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Dynamics of a space-time crystal in an atomic Bose-Einstein condensate
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A space-time crystal has recently been observed in a superfluid Bose gas. Here we construct a variational
model that allows us to describe from first principles the coupling between the radial breathing mode and the
higher-order axial modes that underlies the observation of the space-time crystal. By comparing with numerical
simulations we verify the validity of our variational Ansatz. From the model we determine the requirements for
the observation of the space-time crystal and the Ising-like nature of the symmetry breaking involved. Also, we
find the onset and growth rate of the space-time crystal, which can be compared to experiments.
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I. INTRODUCTION

The idea of time crystals was proposed by Wilczek in 2012
[1,2], where for a system in its ground state the continuous
time-translation symmetry is spontaneously broken. The pro-
posal stimulated vigorous debates about the properties of a
time crystal [3,4]. Time crystals based on the time-dependent
correlation functions are proposed by Watanabe et al. [5], and
they showed that spontaneous breaking of the continuous time
symmetry into a discrete symmetry in the quantum ground
state is impossible. However, the possibility of breaking of
a discrete time translation symmetry is not ruled out [6–12].
Yao et al. [13] proposed a model of a one-dimensional discrete
time crystal occurring in periodically driven spin systems,
which is followed by experimental observations of a discrete
time crystal in an interacting spin chain of trapped atomic ions
[14], and in disordered [15] and ordered magnetic systems
[16–18]. Although the experiments clearly showed the break-
ing of discrete time symmetry, the experiments do not allow
for a full theoretical description, since the underlying physics
of those spin systems is far too complex. In contrast, Smits
et al. [19] reported the observation of a space-time crystal in a
superfluid gas, where excitations can be described nearly from
first principles. Recently, time crystals have been reviewed in
Ref. [20].

In this paper we describe a variational model that fully
describes the experimental findings of Ref. [19]. The model
is based on the interaction between the radial breathing mode
and higher-order axial modes, which have been observed
before and were dubbed a “Faraday” wave [21]. Both excita-
tions are fully determined by their density and phase and this
quantum hydrodynamical description allows for a complete
characterization of the different orders of the coupling. The
results of the model are compared to numerical simulations
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based on the Gross-Pitaevskii (GP) equation, which accu-
rately describes the dynamics in the superfluid. The agreement
between the model and numerical simulations shows that our
model captures all the relevant dynamics in the superfluid
needed to understand the formation and growth of the space-
time crystal.

Since our variational model is constructed from first princi-
ples, we can extract properties of the space-time crystal, which
can be compared to the theoretical proposals for space-time
crystals [22–26]. In our model we identify a prethermal state
for the space-time crystal that is only weakly coupled to the
ground state of the system and thus allows for its observation
in the experiment. We show that the Hamiltonian describing
the system has a hidden Z2 symmetry, which is broken in the
crystalline phase.

The paper is organized as follows. In Sec. II we shortly
describe the experimental sequence that leads to the space-
time crystal. In Sec. III we introduce the variational model
and define the higher-order axial modes, which are given
in terms of Legendre polynomials. The model allows for
the description of the coupling between the radial and ax-
ial excitations and the second- and third-order interactions
are taken into account. In Sec. IV we test our variational
Ansatz and find satisfactory agreement between the model
and simulations for the atomic line density and the atomic
flux. In Sec. V we derive the evolution equations for the
amplitudes of the higher-order axial modes and determine
the frequencies of the modes, which are compared to the
frequency of their oscillations in the numerical simulations.
In Sec. VI we show how the higher-order axial modes lead to
a back action on the breathing mode. In Sec. VII we present a
quantized version of our Hamiltonian and derive the quantum
properties of the space-time crystal that has been observed
recently [19]. Finally we derive in Sec. VIII the onset of the
higher-order axial modes and their gain, and argue that the
modes can only be excited in a narrow window of the driving
amplitude.
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FIG. 1. Phase contrast image of a higher-order axial excitation.
The acquired phase due to the condensate is small with respect to 2π ,
such that for a phase delay of π/3 of the phase spot the minimum of
the intensity is given by I0 and the maximum by 4I0, where I0 is the
intensity on the camera without the atoms (see Ref. [28]).

