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Abstract We study an epidemiological model which assumes that the suscep-
tibility after a primary infection is r times the susceptibility before a primary
infection. For r = 0 (r = 1) this is the SIR (SIS) model. For r > 1 + (μ/α)

this model shows backward bifurcations, where μ is the death rate and α is the
recovery rate. We show for the first time that for such models we can give an
expression for the minimum effort required to eradicate the infection if we con-
centrate on control measures affecting the transmission rate constant β. This
eradication effort is explicitly expressed in terms of α, r, and μ. As in models
without backward bifurcation it can be interpreted as a reproduction number,
but not necessarily as the basic reproduction number. We define the relevant
reproduction numbers for this purpose. The eradication effort can be estimated
from the endemic steady state. The classical basic reproduction number R0 is
smaller than the eradication effort for r > 1 + (μ/α) and equal to the effort
for other values of r. The method we present is relevant to the whole class of
compartmental models with backward bifurcation.
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1 Introduction

The simultaneous presence of multiple endemic steady states (i.e. the backward
bifurcation phenomenon) has in recent years been the topic of many papers on
infectious disease models (e.g. [1–3,6–8,10,12–15,13–16]). We aim in this paper
to develop a method to estimate the effort needed to eradicate an infectious
agent, starting from an endemic steady state, in systems that allow backward
bifurcation.

We develop our method using a special case of a model proposed by Hadeler
and Castillo-Chavez [7]. In this model individuals can return to the susceptible
state after each infection. We distinguish susceptibles that have never expe-
rienced the infection (naive individuals) from susceptibles that have a prior
infection history (independent of the number of repeated infections). Hadel-
er and Castillo-Chavez showed that backward bifurcation can occur in their
model. Our model defines a whole family of infectious disease models which
contains on one end the SIR model (i.e. individuals have zero susceptibility
after the first and only infection, i.e. they are fully immune). The key parameter
of our model is the ratio r of the susceptibility after a primary infection and the
susceptibility before a primary infection. For the SIR model, r = 0. For the SIS
model we have r = 1. We shall provide a lower bound of r for which backward
bifurcations are possible. When they occur, then r > 1, i.e. after a primary
infection the susceptibility is higher than before. This could be interpreted as
immuno-suppression, which may be relevant for some infections like pertussis
where backward bifurcations have been studied in a slightly more complicated
model by van Boven et al. [2], or as sensitization to new infections after having
experienced a primary infection. We describe the model and its steady states
in Sect. 2. In Sect. 3 we determine the minimum eradication effort and show
how this can be obtained from the stable endemic equilibrium. Since for models
without backward bifurcation the minimum eradication effort is identical to the
basic reproduction number R0 [5], we investigate to what extent this result still
holds true for this model with backward bifurcation (Sect. 4). It turns out that
it is the interplay between two new reproduction numbers that determines the
outcome. Both these new reproduction numbers coincide with R0 for the model
without backward bifurcation. In Sect. 5 we shall determine for which initial
conditions the minimum eradication effort can be interpreted in terms of these
new reproduction numbers. Finally in Sect. 6 we discuss our results.

2 The model and its equilibria

Consider a demographically stationary population structured into three classes
of individuals according to their epidemiological status. The first class is that
of susceptibles without past infections S0(t), i.e. individuals who never were
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infected and may contract the infection (to be referred to as naive individuals);
the second class is that of infectious individuals I(t); and the third class is that of
susceptibles with at least one past infection S1(t), to be referred to as recovered.
We model in terms of fractions and assume that the total size is equal to one,
S0 + I + S1 = 1.

The states S0, S1, and I can in principle be distinguished from each other by
performing simultaneously two tests: the first measures the level of antibodies
(AB), i.e. the presence of immunological memory and the other is a test for
the presence of the infective agent (such as a PCR test). If the AB and PCR
test results for a given individual are both negative, we classify the individual
in question naive, i.e. with current state S0. If either test gives a positive result
we classify the individual as having state S1 (when AB is positive, but PCR is
not) or state I (when PCR is positive, regardless of the AB result). This applies
to all infections with antibody-mediated immunity for which sensitive AB and
PCR test are available.

