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CHAPTER I

Introduction

Is it possible to create designer materials on demand and measure their characteristics?
This topical question had already been posed by Feynman in his revolutionary lecture
"There’s plenty of Room at the Bottom" in 1959 [1]. He envisioned the possibility
that individual atoms can be manipulated one by one and matter can thus be created
at will. Quantum simulators represent the realization of Feynman’s vision. A quan-
tum simulator is a quantum system offering a high degree of tunability, which is used
to investigate other, less controllable quantum systems [2]. This can provide insight
in e.g. lattice Hamiltonians that would not have been possible to probe otherwise.
Quantum simulations have been realized using various platforms, including cold-atom
gases [3], photonic systems [4], trapped ions [5], superconducting circuits [6], acoustic
systems [7, 8], and electrical circuits [9]. Here, we focus on a platform that closely
mimics real electronic materials: the electronic quantum simulator. The electronic
quantum simulator provides access to all fundamental properties of electrons: the or-
bital degree of freedom, spin and charge.
The discovery of the scanning tunneling microscope (STM) [10, 11] has paved the

way for the development of the quantum simulator based on electrons. The STM not
only facilitates the observation of individual atoms [12], but also enables controlled
positioning of individual atoms on a surface [13]. Thus, an entire structure can be
assembled in a well-defined way with atomic precision. This was exploited in the first
electronic quantum simulator: a quantum corral, created by Crommie, Lutz and Ei-
gler in 1993 [14]. Using the STM tip, iron atoms were placed in a circle on a copper
crystal with (111)-termination. This crystal hosts a two-dimensional electron gas at
its surface. The ring of iron atoms forms a potential barrier for the electron waves and
confines the waves inside. The resulting standing wave patterns are similar to atomic
orbitals, suggesting that the structure can be interpreted as an artificial, in-plane ana-

1



I Introduction

logue of an atom. Such artificial atoms can be coupled to form artificial electronic
lattices with interesting geometries.
Several STM-based techniques to implement artificial electronic lattices have been

developed. An approach similar to the quantum corral was demonstrated in 2012 by
Gomes et al. [15]. By patterning the Cu(111) surface with a periodic array of CO
molecules, the surface electron waves were corralled into a lattice. Another route is
to closely arrange adatoms on a metallic surface to form monatomic chains [16, 17].
In addition to electronic lattices, this method can be applied to create atomic spin
lattices [18–20]. Recently, it was demonstrated that individual chlorine vacancies in a
chlorine monolayer on Cu(100) can be manipulated [21] and that the vacancy states
can couple to lattices [22–24]. A final approach is to use silicon as a platform. In-
dividual hydrogen atoms can selectively be desorbed from a H–Si(100) surface using
an STM tip. The resulting silicon dangling bonds act as artificial atoms, which can
be engineered into molecules or chains [25, 26] and the technique holds promise for
larger structures [27]. As an alternative to coupling the dangling bonds, phosphorus
atoms can be embedded in the STM-patterned hydrogen desorption sites to fabricate
structures, as shown for atomically well-defined wires [28].
We adopt the method of atomically-precise patterning of a Cu(111) crystal with

CO molecules. In Ref. [15], a graphene-like honeycomb lattice was realized and it was
demonstrated that the electronic structure of the enclosed 2D electron gas becomes
similar to that of graphene. Additionally, defects were introduced in a controlled way,
doping was created and an artificial magnetic field was generated merely by modifying
the lattice geometry. This showcased the tunability of the platform and its suitability
as an electronic quantum simulator.

The CO on Cu(111) platform is a testbed, which facilitates the realization and
characterization of lattices beyond existing materials. It is noteworthy, however, that
the approach allows for a transfer of these lattice geometries to real materials. It
was calculated that similarly designed configurations can be realized with a measur-
able bandwidth in III-V or II-VI semiconductor quantum wells [29]. Instead of CO
molecules, the potential barrier for the electrons is given by cylindrical holes, created
using lithography. First fabrication results are indicative of the technical feasibility of
the lithographically engineered lattices [30].

Outline of this thesis
This thesis describes how we pattern atomic flatland to create and characterize designer
lattices. By designing specific configurations of CO molecules on Cu(111), we tailor
the geometry, orbital degree of freedom, dimension, topology and charge in electronic
lattices. After crafting the lattices by manipulating the CO adsorbates one by one,
their electronic structure is characterized. The research in this thesis demonstrates
the versatility of CO on Cu(111) in the STM for the systematic investigation of exotic
lattices. The thesis is structured as follows:
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Chapter II introduces the concepts and methodology on which the following chapters
are based. It describes the capabilities of the scanning tunneling microscope that
enabled the development of an electron-based quantum simulator. We discuss
the concept of artificial atoms and lattices created using CO molecules on the
two-dimensional electron gas at the Cu(111) surface. The tight-binding model
and the muffin-tin model are introduced as useful tools for a rational design of
artificial lattices. We conclude with the experimental realization and an overview
of the parameters that will be tailored for electronic quantum simulation in the
next chapters.

Chapter III presents the first parameter to tune in the electronic quantum simulator:
the geometry of the lattice. An artificial electronic Lieb lattice is created by
positioning the CO molecules in its anti-lattice configuration. The characteristic
electronic structure of the Lieb lattice, consisting of a Dirac cone intersected by
a flat band, is revealed by differential-conductance mapping and spectroscopy.
In addition, first signatures of higher-orbital states are observed.

Chapter IV discusses the orbital degree of freedom in the artificial lattices. The
higher-orbital states in the Lieb lattices are revisited and explained within the
framework of p-orbitals. By creating an asymmetry in the lattice, the degeneracy
of the px- and py-orbitals is selectively lifted, thus creating the artificial lattice
analogue of a crystal field. The observation of p-bands in a lattice with a differ-
ent symmetry, the honeycomb lattice, illustrates the generality of the p-orbital
description.

Chapter V describes the dimension as a parameter which can be tailored between
0D and 2D. In particular, the Sierpiński fractal triangle is presented, which
exhibits a fractional dimension of approximately 1.58. We demonstrate that
the electronic wave function inherits the fractional dimension imposed by the
geometry to which the electrons are confined. The self-similarity of the spatial
electron distribution, giving rise to its fractional dimension, is visualized in the
differential-conductance maps.

Chapter VI describes how topology can be engineered in artificial electronic lattices.
Specifically, a novel type of topological insulator is realized: a so-called higher-
order topological insulator. Topologically protected corner states are observed in
a 2D dimerized Kagome lattice and the robustness and tunability of the modes
is investigated.

Chapter VII presents the excess charge of a site in the artificial electronic lattice as a
parameter which can be tuned. Another higher-order topological insulator, the
2D Su-Schrieffer-Heeger (SSH) lattice, is realized. The presence of topologically
protected corner modes is corroborated experimentally. The corner modes are
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shown to accommodate an excess charge, which is derived from the theoretically
predicted fractional excess charge in the 2D SSH model.
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lattices

Based on
This chapter was written for this thesis



II Realization and characterization of artificial electronic lattices

This chapter provides the concepts required to design, realize and char-
acterize artificial electronic lattices. We will introduce the platform of our
electronic quantum simulator: carbon monoxide molecules on the surface
of Cu(111). The workhorse is the scanning tunneling microscope (STM),
allowing for atomic precision in imaging, characterization of the electronic
structure and manipulation of CO molecules. The CO molecules pose a
repulsive barrier for the surface-confined electron waves of copper. By
trapping the electronic waves between CO molecules, an artificial atom
can be created. An artificial-atom lattice with promising properties can be
realized by coupling the artificial atoms in an array. As will be elucidated
in detail, the design for the artificial lattices is provided by a combination
of tight-binding and muffin-tin calculations. Within the tight-binding ap-
proach, the electronic band structure of the lattice geometry of choice can
be calculated. The muffin-tin approximation gives an accurate description
of the band structure of a lattice built using CO molecules on Cu(111). By
comparing the muffin-tin calculations with the tight-binding model, the de-
sign is optimized. The STM is used to characterize the electronic structure
of the realized electronic lattice experimentally.

II.1 CO on Cu(111)
The artificial lattices presented in this thesis are two-dimensional. Hence, a matching
starting point is the two-dimensional electron gas (2DEG) at the surface of a Cu(111)
crystal, onto which the lattice geometry will be patterned using CO molecules.

Surface state

Electronic states localized at a few Å from the surface form the Shockley surface state
of Cu(111) [1]. At the surface, the abrupt transition of the periodic structure of the
copper crystal into vacuum leads to two types of electronic states. On the one hand,
the Bloch waves from the bulk still exist near the surface, from where they decay
exponentially into the vacuum (see Fig. 1a). On the other hand, there are solutions
of the Schrödinger equation that uniquely exist near the surface. These are solutions
with an imaginary wave vector perpendicular to the surface, leading to states decaying
exponentially on both the bulk and the vacuum side (Fig. 1b). The states are thus
confined closely to the surface. Importantly, the metal Cu(111) has no bulk gap, but
the band structure projected along k⊥ = [111] (Γ-L) does have a band gap. The surface
state of Cu(111), derived from 4s and 4p bulk states, is situated in this gap [2], as
indicated schematically in Fig. 1c. In the directions parallel to the surface, the nearly-
free 4sp electrons of copper behave as a delocalized 2D-electron gas with a density of
approximately 7 · 1013 cm2, i.e. 1 electron per 1.4 nm2 [3]. Their isotropic dispersion
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CO on Cu(111)

Figure II.1: Surface and bulk states. (a) Real part of a one-dimensional Bloch wave
function, which decays exponentially into the vacuum. (b) Real part of a surface-state wave
function, the oscillatory behavior of which is damped in the crystal. The surface-confined
wave decays exponentially into the vacuum. (c) The surface state (red dashed line) is located
in the gap of the bulk bands (blue) projected along k⊥ onto the k‖ plane at k⊥ = π/a.
Adapted from Ref. [4].

is described by a parabola:

E(k‖) = E0 +
~2k2
‖

2m∗ , (II.1)

where k‖ is the wave vector parallel to the surface. E0 ≈ −0.45 eV is the onset of
the surface state (relative to EF ) and m∗ ≈ 0.40me (free electron mass me) denotes
the effective electron mass, determined in photoemission and scanning tunneling spec-
troscopy (STS) experiments [2, 5–7]. Fig. 2a shows the surface-state dispersion derived
from these experiments (photoemission in green, STS in blue). Note that the disper-
sion is well described by the parabola (red dashed line) up to ∼ 0.3 eV and then starts
to deviate [6, 8]. The deviation can be ascribed to an enhanced hybridization between
the surface and bulk bands [9]. The deviation from the parabola is not included in our
model to simulate the band structure of the patterned Cu(111) surface state, which
we will introduce on p. 23. Moreover, an increased hybridization with the bulk bands
increases the broadening in the measurements. Thus, the preferred energy range of
our experiments coincides with the parabolic part of the surface state dispersion, i.e.
−0.45 eV < E < 0.3 eV.

Scattering off CO molecules
The 2D surface electron gas will be patterned with CO molecules. For this purpose,
the CO molecules are chemisorbed to the Cu(111) surface. The molecule preferen-
tially binds on top of the atoms of the Cu(111) crystal in an upright position with the
carbon atom closest to the surface [10, 11]. A weak chemisorption is established as
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the CO molecular orbitals, the 5σ HOMO and 2π∗ LUMO, couple with the Cu 4sp
bands and the 3d states [12, 13]. The corresponding binding energy is approximately
0.5 eV [14, 15]. The mobility is determined by the diffusion barrier between two Cu
on-top sites, which is a fraction of the binding energy. Essential for our work is that
the molecules are immobile at temperatures below 40K [16].

The surface state interacts with the environment. The electron waves scatter off
adsorbates and step edges in the crystal [17, 18]. CO adsorbates are one example of
point-like repulsive scattering sources. The interference of incident and reflected waves
leads to standing wave patterns that decay away from the scattering sources [19]. This
is illustrated in Fig. 2b for a standing-wave pattern around CO molecules (black cir-
cles) on Cu(111) (grey). The red arrows indicate examples of nodes. The period of
the standing wave pattern is energy-dependent and follows Eq. (II.1). By purposeful
positioning of the CO molecules, well-defined scattering environments can be created.
In the following, we will describe the techniques to manipulate CO molecules and char-
acterize the resulting structures. We will show that the patterned structure sculpts the
surface-state parabola into an electronic structure dictated by the patterned geometry,
whether this is a quantum well with discrete energy levels (see p. 16) or a lattice with
fascinating band structures (see p. 20). Note that the bulk electron waves near the
surface scatter as well, but that their contribution to the standing wave pattern is
minor [20].

II.2 Scanning tunneling microscope
The STM was developed in 1981 by Binnig and Rohrer [21–23]. It embodies the visions
of Richard Feynman, who brought up in his famous talk in 1959 [24]: "What good
would it be to see individual atoms distinctly?" and "What would happen if we could
arrange the atoms one by one the way we want them?". The revolutionary instrument
not only has the capability to image surfaces with sub-nm resolution, but also to
characterize the electronic structure by measuring the local density of states (LDOS).
Moreover, individual atoms can be positioned with atomic precision to fabricate novel
matter. These three techniques are essential for the experiments presented in Ch. III-
VII and will be introduced in the following.

Imaging the surface
The STM consists of an atomically-sharp tip which is brought into close vicinity of
a conducting surface (see Fig. 3a). At a typical distance of 0.5 − 1.0nm, electron
tunneling occurs through the vacuum upon applying a bias voltage between the tip
and sample. The tunneling current I is a function of the applied bias voltage V and
depends exponentially on the tip-sample distance d, as we will see below. This allows
for detecting the tip-sample distance with high resolution. Piezoelectric actuators are
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Scanning tunneling microscope

Figure II.2: Cu(111) surface state and surface. (a) Dispersion of the Cu(111) sur-
face state in the gap of the projected bulk bands (grey). The red dashed line indicates a
fully parabolic dispersion. The experimental Fourier transform STS (blue) and multipho-
ton photoemission (PPE, green) data follow the parabolic dispersion up to approximately
0.3 eV and deviate from the parabola at higher energies. Reproduced from Ref. [9]. (b)
STM image of CO molecules (black) on Cu(111) (grey background). The CO molecules act
as repulsive scatterers for the surface-confined electron waves, resulting in standing waves.
The red arrows indicate examples of nodes in the standing wave pattern. Imaging parame-
ters: I = 0.1 nA, V = 100mV. (c) STM image of Cu(111) with atomic resolution. Imaging
parameters: I = 3 nA, V = 10mV.

used to move the tip in the x- and y-direction. For imaging, the STM is usually
operated in constant-current mode. If the tunneling current changes while scanning,
e.g. due to a step edge, a feedback mechanism enables the z-piezoactuator to correct
the tip-sample distance by ∆z (grey line in Fig. 3a) to maintain the reference value of
the tunneling current. These z differences are visualized as an STM image. To first
order, an STM image thus depicts the topography of the surface.
In more detail, the tunneling current follows from Fermi’s golden rule, as elaborated
by Bardeen [25]. We assume a tip T with states ψµ and sample S with states ψν .
The states decay exponentially into the vacuum. When a bias voltage V is applied,
electrons from occupied states can tunnel across the vacuum barrier into unoccupied
states (illustrated in Fig. 3b). The resulting tunneling current I = IT→S − IS→T is
given by

I = 2πe
~
∑
µ,ν

{f(Eµ)[1− f(Eν)]− f(Eν)[1− f(Eµ)]} |Mµν |2δ(Eµ − (Eν + eV ))

(II.2)

= 2πe
~
∑
µ,ν

(f(Eµ)− f(Eν)) |Mµν |2δ(Eµ − Eν − eV ), (II.3)
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where f denotes the Fermi-Dirac distribution and Eµ (Eν) the energies of the states ψµ
(ψν). The delta distribution ensures elastic tunneling, which is only non-zero for the
strip of width eV indicated in Fig. 3b. The tunneling matrix elements Mµν describe
the coupling between the tip and sample states:

Mµν = − ~2

2m

∫
(ψ∗µ∇ψν − ψν∇ψ∗ν) · dS, (II.4)

where S is the infinitely extending surface enclosing the vacuum area between tip
and sample. The wavefunction of the tip thus plays an equally important role as the
wavefunction of the sample. The results in this thesis were obtained using a metal tip
of which the apex can be approximated by a spherically symmetric s wavefunction,
while the bulk of the tip can be neglected. Tersoff and Hamann were the first to adopt
this approximation [26, 27], leading to a simplified expression for the tunneling matrix
and thus for the tunneling current considering small bias voltages at low temperatures:

I ∝ eV ρT (ET )ρS(ES) exp
(
−2d
√

2mφ
~

)
, (II.5)

where we assumed the same work function φ for tip and sample and the energy-
dependent density of states (DOS) ρS at the sample surface and ρT of the tip. From
this result, the exponential dependence of the tunneling current on the tip-sample
distance d becomes clear. Extending the result to a finite bias voltage (eV < φ) [28],
we obtain the tunneling current

I ∝
∫ EF+eV

EF

ρT (E − eV )ρS(E, r0)dE. (II.6)

The variation of the tunneling current upon scanning along the surface is directly re-
lated to ρS(E, r0), which is the DOS of the sample ρS(r0) sensed at the center of the
curvature of the tip r0. The DOS of the tip ρT is often considered constant and taken
out of the integral.
We note that the tunneling current still depends exponentially on the tip-sample dis-
tance in Eq. (II.6), although the decay factor is modified due to the finite voltage drop
in the vacuum region [29]. For a typical Cu(111) workfunction of φ ≈ 5 eV, this leads
to a current increase of almost an order of magnitude if the tip is brought 1Å closer
to the sample. The exponential dependence of the tunneling current on distance, to-
gether with the proportionality constant, routinely allows one to detect changes in
the tip-sample distance on the order of a pm. An additional effect is that the outer-
most atom of the tip carries nearly the entire tunneling current, resulting in atomic
x, y-resolution. A typical atomically resolved STM image of the hexagonal Cu(111)
surface is shown in Fig. 2c.
When acquiring an STM image in constant-current mode at a selected bias voltage,
we effectively maintain a constant tunneling probability. The tunneling probability
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solely depends on the distance if the sample DOS ρS(x, y) is constant. However,
it follows from Eq. (II.6) that this is no longer true if ρS(x, y) varies. We will en-
counter a clear example throughout this thesis: CO molecules adsorbed on Cu(111)
(see Fig. 2b). While the CO molecules protrude more than +100pm from the Cu(111)
surface [30], they appear as a depression of approximately 50pm when imaged with
a metal tip [31], depending on the tip sharpness. The ρS originating from the 4sp
surface band at the Cu(111) surface is locally depleted due to the hybridization with
the CO molecule [32, 33], yielding a lower tunneling signal. Hence, the STM images
do not display the pure surface topography, but a convolution with the sample (and
tip) density of states.

Figure II.3: Scanning tunneling microscopy and spectroscopy. (a) Schematic of the
principle of an STM operating in constant-current mode. (b) Schematic representation of
electron tunneling through the tunneling junction between a Cu(111) sample with surface
(red) and bulk (blue) states and a tip upon applying a bias voltage. From a bias voltage of
V = −0.45 eV, electron tunneling from the surface state (indicated in red) to the tip occurs.
(c) Illustration of the acquisition of differential-conductance spectra using a lock-in amplifier.
The AC modulation voltage Vmod results in an output signal Imod which is proportional to
the slope dI/dV of the I(V ) spectrum. (d) Typical example of a differential-conductance
spectrum acquired above Cu(111). The steep slope at V ≈ −0.45V corresponds to the
surface-state onset.
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Characterization of the electronic structure
The electronic structure can be probed in detail by differential-conductance mapping
and spectroscopy. This powerful technique is based on the proportionality between
the differential conductance dI/dV and the local density of states (LDOS) at the
position where the signal was acquired. Assuming a constant tip density of states ρT ,
we readily obtain this relationship from Eq. (II.6):

dI
dV (V ) ∝ ρT · ρS(EF + eV, r0). (II.7)

The differential conductance is acquired at a constant tip-sample distance as a function
of bias voltage and position above the sample. For this purpose, a lock-in amplifier is
used to modulate the bias voltage with a small AC voltage Vmod at a high modulation
frequency ωmod: V = V0 + Vmod cos (ωmodt). The bias modulation introduces a mod-
ulation in the tunneling current Imod which is proportional to dI/dV , as given by a
first-order Taylor expansion and indicated in Fig. 3c:

I(V ) = I(V0) + dI
dV (V0)Vmod cos (ωmodt) (II.8)

= I(V0) + Imod cos (ωmodt).

The modulated current signal recorded by the lock-in amplifier thus provides direct
access to the local density of states. We will employ this result to acquire differential-
conductance maps (also coined ’wave-function maps’) of the entire artificial lattice at
specific energies and to obtain energy-resolved differential-conductance spectra (also
’scanning tunneling spectra’) at specific positions above the lattice at constant height.
Fig. 3d shows a differential-conductance spectrum acquired above the Cu(111) surface.
We recognize a steep increase of the dI/dV signal at the onset energy of the surface
state, indicated by the arrow. Usually, we observe small features due to ρT (E) in the
spectrum, which proves to be not entirely constant. The signatures of the artificial
lattices will manifest themselves as a modulation of the spectrum acquired above
Cu(111). Following the methods used in the first paper dealing with artificial lattices
created by manipulation of CO molecules on Cu(111), we normalize the spectra of
the lattice by dividing them by the spatially averaged Cu(111) spectrum [34]. This
cancels the contributions of ρT (E) and the Cu(111) background, while the features
originating from the artificial lattice remain.

Atomic-scale manipulations
Around the thirtieth anniversary of Feynman’s talk, the first atoms were arranged in an
STM. Eigler and Schweizer moved xenon atoms on Ni(110) to create a nanoscale IBM
logo in 1990 [35]. The following years, successful lateral atomic manipulation of differ-
ent adsorbates on a variety of substrates was demonstrated [36–38]. CO molecules are
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Figure II.4: Atomic-scale manipulation. Schematic of a lateral manipulation of a CO
molecule (black-red) on Cu(111) (orange). The tip is moved down from imaging height to
manipulation height by increasing the current and decreasing the voltage (step 1). When a
tunneling resistance of 200 − 800 kΩ is reached, the interaction between tip and molecule is
large enough to overcome the diffusion barrier of the CO molecule on Cu(111). The tip is
moved laterally, thereby moving the CO on the Cu(111) surface (step 2). When the target
position has been reached, the tip is retracted to imaging height, leaving the CO adsorbed
on the Cu atom (step 3).

among the species that can be manipulated on Cu(111). Two modes can be employed
for its manipulation: the vertical manipulation mode, in which the CO molecule is
transferred to the tip and redeposited on another position on the substrate [31, 39],
and the lateral manipulation mode [40], where the tip moves the adsorbate along the
surface. We will focus on the latter, as we used lateral manipulation for the research
presented in the thesis.

Manipulation procedure

The steps of the lateral manipulation process can be summarized as (1) lowering the tip
towards the adsorbate, (2) moving the tip and thereby the adsorbate laterally, and (3)
withdrawing the tip, as illustrated in Fig. 4a. More precisely, we start by identifying
the position of the CO molecule by imaging. The first step of the actual manipulation
is to position the tip above the molecule and bring it several Å closer. By moving
closer, the interaction between the tip and the molecule via long-range Van der Waals
interactions and possible shorter-range chemical interactions increases. Second, the tip
is moved laterally in constant-current mode. During the movement, the bond between
the CO molecule and Cu(111) surface remains intact. Only the diffusion barrier has to
be overcome, which is around∼ 70meV [41, 42]. The tip then pulls/slides - in case of an
attractive tip-adsorbate interaction - or pushes - repulsive interaction - the adsorbate
along the same trajectory as the tip. Usually, well-controlled atomic manipulations of
CO on Cu(111) are performed with an attractively interacting tip [40, 43]. Third and
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last, after reaching the target position, the tip is withdrawn to imaging height. The
CO molecule ends up at the on-top site of Cu(111) closest to the tip position.

Reliability

The configuration of the tip apex is decisive for the success rate of the atomic ma-
nipulations. Appropriate tips exhibit a lateral tip-CO interaction force greater than
the threshold of 160 pN required for the movement [42]. It has been suggested that
both the material and the local geometric structure of the outermost atoms of the
tip play a role, where the latter determines whether the interaction is attractive of
repulsive [43]. In agreement with the results in Ref. [43], we observe that tips with
a 100% success rate show a fully symmetric I and dI/dV signal when scanning a
CO molecule and exhibit an attractive interaction with the molecule. The molecule
can reliably be manipulated over distances larger than tens of nanometers within a
few seconds. If the CO is manipulated into the close vicinity of other CO molecules,
corrective small-scale manipulations of a few Å might be required after the manipula-
tion: the end point might not be fully accurate due to a mildly repulsive interaction
between CO molecules for CO-CO separations of ≤ 2Cu-Cu distances, which slightly
lowers the diffusion barrier away from the CO (by approximately 10%) [41]. The end
point of the CO molecule also requires small readjustments if the CO ends up on the
wrong Cu atom close to the target position of the tip due to inaccuracies in the target
position. In contrast to attractive tips, tips with an effectively repulsive interaction
with the CO molecule often result in unreliable manipulations, as the CO molecule
might jump away from the tip in the wrong direction.

II.3 Artificial atoms

The immense control obtained by atom manipulation in the STM and the knowledge
that adsorbates can scatter the surface-electron waves of Cu(111) pave the way to
assemble novel electronic structures. The first electronic structure created in this
fashion was the quantum corral [5], see Fig. 5a. Iron adatoms were positioned in
a ring with a radius of 7.13nm, constituting a circular barrier which confines the
enclosed 2DEG. In the dI/dV signal, peaks corresponding to discrete energy levels
were observed, indicating quantization of the system (see Fig. 5b). These results
were described in great detail by scattering theory [44]. A simplified, but qualitatively
accurate description was provided by considering the confined electrons as ’particles in
a (round) box’, approximating the ring of Fe atoms as an infinite potential barrier [5,
45]. The discrete energy levels for the electrons in the particle-in-a-box model are
similar to energy levels occurring in atoms, suggesting the analogy of an in-plane
artificial atom.
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Figure II.5: Quantum corral. (a) The quantum corral by Crommie et al. is a ring
consisting of 48 Fe atoms with a radius of 7.13nm. The differential-conductance map shows
the standing-wave pattern inside the corral at V = 10mV. (b) The differential-conductance
spectrum in the center of (a) shows distinct peaks, corresponding to discrete energy levels.
The arrow indicates the bias voltage of the map in (a). The labelling of the peaks 1s-6s of
a ’particle-in-a-round-box’ model is indicated. A smooth background was removed from the
experimental data. Reproduced from Refs. [5, 46].

In-plane artificial atoms with s- and p-orbitals
We will use a smaller quantum corral with wavefunction maps of the lowest energy
levels to illustrate the concept of an in-plane artificial atom. Fig. 6a shows a schematic
of the configuration of CO molecules (black) on a Cu(111) background (orange) to con-
fine the electrons to an artificial atom. The shape of an atomic s-orbital with intensity
in the center (red) and the lobes of px,y-orbitals with a node in the center (blue) have
been indicated schematically. The radius of the ring is R = 2.0 nm. The realization is
shown in the STM image in Fig. 6b. In order to characterize the electronic structure,
we acquire differential-conductance spectra. As presented in Fig. 6c, the normalized
differential-conductance spectrum acquired above the center of the structure (indicated
in red) exhibits a peak at a bias voltage of V = −330mV, which can be interpreted as
the first energy level. The spectrum taken outside the center, at the position indicated
in blue in Fig. 6b, exhibits a peak at V = −150mV, denoting the second energy level.
A third peak is observed around V = 140mV in the red spectrum.

Particle-in-a-round-box model

In order to model the energy levels and wavefunctions, we approximate the structure
as a 2D infinite circular well. The Schrödinger equation reads(

− ~2

2m∆ + V (r)
)

Ψ(r, φ) = EΨ(r, φ), (II.9)

V (r ≥ R) =∞ and V (r ≤ R) = 0, (II.10)
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Figure II.6: Artificial atom. (a) Configuration of CO molecules (black) on Cu(111) (or-
ange) to confine the surface-state electrons to an artificial atom with a radius of 2 nm. The
in-plane atomic s- (red) and px,y- (blue) orbitals have been indicated schematically. (b)
STM-image of the artificial atom. Imaging parameters: I = 0.3 nA, V = −350mV. (c)
Differential-conductance spectra acquired above the red and blue positions indicated in (b).
(d-f) Differential-conductance maps at the bias voltages indicated by the arrows in (c). At
V = −330mV (d) and V = −150mV (e), the LDOS resembles a 1s-orbital and 1p-orbital,
respectively. At +140mV, the LDOS originates mainly from the 2s-orbital. (g-i) Calculated
LDOS of the infinite circular potential well for the 1s- (g), 1p- (h), and 2s-orbital (i).

where R is the radius of the well. We point out that the Schrödinger equation for the
hydrogen atom is similar, except that the description of the circular well is entirely
in-plane and the central potential has a different shape, as summarized in Tab. II.1.
The solutions are of the form Ψ(r, φ) = R(r)Φ(φ).
Instead of the associated Laguerre polynomials known for hydrogen, the radial part
R(r) is described by the circular Bessel function J|m|(k|m|nr) [45]. J|m| is themth order
Bessel function. The boundary condition J|m|(k|m|nR) = 0 is satisfied for k|m|n =
a|m|n/R, where the dimensionless parameter a|m|n denotes the nth zero-crossing of
the mth Bessel function. Thus, only discrete energies En|m| exist on the surface state
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parabola:

En|m| =
~2k2
|m|n

2m∗ =
~2a2
|m|n

2m∗R2 . (II.11)

The principal quantum number n = 1, 2, 3, . . . is related to the number of radial nodes
nr by n = nr + 1.
The angular part of the wavefunction is given by Φ(φ) ∝ exp(imφ), where the or-
bital quantum number is m = 0,±1,±2, etc. In contrast to the quantum numbers of
hydrogen, the values for m do not depend on n and are not restricted. The angular
wavefunction has |m| nodes, which vanish in the LDOS ∝ |Φ|2. The angular momen-
tum is given by L = m~, where m fulfills the role of

√
l(l + 1) in hydrogen. We adopt

the terminology (s, p, d, f) for the orbital momentum quantum numbers m = (0, 1,
2, 3).
Based on Eq. (II.11), the energetic order of the energy levels is given as 1s, 1p, 1d, 2s,
1f , 2p, etc. While the s-orbitals are non-degenerate, the p, d, f and higher orbitals
are two-fold degenerate due to their dependence on |±m|. A comparison with the
hydrogen atom is presented in Tab II.1.

Comparison with hydrogen orbitals

The differential-conductance maps, shown in Figs. 6d-f, corroborate that the CO
molecules act as a barrier that gives rise to a standing-wave pattern of the confined
surface-electron waves. The calculated low-energy solutions |Ψ(r, φ)|21s, |Ψ(r, φ)|21p and
|Ψ(r, φ)|22s of the circular potential well are presented in Fig. 6g-i. We will see that
the nodal pattern of the experimental data aligns well with the calculated LDOS and,
moreover, bears resemblance with the orbitals known from the hydrogen atom.
At the bias voltage of V = −330mV, the LDOS of the lowest energy level is most
pronounced in the center of the structure (Fig. 6d). This corresponds to the lowest
s-orbital 1s of the circular potential well, as calculated in Fig. 6g. Its absence of nodes
is comparable to the 1s-orbital in hydrogen. The map at V = −150mV exhibits a
node in the center and most intensity around the center (cf. Fig. 6e), which is in good
agreement with the 1p-orbital of the circular potential well (see Fig. 6h). The LDOS
distribution with a node in the center is similar to the lowest p-orbital 2p in hydro-
gen. The 2D projection of the 3D hydrogen 2p-orbitals, consisting of only the px- and
py-orbitals, has been indicated schematically in an arbitrary direction in Fig. 6a. In
Fig. 6f, the differential-conductance map at the third resonance around V = 140mV
is shown. It displays intensity in the center and in a ring more outward, correspond-
ing to the 2s-orbital of the circular potential well (see Fig. 6i). The nodal pattern is
similar to the hydrogen 2s-orbital. The intensity in the outer ring exhibits an angle
dependence, which can be attributed to deviation of the realized configuration from
a perfectly circular geometry. The 1d-orbital of the structure (not shown), which has
a lower energy than 2s but is almost degenerate, might additionally contribute to the
outward ring.
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The barrier in the realized structure is finite and electrons can penetrate between
the CO molecules, leading to transmission through the barrier. Moreover, the CO
molecules might scatter the surface electron waves into the bulk. Thus, we expect
that only a part of the electron waves within the corral is reflected and contributes to
the particle-in-a-box LDOS [44, 47].
We conclude that we can interpret our structure as an in-plane artificial atom, which
is qualitatively well-described by a ’particle-in-a-round-box’ model. It has discrete
energy levels, which are related to wavefunctions with a nodal pattern that can be
described by quantum numbers, similar to orbitals. The 2D orbitals constituted by
the nodal standing wave patterns at low energies are similar to their 3D counterparts
in the hydrogen atom. This notion of the artificial atom is important, as it will enable
us to mimick real materials and devise novel materials by creating artificial atoms
coupled to form lattices.

Shape of the artificial atom

Finally, we note that the orbitals of the artificial atom depend on the shape and
symmetry of the box. The largest resemblance with real spherical atoms is obtained
for circular artificial atoms, as presented above. In particular, the orbital angular
momentum of artificial atoms is only well-defined in circular atoms due to the presence
of a central potential. However, artificial atoms with other shapes also exhibit discrete
energy levels and can similarly be assigned quantum numbers. For instance, the
wavefunctions of a square artificial atom are well-described by sinusoids in the x-
and y-direction [48], known from the square particle-in-a-box model, which can be
interpreted as s-like (with intensity in the center), px- and py-like (with a node in the
center) and higher orbitals (see Ch. IV).

II.4 From artificial atom to artificial lattice

We extend the approach to create 0D artificial atoms to 1D (see Ch. VII) and 2D (see
Ch. III-VII) lattices. The artificial electronic lattices consist of coupled artificial atoms.
We thus aim to sculpt the parabolic dispersion not into discrete 0D energy levels,
but into tailored dispersive 2D band structures. The first lattice that was realized
using CO molecules on Cu(111) was reported by Gomes et al. [34], who assembled
a tunable honeycomb lattice and thereby created a quantum simulator of graphene.
Fig. 7a shows the geometry of a honeycomb lattice. In order to confine the surface-
state electrons of Cu(111) (orange background) to an artificial honeycomb lattice, CO
molecules (black) are positioned in a hexagonal array (see Fig. 7b). A realization of
a honeycomb lattice similar to the lattices in Ref. [34] is shown in the STM image
Fig. 7c. Remarkably, Gomes et al. showed that the differential-conductance spectra
exhibit a Dirac cone, the hallmark of graphene. Furthermore, the tunability of the

20



From artificial atom to artificial lattice

Hydrogen atom Artificial atom
Potential Coulomb potential Circular potential well
Degrees of

r, θ, φ r, φ
freedom
Quantum (n, l, m) (n, m)
numbers n ∈ N, 0 ≤ l ≤ n− 1, −l ≤ m ≤ +l n ∈ N, m ∈ Z0

Radial wave Laguerre polynomials Bessel function
functions Rn,l(r) J|m|(k|m|nr)
Angular wave Spherical harmonics

exp(imφ)
functions Yl,m(θ, φ)

Energy levels
(nl): (n|m|):
1s; 2s, 2p; 3s, 3p, 3d; . . . 1s; 1p; 1d; 2s; 1f ; 2p; . . .

Degeneracy (nl) : 2l + 1
(n, 0) : 1;
(n|m|): 2 if |m| > 0

Angular
L =

√
l(l + 1)~ L = m~

momentum

Table II.1: Comparison between a real hydrogen atom and an artificial in-plane circular
atom.

quantum simulator was demonstrated in a variety of ways. By tailoring the configu-
ration of the CO molecules on Cu(111), a defect, strain, a band gap, a p-n-p junction,
and a pseudomagnetic field with which the quantum Hall effect was realized were im-
plemented.
We follow this pioneering work and use the flexible platform of CO on Cu(111). We
combine tight-binding calculations and muffin-tin calculations with experiments to re-
alize lattices with all types of interesting geometries. With this combined approach,
we establish an important step towards the rational design of electronic lattices. The
techniques will be introduced below.

