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1 Introduction

1.1 Thermodynamics in a nutshell

The formulation and development of thermodynamics was driven by the practical need to
optimize steam-engine performance. With the depletion of fossil fuels and ever-increasing world
population, the construction of new types of engines to harvest energy from sustainable sources,
as well as a fundamental exploration of the parameters governing their performance, is as
relevant today as it was two centuries ago during the early days of thermodynamics. It is
worthwhile to recap a few of the key notions of thermodynamics, since the motivation behind
large parts of this thesis builds on analogous arguments and reasoning.

Traditional heat engines consist of a gas at temperature T and pressure p that is enclosed
in a container that prevents particles from leaking out, but does allow heat flow through its
walls. While mostly rigid, on one side a piston can move frictionlessly to adjust the volume
V of the gas (see Fig. 1.1(a), inset). The engine is alternately brought into thermal contact
with two heat reservoirs at high and low temperature (TH and TL, respectively) during a com-
pression/expansion cycle. The heat engine works by intercepting the heat flow that would
spontaneously arise if the two heat reservoirs were brought into contact with each other, and
performs it in a controlled manner. Consider the canonical example of the Stirling cycle as in-
dicated in Fig. 1.1(a). The cycle consists of a compression phase at TL, a heating step towards
TH by bringing the cylinder in contact with the high-temperature reservoir, followed by an
expansion stroke at TH, and a final cooling step towards TL to bring the engine into its original
position. As the piston moves over an infinitesimal distance, the gas performs an infinitesimal
amount of work δW = pdV on its environment. This product of the conjugate thermodynamic
variables p and V is of dimension energy, typically measured in units of joule. Integrated over
a full expansion/compression cycle this yields an amount of work

W =
∮
δW =

∮
p(V, T )dV. (1.1)

We see that the work delivered by the engine during a cycle is exactly the surface enclosed
by the cycle in the pressure/volume representation of Fig. 1.1(a). To draw explicit cycles and
to find explicit expressions for the work performed, we need to know the relationship p(V, T )
between the pressure, volume and temperature. A milestone stone of 19th century physics is
the formulation of the ideal-gas equation of state by Clapeyron (1834) which is a combination
of Boyle’s law (1662), Charles’s law (∼ 1780), and Avogadro’s law (1811). Written in “modern”
statistical mechanics language it reads

p(V, T ) = NkBT

V
, (1.2)
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Figure 1.1: (a) A Stirling compression-heating-expansion-cooling cycle of a heat engine, plotted in the p-V
plane of conjugate thermodynamic variables. (b) Ψ-Q plot of the charging cycle ABCA of a
plate capacitor.

withN the (fixed) number of particles and kB Boltzmann’s constant. We now see that the engine
provides net mechanical work because the compression phase at low temperature costs less
energy than the amount of energy harvested during the expansion phase at high temperature.
But where does the harvested mechanical energy come from? The first law of thermodynamics,

dU = δQ− δW, (1.3)

states that one can change the internal energy U of a system, either by adding heat δQ to the
system, or by letting the system perform work δW on its environment. With this first law and∮
dU = 0, true for any state function integrated over a closed path, we can express the work

equivalently as W =
∮
δQ ≡ QH − QL, where QH and QL are the heat flows from the hot and

cold reservoirs, respectively; a portion of the heat flow out of the hot reservoir is converted into
mechanical work. The discussed Stirling cycle contains isochoric (dV = 0) heating (cooling)
steps, in which a heat flow into (out of) the engine causes a temperature change. Obviously, the
efficiency η ≡W/QH of the engine suffers from these isochoric steps since they do not add to the
performed work, but do add to the total heat flow. Is it possible to change the temperature of
the gas without heat flowing? To answer this question it is convenient to introduce the concept
of entropy, denoted by S. While work and heat are not state functions, indicated with δ for
inexact differentials, it was realized by Clausius that the combination dS = δQ/T is. From
this definition we see that no heat is exchanged along adiabatic (dS = 0) paths. Instead, by
writing out the total differential of dS(T, V ), one can show that along paths with dS = 0, the
temperature and volume of an ideal gas of point particles are related via

CV
T
dT + NkB

V
dV = 0 ⇒ TV

3
2 = cst, (1.4)

where we used that ideal-gas heat capacity CV = 3NkB/2 for the second statement. Replacing
the isochoric heating and cooling steps of the Stirling cycle by two adiabatic steps, we arrive
at the so-called Carnot cycle. By reductio ad absurdum one can prove that the Carnot cycle
is the most efficient heat engine cycle operating between the reservoirs at TL and TH. A more
efficient cycle would be able to generate a net heat flow from the cold to the hot reservoir,
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thereby violating the second law of thermodynamics, which is alternatively expressed via the
demand that the entropy change of the universe is nonnegative, dS ≥ 0 for any process, with
the equality holding for reversible processes. Rather stunningly, its associated Carnot efficiency,
ηC = 1− TL/TH, is independent of the properties of the engine and its working substance (the
gas). In fact, it was this observation, along with the fact that the efficiency cannot exceed 1,
that led Kelvin to define a zero in the temperature scale [1].

Even though thermodynamics was driven by the search for efficient heat engines, its range
of validity is considerably larger. Besides pressure and volume, there are many other conjugate
thermodynamics pairs with unit joule that can appear in the first law Eq. (1.3), e.g., electric
field and polarization, surface tension and area, and chemical potential and number of particles.
Accordingly, there are many examples of engines that perform thermodynamic cycles analogous
to the heat engine examples provided above. This thesis centers around yet another conjugate
pair: the electrode potential and electrode surface charge of nanoporous carbon electrodes.
These devices provide a third way (different from induction and piezoelectricity) to produce
electric energy, via charging cycles of capacitive electrodes with a variable capacitance.

1.2 A capacitor cycle

The basic principle underlying this type of energy generation is best understood in terms of
a charging cycle of a capacitor whose capacitance is varied by a mechanical stimulus. In the
simplest case, such a capacitor consists of two parallel conducting plates of surface area A

separated by a layer of air of thickness d (see Fig. 1.1(b), inset). The ratio between the potential
difference Ψ (in volts) across the plates and the charges Q and −Q (in coulombs) on the plates
is given by the capacitance C ≡ Q/Ψ. For the plate capacitor, this capacitance is inversely
proportional to the plate separation:

C = ε0εrA

d
, (1.5)

with ε0 the vacuum permittivity and εr the relative permittivity of air. Consider the charg-
ing cycle ABCA (Fig. 1.1(b)). During this cycle, the electrodes are successively charged by a
battery at small plate separation (AB), pulled apart with a mechanical force (BC), discharged
over a load, and subsequently brought back together to their initial small separation (CA). The
capacitor cycle exhibits a surprising similarity with the Stirling cycle discussed in the previous
section. Just like the pressure and volume, electric potential and charge are conjugate thermo-
dynamic variables that appear in pairs in the first law of thermodynamics. The thermodynamic
description of the charging cycle of the plate capacitor therefore goes analogously; the surface
enclosed by the cycle ABCA (Fig. 1.1(b)) represents the electric energy harvested,

W =
∮
δW = −

∮
Ψ(Q, d)dQ. (1.6)

Explicit expressions for the work performed are found by employing the known relationship
(C ≡ Q/Ψ) between the potential and the charge for a given plate separation. The potential
therefore plays the same role in this example, as the equation of state (Eq. (1.2)) which was
required to evaluate the work performed by the heat engine cycle (Eq. (1.1)). Let us have a closer
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look at cycle ABCA. During the charging step AB the capacitor with a high capacitance Chigh

is connected to a battery until the charges on the capacitor plates are Q and −Q. The battery
provides an energy Elow = Q2/(2Chigh) in this process. The mutually attracting plates are pulled
apart at fixed Q by a mechanical force (BC) to lower the capacitance to Clow. This causes a rise
in the potential difference and in the electric energy that rises to Ehigh = Q2/(2Clow). Energy
is harvested when the capacitor discharges (CA) over a load. The basic principle of this cycle
is that a mechanical stimulus changes the capacitance in such a way that more electric energy
is harvested during the discharge than is invested during the charging up by the battery: an
amount Ehigh − Elow of mechanical energy is converted into electric energy.

The capacitors described in the remainder1 of this thesis are not the usual air-filled, parallel-
plate capacitors, but so-called supercapacitors: nanoporous carbon electrodes immersed in
charge-carrying fluids.

1.3 The electric double layer...

When a potential difference is applied across a flat electrode that is in contact with a salt
solution, the electric field will cause the ions to move. This process stops as soon as the charge
on the surface of the electrode is completely screened by ions of the opposite charge: the so-
called electric double layer (EDL) that forms is sketched in Fig. 1.2(a). This figure also shows
a few dipolar solvent molecules that align with the electric field near the electrode and form a
solvation shell around the ions.

In 1853, Helmholtz proposed the first EDL model [2] in which the electronic surface charge
is screened by an adsorbed layer of counterionic charge that is tightly bound to the surface, at
a fixed distance set by the radius R of the ions. The ions in the solution and the electrons on
the plate then essentially form a plate capacitor of microscopic dimensions. Accordingly, the
associated Helmholtz capacitance CH follows as a straightforward extension of Eq. (1.5):

CH = Q

Ψ = ε0εA

R
, (1.7)

where ε is the dielectric constant of the solvent in which the electrolyte is dissolved.2 While
this ion configuration minimizes the electrostatic energy, Uel, thermodynamic systems at finite
temperature T strive for a minimization of their free energy, F = Uel−TS. Instead of the firmly
attached Helmholtz layer, the capacitor achieves a minimum free energy via a more smeared
out, diffuse cloud of counterionic charge, characterized by a larger effective plate distance and
thus higher ion configurational entropy. Accordingly, the first model that accounted for thermal
energy of the ions was set up in 1910 by Gouy [3], whose work marked a considerable step in the
understanding of the EDL. He postulated that the local concentration of pointlike, monovalent
cations (+) and anions (-) at a distance z from the electrode, scales with the Boltzmann weight
of the local electrostatic potential ψ(z) as ρ±(z) = ρs exp[∓βeψ(z)], with e the elementary
charge, β = 1/kBT the inverse temperature, and ρs the bulk salt concentration far away from
1 With the exception of Chapter 8.
2 Similar to this model, we ignore the intricate structure of the solvent throughout this thesis. Instead, we treat it

as a background medium that screens the bare Coulomb interactions via its dielectric constant ε (cf. Eq. (3.1)).
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Figure 1.2: (a) The electric double layer that forms near a charged surface. This sketch shows counterions
that screen electronic surface charge, as well as one co-ion located towards the bulk. Also shown
are a few solvent molecules (water in this case) that orient their dipoles to the local electric
field caused by the surface and ionic charges. (b) Two electrodes of opposite charge in a saline
solution form double layers on the surface of the porous carbon.

the electrode where the potential vanishes, ψ(∞) = 0. These Boltzmann weights close the
Poisson equation (cf. Eq. (2.25)) in terms of the electrostatic potential ψ(z); the resulting
Poisson-Boltzmann equation can be solved analytically (cf. Eq. (2.33)). The relation between
the surface potential Ψ ≡ ψ(z = 0) and charge can then be captured in an elegant expression
(cf. Eq. (2.36)) derived by Chapman in 1913 [4]. However, as these quantities turn out to
be nonlinearly related, it is common practice to express the charging behavior in terms of the
differential capacitance Cd ≡ ∂Q/∂Ψ that depends on the charging state of the electrode.3 The
famous Gouy-Chapman capacitance,

Cd
GC = ε0εA

λD
cosh eΨ

2kBT
, (1.8)

varies with Debye length λD =
√
ε0εkBT/2ρse2, the length scale that also appears as the

characteristic width of the diffuse EDL. This length scale, named after the Dutch-American
physicist Peter Debye, depends on the concentration of salt. For sodium chloride in water, λD

ranges from about 1 ångström (nearly saturated) to 1 µm (demineralized water). Equation (1.8)
implies that a higher surface potential is required to screen the same surface charge, if the bulk
salt concentration is lowered.

In recent years, materials research has led to the development of porous electrodes that have
a huge internal surface [5]. Take porous carbon, for example: it combines a high conductivity
with a surface area up to 2000 m2 g−1. When the carbon is immersed in an aqueous electrolyte
solution and used as an electrode in an electric circuit, a double layer will be formed along the
entire internal surface (Fig. 1.2(b)). The smallest pores of the electrode, which are typically just
1 nm wide, are then filled with ions. These ions, which are surrounded by a cloud of polarized
water molecules (Fig. 1.2(a)), have an effective diameter of about 0.5 nm. A double layer model
for this situation should therefore address both the steric and electrostatic interactions between
the ions and the electrode surface, and the ions among themselves. Traditional double-layer
3 Obviously, the integral capacitance C ≡ Q/Ψ is easily determined from Cd. In particular, for the Helmholtz

model these quantities coincide. From here on, if we omit specification, with ‘capacitance’ we usually mean
Cd, except when we specify the measured specific capacitance (in F g−1) of an experimental system.
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theories like the Gouy-Chapman model were developed for pointlike ions, small surface poten-
tials and infinite pore widths, and thus fail to describe the experimentally observed capacitance
of the nanoporous electrodes. For example, Eq. (1.8) predicts a monotonically increasing ca-
pacitance with increasing plate charge (one can stack an infinite amount of point particles),
whereas it is intuitively clear that at some point, the pores are full and the integral capacitance
saturates, with the differential capacitance vanishing. However, we will find (in Fig. 3.3(c)) that
the inclusion of steric repulsions in nanopores only quantitatively (but not qualitatively) affects
the potential rise that can be caused by decreasing the salinity. Experiments confirm this salt
concentration effect on the electrostatic potential (1.3(a)). This means that the capacitance can
be varied in such a way that during a charging cycle of the electrodes, energy is generated using
two water reservoirs with unequal salinities. In a similar manner to a heat engine producing
mechanical energy by intercepting a spontaneous heat flow, electric energy is then generated
by exploiting the spontaneous salt flow that arises when the two water reservoirs of different
salinity are brought together.

1.4 ...put to work

Such a spontaneous mixing process occurs where rivers flow into the sea [6]. When a liter of
fresh water is mixed with an excess of seawater, the ion entropy increases. The free energy
of this water consequently decreases by two kilojoules for typical salt concentrations in rivers
and seas, equivalent to the gravitational energy difference when this liter would fall down a
200 m-high waterfall (see Appendix. 1.A). The energy that can be harvested by performing this
mixing process in a controlled manner is often called “blue” energy, which is a reference to the
color of the sustainable fuel that is used.4 The development of membrane-based blue engines
goes back to the 1970s [10–14]. In these devices, the osmotic pressure difference Π between two
solutions is converted into a mechanical pressure difference (pressure retarded osmosis (PRO),
with water-permeable membranes) or into two opposite ion currents (reversed electrodialysis
(RED), with ion exchange membranes). The possibility of generating blue energy using water-
immersed porous carbon electrodes is a more recent idea [15]. Consider the positive electrode of
such a device, containing N+ cations and N− anions in its pores and a charge Q/e = N+ −N−
on its surface, such that the total water-immersed electrode is charge-neutral. The differential
of the free energy F (T, V,N,Q) of this electrode of fixed volume V at potential Ψ and at
temperature T can be expressed in terms of charge variations dQ, and in terms of ‘the other’
linear combination dN = d(N+ +N−), which results in

dF = ΨdQ+ µdN, (1.9)

with µ = (µ+ + µ−)/2 the average of the ionic chemical potentials µ± of an ion reservoir
in contact with the electrode [16]. Equation (1.9) indicates that the electrode can change
4 The ability for people to distinguish colors depends on their language, and is, hence, cultural [7, 8]. William

Ewart Gladstone (a classicist, who also served as prime minister of the United Kingdom four separate times),
famously noticed the absence of blue in the Iliad and Odyssee [9]. “And jealous now of me, you gods, because
I befriend a man, one I saved as he straddled the keel alone, when Zeus had blasted and shattered his swift
ship with a bright lightning bolt, out on the wine-dark sea.”
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Figure 1.3: (a) The relation between the surface charge Q (in Coulomb per gram electrode material) and
the potential Ψ of the salt water-immersed nanoporous carbon electrodes as discussed in Chap-
ter 7. Plotted are experimental data for four NaCl concentrations, ρs = 1, 10, 100, 1000 mM.
(b) The charging cycle ABCDA performed by a blue engine, in terms of the electrode potential
Ψ and charge density Q/A (in elementary charges nm−2), where A is the internal surface of the
electrodes. Plotted are data generated by the modified Poisson-Boltzmann model as described
in Chapter 4. Here, the (dis)charging stroke takes place at a salt concentration ρs = 600 mM
(ρs = 24 mM).

its free energy by performing infinitesimal electric work δW = −ΨdQ on its environment, or
by taking up dN additional particles. Consider the charging cycle ABCDA as indicated in
Fig. 1.3(b). The electrodes are successively charged in seawater (AB), flushed with river water
(BC), discharged in contact with river water (CD) and subsequently flushed with seawater
(DA). During the flushing steps, the Debye length changes and with that, the capacitance of
the electrodes changes as well. This means that a battery needs to provide less energy for
the charging process at high salinity than the amount of energy that can be stored in another
battery during the discharge at low salinity. The energy difference is the net amount of blue
energy that is harvested during a cycle,

W = −
∮

Ψ(Q,µ)dQ. (1.10)

Hence, similar to the heat engine case, the surface enclosed by ABCDA represents this harvested
work. For this closed cycle (

∮
dF = 0) we can rewrite the above expression in terms of the

chemical potential and particle number as W =
∮
µdN . During the charging cycle ABCDA,

ions are taken up by the device at a higher chemical potential than at which they are released,
hence

∮
µdN > 0. The nanoporous electrodes essentially function as a vacuum cleaner that

sucks up ions from a saline water reservoir (i.e., the sea) during charging, and releases ions into
a fresh water reservoir (a river) during discharging. For finite-sized water reservoirs this means
that, after a cycle, the salt concentration difference between both baths has decreased, hence the
name “capacitive mixing” (CAPMIX) is commonly used in the literature for this type of blue-
energy harvesting. Clearly, the energy harvested during a CAPMIX cycle is proportional to the
number of ions that are transferred between the two reservoirs. Porous carbon is therefore an
ideal material for the construction of CAPMIX electrodes, since the double layers on their large
internal surface area can capture and release a large number of ions. Although this technique
is still in its infancy, small-scale experiments have confirmed the principle of the charging cycle
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ABCDA [15, 17, 18]. Porous carbon therefore forms a cheap and highly promising alternative
for the existing and further developed techniques based on more expensive membranes.

