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Preface

“_ey may be called the Palace Guard, the City
Guard, or the Patrol. Whatever the name, their
purpose in any work of heroic fantasy is
identical: it is, round about Chapter _ree (or
ten minutes into the ûlm) to rush into the room,
attack the hero one at a time, and be slaughtered.
No one ever asks them if they want to.
_is book is dedicated to those ûnemen.”

Terry Pratchett— Guards! Guards!

With all the lighthearted, playful illustrations that dot this thesis you
would be forgiven for thinking that doing a PhD is always similarly lighthearted.

And while a PhD can (and should) be quite a playful experience, one needs a vast
support network to make this possible. In that regard I have been extremely lucky with
the people that surroundme.

Willem, at the start ofmy PhD you immediately le� for a threemonth sabbatical, one
which proved to be amajor turning point in my project. As I droppedmy metaphorical
pipettes in order to work on transcription regulation with you, you simultaneously
taught me the joys of toy models, and how to tread the ûne line between being naive
(a good thing) and just being uninformed (a bad thing). A�er all, the secret of success
sometimes just lies in not knowing that something is supposed to be impossible. You
have given me the freedom to pursue whichever I thought was interesting at the time.
Curious as always, we’ve sharedmany inspiring discussions, usually ending with the
phrase “Doe je best!” _ank you for being my promotor.

Andrei,my dear SAXSman. OtherPhDcandidates are jealous when I tell them about
your level of commitment to synchrotron beamtime. But it is not just your commitment,
but your pure unadulterated joy which I have had the pleasure of sharing. Beneath
the ILL’s motto “Neutrons for Science” should be your unoõcial motto for the ESRF:
“X-rays for fun!” _ank you for being my copromotor.

Henk, you were of coursemy supervisor for my Bachelor’s project, but also during
my PhD you have been a constant source of inspiration. Remco, Albert and Ben, I am
grateful for the many scientiûc discussions with you. Jan, you have a way of asking
exactly the right questions during the weekly brainstorm sessions.
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Preface

I have thoroughly enjoyedmy time in both the Van ’t Hoò Laboratory. First of all,
to my oõcemates Mark, Yong, Nina and Frans: thank you for making N709 a place
where taking a nap is considered socially acceptable. Mark, I am also very grateful to our
joint moments of geeking out about science, design, and fonts in particular! It has taken
memore eòort than I care to mention here to get this thesis typeset in this particular
combination of fonts, but it was worth every minute. Samia, you have taken many a
dayshi� during a synchrotron experiment in Grenoble, leaving me free to work through
the night. Dear reader, if this sounds unkind in any way, you have not understood how
much I enjoyed thosemany nightly hours shut up in a dark bunker. Ivan, I loved our
conversations. Even as you mention— as you do every once in a while — that you do
not understand me one bit, I still hope I have conveyed to you my love of equations.
Speaking of equations: Pepijn! _ank you for inspiring discussions on many topics,
our back-of-the-envelope calculations and general ideas about science. Now go have
another holiday! Alvaro, I still have to visit you in Tenerife once. We’ll watch stars and
philosophise, while sipping a good glass of wine. Burak, you have been kind of an extra
mentor, or maybe a big brother in science. _ank you for that! Dominique, besides your
invaluable eòort in keeping our laboratory running, we have sharedmany a good laugh
at the coòee table. You have also motivated me to hone my subtle skill of appearing
at the coòee table at precisely themoment when the water for the tea is boiling. I am
particularly grateful to all my other colleagues at the Van ’t Hoò Lab during my “brief ”
stay here: Fara, Roel, Joost, Fuqiang (Nile red truly is magic, eh?), Chris, Bas, Antara,
Janne-Mieke, Anke, Susanne, Bonny, Kanvaly, Riande, Daniël, Sonja, Gert Jan,Hans,
Ben,Marina, Ping, Laura and all of the students. Finally, I wish Alex the best of luck in
his newfound position of benevolent cookie dictator.

It was a great pleasure to supervise a number of very talented students. First of all:
Kari-Anne, we sharedmany hours in the deep of night behind a �ickering computer
monitor, locked up in a noisy bunker somewhere in France. I got to know you as such a
creative person, both scientiûcally as well as artistically. Let’s do a photoshoot or another
snowshoe hike together! Anne, I supervised you from a distance, which was diõcult
for both of us. You already did brilliantly, given the circumstances, and then blew us
all out of the water with your excellent nanoseminar. I daresay that talent is now being
put to much better use in your career as a teacher. Davey, you had the diõcult job of
doing a project while your supervisor was already deep into his fourth year. You already
did great, so now go and learn how not to sell your own work short. Leander, I count
you as one ofmy students, even though only as part of a few weeks’ writing assignment.
I enjoyed your perspective on biology, as well as our lively talks. Finally Rumen: We
started our work on genetic regulation almost at the same time, which made it a joint
adventure amongst friends. You showed the same type of healthy skepticism towards
biology, so I felt right at home. Sometimes I may have had to slow you down for your
own good and I hope you did not ûnd that too frustrating. I am glad to see you ûnding
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your way as a PhD candidate yourself, and I am particularly happy that you are my
paranymph.

I’d also like to thank the people at the ESRF for welcomingme in their institute during
themiddle part ofmy PhD. My oõcemates Mariia, Andreas (for only a couple ofweeks)
and Jonathan, you helped me retain my sanity while being tucked away in that tiny
oõce right above the beamline. I also relished the lunchtime discussions with the entire
ID13 team, about absolutely anything. _ank you, Manfred, Britta, Tom, Anastasya,
Christian, Martin, Michael, Andreas and Tilman. Manfred, I’d like to thank you in
particular for hosting and supervising me. Sylvain, your commitment to the experiment
and data analysis a�erwards is legendary. Narayan, you suggested to measure formation
kinetics of [SDS@2β−CD] complexes at ID02, a suggestion that proved to be golden,
and has lead to chapter 2. Oonagh, why did we never climb amountain together? I hope
we will get that opportunity someday. Furthermore, I am very grateful for the support
of the PSCM: Diego, Pierre and Peter. Finally, Anatoly and Irina: _ank you for letting
us live in your beautiful apartment. Marte and I felt thoroughly at home there.
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although it is not so secret anymore now. BobFzbL Photography will exist as a company
by the time this thesis is printed. Oonagh,Katinka andMinke, thank you for your critical
reading of this manuscript. _e resulting text is amassive improvement. Hedwich, your
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Chapter 1

Introduction

“Coming back to where you started is not the
same as never leaving.”

Terry Pratchett—A Hat Full of Sky

“Why bother with a cunning plan when a simple
one will do”

Terry Pratchett—_ud!

Life is notoriously hard to predict. _is is true on many diòerent scales, from
the development ofmajor ecosystems down to the individual chemical processes

inside a bacterium. 1 With the basic physics of the underlying interactions well known,
the challenge in understanding so� and living systems comes from their vast complexity
on a diòerent scale. In general they are highly concentrated systems, with many diòerent
interactions working in parallel, being kept far from equilibrium. Arguably, it is these
resulting emergent phenomena that give living systems their remarkable properties.

Tounderstand is to simplify If the aim of studying living systems is to understand them,
how can scientists conceptualise knowledge about such complex systems? One way
is simply to feed experimental data into a computer with suõcient processing power,
and let it run its course. Even if the processing power of modern computers could
simulate biological matter from ûrst principles, this method falls short for the purpose
of understanding. As the theoretical physicist Eugene Wigner is known to have said
“It is nice to know that the computer understands the problem. But I would like to
understand it too.” 2 As such, in order to grasp systems of such complexity, we need to
simplify: describe them in terms of their more universal properties, while neglecting
any extraneous detail. _is is a major task that brings together the ûelds of physics,
biology and chemistry.
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1 | Introduction

The joysof toys As systems grow and becomemore complex, the emergent phenomena
will start to dominate the behaviour of the system. Very o�en, this emergent behaviour
will be common to a large group of otherwise completely unrelated systems from com-
pletely diòerent ûelds. 3 For example, the racial segregation in certain neighbourhoods
can be modelled by theory describing the behaviour of magnetic spins on a lattice.4

_is is where the use of toy models becomes apparent.
A toy model is amodel of a simple and well-deûned system that can bemapped to

the behaviour ofmany diòerent systems. _emost famous example is the Ising model, 5

which describes the aforementioned system ofmagnetic spins on a lattice. Outside of its
original formulation in the ûeld ofmagnetism, the Ising model has found applications
in many regions of physics, sociology, economics, andmore.6

As its name implies, a good toy model can bring joy. Seeing how much of the
essence of a complex system can be captured by a deceptively simplemodel is rewarding.
Moreover, toy models invite us to play around with them andmake predictions. In this
thesis we describe and play with two toy models in the ûeld of so� and living systems: an
experimental system that acts as a toy model for crystallinemembranes, and a theoretical
toy model for transcription regulation.

1.1 Crystalline membranes

Crystalline membranes can be seen as essentially two-dimensional crystalline mate-
rials. _e self-assembly of crystalline membranes lies at the basis of many complex
biological systems. For example, bacteria depend on ordered protein membranes for
structure 7 and function.8–10 Cells maintain their shape by hierarchical systems of well-
ordered ûlaments andmicrotubuli, existing in a dynamic balance between assembly
and disassembly. 11–13 Structures with similar morphology are not limited to living sys-
tems: amphiphilic peptides were found to self-assemble into single- andmultiwalled
nanotubes. 14–16 Moreover, the diverse allotropes of carbon that have found so many
applications in the last couple of decades are also structurally based on folded two-
dimensional crystalline membranes. 17–19 While the use of catalysts has enabled the
selective synthesis of fullerenes and nanotubes, 20–24 the formation mechanism— espe-
cially on themesoscale— is debated,with several diòerent models shown to be plausible
by molecular dynamics simulations. 25–27 With only few model systems that exhibit
hierarchical self-assembly of orderedmembranes, 28–31 understanding themechanisms
that govern their self-assembly behaviour is key to understanding the systems they
mimic.

_e self-assembly of sodium dodecyl sulphate (SDS) and beta-cyclodextrin (β−CD)
leads to superstructures that are remarkably reminiscent of the diòerent carbon al-
lotropes, as well as the amphiphillic peptide superstructures. At the same time, this
system is experimentally very easy to handle and is well deûned in terms of its consis-
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1.1 | Crystalline membranes

SDS
β–CD+    2

ΔT

SDS β–CD [SDS@2β–CD] crystalline bilayers

concentric 
cylinders

104°

lamellar
phase

capsids

6 25c / wt%3

ΔT(a) (b)

(c)

Figure 1.1 Self-assembly of β−CD and SDS into concentric hollowmicrotubes, lamellar
phases or polyhedral capsids. (a) In solution, the hydrophobic tail of the SDSmolecule will

preferentially reside in the hydrophobic pocket of two stacked β−CDmolecules, creating a

compact unit. 32 Above 40 ○C the complexes are soluble in water. Below this temperature,

the complexes spontaneously form bilayers that self-assemble into polyhedral capsids, mul-

tiwalled microtubes or lamellar phases depending on the concentration. Below 3wt% no

superstructures are observed. The process is thermoreversible. Above the melting temper-

ature the structures disassemble back into the individual complexes. 32–34 (b) Yang et al. 35

showed that the complexes are organised in-plane in a rhombic lattice, showing that the

formation of these rhombic bilayers is a logical consequence of the seven-fold symmetry

of the β−CDmolecule. The structure optimises the alignment of in-plane hydrogen bonds

between the cyclodextrins. (c) Confocal microscopy image of SDS/β−CDmicrotubes, stained

with Nile red �uorescent dye. Scale bar is 5 µm.

tency. For these reasons, we see the SDS/β−CD system as a toy model for the class of
materials consisting of crystallinemembranes. In recent work by Jiang et al. 32 ,33 ,34 and
Yang et al. 35 , carried out in collaboration with our laboratory, the rich phase behaviour
of the SDS/β−CD system was explored. _e system shows amongst others multiwalled
microtubes, polyhedral capsids and lamellar phases, as seen in Figure 1.1. A common
feature of all these structures is a rigid crystalline bilayer membrane, the structure of
which is identical regardless of the higher-order organisation.

In our previous work, 36 we demonstrated that we can observe the structure of
SDS/β−CD superstructures in situ by small- and ultra small-angle x-ray scattering (SAXS
and USAXS). At the ID02 beamline of the European Synchrotron Radiation Facility
(ESRF), incident synchrotron x-ray radiation is scattered by the sample and collected on a
two-dimensional detector up to 30 m away. _e sample-to-detector distance determines
the range of scattering angles (expressed as the scattering vector q) that can be observed:
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1 | Introduction
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Figure 1.2 Small- and ultra small-angle x-ray scattering patterns of SDS/β−CD micro-
tubes. (a) Integrated scatteringpattern, fromexposures at three di�erent sample-to-detector

distances ranging from 1.5m to 30m. The inset shows a cross-section cartoon representation

of the multiwalled [SDS@2β−CD] microtubes with corresponding distances annotated. (b)
2D scattering pattern recorded at a sample-to-detector distance of 1.5m of a monocrys-

talline domain. The long axis of the microtubes overlaps with the vertical axis of the �gure.

Bragg-peaks arising from the crystalline organisation of [SDS@2β−CD] complexes within the

membrane are visible, spanning a twinned rhombic lattice. Data from Ouhajji et al. 36

the smaller the angle at which x-rays are scattered, the larger the length scale of the
structure that causes the scattering. By measuring the scattering pattern of SDS/β−CD
samples at two diòerent sample-to-detector distances we were able to determine the
structure of these samples in situ on a length scale range of up to four orders ofmagnitude.
We show a typical x-ray scattering pattern of a sample of SDS/β−CD microtubes in
Figure 1.2. _e scattering pattern shows a series of oscillations at 10−3 nm−1 to 10−2 nm−1

corresponding to themean diameter of the tubes: the largest length scale in the system
that can be observed with this technique. At higher scattering-angles of 10−1 nm−1

to 1 nm−1 we observe the structure factor arising from the repeated distance between
successive concentric tubes. Finally, the smallest length scale that can be observed is the
distance between individual [SDS@2β−CD] complexes within the crystallinemembrane,
at a scattering vector of around 5 nm−1. By measuring the small-angle scattering proûles,
we essentially have access to independent structural probes, thus opening the door to
detailed mechanistic studies of self-assembly processes. In Chapter 2 we follow the
kinetics of SDS/β−CD structure formation atmultiple length scales, using time-resolved
small-angle x-ray scattering. From the resulting structural information, we uncover the
mechanism ofmicrotube self-assembly.
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1.2 | Transcription regulation

1.2 Transcription regulation

_e primary information storagemedium of a cell is DNA. Its sequence of basepairs
encodes for the repertoire of proteins that a cell can form. _e �ow of information down-
stream, down to the actual production of proteins, is dictated roughly by two separate
processes: transcription and translation. A class of proteins called RNA polymerases
(RNAP) has a domain that can recognise certain patterns in the DNA basepair sequence.
_is pattern— the promoter — signiûes the start position of a gene on the DNA. When
RNAP recognises this promoter sequence, it can undergo a conformational change
and start the process of transcription. 37–40 _e RNAP will start producing a strand of
RNA, based on the DNA template. _e strand of RNA can then be transported to the
ribosomes and translated into protein or modiûed underway.

_is process is regulated by other proteins andmacromolecules that interact with
the DNA and aòect the rate at which the transcription process is initiated. Chief among
these are the so-called transcription factors: proteins that bind the DNA and have
some interaction with RNAP that alters the transcription initiation rate. Transcription
factors can amongst others be activating, recruiting proximal RNAP with an attractive
interaction, in which case they are called activators. Repressors block the access of RNAP
to the promoter instead.

When the conformational change of the RNAP is slow in comparison to the binding
and unbinding of proteins to the DNA, we can assume that transcription factors have
the time to establish their equilibrium distribution. In that case, the rate at which
transcription is initiated is proportional to the occupancy of the promoter sequence by
RNAP (see Figure 1.3). With statistical mechanical tools, quantitative theory has been
developed that can predict the RNAP occupancy.41–58

_ese thermodynamicmodels are based on a simpler toy model: simple adsorption
of ligands to a one-dimensional template. Here, a set of N binding sites are available
for a ligand to adsorb to. Ligands that are not adsorbed to a binding site are present in
solution. We can consider the template as an open system in contact with a reservoir
with a chemical potential µ, and as such the natural statistical mechanical ensemble to
work in is the grand canonical (µVT) ensemble. 59,60 If the binding sites are independent,
the grand canonical partition function Ξ is simply the product of the grand canonical
partition functions of all individual sites Ξs. When only a single ligand can bind to a
binding site, this grand canonical partition function is given by

Ξs =
1

∑
n=0

λnZ(n) = 1 + e−β(єs−µ) . (1.1)

Here, β = (kBT)−1 is the inverse thermal energy, and Z(n) is the (relevant part of the)
canonical partition function of the site, which is here equal to the binding (free) energy
єs of n adsorbed particles. _e quantity λ = exp(βµ) is called the fugacity or activity of
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1 | Introduction

RNAP

non-speci c DNA

Promoter Gene
RNAP

Promoter Gene mRNA

×

×

Con gurational state Result

Figure 1.3 Con�gurational states leading to transcription. The binding of RNAP to the

promoter is a necessary step towards expression of the gene. Thermodynamic models

generally assume that the transcription initiation rate is proportional to the (equilibrium)

occupancy of the promoter by RNAP.

the ligand, and acts as an eòective concentration. From the grand canonical partition
function we can then calculate equilibrium particle distributions and other observable
quantities.

_e thermodynamicmodels are traditionally derived in the limit of genes in isolation,
within a canonical ensemble. However, individual regulatory proteins are typically
charged with the simultaneous regulation of a battery of diòerent genes. As a result,
when one of these proteins is limiting, competitive eòects have a signiûcant impact
on the transcriptional response of the regulated genes. In Chapter 3 we present a
general framework that is based on the grand canonical ensemble for the analysis of any
generic regulatory architecture, that accounts for the competitive eòects of the regulatory
environment by isolating these eòects into an eòective concentration parameter. As a
case study we provide a fully worked example to set up this theory for the lac operon in
Chapter 4.

In Chapter 5 we play with the formalism developed in the earlier chapters. _e tran-
scription factors are themselves the product of transcription and translation processes
and can therefore aòect the future production of their own species. _is gives rise to the
notion of genetic circuits— groups of genes interacting. When such interactions take
on the form of negative feedback loops, these circuits can show self-sustained oscillatory
behaviour, used by cells to keep track of time or coordinate internal processes. Predictive
theory needs to take into account the competitive nature of genetic circuits, and the
grand canonical formalism is ideally suited for that purpose. We show in this chapter
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1.3 | A note on the �gures

how to incorporate the grand canonical formalism into a model for genetic circuits.
Moreover, we show how competitive eòects allow an oscillating genetic circuit based on
only a single gene.

_e cell is not an empty bag of water with some DNA dissolved in it.61 Instead, cells
are crowded, and so is DNA. In eukaryote cells, the DNA is signiûcantly compacted,
primarily in the form of nucleosomes: lengths of DNA wrapped tightly around a protein
core. 1,62 In Chapter 6 we discuss some of the implications this has on the transcription
initiation machinery. _e positioning of nucleosomes on the DNA can be described
with another toy model: the one-dimensional hard rod gas.

In many cases it has been shown that thermodynamicmodels are internally consis-
tent, 55–58 but an independent veriûcation of the quantities in themodels, without ûtting
parameters, is missing. While internal consistency is a strong argument for the plausi-
bility of amodel, it does not provide a true veriûcation that themodel re�ects the actual
mechanism. It is far more likely that amodel is grounded in reality when quantities have
been veriûed by independent experiments, such as the determination of Avogadro’s
number,63 or the independent veriûcation ofmany quantities in the standardmodel of
particle physics.64 In Chapter 7 we ûnd that the quantity that governs transcriptional
activity is indeed a true equilibrium binding free energy, and not an eòective kinetic
parameter. _is supports the underlying physical picture that equilibrium binding is
themechanism of transcription factor action.

1.3 A note on the �gures

All graphs in this thesis were prepared in Wolfram Mathematica®,65 with additional sup-
port from the CustomTicks package,which comes bundledwith the SciDraw package.66

A�er initial preparation, all ûgures were assembled and annotated in Adobe Illustrator
CC.67

_e illustrations in this thesis were drawn in Adobe Illustrator CC67 by the author,
inspired by the original iconography drawn by Nigel Orme for the book ‘PhysicalBiology
of the Cell’.61 An example of the iconography used in this thesis is given in Figure 1.4.
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Chapter 2

Inward growth by nucleation

Multiscale self-assembly of orderedmembranes

Abstract
Striking morphological similarities found between superstructures of a wide variety of seem-

ingly unrelated crystalline membrane systems hint at the existence of a common formation

mechanism. Resembling systems such asmultiwalled carbon nanotubes, bacterial protein

shells or peptide nanotubes, the self-assembly of SDS / β-cyclodextrin complexes leads to

monodisperse multilamellarmicrotubes. We uncover the mechanism of this hierarchical self-

assembly process by time-resolved small- and ultra-small angle x-ray scattering. In particular

we show that symmetric crystalline bilayers bend into hollow cylinders as a consequence

of membrane line tension and an anisotropic elastic modulus. Starting from single-walled

microtubes, successive nucleation of new cylinders inside pre-existing ones drives an inward

growth. As both the driving forces that underlie the self-assembly behaviour, as well as the

resulting morphologies are common to systems of ordered membranes, we believe that this

formation mechanism has a similarly general applicability.

This chapter is based on J. Landman, S. Ouhajji, S.Prévost, T. Narayanan, J. Groenewold,

A. P. Philipse, W. K. Kegel and A.V. Petukhov, “Inward growth by nucleation: multiscale self-

assembly of ordered membranes”, submitted.
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2 | Inward growth by nucleation

“It’s still magic, even if you know how it’s done”

Terry Pratchett—A Hat Full of Sky

2.1 Introduction

_e superstructures that occur in self-assemblies of crystallinemembranes o�en share a
set of commonmorphologies: they formhollow shells, single- ormultiwalled (nano)tubes,
or lamellae. Single- andmultiwalled (nano)tubes are found in self-assemblies of am-
phiphillic peptides 1–3 and the allotropes of carbon.4–8 _e samemorphologies are also
found in living systems such as microtubuli,9–11 bacterial protein shells 12 and bacte-
rial chlorosomes. 13–15 _e striking morphological similarities between these seemingly
unrelated systems suggest that the driving forces underlying their self-assembly mecha-
nisms are common to many of these systems, depending more on the interplay between
rigidity and the high energy cost ofmembrane edges than on the nanoscopic details of
the individual systems. Moreover, these types of system o�en share a remarkable degree
of monodispersity. As such, this suggests the existence of a well-deûned formation
mechanism, common to a broad range of systems of crystallinemembranes.

_e self-assembly of sodium dodecyl sulphate (SDS) and beta-cyclodextrin (β−CD)
leads to superstructures that are representative of the class of crystalline membrane
materials. In the work of Jiang et al. 16 ,17 ,18 and Yang et al. 19 the rich phase behaviour of
the SDS/β−CD system was explored, showing the presence ofmultiwalledmicrotubes,
polyhedral capsids and lamellar phases, as seen in Figure 2.1. A common feature of
all these superstructures is a rigid crystalline bilayer membrane, with a well-ordered
internal structure that is identical regardless of the higher-order organisation.

In our previous work, 20 we demonstrated the use of small- and ultra small-angle x-
ray scattering to determine the structure of SDS/β−CDmicrotubes, in situ. Wewere able
to quantify microtube radii and inter- and intrabilayer periodicities from the scattering
proûles at low-, intermediate- and high-q respectively. By measuring the small-angle
scattering proûles,we essentially have access to structural information onmultiple length
scales, opening the door to detailedmechanistic studies of self-assembly processes.

In this chapter we follow the kinetics of SDS/β−CD structure formation, using time-
resolved small-angle x-ray scattering. From the resulting structural information, we
ûnd an intermediate structure consisting of single-walledmicrotubes, and determine
the driving forces behind this intermediate step. Following the changes in structure,
we ûnd that microtubes grow inward from the original single-walledmicrotubes, and
uncover themechanism of this inward growth. Finally, we put forward amodel that can
quantitatively describe the separation between the individual bilayers that determines
the ûnal structure of SDS/β−CDmicrotubes.

16



2.2 | Results & Discussion

SDS
β–CD+    2

ΔT

SDS β–CD [SDS@2β–CD] crystalline bilayers

concentric 
cylinders

104°

lamellar
phase

capsids

6 25c / wt%3

ΔT(a) (b)

(c)

Figure 2.1 Self-assembly of β−CD and SDS into concentric hollowmicrotubes, lamellar
phases or polyhedral capsids. (a) In solution, the hydrophobic tail of the SDSmolecule will

preferentially reside in the hydrophobic pocket of two stacked β−CDmolecules, creating a

compact unit. 16 Above 40 ○C the complexes are soluble in water. Below this temperature,

the complexes spontaneously form bilayers that self-assemble into polyhedral capsids, mul-

tiwalled microtubes or lamellar phases depending on the concentration. Below 3wt% no

superstructures are observed. The process is thermoreversible. Above the melting temper-

ature the structures disassemble back into the individual complexes. 16–18 (b) Yang et al. 19

showed that the complexes are organised in-plane in a rhombic lattice, showing that the

formation of these rhombic bilayers is a logical consequence of the seven-fold symmetry

of the β−CDmolecule. The structure optimises the alignment of in-plane hydrogen bonds

between the cyclodextrins. (c) Confocal microscopy image of [SDS@2β−CD] microtubes,

stained with Nile red �uorescent dye. Scale bar is 5 µm.

2.2 Results & Discussion

Kineticsmeasurements Ultra-small angle x-ray scattering patterns were obtained of
temperature-quenched solutions of SDS/β−CD in the process of self-assembly, on the
USAXS beamline ID02 at the ESRF – the European Synchrotron. _e technique was
previously used to follow the self-assembly kinetics of various systems, such as virus
capsids. 21,22 In a typical experiment, a heated, pre-made solution of SDS/β−CD was
injected in an observation capillary kept at room temperature, a�er which (U)SAXS pat-
terns were recorded in regular, increasing intervals. We show the azimuthally integrated
SAXS patterns of a typical experiment as a function of time a�er injection, in Figure 2.2.
_e initial SAXS patterns correspond to the form factor of the [SDS@2β−CD] complex
in solution, which is formed as the hydrophobic tail of the SDS molecule is inserted into
the hydrophobic pocket of two β−CDmolecules. _e data shows an initial waiting time

17



2 | Inward growth by nucleation

before the scattering pattern visibly changes. A�er this initial waiting time, which we
denote as t0, there is a rise in scattering at small angles. Simultaneously, peaks appear at
higher angles, corresponding to the in-plane organisation of the [SDS@2β−CD] com-
plexes. _ese peaks do not shi� during the course of an experiment, a conûrmation
that the in-plane organisation of [SDS@2β−CD] complexes is universal to the system,
throughout the self-assembly process.

Initial formation of cylinders During the increase in scattering intensity oscillations are
visible at small angles: up to 20 orders can be observed during these intermediate stages
of the self-assembly. _ese oscillations appear throughout our experiments, although
they are clearest in samples when the [SDS@2β−CD] concentration is between 6 wt% to
10 wt%. Only a�er a large number of orders do the oscillations dampen out, indicating
that the structure present in the sample ishighly monodisperse,with a standard deviation
in the average radius well below 5%. We plot a subset of the SAXS patterns of the
experiment,with one pattern highlighted showing pronounced oscillations, in Figure 2.3.
_e scattering intensity follows an inverse square decay, the expected scaling for a two-
dimensional object. Moreover, the pattern closely resembles the theoretical form factor
of hollow cylinders. 23

_e intermediate structures observed in Figure 2.3(a) are extremely monodisperse,
which is surprising, since symmetrical bilayers are expected to have zero preferential
curvature. It is likely that the edges of [SDS@2β−CD] bilayers are highly unstable,
an indication of which is given by the very low solubility of β−CD in comparison to
other cyclodextrins. 24 As such, the energy cost of bending the bilayer into a cylindrical
geometry is compensated by the large gain in bond free energy provided upon closure
of the cylinder. Competition between bond formation and bending free energy leads
to aminimum in the free energy per complex, which we show in Figure 2.4. A similar
mechanism has been observed in the formation ofmonodisperse spherical vesicles from
�uidmembranes. 25,26

Competition between bond formation and bending free energy Bending a �at mem-
brane into a cylindrical conformation increases its free energy. For a single sheet bending
into a cylinder of radius r, the bending free energy per unit interface fbend is given by
Helfrich’s equation 27

fbend =
κ
2

1
r2
, (bending) (2.1)

with κ the elasticmodulus, and omitting the Gaussian curvature contribution which is
zero for �at sheets and cylinders. By cylinder closure, the line tension τ, arising from
the unstablemembrane edges, is removed over the entire length of the tube ℓ. We divide
the total free energy gain by the surface of the sheet, 2πrℓ to obtain the free energy gain
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Figure 2.2 Time-resolved integrated small-angle x-ray scattering patterns of a typical
experiment, in which a 10 wt% hot solution of [SDS@2β−CD] was observed after a rapid

temperaturequench. Intensity is plotted as a function of scattering vector q = (4π/λ) sin(θ/2)
with λ the wavelength of the x-rays used, and θ the scattering angle. The initial scattering

pattern corresponds to the form factor of the [SDS@2β−CD] complex in solution. After an

initial waiting time, structure appears at all length-scales, almost simultaneously. Data was

partially binned to average out the noisy tail of the low-qmeasurements at the start of the

experiment.

19



2 | Inward growth by nucleation

●

●

●

●●

●●

●●
●
●

●
●
●●
●
●●

●

●●
●●
●●
●●
●
●●●●●

●●●●●●
●●●●●●●●

●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

0

100

200

300

/n
m

δ

t0

*

10–2 10–1
10–2

10–1

100

101

102

103

104

q /nm–1

I (
q)
 / 
m
m

–1

cylinder

sphere

10–2

101

102

103

q /nm–1

–2

I (
q)
 / 
m
m

–1

10 20 50 100 200
0.000

0.005

t / s

Q

●
●
●●

●
●

550

600

650

r
/n
m

10–2
10–4

10–3

10–2

q /nm–1

I (
q )
×
q2

.7

δ

r

t

t = 16 s

t = 19 s

t = 19 s

t = 15 s

t
(a)

(b)

(c) (d)

(e)

Figure 2.3 Ultra-small angle scattering experiments. (a) SAXS pro�les of a subset of a

typical experiment, showing themany oscillations in the intermediate states of self-assembly.

Even before the emergence of oscillations the scattering pro�les show a slope at very small

angles, indicating large-scale density �uctuations. (b) Comparison between a SAXS pro�le

and the form factors of monodisperse single-walled hollow cylinders or spheres, aligned to

the minimum denoted by the asterisk. The form factor of hollow spheres can not account for

the observed scattering pattern, hence excluding the possibility of a vesicular intermediate.