Tight-binding model
Description of the model

The tight-binding approximation [49, 50] is used as a method to calculate the electronic
structure of a given lattice geometry. It describes a lattice with (artificial) atomic
orbitals φi localized at the sites i, which are coupled with their nearest neighbors j
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Figure II.7: Tight-binding, muffin-tin and realized lattice. (a) Tight-binding config-
uration of a honeycomb lattice. The sites are indicated in (light or dark) blue. A site i is
coupled with its nearest neighbors by the hopping t and with its next-nearest neighbors by the
hopping t′. The unit cell is indicated by the black dashed contour. (b) The CO configuration
(black) to confine the surface-state electrons of Cu(111) (orange) to the honeycomb lattice is
a hexagonal lattice. The CO configuration is modelled using the muffin-tin approximation.
(c) STM image of the artificial electronic honeycomb lattice. Imaging parameters: I = 1 nA,
V = 50mV.

and their next-nearest neighbors k, as indicated in Fig. 7a for the honeycomb lattice.
We assume a lattice consisting of N unit cells with Ncell s-orbitals φi(r) in each unit
cell. For instance, Ncell = 2 in the artificial honeycomb lattice. In the tight-binding
description, the wavefunction corresponding to an individual unit cell is expressed as
a linear combination of the (artificial) atomic orbitals (LCAO) in the unit cell:

ψ(r) =
Ncell∑
i=1

ciφi(r − τi), (II.12)

where τi denotes the position of the site in the unit cell. In order to describe a periodic
lattice, the wavefunctions corresponding to the N unit cells are combined linearly such
that they satisfy Bloch’s theorem. We obtain

Ψn,k(r) = 1√
N

N∑
l=1

Ncell∑
i=1

eikRlcikφi(r −Rl − τi), (II.13)

where the band index is labeled by n and Rl represents the translation vector between
different unit cells.
The Hamiltonian can be described in the form

Ĥ =
∑
i

εia
†
iai − t

∑
i,j

(
a†iaj + a†jai

)
− t′

∑
i,k

(
a†iak + a†kai

)
, (II.14)

where a† and a denote the creation and annihilation operator. εi = 〈φi|Ĥ|φi〉 is the
on-site energy of the orbital, t = −〈φi|Ĥ|φj〉 denotes the nearest-neighbor (NN) hop-
ping, and t′ = −〈φi|Ĥ|φk〉 is the next-nearest-neighbor (NNN) hopping. Since the
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orbitals are not necessarily orthonormal, we consider an orbital overlap s = 〈φi|φj〉
between the orbitals at the nearest-neighbor sites. If p- (or higher) orbitals are con-
sidered as well, the corresponding terms for these orbitals are added to Eq. (II.13) and
Eq. (II.14). In addition, a hopping term tsp between the s and p orbitals is included
in Eq. (II.14), which is a measure for the hybridization of the s and p orbitals.
The expectation value of the energy is expressed in terms of ε, t, t′ and s and min-
imized following the variational method. The resulting set of equations corresponds
to the generalized eigenvalue equation Ĥk |ck〉 = En,kS |ck〉, where S is the matrix
containing the orbital overlap contributions. By solving the eigenvalue equation, the
band structure En,k is obtained. Eventually, the coefficients cik can be evaluated to
determine the wavefunctions and thus the LDOS.

Determination of the parameters

Using this procedure for a periodic lattice, we obtain an electronic band structure
as a function of ε, t and t′, and s. In addition, the energy- and position-dependent
LDOS are calculated for the finite lattice to model differential-conductance spectra and
maps. The parameters ε, t, t′, and s are obtained from a fit of the band structure and
LDOS to their muffin-tin calculated counterparts. The muffin-tin model provides an
accurate description of the experimentally realized lattice (see below). Via this route,
a quantitative description of the realized lattice can be provided in the tight-binding
picture, from which further lattice properties can be inferred.

Muffin-tin model

The muffin-tin approximation provides a description of the surface state with a poten-
tial landscape imposed by the CO molecules. The CO molecules are approximated as
disks with the radius R and a repulsive potential VCO. The application of the muffin-
tin model to patterned 2D electron gases was first suggested by Park and Louie for the
honeycomb lattice [51]. We use the model to predict the band structure for a design of
an artificial lattice, consisting of a specific configuration of CO molecules on Cu(111).
After comparing the obtained band structure with the ideal band structure from tight-
binding, the design is optimized further before it is experimentally realized. In turn,
the artificial lattice that is experimentally realized is well described by the band struc-
ture and LDOS of the muffin-tin model, from which the tight-binding parameters that
describe the experiment can be obtained. Thus, the muffin-tin model acts as a bridge
between the tight-binding model and the experiment in both directions. It is notewor-
thy that the tight-binding model relies on atom-like orbitals, whereas the muffin-tin
model provides a ’particle-in-a-box’-like description. Since the tuned tight-binding
and muffin-tin band structures and LDOS for the low orbitals are in good agreement,
this justifies the picture of artificial-atom orbitals in the realized lattices.
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Description of the model

The Hamiltonian of the muffin-tin model is described by the surface-state parabola to
which the CO potential landscape VCO is added:

Ĥ = − ~2

2m∗∆ + VCO(r). (II.15)

The CO molecules are modeled as disks with an effective radius R. The potential is
VCO(r ≤ R) = V0 inside the disk and VCO(r > R) = 0 elsewhere. From a comparison
with the experimental results in Ch. III, we found that V0 ≈ 0.9 eV above the onset
of the surface state and R ≈ 0.3 nm, where the latter is in good agreement with DFT
calculations [33]. The Schrödinger equation is solved in a periodic calculation for a
box containing the lattice assuming Bloch waves. We obtain both the band structure
and the wavefunctions. Special care is taken to choose an ample box with the right
shape and appropriate boundary conditions to minimize the influence of the box on the
obtained result. The muffin-tin model with the above parameters yields an excellent
agreement with the experimental results in the energy range −0.45 eV < E < 0.3 eV.
Above this energy, the dispersion of the surface state deviates from the parabola (see
p. 9), which is not accounted for in the model. Moreover, the energy values are close
to the top of the potential barrier, where the particles are less confined and an error
on VCO and R becomes most noticeable. The single, uncorrelated electron picture of
the muffin-tin model suffices as the electron-electron interactions of the surface-state
electrons are screened by the bulk electrons [6].

Rational design of an artificial lattice

Using the established parameters for R and VCO, lattice configurations can be designed
step by step by comparing the muffin-tin band structure and LDOS with the tight-
binding results. The first step is to design the anti-lattice of the tight-binding lattice, as
illustrated for the honeycomb lattice in Fig. 7b. By positioning the CO molecules in the
anti-lattice, indicated in black, the surface-state electrons are confined to the artificial-
atom sites of the lattice, indicated in blue. It should be taken into account that the CO
molecules can only be placed on their preferential adsorption sites: the on-top sites
of Cu(111). A consequence is that the artificial lattice needs to be compatible with
the hexagonal symmetry of the underlying Cu(111) substrate. The smallest distance
between the CO molecules that results in a stable configuration for the construction
of artificial lattices is

√
3aCu, where aCu ≈ 0.256nm is the Cu-Cu nearest-neighbor

distance. Placing COs on neighboring atoms results in CO dimers for which the
muffin-tin potential is unknown. Furthermore, such configurations can lead to unstable
chevrons [52].
Second, the on-site energy ε is tailored by the size of the artificial atom. A smaller site
leads to more confined electrons, increasing the on-site energy [34]. We can thus choose
the position of the bands in our accessible energy window −0.45 eV < E < 0.3 eV
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and their position with respect to the Fermi energy EF = 0 eV. Usually, values around
ε ≈ 0 eV are chosen for s-orbitals. Note that larger sites are required to observe the
higher-energy p-orbitals at an appropiate energy.
Third, the NN and NNN hopping parameters t and t′ are tuned. The shorter the
distance between the artificial-atom sites, the larger the hopping. Additionally, a
narrow connection between two artificial-atom sites - established by a larger number
of CO molecules - contributes to a small hopping, while a wider connection increases
the hopping. The values used for t in this thesis range from 0.03 eV to 0.12 eV. Since the
number of CO molecules surrounding the artificial-atom sites affects both the hopping
and the size of the artificial atom, step 2 and 3 might require iterations. In our lattices,
the orbital overlap s is a value around 0.15-0.20, which increases or decreases slightly
with t.
If an appropriate lattice design has been obtained, ideally a CO boundary around the
lattice is devised to suppress the coupling of the bound states in the lattice with the
2DEG in the environment of the lattice (see Chs. VI and VII). The position of the CO
boundary is chosen such that the on-site energies of the lattice sites near the boundary
remain the same as in the bulk of the lattice.
Finally, a fit of the obtained muffin-tin band structure and LDOS spectra to their tight-
binding counterparts is used to determine the tight-binding parameters that apply to
the lattice design.

Experiment
After the design has been optimized using a combination of muffin-tin and tight-
binding calculations, the artificial lattice is realized and characterized. The results are
compared with the muffin-tin and tight-binding model.

STM setup

The STM setup used for the results presented in this thesis is a commercial Scienta
Omicron low-temperature STM system, consisting of a measurement and preparation
chamber. The system is operated in ultra-high vacuum (p = 10−11−10−9 mbar), main-
tained by an ion getter pump and, occasionally, a turbo pump. The base temperature
of the microscope is T = 4.5K with a hold time of approximately 60 hours, achieved
by a liquid helium bath cryostat embedded in a home-built enlarged liquid nitrogen
cryostat [53]. The spring suspension and the eddy current damping of the microscope,
as well as active vibration isolation elements below the entire setup, enable a noise
level < 1 pm in the direction perpendicular to the sample surface.

Preparation of sample and tip

Prior to the experiment, a clean and atomically flat Cu(111) crystal is prepared by
subsequent sputtering and annealing cycles in the preparation chamber. Argon gas is
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leaked into the preparation chamber up to a pressure of 4 · 10−6 mbar and is ionized.
The surface is bombarded with Ar+ ions for 12 minutes to remove the top layers includ-
ing possible impurities from the crystal. By annealing for 7 minutes at T = 500 ◦C,
atomically flat terraces are created. This cycle is repeated three times. The clean
sample is inserted in the STM in the measurement chamber to cool down. By dosing
carbon monoxide into the chamber up to a pressure of approximately 2 · 10−8 mbar
for 3 minutes with a line of sight to the cold Cu(111) sample, a surface coverage of
∼ 0.3 adsorbed CO molecules per nm2 is established. A cut platinum-iridium tip or
etched tungsten tip is prepared by gentle contact with the sample surface and voltage
pulses. The tip is conditioned regarding sharpness and symmetry for imaging, a pos-
sibly constant tip DOS ρT for the differential-conductance spectra, and an appropiate
termination for reliable atomic manipulations.

Atomic manipulation and characterization

We pattern the Cu(111) surface with CO molecules assisted by a lattice template
which indicates the target positions of the CO molecules. The manipulations of CO
molecules were performed either manually or assisted by home-built software, which
was based on Ref. [54]. Tunneling resistances in the range 200 − 800 kΩ were used,
comparable to previously reported values [52].
STM images were acquired in constant current mode. Differential-conductance spec-
troscopy and mapping were performed in constant height mode using a standard lock-
in amplifier modulating the sample bias with an AC modulation voltage typically
around Vrms ≈ 10mV and a frequency of f = 273Hz. Several different tips, charac-
terized by differently shaped Cu(111) spectra, were used to corroborate the features
arising from each artificial electronic lattice.
In addition to low mechanical and electronic noise, the low temperature and UHV envi-
ronment are of crucial importance for the experiments to succeed. First, the ultra-high
vacuum allows for a clean sample, which remains free of additional adsorbates during
the measurement period. The low temperature is essential for the CO molecules to
remain immobile. In addition, the stable low temperature is necessary for high-quality
measurement results. At 4.5K, the thermal broadening is limited, the thermal drift
for differential-conductance maps and spectra is negligible, and there are no moving
adsorbates in the tunnel junction giving rise to noise. The extended hold time of the
liquid helium leads to a longer measurement period without the interference of refilling
cryogenic liquids, limiting the risks to which the realized lattice is exposed.

Broadening

The phase coherence length Lφ of the surface-state electrons, i.e. the propagation dis-
tance of the surface-state electrons without losing their phase, is several hundreds of
Å [3, 19]. In the absence of scatterers as adsorbates and step edges, Lφ is determined
by electron-electron and electron-phonon interactions, which scatter the surface-state
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electrons into bulk and surface states. The intrinsic lifetime of electrons in the surface
state τφ = Lφm

∗/~k‖ was reported to be approximately 29 fs [7, 55]. This corresponds
to a Lorentzian broadening of Γ = ~/τ = 23meV.
The phase coherence length exceeds the size of the artificial lattices, allowing for the
interference patterns to occur in the lattice. At the same time, the CO molecules
forming the artificial lattice inherently reduce Lφ, as they introduce additional scat-
tering of the surface-state electrons into mainly bulk states [47, 56]. The differential-
conductance spectra above artificial lattices exhibit an energy broadening of approx-
imately Γ = 80meV, depending on the lattice configuration, which is mainly due to
the enhanced coupling between surface and bulk states via CO molecules.
We note that an additional contribution originates from the leakage of the confined
waves through the boundaries of the lattice into the 2DEG surrounding the lattice [3].
In particular, states near the boundaries tend to be smeared out due to coupling with
states in the surrounding 2DEG. This effect can be suppressed by creating a denser
CO boundary, while keeping the on-site energy of the artificial atom the same.
The influence of instrumental broadening plays a minor role. The low temperature of
T = 4.5K yields a negligible thermal broadening ∆Eth ≈ 3.3 kBT = 0.4mV [57, 58].
The modulation of the bias voltage Vrms = 10mV results in a broadening of ∆Erms ≈
2.5Vrms = 25mV, which is convoluted with the broadening originating from the in-
creased coupling with bulk states. The latter is dominant in the combined broad-
ening, as the peak widths of spectra acquired with different modulation voltages
Vrms ≤ 10mV do not differ noticeably.

Data processing

The experimental results presented in this thesis mainly consist of STM images,
differential-conductance maps, and differential-conductance spectra.
The images are processed using the software Gwyddion. The STM images, which
were acquired in constant-current mode, are flattened by a plane subtraction. The
differential-conductance maps were acquired in constant-height mode and do not re-
quire flattening or similar procedures. The contrast of the maps is adjusted. Occa-
sionally, a low-pass filter is applied to filter higher frequency noise and thus increase
the signal-to-noise ratio.
Above each relevant position in the artificial lattices, several differential-conductance
spectra (dI/dV ) are acquired and averaged subsequently. The spectra are normalized
by the average spectrum acquired above clean Cu(111), (dI/dV )Cu. Two relevant
normalization methods are the normalization by division (dI/dV)/(dI/dV)Cu and by
subtraction (dI/dV)− (dI/dV)Cu. Both methods are aimed at removing the contribu-
tion of the slope of the Cu(111) surface state and contributions of a non-constant tip
LDOS ρT from the spectrum, as illustrated in Fig. II.8.∗ Fig. II.8a shows individual
∗This is in contrast with common normalization methods as the total conductivity normalization

(dI/dV )/(I/V ) [59], which eliminates the exponential voltage dependence of the dI/dV signal due
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raw spectra acquired above the center (red) and outer (blue) position in the artificial
atom introduced in Fig. II.6b. The spectrum taken above the clean Cu(111) surface
(black dashed line), averaged over > 40 different positions, exhibits many features due
to a non-constant LDOS of the tip ρT (compare the more desirable, flatter spectrum in
Fig. II.3d). A division of the artificial-atom spectra by the average Cu(111) spectrum
removes the features of the tip and the Cu(111) from the spectra while the LDOS
contributions that can be attributed to the artificial atom are amplified, as shown in
Fig. II.8b (shown previously in Fig. II.6c). Subtraction of the average Cu(111) yields
a similar result (see Fig. II.8c). The main features are present in both normalized
spectra, while the relative intensity of the features varies slightly, which is in agree-
ment with the results obtained by other groups [60, 61]. We obtain a good agreement
between the two normalization methods for all spectra shown in this thesis (shown
explicitly in Ch. VII, SI). In this thesis, the division method is applied, similar to the
procedure used for the artificial honeycomb lattice by Gomes et al. [34]. The same
main features of the LDOS of the artificial lattices are reproduced for different tips,
characterized by differently-shaped Cu(111) spectra (see e.g. Ch. V, SI), corroborat-
ing that the features in the normalized spectra can be attributed to the LDOS of the
artificial lattice.
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Figure II.8: Normalization of differential-conductance spectra. (a) Single
differential-conductance spectrum acquired above the center (red) and outer (blue) positions
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spectra (red, blue) from (a) divided by the average Cu(111) spectrum. (c) Differential-
conductance spectra (red, blue) from (a) from which the average Cu(111) spectrum was
subtracted.

to the voltage dependence of the transmission coefficient of the tunnel barrier. We do not use this
method for our measurements, as we measure at low bias, where the voltage dependence of the
transmission coefficient plays a minor role, and the method does not provide a comparison with the
pristine Cu(111) LDOS.
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Tunability
The tunability of ε, t, and t′ for different orbitals gives access to a plethora of Hamil-
tonians which can be realized in the electronic quantum simulator. In Tab. II.2, we
summarize the properties that are engineered in this thesis.

On-site energy The on-site energy is used to center the band structures of all lattices
around EF = 0 eV in our accessible bias range −0.45 V < V < 0.3V. In
particular, the on-site energy can be decreased to focus on higher-orbital bands
in the ideal energy range (see Ch. IV).

NN hopping The geometry of the unit cell is reflected in the connectivity, i.e. the
number of NN hopping terms per site. Importantly, the connectivity can differ
per site, often giving rise to interesting properties (see Ch. III and V). In most
lattices, we engineer an equal NN hopping, which defines the separation between
the minimum and maximum of the bands. If the NN hopping is staggered, a
dimerized lattice is created, which can open a band gap. Staggered hopping is
one route to engineer topology in the lattices (see Ch. VI and VII).

NNN hopping is often inconvenient, as it breaks particle-hole symmetry. NNN sites
that are not coupled in the ideal tight-binding model acquire an undesired cou-
pling, which is a fraction of the NN hopping. The strength of the NNN hopping
differs per lattice geometry. For example, the NNN hopping in honeycomb-like
lattices (Ch. V) is significantly smaller than in square-like lattices (Ch. III), where
the distance between NNN sites is smaller. In specific cases, the NNN hopping
can be used as a tool. The particle-hole asymmetry that is introduced by NNN
hopping can lead to the opening of a band gap, which is useful for lattices in
which topological properties are engineered (see Ch. VII).

All three parameters cannot only be tailored globally in the entire lattice, but also
locally per site. This facilitates for instance the creation of local defects at will (see
Ch. VI).
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Tight-binding
parameter Engineered property Lattice

On-site energy ε
Choice of right energy window
Access higher orbitals

All lattices
Ch. IV

NN hopping t

Bandwidth
Novel bandstructures by tuned connectivity
Band gap by tuned staggered hopping
Topology by tuned staggered hopping

All lattices
Ch. III, V
Ch. VI
Ch. VI, VII

NNN hopping t′ Band gap Ch. VII

Table II.2: Overview of the tight-binding parameters that are tailored in the electronic
quantum simulator in this thesis.
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III Tailoring geometry: the Lieb lattice

Geometry, whether on the atomic or nanoscale, is a key factor for the
electronic band structure of materials. Some specific geometries give rise
to novel and potentially useful electronic bands. For example, a honeycomb
lattice leads to Dirac-type bands where the charge carriers behave as mass-
less particles [1]. Theoretical predictions are triggering the exploration of
novel 2D geometries [2–10], such as graphynes, Kagome and the Lieb lat-
tice. The latter is the 2D analogue of the 3D lattice exhibited by perovskites
[2]; it is a square-depleted lattice, which is characterised by a band struc-
ture featuring Dirac cones intersected by a flat band. Whereas photonic
and cold-atom Lieb lattices have been demonstrated [11–17], an electronic
equivalent in 2D is difficult to realize in an existing material. Here, we
report an electronic Lieb lattice formed by the surface state electrons of
Cu(111) confined by an array of CO molecules positioned with a scanning
tunneling microscope (STM) tip. Using scanning tunneling microscopy,
spectroscopy and wave-function mapping, we confirm the predicted char-
acteristic electronic structure of the Lieb lattice. The experimental findings
are corroborated by muffin-tin and tight-binding calculations. At higher
energies, second-order electronic patterns are observed, which are equiva-
lent to a super-Lieb lattice.

III.1 Introduction
The Lieb lattice is a square-depleted lattice, described by three sites in a square unit
cell as illustrated in Fig. 1a. Two of the sites (indicated in red) are neighbored by two
other sites. The third site in the unit cell (blue) has four neighbors. In the remainder
of this article, these sites will be referred to as edge (red) and corner (blue) sites,
respectively. This geometry results in an electronic band structure exhibiting two
characteristic features: two dispersive bands, which form a Dirac cone at the M point
in the first Brillouin zone, and a flat band crossing the Dirac point (Fig. 1b). It is well-
established that Dirac cones give rise to unusual behavior, such as effectively massless
fermions. Similarly, flat bands may potentially facilitate the realization of magnetic
order [18, 19], give rise to the fractional quantum (spin) Hall and quantum anomalous
Hall effect [20, 21], and enhance the critical temperature of superconductors [22, 23].
The electronic band structure of the Lieb lattice can be calculated from the following

tight-binding Hamiltonian:

H =
∑
i

εic
†
i ci − t

∑
〈i,j〉

(
c†i cj +H.c.

)
− t′

∑
〈〈i,j〉〉

(
c†i cj +H.c.

)
, (III.1)

where εi and t (t′) indicate the on-site energy of site i and the (next-)nearest-neighbor
hopping constants, respectively. Taking only nearest-neighbor hopping into account
and using the same on-site energy for the three sites results in the band structure shown
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Figure III.1: Designing an electronic Lieb lattice. (a) Geometric structure of the
Lieb lattice. The unit cell (black dashed line) contains two edge sites and one corner site,
indicated in red and blue, respectively. (b) Band structure of the Lieb lattice, only taking
into account nearest-neighbor hopping. (c) Calculated local density of states at edge (red)
and corner (blue) sites. (d) Geometric arrangement of CO molecules (black) on a Cu(111)
surface to generate an electronic Lieb lattice. Red and blue circles correspond to the edge and
corner sites in (a). (e) Band structure from muffin-tin (black) calculations along the high-
symmetry lines of the Brillouin zone, overlaid with the tight-binding result using parameters
that provide the best agreement with the muffin-tin simulations (gray).
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in Fig. 1b. The flat band exclusively contains electronic states which are localized on
edge sites. In contrast, all sites contribute to the dispersing bands converging to the
Dirac cone. Hence, the local density of states (LDOS) exhibits a characteristic spatial
variation, see Fig. 1c.
Thus far, a 2-D electronic Lieb lattice has not been realized. In principle, lithography

could be used to impose a Lieb pattern on a 2-D electron gas [7, 24]. Alternatively, a
strategy similar to the one employed for generating artificial graphene could be used,
i.e. assembling a molecular lattice on a substrate featuring a surface state to force the
electrons into the desired geometry [25]. In the following, we will choose the latter
approach and describe how atomic scale manipulation of carbon monoxide molecules
on Cu(111) with a scanning tunneling microscope is used to generate and characterize
an electronic Lieb lattice.

III.2 Design of the electronic Lieb lattice

The design of the molecular Lieb lattice is not trivial for several reasons. First, the Lieb
lattice has four-fold rotational symmetry, whereas substrates that exhibit a surface
state close to the Fermi energy such as Cu(111) have hexagonal symmetry. Further-
more, the CO molecules on Cu(111) act as repulsive scatterers, confining the electrons
to the space between the CO molecules [25–28]. This implies that the CO molecules
should compose the anti-lattice of the electronic Lieb lattice. Our design consists of
a CO square lattice, which defines the trivial anti-lattice of a square lattice, with one
CO placed in the center of four CO molecules to form the anti-lattice of a depleted
square lattice (cf. Fig. 1d). This design was recently proposed independently by Qiu
et al. [29]. The size of the unit cell is chosen to be 6

√
3a0×10a0(≈ 2.66nm×2.56nm),

where a0 = 0.256 nm is the Cu(111) nearest-neighbour distance. Two factors play a
critical role in the design. First, this arrangement of CO molecules provides the best
approximation to the perfect four-fold symmetry of the Lieb lattice on the hexagonal
Cu(111) substrate. Furthermore, the size of the unit cell determines the position of
the bands of the lattice with respect to the Fermi level of the Cu(111) [25]. With the
lattice constants described above, the low-energy bands of the lattice are close to the
Fermi level (vide infra).

To establish whether the design described above confines the electrons into an elec-
tronic Lieb lattice, we performed calculations based on the nearly-free electron model,
in which the CO molecules are modelled by a muffin-tin potential. The band structure
calculated using this approach is given by the black curve in Fig. 1e. These results can
be reproduced well using a tight-binding model including orbital overlap and next-
nearest-neighbor interactions (t′/t = 0.6), see the gray curve in Fig. 1e. Hence, the
arrangement of CO molecules on Cu(111) shown in Fig. 1d generates an electronic
Lieb lattice. The large t′/t ratio shows that next-nearest-neighbor hopping in this
system is important. This can be rationalized by the fact that the distance between
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Figure III.2: Electronic structure of a Lieb lattice. (a) STM image of a 5x5 Lieb
(top) and square (bottom) lattice. Two edge sites and one corner site of the Lieb lattice are
indicated in red and blue, respectively. The green circle indicates a site of the square lattice.
Imaging parameters: V = 50mV, I = 1 nA. Scale bar: 5 nm. (b) Normalized differential
conductance spectra acquired above edge (red squares) and corner (blue circles) sites and
local density of states at these sites calculated using the tight-binding method (solid lines).
(c) Contour plot of 100 spectra taken along the line indicated in (a). The features observed
in the spectra shown in (b) can be clearly recognized (see arrows). (d-e) Same as (b-c), but
for a square lattice. Note that the spectrum on the square lattice is qualitatively different
from the spectra acquired on the Lieb lattice.

individual CO molecules is quite large on the atomic scale. A detailed description of
the correspondence between the nearly-free electron and tight-binding calculations is
given in the Supplementary Information.

III.3 Differential-conductance spectra and maps
A lattice of 5x5 unit cells was assembled in the way shown in Fig. 2a. To provide further
evidence that any observed features are due to the Lieb lattice, a square lattice was
created immediately next to the Lieb lattice. Differential conductance spectra were
acquired above various positions of the lattice (indicated by the blue and red points in
Fig. 2a). The spectra were normalized by the spectrum acquired on the clean Cu(111)
surface, analogously to Ref. [25]. The resulting spectra above corner (blue) and edge
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sites (red) are shown in Fig. 2b. We first focus on the spectrum acquired above a
corner site (blue). Two peaks are observed, one at V = −0.20V and one at +0.18V.
These peaks can be assigned to the lowest- and highest-energy bands in the nearest-
neighbor tight-binding model of the Lieb lattice. In between these two peaks, the
LDOS reaches a minimum, which should correspond to the Dirac point. In contrast,
the edge-site spectrum (red) exhibits a maximum, which is located at V = −0.07V.
This peak can be assigned to the flat band. The neighboring peaks are again due to
the lowest- and highest-energy bands.
In principle, a flat band should give rise to an (infinitely) narrow feature in the

LDOS. In contrast, the peak at V = −0.07V observed above the edge sites is quite
broad. We attribute this broadening to the influence of next-nearest-neighbor hopping,
as well as to the limited lifetime of the electrons in the surface state.
The experimentally observed differential conductance spectra are reproduced very

well when next-nearest-neighbor hopping is included in tight-binding calculations
of a finite lattice (Fig. 2b). Next-nearest-neighbor hopping is essential to account
for the observed asymmetry in the LDOS of the low- and high-energy bands (blue
spectrum, peaks at −0.20V and +0.18V), as well as for the peak at 0.09V in the
edge-site spectrum. A fit of the tight-binding result to the experimental data yields
t = (89± 15)meV, which is in excellent agreement with earlier results [25]. Using this
hopping parameter, we calculate the Fermi velocity of the electrons in the Dirac cones
to be vF = (3.5± 0.6) · 105 m · s−1.
To investigate the spatial distribution of the electronic states, we acquired differen-

tial conductance maps (vide infra), as well as 100 spectra along the line indicated in
Fig. 2a. This line starts and ends at an edge site and passes four corner sites. The
resulting contour plot is shown in Fig. 2c. The peaks described above can be clearly
recognized for each site, demonstrating that the LDOS features are a property of the
lattice.
For comparison, a differential conductance spectrum acquired over a site in the

square lattice is shown in Fig. 2d, while a contour plot showing 125 spectra along a
line are shown in Fig. 2e. The spectra along the line again demonstrate the similarity
of the features for equivalent sites (Fig. 2e). Importantly, the spectra are qualitatively
different from the spectra obtained over the Lieb lattice and display a good agreement
with the LDOS calculated for the square lattice using the tight-binding model (using
the same parameters as for the Lieb lattice), see Fig. 2d. This further demonstrates
that the features observed in the differential conductance spectra shown in Fig. 2b are
due to the Lieb lattice.
Figure 3 shows several experimental and simulated constant-height differential con-

ductance maps of the two lattices. For the square lattice, all equivalent sites appear
identical at all three energies. In contrast, for the Lieb lattice at V = −0.200V, both
the edge and corner sites contribute significantly to the density of states. At the energy
of the flat band (V = −0.050V ), the contribution of the edge sites to the density of
states dominates. At V = +0.150V, again both corner and edge sites contribute sig-
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Figure III.3: Wave function mapping. (a-c) Differential conductance maps acquired
above a Lieb (top) and square (bottom) lattice at −0.200V, −0.050V, and +0.150V, respec-
tively. Scale bars: 5nm. (d-f) Differential conductance maps for the Lieb lattice at these
energies simulated using tight-binding. Black circles representing the CO molecules have
been added manually to the tight-binding maps. (g-i) Same as (d-f), but calculated using
the muffin-tin model.
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nificantly, with the first being dominant. The simulated maps using the tight-binding
model (Fig. 3d-f) and using the muffin-tin approach (Fig. 3g-i) reproduce the features
observed experimentally.

III.4 Higher-energy states
A careful inspection of the contour plots shown in Fig. 2c and 2e indicates that for
both the square and Lieb lattice there is structure in the spectra at higher energy
(around V = +0.600V). For both lattices, these high-energy states are localized in
between different sites. To account for these states in the tight-binding calculations,
additional basis functions need to be included. This can be done by adding sites in
between the original sites. To first order, the simple square lattice is then described
by a three-site quasi-Lieb model, with corner and edge sites having different on-site
energies (Fig. 4a). Likewise, the Lieb lattice is described by a super-Lieb (Fig. 4b)
geometry involving 11 sites per unit cell. Differential conductance maps of the high-
energy states of the square and Lieb lattice with indicated unit cells are shown in
Figs. 4c and 4d, respectively. Note that the 3 and 11 sites are required to describe the
unit cells, respectively. Using this model, we again simulated differential conductance
maps. This time, also the higher-energy maps are described satisfactorily.

The peak positions with respect to the Fermi energy can be shifted to lower energies
by increasing the lattice constant [25]. We make use of this effect to access even higher
energy states in the square lattice. Figure 4e-g shows differential conductance maps
of a square lattice with a four-times larger unit cell. For this large square lattice, the
pseudo-Lieb character emerges at bias voltages as low as−0.300V and−0.150V for the
bottom and flat bands, respectively. At higher bias voltages, a super-Lieb character
appears, as depicted in Fig. 4g. The higher on-site energies of the ’bridging sites’
results in a band gap between the lower-energy bands (which retain their square/Lieb
character) and the higher-energy bands where localization is more pronounced on the
bridging sites.

III.5 Conclusion and outlook
We demonstrated the realization of an electronic Lieb lattice by controlled position-
ing of CO molecules on a Cu(111) surface and confirmed the characteristic electronic
features of the lattice experimentally. The ability to generate electronic lattices using
CO molecules on Cu(111) opens the path to the experimental realization and char-
acterization of many 2-D geometries for which non-trivial properties dictated by the
lattice have been anticipated theoretically. Typical examples, which apply to the stud-
ied Lieb lattice geometry, are the quantum spin Hall effect, the super-Klein tunneling
paradox, and the Hofstadter butterfly [5, 11, 30, 31]. The Cu(111)/CO system is an
ideal model system, as it allows to tune parameters that cannot be easily varied in a
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Figure III.4: Higher-energy states. (a-b) Schematic picture to show extra sites, resulting
in a quasi-Lieb and quasi-super-Lieb lattice, respectively. (c-d) Experimental differential
conductance maps acquired at 0.550V above a square and a Lieb lattice, respectively. At
these energies 3 and 11 sites per unit cell are required to provide an adequate description of
the wave function localization. (e-g) Experimental differential conductance maps acquired
above a square lattice at −0.300V, −0.150V, and 0.575V, respectively. In each of these
maps, the unit cell is indicated by a red dashed line. Note that each unit cell still only
contains one CO molecule (at the bottom right of the unit cell). All scale bars denote 5 nm.
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real solid-state material. In addition, one can create junctions and study the effects of
disorder, which can be designed in a controlled manner. The inherent versatility and
the direct access to structural and electronic characterization allow a reality check for
advanced theory and a first step in the design of truly novel electronic materials.

Methods
STM experiments

A Cu coated W tip was used for the assembly and characterization of the lattices.
dI/dV spectroscopy and mapping were performed in constant-height mode using a
standard lock-in amplifier modulating the sample bias with an amplitude of 10−20mV
rms at a frequency of 273Hz. Further details can be found in Ch. II and the SI.

Tight-binding and muffin-tin calculations

The used tight-binding parameters are t′/t = 0.6 and an orbital overlap of s = 0.15.
The calculations on the experimentally realized geometry are Γ-point calculations
with periodic boundary conditions, utilizing the same tight-binding parameters as the
periodic lattice calculations. The local density of states was inferred directly from sites
in the center of both lattices, using a Lorentzian energy level broadening of Γ = 0.8t.
Simulated differential conductance maps were obtained by taking again Γ = 0.8t and
by expanding the wave functions by normalized Gaussians of width σ = 0.4a, where
a is the lattice constant of the Lieb lattice.
In the muffin-tin calculations, a broadening of Γ ≈ 80meV was used for the Lieb lattice
and the large square lattice.
Details on the tight-binding and muffin-tin simulations can be found in Ch. II and the
SI.
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Supplementary information

Muffin-tin approximation

Periodic Lieb lattice
Calculations are performed for a geometry including 5 CO molecules per unit cell of 2.66nm×
2.66nm using the described parameters in the muffin-tin approximation. The band structure
is shown in Fig. S1a. We find that the three lowest bands are degenerate at the M point.
Moreover, this degeneracy shows up in the LDOS as a peak for the edge sites and a V-shaped
DOS for the corner sites, see Fig. S1b. These features are also observed in the simulated
STM maps, as shown in Fig. S1c-e.
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Figure S1: Lieb lattice. (a) Band structure along high-symmetry lines based on a muffin-
tin approximation with V0 = 0.9 eV, D = 0.6 nm and a = 2.66nm. (b) Corresponding LDOS
for an edge (red) and corner (blue) site. The vertical lines correspond to the first three Van
Hove singularities. We included a broadening of 80meV. (c-e) Simulated maps at −0.200 eV,
−0.070 eV, and 0.180 eV, respectively, corresponding to the Van Hove singularities. The scale
bars are 0.6 nm.
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Finite Lieb lattice
For the artificial graphene system, it has been shown that the DOS of the finite system
converges gradually to the DOS of the fully periodic system while increasing the number of
unit cells [S1, S2]. To study the role of finite-size effects in the experimentally realized Lieb
lattice, we have solved the Schrödinger equation for the finite system with the same Lieb
lattice geometry as in the experiment, i.e. a Lieb lattice with 5 × 5 unit cells surrounded
by a 2DEG. We employed periodic boundary conditions for this entire system. The resulting
LDOS for the edge and corner sites is displayed in Fig. S2e and the simulated LDOS maps at
the energies of the lowest-energy, flat and higher-energy band are shown in Fig. S2f-h. Both
the LDOS and the simulated maps are in excellent agreement with the experimental data
and tight-binding simulations shown in Figs. S2a-d and S2i-l, respectively. In particular,
the edge-spectrum peak between the peaks assigned to the flat band (−0.07 eV) and the
highest-energy band (0.18 eV) was reproduced.

Figure S2: 5 x 5 Lieb lattice. (a,e,i) LDOS for the edge (red) and corner (blue) sites for
the finite system in the STS experiment, the muffin-tin approximation, and the tight-binding
calculations, respectively. We included a broadening of 80meV (71meV) in the muffin-tin
(tight-binding) simulations. (b-d),(f-h),(j-l) Maps for the finite system at approximately
−0.20 eV, −0.07 eV, and 0.18 eV, the energies of the Van Hove singularities of the periodic
system, for the experiment (b-d), scale bar: 5nm), muffin-tin (f-h), and tight-binding calcu-
lations (j-l). The red dashed square indicates the unit cell of the Lieb lattice, centered at a
corner site.
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Large square lattice
We have also calculated the band structure for the large square lattice using the same pa-
rameters, see Fig. S3a. Note that here we also find a triple degeneracy at the M point. In
addition, the LDOS at the pseudo-edge and pseudo-corner sites shows that the electrons are
localized on the pseudo-edge sites at the energy corresponding to the M point (cf. Fig. S3b).
The simulated maps in Fig. S3c-d show this localization correspondingly. For the finite square
lattice, which comprises 5 x 5 unit cells, the simulated maps are shown in Fig. S3e-f and agree
with the experimental data very well (cf. Fig. 4e-f of the main text).
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Figure S3: Large square lattice. (a) Band structure of the large square lattice along high-
symmetry lines. (b) LDOS for pseudo-edge (red) and pseudo-corner (blue) sites. The two
vertical lines correspond to the first two Van Hove singularities. We included a broadening of
40meV. (c-d) Simulated maps at −0.320 eV and −0.180 eV for the infinite system, including
a broadening of 80meV. Scale bar: 0.6 nm (2.66 nm). (e-f) Same as (c-d), but for the finite
system.
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Tight-binding model

Results from the tight-binding model
Consider the tight-binding Hamiltonian

H =
∑
i

εia
†
iai − t

∑
〈i,j〉

(
a†iaj +H.c.