Similar to a reversed heat engine that acts as a refrigerator, creating a temperature differ-
ence at the cost of energy input, a capacitive mixing engine can be run in reverse for water
desalination, creating fresh and salt water from a brackish water reservoir. The typical ratio of
sodium chloride pairs to water molecules for seawater is 1:28 and for fresh water 1:1000. Selec-
tively taking out these few ions with electric fields intuitively seems more efficient than taking
out all water molecules (for instance by evaporation or filtration). Unfortunately, the current
generation of porous carbon capacitors is not able to perform a desalination step from seawater
immediately to potable levels. Still, the field of capacitive deionization (CDI) is rapidly growing
[19] and especially promising for creating potable water out of brackish feed water.

1.5 Outline

Many of the topics discussed in this thesis are the capacitive analogues of those discussed in the
introductory section on the thermodynamics of heat engines. For example, applying a mapping
of the conjugate thermodynamic variables p and V to the capacitor potential Ψ and surface
charge Q, we find expression for harvested work (cf. Eq. (1.1)) throughout this thesis: already
in Eq. (1.10), but also in Eq. (3.10), (4.3), (6.2) and (8.7). Chapter 2 deals with our “equation of
state” (cf. Eq. (1.2)), the relation between the surface potential Ψ(Q, ρs, T ) and surface charge
Q of a nanoporous capacitor filled with an electrolyte solution at salt concentration ρs and
temperature T . We find this relation within density functional theory, a versatile framework
that allows us to study the interplay between electrostatic interactions among electronic and
ionic charges, as well as steric repulsion between the electrode’s surfaces and ions, and ions
among themselves. The salt concentration dependence of Ψ(Q, ρs, T ) puts us in a position to
harvest blue energy by varying ρs during a charging cycle of water-immersed supercapacitors
(Chapter 3).

Chapters 4, 5, 6, and 7 hinge on the temperature dependence of the surface potential
Ψ(Q, ρs, T ). First, in Chapter 4 we show that this temperature dependence can be exploited
to significantly enhance the energy output of blue energy devices by variation of the feed water
temperature at different stages of their capacitive mixing cycles. That chapter moreover intro-
duces adiabatic heating by charging (Eq. (4.4)), a phenomenon that is the capacitive analogue of
adiabatic heating by compression (cf. Eq. (1.4)). Chapter 5 zooms in on this connection between
double-layer buildup and entropic heat production, and reconciles two distinct viewpoints; the
slow charging limit of an out-of-equilibrium Poisson-Nernst-Planck-heat equation yields a tem-
perature evolution that coincides with the predictions of the thermodynamic identity Eq. (4.4).
In Chapter 6 we present experimental evidence for the temperature dependence of the electro-
static potential of a readily available supercapacitor filled with a nonaqueous electrolyte. The
observed thermal voltage rise of about 0.6 mV K−1 is the motivation to then theoretically study
Carnot- and Stirling-like charging cycles for capacitive thermal energy extraction. In Chapter 7
we present preliminary data of two temperature-dependent charging experiments, in this case
for salt water-immersed porous electrodes. The thermal voltage rise determined there is similar
in magnitude to the one in Chapter 6. We moreover discuss far-from-equilibrium charging that
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∆x

1 2

Π

Figure 1.4: The setup as discussed in Appendix 1.A consists of two compartment of low and high salinity,
respectively, and a moveable “piston” made from a water-permeable membrane that can perform
mechanical work on its environment.

causes a temperature signal of about 0.1 K, detected by a probe in the vicinity of the electrodes.
Via a calibration method, the reversible heat production can be extracted, which, as we will
argue, has a direct connection to the temperature rise of the adiabatic heating by charging
discussed in Chapter 4 and 5.

In the final Chapter 8, which covers a rather different topic, we describe how mechanical
energy can be harvested by a microfluidic device with a charging cycle similar to the one
described in our parallel plate example of Sec. 1.2. The capacitor plates of this device are
bridged by small liquid droplets, which are periodically squeezed by their confining electrode
plates with varying separation. The capacitance of this engine is thus not varied by varying the
electrolyte properties, the general theme of the rest of this thesis, but by a change in geometry
driven by external mechanical vibrations. This is not possible in porous carbon because its
mechanical properties render mechanical capacitance variations unfeasible.

1.A Appendix: The potential of blue energy devices

To find an expression for the amount of energy that one could harvest from mixing solutions at
different salt concentration, we consider a water-filled chamber split into two compartments of
volume V1 and V2, respectively, by a water-permeable membrane which is allowed friction-free
movement (see Fig. 1.4(a)). The compartments have initial volumes V1 = Vsalt, V2 = Vfresh, and
salt concentrations ρsalt = N1/Vsalt and ρfresh = N2/Vfresh, with N1/2 the number of ions in each
of the compartments, and where the initial conditions are such that ρsalt > ρfresh. The first law
of thermodynamics for this system reads

dU = TdS −ΠdV, (1.11)

with Π = 2(ρ1−ρ2)kBT the osmotic pressure drop over the membrane given for convenience by
Van ’t Hoff’s law. Consider an infinitesimal displacement dx = dV/A of the membrane (with dV
the positive change of the volume of compartment 1). The density in the first compartment then
decreases to ρ1 = N1/(Vsalt +dV ) = ρsalt/(1+dV/Vsalt), and likewise for the density in the other
compartment ρ2 = ρfresh/(1 − dV/Vfresh). Under influence of the osmotic pressure difference



10 1 Introduction

the membrane will eventually move over a finite distance ∆x = ∆V/A until the densities
on both sides of the membrane are equal to the weighted average density ρ̄ ≡ (Vsaltρsalt +
Vfreshρfresh)/(Vsalt + Vfresh), after which there is no more net osmotic force that can drive a
displacement of the membrane. The isothermal work performed by this engine on the piston
during this stroke amounts to

W =
∫
δW =

∫ ∆V

0
ΠdV

= 2kBT

∫ ρ̄

ρsalt
ρ1
dV

dρ1
dρ1 − 2kBT

∫ ρ̄

ρfresh
ρ2
dV

dρ2
dρ2

= 2kBT

[
Vsaltρsalt ln ρsalt

ρ̄
+ Vfreshρfresh ln ρfresh

ρ̄

]
, (1.12)

which is the precise opposite of the Gibbs free energy of mixing of ideal particles [20]. Inserting
typical numbers for mixing a liter river water (0.02 M) with an excess amount of seawater
(0.6 M), the extractable work found with Eq. (1.12) amounts to W ≈ 2.5 kJ. For mixing river
water with seawater, the Gibbs free energy of mixing ∆G = ∆H − T∆S actually also contains
a small but nonvanishing enthalpy of mixing [21, 22]. Note that Eq. (1.12) was derived with
Van ’t Hoff’s law Π = 2(ρ1 − ρ2)kBT , which works for ideal particles, but notoriously fails for
nonideal particles such as charged ions. In fact, bulk electrolytes do not behave ideally even
at very low salt concentration, but exhibit additional structure. Within a linearized Poisson-
Boltzmann theory Debye and Hückel proposed the first theory of ionic correlations [23], where
they argued that, on average, every ion surrounds itself with a cloud of counterionic charge.
This culminated in their famous limiting law of an O(ρ3/2) correction to the osmotic pressure
and electrostatic free energy density (cf. Sec. 2.4).

One might wonder where the harvested mixing energy in Eq. (1.12) comes from. After all,
the ∼ 2 kJ per liter decrease in free energy is not perceived as a spectacular process at river
mouths, where the spontaneous, irreversible mixing happens isothermally and hence is seemingly
uneventful (ignoring enthalpy of mixing). However, as is the case for the isothermal strokes of
a Carnot heat engine cycle, when work is performed isothermally, a net heat flow (cf. Eq. (6.7))
from the atmosphere into the engine accompanies the isothermal reversible mixing process [16].
One could say that irreversible mixing does not consume heat from the environment, whereas
reversible mixing does.



2 Electric double layer theory

Where charged electrode surfaces meet fluids containing mobile ions, so-called electric double layers
(EDLs) form to screen the electric surface charge by a diffuse cloud of counterionic charge in the fluid
phase. This double layer has been studied for over a century and is of paramount importance to many
processes in physical chemistry and soft matter physics, as well as in electric double layer capacitors
(EDLCs) used for energy storage. With the ongoing development of nanomaterials, electrodes can
nowadays be built from porous carbon with internal surfaces up to 2000 m2 per gram, leading to very
high capacitances. However, in EDLCs made from this material, the size of hydrated ions is on the
same length scale as their confining geometry, posing a substantial theoretical challenge since EDL
models must address both the electrostatics and the packing of the ions. This chapter describes the
density functional theory (DFT) framework that we use to find the charging behavior of nanoporous
electrodes immersed in electrolyte solutions. In particular, three well-known double layer models are
discussed, which arise within DFT for specific choices of the intrinsic free energy functional.

2.1 Setup

2.1.1 The particles: restricted primitive model

To describe ions in a solvent we apply the so-called restricted primitive model, where a binary
mixture of oppositely charged equal-sized hard spheres is fully dissolved in a structureless di-
electric solvent of dielectric constant ε at temperature T [24, 25]. Accordingly, the cations and
anions are modeled as monodisperse charged hard spheres of radius R that carry the charges
Z+e and Z−e at their cores, with e the elementary unit charge. In this thesis, the ions of
interest are Na+ and Cl− of valencies Z+ = 1 and Z− = −1, respectively, and the particle radii
are R = 0.34 nm, which is significantly larger than the bare atomic radii (RNa = 0.18 nm and
RCl = 0.1 nm), to account for the hydration shell of polarized solvent molecules surrounding
each ion [26].

The pair interaction potential Φij between ions i and j of valencies Zi and Zj at positions
ri and rj is a combination of steric repulsion (at core-core distances smaller the ion diameter)
and electrostatic interaction (at larger distances),

βΦij(ri, rj) =


∞ if |ri − rj | < 2R,

e2

4πε0εkBT

ZiZj
|ri − rj |

if |ri − rj | ≥ 2R,
(2.1)
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with β = 1/kBT the inverse temperature, kB the Boltzmann constant, and ε0 the vacuum
permittivity. Within the restricted primitive model, all physics associated with the solvent,
for instance the dielectric response of permanent dipoles of solvent molecules, is captured in
the effective screening of the bare coulomb interactions via the dielectric constant ε. The pair-
interaction Eq. (2.1) gives rise to a second typical length-scale in the system, different from
the particle size. This so-called Bjerrum length, the distance at which the electrostatic energy
between two ions equals kBT , is defined as λB = e2/(4πε0εkBT ). For water (ε ∼ 80) at room
temperature it amounts to λB ∼ 0.7 nm, a small distance attributable to the strong permanent
dipoles of water molecules. Conversely, oil (ε ∼ 2) screens the electrostatic interactions less
effectively and has a large Bjerrum length, λB ∼ 30 nm, implying strong electrostatic inter-
actions. The consequences of this difference are far reaching: while salt typically dissociates
completely in water to minimize the free energy via entropy maximization, oil is a poor solvent
for salt because the free energy is minimized via an energetically favorable collection of bound
ion pairs or larger clusters of (up to) macroscopic dimensions.

2.1.2 The geometry: a model supercapacitor

We now turn to a description of the geometry that confines the above-mentioned ions. Through-
out this thesis, a supercapacitor (as sketched in Fig. 1.2) consists of two porous carbon electrodes
at potentials Ψ+ and Ψ− that are immersed in a bath of electrolyte solution.1 Here, a typical
porous electrode is characterized by a broad distribution of pore sizes, which are classified as
macropores (> 50 nm), mesopores (2−50 nm), and micropores (< 2 nm) [27]. The macropores
act as transport channels and are essentially charge neutral, whereas the micropores have most
impact on the storage of charges [28]. For the illustrative purposes of this chapter, we ignore
the broad pore size distribution and consider a single pore of width L. Each electrode is now
modeled as a parallel-plate capacitor of plate area A separated by an electrolyte solution over
a distance L, leading to a total pore volume Vel = L × A. The capacitor plates are located at
z = 0 and z = L and are kept at the same potential as the macroscopic electrode to which
they belong. Accordingly, they carry like-charge areal densities eσ, resulting in a total elec-
trode charge Q = 2Aeσ. Furthermore, we neglect size effects of the parallel-plate capacitor
by taking the limit A → ∞ such that the system is described solely by one spatial coordinate
z, perpendicular to the plates. For symmetry reasons we only need to model the macroscopic
anode (Ψ+) of our supercapacitor; the cathode is just an oppositely-charged mirror image of
the anode. The unit charge density qel of the anode reads

qel(z) = σδ(z) + σδ(z − L), (2.2)

where the δ-distributions restrict the areal unit-charge density σ ≥ 0 to the locations of the
plates. The charged walls exert the external potential Vi(z) = Vh.c.(z)+Vel

i (z) on the ions, which
gives rise to inhomogeneous ion distribution within the pore. Similar to the ion-ion interaction
Eq. (2.1), the external potential consists of steric repulsions and electrostatic interactions. Here,

1 Chapters 5 and 8 are exceptions that treat different electrodes.
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the steric interaction potential reads

Vh.c.(z) = kBT ×

∞ if (z < R) or (L− z < R),
0 otherwise,

(2.3)

which does not depend on the ionic species, because both species have the same ion radius
R+ = R− = R. Likewise, an ion i of valency Zi experiences an electrostatic interaction
potential from the wall charges

Vel
i (z) = ZikBTλB

∫
dr′ qel(r′)
|r− r′| , (2.4)

where z is the z-component of the vector r.

2.1.3 Statistical Mechanical description

We consider N+ cations and N− anions with positions rN+ = {r+
1 , .., r

+
i , .., r

+
N+
} and rN− =

{r−1 , .., r
−
i , .., r

−
N−
} within the pore of volume Vel. The total external potential is a sum over the

external potential felt by each individual particle V(rN+ , rN−) = ∑N+
i=1 Vi(r+

i ) + ∑N−
i=1 Vi(r−i ).

Likewise, the total interatomic potential energy can be decomposed in pairwise interactions

Φ(rN+ , rN−) =
∑

1≤i<j≤N+,N−

Φij(r±i , r±j ) = 1
2

N+,N−∑
i 6=j

Φij(r±i , r±j ), (2.5)

where the sum is restricted to all particle pairs, and the factor 1/2 in the last term avoids double
counting. Consider the case where the pore is in diffusive contact with a particle reservoir at
chemical potential µ± for each of the ion species. The grand partition function then reads

Ξ =
∞∑

N+=1

∞∑
N−=1

exp[β(µ+N+ + µ−N−)]
Λ3N+

+ N+!Λ3N
− N−!

∫
drN+drN− exp[−βΦ(rN+ , rN−)− βV(rN+ , rN−)],

(2.6)
with Λ± = h/

√
2πm±kBT the thermal de Broglie wavelength, m± the mass of the sodium and

chloride ions, and h Planck’s constant. The thermal wavelength amounts for the ions of interest
to ΛNa ≈ ΛCl ≈ 0.02 nm � R. Therefore, a classical description in terms of the classical
partition function is allowed since we are interested in phenomena that come into play at (at
least) one order of magnitude larger. The expectation of any observable O(rN+ , rN−) is given
by2

〈O(rN+ , rN−)〉 =
∫
drN+drN−O(rN+ , rN−) exp[−βΦ(rN+ , rN−)− βV(rN+ , rN−)]∫

drN+drN− exp[−βΦ(rN+ , rN−)− βV(rN+ , rN−)] . (2.7)

2 To arrive at Eq. (2.6), we implicitly integrated out the momentum degrees of freedom of the ions, a Gaussian
integral whose result ends up in Λ±. This is possible since the momentum and positional degrees of freedom
in the underlying Hamiltonian separate. If the observable O in Eq. (2.7) depends on the particle momenta,
this separation can be broken and one needs to integrate over ion momenta as well.
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In particular, the equilibrium one-body density ρeqα (r) ≡ 〈ρ̂α(r, rNα)〉 at position r is defined in
terms of the local density operator ρ̂α(r, rNα) = ∑Nα

i δ(r − rαi ) that peaks at the positions of
the particles of type α = ±.

All thermodynamics follows from (derivatives of) the partition function Eq. (2.6), in particu-
lar the grand potential Ω = −kBT ln Ξ. Obviously, as is the case for any interacting many-body
system, determining the exact partition function of the full Hamiltonian is prohibitively diffi-
cult. Still, borrowing techniques from field theory, the partition function can be written as a
functional integral over a density field, allowing various approximations. For instance, ignoring
all steric interactions, the Poisson-Boltzmann (cf. Eq. (2.32)) equation arises as the saddle point
approximation to this path integral [29–31]. To account for effects beyond the saddle point,
loop corrections can be calculated [32].

2.2 Density functional theory

2.2.1 Equilibrium ion density profiles

Instead of directly approximating the full partition function, we use classical density functional
theory (DFT) [33–37] to describe the system of densely-packed ions and charged walls within
each of the macroscopic electrodes. Density functional theory is based upon the existence of
an auxiliary functional ΩV that, when evaluated at the equilibrium densities, yields the correct
grand potential Ω. In particular, ΩV is a function of the same variables as Ω, and a functional
of the one-body density profiles. While the general DFT framework is set up in Appendix 2.A,
we now specify to the electrolytic case of interest and consider the auxiliary functional

ΩV [ρ+, ρ−, σ] = F [ρ+, ρ−, σ]− 2eΨAσ +
∑
α=±

A

∫ L

0
dzρα(z)

[
Vh.c.(z)− µα

]
, (2.8)

with F [ρ+, ρ−, σ] the intrinsic Helmholtz free energy functional, to be specified below. The
Euler-Lagrange equations of this auxiliary functional read

δΩV [ρ+, ρ−, σ]
δρ±

∣∣∣∣∣
ρ±=ρeq

± , σ=σeq

= 0, (2.9)

∂ΩV [ρ+, ρ−, σ]
∂σ

∣∣∣∣∣
ρ±=ρeq

± , σ=σeq

= 0, (2.10)

where, at the equilibrium density profiles, ΩV yields the grand potential

ΩV [ρeq
+ , ρ

eq
− , σ

eq] = Ω(T, Vel, µ+, µ−,Ψ). (2.11)

Equation (2.8) is a generalized Legendre transform that replaces the dependency of the intrinsic
Helmholtz free energy F(T, Vel, N+, N−, Q) on the extensive particle numbers N± and electrode
charge Q by the dependency of the intensive chemical potentials µ± and electrostatic electrode
potential Ψ, so that the auxiliary functional ΩV(T, Vel, µ+, µ−,Ψ) is a function of the chemical
potentials and the electrode potential. With this choice, we view the surface charge density at
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the boundary as intrinsic to the system, and arising from the surface electrostatic potential Ψ
in a similar way to which the ion-density profiles arise from the chemical potential. Hence, the
number density profiles ρ± and the unit-charge density profile σ are intensive variables which
conform to the relations A

∫
L dzρ±(z) = N± and Q = 2eAσ for the homogeneous electrodes

of interest here. Accordingly, only Vh.c.(z) appears as an external potential in the auxiliary
functional Eq. (2.8), with the interactions Vel

±(z) (Eq. (2.4)) between ions and wall charges
incorporated in the intrinsic free energy functional F , via the Coulomb interaction functional
that we introduce in the next subsection (cf. Eq. (2.20)). Had we chosen to treat the surface
charge as a fixed boundary quantity, the Legendre transform would have involved Vel

±(z), and
the auxiliary functional ΩV(T, Vel, µ+, µ−, Q) would have been a function of the charge Q. With
that choice, employed in Ref. [38], the intrinsic Helmholtz functional F [ρ+, ρ−] describes only
the ions. We further discuss this point after Eq. (2.24).

