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Chapter 1

Introduction

Low dimensional systems have always been a fertile ground for condensed matter physi-

cists. One essential aspect is the absence of spontaneous continuous-symmetry breaking

at finite temperatures, which leads to the Mermin-Wagner-Hohenberg theorem [1, 2].

Besides this point, the prevalence of topological defects makes the system even richer.

One well-known example is the unique kind of phase transition driven by the prolif-

eration of vortex and anti-vortex pairs in a two-dimensional superfluid system, known

as the Berezinskii-Kosterlitz-Thouless (BKT) transition [3, 4], which is not easily de-

scribed within the conventional Ginzburg-Landau picture [5]. In fact, the study of

topological defects in low dimensional strongly correlated systems continues to be a

major topic of present research. In this thesis we will explore these rich phenomena in

the context of an ultracold atomic gas in two dimensions.

Since the achievement of the first Bose-Einstein condensation with atomic bosons

[6, 7, 8] and the successful characterization of its fundamental properties [9, 10, 11, 12],

remarkable progress has been made towards the realization of strongly correlated phe-

nomena with ultracold gases [13, 14]. It is perhaps surprising at first that a weakly

interacting cold gas, interacting via the van der Waals interaction typically charac-

terized by two-body s-wave collisions, can emulate strongly interacting physics at all.

The two major breakthroughs that have taken to stage in the field are the realization

of a so-called Feshbach resonance for the atomic scattering length [15, 16], and the

ingenious use of optical lattices for trapping cold atoms [17].

With the technique of Feshbach resonances, the scattering length can be altered via

an external magnetic field in a straightforward manner [18]. Accordingly, the interac-

tion strength can be tuned from a strongly attractive to a strongly repulsive case. With

the help of this technique, it has been possible for the first time to experimentally study

the physics of Bose-Einstein condensation (BEC)-Bardeeen-Cooper-Schrieffer (BCS)

crossover for degenerate fermions [19, 20, 21, 22], which was for long thought to be

only a theoretical dream [23, 24]. Moreover, by tuning the Feshbach field on reso-
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2 CHAPTER 1. INTRODUCTION

nance, the diverging scattering length implies the saturation of the unitary bound of

the scattering cross section. The ultracold gas is then characterized by several univer-

sal quantities [25, 26, 27, 28, 29], and an intriguing connection can be established to

other strongly interacting quantum fluids, for example the quark-gluon plasma studied

in the Relativistic Heavy Ion Collider experiments [30]. The technique of Feshbach

resonances has become by now an important laboratory tool to prepare, control, and

probe ultracold gases.

On the other hand, the potential utility of optical lattices has not been fully ap-

preciated until the last decade or so [31, 32, 33]. Compared to magnetic traps, the

relative ease to superpose light fields to create a conservative potential that can have a

profile varying on a length scale comparable with the harmonic length of atomic waves

allows for an efficient design and control of coherent matter waves. One important

application is the realization of dimensional crossovers. In this case, the trapping po-

tential is designed in a way that the system is tightly confined in certain directions,

thus realizing an effective quasi-D or D dimensional system, where D can be one or

two. This has led, for example, to the realization of the Lieb-Liniger model, where

arsenals of theoretical results known from exactly soluble one-dimensional models can

be confronted with experiments [34, 35, 36, 37]. Another interesting example is the

realization of a two-dimensional Bose gas [38], which has allowed for the observation

of the microscopic mechanism of the BKT physics [39, 40], a subject that we will dis-

cuss in the next section. Second, because hyperfine levels of atoms are not sensitive

to light fields, the degenerate hyperfine states F of optically trapped cold atoms can

mimic the spin quantum number of indistinguishable particles. For bosons, they realize

spin-F BECs [41, 42, 43], where many non-trivial topological configurations have been

predicted [44]. For fermions, they mimic spin-F electrons in conventional solid-state

materials, a starting point to emulate quantum magnetism. Third, despite the fact

that optical potentials are known to be free from disorder, they can be designed to

yield a highly controlled disordered potential, thereby allowing the study of disordered

quantum systems, which culminated in the observation of Anderson localization of

matter-waves [45, 46].

Finally, the incarnation of lattice models with cold atoms in optical lattices is per-

haps where the field will see the most exciting developments in the near future [47]. The

study of lattice models has been at the heart of condensed matter physics for as long as

the history of the subject itself. However, only very few models are fully understood.

The proposal of implementing lattice models with cold atoms in optical lattices [48],

and its subsequent experimental verification [17], has put the field of ultracold atoms

into a new level of excitement. In the following, we will focus on three developments

that motivated this thesis.
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Figure 1.1: Observation of phase fluctuations in a quasi-condensate. (a) After the

confining potential is abruptly switched off, two planar BECs (shown as two rectangular

sheets) expand predominately in the z-direction, overlap and interfere. (b)-(e) Images

of the interference experiments for increasing temperatures. The curvy fringes observed

in (b) and (c) are due to the fluctuating phase, and the dislocations in (d) and (e) are

associated with the presence of vortices in one of the clouds. From Ref. [39].

1.1 Atomic Bose Gas in Flatland

With the absence of BEC and true long-range order, an ultracold two-dimensional

Bose gas presents no exception to the peculiarities of the low-D physics mentioned at

the beginning. Nevertheless, concepts such as that of a quasi-condensate for ultracold

bosons in two dimensions are useful for the understanding of the superfluid property

and the associated BKT transition that the system undergoes [49, 50, 51, 52, 53, 54].

Roughly speaking, a quasi-condensate is a condensate with a phase fluctuating beyond

a characteristic length ξ. To test the theoretical model, a two-dimensional ultracold

gas was realized by confining the motion of atoms onto a plane where all energy scales

(chemical potential, thermal energy) are smaller than the confining potential ~ωz, which

is typically of a few kHz, see Fig. 1.1a. The first fingerprint of a quasi-condensate is the

characteristic fluctuating phase, which persists to the lowest temperatures. This can

be probed quite easily by performing an interference experiment with two independent

clouds of 2D Bose gases [55, 56, 57, 40]. The observed curvy interference fringes

show that indeed the individual cloud has a well-defined phase ϕ(x), even though it

is smoothly varying in x (which results in the curvy fringes), see Figs. 1.1b and 1.1c.

This feature is characteristic of the phonon-dominated regime of a quasi-condensate.

What is more dramatic at higher temperatures, are the dislocations observed in the

interference fringes (see Figs. 1.1d and 1.1e). Having the microscopic picture of the

BKT physics in mind, it is natural to associate the dislocations in the interference

fringes with the presence of free vortices in the quasi-condensate, i.e., a vortex located

at x0 in the quasi-condensate results in a π-phase slip on either side of ϕ(x0), which

then gives rise to a dislocation in the interference pattern.
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To study in more detail the properties of the two regimes, the experimental group

of Dalibard in Paris, France, went on to determine the first-order correlation function

g(1)(r, r′) that characterizes the coherence property [39]. In a finite-size inhomogeneous

system, the determination of long-range properties is not as straightforward. However,

an ingenious statistical method has been proposed for trapped cold gases to discrim-

inate the three regimes of g(1), namely a true long-range order, an algebraic order,

and an exponential decay in distance [58]. In the experiment, the observation of a

crossover from an algebraic to an exponential decay, and the concurrent appearance of

free-vortices in the interference experiment have put up a very firm microscopic proof

of the BKT physics.

To further characterize the system, one needs to address the superfluid property

and the influence of the trap. After all, the global shallow trapping on the plane might

play a role in the transition, since BEC can take place in a sufficiently tight two-

dimensional trap. In subsequent experiments performed by two groups, measurements

were carried out to study precisely these effects and several non-universal quantities,

such as the critical atom number, were measured [59, 60]. Interestingly, the results

have put forth a few open issues, which are yet to be understood fully. Besides the

experiments, various numerical studies, such as a quantum Monte Carlo simulation

[61] and a classical field method [62], have also addressed the same system. It is the

aim of Chapter 2 to study this problem analytically, using a modified Popov theory to

describe the quasi-condensation, and a renormalization group technique to go beyond

the Hartree-Fock theory [63].

1.2 Artificial Gauge Fields for Cold Atoms

The generation of artificial gauge fields for quantum gases has attracted considerable

interest since the first realization of BEC. In contrast to charged systems which respond

to a magnetic field, one needs to resort to other methods to imprint the required gauge

structure in neutral atoms. The conceptually easiest scheme is by uniformly rotating

the cloud of atoms, thereby mimicking the Lorentz force as experienced by a charged

particle in a magnetic field. The spectacular generation of a vortex lattice in a BEC

by rotation [64, 65], besides proving its superfluidity, provides a direct analogue of the

Abrikosov lattice in a type-II superconductor under a magnetic field.

One of the current aims in this direction is to look for strongly correlated quantum

Hall states with cold atoms, where exotic states such as the 1/2-Laughlin state and

the non-Abelian Moore-Read state are shown to provide an excellent description of the

ground state in the appropriate regimes [66, 67]. While these states remain elusive in

a quantum Hall system, with the benefit of disorder-free and relatively simple probes,

their realization with cold atoms will prove particularly fruitful if the exotic statistical
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Figure 1.2: A time-of-flight image of a single BEC in the presence of an artificial

magnetic field generated by means of Raman techniques (unpublished, by courtesy of

I. Spielman).

character of their excitations can be demonstrated [68, 69]. However, to enter the

strongly correlated regime in cold atoms, one needs to first melt the vortex lattice into

a strongly correlated vortex liquid state, where the number of vortices Nv is of the

same order as the number of particles N [70]. This poses a technical challenge for

the present rotation technique, since N/Nv ∼ 100 with the fastest rotation available.

Many proposals have thus been put forward to generate gauge fields without a large

scale rotation [71, 72, 73, 74]. On the experimental front, one such proposal has

been successfully implemented by means of Raman techniques [75]. By generating

spatially varying spin eigenstates, the atoms adiabatically pick up a Berry phase, which

result in a non-trivial canonical kinetic operator. The nucleation of vortices seen in

Fig. 1.2 provides the first proof-of-principle experiment in generating artificial gauge

fields without a large scale rotation in a BEC.

On the other hand, theoretical ideas have continued to explore other possibilities

that do not have a condensed-matter analogue. For example, the generation of a ‘high

magnetic flux’ regime on a lattice [76, 77] and of non-Abelian gauge fields [78] have

shown to yield complex phenomena, including the Hofstadter butterfly band structure

[79, 80] and the anomalous Hall effect [81], respectively. In Chapter 3, we study

an experimental proposal of a driven optical lattice [82] and show that an artificial

staggered magnetic field can be generated in the lattice [83, 84].

1.3 Quantum Phase Transitions with Cold Atoms

The visionary proposal of combining ultracold gases with optical lattices to realize the

Bose-Hubbard model came as a surprising offshoot at the beginning [48]. Its subsequent

successful implementation in the group of Hänsch, in Munich, Germany, has ushered

in a new chapter for ultracold gases as a versatile system to study strongly correlated

phenomena of lattice models [17]. In reaching the low filling fraction n = 1, the

transition from a Bose superfluid to the Mott insulating phase was inferred from the
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(a) (b)

Figure 1.3: (a) Phase diagram of the Bose-Hubbard model at unity filling, parame-

terized by the dimensionless coupling (U/J), where U is the on-site interaction and J

is the hopping strength. The dashed line represents a typical trace for obtaining the

critical temperature of experimental data and simulations. Adapted from Ref. [87]. (b)

Momentum distributions obtained by time-of-flight experiments for increasing (U/J).

The loss of interference peaks in the momentum distribution can serve as a signature

for the loss of coherence property. From Ref. [17].

disappearance of interference peaks (see Fig. 1.3b) and from the opening of a gap in the

excitation spectrum, and showed a good agreement with the theoretical predictions. In

principle, the transition is a second-order quantum phase transition at a fixed integer

filling, where the system undergoes a dramatic change in the ground state across the

critical coupling [85, 86]. In the phase diagram of Fig. 1.3a, even though fine details such

as the exact temperature of the experiment remains an interesting issue, the regime

where the experiment was carried out suggests that the study of quantum critical

properties are within reach [87]. Later on, other experimental groups have studied

the 1D and 2D Bose-Hubbard models [88, 89] where more sophisticated theoretical

techniques are required for the understanding of the experiments.

Fermions trapped in optical lattices realize the celebrated Hubbard model, which

is certainly one of the most fundamental models in the studies of strongly correlated

matter [90, 91]. Several phases have been proposed for the model, which include various

types of magnetic ground states [92], stripe phases [93], novel orbital phases [94], and

some more exotic fractionalized phases [95]. It is believed that the Hubbard model

captures the essential physics of high-Tc superconductors [96]. However, with the lack

of numerical simulation means due to the infamous sign problem for fermions [97], the

theoretical understanding of the Hubbard model remains an active research topic. The

prospect of realizing the Hubbard model with cold atoms thus immediately stirred up

a lot of excitement in the community [98]. In current experiments, the major obstacle

has been the lack of an efficient cooling mechanism for fermions to reach the degenerate

temperature T/TF ∼ 10−2. Nevertheless, impressive progress has been made, such as
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the observation of super-exchange interactions [99] and of the metallic and insulating

phases of the Hubbard model [100, 101]. The next step will be the observation of the

Neel phase [102] and eventually, the realization of the quantum degenerate phases of

the Hubbard model.

In Chapter 4, we study an optical lattice loaded with ultracold bosons and fermions

in the presence of an artificial staggered magnetic field . The problem results in an

extended Hubbard model with attractive interactions. The phase diagram displays

intriguing features, including quantum criticality and a dome-shaped novel supercon-

ductivity [103].

1.4 Outline

This thesis is organized as follows: In Chapter 2, we study correlation effects in an

ultracold Bose gas in two dimensions, which are beyond a mean-field description. We

first consider a modified Popov theory that incorporates the phase fluctuations of the

quasi-condensate exactly. In the normal phase of the gas, the Hartree-Fock theory,

however, is inadequate and we improve upon it by employing a renormalization group

approach with an energy dependent T -matrix. The renormalization group flows show

features which are unique to two dimensions, such as the existence of an attractor

in the running coupling. The phase diagram of the uniform gas consists of three

regimes, namely a normal phase, a quasi-condensate phase without superfluidity and

a superfluid phase. We then calculate higher-order correlation functions, which can

serve as observables for the quasi-condensate. For a Bose gas in a trap, we employ the

local density approximation to determine the density profile.

In Chapter 3, we study an experimental proposal of a time-dependent optical lattice

with staggered rotations. In the tight-binding regime, we show that the time-dependent

problem can be described by a generalized (Bose-)Hubbard model subjected to an ar-

tificial staggered magnetic field. For single-component fermions at half-filling, the

staggered flux immediately leads to highly tunable 2D Dirac fermions and compar-

isons to graphene and graphene-like systems are made. We then study the weak- and

strong-coupling regimes of the generalized Bose-Hubbard model. In the former case,

we use the Hartree ansatz to determine the stabilization of distinct superfluid phases

and derive the sound mode of the BECs. In the strong-coupling regime, we use a path-

integral method to obtain the excitation spectrum of the Mott insulating phase. We

then rederive the results using the Landau theory of phase transitions and establish the

complete phase diagram at zero temperature. Finally, we obtain the momentum distri-

butions of the distinct superfluid phases, which provide a clear experimental signature

of each phase.

In Chapter 4, we generalize the previous model for a mixture of ultracold bosons
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and spin-1/2 fermions. By using the Bogoliubov theory for the bosonic sector, we

show that the bosonic superfluid mediates attractive interactions between fermions

up to the nearest-neighbor site. The resulting model is an extended Hubbard model

subjected to a staggered magnetic field, where the on-site and the nearest-neighbor

attractive interactions can be tuned independently. We consider an on-site pairing

order competing with a nearest-neighbor resonating-valence-bond order and perform a

mean-field analysis for the resulting pairing Hamiltonian. In particular, we use BCS

theory to determine the mean-field superconducting transitions in the system. Due

to conical points in the energy band, the system possesses quantum critical properties

and the phase diagram displays features which are strikingly similar to that of high-Tc

superconductors or heavy-fermion superconductors. We end the thesis with conclusions

and outlook in Chapter 5.



Chapter 2

Correlation Effects

in Two-Dimensional Bose Gases

We study various properties of an ultracold two-dimensional (2D) Bose gas that are beyond a

mean-field description. We first derive the effective interaction for such a system as realized

in current experiments, which requires the use of an energy dependent T -matrix. Using this

result, we then solve the mean-field equation of state of the modified Popov theory, and

compare it with the usual Hartree-Fock theory. We show that even though the former theory

does not suffer from infrared divergences in both the normal and superfluid phases, there

is an unphysical density discontinuity close to the Berezinskii-Kosterlitz-Thouless transition.

We then improve upon the mean-field description by using a renormalization group approach

and show how the density discontinuity is resolved. The flow equations in two dimensions,

in particular, of the symmetry-broken phase, already contain some unique features pertinent

to the 2D XY model, even though vortices have not been included explicitly. We also

compute various many-body correlators, and show that correlation effects beyond the Hartree-

Fock theory are important already in the normal phase as criticality is approached. We

finally extend our results to the inhomogeneous case of a trapped Bose gas using the local-

density approximation and show that close to criticality, the renormalization group approach

is required for the accurate determination of the density profile.1

2.1 Introduction

Low-dimensional systems play a unique role in the study of many-body effects. In

particular, the 2D XY model undergoes a special type of phase transition into a

state which is characterized by only algebraic long-range order instead. The under-

lying mechanism that drives the phase transition, known as the Berezinskii-Kosterlitz-

1This chapter is based on “Correlation Effects in Ultracold Two-Dimensional Bose Gases”, L.-
K. Lim, C. Morais Smith and H. T. C. Stoof, Physical Review A 78, 013634 (2008).

9
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Thouless (BKT) transition [3, 4], is the unbinding of vortex-antivortex pairs. Due

to its topological nature, such a phase transition is difficult to incorporate into the

standard Ginzburg-Landau theory with a local order parameter. For the ultracold 2D

Bose gas, the absence of Bose-Einstein condensation (BEC) requires the concept of a

quasi-condensate to understand the existence of algebraic long-range order and super-

fluidity [49, 50, 51, 52, 53, 54]. Experiments in the field of ultracold atomic gases have

recently reached this interesting 2D regime to allow for the direct observation of this

phenomenon in a highly controllable environment [39, 40, 57, 59, 60]. The observation

of dislocations in the interference pattern of two condensates [40, 55, 56, 57] and the

studies of the coherence properties [58, 39], for example, have all agreed with the uni-

versal predictions of BKT theory. More experiments and numerical simulations have

come to address also various nonuniversal properties specific to the atomic gases under

consideration [59, 61, 62, 104, 105].

To describe the low-dimensional Bose gas at nonzero temperatures, the usual ap-

proach of the Bogoliubov theory is plagued with infrared divergences. However, these

divergences can be shown to occur due to a spurious contribution from the condensate

phase fluctuations in the Bogoliubov approach and by removing these contributions

we can arrive at a modified Popov theory, which is valid for any dimension and at all

temperatures [52, 53]. In this chapter, we first study this modified Popov theory for

the ultracold 2D Bose gas and show that it contains a density discontinuity above the

BKT transition, close to the point where the quasicondensate density becomes nonzero.

To improve upon the mean-field description, we next employ a renormalization group

(RG) approach to take into account the quantum and thermal fluctuations more ac-

curately, in particular in the normal phase, when the modified Popov theory reduces

to Hartree-Fock theory. The RG theory developed for the ultracold three-dimensional

(3D) Bose gas was shown to be quantitatively successful in addressing effects beyond

mean-field [106]. Here, we derive the analogous 2D RG flow equations and find the

surprising result that they show features which are very different from the 3D RG

theory. We first show how various characteristics of a quasicondensate are manifested

in this framework. We then interpret these unique features as precursors of the BKT

physics, even though we have not taken topological defects into account explicitly. This

is because the RG theory is derived from the full atomic quantum field ψ(x, τ) and not

from its phase alone [107, 108, 109]. With the RG approach, the density correction

to the Hartree-Fock theory indeed resolves the unphysical density discontinuity in the

mean-field description. Furthermore, it agrees with the equation of state of the modi-

fied Popov theory already above the critical temperature, which shows that the latter

has correctly included correlation effects beyond the Hartree-Fock description even in

the normal phase.

The chapter is organized as follows. In Sec. 2.2, we discuss the exact form of
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the T -matrix for ultracold 2D gases as realized under current experimental conditions,

since it determines the effective interaction of the 2D Bose gas. Next, in Sec. 2.3, we

present the mean-field results from the modified Popov theory, and point out that the

Hartree-Fock theory becomes unstable already above the BKT transition, even though

a solution to the Hartree-Fock equation of state exists at all temperatures. The discon-

tinuity in the density close to the BKT transition that results from the modified Popov

theory is deemed unsatisfactory, and in Sec. 2.4, we present the required RG theory to

improve upon this result. We discuss various interesting features of the flow equations

in two dimensions and compute various nonuniversal quantities of interest within this

approach. While the RG approach resolves the density discontinuity of the mean-field

equation of state, it remains incapable of capturing all the critical properties known

from the BKT physics. We also compute various many-body correlators, and show

how correlation effects beyond a mean-field picture show up in the normal phase close

to criticality. In Sec. 2.5, we extend our results to the case of a trapped Bose gas and

compare them with the ideal gas. We end with some concluding remarks in Sec. 2.6.

2.2 Effective Interaction in the 2D Regime

Even though we shall be interested in ultracold 2D Bose gases, in experiments with

atomic alkali-metal gases the realization of such a system is achieved by restricting

the motion of a trapped 3D gas onto a plane. For the quantum degenerate gas to

be in the 2D regime, one needs to ensure that the motion along the tightly confining

axial direction is frozen out. This condition is met if kBT, µ ¿ ~ωz, where kBT is the

thermal energy, µ is the chemical potential, and ωz is the axial trapping frequency.

In the ultracold limit of the gases under consideration, the effective interaction is

in the first instance determined by the three-dimensional two-body T -matrix. We

therefore begin with considering the full two-body Hamiltonian Ĥ0 + V̂ in the center-

of-mass coordinate frame, where the free Hamiltonian Ĥ0 is given by

Ĥ0 = −~
2

m
Mr −~

2

m
Mz +

1

4
mω2

zz
2, (2.1)

m is the atomic mass, and V̂ is the interaction potential modeled by a short-ranged

delta function of strength V0. The center-of-mass coordinate frame is spanned by

the r-plane, which is taken to be homogenous, and the z-axis in the tightly-confining

direction. We denote the eigenstates of Ĥ0 by |k, n〉, which are given by the product

of 2D plane waves 〈r|k〉 = eik·r and one-dimensional oscillator functions 〈z|n〉 = φn(z).

The latter functions are defined in the standard form,

φn(z) = (2π)−1/4(2nn! l)−1/2Hn(z/
√

2l) exp(−z2/4l2), (2.2)
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where l =
√
~/mωz is the harmonic length in the axial direction and Hn(z) is the

Hermite polynomial.

The Lippmann-Schwinger equation for the two-body T -matrix is given by

T̂ (E+) = V̂ + V̂
1

E+ − Ĥ0

T̂ (E+), (2.3)

where E+ = E+i0 and the effective interaction in the 2D regime is given by the matrix

element with respect to the axial ground state, i.e.,

T00(E) ≡ 〈k, n = 0|T̂ (E)|k′, n = 0〉. (2.4)

By inserting the completeness relation
∑

n

∫
dk|k, n〉〈k, n|/(2π)2 = 1, the operator

equation in Eq. (2.3) can be written as

1

T (E)
=

1

V0

−
∞∑

n=0

∫
d2k

(2π)2

|φn(0)|2
E − E0(k, n)

, (2.5)

where T (E) is the matrix element with respect to 3D plane waves, which is related to

the desired quantity T00(E) by means of T00(E) = |φ0(0)|2T (E). Moreover, E0(k, n)

are the eigenvalues of the free Hamiltonian

E0(k, n) = 2εk +

(
n +

1

2

)
~ωz, (2.6)

with εk = ~2k2/2m.

