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Abstract

We investigate the effect of external magnetic fields on equilibration in the improved holographic QCD 
theory in the deconfined phase using the AdS/CFT correspondence. In particular we calculate the quasinor-
mal mode spectra in the corresponding black brane solutions and study their dependence on temperature, 
momentum and magnetic field, both in the scalar and the shear channels. We find complex patterns in the 
motion of quasinormal modes on the complex plane, including certain cross overs between the lowest lying 
modes under varying magnetic field, momentum and temperature. We also discover a critical value of the 
magnetic field Bc above which the hydrodynamic approximation breaks down, as the imaginary part of the 
first excited quasi-normal mode in the shear channel becomes smaller than that of the hydro mode.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and summary

Quantum Chromodynamics exhibits a host of interesting phenomena when put under a strong 
external magnetic field B. These phenomena range from a complicated dependence of the quark 
condensate on B, resulting in phenomena such as magnetic catalysis [1], inverse magnetic catal-
ysis [2], to the existence of new anomalous transport properties resulting in the chiral magnetic 
and vortical effects, the chiral magnetic wave [3,4] and production of electric currents as a result 
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of Faraday and Hall effects [5]. Dependence of finite temperature QCD dynamics on magnetic 
fields are not only of academic interest, as there is a significant possibility of observing the as-
sociated phenomena in the non-central heavy ion collision experiments. It is known that rather 
large magnetic fields are produced by the spectator ions in such non-central collisions [3,2,6–10,
5]. Many of these estimations predict presence of these magnetic fields even after the formation 
of the Quark–Gluon Plasma in such experiments. Therefore, it is crucial to understand the effects 
of magnetic fields on the dynamics of the quark–gluon plasma. See [11] for an extensive review 
of phenomena associated to presence of magnetic fields. There are also multiple indications that 
the QGP produced in these experiments is strongly interacting [12] preventing a direct study in 
perturbative QCD.

Together with the lattice and hydrodynamic simulations, the AdS/CFT correspondence 
[13–15] is established as an alternative non-perturbative tool in studying such phenomena in 
QCD-like confining gauge theories [16–22]. Recently the AdS/CFT studies have also led to many 
new insights in regard to non-equilibrium, real-time physics [23–26]. Since such real-time prob-
lems are hard to study with lattice methods, the non-perturbative tools provided by the AdS/CFT 
correspondence becomes especially important in this respect. Equilibration of small fluctuations 
around a system at hydrodynamic equilibrium is generically determined by the poles of the asso-
ciated retarded Green functions on the complex plane. In the dual holographic description they 
correspond to the quasinormal mode (QNM) spectrum of bulk fluctuations on the corresponding 
black-brane background. These modes can be obtained by studying fluctuations in the bulk, with 
infalling boundary conditions on the horizon and vanishing Dirichlet boundary conditions near 
the asymptotically AdS boundary [27].

In this paper, we take the first step to study holographic equilibration in QCD-like confining 
gauge theories under external magnetic fields. QNMs in the context of holography has been stud-
ied extensively, see [28] for a review. Such studies in the case of realistic, QCD-like confining 
theories have only recently started to appear [29–34]. QNMs in systems with magnetic fields have 
also been studied in the context of holography before, see for example [35] but, to our knowl-
edge, the problem has not been investigated in the literature in the backgrounds corresponding 
to confining gauge theories with magnetic fields. For the gravity background we consider the 
bottom-up holographic models first considered in [22,36–38]. These models, that are called the 
improved holographic QCD (ihQCD) provide a realistic description of the particle spectrum in 
the low temperature phase, the confinement–deconfinement transition and the thermodynamic 
properties of QCD in the high temperature phase.

The ihQCD model has been extended to include the flavor sector in the large flavor number 
Nf , large color Nc (Veneziano) limit in [39–46]. We shall deal with such extended models, for 
the obvious reason that the magnetic field couples directly to the flavor sector, and only indi-
rectly to the glue sector. The model contains two sectors. The glue sector is described by gravity 
in 5D coupled to a dilaton field that corresponds to the TrF 2 operator. Running of the dilaton 
field in the holographic direction mimics the RG running of the ’t Hooft coupling constant in 
energy. Secondly, there is the DBI flavor brane sector describing the dynamics of open strings on 
the glue background. End points of such open strings correspond to the quarks and anti-quarks 
on the dual theory. The lowest lying excitation, the open string tachyon field corresponds to the 
quark condensate [39,36,41]. Finally there is a bulk gauge field on the flavor branes that is chosen 
such that it corresponds to the magnetic field on the dual field theory. The background we con-
sider in this paper is, then, an asymptotically AdS black-brane solution with an anisotropy in the 
direction along the magnetic field that is coupled to the bulk gauge field and the aforementioned 
tachyon field. When the magnetic field is set to zero, the gravitational theory exhibits a first or-
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der Hawking–Page [47] type phase transition [37,41]. This phase transition corresponds to the 
confinement–deconfinement transition in the dual confining gauge theory. The phase transition 
continues to exist when the magnetic field is turned on, however the value of the transition tem-
perature Tc shifts with B [48,49]. As we are interested in equilibration in the deconfined phase of 
the gauge theory, we consider QNMs in the black brane phase, that is for temperatures T > Tc.1

One can think of the spectrum of QNMs in the presence of magnetic fields as analogs of 
the Landau levels in the deconfined phase of the confining gauge theory. We calculate the QNM 
spectrum on this black-brane by numerically solving the fluctuations that correspond to the shear
and the scalar modes. We consider the few lowest lying modes at finite momentum �k, that we 
take parallel to the magnetic field �B for simplicity,2 and study their dependence on B , k and 
temperature T . Various interesting phenomena arise from our studies:

• We observe two distinct classes of QNMs. Firstly there is a class of QNMs that possess both 
imaginary and real parts. Secondly there is a QNM that is purely imaginary and remains 
purely imaginary for any value of B , T and k. This kind of purely imaginary QNMs were 
observed before in electrically charged AdS-RN black brane solutions, see for example [50,
35]. However, the latter paper does not report any QNMs of this type in magnetically charged 
black brane solutions [51] whereas we find an example of such modes here. Whether this 
mode is a part of series of infinitely many purely imaginary QNMs, as in [50] remains to be 
seen. In our studies we were able to find only one such example.