(c) Integrated SAXS patternsmultiplied by a power of q showing the appearance and shift of

oscillations due to the radius of the microtubes. (d) Average cylinder radius ⟨r⟩ and thickness
⟨δ⟩ from �ts to Equation (2.4). To aid the �t, the average radius of the previous �ve patterns

was given as the starting point for the �t of each successive pattern. The shaded area denotes

the extent of the 95%-con�dence interval. (e) Time evolution of the Porod invariant Q.
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per unit interface
fbond = −

τ
2π

1
r
, (cylinder closure) (2.2)

which is independent of the tube length ℓ and is inversely proportional to the radius
r. Summing the two contributions, we obtain the total free energy change of cylinder
closure

f = κ
2

1
r2
−

τ
2π

1
r
. (2.3)

_e free energy goes through aminimum when r = 2πκτ−1,which can be seen by setting
the r partial derivative of the free energy to 0. In Figure 2.4(a) we plot the free energy
per unit interface of cylinder closure, along with its two contributions. We estimate the
elasticmodulus of the bilayers to be on the order of 500 kBT , somewhat stiòer than a
typical �uid bilayer membrane. If we take the line tension to be on the order of the bond
energy of hydrogen bonds, approximately 4 kBT nm−1 to 5 kBT nm−1, the predicted
optimal free energy is reached for cylinders with a radius in the order of 500 nm to
800 nm.

_e free energy gain of edge bond formation does not prevent the formation of
structures with spherical geometry. _e cylindrical geometry of the intermediate struc-
ture we observe is most likely an eòect of the Gauss-Bonnet theorem 28 which states
that the total Gaussian curvature — the product of the two principal curvatures— of
an object is a topological invariant. Both a �at sheet and a cylinder have zero Gaussian
curvature, since at least one of their two principal curvatures is zero. _e consequence
of this theorem is that a �at solid sheet, e.g. a sheet of paper, can bend into a cylindrical
conformation relatively easily, but not into a spherical conformation, which has nonzero
Gaussian curvature.

Moreover, additional preference for a cylindrical geometry isprovided by an anisotropic
elasticmodulus. Evidence for the existence of an anisotropic elasticmodulus can be seen
from the observed correlation between the direction of the in-plane [SDS@2β−CD]
rhombic lattice and the overall direction of themicrotubes, shown in Figure 2.4(b). In
the ûgure we show the two-dimensional SAXS pattern of a sample of pre-assembled
[SDS@2β−CD] complexes, in a domain within the sample where all tubes are aligned
parallel to the capillary wall— here the vertical direction. _is can be seen by the strong
directionality of the interbilayer peaks near the centre of the ûgure. _e outlying peaks
arising from the in-plane organisation can be clearly seen. We overlaid the pattern with
the lattice of a twinned reciprocal rhombic lattice that is able to explain all observed
peaks. _e reciprocal lattice is twinned with its mirror image since we only observe
a projection of the front- and backside lattice of themicrotubes. _e direction of the
lattice is correlated with the direction of themicrotubes. If no such correlation were
to exist, a set of powder rings would have been observed. _e observed correlation
between lattice andmicrotube direction can only be explained by the presence of an
anisotropic elastic modulus. _e correlation would not be observed in an isotropic
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Figure 2.4 Evidence for a driving force towards cylindrical microtubes. (a) The free en-
ergy per unit interface goes through a minimum as a consequence of the competition

between bending free energy and free energy gain by cylinder closure. (b) 2D SAXS pattern

from a domain of microtubes aligned parallel to the capillary wall (microtube axis is vertical),

overlaid with a twinned reciprocal rhombic lattice with an obtuse angle of 104°. Note the

correlation between the lattice and the microtube direction.

membrane. _e anisotropy is very likely an eòect of the strong crystalline ordering of
the [SDS@2β−CD] complexes within a bilayer.

Microtube radius and inward growth We show the azimuthally integrated SAXS pro-
ûles of a typical experiment in Figure 2.3(c). _e proûles were ûtted to the form factor of
hollow cylinders with a central radius ⟨r⟩ and a thickness ⟨δ⟩, given by the equation 23,29

I(q) = 2π3ℓ
q

[
(r + δ/2)J1(q(r + δ/2))

q
−

(r − δ/2)J1(q(r − δ/2))
q

]

2

, (2.4)

with ℓ the total length of the cylinders and J1 the Bessel function of the ûrst kind. _e
resulting radii are plotted as a function of time in Figure 2.3(d). For comparison, we
plot the Porod Invariant Q = ∫ q2 × I(q)dq, 30 a measure for the amount of ordered
material present at each point in time during the self-assembly process, in Figure 2.3(e).
_e average cylinder radius ⟨r⟩ initially decreases rapidly, followed by a stabilisation at
longer timescales. Since our ûts show a concurrent increase in the cylinder thickness,
we attribute this eòect to an inward growth process. If the growth is directed inward,
optical microscopy observations should show that the outer radius of themicrotubes
remains constant throughout an experiment, which can indeed be seen in Figure 2.10.

_e experiment was repeated for a number of diòerent [SDS@2β−CD] concen-
trations. _e resulting evolutions of the average cylinder radius ⟨r⟩ are plotted in
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2.2 | Results & Discussion

Figure 2.5(a). All experiments show a similar decrease in average radius. _e slight
increase of average radius at the end of the experiment likely re�ects a separate relaxation
process that is independent of concentration. Most probably this eòect is caused by
diòusion processes within the scattering volume.

Inward growth is a nucleation process _e presence of a concentration-dependent
initial waiting time is reminiscent of a nucleation process. Classical nucleation theory
was introduced in the 1920s and 1930s 31–33 as a means to model the homogeneous
nucleation rate of a supersaturated solution inmicroscopic terms. Within the framework,
the nucleation rate depends on the concentration in a highly nonlinear way, depending
on the dimensionality of a critical nucleus. _e nucleation rate follows anArrhenius-type
equation, given by

j = Aexp(
∆G∗

kBT
) , (2.5)

with ∆G∗ the Gibbs free energy of the critical nucleus and A a kinetic pre-factor that
can be interpreted as an attempt frequency. _e free energy of a critical nucleus depends
on its geometry. If we assume that the critical nucleus is a disk-shaped bilayer, then the
Gibbs free energy of such a nucleus has the form

∆G =
2πr2

a0
∆µ + 2πrτ = −2πr2

a0
kBT log c

c∗
+ 2πrτ, (disk-shaped nucleus) (2.6)

with r the radius of the disk and a0 the surface occupied by a single [SDS@2β−CD]
complex. _e chemical potential ∆µ = −kBT log S is a function of the degree of supersat-
uration S = c/c∗ where c is the concentration of [SDS@2β−CD] complexes and c∗ the
saturation concentration, which we estimate at 3 wt% (see Figure 2.1). Furthermore, τ is
the line tension caused by missing bonds on the edge of the nucleus. We ûnd the critical
radius by ûnding amaximum in the Gibbs free energy. Taking the partial derivative of
∆G to r and setting it to 0 we obtain

∂∆G
∂r

= −
4πr
a0

kBT log c
c∗

+ 2πτ = 0, (2.7)

r∗ = τa0
2kBT log c

c∗
. (2.8)

_e critical Gibbs free energy can then be found by plugging the expression for the
critical radius into Equation (2.6)

∆G∗
=

πτ2a0
2kBT log c

c∗
. (disk shaped critical nucleus) (2.9)

By plugging the resulting expression for the critical Gibbs free energy into the Arrhenius
equation in Equation (2.5), we obtain

j = Aexp(−
πτ2a0

kBT ∣∆µ∣
) = Aexp(−

πτ2a0
(kBT)2 log c/c∗

) . (2.10)
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Figure 2.5 inward growth is a nucleation process. (a) Time evolution of the average mi-

crotube radius ⟨r⟩ for di�erent [SDS@2β−CD] concentrations. (b) The logarithm of t0/s scales
linearly with the reciprocal of the logarithm c/c∗, as predicted by classical nucleation theory

for a disk-shaped critical nucleus. Moreover, when the average microtube radius is plotted

in (c) as a function of log tA × log c/c∗, all the data collapses onto a single curve. (d) The
thickness ⟨δ⟩ of the (multi-)wall, shows a typical square-root scaling with the Porod Invariant

Q over the later part of the experiment. The shaded areas in (a) and (c) denote the extent of

the 95%-con�dence intervals
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If we take the reciprocal of the nucleation rate as a typical nucleation timescale,
t0 ∼ j−1, the theory predicts that the logarithm of the typical nucleation timescale
should be inversely proportional to the logarithm of the degree of supersaturation, with
an intercept determined by the pre-exponential factor A. We plot the logarithm of
the initial waiting time, log t0, as a function of (log c/c∗)−1 in Figure 2.5(b). _e data
are convincingly described by a linear function. From the extrapolated intercept, we
determined the pre-exponential factor to be A = 1.5 s−1. Moreover, if we rescale the
time axis of the experiments in Figure 2.5(a), and plot the evolution of the average
cylinder radius ⟨r⟩ as a function of log t A × log c/c∗ in Figure 2.5(c), the data from
all experiments collapse onto a single curve: the full kinetics of inward growth show
classical nucleation scaling with concentration.

_emechanism ofmicrotube formation can therefore be understood as illustrated
in Figure 2.6. (a) Complexes of [SDS@2β−CD] in a supersaturated solution nucleate
into critical (2D) nuclei, which (b) grow into bilayers. (c) When a bilayer reaches a size
large enough that the bending free energy can be overcome, cylinder closure occurs.
_eminimum in free energy, arising from a competition between bending free energy
and bond free energy leads to a population ofmonodisperse, single-walled cylinders.
(d) Cylinder closure occurs while the process of nucleation continues, and critical nuclei
are formed both on the in- and outside of existing cylinders. (e) Sheets formed within
the cylinders are conûned and can only form cylinders that are slightly smaller than
their preferred size. Successive nucleation on the inside of existing cylinders causes
the formation of a stack of concentric cylinders. Nucleation of new cylinders on the
outside of existing cylinders occurs until the volume is closely packed (f). It is likely that
the outer layers are deformed due to packing eòects, causing the decay of the higher
order oscillations that are so apparent in the intermediate stages of the self-assembly
process. 23

Within this mechanism, the growth of individual bilayers is constrained. Bonds with
neighbouring complexes occur only within the plane of the bilayer, and consequently,
growth in thickness only occurs by nucleation of a new bilayer to form a stack. _e
width of a bilayer grows until cylinder closure occurs, and additional growth also has to
occur by nucleation of new bilayers. In length, growth is constrained by the presence of
othermicrotubes. Macroscopic growth can therefore only occur in width or in thickness,
both exhibiting nucleation kinetics. As such, the averagemicrotube thickness should
scale with the square root of the total amount of bilayers. We plot the average cylinder
thickness ⟨δ⟩, calculated from the shi� in ⟨r⟩, as a function of the Porod Invariant (Q)
in Figure 2.5(d). Indeed, over themost part of the experiment, the thickness of the stack
of bilayers scales with the square root of Q, and thus with the amount of structured
material.

At the start of the experiment the growth in thickness is faster than the typical
square root scaling, most likely due to the presence of nucleated bilayers in which

25



2 | Inward growth by nucleation

critical nucleus growing bilayer cylinder closuresupersaturated solution

free bilayer
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bilayer

(a) (b)
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(f )

Figure 2.6 Proposed mechanism for the microtube formation. (a) [SDS@2β−CD] com-

plexes in solution nucleate into (b) ordered bilayers, governed by directional hydrogen

bonding with their neighbours. (c) When the bilayer reaches a certain size, it becomes advan-

tageous to close the ring, gaining bond free energy at the cost of bending free energy. (d)
Since nucleation and growth are not separated, new bilayers keep nucleating, both inside

and outside pre-existing tubes. (e) Bilayers that nucleated outside pre-existing tubes form

new tubes. Bilayers that nucleated inside pre-existing tubes are restricted in their size and

form concentric inner cylinders. (f) Due to the large amount of material that is accommo-

dated in the bilayers in a limited space, a dense packing of concentric cylinders is obtained.

The cylinders are consequently deformed in a slightly hexagonal form. 23 Evidence for this

deformation is given in Figure 2.7.
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cylinder closure has not occurred yet. While we have no structural probe to detect �at
membranes in the same experiment, there is evidence that the [SDS@2β−CD] bilayers
go through a �at intermediate stage: Yang et al. 19 observed thin, diamond-shaped sheets
with an obtuse angle of 104°, identical to the obtuse angle of the rhombic bilayer lattice,
as aminority product in self-assembledmicrotubes of [SDS@2β−CD] complexes. We
speculate that a small fraction of bilayers has insuõcient space available for cylinder
closure, which can then be observed in the ûnal structure by microscopy.

Microtubemelting follows reverse process _e self-assembly of [SDS@2β−CD] com-
plexes into microtubes follows a process that is thermoreversible. We placed pre-
assembled microtube samples of [SDS@2β−CD] in glass 1mm diameter round cap-
illaries in a Linkam heating stage at the ID02 beamline at the ESRF. Starting from room
temperature, we heated the samples sequentially to diòerent temperatures and allowed
the sample to equilibrate at those temperatures for at least 3min. A�er equilibration, we
recorded SAXS proûles at ultra-small angles. For a 10 wt% sample we plot the resulting,
azimuthally integrated SAXS proûles in Figure 2.7(a). As the sample comes closer to the
melting temperature of 39 ○C, the number of visible oscillations increases. Simultane-
ously, the peaks shi� visibly to smaller angles. In Figure 2.7(b) we plot the corresponding
average cylinder radii ⟨r⟩ as a function of temperature. While the absolute value of the
radii is larger than in the kinetics experiments— likely caused by a reorganisation of
themicrotubes on longer time scales— the change is the reverse of the self-assembly
process. _e closer the temperature approaches themelting temperature, the larger the
average radius, re�ecting themelting ofmicrotubes from the inside out. Simultaneously,
the stress pushing themicrotubes against each other is relieved, reversing the hexagonal
deformation of the outer tubes, visible in the re-appearance ofmany higher order peaks.

Inter-bilayer separation Up to now, we did not consider themagnitude of the inward
growth process. _is magnitude is related to the typical spacing between successive
concentric tubes. We traced the average spacing between multiple bilayers from the
periodicity of the peaks present at intermediate angle. We show azimuthally integrated
SAXS proûles of a typical experiment,multiplied with q2 to decouple the bilayer struc-
ture factor from the cylinder form factor with apparent q−2 decay, in Figure 2.8(a). _e
maxima of the peaks were consequently found by cubic interpolation, and are shown
superimposed on the scattering patterns in Figure 2.8(a). Surprisingly, as the amount of
orderedmaterial increases, the average spacing ⟨d⟩ increases slightly over time, as we
show in Figure 2.8(b,c).

_e inter-bilayer separation can be understood as a competition between two ef-
fects: repulsion from the overlap of electrical double layers around charged interfaces,
and the increased energy cost of bending the [SDS@2β−CD]membranes into tighter
cylinders. 34–36 _e electrical double layer repulsion is aòected by any salt in the system,
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Figure 2.7 Intermediate stage of self-assembly can be stabilised by heating the sample

to close to the melting point of the cylinders. (a) SAXS pro�lesmultiplied by q3 for a number

of temperatures. (b) Corresponding average cylinder diameter ⟨r⟩.

however, addition of up to 1mm of NaCl has no measurable impact on the inter-bilayer
separation, as shown in Figure 2.9. Only at the highest added salt concentration of
5 × 10−3 m a small shi� to higher q-values can be observed. In Figure 2.9(b) we plot the
corresponding interbilayer separations as a function of salt concentration. It is likely
that a fraction of unincorporated [SDS@2β−CD] complexes act as a salt reservoir in the
system, buòering the eòect of added salt unitl the concentration of added salt exceeds
the concentration of the salt reservoir. From the results shown in Figure 2.9(b) we
estimate that the concentration of this inherent salt reservoir is on the order of 10−3 m—
this concentration is the equivalent of a saturation concentration or a critical micelle
concentration. In light of this, the increase in the inter-bilayer separation visible in
Figure 2.8(b) can be explained as an increase in the Debye length that results from the
decrease of the fraction of free [SDS@2β−CD] complexes in solution as more complexes
are incorporated in bilayers.

_e inter-bilayer separation is concentration dependent. Wemeasured the SAXS
patterns of a concentration series of pre-assembled [SDS@2β−CD] samples on the
Dutch-Belgian beamline at the ESRF, shown in Figure 2.8(d). We determined the
average inter-bilayer separation from the average peak separation, which we plot as a
function of concentration in Figure 2.8(e). For samples of a concentration above 25wt%,
the inter-bilayer separation scales with the reciprocal of the concentration, expected
for a purely lamellar phase. In the concentration regime wheremicrotubes occur, the
scaling is sublinear, re�ecting themore compacted structure with open central pores in
each microtube.

We put forward a model to explain the observed concentration scaling. We use
Helfrich’s expression for the bending free energy of amembrane 27, which for a cylinder
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Figure 2.8 Tracing the interbilayer separation. (a) Integrated SAXSpatterns recorded after

temperature quench, multiplied by a power of q to compensate for the apparent q−2 decay.

The asterisk denotes the presence of an isosbestic point. Time evolution of (b) the average

spacing ⟨d⟩ calculated from the peak postions in (a), and (c) the Porod invariant Q, given by

integrating I(q) × q2 over the full q-range. The Porod invariant is proportional to the amount

of (structured)material. 30 The spacing between the bilayers appears �rst at approximately

18 nm and shifts slowly to higher values. In the �nal sample, on the order of 10 concentric

cylinders are present in the sample. (d) Static SAXS pro�les of preassembled [SDS@2β−CD]

complexes. When plotted as a function of concentration in (e), the inter-bilayer distance ⟨d⟩
scales with the expected c−1 in the concentration regime where the structure is lamellar. In

the tubular concentration regime, the inter-bilayer spacing scales with 1/√c.
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reads

fbend =
κ
2
(
1
r
− c0)

2
, (2.11)

with fbend the free energy of bending per unit interface, κ the mean elastic modulus
of the membrane, r the cylinder radius and c0 the preferential curvature. Since in a
cylinder one of the two principal radii of curvature is zero, there is no Gaussian term.
_e [SDS@2β−CD] bilayers are symmetrical,making it unlikely that the preferential
curvature of themembrane is nonzero. _e bending free energy of a wholemicrotube
can then be found by averaging over all concentric cylinders.

In themechanism described above, the inner cylinders are conûned to the size of
the initially-formed outer cylinders. We deûne a hexagonal unit cell of an unspeciûed
length ℓ and sides of length 2r0/

√
3, with r0 the radius of the outermost cylinder. We

assume the inter-bilayer spacing d is equal between all concentric cylinders in the unit
cell, and that only a negligible fraction of [SDS@2β−CD] complexes remains in solution.
_erefore, the number of cylinders nmax that can be formed in the unit cell is given by
themass balance equation

Vcellc = 2
√

3ℓr20c =
nmax

∑
i=0

4πℓ(r0 − id)
a0

, (2.12)

where c is the number density of [SDS@2β−CD] complexes and a0 the surface area
covered by each [SDS@2β−CD] complex. _e additional factor 2 in the summand is
included because each cylinder is a bilayer. Since there is no straightforward closed
expression for nmax, we approximate the system of discrete, concentric cylinders by
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a single sheet, spiralling inward. _e sum in Equation (2.12) is then replaced by the
integral

2
√

3ℓr20c =
2ℓ
a0 ∫

θmax

0
(r0 −

θd
2π

)dθ =
2ℓ
a0

(r0θmax −
θ2
maxd
4π

) , (2.13)

where θmax is the maximum angle of rotation that the spiral adopts, replacing the
number of cylinders. _en, θmax can be obtained using the quadratic formula from
Equation (2.13)

θmax =
2πr0
d

⎛

⎝
1 −

√

1 −
√

3
π
ca0d

⎞

⎠
. (2.14)

We average Helfrich’s expression for the bending free energy of a cylindrical membrane,
Equation (2.11), by integrating over the surface of the spiralling sheet.

f̄bend =
κℓ

Vcellc ∫
θmax

0

dθ
r0 − θd/2π

,

= −
κ

2r20
π

√
3ca0d

log(1 −
√

3
π
ca0d) . (2.15)

Here, the change of sign in the expression is compensated by the logarithm, which also
has a negative value. Finally, we Taylor expand the logarithm up to the second order
and obtain

f̄bend ≃
κ

2r20
+

κ
2r20

√
3ca0d
2π

+⋯ (2.16)

From the linearised equation it can be seen that in the limit of very small inter-bilayer
separations (d → 0) Helfrich’s equation is recovered. Increasing the inter-bilayer separa-
tion forces a smaller radius of curvature upon the inner cylinders, and the bending free
energy increases.

_e electrical double layer repulsion can be calculated with the Poisson-Boltzmann
equation, for which the Debye-Hückel approximation is usually applied when the over-
lap between the electrical double layers is weak. However, for inter-bilayer separations
comparable to the Debye screening length, the weak overlap Debye-Hückel approxi-
mation is not very accurate. Instead, we will use the expression for disjoining pressure
due to electrical double layer repulsion, derived by Philipse et al. 37 ,38 for a system of
parallel plates with extensive double layer overlap. In those conditions, while the electri-
cal potential is high, the potential gradient between the plates is weak. _erefore, the
disjoining pressure is dominated by the osmotic pressure of counterions in a constant
(Donnan) potential, the number of which can be calculated by requiring the system
to be electronically neutral. _is circumvents the Poisson-Boltzmann equation, but
comparison to numerical solutions of the Poisson-Boltzmann equation shows that the
results are accurate up to spacings of few Debye lengths. 37 _e electrical free energy per
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unit interface is given within this framework as

fel =
kBTσ 2

ρs

1
d
, (2.17)

where σ is the surface charge number density of themembrane, and ρs the salt number
density. _e inter-bilayer spacing that optimises the total free energy is then found by
taking the partial derivative of fel + f̄bend with respect to d and setting it to zero. We
found that the optimal inter-bilayer spacing d∗ is given by

d∗ =

¿
Á
ÁÀ kBTσ 2

ρs

4πr20√
3 a0κc

∝
1

√
c
. (2.18)

_e predicted 1/
√
c scaling matches extremely well with the experimentally observed

concentration dependence. _ere are three free parameters, κ, σ and ρs. We estimate the
bulk salt concentration ρs to be approximately 10−3 m, from the results of the experiment
shown in Figure 2.9. Unfortunately, the mean elastic modulus κ and surface charge
density σ could not be determined from this experiment. Double layer lipidmembranes
typically havemean elasticmoduli on the order of 102 kBT , although we estimate that
the [SDS@2β−CD] bilayers are somewhat stiòer, due to their high degree of order. If
we estimate κ to be on the order of 500 kBT , we ûnd from the resulting surface charge
density that a large fraction of counterions are condensed, leaving approximately only
0.1 % of all [SDS@2β−CD] complexes in the bilayers charged.

While the weak-ûeld approach of Philipse et al. 37 was shown to match accurately
with numerical solutions of the Poisson-Boltzmann equation, to our knowledge this
is the ûrst quantitative demonstration of the predicted 1/d-scaling in an experimental
system.

2.3 Conclusion

We measured the kinetics of the hierarchical self-assembly of SDS and β−CD into
multiwalled microtubes, by time-resolved (ultra) small angle x-ray scattering a�er a
rapid temperature quench. _e [SDS@2β−CD] complexes in solution were found to
nucleate into highly ordered, rhombic bilayers that close into cylinders when reaching
a suõciently large size. _e cylindrical geometry is likely an eòect of an anisotropic
elasticmodulus, as indicated by the correlation between the alignment of the planar,
rhombic [SDS@2β−CD] lattice and the overall microtube direction.

_e nucleation process follows the kinetics of classical nucleation theory. _e ob-
served inward growth of the microtubes is caused by successive nucleation of new
[SDS@2β−CD] bilayers inside existing cylinders, until a densely packed system of con-
centric cylinders is obtained. _e inter-bilayer separation was found to be determined
by a competition between electrical double layer repulsion forces and the (increased)
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energy penalty of bending the [SDS@2β−CD]membranes into tighter cylinders. We
found that the optimal inter-bilayer separation scales with the inverse square root of
the concentration, which is conûrmed by static SAXS experiments on pre-assembled
systems of [SDS@2β−CD]microtubes.

We argue that the driving forces that cause the formation of microtubes do not
depend on the speciûc chemistry of themolecular species involved. Instead, themeso-
scopic behaviour is a direct consequence of three ‘ingredients’: the (anisotropic) bending
rigidity of orderedmembranes, a repulsion between the faces of themembranes, and
an interfacial tension at the edges of the membrane. It is likely that the mechanism
presented here has a far greater applicability than within this particular system, for ex-
ample in the behaviour of biological crystallinemembranes, where all three ingredients
are present. In the case of carbon allotropes the dominant repulsive contribution is of
much shorter range and the inter-layer separation is determinedmore by the discrete
nature of the lattice. However, even with that caveat, the overall morphology is strongly
in�uenced by the bending rigidity and the high energy of dangling edge bonds, and as
such we believe that a similar mechanism may be applicable to the nucleation of carbon
nanotubes in the absence of a heterogeneous catalyst.

2.4 Materials &Methods

Solutionsof [SDS@2β−CD] inclusioncomplexes Desired amounts of SDS (Sigma-Aldrich,
> 99%) and β−CD (Sigma-Aldrich, 97%) were weighed andmixed with Milli-Q water
keeping a constant β−CD to SDS ratio of 2 ∶ 1. _e samples were heated to 75 ○C, yielding
clear solutions. _e samples were allowed to cool down to room temperature, resulting
in a turbid and viscous suspension.

Confocal Laser ScanningMicroscopy Samples were dyed by mixing 10 µl of a 1mgml−1

solution of Nile red (Sigma-Aldrich, > 98%) in acetone with a sample at 60 ○C, and
allowing the acetone to evaporate. Observation samples were prepared by sandwiching a
droplet of dyed suspension between glass coverslides (Menzel-Gläser, 0.17mm). Images
were recorded on a Nikon TE2000U invertedmicroscope with C1 confocal scan head
and a 100× Nikon oil objective, with a 543.5 nm HeNe laser (Melles Griot) as excitation
source.

SAXS Small angle x-ray scattering patterns were recorded at the high brilliance beam-
line ID02 (kinetics measurements) and the Dutch-Belgian beamline BM26b (concen-
tration series) at the European Synchrotron Radiation Facility. 39,40 For the kinetics
measurements, we used two diòerent sample-to-detector distances to cover the q-range
needed in our experiments. For the smallest angles the scattering data was recorded by
a FReLoN 16M detector at 30.7m. For the larger angles, data was recorded by a Rayonix
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MX-170HS detector, placed at 2.5m. _e setup allowed measurement of scattering
proûles from q = 0.0015 nm−1 to 5 nm−1, where q = (4π)/λ sin θ with 2θ the angle
between incident and scattered waves. For the concentration series, scattering data
were recorded by a Pilatus 1M detector at 1.5m. For all measurements, background
corrections were performed on all radial intensity proûles. A backgroundmeasurement
of pure water was obtained before each experiment. Finally, we used x-rays with a
wavelength of λ = 0.1 nm for all experiments.

Kineticsmeasurements A BioLogic SFM400 stopped �ow mixing device was used in
the kinetics measurements to eòect a fast temperature jump. _e SFM400 was equipped
with four syringes in the main reservoir. _e setup and data acquisition scheme are
described in more detail in ref41. Heated samples (75 ○C) were loaded in one of the
syringes, the others were ûlled with ultrapure water. _e reservoir was kept at 60 ○C
or 75 ○C (for 20 wt% samples). _e syringes were connected to a thermostated quartz
1.5mm diameter observation capillary, kept at room temperature and placed in the
path of the x-ray beam at the ID02 beamline. In a typical experiment, the observation
capillary was �ushedwith ultrapurewater and a backgroundmeasurement was obtained.
_e triggered release of 200 µl of sample into the observation capillary was followed by
the time-resolved recording of the SAXS patterns. Time between measurements started
at 8ms and was increased by a factor of 1.02 for each measurement. A hard stop in the
outlet of the capillary was employed before the ûrst measurement, to prevent unwanted
�ow.

Optical microscopy To compare the results obtained from small-angle x-ray scattering
with information in real-space, we performed a control experiment under observation
by optical microscopy. A droplet of hot [SDS@2β−CD] solution was placed on a cold
coverslip in a thermostated room kept at 15 ○C. In those circumstances, the temperature
quench is rapid enough that the kinetics are not dominated by the cooling down of the
sample. However, since the ûnal temperature is lower than room temperature, the timing
of the experiment can not be directly compared. In Figure 2.10 we show a selection
of frames from the recording of a single experiment, with the white arrow indicating
the same position within the sample to account for the dri� due to convection and any
unsettled �ow. _e solution starts out clear (a), although within seconds large, sheet-like
structures appear (b). From the structures appearing ûrst, structures grow outwards (c)
although they do not start out as recognisable as tubes. _ematerial develops quickly
into tubular structures (d) and within seconds the entire volume is ûlled with tubes (e).
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(a)

t0

(b)

+ 4 s

(c)

+ 6 s

(d)

+ 7 s

(e)

+ 8 s

Figure 2.10 (a-e) Optical microscopy images obtained during the self-assembly of

[SDS@2β−CD] microtubes at di�erent moments after t0 . A hot solution of 10 wt%

[SDS@2β−CD] was placed on a glass coverslipmounted on a Nikon Ti-E motorized inverted

microscope in bright-�eld mode. The image was obtained through a 100 × 1.49 Apo TIRF oil
objective. Scale-bar corresponds to 5 µm
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Chapter 3

The Boltzmann genome: A self-consistent theory

of transcription regulation

Abstract
Individual regulatory proteins are typically charged with the simultaneous regulation of a

battery of di�erent genes. As a result, when one of these proteins is limiting, competitive

e�ects have a signi�cant impact on the transcriptional response of the regulated genes.

Here we present a general framework for the analysis of any generic regulatory architecture

that accounts for the competitive e�ects of the regulatory environment by isolating these

e�ects into an e�ective concentration parameter. These predictions are formulated using the

grand canonical ensemble of statistical mechanics and the fold-change in gene expression is

predicted as a function of the number of transcription factors, the strength of interactions

between the transcription factors and theirDNAbinding sites, and thee�ective concentration

of the transcription factor. The e�ective concentration is set by the transcription factor

interactions with competing binding sites within the cell and is determined self-consistently.

Using this approach, we analyse regulatory architectures in the grand canonical ensemble

ranging from simple repression and simple activation to scenarios that include repression

mediated by DNA looping of distal regulatory sites. It is demonstrated that all the canonical

expressions previously derived in the case of an isolated, non-competing gene, can be

generalised by a simple substitution to their grand canonical counterpart, which allows for

simple intuitive incorporation of the in�uence of multiple competing transcription factor

binding sites.

This chapter is based on J. Landman, R.C. Brewster, F.M. Weinert, R. P. Phillips and W. K. Kegel,

“Self-consistent theory of transcriptional control in complex regulatory architectures”, PLOS

One 12(7), e0179235 (2017).
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3 | The Boltzmann genome

“Reality is frequently inaccurate.”

