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This study presents the derivation procedure of an integrated closure relation for infiltration and Horto-
nian overland flow in the Representative Elementary Watershed (REW) framework that contains directly-
observable parameters. A physically-based high resolution model is used to simulate the infiltration flux
and discharge for 6 � 105 set of synthetic REWs and rainstorms scenarios. This synthetic data set serves
as a surrogate of real-world data to deduce the closure relation. The closure relation performance is eval-
uated against the results from the high resolution model. The results show that the closure relation is
capable of predicting accurate hydrological responses for an independent set of synthetic REWs and rain-
stroms in terms of the Nash–Sutcliffe index, errors in total discharge volume, and peak discharge, espe-
cially in cases where a relatively large amount of runoff is produced with fast responses. For the
estimation of parameters in the closure relation, a local method using inverse distance weighted interpo-
lation in the parameter space is superior to the global method based on the multiple regression, resulting
in a better reproduction of runoff characteristics.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Conceptual watershed models consider the watershed as a set of
interconnected, conceptual, mostly lumped, storages. Small-scale
variabilities within the watershed are not explicitly taken into ac-
count as they are lumped in the equations and parameters. As a re-
sult, the number of parameters is small, which is advantageous
during calibration as it minimizes the problem of equifinality [1].
In addition, model run times will be short which allows the use of
computationally intensive calibration schemes or application of
the model at continental scales. A notable disadvantage of most
conceptual watershed models however is that they are not rooted
in physics. As a result, the parameters do not have a physical mean-
ing and cannot be estimated unambiguously from observations.

A framework that overcomes this problem is the Representative
Elementary Watershed (REW) approach which provides physi-
cally-based equations for a watershed as a whole (i.e. lumped mod-
el) [2,3]. A REW is divided into sub-zones, each representing a
particular hydrological compartment with associated processes
[2,4–6]. The balance of mass, energy and momentum within the
individual sub-zones of the REW are described by a set of physi-
cally-based equations derived from thermodynamic principles by
ll rights reserved.

tee).
means of averaging over the sub-zones in space and time. Thus,
the REW approach presents, potentially, a novel framework for
developing, in a comprehensive manner, physically-based wa-
tershed models directly applicable at the catchment scale [2].

In REW approach, explicit quantification of the mass flux terms
used in the balance equations is required for each REW sub-zone.
The cross-boundary fluxes between REW sub-zones must be spec-
ified by functional relationships between state and system attri-
butes, referred to as closure relations [6–8]. A key to success in
the REW approach is the proper identification of these closure rela-
tions [6–14]. It turns out that for successful identification and
application of closure relations, three issues are of particular
importance.

One is the representation of sub-REW scale spatial heterogene-
ities of catchment attributes and processes. Although the REW
framework itself is scale independent, i.e. it applies to any size of
watershed as long as all REW zones are included, a number of clo-
sure relations are shown to be dependent on the size and geometry
of REWs. This is because the effect of sub-REW scale spatial heter-
ogeneities on the closure relations may change with size and
geometry, such as the spatial heterogeneity of surface topography.
The evapotranspiration flux, for instance, depends on incoming so-
lar radiation, which is a function of the topography within the
REW. This is noted in the study of Mou et al. [13] although they left
it for future research to identify the effect of topography. Another
example is the saturated area fraction, which depends also on
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sub-REW topography, as shown by Lee et al. [8] who use TOPMOD-
EL and sub-REW topography to estimate this fraction. Also, infiltra-
tion fluxes are dependent on hillslope length, width, and micro
relief [8,15]. The lateral subsurface flux to the channel zone is con-
trolled by plan shape, profile curvature and variation in soil depth
over the hillslope domain [16–18].

The second issue is how boundary conditions (inputs) as well as
storage of REW zones are used in the calculation of fluxes at
boundaries. Most current approaches derive cross-boundary fluxes
from the current storage of zones. The study by Beven [7], indicates
that past trajectories of storage may need to be considered as well,
in order to represent hysteresis. In addition, boundary conditions
may change the form of (or parameters in) the closure relations.
This seems to be of particular importance for closure relations
for infiltration and overland flow, as these processes depend on
rainfall intensity [8,15]. Therefore, boundary conditions should
be included in the closure relations.

Most important for the application of the REW approach to real
catchments, however, is the issue of model parameter identifica-
tion. Direct estimation of parameter values at the support of the
REWs is difficult or impossible with existing field techniques, as
these mostly provide representative parameter values at the point
to plot scale. Also, many closure relations require scaling parame-
ters to represent the abovementioned sub-REW scale spatial heter-
ogeneities [4,6,14]. As these scaling parameters are in essence
conceptual, they cannot be measured directly by definition. Due
to the problem with direct estimation of parameter values from
field measurements, application of REW models to real catchments
requires calibration of model parameters (e.g. [10,13,19]). This
poses limitations on the application of the REW concept to unga-
uged catchments.

Taking these issues into account, we hypothesize that the clo-
sure relation C of a zone can be written as et = C (it,st,p,u) with et

the cross-boundary flux at time t; it the input at time t; and st

the storage at time t. These terms are required for a correct mass
balance. To avoid the need of calibration, the parameters p, which
represent hydrological properties of the REWs, should be observa-
ble in the field. In addition, a set of scale-transfer parameters u are
required to account for the effect of sub-REW scale variabilities and
hysteresis. It is hypothesized that these can be modeled as
u ¼ f ðg; it; st;pÞ with REW geometry g; trajectories of input it and
storage st , and sub-REW variability in p. f is identified as a regres-
sion-based model in Xu [20] and Yokoo et al. [21]. Although a large
number of studies consider the abovementioned relations, albeit
mostly outside the context of REW, evaluating these expressions
for all effects and zones remains a massive challenge. Therefore,
we restrict ourselves to the cross-boundary fluxes related to infil-
tration-excess (Hortonian) overland flow, i.e. infiltration (euc) and
concentrated overland flow (eoc) [2]. In the previous studies (e.g.
[8,10,14,22]), the closure relations for infiltration and overland
flow were derived on an individual basis without explicit consider-
ation of the direct effects of REW geometry and interactions be-
tween these processes. However, the infiltration process and
concentrated overland flow generation mechanism are highly
dependent and considerably influenced by the geometry of REWs
[15,23–25]. In this study, we propose an integrated closure relation
for infiltration and concentrated overland flow that explicitly
incorporates the effects of REW geometry in the scaling parameters
u. The key research question is how to identify a closure relation C
that can be parameterized by a relation f that has observable REW
geometry and physical properties as input. This would allow to
apply the closure relation to a wide range of REW geometry and
rainstorm characteristics without calibration.

To achieve the goal, we address the following questions. First, is
it possible to obtain the closure relation that allows the calibration
of the scaling parameters u against the observational data? If so,
how the closure relation performs with the calibrated scaling
parameters? Due to the problem associated with scarcity and scale
incompatibility of observational data, we generate a synthetic data
set of rainstorm responses using a high resolution physically-based
model for a large set of combinations of rainstorm characteristics
and REW geometry. The data set is considered as a surrogate of
observational real-world data and is used for identification and
parameterization of the closure relation C. Second, we investigate
the form of the relation f between the scaling parameters u and ob-
servable properties such as REW geometry, rainstorm characteris-
tics and parameters p. This leads to the investigation on how well
the scaling parameters u in the closure relation can be estimated
using this relation compared to those obtained from calibration. Fi-
nally, we validate the approach using an independent synthetic
data set containing REWs that were not used for identifying C
and f.