• The absolute values of the real and the imaginary parts of most of the QNMs increase with 
increasing magnetic field for the scalar and the shear channels and for small momentum val-
ues, as also observed in [35] before. This has an important implication for the equilibration 
process in the presence of magnetic fields. Since the equilibration time is inversely propor-
tional to the imaginary part of the quasinormal modes, τ ∼ −1/Imω, larger B implies shorter 
equilibration times. The only exceptions to this pattern are the purely imaginary mode in the 
scalar channel, Fig. 5(b) and two modes in the shear channel, Fig. 2(b).

• The motion of QNMs with changing momentum exhibit crossing phenomena. In particular, 
we observe that the imaginary part of the QNMs both in the shear and the scalar channels 
cross as k increases, see Figs. 3(b) and 6(b) respectively. This means that the dominant 
mode that controls the equilibration process depends on the value of k. In particular, as one 
observes in Fig. 3(b), this crossing happens between the hydro mode and the second excited 
quasi-normal mode in the shear channel, signalling a breakdown of hydrodynamics beyond 
a certain value of momentum (that depends on T and B). This phenomenon was observed 
in [52–54] and recently in [31–33] in the context of holographic QCD and also [55,56] for 
holographic superfluids.

• The same crossing phenomenon also appears with changing temperature. We observe this 
only in the scalar channel, see Fig. 4(b). This does not signal breakdown of hydro approxi-
mation as there exists no hydro mode in the scalar channel. However it does mean that the 
dominant mode that controls equilibration changes above a certain value of T (that depends 
on B and momentum k).

1 The black brane solutions in the improved holographic QCD models exist above a certain minimum temperature 
Tmin < Tc . Therefore, one may also study the QNMs in the range Tmin < T < Tc . These solutions were argued to 
correspond to a supercooled phase of the theory in [29] and a study of the QNMs for B = 0 was presented in this paper.

2 Otherwise decomposition of these fields under Lorentz little group becomes complicated.
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• Finally, as perhaps the most interesting finding in this paper, we find that the aforementioned 
crossing phenomenon also occurs under changing magnetic field, see Fig. 2(b). Here we 
observe that the hydrodynamic mode in the shear channel is overtaken by the first excited 
quasi-normal mode above a certain value of B, that depends on the values of T and k. This 
is breakdown of hydro approximation beyond a critical magnetic field B.

The rest of the paper is organized as follows. In the next section we present our 5D gravity set-up 
and the black brane background in detail. Section 3 contains our main studies of the quasinormal 
mode spectra. In the last section 4 we discuss our findings and their interpretation from the point 
of view of the boundary gauge theory. Appendix A detail our calculations.

Note added: In the first version of this paper we reported an instability that appeared for large 
values of momentum. This turned out to be due to an error in our code that we fixed in this 
version and we do not find any perturbative instability in the system.

2. Gravity setting

The ihQCD [22,36–38] is a string theory inspired bottom up holographic model that describes 
the glue sector of QCD-like confining gauge theories at large-Nc and large ’t Hooft coupling. At 
high temperatures T > Tc, the model gives a realistic description of the glue plasma as compari-
son to lattice studies in [57] shows. In this paper we are interested in the effects of the magnetic 
field in the holographic description of the Quark–Gluon Plasma. Since the magnetic field couples 
the QGP through the flavor sector, i.e. the quarks, one first needs to add the flavor sector in the 
ihQCD theory. This can be achieved by considering Nf pairs of flavor branes and anti-branes 
embedded in the glue background. Let us denote the gravitational action corresponding to the 
glue and the flavor sectors by Sg and Sf respectively. The total gravitational action is

S = Sg + Sf . (1)

Since we are after non-negligible effects of the magnetic field on the QGP then the flavor sec-
tor should be taken as the same order as the glue. On the large Nc field theory side, this is 
achieved by considering the Veneziano limit, Nf → ∞, Nc → ∞ and Nf /Nc = x = finite and 
λ = g2Nc = fixed. For simplicity we consider finite but small x, in practice we shall take x = 0.1. 
On the gravity side, finite x means taking into account the backreaction of the flavor sector on 
the glue background. The latter holographic theory was first constructed in [39–46] and called 
the holographic Veneziano QCD model, V-QCD for short. This is the model we use in this work.

2.1. The glue sector

The glue sector is described by the two-derivative Einstein-dilaton action [22,36–38]

Sg = M3
pN2

c

∫
d5x

√−g

(
R − 4

3
(∂φ)2 + Vg(φ)

)
, (2)

where Mp is the 5D Planck mass fixed by matching the high temperature limit of non-interacting 
fermions and bosons [42], (Ml)3 = (1 + 7x/4)/45π2, where l is the AdS radius. The metric is 
dual to the energy momentum tensor and the dilaton corresponds to the TrF 2 operator in the 
boundary field theory. We further define

λ = eφ , (3)
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for notational convenience. This is identified with the ’t Hooft coupling in the ihQCD theory 
[22].