Douglas Adams—_e Restaurant at the End of
the Universe

3.1 Introduction

Transcriptional regulation is essential for shaping cellular response and dynamics. At
the heart of these responses is the speciûc arrangement of regulatory features around the
promoter that governs how a gene will respond to the available regulatory molecules. 1

A primary goal in the ûeld of systems biology is to elucidate the rules governing how
regulation is encoded in the DNA, enabling a bottom-up approach to designing regula-
tory architectures and understanding cellular physiology. A necessary step towards this
goal is the development of detailed, predictive theory that takes as input the regulatory
architecture (how the regulatory features are arranged on the DNA) and the nature
of the regulatory environment, and yields a prediction for the level of transcriptional
output.

Statistical mechanical models have been used to quantitatively describe transcrip-
tional regulation for a variety of regulatory motifs. 2–17 In thosemodels, the activity of a
gene is assumed to be proportional to the probability of an RNA-polymerase (RNAP) be-
ing bound to the promoter sequence. _is is a precondition for the subsequent initiation
of the transcription process, which ultimately leads to the production of proteins. 18–21

However, the equilibrium assumptions needed to treat transcription regulation in this
quasi-static limit are subtle. _ere exists a corresponding class ofmodels that are based
on kinetics and therefore do not require as many assumptions, at the cost of increasing
the number of parameters that are required. 22,23,25–28 In both classes ofmodels, tran-
scription factors can bind to speciûc binding sites on the DNA and regulate transcription,
o�en by interacting with the RNAP and altering its probability to bind to the promoter.
_emagnitude of transcriptional regulation is typically quantiûed as the fold-change in
gene expression (fold-change), deûned as the level of gene expression in the presence of
those transcription factors divided by the level of gene expression in the absence of the
transcription factors.

While statistical mechanical models of gene expression have thus far proven to
be very successful, they have traditionally been derived in the “non-interacting” limit,
i.e. the gene of interest is treated as being isolated and the relevant molecules only
interact with the gene itself and a competing “non-speciûc reservoir” accounting for
the generic interaction between the molecules and the rest of the genome.8,10,29,30

However, in most cases transcription factors act on multiple diòerent genes and as a
consequence, the number of available transcription factors can be substantially reduced
due to binding at those genes (see e.g. 31 Fig 3(b)). In addition,multiple copies of the
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3.2 | Repression architectures

same genemay exist within one cell, for example in the form of duplicate chromosomes,
plasmids or viral DNA. Several theoretical eòorts have explored the consequences of
the titration eòect considered here. 32–36 _e impact of these competitive interactions
can be accounted for in the canonical ensemble using combinatorics to keep track of the
possible arrangements of transcription factors to an arbitrary arrangement of binding
sites, however the resulting predictions do not lend themselves to simple intuitive
interpretation. 17,34,37 We have recently shown that a formalism based on the grand
canonical ensemble provides a clear and straightforward interpretation of the impact
of transcription factor sharing for one particular regulatory architecture. 38 Our model
leads to a simple analytical expression for the fold-change that is in excellent agreement
with the available experimental data.

In this work we go well beyond these earlier eòorts to show that the grand canonical
approach can be generalised to includemore complex regulatory architectures, opening
the door to considering regulation in the setting of real cellular processes. Speciûcally,
we demonstrate how to derive expressions for the fold-change for regulatory archi-
tectures that have not previously been described using this formalism, including how
to characterise such architectures in the case ofmultiple gene copies and competing
reservoirs for transcription factors. Interestingly, all grand canonical expressions that
are derived in this work diòer from their corresponding canonical expressions merely
by a simple substitution.

3.2 Repression architectures

Simple repression Transcription initiation is a complex process involving multiple
steps, each with their own rate. In its most simpliûed form, it can be described in three
steps: the binding of RNAP to the promoter to form a closed complex, the (irreversible)
isomerisation of the closed complex to an open complex, followed by the escape of
the open complex to form an RNAP complex active in transcription. 18–21 When the
rearrangement of RNAP and transcription factors is fast compared to the formation of
an open complex, we can assume that the rate at which the open complex is formed —
the ûrst kinetically signiûcant step in the transcription process— is proportional to the
occupation probability of the promoter by RNAP._e applicability of this approximation
has to be considered on a case by case basis, as there is evidence for slow transcription
factor binding and unbinding kinetics in some organisms and circumstances. 39–43

Statistical mechanics provides the tools to calculate the occupation probability of
RNAP and transcription factor binding sites, where the RNAP and transcription factors
are shared between many diòerent binding sites. _e ensemble of choice for a system
where the number ofmolecules is allowed to �uctuate is the grand canonical ensemble.
While strictly most suitable for systems with large numbers of particles, the relative
�uctuations decrease quickly as σ/⟨N⟩ = 1/

√
N , as the number of particles grows.44 We

43
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State Grand canonical
weight

Energy Canonical 
weight

Promoter

Repressor binding site 
overlapping the promoter 

Figure 3.1 States and their weights in the simple repression architecture. All allowed

states of the simple repression architecture are shown with their associated energies and

statisticalweights. єP is the binding energy of the RNAP onto thepromoter site, єR the binding

energy of a repressormolecule onto the operator site. The third column shows the grand

canonical weights, where the λ i is the fugacity of the RNAPs (i = P) or repressors (i = R), and

x i = e−є i/kBT . The right column lists the weights in the canonical ensemble where P is the

number of RNA-polymerase molecules, R the number of repressors, and Nns the number of

non-speci�c binding sites of the genome.

therefore consider the gene of interest as a grand canonical system that is decoupled from
the rest of the genome, which acts as the reservoir. _e system is kept in equilibrium
with reservoirs for all other types of binding site, characterised by a constant chemical
potential of the proteins. Each reservoir of a certain type of binding site is considered
an independent grand canonical system in its own right. _e chemical potential is then
found self-consistently by application of the appropriate boundary condition, namely,
the conservation of the number of proteins in the cell. _e transcription factors that we
consider generally have a very high aõnity for DNA, even outside of its speciûc binding
site. 1,45 Consequently, the fraction of transcription factors that is not adsorbed to any
DNA site can usually be neglected, as we have shown in our previous work. 38 We have
chosen to measure all binding energies with respect to the binding energy of proteins to
the non-speciûc genomic background. An added complication here is that not every
non-speciûc site has an equal binding energy. In ûrst approximation the occupation of a
reservoir with a Gaussian distribution of binding energies is equal to that of a reservoir
of identical sites with a binding energy of ⟨єns⟩ − βσ 2/2 with ⟨єns⟩, σ the mean and
standard deviation, respectively, of the distribution of binding energies to non-speciûc
sites and β = (kBT)−1 (see Chapter 7 and e.g.46). All energies in this work are given
relative to this reference energy.
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3.2 | Repression architectures

We start with the simplest non-trivial regulatory architecture referred to as ‘simple
repression’, as illustrated in the ûrst column in Figure 3.1. _is architecture consists of a
promoter and an operator site for a repressor molecule. RNAP can bind to the promoter
with binding energy єP, and a repressor can bind to the operator site with energy єR,
while the simultaneous binding of both, RNAP and repressor is prohibited by excluded
volume interactions.

_e grand canonical partition function 38 of a single gene with this regulatory archi-
tecture unit is given by

Ξ =
1

∑
p=0

1−p

∑
r=0

λp
Pλ

r
RZ(p, r) = 1 + λPxP + λRxR , (3.1)

where the fugacity of a repressormolecule is given by λR = eβµR ,where µR is the chemical
potential of a repressormolecule. Similarly, λP = eβµP ,where µP is the chemical potential
of an RNAP molecule. _e indices p and r re�ect the number of RNAP and repressor
molecules, respectively, that are bound to the gene in a given occupational state with
Z(p, r) the relevant part of the canonical partition function. _e factor Z is given by
the product of all the Boltzmann exponents of the individual binding free energies of
the DNA-bound transcription factors, and of the interactions that take place between
them when they are bound in that arrangement. All other internal degrees of freedom
remain constant, and therefore do not contribute to the weight of a conûgurational
state. _is modular approach allows the framework to be used in conjunction with
automated scripts to calculate the statistical weight of a conûgurational state. While
for simple promoter architectures it is possible to write down the statistical weights for
all the individual conûgurational states, this quickly becomes cumbersome when the
complexity of the promoter architecture increases. Similar state-weight scripts have
been demonstrated for models based on the canonical ensemble, for example in ref47.

For themotif of simple repression, Z(0, 0) = 1, Z(1, 0) = e−βєP = xP, and Z(0, 1) =
e−βєR = xR. Binding of both RNAP and repressor is prohibited by excluded volume
interactions, eòectively meaning that the weight of Z(1, 1) is zero and that term is
excluded in Equation (3.1). In the case of N statistically independent gene copies we
have Ξs = ΞN as in our previous work (Equation (2) in 38). It can immediately be checked
that Ξ is given by adding up the weights in the third column in Figure 3.1. Similarly, the
relevant canonical partition function in4,7,8 is given by adding up the weights in the
right-hand column in Figure 3.1.

_e fraction of binding sites occupied by its cognate transcription factor is calculated
by48

θ i =
1
N

∂ log Ξs

∂ log λ i
, (3.2)

with λ i the fugacity of the cognate transcription factor i. Since all N gene copies are
independent and identical, the occupational fraction θ i can (and will in the remainder
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3 | The Boltzmann genome

of this work) also be calculated from the single gene partition function Ξ from the easier,
but mathematically equivalent equation

θ i =
λ i

Ξ
∂Ξ
∂λ i

. (3.3)

Fold-change, deûned as the gene expression in the presence of transcription factors
divided by gene expression in the absence of transcription factors, can be calculated as
fraction of promoters occupied by RNAP in the presence of repressors normalised by
the fraction of RNAP occupied promoters the absence of repressor. In the presence of
transcription factors, this fraction becomes

θP(λP , λR) =
λP

Ξ
∂Ξ
∂λP

=
λPxP

1 + λPxP + λRxR
. (3.4)

In the absence of repressors we have

θP(λP , 0) =
λPxP

1 + λPxP
. (3.5)

In writing down Equations (3.4) and (3.5), we assumed that the fugacities λP, λR are
independent, that is, the value of λP does not depend on the repressor concentration (or
fugacity). As shown in Section A.1, this is an excellent approximation for all the cases
considered here. Fold-change is now given by

fold-change = θP(λP , λR)

θP(λP , 0)
=

1 + λPxP

1 + λPxP + λRxR
. (3.6)

Using the grand canonical ensemble, we have essentially decoupled the individual
gene copies from each other and the rest of the genome. With the system in quasi-static
equilibrium with non-regulatory and other competing reservoirs, the chemical potential
of the RNAP and repressors is equal in all binding reservoirs. _erefore, we can obtain
the values of the fugacities λP , λR self-consistently by applying the appropriate boundary
conditions, that is, conservation of the total number of RNAP and repressors in a cell.

In general, themolecules can bind to their speciûc binding sites related to N ≥ 1
copies of the gene of interest, to the reservoir of Nns ≫ 1 non-speciûc binding sites, or
to a set of additional reservoirs i, each with N i binding sites, which can be binding sites
related to competitor genes. Individual molecules can transfer between reservoirs, while
the total number ofmolecules in the cell is conserved. When needed, a reservoir for free
transcription factors can be included. However, as mentioned before, the fraction of
transcription factors unbound to DNA is generally negligible, hence our choice is to not
to include a reservoir for free transcription factors in solution. _e fugacities λP , λR are
set by the constraint that mass is conserved inside the cell, and can be found by setting
up amass balance that contains all relevant reservoirs. For repressors, λR follows from

R = NθR + Nnsθns
R +∑

i
N iθ i

R , (3.7)
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3.2 | Repression architectures

with θR , θns
R and θ i

R being the repressor bound fraction of speciûc sites, non-speciûc
sites and sites belonging to any additional reservoir i, respectively. If we have a set
containing additional reservoirs j for RNAP, each with N j binding sites, the value of λP

follows similarly from
P = NθP + Nnsθns

P +∑
j
N jθ j

P , (3.8)

now with θP , θns
P and θ j

P being the RNAP bound fraction of speciûc sites, non-speciûc
sites and sites belonging to reservoir j, respectively.

In the rather general situation that λPxP ≪ 1, referred to as the weak promoter limit,
we have

fold-change = 1
1 + λRxR

, (λPxP ≪ 1) (3.9)

which is exactly the result in Weinert et al. 38 Unless stated otherwise,wewill focus in this
work on the weak-promoter limit, yet in all the contexts that follow it is straightforward
to consider themore general limit where the inequality in parenthesis in Equation (3.9)
does not apply. In the weak promoter limit there is only a single conservation relation
to be solved, that is, conservation of repressor, in order to obtain the value of λR. In this
limit, θR follows from Equation (3.1) where λPxP ≪ 1, i.e.

θR(λR) =
λRxR

1 + λPxP + λRxR
≃

λRxR

1 + λRxR
. (λPxP ≪ 1) (3.10)

Interestingly, solving for an isolated promoter in the canonical ensemble using the states
and weights in the right hand column in Figure 3.1 results in 7,8,37,45

fold-change = 1
1 + ( R

Nns
) xR

. (canonical) (3.11)

_e similarity between Equations (3.9) and (3.11) implies that in order to obtain an
expression for the fold-change that is valid for any number of gene copies, additional
binding sites, etc., we may simply take the canonical, single-gene result and replace
R/Nns by λR. _is proves to be the case for any regulatory architecture, as we show in
Appendix B.

In the limit that 1 ≪ R ≪ Nns, the canonical and grand canonical expressions
become equivalent. To see that, consider the average number of repressors bound to
non-speciûc sites, which is given by

⟨Rns⟩ = Nnsθns
R = Nns

λRxns
R

1 + λRxns
R

≈ NnsλR . (3.12)

Since we have set the reference point of energy to the binding energy of repressors to
non-speciûc sites as discussed above, xns

R = e0 = 1, and we took λR ≪ 1 which is valid as
long as R ≪ Nns. 38 _us, we have λR = ⟨Rns⟩/Nns, which, for a single gene copy per cell,
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asymptotically approaches R/Nns at large R. While not exact for small R, λR ≈ R/Nns

is a good approximation in most physiological situations (again with a single gene per
cell) where cells typically contain multiple repressor copies.

In the remainder of this chapter we show that more complicated regulatory architec-
tures that have been analysed in the canonical ensemble 7,8 can easily be translated into
the grand canonical formalism making it possible to calculate fold-change for the cases
ofmultiple gene copies or competing binding sites.

Repressionwith looping _ough it is one of themost common architectures, the sim-
ple repression regulatory motif described above is only one ofmany common regulatory
motifs.49,50 In the following section we consider the impact of transcription factors with
twoDNA binding domains that are capable of binding two operator sites simultaneously.
_ese auxiliary operator sites can enhance the eõcacy of the transcription factor by
increasing the probability of occupancy of the main operator site, where it is able to
regulate transcription by allowing for loops in the DNA between the operator sites.
_us wemust take into account both the energetic beneût to the system from binding
an extra operator weighed against the free energy penalty associated with the reduced
conûgurational freedom of the DNA. 51

Consider N copies of a gene that contains a main and an auxiliary operator site,
denoted by m and a, respectively, and a promoter site P for RNAP. _e architecture
as well as a table of states and weights is shown in Figure 3.2(a). _e grand partition
function of a single copy of this regulatory unit reads

Ξ =
1

∑
p=0

2

∑
r=0

λp
Pλ

r
RZ(p, r)

= 1 + λPxP + λR (xaR + xm
R + xaRxm

R xL) + λPλRxaRxP + λ2
RxaRxm

R , (3.13)

where the fugacities have been deûned below Equation (3.1). Z(p, r) is the relevant
measure of the canonical partition function when p RNAP molecules and r repressors
are adsorbed onto the promoter region. Just as in the case of simple repression above,
conûgurations that include a repressor bound to the main site and an RNAP bound
to the promoter simultaneously are given zero weight. Further we deûne xP = e−βєP ,
xaR = e−βє

a
R , xm

R = e−βє
m
R with єP, єaR, and єmR the binding energy of RNAP to a promoter

site, and the repressor to an auxiliary site and to amain site, respectively. In addition,
we deûne xL = e−βFL where FL is the free energy cost associated with forming a loop. In
writing down the right side of Equation (3.13) we used for Z(p, r):

Z(0, 0) = 1, Z(1, 0) = xP , Z(0, 1) = xaR + xm
R + xaRxm

R xL ,
Z(1, 1) = xPxaR , Z(0, 2) = xaRxm

R .
(3.14)

_e procedure is analogous to adding up the weights indicated in the right column in
Figure 3.2(a).
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Note that in general repressor molecules could bind to operator sites of two dif-
ferent gene copies at the same time, which has been observed in several experiments
in vitro. 52,53 It would be very interesting to study the eòect of this situation on tran-
scriptional regulation, especially in cases where the gene is located on mobile DNA
elements such as plasmids. For the purposes of this chapter, we restrict our attention to
the simplest scenario and do not include those states in our partition function.

_e fraction of promoters occupied by an RNAP molecule can by analogy to Equa-
tion (3.4), be calculated as

θP(λP , λR) = Ξ−1
(λPxP + λPλRxPxaR) . (3.15)

In the absence of repressors we have

θP(λP , 0) =
λPxP

1 + λPxP

≃ λPxP . (λPxP ≪ 1) (3.16)

_e fold-change is given by the ratio of Equation (3.15) and Equation (3.16). Furthermore,
we will again work in the weak promoter limit where λPxP ≪ 1, resulting in

fold-change = θP(λP , λR)

θP(λP , 0)

≃
1 + λRxaR

1 + λR(xaR + xm
R + xaRxm

R xL) + λ2
Rxm

R xaR
. (λPxP ≪ 1) (3.17)

_e result of Equation (3.17) is shown in Figure 3.3. By comparing the result of
Equation (3.17) with the canonical result as given in Phillips et al. 45 (Equation (18.35) p.
827), we see that the two equations diòer only in a substitution: We obtain the grand
canonical result upon replacing in the canonical result R/Nns by λR and R(R − 1)/N2

ns

by λ2
R. We must stress that, except in the limit of R ≫ 1, the two ensembles are not

equivalent— the value of λR is not equal to either R/Nns or
√

R(R − 1)/N2
ns. _e grand

canonical fugacity λR merely plays the role of the canonical concentrations in otherwise
identical expressions.

In order to facilitate a consistent comparison between theory and experimental
gene activity data over diòerent scenarios (here, simple repression and looping), we can
write the result of Equation (3.17) in the same form as the simple repression result in
Equation (3.9).

fold-change = 1
1 + zL

, (looping) (3.18)

where we have
zL =

λR(xm
R + xaRxm

R xL) + λ2
Rxm

R xaR
1 + λRxaR

. (3.19)
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(a)

(b)

Auxiliary
operator

Main
operatorPromoter

State Grand canonical
weight

Canonical 
weight

Grand canonical
weight

Canonical 
weight

State

Figure 3.2 Grand canonical states andweights in the looping architecture. (a) Looping
architecture where a repressor bound to the main operator and RNAP binding are mutually

exclusive. (b)Additional states andweights for the exclusive looping scenario. In this scenario,

repression is only e�ective in the looped state.

50



3.2 | Repression architectures

_is allows us to plot the experimentally determined fold-change of a promoter architec-
ture against z = λRxR (for simple repression) or zL (for the looping architecture), which
should cause data from both types of promoter architecture to collapse onto the same
scaling law (1 + z)−1.

Exclusive looping _e exclusive looping architecture is a variant of the generic looping
architecture where binding of RNAP to the promoter site is prohibited if and only if
DNA looping occurs. For instance, a famous example of this is seen for AraC regulating
the araBAD operon in the absence of arabinose. 54 In this case, RNAP is not prevented
from binding next to a repressor occupied main operator. We will therefore have to
consider two more conûgurations in addition to the ones shown in Figure 3.2(a). _ese
additional conûgurations are shown in Figure 3.2(b) together with their grand canonical
weights. Using the same procedure as in the previous section, we obtain the following
expression for the fold-change in the exclusive looping scenario, written here in the
same form as Equation (3.17) to allow a consistent comparison.

fold-change = 1
1 + zEL

, (exclusive looping) (3.20)

with the scaling factor zEL given as

zEL =
λRxaRxm

R xL

1 + λR(xaR + xm
R ) + λ2

RxaRxm
R

. (3.21)

Equation (3.20) is plotted in Figure 3.3(a) making it possible to compare the two diòer-
ent looping architectures. _e consequence of exclusive looping is that repression is
only eòective at intermediate repressor concentrations. At lower fugacity, not enough
repressor is present to cause repression, while at higher fugacities it becomes much
more likely that both operators are occupied by two individual repressors, a situation
that still allows RNAP to bind to the promoter.

Finding the fugacity We calculate the average number of adsorbed repressors onto
both themain and auxiliary sites in the looping scenario illustrated in Figure 3.2(a) by

θR(λR) =
λR

Ξ
∂Ξ
∂λR

= Ξ−1 (λR(xaR + xm
R + xaRxm

R xL) + 2λ2
RxaRxm

R ) . (3.22)

_e value of θR as a function of λR has been plotted in Figure 3.3(b). As before, we work
in the weak promoter limit (λPxP ≪ 1) and additionally, we set the average binding
energy of the repressors to the Nns non-speciûc binding sites to zero. _e number of
adsorbed repressors to non-speciûc sites in the situation that λR ≪ 1 (which is veriûed
later) is given by

θns
R =

λRxns
R

1 + λRxns
R

≃ λR . (3.23)
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Figure 3.3 Fold-change and occupation for the looping scenarios. (a) Fold-change as a
function of the fugacity λR for the looping scenario (blue curve, Equation (3.17)) and the exclu-

sive looping scenario (green curve, Equation (3.20)). The pink curve is the simple repression

scenario. (b) Average occupation of repressors to a single gene ⟨Rads⟩/N in Equation (3.22)

in the looping architecture. (c) Fold-change as a function of the total number of repressor

molecules R for the looping scenario (blue curve) and exclusive looping (green curve) sce-

nario. (d) The repressor fugacity as function of the total number of repressormolecules R

for both the looping and exclusive looping scenario. The value of єmR = єaR = −17.3kBT , and

FL = +10kBT as in
34 . Furthermore, we took the number of promoters to be N = 10 and the

number of non-speci�c sites to be Nns = 5 × 106 .
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_e value of λR follows by solving themass balance equation for repressors

R = Nnsθns
R + NθR , (3.24)

which can be rewritten as a cubic equation of the form aλ3
R + bλ2

R + cλR − R = 0, with
coeõcients a, b and c given by

a = xaRxm
R Nns

b = (xaR + xm
R + xaRxm

R xL)Nns + 2xaRxm
R N − xaRxm

R R
c = Nns + (xaR + xm

R + xaRxm
R xL)(N − R).

⎫⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎭

(3.25)

_e cubic equation has a positive real root

λR = ∆+ + ∆− −
b
3a
, (3.26)

with

∆± = (C2 ±

√

C3
1 + C2

2)
1/3

C1 = (c/3a) − (b/3a)2

C2 = (bc/6a2
) + (R/2a) − (b/3a)3 .

(3.27)

When diòerent competing genes or other repressor binding sites are present, these
can be included as an additional reservoir in Equation (3.24), at the cost of increasing
the order of the polynomial to solve. In Figure 3.3(c) and (d) we plot fold-change and
fugacity for the looping and exclusive looping scenario as a function of the number of
repressors in the absence of competing genes.

_e ûgures show several features, which can be explained by the degree of competi-
tion between the genes for the available number of transcription factors. _e fugacity
equals the reservoir concentration of transcription factors on the non-regulatory DNA.
When the number of transcription factors is smaller than the number of genes, there
is strong competition for the transcription factors. Consequently, themajority of the
transcription factors are primarily adsorbed on the genes, while the non-regulatory
reservoir is nearly empty. However, when the number of transcription factors exceeds
the number of genes, the surplus of transcription factors reside in the non-regulatory
reservoir, with a corresponding increase in fugacity. _e crossover occurs when the
number of transcription factors equals the number of genes. _is leads to strong re-
pression in both the looping and exclusive looping promoter architectures, since the
most likely singly occupied conûgurational state for both architectures prohibits RNAP
from binding. When the concentration of transcription factors increases even more,
the doubly occupied conûgurational states become more important. Such states are
repressive in the case of the looping architecture, but allow transcription in the exclusive
looping architectures.
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Looping and scaling In Figure 3.4 we show available transcription data from the simple
repression architecture. Data from 55,56 were used to comparewith the theory for looping
architectures, in the form of the scaling function Equation (3.18), so that the results
may be compared to the simple repression data. For the details, see the caption of
the Figure. It can be seen that when scaled in this form, the experimental data from
the two repression architectures, that is, simple repression and looping, collapse to a
single scaling function, as predicted in this and previous work. 38 _e deviation from
the curve of the data from 56 likely re�ect the uncertainty in the number of repressors
per cell reported, showing how sensitive this quantitative comparison is with respect to
experimental uncertainties.

_e fold-change of the simple repression and looping promoter architectures are
dominated in theweak promoter limit by the occupation of themain operator site. Hence,
when the expressions for fold-change are cast into the scaling form of Equation (3.18),
the scaling parameter z could be interpreted as the relative weight of states where the
main operator site is occupied, as modiûed by its surroundings. _ere is no deeper
physical meaning that we attribute to the scaling parameter z. _e exclusive looping
architecture provides a borderline example that can still intuitively bemapped onto this
functional form. _e scaling parameter z here re�ects the occupational weight of the
looped state. However, there aremany promoter architectures where the fold-change
is not completely dominated by the occupation of a singlemain operator site, which
limits the usability and interpretation of this scaling form in those cases.

3.3 Activation

In many situations, a transcription factor actively “recruits” RNAP to bind to a promoter.
Essentially, there is an adhesive interaction between the bound transcription factor and
the RNAP. In the following section we discuss the situation where genes are regulated
by such an activator. _e simplest of such situations, from now on referred to as simple
activation, as well as the corresponding table of states and weights is shown in Figure 3.5.

An activator A and RNAP can bind to the operator site and promoter with energy
єA and єP, respectively. When both are bound to their appropriate sites simultaneously,
there is an additional free energy gain of єAP which re�ects the eòective attraction
between RNAP and activator. _e situation in the canonical ensemble was analysed
in45(p. 810, Equation (19.6)). _at result will be compared to the fold-change expression
which we derive below. We write the grand partition function for a single copy of an
activator regulated gene as

Ξ =
1

∑
p=0

1

∑
a=0

λp
Pλ

a
AZ(p, a)

= 1 + λPxP + λAxA + λPλAxPxAxAP , (3.28)
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Figure 3.4 Transcription activitydataof simple repression and looping regulatedgenes
Transcription activity data for the simple repression architecture from 17,37 , as previously

shown in 38 , as well as data for the looping scenario from 55,56 , rescaled to the scaling factor

z appropriate to its architecture. For simple repression scenarios, z = λR exp(−βєR). For the
looping scenario, zL is calculated using Equation (3.18) and Equation (3.26). The solid blue line

signi�es the scaling function (1 + z)−1 . The repressor binding energies are taken from 37 as

єOidR = −17kBT , є
O1
R = −15.3kBT , є

O2
R = −13.9kBT and є

O3
R = −9.7kBT . Values for promoter copy

numbers N and competitor sites Nc are taken from
17 (simple repression) and 55 (looping).

The value for the looping free energy, FL = +9.1kBT , was taken from Figure 3(b) in 55 as the

average looping free energy for a loop that has a length in between 76 and 84 base pairs. For

each data set, λR is calculated by solving the mass balance appropriate for the architecture,

Equation (3.7) (simple repression) or Equation (3.24) (looping).

where λA = eβµA is the fugacity of the activator with µA its chemical potential. Further
we take Z(p, a) as: Z(0, 0) = 1, Z(1, 0) = xP, Z(0, 1) = xA, and Z(1, 1) = xPxAxAP.
Here xA = e−βєA and xAP = e−βєAP . _e fraction of occupied promoter sites by RNAP is
now given by

θP(λP , λA) =
λPxP + λPλAxPxAxAP

1 + λPxP + λAxA + λPλAxPxAxAP
. (3.29)

In the absence of activators (λA = 0) we again regain Equation (3.5). Here we assumed
that the fugacities of activator and RNAP, λP , λA are independent, that is, λP has the
same value in Equation (3.29) as it has in Equation (3.5), independent of the presence of
activators. _is is not trivial here, as activators interact with RNAP with energy єAP. As
shown in Section A.3, decoupling is an excellent approximation as long as the number
of non-speciûc sites is large. _is is even the case when activators and RNAP can also
have interactions with each other when both are bound to non-speciûc sites, which we
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Activator

State Grand canonical
weight

Energy Canonical 
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Figure 3.5 States and weights for the simple activation scenario. An activator and the

RNAP can bind to the activator binding site and to the promoter site with energies єA and

єP , respectively. The state where both molecules are bound simultaneously includes an

additional energy єAP , which re�ects the adhesive interaction between activator and RNAP.

also show in Section A.2. _e fold-change is then found as

fold-change = θP(λP , λA)
θP(λP , 0)

≃
1 + λAxAxAP

1 + λAxA + λPλAxPxAxAP
. (λPxP ≪ 1) (3.30)

In contrast to the simple repression and looping scenarios, the fold-change in the weak
promoter limit is still dependent on the RNAP fugacity. Finding the fugacities therefore
becomes amatter of solving amass balance for activators and for RNAPs simultaneously.
We can, however, greatly simplify the result if we assume that λPxPxAP ≪ 1. _is is
consistent with the weak promoter limit provided that єAP does not exceed several kBT .
In that case, we can write

fold-change = 1 + λAxAxAP

1 + λAxA
. (λPxPxAP ≪ 1) (3.31)

_e fold-change expressions in the canonical ensemble for a single gene (eq. 19.6 p.
812 in45) and the grand canonical expression Equation (3.31) can again be related by
replacing A/Nns by λA. Finding λA is analogous to the procedure described above for
the looping scenarios.

3.4 Comparison of canonical and grand canonical fold-change expres-
sions

Figure 3.6 shows the fold-change expressions that were derived using the grand canonical
ensemble for a variety of regulatory architectures, as well as the canonical expressions cal-
culated in 7,8. _e grand canonical expressions have the advantage that they analytically
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describe the situation wheremultiple genes or binding sites compete for transcription
factors. In these competition scenarios,multiple copies of the same gene or other genes
can be regulated by the same transcription factors. _e eòect of competition is described
by the transcription factor fugacity λ, which depends upon the nature (number, binding
aõnity) of additional binding reservoirs for that transcription factor.

_e canonical expressions shown here, in contrast, describe only the case of an
isolated, non-interacting gene. While the canonical ensemble can generally be used to
describe the situation ofmultiple gene copies and competitor sites, 17,34 each competition
scenario needs its own formula, which can be derived using combinatorics to explic-
itly account for all gene copies and competitor sites. Note that each grand canonical
expression for fold-change in Figure 3.6 diòers from the canonical expression solely by
a substitution of the concentration of the transcription factor by its fugacity, i.e. R/Nns

by λR, A/Nns by λA or R(R − 1)/N2
ns by λ2

R respectively. _e fugacity can be calculated
for any competition scenario that consists of a ûnite number of competitor binding sites
with known binding energies.