Inserting the auxiliary functional Eq. (2.8) into Eqs. (2.9) and (2.10) yields the Euler-Lagrange
equations for the intrinsic Helmholtz free energy,

δF [ρ+, ρ−, σ]
δρ±(z)

∣∣∣∣
ρ±=ρeq

± , σ=σeq
= µ± − Vh.c.(z), (2.12)

∂F [ρ+, ρ−, σ]
∂σ

∣∣∣∣
ρ±=ρeq

± , σ=σeq
= 2eAΨ. (2.13)

Similarly to the equilibrium grand potential Eq. (2.11), the free energy of the equilibrium system
is found by inserting the equilibrium density profiles ρeq

± and the charge density σeq,

F (T, Vel, N+, N−, Q) = F [ρeq
+ , ρ

eq
− , σ

eq]. (2.14)

In the presence of particle interactions the intrinsic free energy F = Fid + Fexc is usually split
into an ideal-gas part [35, 39, 40],

Fid[ρ+, ρ−] = kBTA
∑
α=±

∫
L
dzρα(z)

[
ln
(
ρα(z)Λ3

α

)
− 1

]
, (2.15)

and an excess part Fexc[ρ+, ρ−, σ] that contains the interactions. Introducing the one-body
direct correlation function,

c(1)
α (z) = −β δFexc[ρ+, ρ−, σ]

δρα(z)

∣∣∣∣
ρ±=ρeq

± , σ=σeq
, (2.16)

the Euler-Lagrange equation (2.12) yields the position-dependent ion density profile

kBT ln
(
ρeq
± (z)Λ3

±
)
− kBTc

(1)
± (z) = µ± − Vh.c.(z)

⇒ ρeq
± (z) = eβµ±

Λ3
±

exp
[
−βVh.c.(z) + c

(1)
± (z)

]
. (2.17)

From the above equations we see that the kBTc
(1)
± (z) can be interpreted for homogeneous

systems as an excess chemical potential. The direct correlation function c
(1)
α (z) is the first
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member of a hierarchy of n-body direct correlation functions, that provide full information
about the structural properties of the system. For instance, the two-body (n = 2) direct
correlation function, given by

c
(2)
αα′(r, r

′) = −β δ2Fexc[ρ+, ρ−, σ]
δρα(r)δρα′(r′)

∣∣∣∣∣
ρ±=ρeq

± , σ=σeq

, (2.18)

can be related to the isothermal osmotic compressibility χT via the so-called compressibility
route to thermodynamics (see Ref. [41], Eq. (3.5.15)). Similarly, derivates of the free energy
w.r.t. to the surface charge relate to the differential capacitance,

∂2F [ρ+, ρ−, σ]
∂σ2

∣∣∣∣∣
ρ±=ρeq

± , σ=σeq

= (2eA)2

Cd , (2.19)

for homogeneous surface charge distributions, and reveal the long-wavelength limit of the in-
plane structure of the spatial surface charge correlations [42].

In the remainder of this section we will discuss two contributions to Fexc for ionic system:
Coulomb energy, discussed in the next subsection, and steric interaction energy, in the subsec-
tion thereafter.

2.2.2 Coulomb interactions

The mean-field Coulomb excess free energy functional reads [43–45]

FC[ρ+, ρ−, σ] = kBTλB
2

∫
Vel

∫
Vel
drdr′ q(z)q(z

′)
|r− r ′| , (2.20)

where q (z) = ρ+(z)− ρ−(z) + qel(z) is the overall unit-charge density, containing contributions
from cations and anions via their one-particle number densities ρ± and from the surface charge
density qel(z) as defined in Eq. (2.2). The factor 1/2 in Eq. (2.20) prevents double counting and
z denotes the z-component of the vector r. Equation (2.20) includes a wall-wall self interaction
term, which does not affect the density profiles of interest. The Coulomb functional moreover
contains an artificial divergence for r→ r′, which is absent in the Coulomb energy (cf. Eq. (2.5))
but appears when the discrete sum over all particle pairs i 6= j is transformed to an integral
over the complete electrode volume. With the local dimensionless electrostatic potential,

φ(z) = λB

∫
Vel
dr′ q(z

′)
|r− r′| , (2.21)

we rewrite the Coulomb functional Eq. (2.20) as3

FC[ρ+, ρ−, σ] = kBTA

2

∫ L

0
dzq(z)φ(z). (2.22)

3 This is essentially the Hartree approximation that is often performed to determine the energy of interacting
charged particles systems. Here, each charged particle is subject to an average field caused by other charged
particles.
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The functional derivative of this term,

δFC[ρ+, ρ−, σ]
δρ±(r) = ±kBTφ(z), (2.23)

gives the interpretation to kBTφ(z) as the potential felt by a particle at z, created by the mean
distribution of all the other particles. In the absence of other ionic interactions, the density
profile Eq. (2.17) now amounts to

ρeq
± (z) = eβµ±

Λ3
±

exp
[
−βVh.c.(z)∓ φ(z)

]
. (2.24)

In the charge-neutral bulk far away from the electrode, the argument of the exponent vanishes.
Consequently, the chemical potential should be such that the density recovers its bulk value
ρs, hence µ± = kBT ln ρsΛ3

±. With Eq. (2.24) we can now convince ourselves that our choice
to view the wall charges as intrinsic to the system does not affect the resulting ionic density
profiles. This choice implied that the external potential Vel

i (z) (Eq. (2.4)) did not appear in
the generalized Legendre transform Eq. (2.8) and, consequently, does not appear (explicitly) in
Eq. (2.24). Instead, the effect of the electrostatic wall charge is incorporated via the Coulomb
functional Eq. (2.20) via the definition of the charge density q(z) = ..+ qel(z). Had one chosen
instead to view the boundary charge as a fixed external potential imposed on the ions, then
Vel
i (z) is included in Eq. (2.8) and the Coulomb functional Eq. (2.20) describes only the ions,
q(z) = ..+���qel(z).

Equation (2.21) is the integral formulation of the Poisson equation, which connects the charge
density q(z) with the dimensionless electrostatic potential φ(z). The differential form of Pois-
son’s equation follows from applying a second derivate w.r.t. z and using ∇2(1/|r|) = −4πδ(r),
which gives

φ′′(z) = −4πλBq(z). (2.25)

Here, a prime denotes a derivative with respect to z. The imposed wall potential relates to the
boundary value of the dimensionless electrostatic potential via the the Euler-Lagrange equation
for the charge density Eq. (2.13),

kBT [φ(0) + φ(L)] = 2eΨ ⇒ φ(0) = βeΨ, (2.26)

where the second equality follows from the symmetry of our setup. The dimensionless elec-
trostatic potential φ(z) is related to the electrostatic potential ψ(z) = φ(z)kBT/e via multipli-
cation with the thermal voltage kBT/e (approximately 25 mV at room temperature). Surface
potentials, denoted with capital letters, are related via Φ = eΨ/kBT , accordingly. The areal
unit-charge density σ can be extracted from the electrostatic potential using Gauss’ law,

lim
z→0+

φ′(z) = − lim
z→L−

φ′(z) = −4πλBσ. (2.27)
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2.2.3 Steric interactions

For the illustrative purpose of this chapter, we first focus on a relatively simple lattice-gas
functional Flg. Steric repulsions among the ions are then incorporated by explicitly introducing
the solvent at density ρsol(z) via an ideal-gas free energy functional

Flg = kBTA

∫
L
dzρsol(z)

(
ln
[
ρsol(z)v

]
− 1

)
, (2.28)

together with the incompressibility constraint [ρsol(z) + ρ+(z) + ρ−(z)] v = 1 on the local con-
centration of particles, with v = 4πR3/3 the volume of the hydrated ions. The solvent molecules
are assumed to be of this volume as well. The lattice-gas functional gives a contribution to the
one-body direct correlation function

c
(1)
lg,±(r) = −β δFlg[ρ+, ρ−]

δρ±(r)

∣∣∣∣
ρ±=ρeq

±

= − ln (1− v(ρ+ + ρ−)) . (2.29)

Although we presented the lattice-gas model with a (continuum) free energy functional, it owes
its name to a statistical mechanics formulation (that leads to the same excess chemical potential)
in which ions and solvent molecules are placed on a cubic lattice of cell volume v. Much of
the appeal of this model lies in the fact that the Poisson equation that it gives rise to (cf.
Eq. (2.40)) can be integrated once, leading to an analytic expression for the EDL capacitance
(cf. Eq. (2.42)). However, for bulk fluids it is well known that the Carnahan-Starling equation
of state describes hard spheres especially accurately. The one-body direct correlation function
of this approach would read

c
(1)
CS,±(r) = −y(8− 9y + 3y2)

(1− y)3 , (2.30)

with y(r) = v(ρ+(r) + ρ−(r)) the local ionic packing fraction. While this method gives more
accurate charging behavior than the lattice-gas approach [46, 47], it does not allow for similar
analytic progress. Both the lattice-gas and the Carnahan-Starling approach are based on a
so-called local density approximation (LDA), in which the free energy is assumed to vary slowly
though space (see Eq. (2.51)). Because the LDA will always produce monotonic density profiles
[48], both methods fail to describe the oscillating density profiles as seen in simulations (see
Fig. 3.2). Interestingly though, the poor performance of LDA methods to describe the local
electrolyte properties does not hinder those methods in fairly accurately predicting quantities
such as the capacitance (see Fig. 3.3 and Ref. [47]) that rely on spatial averages (cf. Eq. 2.21).
In Chapter 3 we introduce fundamental measure theory (FMT), based on the so-called weighted
density approach (see Eq. (2.53)), and show that this theory produces both accurate capacitance
predictions and local ion density profiles.

2.3 Classic EDL models

Having set up the DFT framework in the previous sections, we can discuss three classic double
layer models: Poisson-Boltzmann and Poisson-Boltzmann-Stern (using only FC), and modified
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Poisson-Boltzmann (using FC and Flg).

2.3.1 Poisson-Boltzmann

For pointlike ions (R = 0), the only nonvanishing contribution to the one-body direct correlation
function c(1)

i (r) in the density profile of Eq. (2.17) comes from the Coulomb functional Eq. (2.23),
which led to the density profiles of Eq. (2.24). In that equation, the hard core potential restricts
the density profiles to nonzero values only within the pore, resulting in Boltzmann distributions,

ρeq
± (z) = ρs exp [∓φ(z)], 0 < z < L, (2.31)

in terms of the bulk salt concentration ρs. Inserting these density profiles into the Poisson
equation gives the famous Poisson-Boltzmann (PB) equation,

φ′′(z) = −4πλBqel(z) + λ−2
D sinhφ(z), (2.32)

where λD = 1/
√

8πλBρs is the (equally famous) Debye length. Though no general solution to
Eq. (2.32) is known, for the specific case of large plate separation, L → ∞, Gouy found the
potential profile

φ(x, σ, σ̄) = 2 ln σ + ΓGC(σ, σ̄) exp [−z/λD]
σ − ΓGC(σ, σ̄) exp [−z/λD] , (2.33)

with σ̄ = 1/(2πλBλD) the so-called cross-over surface charge density. The function Γ(σ, σ̄) that
appears here is the excess salt adsorption,

Γ(σ, σ̄) ≡
∫ ∞

0
dz (ρ+(z) + ρ−(z)− 2ρs) , (2.34)

for which an explicit expression is known within Gouy-Chapman theory:

ΓGC(σ, σ̄) =
√
σ2 + σ̄2 − σ̄ =


σ2

2σ̄ if σ � σ̄,

σ if σ � σ̄.
(2.35)

At low surface charge, σ � σ̄, the double layer buildup is characterized by ion-swapping: two
additional units of surface charge are screened via the expulsion of one coion from the electrode’s
vicinity, and the attraction of one counterion from the bulk. Conversely, at high potentials all
coions have been removed so that each additional unit of surface charge requires the attraction
of a counterion. Accordingly, σ̄ separates the low-charge, linear regime of Eq. (2.32), where one
gets away with approximating sinhφ ≈ φ, from the nonlinear regime where this approximation
is not permitted. From Eq. (2.33) we can deduce the dependence of surface charge on the
dimensionless electrode potential Φ ≡ φ(z = 0),

σGC = σ̄ sinh [Φ/2] , (2.36)

which yields the Gouy-Chapman capacitance Cd
GC as stated in Eq. (1.8) upon differentiation

w.r.t. the electrode potential. Figure 2.1(a) shows the potential and ion density profiles of the
Gouy-Chapman model in the immediate vicinity of a charged electrode surface. The Gouy-
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Figure 2.1: (a) The Gouy-Chapman solution for the density of cations (green, dotted), anions (green, dashed)
and dimensionless potential (black), for Φ = 1, and σ̄ = 0.2 nm−2. (b) The differential capaci-
tances of the PB, PB+S, and mPB models as discussed in the text, starting with Cd

GC in black.
All curves are rescaled to Cd

GC(Φ = 0). The Cd
GCS capacitance (red) saturates at the Stern layer

capacitance CS (red dotted) whose location is fixed by the chosen parameter setting λD/R = 3.
The Bikerman-Freise capacitance Cd

BF (blue) is shown for three packing fractions, γ = 0.1 (line),
γ = 1/3 (dash-dashed), γ = 1 (dotted).

Chapman capacitance Cd
GC is shown in Fig. 2.1(b) in black, together with the capacitances of

two more models to be discussed below. The divergence of CGC is attributed to the unphysical
crowding of point ions near the electrode surface at high electrode potentials. An estimate for
the potential at which this happens follows from Eq. (2.31), it is the potential at which the
local counterion density reaches close-packing. This maximal ion density is related to the ionic
volume as ρmax = 1/v, so that

Ψ = −kBT

e
ln(vρs) (2.37)

is the potential above which steric repulsions among ions cannot be ignored is [49]. At room
temperature and ρs = 0.5 M this amounts to Ψ = 75 mV, well below the optimal operation
voltages of blue engines, which ideally are as high as allowed by the electrochemical window of
water (1.23 V).

2.3.2 Poisson-Boltzmann-Stern

Besides losing all steric interactions among ions, by setting R = 0 we also lost the steric
interactions with the wall. As a first step of incorporating finite ion size, in this subsection we
do not apply R→ 0 to the external potential Vh.c. in Eq. (2.3). The steric repulsion between the
hydrated ions and the wall then naturally leads (in Eq. (2.17)) to a layer of the same thickness
as the hydrated-ion radius R where the concentration of charged particles remains zero. This
layer, proposed by Stern in 1924 [50], gives rise to Poisson-Boltzmann-Stern (PB+S) theory,
whose governing equation reads

φ′′(z) = −4πλBqel(z) +

λ
−2
D sinh(φ(z)) if R < z < L−R,

0 if z < R or z > L−R.
(2.38)

In the limit of large plate separation, the Gouy-Chapman-Stern capacitance Cd
GCS follows as

(Cd
GCS)−1 = (Cd

GC)−1 + C−1
S , with CS = ε0εA/R the Stern layer capacitance, which takes the

same form as the Helmholtz capacitance (Eq. (1.7)). Stern’s modification renders the differential
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capacitance Cd
GCS of PB+S finite, and saturating at CS (see Fig. 2.1(b)).

2.3.3 Modified Poisson-Boltzmann

If steric effects are incorporated with the lattice-gas functional Eq. (2.28), the Euler-Lagrange
equation (2.17) yields

ρ±(z) = ρs exp [∓φ(z)]
1− γ + γ cosh(φ(z)) , (2.39)

in terms of the the ionic packing fraction parameter γ = 2ρs/ρmax = 2ρsv, that varies between
γ = 0 for highly dilute electrolytes, and γ = 1 for (solvent free) ionic liquids. The above density
profile is obviously not of Boltzmann type anymore, but actually resembles the Fermi-Dirac
distribution instead, which seems natural since it arose from an imposed packing constraint
[51]. Inserting Eq. (2.39) into the Poisson equation now gives

φ′′(z) = −4πλBqel(z) + λ−2
D sinh(φ(z))

1− γ + γ cosh(φ(z)) . (2.40)

This is commonly referred to as modified Poisson-Boltzmann (mPB) theory, although Poisson-
Fermi seems more appropriate in the light of the Fermi-like concentration profiles Eq. (2.39).
Equation (2.40) goes back to Bikerman [52] but was ‘reinvented’ by many others [53–58] (see
[49] for a historical overview). A full analytic solution to mPB, requiring two integrations of
Eq. (2.40), has not been obtained as of yet. Fortunately, for large plate separation, this equation
can be integrated analytically once. What results is a modification of σGC (Eq. (2.36)) at
nonzero γ,

σBF = σ̄

√
ln
(
1 + 2γ sinh2 [Φ/2]

)
/(2γ), (2.41)

the Bikerman-Freise charge density, after the first person to write down the mPB equation,
and the first person to derive σBF from it, respectively [59].4 From this expression we find the
differential capacitance

Cd
BF[Φ] = ε0εA

λD
cosh (Φ/2)×

√
2γ sinh(Φ/2)[

1 + 2γ sinh2(Φ/2)
]√

ln
[
1 + 2γ sinh2(Φ/2)

] . (2.42)

Rediscovering this equation more than half a century later, Kornyshev [60] caused a “paradigm
shift” in the field of ionic-liquid filled capacitors. For those solvent-free, densely-packed liquids
consisting solely of ions (γ = 1), PB describes the capacitance poorly even at low potentials.
Both σBF and Cd

BF correctly reduce to their Gouy-Chapman counterparts in the limit of vanish-
ingly small ions γ → 0. In Fig. 2.1 we plot CBF for three ionic packing fractions γ. The figure
exhibits the famous transition from a “camel shape” at γ < 1/3 to a “bell shape” at higher γ
values. Both camel and bell shape have been found experimentally [61, 62].
4 Astoundingly, Stern’s 1924 article [50] already reports an equation very similar to Eq. (2.41), predating both

Bikerman’s and Freise’s work by decades. His equation, containing an extra term 1/(1 + c)2 (with c the salt
mole fraction), is hidden at the end of the appendix of [50], and was proposed without derivation or explicit
mentioning of an mPB equation.
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Contrary to these analytical results for PB, PB+S and mPB at infinite plate separation, for
the nanoporous materials of our interest one needs to solve the Poisson equation numerically,
which is done in the next chapter.