The paper is structured as follows. The general framework of
the approach is given in the first part of the paper. After this, we
outline the procedures to develop the closure relation for infiltra-
tion and Hortonain overland flow when the closure relation is cal-
ibrated directly against the artificial data set (i.e. as a benchmark).
Then, we develop methods to derive the scaling parameters u in
the closure relation from observable REW properties and rainstorm
characteristics. Finally, the closure relation is validated with a set
of independent REWs.
2. General framework

The closure relation for infiltration and concentrated overland
flow is developed as a lumped conceptual model. The conceptual
model can only be identified and parameterized using observations
[26]. However, due to the difficulty of directly observing dynamic
internal state variables and integral cross-boundary fluxes
[1,27,28], a large data set of mass exchange flux and the states of
infiltration and overland flow between sub-zones for an extensive
set of REWs does not exist. A solution to this problem is to generate
a synthetic artificial data set from the synthetic REWs by virtual
experiments using numerical models [29,30]. Recent studies (e.g.
[29,31–34]) have shown promising results in using this technique
to provide an additional source of hydrologic information for
hypothesis testing and model development when data scarcity im-
pedes the accomplishment of these tasks. This technique may pro-
vide the clues for the forms of the cross-boundary fluxes that can
be parameterized in a relatively simple way, as suggested by Beven
[7]. Here, we use a physically-based high-resolution rainfall-runoff
model to generate an artificial data set of infiltration and discharge.
The model is run for a large number of scenarios (approximately
6 � 105 scenarios) that represent different characteristics of net
rain (i.e. the amount of rain after subtraction of water by the inter-
ception process), physical properties of REWs (i.e. slope gradient,
unit length and regolith properties), antecedent moisture condi-
tions, and flow patterns (Fig. 1).

In the second step, the closure relation C for infiltration and
concentrated overland flow at the REW scale is formulated. The
closure relation is designed as a lumped conceptual process-based
model, consisting of a set of simple equations representing key
processes only.

Third, parameters p and u in the closure relation are found by
calibration of the closure relation against the artificial data set sep-
arately, for each scenario of REW geometry and rainstorm charac-
teristics in the data set.

In the final step, we derive the scaling parameters in the closure
relation from measurable properties of REWs and rainstorm char-
acteristics (i.e. without calibration to the results from the high res-
olution model, see Fig. 1). This is done following two approaches
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Fig. 1. The development framework of a closure relation for infiltration and Hortonian overland flow. The procedure consists of 4 steps: (1) synthesis of the artificial discharge
data set, (2) formulation of the closure relation, (3) parameterization of the closure relation, (4) estimation of the scaling parameters ai, bi, ci in the closure relation from
measurable unit properties and rainstorm characteristics for each scenario run i. REW is Representative Elementary Watershed. DEM is digital elevation model. Q is discharge.
pi,n are a set of n physical properties of REW of scenario run i in the physically-based high resolution model.
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(1) a global method using a multiple regression technique and (2) a
local method using an inverse distance weighted interpolation
method in the parameter space.

Finally, the closure relation is validated against the results of
high resolution model for a set of arbitrarily-defined REWs and
rainstorms that have not been used in the identification of the clo-
sure relation.
Net rain

Surface
water
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Depression
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Fig. 2. Schematic of the physically-based high resolution model. The diagram
shows processes at a single grid cell.
3. Methodology

3.1. Artificial data set

3.1.1. Physically-based high resolution model
A physically-based event-based high resolution model is

developed to create the artificial discharge data set. The main
runoff generating mechanism of the high resolution model is
infiltration-excess Hortonian overland flow. In principle, it is pref-
erable to use a completely physically-based model (e.g. [35]) with
a very fine resolution considering all forms of spatial variability
in physical parameters. However, such a model would have large
run times, which is not feasible. To deal with this issue, we select
relatively simple model equations that still have a physical basis,
which are solved at a resolution that results in acceptable run
times. The grid cell size of 1 m2 used here is sufficiently small
to assume homogeneity of infiltration processes within a grid
cell. Simulation of net rainfall and runoff is done using a time
step (Dt, h) of 1/360 h (i.e. 10 s) over a rectangular plane, which
is regarded as a REW without runon across its boundaries. The
model is built with Python 2.5 with library extensions of PCRas-
ter [36].

The model forcing or driver of the system is the net rain, Rnet,t

(m/h), defined as an event. The physically-based high resolution
model takes into account the processes of infiltration, surface
depression storage, and surface runoff routing (Fig. 2).

Infiltration is simulated as one-dimensional vertical flow into
the soil column. The Green & Ampt infiltration equation for one soil
layer under a ponded condition is used because it is one of the sim-
plest physically-based infiltration models that uses measureable
point-scale soil parameters. To satisfy the assumptions of the
Green & Ampt model, the soil is assumed homogeneous, deep
and well-drained with homogenous moisture content over the soil
column. The wetting front is formed as a distinct sharp boundary,
which separates a zone that has been wetted from a totally unw-
etted soil. The Green & Ampt equation is [37,38]:
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fp;t ¼ Ks 1þ Hf ðg� hiÞ
Ft

� �
ð1Þ

where fp,t(m/h) is potential infiltration rate at t, Ks (m/h) is saturated
hydraulic conductivity, Hf (m) is matric suction at the wetting front,
g (�) is soil effective porosity, hi (�) is antecedent moisture content,
Ft (m) is cumulative infiltration at t. The actual infiltration rate at t,
fa,t (m/h), is determined as the smaller value of the potential infiltra-
tion rate, fp,t, and the water that is available for infiltration over the
time step of interest. Under a condition without surface runoff, the
amount of water available for infiltration is the depth of water
stored in the surface depression storage over the time step of inter-
est. Once surface runoff is generated, the amount of water available
for infiltration is:

St ¼ ðRnet;t þ Q on;tÞ � Dt þ Sss;t ð2Þ

where St (m) is the depth of surface water available in the cell at t,
Qon,t (m/h) is the runon flux to the cell at t, Sss,t (m) is the depth of
water stored in the depression storage of the cell at t.

The depression storage is water that is temporally retained on
the soil surface due to depressions caused by micro relief. Follow-
ing Onstad [39] and Govers et al. [40], the maximum depth of
water that can be stored in the depression storage is:

Sss;max ¼ 0:112RRþ 0:31RR2 � 0:012RR � s ð3Þ

where Sss,max (mm) is maximum depression storage, RR (mm) is ran-
dom roughness [41], s is slope gradient (%). The maximum depres-
sion storage is used to define a threshold of water that can be stored
in a grid cell. Depths of water below this threshold will not become
surface runoff. The depression storage receives water from net rain
and runon from neighboring upstream cells.