Assume that individuals are born naive with per capita birth rate μ. Naive
individuals can either die with per capita death rate μ or they get infected with
linear incidence rate βI = r0κI where κ is the per capita contact rate and r0
is the probability of success of contacts between infected and naive individuals
and hence, β is the successful contact rate between S0 and I. Infected indi-
viduals can either die with per capita death rate μ or recover with per capita
rate α. Recovered individuals can either die with per capita death rate μ or get
infected again with linear incidence rate β̃I = r1κI, where r1 is the probability
of success of contacts between I and S1 and hence, β̃ is the successful contact
rate between infected and recovered individuals. Define r = (r1/r0) as the ratio
of transmission probabilities. Hence, the successful contact rate between infect-
eds and recovereds is rβ. These assumptions lead to the following system of
ordinary differential equations:

dS0

dt
= μ − (μ + βI)S0,

dI
dt

= β(S0 + rS1)I − (α + μ)I, (1)

dS1

dt
= αI − (μ + rβI)S1.

When r = 0, the model is an SIR model; when r = 1, the model becomes an
SIS model. For system (1) we have

R0 = β

α + μ
.

Note that r plays no role in R0 since in the invasion phase in a homogeneously
mixing population, the probability that a recovered individual comes into con-
tact again with an infectious individual is neglected.
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For both extreme cases r = 0 (SIR) and r = 1 (SIS), it is well-known [4] that
the infection-free equilibrium (IFE) is globally stable for R0 ≤ 1, and that there
exists a globally stable endemic state for R0 > 1.

2.1 Forward bifurcations

If 0 < r < 1 + (μ/α), then the dynamical system (1) has the following endemic
states:

(1) The infection-free equilibrium (1, 0, 0), which is globally asymptotically
stable if and only if R0 ≤ 1.

(2) The endemic equilibrium (S̄0, Ī, S̄1), which is unique and is globally asymp-
totically stable if and only if R0 > 1, where:

Ī = 1
2

⎛
⎜⎝

(
1 − 1

rR0
− μ

(α + μ)R0

)

+
√√√√(

1 − 1
rR0

− μ

(α + μ)R0

)2

+ 4μ(1 − 1
R0

)

(α + μ)rR0

⎞
⎟⎠ ,

S̄0 = μ

μ + β Ī
, (2)

S̄1 = αĪ

μ + rβ Ī
.

For R0 > 1/r and α � μ, the endemic equilibrium for I is approximately
equal to 1 − (1/rR0). Although the endemic level Ī increases monotonically
with R0, there are two inflection points close to R0 = 1/r. Both the point with
the minimal and the maximal slope are close to each other (Fig. 1a).

2.2 Backward bifurcation model

For r > 1+(μ/α), the model (1) exhibits a backward bifurcation. Apart from the
infection-free equilibrium (S0, I, S1) = (1, 0, 0) there can exist a single unique
endemic steady state or two positive steady states depending on the solutions
to a quadratic equation. The endemic steady state values for S0 and S1 are as
given above in (2), where, Ī ∈ [0, 1] is the solution of the quadratic equation:

f (I) = rβ2I2 + (rμ − (rβ − (α + μ)))βI + μ(α + μ − β) = 0. (3)

This equation has one or two feasible (i.e. positive, real) solutions, depending
on the values of the parameters. As seen in the previous subsection, there is
one solution, given in (2), for the case when R0 > 1 and arbitrary r > 0. For
R0 < 1 the situation is more complicated. For r > 1 + (μ/α) there is a region of
values for R0 < 1 where there are two feasible solutions:
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Fig. 1 This figure shows the endemic prevalence I as a function of the contact rate β for two values
of r (r = 0.2 part (a), r = 1.5 part (b), α = 10 per year and μ = 0.015 per year). For r between 0 and
1 + μ/α, there are two inflection points close to R0 = 1/r. For R0 > 1/r, the endemic equilibrium
is close to 1 − 1/rR0(a). For r > 1 + μ/α, there are three equilibrium points between R0 = R�

0 and
R0 = 1 (b)

Ī
± = 1

2

⎛
⎜⎝

(
1 − 1

rR0
− μ

(α + μ)R0

)