As it stands, Eq. (2.5) suffers from an ultraviolet divergence due to the delta function

interaction potential, which neglects any momentum dependence at high momentum.

To cure this divergence, we observe that while the harmonic oscillator functions with

odd n vanish at the origin, the functions with even n have the asymptotic behavior

|φ2n(0)|2 =
1

πl
√

2

Γ(n + 1
2
)

Γ(n + 1)
∼ 1

πl
√

2n
+O

(
1

n3/2

)
, (2.7)

for large quantum numbers n, where Γ(n) denotes the Gamma function. It then follows

that, for large n, the second term on the right-hand side of Eq. (2.5) takes the form

∫
d2kdkz

(2π)3

1

E − 2εk − 2εkz

, (2.8)

with kz ≡
√

2n/l. This form diverges in the ultraviolet in exactly the same manner as

the two-body T -matrix in the homogenous three-dimensional space, i.e., as

1

T 2B(E)
=

1

V0

−
∫

d3q

(2π)3

1

E − 2εq
, (2.9)

with q = (k, kz). On physical grounds, this behavior is expected since the short-

distance behavior of the gas is not altered by the harmonic confinement and a standard
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renormalization procedure can therefore be implemented. The latter is achieved by

eliminating the bare coupling strength V0 in favor of the relevant physical parameter

T 2B(E ' 0) = 4π~2a/m for the low-energy scattering, where a is the 3D scattering

length. After the elimination, a well-defined expression for the T -matrix,

1

T (E)
=

m

4π~2a
−

∞∑
n=0

∫
d2k

(2π)2

|φn(0)|2
E − E0(k, n)

−
∫

d3q

(2π)3

1

2εq
, (2.10)

that no longer contains any divergence is obtained. It is shown in the Appendix that

the effective interaction can be further worked out to yield

T00(E) =
2
√

2π~2

m

1

l/a + F (E)
, (2.11)

with

F (E) = F0+
1√
2π

∞∑
n=0

(2n− 1)!!

(2n)!!
ln

[
4n + 1

4n− 2E/~ωz

]
, (2.12)

where F0 ' −0.3508, and for convenience energies are measured with respect to the

zero-point energy ~ωz/2 of the axial ground state. This result can be compared with

the previous work of Petrov et al. [110], where a different approach has been adopted.

Thus, we see that the interaction takes a quasi-2D form, even though the system is

kinematically two dimensional. The T -matrix T00(E) interpolates between the form

of the interaction for the 3D and 2D cases, where the former is a constant and the

latter has a logarithmic energy dependence. For the trapped atomic gases of interest,

the condition l/a À 1 is usually satisfied. Hence the effective interaction is often well

approximated by T00(E) ' 2
√

2πa~2/ml ≡ g. Nonetheless, the exact form of the T -

matrix with an energy dependence will turn out to be important in the present work.

In Fig. 2.1, we show |T00(E)| as a function of energy. Besides that the overall scale

is set by g, there are zeros at energies 2n~ωz corresponding to the harmonic oscillator

states with even n, due to the divergence of the logarithmic function. Note again that

we have subtracted the zero-point energy.

2.3 Mean-Field Theory

In this section, we recapitulate the main result obtained from the modified Popov

theory for the ultracold 2D Bose gas [52, 53]. The equation of state in this mean-field

theory is given by

n = n0+
1

V

∑

k

{
εk

2~ωk

[2N(~ωk) + 1]− 1

2
+

n0T00(−2µ)

2εk + 2µ

}

≡ n0+n′ (2.13)
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Figure 2.1: The exact T -matrix element |T00(E)| as a function of energy.

and µ = (2n− n0) T00(−2µ), where n is the total density, n0 is the (quasi)condensate

density, n′ is the density fluctuations around n0, ~ωk = [ε2
k + 2n0T00(−2µ)εk]

1/2 is the

Bogoliubov quasiparticle dispersion, N(x) = 1/(eβx − 1) is the Bose-Einstein distribu-

tion function, and β = 1/kBT is the inverse thermal energy. Notice that these equations

do not suffer from infrared and ultraviolet divergences, and thus, they are valid for any

dimension and at all temperatures. This comes about because the condensate phase

fluctuations have been treated exactly to arrive at this result. A condensate with true

long-range order is absent in two dimensions at any nonzero temperature. In fact,

as shown in Ref. [52, 53], n0 should be identified with the quasicondensate density

at any nonzero temperature. Due to its mean-field nature, however, this equation of

state is incapable to capture the BKT transition. Indeed, although the criterion for

the BKT transition is nsΛ
2
th = 4, where Λth =

√
2π~2/mkBT is the thermal de Broglie

wavelength of the atoms in the gas, according to Eq. (2.13), a nontrivial solution exists

even if the superfluid density ns obeys nsΛ
2
th < 4. To circumvent this shortcoming, it

was shown that by complementing the above equation of state with a renormalization

group analysis on the Sine-Gordon model that takes into account vortices explicitly, the

canonical criterion for the BKT transition is met when n0Λ
2
th = 6.65 [53]. Thus, above

this critical temperature, the fugacity of the vortices renormalizes at long wavelengths

to a nonzero value, which leads to the destruction of superfluidity but not immediately

of the quasi-condensate.

The normal state without a quasicondensate is instead described by the Hartree-

Fock equation of state given by

n =
1

V

∑

k

N(εk + ~Σ− µ), (2.14)

where the Hartree-Fock self-energy ~Σ satisfies

~Σ = 2nT00(−~Σ). (2.15)

It is also noted that when the T -matrix is energy independent, i.e., T00(E) ' g, the

normal equation of state can actually be satisfied at all temperatures, since Eq. (2.14)
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Figure 2.2: The mean-field equation of state from the modified Popov theory. The

dashed curve is the Hartree-Fock theory that is extended also into the unstable regime

until the Monte Carlo critical condition ncΛ
2
th = 7.81 is met (dotted line). We have

taken mg/~2 = 0.15, which roughly corresponds to the experiment of Ref. [59]. The

canonical BKT criterion derived from the modified Popov theory is indicated with an

asterisk.

can then be integrated to give

nΛ2
th = − ln(1− e−β(2ng−µ)). (2.16)

For a fixed total density n, Eq. (2.16) has always a solution for the chemical potential

µ, at all temperatures. Thus to ensure the stability of the normal phase, we have

to examine with the same chemical potential µ whether the solution of the modified

Popov theory exists.

To illustrate this discussion, we numerically solve both equations of state, as shown

in Fig. 2.2. We observe that there is an unphysical discontinuity in the density curve

due to a mismatch in the total density between the two equations of state close to the

BKT transition. This is an artifact of the mean-field theory which will be resolved in

the next section.

To compare, we include in Fig. 2.2 the result from the usual Hartree-Fock mean-

field approach. In this approach, the Hartree-Fock theory is employed up to a chemical

potential that corresponds to the critical density nc obtained from the high precision

Monte Carlo simulations [111]. Numerical simulations yielded a critical density for

the onset of the BKT transition of ncΛ
2
th ' ln(380 ~2/mg) = 7.81, and a critical

chemical potential µc/kBT ' (mg/π~2) ln(13.2 ~2/mg) = 0.22, for mg/~2 ' 0.1541.

Both conditions are shown by the dotted lines in Fig. 2.2. It is noted that the critical

chemical potential obtained within this mean-field approach, µHF
c /kBT ' 0.38, differs

from the Monte-Carlo result, thus indicating an inconsistency in the Hartree-Fock

approach. This can be understood within the modified Popov theory as an instability

of the system toward a more correlated phase. On the other hand, despite the density
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0

µ

V0

Figure 2.3: The RG flow diagram of V0 and µ in the symmetric phase. The arrows

indicate the flow direction towards the long-wavelength regime. The dotted lines are

ill-defined trajectories as explained in the text.

discontinuity, the modified Popov theory yields a critical density nMP
c Λ2

th ' 7.94 and

a critical chemical potential µMP
c /kBT ' 0.23, which are in excellent agreement with

the Monte Carlo results. This shows that the main problem of the modified Popov

theory lies in the inaccurate treatment of correlations in the region where it reduces to

Hartree-Fock theory.

2.4 Renormalization Group Theory

To improve upon the modified Popov theory, we employ here an RG approach [112]. In

this approach, we systematically integrate out the high-momentum shell Λe−t < k < Λ,

and absorb its contribution into the parameters of the theory, which then become

dependent on the flow parameter t. Here, Λ is the ultraviolet cutoff of the theory that

is specified below. As discussed in Ref. [106], due to the ultracold limit of the Bose gas

under consideration, the parameters which are important in determining the various

properties of interest are the chemical potential µ = µ(t), and the two-body interaction

strength V0 = V0(t).

2.4.1 The Flow Equations

We shall present here the flow equations for these parameters in two dimensions, thus

extending the results obtained in Refs. [106, 113]. In the symmetric phase, for µ < 0,

the flow equations are given by

dµ

dt
= 2µ− Λ2

π
V0N(εΛ − µ),

dV0

dt
= −Λ2

2π
V 2

0

[
1 + 2N(εΛ − µ)

2(εΛ − µ)
+ 4βN(εΛ − µ)[N(εΛ − µ) + 1]

]
, (2.17)
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Figure 2.4: The RG flow diagram in the symmetry-broken phase. There is a lim-

iting curve which ends at the attractor (0,−εΛ/2) where all trajectories approaches

asymptotically. The inset shows the approach to the attractor.

while in the symmetry-broken phase, for µ > 0, they are

dµ

dt
= 2µ− Λ2

2π
V0

[
2ε3

Λ + 6µε2
Λ + µ3

2~3ω3
Λ

[2N(~ωΛ) + 1]− 1 +
µ(2εΛ + µ)2

~2ω2
Λ

βN(~ωΛ)

×[N(~ωΛ) + 1]

]
,

dV0

dt
= −Λ2

2π
V 2

0

[
(εΛ − µ)2

2~3ω3
Λ

[2N(~ωΛ) + 1] +
(2εΛ + µ)2

~2ω2
Λ

βN(~ωΛ)

×[N(~ωΛ) + 1]

]
. (2.18)

Here, the chemical potential has been trivially rescaled by µ → µe2t, hence the 2µ

term in the flow equations. The inverse temperature has also been trivially rescaled

as β → βe−2t, but the interaction strength does not scale trivially in two dimensions.

To examine the critical properties, however, a different trivial scaling needs to be

used. This comes about because close to the critical regime, where the correlation

length and correlation time diverge, the time-derivative term in the quantum action

can be neglected with respect to the kinetic term. This is equivalent to taking the

large-t or high-temperature limit of the flow equations by setting N(x) → 1/βx. As a

result, while the trivial scaling of the chemical potential remains the same, the coupling

strength acquires a trivial scaling with exponent 2, i.e., V0 → V0e
2t. As expected, the

trivial scalings in the critical regime then agree with the trivial scalings of the classical

2D XY model.

To solve the flow equations, the correct boundary conditions have to be provided.

The initial value for the chemical potential µ(t = 0) is nothing but the bare chemical

potential in the original theory. Its initial value can either be positive or negative,

corresponding to an initial phase which is symmetry broken or unbroken, respectively.

Furthermore, the flow equations allow the chemical potential to change sign, since the
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two sets of equations are smoothly connected at µ = 0. As we shall see, it is in fact a

general feature of the solutions to the 2D flow equations in the symmetry-broken phase

that the chemical potential always flows to a negative value for large t, which is not

the case in three dimensions.

To determine the boundary condition for the interaction strength, we recognize that

in vacuum, i.e., by setting N(εΛ−µ) = 0, the flow equation for the interaction strength

dV0

dt
= −Λ2

2π

V 2
0

2(εΛ − µ)
(2.19)

is nothing but the differential form of the Lippmann-Schwinger equation for the T -

matrix at energy 2µ. Since the T -matrix solution to the Lippmann-Schwinger equation,

as obtained in Sec. 2.2, entails the summation of all ladder diagrams for the scattering

process in vacuum, we have to ensure that the flow equation in Eq. (2.19) reproduces

the correct long-wavelength result for large t. In particular, the initial value V0(t = 0)

is chosen such that for large t the correct form of the T -matrix is recovered in the

vacuum, i.e., V0(t → ∞) = T00(2µ). This can be satisfied by the following initial

condition:

V0(t = 0) =
2
√

2π~2

m

1

l/a + (1/
√

2π) ln (mωz/2~Λ2)
, (2.20)

for ~2Λ2/m À 2µ. It is important to note that for Λ À Λth, this procedure allows

us to eliminate the ultraviolet cutoff dependence of the theory since the interaction

strength already attained the two-body T -matrix value before entering the thermal

regime [106]. With these boundary conditions and the ultraviolet cutoff chosen to be

Λ ∼ O (100Λth), we now numerically integrate the flow equations to obtain the specific

solution {V0(t), µ(t)} for different chemical potentials.

2.4.2 Analysis of the Flow Equations

We first study the two sets of flow equations in Eq. (2.17) and Eq. (2.18) separately, and

allow for the chemical potential in both equations to take positive and negative values.

In the symmetric phase, as seen in Fig. 2.3, the trajectories seem to be characteristics

of the order-disorder phase transition of the classical 3D XY model. The fixed point

of the flow equations can be found by considering their large-t limit

dµ

dt
= 2µ− Λ2V0

π

kBT

εΛ − µ
= 0,

dV0

dt
= 2V0 − Λ2V 2

0

2π

5kBT

(εΛ − µ)2
= 0, (2.21)
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Figure 2.5: The intercept with the V0 axis as a function of the chemical potential µ.

which yields (V ∗
0 , µ∗) = (20πε2

Λ/49Λ2kBT, 2εΛ/7). However, it is important to note that

for chemical potentials above a critical value, the resulting trajectories are actually ill-

defined because µ(t) eventually grows to a point where the Bose-Einstein distribution

diverges, i.e. N(εΛ− µ) = ∞. Thus, there is not really an order-disorder phase transi-

tion with increasing chemical potential. More generally, the first quadrant with positive

chemical potential should be regarded as the unphysical region of the symmetric phase

because the true minimum of the action is shifted away from the origin. Similarly, in

three dimensions the unstable fixed point lying in this region does not give the most

accurate critical properties of the system [106].

In the symmetry-broken phase, the flow equations present a few rather surprising

features, as shown in Fig. 2.4. First, all trajectories always flow into the fourth

quadrant with a negative chemical potential. This feature can be interpreted as the

prima facie property of a quasicondensate in two dimensions, where starting with an

initial “condensate” (µ > 0) at the shortest distance, as the high momentum shells

are being integrated out, the symmetry always gets restored (µ < 0) in the infrared

regime. In other words, the high-momentum fluctuations at long wavelength always

destroy the coherence present at short distances.

Second, there exists an attractor in the fourth quadrant towards which all the tra-

jectories flow, without the need to fine tune the initial condition. The attractor can be

found from solving the large-t limit of the flow equations,

dµ

dt
= 2µ− Λ2V0kBT

2π

2ε3
Λ + 10ε2

Λµ + 4εΛµ2 + 2µ3

[εΛ(εΛ + 2µ)]2
= 0,

dV0

dt
= 2V0 − Λ2V 2

0 kBT

2π

5ε2
Λ + 2εΛµ + 2µ2

[εΛ(εΛ + 2µ)]2
= 0, (2.22)

which give (V ∗
0 , µ∗) = (0,−εΛ/2). Due to a non-analytic behavior of the differential

equations near the attractor, an expansion of Eq. (2.22) around the attractor (V ∗
0 +



20 CHAPTER 2. CORRELATION EFFECTS IN TWO-DIMENSIONAL BOSE GASES
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Figure 2.6: The RG flow diagram of the two sets of flow equations in the respective

regions.

δV0, µ
∗ + δµ) gives

dδµ

dt
' −εΛ + 2δµ +

9Λ2kBTεΛ

32π

δV0

δµ2
− 15Λ2kBT

16π

δV0

δµ
− Λ2kBT

8πεΛ

δV0,

dδV0

dt
' 2δV0 − 9Λ2kBT

16π

δV 2
0

δµ2
, (2.23)

which thus does not permit a linearization. The approach to the attractor can never-

theless be found by substituting the ansatz δV0 ∝ 1/t2. In this manner we find that

the direction of approach is given by

δµ2(t) ' 9Λ2kBT

32π

t

1 + t
δV0(t), (2.24)

and δµ ∝ 1/t for large t. This is shown in the inset of Fig. 2.4.

Third, there exists a limiting curve that all trajectories approach asymptotically.

The intercept of the trajectories with the V0 axis for increasing chemical potential is

shown in Fig. 2.5. The interesting feature here is that for sufficiently large chemical

potential the intercept essentially remains constant. We will come back to this point

shortly.

Again, since the flow equations in the symmetry-broken phase are valid for µ > 0,

the fourth quadrant should be considered as the unphysical region. However, the

existence of an attractor and a limiting curve in the solution to the flow equations

already suggests features which are unique to the ultracold 2D Bose gas, even though

we did not take vortices into account explicitly. They are in fact related to the fixed

line known from the BKT theory.

Finally, let us consider the system of coupled flow equations, and use the appropriate

ones in the different quadrants. The result is shown in Fig. 2.6. The main point to note

here is that a critical chemical potential µc can be identified for a fixed temperature,
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Figure 2.7: The RG equation of state, with mg/~2 = 0.15. The dashed lines are the

critical conditions for the BKT transition from the Monte Carlo (MC) results. The

dotted line is the modified Popov theory.

beyond which the resulting flow for large t is insensitive to its initial value. This is so

because for µ > µc, the trajectory changes the sign of µ(t) at essentially the same value

of V0, and thus the continuing flow into the fourth quadrant governed by the symmetric

phase flow equations has essentially the same initial value. In other words, the long-

wavelength action takes the same form for all µ > µc. As a result, we identify this µc

with the critical condition for the BKT transition in this approach. It is interesting

to note that the critical chemical potential obtained in this manner agrees within 10%

with the Monte Carlo result.

2.4.3 RG Equation of State and Correlation Effects

Having discussed the properties of the flow equations, we next determine various

nonuniversal quantities of interest. With the RG approach, the total density n and

the superfluid density ns can be computed by integrating these quantities along the

trajectory, which are expressed by the following differential equations

dn

dt
=

Λ2

2π

[
εΛ + µ

2~ωΛ

[2N(~ωΛ) + 1]− 1

2

]
e−2t, for µ > 0,

dn

dt
=

Λ2

2π
N(εΛ − µ)e−2t, for µ < 0, (2.25)

and

dns

dt
=

dn

dt
− Λ2

2π
εΛβN(x) [N(x) + 1] e−2t, (2.26)

where x = ~ωΛ or (εΛ − µ) for µ > 0 or µ < 0, respectively. The initial conditions are

n(t = 0) = ns(t = 0) = 0. In Fig. 2.7, the density curve n(t → ∞) as a function of
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Figure 2.8: Superfluid fraction (solid curve) as a function of temperature for a density

of 1.5 × 109cm−2, with mg/~2 = 0.15. The dotted line extrapolates the solid curve

from the RG calculation to the lower temperature regime. The critical BKT condition

is shown by the dashed line.

the chemical potential is shown and compared with the modified Popov theory. For

small chemical potentials, the small deviation from the mean-field theory is consistent

with the expectation that at low densities the RG correction is unimportant. As the

chemical potential approaches the BKT critical point, however, the deviation from

the Hartree-Fock theory becomes substantial. In fact, the RG density curve connects

smoothly with the density curve obtained from the modified Popov theory. Thus, the

RG approach resolves the artificial discontinuity observed in the mean-field theory.

Furthermore, it shows that the equation of state for the quasi-condensate provides

already a good description above the critical temperature.

Next, by integrating Eq. (2.26), the superfluid density is obtained, which is shown

in Fig. 2.8. We see that the anticipated discontinuous jump in the superfluid density is

absent at nsΛ
2
th = 4, which shows that not all universal features of the BKT transition

are incorporated yet. We believe that the effects on the superfluid density associated

with the proliferating vortices can be taken into account explicitly by performing an

additional renormalization group analysis on the Sine-Gordon model, as done in Ref.

[53]. The initial condition for the dielectric constant K(0) = β~2ns/m should then be

identified with the superfluid density obtained here.

Finally, we compute various many-body correlators where enhanced correlation ef-

fects are expected to show up as criticality is approach. From the modified Popov

theory, the renormalized density-density correlator is given by [53]

K
(2)
R (T ) ≡ 〈ψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)〉/2n2

=
1

2n2

[
n2

0 + 4n0n
′ + 2(n′)2

]
. (2.27)
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Figure 2.9: Renormalized density-density correlator as a function of chemical potential,

with mg/~2 = 0.15. The dotted line is the prediction from the Hartree-Fock theory,

with 〈n2〉 = 2〈n〉2. The dashed line is the BKT transition from the Monte Carlo result.

The reduction in the three-body recombination is given by

LN

L(T )
'

{[
T00(−2µ)

T00(−2~Σ)

]6

K
(3)
R (T )

}−1

, (2.28)

where LN is the recombination rate constant in the normal phase, and the renormalized

three-body correlator is given by

K
(3)
R (T ) =

1

6n3

[
n3

0 + 9n2
0n
′ + 18n0(n

′)2 + 6(n′)3
]
. (2.29)

In Fig. 2.9 and Fig. 2.10, we see that as the system in the normal phase approaches

criticality, the mean-field description of Hartree-Fock theory for the many-body cor-

relators breaks down completely. While the latter gives a constant value of 1 for the

renormalized density-density correlator, the enhanced correlation due to the presence

of a quasicondensate reduces this value to 0.68 at criticality. Furthermore, the three-

body recombination rate reduces by a factor of 2.8, compared to the recombination rate

constant in the normal phase. Thus, both of these effects can serve as an observable

for beyond Hartree-Fock effects.

2.5 Trapped Bose Gases

In this section, we extend our results to the inhomogeneous case of trapped Bose gases.

For the case of a trapped ideal Bose gas, the phenomenon of Bose-Einstein condensation

(BEC) occurs. Within the local-density approximation (LDA), BEC takes place when

the phase-space density in the center of the trap diverges. The temperature at which

this phenomenon occurs, the BEC temperature TBEC , can be related to the total
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Figure 2.10: Reduction of the three-body recombination rate as a function of the

density at temperature T = 84.4 nK. The dashed line is the BKT transition from the

Monte Carlo result.

particle number N in the trap by [114]

N =
π2

6

(
kBTBEC

~ω̄

)2

, (2.30)

where ω̄ is the geometric mean of the radial trapping frequencies. For the case of

a trapped interacting Bose gas in two dimensions, the system does not undergo a

BEC, but a BKT transition if the trapping frequency ω̄ is sufficiently low [115, 116].

For current experiments of interest, the harmonic length
√
~/mω̄ associated with the

radial trapping frequencies easily exceeds the de Broglie wavelength Λth. Thus, the

use of LDA by incorporating the effect of radial trapping through the introduction of a

local chemical potential µ(r) = µ−mω̄2r2/2 is readily justified. We show in Fig. 2.11

the density profile of an ideal Bose gas at the critical condition and compare it with

the case of an interacting Bose gas within the LDA. Here, we see the drastic effect of

interactions in the 2D Bose gas. For these conditions, the RG density profile for the

interacting gas is only slightly different from the Hartree-Fock theory, which is stable

in this case. We include the density profile of an ideal classical Boltzmann gas for

comparison.