Surface runoff generally occurs in the form of concentrated flow
due to the small differences in topography. The Saint–Venant
equations of continuity and momentum are used to route surface
runoff over the flow network. The kinematic wave theory is suit-
able to describe the mechanism of overland flow because the slope
gradient of units in our study is large. A balance between the fric-
tion and gravity forces can be assumed, neglecting the local accel-
eration, convection acceleration and pressure term in the
momentum equation [42,43]. The two-dimensional continuity
kinematic wave equation is written as [44]:

@At

@t
þ @Q t

@x
¼ Rnet;t � fa;t ð4Þ

where At (m2) is the wet cross sectional area of a pixel at t, Qt (m3/h)
is runoff at t, x (m) is flow distance. Combining the kinematic wave
model with Manning’s equation, the relation between the wet cross
section of a grid cell and discharge can be expressed as:

At ¼ atQ
b
t ð5Þ

where b is the channel parameter, equal to 0.6 [44]; at is:

at ¼
nffiffiffiffiffi
S0
p P2=3

t

� �b

ð6Þ

where Pt (m) is wet perimeter at t, S0 (�) is slope gradient, n (h/m1/3)
is Manning roughness coefficient. Surface water is routed down-
stream over a local drainage direction network, which is computed
using the 8-point pour algorithm [45] where each cell drains to its
steepest downstream neighbor. The kinematic wave equation is
numerically solved for each flow segment on the local drainage direc-
tion network by a four-point time-explicit finite-difference solution
together with Manning’s equation [44] for each simulation time step.

3.1.2. Scenarios to create the artificial data set
The hydrologic responses of the REWs are determined by

precipitation and catchment physiographic factors. Therefore, we
define the model scenarios based on (1) event characteristics, (2)
physical properties of REWs, and (3) antecedent wetness condition.

For the event characteristics, a rainstorm is described by rainfall
intensity Pt (m/h), and rainfall duration T (m), assuming constant
intensity over the period of a rain event. Interception of rain by
vegetation is described by an exponential function using the cumu-
lative precipitation Rcum,t (m) [46]:

Sic;t ¼ Vfrac � Sic;m � 1� exp �k
Rcum;t

Sic;m

� �� �
ð7Þ

Net rainfall Rnet,t (m/h), which is the temporally-variable amount of
water reaching the soil surface after abstraction by vegetation, is
calculated as:

Rnet;t ¼min Rt �
Sic;t � Sic;t�Dt

Dt
;0

� �
ð8Þ

where ‘min(x,y)’ assigns the minimum value of x and y, Sic,t (m) is
interception storage, Vfrac (�) is the fraction of a cell covered by veg-
etation, Sic,m (m) is canopy storage capacity, k (�) is the extinction
factor, Sic,t�Dt (m) is the depth of rain water stored in the intercep-
tion storage at t � Dt. We assume homogeneous vegetation param-
eters over REWs, resulting in a uniform interception capacity. Also,
interception parameters are not taken variable in creating the sce-
narios. This is done to limit the number of scenario runs. Note that
rainstorm characteristics used in creating the scenarios (i.e. rain
intensity and event duration) already provide a large range of differ-
ent net rain characteristics. The parameter values used in Eq. (7) are
given in Table 1.

The properties of REWs include geometric and hydraulic prop-
erties. The geometric properties describe the size and shape of
REWs as a hillslope section in REWs with the length L (m), a con-
stant slope gradient Savg (m/m), and micro relief z (m). The eleva-
tion, H (m), of a cell is:

H ¼ Savg � Y þ z ð9Þ

with, Y (m) the distance from the downstream border. The microre-
lief is small scale variation of topography which is regarded as a
realization of a random variable z, with zero mean and a spatial pat-
tern defined by a circular semivarigram model. Under the assump-
tions of intrinsic stationary conditions [49], the spatial correlation
of micro relief z is defined by

cðhÞ ¼ c0 þ c1
2h
pa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� h

a

� �2
q

þ 2
p arcsin h

a

� �
; for 0 < h < a

¼ c0 þ c1; for h � a
ð10Þ

where c(h) is semivariance as a function of separation distance h, c0

(m) is the nugget, c1 (m) is the sill variance and a (m) is the corre-
lation range of the semivariogram. The variable c1 is considered as
an independent variable to be used in creating the scenarios while
c0 and a are fixed. This is because the variation of relief height have
the largest effect in determining the height difference over the
plane. The values of c0 and a are obtained from the field observa-
tions of micro relief. Field observations were collected on an agri-
cultural field in the Buëch catchment, France [50]. The micro
relief was measured at a 0.1 m interval over measurement transects
of 5 and 10 m. For each measurement transect, the semivarience
was calculated and fitted by the circular variogram model. The aver-
age values of c0 and a of all measurement transects are used. Real-
izations of micro-scale relief are generated following Pebesma and
Heuvelink [51]. The micro relief plays a role in determining the flow
pattern between the units. If the spatial variance of micro relief (c1)
is small, which means small elevation differences between cells, a
parallel flow pattern is generated. If the micro relief has large spa-
tial variance, flow paths more often converge as shown in Fig. 3.
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Fig. 3. Examples of flow patterns, generated with different values of c1. Average
slope gradient (Savg) is 0.06. The lines represent flow directions of each cell with a
general flow direction from top to bottom in the figure; the black square dots
identify cells draining across the boundary of the units. The figure shows only a
small part of REW.

Table 1
Values used to calculate the interception lossa.

Parameters Description Values Remarks

Sic,m Canopy storage capacity (m) 0.0328 Representative for agricultural area, using the equation proposed by von Hoyningen–Huene [47]
k Extinction factor (�) 0.23 Representative for agricultural area [48]
Vfrac Vegetation cover fraction (�) 0.45 Assumed vegetation cover over almost half of the area of the units (45%)

a See Eq. (7).
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Note that variation in topography defined by Eq. (10) is only
used for generating the flow pattern but not for calculating the
depression storage. The depression storage occurs within a cell,
at a shorter scale of variation in topography than the variation that
generated the flow pattern.

The hydraulic properties of units govern the infiltration process.
These properties are saturated hydraulic conductivity (Ks) and
matric suction at the wetting front (Hf). The antecedent wetness
condition before a rainstorm is characterized by the soil moisture
content (hi) of the REW. To keep our problem computationally trac-
table, we assume uniform soil hydraulic properties over REWs. This
is a limitation, but it has been shown by Karssenberg [15] that the
effects of spatially non-uniform infiltration parameters on the run-
off responses are only pronounced in the case of large variability.
Also, the runoff responses from purely-random fields of infiltration
parameters may resemble those obtained from the homogeneous
case as found by Merz and Bárdossy [52]. Note that, although the
soil hydraulic properties are assumed uniform over REWs, Horto-
nian runoff generation mechanism is considered as a spatial pro-
cess in the high resolution model. During a storm period,
infiltration flux is spatially uniform and runoff is generated over
an entire REW. However, after the storm period, infiltration flux
becomes spatially variable; and only parts of the REW generate
runoff. This is due to the flow pattern and the effect of runon on
the runoff generation mechanism.
The scenarios are defined as all possible combinations of a set of
model inputs (i.e. event characteristics, properties of REWs and
antecedent condition). Four values are chosen as a geometric series
for each model input resulting in 48 = 65,536 scenarios or model
runs (Table 2).