±
√√√√(

1 − 1
rR0

− μ

(α + μ)R0

)2

+ 4μ(1 − 1
R0

)

(α + μ)rR0

⎞
⎟⎠ . (4)

2.3 The critical contact rate β�

We denote the two endemic steady states by E+ and E−. We now refer to Fig. 1b
for additional notation for the situation r > 1 + (μ/α). On the vertical axis we
give the I-component of E+ and E−. On the horizontal axis we vary the contact
rate β. In other words, on the horizontal axis we vary R0, but we assume that
all ingredients of R0 other than β are constant. When moving from R0 > 1 to
R0 < 1 we only decrease β. The effect is that the corresponding values for the
I-component of E+ and E− will come closer together. The steady states coin-
cide in the turning point [18] E�, with I-component I+ = I− =: I�. The value of
β and R0 for which that happens will be denoted by β� and R�

0, respectively. It
is a straightforward calculation from (4) to obtain that at the turning point

β� =
(√

μ(r − 1) + √
α
)2

r
for r ≥ 1 + μ

α
,

R�
0 = β�

α + μ
, (5)

I� = rβ� − rμ − (α + μ)

2rβ�
.

For r ≤ 1 + μ/α we have β� = α + μ.
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Fig. 2 Bifurcation diagram in the (R0, r) plane showing the partition of the plane according to the
number of the endemic equilibrium points (α = 10 per year and μ = 0.015 per year)

The following proposition summarizes the behaviour. Figure 2 shows the
partition of the (R0, r)-plane with the same information about the steady states.

Proposition For:

(a) R0 > 1, a unique positive endemic equilibrium exists in addition to the
infection-free equilibrium,

(b) R�
0 < R0 < 1 and r > 1 + μ/α two positive endemic equilibria exist in

addition to the IFE,
(c) 0 < R0 < R�

0 or (R�
0 < R0 < 1 and r < 1 + μ/α), there is only the IFE.

Proof From (3), one can simply evaluate:

f (1) = β(rμ + α) + μ(α + μ), f (0) = μ(α + μ)(1 − R0),

f ′(0) = β(rμ + α + μ − rβ).

It is easy to check that f ′(I�) = 0 where I� = rβ−rμ−(α+μ)
2rβ > 0 iff β > μ +

(α + μ)/r.
It is clear that f (1) > 0, that f (0) can be positive or negative depending on

the value of the basic reproduction number R0, and that f ′(0) can be positive
or negative depending on the values of the parameters. If f (0) > 0, f ′(0) < 0
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and f (I�) < 0 , there are two positive endemic equilibria in addition to the
infection-free equilibrium. If f (0) < 0 and f ′(0) > 0, then there is a unique
positive endemic state in addition to the infection-free equilibrium. Otherwise
there is only the infection-free equilibrium. It is easy to check that: f (0) > 0 if
and only if R0 < 1, f ′(0) < 0 if and only if R0 > (μ/(α + μ)) + (1/r), f (I�) < 0
if and only if R0 > R�

0. Combining the conditions together finishes the proof. �	

For r > 1+(μ/α), we have indicated the turning point where the two positive
endemic states merge by E� = (S�

0, I�, S�
1) where

S�
0 = 1

1 +
√

α
μ(r−1)

⎧⎪⎩ r
r − 1

⎫⎪⎭,

I� = 1

1 +
√

α
μ(r−1)

⎧⎩1 − S�
0

⎫⎭,

S�
1 =

√
α

μ(r−1)

1 +
√

α
μ(r−1)

⎧⎩1 − S�
0

⎫⎭.

3 The minimum effort R required to eradicate an infection

In the last section, we saw that a reduction of the contact rate β below its criti-
cal value β� would reduce the equilibrium prevalence to zero, for the region of
values for r where our system exhibits a backward bifurcation. For the region
r < 1 + μ/α we found that β� = α + μ, so also there β� is the value of β sep-
arating between the existence of the zero and endemic steady state. Suppose
we concentrate our control effort on reducing contacts. Given this one could
define a measure for the control effort required to eradicate an infection in such
a system when starting from a situation where the contact rate has the value β.
Can we find a measure that indicates minimum effort needed, starting from an
endemic state, and express this in terms of measurable steady state fractions?
We propose the following simple quantity

R := β

β�
.

