scientific community.
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are mathematically correct under their (implicit) assumptions, it is important to realise
that the reduced models that form the basis of these studies are not an asymptotic limit
of the fully non-linear equations governing internal wave motion. Therefore, claims on
net vertical mass transport facilitated by non-turbulent internal wave motion are mis-
leading. It is to be hoped that this conceptual misunderstanding is clarified given our
unambiguous findings30.

Interestingly, a similar conceptual misunderstanding underlies the controversial claim
by Burko (2010) on the potential energy distribution of one-dimensional transverse lin-
ear waves in a string. As pointed out by Butikov (2013), the potential energy of the
longitudinal waves, which enters only at the non-linear order of the (linear) transverse
waves, contributes to the leading order potential energy of the string. Assuming the
string dynamics to be linear in the first place – a typical assumption made in almost
all undergraduate Physics textbooks – is an intrinsically misleading assumption for the
analysis of the potential energy.

Studies on wave attractors have focused primarily on two-dimensional and monochro-
matic wave fields. Recent studies (Pillet et al., 2018, 2019) investigate three-dimensional
aspects of wave attractors, attempting to close the gap between idealized theoretical
studies and complex oceanic conditions. It appears that the most hampering discrep-
ancies between oceanic conditions and idealised wave attractor-studies remains the as-
sumption of monochromaticity, because the oceanic internal wave spectrum is typically
broad-banded, with at most some slight intensification at tidal frequencies. Although dif-
ferent monochromatic internal wave attractor solutions can be superimposed in a regime
governed by linear dynamics, it is unclear to what extent non-monochromatic wave at-
tractors resume the capability of monochromatic attractors to create locally high energy
densities that may trigger turbulent mixing. Ongoing work – which does not form part
of this thesis – suggests that contrary to monochromatic wave attractors (Brouzet et al.,
2017a), wave attractors of a broad-band wave field are less susceptive to triadic resonance
instabilities. Based on the preliminary results, wave attractors in the oceans may thus
contribute to cascading energy to small scales where turbulent mixing may be triggered.

In chapters 3 & 4, the internal wave decay due to friction within the lateral boundary
layers is computed. It thus makes sense that the wave dissipation in the lateral boundary
layers leads to mean flow generation through streaming, as described in chapter 5. A
worthwhile endeavour could be to compare the energy loss of the wave field within the
boundary layer with the energy flux into the induced mean flow.
It is straightforward to extend the analysis for the streaming near lateral walls to stream-
ing upon oblique wave beam reflections at a flat or a spherical boundary. Further research
including such an extension could explain the physical mechanism behind the numerically
and experimentally observed mean flow generation in the out-of-forcing-plane direction
for flow over three-dimensional topography (King et al., 2010).

30In the light of the conclusions in Ou and Maas (1986) (page 614) the NWO grant proposal that
led to this PhD project should have been rejected.
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Brüggemann, N. and Eden, C. (2015). Routes to Dissipation under Different Dynamical
Conditions. J. Phys. Oceanogr., 45:2149–2168.

Bühler, O. (2010). Waves and Mean Flows. Cambridge University Press.
Bühler, O., Kuan, M., and Tabak, E. G. (2017). Anisotropic helmholtz and wave-vortex

decomposition of one-dimensional spectra. J. Fluid Mech., 815:361–387.
Bühler, O. and McIntyre, M. E. (2005). Wave capture and wave-vortex duality. J. Fluid

Mech., 534:67–95.
Bukreev, I. V. (1988). Experimental investigation of the range of applicability of the

solution of stokes’s second problem. Fluid. Dyn., 23:504–509.
Burko, L. M. (2010). Energy in one dimensional linear waves in a string. Europ. J.

Phys., 31:L71 – L77.
Butikov, E. I. (2013). Peculiarities in the energy transfer by waves on strained strings.

Phys. Scr., 88(6):065402.
Butman, B., Alexander, P. S., Scotti, A., Beardsley, R. C., and Anderson, S. P. (2006).

Large internal waves in Massachusetts Bay transport sediments offshore. Continental
Shelf Research, 26(17-18):2029–2049.

Chen, X. and Tung, K.-K. (2018). Global surface warming enhanced by weak Atlantic
overturning circulation. Nature, 559:387 – 391.