II. EXPERIMENT

In the experiment [27] we cool 23Na atoms using laser and
evaporative cooling techniques to a temperature of 300 nK,
which is far below the BEC transition temperature of about
1 μK. In this way the cloud is nearly fully condensed, al-
though there always remains a small fraction of thermal
atoms. The atoms are trapped in a cylindrical symmetric
harmonic trap with the potential V (ρ, z) given by

V (ρ, z) = 1
2 mωρ

2(ρ2 + λ2z2), (1)

with m the mass of the atoms, ωρ the trap frequency in
the radial direction ρ, and ωz = λωρ the trap frequency
in the axial direction z. In the experiment with trap fre-
quencies (ωρ, ωz ) = 2π × (52.7, 1.43) Hz the aspect ratio
λ is small (λ � 0.027), which causes the cloud of atoms
to be cigar shaped. We condense about N � 5 × 107 atoms
and the condensate fraction is N0/N � 90%. After the prepa-
ration the radial trap frequency is modulated with three pulses
and the radial breathing mode of the Bose-Einstein condensate
is excited. The pulse duration is 50 ms and the modulation
depth is 0.125. Due to the superfluid character of the cloud
the breathing oscillation is only weakly damped and acts
as a drive for higher-order axial excitations. Since the trap
frequency in the radial direction greatly exceeds the trap
frequency in the axial direction, an excitation in the radial
direction can couple through the nonlinear interaction to high-
order excitations in the axial direction.

In Fig. 1 a typical experimental result is shown 500 ms after
the trap modulation with the three pulses using phase contrast
imaging [28]. Although the intensity in a phase contrast image
is not linearly dependent on the density, it is clear that the
higher-order excitation as indicated by the fast oscillations
in the intensity is mainly in the z direction and that the
excitation is almost constant in the radial direction. This is
essential for the theoretical model that we construct in this
article and allows us to variationally obtain the model from
first principles.

III. EFFECTIVE ACTION

In the model we describe only the condensed part of the
cloud and neglect the influence of the thermal cloud, whose
main effect is to introduce a small damping in the condensate
dynamics. The state of the condensate is fully described
by the wave function �(r, t ) and its evolution is given by
the GP equation with a nonlinear interaction due to the
atom-atom interaction characterized by a single parameter as,

the s-wave scattering length. Equivalently we can use instead
an alternative description, where we treat the condensate as a
superfluid and use the techniques of quantum hydrodynamics
for its description. The condensate is then fully described by
the density n(r, t ) and its phase φ(r, t ), for which an effective
action can be constructed. Note that both descriptions are
identical [29], but for our purposes it is more appropriate to
use the density and the phase. For our bosonic system the
effective action is given by

S =
∫

dt
∫

drL, (2)

with the Lagrangian density L defined by [30]

L = −h̄n
∂φ

∂t
− nV (r) − T 2B

2
n2 − h̄2

2m

[
(∇n)2

4n
+ n(∇φ)2

]
,

(3)

where the quantum pressure is given by the first term within
the square brackets. The nonlinear interaction is determined
by the two-body interaction T 2B = 4π h̄2as/m. It is straight-
forward to check that minimizing the action with respect to
the phase φ, i.e., δS/δφ = 0, corresponds to the continuity
equation for the density

∂n

∂t
+ ∇ · j = 0. (4)

Minimizing the action with respect to the density, i.e.,
δS/δn = 0, corresponds to the Josephson equation

h̄
∂φ

∂t
+

(
1

2
mv2 + V + T 2Bn − h̄2

2m
√

n
∇2√n

)
= 0. (5)

Here we introduced the current density j(r, t ) = n(r, t )v(r, t )
and the velocity of the flow v(r, t ) = h̄∇φ(r, t )/m. The char-
acteristic length of the trap is the harmonic-oscillator length
aho, which is defined as aho = √

h̄/mω̄ with the geometric trap
frequency ω̄ = (ωxωyωz )1/3. Note that for the experimental
parameters N0as/aho � 10.000 and thus much larger than 1,
such that the quantum pressure term can be neglected, or in
the language of the GP equation that the atoms are in the
Thomas-Fermi (TF) limit [29].

In our model we assume that the density modulation of
the excitations are small and thus that we can expand the
total density n and phase φ as the sum of a condensate part
determined by nD and φD containing the radial dynamics,
and the part containing the higher-order axial excitations
described by nA and φA:

n = nD + nA, φ = φD + φA. (6)

Substituting Eq. (6) into the Lagrangian density of Eq. (3), and
considering only the second-order and the third-order terms of
nA or φA, the Lagrangian density becomes

LA = −h̄nA
∂φA

∂t
− T 2B

2
nA

2 (7)

− h̄2

2m
[nD(∇φA)2 + 2nA∇φD · ∇φA + nA(∇φA)2].

Here the quantum pressure term is neglected, as discussed
after Eq. (5). Terms depending solely on the properties of the
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radial excitations nD and φD have been eliminated, but they
are reintroduced later on in Sec. VI.