)
− t′

∑
〈〈i,j〉〉

(
a†iaj +H.c.

)
,

operating on the following Bloch wave function,

|ψ〉 =
unit cells∑
m,n

c · ~|χ〉eik·r =
unit cells∑
m,n

sites∑
i

ci|i〉eik·r,

where ~|χ〉 = (|1〉, |2〉, ...) is a basis of site-localized orbitals, c = (c1, c2, ...) is the vector of
expansion coefficients and t and t′ are the respective hopping parameters for nearest-neighbor
and next-nearest-neighbor hopping. Here, the nearest neighbors are defined as the horizontal
and vertical neighbors on the lattices, as shown in Fig. S4. The next-nearest neighbors are the
diagonal neighbors. The tight-binding Hamiltonian is operated on the Bloch wave function
of the square lattice, Lieb lattice and super-Lieb lattice to bring the Schrödinger equation
Ĥ|ψ〉 = E|ψ〉 into the matrix form Hc = Ec.

For the square lattice, we obtain the following (scalar, or 1 by 1 matrix) Hamiltonian

Hsquare = ε0 − 2t [cos (kxa) + cos (kya)]− 4t cos (kxa) cos (kya) ,

whereas for the Lieb lattice, the (matrix) Hamiltonian reads

HLieb =

(
ε1 −tγy −t′γ∗xγy
−tγ∗y ε0 −tγ∗x
−t′γxγ∗y −tγx ε1

)
,

where γ(∗)
x,y = 1+e(−)ikx,ya. Here, we have assumed that the lattice is square, such that sites 1

and 3 are equivalent from a symmetry perspective, but not necessarily with the same on-site
energy as the site 2. For the super-Lieb lattice, we obtain the following (matrix) Hamiltonian

Hsuper−Lieb =



ε1 0 0 −t 0 −tξ∗y 0 −t −t 0 0
0 ε0 0 −t −t −t −t 0 0 0 0
0 0 ε1 0 −t 0 −tξ∗x 0 0 −t −t
−t −t 0 ε2 −t′ 0 −t′ −t′ −t′ 0 0
0 −t −t −t′ ε2 −t′ 0 0 0 −t′ −t′
−tξy −t 0 0 −t′ ε2 −t′ −t′ξy −t′ξy 0 0

0 −t −tξx −t′ 0 −t′ ε2 0 0 −t′ξx −t′ξx
−t 0 0 −t′ 0 −t′ξ∗y 0 ε2 0 −t′ξx −t′ξxξ∗y
−t 0 0 −t′ 0 −t′ξ∗y 0 0 ε2 −t′ −t′ξ∗y
0 0 −t 0 −t′ 0 −t′ξ∗x −t′ξ∗x −t′ ε2 0
0 0 −t 0 −t′ 0 −t′ξ∗x −t′ξ∗xξy −t′ξy 0 ε2


,

50



Supplementary information

where ξ(∗)
x,y = e(−)ikx,ya. Here the first three rows and columns describe the Lieb sites (indi-

cated by red and blue in Fig. S4), which are coupled to the bridging sites (green in Fig. S4)
with hopping parameter t. The bottom-right block of 8 by 8 elements contains hopping be-
tween bridging sites with next-nearest-neighbor hopping t′.
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Figure S4: Tight-binding model of the square, Lieb and super-Lieb lattice. (a-c)
Real-space model of the respective lattices. d-f, Tight-binding parametrizations. (g-i) Band
dispersion diagrams for the respective lattices for the case ε0 = ε1 = ε2, t

′ = 0. (j-l) Band
dispersion diagrams for the respective lattices for the case t′ = t/2, with ε1 = ε0 − t for
panel (k) and with ε2 = ε0 − t = ε1 − t. The local hue of the bands represents the degree of
localization of the corresponding crystal orbital on the ’corner sites’ (blue), ’edge sites’ (red)
and ’bridging sites’ (green).
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The tight-binding band structures were computed by diagonalizing the corresponding matrix
Hamiltonian, and are shown in Fig. S4. For each band and each k-value, we have furthermore
considered the degree of localization of the crystal orbital on the symmetry-inequivalent sites,
which are called the ’corner sites’ (blue), ’edge sites’ (red), and ’bridging sites’ (green). The
local hue of the bands represents the extent to which the wave function is localized on one of
these families of sites. In Fig. S4g-i, the dispersions are shown for an idealized parametriza-
tion in which all on-site energies are equal and next-nearest-neighbor hopping is set to zero.
For the Lieb lattice, the top and bottom bands touch at the Dirac cone, which intersects a
flat band at the Fermi level. As can be inferred from the red color of the flat band, all elec-
tronic states within the flat band are localized exclusively on the bridging sites, whereas the
dispersive bands are hybrids of the corner and bridging sites. For the super-Lieb lattice, the
dispersion can be described as two ‘Lieb-like’ band structures separated by a band gap. In
the middle of the gap, a set of flat bands arise, which are combinations of states localized on
the bridging sites. Regarding its electronic properties, the square lattice may be classified as
being metallic, whereas the Lieb lattice can be classified as semimetallic and the super-Lieb
as a semiconductor at half-filling. The flat band might, however, affect the optical properties.

Fig. S4j-k shows the same dispersions for the more general case, where the symmetry-
inequivalent sites have different on-site energies and next-nearest-neighbor hopping is sig-
nificant. It has been shown that the Dirac cone in the Lieb dispersion is resilient towards
changes in the next-nearest-neighbor hopping, but splits when the on-site energies of the
corner and edge sites are different. On the other hand, the flat band remains unaffected by
asymmetry in the on-site energies, whereas it becomes dispersive when next-nearest-neighbor
hopping is introduced. Both effects can be shown to be true easily when analyzing the Hamil-
tonian matrix in more depth, which we will show later. The emerging dispersion of the flat
band has a characteristic pattern in which it is curved up around the Γ-point but remains flat
on the lines connecting M and X. Note that this pattern also emerges in the flat bands of the
Lieb-like bands in the super-Lieb dispersion. Here, we do not assume any direct next-nearest
neighbor hopping between the edge (red) sites, but the effect is introduced indirectly through
the hopping of the bridging (green) sites. We note that no discernible band gap has been
observed in the spectroscopy experiments on the Lieb lattices, which suggests ∆ε ≈ 0 for the
lattice set up by CO molecules, at least within the experimental broadening. As a result,
our tight-binding fit could be limited to finding the best values of t′/t. To account for the
wave functions not being entirely orthogonal, a small nearest-neighbor overlap of s = 0.15 is
included to obtain a good fit to the experimental data.

An important point to notice is that the bottom bands of the super-Lieb lattice are rem-
iniscent of the total dispersion of the Lieb lattice, and have a similar localization onto the
corner and edge sites. These bands may therefore be thought to have a significant Lieb-like
character, which becomes even stronger when the bridging sites are higher in energy than the
corner and edge sites. Similarly, an effective square dispersion emerges in the lowest band of
the Lieb dispersion when shifting the edge sites up in energy. The changing hue of the bot-
tom band in Fig. S4k confirms that the wave function becomes more localized on the corner
sites, which really form a square lattice. This justifies our extension of the square lattice to
the Lieb lattice and the Lieb lattice to the super-Lieb lattice when analyzing higher-order
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energy effects. It should be kept in mind that the tight-binding method only yields as many
bands as the number of sites in the model. Hence, in order to look at higher-energy effects,
it makes sense to add interstitial sites with higher on-site energy. The addition of edge or
bridging sites allows one to look at the higher-energy bands of the lattice, whereas we have
shown that the low-energy features are still described by the original bands. Effectively, the
low-energy bands are now contained in the model as pseudo-square bands of the Lieb lattice
and pseudo-Lieb bands of the super-Lieb lattice. Additional justification for the addition of
interstitial sites is given below.

Tight-binding as a description of the kinetic-energy landscape
The tight-binding model can be thought of as a discretization of the Schrödinger equation
into a set of sites that are connected through parametrized interaction integrals. Given a
spatially varying potential-energy landscape, the most logical conversion into a tight-binding
model is therefore obtained by assigning sites to the valleys, where the low-energy electrons
are mostly localized. As such, the tight-binding model may intuitively carry the connotation
of a discretization of the potential-energy landscape, where the hopping parameter fulfills the
role of describing the potential energy “hill” that electrons have to climb over to hop from
one site to the next.

As inferred from density functional theory, the potential-energy landscape that is the back-
ground of the surface-state electrons is rather flat. Therefore, the intuitive approach of assign-
ing tight-binding sites to valleys in the potential-energy landscape is invalid. Nevertheless, the
results from the muffin-tin potential landscape show that a Lieb-like band structure can still
be obtained. The band structure may therefore be described as arising from a “kinetic-energy
landscape”, that results from local confinement of the electronic states.

To strengthen the idea of the “kinetic-energy landscape”, we calculated the band struc-
ture for two toy models of electronic waveguides. In both models, the electronic states are
perturbed from free-electron waves through application of a harmonic modulation. In the
first waveguide, this modulation was manifested in the background potential V (x), whereas
in the second model, the width of the waveguide w(x) was modulated while the background
potential was set to zero. These two models allow to compare the effects of modulating the
potential-energy landscape to modulating the kinetic-energy landscape.

Waveguide 1 is defined by the potential

V (x, y) =
{

V0 cosx, |y| ≤ 3/2
∞, |y| > 3/2

}
.

Here, the wave functions were expanded from

|ψ〉(q, n, k) =

{
1
2e
i( k

2π+q)x
(
ei
nπy

3 + (−1)n+1e−i
nπy

3

)
, |y| ≤ 3/2

0, |y| > 3/2

}
.

Wave guide 2 is defined by the potential

V (x, y) =
{

0, |y| ≤ (3 + cosx)/2
∞, |y| > (3 + cosx)/2

}
.
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As Ansatz for the wave functions, we implemented

|ψ〉(q, n, k) =

{
1
2e
i( k

2π+q)x
(
e
i
nπy
w(x) + (−1)n+1e

−i nπy
w(x)

)
, |y| ≤ (3 + cosx)/2

0, |y| > (3 + cosπx)/2

}
,

where w(x) = cos(x) + 3 is the width of the channel. The electronic structure for both
waveguides was determined numerically as follows. For every value of q, n and k, both |ψ〉
and ∇2|ψ〉 were calculated on a numerical grid. After normalization, the Hamiltonian matrix
elements were calculated as

Hij = 〈ψi|
(
V (x, y)|ψj〉 −

1
2∇

2|ψj〉
)
,

where indices i and j refer to a wave function with a specific set of quantum numbers q
(reciprocal-lattice point) and n (transverse wavenumber), and we have set ~ = me = 1.
Finally, the eigenvalues were obtained for each value of the wave number k by diagonalizing
the Hamiltonian matrix.
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Figure S5: Electronic structure of waveguides. Calculated electronic structure of the
potential-modulated waveguide (a-c), width-modulated waveguide (d-f) and two-site tight-
binding chain (g-i).

The dispersion for the potential energy-modulated waveguide is shown in Fig. S5. The
opening of a band gap is evident at the Brillouin zone boundaries, a very well-known result
from the nearly-free electron model. When the crystal orbitals are plotted for this value of k
for both bands, the origin of the band gap is shown to arise naturally from orbitals localized
either in the potential energy valleys (low energy) or the potential energy hills (high energy).
Now, we turn to the result from the width-modulated waveguide. Amazingly, the band struc-
ture of the width-modulated waveguide displays exactly the same opening of a band gap at
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the Brillouin zone boundary. When plotting the crystal orbitals again, we now see that the
energy separation arises from electrons localized in the wide regions (low energy) or constric-
tions (high energy). Therefore, whereas in the first model the electrons are perturbed by
the potential-energy landscape, we conclude that in the second model, a similar perturba-
tion arises simply by affecting the geometry of the problem, and therefore the kinetic-energy
landscape.

Now to finalize the connection to the tight-binding model, we have also approximated the
electronic structure of either waveguide in terms of a linear chain of sites. To first-order, these
sites may be positioned at the kinetic energy valleys or wide regions (see Fig. S5g). Trivially,
this gives a single band described by E(k) = ε0 − 2t′ cos k, where t′ is the hopping parame-
ter. Obviously, this model does not allow the description of the localization of the orbitals
on the high-energy regions shown (see Fig. S5h, dashed blue line). Therefore, an improved
tight-binding model may be constructed by taking both the local energy minimum as well
as the interstitial saddle point into account as two separate sites, with the latter one shifted
in energy by ∆ε = ε1 − ε0 > 0. Now, we obtain two bands with a gap at the Brillouin-zone
boundary. These are plotted as the solid curves in Fig. S5h, where the local hue of the band
shows the degree of localization on the low-energy sites (blue) and high energy sites (red),
respectively. By plotting the crystal orbitals at the same points of the band structure, we ob-
tain a picture similar to the results from the waveguides. As before, the extended model with
interstitial high-energy sites functions as an improved description of the electronic structure.

We conclude this analysis by noting that the band structure of the Lieb lattice can be set up
in a flat energy landscape by confinement effects only. The discretization of the Lieb struc-
ture into a tight-binding model is then just as valid, although the interpretation of the model
is more subtle since it really relates to the kinetic, rather than potential-energy landscape.
Then, to first order, a tight-binding model may be implemented in which only the low-energy
regions are assigned as sites. However, a more realistic model, which also describes higher-
energy effects, can be obtained by adding sites on the interstitial constrictions, or kinetic
saddle points of the lattice. In particular, this inclusion effectively gives new bands at higher
energy that show more localization on those high-energy constriction regions.

Analytical results from the tight-binding model
To deepen our understanding of the Lieb lattice and try to obtain a more analytical picture
of the band energies, we have analyzed the corresponding tight-binding models in detail. As
shown earlier, the Lieb Hamiltonian is given by

HLieb =

(
ε1 −tγy −t′γ∗xγy
−tγ∗y ε0 −tγ∗x
−t′γxγ∗y −tγx ε1

)
.

Note that for the absolute square of the variable γ, the following relation holds

|γx|2 = γxγ
∗
x = (1 + eikxa)(1 + e−ikxa) = 4 cos2

(
kx
2 a
)
,
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and similarly for γy. For convenience, we define the vector γ = (γx, γy) which has modulus
squared

||γ||2 = |γx|2 + |γy|2 = 4
[
cos2

(
kx
2 a
)

+ cos2
(
ky
2 a
)]

.

Note that at any point, the Hamiltonian may be transformed by a similarity transformation:

Hci = ciEi ⇒ PHP−1Pci = PciEi ⇒ Hsymc′i = c′iEi,

Hsym = PHP−1 c′i = Pci,

where the eigenvectors c′ are now in the new basis, consisting of symmetry-adapted linear
combinations of site functions. The change of basis is established by choosing the projection
operator matrix

P =

 0 1 0
1√
2 0 1√

2
− 1√

2 0 1√
2

 ,

yielding

H =

(
ε1 −tγy −t′γ∗xγy
−tγ∗y ε0 −tγ∗x
−t′γxγ∗y −tγx ε1

)
⇔ Hsym =

 ε0 −t γ
∗
x+γ∗y√

2 −t γ
∗
x−γ

∗
y√

2
−t γx+γy√

2 ε1 − t′Re
(
γxγ

∗
y

)
+it′Im

(
γxγ

∗
y

)
−t γx−γy√

2 −it′Im
(
γxγ

∗
y

)
ε1 + t′Re

(
γxγ

∗
y

)
 .

Inspection of these matrix Hamiltonians leads to the conclusion that the lines M → X and
M → Y are protected from changes in the next-nearest-neighbor hopping. Indeed, here we
have either γx = 0 or γy = 0, such that γxγ∗y = 0 and the matrices reduce to

HM→X/Y =

(
ε1 −tγy 0
−tγ∗y ε0 −tγ∗x

0 −tγx ε1

)
= H(t′ = 0),

Hsym,M→X/Y =

 ε0 −t γ
∗
x+γ∗y√

2 −t γ
∗
x−γ

∗
y√

2
−t γx+γy√

2 ε1 0
−t γx−γy√

2 0 ε1

 = Hsym(t′ = 0).

As a result, this Hamiltonian matrix describes both the entire Lieb lattice in absence of
next-nearest-neighbor hopping, as well as the more general case where t′ 6= 0, but then only
along the lines connecting the Dirac point with the X or Y points. For the latter case, either
kx = π/a or ky = π/a, which gives γx = 0 or γy = 0. It can be readily seen that then H
becomes block-diagonal, and a trivial eigenvalue of E0 = ε1 splits off, corresponding to the
flat-band energy. Furthermore, at the Dirac point, H becomes entirely diagonal, resulting in
two eigenenergies located at E = ε1 and one eigenenergy at E = ε0. Therefore, it can be seen
that the intersection of the flat band with a Dirac cone only exists when the on-site energies
are equal: ε1 = ε0.

In the more general case, the eigenvalues and (normalized) eigenvectors (for either t′ = 0
and X/Y→M) can be obtained analytically in either basis by diagonalizing the correspond-
ing Hamiltonian. We find
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E =

(
E−
E0
E+

)
=

 〈ε〉 − hk
(

∆ε
2

)
ε1

〈ε〉+ hk
(

∆ε
2

)
 and C =


(γy,E−,γx)
fk(E−/2)
(γy,0,−γx)

fk(0)
(γy,E+,γx)
fk(E+/2)

 ,

where ∆ε = ε1 − ε0, 〈ε〉 = (ε0 + ε1)/2 and hk is the hyperbola

hk

(
∆ε
2

)
=

√(
∆ε
2

)2

+ t2||γ||2 =

√(
∆ε
2

)2

+ 4t2
[
cos2

(
kx
2 a
)

+ cos2
(
ky
2 a
)]
.

First, we use this result to calculate the energies of the X/Y-point. The reason is that the
density of states shows two sharp peaks at exactly these energies. Evidently, for kx = 0 and
ky = π/a or vice versa, one of the cosine functions returns zero whereas the other one gives
unity. Therefore, we have

||γ||2 = 4t2 ⇒ E±,X/Y = 〈ε〉 ±

√(
∆ε
2

)2

+ (2t)2,

which in the case of equal on-site energies reduces to E±,X/Y = ε0± 2t. Secondly, this result
shows that a Dirac cone emerges at M only if ∆ε = 0, in which case an expansion of k around
M leads to

E± = ε0 ± 2t
√

cos2
(
kx
2 a
)

+ cos2
(
ky
2 a
)
≈ ε0 ± t||k||a.

Here, we use the fact that the dispersion is smooth, and therefore the effect of t′ converges
to zero towards the M-point, even along the lines of k-space where it may not be cancelled
out. The Fermi velocity in the Dirac cone can be calculated as

vF = 1
~
∂E±
∂||k|| = ta

~
.

However, if the on-site energies of the sites are not equivalent, the Dirac cone splits up into
a hyperbola, where the flat band stays attached to either the top band in case of higher
edge-site energies, or the bottom band in case of higher corner-site energies.

From the experimentally obtained spectra, we could not observe a band gap, which suggests
∆ε ≈ 0 within the limits of experimental broadening. However, as noted in the manuscript,
an additional peak in the spectra on the edge sites at 90 mV suggests that the “flat band” is
not exactly flat but may be curled up, generating a new van Hove singularity in the density of
states at the energy corresponding to its maximum. Therefore, it makes sense to investigate
the effect of next-nearest-neighbor hopping. We started the investigation by calculating the
eigenenergies along the line Γ → M. This line connects the Dirac point with the Γ-point,
where the flat band is observed to ‘curl up’ (see Fig. S4). Along this line, we can substitute
γx = γy = γ = 1 + eik(x/y)a, which gives

HΓ→M =

(
ε1 −tγ −2t′|γ|2
−tγ∗ ε0 −tγ∗
−2t′|γ|2 −tγ ε1

)
⇔ Hsym,Γ→M =

 ε0 −
√

2γt 0
−
√

2γ∗t ε1 − t′|γ|2 0
0 0 ε1 + t′|γ|2

 .
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In this case, the symmetrized Hamiltonian has become block-diagonal, which means that the
last row of P - a SALC describing a pure edge-localized state - coincides with an eigenvector
of the Hamiltonian

p3 = c0 =
(

1√
2
, 0,− 1√

2

)
⇒ E0 = ε1 + t′|γ|2,

where we may substitute

|γ|2 = 4 cos2
(
k(x/y)a

2

)
= 2

[
cos2

(
kxa

2

)
+ cos2

(
kya

2

)]
= ||γ||

2

2

since along Γ→M, kx = ky. Hence, the “flat band” is curved up towards Γ, and achieves its
maximum value of E0,Γ = ε1 +4t′ there. Visual inspection confirms that this is the maximum
energy of the band, which means that it corresponds to a Van Hove-singularity in the density
of states. As a result, the second peak in the experimentally obtained spectra on the edge
sites may be thought to originate from this feature.

The remaining energy eigenvalues of the top and bottom bands can be obtained by diago-
nalizing the remaining block,

Hsym±,Γ→M =
(

ε0 −
√

2γt
−
√

2γ∗t ε1 − t′|γ|2

)
,

E± = 〈ε〉 − t′ ||γ||
2

4 ±

√(
∆ε
2 − t

′ ||γ||2
4

)2

+ t2||γ||2.

When expanding around M, to first order, only terms linear in ||k|| remain. In this case, the
dispersion reduces to the form where t′ vanishes, yielding again the Dirac cone (or hyperbola
in case of different on-site energies). At the Γ point, however, the top and bottom bands are
perturbed,

E±,Γ(t′ = ∆ε = 0) = ε0 ± 2
√

2t ⇒ E±,Γ(∆ε = 0, t′ 6= 0) = ε0 − 2t′ ±
√(

2
√

2t
)2 + (2t′)2.

As a result, t′ widens the bandwidth but also shifts the average of the Γ-point energies with
respect to the Dirac point. Since t′ is assumed to be a negative parameter (bonding next-
nearest neighbor interaction), its effect is to effectively compress the top band, lowering it
towards the Dirac point energy, whereas the bottom band moves to even lower energy.

With the information above, we labelled all peak features in the density of states ana-
lytically. The obtained knowledge was utilized to find the best parameters to describe the
experimental data. The dispersion and local density of states with analytical peak labels is
shown in Fig. S6.

We would like to note that the flat band in our Lieb lattice is topologically trivial, i.e.
the Chern number is zero [S3]. In particular, without the presence of next-nearest-neighbor
coupling, Wannier orbitals form eigenstates of the Hamiltonian. It has been anticipated
theoretically that the flat band might acquire a non-zero Chern number in the presence
of spin-orbit coupling and a staggered potential, which may facilitate phenomena like the
fractional quantum Hall and quantum anomalous Hall effect [S4, S5].
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Figure S6: Tight-binding dispersion of the Lieb lattice. Calculation for ∆ε = 0 and
t′ 6= 0, with all features in the density of states labelled analytically.

Finite-size effects

In addition to the periodic-lattice calculations, the tight-binding method was used to model
the experimentally realized finite-size lattices. Importantly, we wanted to find out to what
extent finite-size effects play a role in lattices of these small dimensions. To this end, the
local density of states was calculated on corner and edge sites for a range of different lattice
sizes. Fig. S7 shows the results for lattice sizes of 1 by 1 up to 10 by 10. Here, the LDOS
spectra are displayed for a corner site (blue curve, indicated by blue dot on the lattice) and
an adjacent edge site (red curve, indicated by red dot on the lattice), as closely as possible to
the middle of the lattice. These calculations employed hard-wall boundary conditions, where
Ψ = 0 at and beyond the lattice boundary. As can be seen from Fig. S7, for lattices of size
5 by 5 and 6 by 6, the edge site spectra contain a peak at the energy corresponding to the
flat band at Γ, corresponding to the experimental observations (cf. Fig. 2b). For smaller
sizes, the shape of the spectra is still not “stable”, whereas for larger lattice sizes the shape
converges and smoothens out.

In the experimental lattices, there is obviously no hard wall between the electronic states in
the lattice and the unconfined 2DEG around it. As a crude model of the surrounding metal,
we therefore took “2DEG” sites around the Lieb lattice into account by means of an effective
square-lattice model. To account for the larger spectral range and lower Fermi level of the
2DEG, we used a lower on-site energy (ε2DEG = ε0− 0.4t) and higher bandwidth through in-
creased coupling strength (t2DEG = 2tlattice, t′2DEG = 2t′lattice, s2DEG = 2slattice). Hopping
between 2DEG sites and lattice sites was described by the lattice hopping parameters.

In order to investigate the influence of this hopping, we again calculated the LDOS for lat-
tices of increasing size. In contrast to the hard-wall boundary calculations, these calculations
have therefore used open-wall boundary conditions. The results are shown in Fig. S8. When
comparing the LDOS spectra of Fig. S8 with Fig. S7, we note a significant difference for the
smallest lattices, but a very quick convergence to the hard-wall boundary results. Already
for lattices of size 4 by 4, it is difficult to notice any difference between the results with hard
walls and open walls. We therefore conclude that the electronic structure in the lattice is
really a property of the lattice and is not significantly perturbed by the surrounding 2DEG.
The tight-binding calculations on finite-size lattices use periodic boundary conditions on the
2DEG “boundary sites”. Since the unit cell is quite large, and we found that the electronic
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Figure S7: Tight-binding simulations for finite Lieb lattices. The sizes vary from 1 x 1
up to 10 x 10 unit cells. Hard-wall boundary conditions were used. The 5 x 5 configuration
corresponds to the experimentally realized geometry.

structure inside the lattice is only weakly affected by the surrounding 2DEG, we only sampled
the Brillouin zone of the entire geometry at the Γ-point. Although this limits the number of
Bloch waves taken into account inside the 2DEG, the effect on the wave functions localized
inside the lattice is minimal.
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Figure S8: Tight-binding simulations for finite Lieb lattices. The sizes vary from 1 x 1
up to 10 x 10 unit cells. Periodic boundary conditions were used, i.e. no walls, in contrast
to the hard-wall boundary conditions in Fig. S7. The 5 x 5 configuration corresponds to the
experimentally realized geometry.

Experimental results

Differential conductance spectra
The normalized differential conductance spectra shown in the paper were obtained by di-
viding the differential conductance spectra over the Lieb and square lattice by an average
of spectra acquired on the clean Cu(111) surface, analogously to the normalization in Ref.
[S6]. Division of the spectra on the Lieb and square lattice by the copper spectrum cancels
the contribution of the density of states of the tip and the slope of the Cu(111) spectrum,
yielding the normalized spectra presented in Fig. 2b and 2e.

In Fig. S9, the spectra on the corner (blue) and edge sites (red) of the Lieb lattice from
Fig. 2b are presented without normalization. The corresponding average copper spectrum
is shown in yellow. The peaks characteristic for the Lieb lattice can be observed on top of
the spectrum on Cu(111). Various different tips (> 25), characterized by differently shaped
Cu(111) spectra, were used to corroborate the features arising from the Lieb lattice. For each
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tip, the average copper spectrum is an average of between 3 and 100 spectra randomly taken
on different positions on the clean Cu(111).
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Figure S9: Differential conductance spectra. dI/dV spectrum on a corner (blue) and
edge (red) site in the 5 × 5 Lieb lattice compared with the corresponding dI/dV spectrum
on bare Cu(111) (yellow).

Influence unit-cell size
The size of the unit cell has a large influence on the position of the peaks in the differ-
ential conductance spectra [S6]. Since there is no significant charge transfer between the
CO molecule and the Cu(111) surface, the electron density of the Cu(111) surface is largely
unaffected by the number of adsorbed CO molecules [S7]. If we increase the unit cell, the
number of surface-state electrons in the unit cell increases. This shifts the energy bands of
the designed lattice with respect to the Fermi level of the underlying Cu(111). The unit-cell
size can thus be used to tune the lattice into an n−doped (large unit cell) or p−doped (small
unit cell) structure, as demonstrated for the graphene geometry by Gomes et al. [S6].

In Fig. S10a, a schematic representation of several geometries of the unit cell of the Lieb
lattice is shown. Lattices with these configurations were built and characterized using scan-
ning tunneling spectroscopy. The differential conductance spectra in Fig. S10b confirm the
shift of the peaks with respect to the Fermi level as a function of the unit-cell size: the smaller
the unit cell, the further the peaks are shifted to positive voltages. We obtain an n−doped
structure for a large unit cell of 3.10nm by 3.07nm (shown in red) and a p−doped structure
for a small unit cell of 1.77 nm by 1.79 nm (shown in green). For a unit-cell size of 2.66 nm
by 2.56 nm, we obtain a close to neutral structure, which is chosen for further measurements.
Importantly, not only this unit cell is square to a good approximation (ax/ay ≈ 1.04), but
also the CO molecules are positioned in an approximately square, face-centered configuration
(sx/sy ≈ 1.04). Thus, the assigned sites in the Lieb lattice preserve their symmetry and the
two edge sites in the unit cell retain their geometric equivalence with a deviation below 4%.
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Figure S10: Unit cell geometries. (a) The CO molecules on the top-sites of the Cu(111)
surface (gray) compose a 3.10nm × 3.07nm (red), 2.66 × 2.56nm (blue), and 1.77nm ×
1.79nm (green) unit cell. The 2.66nm by 2.56nm unit cell (blue) represents the chosen
configuration for the measured Lieb lattices. (b) Normalized differential conductance spectra
acquired above corner sites for the unit cells in (a). The arrows indicate the peak assigned
to the highest-energy band of the Lieb lattice and show a shift towards higher energies for
smaller unit-cell sizes.
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IV Tailoring orbitals: p-band engineering

Artificial electronic lattices, created atom by atom in a scanning tunnel-
ing microscope, have emerged as a highly tunable platform to realize and
characterize the lowest-energy bands of novel lattice geometries. Here, we
show that artificial electronic lattices can be tailored to exhibit higher-
energy bands. We study p-like bands in four-fold and three-fold rotation-
ally symmetric lattices. In addition, we show how an anisotropic design
can be used to lift the degeneracy between px- and py-like bands. The ex-
perimental measurements are corroborated by muffin-tin and tight-binding
calculations. The approach to engineer higher-energy electronic bands in
artificial quantum systems introduced here enables the realization of com-
plex band structures from the bottom up.

IV.1 Introduction

Bands composed of orbitals beyond s-type play a key role for the electronic and mag-
netic properties of materials. Orbitals are characterized by the shape of the wave
function, establishing a degree of freedom for the electrons in addition to spin and
charge [1]. Higher orbitals (i.e. beyond s-type) can give rise to interesting band struc-
tures, such as a Dirac cone and flat band for the p-orbital bands of a honeycomb
lattice [2–4]. In addition, colossal magnetoresistance of several transition metal-oxides
is related to the d-orbital bands in these systems [1]. In the presence of interactions,
the nodal character of bosons in a p-band condensate [5–8] or of the superconducting
order parameter in unconventional superconductors [9–12] leads to interesting broken-
symmetry quantum phases and novel quantum effects.
Generally, the term ’orbitals’ refers to the nodal structure of the wave functions

at the lowest (s) and higher (p, d, etc.) energies, which is equivalent to the nodal
structure of atomic orbitals. More specifically, s-orbitals in a lattice yield an either
positive or negative wave-function amplitude at the lattice sites. In contrast, p-orbitals
alternate from a positive contribution between lattice sites via a node at the site itself
to a negative contribution on the other side. Bands originating from these p-orbitals,
so-called p-like bands, were studied in optical [5–8, 13–15], photonic [16, 17], and
polariton lattices [18–20].
The manipulation capability of the low-temperature scanning tunneling microscope

has been used to create atomically precise structures. This allows one to precisely con-
trol the electronic and spin coupling between atoms [21–26]. For artificial electronic
systems, periodic (e.g. honeycomb, Lieb, checkerboard [27–30]) and non-periodic
(quasi-crystalline Penrose tiling and Sierpiński fractals [31, 32]) geometries, as well
as topologically non-trivial 1D chains [28, 33] have been made. However, all of the
experiments on electronic lattices focused on the lowest energy bands, derived from
s-like orbitals at the artificial-atom sites. In Ref. [34], Ma et al. pointed out that the
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higher-energy bands found for the Lieb lattice in Ref. [29] are well-described by p-like
bands, supported by a tight-binding model and plane-wave calculations.
Here, we first experimentally identify p-like bands in a four-fold rotationally symmet-

ric Lieb lattice in which all sites host degenerate px- and py-like orbitals, by comparing
the observed spatially dependent local density of states (LDOS) with muffin-tin cal-
culations. Because the artificial atoms are two-dimensional, there are only 2 p-like
orbitals centered on each site, instead of 3 for real atoms. Then, we engineer a Lieb
lattice in which the p-degeneracy at the edge sites is broken, resulting in a separate
px-like (py-like) orbital at the x (y) edge site in the energy range of interest. Next, by
introducing an asymmetry in the lattice, we are able to lift the energy degeneracy of
the remaining px- and py-like orbitals and independently access these different degrees
of freedom upon tuning the energy. Finally, to illustrate that the p-like band descrip-
tion is also applicable to systems with other symmetries, we investigate p-like bands
in the three-fold rotationally symmetric honeycomb lattice.

IV.2 Realization and characterization of the artificial
lattices

The electronic lattices are realized and characterized in two low-temperature scanning
tunneling microscopes (STMs), located in Utrecht and Nijmegen (both Scienta Omi-
cron LT-STM, T = 4.5K), in ultrahigh vacuum (p ≈ 10−10 mbar). Carbon monoxide
(CO) molecules are leaked into the chamber and adsorbed onto a cold Cu(111) single
crystal in the STM, cleaned by sputtering and annealing cycles, such that the sur-
face coverage was approximately 0.3 molecules per nm2. A Cu-coated tungsten or
platinum-iridium tip, prepared by gentle contact with the Cu(111) surface, is used for
both the assembly and the characterization of the lattices. The CO molecules act as
repulsive scatterers for the surface-state electrons of Cu(111) [35]. By positioning the
CO molecules with atomic precision using the STM tip [36–38], the electrons at the
surface of the Cu(111) crystal are confined to the regions in between the molecules,
leading to the formation of an electronic lattice. In this manner, the confined 2D
electron gas (2DEG) at the surface is patterned to form "artificial atoms" with a spe-
cific size − and thus on-site energy − and a tunable coupling between them. We
characterize the nodal plane character of the wave function by mapping the LDOS at
constant height at various energies. We utilize a lock-in technique and apply a modula-
tion to the sample bias (modulation amplitude 5-20 mV r.m.s., frequencies 273Hz and
4321Hz). As evidenced by previous work [29, 32], the muffin-tin model without many-
body interactions yields a good description of the electronic band structure of artificial
lattices generated by CO molecules on a Cu(111) surface. The muffin-tin calculations
model the CO molecules by a circular repulsive potential with a radius r = 0.3 nm and
height of VCO = 0.9 eV in the Schrödinger equation for the 2DEG [29, 39]. Not only
the LDOS |Ψ|2 is calculated, but also the sign of the contributing wave functions Ψ
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Figure IV.1: Geometric and electronic structure of an artificial electronic Lieb
lattice. (a) Differential-conductance map acquired at V = 550mV above a Lieb lattice,
shown for part of the lattice. Images of the entire lattice can be found in the SI. The
unit cell (blue dashed box) contains 3 artificial-atom sites (green): one corner site (1) and
two edge sites (2 and 3). The sites are generated by the configuration of CO molecules on
a Cu(111) surface indicated by the red contours. The p−like orbitals in the unit cell are
outlined by a black contour. The map was acquired at +110pm with respect to the setpoint
Iset = 1 nA, Vset = 50mV, with a bias modulation Vrms = 20mV. (b) LDOS map for the same
energy simulated using the muffin-tin model. The p−like orbitals and the sign of the wave
function are indicated in black. (c) Band structure along the high symmetry directions of the
Brillouin zone (see inset) as calculated by a muffin-tin approach. The 3 lowest s−like bands
are indicated in green, the 6 p-orbital bands in blue. (d) Bloch-type wave function along the
purple dashed line in the muffin-tin simulation in (b). The wave function exhibits a positive
maximum or negative minimum between the sites, while it is zero at the artificial-atom sites
(corner and edges).
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is extracted. The results are further corroborated by single-particle tight-binding
calculations, which model the artificial-lattice geometry with the appropriate orbitals
at the artificial-atom sites (see SI).