2.2. The flavor sector

The flavor action is described by the generalized DBI action [39,41] describing the embedding 
of the flavor branes

Sf = −1

2
M3

pNcTr
∫

d5x
(
Vf (λ,T †T )

√−det AL + Vf (λ,T T †)
√−det AR

)
, (4)

where

ALμν = gμν + w(λ,T )FL
μν + κ(λ,T )

2

[
(DμT )†(DνT ) + (DνT )†(DμT )

]
,

ARμν = gμν + w(λ,T )FR
μν + κ(λ,T )

2

[
(DμT )(DνT )† + (DνT )(DμT )†

]
, (5)

and the covariant derivative is given by

DμT = ∂μT + iT AL
μ − iAR

μT . (6)

Here, AL and AR denote the gauge fields living on the flavor D-branes corresponding to the 
global flavor symmetry U(Nf )L × U(Nf )R on the dual field theory. T is a complex scalar, 
the open string tachyon, which transforms as a bifundamental under this flavor symmetry and 
corresponds to the quark mass operator. The vector and the axial combinations are given by

Vμ = AL
μ + AR

μ

2
, Aμ = AL

μ − AR
μ

2
. (7)

Following [41] we choose the tachyon potential as

Vf (λ,T T †) = Vf 0(λ)e−a(λ)T T †
. (8)

We also make a simplifying assumption and take κ(λ, T ) and w(λ, T ) independent of T . The 
potentials Vf 0(λ), a(λ), κ(λ) and w(λ) are constrained by requirements from the low energy 
QCD phenomenology, such as chiral symmetry breaking and meson spectra [44].

We make a final simplification by choosing a diagonal tachyon field

T = τ(r)INf
, (9)

that corresponds to Nf light quarks with the same mass in boundary field theory. Holograph-
ically, τ(r) is dual to the quark mass operator and its non-trivial profile is responsible for the 
chiral symmetry breaking on the boundary theory.

As mentioned above, we consider small values of the parameter x = Nf /Nc in this work, for 
which the presence of the magnetic field is not expected to change the phase structure substan-
tially. Therefore the dominant phase should be deconfined and chirally symmetric, τ(r) = 0, at 
high temperatures [39,41]. From now on we set τ = 0 in the background solution. For relatively 
small values of the magnetic field, and for T = τ = 0, the flavor action (4) can be expanded as

Sf = −M3
pNcTr

∫
dx5Vf (λ)

√−g

√
det(δμ

ν + w(λ)2gμρFρν)

= −M3
pNcNf

∫
dx5Vf (λ)

√−g

(
1 + w(λ)2

4
FμνF

μν

)
, (10)

where Fμν is the field strength corresponding to Vμ in (7).
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2.3. Background at a finite magnetic field and temperature

Our complete action is given by (2) and (10). The background solution we seek should solve 
the Einstein, the Maxwell and the dilaton equations

Rμν − 1

2
gμνR −

(
4

3
∂μφ∂νφ − 2

3
gμν(∂φ)2 + 1

2
gμνVeff

)

−x
Vb

2

(
Fμ

ρFνρ − gμν

4
Fρσ Fρσ

)
= 0 , (11)

1√−g
∂μ

(√−ggμν∂νφ
) + 3

8

∂Veff

∂φ
− 3x

32

∂Vb

∂φ
F 2 = 0 , (12)

∂μ

(√−gVbF
μν

) = 0 , (13)

respectively. In general we also have to solve the tachyon equation of motion for the field T in (4). 
However, as we mentioned above, in this paper we are interested in the deconfined and chirally 
symmetric phase of the plasma, in which one can consistently set τ = 0. In other words, τ = 0
is a particular solution of the coupled system that includes the tachyon field that we consider in 
this paper.

Here we introduced the following combinations of potentials

Vb(λ) = Vf (λ)w(λ)2, Veff (λ) = Vg(λ) − xVf 0 . (14)

We first introduce a constant background magnetic field in the U(1) part of the vector field (7)

Vμ =
(

0,−x2B

2
,
x1B

2
,0,0

)
. (15)

Then the Maxwell’s equations are automatically satisfied by (15). Presence of this constant mag-
netic field in the x3 direction breaks the SO(3) symmetry to SO(2), that is, rotations on the x1x2
plane. Accordingly, we choose an ansatz for the metric and the dilaton as

ds2 = e2A(r)
(
−eg(r)dt2 + dx2

1 + dx2
2 + e2W(r)dx2

3 + e−g(r)dr2
)

, λ = λ(r) (16)

where r ∈ [0, rh]. The UV boundary is at r = 0, where we demand AdS5 asymptotics (A →
− log(r), g → 0, W → 0 as r → 0). rh is the location of the horizon where g(rh) = −∞.

With the ansatz (16), the Einstein’s equations (11) yield three second order equations for 
functions A(r), g(r), W(r) and one constraint equation [49]. The scalar equation of motion (12)
is not independent and can be obtained from the Einstein equations. In practice, it can be replaced 
by the aforementioned first order constraint equation. All in all, one obtains the following system 
of differential equations of degree seven [49]

A′′ − A′ 2 + 1

3

(
W ′′ + W ′ 2

)
= −4

9
(φ′)2 (17)

g′′ + g′(g′ + 3A′ + W ′) = xB2Vb

e2A+g
(18)

(W ′e3A+W+g)′ = xB2

2
Vb eW+A (19)

3A′(g′ + 4A′ + 2W ′) + g′W ′ + e−gVeff − 4
(φ′)2 = − xB2 Vb

. (20)

3 2 e4A+g
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For the potential Vg(λ), we choose the ihQCD potential [22,36–38]

Vg(λ) = 12

l2

(
1 + V0λ + V1λ

4/3
√

log(1 + V2λ4/3 + V3λ2)

)
, (21)

with coefficients

V0 = 8

9
β0, V1 = 1000V

4
3

0 , V3 = 100000k2

V2 =
(

23 + 36 × 51

121

)2
b0

6561V 2
0 V 2

1

(22)

where β0 = 22/(3(4π)2), b0 = 9/8 and k = (8/9)β0. The UV asymptotics (small λ) of this 
potential match the perturbative large-Nc β-function and correspond to initial conditions of an 
RG flow with asymptotic freedom in the dual field theory [22]. In the IR (large λ) this form of 
the potential guarantees that the dual field theory is confining with a gapped glueball spectrum 
[36].

The flavor sector potentials Vf 0(λ) and w(λ) can be determined by comparing their asymp-
totics with lattice and perturbative results. Following [41–44] we choose,

Vf 0(λ) = W0(1 + W1λ + W2λ
2), (23)

w(λ) =
(

1 + 3a1

4
λ

)− 4
3

, (24)

with

a1 = 115 − 16x

216π2
, W0 = 3

11
, W1 = 24 + (11 − 2x)W0

27π2W0
, (25)

W2 = 24(857 − 46x) + (4619 − 1714x + 92x2)W0

46656π4W0
. (26)

This choice of the flavor potentials are motivated by matching the perturbative anomalous di-
mension of the quark mass operator in the UV and the requirement of chiral symmetry and the 
meson spectra in the IR [44].