As the phase-space density is increased, the Hartree-Fock theory is no longer appli-

cable due to the instability towards a more correlated state with a quasicondensate,

as discussed previously. We show the RG density profiles in this range of phase-space

density in Fig. 2.12. The two density profiles describe two different regimes of the gas,

namely, one with the phase-space density in the center of the trap slightly below the

critical phase-space density ncΛ
2
th for the BKT transition, and the other well above

it. We note that in the latter case, the gas consists of a superfluid core up to a crit-

ical radius, and is surrounded by an outer normal shell. One quantity of interest is
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Figure 2.11: Density profiles for a quantum degenerate cloud of 87Rb atoms for various

theories for N = 7410 at T = TBEC . We take a = 5.2nm, a radial trapping frequency

of ω̄ =
√

ωxωy = 2π
√

9.4× 125 Hz ' 2π × 34.3 Hz and an axial trapping frequency

ωz = 2π × 4000 Hz. With this particle number, the phase-space density in the center

of the trap diverges for the ideal Bose gas.
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Figure 2.12: Density profiles from RG at T = 0.83 TBEC and T = 0.61 TBEC , for

N = 10800 and N = 20000, respectively. In this range of phase-space density, the

Hartree-Fock theory is unstable towards the equation of state of the modified Popov

theory. The dash-dotted line is the critical condition for the BKT transition.
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the BKT transition temperature in the trap, relative to the ideal gas BEC tempera-

ture. By integrating the density profile at criticality, we obtain TBKT ' 0.81 TBEC for

mg/~2 = 0.15.

There has been recent interesting experimental and numerical work [59, 61, 62, 104,

105] being carried out to address the nonuniversal quantities of the quasi-2D trapped

Bose gases. A direct comparison with our theory is rendered difficult, because in these

works, the thermal excitations in the tightly confining direction are non-negligible.

Throughout our paper, we consider, instead, the strictly 2D regime, i.e., µ, kBT ¿ ~ωz.

2.6 Conclusions

To conclude, we have studied various aspects of the 2D ultracold Bose gas. First, we

derived the exact form of the T -matrix for the 2D system as realized in experiments.

The 2D effective interaction assumes a form which interpolates between the 2D and 3D

results. We then presented the mean-field results of the modified Popov theory. Even

though the theory can describe both the normal and superfluid states, the density turns

out to be discontinuous close to the BKT transition, which is an artifact of the theory.

We improved upon the mean-field description by a RG approach. The flow equations

exhibit interesting features, which resemble many of the unique properties of the 2D

XY model, even though the effects of vortices have not been included explicitly. With

the RG approach, the density correction to the normal equation of state indeed connects

smoothly with the quasicondensate equation of state in the superfluid phase. We

then computed various many-body correlators in the normal phase close to criticality.

We showed that deviations from the Hartree-Fock theory are important, and they

show up in the renormalized density-density correlator and the reduction of the three-

body recombination rate. We finally extended the results to the inhomogeneous case

of trapped Bose gases. The density profiles for various phase-space densities were

evaluated and we found that close to criticality, the RG approach becomes necessary

for a quantitative description of the gas. We hope that these beyond mean-field effects

can also be observed experimentally in the near future.
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2.7 Appendix

In this appendix we describe in detail the derivation of Eq. (2.11). Starting with

Eq. (2.10), we add and subtract the quantity
∑

n

∫
d2k|φn(0)|2/(2π)2E0(k, n) to obtain

1

T (E)
=

m

4π~2a
+

m

4π~2

∞∑
n=0

|φ2n(0)|2 ln

[
4n + 1

4n− 2E/~ωz

]
+

∞∑
n=0

∫
d2k

(2π)2

|φn(0)|2
E0(k, n)

−
∫

d3q

(2π)3

1

2εq
, (2.31)

where the zero-point energy ~ωz/2 has been subtracted from the energy argument E,

and the integration

∫
d2k

(2π)2

[
1

E + ~ωz/2− E0(2n,k)
+

1

E0(2n,k)

]
=

m

4π~2
ln

[
4n + 1

4n− 2E/~ωz

]

has been carried out. The third term in the right-hand side of Eq. (2.31) can be written

as

∞∑
n=0

∫
d2k

(2π)2

|φn(0)|2
E0(k, n)

= lim
x→0

∞∑
n=0

∫
d2k

(2π)2

H2n(0)H2n(x/
√

2l)e−x2/4l

√
2πl22n(2n)!

1

E0(k, 2n)

= lim
x→0

∫
d2k

(2π)2

e−x2/4l

√
2πl~ωz

∞∑
n=0

(−1)nH2n(x/
√

2l)

22nn!

1

2n + ν

= lim
x→0

∫
d2k

(2π)2

e−x2/4l

√
2πl~ωz

∞∑
n=0

L
(−1/2)
n (x2/2l2)

2n + ν
, (2.32)

where the variable ν = 1/2 + l2k2 is conveniently defined, L
(−1/2)
n (x) is the gener-

alized Laguerre function, and the relations H2n(0) = (−1)n(2n)!/n! and H2n(x) =

(−1)n22nn!L
(−1/2)
n (x2) have been used.

Following Ref. [117], we use the integral representation

1

2n + ν
=

∫ ∞

0

dy
1

(1 + y)2

(
y

1 + y

)2n+ν−1

for 2n+ν > 0 and one of the generating functions of the generalized Laguerre function

∞∑
n=0

L(−1/2)
n (x)zn = (1− z)−1/2 exp

(
xz

z − 1

)
.

In this manner we find

∞∑
n=0

L
(−1/2)
n (0)

2n + ν
=

∫ ∞

0

dy
yν−1(1 + y)ν−2

√
1 + 2y

=
π22ν−2

Γ(1− ν/2)2Γ(ν) sin2(πν/2)
.
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The last two terms in the right-hand side of Eq. (2.31) can then be numerically inte-

grated to give

∞∑
n=0

∫
d2k

(2π)2

|φn(0)|2
E0(k, n)

−
∫

d3q

(2π)3

1

2εq
=

π3/2

4
√

2l~ωz

∫
d2k

(2π)2

2ν

Γ (1− ν/2)2 Γ(ν) sin2(πν/2)

− m

2~2

∫
d2k

(2π)2

1

|k| ' −0.0279 m/l~2. (2.33)

Finally, by using T00(E) = |φ0(0)|2T (E), Eq. (2.11) is obtained.



Chapter 3

Artificial Staggered Magnetic Field

in Optical Lattices

We consider a time-dependent optical lattice with staggered particle current in the tight-

binding regime and show that it can be described by a time-independent effective lattice model

with an artificial staggered magnetic field. The low energy description of a single-component

fermion in this lattice at half-filling is provided by two copies of ideal two-dimensional massless

Dirac fermions. The Dirac cones are generally anisotropic and can be tuned by the external

staggered flux φ. For bosons, the staggered flux modifies the single-particle spectrum such

that in the weak coupling limit, depending on the flux φ, distinct superfluid phases are

realized. We discuss their properties, establish the nature of the phase transitions between

them and use Bogoliubov theory to determine their excitation spectra. We then study the

generalized superfluid-Mott insulator transition in the presence of the staggered flux and

establish the complete phase diagram. Finally, we obtain the momentum distribution of the

distinct superfluid phases, which provide a clear experimental signature of each phase in

ballistic expansion experiments.1

3.1 Introduction

The preparation of clean condensed matter systems is typically limited by disorder

resulting from inevitable impurities, and relevant physical parameters can often not

be controlled to high precision. In contrast, ultracold gases confined in optical lattices

can be controlled to perfection in experiments, which permits stringent confrontations

between many-body theory and experiments. Clean experimental demonstrations of

1This chapter is based on “Staggered-Vortex Superfluid of Ultracold Bosons in an Optical Lat-
tice”, L.-K. Lim, C. Morais Smith and A. Hemmerich, Physical Review Letters 100, 130402 (2008),
and “Artificial Staggered Magnetic Field for Ultracold Atoms in Optical Lattices”, L.-K. Lim, A.
Hemmerich, and C. Morais Smith, accepted for publication in Physical Review A.

29
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genuine many-body phenomena have become possible, as for example, the superfluid-

Mott insulator transition in the Bose-Hubbard model in two [89] and three dimensions

[17]. This has provided a unique quantitative test ground for the theoretical predictions

[48, 85]. Recently, major efforts are focusing on reaching the quantum degenerate

regime of the fermionic Hubbard model with ultracold atoms [100, 101], with the hope

to promote our present understanding of strongly correlated electronic systems, e.g.,

high-Tc superconductors.

The remarkable versatility of optical potentials should allow for the realization of the

exotic physics known to occur for lattice electrons in strong magnetic fields. Up until

recently, the generation of artificial gauge fields for neutral atoms has been limited to

spinning up the entire system, thereby mimicking the Lorentz force as experienced by a

charge particle subjected to a magnetic field [64, 118, 119, 120]. For such systems, the

regime of strong correlations has been shown to be very rich [66]. Reaching this regime,

however, remains a technical challenge due to the requirement of rotation frequencies

on the order of the trapping frequencies. Realizations of artificial gauge fields, which do

not rely on large scale rotations, have been proposed in a variety of theoretical works

[71, 72, 73, 74]. The recent experimental demonstration of a light-induced artificial

magnetic field by Lin et al. [75], and most recently its application to excite a vortex

lattice, has been a first step to overcome the limitations imposed by schemes based

upon large scale rotation.

In conventional solids, the creation of a magnetic flux strength on the order of

a flux quantum Φ0 = h/e through a plaquette is a yet unaccomplished challenge,

which has impeded to access the rich physical regime characterized by the Hofstadter

butterfly single particle spectrum [121]. Experiments have thus been limited to artificial

superlattices with lattice constants on the order of 100 nm, where in fact indications

of a fractal energy spectrum could be observed [122]. In optical lattices, it should be

possible to achieve artificial magnetic fields with a magnetic length comparable to the

lattice length scale. Non-trivial topological properties might thus become accessible,

such as the fractional quantum Hall effect [77] and the anomalous quantum Hall effect

[81]. Theoretical studies of optical lattices with an artificial uniform magnetic field

[76] and its generalization to a non-Abelian gauge field [78], where phenomena such

as the Escher “staircase” [79] and the Hofstadter “moth” [80] are predicted, have

attracted broad interest because experimental realizations with ultracold atoms might

be possible.

Finally, because of their slow motional time scale, cold atoms in optical lattices

are well suited for precise manipulation of the lattice dynamics by external driving

[82, 83, 123, 124, 125]. The theoretical predictions of coherent control in an optical

lattice with a time-periodic optical potential using Floquet theory [123] have been suc-

cessfully tested in a recent experiment [125]. These studies have shown that a temporal
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modulation, which acts to shake the lattice, can be used to modify the effective tunnel-

ing strength and even tune it into the regime of negative values. Driven tunneling has

been also studied for cold atoms subjected to double well potentials and phenomena

predicted long ago, such as coherent destruction of tunneling [126], have been recently

observed [127].

In this chapter, we discuss how driven tunneling can be used to generate an artificial

staggered magnetic field for ultracold atoms in a two-dimensional square optical lattice.

We present a detailed description of the new many-body phenomena that arise when

the lattice is loaded with bosons, and we include a discussion for single-component

fermions.

3.2 The Hubbard Model with a Staggered Flux

3.2.1 Time-Dependent Optical Lattice with Driven Tunneling

Optical lattices exploit the effect of ac Stark shift in atomic physics. By requiring

polarizability of atoms, a light field with a frequency ‘red’ (‘blue’) detuned from the

atomic resonance exerts forces on atoms in the direction of the field intensity maximum

(minimum). With a far-resonant field, the light field can thus serve as a conservative

potential for atoms with minimal spontaneous emission loss. In particular, the potential

generated by the light field is given by

V (r) = −Re(α)I(r), (3.1)

where α is the complex polarizability of atoms, and I(r) is the field intensity.

In the proposal of Ref. [82], they consider a linearly polarized bichromatic light field

of the form E(r, t) = [E1(r, t) + E2(r, t)] with E1(r, t) ≡ A1e
iωth(x, y) and E2(r, t) ≡

A2e
i(ω+Ω)th∗(x, y) with the wave form

h(x, y) = eiπ/4 sin(2πx/λ) + e−iπ/4 sin(2πy/λ), (3.2)

where λ is the wavelength of the laser light and A1 and A2 are taken to be real pos-

itive amplitudes. The frequency difference is chosen to be Ω ¿ ω such that the two

light fields share the same eikonal S(x, y) ≡ Arg [h(x, y)] to a good approximation.

Accordingly, the field intensity given by I(r, t) = |E(r, t)|2 results in a time-dependent

potential V (r, t) = V0(r)+V1(r, t) consisting of a stationary part V0(r) and a temporal

modulation V1(r, t) with

V0(r) = −V̄0ρ(r), V1(r, t) = κV0(r) cos(2S(r)− Ωt), (3.3)

where ρ(r) = sin2(2πx/λ) + sin2(2πy/λ),

S(r) = tan−1

{
sin(2πx/λ)− sin(2πy/λ)

sin(2πx/λ) + sin(2πy/λ)

}
, (3.4)
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Figure 3.1: (a) The stationary component V0(r) of the optical potential with white

(black) regions indicates antinode (nodes) corresponding to potential minima (max-

ima). (b)-(j) The time evolution of the micro rotor potential V1(r, t) in half-a-cycle

π/Ω. From Ref. [82]

.

V̄0 is the mean well depth of the square lattice potential, Ω is the rotation frequency,

and κ is a parameter that quantifies the admixture of the temporal modulation term. It

has been shown in Ref. [82] that this optical potential can be engineered in experiments

by superimposing two bichromatic optical standing waves such that V̄0 can be varied

between zero and hundreds of the recoil energy ER ≡ 2π2~2/mλ2, where m denotes

the mass of the atoms and κ can be adjusted within the interval [0, 1]. The stationary

component V0(r) of the optical potential provides a regular square lattice potential

with spacing λ/2, as shown in Fig. 3.1a. As for the temporal component V1(r, t) that

is superimposed on the square lattice, it induces local rotation around each plaquette

with opposite directions for neighboring plaquettes, see Fig. 3.2a. This is achieved by

the temporal quadrupolar modulation on each plaquette, which breaks the inversion

symmetry between sublattice-A and sublattice-B. Furthermore, the potential barrier

between two lattice sites is modulated in time to break also the symmetry in x- and

y-direction tunneling, i.e., it drives a staggered current that possesses dx2−y2-like sym-

metry (see Figs. 3.1b-3.1j).

3.2.2 Time-Dependent Hubbard Model

By loading the time-dependent confining potential V (r, t) with ultracold atoms, the

Hamiltonian in the second quantized form describing the quantum gas in the ultracold

regime can be written as

H(t) =

∫
d2rψ†(r)

(
− ~

2

2m
∇2 + V (r, t)

)
ψ(r)

+
1

2

4πas~2

m

∫
d2rψ†(r)ψ†(r)ψ(r)ψ(r), (3.5)
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Figure 3.2: (a) Schematic of the staggered current (black arrows) driven by the time-

dependent optical lattice, which leads to two inequivalent sublattices A and B. (b)

d1 and d2 are the unit vectors of the A sublattice with length d = λ/
√

2, and el,

l = 1, 2, 3, 4 are the nearest-neighbor vectors connecting the sublattices. In (c) and (d)

we define two distinct plaquette summation conventions denoted by
∑

♦ and
∑

¤ in

the text. In (c) the lattice is composed by translating an elementary plaquette (shaded

area) by means of the primitive vectors d1 and d2 of the A sublattice. In (d) plaquettes

are translated by the vectors 2e1 and 2e2. The four corners of an elementary plaquette

are numbered consecutively by 1,2,3,4 as shown.
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where ψ(r) describes a bosonic (fermionic) field obeying commutation (anti- commuta-

tion) relations, m is the mass of the bosons (fermions) and as is the s-wave scattering

length. Following Ref. [48], we write the atomic field operator ψ(r) in terms of the Wan-

nier wave functions ψ(r) =
∑

i w(r − Ri)ai, where Ri denotes the potential minima

of V0(r), at which the atoms are localized. The corresponding annihilation (creation)

operator is denoted by ai (a
†
i ). The staggered rotation yields a decomposition of the

square lattice into two sublattices A and B, see Fig. 3.2b. The Bravais lattice is then

given by one of the sublattices A or B and the unit cell is spanned by the lattice unit

vectors (see Fig. 3.2b)

d1 = e1 + e4, d2 = e1 + e2, (3.6)

with the lattice constant d = λ/
√

2. The four vectors el, l = 1, 2, 3, 4, connecting an

A-site to its four nearest neighboring B-sites, are defined by

e1 = −e3 =
λ

2
x̂, e2 = −e4 =

λ

2
ŷ, (3.7)

where x̂ and ŷ are the unit vectors in x- and y-directions shown in Fig. 3.2a. In order to

distinguish the two sublattices in our description, we introduce two sets of annihilation

(creation) operators ai (a†i ) and bi (b†i ) corresponding to the operation on site i of the

sublattice A and B, respectively. By substituting the Wannier expansion into Eq. (3.5),

we obtain the well-known Hubbard model with additional time-dependent one-body

terms

H(t) = −
∑
r∈A

4∑

l=1

J0(a
†
rbr+el

+ H.c.) +
1

2
U0

∑
r∈A⊕B

nr (nr − 1)

+χ1 sin(Ωt)
∑
r∈A

4∑

l=1

(−1)l+1(a†rbr+el
+ H.c.)

+χ2 cos(Ωt)
∑
r∈A

(
nr − nr+e1

)
, (3.8)

where nr is the number operator on site r. The first two terms describe the Hub-

bard model with the nearest-neighbor hopping energy J0 and the on-site interac-

tion strength U0 given in terms of microscopic parameters in the standard manner,

J0 = − ∫
d2rw∗(x + λ/4, y + λ/4)[−(~2/2m)∇2 + V0(r)]w(x− λ/4, y + λ/4) and U0 =√

8π(~2as/mσz)
∫

d2r |w(r)|4. Here, harmonic confinement of the atoms in the third

direction is assumed with a localization radius σz. The modulation amplitudes are

given by χ1 = κV̄0

∫
d2rw∗(x + λ/4, y)[sin2(2πx/λ) − cos2(2πy/λ)]w(x − λ/4, y) and

χ2 = 2κV̄0

∫
d2r |w(r)|2 cos(2πx/λ) cos(2πy/λ). Note that in Eq. (3.8), we have made

the assumption that a single-band description, with all atoms residing in the lowest

band, is sufficient. This requires to detune the rotor frequency Ω from interband reso-

nance transitions of the system.
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For the calculations which follow, it is convenient to rewrite the Hamiltonian (3.8)

as

H(t) = H0 + Hint + W (t), H0 = −J0T , T ≡
∑
<i,j>

a†ibj,

Hint =
1

2
U0

∑
r∈A⊕B

nr (nr − 1), (3.9)

where H0 is the stationary kinetic term and Hint is the two-body on-site interaction,

and the time-dependent term W (t) is given as follows

W (t) = Q†eiΩt + Qe−iΩt, Q ≡ 1

2

(
χ2N + iχ1M

)
,

M ≡
∑

r∈A,l=1−4

(−1)l+1(a†rbr+el
+ H.c.), N ≡

∑
r∈A

(nr − nr+e1).

As is evident from the anisotropy of W (t), the time-dependent part of the optical poten-

tial V1(r, t) renders the two sublattices inequivalent: an anisotropic (quadrupole-like)

time-modulation of the nearest-neighbor hopping (M) and of the local chemical poten-

tial (N ) arises with a π/2 relative temporal phase lag, which introduces an alternating

rotational sense to adjacent plaquettes.

3.2.3 Effective Staggered Magnetic Field

In the following, we discuss two different approaches to obtain an effective time-

independent description of the time-dependent Hamiltonian (3.9). We begin with

an expansion of the time-evolution operator of the one-body Hamiltonian H1B(t) =

H0 + W (t) in a Dyson series. Making use of its temporal periodicity and neglecting

higher order many body terms, we obtain an effective time-independent Hamiltonian,

which turns out to be the conventional Bose-Hubbard model with the kinetic term

renormalized by a gauge field. The same result is obtained upon replacing the classi-

cal harmonic oscillation by an auxiliary bosonic quantum field, which is subsequently

integrated out. Finally, we discuss the gauge structure underlying the effective Hamil-

tonian.

Dyson Series

The time-evolution operator for the one-body Hamiltonian H1B(t) = H0 + W (t) is

U1B(t) = T

{
exp

[−i

~

∫ t

0

dt′H1B(t′)
]}

(3.10)
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with T{..} denoting the time-ordering operation. For times t which are multiples of

the revolution time τ ≡ 2π/Ω of the rotor potential, i.e., t = nτ with some integer n,

the corresponding Dyson series (up to second order in −i/~) is calculated as

U1B(t) = 1 +

(−i

~

) ∫ t

0

dsH1B(s) +

(−i

~

)2 ∫ t

0

ds

∫ s

0

ds′H1B(s)H1B(s′) + . . .

= 1− i

~
H0t− 1

i~2Ω

(
[H0, Q−Q†] + [Q,Q†]

)
t +O(≥ 2B,≥ t), (3.11)

where O(≥ 2B,≥ t) denotes terms with at least two-body character scaling with t or

higher powers of t. Note that each expansion order of the Dyson series proportional

to (−i/~)n with n ≥ 2 can contribute terms linear in t, however, with at least n − 1-

body character. With Q as defined in Eq. (3.9) and upon neglecting the O(≥ 2B,≥ t)

many-body terms we find

U1B(t) ' 1− i

~
Heff

0 t

Heff
0 = −J0T +

iJ0χ1

~Ω
[T ,M]− iχ1χ2

2~Ω
[M,N ] (3.12)

Note that the periodicity H1B(t+τ) = H1B(t) implies that U1B(nτ) = [U1B(τ)]n. Thus,

it suffices to justify the neglection of the many-body terms in the derivation of Heff
0 for

a single revolution time τ . By using the commutator (anti-commutator) relations of

the atomic operators according to their bosonic (fermionic) nature, after some algebra

we find [T ,M] = 0 and

[M,N ] = 2
∑

r∈A,l=1−4

(−1)l
{
a†rbr+el

− H.c.
}

, (3.13)

and thus

Heff
0 = −J

∑

r∈A,l=1−4

{
eiφ(−1)l/4a†rbr+el

+ H.c.
}

, (3.14)

where J ≡
√

J2
0 + W 2

0 , φ ≡ 4 tan−1(W0/J0) and W0 ≡ χ1χ2/~Ω. As we see, within

an effective time-independent description, the temporal modulation W (t) renormalizes

the real isotropic hopping amplitudes J0 of the conventional Hubbard model by adding

an anisotropic imaginary contribution. Note that the value of the phase φ in Eq. (3.14)

is limited to the interval [−2π, 2π], since with the rotor technique we can only access

J0 > 0. As we discuss below, the effective Hamiltonian (3.14) mimics the action

upon charged particles of a staggered magnetic field alternating in sign for adjacent

plaquettes. A similar effective description has also been used to derive a uniform

artificial magnetic field in an optical lattice in Ref. [77].
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Auxiliary Field Method

The harmonic time-dependence in the temporal modulation W (t) = Q†eiΩt + Qe−iΩt

in Hamiltonian (3.9) suggests a quantization procedure which allows us to eliminate

the time-dependence of the system. This method, which is similar to the ‘adiabatic

elimination’ of the excited state of a two-level atom coupled to an off-resonant light field

[128], amounts to replacing the classical oscillation terms e±iΩt by auxiliary creation

(annihilation) operators p̂† (p̂), which obey bosonic commutation relations:

e−iΩt → p̂, eiΩt → p̂†. (3.15)

The one-body part H1B(t) = H0 + W (t) of the Hamiltonian (3.9) thus becomes

H1B = −J0T + Q†p̂† + p̂ Q . (3.16)

Note that the replacements are carried out such that the resulting Hamiltonian is

written in an inherently hermitian form. The Heisenberg equation for p̂ then reads

i~ d
dt

p̂ = [p̂, H1B] = Q†, where [p̂, p̂†] = 1 has been used. Assuming that the evolution

of the auxiliary field is entirely determined by external driving, thus neglecting any

backaction of the atoms upon the rotor potential, leads us to write d
dt

p̂ = −iΩ p̂ and

thus p̂ = Q†/~Ω. The latter may be reintroduced into the Hamiltonian (3.16), yielding

H1B = −J0T +
2

~Ω
Q†Q

= −J0T − iχ1χ2

2~Ω
[M,N ]− χ2

1

2~Ω
M2 − χ2

2

2~Ω
N 2. (3.17)

Comparison with Eq. (3.12) shows that the same one-body term is recovered, which

gives rise to the staggered magnetic field. The non-local two-body terms (proportional

to N 2 and M2) are artifacts resulting from our inappropriate implicit assumption that

all atoms interact with the same quantized mode, a scenario not met in experiments,

where the rotor potential is essentially classical. Alternatively, the time-dependence can

be eliminated by means of a path integral method, where the operators p̂ and p̂† are

treated as c-numbers in a coherent-state representation. The Lagrangian associated

with the Hamiltonian (3.16) contains terms up to quadratic order in the auxiliary

quantum field and we may thus integrate them out exactly to arrive at the same

effective Hamiltonian (3.17) [129, 130].