2.4 Discussion: ionic correlations

The Coulomb excess free energy functional FC is a mean-field approximation to the electro-
static energy. In the bulk (where φ = 0) cations and anions are distributed homogeneously,
so that the thermally averaged local charge density vanishes q(r) = 〈∑N+,N−

i Ziδ(r− ri)〉 = 0,
and the mean-field contribution to the electrostatic energy vanishes as well. Meanwhile, as
was mentioned in Appendix 1.A, finding a particle at a certain position r will influence the
probability of finding another particle close by, i.e., there are strong two-point correlations
〈
∑N+,N−
i,j ZiZjδ(r − ri)δ(r′ − rj)〉 6= 0. For bulk situations this problem was addressed first

by Debye and Hückel, who considered a central, fixed cation interacting with a surrounding
electrolyte. For the pair correlation function around this cation they assumed Boltzmann dis-
tributions, g+±(r) = exp[∓φ(r)], which closes the Poisson equation for the local electrostatic
potential φ(r). The solution to the linearized Poisson-Boltzmann equation reveals that the
central cation is statistically surrounded by a cloud of anionic charge that decays over a Debye
length [23]. Via the caloric route to thermodynamics one then finds that, in the dilute salt
limit, incorporation of ionic correlations results in the free energy FDH = Fid − VelkBT/12πλ3

D.
Hence, compared to the ideal gas (Fid), the additional ordering of the electrolyte caused by
the Coulomb interactions drives the free energy down. The DFT route to thermodynamics –
inserting the equilibrium density profiles into the Coulomb functional FC (cf. Eq. 2.14) – clearly
fails to capture the effect of electrolyte structure on the free energy. However, the two-body
direct correlation function Eq. (2.18) associated with FC ,

c
(2)
C,αα′(r, r

′) ≡ −β δ2FC[ρ+, ρ−, σ]
δρα(r)δρα′(r′)

∣∣∣∣∣
ρ±=ρeq

± , σ=σeq

= −ZαZα
′λB

|r− r′| , (2.43)

is nontrivial, and in fact, this result turns out to be precisely the two-body direct correlation
function of Debye-Hückel theory; using Eq. (2.43) as a closure for the Ornstein-Zernike equation
yields the Debye-Hückel expression for the pair correlation, gαα′(r)−1 = ZαZα′λB exp[−r/λD]/r
of point ions, and hence, the Debye-Hückel expression FDH for the free energy. An exact free
energy functional should give the same results for the free energy, regardless of whether it is
found via the DFT equation (2.14), or via the radial distribution function and either of the
routes to thermodynamics. We have seen here that this consistency is not achieved by FC ,
i.e., it is not exact, not even for point ions. To remedy this problem, additional terms can
be added to the excess free energy functional, for instance via the so-called one component
plasma [43, 44, 63]. The coupling parameter of this theory, Γ = λB/d, with d the typical ion-ion
separation, is small (∼ 1 at most) for the monovalent ions and high dielectric constant of our
interest, but rapidly grows with ionic valency. The ionic correlations among multivalent ions in
poor solvents can then become so important that the electrolyte demixes into an ion-rich and
ion-poor phase [64].
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2.A Appendix: Density functional theory

Density functional theory rests on two theorems proven by Hohenberg and Kohn for the in-
homogeneous electron gas [65]. Later work extended this original DFT formulation to finite
temperatures [66] and to classical systems in [67]. This appendix reviews some of the ba-
sic notions of classical density functional theory for a one-component system. We refer the
interested reader to relevant literature (e.g., Refs. [33–37, 39]), where also generalizations to
more-component systems can be found.

2.A.1 General formulation

We consider a one-component system of N spherical particles with mass m, positions rN , and
momenta pN . Particle i is subject to an external potential V(ri), and two particles i and j

interact via a pair wise potential Φ(ri, rj). The Hamiltonian of this system reads H(rN ,pN ) =
KN (pN ) + Φ(rN ) + V(rN ), with the total interaction potential Φ(rN ) = 1

2
∑N
i 6=j Φ(ri, rj), the

total external potential Vtot(rN ) = ∑N
i=1 V(ri), and the kinetic energy KN (pN ) = ∑N

i=1 p2
i /2m.

If the system is in diffusive contact with a particle reservoir at chemical potential µ, the grand
partition function amounts to

Ξ = exp[−βΩ] =
∞∑
N=1

exp[βµN ]
Λ3NN !

∫
drN exp[−βΦ(rN )− βVtot(rN )], (2.44)

with Ω the grand potential, Λ = h/
√

2πmkBT the thermal de Broglie wavelength, and h Planck’s
constant. By varying the grand potential w.r.t. u(r) ≡ µ− V(r), one finds [36, 38]

δΩ[u]
δu(r) = −ρeq(r), (2.45)

which shows that u(r) is conjugate to the equilibrium one-body density ρeq(r) = 〈∑N
i δ(r−ri)〉.

One could therefore consider the Legendre transform of the grand potential,

Ω[u] = F [ρ]−
∫
drρ(r)u(r), (2.46)

where F [ρ] is the intrinsic Helmholtz free energy. It can be proven that (1) F [ρ] is a unique func-
tional of the one body density, and as such, is independent of the external potential. Therefore,
given the particle-particle interactions and temperature, a particular density profile is generated
by a unique external potential. (2) The auxiliary functional,

ΩV [ρ] = F [ρ]−
∫
drρ(r)u(r), (2.47)
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reaches its minimum for ρ = ρeq. Moreover, in this minimum, the auxiliary functional is equal
to the equilibrium grand potential. This implies a variation principle,

δΩV [ρ]
δρ(r)

∣∣∣∣∣
ρ=ρeq

= 0 ⇒ ΩV [ρeq] = Ω(T, V, µ), (2.48)

from which the equilibrium densities can be found.

2.A.2 Approximations to the free energy functional F

Since in general the free energy functional F is not known, much research has been devoted to
the development of accurate approximations. Firstly, the virial expansion reads

F [ρ] = Fid[ρ]− kBT

2

∫
drdr′f(r, r′)ρ(r)ρ(r′), (2.49)

with f(r, r′) = e−βΦ(r−r′) − 1 the Mayer function, and Φ(r − r′) the pair potential. For soft
potentials at high temperatures (weak interactions) the exponent can be expanded to find the
mean-field approximation,

F [ρ] = Fid[ρ] + 1
2

∫
drdr′Φ(r− r′)ρ(r)ρ(r′). (2.50)

The Coulomb functional FC (Eq. (2.20)) is of this type. Another common method, the local
density approximation (LDA), reads

F [ρ] =
∫
drf0(ρ(r), T ), (2.51)

with f0(ρ, T ) the free energy density of a homogeneous system at density ρ and temperature T .
The lattice-gas (Eq. (2.28)) and Carnahan-Starling (Eq. (2.30)) theories are of this type. For
density fields that are slowly varying in space one can also apply a square gradient expansion,

F [ρ] =
∫
dr
(
f0(ρ(r), T ) + f2(ρ(r), T )|∇ρ(r)|2 + ..

)
, (2.52)

with f0(ρ, T ) as in Eq. (2.51) and f2 a suitable coefficient. Steric repulsions are problematic for
LDA or square gradient theories because densities can vary too strongly over small distances;
a densely-packed crystalline solid has sharply peaked density profiles whose local concentration
far exceed the averaged-out close packing density. The so-called weighted density approximation
(WDA) was developed for this situation. The WDA excess free energy functional depends on
smeared-out density profiles,

ρ̄(r) =
∫
dr′w(|r− r′|)ρ(r′), (2.53)

that are found with some suitably chosen weight functions w(|r− r′|). The functional discussed
in Appendix 3.A.2 is of this type.



3 Capacitive mixing and deionization

Capacitive mixing (CAPMIX) and capacitive deionization (CDI) are promising candidates for har-
vesting clean, renewable energy and for the energy efficient production of potable water, respectively.
Both CAPMIX and CDI involve water-immersed porous carbon electrodes (supercapacitors) at volt-
ages of the order of hundreds of millivolts, such that counterionic packing is important for the
electric double layer (EDL) which forms near the surfaces of these porous materials. Thus, we
propose a density functional theory (DFT) to model the EDL, in which the White-Bear mark II
fundamental measure theory functional for hard spheres is combined with a mean-field Coulombic
and a mean spherical approximation-type correction to describe the interplay between dense pack-
ing and electrostatics, in good agreement with molecular dynamics simulations. We discuss the
concentration-dependent potential change of the capacitor due to changes in the ionic chemical
potential and its impact on energy harvesting and water desalination. Compared to less elaborate
mean-field models our DFT calculations reveal a higher work output for blue-energy cycles and a
higher energy demand for desalination cycles.

3.1 Introduction

Two of the most stringent challenges mankind faces in the current century are the ever-growing
worldwide demands for energy and fresh water. The shortages in these resources cannot be seen
separately since the generation of fresh water with current techniques is an energy consuming
process. However, either energy or fresh water is often available regionally. Thus, next to
alternative sources like offshore ground water [69] or solar and wind power, it is of interest to
consider low-cost processes which generate energy using fresh water and the other way round.

It has been known for a long time that the irreversible mixing of two distinct fluids is a
spontaneous process which raises the entropy and dissipates free energy. In the case of mixing
fresh and salt water that occurs when rivers flow into the sea, this Gibbs free energy of mixing
amounts to (the order of) 2 kJ per liter of river water, the equivalent of a 200 m waterfall [10].
Considering the worldwide amount of water flowing into the sea, the harvest of this energy
could account for a few percent of the global energy needs. Furthermore, the reverse process
de-mixes salt water into brine and fresh water and requires at least the same amount of energy
as its corresponding blue-energy process harvests.

The Gibbs free energy of mixing is harvested in so-called blue engines which often rely on

DFT calculations were performed by Andreas Härtel. Molecular dynamics simulations were performed by Sela
Samin. I participated in interpreting the data, and writing the article (Ref. [68]).
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membranes to selectively intercept some of the involved particles [70], either cations, anions, or
water. Test factories have been built, based either on water-permeable membranes in the case
of pressure retarded osmosis [71, 72] or ion-selective membranes in the case of reverse electro
dialysis [73]. The downside of all these techniques however is that membranes are costly and
tend to foul upon exposure to the large amounts of water flowing through them.

A promising alternative to the techniques mentioned above has recently been introduced by
Brogioli [15]. He proposed the use of porous carbon electrodes to selectively mix the liquids in
a four-stroke charging-desalination-discharging-resalination cycle, very much in the spirit of a
Stirling heat engine that performs an expansion-cooling-compression-reheating cycle. Within
this capacitive mixing (CAPMIX) processes [74], the charging of the electrodes takes place while
immersed in salt water, whereas they are discharged in fresh water. The de- and resalination
steps are performed by flushing the electrodes with fresh- and seawater, respectively, which
enlarges or compresses the electric double layer (EDL). Such cycles have a net positive work
output, because expansion or compression of the EDL changes the capacitance and thereby
the potential (at fixed charge on the electrode). More specifically, salt water more effectively
screens the charge on the electrode surfaces such that charging steps are performed at lower
potential than discharging steps. In the reverse process of capacitive deionization (CDI) energy
is consumed to lower the salinity of a finite volume (say a bucket) of water, while salt ions
are released into the sea or a reservoir (the performance of this process has been studied in
Ref. [28]).

Interestingly, CAPMIX devices have a broader applicability than just the mixing of sea- and
river water, since they do not put severe restrictions on the type of charge-carrying fluids in
which the porous electrodes are immersed. For instance, energy can also be harvested from
mixing CO2 with air [75], because CO2 produces charged carbonic acids when it is flushed
through water. These acid particles can subsequently play the same role in a CAPMIX process
as the salt ions in water in a conventional blue engine cycle.

In contrast to membranes, porous carbons couple a huge internal surface area of the order of
a square km per kg to long lifetimes and low manufacturing costs [5, 76]. For this reason, they
can for instance also be used in ionic liquid-filled (super)capacitors to store large amounts of
energy. In fact, due to the safety of ionic liquids and high (dis)charging rates, supercapacitors
are already used in buses and airplanes. The porous-material properties are highly determined
by the distribution of pore sizes [77], where the physics inside a pore depends on its shape [78, 79]
and size [80–82]. Thus, tuning the porous structure of the material [83] helps to optimize the
storage of energy within supercapacitors. These findings motivate us to investigate whether
similar phenomena can be observed in the aqueous electrolyte-filled supercapacitors of blue
engines and desalination devices. As a starting point we focus on a quasistatic description,
leaving out-of-equilibrium calculations to determine optimal power [84] for later studies.

The (macroscopic) behavior of the materials and devices discussed above is determined by
the EDL that forms in the (microscopic) region close to the electrodes’ surface. A lot of research
has been performed on its theoretical modeling, dating back to the analytical Gouy-Chapman
solution (Eq. 2.33) to the Poisson-Boltzmann equation for pointlike ions in contact with a
charged planar wall. However, this simple theory fails to capture the rich variety of phenomena
as observed in more advanced models that do take into account the steric repulsion between ions
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in the EDL, e.g., simulation studies [85–87], phenomenological extensions [60, 88], or bottom-up
density functional approaches [89–98], leading to phenomena like a bell-shaped capacitance at
high salt concentrations [60], oscillations in capacitance as a function of pore size [80], and an
anomalous capacitance increase in sub-nanometer pores [87]. In the case of (classical) density
functional theory [33], the hard-sphere repulsion can be included from first principles. Beyond
the restricted primitive model of equally charged hard spheres in contact with a charged hard
wall, further physics has been addressed, for example by a more realistic treatment of water
[99], the polarization of particles [100], or the asymmetry of ions [101–103].

In this chapter, we study blue-energy and desalination devices within the restricted primitive
model, using a modern density functional theory (DFT) approach set up in the previous chapter.
To construct our functional, we follow the work of Mier-y-Teran et al. [91], including pure
Coulombic and hard-sphere correlations as well as residual correlations from the mean spherical
approximation (MSA). In this way we avoid the use of an arbitrary weight function that enters
in the recently proposed weighted correlation approach FMT/WCA-k2 [96], which has been
used in a study of the electric double layer in slitlike pores [104]. In contrast to previous
work [82, 91, 94, 96, 98, 100, 104–107], we describe the pure hard-sphere interactions using
the White Bear mark II approach [41] within fundamental measure theory [108, 109]. To
our knowledge, this approach describes hard spheres within DFT most accurately, and even
predicts the crystalline phase and its coexistence with the fluid phase quantitatively [110, 111].
Our research focusses on the fundamental understanding of cyclic CAPMIX and CDI processes,
in particular on the molecular structure of the densely-packed electrolyte confined in the pores
of the charged nanoporous electrode. Finally, we discuss optimal cycle characteristics, taking
previous thermodynamical consideration into account [16, 112].

3.2 Setup

A so-called blue engine, sketched in Fig. 3.1, consists of two nanoporous carbon electrodes at
potentials Ψ+ and Ψ−, respectively, that are alternately immersed in sea and river reservoirs.
The device performs a sequence of charging and discharging steps to harvest “blue” energy. A
desalination device consists of similar electrodes, which are connected to a finite-sized bucket
to be desalinated by charging the electrodes. A typical porous electrode is characterized by a
broad distribution of pore sizes (cf. Fig. 6.3(b)), which are classified as macropores (> 50 nm),
mesopores (2 − 50 nm), and micropores (< 2 nm) [27]. The macropores act as transport
channels and are essentially charge neutral, whereas the micropores have most impact on the
storage of charges because these (1) take up the majority of the electrode volume and (2)
harbor the majority of the internal electrode surface on which the EDL can form. We model
the electrode to consist solely of equal-sized pores, where we choose either micropores of a
typical size L = 2 nm within such electrodes or mesopores of L = 8 nm, a width were packing
constraints are less severe. The pores in one electrode have a total volume Vel = L×A and are
described by a parallel plate capacitor of plate area A and separation L; we call L the pore size.
The capacitor plates are located at z = 0 and z = L and are kept at the same potential as the
macroscopic electrode to which they belong. Accordingly, they carry like-charge areal densities
eσ, resulting in a total electrode charge Q = 2Aeσ, where we introduced the elementary unit
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Ψ+

L ∼ 2 nm

Ψ−

ρs

∼ 50 nm

Figure 3.1: Sketch of the supercapacitor as used in blue engines and desalination devices. Two porous carbon
electrodes are set to the potentials Ψ+ and Ψ− and are immersed in a monovalent ion solution
with salt concentration ρs. The porous material contains pores of several sizes. The small pores
are modeled as parallel plate capacitors of plate separation or pore size L.

charge e. Furthermore, we neglect size effects of the parallel plate capacitor by taking the limit
A → ∞ such that the system is described solely by one spatial coordinate z, perpendicular to
the plates.