With this choice for the potentials, equations (17)–(20) can only be solved numerically. This 
system of equations requires 7 integration constants. However, one can easily see that the regu-
larity at the horizon fixes two of these integration constants automatically, one in (18) and (19)
each. Two constants among the leftover 5 are determined by the near UV requirements g → 0
and W → 0. The remaining 3 integration constants are physical; they correspond to the volume 
of a unit cell in the dual theory, the temperature T and �QCD. Furthermore, the volume just fac-
tors out as a multiplicative factor in all dimensionful parameters and cancels out in dimensionless 
ratios. Therefore, together with the magnetic field, our solutions will only be characterized by 
three parameters: B, T and �QCD . These numerical solutions are first constructed in [49] by 
matching the background solution with B = 0 near the boundary. Here we obtain the same so-
lutions with different temperature values in the interval T/Tc ∈ [1.00208, 1.84416] and different 
magnetic field values in the interval eBphys ∈ [0.05978, 3.34753] GeV2, where Tc is the critical 
temperature for the decofinement transition for B = 0 [37], e is the fundamental electric charge 
and we defined the “physical” magnetic field Bphys in the dual field theory

Bphys = B
, (27)
l2
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where l ≈ 0.00161482
247MeV

[49]. An interesting question might arise concerning the effect of B on Tc. 
This is discussed at length in the recent paper [58] where it is shown that different choices for 
the potential w(λ) in equation (24) may result in a decrease or an increase in the value of Tc. 
See [58] and the references therein for the associated behavior obtained in the recent lattice QCD 
simulations and other holographic models. The black brane solutions that we obtain by solving 
the equations (17)–(20) are identical to those in [49]. Therefore we shall not show them here. 
Instead, we directly focus on the quasinormal mode spectrum in the next section.

3. Quasinormal mode spectra

Quasinormal modes (QNMs) are linear fluctuations around the background that satisfy in-
falling boundary condition at the horizon and vanishing Dirichlet boundary condition at the 
boundary. Therefore we first need to determine these linear fluctuation equations around the 
background solution (16) of the previous section. It is standard to take fluctuations in a plane 
wave form times a r-dependent function determined from the linearized Einstein and Maxwell 
equations. Setting the plane wave part is nontrivial for the model we consider here for the fol-
lowing reason. The background metric (16) has SO(2) symmetry around the x3-axis, because of 
the presence of a constant magnetic field along that direction. Any plane wave form other than 
exp(ikx3 − iωt) would spoil this symmetry structure and would result in coupling between all 
metric and gauge field fluctuations. This general problem is very hard to solve and we leave it 
for future work. Instead, here we consider the case when the momentum �k is aligned with the 
magnetic field �B. Even though we motivate our choice of �k being parallel to �B by simplification 
of the calculations, such a situation indeed arises in the chiral magnetic and the chiral vortical 
effects in the quark–gluon plasma where charge and heat transport in the direction of �B is pro-
duced as a result of quantum QCD anomalies [4,59]. The fluctuations we consider in this paper 
are then of the form

gμν = g(0)
μν + g(1)

μν , Vμ = V (0)
μ + V (1)

μ , (28)

where

g(1)
μν = ei(kx3−ωt)hμν(r) , V (1)

μ = iei(kx3−ωt)vμ(r) . (29)

Here and throughout the paper, the superscript (0) denotes background quantities and the super-
script (1) denotes fluctuations. In this case we can decouple the scalar, vector, and tensor-type 
fluctuations. After imposing the radial gauge

htr = hx3r = hrr = hrα = 0, vr = 0, (30)

we end up with the classification [60]

Spin2 (scalar channel) : hαβ − δαβh/2 (31)

Spin1 (shear channel) : htα,hx3α, vα (32)

Spin0 (sound channel) : htt , htx3, hx3x3 , h, vt , vx3, φ, τ (33)

where α = x1, x2 and h = ∑
α hαα .

We note that the gauge (30) does not completely fix the diffeomorphism invariance. Under 
infinitesimal diffeomorphisms, xμ → xμ + ξμ (where ξμ = ei(kx3−ωt)ζμ(r)), the metric, gauge 
field fluctuations transform as
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g(1)
μν → g(1)

μν − ∇(0)
μ ξν − ∇(0)

ν ξμ, (34)

V (1)
μ → V (1)

μ − g(0)τλV (0)
τ ∇(0)

μ ξλ − g(0)τλξλ∇(0)
τ V (0)

μ . (35)

In this paper we only consider the QNMs in the shear and the scalar channels. In the next subsec-
tion we investigate temperature, magnetic field and momentum dependence of the shear channel 
QNM spectrum. In the subsequent subsection, we perform a similar investigation for the scalar 
channel. There is also a CP-odd channel associated with fluctuations of the topological charge 
operator trF ∧ F and the operators it couples to. The full set of such operators are extensively 
discussed in the recent paper [61].