Staggered Flux

A particularly intuitive illustration of the structure of the effective one-body Hamil-

tonian (3.14) is obtained, if the lattice is composed of plaquettes translated by the

primitive vectors d1 and d2 of the A sublattice (see Fig. 3.2c):

Heff
0 = −J

∑

♦
eiφ/4

(
a†1b2 + b†2a3 + a†3b4 + b†4a1

)
+ H.c. (3.18)
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The indices 1− 4 indicate the four corners of a plaquette numbered in clockwise order,

starting with the lower left corner. This representation immediately points out that a

particle hopping around an elementary plaquette picks up an Aharonov-Bohm phase

φ with a sign alternating across adjacent plaquettes. This is equivalent to the presence

of a staggered flux with strength φ (in units of the fundamental flux quantum) in each

plaquette. For φ = ±2π we have one flux quantum per plaquette. Notice that to realize

this situation for condensed matter lattice electrons would require unrealistically large

magnetic fields in the 102 − 103 Tesla range.

The time-modulation technique used to derive Hamiltonian (3.18) lets us only ac-

cess fluxes φ in the interval [−2π, 2π] because J0 > 0. Note, however that Hamilto-

nian (3.18) displays an 8π periodicity with respect to φ, which reflects the existence of

a second inequivalent flux domain for φ ∈ [−4π,−2π] ∪ [2π, 4π]. This domain corre-

sponds to negative values of J0. A 4π change of φ, connecting the two domains, reverses

the sign of the Hamiltonian. The 8π periodicity with respect to φ is in contrast to the

case of a uniform magnetic field in a lattice, where the flux per plaquette is defined up

to an integer multiple of 2π. The staggered flux in general breaks time-reversal and

inversion symmetries, except for the cases of φ = 2πn with n ∈ Z, where the hopping

amplitudes attain real (n = even) or imaginary (n = odd) values.

The complex hopping amplitudes are gauge-dependent parameters, whereas the

total flux passing through a closed path is gauge-invariant. Recall that an arbitrary

lattice Hamiltonian

H =
∑
<i,j>

χijc
†
icj + H.c., (3.19)

with complex nearest-neighbor hopping amplitudes obeying χji = χ∗ij is invariant under

the local U(1) gauge transformation

ci → ci exp[−iθi], χij → χij exp[i(θj − θi)], (3.20)

It is interesting to note that by means of a gauge change in Eq. (3.18), one can obtain

a new Hamiltonian with a periodicity in the flux φ reduced to 2π: on the plaquette

at position d1n + d2m, n,m ∈ Z the replacements aν → aν e−iφ(ν+2n+2m)/4 are made,

where ν ∈ {1, 2, 3, 4} and the A and B operators are not explicitly distinguished here.

The resulting gauge transformed Hamiltonian

Heff
0 = −J

∑

♦

(
a†1b2 + b†2a3 + a†3b4 + eiφb†4a1

)
+ H.c. (3.21)

trivially exhibits 2π periodicity with regard to φ.

To describe a finite system, one conveniently chooses a periodic boundary condition

where the opposite sides of the
√

N×√N square lattice are identified. This results in a
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topology of a torus for the system considered. If we now compare the total flux gained

around a non-contractable loop on the torus, the two Hamiltonians in Eqs. (3.18) and

(3.21) give rise to distinct physical realizations. While there is no net global flux (or

φ/4 flux) gained in the Hamiltonian (3.18) for N even (odd), a non-zero global flux

of
√

Nφ/2 is accumulated in the e1 direction for the Hamiltonian (3.21). Throughout

this paper we will work in the original gauge of the Hamiltonian (3.18), which gives

the desired physical realization.

3.3 2D Massless Dirac Fermions with Anisotropy

We now consider loading the optical potential with single-component fermionic atoms.

In this case, s-wave scattering of the atoms is absent due to the Pauli principle. Fur-

thermore, for the low temperatures considered here, higher angular momentum collision

channels are negligible. The effective Hamiltonian in Eq. (3.14) thus provides a com-

plete description of the system in the tight-binding limit, realizing an ideal lattice Fermi

gas in the presence of a staggered flux φ. By Fourier transforming the operators

ar =
1√
NA

∑

k∈1BZ

ake
ik·r, br+el

=
1√
NB

∑

k∈1BZ

bke
ik·(r+el), (3.22)

the Hamiltonian (3.14) is expressed in momentum space by

Heff
0 = −

∑

k∈1BZ

ε∗ka
†
kbk + H.c., (3.23)

with

εk = 4J [cos(φ/4) cos(k1d/2) cos(k2d/2)− i sin(φ/4) sin(k1d/2) sin(k2d/2)], (3.24)

and the lattice momentum summation is restricted to the first Brillouin zone (1BZ)

with kν ≡ k · dν/d ∈ [−π/d, π/d ], ν ∈ {1, 2}. The total number of lattice sites is

N = 2NA = 2NB with NA and NB denoting the number of A- and B-sites, respectively.

Upon performing the canonical transformation

ak =
1√
2

ε∗k
|εk|(−αk + βk), bk =

1√
2
(αk + βk), (3.25)

the Hamiltonian (3.23) becomes

Heff
0 =

∑

k∈1BZ

(
−|εk|β†kβk + |εk|α†kαk

)
, (3.26)

where the single-particle spectrum is given by

|εk| = 2J [cos2(k+d) + cos2(k−d) + 2 cos(φ/2) cos(k+d) cos(k−d)]1/2 (3.27)
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Figure 3.3: Single-particle spectra of the ideal lattice fermions subjected to different

staggered fluxes: (a) φ = 0, (b) φ = π/4, (c) φ = π, (d) φ = 7π/4, (e) φ = 2π.

with k± ≡ (k1±k2)/2. The energy spectrum (shown in Fig. 3.3 for different flux values

φ) consists of an upper and a lower band due to the bipartite lattice structure. The

operators α†k and β†k create a quasi-particle in the upper band with energy |εk| and in

the lower band with energy −|εk|, respectively. Note that εk shares the 8π periodicity

of the Hamiltonian (3.18) with respect to φ, while the energy spectrum |εk| exhibits a

4π periodicity.

For zero flux φ = 0, the upper and lower energy bands recombine at the Brillouin

zone edges. By mapping the upper energy band to the second Brillouin zone, we recover

the standard tight-binding energy dispersion in the absence of a gauge field, with the

unit cell consisting of an elementary plaquette (the new Brillouin zone is then rotated by

π/4 and expanded by a factor of
√

2). The presence of the staggered flux immediately

leads to interesting properties in the energy band structure. For φ 6= 2nπ, n ∈ Z, the

upper and lower energy bands intersect at four conical points (±π/d, 0) and (0,±π/d)

on the Brillouin zone edges. However, there are only two inequivalent ones, which we

denote K+ = (π/d, 0) and K− = (0, π/d), given by the zeros of the energy spectrum

|εK±| = 0. At half-filling, the lower energy band is completely filled and the Fermi
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level coincides with the conical points giving rise to exact particle-hole symmetry. An

expansion of the energy dispersion for small momenta around either of the conical

points K± gives

|εK±+k| =
√

2Jd

{[
1± cos

(
φ

2

)]
k2

1 +

[
1∓ cos

(
φ

2

)]
k2

2

}1/2

+O (|k|2) . (3.28)

We see that the low energy excitations disperse linearly in momentum, i.e., they are

Dirac-like, in contrast to the case of ordinary particles with a quadratic dispersion. By

defining the Fermi velocity ~vF =
√

2Jd, the low-energy Hamiltonian becomes

Heff
0 '

√
2 ~ vF

∑

k∈1BZ

{[
cos

(
φ

4

)
k1 − i sin

(
φ

4

)
k2

]
a†+,kb+,k

+

[
cos

(
φ

4

)
k2 − i sin

(
φ

4

)
k1

]
a†−,kb̂−,k + H.c.

}
, (3.29)

which contains two copies of Dirac-like particles described by the operators (a+,k, b+,k)

and (a−,k, b−,k), one around each individual Dirac point K±, respectively. Notice that

several remarkable phenomena, for example, the Klein paradox and the phenomenon

of Zitterbewegung, expected for non-interacting Dirac particles in two dimensions, are

to be met here. We refer the interested reader to the review work about graphene, the

prototypical system exhibiting Dirac electrons, in Ref. [131].

The Dirac cones arising here are generally anisotropic (cf. Fig. 3.3), which results

in anisotropic propagation velocities. The anisotropy of the cone is controlled by the

staggered flux. Only at the special value φ = π, the Dirac cones become isotropic.

At this point, the system simulates the mean-field Hamiltonian of the π-flux phase

proposed by Affleck and Marston to describe the pseudogap regime of the high-Tc

cuprates [132]. Furthermore, the picture becomes also reminiscent of the graphene

tight-binding physics.

The adjustable anisotropy of the Dirac cones is a specific feature of the staggered flux

scenario in a square lattice and is intimately connected to the breaking of time-reversal

and inversion symmetries. It does not arise in graphene or graphene-like system with

cold atoms [133, 134]. For graphene, the insertion of a time-reversal symmetry break-

ing perturbation would move the two inequivalent Dirac points towards each other, or

produce a gap in the spectrum, while the isotropy of the cones is maintained [135].

According to Ref. [136], anisotropic Dirac cones could be engineered in graphene by

growing it on top of a suitably patterned periodic potential. However, the anisotropy

would then be fixed. The in-situ tuning of the cone anisotropy in our system is remi-

niscent of options arising in organic compounds (see Ref. [137]), which provide Dirac

cones with a tunable tilt.

In summary, by loading the staggered optical lattice with single-component fermions

we obtain an ideal Dirac system with tunable anisotropic Dirac cones at half-filling.
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In the next section, we will discuss the case for bosons, where interactions become

important.

3.4 Bosonic Superfluid States

For single-component bosons, the non-vanishing s-wave collisions between the atoms

give rise to the on-site Hubbard interaction Hint of Eq. (3.9). The staggered flux

modifies the hopping term of the conventional Hubbard model according to Eq. (3.14).

Therefore, we now study the generalized Bose-Hubbard model

HBH = Heff
0 +

1

2
U

∑
r∈A⊕B

nr (nr − 1), (3.30)

with Heff
0 given by the Hamiltonian (3.14). In this section, we consider the weakly

interacting regime governed by the physics of Bose-Einstein condensation (BEC). We

will show that for different flux values φ, distinct superfluid phases can be realized: a

homogeneous zero momentum superfluid for−π < φ < π, a finite momentum superfluid

for −3π < φ < −π or π < φ < 3π, characterized by a vortex anti-vortex lattice with

one vortex per plaquette and different rotational directions for the two flux intervals,

and finally, for −4π < φ < −3π and 3π < φ < 4π, a finite momentum superfluid with

an order parameter that has opposite sign for adjacent lattice sites.

For sufficiently weak interactions and low temperatures, the atoms Bose-condense

in the lowest energy single-particle state. The many-body ground state is then well

described by the Hartree expression |Ψk0〉 = (β†k0
)N0|0〉, where N0 is the number of

condensed atoms, k0 is the quasi momentum of the lowest energy single-particle state

and β†k0
is the corresponding quasi-particle creation operator introduced in Eq. (4.8).

As is illustrated in Fig. 3.4, the minima of the lower band of the single-particle

spectrum −|εk| in Eq. (3.27) arise at positions in k-space depending on the value of

the flux φ. Two distinct cases arise: the lowest energy state occurs at the center of

the Brillouin zone k0 = (0, 0) ≡ 0 if −π < φ + 4πm0 < π; or it occurs at the four

corners of the Brillouin zone k0 = (±π/d,±π/d) ≡ π if π < φ + 4πmπ < 3π. Here, m0

and mπ are arbitrary integers. In the k0 = 0 case, using ε∗k=0/|εk=0| = sgn[cos(φ/4)] in

Eq. (4.8), we may calculate |Ψk0〉 in configuration space,

|Ψ0,(−1)m0 〉 =

{
1√
N

∑
r∈A

(
(−1)m0a†r + b†r+e1

)}N0

|0〉. (3.31)

Depending upon whether m0 is even or odd, we obtain different superfluid phases. For

even m0, which corresponds to positive values of the hopping strength J0, we recover the

familiar zero momentum homogeneous superfluid state known from the conventional

Bose-Hubbard model. For odd m0, the boson operators occur with different signs for
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the two sublattices A and B, i.e., the order parameter is constant except for a different

sign at the A and B-sites (referred to as staggered–sign superfluid).

To understand better how the staggered-sign superfluid arises, we note that although

the energy band structure (in Fig. 3.3) remains invariant under the transformation

ak → ak, bk → −bk, (3.32)

the corresponding upper-band and lower-band states are interchanged. The staggered-

sign superfluid and the uniform superfluid are thus distinct, despite the fact that they

arise for the same lattice momentum k = 0.

In the case k0 = π, each of the four equivalent minima at the corners of the Brillouin

zone, which are related to each other by reciprocal lattice vectors, yields ε∗k=π/|εk=π| =
i sgn[sin(φ/4)]. Introducing this into Eq. (4.8) leads to the k-space expression

|Ψπ,(−1)mπ 〉 =

{
1√
2

(
(−1)mπ i a†π + b†π

)}N0

|0〉.
(3.33)

After Fourier transforming the creation operators a†π = N
−1/2
A

∑
m,n∈Z a†(m,n)e

iπ(m+n)

and similarly b†π = N
−1/2
B

∑
m,n∈Z b†(m,n)+e1

eiπ(m+n+1) with (m,n) ≡ md1 + nd2, we

obtain the ground state wave function (3.33) in real space

|Ψπ,(−1)mπ 〉 =

(
i(−1)mπ

√
N

)N0
{∑

¤

(
a†1 + (−1)mπ ib†2 − a†3 − (−1)mπ ib†4

)}N0

|0〉,

where
∑

¤ denotes the summation over the shaded plaquettes shown in Fig. 3.2d. One

recognizes that this wave function (referred to as staggered–vortex superfluid) accumu-

lates a phase of ±2π, when moving around an elementary plaquette, with alternating

sign for adjacent plaquettes. This forms a lattice of singly quantized staggered vortices,

which are commensurate with the external staggered flux. The BEC formed for the

magnetic flux π < φ+4πmπ < 3π is thus characterized by a vortex-anti-vortex lattice,

whereas the rotational direction on a given plaquette is determined upon whether mπ

is even or odd.

Next, we consider the stability of the two BECs which can arise for flux values in the

interval [−2π, 2π], given by the states |Ψ0,(−1)m0 〉 and |Ψπ,(−1)mπ 〉 in equations (3.31)

and (3.34) for both m0 and mπ even. We employ a variational approach for the BEC

ground state with the ansatz

|ξ, σ〉 =
1√
N0

(e−iξ/2 cos(σ)β†0 + eiξ/2 sin(σ)β†π)N0|0〉, (3.34)

where the two variational parameters ξ and σ are to be determined by minimizing the

ground state energy at zero temperature. With respect to the Hamiltonian (3.30), the
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Figure 3.4: Contour plots of the single-particle spectra for different staggered fluxes.

Dark regions indicate low energy. (a) For φ = n 4π, n integer, the minimum occurs

at k = (0, 0). (b) For φ = π + n 2π, n integer, degenerate minima occur at (0, 0)

and (±π/d,±π/d). (c) For φ = 2π + n 4π, n integer, equivalent minima occur at

(±π/d,±π/d).

variational ground state energy is calculated to be

〈HBH〉 = −4N0J sin

(
φ

4

)
− UN0(N0 − 1)

N
cos4(σ)

+

{
4J

[
sin

(
φ

4

)
− cos

(
φ

4

)]
+

U(N0 − 1)

N

}
N0 cos2(σ)

+
UN0(N0 − 1)

2N
≡ EMF . (3.35)

Firstly, we observe that the ξ-dependence drops out completely in the mean-field en-

ergy EMF . This can be understood at the variational level from the fact that the

Hamiltonian is not sensitive to the relative phase difference between the condensation

points. Next, we see that for 0 6 φ < π (π < φ 6 2π) the k = 0 uniform BEC with

σ0 = 0 (the k = π staggered-vortex BEC with σ0 = π/2) is indeed the absolute min-

imum of the mean-field energy. Finally, the stability of the different ground states is

verified by allowing a small deviation ε from the condensation point k0. The variation

in energy is then given by

〈HBH〉σ0+ε = EMF + 4ε2N0J

[√
2 sin

(∣∣∣∣
φ− π

4

∣∣∣∣
)

+
N0U

4JN

]
+ O(ε4). (3.36)

Since the quantity in the bracket is positive definite, we conclude that the ground state

is stable against small variations.

For φ = π, the mean-field energy exhibits two degenerate minima at the two points

σ0 = 0 and σ0 = π/2 separated by an energy barrier ∼ UN2
0 /4N . The absence of

a ξ-dependence in the mean-field energy precludes a coherent superposition state of

the two condensation points at the flux value φ = π. It thus suggests that the two

superfluid phases are separated by a first-order quantum phase transition, where the
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order parameter changes discontinuously across this point. We remark that the Bose-

Hubbard model with φ = π is equivalent to the fully frustrated Josephson junction

model [138].

Having shown the stability of the distinct BEC ground states, we now study their

excitation spectrum using Bogoliubov theory. We first write the Hamiltonian (3.30) in

the grand canonical ensemble by introducing a chemical potential µ

Heff
0 − µN =

∑

k∈1BZ

[
(−|εk| − µ)β†kβk + (|εk| − µ)α†kαk

]
,

and for the interactions

Hint =
U

N

∑

k1+k2
=k3+k4

[
a†k1

a†k2
ak3ak4 + b†k1

b†k2
bk3bk4

]
(3.37)

we perform the canonical transformation (4.8). By identifying the condensation mode

βk0 →
√

N0 + βk0 , we perform the Bogoliubov approximation while keeping the fluc-

tuation modes only up to the quadratic order. The chemical potential is chosen such

that the terms which are linear in the fluctuation vanish, i.e.,

µ = −|εk0|+ n0U, (3.38)

where n0 = N0/N is the condensate density. After some algebra, we obtain the action

for the fluctuations

S[Φ, Φ†] ≈ −1

2
n0UN0 − ~

2

∑

k,m

Φ†
k ·G−1

k · Φk, (3.39)

where Φ†
k ≡ (α∗k, α−k, β

∗
k, β−k) are the fluctuation fields and the one-particle Green’s

function −~G−1
k in the Nambu space is given by




−i~ωm + |εk|+ Mk0

1
2
n0UAk,k0 0 1

2
n0UBk,k0

1
2
n0UA∗

k,k0
i~ωm + |εk|+ Mk0

1
2
n0UB∗

k,k0
0

0 1
2
n0UBk,k0 −i~ωm − |εk|+ Mk0

1
2
n0UAk,k0

1
2
n0UB∗

k,k0
0 1

2
n0UA∗

k,k0
i~ωm − |εk|+ Mk0


 .

Here, Mk0 = |εk0|+n0U , Ak,0 = Bk,π = 1+exp(−2iϕk), Bk,0 = Ak,π = 1−exp(−2iϕk)

and ϕk = arg(εk). To obtain the excitation spectrum, we go back from the Matsubara

frequency to real time i~ωm → ~ω and find the poles of the 4× 4 one-particle Green’s

function. This can be easily done by determining the eigenfrequency of the equation

det[−~G−1
k ] = 0, which yields

~ω =

√
|εk|2 + |εk0|2 + 2n0U |εk0| ± 2n0U |εk|

√
Fk,k0 ,
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where Fk,k0 = cos2(ϕk) + 2|ε0|[|ε0|/2n0U + 1]/n0U . Once again, the two branches of

the excitation spectrum are due to the sublattice degrees of freedom. To examine

the long wavelength modes, we perform a Taylor’s expansion around the condensation

momentum k0 in the lower branch and get Ek ≈ v(k− k0), with the speed of sound

v =

√
J cos

(
φ

4
− k0d

2

)[
4J cos

(
φ

4
− k0d

2

)
+ 2n0U

]
,

corresponding to the Goldstone mode of the broken gauge symmetry.

3.5 Superfluid-Mott Insulating Transition

In this section, we proceed to determine the complete phase diagram of the generalized

Bose-Hubbard model in the strong coupling regime at zero temperature. In the absence

of the external staggered gauge field, the zero temperature phase diagram of the Bose-

Hubbard model comprises a superfluid (SF) phase and a Mott insulator (MI) phase.

These phases are separated by a second order phase transition, driven by quantum fluc-

tuations, which is controlled by the dimensionless number U/4J0. When crossing the

phase boundary into the superfluid phase, the U(1) gauge symmetry is spontaneously

broken thus giving rise to a superfluid order parameter. In Sec. 3.4 we have shown

that in the presence of the staggered flux φ, the symmetry broken phase consists of

distinct superfluid phases. As the interaction strength is increased, we expect a SF-MI

transition to take place for each of these superfluid phases. We first use Landau’s the-

ory of phase transitions by introducing a plaquette order parameter, which takes into

account the various superfluid phases. Within this framework, we determine the criti-

cal coupling strength (U/4J)c, where the superfluid order is destroyed. Next, we study

the Mott regime in detail and derive the excitation spectrum using the path integral

formalism. In contrast to the Landau theory, we introduce a Hubbard-Stratonovich

field in the Mott regime to characterize the Mott state and treat the hopping term as

perturbations.

3.5.1 Landau Theory of Phase Transitions

For convenience, in this subsection, we write the Hamiltonian (3.30) in the plaquette

notation of Fig. 3.2c. The creation (annihilation) operators a†ν(aν), with ν = 1, 2, 3, 4,

are labelled according to the four sites of an elementary plaquette without explicitly

distinguishing A and B operators. The Hamiltonian then becomes

H =
∑

♦

{
−Jeiφ/4

(
a†1a2 + a†2a3 + a†3a4 + a†4a1

)
+ H.c. +

U

4

4∑
ν=1

nν(nν − 1)

}
, (3.40)
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where nν = a†νaν and
∑

♦ is the summation over the shaded plaquettes, as shown in

Fig. 3.2c. We anticipate symmetry broken superfluid phases to emerge for weak inter-

actions and introduce a plaquette order parameter ψ ≡ (ψ1, ψ2, ψ3, ψ4) to characterize

them. By performing a mean-field decoupling in the hopping term

a†νaν′ = (ψ∗ν + a†ν − ψ∗ν)(ψν′ + aν′ − ψν′)

' ψ∗νaν′ + a†νψν′ − ψ∗νψν′ , (3.41)

with ν, ν ′ ∈ {1, 2, 3, 4}, we find the mean-field Hamiltonian H0,MF +H1,MF in the grand

canonical ensemble

H0,MF =
∑

♦

4∑
ν=1

(
U

4
nν(nν − 1)− µ

2
nν + Je−iφ/4ψ∗νψν+1 + Jeiφ/4ψνψ

∗
ν+1

)
,

H1,MF = 4J
∑

♦

[
(eiφ/4ψ1 + e−iφ/4ψ3)a

†
2 + (e−iφ/4ψ1 + eiφ/4ψ3)a

†
4

+(e−iφ/4ψ2 + eiφ/4ψ4)a
†
1 + (eiφ/4ψ2 + e−iφ/4ψ4)a

†
3 + H.c.