Cushman-Roisin, B. and Beckers, J. (2011). Introduction to Geophysical Fluid Dynamics:
Physical and Numerical Aspects, volume 101. Elsevier.

Dalziel, S. B., Hughes, G. O., and Sutherland, B. R. (2000). Whole-field density mea-
surements by ‘synthetic schlieren’. Experiments in Fluids, 28(4):322–335.

Dauxois, T., Joubaud, S., Odier, P., and Venaille, A. (2018). Instabilities of Internal
Gravity Wave Beams. Annu. Rev. Fluid Mech., 50:1–28.

Dauxois, T. and Young, W. R. (1999). Near-critical reflection of internal waves. J. Fluid
Mech., 390:271–295.

Dintrans, B., Rieutord, M., and Valdettaro, L. (1999). Gravito-inertial waves in a ro-
tating stratified sphere or spherical shell. J. Fluid Mech., 398:271–297.

Dubrulle, B. (2019). Beyond Kolmogorov cascades. J. Fluid Mech, 867:1–52.
Echeverri, P., Yokossi, T., Balmforth, N. J., and Peacock, T. (2011). Tidally generated

internal-wave attractors between double ridges. J. Fluid Mech., 669:354–374.
Fan, B., Kataoka, T., and Akylas, T. R. (2018). On the interaction of an internal

wavepacket with its induced mean flow and the role of streaming. J. Fluid Mech.,
838:R1.

Ferrari, R., Mashayek, A., McDougall, T. J., Nikurashin, M., and Campin, J.-M. (2016).
Turning ocean mixing upside down. J. Phys. Oceanogr., 46:2239–2261.

Fortuin, J. M. H. (1960). Theory and application of two supplementary methods of
constructing density gradient columns. J. Polym. Sci., 44(144):505–515.

Garrett, C. (1991). Marginal mixing theories. Atmosphere-Ocean, 29(2):313 – 339.
Garrett, C. (2003). Mixing with latitude. Nature, 422:57–87.
Garrett, C. and Kunze, E. (2007). Internal tide generation in deep ocean. Annu. Rev.

Fluid Mech., 87:57–87.
Gerkema, T., Zimmerman, J. T. F., Maas, L. R. M., and van Haren, H. (2008). Geophys-

ical and astrophysical fluid dynamics beyond the traditional approximation. Reviews
of Geophysics, 46(2):1–33.



Bibliography 97

Gostiaux, L., Didelle, H., Mercier, S., and Dauxois, T. (2007). A novel internal waves
generator. Experiments in Fluids, 42(1):123–130.
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A. M., Thomas, M. D., Wang, J., Wolfram, P. J., Zanna, L., and Zika, J. D. (2018).
Lagrangian ocean analysis: Fundamentals and practices. Ocean Modelling, 121:49 –



Bibliography 101

75.
Vasiliev, A. Y. and Chashechkin, Y. D. (2003). Generation of 3d periodic internal wave

beams. J. Appl. Mathes. Mechs., 67:397–405.
Voisin, B. (2003). Limit states of internal wave beams. J. Fluid Mech., 496:243–293.
Wagner, G. L. and Young, W. R. (2015). Available potential vorticity and wave-averaged

quasi-geostrophic flow. J. Fluid Mech., 785:401–424.
Wang, G., Zheng, Q., Lin, M., Dai, D., and Qiao, F. (2015). Three dimensional simula-

tion of internal wave attractors in the Luzon Strait. Acta Oceanol. Sin., 34:14–21.
Williams, P. D., Haine, T. W. N., and Read, P. L. (2008). Inertia-gravity waves emit-

ted from balanced flow: observations, properties, and consequences. J. Atmospheric
Sciences, 65(11):3543–3556.

Woodson, C. (2018). The fate and impact of internal waves in nearshore ecosystems.
Annu. Rev. of Marine Science, 10(1):421–441.

Wunsch, C. (1971). Note on some Reynolds stress effects of internal waves on slopes.
Deep-Sea Research, 18:583–591.

Wunsch, C. and Ferrari, R. (2004). Vertical mixing, energy, and the general circulation
of the oceans. Annu. Rev. Fluid Mech., 36:281–314.