3.1. Shear channel

In this subsection, we consider quasinormal fluctuations in the shear channel (32) by turning 
on the fluctuations

g
(1)
tx2

= ei(kx3−ωt)e2A(r)Htx2(r), (36)

g(1)
x2x3

= ei(kx3−ωt)e2A(r)Hx2x3(r), (37)

V (1)
x1

= iei(kx3−ωt)vx1(r), (38)

where Htx2 = ht
x2

, Hx2x3 = h
x3
x2 . Expanding equations (11) and (13) to linear order, we obtain the 

following system of equations

H ′′
tx2

(r) + [
3A′(r) + W ′(r)

]
H ′

tx2
(r) +

[
−e2W(r)k2

eg(r)
− 4B2e−2A(r)Z(φ)

eg(r)

]
Htx2(r)

−e−2W(r)kω

eg(r)
Hx3x2 − 4Be2A(r)ωZ(φ)

eg(r)
vx1(r) = 0 , (39)

H ′′
x3x2

(r) + [
3A′(r) + g′(r) − W ′(r)

]
H ′

tx2
(r) +

[
ω2

e2g(r)
− 4B2e−2A(r)Z(φ)

eg(r)

]
Hx3x2(r)

+ kω

eg(r)
Htx2 + 4Be2A(r)kZ(φ)

eg(r)
vx1(r) = 0 , (40)

v′′
x1

(r) +
(

A′(r) + g′(r) + W ′(r) + Z′(φ)φ′(r)
Z(φ)

)
v′
x1

(r) +
(

ω2

e2g(r)
− e2W(r)k2

eg(r)

)
vx1(r)

+ Bω

e2g(r)
Htx2(r) + Be2W(r)k

eg(r)
Hx3x2(r) = 0, (41)

where Z(φ) = xVf (φ)w2(φ)/4. In addition to these, one obtains a constraint equation

k

2
H ′

x3x2
(r) + e2W(r)ω

2eg(r)
H ′

tx2
(r) + 2Be2(W(r)−A(r))Z(φ)v′

x1
(r) = 0 . (42)

Since we have three second order equations and a first order constraint equation, this system of 
differential equations can be reduced to a set of two second order equations. Considering the 
gauge transformations (34) and (35) one determines the gauge invariant combinations as

Z2(r) = kHtx2(r) + ωHx3x2(r), (43)

Z3(r) = vx1 + B [kHtx2(r) − ωHx3x2(r)] . (44)

2kω
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Then, from equations (39), (40), (41) and (42) we obtain two second order gauge invariant equa-
tions for Z2 and Z3

Z′′
2 (r) + C1Z

′
2(r) + C2Z2(r) + C3Z

′
3(r) = 0 , (45)

Z′′
3 (r) + D1Z

′
3(r) + D2Z3(r) + D3Z

′
2(r) = 0 . (46)

The coefficients C1, C2, C3, D1, D2 and D3 are lengthy and presented in Appendix A. We use 
the shooting method to determine the QNM spectrum. In this procedure, we first numerically 
integrate equations (45) and (46) by specifying infalling boundary conditions at the horizon

Z2(rh − r) = (rh − r)−
iω

4πT [b0 + b1(rh − r) + ...] (47)

Z3(rh − r) = (rh − r)−
iω

4πT [c0 + c1(rh − r) + ...] (48)

where b1, c1 etc. can be expressed in terms of b0 and c0 by considering the near horizon expan-
sion of equations (45) and (46). The coefficients b0 and c0 are arbitrary. We first set b0 → 1 and 
c0 → 0, solve equations (45) and (46) numerically and obtain the first set of linearly independent 
solutions {Z(1)

2 , Z(1)
3 }. We then repeat the same procedure for b0 → 0 and c0 → 1 and obtain the 

second set of linearly independent solutions {Z(2)
2 , Z(2)

3 }. The Dirichlet boundary condition then 
means that the determinant of the matrix of maximally independent solutions should vanish on 
the boundary:

lim
r→rc

det[H ] = lim
r→rc

[Z(1)
2 Z

(2)
3 − Z

(2)
2 Z

(1)
3 ] = 0, (49)

where rc is the UV-cutoff. We then adjust the frequency ωn = �n+i�n to determine the solutions 
which satisfy this requirement. Our results are shown in Figs. 1, 2 and 3 below. We show our 
results in terms of dimensionless frequency and momentum

ω̄ = ω

2πTc

, k̄ = k

2πTc

. (50)

Fig. 1 shows the temperature dependence of the three lowest QNMs and two purely imaginary 
modes for T/Tc ∈ [1.0021, 1.8442], eBphys = 0.2391 GeV2, k̄ = 1. The lowest purely imaginary 
mode (blue curve on Fig. 1) corresponds to hydrodynamic mode in the limit of ω̄  1 and k̄  1. 
As expected, only this mode approaches to real axis when we heat the system up. We also observe 
that it never develops real part. For the following three lowest modes, the real parts increase when 
we heat the system up, on the other hand, the imaginary parts move away from the real axis and 
the gap between different modes become larger with increasing temperature. We also observe a 
second purely imaginary mode. It never develops a real part and it never becomes dominant for 
this choice of k and B . With increasing temperature, its imaginary part again moves away from 
the real axis. In particular we do not observe any crossing between the quasi-normal modes as a 
function of T in the shear channel.

In Fig. 2 we plot the magnetic field dependence of the three lowest QNMs and aforementioned 
two purely imaginary modes for eBphys ∈ [0.1196, 3.3475] GeV2, T/Tc = 1.0221, k̄ = 1. Even 
though it is not very clear from the plot, we find that their real parts all increase as a function of 
B , except the purely imaginary modes those never develop a real part. The imaginary parts have 
more complex behavior. Modes represented by blue (the hydro mode), purple move downward, 
red and black move upward and green firstly moves upward then downward with the increasing 
magnetic field. We observe that behavior of the imaginary parts depends also on k̄ values. For 
the small k̄ all the modes move downward.
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Fig. 1. T-dependence of quasinormal frequencies in the shear channel for temperature values varying between T/Tc ∈
[1.0021, 1.8442] and for fixed eBphys = 0.2391 GeV2, k̄ = 1: (a) the real parts and (b) imaginary parts of the three 
lowest and the two purely imaginary modes. Blue curve is the hydrodynamic mode. (For interpretation of the references 
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. B-dependence of quasinormal frequencies in the shear channel for magnetic field values varying between 
eBphys ∈ [0.1196, 3.3475] GeV2 and for fixed T/Tc = 1.0221, k̄ = 1: (a) the real and (b) the imaginary parts the three 
lowest and the two purely imaginary mode. Blue curve corresponds to the hydrodynamic mode. We observe that the 
hydrodynamic approximation breaks down at eBphys = 2.9291 GeV2. (For interpretation of the references to color in 
this figure legend, the reader is referred to the web version of this article.)