]
.

We see that H0,MF is diagonal in the number state basis. This allows us to calculate

the ground state energy E[ψ] up to the second order with respect to the perturbation

H1,MF to get

E[ψ] = n(n− 1) Ū − 2 n µ̄ +
∑

ν,ν′
ψ∗ν Mνν′(n, Ū , µ̄, φ) ψν′ +O(ψ4), (3.42)

where n is the filling fraction, and Ū ≡ U/4J , µ̄ ≡ µ/4J are the dimensionless in-

teraction strength and chemical potential, respectively. The 4 × 4 Hermitian matrix

Mν,ν′(n, Ū , µ̄, φ) is given by




E(0) e−iφ/4 E(0) cos(φ/2) eiφ/4

eiφ/4 E(0) e−iφ/4 E(0) cos(φ/2)

E(0) cos(φ/2) eiφ/4 E(0) e−iφ/4

e−iφ/4 E(0) cos(φ/2) eiφ/4 E(0)


 ,

where

E(0) ≡ E(0)(n, Ū , µ̄) =

[
n

Ū(n− 1)− µ̄
+

n + 1

µ̄− Ūn

]
. (3.43)

In the standard Landau theory, the free energy is expanded with respect to a scalar

order parameter and the vanishing of the second order expansion coefficient determines

the second order phase transition point. In the present extension of Landau’s theory,
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Figure 3.5: (a) Phase diagram of the generalized Bose-Hubbard model subjected to a

staggered flux φ for the first quadrant of the complex (J0 + iW0)-plane (0 ≤ J0,W0,

i.e., 0 ≤ φ < 2π). Outside the Mott lobes, two types of superfluid orders arise,

separated by the horizontal plane at W0 = J0 corresponding to a flux φ = π. The plane

spanned by the W0-axis and the white dashed line, given by µ/U = 2−√2 corresponds

to unity filling factor. (b) Phase diagram for unity filling factor covering the entire

allowed range [−4π, 4π] of φ. The range φ ∈ [−2π, 2π], corresponding to positive J0, is

accessible by the time-modulation technique discussed in Sec.4.3, which yields a flux

φ = 4 arctan[W0/J0]. The superfluid phases are indicated by their plaquette order

parameters according to Eq. (3.44) and Eq. (3.45).
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second order phase transitions occur at the zero-crossings of the eigenvalues of the ma-

trix M(n, Ū , µ̄, φ) in Eq. (3.42). There are four eigenvectors and respective eigenvalues

of the matrix M(n, Ū , µ̄, φ) corresponding to the four possible superfluid phases found

in equations (3.31) and (3.34), namely the zero momentum homogeneous superfluid

and the staggered-sign superfluid

ψ0,± = (1,±1, 1,±1), ε0,± = 2 cos(φ/4)[E(0)(n, Ū , µ̄) cos(φ/4)± 1], (3.44)

and the two staggered-vortex superfluid order parameters with opposite rotational

directions

ψπ,± = (1,±i,−1,∓i), επ,± = 2 sin(φ/4)[E(0)(n, Ū , µ̄) sin(φ/4)± 1] . (3.45)

Zero crossings exist for ε0,+ if −π < φ + 4πm0 < π and m0 is even, for ε0,− if −π <

φ+4πm0 < π and m0 is odd, for επ,+ if π < φ+4πmπ < 3π and mπ is even, and for επ,−
if π < φ + 4πmπ < 3π and mπ is odd. We may thus determine the phase boundaries

where there is a phase transition between the superfluid and the Mott insulator in the

different regimes of φ as

µ̄0,± =
1

2

[
Ū(2n− 1)∓ cos

(
φ

4

)]
± 1

2

√[
Ū ∓ cos

(
φ

4

)]2

∓ 4nŪ cos

(
φ

4

)
(3.46)

and

µ̄π,± =
1

2

[
Ū(2n− 1)∓ sin

(
φ

4

)]
± 1

2

√[
Ū ∓ sin

(
φ

4

)]2

∓ 4nŪ sin

(
φ

4

)
. (3.47)

In Fig. 3.5a, the surfaces bounding the n = 1 and n = 2 Mott lobes, given by

Eqs. (3.46) and (3.47), are shown as a function of the experimentally relevant pa-

rameters (U/4J0, µ/4J0, W0/J0) for the first quadrant of the complex (J0 + iW0)-plane

(0 ≤ J0, W0, i.e., 0 ≤ φ < 2π). Outside the Mott lobes, the two types of superfluid

orders are separated by the horizontal plane at W0 = J0 corresponding to a flux φ = π.

The plane spanned by the W0-axis and the white dashed line in Fig. 3.5a, given by

µ/U = 2−√2, corresponds to a filling factor of unity. For this plane we have plotted

in Fig. 3.5b the complete phase diagram covering the entire range [−4π, 4π] of φ.

3.5.2 Effective Action for the Mott State

We now employ a path integral formulation to derive the excitation spectrum of the

Mott state in the strong coupling regime, thus generalizing a method presented in

Ref. [139]. We first write the partition function for the generalized Bose-Hubbard model

in terms of the path integral Z =
∫ Da∗Da exp{−S[a∗, a]/~}, where the Euclidean
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action in the grand canonical ensemble is given by

S[a∗, a] =

∫ ~β

0

dτ

[ ∑
i∈A⊕B

a∗i (τ)(~∂τ − µ)ai(τ)−
∑
<i,j>

χija
∗
i (τ)aj(τ)

+
1

2
U

∑
i∈A⊕B

a∗i (τ)a∗i (τ)ai(τ)ai(τ)

]
(3.48)

and the hopping matrix elements χij are given by χr,r±e1 = J exp(iφ/4) and χr,r±e2 =

J exp(−iφ/4) where r ∈ A. Since we are interested in the Mott regime where on-site

interactions are important, we seek to treat the hopping terms
∑

<i,j> χija
∗
i (τ)aj(τ)

as perturbations. This is achieved by introducing the Hubbard-Stratonovich field

(ψi(τ), ψ∗i (τ)), such that the hopping terms can be decoupled in the following way:

Z =

∫
Dψ∗DψDa∗Da exp

{
−1

~

∫
dτ

∑
<i,j>

(
ψ∗i (τ)− a∗i (τ)

)
χij

(
ψj(τ)− aj(τ)

)}

× exp

{
−S[a∗, a]

~

}

=

∫
Dψ∗Dψ exp

[
−1

~

∫
dτ

∑
<i,j>

ψ∗i (τ)χijψj(τ)

]

×
∫
Da∗Da exp

[
−1

~

∫
dτ

∑
<i,j>

(
−ψ∗i (τ)χijaj(τ)− a∗i (τ)χijψj(τ)

)]

× exp

{
− S̄0[a

∗, a]

~

}

where the local action S̄0[a
∗, a] is given by

S̄0[a
∗, a] =

∫
dτ

∑
i∈A⊕B

a∗i (τ)(~∂τ − µ)ai(τ) +
1

2
U

∑
i∈A⊕B

a∗i (τ)a∗i (τ)ai(τ)ai(τ).

We then make use of the cumulant expansion formula

〈eAi〉 = e〈Ai〉+ 1
2
(〈A2

i 〉−〈Ai〉2)+...

to expand the partition function Z =
∫ Dψ∗Dψ exp{(−1/~)Seff [ψ

∗, ψ]} in powers of

(ψi(τ), ψ∗i (τ)) to obtain the effective action Seff [ψ
∗, ψ]. Here, the expectation value of

the field 〈Ai〉S̄0
taken with respect to the weight exp{(−1/~)S̄0[a

∗, a]} is defined in the

usual way,

〈Ai〉S̄0
≡

∫
Da∗DaAi exp

{
−1

~
S̄0[a

∗, a]

}
.

Close to the phase transition, where the Mott field vanishes, we keep only terms up to

quadratic order in the cumulant expansion to get

Seff [ψ
∗, ψ] ≈

∫
dτ

∑
<i,j>

[
ψ∗i (τ)χijψj(τ)− 1

2~

〈(
ψ∗i (τ)χijaj(τ) + a∗i (τ)χijψj(τ)

)2〉

S̄0

]
.
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We note that the expectation values with odd numbers of fields (a∗i , ai) vanish. Fur-

thermore, the local nature of the action S̄0 results in the identities

〈ai(τ)a∗j(τ
′)〉S̄0

= δij〈a(τ)a∗(τ ′)〉S̄0
, 〈ai(τ)aj(τ

′)〉S̄0
= 〈a∗i (τ)a∗j(τ

′)〉S̄0
= 0.

By going to the momentum space, where the Mott fields are expressed as ψi∈A(τ) =∑
k ak(τ) exp(ik · ri) and ψi∈B(τ) =

∑
k bk(τ) exp[ik · (ri + e1)]), and simplifying, the

effective action becomes

Seff [ψ
∗, ψ] = −

∫
dτ

∑

k

[
εka

∗
k(τ)bk(τ) + ε∗kb

∗
k(τ)ak(τ)

]

−1

~
∑

k

∫
dτdτ ′〈a(τ)a∗(τ ′)〉S̄0

[
a∗k(τ)ak(τ

′) + b∗k(τ)bk(τ
′)
]
|εk|2.

Now, since the Mott state with vanishing hopping is spanned by Fock states with fixed

number of particles, the two-points Green’s function 〈a(τ)a∗(τ ′)〉 can be evaluated

exactly to yield

〈a(τ)a∗(τ ′)〉S̄0
= θ(τ − τ ′)(n + 1)e−(−µ+nU)(τ−τ ′)/~ + θ(τ ′ − τ)ne(−µ+(n−1)U)(τ ′−τ)/~.

Substituting this expression into the effective action, expanding the fields in the Mat-

subara frequencies

ak(τ) =
1√
~β

∑
m

e−iωmτak,ωm , bk(τ) =
1√
~β

∑
m

e−iωmτbk,ωm , (3.49)

and using a representation for the step function

θ(τ − τ ′) = −
∫ ∞

−∞

dς

2πi

e−iς(τ−τ ′)

ς + iη
,

we finally obtain the effective action up to quadratic order

Seff [a
∗
k,ωm

, ak,ωm , b∗k,ωm
, bk,ωm ] = −

∑

k,m

[
εka

∗
k,ωm

bk,ωm + ε∗kb
∗
k,ωm

ak,ωm

+|εk|2fωm(a∗k,ωm
ak,ωm + b∗k,ωm

bk,ωm)

]

≡
∑

k,m

(
ak,ωm

bk,ωm

)† (
−~G−1(k, iωm)

) (
ak,ωm

bk,ωm

)

where

fωm =
n + 1

−i~ωm − µ + nU
+

n

i~ωm + µ− (n− 1)U
.
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In order to determine the excitation spectrum, we perform an analytic continuation in

the frequency space i~ωm → ~ω and locate the poles of the Green’s function G(k, iωm).

In this case, it amounts to solving det[G−1] = 0, or

|εk|2(|εk|2f 2
ω − 1) = 0. (3.50)

We then obtain two branches of the quasi-particle and quasi-hole spectra in the Mott

state,

~ωqp,qh
1 =

1

2

(
−|εk| − 2µ + (2n− 1)U ±

√
|εk|2 − (4n + 2)|εk|U + U2

)
,

~ωqp,ph
2 =

1

2

(
|εk| − 2µ + (2n− 1)U ±

√
|εk|2 + (4n + 2)|εk|U + U2

)
.

Since the quasi-particle and quasi-hole are produced pairwise in the Mott state, we

look for the difference in the quasi-particle-quasi-hole spectra to obtain the excitation

spectrum

Ek =
√
|εk|2 − (4n + 2)|εk|U + U2, (3.51)

where the single particle spectrum |εk| depends on the staggered flux strength implicitly.

At a fixed filling, the SF-MI transition is then located at the point where the gap

vanishes. Hence, by fixing n = 1 and evaluating Ek = 0 we find the boundaries

between the SF and the MI phases, see Fig. 3.5b. We thus have generalized the SF-MI

transition to the case where the critical coupling (U/4J)c also depends on the strength

of the staggered flux.

3.6 Experimental Signatures of the Distinct Super-

fluids

A simple method to distinguish the bosonic superfluids experimentally is to image

their momentum distributions. This is achieved by allowing the system to expand

ballistically after turning off the confining potential, and subsequently imaging the

atomic density with standard techniques. For sufficiently long expansion times, the

atomic density reflects the initial momentum distribution. The momentum distribution

of the condensed atoms is given by the quantity

〈Ψ†(k)Ψ(k)〉 = |w(k)|2
∣∣∣∣
∑

R∈¤
eik·R

∣∣∣∣
2

v(k) . (3.52)

The first factor accounts for the Fourier transform of the Wannier function w(k). The

second factor is the structure factor of the Bravais lattice spanned by the vectors
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Figure 3.6: Momentum spectra for (a) the uniform (1, 1, 1, 1) superfluid, (b) the

staggered–vortex (1,±i,−1,∓i) superfluid, (c) and the staggered–sign (1,-1,1,-1) su-

perfluid.

2e1, 2e2, i.e., the sum extends over all shaded plaquettes according to Fig. 3.2d. The

third factor v(k) is the form factor of the elementary plaquette defined by

v(k) =
4∑

ν,µ=1

eik·(~ιν−~ιµ)〈a†νaµ〉 (3.53)

with ~ιν (ν = 1, 2, 3, 4) indicating the positions of the four sites in the plaquette. The

expectation values 〈a†νaµ〉 can be evaluated for either of the wave functions in Eq. (3.31)

and Eq. (3.34). This task is considerably simplified by observing that in the limit of

large lattices, these wave functions (after some algebra) can be expressed as products

of coherent states formed at each lattice site

|Ψ〉 =
∏

r∈¤

∏
ν=1,2,3,4

|√n̄ ψν〉ν,r , (3.54)

where ψν denotes the respective order parameter from Eq. (3.44) or Eq. (3.45) and

|√n̄ eiγ〉ν,r denotes a coherent state at corner ν of plaquette r with on average n̄ atoms

and a phase γ. With the help of Eq. (3.54), the plaquette form factors v0,±(k) for the

homogeneous (1, 1, 1, 1) and the staggered–sign (1,−1, 1,−1) superfluids, and vπ,±(k)
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for the staggered–vortex superfluids (1,±i,−1,∓i) are evaluated to give

v0,+(k) = 4 cos2

(
kx

λ

4

)
cos2

(
ky

λ

4

)
, v0,−(k) = 4 sin2

(
kx

λ

4

)
sin2

(
ky

λ

4

)
,

vπ,±(k) = 4

[
sin2

(
(kx + ky)

λ

4

)
+ sin2

(
(kx − ky)

λ

4

)]2

, (3.55)

with kx ≡ k· x̂, ky ≡ k· ŷ. The resulting momentum spectra are shown in Fig. 3.6. One

recognizes the absence of the zero momentum peak for the staggered–vortex and the

staggered–sign superfluids in (b) and (c). While for the uniform phase lattice momen-

tum and momentum are equal, the staggered-sign phase is composed of momentum

components which differ from k = 0 by a primitive vector of the reciprocal lattice. The

clearly different patterns of Bragg peaks permit a direct identification of the respective

superfluid in experiments.

3.7 Discussions and Conclusions

In this chapter, we studied a tight-binding model provided by an optical square lattice

subjected to a time-dependent modulation, which excites staggered currents. Using

two different methods, we showed that the time-independent effective description of

the system is equivalent to the Hubbard model in the presence of a staggered magnetic

field. Due to the sublattice degrees of freedom, the single-particle spectrum of the

model presents several interesting features, such as two inequivalent conical points in

the energy band and distinct energy minima that depend on the magnitude of the

staggered magnetic field. We then considered two cases, first an optical lattice loaded

with spinless fermions and then a lattice loaded with bosons.

When the optical lattice is half-filled with spinless fermions, the low energy ex-

citations are governed by a Dirac-like dispersion. The problem is then reminiscent

of graphene. However, here the cones are in general anisotropic, with the Fermi ve-

locity controlled by the staggered flux. This feature cannot be easily implemented in

graphene, where the Dirac cones arise due to the hexagonal lattice geometry. Neverthe-

less, anisotropic Dirac cones can be obtained by growing the graphene layer on top of

a periodically patterned potential. This method, however, imprints a fixed anisotropy,

which cannot be tuned at will, as in the case of the fermionic cold atoms system.

When the optical lattice is loaded with bosons, novel superfluid states arise, because

the location of the minimum of the single-particle spectrum depends on the staggered

magnetic field: for an staggered flux −π < φ < π, the minimum lies at k0 = 0 and for

weak interactions a conventional uniform superfluid phase is realized. For π < φ < 3π

the minimum lies at k0 = (±π/d,±π/d) and thus a finite momentum superfluid is

realized. This phase corresponds to a vortex-anti-vortex square lattice. An analog
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phase, however, with opposite rotational direction is realized for −3π < φ < −π. Fi-

nally, for −4π < φ < −3π and 3π < φ < 4π a staggered-sign superfluid phase emerges

with an order parameter that has opposite signs for the two sublattices. We note that

the time-modulation technique used here to generate the staggered magnetic field does

not permit to access flux values φ outside the range [−2π, 2π], where the conventional

tunneling strength J0 is positive. We then showed that the different superfluid states

are separated from each other by first-order phase boundaries within the mean-field

analysis. For larger U a second-order phase transition to a Mott-insulator arises, where

the staggered flux renormalizes the critical coupling. Finally, we have discussed the

distinct experimental signatures of the superfluids that could be observed in standard

ballistic expansion experiments.
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Chapter 4

Novel Superconductivity

with a Staggered Flux

We study the phenomenon of superconductivity for an ultracold Bose-Fermi mixture loaded

into a square optical lattice subjected to a staggered flux. While the bosons form a super-

fluid in the ultracold regime, the interacting fermions experience an additional long-ranged

attractive interaction mediated by phonons in the bosonic superfluid. This underlies the

consideration of a generalized Hubbard model with an on-site and a nearest-neighbor attrac-

tive interactions in the present work, which gives rise to two superconducting channels. We

use the Bardeen-Cooper-Schrieffer theory to determine the regimes where distinct supercon-

ducting ground states are stabilized, and find that the non-local pairing channel favors a

superconducting ground state which breaks both the gauge and the lattice symmetries, thus

realizing an unconventional superconductivity. Furthermore, the intricate structure of the

single-particle spectrum exhibits hitherto unanticipated properties, namely it gives rise to a

dome-shaped superconducting region in the phase diagram as a function of filling fraction,

while the normal phase encompasses potentially much richer physics than that of the Fermi-

liquid. Finally, we find that the phenomena take place at a temperature and coupling scales

which are within experimental reach in ultracold trapped atoms. Exploring its details in

a well controlled experimental environment may yield new insights into the phenomenology

of high-Tc superconductors or heavy fermion systems, which exhibit strikingly similar phase

diagrams.1

1This chapter is based on “Strongly Interacting Two-Dimensional Dirac Fermions”, L.-K. Lim, A.
Lazarides, A. Hemmerich and C. Morais Smith, EPL 88, 36001 (2009), and “Novel Superconductivity
for Ultracold Atoms in Optical Lattices”, L.-K. Lim, A. Lazarides, A. Hemmerich and C. Morais
Smith, submitted for publication in Physical Review A.
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4.1 Introduction

Some of the most intriguing low temperature phenomena in solids occur due to strong

correlations in low-dimensional electron systems. Prominent examples are the high-

temperature superconductivity in the cuprates [140, 141], the unconventional super-

conductivity in heavy-fermion compounds [142, 143], or the fractional quantum Hall

effect [144, 145]. An exciting aspect to the physics of electronic matter arises when

the electrons behave like Dirac fermions. At first sight, the relevance of Dirac fermions

appears to be limited to a relativistic context. However, such fermions do emerge in

certain condensed matter systems. Examples include graphene, where the hexagonal

crystal lattice gives rise to quasiparticles with a linear dispersion relation [131, 146],

and high-Tc cuprate superconductors, which exhibit a dx2−y2 symmetry in the super-

conducting order parameter, such that fermionic excitations along the nodal lines on

the Fermi surface are Dirac-like [147]. While most of the unusual properties observed

to date in graphene can be understood within a picture of weakly interacting Dirac

quasiparticles [131], the role of the nodal particles in the cuprates appears to be less

clear.

The recent breakthrough in fabricating sheets of graphene has provided us with a

laboratory model of two-dimensional Dirac fermions [148]. The observation of half-

integer quantum Hall effect [149] and Klein tunneling [150, 151] in graphene, for exam-

ple, are hallmarks of two-dimensional relativistic physics taking place in a condensed

matter system. Interesting theoretical works have explored the importance of inter-

action effects in graphene, where phenomena such as room-temperature superfluidity

[152], an anomalously low shear viscosity in the vicinity of quantum criticality [153] and

novel superconductivity [154, 155] have been predicted. On the experimental front, the

anticipated fractional quantum Hall effect has only been observed very recently in an

exfoliated graphene [156]. Nevertheless, the preparation of a well controlled, clean sys-

tem of strongly interacting Dirac fermions in a solid-state context remains a technical

challenge.

In ultracold atoms, on the other hand, the interatomic interactions and the dynam-

ics of the atomic matter waves in optical potentials can be controlled with high preci-

sion. The remarkable progress made in the last decade has allowed for experimental

demonstrations of prototypical many-body phenomena, as the superfluid-Mott insula-

tor transition in the Bose-Hubbard model [85, 48, 17, 89] and the crossover between

the Bardeen-Cooper-Schrieffer (BCS)-Bose-Einstein condensation (BEC) regimes [18,

16, 19, 20, 21, 22]. One of the major ensuing goal in the field has been the systematic

emulation of the Hubbard model, a model which is believed to capture the physics of

high-Tc superconductors.

In addition, ultracold atoms in optical lattices have also provided a new paradigm
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Figure 4.1: (a) A staggered gauge field (arrows), induced by a time-dependent optical

potential, splits the lattice into two sublattices A and B [82, 83]. In the tight binding

regime, the particles hop between the potential minima and pick up a flux ±φ around

a unit plaquette. (b) The single-particle energy spectrum E±
k in the first Brillouin zone

of the Hamiltonian (4.1). The two inequivalent Dirac points are indicated by K and

K′.

for condensed matter physics. One important example is the study of degenerate Bose-

Fermi mixtures in optical lattices. The relative ease in tuning the parameters such as

the interspecies interaction strength, and the density and mass ratios, offers a wide

window for theoretical studies. Many interesting phenomena have been investigated,

which include the prediction of exotic quantum matters, such as supersolids [157, 158,

159], composite fermions [160], charge density waves and polaron-like quasi-particles

[161]. The more common effects also take place, such as the enhancement of different

types of fermionic superfluidity mediated by the phonon background provided by the

bosons [162, 163], which would otherwise be difficult to control in other systems. As

for experiments, the recent characterization of renormalized Bose-Hubbard parameters

has been the first major step to achieve a good control of the system [164, 165, 166].

In this chapter, we propose a scheme to realize strongly interacting two-dimensional

(2D) Dirac fermions with ultracold atoms. By considering a degenerate Bose-Fermi

mixture in a square optical lattice with an effective staggered gauge field, we show that

interacting 2D Dirac fermions naturally arise near half-filling. In addition to the usual

on-site interaction between the fermions, a nearest-neighbor interaction is induced by

the density fluctuations of the superfluid bosons. These two attractive interactions

can be independently tuned and thus allow for the study of the competition between

different many-body BCS ground states. For temperatures around a tenth of the Fermi

temperature TF , accessible with state of the art experimental cooling techniques, we

find robust exotic phenomena: in addition to the conventional local-pairing s-wave

superconductivity, an unconventional superconductivity with non-local bond pairing

arises, which spontaneously breaks both, the U(1) gauge and the C4v crystal lattice
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symmetries. Finally, by varying the fermion filling fraction at a fixed coupling strength,

the phase diagram exhibits a superconducting dome surrounded by a Dirac-liquid and

a Fermi-liquid at low and high doping, respectively. Exploring its details in a well

controlled experimental environment may yield new insights into the phenomenology

of high-Tc superconductors or heavy fermion systems, which exhibit strikingly similar

phase diagrams.