An electrolyte solution is confined between these two planar charged hard walls. To describe
the ions in water we apply the restricted primitive model, where a binary mixture of hard
spheres, of radii R±, carries opposite charges Z+e and Z−e, respectively. In this chapter, the
monovalent cations and anions of interest are Na+ and Cl−, such that Z+ = 1 and Z− = −1,
respectively. To account for the surrounding hydration shell of polarized solvent molecules
around each ion, we model the ions as monodisperse hard spheres with an effective radius,
R = R+ = R− = 0.34 nm, which is larger than the bare ionic radii [26]. As in previous
work [24, 25], the remaining homogeneous dielectric solvent is described by a relative dielectric
constant ε = 78.54 at a temperature T = 298.15 K. For this setting, the Bjerrum length
λB = e2/(4πε0εkBT ) with the vacuum permittivity ε0 and the Boltzmann constant kB amounts
to λB = 0.714 nm. The resulting Debye screening length λD = (4πλB(Z2

+ + Z2
−)ρs)−1/2, ranges

from λD = 0.43 nm to λD = 2.15 nm for bulk salt concentrations between ρs = 0.5 M (seawater)
and ρs = 0.02 M (river water), respectively. Now, the pair interaction potential Φij between
ions i and j of valencies Zi and Zj at positions ri and rj , is a combination of steric repulsion (at
core-core distances smaller the ion diameter) and electrostatic interaction (at larger distances),

βΦij(ri, rj) =


∞ if |ri − rj | < 2R,

e2

4πε0εkBT

ZiZj
|ri − rj |

if |ri − rj | ≥ 2R.
(3.1)
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Similarly, the steric interaction between the pore walls and a cation or anion at position z is

Vext(z) = kBT

∞ if (z < R) or (L− z < R),
0 otherwise.

(3.2)

Here, the steric repulsion between the hydrated ions and the wall naturally leads to a so-called
Stern layer of the same thickness as the hydrated-ion radius R. Within this Stern layer, the
concentration of charged particles is zero, while we assume no change of the dielectric constant
to avoid additional polarization effects. For the symmetric case under consideration (Z+ = −Z−
and R+ = R−), we only need to model the macroscopic anode of our blue engine with a pore
volume Vel and a pore size L. The cathode is just an oppositely-charged mirror image of the
anode. We define the overall unit-charge density within this anode as

q
(
z
)

= Z+ρ+(z) + Z−ρ−(z) + σδ(z) + σδ(z − L), (3.3)

containing contributions from cations and anions via their one-particle number densities ρ± and
from the surface charge density eσ ≥ 0 localized on the electrode surface at z = 0 and z = L.

3.3 Theory

We use density functional theory (DFT) [33, 35] to describe the system of densely-packed
ions and charged walls within each of the macroscopic electrodes. Within this theoretical
framework, the grand potential Ω(T, V, µ+, µ−,Ψ) of the equilibrated system can be written
as a functional Ω(T, V, µ+, µ−,Ψ; [ρ+, ρ−, σ]) of the one-particle number densities ρ± of the
cations and anions and of the wall unit-charge density σ for a temperature T , a volume V ,
ionic chemical potentials µ±, and an electrostatic wall-potential Ψ = Ψ+ = −Ψ−. The grand
potential naturally follows from the intrinsic Helmholtz free energy F(T, V,N+, N−, Q) via a
generalized Legendre transform

ΩV [ρ+, ρ−, σ] = F [ρ+, ρ−, σ]− 2eΨAσ +
∑
i=±

A

∫ L

0
dzρi(z)

(
Vext(z)− µi

)
, (3.4)

where the number density profiles ρ± and the unit-charge density profile σ represent the exten-
sive particle numbers N± = A

∫
L dzρ±(z) and electrode charge Q = 2eAσ. In the presence of

particle interactions the intrinsic free energy F = Fid + Fexc is usually split into an ideal-gas
part Fid (see, e.g., Ref. [39]) and an excess part Fexc that contains the (remaining) interac-
tions. Minimized by the equilibrium density and charge profiles, the functional finally yields
the Euler-Lagrange equations

µ± = Vext
± (z) +

δF
(
T, V ; [ρ+, ρ−, σ]

)
δρ±(z)

∣∣∣∣∣
ρ±=ρeq

± , σ=σeq

, (3.5)

Ψ = (2eA)−1 ∂Fexc
(
T, V ; [ρ+, ρ−, σ]

)
∂σ

∣∣∣∣∣
ρ±=ρeq

± , σ=σeq

. (3.6)
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As in previous work [91, 106], the excess free energy functional Fexc = FC +FHS +Fcorr in our
restricted primitive model contains the excess terms FC and FHS due to the pure Coulomb and
hard-sphere interactions, as well as an excess term Fcorr which is included to capture residual
correlations. Here, the excess correlation term Fcorr follows from the analytically known solution
of the Ornstein-Zernike equation in the mean spherical approximation (MSA) closure in the bulk
(see Appendix 3.A.1). Furthermore, the mean-field Coulomb term FC typically defines the
(dimensionless) electrostatic potential φ(z) = eψ(z)/kBT via the formal solution of the Poisson
equation. We defined this functional in the previous chapter in Eq. (2.20). The electrostatic
potential connects to the electrostatic wall potential Ψ via Ψ = ψ(0) = ψ(L) and allows to
extract the unit-charge density σ using Gauss’ law. The hard-sphere interactions are taken into
account within fundamental measure theory (FMT) via the White-Bear mark II functional [41]
in its tensor version [110]. This functional (see Appendix 3.A.2) successfully predicts not only
the freezing transition and accurate free energies of a hard-sphere system [41, 110], but also the
interfacial tension of a crystal-fluid interface [111]. Henceforth, we call this density functional
approach FMT-PB-MSA, referring to the three contributions to the excess free energy. For
comparisons, we also introduce FMT-PB, where the excess term Fcorr = 0.

Next to these two FMT-type theories, we consider the Poisson-Boltzmann (PB), Poisson-
Boltzmann-Stern (PB+S), and modified Poisson-Boltzmann (mPB) theories as introduced in
the previous chapter. The FMT type theories reduce to PB in the limit R → 0. In this limit
of charged pointlike ions, both the hard-sphere interaction term FHS and the excess correlation
term Fcorr of the excess free energy functional vanish. To preserve the Stern layer in this limit,
for PB+S we do not apply R → 0 to the external potential Vext

± in Eq. (3.2), but replace the
particle radius R with the thickness Rs of the Stern layer. For comparison, we also consider
modified Poisson-Boltzmann theory, where steric ion effects are included using a lattice-gas
functional.

3.3.1 Simulation methods

To test our theoretical results, molecular dynamics simulations (Sim) were performed of spher-
ical particles with diameters 2R and charges ±e using the ESPResSo package [113, 114].1 For
the short-ranged part of the pair interaction we use the pseudo hard-sphere potential

uij =


5050

4949 ε

[(
2R
rij

)50
−
(

2R
rij

)49
]

+ ε if rij < 50
492R,

0 if rij ≥ 50
492R,

(3.7)

where rij is the distance between two particles i and j and ε is the interaction parameter. This
cut-and-shifted generalized Lennard-Jones potential is suitable for use in continuous molecular
dynamics simulations and was found to reproduce structural and thermodynamical data of
hard-spheres accurately over the whole fluid range [115]. The particles are confined between
two charged hard walls of distance L, where the short range interaction with the walls is also
given by Eq. (3.7).

1 Simulations were performed by Dr. S. Samin, Institute for Theoretical Physics, Utrecht University. For more
details see the original publication Ref. [68] that served as the basis for this chapter.
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In order to compare with our FMT-PB-MSA results, simulations were performed in the
canonical ensemble using the ion number densities obtained from the DFT calculations, which
also sets the charge density on the pore walls. Here, the number of particles in the pore varied
between 3000-6000. For large enough pores, the midplane bulk ion densities ρ±(L/2) in all
the simulations agreed with the FMT-PB-MSA result to within 0.5%. This indicates that our
canonical simulation results agree with the grand canonical FMT-PB-MSA calculations. The
simulations were initialized from random particle configurations and are equilibrated with a
Langevin thermostat at a temperature kBT/ε = 1. The obtained cation- and anion-density
profiles are used for the calculation of the electrostatic potential profile from

φ(z) = −2πλB

∫ z

0

[∫ z′

0
q(z′′)dz′′ −

∫ L

z′
q(z′′)dz′′

]
dz′, (3.8)

where q(z) is defined in Eq. (3.3). This relation yields the potential in slit systems with Neumann
boundary conditions up to an arbitrary constant [116]. We choose this constant such that the
midplane potential φ(L/2) is identical to that obtained from FMT-PB-MSA.

3.4 Concentration profiles

To obtain equilibrium concentration profiles ρ±(z), we solve the Euler-Lagrange Eqs. (3.5) and
(3.6) on a grid using a Picard iteration scheme [117].2 Assuming a homogeneous concentration
in directions along the pore walls, we resolve the pore width L in z-direction perpendicular to
the walls with a grid spacing of L/2000 ≤ 0.004 nm. With this choice the typical length scale
of the system (screening length λD or hard sphere diameter 2R) is resolved with more than 100
grid points. We explore electrode potentials over the whole electrochemical window of water,
where the limit of 2Ψ = 1.2 V represents the onset of electrochemical reactions between the
electrode and the solvent particles.

In Fig. 3.2, we show the resulting potential and concentration profiles for the various theories
introduced in the previous section in comparison with the MD simulations. In Fig. 3.2(a,b),
we show potential profiles which are normalized to unity at the wall for two pores of sizes
L = 2 nm and L = 8 nm. The corresponding concentration profiles are shown in Figs. 3.2(c-j),
where we focus on the region close to the wall. Note that the profiles within a pore are mirror
symmetric with respect to the pore center. Figure 3.2(a) shows three potential profiles from
FMT-PB-MSA theory at different electrode potentials Ψ. Next to the wall, all of them have
a linear part due to an ion-free Stern layer which FMT-type theories naturally predict. At
high potentials, even a second Stern layer can be observed, indicating a second region free of
charges in between the first and second layer of densely packed counterions next to the wall.
Such layering effects have been observed, e.g., in Refs. [86, 118] and they are clearly visible in
Fig. 3.2(i). Thus, high enough potentials repel the coions completely and lead to an increasing
midplane potential ψ(L/2) for increasing electrode potentials Ψ. For larger pores this effect
diminishes, which can be observed in Fig. 3.2(b) for the mesopore of size L = 8 nm, where the
center of the pore behaves similar to the bulk. Therefore, the mesopores play a smaller role in
2 DFT calculations were performed by Dr. A. Härtel, Institute for Theoretical Physics, Utrecht University.
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Figure 3.2: Potential profiles ψ(z) and counterion concentration profiles ρ−(z) at an electrode potential Ψ
and a bulk concentration ρs = 0.5 M. We show data for two different pore sizes of L = 2 nm
(left column) and L = 8 nm (right column) as well as for four electrode potentials Ψ of 0.0 V,
0.2 V, 0.4 V, and 0.6 V. The potential profiles in (a) are solely obtained from FMT-PB-MSA
theory, where all the remaining plots show data obtained from all theories investigated and the
MD simulations.
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the salt uptake, because an excess number of ions is only contained in the electric double layer.
In Fig. 3.2(c,d), we start our analysis of the concentration profiles with a vanishing external

potential Ψ = 0 V. In this case the pore walls are uncharged and only the FMT-type theories
show inhomogeneous concentration profiles due to built-in steric interactions. Since the ions
are monodisperse, both co- and counterions have the same concentration profiles and, counter-
intuitively, lead to a negative net salt adsorption due to the naturally predicted ion-free Stern
layer. This effect has already been observed for pure hard-sphere systems [119]. At finite po-
tentials, the FMT-type theories exhibit nonmonotonic density profiles that deviate significantly
from the strictly monotonic densities predicted by PB, PB+S and mPB. Especially mPB the-
ory underestimates the concentrations close to the electrodes, where it predicts a plateau for
higher packings [97] as shown in Figs. 3.2(g,i,j). Here, the almost flat concentration profile in
Fig. 3.2(i) signifies an almost completely filled pore.

Finally, the computer simulations show excellent agreement with FMT-PB-MSA theory. As
mentioned earlier, we feed the canonical simulations with particle numbers within the slit pore
obtained by using a cubic spline integration from our FMT-type theory results. Here, the
simulations always recover the FMT-predicted bulk. Although the particle numbers obtained
from FMT-PB and FMT-PB-MSA theory differ only slightly, corresponding simulations always
fit the FMT-PB-MSA results better (not shown). Therefore, we choose the particle numbers
predicted from FMT-PB-MSA theory as an input for our simulations. Figure 3.2 illustrates that
FMT-PB-MSA theory excellently covers the details of the concentration profiles ρ± obtained
by the simulations. Only in regions of high inhomogeneity, small deviations can be observed,
e.g., in Fig. 3.2(i) in the midplane. Interestingly, Fig. 3.2(f) shows larger deviations between
theory and simulations for the region around z = 0.9 nm than can be observed at higher
potentials. However, it is remarkable that even at high potentials and in strong confinements
FMT-PB-MSA is in very good agreement with simulations.

3.5 Charging and capacitance

Since we are interested in the capacitive performance of our model supercapacitor, we now study
the relation between the surface charge density eσ and the potential Ψ on the electrode. In the
previous section we analyzed the potential and ion-concentration profiles for two pore widths
of our model supercapacitor at a set of electrode potentials. Each of these profiles corresponds
to one particular relation between an electrode potential and an electrode charge density at a
certain bulk salt concentration. In Fig. 3.3(a,b) we plot this relation as a function of electrode
charge density at fixed bulk salt concentrations ρs = 0.5 M and ρs = 0.02 M, which correspond
to sea and river water, respectively. Clearly, the FMT-type theories perform best at reproducing
the simulated data. Interestingly however, the mPB theory approximates these theories better
than what one might have expected on the basis of its unphysical density profiles. This finding
is in line with recent work [47] that argues that another local density approximation, in this case
based on the Carnahan-Starling equation of state (see Eq. (2.30)), fails to predict ion-density
profiles near a charged wall, but predicts integrated quantities such as the capacitance very
decently. Since the electrode charge is limited by the maximum number of ions in a pore, the
limit of close-packing in a slit-pore [120] sets the maximum electrode charge. Therefore, the
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Figure 3.3: The charge-potential relations at two concentrations ρs = 0.02 M and ρs = 0.5 M shown for two
pore sizes (a) L = 2 nm and (b) L = 8 nm. The potential rise ∆Ψ := Ψρs=0.02 M −Ψρs=0.5 M
between both strokes is shown in (c). In addition, we add data for the FMT-PB-MSA theory
where we use a concentration-dependent dielectric constant ε (see text) which depends on the
bulk concentration ρs and is constant along each grand canonical stroke.
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surface charge density of a 2 nm pore can not exceed the maximum of approximately 3.9 e nm−2.
An example for such a densely packed system can be seen in Fig. 3.2(i). The corresponding
charge-potential curve in Fig. 3.3(a) is bound by this maximum charge density and indeed shows
a steep increase for the FMT-type theories at high surface charges. However, water-splitting
will start before such high surface charge are reached. In contrast, the PB and PB+S theories
do not predict such a limiting charge, because they assume pointlike ions. Thus, the electrode
charge becomes unphysically high when potentials increase. A further comparison between
Figs. 3.3(a,b) shows that the electrode potential at a fixed electrode charge is higher at smaller
pore size within all mentioned theories.

In the next section we will discuss cyclic (dis)charging processes that follow the charge-
potential strokes at low and high salt concentrations. We will see that the amount of energy,
which a blue engine can harvest from two reservoirs of different salinity, is related to the voltage
rise between these strokes. This voltage rise upon decreasing salt concentration is shown in
Fig. 3.3(c). By evaluating the Gouy-Chapman expression Eq. (2.36) at the two different salt
concentrations one easily derives an analytical approximation for the voltage rise in the limit
of large plate separation. In the nonlinear screening regime (σ � σ̄ ≡

√
2ρs/πλB) this Gouy-

Chapman potential rise becomes independent of the surface charge, with a plateau value at
e∆Ψ = kBT ln(ρh/ρl), with ρh and ρl the high and low salt concentration, respectively. For the
salt concentrations used here this gives a well-known at value around ∆Ψ ≈ 83 mV. Since at
low potentials the packing effects are not particularly pronounced, PB-type theories perform
reasonably well in this regime. Deviations between the theories only start to appear at higher
potentials. Yet, the voltage rise converges towards a plateau with increasing surface charge for
every choice of theory, provided that the dielectric constant is kept fixed, but it shifts, when
contributions beyond the mean-field Coulomb energy are considered. In general, the maximum
value of the plateau seems to be related to the charge density eσ at which the plateau is reached.
Here, the more elaborate FMT-type theories reach the plateau at higher surface charges than
the less elaborate ones. However, within all these theories the mentioned plateau is reached at
higher charge densities eσ when the pore size is increased. We find that the FMT-type theories
reach the highest value ∆Ψ ≈ 107 mV, followed by mPB and finally PB(+S) theory with the
lowest value. Thus, for the FMT-type theories, the aforementioned corresponding waterfall [10]
would be higher by a factor 107/83 ≈ 1.29.

Until now, we used a fixed dielectric constant of ε = 78.54. However, measurements show
that the bulk dielectric constant depends on temperature and concentration [121, 122]. Keeping
the temperature fixed at T = 298.15 K, this dependency reads ε(ρs) = 78.461− 20.0154ρs/M +
4.0415(ρs/M)2 − 0.54052(ρs/M)3, spanning a range from ε(0.02M) = 78.06 to ε(0.5M) = 69.4.
Taking this into account, the grand canonical charge-potential strokes change towards higher
potentials (see inset of Fig. 3.3(c)) and the potential rise ∆Ψ reaches a maximum at a finite
charge density, decreasing again for higher charges. This behavior is shown in Fig. 3.3(c) within
the FMT-PB-MSA theory.

The highly nonlinear relation between charge and potential on the electrode is well captured
by the differential capacitance,

Cd = ∂Q

∂Ψ , (3.9)
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Figure 3.4: Differential capacitances at two bulk concentrations ρs = 0.02 M and ρs = 0.5 M for two pore
sizes (a) L = 2 nm and (b) L = 8 nm.

which was introduced in Sec. 1.3 and extensively discussed in Sec. 2.3 for PB, PB+S and mPB
theory in the limiting case of infinite electrode separation. In particular, the capacitance of PB
theory was observed (Eq. (1.8)) to increase with the electrode potential as Cd

GC ∼ cosh(eΨ/2kBT ),
since there is no limiting maximal charge. For the PB+S theory, the differential capacitance
reaches a plateau at high voltage, corresponding to the capacitance of the Stern layer (cf.
Fig 2.1(b)). Contrary to the exponential increase of Cd

GC, this Bikerman-Freise capacitance
Cd

BF (Eq. (2.42)) of mPB theory decreases with the square root of the potential for large po-
tentials [60]. For low concentrations Cd

BF has a local minimum at Ψ = 0 V, which turns into
a global maximum at higher packing fractions. This transition from the “bell” to the “camel
shape” occurs at the packing parameter value γ = 1/3 (cf. Fig. 2.1).