Most importantly, we observe a crossing between the blue and red modes for k̄ = 1 and at crit-
ical magnetic field value3 eBphys = 2.9291 GeV2. This is a crossing between the hydro mode 
(blue) and the first excited QNM (red), therefore it signals breakdown of the hydrodynamic ap-
proximation above a particular value of the magnetic field Bc.

In Fig. 3 we look at the momentum dependence of three lowest QNMs and two purely imag-
inary mode in the shear channel, for k̄ ∈ [0, 2.2700], T/Tc = 1.0221, eBphys = 0.2391 GeV2. 
The real parts increase with the increasing momenta. The momentum dependence of the imagi-
nary parts are more complicated. For every mode we consider in this plot a crossing occurs with 
another mode at a certain value of the momentum. In particular we find that the hydro mode 
(blue) becomes subdominant with respect to the second excited quasi-normal mode at a critical 
value k̄c = 1.3995. This signals breakdown of the hydrodynamical approximation at large values 

3 This value of eBphys corresponds to a sufficiently small value of B such that the approximation in (10) is still valid.
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Fig. 3. k̄-dependence of quasinormal frequencies in the shear channel for momentum values varying between k̄ ∈
[0, 2.2700] and for fixed T/Tc = 1.0221 and eBphys = 0.2391 GeV2: (a) the real parts and (b) the imaginary parts 
of the three lowest modes and the two purely imaginary modes. Blue curve corresponds to the hydrodynamic mode. We 
observe that the hydrodynamic approximation breaks down at k̄c = 1.3995. (For interpretation of the references to color 
in this figure legend, the reader is referred to the web version of this article.)

of momentum. The same phenomenon was also observed in [52–54] and recently in [31–33] in 
the context of holographic QCD and also [55,56] for holographic superfluids. Finally, It should 
be emphasized that the first purely imaginary (blue) mode fulfills the expected value of frequency 
from hydrodynamical dispersion relation, ω = −i

η
sT

k2 = −i 1
4πT

k2 where η is the shear viscos-
ity and s the entropy density.

3.2. Scalar channel

Having observed curious crossing phenomena and breakdown of hydrodynamical approxima-
tion as a function of B and k in the shear channel in the previous section, one naturally wonders 
if the same phenomena occur in the other channels. We answer this question in this section by 
considering fluctuations in the scalar channel (31). One important difference from the shear chan-
nel is that there is no hydrodynamic mode in the scalar channel. Put differently, there exists no 
mode whose frequency vanishes in the k → 0 limit. Yet, we observe similar crossing phenomena 
between the different quasi-normal modes as described below. The fluctuation corresponding to 
the scalar mode is,

g(1)
x1x2

= ei(kx3−ωt)e2A(r)Hx1x2(r) (51)

where Hx1x2 = h
x1
x2 is invariant under the residual gauge transformation (34) and from now on 

we denote it by Z1(r). Expanding equation (11) to first order we obtain the gauge invariant 
fluctuation equation

Z′′
1 (r) + [

3A′(r) + g′(r) + W ′(r)
]
Z′

1(r) +
[

ω2

e2g(r)
− k2

e2W(r)+g(r)

]
Z1(r) = 0. (52)

To determine the QNM spectrum, we again use the shooting method. We first numerically inte-
grate (52) by specifying the infalling boundary condition at the horizon

Z1(rh − r) = (rh − r)−
iω

4πT [a0 + a1(rh − r) + ...] , (53)

where a1 etc. can be expressed as functions of a0 by carrying out the near horizon expansion 
of (52). The coefficient a0 on the other hand is arbitrary and we set it to 1. The solution should 
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Fig. 4. T-dependence of quasinormal frequencies in the scalar channel for temperature values varying between T/Tc ∈
[1.0021, 1.8442] and for fixed eBphys = 0.2391 GeV2, k̄ = 1: (a) the real parts and (b) the imaginary parts of the four 
lowest modes and the purely imaginary mode. We observe crossing between the three lowest lying modes at T/Tc =
1.1371 and T/Tc = 1.4185. (For interpretation of the references to color in this figure, the reader is referred to the web 
version of this article.)

also satisfy the Dirichlet boundary condition Z1(rc) = 0 on the boundary. We then adjust the 
frequency ωn = �n + i�n to determine the solutions that satisfy this requirement. Our results are 
shown in Figs. 4, 5 and 6.

In Fig. 4 we consider the temperature dependence of the four lowest QNMs and of the purely 
imaginary mode for T/Tc ∈ [1.0021, 1.8442], eBphys = 0.2391 GeV2, k̄ = 1. We observe that 
the real parts increase when we heat the system up. The imaginary parts move away from the real 
axis and the gaps between the different modes become bigger with the increasing temperature 
as expected. We also observe a purely imaginary mode down on the imaginary axis displayed 
in Fig. 4(b). It never develops a real part and it never becomes dominant at this small value of 
k̄. With increasing temperature, its imaginary part again moves away from the real axis. More 
importantly we observe a crossing in between the imaginary parts of the three lowest modes. 
For purple and red modes crossing occurs around T/Tc = 1.1371 and for green and red modes 
it occurs around T/Tc = 1.4185. Even though this does not mean a breakdown of hydro in this 
case, it is still interesting as it means that different quasi-normal modes control the equilibration 
of linear fluctuations in the plasma for temperatures above or below these critical values for the 
temperature.

Fig. 5 exhibits the magnetic field dependence of the lowest four QNMs and the aforemen-
tioned purely imaginary mode for eBphys ∈ [0.1196, 3.3475] GeV2, T/Tc = 1.0221, k̄ = 1. With 
increasing magnetic field we observe that the real parts increase (it is not clear from the plot be-
cause of the fact that real parts of the QNM frequencies are widely separated) and the imaginary 
parts move away from the real axis. We also observe a purely imaginary mode never develops a 
real part and imaginary part of it moves upward with the increasing magnetic field. We do not 
find any crossing as a function of B in the scalar channel, at least in the range of B we consider 
here.