IV.3 p-like bands in a four-fold symmetric lattice

First, we describe higher-orbital bands in a lattice with a four-fold rotational sym-
metry. For this purpose, we chose the Lieb lattice, which is a square-depleted lattice
consisting of three (artificial) atoms (green) in a unit cell (blue dashed box) [40], as
illustrated in Fig. 1a. With three sites per unit cell this lattice provides more flexi-
bility than a square lattice. The three inequivalent artificial-atom sites consist of one
corner site (1) and two edge sites (2 and 3). The size of the unit cell is chosen to be
6
√

3a× 10a ≈ 2.66nm×2.56nm, where a = 0.256 nm is the Cu(111) nearest-neighbor
distance (see SI). This electronic lattice is realized by an array of CO molecules (red
circles) on Cu(111), which acts as a repulsive potential and confines the electrons to
the sites of the Lieb lattice [29, 41]. At low energies E < 200meV, there are two bands
exhibiting a Dirac cone at the corners of the Brillouin zone intersected by a third
band (c.f. green curves in Fig. 1c). These bands have been observed experimentally
and are well-described by a tight-binding model using s-orbitals at the artificial-atom
sites [28, 29].
Fig. 1a shows a differential-conductance map acquired at a higher energy, V =

550mV. The map shows the central plaquette of a Lieb lattice of 5× 5 unit cells (see
SI). We observe that the artificial-atom sites (green) exhibit nodes in the LDOS, while
there is an enhanced LDOS between the sites. This is in agreement with the result from
muffin-tin calculations (see Fig. 1b). The nodal pattern corresponds to that of p-like
orbitals, indicated schematically by black contours. These two-dimensional p-orbitals
consist of degenerate px- and py-like states, which extend between the sites to overlap
with px,y-states localized on a neighboring site. The variations in LDOS maxima
between dangling and overlapping p-like orbitals can be attributed to differences in
confinement (see SI). We calculate the band structure of the Lieb lattice in the energy
range −0.5 eV < E < 1.4 eV using the muffin-tin model, as shown in Fig. 1c. For
−300 meV < E < 200meV, we obtain the three previously described lowest-energy
bands (green). At higher energies, E > 200meV, additional bands are predicted
(blue). To study the nature of the bands in more detail, we extract the wave-function
amplitudes from the muffin-tin calculations. Fig. 1d shows the value of the wave
function along the purple line indicated in Fig. 1b. Note that the amplitude of the
wave function changes sign at the positions of the artificial atoms. In between these
sites, it is either positive or negative. This corresponds to overlap of lobes with the
same sign, i.e. a bonding combination of p-like orbitals on adjacent sites, as indicated
in Fig. 1b. Since there are two artificial atoms per unit cell along the x and y direction,
the periodicity of the wave in Fig. 1d is the same as that of the unit cell. Thus, the
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IV Tailoring orbitals: p-band engineering

muffin-tin calculations confirm the typical p-like character of the wave functions. A
similar analysis of the lower-energy bands shows that the associated wave functions
have s-like character (see SI). If the energy is increased further, anti-bonding pπ-like
and higher-orbital bands occur (see calculations in SI).
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Figure IV.2: Wave-function maps of the symmetric Lieb-like lattice. (a) Differential-
conductance map above a symmetric Lieb-like lattice acquired at V = 70mV, shown for part
of the lattice (see SI for entire lattice). The CO molecules are encircled in red and px- and py-
like orbitals (black) are indicated in one unit cell (blue dashed box). The map was acquired
after stabilization at Iset = 1nA, Vset = 70mV, with a bias modulation Vrms = 10mV. (b)
LDOS map for the same energy simulated using the muffin-tin model.

IV.4 Lifting the degeneracy of px- and py-like orbitals
Next, we alter the design of the Lieb lattice for two purposes. First, we shift the
p-bands down towards the Fermi energy, where the surface state of Cu(111) has a
free-electron-like dispersion. Close to the Fermi energy the COs are more effective
at confining the surface-state electrons and the influence of the bulk is minimized.
We achieve this by increasing the size of the artificial-atom sites [27], reducing the
confinement of the electrons. Second, we lift the degeneracy of the px- and py-like
orbitals at the same edge sites by adding additional CO molecules, such that the
dangling orbital is pushed to much higher energy. In Fig. 2a, we show a differential-
conductance map of this modified Lieb-like lattice with larger unit cells. The unit cell
with size 14a×8

√
3a ≈ 3.58nm× 3.55nm is indicated by a dashed blue box. It contains

12 CO molecules (encircled in red). Note that compared to the lattice discussed
above, the edge sites in this design are more confined in the direction perpendicular
to the line connecting two corner sites. As a guide to the eye, the locations of the
artificial atoms are indicated in green and the p-like orbitals are outlined in black.
For −300 meV < E < −100meV, the s-like bands were reproduced (see SI). The
differential-conductance map shown in Fig. 2a was acquired at V = 70mV. Note that
there are nodes at the positions of the artificial atoms. The corner sites (1) exhibit
both px- and py-orbitals. However, in contrast to the lattice in Fig. 1, the edge sites (2
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Lifting the degeneracy of px- and py-like orbitals

and 3) exhibit only the px- (2) or the py-like (3) state in the bonding direction at this
energy. Indeed, the additional CO molecules in this design shift the dangling orbital
perpendicular to this direction (py-like for site (2) and px-like for site (3)) to much
higher energy. Fig. 2b presents the corresponding LDOS calculated using the muffin-
tin model. The nodal character is in excellent agreement with the experimental data.
From the muffin-tin results, the wave-function amplitudes can again be extracted,
corroborating the p-like character of the wave-functions (see SI). Thus, by tailoring
the design, it is possible to have only px-like orbitals on one site and py-like orbitals on
another at a given energy. We now turn our attention to lifting the energy degeneracy
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Figure IV.3: Wave-function maps of the asymmetric Lieb-like lattice. (a-b)
Differential-conductance maps acquired at V = +50mV and V = −50mV, respectively,
above an asymmetric Lieb-like lattice with more spacing in the y-direction (pink arrow) than
in the x-direction (cyan arrow). A part of the lattice is shown. The maps were acquired after
stabilization at Iset = 1nA, Vset = +50mV and −50mV, respectively, with a bias modulation
Vrms = 5mV. (c-d) Same as (a-b), calculated using the muffin-tin model.

of the px- and py-like orbitals at all sites by introducing an asymmetry in the lattice
sites [42]. Specifically, we break the four-fold rotational symmetry by increasing the
width of artificial-atom sites 1 and 2 in the y-direction by

√
3a (pink arrow in Fig. 3a)

while the x-direction remains the same (cyan arrow). This results in a unit-cell size
of 14a × 9

√
3a ≈ 3.58nm×3.99nm. Figures 3a-b show differential-conductance maps
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IV Tailoring orbitals: p-band engineering

of the asymmetric lattice at +50mV and −50mV, respectively. At +50mV, we only
observe the px-like orbitals (Fig. 3a). In contrast, at −50mV, only py-like orbitals
contribute to the image contrast (Fig. 3b). This can be ascribed to the larger amount
of space and therefore reduced confinement in the y-direction. The energy splitting
can be considered as an artificial-lattice analogue of crystal-field splitting in solid-state
materials. The measurements are reproduced by muffin-tin calculations (see Figs. 3c
and 3d, and the SI). Note that at −50mV, we observe a contribution of the s-orbitals
at sites 2 and 3 in addition to the py-orbitals at site 3.
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Figure IV.4: p-orbitals in an artificial electronic honeycomb lattice. (a) Schematic of
p-orbitals (blue) in a honeycomb arrangement of artificial-atom sites (green). (b) Decomposi-
tion of a px-orbital into a σ- and π-bond. The rotation cos(60◦) = 1/2 and cos(−30◦) =

√
3/2

give the prefactors for these rotations respectively. (c) Differential-conductance map acquired
at V = −80mV above a honeycomb lattice, shown for a part of the lattice (see SI for the
entire lattice). Several artificial-atom sites (green), the σ-bond overlap of the p-like orbitals
(black contours) and CO molecules (red contours) are indicated. The map was acquired
at −6pm with respect to the setpoint Iset = 1 nA, Vset = 150mV, with a bias modulation
Vrms = 10mV. (d) The corresponding LDOS map simulated using the muffin-tin model.
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IV.5 p-like orbitals in a three-fold symmetric lattice
We will now extend the approach to a lattice with a three-fold rotational symmetry
about each artificial-atom site: the honeycomb lattice. Fig. 4a shows a schematic of
a honeycomb lattice. To describe bonding between real atoms in such a geometry
typically sp2-hybridization is invoked. However, because the energy spacing between
the s- and p-like orbitals can be made large, orbital hybridization does not necessarily
occur. In this case, a well-established decomposition of the px-like and py-like orbitals
into σ- and π-type components can be used to describe the electron localization due
to p-like orbitals in a triangular symmetry [43]. An example of a decomposition of
a px-like orbital in a σ- and π-component is indicated in Fig. 4b. This leads to in-
creased density of states in between the coupled artificial atoms and nodes at those
sites. Fig. 4c shows a differential-conductance map of the as such realized honeycomb
lattice acquired at V = −80mV. The artificial-atom sites are indicated in green and
the CO molecules are encircled in red (distance between centers of CO clusters is 14a).
The LDOS is highest at locations in between the artificial atoms (black contours), as
expected from overlapping p-type orbitals with a σ-bond. The experimental obser-
vations are well reproduced by muffin-tin calculations (Fig. 4d). Note that since the
decomposition method mentioned above can be used for any lattice symmetry, the
p-like orbital description is expected to be generally applicable.

IV.6 Conclusion and outlook
In conclusion, we demonstrated how to manipulate p-orbital bands in artificial elec-
tronic lattices with four-fold and three-fold rotational symmetry. In particular, we
showed how the px- and py-orbitals can be tailored spatially and how the energy de-
generacy of these states can be lifted, thus creating an analogue of the crystal-field
splitting in these artificial lattices. We expect that the approach outlined here can
be transferred to lattices created lithographically in semiconductors [44]. The tun-
ability of the geometries towards spherical structures [45] would facilitate adding a
well-defined orbital angular momentum to the electrons, offering a platform for the
investigation of p-orbital bands with spin-orbit coupling and their interaction with
external fields.

73



IV Tailoring orbitals: p-band engineering

Methods
A Cu-coated tungsten or platinum-iridium tip was used for all measurements. Differential-
conductance spectroscopy and mapping was performed using a lock-in technique with
a bias modulation of 5-20 mV r.m.s. at frequencies 273Hz and 4321Hz.
A broadening of Γ = 80meV was included in the muffin-tin calculations. Further
details on the experimental and theoretical methods can be found in Ch. II and the
SI.
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Supplementary information

In this Supplementary Information, we provide additional background on the experimen-
tal and theoretical observation of p-like orbitals for the 2D electron gas patterned by CO
adatoms on Cu(111), thus generating the artificial lattices as discussed in the main text of
the manuscript. We show the details of the Lieb lattice designs that were demonstrated in
the main text. In addition, we present the band structure for the different designs of the Lieb
lattices as shown in the text, and provide more insight in the s- and p-like character of the
wave functions by theoretically investigating the sign of the wave function.

Designs of the realized lattices
In Figs. S1-S3, we show the details of the design in a schematic of the lattice and show the
entire lattice as realized in the STM. The Lieb lattice is presented in Fig. S1, the symmetric
Lieb-like lattice with enlarged unit cell in Fig. S2, and the asymmetric Lieb-like lattice in
Fig. S3.

Muffin-tin calculations
For the muffin-tin calculations, we consider the 2D electron gas formed by the surface-state
electrons of the Cu(111) and model the CO molecules as disks with a repulsive potential [S1–
S5]. We use a broadening Γ = 80meV to account for the limited lifetime of the surface-state
electrons [S1, S2].

Lieb lattice
We first present the muffin-tin results for the Lieb lattice considered in Fig. 1 in the main
text and Fig. S1 in the SM. The muffin-tin calculations of the s-like LDOS maps and their
analysis can be found in Ref. [S2]. Here, we will focus on the p-like bands.
In Fig. S4a, the LDOS as a function of energy is displayed for the blue, red, and green positions
indicated in the inset. The inset shows a zoom-in of the lattice. Corner, edge and bridge sites
are indicated in blue, red and green, respectively. CO molecules are indicated in black. The
muffin-tin spectra (left panel) were calculated for the finite-size Lieb lattice with 5 × 5 unit
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Figure S1: Design and realization of the Lieb lattice. (a) Schematic of a plaquette of
a Lieb lattice with unit-cell size 6

√
3a× 10a ≈ 2.66 nm×2.56nm, where a = 0.256nm is the

Cu(111) nearest-neighbor distance. The unit cell (yellow dashed box) contains 3 artificial-
atom sites (green). The sites are generated by the shown configuration of CO molecules
(black circles with red contour) on a Cu(111) surface. The p−like orbitals at each site are
indicated in blue. (b) Constant-current STM image of the realized 5 × 5 Lieb lattice. The
CO molecules (red circles) and three artificial-atom sites (green) are indicated in one unit
cell (yellow). Imaging parameters: V = 50mV, I = 1nA. (c) Differential-conductance map
acquired at V = 550mV. p-like orbitals can be observed, as indicated by the white contours
for one unit cell. The map was acquired at +110pm with respect to the setpoint Iset = 1 nA,
Vset = 50mV, with a bias modulation Vrms = 20mV.

cells. The experimental spectrum at each position (right panel) is the average dI/dV signal
as a function of the bias voltage, normalized by the average dI/dV spectrum on the bare
Cu(111) following the procedure in Ref. [S1]. The experimental spectra are in good agreement
with the calculated spectra. The low-energy part of the spectra (−300 < E < +300meV) is
due to s-like bands, as discussed in Ref. [S2]. For E > 300meV, the spectra between the sites
(green) exhibit a peak around E ≈ 570mV (green vertical line), while the on-site spectra
(blue, red) remain mostly flat. This corresponds to the nodal character of the p-like orbitals,
which is characterized by a node in the center of the sites and enhanced intensity between the
sites. This is visualized in the experimental LDOS map in Fig. 1a and the calculated LDOS
maps at the representative energies E = 300meV, E = 400meV and 600meV in Fig. S4b.
We now solve the Schrödinger equation on a single unit cell with periodic boundary conditions
to calculate the band structure, the DOS, and the wavefunctions in the lattice. Note that
the energies can differ (slightly) between calculations with and without periodic boundary
conditions due to finite-size effects. The band structure (Fig. S4c, also given in Fig. 1c
in the main text) shows the s-like bands (green) and the higher bands (blue) along the
high-symmetry directions in the Brillouin zone. p-like bands are predicted for energies from
E ≈ 300meV, corresponding to the calculated LDOS maps shown in Fig. S4b. The geometry
of the realized Lieb lattice is slightly asymmetric, with unit-cell size 2.66 nm x 2.56 nm. This
asymmetry leads to a small symmetry breaking between the X and the Y point, but as can
be inferred from Fig. S4c, the band structure remains similar in the Γ-X and Γ-Y direction.
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Figure S2: Design and realization of the large symmetric Lieb-like lattice. (a)
Schematic of a plaquette of a large symmetric Lieb-like lattice with unit-cell size 14a×8

√
3a ≈

3.58nm× 3.55nm. In comparison to Fig. S1, the unit cell (yellow box) is larger. At the edge
sites 2 and 3, only the px-like and py-like orbitals, respectively, have been indicated. Due
to the added CO molecules in this design, the py-like (px-like) orbital at site 2 (3) has been
shifted to a significantly higher energy. (b) Constant-current STM image of the realized 3×3
symmetric Lieb-like lattice. Imaging parameters: I = 0.1nA, V = 100mV. (c) Differential-
conductance map acquired at V = 70mV. The map was acquired after stabilization at Iset =
1 nA, Vset = 70mV, with a bias modulation Vrms = 10mV.

Figure S3: Design and realization of the asymmetric Lieb-like lattice. (a)
Schematic of a plaquette of an asymmetric Lieb-like lattice with unit-cell size 14a× 9

√
3a ≈

3.58nm×3.99nm. The distance between site 1 and 3 was increased by 0.5
√

3a compared to
S2, resulting in more space in the y-direction (pink) than in the x-direction (light blue). (b-c)
Differential-conductance map acquired above an asymmetric Lieb-like lattice at V = +50mV
and V = −50mV, respectively. The maps were acquired after stabilization at Iset = 1nA,
Vset = +50mV and −50mV, with a bias modulation Vrms = 5mV.

Including a broadening of Γ = 80meV, we calculate the DOS (Fig. S4d). In the DOS, we can
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distinguish different peaks belonging to different wave functions. Due to the broadening, some
of these wave functions have an overlap in certain energy ranges (e.g. for E = 0− 400meV).
While experimentally only the probability density |Ψ(x, y)|2 of the electrons can be observed,
the muffin-tin model provides insight in the wavefunction Ψ including its sign. In Fig. S4e,
we show the wavefunction in a unit cell at the energies corresponding to the peaks in the
DOS. The CO molecules in the unit cell are indicated by black circles with a red contour.
The wave functions are displayed with their sign, where yellow is positive and blue/grey
is negative. We can interpret the first three wave functions as being derived from s-like
orbitals. At E = −300meV, the wave function can be thought of as s-like orbitals at each
site added with the same sign, resulting in a non-vanishing contribution in-between sites.
This is equivalent to a bonding combination of atomic orbitals. At E = 103meV, the wave
function has a positive amplitude on site 3 and negative amplitude at site 2, while site 1
has vanishing amplitude. This corresponds to the well-known flat band. At E = 216meV,
the amplitude of the wave function changes sign between sites, i.e. the wavefunction has a
node in between sites, corresponding to an antibonding combination of s-like orbitals. The
next orbitals are derived from p-like states. At E = 293 (319) meV, we observe a bonding
pπ-like interaction in the y (x)-direction. The corresponding antibonding states are found
at E = 690meV and E = 669meV, respectively. The anti-bonding combinations of pσ-like
orbitals are expected to lie at higher energies, corresponding to a larger hopping amplitude
in the tight binding model (see Sec. III). However, at higher energies, the orbital character is
more difficult to determine due to the limited repulsive (effective) potential of 0.9 eV imposed
by the CO molecules, hybridization effects and undesired contributions of the wave function
between CO molecules.

Symmetric Lieb lattice
Next, we turn our attention to the enlarged symmetric Lieb-like lattice that is described in
Fig. 2 in the main text and Fig. S2 in the SM. We increase the size of the unit cell to lower
the p-like orbital features to the energy range close to E = 0meV. In Fig. S5a, we show the
finite lattice used for the muffin-tin calculated map in the main text (Fig. 2b). The unit cell,
containing 12 CO molecules (black), is indicated by the dashed red box, and the positions for
spectra are indicated in red and blue (on-site positions) and orange and green (between the
sites). Fig. S5b shows the experimental normalized dI/dV spectra (top, thick lines) and the
muffin-tin calculations (bottom, thin lines) for the indicated sites. Below E = 0meV, the red
and blue spectra show features expected for the s-like orbital bands of the Lieb-like lattice.
The green and orange sites exhibit a peak around E = 50meV (green vertical line), whereas
the red and blue sites have a minimum, indicating bonding p-like orbital behavior.
Again, we look at the periodic case to interpret the orbitals in the DOS, the band structure,
and the wave functions. In Fig. S5c-d, the DOS and the band structure are shifted towards
lower energy with respect to the previous Lieb lattice and the Dirac point at M acquired a
small gap. Furthermore, the lowest p-like band in the previous case has no longer a global
minimum at the M point. As we will see in the tight-binding description of the lattice below,
this corresponds to a higher on-site energy for the px and py orbitals on the corner than on
the edge sites, which is a result of more confinement due to the CO molecules. This means
that the on-site energy of the orbitals is tunable in these artificial lattices. Despite the small
asymmetry in the geometry of the lattice (3.58nm ×3.55nm), the band structures along the
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Figure S4: Muffin-tin description of the Lieb lattice. (a) The LDOS spectra for the Lieb lattice on
the blue corner, red edge, and green interstitial positions indicated in the cell in the inset (CO molecules
indicated in black; scale bar: 1 nm). The left panel displayes the LDOS spectra calculated with the muffin-
tin approximation and the right panel shows the normalized experimental dI/dV spectra (stabilization
parameters: Iset = 1 nA, Vset = 1V; bias modulation Vrms = 20mV). The red and blue spectra correspond
to s-like orbitals and the green spectra correspond to a p-like orbital. As a guide to the eye, we included
vertical lines to indicate the main peaks in the spectra. (b) Calculated LDOS wave-function maps at
different energies (E = 300meV, E = 400meV and E = 600meV) show the p-like character of the wave
functions at these energies. Scale bar: 2 nm. (c) Band structure, calculated by muffin-tin periodic lattice
calculations. Bands derived from s-like orbitals are depicted in green and bands derived from higher orbitals
in blue. See also Ref. [S6] for a description of these orbitals. (d) Corresponding DOS as a function of energy
for a unit cell of the Lieb lattice. (e) Contour plots of the wave function for a single unit-cell at different
energies (periodic boundary conditions) show the s- and p-like character of the wave-functions. The plus
and minus signs indicate the sign of the wave function. At the lowest three energies, we observe states
derived from s-like orbitals, next we observe bonding and anti-bonding states derived from p-like orbitals.
At even higher energy, more complex patterns are observed.
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Γ-X and Γ-Y directions in the Brillouin zone are almost identical.
This observation also becomes clear in the wave functions of a periodic unit cell, depicted in
Fig. S5e. Comparable to the previous lattice, we first observe the bonding s-like configuration
(E = −306meV) and wave function generating the flat band (E = −83meV). Next, we
observe a bonding combination of p-like orbitals in the x-direction (E = 30meV), an anti-
bonding combination of s-like orbitals (E = 40meV) and a bonding combination of p-like
orbitals in the y-direction(E = 42meV), all very close in energy. Compared to the finite-size
calculations, the energies are slightly lower. Note that, in contrast to the Lieb lattice in
Fig. S4, no py (px)-like orbital is observed at site 2 (3) for the lowest energy states derived
from p-like orbitals (compare the wave functions at 293meV and 30meV depicted in Fig. S4
and Fig. S5, respectively). This is due to the presence of the additional CO molecules.
These features resemble the experiment described in the main text, and show that the wave
functions are indeed derived from p-like states.

Asymmetric Lieb lattice

Finally, we describe the asymmetric Lieb-like lattice presented in Fig. 3 in the main text and
Fig. S3 in the SM. In the previously presented symmetric Lieb lattice, the states derived from
px- and py-like orbitals were so close in energy (at E = 30meV and E = 42meV, respectively)
that they could not be resolved experimentally because of the large broadening. Now, we use
the freedom to position the CO molecules to create an anisotropy: we increase the unit cell
in only one direction (the y-direction), thereby breaking the four-fold rotational symmetry.
In Fig. S6a, we show the design of the asymmetric Lieb lattice and the positions of the spec-
tra. The size of the elongated unit cell, indicated by the red dashed box, is 3.58nm×3.99 nm.
Fig. S6b shows the LDOS spectra on the asymmetric lattice. The top thick lines are the
experimental normalized dI/dV spectra and the bottom thin lines are the muffin-tin calcu-
lated spectra. Note the differences between the green and orange spectra. Clearly, the lifted
degeneracy is resolved experimentally.

As for the previous two lattices, we turn to periodic calculations to study the band struc-
ture, DOS, and wave functions. The calculated DOS in Fig. S6c and the band structure in
Fig. S6d show an overall decrease of the energies, which can be ascribed to the larger size
of the elongated unit cells. The broken four-fold rotational symmetry of the lattice is also
reflected in the band structure: the X and Y point are no longer identical. This difference
can mainly be ascribed to the lower on-site energy of the py-orbitals of the elongated sites, as
will be described in the next section. As a consequence of the lowered energy of all sites with
an additional downshift of the py-orbitals of the elongated sites, the top s-band and bottom
p-band are very close to each other in the band structure and even touch near the Γ-point.
We show the wavefunctions at different energies in Fig. S6e. The bonding pσ-like orbital
in the y-direction at E = −62meV and the bonding pσ-like orbital in the x-direction at
E = −30meV can be clearly distinguished (note that the energy values are slightly lower
than in the finite-size calculations).
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Figure S5: Muffin-tin description of the large symmetric Lieb-like lattice. (a) The design of
the simulated finite-size lattice with colored dots indicating the positions for the spectra. The unit cell
is indicated by the red dashed box. Scale bar: 2 nm. (b) LDOS at the indicated positions. The top
thick lines are the experimental normalized dI/dV spectra and the bottom thin lines are calculated using
the muffin-tin model for the finite lattice. The vertical lines indicate the maxima in the STM spectra for
the indicated sites. Around E = 50meV, the spectra at the green and orange sites exhibit a peak in the
LDOS, whereas the red and blue sites show a minimum, which indicates the p-like character. (Stabilization
parameters for the experimental spectra: Iset = 1 nA, Vset = 600mV; bias modulation Vrms = 10mV.) (c)
DOS as a function of energy for the given unit cell (inset; scale bar: 1 nm), calculated using periodic lattice
calculations. (d) Band structure, in which the bands derived from s-like orbitals are depicted in green and
those derived from higher orbitals in blue. The bands are shifted to lower energies with respect to the Lieb
lattice considered in the previous figure due to a larger unit cell. (e) Contour plots of the wave function for
a single unit-cell at different energies (periodic boundary conditions). The wave functions show the same
features as for the previous Lieb lattice, but they have a different energy and therefore overlap with other
wave functions. The plus and minus signs again indicate the sign of the wave function at the indicated
points and the CO molecules (black circles with red circumference) are included as a guide to the eye. Note
that the energies correspond with the peaks shown in the DOS of (b).
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Figure S6: Muffin-tin description of the asymmetric Lieb lattice. (a) The design of the
simulated finite-size lattice with colored dots indicating the positions for the spectra. The asymmetric
unit cell is indicated by the red dashed box. Scale bar: 2 nm. (b) LDOS at the indicated positions.
The top thick lines are the experimental normalized dI/dV spectra and the bottom thin lines are
calculated using the muffin-tin model for the finite lattice. The vertical lines indicate the maxima in
the STM spectra for the indicated sites. With respect to Fig. S5b, we now observe a split between the
green and orange spectra, confirming that the py-like orbitals have a lower energy than the px-like
orbitals. (Stabilization parameters for the experimental spectra: Iset = 1 nA, Vset = 600mV; bias
modulation Vrms = 10mV.) (c) DOS as a function of energy for the given unit cell (inset; scale bar:
1nm), calculated using periodic boundary conditions. (d) Band structure, in which bands derived
from s-like orbitals are depicted in green and those derived from higher orbitals in blue. The bands
are shifted to a slightly lower energy compared to the symmetric lattice due to the (asymmetrically)
enlarged unit cell. (e) Contour plots of the wave function for a single unit-cell at different energies
(periodic boundary conditions). The bonding pσ-like orbitals in the y- and the x-direction are found
at E = −82meV and E = −30meV, respectively. The degeneracy between these orbitals is thus
lifted due to the larger distance in the y-direction (note that the energies are slightly higher in the
finite lattice than in the periodic case).
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Tight-binding description of the lattices

The Lieb lattice
As was shown in Ref. [S6], p-type orbitals can be incorporated in the tight-binding descrip-
tion of the lattices. In the following, we tune the nearest- and next-nearest-neighbour (NN
and NNN) hopping, orbital overlap and on-site energies such that we obtain similar results
as for the muffin-tin. Note that the parameters used in our muffin-tin calculations (repulsive
potential of 0.9 eV and a radius of 0.3 nm) were tailored to fit the experimental results. These
values differ strongly from the values used in Ref. [S6].
The tight-binding parameters are reliable for the low-energy sector. At higher energies, it is
more difficult to tune the parameters in an appropriate way due to the presence of higher
bands. Note that we do not consider these higher orbitals in the remainder of this tight-
binding model and focus on the low-lying p-like bands.

By projecting the p-orbitals in a σ- and π-bond, we obtain the periodic Hamiltonian

Hk =
(
Hss Hsp
H†sp Hpp

)
, (S1)

where

Hss =

(
es −2tckx −2tcky

−2tckx es −4t2ckxcky
−2tcky −4t2ckxcky es

)
, (S2)

Hpp =


epxA 2tpσckx −2tpπcky 0 0 0

2tpσckx epxB 2(tpσ2 − tpπ2)ckxcky 0 0 −2(tpπ2 + tpσ2)skxsky
−2tpπcky 2(tpσ2 − tpπ2)ckxcky epxC 0 −2(tpπ2 + tpσ2)skxsky 0

0 0 0 epyA −2tpπckx 2tpσcky
0 0 −2(tpπ2 + tpσ2)skxsky −2tpπckx epyB 2(tpσ2 − tpπ2)ckxcky
0 −2(tpπ2 + tpσ2)skxsky 0 2tpσcky 2(tpσ2 − tpπ2)ckxcky epyC

 ,

(S3)
and

Hsp =
(

0 −2itspskx 0 0 0 −2itspsky
−2itspskx 0 −4itsp2ckyskx/

√
2 0 0 −4itsp2ckxsky/

√
2

0 −4itsp2ckyskx/
√

2 0 −2itspsky −4itsp2ckxsky/
√

2 0

)
.

(S4)
Here, we introduced the on-site energies es and epij (where i ∈ x, y for the orientation of
the orbitals and j ∈ A,B,C for the position), the NN-(NNN-) hopping parameters t (t2)
between s-like orbitals, tsp (tsp2) between s- and p-like orbitals, and tpσ (tpσ2) and tpπ (tpπ2)
for the σ and π hopping between p-like orbitals. Furthermore, we introduced the abbreviation
ckx(ky) = cos [kx/2(ky/2)] and skx(ky) = sin [kx/2(ky/2)]. These hopping parameters and the
σ- and π bonds are sketched in Fig. S7. Furthermore, for some matrix elements, the p-orbitals
are rotated either parallel or perpendicular to the other s- or p-orbital, such that there is a
nonzero hopping amplitude between the orbitals. These rotations result in additional pref-
actors such as 1/

√
2 and 1/2 in the Hamiltonian and are illustrated on the right side of Fig. S7.
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Figure S7: Schematic of the Hamiltonian of the Lieb lattice and the indicated
orbitals including the hopping amplitudes. Note that each site has a s (green), px
(red) and py (blue) orbital and all the hoppings indicated in the figure (the image is just
a sketch to show the different type of hopping parameters in the model). The px and py
orbitals have a positive (+) and negative (-) part of the wave function that needs to be taken
into account accordingly. The hopping t (t2) represents the s-orbital hopping, tsp (tsp2) the
hopping between s- and p-orbitals, tpσ (tpσ2) the hopping for a σ-bond, and tpπ (tpπ2) the
hopping for a π-bond. Note that we need to rotate the p-orbitals for the tsp2 (not shown),
tpσ2 and tpπ2 hopping amplitudes by an angle of 45◦. The shown rotation (last column for
the B-sites, and one column before for the C-site) is arbitrary and can also be chosen in a
different way, but at the end, when the signs of the wave function are taken into account
accordingly, the rotation does not change the Hamiltonian and the energy of the model.

We now calculate the band structure for the Lieb, large symmetric Lieb, and large asymmet-
ric Lieb lattice and compare it with the band structure obtained from the muffin-tin model.
For this band-structure calculation, we also make use of the orbital overlap s (for both s and
p) between NN-sites. The results are shown in Fig. S8a-c and should be compared with the
ones in Figs. S4c, S5d, and S6, respectively. Note that we focus on the lowest-lying p-like
bands and try to get an effective description, fitted-by-eye, rather than solving for the entire
lattice. Moreover, to get an accurate description for the higher bands, we would need to
included higher orbitals in the description as well.

The tight-binding band structures give insight in the different parameters of the lattices,
which are in this case mainly determined by the on-site energy. For the large symmetric
Lieb lattice (see Fig. S8b), all bands have a lower energy compared to the Lieb lattice (see
S8a). This can be described by a reduced on-site energy of all s- and p-like orbitals by ap-
proximately 50meV. Only the on-site energies of the px-orbital at the C-site (epxC) and the
py-orbital at the B-site (epxB) are hardly affected, pushing these bands out of the lowered
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Figure S8: Band structure from the tight-binding model for the different Lieb
lattices. The tight-binding parameters in (a), (b) and (c) were fitted to the muffin-tin band
structure in Fig. S4c, Fig. S5d, and Fig. S6d, respectively. (a) The Lieb lattice considered
in Ref. [S2], with the following parameters (all in eV, except for the overlap integrals which
are dimensionless): epxA = 0.89, epxB = 0.89, epxC = 0.53, epyA = 0.81, epyB = 0.45,
epyC = 0.89, es = −0.05, sππ = 0.02, ssp = 0.15, sss = 0.2, sσσ = 0.02, t = 0.1, t2 = 0.6 ·0.09,
tpπ = 0.07, ttpπ2 = 0.065, ttpσ = 0.2, tpσ2 = 0.09, tsp = 0.06, and tsp2 = 0.06. Note that
the on site energies for epyB and epxC are rather low in comparison with the other on site
energies. (b) The band structure for the modified Lieb lattice considered in Fig. S5. The
parameters are epxA = epxB = epxC = epyA = epyB = epyC = 0.4, es = −0.10, sππ = 0.02,
ssp = 0.15, sss = 0.2, sσσ = 0.02, t = 0.06, t2 = 0.6 · 0.06, tpπ = 0.05, ttpπ2 = 0.06,
ttpσ = 0.15, tpσ2 = 0.05, tsp = 0.08, and tsp2 = 0.05. We notice that the on-site energy is
lower for all sites, but especially epyB and epxC differ significantly from the previous case
and have the same energy as the other on-site p-orbitals. This is because these orbitals are
more confined than in the Lieb lattice considered in Ref. [S2]. This supports the findings in
the main text. The p-bands are higher in energy than the s-orbitals, in particular at the M
point. (c) The band structure for the asymmetric Lieb lattice considered in Fig. S6. The
parameters are approximately the same as in (b). Due to more spacing in the y-direction, all
on-site energies are slightly lower than before (this can also be seen when comparing energies
of similar wavefunctions in Fig. S5e and Fig. S6e). In addition, the on-site py energy of site
1 and 2 is lowered with 0.06eV, whereas the one of site 3 remains the same. This lowering of
the py energy results in more asymmetry between the X and Y point in the Brillouin zone
than in the previous band structures.
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energy window that is considered. A significant change in the band structure due to the rel-
atively higher on-site energies epxC and epxB can be recognized in the lowest p-band. For the
first Lieb lattice, the lowest-p-band has its minimum at the M -point. The larger symmetric
Lieb lattice no longer has this minimum.
The large asymmetric lattice can be fitted with a slightly decreased on-site energy (∆E ≈
−40meV) for all sites, as all sites become slightly larger due to the elongation. In addition,
the py-bands of the elongated sites 1 and 2 exhibit an extra shift of -60 meV. This results
in the lifted generacy of the px and py band in this lattice. As a result, the top s-band and
bottom p-band are very close to each other in the band structure and touch near the Γ-point.
Note that site 3 was not elongated, in contrast to site 1 and 2, and the py-band of site 3
thus did not exhibit the extra shift. This leads to a slightly modified band structure: if the
py on-site energy of site 3 would also be decreased by additional -60 meV, the bands would
touch at the X-point instead of the Γ-point. We believe, however, that this breaking of the
symmetry is too small to reveal any further physical effects, especially in the STM spectra,
where broadening plays a significant role.
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V Tailoring dimension: the Sierpiński triangle

The dimensionality of an electronic quantum system is decisive for its
properties. In 1D electrons form a Luttinger liquid and in 2D they exhibit
the quantum Hall effect. However, very little is known about the behavior
of electrons in non-integer, i.e. fractional dimensions [1]. Here, we show
how arrays of artificial atoms can be defined by controlled positioning of CO
molecules on a Cu(111) surface [2–4], and how these sites couple to form
electronic Sierpiński fractals. We characterize the electron wave functions
at different energies with scanning tunneling microscopy and spectroscopy
and show that they inherit the fractional dimension. Wave functions de-
localized over the Sierpiński structure decompose into self-similar parts at
higher energy, and this scale invariance can also be retrieved in reciprocal
space. Our results show that electronic quantum fractals can be man-made
by atomic manipulation in a scanning tunneling microscope. The same
methodology will allow to address fundamental questions on the effects of
spin-orbit interaction and a magnetic field on electrons in non-integer di-
mensions. Moreover, the rational concept of artificial atoms can readily
be transferred to planar semiconductor electronics, allowing for the explo-
ration of electrons in a well-defined fractal geometry, including interactions
and external fields.