4.2 Bose-Fermi Mixtures

We start from the single-band Bose-Fermi Hubbard Hamiltonian subjected to a stag-

gered flux φ,

H = −JB

∑
r∈A

l=1−4

(
eiφ(−1)l/4a†rbr+el

+ H.c.

)
− J

∑
r∈A

l=1−4

∑
σ

(
eiφ(−1)l/4a†r,σbr+el,σ + H.c.

)

+
UBB

2

∑
r∈A⊕B

nB
r (nB

r − 1) + UBF

∑
r∈A⊕B

∑
σ

nB
r nr,σ

+
UFF

2

∑
r∈A⊕B

∑
σ

nr,σ nr,−σ, (4.1)

where JB and J are the hopping amplitudes for bosons and fermions, respectively, and

UBB, UFF and UBF are the boson-boson, fermion-fermion and boson-fermion on-site

interactions, respectively. As discussed in the previous chapter, the staggered magnetic

field leads to the description of two inequivalent A- and B-sublattices, see Fig. 4.1a.

The operators ar and br+el
are the bosonic annihilation operators acting on site r and

r + el of A- and B-sublattices, respectively, and ar,σ and br+el,σ are the corresponding

fermionic annihilation operators with spin σ. Finally, nB
r and nr,σ are the boson and

fermion number operators on site r, respectively.

We write the grand canonical partition function in the functional-integral represen-

tation

Z =

∫
DaDa∗DaσDa∗σ exp

{
−1

~
(SB + SF + SI)

}
(4.2)

where the bosonic action SB is given by

SB[a∗, a] =

∫ ~β

0

dτ

[ ∑
i∈A⊕B

a∗i (τ)(~∂τ − µ)ai(τ)−
∑
<i,j>

χija
∗
i (τ)aj(τ)

+
UBB

2

∑
i∈A⊕B

nB
i (τ)

(
nB

i (τ)− 1

)]
, (4.3)
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the fermionic action SF is given by

SF [a∗σ, aσ] =

∫ ~β

0

dτ

[ ∑
i∈A⊕B

∑
σ

a∗i,σ(τ)(~∂τ − µσ)ai,σ(τ)−
∑
<i,j>

∑
σ

χija
∗
i,σ(τ)aj,σ(τ)

+
UFF

2

∑
i∈A⊕B

∑
σ

ni,σ(τ)ni,−σ(τ)

]
, (4.4)

and the boson-fermion interaction term SI is given by

SI [a
∗, a, a∗σ, aσ] = UBF

∫ ~β

0

dτ

[ ∑
i∈A⊕B

∑
σ

nB
i (τ)ni,σ(τ)

]
. (4.5)

Here, < i, j > denotes the nearest-neighbor summation, µ is the chemical potential

for bosons, and µσ the one for fermions with spin σ. The anisotropic phase factor χij

which describes the presence of the staggered flux φ in the lattice is given by

χij =

{
eiφ/4, i ∈ A, j = i + e1,3,

e−iφ/4, i ∈ A, j = i + e2,4,
(4.6)

and it obeys the hermitian property χji = χ∗ij. The inverse thermal energy at temper-

ature T is given by β = 1/kBT .

To derive an effective model, we consider the experimentally well-established regime

for the bosons, where they form a superfluid Bose-Einstein condensate with condensate

fraction ñ and healing length ξ ≡ (JB/ñUBB)1/2. Before we apply the Bogoliubov

theory, we need to identify the condensation mode for the bosons in the presence of

the staggered flux. The single-particle term in the bosonic action can be diagonalized

with the canonical transformation

ak(τ) =
1√
2

ε∗k
|εk|(−αk(τ) + βk(τ)), bk(τ) =

1√
2
(αk(τ) + βk(τ)), (4.7)

where the new operators αk(τ), βk(τ) correspond to the upper and lower energy band

states and the lattice dispersion is given by2

εk = 4J

[
cos

(
φ

4

)
cos

(
kxd

2

)
cos

(
kyd

2

)
− i sin

(
φ

4

)
sin

(
kxd

2

)
sin

(
kyd

2

)]
. (4.8)

Using the canonical transformation, the bosonic operator defined on the sublattice A
is given by

ai(τ) =
1√
NA

∑

k∈1BZ

ak(τ)eik·ri

=
1√
N

∑

k∈1BZ

[
ε∗k
|εk|βk(τ)− ε∗k

|εk|αk(τ)

]
eik·ri ,

2Recall that d is the lattice constant for A-sublattice.
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where the lattice momentum k is defined in the first Brillouin zone (1BZ). Note that

the total lattice sites is N = 2NA. To simplify the calculation we map the upper band

operator αk(τ) in the first Brillouin zone to the second Brillouin zone (2BZ). Since

the transformation coefficient changes an overall sign in the second Brillouin zone, we

have

ai(τ) =
1√
N

∑

k∈1BZ⊕2BZ

ε∗k
|εk|βk(τ)eik·ri ≡ 1√

N

∑

k∈1BZ⊕2BZ

gkβk(τ)eik·ri . (4.9)

Similarly, for the operators on the B sublattice, we have

bi(τ) =
1√
N

∑

k∈1BZ⊕2BZ

βk(τ)eik·(ri+e1). (4.10)

We identify now the single-particle state with the lowest energy as the condensation

mode k0, and separate the condensate field from the fluctuation part as follows

ai(τ) = gk0

√
n0e

ik0·ri +
1√
N

′∑

k

gkβk(τ)eik·ri ,

bi(τ) =
√

n0e
ik0·(ri+e1) +

1√
N

′∑

k

βk(τ)eik·(ri+e1),

where we performed the c-number substitution for the condensate field βk0(τ) → √
N0

and n0 = N0/N defines the condensate density. The prime in the momentum summa-

tion means that the k = k0 term is omitted. In Chapter 3, we have already studied

the bosonic problem, where depending on the staggered flux value, two condensation

modes can be identified: For 0 6 φ < π and 3π < φ 6 4π, the condensate mode is

given by k0 = (0, 0) ≡ 0, whereas for π < φ < 3π, the condensate mode is given by

k0 = (±π/d,±π/d) ≡ π. With gk0=0 = 1 or gk0=π = i, the c-number part of the field

indeed gives rise to the desired spatial dependence of the order parameter describing

the homogenous or the staggered-vortex superfluid phases, respectively. The terms in

the action containing the bosonic operators, in momentum space, are then given by

SB + SI =

∫
dτ

∑

k∈1BZ⊕2BZ

β†k(τ) [~∂τ + Ek − µ] βk(τ)

+
UBB

4N

∫
dτ

∑

k1,k2,k3,k4

H(k1,k2,k3,k4)β
†
k1

(τ)β†k2
(τ)βk3(τ)βk4(τ)δ(k1 + k2 − k3 − k4)

+
UBF

N

∫
dτ

∑
i∈A

∑
σ

(
ni,σ(τ)

∑

k1∈1BZ⊕2BZ

g∗k1
β†k1

(τ)e−ik1·ri

∑

k2∈1BZ⊕2BZ

gk2βk2(τ)eik2·ri

)

+
UBF

N

∫
dτ

∑
i∈A

∑
σ

(
ni,σ(τ)

∑

k1∈1BZ⊕2BZ

β†k1
(τ)e−ik1·(ri+e1)

∑

k2∈1BZ⊕2BZ

βk2(τ)eik2·(ri+e1)

)
,
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with Ek = ∓|εk| for k ∈ 1BZ(2BZ), and H(k1,k2,k3,k4) ≡ 1 + g∗k1
g∗k2

gk3gk4 . By

expanding the fields in Matsubara frequencies

βk(τ) =
1√
~β

∑
m

e−iωmτβk(ωm) (4.11)

and making the Bogoliubov approximation, we obtain (see Appendix)

SB + SI = −1

2
N~βUBBn2

0

+
1

2

∑

k,m

(
βk(ωm)

β†−k(−ωm)

)† (−i~ωm + Ek − Ek0 + UBBn0
1
2
H(k,−k,k0,k0)UBBn0

1
2
H(k0,k0,k,−k)UBBn0 i~ωm + Ek − Ek0 + UBBn0

)

×
(

βk(ωm)

β†−k(−ωm)

)

+UBF

√
n0

N

∑

k,m

(
Jk(ωm)

J†−k(−ωm)

)†

·
(

βk(ωm)

β†−k(−ωm)

)

≡ −1

2
N~βUBBn2

0 +
1

2

∑

k∈1BZ⊕2BZ,
m

[
~φ † · −~G−1 · ~φ + ~J † · ~φ + ~φ † · ~J

]
(4.12)

where

~φ ≡
(

βk(ωm)

β†−k(−ωm)

)
, ~J ≡ UBF

√
n0

N

(
Jk(ωm)

J†−k(−ωm)

)
, (4.13)

with the source term given by

Jk(ωm) ≡ gk0g
∗
k

∑
i∈A

∑
σ

ni,σe
i(k0−k)·ri +

∑
i∈A

∑
σ

ni,σe
i(k0−k)·(ri+e1). (4.14)

Several symmetry properties have been employed: gk = g−k and k0 ≡ {±k0}, in the

sense that for r = αd1 + γd2, then exp[ik0 · r] ≡ exp[iπ(±α ± γ)]. Furthermore, we

have chosen the bosonic chemical potential to obey the Hugenholtz-Pines form, which

now depends also on the fermion mean-field density ñσ,

µ = E0 + UBBn0 + UBF

∑
σ

ñσ, (4.15)

so that the bosonic fluctuation field remains massless (the Goldstone mode). The

action Eq. (4.12) is now at most of quadratic order in the bosonic fluctuation field ~φ

and we can thus integrate them out analytically

∫
D~φ exp

{
−1

~
(SB + SI)

}
= exp

(
− 1

2~2

∑

k∈1BZ⊕2BZ

~J † ·G · ~J

)
. (4.16)
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Therefore, starting from the original action (4.2), by performing the Bogoliubov ap-

proximation and integrating out the bosons, we end up with an effective action for the

interacting fermions

S = SF +
1

2~
∑

k∈1BZ⊕2BZ

~J †
k ·Gk · ~Jk ≡ SF + Sint (4.17)

where the induced interaction is given by

Sint = −U2
BF n0

2N

∑

k,m

Yk,k0(J
†
kJk + JkJ

†
k)− 1

2
UBBn0(H̃J†kJ

†
−k + H̃∗J−kJk)

(~ωm)2 + Wk

. (4.18)

Here, short hand notations are used for the form factor H̃ ≡ H(k,−k,k0,k0), Yk,k0 ≡
(Ek−Ek0 +UBBn0) and Wk ≡ Y 2

k,k0
−|H̃|2U2

BBn2
0/4. Within the parameter regime rele-

vant for the experimentally available lattice Bose-Fermi mixtures (e.g., the widely used

rubidium-potassium system) the consideration of the static limit is sufficient [162, 167,

168]. Hence we consider the static contribution, i.e., we set ~ωm = 0 and convert the

momentum summation into a momentum integral (1/N)
∑

k → d2
∫

1BZ⊕2BZ
d2k/(2π)2

to get

Sint =
1

2

∑

r,r′∈A

∑

σ,σ′
VAA(r− r′)

[
nr,σnr′,σ′ + nr+e1,σnr′+e1,σ′

]

+
∑

r,r′∈A

∑

σ,σ′
VAB(r− r′ − e1)nr,σnr′+e1,σ′ , (4.19)

where the induced potentials are given by

VAA(r− r′) = −U2
BF n0d

2

∫
d2k

(2π)2

2

Wk

{
Yk,k0 cos[k0 · (r− r′)] cos[k · (r− r′)]

−UBBn0 cos[k · (r− r′)] cos[k0 · (r + r′)] cos2[θ0 − θk]

}

≡ −4U2
BF

UBB

V2

(
θ,

JB

UBBn0

,
|r− r′|

d

)
(4.20)

and

VAB(r− r′ − e1) = −U2
BF n0d

2

∫
d2k

(2π)2

4

Wk

{
Yk,k0 cos[k · (r− r′ − e1)]

× cos[k0 · (r− r′ − e1)− θk + θ0]

−UBBn0 cos[k0 · (r + r′ + e1)] cos[θ0 − θk]

× cos[k · (r− r′ − e1)]

}

≡ −4U2
BF

UBB

V1

(
θ,

JB

UBBn0

,
|r− r′ − e1|

d

)
. (4.21)
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These are the nonlocal “phonon-mediated” fermion density-density interaction terms,

which take the form of Yukawa potential (screened Coulomb) in two dimensions. The

phonon-mediated mechanism generates, in general, non-local attractive interaction

terms between fermions of all spin states, which fall off on the scale of the healing

length ξ. Experiments in a bosonic 2D lattice of rubidium atoms by Spielman et al.

[169] show that typical values of ξ are on the order of d/
√

2. For JB/UBBn0 = 1,

the induced potentials are VAB(e1) ' −(4U2
BF /UBB) 0.17 while VAA(d1) is one order

of magnitude smaller. Thus the combined engineered interactions are the on-site in-

teraction given by g1 ≡ −UFF − VAA(0), and the nearest neighbor interaction given

by g2 ≡ −VAB(e1) ' (4U2
BF /UBB) 0.17, which is always attractive 3. The effective

interaction for the fermionic Hamiltonian can thus be written as

Hint = −g1

2

∑
r∈A⊕B

∑
σ

nr,σnr,−σ − g2

∑

<r,r′>

∑

σ,σ′
nr,σnr′,σ′ . (4.22)

Notice that since UFF can be tuned by changing the scattering length as via Feshbach

resonances, the relative strength g1/g2 can be tuned in a straightforward manner.

Furthermore, the dependence on the parameter (JB/UBBn0) of the induced potentials

can also be taken as an extra tuning parameter, which thus allows for an independent

control of both g1 and g2.

4.3 Novel Superconductivity

In the last section, we studied the effects of the boson condensation on the fermions.

The phonon modes in the bosonic superfluid mediate an effective attractive interaction

between fermions, which is shown to extend to the nearest-neighbor sites. The effective

fermionic system given by the Hamiltonian

H = −J
∑
r∈A

l=1−4

∑
σ

(
eiφ(−1)l/4a†r,σbr+el,σ + H.c.

)

−g1

2

∑
r∈A⊕B

∑
σ

nr,σnr,−σ − g2

∑

<r,r′>

∑

σ,σ′
nr,σnr′,σ′

≡ H0 + H1 + H2 (4.23)

provides the basis for the study of the competition between an on-site and a nearest-

neighbor attractive interactions. By using BCS mean-field theory, we consider two

types of superconducting instabilities and later, we justify the use of the mean-field

approach by showing that the required coupling strength to induce superconductivity

is within the weak-coupling regime. For clarity of presentation, we first carry out the

3The boson-boson interaction UBB is taken to be positive for the stability of the Bose gas.
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analysis for the different superconducting channels independently. Then, we construct

the full phase diagram in the presence of both couplings.

4.3.1 Pairing Hamiltonian

For an on-site attractive interaction g1 > 0, the interaction Hamiltonian H1 in momen-

tum space is given by

H1 = −2g1

N

∑
K,p,q

(
a†K

2
+p,↑a

†
K
2
−p,↓aK

2
−q,↓aK

2
+q,↑ + b†K

2
+p,↑b

†
K
2
−p,↓bK

2
−q,↓bK

2
+q,↑

)
. (4.24)

We consider a spin-singlet order parameter of the form D1,p ≡ 〈ap,↓a−p,↑〉 = 〈bp,↓b−p,↑〉.
By performing a mean-field decoupling with respect to this order parameter, we keep

the fluctuations up to first order to obtain

H1,MF ' 4g1

N

∑
p,q

D†
1,p D1,q − 2g1

N

∑
p,q

[
D†

1,p aq,↓a−q,↑ + D†
1,p bq,↓b−q,↑ + H.c.

]

= −N |∆1|2
g1

+
∑

k

[
∆†

1 ak,↓a−k,↑ + ∆†
1 bk,↓b−k,↑ + H.c.

]
,

where the superconducting order parameter is defined as

∆1 ≡ −2g1

N

∑

k

D1,k = −2g1

N

∑
i∈A
〈ai,↓ai,↑〉 = −2g1

N

∑
i∈B
〈bi,↓bi,↑〉.

We thus see that the spin-singlet order parameter D1,p corresponds in real space an

on-site pairing of fermions with opposite spins, given by 〈ai,↓ai,↑〉 and 〈bi,↓bi,↑〉.
For the nearest-neighbor attractive interaction g2 > 0, we consider the following

decomposition

H2 = −g2

{ ∑
<i,j>

[
(a†i,↑b

†
j,↓ − a†i,↓b

†
j,↑)(ai,↓bj,↑ − ai,↑bj,↓)

+(ai,↑b
†
j,↑ + ai,↓b

†
j,↓)(a

†
i,↑bj,↑ + a†i,↓bj,↓) + (a†i,↑bj,↑ + a†i,↓bj,↓)(ai,↑b

†
j,↑ + ai,↓b

†
j,↓)

]

+
1

2

∑
i,σ

(
a†i,σai,σ + b†i,σbi,σ

)}
.

The first term is a non-local pairing correlation involving two nearest-neighbor sites

with a spin-singlet structure. It is similar to the resonating-valence-bond (RVB) state

that was proposed by P. W. Anderson [170]. In the second and third terms, a non-

trivial expectation value in these correlations amount to a particle-hole correlation.

These terms are important for the consideration of charge- or spin-density wave order.

For our work, since the induced interactions are always attractive, a superconducting
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instability is more dominant in general. The last term can be absorbed in a redefinition

of the chemical potential.

In this channel, we consider an order parameter that takes the form D2,k ≡ 〈ak,↓b−k,↑−
ak,↑b−k,↓〉. A similar mean-field decoupling with respect to this order parameter gives

H2,MF ' 2g2

N

∑
p,q

γp−qD
†
2,pD2,q − 2g2

N

∑
p,q

γp−q

[
D†

2,p(aq,↓b−q,↑ − aq,↑b−q,↓)

+ (a†p,↑b
†
−p,↓ − a†p,↓b

†
−p,↑)D2,q

]
,

= − N

2g2

4∑

l=1

|∆2(el)|2 +
∑

k

∑
el

[
∆†

2(el)e
−ik·el(ak,↓b−k,↑ − ak,↑b−k,↓) + H.c.

]

= − N

2g2

4∑

l=1

|∆2(el)|2 +
∑

k

[
∆†

2,k(ak,↓b−k,↑ − ak,↑b−k,↓) + H.c.
]

where

γk ≡
4∑

l=1

eik·el = 4 cos

(
kxd

2

)
cos

(
kyd

2

)
,

and the superconducting order parameter is defined as follow

∆2,k ≡
4∑

l=1

∆2(el)e
ik·el , (4.25)

and

∆2(el) ≡ −2g2

N

∑

k

e−ik·elD2,k = −2g2

N

∑
r∈A

〈ar,↓br+el,↑ − ar,↑br+el,↓〉

for l = 1, 2, 3, 4. We note that the order parameter D2,k actually induces an RVB

order in real space, given by 〈ar,↓br+el,↑ − ar,↑br+el,↓〉. Moreover, since each site on

the A-sublattice can independently pair up with its four nearest-neighbor sites, the

superconducting order parameter ∆2,k consists of four independent RVB components.

Before we discuss the self-consistent procedure to determine the mean-field state,

it is important to understand the symmetry of the order parameter in a basis where

the single-particle term is diagonal, i.e. the energy band structure. By transforming

to that basis, the mean-field interaction terms become

H1,MF =
∑

k

∆†
1e

iθk

[
cos(θk)

(
βk,↓β−k,↑ + αk,↓α−k,↑

)

−i sin(θk)
(
βk,↓α−k,↑ + αk,↓β−k,↑

)]
+ H.c.,

H2,MF =
∑

k

∆†
2,k eiθk

(
βk,↓β−k,↑ − αk,↓α−k,↑

)
+ H.c.
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Here, βk,σ and αk,σ are the lower and upper band operators, which obey anti-commutation

relations, θk ≡ εk/|εk|, and the property εk = ε−k or θk = θ−k follows from Eq. (4.8).

In the pairing potential H1,MF , we first note that the on-site pairing order parameter

∆1 induces an intra-band pairing (β†−k,↑β
†
k,↓ + α†−k,↑α

†
k,↓) as well as an an inter-band

pairing (β†−k,↑α
†
k,↓+α†−k,↑β

†
k,↓) in the band representation. With the orbital part ∆†

1e
iθk

being an even function in the momentum variable, the intra-band pairing naturally

gives rise to spin singlet structure. For the inter-band pairing, since it is symmetric in

the band index, it also results in a spin singlet structure. Thus, the on-site pairing is

described by a total order parameter that has a spin singlet structure.

On the other hand, the RVB order ∆2(el) induces only intra-band pairing (βk,↓β−k,↑−
αk,↓α−k,↑) in H2,MF . The spin structure of the pairing is then determined by the parity

of the superconducting order ∆2,k, which depends on the choice of the four-component

RVB order. For an even parity ∆2,k = ∆2,−k, it results in a spin-singlet, whereas for

an odd parity ∆2,k = −∆2,−k, it results in a spin triplet. It is important to note that

since the external staggered flux breaks the A-B sublattice symmetry explicitly, the

order parameter ∆2,k need not have a definite parity. It can generally have a mixed

parity with a coherent mixture of states with even and odd parities, and the resulting

spin structure is also a coherent mixture of spin singlet and spin triplet states.

The mean-field procedure that we carried out until now involves the introduction

of five order parameters in real space, i.e. ∆1 and ∆2(el), for l = 1, 2, 3, 4, and a

mean-field decoupling that keeps fluctuations up to first order in the Hamiltonian. For

self-consistency, we need to minimize also the resulting free energy. To evaluate the

free energy, we first rewrite the total mean-field Hamiltonian in the following form

HMF = E0 +
∑

k∈1BZ

Ψ†
kDkΨk, (4.26)

with Ψ†
k = (a†k,↑, b

†
k,↑, b−k,↓, a−k,↓) and

Dk =




−µ −ε∗k ∆2,k ∆1

−εk −µ ∆1 ∆2,−k

∆∗
2,k ∆∗

1 µ ε∗−k

∆∗
1 ∆∗

2,−k ε−k µ


 . (4.27)

Here, the condensation energy is given by

E0 = −N |∆1|2
g1

− N

2g2

4∑

l=1

|∆2(el)|2, (4.28)

the fermionic chemical potential4 µ, and the full lattice dispersion is given by Eq. (4.8).

Since the mean-field Hamiltonian (4.26) is quadratic, we perform a canonical transfor-

mation (a Bogoliubov-Valatin transformation) to diagonalize it. The system is then

4From now onwards, we consider only the spin-balanced case with µ = µσ.
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described by two branches of non-interacting fermionic quasi-particles and quasi-holes

with spectra ±Eν,k, with ν = 1, 2. In the new basis, the entropy of the system can be

computed simply from that for the ideal Fermi gas

S = −kB

∑

k

{
f(Eν,k) ln f(Eν,k) + [1− f(Eν,k)] ln[1− f(Eν,k)]

}
,

where f(Eν,k) = 1/[exp(βEν,k) + 1] is the Fermi-Dirac distribution at the given tem-

perature β = 1/kBT . The free energy is then given by

F
[
∆1, ∆2(el)

]
= E − TS

= E0 − 1

β

2∑
ν=1

∑

k

{
ln

(
1 + e−βEν,k

)
+ ln

(
1 + eβEν,k

)}
. (4.29)

In the following sections, we minimize the above expression with respect to the varia-

tional parameters (∆1, ∆2(el)) and identify the regime of parameters where supercon-

ductivity can occur.