Since radial excitations have a large energy h̄ωD � 2h̄ωρ

with respect to the splitting of the excitations in the axial
direction of about 2h̄ωz, we expect that radial excitations can
in principle be coupled to many different modes j in the
axial direction. Thus we expand the higher-order axial mode
density nA and phase φA in modes j as

nA =
∑

j

n j, φA =
∑

j

φ j, (8)

where the mode functions associated with the quantum num-
ber j are still to be determined.

There has been some theoretical analysis using a time-
dependent nonpolynomial, nonlinear Schrödinger equation
applied to model cigar-shaped condensates [31,32]. However,
there are exact solutions using Legendre polynomials Pj (z̃)
with z̃ = z/Rz for a one-dimensional Bose-Einstein conden-
sate in a harmonic trap in the TF regime [30,33]. Here Rz is the
Thomas-Fermi size of the condensate in the axial direction.
Under our experimental conditions it is clear that the cloud
is not in the one-dimensional regime, since the chemical
potential μ (μ/h � 2 kHz) is much larger than the excitation
energy h̄ωρ . However, as can be seen from the excitation
profile in Fig. 1, there is nearly no radial dependence of the
higher-order axial profile, so the Legendre polynomials seem
to be the most suitable basis functions for the expansion of
the excitation profile. Furthermore, due to parity conservation
the mode number j of Pj (z̃) is required to be even, i.e., the
radial breathing mode can only couple to axial modes with
an even parity. The higher-order Legendre polynomials have
simple sinusoidal behavior around z̃ � 0, but for |z̃| → 1 their
amplitude strongly increases. In the experiment, the density
of the condensate goes to zero near the edge with |z̃| � 1, but
also the excitation profile diminishes strongly. Thus a single
Legendre polynomial does not satisfy the right boundary
condition. However, if we subtract two Legendre functions,
where the mode numbers differ by two, the linear combination
remains a solution for the one-dimensional case and decreases
to zero near the edges. Thus we choose the high-order axial
mode function Lj (z̃) as

Lj (z̃) = P4 j+2(z̃) − P4 j (z̃), (9)

where j is chosen in such a way that the mode functions
are countable and j = 0, 1, 2, 3, . . .. Note that these mode
functions are independent of the time t if the length Rz of
the condensate is constant. However, in our experiment, where
the radial breathing mode is excited, there is coupling with the
axial modes [19], as Rz and thus also Lj (z̃) are functions of
time.

For the density and the phase of the higher-order axial
mode functions we can now use the variational Ansatz

n j (z, t ) ≡ −κ̇ j (t )Lj (z̃), (10)

φ j (z, t ) ≡ T 2B

h̄
κ j (t )Lj (z̃), (11)

with κ j the mode amplitude. The relation between the density
and phase are taken such that the mode functions obey the

Josephson equation of Eq. (5) if the length of the condensate
Rz is constant. In Eq. (10) and in the remainder of the article
the dot indicates the derivative with respect to time. Note
that the excitation profile is now fully determined by the
time-dependent amplitudes κ j (t ).

For the radial excitation, the density and the phase are
determined in the TF approximation by [34–37]

nD(r, t ) = n0

bxbybz
[1 − x̃(t )2 − ỹ(t )2 − z̃(t )2] (12)

and

∇φD(r, t ) = mRρ (0)

h̄

(
ḃxx̃(t )ex + ḃyỹ(t )ey + ḃzz̃(t )

λ
ez

)
,

(13)
in which the density in the center of the condensate is given
by n0 ≡ mωρ

2Rρ (0)2/2T 2B with Rρ (0) ≡ Rx(0) = Ry(0). The
dimensionless time-dependent variables are given by

x̃(t ) = x

bx(t )Rx(0)
, ỹ(t ) = y

by(t )Ry(0)
, (14)

z̃(t ) = z

bz(t )Rz(0)
,

where the parameters bi(t ) with i = x, y, z determine the ex-
plicit time dependence of the size of the condensate and Ri(0)
are the equilibrium values. The evolution of the parameters bi

is discussed in Sec. VI.
To find the evolution of the amplitudes κ j we can substitute

Eqs. (8)–(11) in the Lagrangian density of Eq. (7) and obtain
for the Lagrangian LA defined by LA = ∫

drLA the result

LA = η
∑

i j

(
Qi j

2
bxbybz[κ̇iκ̇ j − �i j (t )κiκ j]

+ T 2Bλ2

2mRρ (0)2

bxby

bz

∑
k

Mi jk κ̇iκ jκk

)
, (15)

where we have integrated out the dependence on r in Eq. (7),
since both the radial and axial modes are fully specified in
the ρ and z direction. The Lagrangian is given in terms of the
following integrals:

Ti j =
∫ 1

−1
dz̃(1 − z̃2)2L′

i (z̃)L′
j (z̃), (16)