V.1 Introduction

Fractals have been investigated in a wide variety of research areas, ranging from poly-
mers [5], porous systems [6], electrical storage [7] and stretchable electronics [8] down
to molecular[5, 9–11] and plasmonic[12] fractals. On the quantum level, fractality
emerges in the behavior of electrons under perpendicular magnetic fields (Hofstadter
butterfly [13], quantum Hall resistivity curve [14, 15]). In addition, a multi-fractal
behavior has been observed for the wave functions at the transition from a localized to
delocalized regime in disordered electronic systems [16–18]. However, these systems do
not allow one to study the influence of non-integer dimensions on the electronic prop-
erties. Geometric electronic fractals, in which electrons are confined to a self-similar
fractal geometry with a dimension between one and two, have only been studied from a
theoretical perspective. For these fractals, a recurrent pattern in the density of states
as well as extended and localized electronic states were predicted [19–22]. Recently,
simulations of quantum transport in fractals revealed that the conductance fluctua-
tions are related to the fractal dimension [23], and that the conductance in a Sierpiński
fractal shows scale-invariant properties [24–26].
Here, we report how to construct and characterize, in a controlled fashion, a fractal
lattice with electrons: the electrons that reside on a Cu(111) surface are confined to a
self-similar Sierpiński geometry through atomic manipulation of CO molecules on the
Cu(111) surface. Similar approaches in a scanning tunneling microscope have been
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Figure V.1: Geometry of the Sierpiński triangle fractal. (a) Schematic of Sierpiński
triangles of the first three generations G(1)-G(3). G(1) is an equilateral triangle subdi-
vided in four identical triangles, from which the center triangle is removed. Three G(1)
(G(2)) triangles are combined to form a G(2) (G(3)) triangle. (b) Geometry of a G(1) Sier-
piński triangle with red, green and blue atomic sites. t and t′ indicate nearest-neighbor and
next-nearest-neighbor hopping between the sites in the tight-binding model. (c) Constant-
current-scanning-tunneling-microscope images of the realized G(1)-G(3) Sierpiński triangles.
The atomic sites of one G(1) building block are indicated as a guide to the eye. Imaging
parameters: I = 1 nA, V = 1V for G(1) − G(2) and 0.30V for G(3). Scale bar: 2 nm. (d)
The configuration of CO molecules (black) on Cu(111) to confine the surface-state electrons
to the atomic sites of the Sierpiński triangle. (e) Normalized differential conductance spec-
tra acquired above the positions of red, blue and green open circles in (c) (and equivalent
positions). (f) LDOS at the same positions, simulated using a tight-binding model with
t = 0.12 eV, t′ = 0.01 eV and an overlap s = 0.2.
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pioneered by Crommie et al. [27] and have then been used to create electronic lattices
"on demand" such as a molecular graphene [2], an electronic Lieb lattice [3, 28], a
checkerboard and stripe-shaped lattice [29], and a quasiperiodic Penrose tiling [4].
We characterized the first three generations of an electronic Sierpiński triangle by
scanning tunneling microscopy and spectroscopy, acquiring the spatially and energy-
resolved electronic local density of states (LDOS). These results were corroborated by
muffin-tin calculations as well as tight-binding simulations based on artificial atomic
s-orbitals coupled in the Sierpiński geometry.

V.2 Realization of a Sierpiński triangle on a Cu(111)
surface

The Sierpiński triangle with Hausdorff dimension log(3)/ log(2) = 1.58 is presented
in Fig. V.1a. We define atomic sites at the corners and in the center of the light
blue triangles as shown in Fig. V.1b for the first generation G(1) [10, 30]: G(1) has
three inequivalent atomic sites, indicated in red, green and blue, which differ by their
connectivity. A triangle of generation G(N) consists of three triangles G(N − 1),
sharing the red corner sites. The surface-state electrons of Cu(111) are confined to the
atomic sites by adsorbed CO molecules, acting as repulsive scatterers. Fig. V.1c shows
the experimental realization of the first three generations of the Sierpiński triangle and
Fig. V.1d shows the relation with the atomic sites. The distance between neighboring
sites is 1.1 nm, such that the electronic structure of the fractal will emerge in an
experimentally suitable energy range [2].

V.3 Differential-conductance spectra and maps
Figure V.1e presents the experimental LDOS at the red, blue and green atomic sites
in the G(3) Sierpiński triangle (cf. open circles in Fig. V.1c). The differential conduc-
tance (dI/dV ) spectra were normalized by the average spectrum taken on the bare
Cu(111) surface, similar to Ref. 2. The electrons on the Cu(111) surface occupy states
above V = −0.45V. We focus on the bias window between −0.4V and 0.3V. Around
V = −0.3V the LDOS on the red, green and blue sites is nearly equal, whereas slightly
above V = −0.2V, the red sites exhibit a remarked minimum, while the green and
blue sites show a considerably higher LDOS. At V = −0.1V, the blue sites show a
minimum, while the red and green sites exhibit a pronounced maximum in the LDOS.
At V = +0.1V, the blue sites show a larger peak in the differential conductance,
while the green and red sites exhibit a smaller peak. The experimental LDOS is in
good agreement with both the tight-binding (see Fig. V.1f) and muffin-tin simulations
(see Supplementary Information). This finding corroborates that our design leads to
the desired confinement of the 2D electron gas to the atomic sites of the Sierpiński
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geometry. In addition, it allows us to characterize the wave functions of the chosen
Sierpiński geometry in detail.

e ia

f jb

g kc

d h lV=20.1002V

Experimental2dI/dV Muffin-tin2LDOSTight-binding2LDOS

V=2-0.1002V

V=2-0.2002V

V=2-0.3252V

Figure V.2: Wave-function mapping. (a-d) Differential conductance maps acquired
above a G(3) Sierpiński triangle at bias voltages −0.325V, −0.200V, −0.100V, and +0.100V.
Scale bar: 5nm. e-h, LDOS maps at these energies calculated using the tight-binding model.
(i-l) LDOS maps simulated using the muffin-tin approximation. As a guide to the eye, a
G(1) building block is indicated, in which a larger radius of the circles corresponds to a larger
LDOS at an atomic site, while no circle indicates a node in the LDOS.
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Figure 2 shows experimental wave-function maps obtained at different bias voltages
and a comparison with simulations using a tight-binding and muffin-tin model. In a
thought experiment, we will discuss how electrons can be transported across the setup
between a source and a drain at arbitrary positions. At a bias voltage of −0.325V,
the red (R), green (G) and blue (B) sites all have a high LDOS, and this also holds
between the sites. Hence, from a chemical perspective, this wave function has strong
bonding character, yielding an excellent conductivity from source to drain along (R-
B-G-B-R)-pathways. At V = −0.2V, the red sites that connect the G(1) triangles
have a low amplitude: the wave function of the G(3) triangle partitions into 9 parts,
each corresponding to a G(1) triangle. The self-similar Sierpiński geometry thus leads
to a subdivision of a fully bonding wave function delocalized over the G(3) Sierpiński
triangle at −0.325V in self-similar G(1) parts at −0.2V, demonstrating self-similar
properties of the LDOS itself. At the latter bias voltage, the conductivity along (R-
B-G-B-R)-pathways suffers from the lower amplitude on the red sites (except the red
corner sites). At V = −0.1V, the LDOS shows a marked minimum on the blue
sites and a peak at the green and red sites. From the tight-binding calculation, we
find that the wave function has nodes on the blue sites, corresponding to a non-
bonding molecular orbital from a chemical perspective. It is clear that the conductivity
along the (R-B-G-B-R)-pathway mediated by nearest-neighbor hopping has vanished,
and that electrons have to perform next-nearest-neighbor hopping between the red
and green sites to propagate. These results connect with the theoretically calculated
transmission of a Sierpiński carpet on a hexagonal lattice, which exhibits a gap in the
conductivity although there is a high DOS in the system [23]. Finally, at V = +0.1V,
all blue sites in the G(3) Sierpiński structure have a high amplitude, whereas the red
and green sites exhibit a low amplitude. Again, the conductivity between source and
drain is suppressed. We note that the LDOS maps of the three generations G(1)−G(3)
show the same features (see Supplementary Information), which is a consequence of
the self-similarity of the geometry. We study this scale-invariance of the wave function
in more detail with the box-counting method.

V.4 Fractional dimension of the wave functions

In order to determine whether the electronic wave functions inside the Sierpiński struc-
ture inherit the scaling properties of the Sierpiński geometry, we determine the fractal
dimension of the wave-function maps at different energies. We calculate the box-
counting dimension (also called Minkowski-Bouligand dimension) for both the exper-
imental and simulated muffin-tin LDOS maps using D = limr→0

logN(r)
log(1/r) , with N the

number of circles required to cover the contributing LDOS and r the radius of these
circles. In this procedure, the number of circles N is counted for various r, and subse-
quently the fractal dimension is given by the slope of the loglogplot N(r). The method
is presented in Fig. 3a and more details are given in the Supplementary Information.
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Figure V.3: Fractal dimension of the Sierpiński wave-function maps. (a) The box-
counting dimension of the wave-function map acquired at V = −0.325V is obtained from the
slope of log(N) vs. log

(
r−1). The magenta dot indicates the radius r of the N circles used

in the inset. Inset: Schematic of the box-counting method, where N circles with radius r
cover the contributing experimental LDOS above the threshold of 45% at V = −0.325V (see
Supplementary Information for the determination of this threshold). (b) Determination of
the fractal dimensions of the LDOS of the G(3) Sierpiński triangle (orange) and comparison
with the 2D square lattice from Ref. 3 (blue) for the experimental (dark) and muffin-tin (light)
wave function maps. The solid lines indicate the geometric Sierpiński Hausdorff dimension
(D = 1.58) and that of the square lattice (D = 2). The error bars display the maximum of
the error in determining the fractal dimension at different LDOS thresholds, which is between
45% - 65% (60% - 90%) for experiment (muffin-tin), and the error in determining the slope
of the loglog plot as seen in (a). The green result at −0.3V is obtained from the slope in
(a). The fluctuations in the dimension are caused by nodes in the LDOS maps at different
energies.
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V= -0.325 V
a b c d

Figure V.4: Fourier analysis of wave-function maps. (a) Fourier transform of the
experimental differential conductance map at −0.325V. The k-values outside the circles are
excluded from the Fourier-filtered images in (b-d). Scale bar: k = 3nm−1. (b-d) Wave-
function map at −0.325V after Fourier-filtering, including merely the k-values within the
turquoise (b), red (c), and yellow (d) circles indicated in (a). Scale bar: 5nm.

Fig. 3b shows the box-counting dimension obtained experimentally (dark orange) and
theoretically (light orange) for the wave-function maps acquired at different energies
(see e.g. Fig. 2). For comparison, we also show the dimension obtained from the wave-
function maps of a square lattice (dark and light blue, for the experiment and theory
respectively), realized in the same way and measured in the same energy window [3].
The difference between the experimental and simulated maps is ascribed to a more
gradual contrast in the simulation, where also contributions of the tip density of states
do not play a role. Fluctuations in the calculated dimension at higher energy occur
due to the nodes that appear in the maps at higher energies. These nodes are not
included as a part of the fractal set (LDOS amplitude is below the counting threshold)
and therefore the calculated dimension is affected as the energy is increased. It can
be clearly seen that the box-counting dimension of the Sierpiński triangle is close to
the theoretical Hausdorff dimension 1.58 (orange solid line), while the square lattice
has a dimension close to 2 (blue solid line). From these results, we conclude that the
wave functions inherit the fractal dimension and therefore the scaling properties of the
geometry to which they are confined, and that this dimension can be non-integer.

V.5 Fourier analysis
Finally, we show how the self-similarity of the wave-function maps is reflected in
momentum space. The Fourier-transformed wave-function map at V = −0.325V
(Fig. V.4a) exhibits remarked maxima at k = 1.9 nm−1 (turquoise), k = 1.0 nm−1

(red, most pronounced), and k = 0.5 nm−1 (yellow). These maxima correspond to
the next-nearest-neighbor distances between the artificial atomic sites (see Fig. V.1),
the side of a G(1) triangle, and the side of a G(2) triangle in real space, respectively.
We then transform parts of the Fourier map back into real space (Fig. V.4b-d). The
data inside the turquoise circle recover the full G(3) Sierpiński triangle, as shown in
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Fig. V.4b. Transforming the values inside the red circle, however, results in a Sier-
piński triangle of generation 2, while the size is retained (see Fig. V.4c). Analogously,
transforming the data inside the yellow circle yields a first-generation Sierpiński tri-
angle (Fig. V.4d). This shows that the G(3) wave function contains Fourier terms
of the prior generations. The self-similar features of the Sierpiński triangle are thus
inherently encoded in momentum space.

V.6 Conclusion and outlook

We have demonstrated a rational concept of building electronic wave functions with
a fractional dimension from artificial atomic sites that couple in a controlled way. We
discussed the wave functions that form by coupling the s-orbitals of artificial atoms
in the single-electron regime. While this study represents the simplest thinkable case,
it already displays several aspects of fractal confinement. The emergent fractionali-
sation of the wave function at the single-particle level has profound implications and
opens a series of interesting questions for future investigation: Do electrons in D =
1.58 behave like Luttinger liquids? Do they exhibit the fractional quantum Hall effect
in the presence of a strong perpendicular magnetic field, or is the behaviour hybrid
between 1D and 2D? How does charge fractionalisation manifest when the wave func-
tion is itself already fractional? Recent theoretical work already addresses parts of
these questions and corroborates the potential of electrons in fractal lattices, showing
that the Sierpiński carpet and gasket host topologically protected states in the pres-
ence of a perpendicular magnetic field [31]. Furthermore, the design of artificial-atom
quantum dots coupled in a fractal geometry can also be implemented in semiconductor
technology, thus making it possible to perform spectroscopy and transport experiments
under controlled electron density. This would form a versatile platform to explore frac-
tal electronics with several internal degrees of freedom, such as orbital type, Coulomb
and spin-orbit interactions, as well as external electric and magnetic fields.

Methods

Scanning tunneling microscope experiments

A Cu-coated tungsten tip was used for both the assembly and the characterization of
the fractal. A standard lock-in amplifier was used to acquire differential conductance
spectra (f = 973Hz, modulation amplitude 0.005V r.m.s.) and maps (f = 273Hz,
modulation amplitude 0.010V r.m.s.) in constant-height mode. The Fourier analyses
were performed using the software Gwyddion.
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Tight-binding and muffin-tin calculations

The atomic sites in the first three generations of the Sierpiński triangle [32] are modeled
as s-orbitals, for which electron hopping between nearest-neighbor and next-nearest-
neighbor sites is defined. The parameters used are es = −0.1 eV for the on-site energy,
t = 0.12 eV for the nearest-neighbor hopping and t′/t = 0.08 for the next-nearest-
neighbor hopping, similar to the values reported in Ref. 2. Furthermore, we included
an overlap integral s = 0.2 between nearest-neighbors and solved the generalized
eigenvalue equationH|ψ〉 = ES|ψ〉, where S is the overlap-integral matrix. The LDOS
is calculated at each specific atomic site and a Lorentzian energy-level broadening of
Γ = 80meV is included to account for bulk scattering. For the simulation of the
LDOS maps, the same energy-level broadening was used and the LDOS at each site
was multiplied with a Gaussian wave function of width σ = 0.65a, where a = 1.1 nm
is the distance between two neighboring sites.
In the muffin-tin calculations, a Lorentzian broadening of Γ = 80meV is used to
account for the bulk scattering.
Further details can be found in Ch. II and the SI.

Box-counting method

The Minkowski-Bouligand [33] or box-counting method is a useful tool to determine the
fractal dimension of a certain image, but has to be handled with care. In particular, as
was shown in Ref. 34, the size of the boxes needs to be chosen within a certain radius.
More specifically, the largest box should not be more than 25% of the entire image and
the smallest box is chosen to be the point at which the slope starts to deviate from
the linear regime in the log (N) vs. log (1/r) plot. Redundant features such as the
background Friedel oscillations were removed by applying a mask. Furthermore, the
wave-function maps are not binary, and therefore it is necessary to specify the threshold
value above which the pixels are part of the fractal set. The threshold is a certain
percentage of the maximum amplitude of the wave-function map at a specific energy.
The error introduced by the choice of the threshold is accounted for by performing
the calculation procedure for several threshold percentages: between 45% and 65% for
the experimental wave-function maps, and 60%, 75%, and 90% for the top, center and
bottom of the error bar for the simulated (muffin-tin) LDOS maps (see Supplementary
Information for the differences in the LDOS for these thresholds). The differences
in threshold between experiment and simulation arise because the maps from the
simulation are more pronounced than the experimental ones. In addition, due to the
dependence on the tip, the experimental maps cannot always be directly compared to
each other (see Supplementary Information). Another error sets in by determining the
slope of the loglogplot and specifying which radii are taken into account. In Fig. 3b,
the error bars therefore show the maximum value of these two independent errors.
Further details can be found in the SI.
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Supplementary information

Design of the electronic Sierpiński triangle
The behavior of electrons confined to zero, one, two or three dimensions has been widely
described. Previous research, in particular from the experimental point of view, has mainly
been limited to these integer dimensions. Fractional dimensions, which manifest themselves
in fractal structures, could open a new range of possibilities. A suitable platform to create
electrons in a fractal geometry is constituted by the CO/Cu(111)-system. Here, surface-state
electrons of the Cu(111) substrate are confined to a desired geometry by carbon monoxide
molecules, acting as repulsive scatterers. Inspired on the pioneering work by Crommie et
al. [S1], who used a similar atom manipulation approach, this method was successfully em-
ployed for the 2D honeycomb lattice [S2], the Lieb lattice [S3], and quasicrystals [S4], making
it an evident candidate for the realization of flat fractal types.

Geometry
The fractal of our choice is a Sierpiński triangle with a honeycomb basis [S5, S6], commen-
surate with the triangular symmetry of the Cu(111) surface on which the CO molecules are
positioned. Fig. S1a shows the geometry of the Sierpiński triangle with honeycomb basis
for the first three generations G(1) − G(3). The G(1) triangle is characterized by three in-
equivalent artificial atomic sites: red (connectivity 1, i.e. number of nearest-neighbor (NN)
sites z=1), green (z=2), and black (z=3). (Note that slightly different colors are used in the
Supplementary Information than in the paper to allow for a more in-depth analysis.)
Three G(1) triangles are interconnected to form a G(2) triangle. This changes the connectiv-
ity and/or environment of the initial red, green, and black sites. For instance, we distinguish
between a ’red’ corner site (still z=1) and a ’maroon’ site which connects the G(1) triangles
(initially red site, but now with z=2). Similarly, there is a ’black’ (still z=3) and a ’navy’
site (still z=3, but with slightly different neighbors).
Three G(2) triangles, or nine G(1) triangles, are interconnected to form a G(3) triangle.
Here, a similar distinction is made for the no longer equivalent sites. Whereas the differences
are only very subtle for most sites, it is important to distinguish between the ’salmon’ sites
connecting the G(2) triangles (position of an initial red site, but with z=2) and the ’red’ sites
with their original character at the very corners of the triangle.
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The corresponding positions of the CO molecules, which form the anti-configuration of the
fractal lattice, are shown in Fig. S1b. In Fig. S1c, both the Sierpiński lattice and the config-
uration of the CO molecules are shown.

Figure S1: (a) Tight-binding geometry of the Sierpiński triangle with honeycomb basis for
the first three generations. (b) Configuration of CO molecules, represented by grey disks,
to confine the surface-state electrons of Cu(111) to the artificial atomic sites defined in (a).
(c) The tight-binding geometry of the Sierpiński triangle as well as the configuration of CO
molecules.
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Size

The energies at which the electronic states of the fractal emerge depend on the size - i.e.
the degree of confinement - of the "artificial atom" sites to which the Cu(111) surface-state
electrons are confined, as reported by Gomes et al. [S2]. On the one hand, the features need
to appear above the onset of the Cu(111) surface state at −0.45 eV. On the other hand,
the contribution of the bulk states is less pronounced if the energy window is chosen below
∼ 0.5 eV. For these reasons, we choose the same size of the artificial atom sites as the undoped
honeycomb lattice with NN distances a = 1.1 nm reported by Gomes et al. [S2], which has
features in the range E ≈ −0.2 . . . 0.1 eV.

Figure S2: (a) Scanning-tunneling-microscope image of a triangle with the size of a G(3)
Sierpiński triangle, filled with a close-packed CO lattice. Imaging parameters: I = 1 nA, V =
0.050V. (b) Scanning-tunneling-microscope image of the resulting G(3) Sierpiński triangle
after removing the redundant CO molecules by atomic manipulation. Imaging parameters:
I = 1 nA, V = 1V. Scale bar: 4 nm.

Assembly

In order to assemble the Sierpiński triangles, the CO molecules are laterally manipulated to
the target copper atoms one by one (manipulation settings I = 60nA and V = 0.050V),
assisted by in-house developed automated atom manipulation software. We first create an
entirely filled triangle (see Fig. S2a). The periodicity of this close-packed lattice is exploited
to ensure that the CO molecules are placed exactly at their desired positions, resulting in a
defect-free structure. Subsequently, the redundant CO molecules are removed using the same
lateral manipulation procedure (Fig. S2b). The Sierpiński triangles consist of 19, 37, and 94
CO molecules for the first, second, and third generation, respectively.
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First generations: Experimental results

Energy resolution
The resolution of the differential conductance spectra and maps is mainly limited by the
CO-induced coupling between the Cu(111) surface state and bulk states. To compare the
tight-binding and muffin-tin results with the experiment, we use a linewidth Γ = 0.080 eV,
which is the same as used for the Lieb lattice geometry in Ref. S3. Note that as the number of
wave functions scales with the number of artificial atom sites, the individual wave functions
in Sierpiński triangles of higher generations become too close in energy to be resolved exper-
imentally. This will lead to similar LDOS spectra for the Sierpiński triangles of generation
1-3, as shown in section D. Analogously, generations higher than 3 would have yielded similar
experimental results in the used setup while requiring an increasing number of CO molecules.

Differential-conductance spectra
Differential-conductance spectra were acquired above the Sierpiński triangle and normalized
by the average spectrum above clean Cu(111), following the procedure by Gomes et al. [S2].
This normalization cancels contributions due to the tip and the slope of the Cu(111) sur-
face state. In Fig. S3, the normalization is shown for three different tips, characterized by
significantly different averaged spectra on clean Cu(111) (black dashed lines in Fig. S3a,c,e).
With each tip, we acquired several spectra over red corner sites, as shown in Fig. S3a,c,e for a
G(1) Sierpiński triangle. These spectra were divided by the Cu(111) spectrum (Fig. S3b,d,f).
Similar features are observed for all different tips, corroborating the reproducibility of the
normalized differential conductance spectra.

In Figs. S4a and S4b, we present a typical normalized differential-conductance spectrum
on an isolated artificial atom site and on a simple triangle, which is the building block of our
Sierpiński triangle. Furthermore, Fig. S4c-e shows typical differential-conductance spectra
over the red, green and black sites (defined in Fig. S1a) of a G(1), G(2), and G(3) Sierpiński
triangle. Each Sierpiński triangle was built and measured at least twice with different tips.
We observe that the spectrum on the isolated artificial atom site already resembles the spectra
over red sites in the Sierpiński triangles, despite the reduced connectivity z = 0 (Fig. S4a).
The red corner sites of the simple triangle (z=1) also show a behavior similar to the red
Sierpiński sites, which have the same connectivity z=1 (Fig. S4b). Similarly, the spectrum
over the black center site of the simple triangle (z = 3) resembles the spectra over black sites
in the Sierpiński triangles (also z = 3). The red, green, and black Sierpiński sites defined in
Fig. S1a retain their connectivity for all generations, leading to spectra with similar features
for G(1)-G(3) (Fig. S4c-e). When the connectivity of a site is changed in a higher-generation
triangle, this is reflected in the spectrum, as shown for the spectrum over a ’salmon’ site
(z = 2) compared to a ’red’ site (z = 1) in G(3) (Fig. S4e).
In Fig. S5a, a green dashed line is defined, along which a series of differential-conductance

spectra was taken over the G(2) Sierpiński triangle. The contour plot in Fig. S5b shows the
amplitude of the normalized differential-conductance spectra as a function of the location
along this line and the bias voltage. The main features expected for red, black and green
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Figure S3: (a) Differential-conductance spectra acquired over several equivalent red sites in
a G(1) Sierpiński triangle (colored, solid lines) and an average of spectra over clean Cu(111)
(black, dashed line). (b) The spectra over red sites are divided by the average Cu(111)
spectrum. (c-d), (e-f): same as (a-b) for tips characterized by a different spectrum on clean
Cu(111). This normalization procedure leads to similar characteristic features, independently
of the tip.

sites are reproduced along the line. (For clarity, red and maroon as well as black and navy
sites have not been distinguished in Fig. S5a.)
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Figure S4: Normalized differential-conductance spectra over an isolated artificial atom site
(a), a simple triangle (b)(a G(0) building block of the Sierpiński triangle), and a G(1) (c),
G(2) (d) and G(3) Sierpiński triangle (e). The colors of the spectra correspond to the colors
of the atomic sites indicated in Fig. S1(a).

Wave-function maps

An overview of the wave-function maps at bias voltages −0.325V, −0.200V, −0.100V, and
+0.100V above the G(1), G(2), and G(3) Sierpiński triangle is shown in Fig. S6. At each
particular bias voltage, the main features (as discussed in the main text) are similar for each
generation.
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Figure S5: (a) STM image of a G(2) Sierpiński triangle. (b) Contour plot of 100 normalized
differential-conductance spectra acquired along the green dashed line in (a). The arrows
indicate a black, green, and red site on the line.

First generations: Muffin-tin model

Now, we consider two different theoretical approaches to study the electronic structure of the
Sierpiński fractal shown above. First, we concentrate on the muffin-tin approximation. A
broadening of Γ = 0.080 eV is included in the spectra and maps, to account for the hybridiza-
tion with bulk states, as described in Sec. V.6.
In order to take into account the triangular shape geometry of the Sierpiński lattice, the
calculations of the LDOS were carried out on a rectangular box and a triangular box, to
account for the effect of Friedel oscillations in the surroundings. Due to the broadening of
the LDOS, the results are almost identical for the two boundaries. We use the rectangular
box for the displayed results.

Figure S7 shows the LDOS spectra simulated using muffin-tin calculations, adopting the
color code defined in Fig. S1a. Figure S8 shows the wave-function maps for the three genera-
tions and at energies corresponding to interesting peaks in the LDOS (at energies V = −0.30
V, V = −0.20 V and V = ±0.10 V). The results are in excellent agreement with the measured
differential-conductance spectra and wave-function maps shown in Fig. S6.

First generations: Tight-binding calculations

The second theoretical approach that we use to describe the system is the tight-binding
model. In the tight-binding approach, each artificial atom site is modeled by an s-orbital,
which couples to the neighboring sites with NN hopping t and next-nearest-neighbor (NNN)
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hopping t′ (see Fig. 1b). The Hamiltonian reads

H =
∑
i

εic
†
i ci − t

∑
〈i,j〉

(
c†i cj +H.c.

)
− t′

∑
〈〈i,j〉〉

(
c†i cj +H.c.

)
, (S1)

Figure S6: Experimental wave-function maps for the first three generations acquired at
V = −0.325 V (a-c), V = −0.200 V (d-f), V = −0.100 V (g-i), and V = 0.100 V (j-l).
Scale bar: 5nm.

114



Supplementary information

Figure S7: LDOS as a function of energy obtained with the muffin-tin approach for the
G(1) (a), G(2) (b), and G(3) (c) Sierpiński triangle. The colors indicate the position of the
spectra according to Fig. S1. The onset of the surface electrons is at -0.45 V. Note that the
main features are similar for each generation, which is a property of the fractal structure.

where c(†)i are the annihilation (creation) operators for the electrons, εi is the on-site energy
of the site-localized s orbital, 〈i, j〉 denotes the sum over NN and 〈〈i, j〉〉 the sum over NNN
sites. Since the configuration has a honeycomb basis with the sizes of the undoped honeycomb
lattice created by Gomes et al. [S2], we consider similar values for the NN hopping amplitude
t = 0.12 eV, a NNN hopping t′ = 0.08t and an on-site energy εi = −0.10 eV. We also include an
orbital overlap s = 0.2 between NN, and therefore solve the generalized eigenvalue problem.
This choice of parameters yields the best agreement with the experiment and the muffin-tin
simulations. Note that the fractal is a non-periodic structure, and therefore it is not possible
to identify a band spectrum. In particular, due to scale-invariance the energy levels of G(N)
are related to the levels of G(N − 1), and it was shown that the energy spectrum shows
self-similar features and has highly degenerate energy levels [S7]. We will comment on this
property in more detail in Sec. SV.6.

We solve the tight-binding eigensystem and calculate the LDOS as a function of energy
via

LDOS(r0, ε) =
∑
n

|Φn(r0)|2δ(ε− εn), (S2)

where the sum runs over the number of states n for each lattice position r0. In order to
accommodate the broadening of the spectrum due to the repulsive scatterers, we approximate
the delta function by a Lorentzian with a broadening Γ = 0.080 eV. In Fig. S9, we present the
LDOS as a function of energy for the G(1), G(2), and G(3) Sierpiński triangle. The results
are in good agreement with the experiment and muffin-tin calculations (see Figs. S4 and S7).
In particular, we observe the features around E = −0.3 eV, E = −0.2 eV, E = −0.1 eV,
and E = 0.1 eV, as discussed in the main text. Moreover, the particle-hole asymmetry was
accounted for by the NNN hopping, resulting in a higher intensity for the ’right’ peaks around
E = 0.1 eV than for the ’left’ peaks around E = −0.2 eV. Furthermore, we compare the wave-
function maps of the experiment and muffin-tin with the tight-binding by approximating the
orbital wave-functions as Gaussian functions. At each lattice site i, we model the s-orbitals

Ψ(r) =
∑
i

A · LDOS(r0, ε) exp
{(
−(r− r0)2

2σ2

)}
, (S3)
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where the LDOS acts as an amplitude for the Gaussian wave function, A is the normalization
constant and σ is the standard deviation, which is set by comparing with the experimental
and muffin-tin wave-function maps. The resulting figures for σ = 0.65a are shown in Fig. S10
and exhibit a good correspondence with the experimental and muffin-tin maps.

Figure S8: Wave-function maps for the first three generations of the Sierpiński triangle
calculated within the muffin-tin approach for V = −0.30 V (a-c), V = −0.20 V (d-f),
V = −0.10 V (g-i), and V = 0.10 V (j-l).
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Figure S9: LDOS obtained using the tight-binding approach for the G(1) (a), G(2) (b),
and G(3) (c) Sierpiński triangle, where the colors indicate the positions of the spectra as
displayed in Fig. S1.

Higher generations: Tight-binding calculations

One of the interesting features of fractals is self-similarity at different length scales. In the
1980s, multiple groups used this recursiveness to derive the DOS for fractals and observed
localized and extended states [S7–S12]. One specific feature is that also the DOS obeys a
certain recursion relation between different generations, which is a universal feature of the
fractal structure. We now investigate the self-similarity in the DOS for the Sierpiński fractal
that is under consideration in this paper and explicitly show this repetition of the DOS using
a tight-binding model.

We follow Ref. S7 in the discussion below. In order to construct an iteration scheme for
higher-order generations, we first need to take care of the corner sites with connectivity z = 1,
since these sites are different than the other sites in the lattice. Therefore, we mirror the
image in the x−axis, and connect the corner sites to each other as a kind of periodic boundary
conditions, see Fig. S11. Now, we can distinguish two different sites: sites with connectivity
z = 2 and sites with z = 3.

The corresponding Hamiltonian of this system can be separated into two subspaces |ψ1〉
and |ψ2〉, where the |ψ2〉 sites are part of a hexagon, and the |ψ1〉 connect these hexagons.
The iteration scheme is then configured as follows: at each step, a hexagon replaces a site with
z = 3, e.g. when we go from the zeroth generation (5 sites) to the first generation (15 sites),
we first remove the two sites with z = 3 (sites 4 and 5), and insert a hexagon in that place
(see Fig. S11, where we go from a zeroth generation (5 sites) to a first (15 sites) and a second
generation (45 sites)). Notice that the sites identified via the periodic boundary condition
(two 2 sites and two 3 sites) are only counted once. A scheme is constructed in detail below
while going from the first to the zeroth generation, and then reversing the process.
In the first generation, we want to project out the sites that are part of the two hexagons.
When we only consider NN-hopping t, we have

(
H11 H12
H21 H22

)(
|ψ1〉
|ψ2〉

)
= E

(
|ψ1〉
|ψ2〉

)
, (S4)
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where

H11 =

(0 0 0
0 0 0
0 0 0

)
, H12 =

(0 0 0 −t 0 0
0 0 0 0 −t 0
0 0 0 0 0 −t

)
, H22 =


0 0 0 0 −t −t
0 0 0 −t 0 −t
0 0 0 −t −t 0
0 −t −t 0 0 0
−t 0 −t 0 0 0
−t −t 0 0 0 0

 ,

(S5)

Figure S10: Wave-function maps calculated within the tight-binding model for the first
three generations of the Sierpiński triangle at V = −0.30 V (a-c), V = −0.20 V (d-f),
V = −0.10 V (g-i), and V = 0.10 V (j-l).
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Figure S11: Iteration scheme procedure. First, we double the lattice sites of our Sierpiński
fractal to include boundary conditions. Next, we replace each site with connectivity 3 with
a hexagon to go from the zeroth generation (red dots) to the first generation (blue dots) and
to the second generation (green dots). This procedure is repeated each iterative step. Note
that for counting the sites in this setup, we need to count all sites from the two connected
Sierpiński triangles, and subtract 2 for the double count of sites 2 and 3.

and H21 = H†12 for the single upward pointing triangle in generation 1 consisting of 9 sites.
As a convenient choice, we assumed the on-site energy is zero. In the first step, we project
out the wave functions |ψ2〉 such that Heff|ψ1〉 =

[
H11 +H12(E −H22)−1H21

]
|ψ1〉 = E|ψ1〉.

The energy of the total lattice (consisting of 15 sites for the first generation) is bound between
±
√

6. In the remainder, we focus only on the lower, upward pointing triangle (9 sites), to
stay as close as possible to the decimation described in Ref. S7, but a similar procedure can
be done for the total lattice (which consists of an upward and downward pointing triangle as
shown in Fig. S11). In this upward triangle case, we obtain

Heff =


e(e2−3)t
e4−5e2+4

et
e4−5e2+4

et
e4−5e2+4

et
e4−5e2+4

e(e2−3)t
e4−5e2+4

et
e4−5e2+4

et
e4−5e2+4

et
e4−5e2+4

e(e2−3)t
e4−5e2+4

 , (S6)

where we introduced the dimensionless on-site energy e = E/t. The effective Hamiltonian
describes three sites (1, 2 and 3 in Fig. S11) connected with hopping t′ = −et/(e4 − 5e2 + 4)
and energy u′ = 2 · e

(
e2 − 3

)
t/(e4− 5e2 + 4). The factor 2 in u′ arises because each individ-

ual site (1, 2 and 3) was connected to two hexagons before the projection, and therefore the
diagonal element u′ is twice the diagonal element of Heff. To complete this step of the iter-
ation scheme, we want to recast the on-site energy back to zero, such that we have changed
nothing with respect to the original Hamiltonian (only a NN hopping) and can repeat this
procedure multiple times. Therefore, we equate e′ = (E − u′)/t′, which is equivalent to
e′ = −(e2 − 2)(e2 − 5). This redefined parameter now describes the energies at one lower
generation.

However, since this decimation leaves us with only three sites, whereas actually four sites
should remain (one site in the center connecting the other sites), there is a final decimation
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step that needs to be included. This step can be written down in a similar manner as before,
by decimating a 4x4 matrix into a 3x3 one as follows: we start with a 4x4 Hamiltonian, where

H11 =

(0 0 0
0 0 0
0 0 0

)
, H12 =

(−t
−t
−t

)
, H22 =

(
0
)

(S7)

and H21 = H†12. The effective Hamiltonian is

Heff =

( t
e′′

t
e′′

t
e′′

t
e′′

t
e′′

t
e′′

t
e′′

t
e′′

t
e′′

)
, (S8)

resulting in e′ = 2−e′′2 by following the same reasoning as before, u′′ = 2t/e′′ and t′′ = −t/e′′,
hence e′ = (E′′ − u′′)/t′′ = 2 − e′′2. Finally, we equate the two expressions for e′ to find

e = ±
√

7±
√

4(e′′)2+1
√

2 , which is the actual energy at a lower generation. Notice that the way
in which the ± arises will make the DOS mirror symmetric around the on-site energy. Once
the energy e′′ for a low generation is known, it can be used to find the energy e for a higher
generation, and this starts an iterative cycle. Each energy eigenvalue in a lower generation
gives rise to new eigenvalues in this way.

The iteration scheme is nearly complete. We still need to consider some special values that
could not be taken into account during the iterative process: e = 0, e = ±1 and e = ±2,
because for these cases the inverse matrix is singular or the hopping t′ is zero. It can be shown
that for these values the number of occurrences in the spectrum is N(0) = 3n, N(±2) = δ1,n
and N(±1) = 5 ·3n−3n+3n−1−4 ·Nn−1 (see Ref. S7), where n is the generation of Sierpiński
triangle and Nn−1 denotes the number of eigenvalues of the previous generation. The results
for the DOS of the Sierpiński triangle are presented in Fig. S12. Here, we changed the on-site
energy for the first generation to ε = −0.05 eV (instead of 0 as in the discussion above) and
the hopping parameter is set to t = 0.10 eV in order to compare with the experiments, where
the parameters are similar. As shown above, we calculate the eigenvalues of the 1st generation
and construct the eigenvalues of the higher generations using this recursion relation. After
10 generations, we observe the DOS in Fig. S12 and see the repetitiveness in the DOS. This
repeating structure is an essential feature of a fractal lattice, as was shown in Ref. S7.