3.5 Conclusions and outlook

_e rate of transcription initiation of a gene is strongly in�uenced by the competitive
eòects of the rest of the genome. _e availability of transcription factors is dictated by
the number and binding strength of competing binding sites, as well as the size of the
non-speciûc reservoir. Competing binding sites can cause orders ofmagnitude changes
in the transcription initiation rate. In the community of computational biology, theories
for transcription initiation have been traditionally derived in the isolated gene limit,4,7,8

i.e. the transcription factors are not shared by multiple gene copies or competing binding
sites in the cell. While these theories are successfully applied in that limit, competition for
themolecules involved in transcription regulation is the rule rather than the exception.

Attempts to include competition in the canonical ensemble have led to the use of
combinatorics to keep track of the possible arrangements of transcription factors, as for
example was successfully demonstrated by Burger et al. 32 ,33 , and Rydenfelt et al. 34 . _e
resulting expressions, however, do not lend themselves to intuitive interpretation.

_e application of the grand canonical ensemble to the process of transcription
initiation allows the native inclusion of competing binding sites. _e reservoirs of
binding sites are decoupled, so that one does not need to keep track of the individual
arrangements of transcription factors in all the reservoirs simultaneously. Instead, the
eòect ofmultiple gene copies and other competing binding sites are embedded in the
fugacity of the transcription factor.

_e expressions we derived for the fold-change in transcription activity found in the
grand canonical ensemble have the same intuitive form as in the case of an isolated gene.
For each of the cases shown in Figure 3.6 the solution for fold-change calculated in the
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Figure 3.6 Fold-change in thegrand canonical and the canonical ensemble for a variety
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grand canonical ensemble can also be obtained by substituting R/Nns by λR, A/Nns by
λA and R(R − 1)/N2

ns by λ2
R in the canonical solution. In each of the substitutions the

transcription factor concentration is replaced by the appropriate fugacity λ i (with i the
kind of transcription factor), which can be interpreted as the eòective concentration of
the transcription factor in the presence of competing binding sites for that transcription
factor. _is correspondence suggests that the approach could be generalised with the
help of automated computer scripts, such as was done for their canonical counterparts
(see e.g. Vilar and Saiz 47 ).

Competition in cells also manifests itself in the activation or inactivation of tran-
scription factors by inducer molecules. In principle the eòects of inducers can also
be calculated using this theoretical framework by taking into account the diòerent
association states of the transcription factor-inducer equilibrium. 57 In a similar way,
the formalism can be extended to include oligomerisation equilibria for transcription
factors whose function depends on those details, a common scheme for global regulators
in higher eukaryotes. 58 _e formalism developed here also holds promise in being able
to compute protein-DNA binding in the context of high-throughput experiments such
as Chip-Seq which explicitly examine the competition of diòerent parts of the genome
for the same proteins. 59,60
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Chapter 4

The lac operon: a case study

Abstract
In this case study we provide a fully worked example of how to set up the theory described

in the previous chapter for a real regulatory architecture that consists of multiple di�erent

elements: the lac operon of Escherichia coli. The lac operon is a set of genes that are regulated

by a promoter sequence that binds both a repressor and an activator. Distal auxiliary operator

sites also allow three DNA repressor loops that a�ect the transcription rate.

This chapter is based on J. Landman, R.C. Brewster, F.M. Weinert, R. P. Phillips, and W. K. Kegel,

“Self-consistent theory of transcriptional control in complex regulatory architectures”, PLOS

One 12(7), e0179235 (2017).
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4 | The lac operon

4.1 Introduction

In this case study we will show how to calculate the fold-change in gene expression for
the regulatory motif of the lac operon in Escherichia coli. A sketch of the regulatory
architecture is given in Figure 4.1. _e architecture consists of a promoter site P next to
an operator site O1 that binds the tetrameric repressor LacI, a protein that can bind two
DNA sites simultaneously. _ere are two auxiliary operator sites O2 and O3, that also
bind LacI, but binding of the repressor to these sites does not prevent the binding ofRNA
polymerase (RNAP) to the promoter site. In this architecture, the repressor can bind
to two operator sites at the same time which requires the DNA between the operator
to form a loop. Furthermore, there is an activator site A that binds the activator CRP,
which recruits RNAP for binding by making the adsorption of RNAP to the promoter
sitemore favourable. Additionally, when the activator is bound to the adsorption site,
the DNA is bent locally in such a way that the free energy penalty of a loop between the
auxiliary repressor site O3 and themain site O1 is reduced. 1–3

4.2 Grand partition function and fold-change

We write the grand partition function for the regulatory architecture of the lac operon
as

Ξ =
1

∑
p=0

3

∑
r=0

1

∑
a=0

λp
Pλ

r
RλaAZ(p, r, a), (4.1)

where we have the fugacities λ i = eβµ i as deûned above and Z(p, r, a) the relevant
part of the canonical partition function with p, r, a molecules of RNAP, LacI and CRP
bound to the gene, respectively. Since the promoter sequence partly overlaps with the
main operator site O1, their simultaneous occupation is prohibited by excluded volume
interactions. _ose states automatically have a weight of 0. _ere is a partial overlap
between the activator site and the auxiliary operator site O3. LacI was found to bind
to O3 even with CRP bound to the activator site, but its position is then shi�ed by 6
basepairs. 2 _is, combined with the sharp bend in the DNA bound by CRP causes a
change in the looping free energy of loop O1O3. For steric reasons, the loop O2O3 is
thought not to occur when CRP is bound, so we have assigned those states a weight of 0.
RNAP was found to bind to the promoter simultaneously with CRP while the auxiliary
operator site O3 was occupied by LacI, but the favourable interaction between CRP
and RNAP was decreased.4 _ese states have been given themodiûed activator-RNAP
interaction є′AP. We write out the partition function by summing the weights of all the
allowed occupational states noted in Figure 4.1 and obtain
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4.2 | Grand partition function and fold-change

Grand canonical
weight

Grand canonical
weight

StateState

O3 A P O1 O2

Figure 4.1 List of all allowed states of the lac operon, and theirgrand canonicalweights.
The lac operon has three binding sites (O1, O2, O3) for the lac repressor (LacI) and one

binding (A) site for a CRP activator. LacI has two binding heads and can bind to two sites

simultaneously. In those cases the DNA in between the binding sites forms a loop. States

where RNAP is bound to the promoter (P) and LacI is bound to the O1 operator sites are not

allowed, nor are looped states where RNAP is bound to the promoter.
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4 | The lac operon
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, (4.2)

where x i = e−βє i as before. Furthermore, єAP is the energy bonus that is gained by
simultaneously binding RNAP and CRP, which when O3 is bound is modiûed to є′AP.
Furthermore, x i j

L = exp(−βF i j
L ) re�ects the energy penalty needed to form a DNA loop

between operators i and j, and xO1O3
AL = exp(−β∆FO1O3

AL ) where ∆FO1O3
AL is the change in

looping free energy that results from simultaneous binding CRP and formation of loop
O1O3.

For simplicity we split the grand partition function into terms that are linear with
λPxP and those that are independent of λPxP, so that we can write for the grand partition
function

Ξ = λPxPΣP + Σ0 , (4.3)

where we have deûned ΣP as

ΣP ≡ (1 + λAxAxAP)[1 + λR(xO2
R + xO3

R
x′AP

xAP
) + λ2

RxO2
R xO3

R
x′AP

xAP
] + λRxO2

R xO3
R xO2O3

L ,

(4.4)
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and with all states not leading to transcription initiation grouped as Σ0

Σ0 ≡
3

∑
r=0

1

∑
a=0

λr
RλAAZ(0, r, a). (4.5)

We then write the fraction of occupied promoter sites θP as

θP(λP , λR , λA) =
λP

Ξ
∂Ξ
∂λP

=
λPxPΣP

λPxPΣP + Σ0
. (4.6)

In the absence of any LacI or CRP the average number of occupied promoter sites
θP(λP , 0, 0) is given as

θP(λP , 0, 0) =
λPxP

1 + λPxP
. (4.7)

As above, we can then ûnd the fold-change as the ratio of the two. _us, we write

fold-change = θP(λP , λR , λA)
θP(λP , 0, 0)

=
(1 + λPxP)ΣP

λPxPΣP + Σ0

≃
ΣP

Σ0
. (λPxP ≪ 1, λPxP ≪

Σ0

ΣP
) (4.8)

Herewe have imposed theweak promoter limit λPxP ≪ 1, as well as a second assumption
that λPxP ≪ Σ0/ΣP, which makes the fold-change independent of the RNAP fugacity.
When repression is stronger than activation (which is the case when ΣP/Σ0 < 1), this
second assumption is already implicit in the weak promoter limit. In the case of strong
activation, however, this second assumption is stricter than the weak promoter limit
and care needs to be taken when applying it. _e validity of this assumption needs
to evaluated a posteriori. As we will show in Section A.4, this assumption is generally
justiûed as long as the fold-change≪ 500. If the assumption breaks down, the RNAP
fugacity λP needs to be calculated explicitly.

4.3 Imposing the constraint of �xed transcription factor numbers

_e fugacities λR and λA can be found self-consistently by imposing the constraint that
the total number of repressors R and activators A in the cell is conserved. We set up two
mass balances which we will then decouple. LacI is not shared with other genes in the
cell, hence our choice not to include any competing reservoir for LacI. In contrast, CRP
binds to approximately 350 other sites. 5 We therefore include an additional reservoir
of competing sites for CRP, re�ecting the high degree to which CRP is shared between
genes.

Activators For the conservation of CRP,we can write down the following mass balance

A = Nnsθns
A + NcθcA + NθA . (4.9)
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Here, we have Nns non-speciûc sites, N speciûc sites and Nc competitor sites. Each
reservoir has its own occupation fraction. _e fraction of CRP bound non-speciûc sites
can be found as above as

θns
A =

λAxns
A

1 + λAxns
A

≃ λA . (λA ≪ 1) (4.10)

As before,we have set the reference point of energy to the binding energy of non-speciûc
sites, hence xns

A = e0 = 1. We assume the competitor sites to be sites to which CRP can
bind with a binding energy єcA. _e fraction of occupied competitor sites is then found
as

θcA =
λAxcA

1 + λAxcA
. (4.11)

_e fraction of CRP bound speciûc sites is calculated as

θA =
λA
Ξ

∂Ξ
∂λA

≃
λA
Σ0

∂Σ0

∂λA
, (λPxP ≪ Σ0/ΣP) (4.12)

=
λAxA f

1 + λAxA f
. (4.13)

Here, we have simpliûed this expression by neglecting all the terms that are linear in
λPxP, provided that λPxP ≪ Σ0/ΣP, andwe have grouped all the λR-dependent terms in
the factor f . Essentially, λA f now behaves as an eòective concentration in a Langmuir-
like adsorption isotherm, where the eòect of repressors is isolated in the factor f , given
by

f = [1 + λR(xO1
R + xO2

R + xO3
R ) + λ2

R(xO1
R xO2

R + xO1
R xO3

R + xO2
R xO3

R ) + λ3
RxO1

R xO2
R xO3

R

+ λR(xO1
R xO2

R xO1O2
L + xO1

R xO3
R xO1O3

L xO1O3
AL ) + λ2

RxO1
R xO2

R xO3
R (xO1O2

L + xO1O3
L xO1O3

AL )]

× [1 + λR(xO1
R + xO2

R + xO3
R ) + λ2

R(xO1
R xO2

R + xO1
R xO3

R + xO2
R xO3

R ) + λ3
RxO1

R xO2
R xO3

R

+ λR(xO1
R xO2

R xO1O2
L + xO1

R xO3
R xO1O3

L + xO2
R xO3

R xO2O3
L )

+ λ2
RxO1

R xO2
R xO3

R (xO1O2
L + xO1O3

L + xO2O3
L )]

−1

. (4.14)

Setting up the mass balance in Equation (4.9) leads to a cubic equation (in the
absence of competitor sites, this reduces to a quadratic equation) that can be solved
analytically:

aλ3
A + bλ2

A + cλA − A = 0, (4.15)
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with coeõcients
a = NnsxAxcA f
b = Nns(xA f + xcA) + (N + Nc − A)xAxcA f
c = Nns + (N − A)xA f + (Nc − A)xcA .

(4.16)

Its solution remains a function of the repressor fugacity, however. _e positive real root
of the cubic equation is given by

λA = ∆+ + ∆− −
b
3a
, (4.17)

with

∆± =
3

√

C2 ±

√

C3
1 + C2

2

C1 = (c/3a) − (b/3a)2

C2 = (bc/6a2
) + (A/2a) − (b/3a)3 .

(4.18)

Repressors In order to determine the repressor fugacity λR, we write down themass
balance of repressor molecules in the absence of additional reservoirs as

R = Nnsθns
R + NθR , (4.19)

where the average number of repressors bound to a non-speciûc site is θns
R ≃ λR, as in

the case of activators (see Equation (4.10)). _e average number of repressors bound to
a gene is, as before, given by

θR =
λR

Ξ
∂Ξ
∂λR

≃
λR

Σ0

∂Σ0

∂λR
, (λPxP ≪ Σ0/ΣP). (4.20)

As before, we simplify this result in the weak promoter limit by neglecting the terms
that are linear with λPxP, which is a good approximation provided that λPxP ≪ Σ0/ΣP.
_is also resolves any indirect coupling that λR and λA have through their mutual
interaction with λP. _e fugacities λR and λA are, however, still coupled through their
direct interaction. Writing out Equation (4.20) explicitly, we obtain

θR = [λR(xO1
R + xO2

R + xO3
R ) + 2λ2

R(xO1
R xO2

R + xO1
R xO3

R + xO2
R xO3

R )

+ 3λ3
RxO1

R xO2
R xO3

R + λR(xO1
R xO2

R xO1O2
L + xO1

R xO3
R xO1O3

L g + xO2
R xO3

R xO2O3
L h)

+ 2λ2
RxO1

R xO2
R xO3

R (xO1O2
L + xO1O3

L g + xO2O3
L h)]

× [1 + λR(xO1
R + xO2

R + xO3
R ) + λ2

R(xO1
R xO2

R + xO1
R xO3

R + xO2
R xO3

R )

+ λ3
RxO1

R xO2
R xO3

R + λR(xO1
R xO2

R xO1O2
L + xO1

R xO3
R xO1O3

L g + xO2
R xO3

R xO2O3
L h)

+ λ2
RxO1

R xO2
R xO3

R (xO1O2
L + xO1O3

L g + xO2O3
L h)]

−1

, (4.21)
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where we have isolated the λA-dependent terms into the factors g and h given by

g ≡
1 + λAxAx

O1O3
AL

1 + λAxA
, h ≡

1
1 + λAxA

. (4.22)

Equation (4.19) leads to a quartic equation in λR of the form

aλ4
R + bλ3

R + cλ2
R + dλR − R = 0, (4.23)

with the coeõcients given by

a = xO1
R xO2

R xO3
R Nns

b =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩
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(4.24)

_e quartic equation has four analytical roots, of which the positive real root is the
desired solution, given by

λR = −
b
4a

+
1
2

√
b2

4a2 −
2c
3a

+
∆0

3Q
+

Q
3

+
1
2

¿
Á
Á
ÁÀ

b2

2a2 −
4c
3a

−
∆0

3Q
−

Q
3
+
−b3a−3 + 4bca−2 − 8da−1

4
√

b2

4a2 −
2c
3a +

∆0
3Q +

Q
3

,
(4.25)

with

Q =
3

¿
Á
ÁÀ∆1 +

√
−4∆3

1 + ∆2
0

2

∆0 =
c2

a2 −
3bd
a2 −

12R
a

∆1 =
2c3

a3 −
9bcd
a3 +

27d2

a2 −
27b2R
a3 +

72cR
a2 .

(4.26)

Figure 4.2 shows the fugacities λA and λR as a function of transcription factor
copy number in the absence and presence of the coupled complementary transcription
factor. It can be seen that the diòerence between the unperturbed (i.e. in the absence
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Figure 4.2 Fugacities of the transcription factors for the lac operon. (a) Fugacity of ac-
tivators as a function of the number of activator molecules in the cell, in the absence of

repressor (blue curve) and in the presence of a high concentration of repressor (green dotted

curve). (b) Fugacity of repressors as a function of the number of repressors in the cell, in the

absence of activator (blue curve) and in the presence of a high concentration of activator

(green dotted curve). In both cases the copy number of the gene is N = 1. Note that the

presence of repressor causes a slight shift in the activator fugacity. The parameters used are

listed in Table 4.1

of the complementary transcription factor) and the perturbed fugacities is negligible,
and consequently it makes sense to decouple the activator and repressor fugacities
completely ( f = g = h = 1). We show in Section A.1 how to decouple the transcription
factor fugacities in the case that the perturbed fugacity deviates from the unperturbed
fugacity.

_e fugacities λA and λR, shown in Figure 4.2, both show similar features. At
high transcription factor copy number there is a surplus of transcription factors, and
the transcription factors are not strongly competed for. When only a handful of LacI
repressors are present in the cell, the favourable binding of LacI to its cognate operator
sites causes the operon to compete strongly for the few available LacI molecules. In
turn, this causes a sharp decrease in the reservoir concentration, hence the crossover
in fugacity when the number of LacI repressors approximately matches the gene copy
number. In contrast, CRP is strongly competed for by approximately 350 other genes
and consequently the crossover from high competition to transcription factor surplus
occurs at CRP copy numbers between 102 and 103.
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4.4 Results and discussion

Most of the adsorption and interaction energies that are relevant to our calculations
are known from previous experiments; only the looping free energies of the lesser
studied O1O2 and O2O3 loops, the coupling strength between activator and the O1O3
loop and the reduction in the activation when O3 is occupied have yet to be veriûed
by independent experimental studies. In general, the looping free energy depends on
several factors, notably the length of the loop and the number of stable conformations
that can be formed in conjunction with the tetrameric repressor. _ese interactions
can bemodeled explicitly as is done in e.g. refs6,7. Table 4.1 shows the experimentally
determined values of the diòerent adsorption and looping free energies that are known.8

We calibrated themodel to existing experiments on the lac operon to ûnd themissing
energies. In a range of experiments by Oehler in the 1990’s,9,10 the fold-change of the lac
operon was determined in the presence of two concentrations of lac repressor. Diòerent
constructs were tested, where some adsorption sites were deleted from the genome, or
replaced by the sequence of a diòerent operator. While there exists an uncertainty in the
actual number of repressors in these experiments, the number of diòerent mutations
that were testedmake this study a prime candidate to calibrate themodel. Note also that
in these experiments the activator site was kept intact, but Oehler et al. did not actively
control the number of activators, nor report their concentration. We have assumed a
number of ∼ 1000 activators,8 at which the activator sites are more or less saturated.
Furthermore, we have used a total of Nc = 350 competitor sites, 5 each with an estimated
binding energy for CRP of єcA = −13kBT .

We found R, FO1O2
L , ∆FO1O3

AL , and є′AP by calibrating the model to the constructs
with deleted O2 and O3 sites, deleted O3 site, deleted O2 site, and deleted O1 and O2
respectively. In the presence of physiological numbers of CRP, the loop O2O3 is almost
completely suppressed. With no experimental data in the absence of CRP, the looping
free energy FO2O3

L could not be determined accurately.

We plot the results of Oehler et al. 9 ,10 in Figure 4.3, a�er calibration of themodel.
_e experimentally determined fold-change (normalised in the presence of CRP) was
plotted on the x-axis of the graph, and the corresponding theoretical fold-change on the
y-axis, with perfect correspondence between experiment and theory when a point falls
on the x = y line that is shown as the blue dotted line in the graph. Most points in the
classical results ofOehler et al. fall within ûve-fold of perfect correspondence, over a very
wide range of experimental parameters. For some very repressive constructs, Oehler et
al. were only able to determine a lower bound to the level of repression (deûned there
as the reciprocal of the fold-change). _ose constructs have been marked with a cross
in Figure 4.3. _ose points all fall right of the x = y line, indicating that the theoretical
framework indeed predicts a lower activity than could be seen experimentally.
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Table 4.1 Physical absorption and interaction energies used. All data is obtained from
Phillips et al. 8 , unless stated otherwise.

Symbol Energy / kBT Notes

єO1
R −15.3
єO2
R −13.9
єO3
R −9.7

FO2O3
L > 5 *

FO1O3
L 9.1
FO1O2
L 7.6 †

єA −13.0 11

єAP −5.3 11

є′AP −1.8 §

∆FO1O3
AL −3.4 ‡

*_is loop does not occur in the presence of CRP and could not be calibrated to the
data available in 10

†From calibration to 10 from construct with deleted O3 auxiliary site.
‡From calibration to 10 from construct with deleted O2 auxiliary site.
§From calibration to 10 from constructs with deletedmain and O2 auxiliary site.

Vilar and Saiz4 have proposed amodel of the lac operon based on the canonical
ensemble, which also captures the behaviour of the classical experiments by Oehler
et al. 9 ,10 In their canonical framework they have included explicitly the association
equilibrium of LacI dimers to tetramers, and the binding of LacI to external inducer.
_eir model appears to be similar in accuracy to ours. _e use of the canonical ensemble
is justiûed in their case since they do not introduce the CRP activators explicitly. Rather,
they scale the eòect of reduced activation by the occupation of the O3 auxiliary site
with an eòective ût parameter. Since LacI is not strongly competed for in wildtype cells,
there is no similar titration eòect such as is the case for CRP. When CRP is modeled
explicitly, or when LacI is competed for, for example by competitor genes or competitive
inhibitors, the titration eòect that arises needs to be dealt with, and those situations can
bemodeled in the grand canonical framework. Moreover, the association equilibrium
of LacI dimers to tetramers, and the binding of LacI by inducers can be introduced into
the framework in a straightforward way.

Figure 4.4 shows the cooperative eòect of activators and repressors on the fold-
change of the operon. As expected, addition of activators leads to an increase in the
fold-change at low repressor copy number.
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Figure 4.3 Fold-change of lac operon constructs from the literature. Theoretical fold-
change according toEquation (4.8) compared to the experimental fold-change asdetermined

in9,10 . The dashed line is the x = y line. For some strongly repressive constructs, Oehler et

al. were only able to measure a lower bound to the level of repression. These points were

marked with a cross.

However, an interesting cooperative eòect occurs in the presence of CRP. _e pres-
ence of activators increases the dynamic range of the repressors, whereas the presence of
repressors reduces the dynamic range of the activator. _e reason for this is that bound
activator assists in forming repressing O1O3 DNA loops. Figure 4.5(a) shows the gene
expression normalised to the gene expression for the case of R = 0 (fold-changeR) in the
absence and presence of A = 0,A = 1000 activators respectively. _e blue curve shows
that in the absence of activators, repressors cause a decrease in the transcription rate of
approximately three orders ofmagnitude. However, the presence of activators may cause
up to an additional single order ofmagnitude of decrease in the fold-change. While the
net gene expression due to the presence of the activators remains higher, the presence
of the activators causes a greater diòerence between the unrepressed and the repressed
system. Figure 4.5(b) shows the gene expression normalised to the gene expression
for the case of A = 0 (fold-changeA) in the absence and presence of R = 0, R = 100
repressors respectively, illustrating that in the absence of repressors, the activators may
cause up to a 200-fold change in transcription rate, which drops down to ∼ 80-fold in
the presence of a larger number of repressors.

_is eòect was experimentally observed by Kuhlman et al., 12 whomeasured the gene
activity of the lac operon in Escherichia coli constructs that are unable to synthesise cyclic
AMP (cAMP). Since CRP needs cAMP to activate the lac operon, the activating response
to the cAMP-CRP complex could be induced externally. In the presence of cAMP in the
growth medium, induction of the bacteria by IPTG (inactivating lac repressor) caused
a > 1600-fold change in transcription levels. In the absence of cAMP, this fold-change
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Figure 4.4 Fold-change of the lac operon. Fold-change as a function of activator and

repressor concentrations for N = 1 (yellow surface) and N = 10 (translucent blue surface).

When only a single copy of the lac operon is present in the cell, the action of LacI is signi�cant:

the introduction of as little as 2 or 3 copies of LacI causes a 100-fold drop in the transcription

rate. In vivo, E. coli cells typically contain 101 instances of LacI, keeping the activity of the lac

operon low. When multiple copies of the lac operon are present, all copies have to compete

for the availability of LacI and signi�cant repression only occurs when the number of LacI

exceeds the operon copy number. Due to this titration e�ect, the transcription rate becomes

sensitive to �uctuations in wildtype LacI availability. A similar titration e�ect occurs for the

availability of CRP, but since CRP is already strongly competed for, the addition of multiple

gene copies has no signi�cant additional e�ect.

dropped to only < 250. Saiz and Vilar 7 also address this cooperative eòect, which they
term ‘robust expression with sensitive induction’.

Usually, a single copy of the lac operon exists in E. coli cells per chromosome and
at slow growth rates the copy number of the lac operon is expected to be one or two.
However, fast growing cells havemultiple replication forks of the chromosome which
can result in higher copy numbers of the lac operon. Using this theory, we can calculate
the eòect of the existence ofmultiple gene copies without signiûcant additional eòort.
Figure 4.4 (translucent blue surface) shows the fold-change of a lac operon regulated
gene with a copy number of 10 in a single cell, as a function of activator and repressor
numbers. At higher repressor concentrations there is no qualitative diòerence between
this case and the single copy number case. At lower repressor concentrations, however,
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Figure 4.5 Activators increase the dynamic range of repression of the lac operon. (a)
Gene expression normalised to the gene expression at R = 0 (fold-changeR) as a function of

numberof repressors, in the absence (blue curve) andpresence (green)of activators. (b)Gene
expression normalised to the gene expression at A = 0 (fold-changeA) as a function of the

number of activators, in the absence (blue curve) and presence (green curve) of repressors.

Bound activator causes a sharp bend in the DNA that facilitates the loop between O1 and

O3. This causes an additional, cooperative repression e�ect on top of the (uncooperative)

activation behaviour of the activators.

we ûnd ûrst a plateau in the fold-change, followed by a steep drop of over three orders
ofmagnitude upon addition of one or two additional repressor molecules. _e presence
of multiple copies of the gene causes a titration eòect in which the gene copies have
to compete for the presence of LacI. _e model shows clearly that in a competitive
environment the interacting genemodel presented here predicts a signiûcantly diòerent
transcription rate than the isolated genemodels.

To illustrate this, we show in Figure 4.6 the fold-changeA of the lac operon as a
function of the number of CRP in the cell in the case where the gene is isolated and
when CRP is competed for by ∼ 350 competitor sites. CRP is strongly competed for in
E. coli and consequently, the availability of CRP to bind to the lac operon is signiûcantly
lower than in the case where CRP has no other speciûc binding sites. _e eòect of
competition on the transcription ratemay exceed an order ofmagnitude.
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Chapter 5

The single gene oscillator

Self-sustained oscillations from transcription

factor competition

Abstract
Oscillatory genetic circuits can be used by cells to coordinate internal processes or keep

track of time. It is often thought that a degree of cooperativity is needed in the binding

and unbinding of the actor species to generate a su�ciently nonlinear behaviour. In this

chapter we show how the rate equations that govern the production and consumption of

proteins andmRNA naturally lead to a very natural inclusion of our previously derived results.

Within the assumptions that transcription and translation are slow in comparison to the

binding and unbinding of transcription factors, expressions for the fold-change derived in

the grand canonical ensemble determine the response curve of a gene. We also show how

competition of di�erent gene binding sites for a common pool of transcription factors can

lead to self-sustained oscillations.

This chapter is based on J. Landman and W. K. Kegel, “Self-sustained oscillations in genetic

circuits from transcription factor competition”, in preparation.
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5 | The single gene oscillator

5.1 Introduction

With the Nobel prize in chemistry of 2017 given jointly to Michael Young, Michael
Rosbash and Jeòrey Hall for their work on themolecular mechanisms controlling the
circadian rhythm, 1–3 it comes as no surprise that oscillating reactions in living cells are
a hot topic. Being the cellular analogue of classical clock reactions like the Belousov-
Zhabotinsky reaction,4,5 self-sustained oscillations require a network of reactions that
lead to a negative feedback loop. 2,6–16 _is oscillating network can in turn be used to
coordinate important processes in the cell, such as cell division.8,11,13,17–20 Oscillatory
circuits may include both enzymatic binding and unbinding events, as well as transcrip-
tional elements, although themajority of cellular oscillatory reactions that have been
observed incorporate a transcription event in the feedback loop 21 and as such have the
potential to regulate parallel transcription processes.

Quantitativemodelling of such genetic circuits remains a diõcult job, with many
processes occurring in parallel in the cell, aòecting each other. As was mentioned
in earlier chapters, when a transcription factor involved in the oscillatory circuit is
shared by one of such parallel processes, the circuit and the regulated gene are eòectively
competing for a common pool of transcription factors. 22–24. Moreover, the regulatory
architectures are o�en more complex than the simple repression architecture, showing
a higher degree of cooperativity. In models, this cooperativity is usually modelled with
aHill function 25 in the binding probability of a transcription factor. _eHill function
has the following form

θ =
[L]n

Kn
d + [L]n

, (Hill function) (5.1)

where θ is the occupation fraction of an adsorbed ligand to a lattice site, [L] is the
concentration of ligand (monomer), Kd the dissociation constant and n theHill coeõ-
cient. For n = 1 the Hill isotherm is equal to the Langmuir isotherm. _e Hill isotherm
was derived for the cooperative binding of oxygen to hemoglobin, 25 modelling it as
the simultaneous binding of n ligands to a lattice site. However, in many instances in
literature, a Hill isotherm is used to describe the binding of a ligand with a diòerent
binding architecture. In those cases, an ‘eòective’ Hill coeõcient is used as a ûtting
parameter and ameasure for the cooperativity of binding.

According to Novák and Tyson 21 , sustained oscillations need the following ingredi-
ents: ûrst of all, the negative feedback loop is necessary. Without a negative feedback
loop a system can not be brought back to its original state. Second is a delay in the
feedback loop. When the feedback is instantaneous, any perturbation can be brought
back immediately to its steady-state. And ûnally, a certain degree of cooperativity is
required, without which, sustained oscillations are not seen.

_e consequence of a higher eòectiveHill coeõcient on the binding isotherm of a
ligand is a very sharp transition frommostly free ligand tomostly bound ligand. It is this
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steep response that is responsible for the stability of oscillations. Intuitively this makes
sense: consider a negative feedback loop that has achieved a steady-state concentration.
If a perturbation from the steady-state generates a response that is suõciently large, the
system will be driven to an even larger perturbation, but opposite in sign. It follows that
the delay time in the feedback loop is also necessary: when there is no delay time, the
response can be corrected for instantaneously.

We have seen that the presence of competitive inhibitors leads to a titration eòect.
When the copy number of transcription factors crosses over from a regime where
transcription factors are limiting to a regime of transcription factor excess, a dramatic
increase in occupancy is observed, similar to the sharp transition found in the coop-
erative binding of ligands, as illustrated in Figure 5.1. While the notion exists that
this competition-driven eòect can also lead to suõcient nonlinearity to generate self-
sustained oscillating reactions— such circuits are coined ‘titration oscillators’ 26–28 —
modelling of these circuits so far has resorted to the use ofHill isotherms with a phe-
nomenological Hill coeõcient. 29–33 And while the occupancy of transcription factor
binding sites can be reasonably modelled for genes in isolation, theHill function is at a
disadvantage in a competitive environment.