Zhou, Q. and Diamessis, P. (2015). Lagrangian flows within reflecting internal waves at
a horizontal free-slip surface. Physics of Fluids, 27(12):126601.





Index

Brunt-Väisälä frequency, 13, 28, 55, 72

Advection terms, 10
Attractor, see Wave attractor

Barotropic, 2
Body forcing, 75
Boussinesq fluid, 13, 27, 55, 71
Buoyancy, 13, 28, 55, 72
Buoyancy advection-induced mean flow, 80
Buoyancy frequency, see
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Nederlandse samenvatting (Dutch summary)

Interne golven kunnen bestaan in dichtheidsgelaagde vloeistoffen. Elke verstoring
van de evenwichtsgelaagdheid wordt tegengewerkt door de zwaartekracht, met interne
golf oscillaties als gevolg. Interne golven lijken sterk op golven aan het oppervlak van
een vloeistof, bijvoorbeeld zeegolven. Het voornaamste verschil met oppervlaktegolven
is dat interne golven – zoals de naam al suggereert – door het interieur van de vloeistof
kunnen propageren; ze zijn dus niet gebonden aan het oppervlak. De oceanen zijn
dichtheidsgelaagd doordat warmer en/of zoeter water boven kouder en/of zouter water
gelegen is. Oceanische interne golven worden opgewekt door getijden oscillaties over
onderwaterbergen, en door wind aan het oppervlak. De opgewekte interne golven hebben
horizontale schalen van 1 – 100 kilometer, en tijdsschalen van enkele uren tot één dag.
Deze grootschalige en energierijke interne golven doorkruisen de hele oceaan. Een reeks
fysische processen verkleint de interne golven geleidelijk naar ruimtelijke schalen van 1 –
10 meter en tijdsschalen van enkele seconden tot minuten. Op deze kleine schalen kunnen
de interne golven breken, vergelijkbaar met het breken van zeegolven in de branding. Het
breken onttrekt energie aan de interne golven en resulteert in turbulente menging van
het lichtere water boven alsmaar zwaarder water. Deze turbulente menging, equivalent
aan diffusie van massa, kan één miljoen keer zo sterk zijn als moleculaire massa diffusie
in water. Zonder turbulente menging zou er dan ook nagenoeg geen massa uitwisseling
plaats vinden tussen het zware water in de diepe oceaan en het lichtere oppervlaktewater.

De thermohaliene circulatie is een stroming op de schaal van het oceaan bekken,
noordwaarts aan het oppervak en zuidwaarts op diepte. De warme golfstroom, die het
Europese klimaat mild houdt, vormt de noordwaartse oppervlaktestroming in de At-
lantische oceaan. Het is bekend dat het omhoog brengen van de zuidwaartse diepwater
stroming in stand wordt gehouden door de turbulente menging veroorzaakt door interne
golven. Indirect hebben de interne golven dus een groot effect op de oceaan stromin-
gen die bepalend zijn voor ons klimaat. Helaas is het in globale klimaat-modellen niet
mogelijk om de interne golven te modelleren tot op de kleine schaal waar turbulente
menging plaats vindt; daarvoor hebben zelfs de snelste supercomputers ter wereld niet
voldoende rekenkracht. De turbulente menging veroorzaakt door interne golven moet
dus geparametriseerd worden, wat inhoudt dat er a priori bepaald wordt waar en ho-
eveel menging plaatsvindt. Tegenwoordig wordt de parametrisatie meestal nog zodanig
gekozen dat het netto transport van de thermohaliene circulatie overeen komt met het
huidige waargenomen transport. Variaties van de thermohaliene circulatie door een ve-
randerend interne golf veld kunnen dus (nog) niet gemodelleerd worden. De gedachte is
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dat de parametrisatie van de turbulente menging verbeterd kan worden door het verkri-
jgen van een grondig begrip van interne-golf dynamica. Dit is dan ook de onderliggende
motivatie van dit proefschrift.

De wetenschappelijke inhoud is opgesplitst in vier aparte studies, gepresenteerd in
hoofdstukken 3 tot 6. Ieder hoofdstuk beschrijft een fysisch proces van interne gol-
ven in gëıdealiseerde omstandigheden, waarbij steeds gebruikt wordt gemaakt van stor-
ingsrekening. Terwijl de resultaten ook betrekking hebben op de oceaan, worden de the-
oretische resultaten vergeleken met experimentele en/of numerieke data. Het is dankzij
de schaalbaarheid van de onderliggende vergelijkingen dat laboratorium experimenten
met interne golven op de schaal van centimeters inzichten kunnen geven die ook gelden
voor interne golven in de oceaan.