Comparison between exact solutions and experimental results
The exact solutions from the previous section do not take into account NNN hopping, orbital
overlap and broadening, which are present in the experiment. The decimation process has
not been solved for NNN hopping and overlap, as far as we are aware. However, the main
features that are observed in the experiment and muffin-tin calculations are caused by the
hopping parameter t. Due to broadening, the individual features of the repetition of the DOS
cannot be resolved. Thus, we experimentally observe an LDOS that does not significantly
alter with increasing generation, which is in agreement with a repetitive DOS that is subject
to experimental broadening.
In Fig. S13, we show the calculated DOS for the first three generations with(out) NNN-

hopping, overlap and broadening. It can be clearly seen from the figure that the NNN-hopping
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Figure S12: Fraction of DOS, where the self-similarity is clearly visible among the figures.
(a) The total fraction of DOS for generation N=10 (5 · 310 states) and interval ∆E = 10−3

eV. The high central peak is due to the different connectivity of the sites and is localized
at the previously mentioned green and red sites. (b-d) Zoom of the DOS in the region
around E = −0.20 eV. The self-similarity of these states is particularly clear between (b) and
(d), whereas (c) is self-similar with an additional mirror in the y-axis. These features are a
property of the DOS of a fractal lattice.

and overlap affect the peak positions and thus cloud the self-similarity. Due to the broadening,
however, these detailed features can no longer be distinguished and the LDOS even shows very
little differences between the generations. This similarity between the different generations
is therefore an indication that the wave function is self-similar.

Fractional dimension of the LDOS

In the main text, a Minkowski-Bouligand dimension [S13] - also known as box-counting or
capacity dimension -

D = lim
r→0

logN(r)
log(1/r) . (S9)
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Figure S13: Comparison of the DOS for the first three generations in a tight-binding model
excluding NNN-hopping t′, orbital overlap s and broadening Γ (top line), including t′ (second
line), including both t′ and s (third line) and including t′, s and broadening (last line).
Without t′, s and broadening, we observe a symmetric DOS and we observe the self-similar
structure in the third generation. When t′ and s are included this self-similarity becomes less
obvious, and when the broadening is included the features are washed away completely. The
comparison between these model DOS in the last line, where the color coding is the same as
in the images in the lines above, makes it clear that the significant broadening is the main
parameter that prevents the self-similarity from being visible in the experiment.

around 1.58 was reported for the experimental and muffin-tin wave-function maps of the G(3)
Sierpiński triangle and compared to the result of a 2D square lattice. In the following, we also
calculate the Minkowski-Bouligand dimension for the G(1) and G(2) Sierpiński triangles. We
focus on the muffin-tin model, as this method reflects the experiment in an excellent fashion,
but is not affected by experimental influences or instabilities. In Fig. S14a, we show a typical
logN(r) vs. log(1/r) plot, in which the fractal dimension is given by the slope. In Fig. S14b-d,
we present the fractal dimension D for the wave-function maps of the G(1) (b), G(2) (c), and
G(3) (d) Sierpiński triangle calculated with the muffin-tin model at different energies. The
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Figure S14: (a) The loglogplot obtained from the box-counting method. The Minkowski-
Bouligand dimension is given by the slope of the curve. (b-d) The Minkowski-Bouligand
dimension D of the muffin-tin LDOS maps at different energies for G(1) (b), G(2) (c), and
G(3) (d), where in (d) we also included the results for a 2D graphene (black) and square
(grey) lattice. The error bar indicates the spread given by the choice of the threshold value
for the LDOS, set to 75%, 60%, and 90% for the center, upper bound, and lower bound,
respectively.

dimension of the G(3) structure is compared to the calculated dimension of a 2D square and
graphene lattice, shown in Fig. S14d. For all generations, we observe a Minkowski-Bouligand
dimension between D ≈ 1.3 and D ≈ 1.8, while the square and graphene lattice exhibit a
dimension close to 2. For a careful determination of the Minkowski-Bouligand dimension,
we considered an upper and lower bound for the radius, chosen according to the size of the
image [S14]. The threshold value of the LDOS pixels that are included in the calculation of
the fractal dimension was varied between 60% and 90% (center: 75%), resulting in the spread
indicated by the error bars. Note that we used thresholds from between 45% and 65% for
the experiment, because the amplitudes in the LDOS are more influenced by the measuring
tip and therefore the LDOS amplitudes at different energies cannot be directly compared to
each other. The figures for different thresholds are presented in Fig. S15, where we show
how the threshold influences the box-counting dimension for the maps at E = −0.325eV,
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E = −0.200eV, E = −0.100eV and E = +0.100eV. We used a mask to cover the parts of
the image that are not a part of the Sierpiński geometry, i.e. the standing waves surrounding
the Sierpiński triangle and the center triangles of CO molecules (see Fig. S16). The latter
is particularly relevant for G(3) at energies E > −0.1V, where the closely-arranged CO
molecules no longer entirely inhibit the electrons from being in the center, which is not part
of the Sierpiński system. To estimate the uncertainty of a single point, we also took into

Figure S15: The binary LDOS maps for different thresholds (90% (top), 75 % (middle)
and 60%(bottom)) at the energies E = −0.325eV (left), E = −0.200eV (middle left), E =
−0.100eV (middle right) and E = +0.100eV (right). An enclosed light area is taken into
account as being part of the fractal set, and this differs significantly between the different
thresholds for a given LDOS map. This difference in dimension is indicated by the error bar
in Fig S14.

account the deviation of the slope in the loglog plot by choosing different radii and stepsizes
between the radii. The final uncertainty in the points of the main text is the maximum of the
uncertainty in the threshold and the uncertainty in the slope. In Fig. S16, the Minkowski-
Bouligand dimensions of the G(1), G(2), and G(3) Sierpiński triangles are presented for a
threshold percentage of 75%. We observe that the fractal dimension fluctuates around the
actual value 1.58 of a Sierpiński triangle, showing similar fluctuations for each generation. At
different energies, the electrons distribute differently within the Sierpiński geometry, resulting
in a slightly lower dimension for the less connected (non-bonding) LDOS (E ≈ −0.1 eV) than
for the well-connected (bonding) LDOS (E ≈ −0.3 eV).
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Figure S16: The Minkowski-Bouligand dimension D for the muffin-tin wave-function maps
for G(1) (red), G(2) (blue), G(3) (orange) and a graphene lattice at an LDOS threshold
percentage of 75% fluctuates around 1.58 (center figure), where the fluctuations in the fractal
dimension are similar for each generation. Above and below, several used wave-function maps
at their given energies are displayed. Only the part that was used to determine the fractal
dimension is displayed, the parts of the map that are not part of the Sierpiński triangle (the
center CO molecules and the environment of the triangle) and were not taken into account
have been masked in black.

Fourier analysis of the LDOS

The wave-function maps display a standing wave pattern, originating from the interference
of the electronic wavefunctions that are scattered by the CO molecules. An analysis of the
electronic standing-wave patterns at different energies is a powerful tool to resolve the energy
dispersion of the 2D electron gas [S1, S15], which is confined to the Sierpiński geometry in
our study. We will use a Fourier analysis of the LDOS maps (also coined Fourier-transform
scanning tunnelling spectroscopy or "FT-STS") [S16–S18] for the in-depth analysis of the
standing-wave patterns. The Sierpiński triangle lacks translational symmetry, and therefore
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we will make use of the pseudo-Brillouin zone [S19, S20] in the following discussion. First,

Figure S17: (a) Real-space experimental LDOS map at V = −0.325V, in which the length
of a G(2) side (A), the length of a G(1) side (B), the NNN distance (C ), and the NN distance
(D) are indicated. Scale bar: 5 nm. (b) Fast-Fourier transform of the experimental LDOS
map at V = −0.325V shown in a. (c) Fast-Fourier transform of the experimental LDOS
map at V = +0.100V. The points in reciprocal space corresponding to the distances in a are
indicated with arrows in (b) and (c). An example of a scattering vector ~q, pointing to D, is
indicated in green. Scale bar: q = 6 nm−1.

we relate several features in the obtained fast-Fourier transform (FFT) to the real-space
wavelengths of the standing waves. Fig. S17 shows the real-space experimental wave-function
map at V = −0.325V with the relevant distances A, B, C, and D (a) along with the Fourier
transform at V = −0.325V (b) and V = 0.100V (c). The magnitude of the scattering vector
q is related to the real-space distances d of the Sierpiński structure as q = 2π

d
· 2√

3 , where the
factor 2√

3 originates from the triangular symmetry of the LDOS converted to Fourier space.
We thus obtain the following relevant distances and corresponding q values:

q [nm−1] d [nm] Definition
A 0.94 7.68 Side length G(2)
B 1.89 3.84 Side length G(1)
C 3.78 1.92 NNN distance
D 6.55 1.11 NN distance

These values were obtained from the geometry and experimentally observed in the FFTs of
the LDOS maps, as indicated in Fig. S17. Note that q = 2k, as the LDOS is proportional
to the norm square of the wave function [S16, S21]. For clarity, we used k instead of q in
the main text. Second, we discuss the self-similarity of the Fourier-transformed LDOS maps.
The self-similarity of the Sierpiński triangle in real space is directly reflected in momentum
space, which is self-similar as well. Each additional generation in real-space adds a specific
point to the Fourier transform. This was used in the main text to decompose the G(3) to
a G(2) triangle of the same size by removal of the blue triangles in Fig. S17 (removal of
the NNN-distance, C) and to decompose the G(2) to a G(1) triangle of the same size by
removal of the red triangles (removal of the side length of the original G(1), B). We note
that the box-counting dimension can also be calculated from the FFT images. Using the
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standard box-counting procedure in the software Gwyddion with interpolation type ’linear’
and method ’cube counting’, we obtain an average value of 1.65± 0.03 for the FFT images of
the experimental LDOS maps between −0.425 eV and +0.225 eV, with all values between 1.59
and 1.71 (see Fig. S18). For the FFT images, the LDOS maps of the G(3) Sierpiński triangle
were used as displayed in Fig. S17: the environment of the triangle has been removed, but the
CO molecules have not been masked. The obtained FFTs and the fractal dimension from the
FFTs are thus determined by both the LDOS and the CO molecule Sierpiński geometry. The
obtained box-dimension is slightly higher than 1.58. A reason for the slight deviation might
be the contribution of the sharp triangular boundaries of the Sierpiński triangle in the FFT.
Third, we derive the energy E vs. momentum k relation of the Sierpiński electrons from the

Figure S18: Box-counting dimension of the Fourier-transformed experimental wave-function
maps at several bias voltages in the range E = −0.425 . . . 0.225 eV. The red line denotes 1.58,
the value of the Hausdorff dimension of the Sierpiński geometry.

Fourier transforms at several energies. The standing waves around the Sierpiński triangle have
been cropped, so only the electronic waves confined inside the Sierpiński geometry contribute.
In Fig. S19a-d, we recognize that the high-intensity maxima occur at higher q-values with
increasing bias voltage. For instance, the most pronounced maxima at −0.325V, −0.200V,
−0.100V, and 0.100V are positioned at q = 2.0 nm−1 (red dot), q = 3.2 nm−1 (green),
q = 3.8 nm−1 (purple, NNN distances), and q = 4.8 nm−1 (orange), respectively (uncertainty
±0.3 nm−1). Note that the maxima at q = 3.8nm−1 and q = 6.4nm−1 are slightly visible at
all energies, as they correspond to the NNN and NN distance between not only the electronic
sites, but also between the CO molecules themselves. In Fig. S19e, we plotted the above E(k)
values as well as intermediate values, where we used q = 2k. We observe that only discrete
values of the momentum occur and the energy vs k exhibits some jumps, demonstrating the
confinement of the electrons, which form standing waves inside the Sierpiński geometry. A
similar result has been observed for a checkerboard lattice in Ref. S22 and for cobalt islands in
Ref. S23. Therefore, this is not a fractal feature, but can be attributed to the confinement of
the electrons to the lattice, with the k-values related to the specific lattice geometry. Notably,
the discrete k-values correspond to a small energy region rather than a discrete energy value,
as the same standing waves are observed throughout this energy region. We observe that the
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E(k) value is flatter than the free surface-state electron parabola with E0 = −0.45 eV and
m∗ = 0.42me [S24], plotted in blue, due to the hybridization of the surface and bulk states.
While the statistical error is small, undesired contributions of the triangular borders of the
structure lead to the risk of assigning the wrong discrete k value to a certain energy. The
quantitative result thus needs to be interpreted with caution.

Figure S19: (a-d) Fourier transform of the differential conductance maps at −0.325V,
−0.200V, −0.100V, and 0.100V, respectively. The most pronounced q-values are indicated
with a colored dot. Scale bar: q = 9.4 nm−1. (e) The characteristic k-values at their respective
energies for the maps in (a-d) (colored dots) as well as for maps at intermediate energies.
The blue curve indicates the free electron-like parabolic dispersion relation E(k) for Cu(111)
surface-state electrons.
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VI Tailoring higher-order topology: the dimerized Kagome lattice

Quantum simulators are an essential tool for understanding complex
quantum materials. Platforms based on ultracold atoms in optical lattices
and photonic devices led the field so far, but electronic quantum simu-
lators are proving to be equally relevant. Simulating topological states
of matter is one of the holy grails in the field. Here, we experimentally
realize a higher-order electronic topological insulator. Specifically, we cre-
ated a dimerized Kagome lattice by manipulating carbon-monoxide (CO)
molecules on a Cu(111) surface using a scanning tunneling microscope
(STM). We engineer alternating weak and strong bonds to show that a
topological state emerges at the corner of the non-trivial configuration,
while it is absent in the trivial one. Contrarily to conventional topological
insulators, the topological state has two dimensions less than the bulk, de-
noting a higher-order topological insulator. The corner mode is protected
by a generalized chiral symmetry, which leads to a particular robustness
against perturbations. Our versatile approach to quantum simulation with
artificial lattices holds promises of revealing unexpected quantum phases
of matter.

VI.1 Introduction

In a visionary colloquium nearly sixty years ago, Feynman proposed to construct so-
called quantum simulators - systems that can be engineered and manipulated at will
- with the aim of verifying model Hamiltonians and understanding more complex or
elusive quantum systems [1, 2]. It took forty years for the field to properly take off,
with the simulation of the Bose-Hubbard model and the superfluid/Mott-insulator
transition in a two-dimensional (2D) optical lattice loaded with 87Rb atoms [3]. Since
then, triangular, honeycomb, Kagome and other types of optical lattices have been
loaded with bosons and/or fermions, and many interesting quantum states of matter
have been simulated [4]. Later, quantum simulators were realized also in, among
others, trapped ion [5] and photonic systems [6]. On the other hand, progress on
electronic quantum simulators was achieved only very recently. A few years ago, the
first artificial electronic lattice was built by positioning CO molecules on a Cu(111)
surface, confining the surface-state electrons to a honeycomb lattice [7]. The technique
was inspired by the pioneering construction of quantum corrals using STM based
manipulations of adatoms [8]. This was followed by other electronic and spin lattices
constructed by atomic manipulation in the STM, such as atomic spin chains [9, 10], the
Lieb lattice with s-orbitals [11, 12] and p-orbitals [13], the quasi-crystalline Penrose
tiling [14], and the Sierpiński gasket with a fractional dimension [15].
Besides manipulating the geometry and the dimensionality, it would be desirable

to engineer and control topological properties [16] in electronic quantum simulators.
Topological insulators (TIs), superconductors, and semimetals have attracted enor-
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mous attention during the last decades, and their potential use in quantum computers
has caused a frantic interest in these systems [17]. In their best known form, TIs are
materials that are insulating in the bulk and host topologically protected states in
one dimension lower than the bulk [18]. A first example of engineered electronic TIs
established by controlled fabrication on the nanoscale is the one-dimensional (1D) Su-
Schrieffer-Heeger (SSH) chain [12]. However, recently it was proposed that another
class of topological systems exists, the so-called higher-order topological insulators
(HOTIs), in which the topological states emerge in at least two dimensions lower than
the bulk[19]. In this way, 0D corner (1D hinge) states were predicted and subsequently
observed in a 2D [20] (3D [21]) TI. So far, HOTIs have been experimentally realized
in photonic [20], phononic [22], topolectrical-circuit [23], microwave-circuit [24], and
acoustic [25, 26] systems.
Here, we present the artificial realization of an electronic HOTI. Specifically, we cre-

ate and characterize a dimerized Kagome lattice [27]. This lattice, shown in Fig. VI.1a,
is described by three sites in a unit cell (grey hexagon) with a nearest-neighbor (NN)
intracell hopping ta and intercell hopping tb (red and blue lines, respectively). The
next-nearest-neighbor (NNN) hopping tnnn is indicated in purple only at the top of
the lattice (for clarity). In our finite triangular lattice, the corner sites are represented
by a blue color, whereas the edge sites are indicated in yellow and the bulk sites in
green. The Bloch Hamiltonian (without NNN-hopping) of this model reads

hK(k) = −

 0 ta + tbe
ik·a2 ta + tbe

−ik·a3

ta + tbe
−ik·a2 0 ta + tbe

−ik·a1

ta + tbe
ik·a3 ta + tbe

ik·a1 0

 , (VI.1)

where k is the crystal momentum, and a1 = (1, 0) and a2,3 = ( 1
2 ,±

√
3

2 ) are the lattice
vectors. The full tight-binding Hamiltonian that describes the experimentally realized
lattice is given in the SI. The bulk band structure is shown in Fig. VI.1b. The regular
Kagome lattice exhibits a spectrum with a Dirac cone and a flat band. The alternating
hopping strengths in the dimerized Kagome lattice ta 6= tb open a band gap between
the bottom and middle band at the K-point in the reciprocal space, as displayed for
realistic values ta = 28.5meV and tb = 75meV. Note that the - otherwise flat - top
band is dispersive due to a non-negligible NNN hopping tnnn = 18.8meV (see Methods
and SI).
For the finite-size lattice, we distinguish two cases. If ta > tb, the lattice configura-

tion is topologically trivial and if the values of the hopping amplitudes are switched,
i.e. ta < tb, the lattice is topologically non-trivial. In the topological phase, the
weakly coupled edge and corner sites are predicted to accommodate edge states and
zero-energy corner modes [27], respectively. The edge of the lattice is similar to a
one-dimensional SSH model and exhibits gapped bands. In the gap of both the bulk
and the edge, three symmetry-protected zero-energy modes arise, which are localized
at each of the corners of the lattice. Usually, the protection of zero-energy topological
states is possible in insulators or superconductors that exhibit a symmetric spectrum.
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Figure VI.1: Design of the dimerized Kagome lattice. (a) Schematic finite-size tight-
binding representation of the Kagome lattice. The unit cell is indicated by a grey hexagon.
The model takes both NN hopping (ta and tb) and NNN hopping (tnnn) into account. (b)
Band structure for the bulk of the lattice shown in (a), calculated using a tight-binding
model with tb = 75meV, ta = 0.38tb, tnnn = 0.25tb and onsite energy ε = 0.075 eV. (c-d)
Configuration of CO molecules (black) on a Cu(111) surface (grey background) to establish
artificial-atom sites (blue/yellow/green) in a non-trivial (ta < tb) and trivial (ta > tb) dimer-
ized Kagome geometry, respectively. Smaller (larger) hopping is indicated by dashed (solid)
lines. (e-f) Constant-current STM images of the realized non-trivial and trivial Kagome lat-
tice. Imaging parameters: I = 0.3nA and I = 0.1 nA, respectively, and V = 100mV. (g-h)
Normalized differential-conductance spectra (solid lines) and the LDOS calculated using the
tight-binding model (dashed lines) for the bulk (green), edge (yellow) and corner (blue) sites
of the non-trivial and trivial dimerized Kagome lattice, respectively.
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In topological superconductors, the particle-hole symmetry enforces this spectral sym-
metry, and pins the energies of Majorana bound states exactly at zero energy in its
Bogoliubov-de Gennes spectrum. In insulators, bipartite lattices provide such spec-
tral symmetry. The bipartite character of a crystal, often known as chiral symmetry,
protects an integer number of zero-energy states in 1D systems such as the SSH model
(see Methods and SI). Recently, it was shown that when additional crystalline sym-
metries are present, bipartite lattices can also protect zero-energy corner states in 2D
HOTIs [20]. The Kagome lattice, however, is not a bipartite lattice, but consists of
three sublattices A, B, and C (see unit cell in Fig. 1a). This poses a conundrum
because this lattice does exhibit higher-order zero-energy states at 60◦ corners in the
topological configuration, despite the absence of the chiral symmetry associated with
bipartite lattices. The protection of these zero-energy corner states can be explained
by a generalized chiral symmetry, which relies on the fact that the Kagome lattice is
tripartite [26] (see SI).

VI.2 Lattice realization

Now we turn to the experimental realization of the electronic dimerized Kagome lat-
tice. Figs. 1c-d present the configuration of CO molecules (black) on Cu(111) (grey
background) used to constrain the surface-state electrons to the non-trivial and trivial
lattice geometry, respectively. Since the CO molecules act as a repulsive barrier to the
2D electron gas at the Cu(111) surface, they are positioned to form the anti-lattice
of the Kagome. The distance between the artificial-atom sites of the Kagome lattice
is chosen to be 3

√
3a ≈ 13.3Å , where a ≈ 2.56Å denotes the Cu(111) NN distance.

Strong hopping (solid lines) is established by a wide connection between the sites,
while the hopping is weaker (dashed lines) for a narrow connection, implemented by
an increased number of CO adsorbates. The experimental realization of the non-trivial
and trivial dimerized Kagome lattice is shown in the constant-current STM images in
Figs. VI.1e-f. As a guide to the eye, the artificial-atom sites and the NN hopping
are indicated. Differential-conductance spectra were acquired above the bulk (green),
edge (yellow) and corner (blue) artificial-lattice sites and normalized by the average
spectrum taken on clean Cu(111) [7]. We first discuss the spectra acquired above
the non-trivial lattice (see Fig. 1g, solid lines). The bulk spectrum (green) shows a
peak around a bias voltage of V = −150mV, which corresponds to the lowest bulk
band, and a more pronounced peak around V = +200mV, which can be assigned
to the middle and top bulk band. The edge spectrum (yellow) exhibits two peaks,
located around V = −20mV and V = +200mV, indicative of two edge modes. This
resembles an SSH chain at the edge with two bands, of which the top band minimum
and bottom band maximum are separated by 2(tb − ta) (without orbital overlap).
Around V = 0mV, the minimum of the bulk and edge spectrum, the corner spectrum
(blue) exhibits a maximum. We attribute this peak to a zero-energy mode localized

135



VI Tailoring higher-order topology: the dimerized Kagome lattice

at the corners. In contrast to the non-trivial lattice, the spectra of bulk, edge and
corner sites of the trivial lattice are similar. (cf. Fig. 1h, solid lines). These results
indicate the presence of an electronic zero mode in the non-trivial dimerized Kagome
lattice. The differential-conductance spectra are reproduced by tight-binding calcu-
lations of the local density of states (LDOS) at the designated artificial-atom sites,
displayed underneath the experimental spectra in Figs. 1g and 1h (dashed lines), with
the same hopping parameters as used in Fig. 1b. The results are further corroborated
by muffin-tin calculations (see SI).

VI.3 Wave-function maps
In Fig. VI.2, we investigate the spatial localization of the density of states at bias
voltages corresponding to the peak positions in the differential-conductance spec-
tra. Differential-conductance maps acquired above the non-trivial lattice (Figs. 2a-d)
are compared with tight-binding calculations (Figs. 2e-h) and differential-conductance
maps of the trivial lattice (Figs. 2i-l). At V = −110mV, the electrons are localized in
the bulk of the non-trivial Kagome lattice. Next, at V = 5meV, the contribution of
the bottom edge band is visible. At V = +50mV, we observe the highest intensity at
the weakly-connected corner sites, revealing the corner-localized zero modes. Finally,
at V = 145mV, all sites exhibit a similar LDOS, as expected from the spectra. These
results are in agreement with the tight-binding simulations on the non-trivial lattice
(Figs. 2e-h). In contrast, the differential-conductance maps obtained above the trivial
lattice show a homogeneous LDOS at all bias voltages. In particular, the corner sites
do not exhibit a higher intensity than the other sites at V = +50mV. The shift of
the electron probability from the center to the edges and then finally to the corner
sites is only seen for the non-trivial lattice and fully corroborated by tight-binding and
muffin-tin calculations (see SI).

VI.4 Zero modes in the Kagome lattice
The zero modes in the Kagome lattice are protected by the generalized chiral symmetry
[26] (see Methods and SI). To investigate their robustness, we now focus on the top
of the lattice, where the corner mode is localized on the sublattice C. Fig. 3a shows
that this zero mode has support only on the C sublattice, and decays exponentially
in the neighboring C sites in the bulk and at the edge (the size of the dots represent
|ψ|0.2 to allow for a visualisation of the decay of the wave function, see SI for the
exponential decay of the wave function). If we now locally break the chiral symmetry
by introducing a small hopping t2 = 0.05tb, connecting the A-A and the B-B sites
in the neighborhood of the top corner, the zero mode in C remains unperturbed (see
Fig. 3b). On the other hand, if we connect C-C neighbors by a hopping t2, thus locally
breaking the chiral symmetry of the C sublattice, the zero mode in C loses protection,
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Figure VI.2: Wave-function mapping. (a-d) Differential-conductance maps acquired
above the non-trivial dimerized Kagome lattice at bias voltages V = −110mV, V = +5mV,
V = +50mV, and V = +145mV. (e-h) LDOS maps of the non-trivial lattice at similar ener-
gies, simulated using the tight-binding model. (i-l) Differential-conductance maps acquired
above the trivial lattice at similar bias voltages.
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Figure VI.3: Robustness of the zero mode (a) Localization of the corner mode in the top
of a Kagome lattice containing 630 sites. The radius of the circles in the left panel indicates
|ψ|0.2 to represent the decay of the wave function in a visible way, and the unit cells are
indicated with gray hexagons. The corner modes exponentially localize on the corresponding
sublattice C (see SI). The spectrum is shown in the right panel, where the zero modes are
indicated with a red line. (b) Locally adding a NNN hopping term t2 = 0.05tb between
the A sublattice sites and a similar hopping term between the B sublattice sites breaks the
generalized chiral symmetry for the top sites, but this does not affect the zero mode localized
at sublattice site C. (c) Breaking the chiral symmetry for the top sublattice site C does shift
the zero mode to finite energy and the wavefunction no longer exponentially localizes only on
the sublattice sites C. (d) Breaking the chiral symmetry in the bulk also destroys the zero
mode and the exponential localization, but the effect of this perturbation is less than in (c).
See SI for further analysis on the breaking of these symmetries.

moves away from zero energy, and decays also in the A and B sublattices (see Fig.
3c). The other zero modes, at the A and B corners of the lattice, nevertheless, remain
unaffected. However, if the local perturbation in C is applied farther away from the
corner mode, the disturbance is small (see Fig. 3d). Note that the generalized chiral
symmetry is not broken by the NNN hopping tnnn and the orbital overlap, that are
present in the experiment (see SI). These results indicate that the generalized chiral
symmetry connected to a tripartite system offers more protection to the zero modes
than usual bipartite systems do.

VI.5 Creating and removing zero modes
Finally, we show several examples of how these zero modes can also be created and
destroyed experimentally by introducing defects into the lattice (see Fig. VI.4). In the
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Figure VI.4: Boundary defects in the Kagome lattice. (a,e,i) Schematics of lattices
from which a corner site was removed (a), with an appendix with two 120◦ angles added to
one edge (e), and with one 120◦ and one 60◦ angle appended (i). The purple color of the top
site in the schematics indicates a slightly lower on-site energy, which is due to an involuntary
upward shift of the top CO molecule by 0.256nm. (b-d), (f-h), (j-l) Differential-conductance
maps at V = −100mV (bulk bands), V = +5mV (edge bands) and V = +50mV (corner
states) for the three lattices.

first defect realization, we remove the corner site at sublattice B (bottom-right corner)
from the lattice by blocking the site with CO molecules (see Figs. 4a-d). Hence, one
of the zero modes is no longer present (see Fig. 4a). The corner sites A and C are not
affected by the defect, as shown in the differential-conductance map at V = +50meV
in Fig. 4d. The generalized chiral symmetry is preserved for these modes, as their
sublattices remain unperturbed. In this way, by introducing a corner defect we remain
with two zero modes. Second, we append a protrusion at one edge, hosting 120◦
obtuse angles, breaking the C3 symmetry of the lattice but preserving one of its mirror
symmetries (see Figs. 4e-h). We observe that the edge mode is disrupted around the
positions where the edge no longer consists of only A and C sites (Fig. 4g). On the other
hand, the corner modes remain unaltered under this perturbation (see Fig. 4h). This
corroborates that, being a local symmetry, the generalized chiral symmetry offers a
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protection mechanism that is stronger than the one provided by crystalline symmetries:
the zero-energy states persist even in the absence of crystalline symmetries. Finally,
a weakly-connected site is added, breaking the mirror symmetry of the entire lattice,
but preserving the generalized chiral symmetry. Again, the three zero-energy modes
at the corners are resilient. In addition, the added weakly-connected site at 60◦ (blue)
exhibits a fourth zero-energy mode at sublattice A, protected by the generalized chiral
symmetry. Hence, we show that it is possible to create and/or destroy zero-modes at
will.
In fact, under the generalized chiral symmetry, zero modes exist whenever a site

is only weakly connected to its neighbors (i.e. connected to other sites by hopping
terms of amplitude ta, for ta < tb), as happens in all the cases where zero modes
exist in Fig. VI.4. Only if two zero modes belonging to different sublattices are in
close proximity they can hybridize to open a gap. If, on the other hand, zero modes
belonging to the same sublattice are brought together, they will remain at zero en-
ergy. In this sense, the generalized chiral symmetry provides a protection mechanism
analogous to the conventional chiral symmetry in bipartite lattices, although in this
case the existence of three species of zero modes offers more versatility.

VI.6 Conclusion and outlook

The Kagome lattice is known to be a fascinating system, mostly because it realizes
geometric frustration and is conjectured to host the elusive spin-liquid phase. Here,
we show that the dimerized Kagome lattice brings even further surprises. Zero modes
arise at the corners of the lattice, thus realizing a HOTI with extreme robustness due
to the tripartite character of the generalized chiral symmetry. By introducing different
types of defects into the lattice, zero modes can be manipulated at will, and one can
tune the system to have an even or odd number of corner modes hosting fractional
charges. The progress in the realization of artificial electronic structures takes a step
forward with the inclusion of topology among the parameters to be manipulated.

Methods

Experiments

The Kagome lattices were assembled and characterized using a Cu-coated platinum-
iridium tip, prepared by gentle contact with the Cu(111) surface. Differential-conductance
spectra and maps were acquired in constant-height mode using a standard lock-in tech-
nique with a modulation amplitude of 10mV r.m.s. at a frequency of 273Hz. Further
details can be found in Ch. II and the SI.
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Tight-binding and muffin-tin calculations

The free electrons in the lattice act as if they are confined to certain artificial atom
positions due to the placing of the CO-molecules. We can describe this behavior within
a tight-binding model of connected s-orbitals. Based on a fit to the experimental and
muffin-tin spectra, we are able to determine the hopping parameters, the on-site energy
and the orbital overlap. We find the values (in the topological phase) for the strong
hopping tb = 0.075 eV and the weak hopping ta = 0.38tb. Furthermore, we obtain the
NNN hopping tnnn = 0.25tb, the on-site energy es = 0.075 eV and the orbital overlap
between nearest-neighbors sb = 0.22 and sa = 0.9sb. With these parameters, we solve
the generalized eigenvalue equation H|ψ〉 = ES|ψ〉, where S is the overlap-integral
matrix. Next, the LDOS is calculated at each atomic site, in which the broadening
Γ = 0.08 eV is included to account for bulk scattering. Finally, the LDOS maps are
calculated by multiplying the LDOS at each site with a Gaussian wave function of
width σ = 0.45d, where d = 1.33nm is the distance between two neighboring sites.
In the muffin-tin calculations, the same energy broadening of Γ = 0.08 eV is included.

Protection mechanism

The protection of the zero modes is due to an extension of the chiral symmetry. The
conventional chiral symmetry is expressed as

Γ−1h(k)Γ = −h(k). (VI.2)

where, without loss of generality, one can choose a basis in which the chiral operator
Γ is a diagonal matrix with entries +1 for one sublattice and of −1 for the other
one. In the dimerized Kagome lattice, we have an odd number of lattice sites in the
unit cell, and therefore the chiral symmetry does not hold. The concept, however,
can be extended to a generalized version of the conventional chiral symmetry because
the Kagome lattice is tripartite. The generalized chiral operator, Γ3, can now be
chosen (by an appropiate choice of ordering in the Hamiltonian matrix) to be a di-
agonal 3× 3 matrix with entries Γ3 = Diag(1, e2πi/3, e−2πi/3) that differentiates three
sublattices [26]. The generalized chiral symmetry is then written as

Γ−1
3 h1(k)Γ3 = h2(k),

Γ−1
3 h2(k)Γ3 = h3(k),

h1(k) + h2(k) + h3(k) = 0. (VI.3)

In the topological phase, three zero modes exist simultaneously, each of which localizes
at one of the three sublattices (see SI). This generalized chiral symmetry does not
result in spectral symmetry of the bulk bands. Consequently, bulk bands can also
have zero energy, but when the bulk bands are degenerate with the zero modes (for
1/2 < ta/tb < 1) they do not mix with the localized corner zero modes. More details
on the protecting symmetry and symmetry-breaking perturbations are given in the SI.
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Supplementary information

STM/STS experiments

Lattice designs
In Figs. S1(a,d), we show the lattice geometry of the non-trivial and trivial Kagome lattice,
respectively. The artificial-atom sites are indicated in green (bulk), yellow (edge) and blue
(corner). The sites are weakly (dashed lines) or strongly (solid lines) coupled to form the
lattice. Figs. S1(b,e) show the designs to realize these lattice geometries on the CO/Cu(111)
platform. The designs were optimized for the triangular symmetry of the underlying Cu(111)
surface, shown in grey. The CO atoms (black) are positioned on the top-sites of the Cu(111)
lattice, such that they confine the electrons to the artificial-atom sites. The distance between
the sites is 3

√
3a ≈ 1.33nm, where a ≈ 0.256nm is the Cu(111) nearest-neighbor distance.

The weak hopping between the sites is established by a narrow connection between the sites
(short distance between the CO molecules that separate the sites), while the strong hopping is
realized by a wider connection (larger distance between the CO molecules). In Figs. S1(c,f),
we show the resulting constant-current STM images of the non-trivial and trivial lattice,
respectively. In Fig. S2, several defects are added to the non-trivial dimerized Kagome lattice.

Differential-conductance maps
In the main text, the differential-conductance maps were presented in a non-linear red-white-
blue-black color scale to highlight the different intensity regimes. Fig. S3 additionally shows
the experimental maps in a gradual orange-blue scale.

Differential-conductance spectra
Comparison of different STM tips
Fig. S4 shows differential-conductance spectra acquired above the non-trivial Kagome lattice
using three different tips. The spectra were divided by the tip-specific average spectrum on
Cu(111) to cancel out the tip density of states and the slope of the Cu(111) surface state.
The variation among the spectra can be attributed to features in the tip density of states
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Figure S1: Non-trivial and trivial dimerized Kagome lattice (a,d) Lattice geom-
etry of the non-trivial and trivial Kagome lattice, respectively. (b,e) Configuration of CO
molecules (black) on Cu(111) (grey) to generate the electronic lattices. (c,f) Constant-current
STM images of the realized electronic lattices. The artificial-atom sites have been indicated
in green (bulk), yellow (edge) and blue (corner) as a guide to the eye. Imaging parameters:
V = 100mV, and I = 0.3nA and I = 0.1 nA, respectively. Scale bars: 5nm.

that were not eliminated entirely and to an error in the position on the artificial-atom site
where the spectrum was taken.