4.3.2 Local Superconductivity

In this section we consider only the local pairing channel characterized by the order

parameter ∆1. Setting ∆2,k = 0, the quasi-particle spectra can be readily obtained,

E1,2,k =

√
|εk|2 + µ2 + ∆2

1 ∓ 2
√
|εk|2µ2 + (Im εk)2∆2

1. (4.30)

By substituting these into the free energy function Eq. (4.29) and extremizing the latter

with respect to ∆1,

∂F (∆1)

∂∆1

= 0, (4.31)

we obtain the gap equation

1 =
g1

4N

∑

k

{
tanh (βE1,k/2)

E1,k

[
1− (Im εk)

2

√
|εk|2µ2 + (Im εk)2∆2

1

]

+
tanh (βE2,k/2)

E2,k

[
1 +

(Im εk)
2

√
|εk|2µ2 + (Im εk)2∆2

1

]}
. (4.32)

To determine the second-order phase transition, we take the limit ∆1 → 0 in the gap

equation where the superconducting gap vanishes smoothly. The resulting equation

1 =
g1

4N

∑

k

{
tanh

[
βc(|εk| − µ)/2

]

|εk| − µ

[
1− (Im εk)

2

|εk||µ|
]

+
tanh

[
βc(|εk|+ µ)/2

]

|εk|+ µ

[
1 +

(Im εk)
2

|εk||µ|
]}

(4.33)
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Figure 4.2: (a) Solutions to the gap equation for local superconductivity at the

phase transition for different chemical potentials: µ/J = 0 (line), µ/J = 0.1 (dash),

µ/J = 1 (dotted dash), µ/J = 2 (dotted). (b) To show the reentrant behav-

ior, we plot the evolution of the free energy at different temperatures kBT/J =

0.8 (dashed), 0.56 (line), 0.1 (dotted), for a fixed coupling g1/J = 6.1 and chemical

potential µ/J = 0.

determines the critical temperature βc = 1/kBTc for a given coupling g1 and chemical

potential µ, see Fig. 4.2a.

We first note that for zero chemical potential, the Fermi level lies at the conical

points of the Dirac cone. Due to the vanishing of the density of states, the system is

quantum critical. This means that the system can undergo a phase transition even

at zero temperature, where there is no thermal fluctuations. In the present case, it

is a second-order phase transition driven purely by quantum fluctuations. The quan-

tum critical point, which we find it to be g1,c/J ' 6.2 in this channel, separates the

normal and the superconducting phases. On the other hand, for finite chemical po-

tential the system ceases to be quantum critical. The usual BCS picture of Fermi

surface instability is then recovered where an infinitesimal attractive interaction favors

superconductivity.

Secondly, for small chemical potential µ/J ¿ 1, we observe that the Tc-curve dis-

plays a non-monotonous dependence on the coupling around the temperature region

kBTc/J ∼ O(1). This is due to the intrinsic nature of the inter-band pairing in this

channel. Inter-band pairing generally requires more energy fluctuations, since there is

an energy gap in the pairing between a state from the upper energy band and its time-

reverse partner from the lower energy band. For vanishingly small chemical potential,

we are left with two energy scales in the problem, namely the thermal energy and the

coupling. Whenever thermal fluctuations are suppressed for kBT/J . 1, a stronger

coupling is therefore required to promote the pairing. Thus, we see the increase in

the coupling strength to induce superconductivity as thermal fluctuations are cut off
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around the region kBT/J ∼ O(1). This feature is also called a re-entrant behavior

because even when the system is in the symmetry-broken (ordered) phase below the

critical temperature, it can get back to the disordered phase by lowering further the

temperature. This is only valid for a coupling around the critical value g1,c and a small

chemical potential. To confirm the re-entrant behavior, we also investigate the free en-

ergy function at various temperatures for a fixed coupling and zero chemical potential,

as shown in Fig. 4.2b. The absolute minimum of the free energy indeed returns to the

origin where the system is disordered, as the temperature is lowered.

4.3.3 Extended Superconductivity

Now, we want to study the extended superconducting channel. In this case, we set

∆1 = 0 in the Hamiltonian (4.26). Furthermore, for the sake of simplicity, we assume

the four-component RVB order to be real. We then arrive at the following properties

for the superconducting order parameter:

∆2,k = ∆∗
2,−k, |∆2,k|2 =

∑

l

∆2(el)
2 +

∑

l 6=m

∆2(el)∆2(em) cos(k · (el − em)),

Im ∆2,k =
∑

l

∆2(el) sin(k · el).

The quasi-particle spectra are then given by

E1,2,k =

√
|εk|2 + |∆2,k|2 + µ2 ∓ 2|εk|

√
(Im ∆2,k)2 + µ2.

Upon extremizing the free energy function

∂

∂∆2(el)
F [∆2(e1), ∆2(e2), ∆2(e3), ∆2(e4)] = 0, for l = 1, 2, 3, 4, (4.34)

we obtain a set of four coupled gap equations

∆2(el) =
g2

2N

∑

k

{(
tanh (βE1,k/2)

E1,k

+
tanh (βE2,k/2)

E2,k

)(
∆2(el) +

∑

m6=l

∆2(em)

× cos[k · (el − em)]

)
+

(
−tanh (βE1,k/2)

E1,k

+
tanh (βE2,k/2)

E2,k

)

×|εk| sin(k · el) Im ∆2,k√
(Im ∆2,k)2 + µ2

}

for l = 1, 2, 3, 4. We now take the system to be close to the phase transition, where the

gap ∆2(el) is small, and expand the right-hand side of the gap equations to leading
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Figure 4.3: Solutions to the gap equation with d-wave symmetry and p-wave symmetry

at the phase transition for different chemical potentials: µ/J → 0 (line), µ/J = 1

(dashed), and µ/J = 2 (dotted).

order in the gap to obtain the linearized gap equations

∆2(el) =
g1

2N

4∑
m=1

∑

k

[(
tanh[βc(|εk|+ |µ|)/2]

|εk|+ |µ| +
tanh[βc(|εk| − |µ|)/2]

|εk| − |µ|
)

cos[k · el]

× cos[k · em] +
sinh(βc|µ|)

|µ| cosh[βc(|εk|+ |µ|)/2] cosh[βc(|εk| − |µ|)/2]

× sin(k · el) sin(k · em)

]
∆2(em) (4.35)

for l = 1, 2, 3, 4. The linearized gap equations can also be written in the matrix form

1

g2

Ω =




D B C B

B D B C

C B D B

B C B D


 Ω,

where the four-vector Ω is defined by ΩT ≡ (∆2(e1), ∆2(e2), ∆2(e3), ∆2(e4)), and

D,B,C are matrix elements obtained from the coupled Eqs. (4.35). In fact, a numerical

evaluation shows that the matrix element B ' 0. It is clear now that the problem of

determining the critical temperature Tc amounts to finding non-trivial solutions to the

matrix equation. The eigenvalues and their corresponding eigenvectors are classified

as follows:

1

g2

=

{
C + D : (1, 0, 1, 0), (0, 1, 0, 1), d−wave

−C + D : (−1, 0, 1, 0), (0,−1, 0, 1), p−wave
(4.36)

with

C + D =
1

2N

∑

k

2

{
tanh[βc(|εk|+ |µ|)/2]

|εk|+ |µ| +
tanh[βc(|εk| − |µ|)/2]

|εk| − |µ|
}

cos2(k+d),

−C + D =
1

2N

∑

k

2

{
sinh(βc|µ|)

|µ| cosh[βc(|εk|+ |µ|)/2] cosh[βc(|εk| − |µ|)/2]

}
sin2(k+d),
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Figure 4.4: (a) Evolution of the free energy for the p-wave superconductivity at different

temperatures kBT/J = 3 (dotted), 1.5 (dashed), 0.1 (line), at a fixed coupling g2/J =

5 and chemical potential µ/J = 0. (b) Comparing the free energy for the p-wave channel

(−∆2/
√

2, 0, ∆2/
√

2, 0) (dotted), the d-wave channel (∆2/
√

2, 0, ∆2/
√

2, 0) (dashed),

and the mixed channel (∆2, 0, 0, 0) (line) which yields the lowest free energy, for µ = 0,

kBT/J = 0.5, g2/J = 5.

where k± = (kx±ky)/2. The four eigenvectors come in two classes of symmetries, which

reflect the underlying irreducible representation of the symmetry group of the square

lattice. In Fig. 4.3, we solve for the critical temperature as a function of the coupling,

for the two classes of eigenvectors. Again, a quantum critical behavior is expected

for zero chemical potential. However, in contrast to the local pairing in the previous

section, this channel does not involve inter-band pairing and the system should not

display re-entrant features. In Fig. 4.3a we show the Tc-curves for the d-wave channel

which behave as expected. The quantum critical coupling is g2,c/J ' 2.1, which is

smaller than the critical local pairing coupling.

On the other hand, the Tc-curves for the p-wave channel exhibit highly irregular

features, see Fig 4.3b. To understand that this is an artifact of the solution of the gap

equation, let us analyze the free energy function in the p-wave channel more closely.

By decreasing the temperature below the critical value given by the upper part of

the Tc-curve at a fixed coupling, the change in the free energy is shown in Fig 4.4a.

While the absolute minimum is shifted away from the origin, signaling that the system

enters the symmetry-broken phase, a new local minimum is also being developed at

the origin below the second critical temperature. Since the linearized gap equation is

an expansion around the origin locating an extremum, the lower part of the Tc-curve

seen in Fig 4.4b merely describes the development of the new local minimum. We thus

conclude that there is no re-entrant behavior. However, the development of another

local minimum at the origin gives rise to the possibility of a first-order phase transition
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(a) (b)

Figure 4.5: (a) Real-space configuration of the local pairing s-wave superconducting

phase. (b) Real-space configuration of the nearest-neighbor spin-singlet bonding with

one non-vanishing component.

where the Tc-curve develops a vertical slope. Looking at the free energy, we indeed

find a first-order phase transition line starting at a tricritical point, where it meets the

upper part of the second-order phase transition Tc-curve.

Given the choices of pairing states with different symmetries, we need to determine

the most favorable one by comparing the free energy deep in the superconducting

phase. Comparing the Tc-curves for the two channels in Fig. 4.3a and Fig. 4.3b, we

see that the d-wave channel generally has a higher critical temperature for coupling

g2/J . 2.8. Since for g2/J & 2.8 the p-wave channel can become non-trivial, we

need to consider more general states with mixed symmetry. As already discussed in

the previous section, the lack of parity symmetry for the pairing state in this channel

allows for a coherent mixing of order parameters with different symmetries. By taking

the four eigenvectors as a basis which spans the space of the order parameter, we look

for the vector which yields the lowest free energy. As shown in Fig. 4.4b, we find the

state (1, 0, 0, 0) to be the most favorable (lowest free energy) in the superconducting

phase and the corresponding order parameter reads

∆2,k = ∆2

[
cos

(
kx + ky

2
d

)
+ i sin

(
kx + ky

2
d

)]
. (4.37)

It is worthwhile to note that this order parameter breaks the square lattice symmetry

and has four-fold degeneracy with respect to a π/2-rotation. Indeed, it amounts to an

unconventional superconductivity, see Fig. 4.5b.

4.3.4 Phase Diagram at Quantum Criticality

Until now we treated the two superconducting channels separately. Here we consider

the competition between different superconductivity at the quantum critical regime

with zero chemical potential and a staggered flux φ = π. The discussion for general

values of chemical potentials and flux values will be presented in the next section.
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(a) (b)

Figure 4.6: (a) Typical plot of the free energy function F (∆1, ∆2) where both order

parameters are present. (b) Mean-field phase diagram for the Hamiltonian (4.23) with

zero chemical potential and a staggered flux φ = π.

We have shown that the most favorable superconducting state in the separate chan-

nels are the constant gap ∆1 and the unconventional superconducting state ∆2(el) =

(1, 0, 0, 0), respectively. We take the latter to be the definite (1, 0, 0, 0)-state for sim-

plicity, even though we have already noted that the extended superconducting channel

has a much richer behavior around the region g2/J ' 2.8. By taking into account the

possibility of co-existence between the two superconducting phases, we numerically

minimize the free energy F (∆1, ∆2,k) containing both superconducting orders. A typi-

cal free energy function dependence on the two order parameters is shown in Fig. 4.6a.

By locating the global minimum in the free energy, we find an unpaired phase (nor-

mal phase), an s-wave superconducting phase and a non-local pairing superconducting

phase in the phase diagram, see Fig. 4.6b. The two superconducting phases are sepa-

rated by a first-order phase transition (dark surface) with no region of coexistence. A

multi-critical point is identified at (g1/J, g2/J) = (6.2, 2.1) at zero temperature, where

the first-order phase transition surface and the second-order lines meet.

It is important now to justify the validity of the mean-field approach to the super-

conductivity problem. The general criterion for the validity of the mean-field theory

in the weak coupling regime is that the coupling strength be smaller than the energy

bandwidth δE. For the system we study, the energy bandwidth is given by

δE = 4J

√
2 + 2 cos

(
φ

2

)
. (4.38)

The weak coupling regime is then given g1,2 < δE. Referring to the phase diagram in

Fig. 4.6b and a bandwidth δE ' 5.7J , we find that both the g1 and g2 channels are

approximately within the weak coupling regime, even though the g1 channel is closer

to an intermediate coupling regime. Nonetheless, for coupling strengths in the range
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of validity, the three distinct many-body phases are already accessible.

4.3.5 Phase Diagram Away from Quantum Criticality

In this section, we consider the case for a general chemical potential. Rather than the

chemical potential, the relevant physical quantity of interest in this case is the particle

density, or the fermion filling fraction 〈n〉, the average number of spin-1/2 fermions

per lattice site. Furthermore, from the phase diagram at zero chemical potential (see

Fig. 4.6b) we note that the unconventional superconducting channel yields the highest

transition temperature Tc. Thus, we shall consider only this superconducting channel

with a varying fermion filling fraction. At the phase transition T = Tc where the

superconducting gap vanishes, the fermion filling fraction 〈n〉 can be determined quite

easily by the non-interacting limit (ignoring the Hartree energy)

δ = |〈n〉 − 1|
=

1

2N

∑

k

[
tanh

( |εk|+ |µ|
2kBTc

)
− tanh

( |εk| − |µ|
2kBTc

)]
, (4.39)

where N is the total number of sites. The quantity δ is conventionally called the parti-

cle/hole doping in solid state materials, since it measures the departure of the electronic

density from the half-filling (particle-hole symmetric) limit. By solving the doping

equation, Eq. (4.39), self-consistently with the linearized gap equation, Eq. (4.35), we

obtain the Tc-curve as a function of doping summarized in Fig. 4.7.

While the dispersion remains linear (Dirac-like) as the filling fraction 〈n〉 is slightly

tuned away from unity (µ = 0, δ = 0), the system ceases to be quantum critical. The

Tc versus g2 graph develops an exponential tail extending all the way to g2 = 0 (not

visible for the scale used in Fig. 4.7) and shifts towards lower values of the coupling

strength g2. This shift, however, does not grow monotonously as the filling fraction

is further decreased but reduces again, below a filling fraction of approximately 0.3

(δ ≈ 0.7 in Fig. 4.7).

To understand better the non-monotonous shift of the Tc-curves, it is illustrative to

observe the evolution of the non-interacting Fermi surface. As shown in Fig. 4.8, as we

tune the doping from zero to unity, the nature of the fermionic carriers changes from

a hole-like to a particle-like at the doping δ = 0.5, or the quarter-filling fraction. For

δ < 0.5, the Fermi wave vector kF increases in the two Fermi surfaces as the doping

increases. For δ > 0.5 the Fermi wave vector kF decreases instead as the doping

continues to increase. Qualitatively speaking, the non-monotonous shift of the Tc-

curve is based on the dependence on the Fermi wave vector. The BCS picture relates

the transition temperature to the Fermi wave vector via an exponential function, Tc ∼
e−1/kF |a|, where a is proportional to the scattering length in an atomic system. This
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Figure 4.7: Tc in the unconventional superconducting channel is plotted versus g2 for

different fermion filling fractions. At unit filling (δ = 0) the system is quantum critical,

i.e., below a critical value of g1 the critical temperature is zero. Away from unit filling

(δ > 0), Tc(g2) possesses an exponentially small non-zero tail as g2 approaches zero,

which can not be seen in the present scale. The shaded plane at a fixed coupling

g2/J = 1 shows a dome-like shape of the superconducting phase embedded in the

normal phase.

Linear dispersion Quadratic dispersion0 0.5 1 δ

Figure 4.8: Evolution of the non-interacting Fermi surface as a function of doping. The

shaded region is the filled Fermi sea.

means that for an increasing Fermi wave vector in the doping region δ = 0− 0.5, there

will be an increasingly higher transition temperature, while for the decreasing Fermi

wave vector in the doping region δ = 0.5− 1, the transition temperature decreases.

So far we have fixed the staggered flux value to be φ = π. Except for the special

values of φ = 2πν, ν ∈ Z we do not expect a qualitative change in the mean-field

results. The effect of the different staggered flux values is a change in the anisotropy

of the Dirac cones. For a finite doping, it results in anisotropic Fermi surfaces, see

Fig. 4.9.

Finally, by plotting temperature versus doping for a fixed value of the coupling

strength g1, as shown in the shaded plane in Fig. 4.7, we find a dome-shaped un-

conventional superconducting phase at intermediate filling fractions, surrounded by

the normal phase for fillings close to unity or zero, which we termed Dirac-liquid

(Fermi-liquid) on the left (right) side of the phase diagram, where linear (quadratic)
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(a) (b) (c)

Figure 4.9: The change in the Fermi surfaces for different values of staggered fluxes:

a) φ = π/2, b) φ = π, c) φ = 3π/2.

single-particle dispersion prevails. The dome-structure of the unconventional supercon-

ducting phase is reminiscent of the phase diagram for high-Tc superconductors. The

transition between the Dirac-liquid and the Fermi-liquid in presence of interactions is

an interesting topic for future studies, which might reveal further correspondences with

strongly correlated electron systems. The investigation of a competing charge-density-

wave instability is another important task deferred to further studies.

4.4 Experimental Considerations

A promising experimental realization of the physics described here is provided by a

rubidium-potassium system composed of a balanced mixture of fermionic 40K-atoms

prepared in the |F = 9/2, mF = −7/2〉 and |F = 9/2,mF = −9/2〉 Zeeman com-

ponents of the F = 9/2 ground state hyperfine level and bosonic 87Rb atoms in the

|F = 1,mF = 1〉 ground state [171]. The parameter U2
BF /UBB may be adjusted via its

dependence on the well depth, while an s-wave Feshbach resonance around 202 Gauss

can be used to tune UFF independently. In order to experimentally discriminate the

two SC phases discussed here, one could search for a signature of their distinct gap

functions in their momentum spectra [172]. Correlation measurements similar to the

one described in Ref. [173] should be another powerful method to obtain information

on the nature of the pairing.

4.5 Discussions and Conclusions

An ultracold Bose-Fermi mixture in a 2D square optical lattice, subjected to an effective

staggered magnetic field, gives rise to strongly interacting Dirac fermions. A rich
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phase diagram arises, which exhibits a competition between a local pairing s-wave

and an unconventional superconducting phase at temperatures well in reach of present

experimental techniques. The appearance of an unconventional superconducting phase

with a dome-like structure, reveals an intriguing link to strongly correlated electronic

materials. In fact, the staggered π-flux Hamiltonian studied here is nothing but the

mean-field Hamiltonian of Affleck and Marston proposed to describe the pseudogap

phase of high-Tc cuprates [132]. This indicates that our optical lattice model may play

a prominent role in understanding high-Tc superconductors. The possibility of well-

controlled experimental studies of our optical lattice model, including the transition

between the Dirac and the Fermi liquid, may reveal further correspondences with high-

Tc cuprates or permit to identify missing relevant building blocks yet to be included in

the model.
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4.6 Appendix

Here we provide the details of the Bogoliubov approximation procedure for bosonic

operators to arrive at the mean-field action Eq. (4.12). The procedure amounts to

selecting out the condensation mode and making the replacement βk0 →
√

N0 + β0 in

the Hamiltonian. The Bogoliubov approximation amounts to keeping only the terms

with fluctuation operators up to second order. For convenience, we define the various

coupling constants as a1 ≡ UBB/4N, a2 ≡ UBF /N . For the terms containing only

bosonic operators we have

HB =
∑

k

(Ek − µ)β†kβk + a1

∑

k1,k2,k3,k4

H(k1, . . . ,k4)β
†
k1

β†k2
βk3βk4δ(k1 + k2 − k3 − k4)

' (E0 − µ)N0 +

[
(E0 − µ) + 4a1N0

]√
N0(β0 + β†0) + 2a1N

2
0

+
∑

k

(Ek − µ + 8a1N0)β
†
kβk + a1N0

∑

k

H(k0,k0,k,−k)βkβ−k

+a1N0

∑

k

H(k,−k,k0,k0)β
†
kβ

†
−k,

where we have used H(k1,k2,k1,k2) = 2. And for the boson-fermion interaction term

on the A-sublattice we get

HBF,A = a2

∑
r∈A

∑
σ

nr,σn
B
r

= a2

∑
r∈A

∑
σ

{
nr,σ

∑

k1

g∗k1
β†k1

e−ik1·r
∑

k2

gk2βk2e
ik2·r

}

= a2

∑
r∈A

∑
σ

{(
ñσ + nr,σ

)[
N0 +

√
N0(β

†
0 + β0)

+
√

N0 g∗0 e−ik0·r
∑

k

gkβke
ik·r +

√
N0g0e

ik0·r
∑

k

g∗kβ
†
ke
−ik·r

+
∑

k1,k2

g∗k1
gk2β

†
k1

βk2e
−ik1·r+ik2·r

]}

' a2N0N
∑

σ

ñσ + a2

√
N0N

∑
σ

ñσ(β0 + β†0) + a2Nñσ

∑

k

β†kβk

+a2N0

∑
r∈A

∑
σ

nr,σ + a2

√
N0

∑
r∈A

∑
σ

nr,σg
∗
0e
−ik0·r

∑

k

gkβke
ik·r

+a2

√
N0

∑
r∈A

∑
σ

nr,σg0e
ik0·r

∑

k

g∗kβ
∗
ke
−ik·r,

where we have introduced a mean-field density ñσ for the spin σ fermions and thus,

fluctuation terms of higher order, i.e., O (nr,σβ
†
kβk), can be neglected. Performing the

same procedure for the boson-fermion interaction term on the B-sublattice yields a
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similar expression HBF,B. Collecting all the terms we get

HB + HBF,A + HBF,B

=

(
E0 − µ + UBBn0/2 + UBF

∑
σ

ñσ

)
N0 +

√
N0

(
E0 − µ + UBBn0 + UBF

∑
σ

ñσ

)

×(β0 + β†0) +
∑

k

(
Ek − µ + 2UBBn0 + UBF

∑
σ

ñσ

)
β†kβk

+
1

4
UBBn0

∑

k

H(k0,k0,k,−k)βkβ−k +
1

4
UBBn0

∑

k

H(k,−k,k0,k0)β
†
kβ

†
−k

+UBF n0

∑
r∈A

∑
σ

(nr,σ + nr+e1,σ)

+UBF

√
n0

2N

∑

k

{∑
r∈A

∑
σ

nr,σg
∗
0gke

−i(k0−k)·r +
∑
r∈A

∑
σ

nr+e1,σe
−i(k0−k)·(r+e1)

}
βk

+UBF

√
n0

2N

∑

k

{∑
r∈A

∑
σ

nr,σg0g
∗
ke

i(k0−k)·r +
∑
r∈A

∑
σ

nr+e1,σe
i(k0−k)·(r+e1)

}
β†k. (4.40)
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Chapter 5

Conclusions and Outlook

To conclude, we have investigated the ultracold two-dimensional Bose gas and the novel

superfluid phases which arise in an optical lattice under a staggered magnetic field.