Qi j =
∫ 1

−1
dz̃(1 − z̃2)Li(z̃)Lj (z̃), (17)

Mi jk =
∫ 1

−1
dz̃(1 − z̃2)Li(z̃)L′

j (z̃)L′
k (z̃), (18)

combined with the effective mass parameter η,

η = πT 2BRρ (0)2Rz(0), (19)

and the square of the effective frequency �i j (t ) given by

�i j (t ) = ωz
2

4

Ti j

Qi j

1

bxbybz
3
. (20)

In Eqs. (16)–(18) the prime indicates the derivative with
respect to z̃. Note that the first two terms of the Lagrangian of
Eq. (15) have the form of a harmonic oscillator, where the first
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term in the brackets is proportional to the kinetic energy and
the second part to the potential energy. From the Lagrangian
we can derive the evolution equation of the amplitudes κi in
Sec. V, but before proceeding we need to test the validity of
the mode functions Li(z̃) in our variational Ansatz.

IV. COMPARISON TO NUMERICAL SIMULATIONS

In order to test our mode functions Lj (z̃), we can compare
their density profile with the experimental density profiles,
as seen for instance in Fig. 1. However, in the experiment
we have to excite the axial excitation sufficiently to be able
to detect the density modulations, although in our model
we assume that the excitations are small compared to the
condensate density. Strong excitations also have the drawback
that multiple modes j can be excited simultaneously and
that the experimental excitations have to be compared to a
linear superposition of modes. This adds a large number of
adjustable parameters in the comparison and thus makes the
outcome less certain. Finally, as discussed in Ref. [19], due
to small imperfections in the magnetic trap, radial excitations
couple to the scissor mode, which adds even more uncertainty
in the comparison.

As stated in Sec. III we incorporate only the condensate
in our model and its evolution is described by the GP equa-
tion. There are very efficient schemes, which allow for the
numerical integration of the GP equation using time-splitting
methods. In our case with the cylindrical symmetric trap,
we can reduce the number of dimensions from three to two,
which drastically reduces the computation time. Since in
the simulation we simulate the (complex) wave function, we
have not only access to the density, but can also extract the
phase of the condensate. This allows for the determination of
the flux in the condensate, which on the one hand only de-
pends on the excitations and not on the bulk of the condensate,
and on the other hand is a quantity that cannot be obtained
experimentally. Therefore, in this section we describe the
numerical simulations of the GP equation, and the comparison
of the outcomes with the theoretical model.

For simulations, the GP equation is rewritten in cylindrical
coordinates (ρ, z) with the condensate wave function equal
to �(r, t ) = f (ρ, z, t )/

√
ρ using the axial symmetry. The

equation to solve becomes

(i − α̂)h̄
∂ f (ρ, z, t )

∂t
=

(
− h̄2

2m

[
∂2

∂ρ2
+ ∂2

∂z2
− 1

4ρ2

]

+V (ρ, z) + T 2B

2πρ
| f (ρ, z, t )|2 − μ

)
f (ρ, z, t ), (21)

where α̂ is a phenomenological damping constant [38].
This equation is solved by employing a splitting spectral
method [39]. Time steps are chosen to be 0.001τp with τp =
2π/ωρ the oscillation period in the radial direction. The grid
size is 1024 × 256 with a physical size of [−2Rz, 2Rz] ×
[−2Rρ, 2Rρ]. The simulation is initiated with a profile in the
TF limit and the ground state is found by imaginary time
evolution. After reaching the ground state, the system can
be excited in two ways. First, we can employ the excitation
scheme of the experiment by modulating the radial trap fre-
quency. This allows for a full comparison with the outcome

FIG. 2. High-order line density profile �(z̃) as a function of z̃ with
j = 19. The black curve is the theoretical prediction of the mode
density profile, whereas the red curve corresponds to the numerical
simulation.

of the experiments, although in that case the system is excited
strongly. Alternatively, we can artificially imprint the proper
phase profile corresponding to one mode function j on the
condensate, such that the condensate starts to oscillate in the
right mode. From these simulations an accurate frequency for
each of the eigenmodes can be extracted. The last method is
employed in this section.

In Fig. 2 we plot the line density profile of the high-
order axial mode �(z̃) = π (1 − z̃2)nA(z̃) as a function of z̃
by subtracting the ground state of the condensate from the
profile after the phase imprinting. The figure shows that our
theoretical prediction agrees well with the simulation data
and that there are only relative small deviations near the
edge of the condensate at |z̃| → 1. Note that due to the
quantum pressure term in the simulation the density expo-
nentially decays to zero at the edge, whereas in the model
the density has a discontinuity near the edge, which is not
physical. This may explain the deviations near the edge of the
condensate.