We will interpret this quantity as a measure of eradication effort. For the SIR
and SIS case, and more generally for r ≤ 1 + (μ/α), we have (Sect. 2) that
β� = α + μ and this gives R = R0 and we see that such an interpretation
is justified. For the interpretation for arbitrary r we first show the following
proposition.
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Fig. 3 This figure shows the contour lines for both the episode (straight lines) and the case (hyper-
bolic lines) reproduction number in a ternary plot for the parameter values α = 10 per year,
μ = 0.015 per year, β = 1.8 per year, and r = 8. The marked line indicates the maximum case
reproduction number for fixed S1. See Sect. 4 for details

Proposition The ratio between the contact rate, β, and the critical contact rate,
β�, at equilibrium is given by:

R = β

β�
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

S̄0 + rS̄1
for r ≤ 1 + (μ/α),

1(√
S̄0

1−S̄0
Ī(1 − 1

r ) +
√

S̄1(1 + 1
r

S̄0
1−S̄0

)

)2 for r ≥ 1 + (μ/α),

(6)
where the ratio r is determined from the relation

r = S̄0

1 − S̄0

(
α

μ

I

S1
− 1

)
. (7)

Proof At equilibrium, one can find:

μ = β Ī
S̄0

1 − S̄0
,

α = β

(
S0 + r(1 − S0 − I) − I

S0

1 − S0

)
.
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Substituting these expressions into the relation

β� =
⎧⎨
⎩

α + μ for r ≤ 1 + (μ/α),(√
μ(r−1)+√

α
)2

r for r ≥ 1 + (μ/α),

and performing some simple calculations leads to (6). To derive (7), we find at
equilibrium

β Ī = μ(1 − S̄0)

S̄0
,

rS̄1 = αĪ − μS̄1

β Ī
.

Hence,

r = α
Ī

S̄1
− μ

S̄0

μ(1 − S̄0)
= S̄0

1 − S̄0

(
α

μ

I

S1
− 1

)
.

�	
Note that for the SIR (r = 0) and SIS (r = 1) models, the control effort

R = R0 = 1/S and we indeed recover the well-known identity according to
which the product of the basic reproduction number and the equilibrium pro-
portion of susceptibles equals one (where S is S0 or S0 +S1, as appropriate). For
other values of r < 1+ (μ/α), the equilibrium proportion of susceptibles S̄0 and
S̄1 are weighted according to their relative susceptibility r. For r > 1 + (μ/α)

the corresponding formula is more complicated but it can still be given in an
explicit form (6).

If we know the equilibrium solution,(S̄0, Ī, S̄1), in addition to the model
parameters α and μ, we can evaluate r from (7) and then use (6) to evaluate
the effort required to eradicate the infection. The equilibrium proportions of
the three epidemiological states can be estimated from a cross sectional survey.
The death rate μ is obtained from demographic observations and the recovery
rate α is estimated from the duration of the infectious period of infected cases.

The question arises whether the expression for control effort can be inter-
preted as a reproduction number like in the case of the SIR and SIS model.
This problem will be addressed in the following sections. We can define two
reproduction numbers: the episode reproduction number and the case repro-
duction number. The first reproduction number determines how many second-
ary infectious episodes are generated during one infectious episode. It depends
on both S0 and S1. The case reproduction number asks how many new cases
are generated by one case throughout life. It only depends on S0 and on the
combined duration of all infectious periods throughout the future life of a newly
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infected individual (which depends on the prevalence I). If the population is
completely naive i.e. (S0, I, S1) = (1, 0, 0), then both reproduction numbers are
identical and equal to R0. We will regard these numbers in a broader setting,
however, where we want to express the “reproductive capacity” of an infected
individual in a population with arbitrary characteristics (S0, I, S1). One often
sees the term “effective” reproduction number for such a quantity. We give two
different names since the quantities defined are in general not equal. We note
that, since the population composition is not fixed for their definition, all these
reproduction numbers are in fact functions, in contrast to R0. To emphasize
their biological interpretation and dimension we stick, however, to the term
“numbers” for all quantities.