We show for example the fold-change and transcription factor occupancy of a gene
regulated by a simple repression architecture in the absence and presence of competitor
sites, in Figure 5.1. In the absence of competitor sites, transcription factor binding follows
the Langmuir isotherm. In the presence of 40 competitor sites, the sharp switching
behaviour of the occupancy can be captured by the Hill function, yet both the Hill
coeõcient and the binding free energy have now become ûtting parameters of obscure
physical relevance, and still the resulting function does not capture the full fold-change
behaviour of the gene.

In this chapter wewill show how the rate equations that govern the intermediate term
behaviour of genetic circuits lead to a very natural inclusion of our previously derived
results. 22–24 Within the assumption that transcription and translation are slow processes
in comparison to the binding and unbinding kinetics of transcription factors, we can
use expressions for the fold-change of genes derived in the grand canonical ensemble,
which account for the presence of other binding sites, such as multiple gene copies,
competitor sites and inhibitors, competing for the same transcription factor, and for
complex regulatory architectures with multiple binding sites. We show that the presence
of a small number of competitor sites or inhibitors within the cell generates suõcient
nonlinearity in the response curve of the gene to allow self-sustained oscillation in a
single gene oscillator: a gene that produces its own repressor. Finally, we analyse the
stability of such oscillators with respect to the steepness of the response curve and the
delay time that is inherent in the transcription and translation process.
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Figure 5.1 The troublewithHill functions. (a) Fold-change of a gene regulated by a simple

repression scenario as a function of repressor copy number R, in the presence and absence

of competitor sites is captured accurately by the grand canonical formalism. Using Hill

functions, the Langmuir-behaviour in the absence of competitors canbe accuratelydescribed.

However, the Hill function can not capture the full behaviour of the titration e�ect caused

by competitor sites, even when �tting both the Hill coe�cient and the binding free energy.

(b) The occupancy θ of repressors to their binding sites is captured well by the Hill function.

(c) The dramatic switching behaviour is a consequence of the lowered transcription factor

fugacity at concentrations lower than the number of competitor sites. The binding free

energy of repressors was kept at −15 kBT and for competitor sites at −18 kBT . The number of

non-speci�c sites was kept at 5 × 106 . The Hill function in the presence of competitors was

given an e�ective binding energy of −11.3 kBT and Hill coe�cient of 7.

5.2 Rate equations

_e change in the copy number of a protein P is given by two contributions. _e ûrst is
the ûrst order degradation of the protein by the cellular recycling machinery. _e second
is the synthesis of P by the ribosomes, the rate of which is linear with the concentration
of P-encoding mRNA (MP). _e rate equation describing this is given by

dP
dt

= −γPP + krMP , (5.2)

where P is the copy number of protein P, and MP the copy number ofmRNA encoding
for P. Furthermore, γP is the ûrst order degradation rate constant, and kr the activity
rate constant of the ribosomes. _emRNA is produced by RNA polymerase at the gene
of interest at a rate ks that depends on the arrangement of transcription factors. Since
transcription— the synthesis ofmRNA— and the transport to the ribosomes takes a
ûnite amount of time, we explicitly introduce a time delay τ to account for that delay. At
the same time,mRNA also undergoes ûrst order degradation by the cellular machinery
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5.2 | Rate equations

with a rate constant γM, which is typically comparable in magnitude to γP. 15 In fact, the
dominant mechanism causing this ûrst order decay is dilution due to a global growth
rate µ although active degradation mechanisms may alter the individual degradation
rate constants. _e rate equation describing the change in MP is then given by

dMP

dt
= −γMMP + ks(t − τ). (5.3)

Transcription initiation is regulated by the presence or absence of transcription factors
leading to a subset of states that can initiate transcription. Within the assumptions
outlined earlier, the rate ofmRNA synthesis can be approximated as

ks(t) = k0∑
i

p i(t), (5.4)

which is the product of the sum of all probabilities p i for each state i where RNAP
occupies the promoter sequence of the gene producing P, and the (constant) rate k0 at
which mRNA is produced when RNAP reads the promoter sequence. When the gene is
completely unregulated, that is, isolated from any regulatory proteins, the concentration
ofmRNA can reach a steady-state. In that case, Equation (5.3) becomes

γMM(0)P = k0∑
i

p(0)i . (5.5)

Here, M(0)P is the steady-state copy number ofmRNA in the absence of any regulation.
Plugging Equation (5.5) into Equation (5.3), we obtain

dMP

dt
= −γMMP + γMM(0)P

∑i p i(t − τ)
∑i p

(0)
i

,

= −γMMP + γMM(0)P × fold-change(t − τ). (5.6)

_e fraction in the ûrst line equals the (instantaneous) fold-change for whichwe canwrite
down an expression in the grand canonical ensemble for the architecture of interest. 24

Similarly, if we allow the synthesis of proteins at the ribosomes to go to a steady-state,
we have

γPP(0) = krM(0)P , (5.7)

from which we can obtain ameasure for kr in terms of the steady-state copy numbers
of protein andmRNA. Normalising the copy numbers of protein andmRNA by their
steady-state copy numbers, we obtain the following system of equations.

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

γ−1
M
dm
dt

= −m + fold-change(t − τ)

γ−1
P
dp
dt

= −p +m,
(5.8)
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where we have introduced the normalised concentrations p ≡ P/P(0) ,m ≡ MP/M(0)P .
_ere are three relevant cases between which we make a distinction. When a stable
steady-state is reached, p is determined only by the fold-change. Alternatively, when
γM ≫ γP, the concentration ofmRNA quickly reaches a steady-state and the system of
rate equations reduces to

γ−1
P
dp
dt

= −p + fold-change(t − τ). (γM ≫ γP) (5.9)

In the case that both degradation constants are comparable, the full system of equations
can be used. _e quantity called fold-change acts as the input-output function and its
form depends on the regulatory architecture of interest. It remains a function of the
copy numbers of transcription factors that are involved, and it is through this that the
dynamics of one gene can be coupled to a diòerent gene.

5.3 Multiple delay times

_e delay time τ was explicitly introduced in the process of transcription, so that the
introduction of newly synthesisedmRNA depends on the fold-change at the time of
transcription-initiation. _is mRNA is immediately available for translation. In reality
both transcription and translation take a ûnite amount of time and it would therefore
make sense to introduce an explicit delay in both diòerential equations. It turns out that
this does not aòect the stability of the gene circuit. _e only factor of importance is the
sum of all the delay times in the feedback loop. Dividing the delay over the transcription
and translation process will only cause a phase shi� in the concentration ofmRNA and
protein. To see why this is we write down the rate equations in the case the explicit delay
is present only in the translation step. In that case, we have

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

γ−1
M
dm(t)
dt

= −m(t) + fold-change(t)

γ−1
P
dp
dt

= −p +m(t − τ).
(5.10)

Ifwe now introducem′(t) ≡ m(t−τ) as the normalised concentration ofmRNA shi�ed
in time by τ, and substitute m′ for m in Equation (5.10), we get

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

γ−1
M
dm′(t + τ)

dt
= −m′

(t + τ) + fold-change(t)

γ−1
P
dp
dt

= −p +m′
(t).

(5.11)

_is is identical to Equation (5.8), since dm′/dt can always be evaluated at t rather than
at t + τ. In an analogous fashion, the total delay time τ can be distributed arbitrarily
over the transcription and translation process. _e resulting phase shi� will aòect the
boundary conditions, andmust be taken into account.
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5.4 | Single gene oscillator

5.4 Single gene oscillator

_e simplest feedback loop one can think of is a gene, regulated by a simple repression
promoter architecture, that directly produces its own repressor, R. We show a schematic
of the architecture in Figure 5.2(b). We previously derived the fold-change relation for
this architecture, 23,24 which in the weak promoter limit reads

fold-change = 1
1 + λR exp−βєR

, (5.12)

where β = (kBT)−1, єR is the binding energy of R to its speciûc binding site on the
gene, and λR is the transcription factor fugacity, which is found self-consistently from
conservation ofmass within the cell. _e fugacity of repressors therefore depends on
the number and binding energy of its speciûc binding sites, of any competitor genes that
also bind the repressor, and to the non-speciûc reservoir. As before, we set the eòective
binding energy to the non-speciûc reservoir to 0. _e equation is valid for multiple
independent copies of the same gene, competing for the same pool of transcription
factors.

We numerically integrate Equation (5.8) for diòerent gene copy numbers. _e tran-
scription factor binding free energy was −15 kBT for the speciûc sites. _e steady-state
unregulated repressor copy number R(0) was 5 per gene copy. For these trajectories, we
did not include any other competitor genes. Finally, the protein andmRNA degradation
rates γR , γM were 0.03min−1 and the delay time τ was 18.5min as per ref 15. _e diòerent
trajectories are shown in Figure 5.2.

In Figure 5.2 we see that for a low copy number of genes, the concentrations of
mRNA and repressor ûrst increase strongly. A�er the initial delay time τ, the presence
of repressors starts to aòect the production rate ofmRNA which starts to level oò and
ûnally drops down again. _e repressor copy number quickly follows. A�er the initial
overshoot, the concentrations quickly dampen out to a stable steady-state. _is can
graphically be seen in the phase space ûgure in Figure 5.2(c). _e phase space trajectory
quickly spirals to the stable point at the intersection of the two nullclines. For higher
gene copy numbers, we see ûrst the same qualitative picture, although the oscillations
dampen out at a lower rate. Above a certain threshold copy number, the oscillations
become self-sustained and we see the phase space trajectory approach a stable limit
cycle, centred around the intersection between the nullclines.

Moreover, self-sustained oscillations can also be attained with just a single gene
copy, in the presence of a reservoir of competitor genes. We numerically integrate
Equation (5.8) for a single gene copy in the presence of a number of competitor sites.
We used a binding energy to the competitor sites of −18 kBT . In this case, we set the
steady-state unregulated repressor copy number R(0) to 250 per gene copy. A high
baseline activity is necessary here: without suõcient repressors in the cell, the gene
will be almost completely outcompeted by the competitor sites. All other details were
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Figure 5.2 The copy number titrating oscillator. (a) Protein and mRNA copy number as

function of time for a gene regulated by (b) simple repression scenario with N gene copies,

producing its own repressor. (c) Phase space trajectories of (a), shown in conjunction with

the nullclines. Because of the time delay in evaluating the magnitude of ṁ, the phase space

trajectories do not cross the ṁ-nullcline completely horizontally. For a su�ciently high gene

copy number a stable limit cycle is reached. (d) Fold-change of the gene as function of the
total number of transcription factors.
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kept as before. _e results of the numerical integration can be seen in Figure 5.3. _e
results are similar to the previous case: When there aremultiple binding sites competing
for the repressor, the response curve becomes steeper and stable oscillations can be
sustained. In the absence of competitor genes, a stable steady-state is quickly reached.
_e gene activity in this steady-state is comparatively low, because all repressors formed
are available to the gene.

5.5 Stability analysis

It is possible to analyse the stability of a stationary point in a delayed diòerential equation.
To this end, we will usemethods derived in refs 34,35 to analyse the stability of stationary
points at the cross-section of the nullclines. In order to keep this as general as possible,
we will write out a generalisedmodel for n genes that are interacting. In vector form,
we write

⎧⎪⎪
⎨
⎪⎪⎩

ṁ = −ΓMm + ΓM fold-change(p(t − τP))

ṗ = −ΓPp + ΓPm(t − τM),
(5.13)

wherem, p are vectors built up from m i , p i , the delays τM , τP are vectors built up from
the independent delay times τM, i , τP, i , and ΓM , ΓP are diagonal matrices with elements
γM, i , γP, i , for each gene i. _e fold-change for each gene depends on the architecture.
Keeping themodel as generalised as possible, we consider it in principle a function of
all proteins in p. Say that we found a stable point at the intersection of the nullclines
at (m∗ , p∗). In order to investigate the stability of this point, we will linearise the
diòerential equations around the stable point and ûnd trajectories in the neighbourhood
of the stable point, in the form of veλt . _ese trajectories move exponentially outward
or into the stable point, with a direction v which is to be determined later. We linearise
the fold-change term in the equation for ṁ around (m∗ , p∗), which gives us

Jm = ΓM
d
dp
fold-change(p), (5.14)

evaluated at (m∗ , p∗). To ûnd trajectories in the neighbourhood of the stable point
that behave as veλt , wemake the substitutions m(t) = aeλt , p = beλt , with λ a complex
scalar. _is allows us to write Equation (5.13) in the form of a linear matrix equation.

λ (
a
b
) eλt = (

−ΓM Jme−λτP

ΓPe−λτM −ΓP
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A

(
a
b
) eλt (5.15)

Here, e−λτP , e−λτM are diagonal matrices consisting of elements e−λτP, i , e−λτM, i for each
gene i. _e factors eλt cancel out. _us, we need to ûnd eigenvalues λ of thematrix A.
_ese eigenvalues can be found by solving the characteristic equation detA − λI = 0,
with I the identity matrix.
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Figure 5.3 The single gene oscillator. (a) Protein and mRNA copy number as function of

time for a gene regulated by (b) simple repression scenario producing its own repressor, with

Nc sites competing for a commonpool of repressors. (c) Phase space trajectories of (a), shown

in conjunction with the nullclines. Because of the time delay in evaluating the magnitude of

ṁ, the phase space trajectories do not cross the ṁ-nullcline completely horizontally. For a

su�ciently high competitor copy number a stable limit cycle is reached. (d) Fold-change of
the gene as function of the total number of transcription factors. Note that for the dynamic

behaviour, it does notmatter whether the competitor sites are DNA binding sites, enzymes

or other ligands binding the repressors.
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det(−ΓM − λI Jme−λτP

ΓPe−λτM −ΓP − λI
) = 0. (5.16)

_e roots of this equation determine the stability of the point (m∗ , p∗). If all the roots
have negative real parts, then all exponential trajectories around the stationary point
move inward and the stationary point is asymptotically stable. If the real part of a root
crosses 0, aHopf bifurcation usually occurs and oscillatory behaviour is seen.

For a circuit with a single gene in a negative feedback loop, Equation (5.16) simpliûes
to

(λ + γM)(λ + γP)

γMγP
eλτ − d

dp
fold-change(p∗) = 0, (5.17)

with τ = τM + τP the total delay time, another conûrmation that only the total delay time
in the feedback loop determines the local stability. We can make the equation dimen-
sionless by rescaling the time by γ ≡ √γMγP. We introduce the rescaled degradation
constants γm , γp , and redeûne λ as the rescaled characteristic value, resulting in the
equation

(λ + γm)(λ + γp)eλγτ −
d
dp
fold-change(p∗) = 0. (5.18)

In Figure 5.4 we plot the region in which stable and self-sustained oscillations can
occur, as a function of the slope of the fold-change at the intersect of the nullclines, and
as a function of the rescaled delay time γτ. We have taken γM = γP = γ in this graph
for convenience, but the ûgure does not signiûcantly change when the two degradation
constants are of comparablemagnitude. When the delay is comparatively small, stable
oscillations can only occur when the slope of the fold-change is very steep, corresponding
to strong cooperativity or competition. At much larger delays, this requirement is less
strict, although the slope should be steeper than −1. As a consequence, a gene without a
cooperative architecture will be unable to sustain oscillatory behaviour in isolation.

5.6 Discussion & conclusions

In this chapter we set up amodel to study the dynamics of genetic circuits. _e response
of a gene to an external concentration of transcription factors is given by our previously
developed model. 23,24 Importantly, the response functions follow directly from the
regulatory architecture and are suitable for situations where transcription factors are
shared. _is is an important step forward, since we no longer need to model the
response of a gene with a Hill function when the binding architecture demands a
diòerent isotherm.

We see that when a transcription factor is strongly competed for, the response func-
tion of a gene that is regulated by that transcription factor becomes very sharp, even
though its binding is governed by a Langmuir isotherm. Consequently, competition
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Figure 5.4 Region of stability for a single gene oscillator. Stable oscillations are expected

when the roots of Equation (5.18) have a positive real part. The dotted line gives the boundary

where the real part of the root of Equation (5.18) is 0.

alone is able to provide a suõciently steep response function for genetic circuits to
achieve self-sustained oscillations. Even though the individual gene copies are uncorre-
lated, they synchronise because they are regulated by a common transcription factor
pool.

_e grand canonical formalism allows an estimation of the �uctuations in binding
and unbinding, but it does not include the additional noise due to the intrinsically
stochastic process of transcription and translation. Describing these processes with
continuous diòerential equations is not the most accurate way. We believe that the
expressions for fold-change derived in the grand canonical formalism could be extended
to an analysis method based on a master equation, with the fold-change expression
taking the place of transition rates. 35
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Chapter 6

The e�ect of nucleosome occupancy on

transcription initiation

Abstract
In eukaryote cells, the DNA is signi�cantly compacted, primarily in the form of nucleosomes:

lengths of DNA wrapped tightly around a protein core. The e�ects that are caused by nucle-

osomes are described by a toy model based on a one-dimensional hard rod gas. We show

that the presence of nucleosomes causes an indirect interaction between neighbouring

transcription factors, depending on the distance between their binding sites. Moreover, the

existence of nucleosome-positioning elements in the DNA sequence has a direct e�ect on

transcriptional activity. Attempts tomodel this direct e�ect show that toy model approaches

based on equilibrium statistical mechanics alone are insu�cient to quantitatively describe

the e�ects of nucleosomes on gene regulation. However,we observe a qualitative agreement

betweenmodel and experiment that suggests nucleosomes are redistributed in a fast kinetic

steady-state.

This chapter is based on J. Landman and W. K. Kegel, “Nucleosome occupancy and transcrip-

tion initiation”, in preparation.
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6 | Nucleosome occupancy

6.1 Introduction

As a rule, in eukaryote cells the DNA is tightly coiled and compacted. 1 DNA is wrapped
around octameric assemblies of histone core proteins to form compact bodies called
nucleosomes. 2 _e nucleosome contains a length of 147 basepairs wrapped in 1.7 turns
around the histone core, with short linker DNA stretches between neighbouring nucle-
osomes. 3 Owing to the high nucleosome coverage seen in vivo, themajority of DNA
sites are inaccessible to other proteins, which is known to aòect transcriptional activ-
ity.4–7 Nucleosomes were found to have several eòects on transcription rates. First,
nucleosomes physically block the progress of existing transcription forks, causing noisy
bursts of transcription downstream.8,9 On longer timescales, the nucleosomes aòect
the likelihood that RNAP binds to the promoter in the ûrst place. _e positioning
of nucleosomes on the DNA depends on an interplay between sequence dependent
histone-DNA aõnity, 10–20 active chromatin remodelling mechanisms, 21 and statistical
positioning due to excluded volume interactions. 22,23 As such, it is an open question
how to quantitatively predict the eòect of nucleosomes on transcriptional activity.

A prerequisite for the application of a thermodynamic model for transcription
regulation is the separation of timescales between transcription factor binding and
unbinding kinetics, and the formation of the open complex. 24–28 And while there are
some indications that a kinetic model is required in certain circumstances, 29,30 the
consensus is that the separation of timescales is suõciently met to describe transcription
regulation with a thermodynamic equilibrium model. However, the timescales involved
in nucleosome positioning and occupancy clearly indicate that an equilibrium model
is insuõcient, and it is likely that the distribution of nucleosomes on the DNA is far
from thermal equilibrium on the timescale of open complex formation. _e binding
free energy of a histone core to the DNA was found to be on the order of −40 kBT , 31–33

making it very unlikely that full histone unbinding occurs. Moreover, the sliding kinetics
of bound nucleosomes are slow as well, not exceeding 1 basepair/s. 33–36 Meanwhile,
active chromatin remodellingmechanisms will dynamically alter the level of unwrapping
and position ofnucleosomes in second or evenmillisecond timescales, 37 actively keeping
chromatin out of equilibrium on timescales comparable to the binding and unbinding
of transcription factors. 21 _esemechanisms include histonemodiûcation 38 or kinetic
proofreading steps. 36

Nevertheless, with so many diòerent timescales that play a role in the redistribution
of nucleosomes, themechanisms with which nucleosomes alter transcriptional activity
are unclear. As a starting point, it is therefore interesting to apply an equilibrium toy
model to the problem of transcription regulation in the presence of nucleosomes. We
aim to see how much of the experimentally observed behaviour can be explained by
a simple equilibrium mechanism, even when separation of timescales is not met, and
mechanisms that actively keep the chromatin from thermal equilibrium are in place. _e
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approach we will take in this chapter simpliûes the nucleosomes to hard body particles
that occupy a volume on the DNA, 7,22,23,39–41 essentially reducing the nucleosomes to a
one-dimensional �uid.

In this chapter we introduce and analyse toy models that account for nucleosome
occupancy, in diòerent degrees of detail. We start by considering nucleosomes as simple
hard rods in the absence of a potential landscape and consider only the excluded volume
interactions between neighbouring nucleosomes. We see that statistical positioning
of histone cores leads to an eòective interaction between transcription factors when
bound to neighbouring cognate sites. _is interaction can be both attractive and re-
pulsive, depending on the distance between the binding sites. We then show a way of
incorporating sequence speciûc histone-DNA aõnity by neglecting all but the most
important contributor to the histone energy landscape: poly-(dA:dT) tracts. _ese
tracts are lengths of repeated adenine bases that are usually excluded from nucleosome
formation. As such, poly-(dA:dT) tracts can bemodelled as hard walls in an otherwise
zero-potential energy landscape. _is type ofmodel shows some qualitative agreement
with experimental results.

Finally, we apply amodel that calculates the sequence speciûc histone-DNA aõnity
explicitly, to calculate relative transcription rates, and compare the results of this model
to experimentally measured transcriptional activities of a promoter architecture in
Saccharomyces cerevisiae. 7 We ûnd that agreement between the experimental system
and themodel is mediocre, indicating that the eòects of nucleosomes on transcriptional
activity are not captured by their equilibrium occupancy alone, although trends can be
qualitatively explained.

6.2 Density functions

Wemodel the nucleosomes as one-dimensional hard rods of size d that can move over a
region of interest from 0 to L, and we are interested in the single-body density function
ρ(1) at a position x within that volume. We will allow the exchange of nucleosomes
between our region of interest and the rest of the DNA, so we need to consider this
system in a grand canonical ensemble. _e grand canonical partition function for this
system reads

Ξ(0, L) =
∞
∑
N=0

λN
H

N!
Z(L,N), (6.1)

where λH = exp(βµ)/λH is the fugacity of the N histone octamer particles, β = (kBT)−1

and Z is the canonical partition function. When the nucleosomes are not aòected by
the basepair sequence, we can consider them as a Tonks gas42–44 — a one-dimensional
hard rod gas in the absence of an external ûeld — for which the canonical partition
function is known to be

Z(L,N) = (L − Nd)N . (N ≤ L/d) (6.2)
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Figure 6.1 Grand canonical one-body density function of nucleosomes, modeled as a

Tonks gas in zero �eld, as a function of the distance from a hard wall, for example the edge of

a di�erent nucleosome.

_e conditional N ≤ L/d is included since a larger number of N will simply not ût in
the available volume and Z(L,N > L/d) = 0. _e grand canonical one-body density
function can then be derived as43,44

ρ(1)(x , L) = λH ×
Ξ(0, x − d/2) Ξ(x + d/2, L)

Ξ(0, L)
. (6.3)

_e grand canonical one-body density function can be written as the product of the
fugacity and the relative change in the number of allowed states when a particle is
present at x. _e excluded volume interactions between neighbouring particles cause a
statistical positioning eòect,which is visible near a hard boundary, as shown in Figure 6.1.
While there are no natural hard boundaries for nucleosomes in the DNA, the probability
density function shown here can be interpreted as a conditional density provided the
edge of a transcription factor or another nucleosome present is at the origin, or the
density function near a DNA sequence that is usually depleted of nucleosomes.

6.3 Integrated density functions

In the context of transcription factor binding, it is more important to know the proba-
bility that a site at position x is free of nucleosomes. We call this probability p̃(x), and
it can be found from the grand canonical one-body density function. Integrating the
one-body density function over the range x − d/2 to x + d/2 gives the probability that
the position x is occupied by a nucleosome, in which case p̃(x) equals 1 minus that
probability. Consequently, we have to solve the following integral

p̃(x) ≡ 1 − ∫ x+d/2

x−d/2
ρ(1)(x′)dx′ . (6.4)
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Attempts to directly integrate this expression analytically do not immediately lead to
useful expressions, but there is a diòerent route that will lead to an insightful expression.
_e derivation is shown in Appendix C. It is based on a similar derivation in the work
of Percus,45 albeit with a diòerent goal and some subtle diòerences. _e resulting
expression is

p̃(x) = Ξ(0, x)Ξ(x , L)
Ξ(0, L)

(6.5)

_is expression is very similar to the expression for the one-body density function in
Equation (6.3). We can interpret the probability that x is free of nucleosomes as the
number of organisational states for nucleosomes in two separate volumes le� and right
of x, divided by the number of states that were possible in the original, undivided volume.
In similar spirit, ρ(1) in Equation (6.3) can be interpreted as the statistical weight of the
state where a particle with fugacity λH is present at position x while keeping a volume
equal to the size of the particle d free of other nucleosomes. _is implies that we can use
a similar construction to calculate the probability an arbitrary region spanning from a
to b is free of nucleosomes:

p̃(a, b) = 1 − ∫ b+d/2

a−d/2
ρ(1)(x′)dx′ = Ξ(0, a)Ξ(b, L)

Ξ(0, L)
. (6.6)

In the expression the numerator can be interpreted as the total grand canonical partition
function of two independent regions, spanning from 0 to a and from b to L. With that in
mind,we can calculate the probability that multiple sites on the DNA are simultaneously
free of nucleosomes by multiplying the grand canonical partition functions of the
independent regions that �ank those sites, and dividing by the partition function of the
original, undivided length of DNA.

_e probability p̃ is closely related to the one-body density function, as we show in
Figure 6.2. In fact, close to the boundary of the region of interest the shape of the two
functions are nearly identical, barring an oòset of half the size of the nucleosome, and a
scaling related to the nucleosome fugacity.

6.4 Transcription regulation

The simple repression architecture is una�ected A strand of DNA wrapped around
a nucleosome is considered inaccessible for the binding of transcription factors and
RNAP.46,47 With that in mind, the statistical weight of an occupational state in a regula-
tory architecture is aòected by the probability that the transcription factor binding sites
are not covered by a nucleosome. For example, a gene regulated by a simple repression
architecture has the grand canonical partition function from Equation (3.1), in the
absence of nucleosomes. In the presence of nucleosomes, each occupational state in the
partition function is modiûed as

Ξ = 1 + λPxP p̃(P) + λRxR p̃(R), (6.7)
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Figure 6.2 Comparison between nucleosome one-body density function and p̃, mod-

eled as a Tonks gas in zero �eld, as function of the distance to a hard wall or a di�erent

nucleosome. Note that p̃ is closely related to ρ(1). The fugacity of the nucleosomes was kept

�xed at 1.

with p̃(P), p̃(R) the probabilities that the promoter and operator sites are unoccupied,
respectively, according to Equation (6.6). _ese probabilities could be interpreted as
a change in the eòective binding free energy of RNAP and transcription factor. _e
magnitude of this free energy is given by ∆єH = −kBT log p̃. While the eòective binding
free energy of the repressor is aòected by the presence of nucleosomes, the binding free
energy to non-speciûc sites is aòected in a similar amount, and as such, an increased
transcription factor fugacity compensates for the less favourable binding aõnity. We
show the fold-change of this gene as a function of the repressor copy number in the
absence (λH = 0) and presence (λH 1, equivalent to a high coverage) of nucleosomes, in
Figure 6.3. As expected, the eòect of nucleosomes is completely cancelled out when the
sequence speciûc histone-DNA aõnity is neglected.

Multiple transcription factors induce indirect interactions through nucleosomes _e
presence of nucleosomes will, however, aòect regulatory architectures wheremultiple
transcription factors can bind simultaneously. When multiple transcription factors are
bound simultaneously in a certain conûguration, the nucleosomes induce an indirect
interaction between the transcription factors. _e requirement for the simultaneous
binding of two transcription factors, the ûrst occupying basepair a to b, and the second
occupying c to d, is that the DNA from a to b and from c to d is free of nucleosomes
simultaneously. From the interpretation of Equation (6.6), we infer that this probability
should have the form

p̃(a, b; c, d) = Ξ(0, a)Ξ(b, c)Ξ(d , L)
Ξ(0, L)

, (6.8)
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Figure 6.3 A gene regulated by a simple repression architecture is una�ected by the
presence of nucleosomes. (a) Fold-change in the presence and absence of nucleosomes is

identical. The e�ective binding a�nity of repressor for the operator site is reduced by the

presence of nucleosomes in (b), however, the nucleosomes cause the same reduction in

a�nity for non-speci�c sites in (c), leading to no nett e�ect.

which can easily be extended for more complicated regulatory architectures. _e sta-
tistical weight of a conûgurational state is now also weighted by the number of ways
the nucleosomes can distribute themselves between the bound transcription factors.
An example of a regulatory architecture that shows this eòect is given in Figure 6.4.
Here, the promoter sequence is �anked by two distal operator sites for a transcription
factor that, when bound, has no direct eòect on the binding of RNAP. Depending
on the distance between the operator sites and the promoter, the fold-change of this
gene is either increased or repressed. When the two distal sites are close enough that
no nucleosome ûts between the sites, the transcription factor acts as an activator, by
increasing the likelihood that the promoter site is free. However, when the distance
between the two operator sites increases further, there is a high probability the promoter
site is occupied by a nucleosome that just ûts between the two operator sites. In that
case the transcription factor acts as a repressor. At even further increased distance, the
transcription factor regains its activating behaviour once again, as RNAP can bind the
promoter between two nucleosomes.

Poly-(dA:dT) tracts act as nucleosome positioning elements DNA wrapped around a
histone core is very tightly curved — nucleosomes have a diameter of 10 nm while DNA
has a persistence length of 53 nm.48 As a consequence, certainDNA sequences that have
an inherent �exibility or curvature have a higher aõnity to formnucleosomes while other
sequences are excluded. 10–20 _is intrinsic nucleosomal sequence preference plays a
dominant role in the nucleosome occupancy.41,49,50 We take a naiveway of incorporating
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Figure 6.4 Nucleosomes induce an indirect interaction between distal transcription fac-
tors and RNAP. (a) Fold-change of a gene �anked by two distal operator sites for a transcrip-

tion factor, as a function of distance (in basepairs) to the operator sites. (b) Cartoon of the
regulatory architecture. The transcription factor can bind to the operator sites independently,

and any interaction is induced by the presence of nucleosomes. (c) Binding to non-speci�c
sites is also a�ected by the presence of nucleosomes.

this histone-DNA aõnity, by neglecting all but themost important contributor to the
histone energy landscape. A well-known sequence that aòects nucleosome occupancy is
the poly-(dA:dT) tract: a section of repeated adenine bases on one of the DNA strands.
_ese tracts have a very low aõnity to form nucleosomes, and as such they act as
barriers for nucleosome positioning. 51,52 _e presence of poly-(dA:dT) tracts is know to
aòect transcriptional activity. 7,14 In the work of Raveh-Sadka et al. 7 , the transcriptional
activity of a series of artiûcial constructs is measured in yeast cells. _e constructs,
derived from the native yeast HIS3 promoter, consist of a poly-(dA:dT) tract at a variable
distance from a Gcn4p binding site. Gcn4p acts as an activator in the HIS3 promoter.