We now move away from the infinite electrode-separation limit and instead calculate the
differential capacitance within mPB and both FMT-type theories in the confining geometry of
our model supercapacitor. As shown in Fig. 3.4, the resulting curves still exhibit decaying tails
for increasing electrode potentials for all these theories. Notice that these tails decay faster
for the smaller pores, which is related to the near-complete filling of the micropores at high
potentials. Interestingly, at high salt concentration the FMT-type theories already passed to a
bell shape in the micropores in Fig. 3.4(a), whereas mPB theory still predicts a camel shape.
This finding can also be seen from Fig. 3.3(a), where the stroke corresponding to mPB theory
at high concentration shows a convex curvature at low potential instead of a concave one when
compared to the FMT-type results, which helps to reach the plateau in Fig. 3.3(c) at a small
charge density eσ. Moreover, Figure 3.2 shows that within small pores the concentration profiles
in the midplane are already affected at an electrode potential Ψ = 0 V, which could explain the
bell shape in our FMT-type results.
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3.6 Cyclic processes

Our model supercapacitor can be charged (discharged) by connecting it to (using it as) an
external power source. In this way, energy is stored (released) when the electric double layer
is built up at (removed from) the porous electrodes of the system. If (dis)charging happens
sufficiently slowly, the dynamical processes can be assumed to be quasistatic. This is only the
case if the (dis)charging time is substantially larger than the RC-time, such that the system
always has enough time to equilibrate and therefore stays in equilibrium. Even though real
systems typically work on shorter time scales out of equilibrium, we investigate the universal
quasistatic behavior as a starting point. If, now, the electrodes are in contact with a reservoir
at fixed chemical potential while they are (dis)charged, the (dis)charging process is described
by the grand canonical (dis)charging strokes which are shown in Fig. 3.3.

In the previous section, we have seen that these (dis)charging strokes depend on the salt con-
centration within the reservoir, to which the electrodes are connected. To exploit this depen-
dency, Brogioli recently proposed a four-stroke charging-desalination-discharging-resalination
cycle to harvest a net amount of energy [15]. This process extracts the free energy which is
released during the selective mixing of water at two different concentrations. Such blue-energy
cycles ABCDA are shown in Fig. 3.5(a,b) and are explained schematically in Fig. 3.5(d). The
cycle starts with a grand canonical charging step AB, while the engine is connected to a reservoir
at high ion concentration. This step is followed by a flushing step, where the water at high ion
concentration is replaced by water at low ion concentration, which raises the electrode potential
while the charge on the electrode remains the same. Now, a grand canonical discharging step
follows and, finally, the engine is brought back to the initial state by flushing with seawater. In
fact, the total work

W = −
∮

ΨdQ (3.10)

delivered per electrode in such a cycle is positive, because the charging steps in seawater take
place at a lower potential than the discharging steps in river water. In Fig. 3.6 we present the
corresponding energy harvested during such blue-engine cycles ABCDA for the two pores of
size L = 2 nm and L = 8 nm within three of our theories. In agreement with Fig. 3.3 we find
that the energy per unit surface area of the electrode is larger for smaller pores. Furthermore,
it is obvious from Fig. 3.5(a,b) that the area enclosed by the cycle ABCDA increases with the
potential rise ∆Ψ between the strokes at low and high concentration. This quantity, previously
discussed and depicted in Fig. 3.3(c), was shown to be largest for the elaborate FMT-type
theories. Hence, those theories predict the highest energy production, which is also depicted in
Fig. 3.6. Since this enhanced work output is a model-dependent finding, it does not correspond
to a higher work output in an experimental setting, only to a more accurate description of the
physics at hand. For example, along with Fig. 3.3(c) we also discussed the consequences of using
a dielectric constant that depends on the concentration, which results in an overall lower work
output than a corresponding cycle with a fixed dielectric constant would have. Nevertheless, the
mutual deviation between the theories shows that packing effects are important in the context
of cyclic processes such as discussed in this chapter and should be taken into account.

In order to accomplish an actual increase in the work output, we distinguish two possibilities.
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(a) (b)

(c) (d) (e)

Figure 3.5: Blue-energy and desalination cycles in between charge-potential strokes at two concentrations
ρs = 0.02 M and ρs = 0.5 M for two pore sizes L = 2 nm (a,c) and L = 8 nm (b). More detail
about the cycles are given in the text and in the process diagrams in (d) and (e).

First, the electrostatic potential not only depends on the chemical potential, but also variables
like temperature, valence, and pore size. In principle, they can be tuned to make the potential
rise between the two involved concentrations and the corresponding work output as large as
possible. For instance, as discussed in the next chapter, a threefold increase of the work output
is possible, when instead of sea and river water at equal temperature, high-temperature (e.g.,
waste-heated) river water is used during the discharging step. This effect has also been observed
experimentally [123].

Second, the energy dissipated during operation can be made as small as possible by choosing
an optimal sequence of ensembles for the (dis)charging steps. By mapping the intensive and
extensive thermodynamic variables of the blue engine to those of a heat engine system, which
operates on a temperature instead of a concentration difference, it was shown that the Brogioli
cycle is the CAPMIX analogue of a Stirling cycle [112]. Pushing this analogy further, it is
natural to seek for the capacitive analogue of the Carnot cycle. Similar to the rectangular
path in T -S representation of the Carnot cycle, such an optimal blue-engine cycle would have
a rectangular path in µ-N representation of chemical potential µ and ion number N , that is,
two grand canonical steps at fixed µ and two (new) canonical steps (BC’ and D’A) at fixed
N . Then, each ion transported between the two reservoirs is able to donate its full ∆µ to the
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Figure 3.6: Energy harvested per unit surface area of the electrode material during one blue-energy cycle
ABCDA as shown in Fig. 3.5(a,b). We compare PB+S, mPB, and FMT-PB-MSA theory for
both pore size L = 2 nm and L = 8 nm.

harvested energy without spilling energy in the irreversible flushing steps (BC and DA) [16].
Contrary to the case of the Carnot cycle operating between high (TH) and low (TL) temperature
reservoirs at an efficiency ηC = 1 − TL/TH, the lack of a zero in the chemical potential scale
implies that no similar expression exists for CAPMIX efficiency.

The order of the canonical and grand canonical strokes is fixed by the thermodynamic relation
Cd
µ > Cd

N between the differential capacitances at fixed chemical potential µ or particle number
N , respectively [112]. Furthermore, from Figs. 3.5(a) and (b) it becomes obvious that the slope
of the canonical strokes in the Ψ-σ representation highly depends on packing properties and,
accordingly, changes when varying, for example, the particle density or the pore size. Here, a
steep slope hints at a situation close to a limiting charge on the electrode due to close packing
of ions in the pore, as discussed in the previous sections. Accordingly, the canonical strokes
in Fig. 3.5(a,b) become steeper in the narrow micropore of L = 2 nm than they are in the
mesopore of L = 8 nm where the center of the pore still can act as a reservoir for counterions.
For very dense packings, the canonical strokes become almost vertical in the Ψ-σ representation,
as we show in Fig. 3.5(a) where the point C’ is not shown since it is almost at the same position
(σ = 1.01 nm−2) as the point C (σ = 1.00 nm−2).

As is obvious from Fig. 3.5(b), the Carnot-like “optimal” (with respect to the harvested
energy per ion) cycle ABC’D’A has a smaller area than the cycle AB’C’DA. Both cycles are
performed in the same potential range and for a pore volume of Ve = 2Vel = 1 L within both
electrodes, the work output per cycle of the engine is W ≈ 1.3 kJ and W ≈ 8.4 kJ, respectively.
Thus, a discrepancy exists between an optimal cycle in the sense of total harvested energy per
cycle and harvested energy per transferred ion. Which of the two options is more desirable
depends on the availability of the required resources, in particular that of fresh water.
In addition, a well-chosen combination of canonical and grand canonical strokes is able to tune
the number of ions that is passed through the engine during operation. For example, the
energy output for the cycles ABC’D’A and AB’C’DA in Fig. 3.5(a) for an engine volume of
1 L is W ≈ 6.8 kJ and W ≈ 8.3 kJ, respectively. Interestingly, the energy output of the cycle
AB’C’DA seems to be similar for both pore sizes we have analyzed. This also holds for the
PB+S and mPB theory (not shown), where the energy harvested during this cycle is W ≈ 7.8 kJ
and W ≈ 7.2 kJ (PB+S) and W ≈ 7.5 kJ and W ≈ 7.3 kJ (mPB) for the two pores of L = 2 nm
and L = 8 nm.

Similar to its heat engine counterpart, the blue engine can also be run in reverse for desali-
nating water. An example of the corresponding three-stroke cycle ABCA is shown in Fig. 3.5(c)
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Figure 3.7: Energy consumption per liter of desalinated water for desalination cycles as shown in Fig. 3.5(c),
where point B lays at σ = 1.5 nm−2. We compare PB+S, mPB, and FMT-PB-MSA theory
for four ratios fb = Vb/Ve of bucket and engine volumes for (a) a flushing step BC and (b) a
canonical step BC’, respectively.

and explained schematically in Fig. 3.5(e). Starting in an initial state A, we connect the ca-
pacitor of pore volume Ve to a bucket of volume Vb which is to be desalinated. The capacitor
is charged canonically, capturing the ions into the capacitor pores and desalinating the bucket.
After reaching the low concentration in point B, we disconnect the bucket to secure the fresh
water, and flush the capacitor with water at high ion concentration to point C. We then si-
multaneously refill the bucket with seawater, and discharge the capacitor in contact with the
sea reservoir until the initial charging state A is reached. Here, the bucket and capacitor are
reconnected so that the cycle can start again.
Keeping point B fixed, the location of point A in Fig. 3.5(c) depends on the chosen fraction
fb = Vb/Ve between the bucket and engine volumes, because the size of the connected bucket
also sets the number of ions that must be adsorbed into the capacitor. For this reason, the
slope of the canonical strokes AB depends on the fraction fb. Note that this quantity is varied
here by changing the bucket size, keeping the pore width and volume fixed.

Unlike the previously discussed blue-engine cycles, the work in Eq. (3.10) picks up an extra
minus sign in a desalination cycle because the latter runs clockwise instead of anti-clockwise in
its potential/charge representation. Consequently, desalination costs energy.
Similar to the blue-engine cycles, to minimize energy losses the dissipative flushing step BC
can be replaced by a reversible canonical step BC’. Although we will discuss these cycles in the
following, we do not show point C’ in Fig. 3.5(c) because it would almost coincide with C. Note
that for larger pore sizes the points C and C’ would separate more, as shown in Fig. 3.5(a,b) for
a blue-engine cycle. The interior of larger pores namely acts more like a reservoir, such that it
requires a more significant ion-release from the EDL to resalinate a larger pore. In Fig. 3.7 we
compare the energy consumption during desalination cycles as shown in Fig. 3.5(c), for different
bucket fractions fb within PB+S, mPB, and FMT-PB-MSA theory for a flushing step BC and
a canonical step BC’, respectively.
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For the flushing-type desalination cycle, we find that FMT-type calculations predict the
largest amount of consumed energy in most cases when compared to PB+S and mPB theory.
This was to be expected on the basis of Fig. 3.3(c) which shows that potential steps with respect
to different concentrations are largest in FMT-type theories. Furthermore, in Fig. 3.7(a) PB+S
and mPB theory predict an increasing amount of required energy to desalinate one liter of
water for decreasing fractions fb and, accordingly, bucket volumes Vb, while FMT-PB-MSA
theory predicts fairly constant values of required energy. This can be understood by analyzing
the cycle ABCA in the limit of vanishing bucket volume Vb and fraction fb → 0. In this case
of vanishing bucket size, the point A reaches the point C’ and the desalination step becomes
equivalent to a canonical step without a desalination bucket. In other words, the work of the
cycle ABCA becomes equivalent to the work that corresponds to the enclosed area C’BCC’,
which remains finite. For this reason, the energy per volume of desalinated water diverges in
this limit. However, in FMT-type theories the enclosed area C’BCC’ is much smaller than
in PB+S and mPB theory due to the previously discussed packing effects and, therefore, the
invested work seems to remain unaffected by the bucket size within the explored range [0.1, 1.5]
of fraction fb. Nevertheless, it will diverge if fb becomes small enough.

If the flushing step BC is replaced by a canonical step BC’, the enclosed area C’BCC’ reduces
to a single line which does not enclose any area. Therefore, the work per cycle vanishes for
vanishing bucket volume Vb and, for this reason, no divergences should appear, as indeed
observed in Fig. 3.7(b). Moreover, the desalination energy per liter water is constant for all
fractions fb within all mentioned theories, because the corresponding cycles are optimal with
respect to the energy per ion. Accordingly, the energy per liter of desalinated water is constant.

For larger pores of L = 8 nm, during a desalination stroke, the total capacitor potential would
almost reach the limit of 1.2 V, where water splitting would start. The meso- (and macropores)
therefore lower the pore-averaged capacitance, and operating real porous carbon electrodes
between sea and river concentrations could be problematic. The experimental verification of
this charging cycle has not been achieved, because the current generation of porous electrodes
does not have a sufficiently large capacitance to perform the canonical desalination steps. To
avoid such problems, it might be interesting to operate a series of blue-engine capacitors with
intermediate reservoirs at intermediate concentrations instead of using a single engine to cover
the entire concentration range. Here, balancing the flushing and canonical steps could allow
for tuning the intermediate concentrations. We have not pursued this next optimization step
in detail yet.

3.7 Discussion and conclusion

In this chapter, we studied cyclic processes involving supercapacitors immersed in water at low
and high salt concentration for the purpose of energy harvesting and desalination. In this con-
text, we investigated ions within the restricted primitive model in the micro- and mesopores of
the supercapacitor electrodes at different electrostatic potentials. We compared a set of avail-
able theories, ranging from simple Poisson-Boltzmann up to sophisticated density functional
theories. To distinguish between these theories and define their applicable parameter settings,
we also performed molecular dynamics simulations. We found best agreement with these sim-
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ulations for a fundamental measure density functional theory with mean-field Coulombic ion
interactions, taking excess correlations beyond the pure Coulomb and pure hard interactions
into account [91]. In agreement with earlier studies [91, 97, 105–107], we found that ion sizes
cannot be neglected if a qualitative or, even more, a quantitative description of systems similar
to those we studied is of interest. For mesopores, dilute ion concentrations, or low potentials,
simple theories like modified Poisson-Boltzmann theory [60] are still applicable. However, we
show that in the micropores, where the hydrated ion size becomes of the same order of mag-
nitude as the pore width, packing effects do become important, and the mean field theories
do not agree with simulated density profiles. For such settings, correlations between the ions
must be taken into account in more elaborate theories like our density functional approach.
While the local density approximation underlying modified Poisson-Boltzmann theory leads to
an unphysical plateau in the density profiles, its performance in predicting the capacitance is
decent (but not perfect).

In the context of cyclic processes, our density functional approach predicts a significant larger
amount of energy that can be harvested from blue engines than the more simple theories in
our study. Relatedly, it predicts a larger consumption of energy for the desalination of water.
Furthermore, we found that the (theoretical) description of the solvent has a high impact on
these predictions. Here, we found that taking into account the dependency of the dielectric
constant on the salt concentration corrects the amount of available energy from two reservoirs
of different salinity. Moreover, this treatment of the solvent predicts a potential range for the
optimal operation of a blue engine around an electrode potential Ψ ≈ 0.2 V. Consequently,
a desalination device could be optimized by shifting this operational range to lower or higher
potentials.

With further research our theoretical description could be improved. While we described
the solvent by a uniform dielectric constant, an explicit description of the water molecules
could lead to a more accurate picture of the electric double layer [90, 98]. Moreover, for dense
packings, an explicit description of the hydration shell becomes important [124, 125] to allow
for the dehydration of ions near walls or in the smallest pores [87, 126] and for similar effects,
where the polarizability of the water molecules plays a role. Furthermore, we described the rich
geometry of the porous carbon electrode by a relatively simple parallel-plate capacitor model,
neglecting effects associated with the pore curvature [78] or roughness of the electrode surface
[79]. In addition, carbon electrodes show metallic behavior and accounting for image charge
effects can modify the salt adsorption at low voltages [127]. Nevertheless, our findings from the
parallel-plate model might have interesting applications for the conversion between mechanical
and electric energy [128]. Finally, dynamics can be taken into account to address the possibly
slow ion transport through the pore network of the carbon electrode. In principle, this could
provide blue-engine power predictions that deviate from the quasistatic calculations, which only
address the energy of a cycle. However, recent simulation results show that agreement between
the quasistatic calculations and dynamical studies is better than might be expected [129].

Further research could also study the implications of our findings on so-called flow electrodes
[130, 131]. These devices provide an interesting alternative to the solid porous carbon electrodes
used in conventional desalination devices. They consist of micron-sized particles of nanoporous
carbon in a suspension which allows to control the salt uptake by varying the feed velocity of



3.A Appendix: The excess free energy functional 43

the carbon slurry.
In a more general context, our methods are also suitable for studying the storage of energy in

ionic-liquid supercapacitors. In such systems, the screening length is much shorter than in an
aqueous solution. In addition, ionic liquids have a larger electrochemical window in comparison
to water. For this reason, higher potentials can be applied and ionic packing effects become
even more important. Nevertheless, even very high packings of spheres are well described within
fundamental measure density functional theory. Moreover, numerical calculations within this
theoretical framework are much faster than computer simulations. Thus, the studied approach
represents a promising starting point for the development of more realistic theoretical models
for capacitive mixing and desalination devices.

3.A Appendix: The excess free energy functional

A full derivation of the terms FHS and Fcorr is beyond the scope of this thesis. In this appendix
we presents their explicit forms and refer the reader to the relevant literature.

3.A.1 Excess correlations

Following previous work [91, 106], we incorporate excess correlations beyond the Coulomb and
hard sphere correlations via the following excess direct correlation function

∆c(2)
αα′(s) =

−λBZαZα′
(
B
R −

1
4
(
B
R

)2
s− 1

s

)
if s < 2R,

0 otherwise,
(3.11)

where s = |r− r ′|, B =
(
ξ+ 1−

√
1 + 2ξ

)
/ξ and ξ = 2R/λD. The excess correlation free energy

functional Fcorr then follows as

Fcorr = kBT

2
∑
α,α′

∫
V
drdr′∆ρα(r)∆ρα(r′)∆c(2)

αα′(|r− r′|), (3.12)

where ∆ρα(r) = ρα(r)− ρs is the deviation of the density from its bulk value.