4 The episode reproduction number Re and the case reproduction
number Rc

The episode reproduction number, denoted by Re, is defined as the aver-
age number of secondary episodes (infectious periods) produced by one epi-
sode (infectious period) when the sub-populations are given by the fractions
(S0, I, S1). In the simple case of our model system, it is the product of three
quantities:

Re = β (S0 + rS1)

(α + μ)
(8)

One can see immediately from the differential equation for I in (1) that Re = 1
in steady state and that I is increasing if Re > 1 and decreasing if Re < 1. Also,
when the population consists of naive individuals only we see that Re = R0.

The case reproduction number, denoted by Rc, is the expected number of
secondary cases produced by one infected case throughout life. It is, just like Re,
the product of three quantities: the contact rate, the proportion of individuals
at risk of getting infected, and the total time of life spent in the infectious state
T(I). We find:

Rc = βS0T(I), T(I) = μ + rβI
μ(α + μ + rβI)

. (9)

To evaluate T(I) we follow a newly infected individual i. This infected indi-
vidual i can either die with per capita death rate μ or recover without immunity
to become a recovered individual with per capita recovery rate α. Such recov-
ered individuals can either die with per capita death rate μ or become infected
again with force of infection rβI where I is the proportion of infected individu-
als in the whole population. We can describe the dynamics of state changes for
individual i by a Markov transition matrix as in [4]. For the system described
above there are two states I and S1, and the transition matrix is given by

G =
(−(α + μ) rβI

α −(rβI + μ)

)
.
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The expected time spent in state 1 (I) is then given by

T(I) = − (
1 0

)
G−1

(
1
0

)
.

We now distinguish between “episode” and “case”. By case we mean an
individual who gets infected for the first time. It stays a case for the rest of life.
In other words, we count it only once. However, concerning an episode, we
count the individual during each time at which it is in the state I. By rearrang-
ing the equations of system (1) at steady state, one can easily see that the case
reproduction number, Rc has the following properties: Rc = 1 at equilibrium
(with I strictly positive not necessarily at infection free equilibrium); when the
population consists of naive individuals only, Rc = R0.

We now study the system’s dynamics in terms of the quantities defined. First,
we notice that the set S0 + S1 + I = 1 is invariant and absorbing. In order to
show the isoclines of Re in the unit simplex we use so-called ternary plots. This
graphical tool (also known as De Finetti diagram) is quite common in genetics
for the representation of the relative frequencies of three genotypes [9,11]. The
S0, I, and S1 axes are depicted with increasing values going counter clockwise
in a ternary plot, and isoclines become parallel lines. Figure 3 shows the con-
tour lines for the episode reproduction number Re (straight lines) and the case
reproduction number Rc (hyperbolic lines) for values of model’s parameters
in the area in which there are two positive endemic equilibria in addition to
the IFE. Along the axis S0 = 0, Re increases linearly with S1 for r > 1 with
a maximum value equal to rβ/α + μ for S1 = 1 and a minimum value equal
to zero for I = 1. The isocline which connects the two equilibria, E− and E+,
corresponds to an Re value of 1. The location of the point E� in the triangle for
all possible values of r is shown in Fig. 4.
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Fig. 4 This figure shows the curve in the triangle on which the point E� lies for values of r ≥ 1+μ/α

and the isoclines Re = β/β� for values of r = 2, 20, 200, 2, 000, 20, 000, and 200, 000. In Fig. 4b, we
have the whole curve. At r = 1 + μ/α, E� coincides with the IFE. When r increases, the point
E� moves clockwise on a closed curve until reaching the IFE again when r tends to infinity. An
explanation to the left corner is shown in Fig. 4a. This is done for values of r, clockwise from the
right bottom, located at head arrows 1.08, 1.2, 1.45, 2, 3.5, 5.5, 8.5, and 12.5, respectively
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Fig. 5 Ternary plot for the episode and the case reproduction numbers in the case of backward
bifurcation with two endemic equilibria E+ (stable) and E− (unstable). The straight dotted line
through these points is the contour line Re = 1. The continuous hyperbola through these points is
the contour line Rc = 1. The dashed dotted line is the contour line where Re = Rc. The dashed line
through E� is the contour line Re = β/β� = R, i.e. along this line the episode reproduction number
equals the minimum eradication effort. The line with arrow heads indicates the maximum Rc for
fixed S1. The contour lines divide the triangle into areas where the inserted inequalities are valid