It is also useful to investigate the axial component of the
current density Jz(z̃), which is given by

Jz(ρ̃, z̃, t ) ≡ n(ρ̃, z̃, t )
h̄

m

∂φ(ρ̃, z̃, t )

∂z
. (22)

Using the expansion of Eq. (6), the expressions for nD, φD

in Eqs. (12)–(14), and nA, φA in Eqs. (8)–(11), we ultimately
obtain

Jz(ρ̃, z̃, t ) =
(

n0

bxbybz
(1 − ρ̃2 − z̃2) − κ̇ jL j (z̃)

)
(23)

×
(

Rz(0)ḃzz̃ + T 2Bκ j

mRz(0)bz
(8 j + 3)P4 j+1(z̃)

)
.

Here the following property of the Legendre polynomials

∂

∂z
[P4 j+2(z) − P4 j (z)] = (8 j + 3)P4 j+1(z) (24)

is used.
In Fig. 3 the comparison for the flux between the theo-

retical model and the simulation is shown. The agreement
between theory and simulation is excellent apart from a small
deviation near the edge of the condensate. It is also clear that
the numerical simulations show only small variations of the
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FIG. 3. Density plot of the axial particle flux ρ̃Jz(ρ̃, z̃, t ) as a
function of the scaled radial and axial position for j = 19 for (a)
the numerical simulation and (b) our theoretical model.

flux in the radial direction, proving our basic assumption that
the restriction of the mode function to only allow for axial
variation is justified. The agreement for both the density and
the flux between simulation and model shows that our choice
for the mode functions is very accurate. Thus we can now
address the dynamics of the high-order axial modes using
these mode functions.

V. NO MODE COUPLING BETWEEN AXIAL MODES

If we exclude the coupling of different higher-order modes,
we need to consider only the diagonal terms in the Lagrangian
LA in Eq. (15) and we obtain

LA = η
∑

j

(
Qj j

2
bxbybz

[
κ̇ j

2 − � j j (t )κ j
2]

+ T 2Bλ2

2mRρ (0)2

bxby

bz
Mj j jκ j

2κ̇ j

)
. (25)

Because the Lagrangian contains only the first-order time
derivative κ̇ j , the equations of motions follow from the Euler-
Lagrange equation

∂L

∂κ j
− d

dt

∂L

∂κ̇ j
= 0. (26)

Using Eq. (26) for the Lagrangian of Eq. (25) the equation
of motion for the amplitudes of the higher-order axial mode
becomes

κ̈ j + � j j (t )κ j +
(

ḃx

bx
+ ḃy

by
+ ḃz

bz

)
κ̇ j (27)

+ T 2Bλ2Mj j j

2mRρ (0)2Qj j

(
ḃx

bx
+ ḃy

by
− ḃz

bz

)
κ j

2

bz
2

= 0.

When the radial excitations are small and the terms ḃi/bi can
be neglected in Eq. (27), the solution of Eq. (27) is simply
sinusoidal with a frequency � j given by

� j = √
� j j = ωz

2

√
Tj j

Qj j
, (28)

with bx = by = bz = 1. The integrals Tj j and Qj j

can easily be evaluated and for large j this leads to

FIG. 4. High-order axial mode frequency � j in units of ωρ as a
function of mode number j. The black dashed line is the theoretical
prediction of Eq. (28), the red times signs (×) are the frequencies for
the simulation data by phase imprinting, and the blue plus signs (+)
are the frequencies obtained by the integration of the mode function
found from the simulation data (as discussed in the text).

� j � (2 j + 3/4)ωz. So in particular the splitting of the
modes is equal to 2ωz.

In Fig. 4 we show the comparison between the theoretical
results of the high-order axial-mode frequency � j and the
numerical simulation through the phase-imprinting method,
where the mode frequency is extracted by fitting the os-
cillatory pattern after the imprinting. The deviations are of
the order of 5% in the interesting region near j = 19, or
alternatively, the mode number j is off by 1. This is acceptable
considering the fact that the variational model uses a very
small number of parameters to describe the dynamics of the
whole superfluid. One possible explanation for the deviations
is the axial dependence of the mode profile. To investigate,
whether this deviation derives from the difference between the
theoretical mode function and mode function in the simula-
tion, we used the mode profile from the simulation to calculate
Tj j from Eq. (16) and Qj j from Eq. (17) to calculate an
estimate of � j using Eq. (20). Although these values of � j

are closer to values of our theoretical mode function, they still
do not fully agree with the theoretical values, presumably due
to our assumption of neglecting the radial dependence in the
mode profile.