Wemodel the poly-(dA:dT) tracts as inûnitely hard boundaries for nucleosomes.
We take the binding of Gcn4p as a proxy for the transcriptional activity, in the absence
of quantitative in vivo data on the binding strength and Gcn4p-RNAP interaction. We
show the results, plotted together with the experimental data from Raveh-Sadka et al. 7 ,
and normalised to the activity in the absence of a poly-(dA:dT) tract, in Figure 6.5. _e
agreement between this naivemodel and the experimental results is at most qualitative.
_ere is at trend towards higher transcriptional activity when the distance between
binding site and poly-(dA:dT) tract in both model and data. In addition, there is a small
region of increased transcriptional activity when the distance is between 150 and 200
basepairs. In the experiment this region is found at a larger distance, indicating that
nucleosomes may have a larger region of in�uence outside the 147 basepairs that are
known to wrap around the histone core inside a nucleosome.
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Figure 6.5 Transcriptional activity in the neighbourhood of a poly-(dA:dT) tract. (a) Ge-
netic activity of arti�cial constructs based on the native yeast HIS3 promoter, with varying

distance between the Gcn4p binding site and a poly-(dA:dT) tract, normalised to the activity

in the absence of the tract. The transcription activity is compared to the theoreticalprediction

from the toy model. (b) Simpli�ed sketch of the modi�ed HIS3 architecture. Experimental

data from Raveh-Sadka et al. 7

The basepair sequence is important for nucleosome occupancy It is here that the limi-
tations of this naivemodel become apparent. _e occupancy of nucleosomes on the
DNA is aòected to a large extent by the basepair sequence,41,49,50 and as such needs to be
taken into account together with the excluded volume interactions for any quantitative
description of nucleosomes. A number ofmodels exist that calculate the nucleosome
occupancy for a given DNA sequence. 19,41,53–56 In the work of Van der Heijden et al. 55

an energy landscape for the histone octamers is calculated, depending on the presence
and position of dinucleotides— sets of two neighbouring bases on either DNA strand
— within the nucleosome. _e DNA inside a nucleosome still adopts its usual double
helix conformation, which means that the local deformation in the conformation due
to the strong curvature changes periodically with the pitch of the DNA helix. _e
model put forward by Van der Heijden et al. 55 favours the positioning of TA, TT, AA
and GC dinucleotides within certain periodic positions within the nucleosome. _is
results in an energy landscape for histone cores that depends on the sequence covered
by the 147 basepair footprint of the nucleosomes. Consequently, Percus’ expression for
the one-body density function of hard particles in a potential landscape45,57–61 can be
applied to account for statistical positioning.

_emodel presented by Van der Heijden et al. 55 has only two ûtting parameters: the
fugacity of the histone octamers (λH) and the periodicity of the dinucleotides that aòect
the energy landscape, and was shown to accurately predict thermodynamic equilibrium
distributions of nucleosomes in vivo. _emodel calculates the one-body density density
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Figure 6.6 The genetic sequence a�ects nucleosome positioning. (a) Conditional prob-
ability that a DNA binding site is free of nucleosomes p̃ as function of distance to a hard

boundary, for a zero-�eld and for a random DNA sequence. The e�ects of the hard boundary

are visible up to atmost the second minimum. (b) Transcriptional activity of constructs in
Raveh-Sadka et al. 7 as a function of p̃ calculated with the model of Van der Heijden et al. 55

While a direct proportionality is expected between the two quantities, the correspondence

is qualitative at best. It is clear that p̃ alone is insu�cient to predict (relative) transcriptional

activities. Experimental data from Raveh-Sadka et al. 7 .

function, from which p̃ can be calculated numerically according to Equation (6.4). To
show that the indirect interaction between neighbouring transcription factors survives
in a potential energy landscape, we compare p̃ as a function of distance from a hard
boundary, for the zero-ûeld and for an energy landscape based on a random sequence
of DNA, in Figure 6.6(a). For the calculation we used the ûtted values of the two free
parameters in ref 55, for an in vivo system. We see that the random DNA result roughly
follows the zero-ûeld result up until the secondminimum at most. Further away from
the boundary, the behaviour is dominated by the DNA sequence.

We calculated p̃ for the Gcn4p sites on the constructs used by Raveh-Sadka et al. 7 ,
using the model and parameters of Van der Heijden et al. 55 As before, we take the
binding of Gcn4p as a proxy for the transcriptional activity, for which the binding
isotherm can be written as

θA =
λAxA p̃

1 + λAxA p̃
. (6.9)

In the limit of high Gcn4p fugacity (λAxA p̃ ≫ 1), the binding site will tend to saturate,
negating the eòect of the nucleosomes. In the other limit of λAxA p̃ ≪ 1, θ is proportional
to p̃ and transcriptional activity is comparatively low. For the constructs shown earlier
in Figure 6.5 Raveh-Sadka et al. 7 measured a low transcriptional activity in comparison
to themajority of the constructs tested in that work. As such, a linear proportionality is
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expected between themeasured transcriptional activity of these constructs and their
corresponding p̃. _is proportionality is weakly visible, as we show in Figure 6.6(b).
Here the dotted line is a linear ût through the origin.

It is clear that themodel is unable to quantitatively parametrise themeasured tran-
scriptional activity to within the experimental error. _e equilibrium occupancy alone
does not translate directly to the availability of transcription factor binding sites, at
least on the timescale of transcription initiation. At the same time, the upward trend
predicted qualitatively by themodel is visible. A regime appears to be present where the
equilibrium behaviour of nucleosomes is at least qualitatively visible in the expression
of genes, even though the separation of timescales is not met. In the constructs shown
in Figures 6.5 and 6.6(b), the transcriptional activity falls on the lower end of the scale
with respect to the other constructs that were tested in ref 7. As such, the conûgurational
states that lead to transcription may have insuõcient statistical weight to signiûcantly
perturb a nucleosome distribution that is already close to its equilibrium distribution.

Moreover, the timescales at which active chromatin remodelling mechanisms act 37

hint at the existence of a fast-established steady-state that is aòected by the sequence
speciûc histone-DNA aõnity. Indications that such a steady-state exists can be found in
the extremely narrow variance in transcriptional activities that are visible independently
in the experiments of Raveh-Sadka et al. 7 Such amechanism provides hope that toy
models like the thermodynamic states-and-weights models described here will be able
to quantitatively predict fold-changes in transcription regulation in the presence of
nucleosomes, while simultaneously oòering the challenge of ûnding the steady-state
nucleosome distributions in the presence of chromatin remodellers.

6.5 Conclusion

With the inclusion of nucleosomes into amodel for transcription regulation, we run
into the limits of the applicability of equilibrium statistical mechanical models. _e
separation of timescales between the redistribution of transcription factors and the
process of transcription initiation — needed to assume chemical equilibrium — is
clearly not met where nucleosomes are concerned. With their strong binding aõnities
and slow sliding kinetics, nucleosomes exist far from equilibrium on the timescales at
which the RNAP open complex forms, exacerbated by the action of active chromatin
remodelling proteins. Nevertheless, we show in this chapter that a thermodynamic
model can explain certain qualitative trends in the eòect of nucleosomes on transcription
regulation, even though agreement on a quantitative level isnot achieved. _is qualitative
agreement suggests a fast-established kinetic steady-statemay manifest itself, aòected
by the sequence-speciûc histone-DNA aõnity.
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Chapter 7

External consistency of thermodynamic models

for transcription initiation

Abstract
Thermodynamicmodels for transcriptional regulation have been shown to accurately predict

fold-changes in gene expression in several regulatory scenarios. While impressive, these pre-

dictions have so far only been shown to be internally consistent, leaving it an open question

whether the thermodynamic quantities that de�ne themodels can be independently veri�ed.

In particular, thermodynamic models depend on free energy di�erences between binding of

transcription factors (TFs) to speci�c operator sites versus non-speci�c DNA. Here we de�ne

an e�ective binding energy for a reservoir of non-speci�c binding sites, and show that the

�tted binding energies of the LacI repressor in vivo indeed agree with in vitro measured

binding constants. Tomake this comparison we adjust in vitro LacI binding constants to phys-

iological conditions, using previously determined relations with pH, temperature and salt

concentrations. Our results strongly suggest that thermodynamic models of transcriptional

regulation should be viewed notmerely asmathematical tool, but an informative physical

representation of underlying TF-DNA interactions.

This chapter is based on J. Landman, R.N. Georgiev, M. Rydenfelt and W. K. Kegel, “External

consistency of thermodynamic models for transcription regulation”, submitted.
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7 | External consistency of thermodynamic models

“All your questions can be answered, if that is
what you want. But once you learn your answers,
you can never unlearn them.”

Neil Gaiman—American Gods

7.1 Introduction

_ermodynamicmodels have been used successfully to quantitatively predict the tran-
scriptional activity of genes in the presence of transcription factors. 1–17 Behindmany of
thesemodels is the assumption that the transcription rate of a gene is proportional to
the probability that its promoter region is occupied by RNA polymerase (RNAP), an
assumption which is justiûed when the formation of the RNAP open complex on the
promoter site of a gene is slow in comparison to the binding and unbinding kinetics of
transcription factors over the genome. 18–21 Under these assumptions, equilibrium statis-
tical mechanics is used to calculate the RNAP occupancy. _e assumptions needed to
treat transcription regulation as a quasi-equilibrium process are subtle (see e.g. ref 22,23),
and there exists a corresponding class of kineticmodels, which do not require as many
assumptions, at the cost of requiring more parameters. 24–30

In many cases it has been shown that thermodynamicmodels are internally consis-
tent, 15,16,31,32 but an independent veriûcation of the quantities in themodels, without
ûtting parameters, is missing. While internal consistency is a strong argument for the
plausibility of a model, it does not provide a true veriûcation that the model re�ects
the actual mechanism. It is far more likely that a model is grounded in reality when
quantities have been veriûed by independent experiments, such as the determination of
Avogadro’s number 33, or the independent veriûcation ofmany quantities in the standard
model of particle physics. 34

An important quantity in thermodynamic models is the binding free energy of
transcription factors to speciûc binding sites at or near the promoter of a gene. As
a rule, interactions between themolecular building blocks of living cells are strongly
in�uenced by their surroundings. 35 For this reason, in order to determine the strength
of a biological interaction, experiments in vivo would be preferred if they were available.
However, in vivomeasurements are limited to few well-designed experiments and not all
parameters are accessible with current experimental methods. _ermodynamicmodels
can be used to ût the binding energy of transcription factors to their DNA sites from in
vivo experiments, which yield values that are internally consistent.9,13,15,16,31,36 We aim
to test the thermodynamicmodels beyond internal consistency by comparing the free
energy of binding, ûtted by themodels, to independent in vitro experiments.

Direct comparison between in vivo and in vitro binding free energies is not a-priori
straightforward because of the presence ofmany diòerent cellular components, as well as
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diòerences in pH, salt concentrations, and temperature. _ese diòerences are expected to
signiûcantly aòect the aõnity of transcription factors for their targets onDNA. However,
the transcription factors that we consider have a very high aõnity forDNA, even outside
of their speciûc binding sites. 37,38 Consequently, these transcription factors are hardly
ever found in solution and are overwhelmingly more likely to be bound to non-speciûc
DNA. As such, the relevant reference state of the transcription factors considered here
is not the solution state, but rather the situation where the transcription factor is bound
to non-speciûc sequences on DNA. As a consequence, the in�uence of the crowded
cell environment is expected to cancel: the diòerence in binding free energy between
transcription factor bound to a speciûc (operator) site and to a non-speciûc site is
determined only by the DNA sequence.

Since the binding aõnity of a transcription factor depends both on Coulomb inter-
actions and on sequence speciûc interactions such as hydrogen bonding, 39–41 and is
therefore dependent on the nucleotide sequence, 12,42,43 there is no single binding free
energy for that transcription factor to non-speciûc DNA. Rather, there is a distribution
of binding free energies. In this article, we will show that a single eòective binding
free energy exists even for a distribution of binding sites, inspired by previous work by
von Hippel and Berg 44 and Gerland et al. 45 on this topic. _e eòective binding free
energy is related to the equilibrium constant in the usual way, and can bemeasured in
vitro. We choose to focus on the binding of the lac repressor LacI of Escherichia coli, a
well-studiedmodel architecture with expected general applicability. We calculate the in
vitro diòerence in binding energy between speciûc and non-speciûc DNA of LacI from
many experiments reported in literature. We ûnd that the ûtted energy diòerences from
in vivo experiments using thermodynamic models closely match the independently
measured in vitro binding free energy diòerences.

7.2 Theory

We will use the formalism of the grand canonical ensemble, a natural ensemble to work
in when dealing with multi-chemical binding. We take the binding of transcription
factors to DNA as uncorrelated, similar to Weinert et al. 31 .

_e observed (in vitro) binding constant of a protein binding to a DNA site is directly
related to the binding free energy between these objects. We consider a protein P that
binds to DNA sites D in the following equilibrium:

D + P
K

DP, (7.1)

with a binding constant

K =
[DP]
[D][P]

=
θ

1 − θ
1

[P]
, (7.2)
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where θ is the fraction of DNA sites occupied by P. _e free concentration [P] is related
to the chemical potential of P, µ, through the well-known relation (see e.g. ref46)

µ = µ0
+ kBT log xP . (7.3)

Here, xP is themole fraction of P, which for dilute solutions is related to [P] by

[P] = nP

V
=

1
υw

nP

nw
≃
xP

υw
, (nw ≫ nP) (7.4)

with υw the molecular volume of water. _e implied volume scaling will later drop
out and will not aòect the ûnal result, as we will eventually compare ratios of binding
constants.

Identical DNA binding sites If the protein P can bind (either in vivo or in vitro) to a
speciûc site ‘s’, we write down the grand canonical partition function of that site as

Ξ =
1

∑
p=0

λpZ(p) = 1 + λe−βєs , (7.5)

with λ = eβµ the fugacity of a protein P that can adsorb to the lattice site, β = (kBT)−1, p
the occupancy of the site, and Z(p) the relevant part of the canonical partition function.
_e ûrst term corresponds to the statewhere the DNA binding site is free and is therefore
given the weight 1. _e second term corresponds to a state that has a singlemolecule of
P adsorbed to the binding site. _e relevant part of the canonical partition function for
the occupied state is the Boltzmann exponent exp(−βєs), of the binding (free) energy
єs of the protein P to the (speciûc) binding site ‘s’. A system of N independent copies of
this binding site has a grand canonical partition function of ΞN = ΞN . We can obtain
the occupancy θ from the partition function by taking the partial derivativewith respect
to λ. It follows that the occupancy θs is given by the Langmuir isotherm

θs =
1
N

λ
ΞN

(
∂ΞN

∂λ
) =

λe−βєs
1 + λe−βєs

. (7.6)

Using this adsorption isotherm and the relation between chemical potential and
protein concentration in Equation (7.3), we can express the binding constant Ks in
Equation (7.2) as

Ks = υwe−β(єs−µ0) . (7.7)

_e binding constant re�ects the equilibrium between the protein P bound to its speciûc
site on the DNA and P in solution.

Distribution of binding sites _e binding aõnity of proteins P to non-speciûc DNA
varies with the sequence of the DNA. We consider a system of (non-speciûc) DNA
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binding sites with a distribution in the binding free energy of P. _e grand canonical
partition function of adsorption onto a distribution of Nns binding sites is given by

Ξns =
M

∏
i=1

(1 + λe−βє i)
N i , (7.8)

where λ = eβµ is again the fugacity of transcription factor, and N i is the number
of (independent) binding sites with binding free energy є i . Furthermore, ∑M

i=1 N i =

Nns. If we take the logarithm of this expression, and explicitly isolate the factor Nns,
the resulting sum∑M

i=1 N i/Nns log (1 + exp(−βє i)) can be interpreted as an ensemble
average. Consequently, we can write

log Ξns = Nns ⟨log (1 + λe−βє)⟩ . (7.9)

When the distribution is suõciently narrow, around σ ≤ 2 kBT for biological relevant
parameters (see e.g. Slutsky and Mirny 47 , Marklund et al. 48 ), we can approximate
Equation (7.9) with

log Ξns ≃ Nns log (1 + λ ⟨e−βє⟩) . (7.10)

_is approximation also makes the factor that needs to be averaged independent of
transcription factor fugacity. _e average ⟨exp(−βє)⟩ can be expanded into the series

⟨e−βє⟩ = ⟨
∞
∑
n=0

(−βє)n

n!
⟩ =

∞
∑
n=0

(−β)n ⟨єn⟩
n!

= Mє(−β), (7.11)

where ⟨єn⟩ is the n-th raw moment of the distribution. _is series is known as the
moment-generating function of the distribution, Mє(−β). It is convenient to introduce
the cumulant-generating function Kє(−β) = logMє(−β). _e cumulant-generating
function can also be expressed as a series expansion,49

Kє(−β) =
∞
∑
n=1

κn
(−β)n

n!
= −β⟨є⟩ + β

2σ 2

2
−
β3γ1σ 3

6
+⋯ , (7.12)

where κn is the n-th cumulant of the distribution. _e advantage of using the cumulant-
generating function is that cumulants are directly related to observable quantities of
the distribution, such as themean (⟨є⟩), variance (σ 2) and skewness (γ1). If we express
Equation (7.10) in terms of the cumulant-generating function, we obtain

Ξns ≃ [1 + λ exp(−β⟨є⟩ + β
2σ 2

2
−
β3γ1σ 3

6
+⋯)]

Nns

, (7.13)

where we have also taken the exponent of both sides. We can deûne an eòective energy
as the sum of cumulants in the expansion

єeff ≡ ⟨є⟩ − βσ
2

2
+
β2γ1σ 3

6
−⋯ (7.14)
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so that the expression for the partition function in Equation (7.13) becomes

Ξns ≃ (1 + λe−βєeff)
Nns . (7.15)

_e resulting partition function for a system with a distribution of binding sites is
isomorphic to the partition function of a system with identical sites with a binding free
energy equal to єeff. _e eòective free energy is smaller than the mean binding free
energy of the distribution, since at ûnite temperatures the transcription factors favour
binding at the lower energy sites.

_e eòective energy greatly simpliûes the adsorption isotherm corresponding to
that system. _e properties of the distributions are essentially condensed into a single
parameter. Since in general we do not know the energy distribution of binding sites, the
eòective energy is a very useful quantity that implicitly carries the information of the
distribution.

We can calculate the occupancy of the non-speciûc sites, θns, from the grand canon-
ical partition function using Equation (7.6),

θns =
1

Nns

λ
Ξns

(
∂Ξns

∂λ
) =

λe−βєeff
1 + λe−βєeff

(7.16)

With this adsorption isotherm, combined with the expression for the binding constant
in Equation (7.2), we write down the non-speciûc equilibrium constant Kns

Kns ≃ υwe−β(єeff−µ0) , (7.17)

and we ûnd an expression very similar to Equation (7.7).
By deûning the eòective energy,we have a reference point for the binding free energy

of transcription factors to non-speciûc DNA, which is less sensitive to oòsets in free
energy due to the presence of other solutes, and which can be used even when the
distribution of binding free energies is unknown. Moreover, the diòerence between the
speciûc binding free energy єs and the eòective binding free energy of transcription
factors to non-speciûc DNA can immediately be compared to the experiments from the
ratio of the observed binding constants

Ks

Kns
= e−β(єs−єeff) . (7.18)

Replacing the average of the logarithm with the logarithm of the average In Equa-
tion (7.10) we replaced the average of a logarithm with the logarithm of the average. In
ûrst order approximation this can be seen to be equal by taking the Taylor expansion
up to the ûrst order, for small values of λe−βє . To see when this approximation breaks
down, we calculate the relative magnitude of the approximated transcription factor,
⟨log(1 + λ⟨e−βє⟩)/ log(1 + λe−βє)⟩, for a number of (normal) binding distributions of
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Figure 7.1 Magnitudeof theapproximatedpartition function relative to theactualparti-
tion function, for awide range of transcription factor fugacities, as a function of the standard

deviation in binding free energy. For this calculation we assumed that the binding free

energies are normally distributed.

diòerent standard deviation σ , and for a wide range of transcription factor fugacities.
We plot the result in Figure 7.1, where we can see that for distributions with a standard
deviation up to 2 kBT , the approximated partition function is very close to the actual
partition function, even for very high transcription factor fugacities. _e approximation
breaks down when the standard deviation is 3 kBT or higher. _e extent of the deviation
in that regime is dependent on the fugacity, indicating that for DNA with such a large
potential landscape roughness there is no single eòective binding (free) energy that is
valid for all relevant transcription factor fugacities.

7.3 Results & Discussion

We obtained from literature the experimental binding constants from in vitro binding
assays of the wildtype repressor transcription factor LacI (wildtype E. coli), to the
operator sequencesO1,O2,O3, the symmetrical operatorOid, and to non-speciûc DNA.
Comparison of data obtained over a timespan of three decades and at many diòerent
conditions is not straightforward. We applied a number of corrections to the data in
order to compare binding constants at the same ionic strength and pH. _is section
describes the corrections performed on the original data. We have not considered results
obtained on constructs with large �anking sequences or sequences that includemore
than one operator fragment, which can not be compared directly.

_e binding constant of LacI to DNA is governed amongst others by Coulomb
interactions with the charged DNA backbone. _ese interactions are strongly dependent
on the extent to which the charges are screened by the salt ions in solution. Many
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papers have shown that in the range of salt concentrations around the physiological
salt concentration, the logarithm of the association constant scales linearly with the
logarithm of the salt concentration see e.g. 50. We have assumed that the slope of
this linear relation is independent on pH, temperature and the ionic species used.
Consequently, these eòects cause an independent oòset to the relation. We have gathered
the experimentally determined association constants that are available in the existing
literature, and determined the slope of the scaling relation, as well as the intercept at 1 m.
_ese values are presented in Table 7.1. Some papers only show the association constant
at a single salt concentration. For those papers we have used the slope reported in other
works that have a comparablemethod of determination. In those cases we have also
shown the salt concentration at which the association constant was measured.

We report the recalculated binding constants at a salt concentration of 200 mm of
NaCl, at a pH of 7.5 and at room temperature. For binding to non-regulatory DNA, a
diòerent pH was found to cause an oòset ∆(pH) of−2.07 per unit of pH to the logarithm
of the intercept 51 (see Figure 7.2). _is was found to be diòerent for LacI binding to
operator DNA. Barkley et al. 40 found an oòset ∆(pH) of −0.9 per unit of pH to the
logarithm of the intercept. In the same paper, it was found that changing the salt from
NaCl to KCl causes a factor 1.4 increase to the binding constant. To correct for this
eòect, we have introduced an oòset ∆(KCl) of − log 1.4 to the logarithm of the intercept
for all measurements that use KCl.

Finally, DeHaseth et al. 52 measured the binding constant of LacI to non-regulatory
DNA at diòerent temperatures (see Figure 7.3). From ûtting a linear relation through
thesemeasurements, we found that an oòset ∆(T)to the logarithm of the intercept of
−0.029 per degree needs to be taken into account. For LacI binding to operator DNA
we found no such relation. An oòset ∆(T) of −0.25 was applied to themeasurement of
Schlax et al. 53 , following the work ofMoraitis et al. 54 , while the other measurements,
obtained around room temperature, were le� uncorrected.

In Table 7.1 we show the obtained slope (d logK/d log c) and intercept (logK1 m)
of the logarithm of the binding constant (when binding constants were obtained at
multiple salt concentrations, see Figure 7.4) or the reported binding constant Krep and
corresponding salt concentration at which the binding constant was reported (crep). _e
table also shows the numerical corrections to the intercept, according to themethod
described above, which lead to the reported corrected binding constants in this paper.
_e ûnal binding constant is calculated as follows

logK = logKrep + log(200mm
crep

) ×
d logK
d log c

+ ∆(pH) + ∆(T) + ∆(KCl). (7.19)

In all but one of the reported studies, wild-type LacI was used. A complicating
factor is that wild-type LacI can bind two DNA strands simultaneously. For as far
as we could ascertain, the obtained binding constants were recorded in experimental
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Figure 7.2 pH dependence of the binding constant of LacI to (a) operator and (b) non-
regulatory DNA. Data reproduced from Barkley et al. 40 , DeHaseth et al. 51

conditions where the probability ofmultiple binding (both multiple DNA strands to
a single LacI andmultiple LacI per DNA strand) is negligible (see e.g. 55). In the work
of Romanuka et al. 56 amodiûed LacI dimer headgroup was prepared without the rest
of the wild type protein. Its binding properties can therefore not be directly compared
to the other studies. However, the ratio in binding aõnity between diòerent operator
sites re�ects only the diòerences in direct interaction between these sites. _e extra
binding conformations that are possible for wild-type (tetrameric) LacI contribute a
constant factor to the binding free energy, independent of the substrate, which cancels
out when considering binding constant ratios. Consequently, the binding aõnity ratios
and the average of the O1 binding constant were used to calculate the eòective binding
constant in that study. _e only other independent determination of the O3 to LacI
binding aõnity was not reliable enough to provide anything more than an upper bound.

In the work of Garcia and Phillips 13 LacI binding energies were ût to in vivo mea-
surements of E. coli under minimal growth conditions, using a thermodynamicmodel.
We show the values they report in Table 7.2, together with in vitro data calculated from
the ratio of the binding constants according to Equation (7.18). Figure 7.5 (blue) shows
a graphic representation of these results. Especially for the stronger binding operator
sites, the correspondence between in vivo and in vitro data is convincing, within 1 kBT .
For the weaker binding O3 operator there is a larger mismatch between in vivo and in
vitro data. _is is likely a re�ection of the scarcity of data published on the auxiliary
operator, combined with a large uncertainty in determining low aõnity binding. 56,62

An important point to address here is the in�uence of the available number of
non-speciûc sites in vivo. In the analysis of the in vivo measurements by Garcia and
Phillips 13 it is assumed that the whole bacterial genome is (immediately) available for
the transcription factors. However, nucleoid associated proteins and supercoiling of the
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Figure 7.3 Temperature dependence of the binding constant of LacI to non-regulatory
DNA. Data reproduced from DeHaseth et al. 51

Table 7.2 Comparison between in vitro and in vivo binding free energies of LacI to operator

sequences O1, O2, O3 and Oid, o�set by the binding free energy to non-speci�c DNA. The in

vivo binding a�nities were obtained byGarcia and Phillips 13 (row 2) and Vilar and Saiz 15 (row

3 and 4). Row 3 lists the binding free energies reported by Vilar & Saiz, which were rescaled

to the size of the non-speci�c genome in row 4.

∆є/kBT Oid O1 O2 O3

in vitro −16.9 −14.8 −14.7 −7.5
Garcia 2011 −17.0 −15.3 −13.9 −9.7
Vilar 2013 −20.8 −18.5 −15.0
Vilar 2013, rescaled −15.9 −13.6 −10.1

genome are expected to in�uence the eòective number of non-speciûc sites. Fixing the
number of non-speciûc sites in amodel will in�uence the eòective binding free energy
as extracted from experiments. Garcia and Phillips 13 ût fold-change data for a given
number of repressor molecules to the (canonical) expression for the fold-change of a
gene regulated by a simple repressor: 3,7

fold-change = 1
1 + R

Nns
exp(−β∆єs)

, (7.20)

with R the number of repressor molecules and Nns the total number of basepairs in
a cell. Now let’s deûne N∗

ns ≤ Nns as the the number of non-speciûc sites accessible
for transcription factors, and not supercoiled or otherwise compacted by nucleoid-
associated proteins. Taking into account an eòective number of available sites implies
we have to replace Nns by N∗

ns in Equation (7.20). Not taking the eòect into account
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Figure 7.4 Salt concentration [s] dependence of the binding constant of LacI to (a) non-
regulatory DNA, (b) to O1, (c) to Oid and (d) to O2 DNA. Solid lines are linear �ts to the data.
Data reproduced from DeHaseth et al. 51 ,52 , O’Gorman et al. 55 , Whitson et al. 57 , Winter and

von Hippel 62 , Ha et al. 63 , Frank et al. 64 , Tsodikov et al. 65 , Revzin and von Hippel 66 , Lohman

et al. 67

leads to an error in the binding free energy δєs of

δєs = −kBT log N∗
ns

Nns
, (7.21)

where N∗
ns/Nns denotes the fraction of available sites. When the eòective number of

available sites is within a factor of two to three lower than the total number of sites,
the error does not exceed the uncertainty range of the in vitro binding free energies. A
diòerence in availability of a full order ofmagnitude should be noticeable as a reduction
of the binding free energy of approximately 2 kBT . _is is relevant as DNA is usually
signiûcantly compacted, 35,38 and transcription factor binding to compacted DNAmay
be inhibited.68
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Figure 7.5 Comparison of in vivo and in vitro determinations of the binding free energy
of the operator sites of the lac operon. The in vivo datawas taken fromGarcia and Phillips 13

(blue points) and Vilar and Saiz 15 (green points, recalculated according to Equation (7.23)).

The dotted line denotes the line x = y. Data is displayed asmean ± SEM.

Vilar and Saiz 15 also report binding energies, based on ûts to the experiments of
Oehler et al. 69 ,70 , but in contrast to the work of Garcia and Phillips 13 , their model
assumes that LacI is present in solution when not bound to its cognate site. Consequently,
the binding free energies reported in their work diòer signiûcantly from both the binding
free energies of Garcia and Phillips 13 and the in vitro experiments (see Table 7.2, row 3).
Vilar and Saiz 15 use the experimentally determined relation that onemolecule per cell
corresponds to a cellular concentration of 1.5 nm, to express the number of repressor
molecules in the cell given by Oehler et al. 69 ,70 into units of concentration. _ey then
use a similar expression to determine the binding free energy as Equation (7.20),

fold-change = 1
1 + [R] exp(−β∆єs)

, see 15 eq. 11 (7.22)

with the factor [R] the concentration of LacI, divided implicitly by a reference concen-
tration of 1 m, replacing R/Nns in Equation (7.20). _is substitution essentially rescales
their result to a diòerent reference state, introducing a shi� in the binding free energy of

δєs = −kBT log R/Nns

[R]
= −kBT log 103NAvVcell

Nns
, (7.23)

with Vcell the cell volume and Nav Avogadro’s number. _e factor 103 follows from
converting the units of the reported dissociation constant from m to molm−3. Vilar &
Saiz use the relation that 1.5 nm corresponds to onemolecule per cell, ûxing the size of
the cell at Vcell = (NAv × 1.5nm/molecule)−1

= 1.1 µm3.
In Table 7.2 (row 4) and in Figure 7.5 (green) we show the binding free energy of

the operator sites of the lac operon, a�er recalculation to the size of the non-speciûc
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genome. Contrary to the originally reported quantities, we see that there is a convincing
match between the data from Vilar and Saiz 15 and Garcia and Phillips 13 , and the in
vitro data. _is provides additional evidence that it is the non-speciûc genome that acts
as the relevant reference state for LacI.