A number of other model inputs is not varied between scenarios
because these inputs are considered having smaller effects on the
hydrologic responses of the REWs. Fixed values of these inputs
are given in Table 3.

The high resolution model is run on an event basis. For each sce-
nario run, the results of the high resolution model (i.e. runoff and
state variables) at selected simulation time steps (i.e. each minute)
are stored in a database. The discharge database will be used in the
identification of closure relation.

3.2. Development of the closure relation for infiltration and
concentrated overland flow

The closure relation for infiltration and concentrated overland
flow is developed as a lumped conceptual model. The closure rela-
tions were built iteratively by adjusting its structure until a satis-
factory correspondence of simulated hydrographs and
hydrographs in the artificial data set was found, while keeping
the model structure as simple as possible. The simulation time step
in the lumped model can be different from that used in the high
resolution model. The subscript t in the lumped equations used
in the closure relation represents time as an index (e.g.
t = 1,2,3, . . .). Water stored in the system at the time index t is cal-
culated as the depth of the surface water layer:

St ¼ St�1 þ ðRnet;t � Ia;t � qtÞ ð11Þ

where St�1 (m) is the depth of surface water at t � 1, Rnet,t (m) is net
rain at t, Ia,t (m) is the actual infiltration depth between t � 1 and t,
qt (m) is the depth of discharge generated between t � 1 and t,
which is calculated by the discharge generated at the time step of
interest divided by the area of REW.

The Green & Ampt model, Eq. (1), is used to describe the poten-
tial infiltration in the closure relation. As the infiltration flux in the
high-resolution model is not spatially uniform after the rainstorm
period due to the runon effects over the flow network, it is required
to use a ponding fraction qt in the closure relation, which is the
proportion of the surface area that is ponded and thus actively
infiltrating. The potential infiltration depth over the ponded area
of the REW, Ipp,t (m), is defined as:

Ipp;t ¼ qt � Ip;t ð12Þ

where Ip,t (m) is the potential infiltration depth as calculated by the
Green & Ampt model. The ponding fraction qt is conceptualized as:

qt ¼ a � St�1 ð13Þ

with a (m-1), an empirical scaling parameter, called a ponding fac-
tor. This parameter is used to represent the partial ponding areas
within REWs after the rainstorm. During a rainstorm, the whole
area of the REW is ponded (i.e. qt = 1) due to the assumption of uni-
form infiltration parameters in the high resolution model. There-
fore, Eq. (13) is only used for the period after the rainstorm



Table 2
Values of the inputs used to define the scenarios for the physically-based high resolution model.

Inputs Description Values

1 2 3 4

Rt Rainfall intensity (m/h) 0.02 0.033 0.054 0.09
T Duration of an event (h) 0.12 0.24 0.48 0.96
L Slope length (m) 100.0 200.0 400.0 800.0
Savg Slope gradient (�) 0.02 0.06 0.18 0.54
Ks Saturated hydraulic conductivity (m/h) 10�6 0.005 0.013 0.035
hi Initial moisture content (�) 0.05 0.1 0.2 0.4
Hf Matric suction the wetting front (m) �0.005 �0.012 �0.028 �0.066
c1 Sill of the semivariogram model (m) 10�5 2 � 10�4 0.004 0.08

Table 3
Values of model inputs for all scenario runs in the high resolution model.

Inputs Description Values Remarks

RR Random roughnessa (m) 0.004 Selected value for agricultural area with no tillage operation [53,54]
g Effective porosity (�) 0.42 Typical value for silty clay soil [37]
n Manning’s roughness coefficient (h/m1/3) 0.13 Typical value for a natural range land [44]
c0 Nugget effect (m) 4.83 � 10�5 Field observations
a Range (m) 2.71 Field observations

a used for modeling depression storage by Eq. (3).
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ceases. The actual infiltration depth Ia,t (m) between t � 1 and t is
determined as the lesser value of the potential infiltration depth
at t and the thickness of the water layer on the surface:

Ia;t ¼minðIpp;t; Sf ;tÞ ð14Þ

where Sf,t (m) is the depth of water on the surface available for infil-
tration at t, computed as:

Sf ;t ¼ Rnet;t þ St�1 ð15Þ

Hortonian overland flow is modeled with a linear reservoir; i.e.
discharge is a linear function of the amount of water on the surface,
St. As runoff has to travel downhill, the hydrological responses (i.e.
discharge) of the REW are, however, not instantaneous. Therefore,
the travel time of runoff to the outlets is taken into account. This
is done by using the past state of REW storage at a particular time
preceding the current time to predict the discharge Qt (m3) at the
time of interest:

Q t ¼ ðb � St�cÞ � Aunit � Dt; t > c

¼ 0; t < c
ð16Þ

where b (t�1) is a reservoir parameter, c is a lag time index, St�c (m)
is the depth of water layer on the surface at t � c, Aunit (m2) is area of
the REW. The lag time, c, represents the delay of the storage in
releasing the water. If t � c falls between two time steps, the value
of St to be used is calculated by linear interpolation in time between
St at the time step preceding t � c and St at the succeeding t � c.

3.3. Calibration of the closure relation using the artificial data set

Step three in Fig. 1 is to calibrate the closure relation against the
artificial data set produced by the high resolution model. This is
done for each scenario run of the high resolution model, resulting
in a set of scaling parameters for each scenario. The scaling param-
eters in the closure relation that are subject to calibration are the
ponding factor (a) in Eq. (13), reservoir parameter (b) and lag time
(c) in Eq. (16). Calibration of these parameters is done by minimiz-
ing the difference between the artificial data set and the results
produced by the closure relation. The closure relation is calibrated
using the data in each time step of 1 min.

Calibration of the ponding factor (a) is done by fitting a in Eq.
(13) against average actual infiltration flux over the REWs in the
artificial data set. We use a combination of a golden section search
and successive parabolic interpolation for a continuous function
for the calibration [55]. The calibration of a is only necessary for
the period after the rainfall events because, during the events,
the ponding factor is assumed constant (i.e. 1).

The calibration of parameter b and c is done with the shuffle
complex evolution algorithm (SCE-UA). The SCE-UA method is a
global optimization strategy which combines the simplex proce-
dure with the concepts of controlled random search, competitive
evolution and complex shuffling [56]. The reservoir parameter b
and lag time c in Eq. (16) are fitted against the discharge in the arti-
ficial data set.
3.4. Deriving parameters in the closure relation directly from unit
properties and rainstorm characteristics

Obviously, it is not practical to generate artificial data set to
parameterize the closure relation for all REW units and rainstorms.
Therefore, in the fourth step (Fig. 1), it is necessary to find a meth-
odology to directly estimate the scaling parameters from the rain-
storm characteristics and observable unit properties. As relations
between physical properties of the REWs and the scaling parame-
ters in the closure relations might theoretically exist [34], a set of
scaling parameters for a given REW and rainstorm can be derived
as a function of morphology and physical properties of REW. We
explore two approaches in estimation of scaling parameters in
the closure relation; a global method and local method (see Sec-
tions 3.4.1 and 3.4.2 below).