Finally, the Lagrangian LA of Eq. (15) contains nondiago-
nal elements, which we have neglected until now. In principle,
these nondiagonal elements Qi j and �i j (t ) can be included in
the analysis. Applying the Euler-Lagrange equation including
these nondiagonal terms leads to coupling of the form Qj±1, j

and � j±1, j (t ). By diagonalizing the resulting equations we
find new eigenvectors with almost equal eigenvalues, where
the nearest-neighbor contribution is less than 5% for our ex-
perimental parameters. Therefore, we ignore the nondiagonal
effects in the remainder of this article.

VI. BACK ACTION

In Sec. III we have concentrated on the part of the La-
grangian density that involves only the higher-order axial
modes. However, there is also dynamics in the condensate in
the radial direction, and this can be obtained by considering
the full Lagrangian density L of Eq. (3), substituting Eq. (8),
and only retaining terms that are second or third order in the
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density nA or phase φA. We obtain for the Lagrangian

L = LD + LA, (29)

where LA is given by Eq. (15) and the Lagrangian LD of the
condensate is given by

LD = 1

14
mRρ (0)2N0

(
ḃx

2 + ḃy
2 + 1

λ2
ḃz

2

−ωρ
2(bx

2 + by
2 + bz

2) − 2ωρ
2

bxbybz

)
, (30)

where we applied Eqs. (12)–(14). Applying the Euler-
Lagrange formalism of Eq. (26) with respect to the scaling
factors bi for L of Eq. (29), the equation of motion for bi with
back action of the higher-order axial modes becomes

b̈i + ωi
2bi − ωi

2

bxbybzbi
+ χ

∑
j

Ii j (t ) = 0, (31)

with i = ρ, z and the back-action parameter χ =
−7πT 2BRz(0)/(2mN0) and

Iρ j (t ) = Qj jbρbzκ̇ j
2 + T 2BMj j j

mωz
2

bρ

bz
κ j

2κ̇ j, (32)

Iz j (t ) = λ2

(
Qj jbρ

2κ̇ j
2 − T 2BMj j j

mωz
2

bρ
2

bz
2
κ j

2κ̇ j + ωz
2Tj j

2bz
3

κ j
2

)
.

In absence of back action of the axial dynamics, Eq. (31)
reduces to the ordinary equations for shape oscillations in a
condensate that have already been discussed in Refs. [34–37].

VII. SPACE-TIME CRYSTAL HAMILTONIAN

Although theoretical proposals for time crystals have been
discussed in the literature for some time now [22–26], the con-
nection with the present experimental schemes in spin systems
has not been established firmly, mainly because the underlying
physical description is not known. In the experimental scheme
using superfluid bosons [19], this mechanism can be described
in detail, as we have shown in Sec. III. One of the open ques-
tions in time crystals is their long-term stability. In the spin
systems there is a lot of discussion whether the many-body
interactions in the system lead to the stability of the crystal.
However, there are also suggestions that time crystals can be
stabilized in a so-called prethermal state [11]. In this section
we show that our effective Lagrangian predicts a prethermal
state, where the Hamiltonian in a rotating frame becomes time
independent. We also identify in this Hamiltonian a symmetry
which is broken in the phase transition to the space-time
crystal.

In the Lagrangian of Eq. (25) we substitute for the ampli-
tude κ j in the rotating frame of the drive

κ j = κ̃ je
−iωDt/2 + κ̃ j

∗e+iωDt/2, (33)

where we have neglected the third-order term proportional to
Mj j j . We assume that the breathing mode is weakly excited,
such that bz = 1 and bx = by = 1 + AD cos(ωDt ) and only
retain terms up to first order in AD. Since the amplitudes κ̃ j are
slowly varying (| ˙̃κ j/κ̃ j | � ωD), we neglect terms proportional
to ˙̃κ j

2. By substituting Eq. (33) in Eq. (25) and applying the

rotating-wave approximation, we obtain

LA = η
∑

j

Q j j

(
δ jωDκ̃ j κ̃

∗
j − ADωD

2

8
[κ̃ j κ̃ j + κ̃ j

∗κ̃ j
∗]

− iωD

2
[κ̃ j ˙̃κ j

∗ − κ̃ j
∗ ˙̃κ j + AD(κ̃ j ˙̃κ j − κ̃ j

∗ ˙̃κ j
∗)]

)
, (34)

where we used the approximation (ωD/2)2 − � j
2 � δ jωD,

with δ j = ωD/2 − � j . Using the relation between the Hamil-
tonian and the Lagrangian

H ≡
∑

j

(
˙̃κ j

∂L

∂ ˙̃κ j
+ ˙̃κ∗

j

∂L

∂ ˙̃κ j
∗

)
− L, (35)

the Hamiltonian in the rotating frame becomes

H = η
∑

j

Q j j

(
−δ jωDκ̃ j κ̃ j

∗ + ωD
2AD

8
[κ̃ j κ̃ j + κ̃ j

∗κ̃ j
∗]

)
.