We are particularly interested in the isocline passing through the point E� =
(S�

0, I�, S�
1), see Fig. 5. From formula (8) we notice that the episode reproduction

number depends on the two proportions S0 and S1 in addition to the model
parameters β, r, α, and μ. If we substitute these two proportions by their val-
ues at the turning point E� we get Re = R = β/β�. This means that the ratio
β/β� equals the episode reproduction number evaluated at the turning point.
Therefore, R is a reproduction number not only at this point but also along the
isocline passing through the turning point.

5 Transient behaviour

Since analytical solutions of model (1) are impossible, numerical simulations
have been performed. Figure 6 shows the trajectories in a ternary plot when
there is a unique endemic equilibrium in addition to the IFE. If we begin the
calculations at a random position within the ternary triangle, then we get the
following behaviour. The initial Re can be less than or bigger than one. If Re > 1
we get a monotonic increase until reaching the equilibrium. This increase can
be uniform in speed or it can be composed of a fast and slow component (weak
growth followed by a strong one). On the other hand, if Re < 1 we get either a



The minimum effort required to eradicate infections in models with backward bifurcation 715

uniform decrease until reaching the equilibrium or an initial decrease followed
by a sudden increase.

If we solve the system with random initial conditions in the ternary triangle
with parameter values for which there are two endemic equilibria in addition to
the IFE (Fig. 7), we get a combination of two different types of behaviour (one
is similar to that in Fig. 6 and the other is the one in the domain of attraction of
the IFE). The separatrix (broken line) divides between the domains of attrac-
tion of the IFE and the stable positive endemic equilibrium. It passes through
the unstable endemic equilibrium. The isocline Re = 1 is a straight line passing
through the two positive endemic states. In the domain of attraction of the IFE
we notice that first I and S0 decrease, whereas S1 increases up to a maximum
value depending on the initial values until I approaches zero. Susequently, S1
decreases again and S0 eventually increases to reach 1. In this case, we find that
the episode reproduction number Re is always less than one, as a consequence
we get a monotonic decrease of the prevalence I. In the other part of the tri-
angle we have two patterns (above and below Re = 1). Below the line Re = 1,
both S0 and I initially increase while S1 decreases till reaching the line Re = 1
and suddenly S0 decreases. Above the line Re = 1, both I and S0 decrease while
S1 increases until reaching the line Re = 1 and then I increases to reach the
equilibrium. We see that Re plays an important role in the dynamics.

The important thing to notice is that for given initial prevalence I we can
reach both of the stable equilibria. This makes the initial conditions useless in
evaluating the eradication effort in the presence of backward bifurcations. This
is in contrast to the situation in the case without such bifurcations.

Fig. 6 This figure shows the
ternary plot with model
parameters defining a unique
positive endemic equilibrium.
Here, we notice that the
positive stationary solution is
the global attractor. The
dotted straight line passing
through the equilibrium point
corresponds to Re = 1
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Since α and μ are the removal and birth/death rate, respectively, we fix them
in all calculations (the length of the infectious period “1/(α + μ)” is fixed).
Hence, the variability can occur with respect to both r and β. We considered
two different points of (β, r) namely (14, 2) and (2, 7). They belong to two areas
in the plane (R0, r) in Fig. 2 and are representative for the different behaviour
of the solutions in the two areas (with positive endemic equilibria) of the (R0, r)
plane.

The importance of using ternary triangles here is that we can immediately
see the dynamics of the three components simultaneously and the local and
global attractors. In Fig. 6 for example we notice that if we start anywhere, then
there are three types of behaviour depending on the value of the episode repro-
duction number Re. If Re < 1, then both S0 and I decrease while S1 increases
till reaching the global attractor. If 1 < Re < R0, then both I and S1 increase
while S0 decreases till reaching the global attractor. If R0 < Re, then I always
increases while both S0 and S1 change to reach the equilibrium. Similarly, we
can find out the different types of behaviour in Fig. 7.