To validate the scaling parameter estimation approaches, the
closure relation is tested with a set of 256 scenarios which have
not been used in the calibration of the closure relation (i.e. inde-
pendent scenarios). The independent scenarios are created using
all possible combinations of physically-based high-resolution
model inputs given in Table 4. Note that these values are different
but within a range of those used in the calibration (Table 2).
3.4.1. Global method
In the global method, the scaling parameters: a, b and c, ob-

tained by calibration are regressed against the REW and rainstorm
characteristics used to create the scenarios in the high resolution



Table 4
Values of REW properties and rainfall characteristics used to define the scenarios for
testing the closure relation.

Inputs Description Values

Rt Rainfall intensity (m/h) 0.049 0.072
T Duration of an event (h) 0.18 0.45
L Slope length (m) 375.0 600.0
Savg Slope gradient (�) 0.04 0.2
Ks Saturated hydraulic conductivity (m/h) 0.0133 0.024
hi Initial moisture content (�) 0.075 0.188
Hf Matric suction the wetting front (m) �0.008 �0.028
c1 Sill of the semivariogram model (m) 1.05 � 10�4 0.021
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model (i.e. Table 1). The best multiple regression model is selected
based on Mallow’s Cp statistic [57]:

Cp ¼
RSSp

r̂2 þ 2pþ N; ð17Þ

where RSSp is error sum of squares for the regression model with p
predictors, where p is the number of predictors (i.e. model inputs),
and N is sample size. The regression model with the smallest num-
ber of predictions is selected from those regression models with a Cp

value equal to or smaller than the number of predictors in the
regression model [57].
3.4.2. Local method
The local method only uses the information (i.e. parameter val-

ues) at the nearest locations in the parameter space to provide the
predictions of parameters at the point of interest. We use the in-
verse distance method of interpolation to calculate the parameters
at the unknown locations (i.e. a set of test scenarios in Table 4). The
parameters at the unknown locations are interpolated based on the
distance-weighted average of known data points in the neighbor-
hood extent. The interpolation consists of 4 steps. First, the model
inputs are standardized to equalize the range of model parameters
in the parameter space. The second step is to select a set of neigh-
bors (i.e. calibrated parameter values corresponding to the scenario
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Fig. 4. Evaluation criteria of the closure relation using the calibrated scaling parameter
represents the percentage of scenarios that fall into the intervals of evaluation criteria,
runs in the high resolution model) for the given set of inputs from
the test scenarios. This is done by selecting the scenario runs from
the high resolution model whose model input values are at the
adjacent upper or lower of the inputs values of the test scenarios.
As the model has 8 independent inputs (Table 4), this results in
28 = 256 neighbors to be used in the interpolation. The third step
is to calculate the weight for each neighboring point, which is

wi ¼ d x0; xið Þ�r ð18Þ

where wi is the weight assigned to a parameter value at the location
xi in the parameter space, d(x0,xi) is the Euclidean distance in
parameter space between the prediction location x0 and the loca-
tion xi, r is a parameter. In the final step, the parameters at the un-
known points can be interpolated as a weighted sum of the
parameter values of N known points within the selected
neighborhood:

bUðx0Þ ¼
PN

i¼1wi � UðxiÞPN
i¼1wi

ð19Þ

where bUðx0Þ represents the vector of interpolated values of the scal-
ing parameters in the closure relation (i.e. a, b, c) at location x0 (i.e.
prediction location), U(xi) is the vector of the calibrated scaling
parameters in the closure relation at the location xi, N is the number
of neighboring points. If the interpolation points coincide with the
data points, the parameters values at the data points are taken.

3.5. Evaluation criteria

As our interest is mainly on the hydrograph prediction in the
REWs, evaluation of the closure relation is focused on the discharge
(i.e. Hortonain runoff or concentrated overland flow). This also im-
plies a good prediction in the total infiltration. The performance of
the closure relation is evaluated in terms of the shape of the hyd-
rograph, total discharge and peak discharge. For the shape of the
hydrograph, the efficiency criterion proposed by Nash and Sutcliffe
[58] is used:
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Fig. 5. Examples of hydrographs (y-axis: Q, m3/h; x-axis: time, min) from the high resolution model (bold line) compared to hydrographs from the closure relation (dashed
line) for the same set of model scenarios. The performance of the closure relation is evaluated by the Nash–Sutcliffe efficiency index (E).

Table 5
Details of scenario runs and evaluation assessment of the performance of the closure relation for the plots in Fig. 5.

Plots Model inputsa Evaluation assessment of the closure relation performanceb

Rt T L Savg Ks Hf hi c1 E eQcum eQmax

a 0.033 0.12 800 0.02 10�6 �0.005 0.05 0.08 �0.56 8.93 9.49
b 0.09 0.96 100 0.54 10�6 �0.028 0.05 10�5 0.996 2.15 0.03
c 0.054 0.24 400 0.18 0.013 �0.012 0.1 2 � 10�4 0.93 27.73 14.19
d 0.033 0.48 400 0.02 0.013 �0.012 0.2 10�5 0.77 69.38 1.11
e 0.054 0.24 800 0.02 0.013 �0.012 0.2 0.004 �0.93 21.24 60.1
f 0.054 0.24 100 0.54 0.013 �0.012 0.2 10�5 0.96 0.34 16.14
g 0.09 0.96 400 0.18 0.035 �0.028 0.2 2 � 10�4 0.96 4.88 5.8
h 0.054 0.48 400 0.18 0.035 �0.028 0.2 2 � 10�4 0.88 8.72 16.02

a For explanations of the symbols, see Table 2.
b E (�) is the Nash–Sutcliffe efficiency index. eQcum (%) and eQmax (%) is the percentage of absolute prediction error of total discharge and peak discharge, respectively.

E. Vannametee et al. / Advances in Water Resources 43 (2012) 52–66 59



R T L S K H c 

E
0.

0
0.

4
0.

8

1
2
3
4

t avg s f 1θ i

Fig. 6. Comparison of mean of E according to each value of inputs used to define the scenario runs. The numbers 1, 2, 3, 4 are the ordinal representation of the values in the
series of each input, corresponding to the values in Table 2 (e.g. for Rt, ‘1’ = 0.02 m/h, ‘2’ = 0.033 m/h, ‘3’ = 0.054 m/h, and ‘4’ = 0.09 m/h and so on).

Table 7
Regression coefficients and predictorsa in the regression models for estimation of the
scaling parameters.

Predictors log(a) log((b/0.5) + 0.05) log(c + 0.005)

Coefficient

Intercept 4.038 3.678 �6.143
log(Rt) �0.994 0.652 �0.3
log(T) �0.564 0.468 0.007
log(L) �0.4 �0.648 0.394
log(Savg) 0.248 0.428 �0.347
log(Ks) 0.029 �0.056 �0.03
log(abs(Hf)) 0.037 �0.04 �0.008
log(hi) �0.048 0.051 0.007
log(c1) �0.055 �0.016 0.069

r2 b 0.723 0.758 0.578

a For explanations of the symbols, see Table 2. log() is the logarithmic transfor-
mation with natural base, abs() is absolute value.

b Adjusted r-squared values with a number of predictors in the models.
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E ¼ 1�
PTend

t¼1 ðQ t;HR � Qi;CRÞ2PTend
t¼1 ðQt;HR � Q HRÞ2

ð20Þ

where E (�) is Nash–Sutcliffe efficiency index, t is a simulation time
steps, Tend is the end time of simulation (i.e. 3 h), Qi,CR (m3/h) is the
volume of discharge over a time unit calculated from the closure
relation, Qi,HR (m3/h) is the volume of discharge over a time unit cal-
culated from the high resolution model, and �QHR (m3/h) is the mean
discharge over the simulation time calculated from the high resolu-
tion model. The range of E values is between 1 and �1. A Nash–
Sutcliffe efficiency index close to 1 indicates a good fit between
the closure relation and the high resolution model. An efficiency in-
dex below zero implies that the mean value of the outputs of the
high resolution model would have been a better predictor than
the closure relation [59].