Hoofdstukken 3 en 4 zijn een uitbreiding van eerder werk dat aantrekkers van interne
golven bestudeert. Golfaantrekkers zijn complexe patronen waaromheen de interne golf
energie accumuleert. Hierdoor is de kans op breking van golven en turbulente menging
vergroot in het gebied direct langs de aantrekker. De afgelopen 20 jaar zijn dergelijke
aantrekkers grondig bestudeerd met wiskundige modellen, numerieke simulaties en in
laboratorium experimenten. Terwijl het aannemelijk lijkt dat golfaantrekkers ook in de
oceaan bestaan, zijn deze nog niet waargenomen. Mogelijke redenen voor het ontbreken
van oceaan waarnemingen van aantrekkers worden bestudeerd in een lopend onderzoek,
dat geen onderdeel uitmaakt van dit proefschrift.

Het gepresenteerde onderzoek in hoofdstukken 3 en 4 beschrijft een voorheen onopge-
merkt effect op aantrekkers dat veroorzaakt wordt door wrijving tussen de interne golven
en de onvermijdelijk aanwezige zijwanden in laboratorium opstellingen. De theoretische
uitwerkingen maken gebruik van het feit dat de wrijving zwak is in verhouding tot de
niet-viskeuze dynamica. Dit leidt tot de conclusie dat het effect van de zijwanden niet
te verwaarlozen is. Eigenschappen van een aantrekker in een smalle laboratorium op-
stelling kunnen alleen opgeschaald worden naar oceaanomstandigheden – waar zijwanden
immers ontbreken – als er rekening gehouden wordt met het effect van de zijwanden op
de aantrekker. Daarnaast worden ook andere fouten gecorrigeerd die mede betrekking
hebben op de schaalbaarheid van aantrekkers naar oceaan omstandigheden.

Terwijl de resultaten in hoofdstukken 3 en 4 betrekking hebben op aantrekkers in
het lineaire golf regime, beschouwen hoofdstukken 5 en 6 niet-lineaire verschijnselen die
kunnen optreden in interne golf bundels. De studie in hoofdstuk 5 is gerelateerd aan het
onderzoek in hoofdstuk 4, omdat ook hierbij effecten van de zijwand-wrijving bestudeerd
worden. Het is bekend dat niet-lineaire golf interacties een gemiddelde stroming kunnen
opwekken. De processen die hierbij een rol kunnen spelen zijn divers. Een bekend proces
dat leidt tot horizontale stromingen voor drie-dimensionale interne golf bundels is de
wrijving ten gevolg van langs-golf bundel schering. Dit effect ontbreekt in twee dimensies.
Daarom was het een verrassing dat er in quasi-twee-dimensionale experimenten alsnog
een sterke verplaatsing van deeltjes in het water werd waargenomen. Deze laboratorium
experimenten, die zijn uitgevoerd als onderdeel van een ander proefschrift (Horne, 2015),
worden in hoofdstuk 3 vergeleken met de theoretische stroming die opgewekt wordt langs
de zijwanden. De theoretische uitwerkingen, geldig voor zwak niet-lineaire interne golf
bundels, geven een sluitende verklaring voor de experimentele waarnemingen.
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Het vierde onderzoek in hoofdstuk 6 is wederom gerelateerd aan het onderzoek in
hoofdstuk 4. Hierbij worden de niet-lineaire termen van drie-dimensionale interne golf
bundels theoretisch bestudeerd. De experimenteel en numeriek waargenomen sterke hor-
izontale stroming – ogenschijnlijk opgewekt door een interne golf bundel – was al eerder
uitgebreid theoretisch bestudeerd en werd volledig toegekend aan de langs-golf bundel
schering. De theoretische uitwerkingen in hoofdstuk 4 laten zien dat een niet-viskeus
effect, veroorzaakt door de generator van de interne golven, ook een grote rol speelt in
het genereren van horizontale stroming. De rigoureuze afleiding van de correcte asymp-
totische beschrijving van de golf generator laat zien dat de golf generator in het verleden
over-gesimplificeerd beschreven werd in zowel theoretische als ook in numerieke modellen.
Door deze oversimplificatie werden wervelingen die ontstaan aan de zijkanten van de golf
generator niet beschreven. De gepresenteerde theoretische uitwerkingen laten zien dat
de experimenteel waargenomen opwekking van stroming in de buurt van de generator
het gevolg zijn van interacties tussen de interne golf bundel en deze wervelingen.