3.A.2 The White Bear mark II FMT functional

The White Bear version mark II free energy density functional was introduced in Refs. [41, 132].
Within FMT, the excess part of the free energy due to (bare) hard-core interactions reads

βFHS =
∫
V
dr ΦWBII({nα(r),vα(r), Tα(r)}

)
, (3.13)

introducing the excess hard-sphere energy density ΦWBII. With this weighted density functional,
the ionic density profiles ρi are weighted with their corresponding geometrical measures or
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weight functions w(α)
i to obtain so-called scalar, vector, and tensor weighted densities

nα(r) =
∑
i=±

∫
V
dr′ρi(r′)w(α)

i (r− r′), (3.14)

vα(r) =
∑
i=±

∫
V
dr′ρi(r′)w(α)

i (r− r′), (3.15)

Tα(r) =
∑
i=±

∫
V
dr′ρi(r′)w(α)

i (r− r′), (3.16)

applying a convolution on the volume V . The corresponding weight functions for hard spheres of
radius R are defined by Rosenfeld [108] and a tensorial weight function w(2)(r) been introduced
later by Tarazona [133] to avoid divergences in the zero-dimensional limit. The scalar weight
functions are given by

w(3)(r) = Θ(R− |r|), (3.17)
w(2)(r) = δ(R− |r|), (3.18)

w(1)(r) = 1
4πRw

(2)(r), (3.19)

w(0)(r) = 1
4πR2w

(2)(r), (3.20)

while the vector and tensor weighted densities read

w(2)(r) = r
|r|w

(2)(r), (3.21)

w(1)(r) = r
|r|w

(1)(r), (3.22)

w(2)(r) =
(

r · rt

|r|2 −
I
3

)
w(2)(r), (3.23)

where rt denotes the transpose of a vector r and I denotes the unit matrix in R3×3. Including
Tarazona’s replacement [133], the White Bear II excess free energy density reads

ΦWBII = −n0 ln(1− n3)

+
(

1 + 1
9n

2
3Φ2(n3)

)
n1n2 − v1 · v2

1− n3

+
(

1− 4
9n3Φ3(n3)

) n3
2 − 3n2v2 · v2 + 9

2

(
vt2 · T2 · v2 − tr

(
T 3

2
))

24π(1− n3)2 . (3.24)

Finally, the functions Φ2 and Φ3 appearing in Eq. (3.24) are defined by

Φ2(n3) = 6n3 − 3n2
3 + 6(1− n3) ln(1− n3)

n3
3

, (3.25)

Φ3(n3) = 6n3 − 9n2
3 + 6n3

3 + 6(1− n3)2 ln(1− n3)
4n3

3
. (3.26)



4 Boosting capacitive blue-energy and
desalination devices with waste heat

We show that sustainably harvesting “blue” energy from the spontaneous mixing process of fresh
and salt water can be boosted by varying the water temperature during a capacitive mixing cycle.
Our modified Poisson-Boltzmann calculations predict a strong temperature dependence of the elec-
trostatic potential of a charged electrode in contact with an adjacent aqueous 1:1 electrolyte. We
propose to exploit this dependence to boost the work-output of capacitive blue engines, which are
based on cyclically charging and discharging nanoporous supercapacitors immersed in salt and fresh
water, respectively [D. Brogioli, Phys. Rev. Lett. 103, 058501 (2009)]. We show that the energy
output of blue engines can be increased by a factor of order two if warm (waste-heated) fresh water
is mixed with cold seawater. Moreover, the underlying physics can also be used to optimize the
reverse process of capacitive deionization of water.

4.1 Introduction

In river mouths an enormous free-energy dissipation of the order of 2 kJ takes place for every
liter of fresh river water that mixes with an excess of salty seawater. This so-called “blue energy”
can nowadays be harvested due to newly available nanostructured materials such as selective
membranes [70, 73] and nanoporous electrodes [15, 17], as also used in supercapacitors [76]. In
fact, several test factories have been built based either on pressure-retarded osmosis using water-
permeable membranes [71, 72] or on reverse-electrode dialysis using ion-selective membranes
[135], and recently a lot of progress has been made with capacitive mixing processes that
involve highly porous carbide derived electrodes [5, 18, 75]. In all these cases the spontaneous
and irreversible ionic mixing process is intercepted and converted to a voltage difference by
an enginelike device, very much in the spirit of a Stirling or Carnot engine that intercepts
the spontaneous heat flow between a hot and a cold heat bath and converts it (partially) to
the mechanical energy of a rotating flywheel [16]. However, the temperature of the river- and
seawater has been assumed constant throughout the cycle in all devices considered so far. Given
the intrinsic scientific and societal interest in combined chemical-heat engines and heat-to-power
converters, the ongoing development and upscaling of blue-energy devices and test factories, and
the availability of a lot of waste heat in the form of “warmish” water in the industrial world,

I participated in every aspect of the process that led to Ref. [134]. Compared to that article, this chapter
contains additional figures and discussion.



46 4 Boosting capacitive blue-energy and desalination devices with waste heat

saline, TLfresh, TH

∼ 50 nm

R

L/2 ∼ 1 nm

ψ(z)
ρ±(z)

2Ψ

∼2 nm

(a) (b)

(c)

Figure 4.1: (a) Schematic of a blue engine consisting of two water-immersed porous electrodes and a spacer
channel which is cyclically filled with either cold salt- or warm fresh water at low and high
temperatures TL and TH. (b) Each electrode contains macropores (∼ 50 nm) acting as transport
channels and micropores (∼ 2 nm) where most of the net ionic charge is accumulated in (c)
diffuse ionic clouds separated from the electrode by a Stern layer of thickness R of atomic
dimensions inaccessible to the ions.

it is timely to consider temperature-tuning in blue-energy devices. In this chapter we predict
that the work extracted from capacitive mixing devices can be boosted by a factor of order
two if warm fresh water is mixed with cold salt water. Moreover, we show how varying the
temperature during a desalination cycle reduces the required energy input substantially, and
we predict on the basis of a general thermodynamic argument that adiabatic (dis)charging
processes can lead to significant temperature changes on the order of several degrees.

A capacitive mixing (CAPMIX) device is essentially a water-immersed capacitor composed
of two water-filled porous electrodes that can be charged and discharged by an external voltage
source [15], see Fig. 4.1(a). The porous electrodes typically consist of macropores of∼50 nm that
act as transport channels and micropores of ∼2 nm in contact with most of the electrode sur-
face area [5]. The device undergoes a four-stroke charging-desalination-discharging-resalination
cycle, very much in the spirit of a Stirling heat engine that performs an expansion-cooling-
compression-reheating cycle. Within these capacitive mixing processes, the charging of the
electrodes takes place while immersed in salt water, whereas they are discharged in fresh water.
The de- and resalination steps are performed by flushing the electrodes with fresh- and sea-
water, respectively. The key point of the cycle is the voltage rise across the electrodes during
desalination and the potential drop during the resalination. These voltage changes at constant
charge stem from the Debye-like screening of the electrode charge by a diffuse cloud of ions
in the water next to the electrode [15, 16]. Upon decreasing the bulk solution salinity, this
diffuse double layer expands, leading to a lower double layer capacitance, and thus a higher
voltage at a fixed electrode charge. This phenomenon also goes by the name of “Capacitive
Double Layer Expansion”. Analogous to mechanical pressure/volume work performed by heat
engines, the area enclosed in the voltage/charge plane of the cyclic process is the electrostatic
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work performed during the cycle. In order to quantify this electric work, we need to calculate
the “equation of state” of the electrolyte-electrode system given by the voltage Ψ(σ) as a func-
tion of the electrode charge density eσ, which also depends on the water temperature, the salt
concentration, and the typical volume-to-surface ratio L of the electrode. Note that we will use
σ as a control variable in our theoretical treatment for convenience, whereas the potential Ψ is
usually the experimental control variable.

4.2 Setup and capacitive behavior

In order to render the calculations feasible, we ignore the complex interconnected geometry of
the actual nanoporous electrode [87] and consider instead an electrode composed of two parallel
surfaces, each of area A separated by a distance L of the order of a nanometer, such that the
electrode volume equals Vel = AL and the total electrode charge Q = 2eσA. If we assume an
identical cathode and anode (with charges ±Q and potentials ±Ψ) then the total pore volume of
both the electrodes of the blue engine is Ve = 2Vel = 2AL. This planar-slit electrode is presumed
to be in osmotic contact with a bulk 1:1 electrolyte solution with total ion concentration 2ρs

and bulk dielectric constant ε at temperature T , which mimics the diffusive contact of the
nanopores with the essentially charge-neutral macropores and spacer channels. Introducing the
Cartesian coordinate z ∈ [0, L] between the two sides of the electrode, we seek to calculate the
electrostatic potential ψ(z) for an electrode with a given homogeneous charge density eσ at
z = 0, L from a modified Poisson-Boltzmann theory given by [52, 59, 60],

βeψ′′(z) =


0 if z ≤ R and if z ≥ L−R,

λ−2
D sinh (βeψ(z))

1− γ + γ cosh(βeψ(z)) if R < z < L−R,

βeψ′(z)
∣∣
z=0+ = −4πλBσ,

ψ′(z)
∣∣
z=L

2
= 0, (4.1)

with the inverse temperature β = (kBT )−1, the Debye length λD = (8πλBρs)−1/2, the Bjerrum
length λB = βe2/(4πε0ε), and the elementary charge e. This theory, discussed at length in
Chapter 2, is based on a lattice-gas model, with lattice cells singly occupied by either an
(hydrated) anion, cation or water molecule. This effectively sets the size of all involved species
to the lattice spacing R, and furthermore sets an upper bound to the local ionic packing fraction
via the packing parameter γ = (8π/3)ρsR

3 < 1 [60]. Throughout we set R = 0.34 nm such that
the local salt concentration cannot exceed 10 M [26]. In this chapter we will focus on the T -
dependence, where one should realize that the dielectric constant of liquid water at atmospheric
pressure decreases monotonically with temperature. A fit to experimental data [121, 122] reads
ε(T, ρs) = (87.88−0.39T+0.00072T 2)(1.0−0.2551ρs+0.05151ρ2

s−0.006889ρ3
s ) with ρs in molar,

and T in degrees Celsius. Using this temperature-dependent dielectric constant, in Fig. 4.2 we
show λB and λD as a function of temperature for two different salt concentrations typical for
sea and river water, respectively, and also compare to the case where the dielectric constant is
evaluated at a constant temperature T0 = 0 ◦C. We observe that the temperature-dependent
dielectric constant leads to the counterintuitive behavior of a Bjerrum (Debye) length that
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Figure 4.2: The Bjerrum (a) and Debye (b) lengths as a function of temperature, calculated with the tem-
perature dependent dielectric constant ε(T, ρs) from the text (lines), as well as a temperature
independent dielectric constant ε(T0 = 0 ◦C, ρs) (dotted). Plotted are data for a high salinity
ρs = 0.6 M (blue), and a low salinity ρs = 0.024 M (red).

increases (decreases) with temperature. From here on, unless otherwise noted, we use the
temperature-dependent dielectric constant.

The electrode potential Ψ = ψ(0), defined with respect to bulk water, can be calculated
numerically by solving the closed set (4.1) for fixed system parameters σ, ρs, T , R, and L. In
Fig. 4.3 we plot the temperature dependence of Ψ for L = 2 nm for low and high salinity and
low and high electrode charge, together with the limiting large-L expression [59, 60]

Ψ = 2kBT

e
sinh−1

√
exp [2γ(σ/σ̄)2]− 1

2γ + eσR

ε0ε
, (4.2)

where σ̄ =
√

2ρs/(πλB) is a cross-over surface charge density that separates the linear screening
regime (σ � σ̄) from the nonlinear screening regime (σ � σ̄). Equation (4.2) is a combination
of the voltage drop over the diffuse part of the double layer (first term on the r.h.s.) as discussed
in Sec. 2.3.3 (cf. Eq. (2.41)), together with the Stern layer potential (second term on the r.h.s.)
associated with the ion-free Stern layer 0 < z < R where ψ(z) drops linearly with z. Figure 4.3
reveals that Ψ rises not only with increasing σ and decreasing ρs, as expected, but also with
increasing T and decreasing L.

4.3 Boosting the work output of CAPMIX

Existing blue-energy devices [15, 17] already exploit the voltage rise with increasing σ and
decreasing ρs by considering isothermal charging cycles of the type ABCDA in the Ψ-σ repre-
sentation shown for L = 2 nm and T0 = 0 ◦C in Fig. 4.4, where the charging stroke AB and the
discharging stroke CD take place at ρs = 0.6 M (typical for seawater) and ρs = 0.024 M (typical
for river water), respectively, separated by de- and resalination flushing strokes BC and DA,
respectively. The electric work performed by the device equals

W = −2Ae
∮

Ψ(σ)dσ (4.3)
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Figure 4.3: Temperature dependence of the electrode potential Ψ for different salinities and electrode charge
densities (high salt ρs = 0.6 M, low salt ρs = 0.024 M; high charge σ = 2 nm−2, low charge
σ = 1 nm−2). Solid lines are numerical results for pore size L = 2 nm, dashed lines represent
Eq. (4.2) derived for asymptotically large L.

per cycle per electrode, where the cyclic integral is shown pictorially as the enclosed area of the
cycle ABCDA in Fig. 4.4. However, from the potential rise with T , especially at low salinity and
high electrode charge as shown in Fig. 4.3, one constructs that flushing with and discharging in
warm fresh water in stroke BC and CD, respectively, should increase W . This is confirmed by
the orange and red lines in Fig. 4.4, which represent the discharging strokes CD in fresh water at
T = 50 ◦C and T = 100 ◦C, revealing a doubling and even tripling of W , respectively, compared
to the isothermal cycle at T0 = 0 ◦C. This sets the upper bound to the maximal enhancement
by a temperature step, since the latter cycle uses feed water close to boiling and freezing. For
several reference starting temperatures T0 = 0, 10, 20 ◦C, the inset of Fig. 4.4 shows that W
grows essentially linearly with the employed temperature difference ∆T at a rate of about 2.5
percent per degree. For a temperature window of 10−50 ◦C, this gives a two-fold amplification.

Because of the large heat capacity of water compared to the ionic mixing entropy, using
waste heat to tune the temperature of capacitive blue-energy devices may at first sight seem
an inefficient application of this abundant energy source. However, the contrary is the case,
especially for relatively small temperature differences. Consider, as a corollary, a Carnot heat
engine operating between a large cold heat bath at fixed temperature TL and a finite reservoir
with an initial high temperature TH that cools down as the engine performs multiple cycles.
Neglecting any temperature dependence in the heat capacity, the maximum work done by
this engine is given by W ∝

∫ TH
TL

(1 − TL/T )dT = TH − TL − TL log(TH/TL), which vanishes
quadratically in the limit of small temperature differences. The blue engine, which has nonzero
work at ∆T = 0, followed by a linear-in-T work enhancement, will therefore outperform any
ordinary heat engine in this regime of small temperature differences.
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Figure 4.4: Isothermal reference cycle ABCDA (blue) for L = 2 nm at T0 = 0 ◦C for charging and discharging
strokes AB and CD with salinities ρs = 0.6 M (saline) and ρs = 0.024 M (fresh), respectively,
and corresponding de- and resalination strokes BC and DA, respectively. The discharging strokes
in fresh warm water at T = 50 ◦C (orange) and T = 100 ◦C (red) take place at higher potentials,
thereby enhancing the electric work W per cycle. Dotted lines indicate a similar cyclic procedure,
now calculated with a temperature-independent dielectric constant ε(T0, ρs). The inset shows
the performed work WT per cycle using warm water at temperature T in units of isothermal
reference cycles at T0 = 0, 10, 20 ◦C.

4.4 Adiabatic heating by charging

A potential drawback of the proposed desalination-heating stroke BC and resalination-cooling
stroke DA is the irreversible nature of these flushing steps, which lowers the efficiency of the blue
engine. Interestingly, however, it is possible to change the temperature of the water reversibly in
adiabatic processes, either through heating by charging or through cooling by discharging. The
key notion is that the loss of ionic configuration entropy that occurs during electrode charging,
due to (inhomogeneous) double-layer formation, must be compensated by an equivalent rise of
the electrolyte solution entropy (and therefore a rise of the temperature) if the charging process
is adiabatic. The magnitude of this effect, for which experimental evidence was first reported
in [136], is found by rewriting the adiabatic condition dS(Q,T ) = 0 as

dT = −
(
∂S

∂T

)−1

Q

(
∂S

∂Q

)
T

dQ = 2T
%cQL

(
∂Ψ
∂T

)
Q
edσ, (4.4)

where a Maxwell relation was used to obtain the second equality, and the heat capacity
T (∂S/∂T )x ≡ Cx is rewritten as Cx = %cxVel, in terms mass density % and specific heat capacity
cx of the electrolyte solution. Inspection of Figs. 4.3 and 4.4 shows that (∂Ψ/∂T )

∣∣
σ

increases
with surface charge and decreases with salinity, and as a result, the largest temperature steps
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will be found at low salinity and high surface charge. We estimate the order of magnitude of
realizable temperature changes by using the typical value of (∂Ψ/∂T )

∣∣
σ

= 1 mV K−1. Fur-
thermore approximating the volumetric specific heat of the electrolyte solution by that of pure
water %cQ = 4 kJ K−1`−1, we estimate that an adiabatic increase of the electrode charge density
of ∆σ = 1 nm−2 of our model capacitor leads to a temperature change of ∆T ∼10 K. However,
in real porous materials a considerable fraction of the electrode volume is taken by macropores.
Since they are (largely) electroneutral, macropores hardly contribute to the reversible heating,
but rather act as bulk water reservoir that tempers the reversible temperature variations (via
its large L). Moreover, since experimental charge differences are typically somewhat smaller
than ∆σ ' 1 nm−2, the applicability of this heating-by-charging method is restricted to a tem-
perature difference of a few degrees at most. However, with a work increase of a few percent
per degree (see inset of Fig. 4.4) this could yet be significant. In the next chapter we zoom in
on this phenomenon, and compare the predictions of Eq. (4.4) to those of the thermodynamic
model of Ref. [136], as well as to the out-of-equilibrium model of Ref. [137].