Muffin-tin model
The band structures for different CO-configurations obtained using the muffin-tin model are
presented in Fig. S5. We will now demonstrate that we obtain different band structures when
we place one or three COs between the lattice sites, which means that we can influence the
hopping parameters in this way. In Fig. S5a, we present the topological phase, which was
shown in the main text. The strong bond is realized by using only one CO molecule, whereas
three COs are necessary to design a weak bond (top image). The band structure and the
LDOS for bulk (green), boundary (yellow) and corner (blue) are shown in the two bottom
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Figure S2: Defects in the non-trivial dimerized Kagome lattice (a) Lattice geometry
of the non-trivial dimerized Kagome lattice from which the right bottom corner site was
removed. (b) Configuration of CO molecules (black) on Cu(111) (grey) to realize the defect
in the lattice. Four additional CO molecules were positioned in the corner to effectively block
this corner. (c) Constant-current STM image of the obtained structure. Imaging parameters:
V = 470mV, I = 130 pA. Scale bar: 5nm. (d) Lattice geometry of the non-trivial lattice with
an appendix with two 120◦ angles attached to one edge. The four added sites are connected
by at least one strong hopping and one weak hopping. (e) Design to realize the lattice shown
in (d) with CO molecules on Cu(111). (f) Constant-current STM image of the realized
lattice. V = 150mV, I = 100 pA. Scale bar: 5 nm. (g) Lattice geometry of the non-trivial
lattice with a shape terminating by an angle of 60◦ attached to one edge. One site, indicated
in blue, is connected by weak hopping only and behaves as a corner site. (h) Configuration
of CO molecules on Cu(111) for the lattice in (g). (i) Constant-current STM image of the
realized lattice. V = 435mV, I = 250pA. Scale bar: 5nm. Note that the degeneracy of the
corner sites was lifted by an involuntary shift of the top CO molecule by a ≈ 0.256 nm.
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Figure S3: Differential-conductance maps. (a-h) The differential-conductance maps
of the non-trivial lattice are displayed in a black-blue-white-red ((a-d), used in main text)
and gradual blue-orange color scale (e-h) at bias voltages V = −110mV, V = 5mV, V =
+50mV, and V = +145mV, respectively. (i-p) Same for the trivial lattice at bias voltages
V = −100mV, V = 5mV, V = +50mV, and V = +140mV, respectively. Scale bars: 5 nm.

figures. When we place a single CO between the sites, which means all bonds are strong, we
obtain the configuration shown in Fig. S5b. The band structure now has a Dirac cone at the
K-point and there are no zero modes in the lattice; the LDOS spectra for all sites exhibit
peaks at similar energies. When there are three COs between the lattice sites, the lattice
only has weak bonds and the Dirac cone is at higher energy than with only strong bonds
(see Fig. S5c and compare with Fig. S5b). The bandwidth is smaller than in the previous
case, which is mainly a result due to weak vs strong hopping, but also due to the quadratic
dispersion of the 2D electron gas on the Cu(111) surface. Finally, when the strong and weak
bonds are switched, the trivial phase is realized. The bulk band structure is the same as in
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Figure S4: (a-c) Average differential-conductance spectra acquired above a bulk (green),
edge (yellow) and corner (blue) site in the non-trivial Kagome lattice for three different tips.
Each spectrum was normalized by the average Cu(111) spectrum of the respective tip.

Fig. S5a, but in the trivial phase we do not observe zero modes in the gap.

Figure S5: Band structure of the Kagome lattice obtained with the muffin-tin model for
the configurations shown in the top. We analyze four different hopping parameter regimes.
(a) The corner sites are connected by a weak bond, resulting in a topological phase. (b-
c) We close the band gap in two ways: (b) by making all hoppings equal to the strong
hopping parameter and (c) by making the hopping parameters equal to the weak hopping.
(d) The corner mode is connected with strong bonds, resulting in the trivial phase. The
band structure for each configuration and the LDOS of the bulk (green), boundary (yellow)
and corner modes (blue) are shown below each design.

Next, we show in Fig. S6 the muffin-tin wave-function maps for the topological and trivial
phases corresponding to Fig. 2 in the main text. The maps for the defects shown in Fig. 4
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of the main text calculated using the muffin-tin approach are displayed in Fig. S7. It can be
observed that the muffin-tin model describes the experimental results very well.

Figure S6: LDOS wave-function maps obtained using the muffin-tin model. The topological
(a-d) and trivial (e-h) phase are shown at the same energies, as displayed in the main
text for the experiment and tight-binding calculations. Note that in the trivial phase the
amplitude in the surroundings is larger than inside (f-g), but the LDOS intensity is the
same everywhere within the lattice. This is due to the influence of the finite-size box in the
muffin-tin simulations, which results in additional standing waves that are not present in the
experiment. Scale bar: 2.66nm.
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Figure S7: Muffin-tin maps of the defects shown in the main text. Scale bar: 2.66nm.

Tight-binding calculations
The Kagome lattice can also be modeled within a tight-binding approximation, in which we
identify the positions of the confined electrons as artificial atomic sites. In this way, we write
down a tight-binding Hamiltonian for the s-orbitals including nearest-neighbor (NN) and
next-nearest-neighbor (NNN) hopping, as well as orbital overlap to match the band structure
to the one obtained from the muffin-tin model and the LDOS to the ones obtained from the
muffin-tin model and the experimental differential-conductance spectra. The full Hamiltonian
is

H = −

(
−ε A(k) + 2t2 cos k̄′ A(k̄)∗ + 2t2 cos ik′

A(k)∗ + 2t2 cos k̄′ −ε A(kx/2)∗ + 2t2 cos
√

3ky/4
A(k̄) + 2t2 cos k′ A(kx/2) + 2t2 cos

√
3ky/4 −ε

)
, (S1)

where A(k) = tb exp[ik] + ta exp[−ik], k = (kx +
√

3ky)/4, k̄ = (kx −
√

3ky)/4, k′ = (3kx −√
3ky)/4 and k̄′ = (3kx +

√
3ky)/4. The fitting parameters are (all in eV): the onsite energy

ε = 0.075, the NN hoppings tb = 0.075, ta = 0.38tb, the NNN hopping tnnn = 0.25tb.
Furthermore, we include the orbital overlap sb = 0.22 between NN sites connected with the
NN hopping tb and sa = 0.9sb when sites are connected with hopping ta. According to the
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values of these hopping parameters, the system is in the topological phase (tnnn is small in
comparison to tb and ta, and ta < 0.5tb) [S1]. A comparison between the band structure
from the tight-binding and the muffin-tin and an overview of the parameters is presented in
Fig. S8a.

Figure S8: (a) Band structure of the Kagome lattice for the muffin-tin and tight-binding
model. A sketch of the hopping parameters and their values are indicated on the right.
A line at the onsite energy ε = 0.075 is indicated in the gap for visual clarity. (b) The
LDOS spectra of a bulk (green), boundary (yellow) and corner (blue) site for the muffin-tin
and tight-binding model. The features discussed in the main text are clearly visible in both
spectra.

The energies and wave functions for the tight-binding can be obtained by solving H|ψ〉 =
ES|ψ〉, where S is the orbital overlap matrix, and from these we calculate the LDOS(r0, ε) =∑

n
|ψn(r0)|2δ(ε−εn). In this calculation, the delta-function is approximated by a Lorentzian

with broadening Γ = 0.08 eV to account for bulk scattering. We compare the LDOS obtained
via the muffin-tin and tight-binding approach in Fig. S8b. The agreement between the spectra
is clear and the features were discussed in the main text.
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Zero modes in the Kagome lattice
We now investigate the protection of the zero modes in more detail. The Kagome lattice
with NN hoppings was first proposed in Ref. S1, where it was shown that the lattice has
corner-localized zero-energy modes and a bulk polarization. This proposal was quickly fol-
lowed by measurements in metamaterials [S2, S3], where, besides showing the existence of
zero modes, the authors describe the protection mechanism in terms of a generalized chiral
symmetry [S3]. Here, we analyze the mechanism for the protection of the zero modes (some
additional theoretical analysis on the bulk polarization and zero modes in a Kagome lattice
has been provided in Refs. S4 and S5, respectively). We first discuss the zero-energy modes
in the SSH model and then continue with the Kagome lattice, where we show analytical and
numerical calculations to support the conclusions.

Zero-energy corner states: the SSH model
The protection of zero-energy topological states is possible in insulators or superconductors
that exhibit spectral symmetry, which is a form of chiral or bipartite symmetry. Here, we
follow a similar line of reasoning as Ref. S6 The chiral symmetry is expressed as

Γ−1H1Γ = H2,

H1 +H2 = 0, (S2)

where the chiral operator Γ is a diagonal matrix. From these equations, it follows that
H1 = −H2 = −Γ−1H1Γ, and therefore the chiral operator assigns a chiral charge of +1
to one sublattice and of −1 to the other one. The eigenvalues of H1 and H2 are the same
because they differ by a unitary transformation. By taking the trace of the second line,
we find Tr[H1 + H2] = 0, which means there are two eigenvalues E1 = −E2 = E and we
can consider only one Hamiltonian H such that Γ−1HΓ = −H. Furthermore, Eq. (S2)
implies that [H,Γ2] = 0, thus Γ2 = I. In the case of the SSH model, we have the following
Hamiltonian

H(k) = −
(

0 ta + tbe
ika

ta + tbe
−ika 0

)
. (S3)

The chiral symmetry is represented by the third Pauli matrix, such that σ−1
z Hσz = −H.

This means that the spectrum is symmetric, since each eigenvector |ψ〉 with energy E has a
chiral symmetric eigenvector Γ|ψ〉 with energy −E

H|ψ〉 = E|ψ〉; HΓ|ψ〉 = −ΓH|ψ〉 = −EΓ|ψ〉. (S4)

This has consequences for the zero modes in the system. If E 6= 0, the eigenvectors |ψ〉 and
Γ|ψ〉 are orthogonal such that

0 = 〈ψ|Γ|ψ〉 =
(
v∗1 v∗2

)( v1
−v2

)
, (S5)
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which means |v1|2 = |v2|2 and consequently the wave functions have equal support on both
sublattices. If E = 0, we have that H|ψ〉 = 0, which implies H = σzH and therefore the
eigenvectors can be taken to be the same as the eigenvectors of σz

|ψ〉1 =
(

1
0

)
, or |ψ〉2 =

(
0
1

)
. (S6)

These eigenvectors have full support on only one of the sublattices and, therefore, the zero
modes localize only on one of the sublattices.

Zero-energy corner states: the dimerized Kagome lattice
The Bloch Hamiltonian from Eq. (S1) can be connected to one without NNN-hopping and
orbital overlap without closing the bulk energy bands, and therefore the topological properties
do not change. The corresponding Hamiltonian in this case was already introduced in the
main text,

hK(k) = −

 0 ta + eik·a2 ta + e−ik·a3

ta + e−ik·a2 0 ta + e−ik·a1

ta + eik·a3 ta + eik·a1 0

 . (S7)

where we have set ε = 0 and tb = 1 for simplicity.
The Kagome lattice is not a bipartite lattice. This poses a conundrum since it was shown

in the previous section that the zero modes are robust in the topological phase of the Kagome
lattice. Here we show how to generalize the chiral symmetry for a unit cell containing three
sites [S3]. The generalized chiral symmetry is defined as

Γ−1
3 h1Γ3 = h2,

Γ−1
3 h2Γ3 = h3,

h1 + h2 + h3 = 0. (S8)

When combining the last equation with the previous two, it follows that Γ−1
3 h3Γ3 = h1. From

this point, the reasoning is completely analogous to the SSH model. In this case, [h1,Γ3
3] = 0,

which implies Γ3
3 = I and the eigenvalues are given by 1, exp(2πi/3), and exp(−2πi/3).

Therefore, we can write

Γ3 =

 1 0 0
0 e2πi/3 0
0 0 e−2πi/3

 . (S9)

Further, we now have three eigenvalues to consider (again, h1, h2 and h3 each have the same
eigenvalues ε1, ε2 and ε3 since the Hamiltonians differ by a unitary transformation. By taking
the trace of the third line from Eq. (S8), we find

Tr[h1 + h2 + h3] = 3Tr[h1] = 0, (S10)

where we used the first two lines of Eq. (S8) and the fact that the trace is cyclic. This means
that the sum of the three eigenvalues vanishes: ε1 + ε2 + ε3 = 0. If one of the energies is
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zero, we obtain a similar expression as previously for the SSH model and the support of the
non-zero wave function will be on two of the sublattice sites, whereas the zero mode has
support on the third sublattice. If two energies are zero, the third energy is automatically
zero as well (due to the trace ε1 + ε2 + ε3 = 0), and the support of each mode is only on one
of the sublattices because the eigenvectors can be taken to be the same as the ones of Γ3.

Finally, we note that if we break the chiral symmetry in two sublattices, the chiral symme-
try for the third sublattice remains and the corresponding zero mode is still pinned down to
zero. The chiral symmetry is broken by introducing an on-site potential or a NNN-hopping
between the sublattice sites. For example, we can break the symmetry in sublattice B

HBroken Symmetry = −

 0 tAB tAC
t†AB TB tBC
t†AC t†BC 0

 , (S11)

where TB is a symmetry breaking term in the Hamiltonian such as an onsite energy or a NNN
hopping t2, as discussed in the main text in Fig. 3. The zero mode that has full support in
sublattice B is no longer a solution to the wave equation with energy zero

H|ψ〉B = −

 0 tAB tAC
t†AB TB tBC
t†AC t†BC 0

( 0
1
0

)
=

 tAB
TB
t†BC

 , (S12)

whereas the other solutions are unaffected

H|ψ〉A = −

 0 tAB tAC
t†AB TB tBC
t†AC t†BC 0

( 1
0
0

)
=

 0
t†AB
t†AC

 , (S13)

and a similar expression for |ψ〉C = (001)T can be promptly obtained. In this way, if the zero
modes are locally perturbed, they will move away from zero on one sublattice, but the other
sublattices will remain undisturbed.

Finite-size lattice
We now extend the observations from the previous section to a finite-size lattice and perform
numerical tight-binding calculations to analyze the zero modes. The finite-size tight binding
model contains 20 connected triangles along one edge, which corresponds to 630 sites in
total. We start by only including ta and tb for the hopping between the lattice sites. In
this case, there should be zero modes when |ta| < tb. In Fig. S9a, we show the top part
of the tight-binding model and the labelling of the lattice sites. Next, we show the energy
spectrum of the finite-size lattice in Fig. S9b-c. As was shown in Ref. S1, there are three
zero modes that do not overlap with the bulk for −1 < ta/tb < 1/2. As mentioned before,
the topological invariant does not change for −1 < ta/tb < 1, which means that although for
1/2 < ta/tb < 1 the zero modes overlap with the bulk, these states do not mix with bulk
states and are exponentially localized at the corners. The localization of the zero modes is
displayed in Figs. S9d and f in the previously mentioned parameter ranges. We show the
log
(
|ψi|2

)
, where i is the lattice site as indicated in Fig. S9a (the first 18 sites are labelled).
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VI Tailoring higher-order topology: the dimerized Kagome lattice

Figure S9: Localization of the zero modes with chiral symmetry. (a) A zoom in on
the top of the finite size lattice containing 630 sites. The sites labels are indicated for the
first 18 sites. (b) Energy spectrum of the finite-size lattice. The zero modes are indicated in
red and are pinned to zero in the thermodynamic limit for −1 < ta/tb < 1. (c) Zoom in of
(b). (d) Localization of the zero modes for ta = 0.25tb. We show the log

(
|ψ|2
)
of the zero

energy wave function for all sites. The corner sites are site numbers 1, 572 and 630. The
wave functions of the three zero modes are depicted in the colors red, blue and black and they
exponentially localize from the corner sites into the bulk. (e) Zoom in of (d) for the first 82
sites. The localization is only on the C sublattice sites. (f) Localization of the zero modes for
ta = 0.75tb. The localization decays slower than in (d) due to the larger hopping parameter
ta, but the localization remains on the corresponding sublattices of the corner sites. (g) Zoom
in of (f) for the first 82 sites.
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It can be seen that the corner modes exponentially localize on the corresponding sublattice
sites. This is most clearly seen for the top sites due to the labelling of the sites, and therefore
we show a zoom in of this part of Figs. S9d and f in Figs. S9e-g respectively.

Figure S10: Localization of the zero modes with broken chiral symmetry for the
top A and B sublattice sites. (a) A zoom in on the top of the finite-size lattice with
broken symmetry. We add a NNN hopping t2 that connects the A sublattice sites of the top
three triangles and the same for the B sublattice sites. This NNN-hopping locally breaks the
chiral symmetry of A and B sublattice sites, but does no disturb the one at the C sublattice
(b) Energy spectrum of the finite-size lattice with t2 = 0.05tb. The zero modes are indicated
in red and are pinned down to zero in the thermodynamic limit for −1 < ta/tb < 1. (c) Zoom
in of (b). (d) Localization of the zero modes for ta = 0.25tb and t2 = 0.05tb. We show the
log
(
|ψ|2
)
of the zero energy wave function for all sites. The corner sites are numbered 1, 572

and 630. The wave functions of the three zero modes are depicted in the colors red, blue and
black and they remain exponentially localized from the corner sites into the bulk. (e) Zoom
in of (f) for the first 82 sites. The localization is only on the C sublattice sites.

Now, we include a symmetry-breaking perturbation to the lattice to observe the response
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Figure S11: Localization of the zero modes with broken chiral symmetry for the
top C sublattice sites. (a) A zoom in of the top of the finite-size lattice with broken
symmetry. We add a NNN hopping t2 that connects the sublattice sites C of the top three
triangles. This NNN-hopping locally breaks the chiral symmetry of the C sublattice site,
but preserves the one at the A and B sublattice sites (b) Energy spectrum of the finite-size
lattice with t2 = 0.05tb. The zero modes are indicated in red. Due to the local symmetry
breaking term, the previous zero mode of the C sublattice shifts away from zero (indicated
with green line). The zero modes in the A and B sublattice remain. (c) Zoom of (b). (d)
Localization of the zero modes for ta = 0.25tb and t2 = 0.05tb. We show the log

(
|ψ|2
)
of the

zero energy wave function for all sites. The corner sites are site numbers 1, 572 and 630. The
wave functions of the three zero modes are depicted in the colors red, blue and black. Due
to the local perturbation, the localization on the top is no longer only on the C sublattice,
but also on the B and C. The zero modes on the A and B still localize on the corresponding
sublattice sites. (e) Zoom in of (f) for the first 82 sites. The localization is no longer only on
the C sublattice sites.
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of the zero mode. First, we include a NNN-hopping term t2 = 0.05tb that couples two sites of
the same sublattice only in the top of the finite-size system for the A and B sublattice sites,
as indicated in Fig. S10a. Note that t2 is not the same as the NNN tnnn that was introduced
in Sec. III, because tnnn extends over the entire lattice and couples different sublattices,
whereas t2 acts only on the top sites and connects sites the same sublattice. Since this is a
local perturbation, the far away A and B zero modes are not affected. Moreover, because this
is a perturbation only in the A and B sites, the nearby zero mode in the C site is undisturbed
as well. In Fig. S10b-c, we show the energy spectrum and, indeed, there are still three zero
modes. The localization of these modes are presented in Fig. S10d-e and are very similar to
the ones we observed in the previous Fig. S9.

However, when we include the NNN hopping t2 = 0.05tb between the C-sites on the top of
the lattice as indicated in Fig. S11a, the chiral symmetry is locally broken for the sublattice
C and the zero mode is no longer protected. As can be seen in Fig. S11b-c, the C-zero mode
(green line) shifts away from the other two, which remain at zero energy (red line). The
localization is also not only on the C sublattice anymore, as can be observed in Fig. S11d-e.

Now, we investigate the effect including a NNN hopping t2 = 0.05tb in the entire lattice
between the A-A and B-B sublattice sites. A sketch of the tight-binding model and the
energy spectrum are given in Fig. S12a-c. In this case, the zero modes from the A and B
sublattice are no longer pinned down to zero energy, but the one on sublattice C still is. The
localization of these three modes is shown in Fig. S12d-e.

Finally, we show for a smaller system in Fig. S13 that these zero modes remain when the
experimental NNN hopping tnnn and the NN orbital overlap is included. This corresponds
to the Hamiltonian that is described in Eq. (S1). These perturbations do not break the
generalized chiral symmetry because they connect different sublattices and therefore the zero
modes should remain undisturbed. In this case, we include 5 triangles along each side,
corresponding to 45 sites in total (this is the same size as the lattice that is investigated in
the main text). We show the energy spectrum of the finite-size lattice in Fig. S13a-b and
Fig. S13c-d in the absence and presence of tnnn and s, respectively. It can be clearly seen
that the zero modes are still pinned down to zero when tnnn and s are present.
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Figure S12: Localization of the zero modes with broken chiral symmetry for all
A and B sublattice sites. (a) A zoom in of the top of the finite-size lattice with broken
symmetry. We add a NNN hopping t2 that connects the A sublattice sites and the B sublattice
sites. This NNN-hopping breaks the chiral symmetry of A and B sublattice sites in the entire
lattice, but remains the one at the C sublattice site (b) Energy spectrum of the finite-size
lattice with t2 = 0.05tb. There is one zero mode for the C sublattice site and none for the
A and B sublattice sites. The previous zero modes are indicated in green. (c) Zoom of (b).
(d) Localization of the zero modes for ta = 0.25tb and t2 = 0.05tb. We show the log

(
|ψ|2
)
of

the zero energy wave function for all sites. The corner sites are site numbers 1, 572 and 630.
The wave functions of the three zero modes are depicted in the colors red, blue and black.
The zero mode localized on sublattice C, and the other modes localize on all sublattices (e)
Zoom in of (f) for the first 82 sites. The localization is only on the C sublattice sites.
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Figure S13: Energy spectrum of the finite-size Kagome lattice including NNN
hopping tnnn and orbital overlap s. (a) The spectrum of the finite-size lattice introduced
in the main text containing 45 sites. The zero modes are indicated in red. The hopping
parameters tb = 0.075 eV, the other parameters are zero (b) Zoom in of (a). (c) The spectrum
of the finite-size lattice including tnnn = 0.25tb and orbital overlap s = 0.20. The zero modes
are not affected by this perturbation. (d) Zoom in of (c).

161



VI Tailoring higher-order topology: the dimerized Kagome lattice

References
[S1] Ezawa, M. Higher-Order Topological Insulators and Semimetals on the Breathing Kagome and Py-

rochlore Lattices. Phys. Rev. Lett. 120, 026801 (2018). 152, 153, 155

[S2] Xue, H., Yang, Y., Gao, F., Chong, Y. & Zhang, B. Acoustic higher-order topological insulator on a
kagome lattice. Nature Materials 18, 108 (2019). 153

[S3] Ni, X., Weiner, M., Alù, A. & Khanikaev, A. B. Observation of higher-order topological acoustic states
protected by generalized chiral symmetry. Nature Materials 18, 113 (2019). 153, 154

[S4] Benalcazar, W. A., Li, T. & Hughes, T. L. Quantization of Fractional Corner Charge in Cn-symmetric
Topological Crystalline Insulators. ArXiv e-prints (2018). 1809.02142. 153

[S5] Kunst, F. K., Van Miert, G. & Bergholtz, E. J. Lattice models with exactly solvable topological hinge
and corner states. Phys. Rev. B 97, 241405 (2018). 153

[S6] Asbóth, J. K., Oroszlány, L. & Pályi, A. A short course on topological insulators. In Lecture Notes
in Physics, Berlin Springer Verlag, vol. 919 (Springer, 2016). 153

162

1809.02142


CHAPTERVII

Tailoring fractional charge: the 2D SSH lattice

Based on
M.R. Slot,∗ S.N. Kempkes,∗ J.J. van den Broeke, W.A. Benalcazar, D.

Vanmaekelbergh, D. Bercioux, C. Morais Smith, and I. Swart,
Charge fractionalization in an electronic higher-order topological insulator.

In preparation
∗Both authors contributed equally.



VII Tailoring fractional charge: the 2D SSH lattice

Higher-order topological insulators recently emerged as a new class of
materials exhibiting topologically protected states in at least two dimen-
sions lower than the entire system. In particular, 2D higher-order topo-
logical insulators have 0D corner modes, which can accommodate quasi-
particles with a fraction of the electron charge. Charge fractionalization
is well-known for the strongly-correlated electron systems in the fractional
quantum Hall effect and Luttinger liquids. Here, we experimentally real-
ize quasiparticles with fractional charge in the absence of electron-electron
interactions. Specifically, by carefully tuning the design of an artificial
electronic lattice, we create a higher-order topological insulator based on
the 2D Su-Schrieffer-Heeger (SSH) lattice. The protected zero-modes in
this system are localized at the corners. Based on experimental and the-
oretical data, the corner modes in the 2D SSH model are shown to carry
a fractional charge. The realization of topologically protected modes with
fractional charges in a higher-order topological insulator paves the way for
solid-state lattices with the potential to host Abelian anyons for quantum
computing.

VII.1 Introduction

Charge fractionalization was first observed in the fractional quantum Hall effect [1–6].
Quasiparticles, emerging due to strong correlations, carried a fraction of the elec-
tron charge. It had been predicted that these particles were anyons [7–9]. Anyons
yield a different phase factor than fermions or bosons when they are interchanged
and thus hold promise to become the building blocks of quantum computers [10].
Potential experimental indications for the anyonic nature of the quasiparticles were
found recently [11, 12] and methods to unambiguously detect anyons are actively be-
ing developed [13, 14]. Other systems in which charge fractionalization occurs are
the strongly-correlated Luttinger liquids [15, 16], and the 3D higher-order topological
insulator bismuth at high magnetic field [17]. However, electron-electron interactions
and/or high magnetic fields are not a requirement for the generation of quasiparticles
with fractional charge. For example, they should also arise in a bipartite 1D lat-
tice with staggered hopping amplitudes, i.e. in the Su-Schrieffer-Heeger (SSH) chain.
Domain walls in and boundaries of the SSH chain may host solitons carrying a frac-
tional charge of e/2 (ignoring the spin degree of freedom) [18, 19]. In 2D, there are
proposals to realize charge fractionalization by lattice engineering without breaking
time-reversal symmetry, but they have not been realized so far [20–22]. In particular, it
was suggested recently that a new class of topological insulators, higher-order topolog-
ical insulators (HOTIs) [23–28], can host quasiparticles with fractional charge [22]. In
2D HOTIs with vanishing polarization, robust zero-energy modes localized at the 0D
corners were predicted to accommodate quasiparticles with fractionalized charge [22].
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HOTIs have been created in acoustic configurations [29, 30], microwave systems [31],
phononic lattices [32], and photonic systems [33–35]. The realization of fractionalized
electric charge, however, requires an electronic platform.
Controlled atomic manipulation in a scanning tunneling microscope (STM) [36] has
paved the way for the creation of artificial electronic structures with atomic preci-
sion. It allowed for the realization of the first electronic quantum simulator: a quan-
tum corral of adatoms on a (111)-terminated copper surface [37], simulating a circu-
lar potential well for the surface-state electrons. Subsequently, monomer and dimer
chains [38–40], atomic spin chains [41–43] and more recently, entire electronic lat-
tices were realized by atomic manipulation [44–50]. The electronic quantum simulator
gives access to all fundamental properties of electrons: spin [41], the orbital degree of
freedom [50], and charge [40]. Here, we utilize the latter to create a dimerized square
lattice with a fractional corner charge [34, 35, 51, 52]: a 2D SSH system. CO molecules
are positioned on the surface of a Cu(111) crystal such that the resulting potential
energy landscape confines the surface-state electrons to a 2D SSH geometry. Using
differential-conductance mapping and spectroscopy, we identify 0D corner-localized
zero-energy modes and 1D edge modes. Based on the experimental spectra and cal-
culated LDOS, we determine the fractional charge corresponding to the corner and
edge modes. We compare this with a 1D SSH chain and the trivial configuration of
the lattice, which we realized in a similar way.

VII.2 Geometric and electronic structure
In Fig. 1, we show the geometric and electronic structure of the 1D and 2D SSH
lattice. The 1D SSH model consists of a chain of dimers (strong nearest-neighbor (NN)
coupling ts, solid lines) interconnected by weak coupling (tw, dashed lines), see Fig. 1a.
The unit cell is indicated by the blue contour and contains two sites. Fig. 1b presents
the electronic band structure of the system, exhibiting a bulk spectrum consisting
of a conduction and valence band (green) separated by a band gap induced by the
alternating hopping. The displayed tight-binding band structure with tw/ts = 0.64 is
representative for the lattice that will be realized experimentally (see below and in SI).
In the trivial case, the SSH chain ends with strongly-coupled sites (Fig. 1a, top). Thus,
all sites bond strongly with a neighbor site and contribute to the bulk spectrum. In
contrast, in the non-trivial case, the SSH chain is terminated by weakly-coupled sites
(red circles in Fig. 1a, bottom) and has been predicted to exhibit isolated zero-energy
modes localized at the end sites (see red line in Fig. 1b) [18]. The zero-energy end
modes are topologically protected by the chiral symmetry of the chain, arising from
its bipartite character. This means that the energy of these modes is pinned at zero
energy and cannot change its value unless the chiral symmetry is broken. Note that
the value of ’zero energy’ is determined by the on-site energy of the artificial-atom
sites.
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Figure VII.1: Lattice geometry and band structure (a) 1D SSH chain with alternating
strong (ts, solid lines) and weak (tw, dashed lines) hopping in the trivial (top) and non-trivial (bottom)
configuration. The unit cell is indicated by the blue contour. The 1D bulk sites (green) carry a charge
density of 1/2 per site at half-filling. In the non-trivial configuration, the end sites (red) host zero-energy
modes which carry a charge density 1 or 0 at half-filling. (b) Band structure of the 1D SSH chain for NN
hopping ts = 0.11 eV and tw = 0.07 eV, and on-site energy ε = −0.075 eV (indicated by the red line, and
denoting half-filling). (c) Geometry of the 2D SSH lattice with alternating strong (ts, solid lines) and weak
(tw, dashed lines) hopping. The unit cell is indicated by the blue contour. Only the non-trivial case with
bulk (blue), edge (green) and corner (red) sites is shown. (d) Bulk band structure of the 2D SSH lattice
for ts = 0.1 eV, tw = 0.05 eV, ε = 0 (red line). (e) The 2D SSH lattice including intracell NNN hopping
(tNNN,s, solid grey diagonal lines) and intercell NNN hopping parameters (tNNN,i, dashed grey diagonal
lines and tNNN,w, dashed light blue diagonal lines). If the bands are filled up to the on-site energy, the
charges for the bulk sites (blue) are ρ ≈ 1/4, the edge sites (green) ρ = 1/2 and corner (red) ρ = 1 or 0.
(f) Bulk band structure with the same ts and tw as in (d), ε = −0.02 eV, and NNN-hopping parameters as
mentioned in the text.
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We extend the 1D SSH chain to two dimensions by alternating the strong and weak
bonds on a square lattice, as depicted for a 6×6 lattice in Fig. 1c, where we only show
the non-trivial case. The unit cell (blue contour) contains four sites. Accordingly,
four bulk bands arise in the electronic structure (blue, Fig. 1d), of which two are
located around zero energy and two around ±2ts. The NN hopping tw/ts = 0.5 used
in Fig. 1d is representative for the experiment (see below and in SI). The bulk does
not exhibit a band gap. The boundaries of the lattice (green) resemble the 1D SSH
chain, exhibiting two edge bands (not shown). Additionally, zero-energy modes emerge
at the corners (red) in the non-trivial configuration with weakly-coupled corner sites,
coinciding with the bulk spectrum. In the strongly-coupled, trivial configuration, the
corner sites behave bulk-like.
To separate the corner modes spectrally from the bulk bands, we introduce a band gap
by carefully tuning the NNN hopping. Specifically, a strong intracell NNN hopping
tNNN,s = 0.5ts (solid grey diagonal lines in Fig. 1e), an intermediate intercell NNN
hopping tNNN,i = 0.3ts (dashed grey diagonal lines), and a weak intercell NNN hopping
tNNN,w = 0.25ts (dashed light blue diagonal lines) are included. The NNN hopping
breaks the particle-hole symmetry, opening up a band gap between the first and second
bulk band (see Fig. 1f). For an on-site energy ε = −0.02 eV that is representative for
the lattice that will be realized experimentally (see below and in SI), the corner mode
is located in the band gap in most regions of the Brillouin zone, except around the
X and Y points. The corner modes are topologically protected by chiral symmetry,
generalized for a unit cell containing four sites (compare the procedure introduced in
Ref. [30] for three sites). Due to the generalized chiral symmetry, the corner and bulk
or edge modes do not mix despite the slight overlap in energy [30].
We now elucidate the expected charge fractionalization in the lattice. The excess
charge density ∆ρi associated with a mode localized at site i is defined as the local
charge density ρi from which the charge density of the system without this mode,
i.e. the bulk contribution ρb, was subtracted [53–55]: ∆ρi = ρi − ρb. For the 1D
SSH chain, the end sites are labeled by the subscript i = c. Similarly, the corner
and edge sites in the 2D lattice will be referred to by subscripts c and e, respectively.
For convenience, we consider the fully dimerized limit (tw/ts = 0) and describe a
spinless system (maximum one electron per site) in the following discussion of the
excess charge. In the 1D SSH chain, the bipartite lattice gives rise to two 1D bulk
bands. At half-filling (filled up to εF = ε = −0.075 eV, red line in Fig. 1b), one of
the bands is filled. This leads to a bulk charge density ρb = 1/2, which corresponds
to one electron per two sites. The weakly-coupled end site in the non-trivial chain,
however, can be either entirely filled or empty, i.e. ρc = 1 or 0. The excess charge
density in the non-trivial end mode is thus fractional: ∆ρc = |1/2|. In contrast, the
strongly-coupled end sites in the trivial lattice have the same spectrum as the other
bulk sites and do not exhibit any excess charge (see Fig. 1a).
Analogously, the corner and edge sites in the 2D SSH lattice have a charge density of
ρc = 1 or 0 and ρe = 1/2, respectively (see Fig. 1e). The background is defined by
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the 2D bulk lattice, yielding four bands of which only the first one is filled (to a good
approximation) if the bands are filled up to the on-site energy (εF = ε = −0.02 eV,
red line in Fig. 1f). This results in a bulk charge density of ρb = 1/4. The fractional
excess charge density at the corner sites is thus ∆ρc = 3/4 or -1/4, while the edge
modes have an excess charge of ∆ρe = 1/4. If we assume a spin-degenerate system
with 2 electrons per site, the 1D SSH chain exhibits an integer charge at its corners. In
contrast, the corner-localized charge density in the 2D SSH lattice remains fractional
without lifting the spin-degeneracy, namely 1/2 ± 1. This is a major advantage of
the 2D SSH over the 1D SSH model for realizing fractionally charged excitations in
realistic, spinful electronic lattices.

VII.3 Lattice realization

Next, we realize the lattices in the STM. We generate a 1D SSH chain of 6 sites and
a 2D SSH lattice of 6 × 6 sites in the non-trivial configuration (with weakly-coupled
corner sites) and the trivial configuration (with strongly-coupled corner sites). Fig. 2a
shows the dense boundary of CO molecules (black filled circles) on the Cu(111) back-
ground (grey) to corral the surface-state electrons into the artificial-atom sites (red
and green) of the non-trivial 1D SSH chain. The weak coupling tw (dashed black
lines) is established by a narrow connection between the artificial-atom sites and a
large separation of 6aCu , where aCu ≈ 0.256nm is the nearest-neighbor distance of
the Cu(111) surface. For strong coupling ts (solid black lines), the CO molecules are
positioned farther apart and the artificial-atom sites are separated by a distance of
5aCu. The coupling between the end sites (red) and the 2D electron gas around the
structure is blocked by an additional CO molecule, indicated by a black contour, to
decouple the 1D SSH chain from its environment. By modelling the CO configura-
tion on Cu(111) using the muffin-tin model and fitting the tight-binding description
(see SI), we obtain the tight-binding band structure with the values of the hopping
parameters tw and ts introduced previously (see Fig. 1b). We present the experimen-
tal realization in the constant-current STM image in Fig. 2b, where we indicate the
artificial atoms in the same colors as before. In the trivial configuration, the sequence
of strong and weak coupling is switched, as shown in Figs. 2c-d. Fig. 2e displays the
CO configuration of the non-trivial 2D SSH lattice introduced in Fig. 1e. The black
filled circles indicate CO molecules that define the artificial-atom sites. The black
contours denote CO molecules that decouple the 2D SSH lattice from its environment.
The strong and weak NN hopping is realized similarly to the hopping in the 1D SSH
design. Furthermore, the NNN hopping is mainly determined by the number of CO
molecules on the diagonal between the NNN sites. The strong NNN hopping involves
a barrier of merely one CO molecule. The intermediate and weak NNN hopping is
determined by two and four CO molecules between the NNN sites, respectively. Since
the square geometry of the lattice is incompatible with the triangular Cu(111) sub-
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Figure VII.2: Electronic lattice realization. (a,c) Schematics of the configuration of CO
molecules (filled and empty black circles) on Cu(111) (grey background) to realize the non-
trivial and trivial 1D SSH chain, respectively. (b,d) Constant-current STM images of the
non-trivial and trivial 1D SSH chain. Scale bars: 3nm. Imaging parameters: V = 100mV,
I = 0.5 nA and V = 150mV, I = 0.1 nA, respectively. (e-h) Same for the non-trivial and
trivial 2D SSH lattice. Scale bars: 3 nm. Imaging parameters: V = 150mV and I = 0.5 nA,
I = 0.18nA, respectively. (i-l) Normalized differential-conductance spectra for the non-
trivial and trivial 1D SSH and 2D SSH geometry (solid lines) and the corresponding LDOS
calculated within a tight-binding approach (dashed lines, same parameters as in Fig. 1). The
colors of the curves correspond to sites with the same color in (a-h). Stabilization parameters:
V = 0.6V, I = 1.5 nA.

strate underneath, the lattice was designed such that the asymmetry between the x-
and y-hopping parameters (ty/tx = 0.9) and thus the asymmetry in the band structure
is as small as possible (see Fig. 1f). A muffin-tin calculation of this CO configuration
and a comparison with the tight-binding model yielded the representative hopping
parameters provided previously (see Fig. 1f and SI). The realized lattice is shown in
the constant-current STM image in Fig. 2f. Similarly, Figs. 2g-h depict the schematics
and realization of the trivial 2D SSH lattice.
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Figure VII.3: Differential-conductance maps. (a-c) Constant-height differential-
conductance maps above the non-trivial 1D SSH chain at V = −180mV, V = −80mV,
and V = +70mV. Scale bars: 3 nm. The tight-binding results are visualized as circles, the
radius of which scales linearly with the LDOS (normalized to the maximum LDOS of each
individual map). (d-f) Constant-height differential-conductance maps above the trivial 1D
SSH chain at the same energies. Scale bars: 3nm. (g-j,k-n) Same for the non-trivial and
trivial 2D SSH lattice, respectively, at V = −200mV, V = −110mV, V = −35mV, and
V = 55mV.