For the total discharge and peak discharge, the percentage of
absolute prediction error between the outputs of the high resolu-
tion model and the results of the closure relation is used:

eQcum ¼
Q cum;HR � Q cum;CR

Q cum;HR

				
				 � 100 ð21Þ

eQmax ¼
Q max;HR � Q max;CR

Q max;HR

				
				 � 100 ð22Þ

where eQcum and eQmax (%) is the percentage of absolute prediction
error of total discharge and peak discharge, respectively, Qcum,HR

and Qcum,CR (m3) is the total discharge of the high resolution model
and closure relation, respectively, Qmax,HR and Qmax,CR (m3/h) is the
peak discharge of the high resolution model and closure relation,
respectively.
4. Results

The results are presented for two groups of scenarios. The first
group consists of the scenarios for which the percentage of runoff
generated is between 0.5% and 10% of the net rain, referred to as
‘low-runoff scenarios’. The second group contains the scenarios
for which runoff generated is more than 10% of net rain: hereinaf-
ter ‘high-runoff scenarios’. We do not consider scenarios with a
runoff below 0.5% of net rain because our focus is on the events
producing a significant amount of runoff.
Table 6
Descriptive statistics of the scaling parameters in the closure relation.

Parameters Definition Min Mean

a Ponding factor 2.864 194.48
b Reservoir parameter 3.9 � 10�4 0.05
c Lag time 1.87 � 10�7 0.11

a r is standard deviation.
b C.V. is coefficient of variation.
4.1. Direct calibration of the closure relation

For each scenario in the artificial data set, the outputs of the clo-
sure relation are compared with the outputs of the high resolution
model to assess the ability of the closure relation in reproducing
the high resolution model outputs.

In the evaluation of closure relation performance, 31% out of to-
tal scenarios (i.e. 65,536 scenarios) are disregarded because these
scenarios produce a runoff less than 0.5% of net rain. As shown in
Fig. 4, performance of the closure relation is satisfactory with re-
gard to the shape of hydrograph, total volume of discharge and
peak discharge for both high-runoff and low-runoff scenarios. It
is clear that for the scenarios with a large amount of runoff, the clo-
sure relation performs better compared to the scenarios that pro-
duce a small amount of runoff. For more than 80% of the scenario
runs in the high-runoff group, the prediction errors are less than
20% for total volume of discharge and peak discharge, and the
Nash–Sutcliffe efficiency index falls between 0.7 and 1. The per-
centage of scenarios in the low-runoff group with good predictions
(i.e. E index between 0.7 and 1 and prediction errors less than 20%)
is smaller, particularly for the error in total discharge amount. The
percentage of scenarios with less than 20% prediction error largely
Max Median ra C.V.b Skewness

4980 132.63 209.16 1.075 4.05
0.303 0.03 0.047 0.94 1.6
0.65 0.067 0.119 1.08 2.22



Fig. 7. 1:1 Plots of closure relation scaling parameters obtained by regression models (y-axis) versus those obtained by calibration (x-axis), including r2 values. The red
diagonal lines are 1:1 lines. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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reduces from more than 90% for the high-runoff to 50% for the low-
runoff group.

To illustrate the results, eight representative examples of
hydrographs produced by the high resolution model compared to
those simulated by the closure relation are shown in Fig. 5, includ-
ing the details of scenario runs of each comparison plot and the
evaluation assessment of closure relation performance (Table 5).
In general, the closure relation is capable of reproducing the hydro-
graphs in the artificial data set. A preliminary conclusion can be
drawn. The performance of the closure relation increases with (1)
an increase in the amount of runoff produced and (2) a decrease
in variance of the hydrologic responses (i.e. degree of instanta-
neousness of responses).

Regarding the amount of runoff generated, the events with a
high amount of discharge generated (e.g. Fig. 5(b), (f) and (g)) have
an efficiency index E close to 1. This indicates an almost perfect fit
between the closure relation and the high resolution model. The
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closure relation performance tends to decrease when generated
runoff is small (e.g. Fig. 5(a) and (e)). Fig. 5(c) and (d) exemplify
the effect of increasing the timing of hydrologic responses on
increasing in the closure relation performance. The hydrograph is
better predicted for the case of fast discharge responses
(Fig. 5(c)) compared to the case of slow discharge responses
(Fig. 5(d)). For the geometry of REWs, with similar rainstorm and
infiltration characteristics, discharge is better simulated for a unit
with a geometry resulting in more instantaneous response
(Fig. 5(f)), compared to a unit whose geometry decelerates the run-
off response (Fig. 5(e)). For the rainstorm characteristics, the clo-
sure relation gives better results for a larger event (Fig. 5(g))
compared to a smaller event (Fig. 5(h)), regardless of the unit
geometry and infiltration properties of REWs. This is because
increasing the amount of rainfall leads to an increase of runoff gen-
erated as well as flow velocity of runoff; and consequently, fast
timing of responses. The joint effects of rainstorm characteristics
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, and third column are the comparison plots of parameter a, b, c, respectively.
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and unit geometry to the closure relation performance result in
either maximizing (Fig. 5(b)) or minimizing (Fig. 5(a)) the closure
relation performance.

To gain more insight into the nature of closure relation perfor-
mance, mean values of E, eQcum and eQmax are calculated for each va-
lue of the independent model variables (i.e. the inputs of high
resolution model). Because the results are similar for all evaluation
criteria, Fig. 6 shows E values only. The performance of the closure
relation increases with increasing rainfall intensity, event duration,
slope gradient; and decreasing slope length and variation of micro
relief; that is, units with an almost parallel flow pattern (Fig. 3,
left). From this analysis, it can be concluded that the performance
of the closure relation is mainly determined by the fastness of
hydrologic responses and yields best prediction results when
hydrological responses are almost instantaneous (Fig. 5(a), (f)
and (h)). Although not shown, we can also conclude that the pre-
diction error of peak discharge is, in general, slightly larger than
the prediction error of the total amount of discharge.
4.2. Arbitrarily-defined REWs and rainstorms: using the estimated
scaling parameters

Here, the closure relation performance is evaluated for the set of
arbitrarily-defined REWs or independent runs where scaling
parameters in the closure relation have been estimated from ob-
servable REW properties and rainstorm characteristics (Table 4),
28% of the total test scenarios are excluded from the analysis due
to the insignificant amount of runoff produced (i.e. runoff less than
0.5% of net rain). As before, the closure relation is evaluated by
comparing its outputs against the results from the high resolution
model.