Finally, the momentum dependence of the four lowest QNMs and the purely imaginary mode 
is shown in Fig. 6 for k̄ ∈ [0, 2.93], T/Tc = 1.0221, eBphys = 0.2391 GeV2. We find that the real 
parts increase with increasing momentum. On the other hand, the momentum dependence of the 
imaginary parts is more complicated. Crossings occur for all the modes shown here at different 
values of momentum.
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Fig. 5. B-dependence of quasinormal frequencies in the scalar channel magnetic field values varying between eBphys ∈
[0.1196, 3.3475] GeV2 and for fixed T/Tc = 1.0221, k̄ = 1: (a) the real parts and (b) the imaginary parts the four lowest 
and the purely imaginary mode.

Fig. 6. k̄-dependence of quasinormal frequencies in the scalar channel for momentum values varying between k̄ ∈
[0, 2.93] and for fixed T/Tc = 1.0221 and eBphys = 0.2391 GeV2: (a) the real parts and (b) the imaginary parts of 
the four lowest modes and the purely imaginary mode. We observe various crossings between these modes in (b).

4. Discussion

In this paper we investigate equilibration of linear fluctuations in the deconfined, and chirally 
symmetric quark–gluon plasma phase of a strongly coupled large-Nc 4D gauge theory that is 
confining at low temperatures. The system is placed under an external magnetic field in the x3
direction and we determine the location of the poles in the retarded Green’s function of the stress 
tensor operator Tx1x2 (the scalar channel) and a mixture of the stress tensor components Ttα, Tx3α

and the current operator Jβ (the shear channel), where α = x1, x2 and β = x2, x1 respectively. 
These poles (especially the lowest modes) control the equilibration process; in particular the 
equilibration time is well approximated by the imaginary part of the lowest mode τ ∝ −1/Imω. 
It is therefore quite interesting to determine how this spectrum depends on the parameters T , B
and the momentum k. We carry out this analysis using the holographic dual formulation where 
these poles are mapped onto the quasinormal modes of the corresponding black-brane solution 
which we determine by numerically solving the system of linear fluctuation equations using 
the shooting method. Our findings are summarized in the list in section 1. Here we discuss our 
findings in more detail and also provide an outlook.
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B dependence of the QNMs: The most interesting finding is the breakdown of the hydrodynamical 
approximation above a certain value of the magnetic field in the shear channel. We observe that 
the first excited quasi-normal mode becomes more dominant than the hydrodynamic mode, as its 
imaginary part becomes less negative above a certain value of the magnetic field. As shown in 
Fig. 2(b) this happens at eBphys = 2.9291 GeV2 for T/Tc = 1.0221 and k̄ = 1. We note that this 
finding does not have any direct relevance to heavy ion collisions. As shown in [5], if we take the 
proper time value τ = 0.5 fm as the thermalization time, the value of the magnetic field for an 
off-central collision with a typical impact parameter b = 7 fm at LHC is around eB = 0.04 GeV2

that is an order of magnitude smaller than the critical value we obtain here. Still, it implies that 
the hydro approximation is not to be trusted for arbitrarily large values of the magnetic field, 
consistent with general considerations. We do not observe any such crossing as a function of B 
in the scalar channel.

We also find that both in the scalar and the shear channels, the real parts Reω of all and the 
imaginary parts Imω of most of the modes increase with increasing B with the only exception 
of the purely imaginary mode in the scalar channel and two modes in the shear channel. This 
means that the corresponding linear fluctuations oscillate faster and become more damped at 
larger values of B . The latter means that the equilibration times τ become shorter. On the other 
hand, this should be related to the thermalization times of the quark–gluon matter produced in 
heavy ion collisions at RHIC and LHC. One can estimate the thermalization times in the absence 
(presence) of B in the central (off-central) collisions by matching to the hydrodynamical simula-
tions. One does not seem to find a substantial difference in the thermalization time of the plasma 
in the presence and absence of B . However, as also discussed in [35], this does not necessarily 
imply a contradiction with our results. This is because thermalization and equilibration are two 
different processes in general. Thermalization refers to a fully non-linear time-dependent evolu-
tion and equilibration—that we study in this paper—refers to ring down of linear fluctuations. 
Thermalization in heavy ion collisions is expected to be a wild, fully non-linear process that can 
also be studied holographically [23]. One of the most urgent open problems is then to work out 
the holographic thermalization of the plasma in the presence of magnetic fields. As to why the 
purely imaginary mode in the scalar channel behaves differently and approaches to the real axis 
with increasing B remains to be understood.

An interesting open question is to determine the dependence of the linear mode spectra on 
B in the confined phase. This would directly provide the Landau levels in the gauge theory, and 
how they shift with B at strong coupling.

Various crossing phenomena: We find a complicated pattern of motion for the quasi-normal 
modes, and in particular various crossing phenomena, also as a function of T and k. We find that 
all the modes we considered in this paper, in both channels, become subdominant for large values 
of momentum with respect to higher order excitations. This can be seen in Figs. 3(b) and 6(b) 
for the shear and the scalar channels respectively. In particular the crossing in Fig. 3(b) between 
the hydro mode and the first excited mode signals breakdown of hydrodynamics at large k. This 
happens at k̄c = 1.3995 for T/Tc = 1.0221, eBphys = 0.2391 GeV2 in our model.

Crossings happen less frequently as a function of T. In particular we do not find any crossing 
in the shear channel, and find only two such cases among the three lowest lying modes in the 
scalar channel, as shown in Fig. 4(b).

Purely imaginary mode: We observe two separate classes of QNMs, one class with both real and 
imaginary parts and a second class that is purely imaginary. We find two purely imaginary modes 
in the shear channel and only one such mode in the scalar channel.
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The first purely imaginary mode in the shear channel has a simple interpretation as it corre-
sponds to the hydrodynamical dispersion relation

ω = −i
η

sT
k2 = −i

1

4πT
k2

where η is the shear viscosity and s the entropy density. The second equation above is confirmed 
in our backgrounds numerically.