VII.4 Differential-conductance spectra and maps

We characterize the electronic structure of the assembled lattices using differential-
conductance spectra (see Figs. 2i-l, solid lines). The spectra were normalized by the
average spectrum on clean Cu(111) to account for tip-dependent contributions and
the slope of the Cu(111) surface state [44]. Fig. 2i shows the normalized spectra
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acquired above the non-trivial 1D SSH chain on the bulk sites (green) and the end
sites (red). The bulk spectrum exhibits two peaks at the bias voltages V = −0.18V
and V = +0.07V, corresponding to the valence and conductance band. In con-
trast, the spectrum of the end states (red) features a pronounced maximum around
V = −0.08V, where the bulk spectrum exhibits a minimum. We attribute this peak
to the end-localized mode at zero energy. The pronounced intensity at the end site
is absent in the trivial configuration (Fig. 2j), which corroborates the non-trivial na-
ture of the end modes. The experimental results are in excellent agreement with the
LDOS calculated within the tight-binding model (dashed lines; same parameters as
in Fig. 1b). In Fig. 2k, we present the spectra acquired above the bulk (blue), edge
(green) and corner (red) sites in the 2D SSH lattice. The bulk spectrum exhibits a
peak around V = −0.2V, originating from the first bulk band, a pronounced peak
around V = 0.06V, corresponding to the three higher bulk bands, and a shoulder
around V = 0.31 eV, which mainly arises from the fourth bulk band. A comparison of
the bulk (blue) and edge (green) spectra reveals the existence of edge-localized states
at V = −0.10V and V = +0.16V. We observe a pronounced peak at the corner sites
around V = −0.03V, which can be assigned to the corner-localized zero-energy modes
in the band gap of the bulk and edge bands. This is corroborated by experiments on
the trivial 2D SSH lattice, where the LDOS of bulk, edge and corner sites are similar
(see Fig. 2l). The results are consistent with tight-binding calculations (dashed lines;
same parameters as in Fig. 1f) and muffin-tin calculations (see SI).
Next, we visualize the localization of the states at specific bias voltages by constant-
height differential-conductance mapping, see Fig. 3. Maps of the valence (V = −0.18V)
and conduction (V = +0.07V) bands of both the trivial and non-trivial 1D SSH lattice
show that the electronic states are homogeneously distributed over the chain. In con-
trast, only the non-trivial chain features end-localized states (cf. the maps acquired at
V = −0.08V, Figs. 3b and 3e). The localization of the electronic states as predicted
by tight-binding calculations is indicated in the maps by circles, where the radius is
proportional with the LDOS. The experimentally observed localization is reproduced
well by the tight-binding calculations. The non-trivial 2D SSH lattice exhibits a pro-
nounced LDOS at the bulk sites at V = −0.20V. At V = −0.11V, in the gap between
the first and second bulk band, the contribution of the edge sites is most dominant
and originates from the bottom edge band. Importantly, at V = −0.035V, the LDOS
is (almost) completely localized at the four corners, indicative of the corner-localized
modes. At V = 0.055V, we mainly observe intensity on the bulk sites, which we assign
to the second and third bulk band. The edge sites also contribute, due to the emerging
top edge band, and the broad corner mode is still visible as well. In comparison, the
trivial lattice exhibits a rather homogeneous LDOS at all energies. We conclude from
the spectra and maps that we created a 2D HOTI with 0D zero-energy modes at its
corners.
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Figure VII.4: Charge densities in the zero-energy modes obtained from
differential-conductance spectra and tight-binding calculations. Charge densities
per site calculated using Eq. (VII.1) from tight-binding spectra in the fully dimerized limit
tw = 0 (black), with weak coupling tw > 0 without broadening (dark blue) and with broad-
ening (light blue), and experimental differential-conductance spectra (red) for the non-trivial
(a) and trivial (b) 1D SSH chain and the non-trivial (c) and trivial (d) 2D SSH lattice. The
dashed lines serve as a guide to the eye.

VII.5 Charge calculation
After having established the presence of zero-energy modes, we use the differential-
conductance spectra to determine the excess charge density ∆ρi = ρi − ρb in the
zero-energy modes. Considering a system of spinless electrons, we calculate the charge
density at a site by integrating over the occupied LDOS up to the Fermi energy εF
and normalizing by the total LDOS at this site:

ρi =
∫ εf
−∞ LDOS(i, ε)dε∫ +∞
−∞ LDOS(i, ε)dε

, (VII.1)

where ρi is in units of one electron charge. If the bands are well separated, Eq. (VII.1)
is equivalent to ρi = Nfilled,i/Ntotal,i, where Nfilled is the number of filled bands and
Ntotal is the total number of bands.
The charge densities in the fully dimerized limit (tw/ts = 0) as discussed above are
indicated in black in Fig. 4a-d. The red data points in Fig. 4a and 4c show the
charge densities that were calculated from the experimental differential-conductance
spectra of the non-trivial 1D and 2D SSH lattice. For the 1D and 2D SSH lattice,
we integrated up to the respective Fermi energies at which the zero-energy modes can
be considered filled, given by εF = 0.007 eV and εF = 0.025 eV (see vertical bars in
Figs. 2i-l and SI). The values for εF are larger than the on-site energy ε to account for
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the experimental broadening. The 1D SSH lattice exhibits the largest charge density
at the end site, ρc = 0.72 ± 0.06, while the bulk charge density ρb = 0.60 ± 0.06 is
smaller. The experimentally observed excess charge density is thus ∆ρc = 0.12±0.02.
A similar trend is observed for the 2D SSH lattice. The charge density at the corners
is largest, ρc = 0.55±0.06, it decreases to ρe = 0.48±0.06 at the edges, and decreases
further to ρb = 0.43± 0.06 at the bulk sites. The resulting experimental excess charge
is ∆ρc = 0.12± 0.02 at the corners and ∆ρe = 0.05± 0.02 at the edges. We conclude
that the charge densities exhibit the theoretically predicted trends, resulting in a sig-
nificant excess charge density at the end/corner sites of the 1D and 2D SSH lattice.
The values of the excess charge densities, however, are lower than those anticipated for
the dimerized 1D and 2D SSH lattice. This can be explained using the tight-binding
model.
An important difference with the fully dimerized limit is the finite weak hopping
tw/ts = 0.64 and tw/ts = 0.5 in our 1D and 2D SSH lattice, respectively. In contrast
to the fully dimerized limit, where the zero-mode is entirely localized at the end/corner
sites, the weak hopping gives rise to an exponential decay of the corner modes into the
bulk and edge[30]. From the tight-binding description of our finite lattices without
broadening (parameters indicated in Fig. 1b and 1f), we obtain the dark blue data
points in Fig. 4a and 4c (see SI for spectra and values). Clearly, the charge densities
at the ends (corners) of the 1D SSH (2D SSH) are lower due to the delocalization of
the zero mode. Additionally, the charge density in the bulk is higher, resulting in a
lower excess charge density.
Furthermore, the experimental spectra are broadened due to coupling between the
surface and bulk bands. The broadening results in a spectral overlap of otherwise
non-degenerate states. Thus, the Fermi energy εF no longer separates entirely filled
and empty bands, but there are partially filled bands, affecting the charge densities.
We calculate the charge densities for the tight-binding spectra including a Lorentzian
broadening of Γ = 0.08 eV to account for the broadening (cf. spectra in Fig. 2i-l
and values in SI), see light blue data points in Fig. 4a and 4c. The values are closer
to each other than in the non-broadened case and agree with the experimental val-
ues within the indicated uncertainty. The experimental excess charge densities are
slightly smaller, which is possibly due to an even larger experimental broadening than
accounted for in the tight-binding model.
In contrast to the non-trivial 1D and 2D SSH, the trivial lattices yield no significant
excess charge at the end and corner sites, see Fig. 4b and 4d. The calculated ex-
perimental charge densities for the trivial 1D (2D) SSH lattice are ρc = 0.60 ± 0.06
and ρb = 0.64 ± 0.06 (ρc = 0.44 ± 0.06, ρe = 0.43 ± 0.06, and ρb = 0.46 ± 0.06), see
red lines. In agreement with the theoretical data, they exhibit no significant trend,
corroborating the non-zero excess charge density found in the non-trivial lattices. We
note that the calculated experimental and tight-binding charge densities in the trivial
lattices are systematically larger than those in the fully dimerized limit, as the Fermi
energy used in the integration was slightly higher than the on-site energy to account
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for the peak width of the corner mode.
We thus confirmed that the realized protected corner (end) modes in the 2D (1D) SSH
model carry an excess charge derived from the ideal excess charge 3/4 (1/2) even in
the presence of a finite weak coupling and broadening.

VII.6 Conclusion and outlook
By atomic manipulation of CO molecules on Cu(111), we created an electronic 2D
SSH lattice with carefully tuned hopping parameters. We realized an alternating
nearest-neighbor hopping, leading to corner-localized zero modes. Additionally, a
band gap was engineered by the introduction of next-nearest neighbor hopping. Using
differential-conductance spectroscopy and mapping, we corroborated the presence of
the zero modes, indicating that the structure is a HOTI. From the experimental LDOS
spectra, we calculated that the band structure accommodates an excess charge density
at the corners, which is derived from the fractional excess charge density 3/4 in the
dimerized system.
We note that we presented a normalized excess charge density based on a maximum
occupancy of 1 electron per state, which does not specify the actual number of elec-
trons involved in the enhanced localized charges. In order to obtain a quantitative
estimate of the charge, additional theoretical simulations are required. The results
are well-described by the non-interacting tight-binding and muffin-tin models. Hence,
possible influences of electron-electron interactions of the enhanced localized charge
with surrounding surface-state and bulk electrons are subtle and are covered by the
broadening. Future experiments with reduced broadening, involving a different sub-
strate, and additional calculations might shed light on the influence of interactions.
The emergence of fractional excess charge suggests that the realized electronic HOTI
could host quasiparticles that obey fractional statistics, i.e. (Abelian) anyons. This
is supported by the similarity of our system to a dimerized 2D honeycomb lattice [20]
and square lattice [21], where the fractional charges were found to obey anyonic statis-
tics [56]. Non-Abelian anyons are widely investigated for quantum computing [10, 57],
but there are suggestions that quantum computation could also be achieved with
Abelian anyons [58–61]. By generating topologically protected states with fractional
charges in a lattice with a tailored geometry, our results bring the realization of Abelian
anyons for quantum computation a step closer.
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Methods
A Cu-coated platinum-iridium tip was used for the assembly and characterization of
the 1D and 2D SSH lattices. Differential-conductance spectroscopy and mapping was
performed using standard lock-in technique with a bias modulation of 10mV r.m.s.
at a frequency of 273Hz. An energy broadening of Γ = 80meV was included in
the muffin-tin calculations. Further details on the experimental methods and the
theoretical parameters can be found in Ch. II and the SI.
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Supplementary information

Tight-binding calculations
The CO molecules confine the surface-state electrons to specific artificial atomic sites. We
can describe the electronic properties of this artificial lattice using a tight-binding model of
coupled s-orbitals.
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Figure S1: Schematics of the 1D and 2D SSH lattice. (a) Non-trivial 1D SSH chain
with alternating weak (tw, dashed lines) and strong (ts, solid lines) NN hopping. The unit
cell is indicated by the blue dashed contour. The bulk and end sites are depicted in green
and red, respectively. (b) Non-trivial 2D SSH lattice with alternating weak (tw, black dashed
lines) and strong (ts, black solid lines) NN hopping. Additionally, the strong intracell (tNNN,s,
solid grey diagonal lines), intermediate intercell (tNNN,i, dashed grey diagonal lines) and weak
intercell (tNNN,w, dashed light blue diagonal lines) NNN hopping is shown. The unit cell is
indicated by the blue dashed contour. The bulk, edge and corner sites are depicted in blue,
green and red, respectively. The indicated site numbers are used in Fig. S4.

1D SSH
The 1D SSH is described by the following Hamiltonian:

H(k) =
(

ε −tw − tseik
−tw − tse−ik ε

)
. (S1)
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The on-site energy ε = −0.075 eV, the strong hopping ts = 0.11 eV, and the weak hopping
tw = 0.07 eV are the parameters obtained by comparing the tight-binding results with the
muffin-tin model and the experimental data. Furthermore, we include the orbital overlap
between NN ss = 0.15 and sw = 0.12 for artificial sites that are strongly and weakly coupled,
respectively. The eigensystem can be found by solving the generalized eigenvalue equation
H|ψ〉 = ES|ψ〉, where S is the overlap-integral matrix. Subsequently, the LDOS can be
calculated from the eigensystem.

2D SSH
The Hamiltonian for the 2D SSH model reads

H(kx, ky) = −

 −ε tw,x + ts,xe
+ikx tw,y + ts,ye

iky A

tw,x + ts,xe
−ikx −ε B tw,y + ts,ye

iky

tw,y + ts,ye
−iky B∗ −ε tw,x + ts,xe

ikx

A∗ tw,y + ts,ye
−iky tw,x + ts,xe

−ikx −ε

 ,

(S2)
where A = tNNN,w + tNNN,i (exp{(ikx)}+ exp{iky}) + tNNN,s exp{(i(kx + ky))} and B =
tNNN,w + tNNN,i (exp{(−ikx)}+ exp{iky}) + tNNN,s exp{(i(−kx + ky))}. The hopping pa-
rameters are indicated schematically in Fig. S1. We fit these parameters to the muffin-tin
calculations and the experimental LDOS spectrum. The values we find are: the on-site en-
ergy ε = −0.02 eV, the strong hopping in the x(y)-direction ts,x(y) = 0.105 (0.091) eV, the
weak hopping in the x(y)-direction tw,x(y) = 0.5ts,x(y), the strong intracell NNN hopping
tNNN,s = 0.5ts,x, the intermediate intercell NNN hopping tNNN,i = 0.3ts,x, and the weak
intercell NNN hopping tNNN,w = 0.25ts,x. We further include an orbital overlap ss = 0.2
and sw = 0.18 in a similar way as for the 1D SSH model. Again, we can find the eigensystem
by solving the generalized eigenvalue equation H|ψ〉 = ES|ψ〉 and calculate the LDOS.

Muffin-tin calculations
The muffin-tin model provides a good description of the 2D electron gas at the Cu(111)
surface with CO molecules acting as repulsive barriers [S1–S3]. Using the muffin-tin model,
we calculate the band structure and LDOS of the artificial lattices. Both the muffin-tin results
and the experimental results are used to fit the tight-binding parameters. Fig. S2 shows the
1D and 2D SSH band structures and LDOS calculated using the muffin-tin model for the
non-trivial and trivial configuration. The tight-binding fit is presented next to the muffin-tin
results. The muffin-tin calculations and the tight-binding calculations with fitted parameters
are in good agreement. Moreover, the calculations align well with the experimental results.

Calculation of the charges
The charge densities are determined by integrating the LDOS up to the Fermi energy εF at
which the zero-energy modes are filled and counting the number of states that are occupied,
normalized by the number of all states (see Eq. (VII.1)). Tab. VII.1 presents an overview of the
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Figure S2: Comparison of muffin-tin and tight-binding calculations. The top row
displays the band structures of the 1D and 2D SSH model, calculated using the muffin-tin and
the tight-binding model. The second row shows the LDOS for the non-trivial configuration,
and the third row presents the LDOS for the trivial configuration. The color code in the
LDOS is the same as before for bulk (blue), edge (green) and corner (red).

charges densities at the sites in the 1D and 2D SSH lattice. The values for the non-broadened
tight-binding calculations (indicated as "δ"), the broadened tight-binding calculations (Γ =
80meV), and the experiments (exp) are shown. The corresponding spectra are displayed
in Fig. S3. For visualization purposes, a small broadening of Γ = 1meV was added to the
’non-broadened’ tight-binding spectra. The black vertical bar marks the energy εF up to
which the spectrum was integrated. The experimental 1D SSH spectra additionally include
a vertical dashed bar at V = 0.3V denoting the upper bound of the bias window of all
states that were taken into account for the s-orbitals. Above this value, the p-bands were
observed to contribute. The experimental 2D SSH spectra were considered in the voltage
range −0.4 < V < +0.4V, as the p-band contribution sets in at a slightly higher energy
compared to the 1D SSH.

Influence of broadening on the charge fractionalization
In the following, we elucidate the uncertainty of the calculated charge densities (see Tab. VII.1).
The main contribution to the error is the uncertainty in the value of εF up to which is inte-
grated. The LDOS at site i and energy ε in the tight-binding calculation without broadening
of the spectrum is given by

LDOS(i, ε) =
∑
ε′

|Ψiε′ |2 δ(ε− ε′), (S3)

where δ(x) is the Dirac delta function. The LDOS is narrow and the states are well separated
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Figure S3: Charge density calculation for tight-binding and experiment. (a-c)
LDOS spectra used for the charge density calculation in the non-trivial 1D SSH lattice. The
colors indicate the sites and the black vertical bar denotes the bias voltage up to which the
charges were considered. The charge density changes depending on the broadening (compare
(a) and (b)), because the spectra overlap more. (d-f) Spectra used for the charge density
calculation in the trivial 1D SSH lattice. (g-i) Same for the non-trivial 2D SSH lattice. (j-l)
Same for the trivial 2D SSH lattice.

182



Supplementary information

Topological
1D SSH (δ) 1D SSH (Γ) 1D SSH (exp) 2D SSH (δ) 2D SSH(Γ) 2D SSH (exp)

ρc 0.84± 0 0.77± 0.06 0.72± 0.06 0.76± 0 0.61± 0.075 0.55± 0.06
ρe - - - 0.52± 0 0.51± 0.03 0.48± 0.06
ρb 0.58± 0 0.61± 0.03 0.60± 0.06 0.41± 0 0.43± 0.04 0.43± 0.06

Trivial
1D SSH (δ) 1D SSH (Γ) 1D SSH (exp) 2D SSH (δ) 2D SSH(Γ) 2D SSH (exp)

ρc 0.72± 0 0.65± 0.07 0.60± 0.06 0.46± 0 0.48± 0.05 0.44± 0.06
ρe - - - 0.46± 0 0.46± 0.05 0.43± 0.06
ρb 0.64± 0 0.61± 0.05 0.64± 0.06 0.42± 0 0.43± 0.04 0.46± 0.06

Table VII.1: Calculated charge density for the non-broadened tight-binding spectra (δ),
broadened tight-binding (Γ) and experimental differential-conductance spectra (exp) at the
indicated sites in the non-trivial and trivial 1D and 2D SSH lattice.

in energy. The determined charge densities thus yield a zero error. However, the experimental
LDOS is broadened due to coupling between the surface state and bulk bands. In order to
account for the broadening, we included a Lorentzian function instead of a Dirac delta function
in the LDOS, such that

LDOS(i, ε) =
∑
ε′

|Ψiε′ |2
Γ2

(ε− ε′)2 + ( Γ
2 )2

, (S4)

where Γ = 0.08 eV. Due to the broadening, the differences between the calculated charge
densities of the different sites are smaller than in the non-broadened case, as elucidated in
the main text. Moreover, the value of the Fermi energy is determined with an uncertainty.
We define the Fermi energy εF in the experimental spectra as the energy at which the broad-
ened zero-energy mode is mostly filled, while the contribution of the bulk conduction band is
reasonably small. This corresponds to the on-site energy ε to which a positive energy ∆ε is
added. Since the overlap of the corner mode and the bulk conduction band differs between
the 1D and 2D SSH lattice, the determined values for ∆ε differ. We used ∆ε = +0.082 eV
for the 1D SSH lattice, where the corner peak and bulk conduction band are well separated,
and ∆ε = +0.045 eV for the 2D SSH lattice, which exhibits more overlap. We determined the
error in the charge density introduced by the choice of ∆ε by evaluating the charge densities
for a range of values for ∆ε. The error in the excess charge density (i.e. the difference between
the site-specific charge densities) is smaller than the error on the charge densities themselves,
as the charge densities at all sites increase or decrease with an increasing/decreasing ∆ε.
Similarly, the error on the charge densities calculated for the experimental LDOS is mainly
determined by the uncertainty in the value of the Fermi energy due to broadening. Fur-
thermore, a constant background is subtracted from the spectra, of which the value slightly
affects the calculated charge densities and introduces an error of ∼ 0.01. The uncertainty in
the calculated charge density is thus slightly larger for most of the experimental values than
for the tight-binding model.
The deviation of the charge densities calculated from the experimental spectra normalized
by subtraction of the average spectrum above clean Cu(111) falls within the previously de-
termined uncertainty on the spectra normalized by division. The differential-conductance
spectra normalized using these two different methods exhibit similar features, as shown in
Fig. S4.
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Figure S4: Normalization of differential conductance spectra using division and
subtraction. (a) Normalized spectra resulting from a division by the average spectrum
above clean Cu(111). The presented normalized spectra are average normalized spectra
acquired above the end sites 1 and 6 and the bulk sites 2-5 in the non-trivial 1D SSH lattice
(see Fig. S1). Intensity differences between equivalent sites are due to slightly different
locations on the artificial-atom site. (b) Normalized spectra obtained by a subtraction of the
average spectrum above clean Cu(111) for the non-trivial 1D SSH lattice. The main features
are similar to (a). (c-d) Same for the trivial 1D SSH lattice. (e-h) Same for the 2D SSH
lattice for the corner site 1, the edge sites 2-5 and the bulk sites 6-9 (see Fig. S1).
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Samenvatting in het Nederlands

Is het mogelijk om atomen één voor één te rangschikken om een materiaal naar keuze
op te bouwen? Een soortgelijke vraag werd gesteld door Richard Feynman in zijn
vooruitstrevende lezing "There’s plenty of Room at the Bottom" [Er is volop ruimte
aan de onderkant] in 1959 [1]. Met de komst van de kwantumsimulator werd zijn
visie verwezenlijkt. Een kwantumsimulator is een kwantummechanisch modelsysteem
dat nauwkeurig afgesteld kan worden om andere, beperkt toegankelijke kwantumsys-
temen te onderzoeken [2]. Dit biedt de mogelijkheid om een rooster te creëren en
karakteriseren met een hamiltoniaan naar wens, waarvoor de beschikbaarheid in de
natuur of de mogelijkheid tot chemische synthese niet langer een beperking vormt.
Kwantumsimulatoren zijn onder meer ontwikkeld op basis van ultrakoude atomaire
gassen [3], fotonische systemen [4], gevangen ionen [5], supergeleidende circuits [6],
elektrische circuits [7] en akoestische systemen [8, 9]. In het onderzoek dat in dit
proefschrift beschreven staat richten we ons op de elektronische kwantumsimulator:
een kwantumsimulator gebaseerd op elektronen, die dichtbij de toepassing in ’echte’
elektronische materialen staat. In de elektronische kwantumsimulator kan zowel ge-
bruik worden gemaakt van de keuze van het orbitaal waarin een elektron zich bevindt
als van de lading en spin van het elektron.

Rastertunnelmicroscoop
De ontwikkeling van een elektronische kwantumsimulator werd gefaciliteerd door de
rastertunnelmicroscoop. De rastertunnelmicroscoop bestaat uit een atomair scherpe
naald die dichtbij (0.5 − 1.0 nm) een geleidend oppervlak wordt gebracht. Zodra een
spanning V aangelegd wordt tussen de naald en het substraat kunnen elektronen door
het vacuüm hiertussen tunnelen. De tunnelstroom I is exponentieel afhankelijk van de
afstand tussen naald en substraat. Door het oppervlak af te rasteren worden hoogtev-
erschillen met pm-resolutie afgebeeld en kan het oppervlak in de laterale richtingen
met atomaire resolutie in kaart worden gebracht. Doordat de tunnelstroom niet alleen
van de afstand tussen naald en oppervlak afhangt, maar ook van de elektronische toe-
standsdichtheid, is de techniek naast hoogteverschillen gevoelig voor de elektronische
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structuur in het af te tasten gebied.
Naast de beeldvormende functie biedt de rastertunnelmicroscoop de mogelijkheid tot
het manipuleren van de positie van atomen en moleculen op het oppervlak. Hier-
voor worden adsorbaten op het oppervlak geïdentificeerd. De naald wordt enkele
Å dichterbij het adsorbaat gebracht, waardoor de interactie tussen de naald en het
adsorbaat toeneemt. Vervolgens wordt de naald lateraal bewogen. Indien de naald-
adsorbaatinteractie groot genoeg is om het adsorbaat te verschuiven, kan dit met
atomaire precisie elders op het substraat worden gepositioneerd. Tijdens de beweging
blijft de binding tussen het adsorbaat en het onderliggende substraat intact.
Tot slot faciliteert de rastertunnelmicroscoop het karakteriseren van de elektronis-
che structuur van het monster. De afgeleide van de tunnelstroom naar de spanning
tussen naald en oppervlak dI/dV (V, r) is evenredig met de lokale elektronische toe-
standsdichtheid van het oppervlak, d.w.z. de waarschijnlijkheid |Ψ|2 van elektronen
(of gaten) zich op de positie r bij een bepaalde energie (gemeten via de spanning
V ) te bevinden. Hiermee kunnen op een bepaalde positie dI/dV (V )-spectra worden
opgenomen, waarbij de lokale toestandsdichtheid energieafhankelijk wordt gemeten.
Bovendien kan een dI/dV -afbeelding van het hele rooster worden opgenomen, waarbij
bij een bepaalde energie de toestandsdichtheid van het gehele rooster in kaart wordt
gebracht.

Elektronen in een keurslijf
In de rastertunnelmicroscoop zijn op verschillende wijzen elektronische kwantumsimu-
latoren gerealiseerd [10–21]. Deze methoden berusten op het manipuleren van de posi-
ties van atomen of moleculen. In het proefschrift is gebruik gemaakt van een methode
die geïnspireerd is op de eerste elektronische kwantumsimulator: de kwantumkraal [22].
De kwantumkraal bestond uit 48 ijzeratomen op een (111)-getermineerd koperopper-
vlak. Met de rastertunnelmicroscoopnaald waren de atomen in een ring geplaatst.
Cu(111) heeft een tweedimensionaal elektronengas aan het oppervlak. De ijzeratomen
vormen een repulsieve potentiaalbarrière voor de elektronengolven, waardoor deze in
de ring werden ingesloten. Zo vormden zich staande elektronengolven, wat middels
dI/dV -spectra en -afbeeldingen werd aangetoond. Het buiken- en knopenpatroon van
de staande golven in twee dimensies gelijkt dat van de orbitalen van het waterstofa-
toom in drie dimensies. We kunnen de kwantumkraal zodoende interpreteren als een
kunstmatig atoom met tweedimensionale orbitalen.
Een kunstmatig elektronisch rooster kan worden gevormd door meerdere kunstmatige
atomen aan elkaar te koppelen. Dit is aangetoond voor het honingraatrooster door
Gomes et al. [23]. Hiermee werd een elektronische kwantumsimulatie van grafeen ge-
realiseerd. Wederom werd er gebruik gemaakt van het 2D-elektronengas van Cu(111),
waarop adsorbaten - ditmaal koolstofmonoxidemoleculen - werden geplaatst. Door
deze in een hexagonaal patroon te rangschikken, werden de elektronengolven in de
ruimtes tussen de CO-moleculen ingesloten. Dit resulteerde in een honingraatrooster
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voor de elektronen. De dI/dV -spectra lieten zien dat de elektronische structuur van
het ingesloten elektronengas daadwerkelijk de kenmerken van de elektronische struc-
tuur van grafeen vertoonde. Vervolgens werd de flexibiliteit van de elektronische kwan-
tumsimulator getoond door gecontroleerd modificaties in het honingraatrooster in te
bouwen, die niet zonder meer in grafeen kunnen worden geïmplementeerd.

Roosters atoom voor atoom geconstrueerd
In dit proefschrift breiden we de methode van CO moleculen op Cu(111) uit naar een
variatie aan roosters met bijzondere eigenschappen. Hierbij tonen we aan dat niet
alleen de geometrie van het rooster ingesteld kan worden, maar tevens welke orbitalen
de elektronische banden vormen, de dimensie (≤ 2), de topologie en de lading.
Om doelgericht de configuratie van CO-moleculen op Cu(111) voor een rooster te
kunnen ontwerpen, ontwikkelen we een gecombineerde aanpak gebaseerd op het tight-
binding model en het muffin-tin model. De tight-binding methode beschrijft (kunst-
matige) atomen in een (ideale) roostergeometrie naar keuze. De elektronische ban-
denstructuur wordt bepaald door de on-site energie van de orbitalen ε, het aantal
bindingen met de buurorbitalen en de sterkte van deze binding t, en de bindingen met
de hierop volgende buurorbitalen t′. Het muffin-tin model is een realistisch model voor
het experiment. Het beschrijft de elektronische structuur van het 2D-elektronengas
aan het oppervlak van Cu(111) met een repulsief, cilindervormig potentiaal op de posi-
ties van de CO-moleculen. Om de elektronen in een rooster in te sluiten, worden de
CO-moleculen op de tegengestelde posities - het antirooster - gemodelleerd. Door de
muffin-tin bandenstructuur met de ideale tight-binding bandenstructuur te vergelijken
kan het optimale ontwerp worden gevonden. De on-site energie wordt hierbij bepaald
door de grootte van het kunstmatige atoom: hoe groter, hoe lager de opsluitingsenergie
en daarmee de on-site energie [23]. Voor de binding tussen de kunstmatige atomen
geldt dat een grote afstand tussen de kunstmatige atomen de binding verzwakt. Ook
een smalle connectie tussen de kunstmatige atomen, die wordt gedefinieerd door de
aangrenzende CO-moleculen dichtbij elkaar te plaatsen, verzwakt de koppeling.
Na het ontwerpen van de CO-configuratie wordt het rooster gebouwd door de CO
moleculen één voor één op het Cu(111)-kristal te rangschikken. Vervolgens wordt
de elektronische structuur van het rooster gekarakteriseerd met behulp van dI/dV -
spectra en -afbeeldingen. Deze resultaten bieden inzicht in de elektronische structuur
van het gerealiseerde rooster en worden vergeleken met de modellen, waarmee de aan-
pak om kunstmatige roosters te ontwerpen verder wordt ontwikkeld.
Hoofdstuk II in het proefschrift behandelt de concepten en methodologie in meer de-
tail. De hoofdstukken III-VII beschrijven elk een eigenschap die in te stellen is in de
elektronische kwantumsimulator. Deze worden steeds aan de hand van een bepaald
rooster behandeld:

Hoofdstuk III beschrijft hoe door het aanpassen van de geometrie van het rooster
een bijzondere bandenstructuur kan worden gecreëerd. Het Lieb-rooster wordt

189



VII Samenvatting in het Nederlands

opgebouwd: een vierkant rooster met drie kunstmatige atomen per eenheidscel.
De elektronische structuur van het Lieb-rooster bestaat uit een Dirac-kegel die
wordt gesneden door een (vrijwel) vlakke band. De Dirac-kegel, bekend van
grafeen, zorgt er onder andere voor dat de elektronen zich als massaloze deeltjes
gedragen, die zich met constante snelheid door het rooster bewegen. In de dis-
persieloze band, daarentegen, hebben de elektronen geen kinetische energie, wat
mogelijkheden kan bieden om gecorreleerde elektronische toestanden te bewerk-
stelligen. Aan de hand van dI/dV -spectra en -afbeeldingen bevestigen we de
karakteristieke elektronische structuur van het Lieb-rooster. Naast de genoemde
laagste elektronische banden observeren we eerste indicaties voor toestanden die
berusten op hogerenergetische toestanden.

Hoofdstuk IV behandelt hoe de elektronische kwantumsimulator gebruikt kan wor-
den om een bandenstructuur te genereren met hogere orbitalen. We gaan
dieper in op de hogere toestanden in het Lieb-rooster, die we beschrijven als
p-orbitalen. Door de kunstmatige atomen te vergroten verlagen we de energie
van de p-banden, waardoor ze de juiste energie hebben voor de metingen. Ver-
volgens creëren we een asymmetrie in het rooster, die de ontaarding van de px-
en py-orbitalen opheft. Dit vormt het equivalent van een kristalveldsplitsing
voor kunstmatige roosters. Tot slot observeren we p-banden in een rooster met
een andere symmetrie, namelijk het honingraatrooster. Dit ondersteunt de
algemene geldigheid van het concept van p-banden in kunstmatige elektronische
roosters.

Hoofdstuk V gaat in op de dimensie als een parameter die kan worden ingesteld
tussen 0D en 2D. In het bijzonder onderzoeken we een fractal: de driehoek van
Sierpiński. De driehoek van Sierpiński is een driehoek bestaande uit driehoeken,
die wederom uit driehoeken bestaan. Deze zelfgelijkvormigheid leidt tot een frac-
tale dimensie van ongeveer 1.58. We laten zien dat de elektronische golffunctie
deze dimensie van de geometrie overneemt. In dI/dV -afbeeldingen bij speci-
fieke energieën wordt tevens gevisualiseerd dat de zelfgelijkvormigheid van de
geometrie terugkeert in de golffunctie van de elektronen die in deze geometrie
ingesloten zijn.

Hoofdstuk VI behandelt hoe topologische eigenschappen kunnen worden verwezen-
lijkt in kunstmatige elektronische roosters. Een nieuw type topologische iso-
lator wordt geïmplementeerd: een zogenaamde hogere-orde topologische isola-
tor. Een tweede-orde topologische isolator met dimensie D heeft topologisch
beschermde toestanden met een dimensie (D − 2). We vervaardigen een ged-
imeriseerd 2D-Kagomerooster. In dit rooster bewerkstelligt een aangepaste CO-
configuratie afwisselend sterke en zwakke bindingen t tussen de kunstmatige
atomen, wat zorgt voor een bandkloof en de aanwezigheid van topologische
0D-hoektoestanden in de bandkloof. In de dI/dV -spectra en -afbeeldingen ob-
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serveren we de voorspelde 0D-hoektoestanden. Door het rooster te veranderen
creëren we extra hoektoestanden of verwijderen we hoektoestanden.

Hoofdstuk VII beschrijft het ladingsoverschot van een kunstmatig atoom als een
parameter die instelbaar is. Een andere hogere-orde topologische isolator wordt
gebouwd: het 2D-Su-Schrieffer-Heeger-rooster (SSH-rooster). Wederom zijn
topologische hoektoestanden voorspeld door afwisselend sterke en zwakke bindin-
gen t tussen de buuratomen. We creëren een bandkloof in dit rooster door een
naar verhouding sterke koppeling t′ tussen de volgende buuratomen te introduc-
eren. We bevestigen de aanwezigheid van de 0D-hoektoestanden in de bandkloof
experimenteel. Tot slot laten we zien dat de hoektoestanden een ladingsverschil
vertonen vergeleken met de bulktoestanden. Dit ladingsoverschot is afgeleid van
de theoretisch voorspelde fractionele hoeklading in het 2D-SSH-model.

De toepassing van de elektronische kwantumsimulator op de beschreven roosters
met een diversiteit aan eigenschappen bevestigt dat het platform van CO op Cu(111)
breed inzetbaar is voor het systematisch onderzoeken van roosters met exotische eigen-
schappen.
Een rooster dat wordt gebouwd met CO op Cu(111) is een experimenteel modelsys-

teem, dat wanordelijk wordt zodra de temperatuur de waarde van 40K overstijgt [24].
Echter, de stap naar de realisatie van de roostergeometrieën in robuuste materialen
ligt in het verlengde van de methode. Het is berekend dat roostergeometriëen kun-
nen worden gecreëerd met een meetbare bandbreedte in een dunne, bij benadering
tweedimensionale laag van III-V of II-VI halfgeleidend materiaal [25]. De roosters
worden op een vergelijkbare manier ontworpen. Hierbij worden de barrières voor de
elektronen niet gevormd door CO-moleculen, maar door gaten die met hoge resolutie
lithografisch zijn gedefinieerd. De eerste experimentele resultaten onderschrijven de
technische haalbaarheid van deze methode [26].
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