Dankwoord (Acknowledgement)

Dit proefschrift in ontstaan met hulp van tientallen collegae in binnen- en buitenland
en steun vanuit familie en vrienden. Hiervoor ben ik oprecht dankbaar. Ik beschouw
het als een eer een proefschrift te hebben mogen schrijven. Dank aan de Nederlandse
belastingbetaler die dit indirect via het NWO project 657.014.006 gefinanceerd heeft.

Bijzondere dank gaat naar mijn begeleiders Leo en Jason. Leo, toen ik je leerde
kennen zat ik pas in mijn 2e studiejaar. Jij hebt zeker de grootste bijdrage geleverd
aan mijn professionele ontwikkeling over de afgelopen 7 jaar. In al die jaren, voor en
tijdens het promotietraject, heb je altijd met veel geduld mijn werk en vooruitgang
besproken en advies gegeven. Jouw opmerkingen over mijn uitwerkingen - bij elkaar
meer dan duizend pagina’s - hebben mij geleerd wetenschappelijk te schrijven. Heel veel
dank hiervoor. Jason, bedankt voor het vertrouwen dat je mij de afgelopen jaren hebt
gegeven. Inhoudelijk hebben we niet veel samengewerkt, omdat mijn onderzoek anders
verliep dan beoogd. Ik ben blij dat je mij de vrijheid hebt gegeven om zelf te bepalen
wat ik onderzocht en ik ben dankbaar voor jouw advies en steun op momenten dat het
tegen zat.

Hulp vanuit het secretariaat lijkt soms vanzelfsprekend. Dat is het niet. Cecile,
Jean, Sylvia en Ria, bedankt voor jullie (soms onzichtbare) ondersteuning. Dank ook
aan diegenen die ons kantoor schoon houden en de koffiemachine op de 7e verdieping
altijd op tijd vullen.
I feel very lucky to have been part of the Mathematical Institute, and enjoyed the
‘gezellige’ lunches and coffee breaks on the 7th floor. I am grateful to Ajinkya, Bart,
Sehar and many other PhDs and postdocs for discussions of various kinds. At IMAU, I
thank everybody who contributed to making the ‘werkbesprekingen’ of the oceanography
group inspiring meetings.

Thousands of fruitful discussions at various conferences and summer schools have
contributed to and formed my research. In particular, thanks to the organisers and
participants of the FDSE summer school (2016, Cambridge, UK) and ‘Turbulent Flow’
summer school (2017, Les Houches, France). I want to thank Diane, Christophe, Ernesto,
Ilias, Keshav, Philippe and Sylvain for their contributions to the chapters 3 - 6. Keshav
and Ernesto, it was a lot of fun to intensively collaborate with each of you. Steven, ik
vond het heel leuk en leerzaam om gezamenlijk een uitbreiding van de Taylor-Goldstein
vergelijkingen af te leiden, ook al waren we blijkbaar niet de eerste die dat deden. Manita,
although our original idea to organise a several-day workshop on spontaneous internal
wave generation eventually did not come about, it was great to have organised a one-day
workshop together. Katherine and Stuart, I thoroughly enjoy working with you while
this thesis is in its final stage.

109



110 DANKWOORD (ACKNOWLEDGEMENT)

I highly appreciated being involved in teaching various courses. Thanks to all col-
leagues and students that made teaching a pleasure. Ymke, het was me een plezier jouw
bachelor scriptie te begeleiden.

Maud, bedankt voor jouw kritische blik op de samenvatting en de introductie van
dit proefschrift. Hélène, merci d’avoir fourni le beau dessin sur la couverture.

Liebe Mama und Papa, vielen Dank für eure uneingeschränkte Unterstützung. Ohne
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