(36)
In the rotating frame the Hamiltonian thus becomes time
independent, leading to the stability of the space-time crystal.

In the space-time crystal the time- and space-translation
symmetry of the Hamiltonian are broken. To explore the
symmetry breaking, it is most convenient to work in second
quantization. Note that the condensed state contains phase
fluctuations, but the number of condensed atoms is large [of
O(107)] and the model so far is a mean-field description.
However, in this section we quantize the Hamiltonian by
replacing the amplitudes κ̃ j and κ̃ j

∗ by the annihilation â j and
creation â j

† operator, respectively.
For the quantized Hamiltonian the commutation relation

between the creation and annihilation operator [â j, â j
†] = 1

needs to be fulfilled, such that the operator â j
†â j determines

the number of excitations. For the quantization we replace in
Eq. (36) κ̃ j and κ̃ j

∗ by

κ̃ j → q jâ j, κ̃ j
∗ → q jâ j

†, (37)

where q j is a j-dependent normalization parameter, which is
determined from the Lagrangian in Eq. (34) by calculating the
canonical momentum π̂ j = ∂L/∂ ˙̂a j and requiring [â j, π̂ j] =
ih̄. As a result we find

q j =
√

h̄

ηQj jωD
, (38)

which we substitute in the Hamiltonian in Eq. (36) to find the
quantized Hamiltonian

H =
∑

j

(
−h̄δ j â j

†â j + h̄ωDAD

8
[â j â j + â j

†â j
†]

)
, (39)

where the factor in front of the square brackets acts as a
driving parameter.

In Eq. (39) the U(1) symmetry â j → â jeiϑ is broken. As
a result, when diagonalizing and solving the system using a
Bogoliubov transformation, we find that 〈â j â j〉 is nonzero.
Physically this describes the squeezing of the probability
distributions of the conjugate variables n̂ j and φ̂ j due to the
driving process, even when 〈n̂ j〉 = 〈φ̂ j〉 = 0. The Hamiltonian
in Eq. (39) does have the Z2 symmetry â j → −â j . This
discrete symmetry is spontaneously broken when the mode
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j has a large occupation, indicating that a phase transition
has occurred to a phase with 〈n̂ j〉 �= 0 and 〈φ̂ j〉 �= 0, which
we identify as the space-time crystalline phase. In the rotating
frame this phase can exist for an arbitrarily long time, which
implies that it is a prethermal phase. Note that the symmetry
of the Hamiltonian reflects the fact that the (temporal) phase
factor of the space-time crystal is determined by the drive only
up to a sign. Choosing one particular sign breaks this Ising
symmetry and leads to the formation of the space-time crystal.

VIII. ONSET OF THE SPACE-TIME CRYSTAL

One of the outcomes of the experiment is that the higher-
axial modes appear a long time after the excitation [40]. As
already discussed is Sec. III, many modes can be excited, but
in the experiment only one or a few modes are observed. In
this section we exploit the equation of motion of Eq. (27)
to find the frequencies, growth rates, and threshold for the
higher-order axial modes.

In the experiment, there are certain dissipative processes
involved, which have not been included in the model so far.
One of the most important dissipation mechanisms occurs
through the thermal cloud, although its density is small com-
pared to the condensate. As shown in Ref. [41], by moving
through the thermal cloud, excitation in the condensate can be
induced, which leads to damping of its motion. We include the
damping in Eq. (27) by adding a phenomenological damping
parameter α,

κ̈ j + � j j (t )κ j +
(

ḃx

bx
+ ḃy

by
+ ḃz

bz
+ α

)
κ̇ j = 0, (40)

which assumes that the damping is proportional to the velocity
of the condensate. Here we have again neglected the third-
order term proportional to Mj j j in Eq. (27) for simplicity.

Since the higher-order axial mode is driven at the radial
breathing mode frequency ωD, and the higher-order axial
mode oscillates at nearly one-half of this frequency, we sub-
stitute Eq. (33) in Eq. (40) and only retain nonoscillating
terms, which correspond to the rotating-wave approximation
of Sec. VII. Since the mode amplitude is nearly constant
during one oscillation of the drive, the second-order derivative
of ¨̃κ j (t ) can safely be ignored and we obtain(

−δ j − i
α

2

)
κ̃ j + AD

ωD

4
κ̃ j

∗ = i ˙̃κ j . (41)

Here we have neglected the back action of the higher-order
axial modes on the breathing mode as discussed in Sec. VI
and thus assumed AD to be constant. The solutions are given
by κ̃ j ∝ exp(−i�� jt ) with