Assumptions behind thermodynamic models _e assumptions that lie behind the ap-
plication of thermodynamicmodels are subtle. _emain assumption is that there is a
separation of timescales so that the binding of transcription factors can be viewed as a
quasi-equilibrium process. In the case of LacI binding, this separation of timescales is
met. Using the eòective diòusion constant of LacI measured in Elf et al. 22 , one deduces
that a LacI molecule can explore the full length of an E. coli cell in a few seconds. _is is
signiûcantly faster than the production rate of LacI which, averaged over the cell cycle,
corresponds to around 0.3 per minute.

Some experimental papers question the assumptions underlying the use of a ther-
modynamic model for the speciûc case of LacI binding. For example, in the paper
of Sanchez et al. 23 it is shown that the LacI repressor need not block transcription
through steric hindrance, but also through blocking of open complex formation. From
the perspective of the statistical mechanical model these two modes of repression are
equivalent: transcription only occurs when RNAP is bound to an empty promoter.
Many of the processes involved in open complex formation and promoter escape are
inherently non-equilibrium processes, however, since thermodynamicmodels predict
gene expression up to a constant of proportionality (k) these kinetic steps can o�en be
lumped into k. For themodel to be successful, however, k should be independent of
the number of transcription factors. In Garcia and Phillips 13 and Brewster et al. 16 , the
statistical mechanical model of repression for the lacUV5 promoter is shown to hold
over three decades of repressor copy number, for all operator sites used in our analysis.
_is provides strong evidence that the statistical mechanical model accurately describes
our system.

In the paper ofHammar et al. 71 , they show that for one data point (i.e. one repressor
concentration), there is a 40 % discrepancy between repression as measured by repressor
occupancy and gene expression. _is discrepancy is, by biology standards, rather small
and would not be noticed in the (log-log) titration curves of Brewster et al. 16 , where
they measure expression at 10 diòerent concentrations. _e reported discrepancy in
Hammar et al. 71 is still intriguing, and invites further investigation.

7.4 Conclusion

In this work, we have provided a conûrmation of the validity of thermodynamicmodels
for gene regulation beyond internal consistency by comparing the binding free energy
of transcription factors to independent in vitro experiments. Agreement between in
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vivo and in vitro is quantitative within the error range of the experiments. _e power
of thermodynamic models for transcription regulation has already been extensively
demonstrated in the existing literature, and our work provides a strong case that the
quantity that governs transcriptional activity is indeed a true equilibrium binding free
energy, and not an eòective kinetic parameter. _is supports the underlying physical
picture that equilibrium binding is themechanism of transcription factor action.

_is result not only provides signiûcant additional plausibility for thermodynamic
models of gene regulation, but also points to a large fraction (being more than roughly
one-third of the total genome size) of thenon-speciûc part of the genome being accessible
for transcription factors.
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AppendixA

Transcription factor coupling

A.1 RNAP fugacity

When calculating the fold-change we have thus far implicitly assumed that the RNAP
fugacity does not change upon addition of transcription factors. _is is not necessarily
the case. To illustrate this, we will explicitly calculate the fugacity of RNAP in the
presence (λP) and absence (λ0P) of transcription factors. We write

P = NθP(λP , λR) + Nnsθns
P (λP , λR), (A.1)

In the case of simple repression, the average occupation numbers can be found as

θP(λP , λR) =
λPxP

1 + λPxP + λRxR
≃

λPxP

1 + λRxR
,

θns
P (λP , λR) =

λP

1 + λP
≃ λP .

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎭

(A.2)

Isolating λP from Equation (A.1), we obtain

λP =
P

N
1+λRxR

xP + Nns
, (≃

P
Nns

)

λ0P =
P

NxP + Nns
. (≃

P
Nns

)

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎭

(A.3)

We write down the fraction λP/λ0P as a series expansion.

λP

λ0P
≃ 1 + NxP

Nns
θR − (

NxP

Nns
)

2 θ2
R

λRxR
+⋯ (A.4)

Since θR ≤ 1, we see that λP/λ0P becomes unity as long as NxP/Nns ≪ 1. Typically,
the number of non-speciûc sites is overwhelmingly large. In E. coli, Nns is of the order
5 × 106 and єP ∼ −2.9kBT . _is means that decoupling is justiûed for even large gene
copy numbers, provided that N ≪ 3 × 105. Similarly, in activation architectures, we can
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A | Transcription factor coupling

write down a similar argument to show that the decoupling remains valid there. _e
RNAP fugacity in the case of simple activation becomes

λP =
P

N (1+λAxAxAP)
1+λAxA

xP + Nns

, (activation) (A.5)

which leads to the following series expansion

λP

λ0P
=

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

1 + NxP

Nns
θA(1 − xAP)

− (
NxP

Nns
)

2

θA(1 − xAP)
1 + λAxAxAP

1 + λAxA
+⋯

(A.6)

_is means that decoupling the RNAP fugacity is justiûed when NxP ≪ Nns and
NxPθA(1 − xAP) ≪ Nns. Since usually the number of non-speciûc sites in the genome
of a cell is overwhelmingly large, the approximation is nearly always justiûed. In E. coli,
this is the case when N ≪ 2 × 103.

A.2 Interactions in the non-speci�c reservoir

_e possibility remains that transcription factors and RNAP can interact with each other
when both are bound to non-speciûc sites on the DNA. _ese interactions have thus far
not been taken into account, since the local concentration of RNAP and transcription
factor is low, due to the large number of non-speciûc sites. Here we will show how to
include these interactions explicitly, and in which circumstances it is justiûed to neglect
them.

We consider a single isolated non-speciûc site in a grand-canonical ensemble. _e
binding energies of RNAP and transcription factor are set to 0 as before. _e grand-
canonical partition function is then given by

Ξns = 1 + λP + λA + λPλAxAP , (A.7)

where we have λP , λA the fugacities of RNAP and activator respectively, and xAP =

exp(−βєAP) the gluelike interaction between RNAP and activator when both bound
adjacent to each other. Note that, since the binding mode of transcription factors to
non-speciûc DNAmay be diòerent to the binding mode to speciûc sites, conformational
changes in the protein may also cause xAP to be diòerent from the activator-RNAP
interaction on speciûc sites.

We calculate the occupation number of RNAP and activator on non-speciûc sites.
For activators, this becomes

θns
A =

λA(1 + λPxAP)

1 + λP + λA + λPλAxAP
≃ λA(1 + λPxAP), (λP , λA ≪ 1) (A.8)
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A.3 | Activator and repressor fugacity in the lac operon

When deriving eq. (29), we assumed that λPxPxAP ≪ 1. Since the binding energy
of RNAP to speciûc sites is more favourable than to non-speciûc sites, xP > 1, the
assumption λPxAP ≪ 1 is already taken care of (provided xAP is not signiûcantly diòerent
on non-speciûc sites than on speciûc sites). In that case, we have θns

A = λA as before.
For RNAP, the occupation number becomes

θns
P =

λP(1 + λAxAP)

1 + λA + λP + λPλAxAP
≃ λP(1 + λAxAP), (λP , λA ≪ 1) (A.9)

In this situation, Equation (A.5) becomes

λP =
P

N (1+λAxAxAP)
1+λAxA

xP + Nns(1 + λAxAP)
, (activation) (A.10)

_e zeroth order term in the series expansion of λP/λ0P, Equation (A.6), now does not
become unity, rather, it becomes (1+λAxAP)

−1. Usually, λA ≪ 1, but on speciûc sites, єAP

can be as high as −5kBT , leading to xAP ∼ 200. In the situation that λA is comparatively
high on the order of ∼ 10−3,which is the casewhen thousands of activators are present in
the cell, we can not make the assumption λAxAP ≪ 1 anymore and we have to explicitly
take into account that λP/λ0P ≃ (1 + λAxAP)

−1.

A.3 Activator and repressor fugacity in the lac operon

Figure 4.2 shows that the fugacities of repressor and activator do not noticably change
when the other transcription factor is present. However, there is a small eòect, the
magnitude of which depends on the number of transcription factors and competing
binding sites. Here we explicitly plot ∣λA/λ0A − 1∣ for activators in the presence of a given
number of repressors (Figure A.1(a)). For repressors, we plot ∣λR/λ0R − 1∣ in the presence
of a given number of activators (Figure A.1(b)). When the quantity ∣λ/λ0 − 1∣ drops,
the unperturbed transcription factor fugacity becomes asymptotically equal to the real
fugacity of the transcription factor in the presence of the other transcription factor. As
can be seen from Figure A.1, for low copy number of transcription factor, there are
certain regimes where the unperturbed fugacity deviates from the real fugacity. For
activators, this eòect is stronger, especially when there are no competing CRP binding
sites available. _is suggests that the easiest way to decouple the activator and repressor
fugacity is by making the assumption that λP ≈ λ0P, where λ0P is the fugacity of repressor
in the absence of any activators (blue curve in Figure 4.2(b)), and calculating λA as a
function of λ0R. _is is themethod we have adopted in this work.

Alternatively, since the change in fugacity of either kind of transcription factor
varies only very weakly with the fugacity of the other transcription factor, one could
calculate λ0P and λ0A as an initial guess, with which the other transcription factor fugacity
could be calculated. An extension of this would be to set up an iterative, self-consistent
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FigureA.1 Deviationof theunperturbed transcription factor fugacity from the real tran-
scription factor fugacity in the lac operon. (a) Relative deviation of the unperturbed acti-

vator fugacity λ0
A from the real activator fugacity λA as a function of repressor fugacity. (b)

Relative deviation of the unperturbed repressor fugacity λ0
R from the real repressor fugacity

λR as a function of activator fugacity. Especially the unperturbed activator fugacity may

deviate signi�cantly from the real activator fugacity when the total number of activators is

low.

approach where calculation of activator fugacity could be used to reûne the calculation
of the repressor fugacity, which in turn could be used for further reûnement until
self-consistent values for λA and λR were found.

A.4 Weak promoter limit

We have so far usually worked in the weak promoter limit, i.e. λPxP ≪ 1. Where the
regulatory architecture leads to activation, this assumption on its own is not enough to
make the fold-change independent of RNAP fugacity. For that reason, we have invoked
the assumption that λPxP ≪ Σ0/ΣP, with Σ0 , ΣP deûned above, where, conveniently
enough, it proves to be the case that this fraction is equal to 1/fold-change, provided
that wemay actually make this assumption. _e fold-change calculated thus provides
us with a convenient tool to check a posteriori whether this assumption is justiûed.

A typical binding energy of RNAP to a promoter is єP ∼ −2.9kBT (E. coli RNAP
to lac promoter). In E. coli, there are typically ∼ 1000 RNAP molecules in a single
cell, leading to an RNAP fugacity of λP ≈ P/Nns ∼ 10−4. _is means that typically,
λPxP ∼ 2 × 10−3. In order for the assumption to hold, we need to have ΣP/Σ0 ≪ 5 × 102.
If not, then the assumption breaks down and the RNAP fugacity needs to be calculated
explicitly in order to calculate an accurate fold-change.
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In Figure 4.4 is plotted the fold-change of the E. coli lac operon as a function of
the total number of CRP (activators) and lac repressors. We see that the fold-change
never exceeds 102, even for very high number of activators. _e activator binding sites
are essentially saturated with activators. In this regime, ΣP/Σ0 remains lower than
5 × 102, although it does come close. _is situation, however, only occurs when close to
no repressors are present in the cell. When just over a single repressor is present, the
fold-change drops dramatically to well below 1. In those circumstances, the assumption
that λPxP ≪ Σ0/ΣP is already taken care of by the weak promoter limit.
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AppendixB

Gene regulation across ensembles

_is appendix is to show the relation between the canonical and grand-canonical
probability of ûnding RNAP bound to the promoter, and to show in which conditions
the two are equivalent. We will derive an expression for the occupation number of
RNAP bound to the promoter site of a gene in the two ensembles and show that the two
expressions have the same form. _e fugacity will play the role of an eòective available
concentration in the grand-canonical ensemble, while the same role in the canonical
ensemble will be played by a factor derived from combinatorial arguments, yet still
behaving as an eòective available concentration. Moreover, we will show that the two
are asymptotically equal to each other in the thermodynamic limit, showing that in
those circumstances the two ensembles become equivalent.

B.1 Canonical ensemble

We start in the canonical ensemble, where we consider a single gene that can bind
RNAP (of which there are P molecules in the cell), and a number of transcription
factors A, B, . . . of copy number A, B, . . . respectively. We set the eòective energy of
non-speciûc sites to 0 and consider only the binding energies ofRNAP and transcription
factors to their speciûc sites on the DNA, and interaction energies between speciûcally
bound RNAP and transcription factors.

We do not explicitly specify the number of operator sites a transcription factor
has on a speciûc gene, it can be 0, 1 or more. If a gene has more than one site for a
single transcription factor, then of course there aremultiple possibilities of binding the
transcription factors to these sites with the same occupation numbers. We therefore
deûne Z(p, a, b, . . . ) as the sum of the Boltzmann-factors exp(−βє i(p, a, b, . . . )) for
each adsorption state i that has p, a, b, . . . number of molecules of RNAP, A, B, . . .
bound speciûcally to the gene, respectively.

Z(p, a, b, . . . ) ≡∑
i
exp(−βє i(p, a, b, . . . )), (B.1)
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_e RNAP molecules and transcription factors that are not bound to a speciûc site are
distributed over the non-speciûc sites of the DNA. _e number of ways to distribute
thesemolecules over the non-speciûc DNA sites is given by themultinomial coeõcient

(
Nns

P,A, B, . . .
) =

Nns!
P!A!B!⋯(Nns − P − A− B −⋯ )!

. (B.2)

When a transcription factor binds to a speciûc site in the gene, it is removed from the
non-speciûc sites, so we remove it from themultinomial factor. For example, if a single
molecule of A binds to its speciûc site, the number of ways the remainder of RNAP and
transcription factor molecules can be distributed over the non-speciûc DNA is given by

(
Nns

P,A− 1, B, . . .
). (B.3)

_e total weight of the conûguration state that has a singlemolecule of A bound to the
gene is then given by the product of themultinomial factor and Z. _us,

Zstate(0, 1, 0, . . . ) = (
Nns

P,A− 1, B, . . .
)Z(0, 1, 0, . . . ). (B.4)

We are not interested in the internal degrees of freedom the diòerent species in the
system have — these do not change upon speciûc binding of RNAP or transcription
factors to the gene, and therefore only attribute a constant factor in the partition function
of the system. _e only conûgurational states that we are interested in, are those states
that diòer in the number of RNAP, A, B, . . . bound speciûcally to the gene. We ûnd the
total eòective partition function of the genome by summing Zstate over all these states
consistent with p, a, b, . . . number ofmolecules of RNAP, A, B, . . . bound speciûcally.

Ztot =
1

∑
p=0
∑
a
∑
b
⋯Zstate(p, a, b, . . . )

=
1

∑
p=0
∑
a
∑
b
⋯(

Nns

P − p,A− a, B − b, . . .
)Z(p, a, b, . . . ). (B.5)

It will turn out to be useful to isolate the occupation numbers p, a, b, . . . from the
multinomial factor, so that it becomes a constant that depends only on the total number
ofmolecules. We do this by considering the deûnition of themultinomial coeõcient
Equation (B.2)

(
Nns

P − p,A− a, B − b, . . .
) = (

Nns

P,A, B, . . .
)

(Nns − P − A− B −⋯ )!
(Nns − P + p − A+ a − B + b −⋯ )!

×
P!

(P − p)!
A!

(A− a)!
B!

(B − b)!
⋯ (B.6)

134



B.1 | Canonical ensemble

_e ûrst factor is now amultinomial coeõcient that is constant and depends only
on the total number of RNAP and transcription factors. _e second factor still depends
on the occupation numbers p, a, b, . . . , but when Nns is suõciently large, that is, when
Nns ≫ P − p + A− a + B − b +⋯ , we can apply the following approximation.

(Nns − P − A− B −⋯ )!
(Nns − P + p − A+ a − B + b −⋯ )!

≃ N−(p+a+b+⋯ )
ns . (B.7)

Substituting Equations (B.6) and (B.7) into Equation (B.5), we obtain

Ztot = (
Nns

P,A, B, . . .
)

1

∑
p=0
∑
a
∑
b
⋯

P!
(P − p)!N p

ns

A!
(A− a)!N a

ns

B!
(B − b)!Nb

ns
⋯Z(p, a, b, . . . ).

(B.8)
We have now removed themultinomial coeõcient from the sum and grouped all

factors that are related to RNAP, A, B, . . . . _is expression for the canonical partition
function shows us that the weight of a speciûc conûgurational state is given by the
Boltzmann weight of the energy of the state,multiplied by a corrective factor that takes
into account the redistribution of the remaining molecules on the DNA, and that this
corrective factor behaves as an eòective available concentration per speciûcally adsorbed
molecule. We will discuss this role later on.

To ûnd the occupation number of RNAP bound to the promoter site, we will explic-
itly write out the ûrst sum as

Ztot = (
Nns

P,A, B, . . .
)

⎡
⎢
⎢
⎢
⎢
⎣

∑
a
∑
b
⋯

A!
(A− a)!N a

ns

B!
(B − b)!Nb

ns
⋯Z(0, a, b, . . . )

+
P

Nns
∑
a
∑
b
⋯

A!
(A− a)!N a

ns

B!
(B − b)!Nb

ns
⋯Z(1, a, b, . . . )

⎤
⎥
⎥
⎥
⎥
⎦

. (B.9)

_e occupation number of RNAP being bound to the promoter can then be written
as

θP(P,A, B, . . . ) =

P
Nns
∑
a
∑
b
⋯

A!
(A− a)!N a

ns

B!
(B − b)!Nb

ns
⋯Z(1, a, b, . . . )

1

∑
p=0
∑
a
∑
b
⋯

P!
(P − p)!N p

ns

A!
(A− a)!N a

ns

B!
(B − b)!Nb

ns
⋯Z(p, a, b, . . . )

,

(B.10)

where themultinomial factor was a common factor in both the denominator and
enumerator, and cancels out. _is expression is themain canonical result, andwewill see
that the equivalent equation in the grand-canonical ensemble has an identical form. For
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now, we can continue along this path and derive a general expression for the canonical
fold-change. For this, it is easiest to introduce a shorthand

ΣcP ≡∑
a
∑
b
⋯

A!
(A− a)!N a

ns

B!
(B − b)!Nb

ns
⋯Z(1, a, b, . . . )/xP

Σc0 ≡∑
a
∑
b
⋯

A!
(A− a)!N a

ns

B!
(B − b)!Nb

ns
⋯Z(0, a, b, . . . ),

(B.11)

where xP = exp−βєP, and the superscript c denotes that this is the canonical result.
Using the shorthand, we can write

θP(P,A, B, . . . ) =

P
Nns

xPΣcP
P

Nns
xPΣcP + Σc0

. (B.12)

_e fold-change is equal to θP(P,A, B, . . . )/θP(P, 0, 0, . . . ). When A = B = ⋅ ⋅ ⋅ = 0,
we can see fromEquation (B.11) that ΣcP = Z(1, 0, 0, . . . )/xP = 1 andΣc0 = Z(0, 0, 0, . . . ) =
1. Consequently,

θP(P, 0, 0, . . . ) =

P
Nns

xP

1 + P
Nns

xP

≈
P

Nns
xP , (

P
Nns

xP ≪ 1) (B.13)

_e approximated expression is valid in the weak promoter limit. _e fold-change
is then found by dividing Equation (B.12) by Equation (B.13).

Fold-change =
ΣcP

P
Nns

xPΣcP + Σc0
. (B.14)

Wemake one further approximation, namely

Fold-change ≃
ΣcP
Σc0
, (

P
Nns

xP ≪
Σc0
ΣcP

) (B.15)

In the case of repressive regulatory scenarios, the fraction Σc0/ΣcP > 1, which means
that this condition is already taken care of by theweak promoter limit that we imposed in
Equation (B.13). For all activating scenarios, Equation (B.15) will still work, provided we
can assume that PxP/Nns ≪ Σc0/ΣcP, which is in those cases not automatically taken care
of by the weak promoter limit. As discussed above, the fact that Σc0/ΣcP ≃ 1/fold-change,
we can use the fold-change as a convenient tool to verify this assumption a posteriori.

136



B.2 | Grand-canonical ensemble

B.2 Grand-canonical ensemble

We now turn to the grand-canonical ensemble. We now consider the situation in one
of the N gene copies, and the non-speciûc sites and competing sites are included as
additional reservoirs with which our system is in contact. If the gene is present at higher
copy number, then there are simply multiple independent copies of this system. _e
gene copies are decoupled from each other and the rest of the genome, thus eòectively
eliminating the constraint on the total number of RNAP, A, B, . . . . Consequently, the
weight of each state isn’t dependent on the combinatorial problem of how to distribute
the remaining transcription factors over the non-speciûc DNA, but on λ = exp(βµ)
of each species. _e factor λ will mathematically act as a Lagrangemultiplier for the
constraint on the total number of molecules, but also has the physical meaning of
fugacity or activity, being an eòective concentration.

_e grand canonical partition function of a single gene is given by

Ξ =
1

∑
p=0
∑
a
∑
b
⋯λp

Pλ
a
AλbB⋯Z(p, a, b, . . . ), (B.16)

where we have λP , λA , λB , . . . the fugacities of RNAP and species A, B, . . . respectively.
_e factor Z(p, a, b, . . . ) is the same as above. Comparing Equations (B.8) and (B.16),
we can immediately see the similarities between the two expressions. In both ensembles,
we sum over the diòerent occupation numbers of RNAP and transcription factors
bound speciûcally to the gene, and in both cases the weight of each state is given by the
product of the Boltzmann factors and an expression that acts as an eòective available
concentration per speciûcally adsorbedmolecule. Of course, the canonical expression
also has amultinomial coeõcient that is absent from the grand-canonical expression,
since the grand-canonical system is decoupled from the rest of the genome. To ûnd
the grand-canonical occupation number of RNAP bound to the promoter, we will also
write out the ûrst sum explicitly.

Ξ =∑
a
∑
b
⋯λaAλbB⋯Z(0, a, b, . . . )

+ λP∑
a
∑
b
⋯λaAλbB⋯Z(1, a, b, . . . ). (B.17)

We can write down the occupation number of RNAP bound to the promoter.

θP(λP , λA , λB , . . . ) =
λP∑

a
∑
b
⋯λaAλbB⋯Z(1, a, b, . . . )

1

∑
p=0
∑
a
∑
b
⋯λp

Pλ
a
AλbB⋯Z(p, a, b, . . . )

. (B.18)
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By comparing Equations (B.10) and (B.18), we see that the expressions for θP in both
ensembles are equimorphous when wemake the substitutions

λxX ↔
X!

(X − x)!N x
ns
, (B.19)

for all involved species X where X = RNAP, A, B, . . . . Explicitly, this means that we can
use the following substitutions for diòerent powers of λX

λ0X ↔ 1 λ1
X ↔

X
Nns

λ2
X ↔

X
Nns

X − 1
Nns

. . . (B.20)

From the equivalence of the expressions for θP in the canonical and grand-canonical
ensemble, we see that we can go from the expression in one ensemble to the other
ensemble using the substitutions in Equation (B.19). Otherwise, the expressions are
completely identical, regardless of the regulatory architecture.

We continue to ûnd a general expression for fold-change in the grand-canonical
ensemble, that are comparable to their canonical analogs. We introduce the shorthands

Σgc
P ≡∑

a
∑
b
⋯λaAλbB⋯Z(1, a, b, . . . )/xP

Σgc
0 ≡∑

a
∑
b
⋯λaAλbB⋯Z(0, a, b, . . . )

(B.21)

where xP = exp(−βєP) and the superscript gc denotes that this is the grand-canonical
result. _ese can be used to write Equation (B.18) as

θP(λP , λA , λB , . . . ) =
λPxPΣgc

P

Σgc
0 + λPxPΣgc

P
(B.22)

In the absence of transcription factors, the expression for θP becomes really simple

θP(λP , 0, 0, . . . ) =
λPxP

1 + λPxP
≃ λPxP , (λPxP ≪ 1) (B.23)

To calculate the fold-change, we divide the two and obtain

Fold-change =
Σgc

P

Σgc
0 + λPxPΣgc

P
≃

Σgc
P

Σgc
0
, (λPxP ≪

Σgc
0

Σgc
P
) (B.24)

Here we have made essentially the same assumption as in Equation (B.15), valid
for repressive scenarios in the weak promoter limit, while for activating scenarios it
becomes the strictest assumption.

_e canonical and grand canonical expressions for the fold-change, Equations (B.15)
and (B.24), both have the same dependence on Σc,gcP , Σc,gc0 , and we can see from their
deûnitions, Equations (B.11) and (B.21) that the only diòerence between the canonical
and grand-canonical fold-change is the substitution of X!/(X − x)!N x

ns in the canonical

138



B.3 | Ensemble equivalence

result for λx in the grand-canonical result, for all involvedmolecules RNAP, A, B, . . .
that have a binding site on the gene.

As an example, for simple repression, the canonical Σc0 , ΣcP are given by

ΣcP =
1

∑
r=0

R!
(R − r)!N r

ns

Z(1, r)
xP

=
xP

xP
= 1,

Σc0 =
1

∑
r=0

R!
(R − r)!N r

ns
Z(0, r) = 1 + R

Nns
xR .

(B.25)

_e canonical fold-change is then given by ΣcP/Σc0 = (1 + (R/Nns)xR)
−1, as was

determined earlier. In the grand canonical ensemble, we have

Σgc
P =

1

∑
r=0

λr
R
Z(1, r)
xP

=
xP

xP
= 1,

Σgc
0 =

1

∑
r=0

λr
RZ(0, r) = 1 + λRxR ,

(B.26)

which leads to the fold-change, in the form derived earlier in this work, Σgc
P /Σgc

0 =

(1 + λRxR)
−1.

B.3 Ensemble equivalence

In actual cells the number of transcription factors can be as small as ten. With such small
numbers, ensemble equivalence is an issue and we address it here. While the two en-
sembles are not identical, we see that the canonical and grand-canonical expressions for
θP, as well as for the fold-change have essentially the same form, where Equation (B.19)
identiûes the substitutions that make the expressions equal.

In the thermodynamic limit, when X ≫ 1 for a species X = RNAP, A, B, . . . (but
X ≪ Nns), we see that the canonical expression in Equation (B.19) simpliûes to

X!
(X − x)!N x

ns
≃

Xx

N x
ns
, (1 ≪ X ≪ Nns) (B.27)

Here, X is the number of molecules of species X = RNAP, A, B, . . . , with x the
number ofX adsorbed to the gene in the statewe’re interested in. For the grand-canonical
ensemble we ûrst consider the reservoir of non-speciûc sites. _e expected number of
molecules of X bound to a non-speciûc site ⟨X⟩ is given by

⟨X⟩ = Nnspbound,ns = Nns
λX

1 + λX
≃ NnsλX , (λX ≪ 1) (B.28)

as we set the binding energy of non-speciûc sites to 0. Rewriting

λX =
⟨X⟩

Nns
(B.29)
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When X is suõciently large, the average number of X bound to non-speciûc sites
becomes equal to the total number of X in the cell. In this limit, we can see that the
substitution in Equation (B.19) becomes exact and that

λxX ≃
X!

(X − x)!N x
ns

≃
Xx

N x
ns
, (_ermodynamic limit) (B.30)
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AppendixC

Integrated density functions

_is appendix elaborates on the concept of integrated density functions inChapter 6.
In the context of transcription factor binding, it is important to know the probability
that a site at position x is free of nucleosomes. We call this probability p̃(x), and it
can be found from the grand canonical one-body density function. Integrating the
one-body density function over the range x − d/2 to x + d/2 gives the probability that
the position x is occupied by a nucleosome, in which case p̃(x) equals 1 minus that
probability. Consequently, we have to solve the following integral

p̃(x) = 1 − ∫ x+d/2

x−d/2
ρ(1)(x′)dx′ . (C.1)

Attempts to directly integrate this expression analytically do not immediately lead to
useful expressions, but there is a diòerent route that will lead to an insightful expression.
_e derivation is based on a similar derivation in the work of Percus, 1 albeit with a
diòerent goal and some subtle diòerences. We write Equation (6.3) where we explicitly
give the boundaries of the volume of interest as arguments of Ξ.

ρ(1)(x) = λH ×
Ξ(0, x − d

2 )Ξ(x + d
2 , L)

Ξ(0, L)
, (C.2)

We write down the partial derivatives of Ξ(x , y) to x and y. To this end, we start again
with the integral notation of Ξ (in the absence of an external ûeld).

Ξ(x , y) =
M

∑
n=0

λn
H ∫
x+d/2≤x1

⋯ ∫
xn+d/2≤y

dxn⋯dx1

= 1 +
nmax

∑
n=1

λH ∫ y−d/2

x+d/2
dx1 λn−1

H ∫
x1+d≤x2

⋯ ∫
xn+d/2≤y

dxn⋯dx2

= 1 + λH ∫ y−d/2

x+d/2
dx1 Ξ(x1 + d/2, y). (C.3)
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We can use Leibniz’ integral rule to evaluate the derivative of this integral with respect
to x.

∂
∂x

Ξ(x , y) = λH
∂
∂x ∫ y−d/2

x+d/2
dx1Ξ(x1 + d/2, y)

= λH [ ∫ y−d/2

x+d/2
dx1

∂
∂x

Ξ(x1 + d/2, y) − Ξ(x + d , y)] (C.4)

(C.5)

and since Ξ(x1 +d/2, y) is independent of x, the integral term becomes 0 and we obtain

∂
∂x

Ξ(x , y) = −λHΞ(x + d , y). (C.6)

Using the same arguments, one can derive

Ξ(x , y) = 1 + λH ∫ y−d/2

x+d/2
dxn Ξ(x , xn − d/2), (C.7)

which, upon taking the y-derivative, leads to

∂
∂y

Ξ(x , y) = λHΞ(x , y − d). (C.8)

We write down the partial derivatives of the grand canonical partition function with
respect to a point x between the limits of our system 0 and L, for the volume le� and
right of x.

∂
∂x

[Ξ(x , L)] = −λHΞ(x + d , L),

∂
∂x

[Ξ(0, x)] = λHΞ(0, x − d).
(C.9)

Substituting Equation (C.2) into Equations (C.9), this leads to

∂
∂x

[Ξ(x , L)] = −ρ(1)(x + d/2) Ξ(0, L)/Ξ(0, x),

∂
∂x

[Ξ(0, x)] = ρ(1)(x − d/2) Ξ(0, L)/Ξ(x , L).
(C.10)

We can use the result of Equations (C.10) to write down the derivative of the product of
Ξ(x , L) and Ξ(0, x), using the chain rule

∂
∂x

[Ξ(x , L)Ξ(0, x)] = Ξ(0, L) (ρ(1)(x − d/2) − ρ(1)(x + d/2)) , (C.11)

which can be integrated as

Ξ(x , L)Ξ(0, x) = Ξ(0, L) [C − ∫ x+d/2

x−d/2
ρ(1)(x′)dx′] . (C.12)
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We know for x ≤ d/2 that ρ(1)(x) = 0, so that in the limit that x = 0 the integral on the
right hand side equals 0. Since Ξ(0, 0) should obviously be equal to unity, we ûnd that
the constant C needs to be equal to unity too. _e resulting expression then reads

p̃(x) ≡ 1 − ∫ x+d/2

x−d/2
ρ(1)(x′)dx′ = Ξ(0, x)Ξ(x , L)

Ξ(0, L)
(C.13)

_is expression is very similar to the expression for the one-body density function in
Equation (6.3). We can interpret the probability that x is free of nucleosomes as the
number of organisational states for nucleosomes in two separate volumes le� and right
of x, divided by the number of states that were possible in the original, undivided volume.
In similar spirit, ρ(1) in Equation (6.3) can be interpreted as the statistical weight of the
state where a particle with fugacity λH is present at position x while keeping a volume
equal to the size of the particle, d, free of other nucleosomes. _is implies that we can
use a similar construction to calculate the probability an arbitrary region spanning from
a to b is free of nucleosomes:

p̃(a, b) = Ξ(0, a)Ξ(b, L)
Ξ(0, L)

. (C.14)

In the expression the numerator can be interpreted as the total grand canonical partition
function of two independent regions, spanning from 0 to a and from b to L. With that
in mind, we can calculate the probability that multiple sites on the DNA are simultane-
ously free of nucleosomes by multiplying the grand canonical partition functions of the
independent regions that �ank those sites, and dividing by the partition function of the
original, undivided length of DNA.