The other purely imaginary modes are more curious. Such modes were also observed in 
charged black-brane solutions, first in [50] and further discussed in [35]. The latter paper conjec-
tures an interpretation of such modes, proposing that these poles combine to form a branch cut 
on the complex frequency plane in the corresponding retarded Green’s function in the limit they 
approach each other. This is a plausible interpretation, however, it does not seem to apply to our 
case since we were able to locate only one example of such purely imaginary mode, not an entire 
family as in [50] and [35]. Whether one can locate the entire family, and whether there exist a 
limit where they approach each other and form a branch-cut remains to be seen. Another differ-
ence between the aforementioned works and our case is that these purely imaginary modes only 
appear in the electrically charged black-brane solutions in their case, whereas we obtain such an 
example in the magnetically charged black brane. Physically, it corresponds to an overdamped 
ring down of the linear fluctuation since it does not possess any real part which would correspond 
to oscillations in time. These particular fluctuations were associated with backscattering of grav-
itational waves off the gravitational potential in [28]. It is plausible that the same interpretation 
holds in our case. Our purely imaginary modes both in the scalar and the shear channels move 
up on the imaginary axis with increasing momentum.

Approximations and a look ahead: Finally let us discuss the various approximations we made 
in this work. We made three important assumptions in this paper. First, we assumed a finite but 
small ratio of the number of flavors and color, x = 0.1 in the Veneziano limit. Even though this is 
not very realistic for the actual QGP produced at LHC and RHIC, it simplifies our study consid-
erably. In particular we can safely assume that the phase structure of the theory does not diverge 
significantly from the x → 0 case where there exists only two phases: the confined, chirally bro-
ken phase and a deconfined chirally symmetric phase. An intermediate phase where color charge 
deconfines, yet with a nontrivial quark condensate, as observed in [42] for example, does not 
exist in this limit. This assumption allowed us set the tachyon background τ = 0. This simplifies 
the technical analysis considerably, however it raises the obvious questions how does the depen-
dence of quasi-normal modes on B, T and k would be for x ∼ 1 and/or in an intermediate phase, 
such as a black-brane with non-trivial tachyon. These are important questions to be addressed in 
future work.

Second, we only considered fluctuations with momenta aligned with the magnetic field. This 
assumption also simplifies the analysis substantially. This is because when k and B are not 
aligned the problem has less symmetry. Therefore, on one hand classification of modes become 
harder, on the other hand one expects more modes couple to each other making the coupled sys-
tem of differential equations more complicated. Yet, this is a restriction that should be overcome 
in future work.

Finally we considered a limit where the square-root of the DBI action in (4) can be replaced by 
the F 2 term. This also simplifies the analysis technically but does not correspond to a wide range 
of parameters. One wonders for example if one would still find breakdown of the hydrodynamic 
approximation for large B if one lifts this assumption.
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Another obvious omission in our story is the other quasi-normal mode channels. The sound 
channel is particularly interesting as one would like to know dependence of the dispersion rela-
tion of sound mode on the magnetic field. The coupled system of equations in this channel turns 
out to be too complicated however, therefore we chose to omit this channel altogether in this 
work.

Acknowledgements

We thank Tara Drwenski, Ioannis Iatrakis, Aron Jansen, Cihan Saclioglu and Phil Szepi-
etowski for useful discussions. T.D. thanks ITP, Utrecht university for hospitality where most 
of this work was completed. This work was supported, in part by the Netherlands Organisation 
for Scientific Research (NWO) under VIDI grant 680-47-518, and the Delta-Institute for Theo-
retical Physics (D-ITP) that is funded by the Dutch Ministry of Education, Culture and Science 
(OCW). T.D. was supported by the Scientific and Technological Research Council of Turkey 
(TUBITAK) under the programme 2214-A.

Appendix A. Coefficients in the gauge invariant variable equations of the shear channel

Explicit forms of the coefficients in the gauge invariant equations (45) and (46) are

C1 = e2W(2B2f x(Vb/4)[6f A′ + f ′] − e2Aω2[f ′ + f {3A′ − W ′}])e2Ak2f 2(3A′ + W ′)
f (−e2(A−W)ω2 + f [e2Ak2 + 4B2e2Wx(Vb/4)]) ,

(A.1)

C2 = ω2 − e2Wk2f − 4B2e−2Af x(Vb/4)

f 2
, (A.2)

C3 = − 4Be2Wkωx(Vb/4)[f ′ − 2f W ′]
−e2(A+W)ω2 + f [e2Ak2 + 4B2e2Wx(Vb/4)] , (A.3)

D1 = e2Ak2f (x(Vb/4)[f ′ + f {A′ + W ′}] + f x(V ′
b
/4)φ′ + e2W [2B2f x2(Vb/4)2{6f A′ + f ′}])

f x(Vb/4)[−e2(A+W)ω2 + f (e2Ak2 + 4B2e2W x(Vb/4))]

+ e2Ak2f (−e2Aω2[x(Vb/4){f ′ + f (A′ + W ′)} + f x(V ′
b/4)φ′])

f x(Vb/4)[−e2(A+W)ω2 + f (e2Ak2 + 4B2e2Wx(Vb/4))] , (A.4)

D2 = ω2 − e−2Wk2f − 4B2e−2Af x(Vb/4)

f 2
, (A.5)

D3 = −2B3e2Wx2(Vb/4)2[f ′ − 2f W ′]
2kωx(Vb/4)[−e2(A+W)ω2 + f {e2Ak2 + 4B2e2Wx(Vb/4)}]

+ Be2A[x(Vb/4)(k2{2f A′ − f ′} + 2e2Wω2{A′ − W ′}) − x(V ′
b/4)φ′(e2Wω2 + k2f )]

2kωx(Vb/4)[−e2(A+W)ω2 + f {e2Ak2 + 4B2e2Wx(Vb/4)}] ,

(A.6)

where f = logg, φ = logλ and the derivatives of Vb are with respect to φ.
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