Motivated by recent experiments on a two-dimensional Bose gas in the BKT regime,

we first employed a modified Popov theory to obtain the phase diagram. While the

modified Popov theory provides an excellent description for the quasi-condensate, the

Hartree-Fock theory is deemed unsatisfactory to describe the normal phase close to

the BKT transition. To improve upon it, we extended an RG technique previously

developed for the 3D Bose gas to treat the 2D system here. The 2D RG flow equa-

tions display unique features, which we interpret as precursors of the BKT physics.

Incorporating the RG results, we obtained an equation of state that can be compared

to the experiments. Furthermore, we calculated higher correlation functions close to

the BKT transition, which can serve as observables for detecting effects beyond mean-

field. Finally, we obtained the density profile under the conditions of the experiment

performed in the group of Dalibard in Paris.

For future work, deriving the momentum spectrum of the two-dimensional Bose gas

close to the BKT transition is paramount for the understanding of current experiments,

which have not yet been fully understood. In addition, it is also interesting to study the

collective modes close to the BKT regime in the trap. Finally, it is desirable to obtain

the universal superfluid density jump at the BKT point by improving upon the present

RG approach, because then the full features of the BKT physics can be captured with

the atomic quantum field description alone, without an explicit introduction of vortices.

As a second topic in this thesis, we studied a recent experimental proposal of a

time-dependent optical lattice with staggered rotations. We showed that in the tight-

binding regime, the effective description of the system is given by a (Bose-)Hubbard

model subjected to an artificial staggered magnetic field. The staggered flux leads

to conical points in the band structure that can give rise to Dirac-like dispersions

and distinct minima for different flux values. For bosons, we showed that besides
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the homogenous superfluid phase, a staggered-vortex superfluid phase is stabilized for

large flux values. The two bosonic superfluids carry different momentum distributions,

which can be distinguished in standard ballistic expansion experiments. We showed

that the staggered flux renormalizes the phase boundary and found a multi-critical

point separating the two superfluid phases and the Mott insulating phase. Finally, the

full phase diagram of the generalized Bose-Hubbard model at zero temperature was

determined.

By generalizing the system to a Bose-Fermi mixture, we showed that the bosonic

superfluid mediates a long-range interaction between the fermions, and thus, an ex-

tended Hubbard model with attractive interactions can be realized. By employing the

BCS theory, we obtained the phase diagram of the interacting fermions subjected to

the staggered flux, where novel superconducting phases are realized. At quantum crit-

icality (zero chemical potential), the phase diagram consists of three phases: a normal

phase, an s-wave local pairing phase, and a non-local pairing phase which is unconven-

tional. At temperatures around a tenth of the Fermi-temperature, which are within

experimental reach with ultracold atoms, all three phases are accessible within the

weak-coupling regime.

For the system with staggered rotations, it would be fruitful to investigate the time-

dependent problem with other methods, such as the Floquet formalism and numerical

simulations. The problem of a staggered flux in the lattice with attractive interactions

is very intriguing in itself. What we have shown in this thesis is the BCS ground states

towards which the system is unstable. In fact, as in the studies of many strongly corre-

lated systems, the normal phase is the crux of the problem. Due to the interpolation of

quadratic-like to Dirac-like dispersion as a function of filling fraction, the normal phase

of the system we studied may display both Fermi and non-Fermi-liquid behaviors. To

make a more concrete connection to strongly correlated systems, the spectral function

of the normal phase, for example, should be investigated.
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045415 (2008).

[138] M. Polini, R. Fazio, A. H. MacDonald, and M. P. Tosi, Phys. Rev. Lett. 95,

010401 (2005).

[139] D. van Oosten, P. van der Straten, and H. T. C. Stoof, Phys. Rev. A 63, 053601

(2001).

[140] J. G. Bednorz and K. A. Müller, Z. Phys. B 64, 189 (1986).

[141] D. A. Bonn, Nature Phys. 2, 159 (2006).

[142] G. Stewart, Z. Fisk, J. Willis, and J. L. Smith, Phys. Rev. Lett. 52 679 (1984).



BIBLIOGRAPHY 93

[143] R. Joynt and L. Taillefer, Rev. Mod. Phys. 74, 235 (2002).

[144] D. C. Tsui, H. L. Störmer, and A. C. Gossard, Phys. Rev. Lett. 48, 1559 (1982).

[145] R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).

[146] A. K. Geim, Science 324, 1530 (2009).

[147] C. C. Tsuei and J. R. Kirtley, Rev. Mod. Phys. 72, 969 (2000).

[148] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang, S. V. Dubonos,

I. V. Gregorieva and A. A. Firsov, Science 306, 666 (2004).

[149] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, M. I. Katsnelson, I. V.

Grigorieva, S. V. Dubonos, and A. A. Firsov, Nature 438, 197 (2005).

[150] A. F. Young and P. Kim, Nature Phys. 5, 222 (2009).

[151] N. Stander, B. Huard, and D. Goldhaber-Gordon, Phys. Rev. Lett. 102, 026807

(2009).

[152] H. Min, R. Bistritzer, J.-J. Su, and A. H. MacDonald, Phys. Rev. B 78, 121401(R)

(2008).

[153] M. Müller, J. Schmalian, and L. Fritz, Phys. Rev. Lett. 103, 025301 (2009).

[154] B. Uchoa and A. H. Castro Neto, Phys. Rev. Lett. 98, 146801 (2007).

[155] A. M. Black-Schaffer and S. Doniach, Phys. Rev. B 75, 134512 (2007).

[156] X. Du, I. Skachko, F. Duerr, A. Luican, E. Y. Andrei, Nature, 462, 192 (2009).
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Summary

Throughout this thesis, the system we studied typically consists of 100, 000 alkali atoms

confined in a spatial region of µm3. The corresponding density is, for example, a

hundred times less than that of the air, and a hundred thousand times less than that

of a piece of metal. As for the temperature of the system, impressive experimental

achievements1 have allowed us to talk about a number that is near absolute zero,

which is about ten million times colder than the record temperature of 2.735 K in the

outer space.

The reason we are after these conditions in atomic gases is to reach the so-called

quantum regime of the gas, where many-body quantum mechanics becomes important,

without being in the frozen state of liquids or solids.2 In our daily life, many technolog-

ical pieces have in fact relied on quantum effects quite generally without requiring the

extreme condition. Examples range from electrons flowing in the silicon chips of your

mobile phones to the use of lasers. Besides ultracold gases, physicists have also studied

many systems such as liquid Helium and all sorts of complicated materials at tem-

peratures that varies from several to hundreds of Kelvins. This branch of research in

theoretical physics is called the study of quantum matter in condensed matter physics.

The breakthrough in atomic gases is really the ability to have full control over the

interaction strength between the atoms, and also, over the interaction between the

atoms and the externally applied laser field or magnetic field. In a certain sense,

these advantages allow for a much simplified but accurate description of the system, as

compared to conventional solid state systems. In Chapter 1, a brief summary on the

current state of knowledge in the field of ultracold gases is given, focussing specifically

in three directions that are relevant to the remaining part of the thesis.

In Chapter 2, we studied a general yet peculiar type of phenomenon that occurs in a

two-dimensional system with continuous symmetry. One unique feature about systems

1Two Nobel prizes in physics have been awarded for this effort!
2At least on the relatively long observational time scale of, say, milliseconds in a typical run of

experiment.
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with a continuous symmetry is that they can support vortex-like excitations. We are

familiar with vortices in the form of a hurricane or the fluid flowing down the plug-hole

in the bath tub. In the context of ultracold gases, vortex-like excitations also exist,

albeit in the form of a quantum vortex, where the circulation can only take values

which are an integer multiple of some fundamental constant.

To understand the relation between vortices and the fundamental property of ul-

tracold gases, namely superfluidity, let us first consider a ‘bucket’ of normal fluid (hot

gas, in this case). By uniformly rotating the bucket, but not too fast, the fluid will

come into an equilibrium state, where the fluid rotates rigidly. As we cool the rotating

bucket of normal gas below a certain temperature, the gas suddenly appears to come

out of equilibrium and ceases to rotate with the container, known as the Hess-Fairbank

effect. At this stage the gas has entered into a new phase of matter below the critical

temperature, where the macroscopic fluid appears to have no friction and is called a

superfluid. Only by ramping up the rotation frequency beyond a critical value that

quantum vortices begin to nucleate in the superfluid gas. In the study of cold gases,

the generation of vortices has become the smoking gun to detect superfluidity.

In the special case of two spatial dimensions, the spontaneous proliferation of quan-

tum vortices in a superfluid system can create dramatic havoc to superfluidity itself.

The delicate balance between the energy and the entropy cost of vortices results in a

unique type of phase transition, known as the Berenzinskii-Kosterlitz-Thouless tran-

sition. One can show that when the proliferation of free vortices is favorable above a

critical temperature, it also leads to the destruction of superfluidity. The argument

leading to this conclusion holds quite generally, irrespective of the microscopic details;

it has a universal character. Thus, it also takes place in other two-dimensional systems

with a continuous symmetry such as liquid Helium, magnetic systems, and supercon-

ducting thin films. In Chapter 2, motivated by a series of recent experiments in cold

gases carried out in the group of Dalibard in Paris, France, we studied this transition

under a similar experimental condition and constructed an equation of state for the

system. A mean-field theory for the quasicondensate is first employed, which is a first

step towards incorporating higher correlations in the normal phase close to the tran-

sition. We stressed the important role of the quasicondensate close to the transition.

To improve upon the mean-field equation of state, we used the renormalization group

technique, where fluctuations are taken into account systematically. Even though the

vortex degree of freedom has not been incorporated explicitly, the renormalization

group technique is powerful enough to allow us to infer many unique features of the

two dimensional system. Finally, we noted that a complete characterization of the

Berenzinskii-Kosterlitz-Thouless phenomenon in terms of a fully microscopic descrip-

tion remains an interesting open question.

In Chapter 3 and Chapter 4, we studied cold atoms loaded into a periodic potential
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provided by external laser fields, the so-called optical lattices. A large part of con-

densed matter physics research goes into the study of lattice models, which describe

the relevant degrees of freedom of the far more complicated solid state materials. It is

hoped that the very simplified model can capture the desired phenomena in a minimal

way. As it is more often the case than not, even a reasonably simple model does not

amount to simple solutions.

In an optical lattice, the typical periodicity is a few hundred nanometers, which

is still about two orders of magnitude larger than the typical spacing of the crystal

structure of solids. What is more relevant here, however, is the wave-like feature of the

atoms loaded into the optical lattice. Sufficiently cold atoms display a characteristic

wavelength that has the same order of magnitude as the optical lattice spacing. In

this regime, the system can thus be described, to an excellent approximation, by an

effective lattice model in which the dynamics is governed by the tunneling of the atomic

waves between lattice sites and the interaction is governed by collisions of two atoms

on the same site. The quantum simulation of lattice models with cold atoms has drawn

immense attention in recent developments of the field with the optimism that in this

way, new insights can be gained for some of the most challenging problems in condensed

matter physics.

So far, we have not distinguished the fundamental statistics of atoms. In the quan-

tum regime, the atoms are actually classified into bosons and fermions. Up to now,

we have implicitly assumed the atoms to be bosons. The superfluid state of matter is

really one of the defining characteristics of bosons behaving collectively as one macro-

scopic wavefunction. In Chapter 3, we studied bosons loaded into a time-modulated

square optical lattice, based on an experimentally viable laser scheme proposed by

Morais Smith and Hemmerich. We derived the corresponding lattice model subjected

to the influence of a magnetic field that alternates in direction between neighboring

squares. A condensed matter analogue of the system would require a magnetic field

whose strength is hundreds of Tesla, roughly about a million times the magnetic field

of the Earth, and direction that alternates across lattice sites. We showed that when

the field strength is above a critical value, a new superfluid state is realized for the

bosonic atoms. The new superfluid state differs from the usual homogenous super-

fluid in that it carries a characteristic momentum, which results in a configuration of

a vortex-antivortex lattice.

As for a system of fermionic atoms, they behave radically different from their bosonic

counterpart. Fermionic atoms tend to be inert at the coldest temperatures and inter-

actions play an important role that can dramatically change the ground state of the

system. We showed that in the presence of the artificial staggered magnetic field, the

excitations of the fermionic system can behave as relativistic particles – Dirac fermions.

The emergence of high-energy-like particles in an ultracold system, and also in other
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condensed matter systems such as graphene, has recently raised a flurry of interest in

the community.

In Chapter 4, we studied the fermionic atoms loaded into the optical lattice with

their interactions tuned to the attractive side. One of the important insights from the

theory of superconductivity, known as the Bardeen-Cooper-Schrieffer theory, is that for

fermions with attractive interactions, the relatively inert ground state of fermions can

reorganize itself to form loosely bound pairs of bosons. As a consequence of the change

in the fundamental statistics, the system can become a superfluid at sufficiently cold

temperatures. We employed this theory to study the phenomenon of superconductivity

in Chapter 4 and found that due to the lattice structure, unconventional superconduct-

ing phases can emerge. Perhaps the most exciting finding is that the phase diagram of

the system reveals a superconducting region that has a dome-like structure. This, in

combination with the anticipated rich features in the normal state, leads to intriguing

connections to some poorly understood strongly correlated electronic materials.



Samenvatting

Het type systeem dat we in deze dissertatie bestuderen bestaat meestal uit zo’n 100.000

alkali-atomen, opgesloten in een volume van µm3. De dichtheid van zulke systemen is

ongeveer honderd keer zo laag als die van lucht, en honderdduizend keer zo laag als

die van veel metalen. De temperatuur van het systeem is, dankzij indrukwekkende

experimentele prestaties, dicht bij het absolute nulpunt, zo’n tien miljoen keer zo koud

als de koudste gebieden in de ruimte, waar een temperatuur heerst van 2, 735 K.3

Deze omstandigheden stellen ons in staat het gas in het zogenaamde kwantumregiem

te brengen, waar de veel-deeltjes-kwantummechanica een belangrijke rol speelt, zonder

dat het gas vloeibaar wordt of stolt.4 In ons dagelijks leven hebben wij vaak te maken

met technologie die is gebaseerd op kwantumeffecten, maar deze extreme omstandighe-

den niet nodig heeft. Voorbeelden zijn de elektronen die zich door de siliconenchips van

onze mobiele telefoons bewegen, en de lasers in de kassa van de supermarkt. Naast ul-

trakoude gassen wordt ook onderzoek gedaan naar vele andere systemen, zoals vloeibaar

helium, en een groot aantal verschillende gecompliceerde materialen, bij temperaturen

van een paar tot een paar honderd Kelvin. Deze tak van de theoretische fysica staat

bekend als de studie van kwantummaterie in de gecondenseerde-materiefysica.

De doorbraak in het onderzoek naar atomaire gassen is de mate van controle over

de sterkte van de wisselwerking tussen de atomen, evenals de wisselwerking tussen de

atomen en de externe laser- of magnetische velden. Deze aspecten maken een precieze

beschrijving van het systeem mogelijk, die veel eenvoudiger is dan die van veel con-

ventionele vaste stoffen. In hoofdstuk 1 staat een korte samenvatting van de huidige

stand van het onderzoek naar ultrakoude gassen, met speciale aandacht voor de drie

richtingen die relevant zijn voor het resterende deel van deze dissertatie.

In hoofdstuk 2 bestuderen we een algemeen, doch intrigerend type fenomeen, dat

zich voordoet in twee-dimensionale systemen met een continue symmetrie. Een unieke

3Het bereiken van deze omstandigheden heeft tot twee Nobelprijzen voor de natuurkunde geleid.
4Dit geldt in ieder geval binnen de relatief lange tijdsschalen, van de orde van grootte van millisec-

onden, waarop de experimenten plaatsvinden.
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eigenschap van systemen met een continue symmetrie is dat ze maalstroom-achtige

aangeslagen toestanden toestaan. Maalstromen zijn een bekend fenomeen, en komen

voor in zeer diverse systemen, zoals orkanen en leeglopende baden. In de context

van ultrakoude gassen bestaan ze ook, zij het in de vorm van kwantumvortices, waar

de circulatie slechts waarden kan hebben die een geheel getal maal een fundamentele

constante van de natuur zijn.

Laten we, om de relatie tussen vortices en supervloeibaarheid - de fundamentele

eigenschap van ultrakoude gassen - beter te begrijpen, een ‘emmer’ in gedachten ne-

men, gevuld met heet gas. Door de emmer met een beperkte, constante hoeksnelheid

rond te draaien, ontstaat er een evenwichtstoestand, waarin het gas met de emmer

meedraait. Door de draaiende emmer gas tot onder een bepaalde temperatuur af te

koelen, lijkt het gas opeens uit de evenwichtstoestand te raken, en draait het niet meer

met de emmer mee - dit heet het Hess-Fairbank effect. Het gas bevindt zich nu in een

nieuwe aggregatietoestand, waarin de bulk van het gas geen wrijving schijnt te hebben:

het is een supervloeistof. Door de rotatiefrequentie op te voeren tot een bepaalde

kritieke waarde ontstaan er kwantumvortices in het supervloeibare gas. In het onder-

zoek naar koude gassen worden vortices als indicator gebruikt om supervloeibaarheid

te detecteren.

In het speciale geval van een twee-dimensionaal systeem kan het spontane ontstaan

van vortices in een supervloeistof dramatische effecten hebben op de supervloeibaarheid.

De delicate balans tussen de energie en entropie van een vortex leidt tot een uniek type

fase-overgang, de Berezinskii-Kosterlitz-Thouless-overgang. Het kan worden aange-

toond dat als het ontstaan van vortices boven een kritieke temperatuur voordelig is, de

supervloeibaarheid verdwijnt. De argumentatie waarop deze conclusie is gebaseerd, is

algemeen geldig, los van de microscopische details van het systeem - ze heeft een uni-

verseel karakter. Deze fase-overgang vindt dus ook plaats in andere twee-dimensionale

ssytemen met een continue symmetrie, zoals vloeibaar helium, magnetische systemen,

en dunne supergeleidende laagjes. Naar aanleiding van een serie experimenten met

koude gassen die recent zijn uitgevoerd in de groep van professor Dalibard in Parijs,

hebben wij deze fase-overgang theoretisch bestudeerd in vergelijkbare experimentele

omstandigheden, en een toestandsvergelijking voor het systeem opgesteld. Als eerste

stap hebben we een gemiddeld-veld-theorie voor het quasi-condensaat gebruikt. Om

de gemiddeld-veld-toestandsvergelijking te verbeteren hebben we de techniek van de

renormalisatiegroep toegepast, om de schommelingen rond de gemiddelde waarde van

het veld systematisch mee te nemen. Hoewel de vortex-vrijheidsgraad niet expliciet

is opgenomen in de berekening, is de renormalisatiegroep als techniek krachtig ge-

noeg om vele unieke eigenschappen van dit twee-dimensionale systeem af te kunnen

leiden. Tot slot merken wij op dat een complete karakterisatie van het Berezinskii-

Kosterlitz-Thouless-fenomeen, in de zin van een volledige microscopische beschrijving,
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een interessante, doch vooralsnog onbeantwoorde vraag blijft.

In hoofdstuk 3 en 4 bestuderen we koude atomen in een periodiek potentiaal,

gegenereerd door externe laservelden: het zogenaamde optisch rooster. Een groot deel

van het onderzoek naar gecondenseerde materie houdt zich bezig met roostermodellen

die de relevante vrijheidsgraden van veel complexere vaste stoffen beschrijven. De hoop

is dat een sterk vereenvoudigd model de fenomenen waar wij in gëınteresseerd zijn op

minimale wijze kan beschrijven. Zoals echter vaak het geval is, leidt zelfs een relatief

simpel model niet tot eenvoudige oplossingen.

De periodiciteit van een optisch rooster is meestal een paar honderd nanometer, zo’n

twee ordes van grootte meer dan de karakteristieke afstandsschaal van de kristalstruc-

tuur van vaste stoffen. Relevanter is echter de golfachtige natuur van de atomen in het

optisch rooster. Als de atomen koud genoeg zijn, kan hun karakteristieke golflengte de

zelfde orde van grootte bereiken als de roosterafstand. In zulke omstandigheden kan

het systeem dus zeer goed benaderd worden door een effectief roostermodel, waarin de

dynamiek bepaald wordt door het tunnelen van atomaire golven tussen roosterpunten,

en de interactie door het botsen van atomen die zich op hetzelfde roosterpunt bevinden.

Het ‘kwantumsimuleren’ van roostermodellen met koude atomen heeft de laatste tijd

veel aandacht gekregen door een aantal recente ontwikkelingen van het veld. De hoop

is dat door middel van deze simulaties, nieuwe inzichten verkregen kunnen worden

voor een aantal van de meest uitdagende problemen in de fysica van de gecondenseerde

materie.

Tot nu toe hebben we het niet gehad over de fundamentele statistiekwetten voor

atomen. In het kwantumregiem worden atomen geclassificeerd als bosonen of fermio-

nen. Tot nu toe hebben we impliciet aangenomen dat de atomen bosonisch zijn. De

supervloeibare aggregatietoestand is een van de onderscheidende eigenschappen van

bosonen die zich collectief als een macroscopische golffunctie gedragen. In hoofdstuk

3 bestuderen we bosonen in een vierkant optisch rooster dat een periodieke modulatie

ondergaat, gebaseerd op een experimenteel uitvoerbare laseropstelling voorgesteld door

Morais Smith en Hemmerich. We hebben het bijbehorende roostermodel afgeleid, en

gezien dat het een magnetisch veld voelt, dat van richting wisselt tussen aangrenzende

vierkantjes. Een analoog gecondenseerde-materiesysteem zou een magnetisch veld van

honderden Tesla vereisen - ongeveer een miljoen keer zo sterk als het magnetisch veld

van de aarde - en een richting die wisselt tussen roosterpunten. We tonen aan dat als de

veldsterkte boven een bepaalde kritieke waarde uitkomt, een nieuwe supervloeibare toe-

stand voor bosonische atomen ontstaat. Deze nieuwe supervloeibare toestand verschilt

van de gebruikelijke homogene supervloeistof doordat hij een karakteristieke impuls

heeft, die resulteert in een vortex-antivortexrooster.

Fermionische atomen gedragen zich radicaal anders dan hun bosonische tegenhang-

ers. Ze neigen naar inertie bij zeer lage temperaturen, en wisselwerkingen kunnen de
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grondtoestand van het systeem sterk bëınvloeden. We hebben aangetoond dat onder

de invloed van een kunstmatig alternerend magnetisch veld, de aangeslagen toestanden

van het fermionische systeem zich kunnen gedragen als relativistische deeltjes - zoge-

naamde Dirac-fermionen. Het verschijnen van hoge-energie-achtige quasideeltjes in een

ultrakoud systeem, evenals in andere gecondenseerde-materiesystemen zoals grafeen,

heeft de laatste tijd veel aandacht gekregen in de gecondenseerde-materiegemeenschap.

In hoofdstuk 4 presenteren we onderzoek naar fermionische atomen in een optisch

rooster, waarbij de wisselwerking aantrekkend is. Een belangrijk inzicht uit de theo-

rie van de supergeleiding, de zogenaamde Bardeen-Cooper-Schrieffer-theorie, is dat de

relatief inerte grondtoestand van de fermionen zichzelf bij aantrekkende wisselwerking

kan reorganiseren tot relatief zwak gebonden paren, die qua statistiek bosonisch zijn.

Ten gevolge van deze verandering in de fundamentele statistiek van het systeem kan

het supervloeibaar worden bij voldoende lage temperaturen. Wij hebben deze theo-

rie gebruikt om het fenomeen van supergeleiding te bestuderen, en ontdekt dat door

de aanwezige roosterstructuur bijzondere supervloeibare aggregatietoestanden kunnen

verschijnen. Wellicht het interessantste resultaat is dat het fasediagram van het systeem

een supergeleidende regio met een koepelachtige structuur vertoont. Gecombineerd met

de geanticipeerde rijkdom aan eigenschappen van de gewone (niet-supervloeibare) toe-

stand leidt dit tot intrigerende analogieën met enkele vooralsnog slecht begrepen, sterk

gecorreleerde elektronische materialen.
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