4.2.1. Testing the approaches for estimations of scaling parameters
4.2.1.1. Global method.
The descriptive statistics of scaling parameters from calibrating the
closure relation to outputs of the high-resolution model (i.e. exclu-
sive the scenarios with a runoff less than 0.5% of net rain to avoid
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the effects of outliers and extremely high parameter values in the
regression models) (Table 6) depict a relatively large range of
parameter values. The distributions of all scaling parameters in
the closure relation are positively skewed. The chi-square test re-
jects the null hypothesis of a normal distribution at a 95% confi-
dential level for all scaling parameters. Hence, the values of
scaling parameters must be transformed (i.e. logarithmically or
algebraically) such that the parameters are approximately nor-
mally distributed. The values of independent variables (i.e. model
inputs) are subject to the transformation as well because the distri-
bution of original values of independent variables can be highly
skewed for two reasons. First, the model inputs are defined as geo-
metric series. Second, the exclusion of parameters of no-runoff sce-
narios has an effect on the distribution of model inputs. The
regression models for each scaling parameter including the r2 val-
ues are shown in Table 7. Model inputs are all log-transformed
while transformation of dependent variables (i.e. scaling parame-
ters in the closure relation) is chosen based on trial and error such
that a normal distribution is obtained.

According to the Mallow’s Cp statistics, all independent variables
(i.e. model inputs used to create scenario runs in the high resolution
model) should be used as predictors in the regression models. The
adjusted r-square values shows that the variances explained by
the regression models are larger for transformed ponding factor a
and reservoir parameters b compared to the transformed values
of lag time c.

For ponding factor (a), it is difficult to explain the direction of the
relation between the independent variables and the ponding factor
a (i.e. negative or positive, Table 6) through the regression coeffi-
cients. The ponding factor is defined as a product of ponding factor
and surface water (Eq. (13)), so a determines the slope of the pond-
ing fraction curve. The value of a increases with the degree of
change in ponding fraction or, say, the discharge generation rate.
Discharge response is more instantaneous when the units have par-
allel flow pattern, associated with a steep slope gradient and small
variation of micro relief. Therefore, a has a positive relation with
slope gradient and negative relation with variation in micro relief.

The reservoir parameter (b) is large when a large amount of
runoff is generated. Therefore, the reservoir parameter has a posi-
tive relation with rainfall intensity, event duration, slope gradient,
and antecedent moisture content. A negative relation is found with
slope length, saturated hydraulic conductivity, positive values of
matric suction at the wetting front and variation in micro relief.

For the lag time (c), it is expected that the regression coeffi-
cients are negative for the event duration and antecedent moisture
content; while positive for saturated hydraulic conductivity and
matric suction at the wetting front. This is because the hydrologic
responses are more instantaneous (i.e. lag time is small) when
event duration is long (i.e. more water to the system) and infiltra-
tion capacity is small (i.e. decrease in saturated hydraulic conduc-
tivity and decrease in matric suction at the wetting front. However,
the regression coefficients are the opposite (i.e. positive for event
duration and negative for saturated hydraulic conductivity and
matric suction at the wetting front).

The parameter values obtained from the regression models are
back transformed and plotted against the corresponding calibrated
values (Fig. 7). With the non-transformed parameters, the plots
show a slight decrease in the agreement between the calibrated
parameter values and the values predicted by the regression mod-
els. Only 50% of variance is explained by the regression models for
a and c; while 68.3% of variance of b is explained.

4.2.1.2. Local method. The inverse distance weighted method was
tested with different power r values (Eq. (18)), and we found that
the best results were obtained with r equal to 3. It should be noted
that there are abrupt changes of parameter values at the locations
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Fig. 11. Schematic figure of the development of the closure relation for Hortonian
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close to the edges (i.e. either left or right) of the parameter space.
These parameter values are considered as outliers because they be-
long to the scenarios with insignificant amount of runoff generated
(i.e. runoff less than 0.5% of net rain). It turned out to be necessary
to remove these parameter values to avoid the influences of these
extreme parameter values in the interpolation if the point of inter-
polation is close to the edges of the parameter space. Therefore,
most of the test scenarios (i.e. Table 4) have relatively small neigh-
borhood size, ranging from 21 to 232 points.

4.2.2. Estimation of the closure relation parameters
Fig. 8 shows that compared to the multiple regression method,

the inverse distance interpolation method gives better results in
estimating scaling parameters of the test scenarios data set. For
parameter a, both approaches give equally good predictions. How-
ever, the inverse distance weighted interpolation method largely
improves the predictions of parameter b and c. For the low-runoff
scenarios group, a is underestimated while b and c are overesti-
mated. The parameter predictions for the high-runoff scenarios
group show the opposite results. Predictions of c is underestimated
while a is overestimated only using the inverse distance weighted
interpolation method.

4.2.3. Hydrograph prediction
When considering reproduction of hydrographs, as expected,

the closure relation using the estimated scaling parameters shows
a lower performance than the closure relation with the calibrated
scaling parameters, as manifested by the decrease in the percent-
age of scenarios with a good fit between the closure relation and
high resolution model (Figs. 4 and 9). In general, the closure rela-
tion performance using the estimated scaling parameters is larger
for the high-runoff group than for the low-runoff group, regardless
of the methods of parameter estimation. This finding is similar to
the closure relation using the calibrated scaling parameters (i.e.
Section 4.1). Fig. 9 also shows that the closure relation with param-
eters estimated by inverse distance weighted interpolation has
superior performance to the closure relation that uses the regres-
sion models to estimate its parameters. For both low-runoff and
high-runoff scenarios groups, the percentages of scenarios that fall
into a class of ‘small’ prediction errors (i.e. eQcum and eQmax below
20% and E index above 0.7) are lower for the case of the closure
relation that uses parameters based on regression. However, errors
in the peak discharge prediction in the low-runoff scenarios group
are exceptions (Fig. 10(h) and (k)).

The comparison between the total discharge volume as well as
the peak discharge calculated by the closure relation and those
produced by the high-resolution model (Fig. 10) supports the find-
ings that the closure relation performs better when its parameters
have been obtained by the inverse distance weighted interpolation.

As with the results of the closure relation with calibrated scal-
ing parameters, the prediction of total discharge volume is more
accurate than the peak discharge.

5. Discussion and conclusion

In this study, we propose and evaluate a closure relation for
infiltration-excess overland flow (i.e. infiltration and Hortonian
runoff flux) in the REW context. The closure relation is developed
as a lumped conceptual model that calculates the cross-boundary
flux as a function of input flux, a current and past state of storage
in the REWs, point-scale measurable physical properties, and a set
of scaling parameters describing the effects of scale transfer (i.e.
REW geometry and sub-REW scale heterogeneity in processes
and measurable physical properties). These scaling parameters
can be derived from observable REW physical characteristics,
geometry, state variables as well as the boundary conditions. The
past trajectory of the input flux is neglected in the derivation of
the scaling parameters in this study.