6 Discussion

Several authors noted before that for models with backward bifurcation, the
basic reproduction number can no longer be used as an indicator of the eradi-

0

5

"Ternary plot in case of two stable equilibria"
"α = 10, μ = 0.015, β = 2, r = 7"

(0.0, 0.0, 1.0) (1.0, 0.0, 0.0)

(0.0, 1.0, 0.0)

S
1

  I

S
0

E+(0.028, 0.261, 0.711)

E (0.313, 0.016, 0.671)

Fig. 7 This figure shows the trajectories when there are two stable equilibria E+ and the IFE
with an unstable one E− in between. The broken line indicates the separatrix which separates the
domains of attraction of the two stable equilibria
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cation effort[2,6,10,12–16]. In the present paper, we provide for the first time a
method to determine the eradication effort for models with backward bifurca-
tion. It can be estimated from the composition of the population at the endemic
equilibrium. We generalize the notion of the basic reproduction number for
an arbitrary composition of the population in order to determine those initial
conditions at which the episode reproduction number equals the eradication
effort. In all models without backward bifurcation, the basic reproduction num-
ber is evaluated at the infection free equilibrium (i.e. at the IFE the episode
reproduction number coincides with the basic reproduction number). At this
point, R0 represents the maximum reproduction number. In the present model
with backward bifurcation the generalisation of the basic reproduction number
is not unique because it is ambiguous what one should call a new case: each time
someone gets infected with the agent or only the infections of naive suscepti-
bles without infection history for that agent. In the infection free equilibrium
both concepts (the episode reproduction number Re and the case reproduc-
tion number Rc) are indistinguishable from the basic reproduction number R0.
We have seen, however, that for a model with backward bifurcation the two
concepts (Re and Rc) are only identical along a hyperbolic curve. Outside this
curve, they behave in opposite directions: for increasing proportion of sus-
ceptibles with previous infections the episode reproduction number increases
whereas the case reproduction number decreases. It therefore does not help to
take the maximum of the two reproduction numbers like in the models with-
out backward bifurcation, because these maxima occur at opposite ends of the
proportion of susceptibles with primary infections. One cannot even take the
maximum of the reproduction numbers where both concepts agree with each
other, because then the eradication effort would be overestimated.

We derived a formula which allows to determine the relative susceptibility
r in terms of the three equilibrium proportions S̄0, Ī, and S̄1 (formula (7)) and
an expression which involves the ratio of the life expectancy and the duration
of the infectious period. If we know these four quantities we can estimate r
and then we have an explicit formula for the eradication effort (formula (6))
which does not explicitly involve the contact rate β. Therefore, the minimum
eradication effort can be estimated from the composition of the population at
equilibrium. This generalizes the simple formula that R0 is the inverse of the
proportion of susceptible at equilibrium weighted by the relative susceptibility
r (formula (6)).

Our method is designed for the endemic situation. One can then evaluate
the minimum eradication effort R completely in terms of the equilibrium pro-
portions of the three components of the population. If R < 1 the infection
dies out, if R > 1 the infection can persist. Therefore, we have a clear concept
that provides insight into the eradication effort needed. For the epidemic sit-
uation, however, the matter is more complicated and less clear cut. Suppose
the infectious agent is introduced into a naive population, with R0 > 1 and the
relative susceptibility r > 1 + μ/α. If we can achieve R < 1 quickly (i.e. if we
can reduce the contact rate β to a value less than β�, i.e. R0 to a value less than
R�

0, quickly) then the infection can die out because we are still in the domain of
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attraction of the IFE (infection-free-equilibrium). In that case R gives the con-
trol effort needed. When this cannot be achieved quickly or when R0 reduces
to a value less than one but greater than R�

0, then there are two possibilities
(see Fig. 7): either the initial episode reproduction number is bigger than one
and hence the infection persists, or the initial episode reproduction number is
less than one. For the latter, the infection dies out if we start in the domain of
attraction of the IFE (i.e. on the right of the separatrix) or it persists if we start
in the domain of attraction of the positive stable endemic equilibrium (i.e. on
the left of the separatrix). Hence, the initial episode reproduction number does
not help in the elimination process.

Application of our method to models like those in [7,8,10,15] and [2] will be
published elsewhere. See [17] for the application to models like those in [7,15].
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