�� j = −iα/2 ±
√

δ j
2 − (ADωD/4)2. (42)

In the case that the expression under the square root is
positive, the solutions (apart from the term proportional to α)
are oscillatory and the frequencies are shifted up and down
with respect to ωD/2. However, if this expression is negative,
the frequencies become complex and thus lead to gain of the
amplitude. There is only gain when the detuning is not too

FIG. 5. (a) Frequency � = ωD/2 + �� j and (b) the growth rate
γ in units of ωρ for j = 19 as a function of AD for � j = 1.03ωρ and
ωD � 2ωρ . There is no damping (α = 0).

large with respect to ωD:

|δ j | <
ωDAD

4
. (43)

Here we assumed that α is much smaller than δ j . In general,
there is gain if the growth due to the driving exceeds the
damping and the driving amplitude must be larger than the
threshold value ATh

D , which is given by

ATh
D = 4

√
δ2 + (α/2)2

ωD
. (44)

In Fig. 5 we show the results for α = 0 and nonzero detuning
δ. Below the threshold there are two mode frequencies and
their splitting decreases if the driving amplitude increases.
Above threshold, where the two frequencies coincide, the
mode amplitude increases exponentially and the gain coef-
ficient increases nearly linearly with driving amplitude AD.
Note that above threshold the oscillation frequency becomes
ωD/2, which implies that the periodicity of the space-time
crystal is twice the periodicity of the drive and the discrete
time symmetry is broken.

In Fig. 6(a) we have plotted the threshold as a function
of the driving frequency ωD. In the absence of damping
the threshold is zero at resonance and the higher-order axial
mode can always be excited. However, for nonzero damping,
which coincides with any realistic experiment, there is a min-
imum requirement of the driving amplitude, which depends
also on the detuning of the mode frequency � j with half
the driving frequency ωD/2. Note that the detuning is not
easily adjustable in the experiment, since it depends on � j ,
which through Eq. (28) depends in a complicated way on
various parameters of the experiment. Increasing the driving
amplitude too much causes heating of the condensate and
thus leads to a strong reduction of the number of condensed
atoms. This makes the observation of the space-time crystal
in the laboratory nontrivial, since there is a small window for
the driving amplitude for the observation of the higher-order
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FIG. 6. Linear-response analysis of (a) the threshold of the
breathing mode amplitude ATh

D as a function of the radial mode
frequency ωD and (b) as a function of the axial trap frequency ωz. The
results are without damping (solid line) and with damping (dashed
line). The red star in (a) indicates the breathing mode amplitude of
the simulations of Sec. IV. The symbols in (b) indicate the dominant
high-order axial mode of the fit for the simulation.

mode. In Fig. 6(a) we have indicated the conditions for the
simulations of Sec. IV and from Fig. 6(a) it can be seen that
the theoretical model predicts the excitation of predominantly
the mode with j = 18.

In Fig. 6(b) we have plotted the threshold as a function of
the axial trap frequency, where the radial trap frequency and
thus the driving frequency is kept constant. We have run the
simulations using phase imprinting under the same trapping
conditions and analyzed the axial flux of the higher-order
axial mode using different mode numbers j. We find the
dominant mode from a fit to the simulations by determining
the mode j, for which the amplitude in the fit is the largest
and simultaneously the reduced χ2 of the fit is minimal. As
can be seen from the fit, the dominant mode is close to the

theoretical prediction, although the quantum number j seems
to off by 1. This presumably has the same cause as the shift in
j in the frequency of the mode (see Sec. IV).

On resonance (� j = ωD/2), the detuning δ j = 0, and the
growth rate can easily be determined from Eq. (42):

γ = ADωD

4
− α

2
. (45)

Hence, for sufficiently small damping the growth rate be-
comes γ � ADωD/4. From the simulations we have deter-
mined the growth rate and we typically find values which are
a factor 3 larger. However, in the simulation the excitation is
rather strong and presumably no longer in the linear regime,
where our model applies.

IX. CONCLUSION AND OUTLOOK

In conclusion, we have constructed a variational model
that describes the coupling between the radial breathing mode
and the higher-order axial modes in a superfluid Bose gas.
We have compared the mode profile and the flux of the
higher-order modes with numerical simulations and found
good agreement. The coupling between these modes leads to
the space-time crystal that has recently been observed. Since
our model has been constructed from first principles, it allows
one to investigate the necessary requirements to observe the
space-time crystal. In particular, we have identified an Ising-
type symmetry breaking, where the symmetry in the sign of
the higher-order mode amplitude is broken. The model is used
to predict the onset and growth rate of the space-time crystal
and we will compare the outcome of the model with the results
of experiments in the near future [40].
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