The closure relation for infiltration and Hortonian runoff is de-
rived following the numerical simulation approach. In doing so, an
extensive set of cross-boundary flux (i.e. rainfall, infiltration, over-
land flow) and internal states for a large range of hypothetic REWs
and rainstorms was generated by a physically-based high resolution
model. This synthetic data set provides complete knowledge of all
states and fluxes for a wide range of catchment and rainstorm
characteristics that could not be obtained from measurements.
Furthermore, with the use of a high resolution model, point-scale
measurable values can be used throughout the procedure. The clo-
sure relation consists of the standard form of the Green & Ampt
equation and a linear reservoir describing the infiltration and
Hortonian runoff flux respectively. The closure relation uses three
scaling parameters; a ponding factor, a reservoir parameter, and a
lag time.

The results show that the closure relation C for infiltration and
Hortonian runoff can be identified and parameterized using the
synthetic data set. The closure relation is capable of reproducing
the Hortonian runoff for an extensive range of scenarios of REWs
and individual storms when calibrated for each scenario. More
than 80% of the ‘high-runoff’ scenarios and about 75% of the
‘low-runoff’ scenarios have a Nash-Sutcliffe efficiency index be-
tween 0.7 and 1.0 (Fig. 4). The performance of the closure relation
reduces when a small amount of runoff is generated and when the
hydrologic responses are not instantaneous. This situation occurs
with a small rainstorm, high infiltration capacity, and REWs with
a geometry decelerating runoff responses (i.e. large slope length,
high slope gradient, and a large variation in micro relief resulting
in a random flow pattern). Under these conditions, spatial pro-
cesses in runoff generation (i.e. interaction between infiltration, ru-
non and runoff) become important. The closure relation does not
explicitly consider such spatial interactions as it is fundamentally
a lumped conceptual model, resulting in a lower performance for
the group of ‘low-runoff’ scenarios.

Regarding the estimation of the scaling parameters from the ob-
servable REW properties and rainstorm characteristics, a local ap-
proach (see Fig. 8), using inverse distance weighted interpolation
in the parameter space, outperforms the regression method. The
local method gives better estimates of all scaling parameters in
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the closure relation, except for the ponding factor a, resulting in a
better discharge prediction compared to the regression method. In
the independent runs, 65% of the events in the ‘high-runoff’ sce-
nario has a Nash- Sutcliffe efficiency index between 0.7 and 1.0,
with the scaling parameters estimated by the local method. This
percentage decreases to 50% when the global method is used to
estimate the scaling parameters. These findings indicate a consid-
erable degree of non-linearity in the parameter space; the multiple
linear regression technique is apparently not sufficient to describe
the relations, especially at the edges of the parameter space where
the scaling parameters for the ‘low-runoff’ scenarios are located.
This non-linearity may be due to the spatial heterogeneity in the
infiltration process in the Hortonain runoff generation mechanism
that becomes more important in the ‘low-runoff’ scenarios and,
hence, complicates the tasks of scaling parameter estimation by
the regression method [34]. Here, we conclude that the relation be-
tween the scaling parameters and observational parameters is
non-linear and can be best described using the local information
in the parameter space.

It is expected that the discharge predictions would be more
accurate if estimation errors of scaling parameters in the closure
relation are further reduced. To reduce the errors, it is recom-
mended to use more points in the parameter space, which means
that a larger artificial data set is required. Focus should be more
on scenarios producing a small amount of runoff because these
scenarios are located near the edge of the parameter space, where
the parameter values may exhibit a strong non-linear change. An-
other option would be to employ other data transformation tech-
niques and use other parameter estimation methods.

The development of the closure relation in this study partly fol-
lows the disaggregation–aggregation approach originally proposed
by Robinson and Sivapalan [60] and later schematically presented
in Viney and Sivapalan [61]. Robinson and Sivapalan [60] proposed
to estimate the REW scale closure relation from REW scale values.
Here, we propose a different approach where REW scale closure
relation are derived from local-scale measureable values. As we as-
sume uniform meteorological forcing and unit properties, the dis-
aggregation of REW-scale variables It, St, P to local-scale values it,
st, p is neglected in our study. Using local-scale values, we use a
physically-based high resolution model to represent the processes
g at the local scale. For the process conceptualization at the REW
scale (i.e. the closure relations C), we use for infiltration the same
form of process conceptualization as used at the local scale, and
for runoff we identify a new form of process conceptualization
(i.e. a linear reservoir with lag time). This requires an additional
set of parameters to compensate the scale transfer effects, called
scaling parameters u. Aggregation of the local-scale processes to
REW scale processes is done by generating an extensive data set
of hydrologic responses with the high-resolution model. The scal-
ing parameters u in the closure relations C are found by calibration
against this synthetic data set. Finally, a multiple regression and a
local interpolation method are proposed that allow direct estima-
tion of the REW-scale scaling parameters from local-scale values
(diagonal line in Fig. 11). Note that this is different from the ap-
proach described by Viney and Sivapalan [61], as their approach
proposes to estimate the scaling parameters of the closure relation
from REW-scale values. Thus, our approach is feasible mainly when
local scale values have been observed, or when appropriate disag-
gregation methods to downscale REW-scale values to local-scale
values are available. The development of a closure relation follow-
ing our approach can also be considered as identifying a dynamic
emulation model that a reduced order emulation (i.e. closure rela-
tions) of the higher order simulation model (i.e. high resolution
model) is developed based on the analysis of data obtained from
planned experiments using the simulation model in the context
of database mechanistic and top-down modeling [62].
The limitation of this study is mainly the limited physics used in
the high resolution model. Due to the limited computational re-
sources, it was not possible to represent the processes at the local
scale using fully physically-based process descriptions (e.g. Darcy–
Richard equations or multi-layer infiltration model), as this would
considerably increase model run time. Also, spatio-temporal vari-
ability of parameters within the REWs was partly neglected,
although runoff was considered spatially variable. Incorporating
spatio-temporal variation in parameters of the high resolution
model would introduce additional parameters describing the high-
er order statistics of the parameters. This would significantly in-
crease the number of runs required with the high-resolution
model, as a much larger parameter space would need to be filled.
However, both using more physics and incorporating spatial varia-
tion are possible within our proposed framework. The only
requirement would be large computational resources (cluster
computations).

It might be needed to incorporate more key processes related to
Hortonian runoff generation mechanism in the closure relation. For
example, several studies have shown that the surface storage may
influence the Hortonian runoff generation in agricultural areas (e.g.
[39]). Thus, parameters related to surface roughness such as Man-
ning’s roughness coefficient, soil porosity and surface roughness
index should be considered in creating the artificial data set in
the high resolution model. Surface storage processes should, hence,
be explicitly considered in the closure relation as well as in the
estimation of scaling parameters. Furthermore, this study does
not consider other discharge generation processes, such as the sat-
urated overland flow and subsurface flow, which play an important
role in the runoff generation in the low-lying slopes and humid
catchments.

Finally, it is important to assess the value and applicability of
the closure relation in real-world cases. This involves testing the
closure relation against the field data (i.e. discharge). Inputs and
boundary conditions required in the closure relations can be ob-
tained from field observations (i.e. rainfall, REW properties) or esti-
mated using a simple model (i.e. evapotranspiration model to
estimate initial soil moisture content). The application and evalua-
tion of our approach for real world data is now ongoing and will be
reported in a subsequent paper.
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