Bibliography

1 J. K. Percus, Journal of Statistical Physics 15, 505 (1976).

143



C | Integrated density functions

144



Chapter 8

Summary

“_e wise speak only of what they know”

J.R.R. Tolkien—_e Two Towers

The complexity seen in biological and soft systems o�enprecludes a ûrstprin-
ciples approach. In order to gain a good understanding of such complex systems,

simpliûcation is needed. As systems become larger, the interplay between the underly-
ing mechanisms and details leads to complex system-wide behaviour. Very o�en this
behaviour will be common to a large group of otherwise unrelated systems. Simple
model systems can represent a wide variety of such systems, even though the underlying
chemistry is diòerent. Such toy models are immensely instructive in the understanding
ofmore complex systems.

In this thesis we describe and analyse toy models for two diòerent so� and living
systems. In Part I we consider an experimental model system that is representative of a
broad class ofmaterials consisting of orderedmembranes. In Part II we build upon a
theoretical toy model based on equilibrium binding of ligands to a template. _emodel
is able to quantitatively predict fold-changes in transcription regulation in a wide range
of situations.

Part I _e self-assembly of crystallinemembranes lies at the basis ofmany complex
biological systems, such as microtubuli, bacterial protein shells and chlorosomes. Geo-
metrically analogous structures are not limited to living systems: amphiphilic peptides
were found to self-assemble into single- and multiwalled nanotubes. Moreover, the
diverse allotropes of carbon that have found so many applications in the last couple of
decades are also structurally based on folded two-dimensional crystallinemembranes.
_e striking morphological similarities between this wide variety of systems suggest
that the driving forces underlying their self-assembly mechanisms are common to many
of these systems, depending more on the interplay between rigidity and the eòect of
dangling bonds at themembrane edges than on the nanoscopic details of the individual
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systems. Moreover, these types of system o�en share a remarkable degree ofmonodis-
persity. As such, this suggests the existence of a well-deûned formation mechanism,
common to a broad range of systems of crystallinemembranes.

_e self-assembly of sodium dodecyl sulphate (SDS) and beta-cyclodextrin (β−CD)
leads to superstructures that are remarkably reminiscent of the diòerent carbon al-
lotropes, as well as the amphiphillic peptide superstructures. At the same time, the
system is experimentally very easy to handle and is well deûned in terms of its consis-
tency. For these reasons, we see the SDS/β−CD system as a toy model for the class of
materials consisting of crystallinemembranes.

In Chapter 2 we study the self-assembly of the SDS/β−CD system into concentric
hollow microtubes in situ, using small- and ultra small-angle x-ray scattering at the
ID02 beamline of the European Synchrotron Radiation Facility. A�er a concentration-
dependent waiting time we observe the appearance of structure at a broad range of
length scales, consistent with the formation ofmonodisperse single-walled SDS/β−CD
tubes. By ûtting form-factors of hollow cylinders to the observed scattering patterns,
we see a decrease in mean cylinder radius concurrent with an increase in cylinder
wall thickness, indicating that microtubes grow inward from the originally formed
single-walledmicrotubes.

_emonodisperse separation between themembranes of two successive concentric
cylinders gives rise to a structure factor in the x-ray scattering pattern, which shows a
slight shi� towards larger distances as the self-assembly process continues. We propose
amodel that explains the interbilayer separation as a competition between electrical
double layer repulsion and increased elastic free energy due to the tighter bending of
the inner membrane. _emodel quantitatively describes the observed concentration
scaling of the interbilayer separation in pre-assembled SDS/β−CD microtubes, and
explains the observed increase during self-assembly as the decrease of ionic strength
concurrent with the incorporation of ionic [SDS@2β−CD] complexes in themembrane.

_e distribution of waiting times follows the non-linear scaling with SDS/β−CD
concentration that is predicted by classical nucleation theory for a two-dimensional
critical nucleus. Moreover, when the experimental time is rescaled according to classical
nucleation theory, the entire trajectory of inward growth collapses onto a single curve,
indicating that the entire kinetics of inward growth is determined by a nucleation process.
_emechanismof inward growth, shown in Figure 8.1, can therefore be explained by the
successive nucleation of new, discrete cylinders inside previous existing ones, constricted
in their size by the size of the original tube. _emechanism we propose depends on
properties that are insensitive to the speciûc chemistry of the system, and as such we
believe it has a far more general applicability.

Part II Transcriptional regulation is essential for shaping cellular response and dynam-
ics. At the heart of these responses is the speciûc arrangement of regulatory features
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Figure 8.1 Proposed mechanism for the microtube formation. (a) [SDS@2β−CD] com-

plexes in solution nucleate into (b) ordered bilayers, governed by directional hydrogen

bonding with their neighbours. (c) When the bilayer reaches a certain size, it becomes advan-

tageous to close the ring, gaining bond free energy at the cost of bending free energy. (d)
Since nucleation andgrowth are not separated, newbilayers keepnucleating, both inside and

outside pre-existing tubes. (e) Bilayers that nucleated outside pre-existing tubes form new

tubes. Bilayers that nucleated inside pre-existing tubes are restricted in their size and form

concentric inner cylinders. (f) Due to the large amount of material that is accommodated in

the bilayers in a limited space, a dense packing of concentric cylinders is obtained.

around the promoter that governs how a gene will respond to the available regulatory
molecules. A primary goal in the ûeld of systems biology is to elucidate the rules
governing how regulation is encoded in the DNA enabling a bottom-up approach to
designing regulatory architectures and understanding cellular physiology. A necessary
step towards this goal is the development of detailed, predictive theory that takes as
input the regulatory architecture (how the regulatory features are arranged on the DNA)
and the nature of the regulatory environment and yields a prediction for the level of
transcriptional output.

Transcription initiation is a complex process involving multiple steps, each with
their own rate. In its most simpliûed form, it can be described in three steps: (1) the
binding of RNAP to the promoter to form a closed complex, (2) the (irreversible)
isomerisation of the closed complex to an open complex, followed by (3) the escape
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Figure 8.2 Graphical abstract of chapters on transcription regulation.

of the open complex to form an RNAP complex active in transcription. When the
rearrangement of RNAP and transcription factors is fast compared to the formation of
an open complex, we can assume that the rate at which the open complex is formed —
the ûrst kinetically signiûcant step in the transcription process— is proportional to the
occupation probability of the promoter by RNAP. _ermodynamic theory, based on
the toy model of ligand adsorption to a template, has been developed to calculate this
probability.

Such thermodynamicmodels are traditionally derived in the limit of genes in isola-
tion, within a canonical ensemble. However, individual regulatory proteins are typically
charged with the simultaneous regulation of a battery of diòerent genes. As a result,
when one of these proteins is limiting, competitive eòects have a signiûcant impact on
the transcriptional response of the regulated genes. In Chapter 3 we present a general
framework for the analysis of any generic regulatory architecture that accounts for
the competitive eòects of the regulatory environment by isolating these eòects into
an eòective concentration parameter. A single gene is in contact with the rest of the
genetic environment, seen as a set of coupled reservoirs with a shared transcription
factor chemical potential. _is chemical potential is set self-consistently by imposing
the constraint ofmass conservation within the cell, and transfers the eòect of the genetic
environment to the system. We show how to set up this model for a range of diòer-
ent regulatory architectures, including simple repression, DNA looping and activation,
showing quantitative agreement between theory and experiment over several decades
of fold-change.
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As a case study, we show a fully worked example of the lac operon regulatory
architecture in Chapter 4. _e lac promoter— occuring in wild-type Escherichia coli
— consists of three binding sites for the lac repressor LacI: one main operator and
two auxiliary operators that can facilitate DNA-transcription factor loops with the
tetrameric repressor protein. _e RNAP is recruited by CRP which has a proximal
binding site in the promoter architecture. _e binding of CRP simultaneously aòects
the likelihood that repressive DNA loops form between the proximal auxiliary operator
and themain operator site. _emodel shows quantitative agreement with previously
obtained experimental measurements, and explicitly takes into account the competition
of the rest of the E. coli genetic environment for CRP.

Oscillatory genetic circuits can be used by cells to coordinate internal processes
or keep track of time. It is o�en thought that a degree of cooperativity is needed in
the binding and unbinding of the actor species to generate a suõciently nonlinear
behaviour. InChapter 5 we show how the rate equations that govern the production and
consumption of proteins andmRNA naturally lead lead to a very natural inclusion of our
previously derived results. Within the assumptions that transcription and translation are
slow in comparison to the binding and unbinding of transcription factors, expressions
for the fold-change derived in the grand canonical ensemble determine the genetic
response. We show that competition of diòerent DNA binding sites for a common pool
of transcription factors can lead to an increase in the nonlinearity of the response curve
of a gene. _is nonlinearity is suõcient to destabilise a circuit-wide steady-state and
lead to self-sustained oscillations.

In eukaryote cells, the DNA is signiûcantly compacted, primarily in the form of
nucleosomes: lengths of DNA wrapped tightly around a protein core. _e positioning
of nucleosomes on the DNA depends on an interplay between sequence speciûc histone-
DNA interactions, statistical positioning and the eòect of active chromatin remodelling
mechanisms. With themany diòerent timescales that play a role, themechanisms with
which nucleosomes alter transcriptional activity are unclear. In Chapter 6 wemodel the
eòects that are caused by nucleosomes by a toy model based on a one-dimensional hard
rod gas. We show that the statistical positioning of nucleosomes causes an indirect inter-
action between neighbouring transcription factors, depending on the distance between
their binding sites. Moreover, the existence of nucleosome-positioning elements in the
DNA sequence has a direct eòect on transcriptional activity. Attempts to model this
direct eòect show that toy model approaches based on equilibrium statistical mechanics
alone are insuõcient to quantitatively describe the eòects of nucleosomes on gene regu-
lation. However, we do observe a qualitative agreement between model and experiment.
We speculate that nucleosomes are redistributed in a fast kinetic steady-state, which
allows a window of opportunity for the use of equilibrium thermodynamicmodels.

_ermodynamicmodels for transcriptional regulation have been shown to accurately
predict fold-changes in gene expression in several regulatory scenarios. While impressive,
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these predictions have so far only been shown to be internally consistent, leaving it an
open question whether the thermodynamic quantities that deûne themodels can be
independently veriûed. In particular, thermodynamicmodels depend on free energy
diòerences between binding of transcription factors (TFs) to speciûc operator sites
versus non-speciûc DNA. In Chapter 7 we show that an eòective binding free energy
exists that contains the properties of a reservoir of non-speciûc DNA binding sites with
a distribution of binding free energies. _is eòective binding free energy is a property
of the cumulants of the distribution of binding free energies of the reservoir. When
scaled to the eòective binding free energy, ûtted binding energies of the LacI repressor
in vivo indeed agree with in vitro measured binding constants. To make this comparison
we adjust in vitro LacI binding constants to physiological conditions, using previously
determined relations with pH, temperature and salt concentrations. Our results strongly
suggest that thermodynamicmodels of transcriptional regulation should be viewed not
merely as mathematical tool, but an informative physical representation of underlying
TF-DNA interactions.
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Hoofdstuk 9

Samenvatting voor een algemeen publiek

Het leven laat zich maar lastig voorspellen. Eigenlijk is dat waar op bijna
alle verschillende niveau’s waarop je kunt kijken, zoals op het niveau van globale

ecosystemen,maar ook dat van de individuele chemische processen die zich afspelen in
cellen. Terwijl de natuurkundige principes die hieraan ten grondslag liggen vrij goed
bekend zijn, ligt de uitdaging in het begrijpen van zachte en levende materie vooral
in hun enorme complexiteit op een hoger organisatieniveau: over het algemeen zijn
dit geconcentreerde systemen waarin vele wisselwerkingen tegelijkertijd een rol spelen.
Zo worden de systemen ver uit hun evenwicht gebracht, wat interessante fenomenen
veroorzaakt.

Hoe kunnen we dit soort complexe systemen begrijpen? Je zou bijvoorbeeld expe-
rimentele data in een voldoende sterke computer kunnen voeren en deze vervolgens
zijn gang laten gaan. Maar, zelfs al zouden we over voldoende rekenkracht bezitten
om biologie vanuit de basisprincipes te simuleren, dan ontbreekt het bij deze strategie
aan begrip. Een betere tactiek is daarom om de complexe systemen zo veel mogelijk te
vereenvoudigen. Zodoende kan een systeem worden beschreven in termen van univer-
sele eigenschappen. Kiezen welke details kunnen worden verwaarloosd is tegelijkertijd
een kunst en een grote uitdaging die de natuurkunde, scheikunde en biologie bij elkaar
brengt.

LEGO®-wetenschap Vaak blijken vele systemen, ook al hebben ze verder niets met
elkaar te maken, toch heel vergelijkbaar gedrag te hebben. In zulke gevallen is een
blokkendoos-model (engels ‘toy model’) ontzettend nuttig. Een blokkendoos-model is
een simpel model dat is afgeleid voor een goed-gedeûnieerd systeem,maar waarvan
het gedrag kan worden vertaald naar een breed scala van systemen. Het beroemdste
voorbeeld van een blokkendoos-model is het Ising-model. Dit model is afgeleid voor
een systeem van magneetjes op een regelmatig rooster. Verrassend genoeg kan dit
model ook gebruikt worden om bijvoorbeeld de rassensegregatie in bepaalde wijken
te beschrijven. Zo worden Ising-modellen nog veel meer toegepast in de natuurkunde,
sociologie, economie en meer.
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Een goed blokkendoos-model kan ook bijzonder veel plezier geven. Het kan een
genot zijn om te zien hoe de essentie van een complex systeem kan worden uitgedrukt
in een model van bedrieglijke eenvoud. Blokkendoos-modellen nodigen je uit om mee
te spelen en voorspellingen te doen. In dit proefschri� beschrijven we en spelen wemet
twee blokkendoos-modellen voor zachte en levende systemen. Als eerste beschrijven we
een experimenteel systeem dat representatief is voor het gedrag vanmembranenmet een
regelmatige opbouw. Vervolgens beschrijven we een theoretisch blokkendoos-model
dat voorspelt in welkemate genen op het DNA van organismen worden afgelezen.

Deel I Eenmembraan is een twee-dimensionaal materiaal: een dun vlies dat als barrière
kan dienen tussen twee volumes. Demeestemembranen zijn vloeibaar, dat wil zeggen,
de individuele componenten waaruit het membraan bestaat kunnen zich in het vlak van
het membraan vrij bewegen. In sommige gevallen zijn deze componenten geordend
in een regelmatig rooster. In dat geval spreken we van een kristallijn membraan. In
feite zou je het materiaal kunnen zien als een tweedimensionaal kristal. Je komt ze
op veel verschillende plaatsen tegen. Koolstof-nanobuizen,maar ook de eiwitschillen
van bacteriën en bepaalde onderdelen van het cytoskelet van levende cellen bestaan uit
opgerolde kristallijnemembranen. En hoewel deze systemen verder weinig met elkaar
temaken hebben, zien we toch telkens terug dat ze zich op een vergelijkbaremanier
ordenen: spontaan vormen deze systemen buisjes die bestaan uit opgerolde kristallijne
membranen.

InHoofdstuk 2 kijken we naarmengsels van natrium dodecylsulfaat (SDS, een zeep)
en beta-cyclodextrine (β−CD, een ringvormig suiker). Het β−CD ziet er opmoleculaire
schaal een beetje uit als een donut, met een vettige binnenkant. SDS bestaat uit een
kop die goed oplosbaar is in water en een vettige staart die juist niet goed oplost in
water. Als we in een ratio 1 ∶ 2 SDS en β−CD toevoegen aan water dan zal de vettige
staart van het SDS zich beter thuisvoelen in de vettige binnenkant van de β−CD. Het
gevolg is dat er een complex wordt gevormd dat bestaat uit een SDS-molecuul met twee
β−CD-moleculen om de staart geregen. Dit complex vormt vervolgens een kristallijn
membraan, zoals te zien is in Figuur 9.1. De superstructuren die spontaan gevormd
worden uit dezemembranen lijken erg op de eerder genoemde systemen, en daarom
beschouwen we dit simpele systeem als een model voor de klasse van materialen die
bestaan uit kristallijnemembranen.

Hoewel wemet een gewonemicroscoop kunnen beoordelen wat voor structuren
uiteindelijk globaal gevormd worden, kunnen we met een microscoop niet de ûjne
details zien. Daarom gebruiken we röntgenverstrooiing om dit systeem in meer detail
te bekijken. Met deze techniek wordt een röntgenstraal op een monster gericht. De
meeste fotonen voelen het monster niet en gaan gewoon rechtdoor. Maar een deel van
de fotonen botst op het monster en buigt daardoor af. Demate waarin fotonen worden
verstrooid onder een bepaalde hoek wordt bepaald door de ûjne structuur van het
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Figuur 9.1 Zelf-assemblage van β−CD en SDS tot holle concentrische buizen, capsides
of lamellae. (a) In oplossing vormt het [SDS@2β−CD] complex. Onder 40 ○C vormen de

complexen spontaan bilagen die zich organiseren in superstructuren. (b) De complexen zijn

regelmatig geordend binnen hetmembraan in een rhombisch rooster. Dit rooster zorgt voor

een optimale wisselwerking tussen naburige complexen. (c) Onder de microscoop kun je de

buizen in beeld brengen door ze te kleuren met een �uorescente kleurstof. De liniaal komt

overeen met 5 µm.

monster: relatief grote structuren verstrooien vooral onder hele kleine hoeken, terwijl
kleinere structuren juist onder grotere hoeken verstrooien. Tijdens een experiment
vangen we de verstrooide fotonen op om te bepalen we onder welke hoek hoeveel
fotonen worden verstrooid. Vervolgens kunnen we berekenen hoe de structuur er dan
uit ziet.

Voor dit soort experimenten is een sterke bron van röntgenstraling nodig, en de
juiste faciliteiten om hele kleine hoeken van elkaar te onderscheiden. De experimenten
zijn daarom uitgevoerd bij het Europese Synchrotron (ESRF) in Grenoble. Dat is een
deeltjesversneller die röntgenstraling produceert. We kunnen daar de verstrooiing
meten terwijl een mengsel van SDS en β−CD zelf-assembleert tot een superstructuur.
We krijgen dan als het ware een ûlmpje van hoe het monster fotonen verstrooit terwijl
de structuren zichzelf vormen. Vervolgens berekenen we hoe de structuur op ieder
moment van dit proces eruit ziet, en op basis daarvan kunnen we iets zeggen over het
mechanisme waarmee de superstructuren zich vormen.

Zo zien we dat er in eerste instantie spontaan kleine twee-dimensionale kristalletjes
ontstaan die uitgroeien tot grotere membranen. De randen van een membraan zijn
over het algemeen heel instabiel. Om hier vanaf te komen kunnen twee randen van het
membraan bij elkaar komen en samensmelten. Er ontstaat zo een buisje. Hoe nauwer
het buisje, hoemeer energie het kost om het membraan in de vorm van een buisje te
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Figuur 9.2 Voorgestelde mechanisme voor het vormen van buisjes.

buigen. Daarom ontstaan de eerste buisjes pas wanneer demembranen groot genoeg
zijn dat ze weinig last hebben van dit eòect. Eenmaal gevormd kan een buisje niet
meer breder worden. Maar tegelijkertijd ontstaan er wel telkens nieuwe kristalletjes
die gaan uitgroeien. Dat kan aan de buitenkant van bestaande buisjes: er ontstaan dan
nieuwe buisjes tot de bestaande buisjes dicht op elkaar gepakt zitten. Er is dan alleen
nog maar ruimte binnen bestaande buisjes. Groeiendemembranen kunnen daar nog
steeds nieuwe buisjes vormen,maar omdat ze opgesloten zitten in een bestaand buisje
worden de nieuwe buisjes noodzakelijkerwijs steeds kleiner. Zo ontstaat op den duur
een dichte pakking van buisjes in buisjes in buisjes.

Omdat de wisselwerkingen die een rol spelen in deze zelf-assemblage vrij algemeen
zijn voor systemen die bestaan uit kristallijne membranen (het kost energie om ze
te buigen maar hun randen zijn vrij instabiel) vermoeden wij dat het voorgestelde
mechanisme uit hoofdstuk 2 veel algemener is. Zo dient het SDS/β−CD-systeem als
blokkendoos-model voor deze klasse van materialen.

Deel II In het tweede deel van dit proefschri� kijken we naar de regulatie van genetische
activiteit in levende cellen. Informatie wordt in cellen hoofdzakelijk opgeslagen in de
vorm van DNA, waarbij de volgorde van baseparen codeert voor het repertoire van
eiwitten die in een cel gemaakt kunnen worden. De eerste stap in de productie van
eiwitten is het kopiëren van DNA in de vorm van RNA: transcriptie. Het gevormde
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RNA wordt vervolgens getransporteerd en verder vertaald. Transcriptie wordt ingezet
door een een klasse eiwitten genaamd RNA polymerase (RNAP). Deze eiwitten kunnen
een bepaalde DNA-sequentie herkennen. Vanaf dit herkenningspunt begint RNAP
met het maken van een kopie. Maar, niet elk gen moet op ieder moment in dezelfde
mate worden afgelezen. Daarom wordt transcriptie in sterkemate gereguleerd. Andere
eiwitten, de zogenaamde transcriptiefactoren, kunnen een wisselwerking aangaan met
het DNA in de buurt van de herkenningssequentie, en daarmee beïnvloeden ze de
waarschijnlijkheid dat RNAP begint met het kopiëren van DNA.

Wanneer het RNAP relatief traag is met het beginnen met kopiëren ten opzichte
van het binden en ontbinden van transcriptiefactoren dan kunnen we aannemen dat de
transcriptiefactoren genoeg tijd hebben om een evenwichtsverdeling aan te nemen. In
dat geval is de snelheid waarmee een gen wordt gekopiëerd evenredig met de bindings-
waarschijnlijkheid van RNAP aan de herkenningssequentie. Deze bindingswaarschijn-
lijkheid is direct af te leiden uit de evenwichtsverdeling van eiwitten op het DNA, die
kan worden berekendmet behulp van statistische thermodynamica. Dit is de basis van
de zogenaamde ‘thermodynamischemodellen voor transcriptie-regulatie’.

Traditioneel worden deze thermodynamische modellen afgeleid voor een enkel
gen in isolatie. Echter worden de meeste transcriptiefactoren in de cel gedeeld door
een grote hoeveelheid verschillende genen tegelijkertijd. Als gevolg hiervan kan het
aantal beschikbare transcriptiefactoren �ink �uctueren. In Hoofdstuk 3 beschrijven
we een thermodynamisch model voor transcriptie-regulatie dat rekening houdt met
dit competitie-eòect. Dit doen we door het eòect van de omgeving samen te vatten in
een eòectieve concentratieparameter. In Hoofdstuk 4 laten we zien hoe dit model kan
worden toegepast op een gen met een complexe promoterarchitectuur.

In Hoofdstuk 5 spelen we verder met het model uit de voorgaande hoofdstukken.
Omdat transcriptiefactoren zelf het product zijn van een transcriptieproces, kunnen
ze een invloed uitoefenen op hun toekomstige concentratie. Dit leidt tot genetische
circuits— netwerken van genen diemet elkaar een wisselwerking aangaan. Als in zo’n
netwerk de productie van een eiwit negatief terugkoppelt aan zijn eigen expressie dan
kan dit leiden tot oscillerend gedrag. Dit soort circuits kunnen door een cel worden
gebruikt om ritmes en tijd bij te houden, of om processen celbreed te coördineren.
Omdat de thermodynamische modellen kunnen voorspellen in welke mate een gen
afgelezen wordt kan zo’n model worden gebruikt om het verloop van een genetisch
circuit te voorspellen. In dit hoofdstuk laten we zien dat een zekeremate van competitie
tussen verschillende genen voor transcriptiefactoren kan leiden tot oscillerend gedrag.

De cel is niet een zak met water met wat DNA erin opgelost. Cellen zijn over het
algemeen volgepropt, en ookDNA druk bezet met allerlei anderemoleculen. Het gevolg
hiervan is dat het DNA niet uniform beschikbaar is voor het binden van transcriptie-
factoren en RNAP. Zo is het DNA in eukaryote cellen vaak opgerold in nucleosomen
—DNA opgerold om een soort eiwitklosjes. In Hoofdstuk 6 beschrijven we een aantal
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Figuur 9.3 Gra�sche samenvatting van de hoofdstukken over transcriptieregulatie.

verschillende blokkendoos-modellen om hiermee om te gaan. In dit geval blijkt de
dynamica van nucleosomen trager te zijn dan de transcriptie-stap. We verwachten dus
niet dat een thermodynamisch model, gebaseerd op thermisch evenwicht, geschikt
is om het eòect van nucleosomen te beschrijven. Verrassend genoeg zien we dat de
voorspellingen van dergelijke evenwichtsmodellen toch kwalitatief overeenkomen met
de gemeten transcriptieactiviteit.

De belangrijkste aanname diewordt gemaakt om deze ‘thermodynamischemodellen’
toe te passen op transcriptie-regulatie is dat er een scheiding is van tijdsschalen: het
binden en ontbinden van de transcriptie-factoren is snel genoeg is dat er op de tijdschaal
van transcriptie-initiatie genoeg gelegenheid is geweest voor de transcriptie-factoren
om chemisch evenwicht te bereiken. Zodoende wordt de regulatie van transcriptiefac-
toren volledig bepaald door de concentratie en (evenwichts)-bindingsenergieën van
transcriptiefactoren aan DNA. Maar deze bindingsenergieën zijn nooit onafhankelijk
geveriûeerd in een onafhankelijk experiment zonder ûtparameters. In Hoofdstuk 7
leiden we een verband af tussen de eòectieve bindingsenergie aan DNAmet een wille-
keurige sequentie en de evenwichtsconstante die in vitro kan worden gemeten. Hiermee
kunnen we de geûtte bindingsenergieën uit thermodynamischemodellen vergelijken
met onafhankelijk gemeten bindingsenergieën in vitro. Hieruit blijkt dat de parameter
die transcriptieregulatie beheerst inderdaad de evenwichts-bindingsenergie is.
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List of symbols

_ermodynamics
kB Boltzmann’s constant
F Helmholtz free energy
f Helmholtz free energy per unit interface, in units of kBT m−2

G Gibbs free energy
T absolute temperature
β inverse thermal energy, equal to (kBT)−1

µ chemical potential
µ0 reference chemical potential
λ fugacity, equal to exp(βµ)
Ξ grand canonical partition function
Z canonical partition function

Membranes
fbend free energy of bending per unit interface, in units of kBT m−2

f̄bend mean free energy of bending per unit interface, for a wholemicrotube
fbond free energy gain due to bond formation, in units of kBT m−2

r radius
ℓ membrane edge length
δ membrane (stack) thickness
d separation between two membranes
d∗ optimal separation between two membranes
τ line tension
κ mean elasticmodulus
c0 preferential curvature
a0 area occupied by amonomer
Vcell volume occupied by amicrotube
nmax maximum number of concentric cylinders in amicrotube
θ revolving angle
θmax maximum revolving angle
ρs salt number density
σ charge number density per unit interface
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List of symbols

Kinetics
t time
t0 initial waiting time
j nucleation rate
∆G∗ Gibbs free energy of a critical nucleus
A pre-exponential Arrhenius factor
∆µ chemical potential diòerence between nucleus and solution
S degree of supersaturation, equal to c/c∗

c number density
c∗ saturation number density

Small-angle x-ray scattering
I scattered intensity
q magnitude of the scattering vector
λ wavelength of electromagnetic radiation
Q Porod invariant
{v̈} Penguin
J1 Bessel function of the ûrst kind

Binding and unbinding
θ occupancy of a site
[L] concentration of a ligand
Kd dissociation constant
n Hill coeõcient
x molar fraction
V volume
υw molecular volume of water

Transcription
P symbolises a generic RNA polymerase
R symbolises a generic repressor
A symbolises a generic activator
λm fugacity of transcription factor m
єm binding free energy of transcription factor m to its speciûc site
xm Boltzmann exponent of the binding free energy exp(−βєm)

θm occupancy of transcription factor m on its speciûc site
єnm binding free energy of transcription factor m to site n
xn
m Boltzmann exponent of the binding free energy exp(−βєnm)

θn
m occupancy of transcription factor m to site n
FabL free energy of forming a loop between sites a and b
xabL Boltzmann exponent of the looping free energy exp(−βFabL )
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θabm occupancy of transcription factor m, looping from site a to b
∆FabmL change in free energy of loop a to b, due to binding of TF m
xabmL Boltzmann exponent of the free energy change exp(−β∆FabmL)

P, R,A copy number of RNAP, repressor or activator molecules in the cell
N gene copy number
Nns number of non-speciûc sites on the DNA
Nc number of competitor sites on the DNA
ΣP set of conûgurational states that lead to transcription
Σ0 set of conûgurational state that do not lead to transcription

Nucleosomes
λH fugacity of histone octamers
L length of a DNA region of interest
d footprint of a histone octamer within a nucleosome, equal to 147 bp
N number of bound histone octamers
ρ(1)N canonical single-body density function
ρ(1) grand canonical single-body density function
p̃ probability that a region on the DNA is free of nucleosomes

Transcription kinetics
γP ûrst order degradation rate of a protein P
γM ûrst order degradation rate ofmRNA
ΓP diagonal matrix of ûrst order degradation rates of proteins P
ΓM diagonal matrix of ûrst order degradation rates ofmRNA
µ Global cellular growth rate
kr ribosome rate of protein synthesis
ks rate ofmRNA synthesis
k0 basal rate ofmRNA synthesis
MP mRNA encoding for protein P
τ delay due to transcription or translation duration
τP delay due to transcription duration
τM delay due to translation duration
P(0) steady-state unregulated concentration of protein P
M(0)P steady-state unregulated concentration ofmRNA encoding for protein P
p normalised protein copy number
m normalisedmRNA copy number

Distributions
⟨x⟩ mean value of x
Mє moment generating function
⟨єn⟩ n-th raw moment
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List of symbols

Kє cumulant generating function
κn n-th cumulant
σ variance
γ1 skewness
єeff eòective binding free energy of a distribution of binding sites
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