4.5 Capacitive deionization

In the presence of an (infinite) saline or brackish sea, the capacitive blue-energy device in this
chapter can be turned into a desalination device by running it in reverse, at the expense of
consuming energy [16, 138]. During such a reversed cycle the device separates a finite volume
Ve + Vb of seawater into a desired “bucket” of fresh water of volume Vb and salt water in the
pore volume Ve of the engine, with the remainder of the ions transported to the sea. The
isothermal cycle ABCA illustrated in Fig. 4.5(a) is a typical example of such a desalination
cycle, composed of (i) a combined charging-desalination stroke AB in which the capacitor is
charged in osmotic contact with the bucket, thereby desalinating the water volume Vb + Ve by
ion adsorption onto the electrodes until the desired low salinity is reached in state B, (ii) after
securing the bucket of fresh water, in stroke BC the capacitor (without the bucket!) is flushed
with excess seawater at fixed electrode charge (open circuit) such that the voltage lowers, and
(iii) the capacitor immersed in excess seawater is discharged in stroke CA, thereby releasing
ions into the seawater until the initial electrode charge is reached in A.1 The enclosed area is
the energy cost ET of this isothermal process. The inset of Fig. 4.5 shows ET increasing with
T for isothermal cycles by ∼10% for the parameters used here, indicating that it is cheaper to
desalinate arctic rather than tropical seawater.
Interestingly, the temperature dependence of the electrode potential discussed in this chapter

can also be exploited to boost the capacitive deionization device by adjusting the isothermal
three-stroke cycle of the type ABCA of Fig. 4.5(a) to become a four-stroke cycle ABC’D’A
in Fig. 4.5(b) that involves an open-circuit flushing stroke BC’ of the capacitor with warm
seawater, a discharging step C’D’ of the capacitor immersed in excess warm see water until
the initial electrode charge is reached in state D’, and another open-circuit flushing stroke D’A
with cold seawater until the capacitor is cooled down to the initial state A. Although the salt
concentrations in C and C’ are identical, the warmer water in C’ gives rise to higher potential
1 Note that the capacitance of the current generation of porous carbon electrodes is not large enough to perform

the desalination step AB within a single charging stroke.
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Figure 4.5: (a) An isothermal desalination cycle ABCA (blue, solid) at T = 0 ◦C, L = 2 nm, and relative
bucket volume (see text) Vb/(Ve + Vb) = 0.5. In the charging stroke AB desalination of bucket
and engine takes place from ρs = 0.6 M in state A to ρs = 0.024 M in state B, after which the
engine is flushed (BC) and discharged (CA) to its initial state. The inset shows the temperature
dependence of the required energy ET to desalinate water within such an isothermal desalination
cycle. (b) The desalination cycle ABC’D’A (orange,dashed) contains a discharging step C’D’ in
excess warm seawater at temperature T ′ = T +∆T , and open-circuit flushing steps BC’ and D’A
in which the warm and cold seawater is pumped into the capacitor, respectively, where ∆T is
tuned here to ∆T0 = 17 ◦C such that the energy cost of the cycle vanishes. The inset shows the
dependence of the zero-energy temperature difference ∆T0 on the pore and bath characteristics.

as we have seen in this chapter, such that the enclosed area of the temperature-tuned cycle
ABC’D’A is smaller than that of the isothermal one ABCA. In fact, the temperature difference
∆T between the warm and cold seawater can be tuned such that the energy cost of the cycle
exactly vanishes. In the inset of Fig. 4.5(b) we plot the required ∆T0 as a function of the system
parameters Vb/(Vb+Ve) and L, revealing that waste-heat induced temperature rises of the order
of 10 − 20 ◦C can be enough to desalinate seawater into potable water at a reduced (or even
vanishing) energetic cost, and that smaller pores require an even smaller temperature boost.
Note that the charge σB and potential ΨB in state B increase with the bucket volume Vb, since
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the extracted ions during the AB stroke must all be taken up by double layers. Restricting
attention to small buckets with Vb . Ve, such that ΨB < 1 V in order to avoid electrolysis of
water [5], and considering a small ∆T as a design target for optimal efficiency, we suggest on
the basis of the inset of Fig. 4.5(b) that temperature-tuned desalination devices could be best
constructed with Vb ' Ve and L as small as possible.

4.6 Discussion

The validity of the realizable work increase as suggested in Sec. 4.3 has been experimentally
confirmed in Ref. [123]. The authors of that article reported an increase in delivered power “by
a factor of 2-4” upon increasing the temperature of the fresh water with ∆T = 50 ◦C w.r.t. the
salt water at T0 = 25 ◦C . In their theoretical analysis, the authors of Ref. [123] emphasized on
the importance of the temperature-dependent dielectric constant, and accordingly dubbed this
technique of thermal work amplification double layer permittivity exchange. However, Fig. 4.4
shows (with dotted lines) that the same charging cycle, now calculated with a temperature
independent dielectric constant, ε(T = 0 ◦C, ρs), still leads to an almost twofold work amplifica-
tion. In fact, a straightforward analysis of Eq. (4.2) shows that the temperature dependence of
Ψ is an interplay between different contributions, stemming both from thermal response of the
solvent and the solute. Next to the temperature-dependent dielectric constant, which appears
in the Stern layer potential and in σ̄, the potential also depends on the “trivial” prefactor kBT ,
whose appearance is traced back to the (thermal) Boltzmann weights. Higher temperatures
lead to increased ionic thermal motion; Eq. (4.2) reveals that a higher electrode potential devel-
ops to “bind” the ionic screening cloud at a given surface charge. Similar to the gravitational
length appearing in the barometric law of a gas under influence of gravity, one would expect the
Debye length to increase with temperature. The authors of Ref. [139] therefore coined the term
“Thermal Double Layer Expansion”, which was probably inspired by “Capacitive Double Layer
Expansion”, a term used for the voltage increase upon decreasing salt concentration used in
CAPMIX cycles.2 Indeed, Fig. 4.2(b) shows (dotted) that the the Debye length increases with
T , but only if the temperature dependence of the dielectric constant is ignored. Conversely, it
is also clear from the same figure that the thermal voltage rise does not hinge on this double
layer expansion, since the temperature dependent dielectric constant that we use actually leads
to a Debye length that decreases with temperature. In this case, the potential rises despite the
contraction of the double layer, which is stark contrast to double layer expansion and accom-
panying potential increase upon decreasing salt concentration. In conclusion, since the thermal
behavior of the double layer is a complex interplay of different temperature-dependent terms,
we deem thermal voltage rise to be a more appropriate, all-inclusive term for the behavior seen
in Fig. 4.3.

2 Ref. [139] contains a rather crucial typo (for the current discussion) in their expression (Eq. (2)) for the Gouy-
Chapman potential ΨGC = (2e/kBT ) sinh−1 σ/σ̄ (in our notation). The correct prefactor 2kBT/e is easily
found be inverting Eq. (2.36), or by considering the R→ 0 limit of Eq. (4.2). Obviously, using their expression
will give a dramatically different temperature dependence of Ψ(Q,T ).
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4.7 Conclusion

On the basis of modified Poisson-Boltzmann theory we predict a significant voltage increase
with temperature for water-filled nanoporous capacitors. We show how this effect can be ap-
plied to boost the work output of capacitive blue-energy and desalination devices by varying
the water temperature along their cyclic processes. Interestingly, this temperature effect can
also be exploited in a recently proposed continuous desalination device based on flowing car-
bon electrodes [130]. Note that we do not advocate to consume fossil fuels to generate warm
water, but rather to use waste heat, heated cooling water, etc. that is abundantly available.
Our thermodynamic analysis also shows that the water temperature can be changed by several
degrees in adiabatic (dis)charging processes of immersed supercapacitors, which may have in-
teresting applications. Our work will hopefully not only inspire and guide experimental work
into capacitive heat-to-power converters, but may also be extended to describe and exploit the
temperature dependence of modern energy storage devices such as ionic liquids in nanoporous
(super)capacitors [140, 141] or the newly proposed capacitive device to extract work from mix-
ing clean and CO2-polluted air [75]. Better understanding and modeling the physics of the
electrode-electrolyte interface on the nanometer scale is challenging, and the prospect of direct
applications to enhanced sustainable energy sources and cheaper clean water is inspiring.

Popular discussion

This previous sentence proved slightly prophetic; on January 6th 2015, the Dutch national
newspaper de Telegraaf devoted its front page to the results of Ref. [134], the article that formed
the basis for this chapter. However, the author of that news item never contacted us, and his
interpretation of our work was seriously skewed. The journalist did not realize the multitude
of different possible ways (RED, PRO, CAPMIX) of harvesting blue energy (see Sec. 1.4), and
assumed our work to concern the membrane-based RED devices as currently being tested by
RedStack on the Afsluitdijk. Unfortunately, because it is based on a different physical principle
(the membrane potential), a similar threefold power increase is not found in those systems [139].
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5 Thermal response in adiabatically charged
electric double layer capacitors

A detailed comparison is made between different viewpoints on reversible heating in electric double
layer capacitors. We show in the limit of slow charging that a combined Poisson-Nernst-Planck and
heat equation, first studied by d’Entremont and Pilon [J. Power Sources 246, 887 (2014)], recovers
the temperature changes as predicted by the thermodynamic identity Eq. (4.4) of the previous
chapter, and disagrees with the approximative model of Schiffer, Linzen, and Sauer [J. Power Sources
160, 765 (2006)] that predominates the literature. The thermal response to the adiabatic charging
of supercapacitors contains information on electric double layer formation that has remained largely
unexplored.

5.1 Introduction

With the relation between heat and entropy formulated by Clausius in 1855, and with the estab-
lishment of the importance of ion entropy to the electric double layer (EDL) by Gouy (1910) [3]
and Chapman (1913) [4], almost a century passed before reversible, adiabatic heating and cool-
ing was measured in electric double layer capacitors (EDLCs) [136]. Unlike irreversible Joule
heating, occurring everywhere in the electrolyte solution when an EDLC is charged at finite cur-
rents, it turns out that the sources of reversible heating are located only within the nanometer-
range vicinity of the electrode’s surface. Therefore, one needs EDLCs whose surface-to-volume
ratio is as high as possible to notice an appreciable reversible temperature variation. This has
become possible and relevant in recent years because electrodes can now be manufactured from
porous carbon with internal surface areas up to 2000 m2 g−1. Electrolyte-filled supercapacitors
made from these electrodes are characterized by a high capacitance, fast (dis)charging rates,
and high cyclability [5, 143]. These favorable properties have sparked a huge scientific inter-
est in supercapacitors in recent years, and led to various applications [15, 75, 134, 144, 145].
The performance of supercapacitors for energy storage usually suffers, however, from increased
temperatures causing aging of materials, increased internal resistance, decreased capacitance,
parasitic electrochemical reactions, and self discharging [146–148]. Efforts were therefore made
both in experiments [136, 147–151] and modeling [137, 152–158] to gain insight in the ther-
mal behavior of supercapacitors. However, a unified understanding of reversible heating effects
occurring during EDL buildup is still lacking, and thermal response to charging has not yet

I participated in every aspect of the process that led to Ref. [142].
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Figure 5.1: Slow charging of a thermally insulated EDLC reduces the ionic configuration entropy Sions and
thereby causes a rise in the temperature T of the electrolyte solution (solvent not shown). Upon
discharging an opposite cooling effect is observed.

been fully exploited. This chapter quantitatively reconciles two viewpoints on reversible heat-
ing. Within the thermodynamic viewpoint, two distinct identities for isentropic processes are
discussed, only one of which (we show) agrees with the other, kinetic, viewpoint.

For the thermodynamic viewpoint, consider an EDLC on which a potential is imposed by
connecting it to a battery. The electrodes then obtain surface charges which are screened by
diffuse clouds of counterionic charge (see Fig. 5.1), with a decreased ionic configuration entropy.
For a thermally insulated capacitor that is charged quasistatically, thermodynamics demands
via the second law (dS = 0) that this decrease is counterbalanced by an electrolyte entropy
increase: the EDLC heats up. Upon quasistatic adiabatic discharging the opposite happens:
while the EDL breaks down the electrolyte cools. Experimental observations of reversible
heating in an EDLC were first reported in [136] (and later in [149, 151]). Here, the EDL
buildup was described theoretically as an isentropic compression of an ideal gas. While this
model correctly captures the exchange between configuration and momentum contributions to
the fixed phase space volume, it completely ignores the long-range Coulomb interactions among
the constituent particles. An alternative expression not hinging on ideal-gas reasoning was
proposed in the previous chapter in Eq. (4.4) (and repeated here in Eq. (5.2)). Interestingly,
there are many well-established examples of isentropic temperature changes which are governed
by equations analogous to Eq. (5.2), e.g., the magnetocaloric [159], the electrocaloric [160], and
the Joule-Gouge effect [161].

The kinetic viewpoint on exchange between heat and electric energy in the EDL can be
traced back to Verwey and Overbeek [162] who stated for EDL discharging that “..the counter
ions must diffuse more and more back into the solution. This diffusion occurs against electric
forces... The energy needed to raise the electric energy of these ions must be taken up from
the surrounding ions and molecules, and is delivered as kinetic energy from the thermal motion
of the latter.” A thermally insulated EDLC therefore cools upon discharging. This exchange
between electric energy and heat is captured in the internal energy balance (see Eq. (5.7)) as the
inner product I ·E of the ionic current I and the electric field E [163–165]. In bulk electrolytes
ions respond Ohmically to an imposed electric field (see Eq. (5.6)): the electric field drives a
current that is proportional to and aligned with this field. Hence I ·E ∼ I2 > 0 in the bulk, such
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that electric energy is irreversibly transferred to the internal energy of the fluid, also known as
Ohmic losses or Joule heat. In general, however, the direction of particle fluxes is set by the
gradient of the electrochemical potential, which, next to the gradient in electric potential, also
contains the gradient of the local ion density. In regions of strong concentration gradients in
which local electro-neutrality is broken it is therefore possible that the ionic current opposes
the electric forcing (I ·E < 0), giving rise to localized cooling [137, 165, 166]. Since the sources
of the reversible heating are located only in the EDL, the resulting temperature variations
are more pronounced in nanoporous supercapacitors that have a large surface-to-volume ratio.
However, while supercapacitors have a highly intricate pore structure, this chapter focuses for
illustration purposes on a parallel plate EDLC as it already captures the essential physics.
With the ionic currents captured within a modified Poisson-Nernst-Planck model, we show that
the heat equation recovers the prediction of Eq. (5.2) in the limit of slow charging, thereby
reconciling the thermodynamic and kinetic viewpoints. The ideal-gas reasoning that is often
used for illustration purposes [137, 146, 148], or even to fit to experiments [151, 152], cannot
reproduce the adiabatic temperature change.

5.2 Setup

Consider a thermally insulated container with two planar parallel electrodes separated by an
(incompressible) 1:1 electrolyte solution of dielectric constant ε (Fig. 5.1). The electrolyte
solution consists of 2N = N+ +N− ions and Nsol solvent (sol) molecules, and occupies a volume
Vel = AL where L is the electrode separation, and A the large surface area of each of the
electrodes. An external battery imposes the potential Ψ and −Ψ to the ideally polarizable
electrodes, leading to opposite surface charges Q and −Q with corresponding surface charge
densities ±eσ = ±Q/A, where e is the proton charge. The coordinate z runs perpendicular to
the plates from z = 0 to z = L. At finite potential differences, the ionic density profiles ρ±(z) are
not homogenous since an inhomogeneous EDL is formed to screen the surface charge. The bulk
salt concentration is defined in the uncharged state as ρs = N/Vel. Since the dielectric constant
ε(T, ρs) depends in general on both T and ρs, the Bjerrum length λB = e2/(4πε0εkBT ), with kB

the Boltzmann constant and ε0 the vacuum permittivity, could vary through the system. We
choose to ignore this (usually weak) dependence henceforth and focus on aqueous electrolyte
solutions at fixed ε. We ignore convective fluid flow and (implicitly) assume a fixed atmospheric
pressure p.

5.3 Thermodynamics

An approximate expression for the reversible temperature rise upon electrode charging was
proposed in [136] where the adiabatic EDL buildup was described as the isentropic compression
of 2N ideal-gas particles, from the complete electrolyte volume Vel = AL to two microscopic
layers of thickness λ and volume Vλ = Aλ. The reversible temperature rise, from the initial low
temperature TL to the final high temperature TH, is then easily found by evaluating the total
differential of the entropy S(T,V), depending here on the volume V that varies between Vel and
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Vλ, which results in

ln TH
TL

= 2NkB
%cpVel

ln L
λ
, (5.1)

where we write the specific heat capacity at a general fixed variable x as cx ≡ T (∂S/∂T )x /%Vel

with % the electrolyte solution mass density. The authors of [136] manually inserted EDL
characteristics via a Helmholtz model where the numberN = NH ions involved in the adsorption
process scales linearly with the surface charge as NH = Q/e = Aσ. Moreover, these ions are
confined to a layer of fixed width independent of temperature and salt concentration. A first
step towards the inclusion of ion interactions can be made by employing Gouy-Chapman results
instead. The number of adsorbed ions is then N = NGC, with NGC/A =

√
σ2 + σ̄2 − σ̄, where

σ̄ ≡
√

2ρs/πλB, and the EDL size is characterized by the Debye length λ⇒ λD ≡
√

8πρsλB
−1;

i.e., λ in Eq. (5.1) does depend on T and ρs [16]. Moreover, ρs itself depends on the surface
charge since the relation N = ρsVel +N needs to be obeyed for canonical (fixed N) charging.

Alternatively, we now describe the EDLC in terms of the macroscopic variables temperature,
charge and potential from the start. The entropy S(T,Q) is then a function of the independent
variables Q and T . The potential is not an independent variable since it is determined uniquely
by the Poisson equation at given Q and T . Since no heat δQ flows through the adiabatic walls
of our system, the first law of thermodynamics dU = δQ+δW simplifies and the internal energy
is solely affected by electrostatic work δW performed on the system by the external battery;
hence dU = δW = 2ΨdQ. The temperature change due to an isentropic change of surface
charge now follows from the total differential dS(T,Q) = 0. Employing a Maxwell relation we
find

d lnT = 2
%cQL

(
∂Ψ
∂T

)
Q
edσ. (5.2)

For aqueous electrolytes at moderate ion concentration the heat capacity of the water molecules
dwarfs the heat capacity of the ions. At isobaric conditions this means cQ ≈ cp, with cp the
specific heat capacity of the solvent.

As (∂Ψ/∂T )Q in general depends nontrivially on both Q and T , we need to integrate Eq. (5.2)
numerically, using a relation between the macroscopic observables Ψ and Q for a given electrode-
electrolyte system, which can involve experiments [144], simulations [167], or a microscopic
model [168]. In this chapter we capture the EDL within classical density functional theory
(DFT), which was introduced in Chapter 2. While much effort has been devoted to the de-
velopment of highly accurate functionals for the EDL [169], for the illustrative purpose of the
present chapter it suffices to use a relatively simple grand potential functional Ω[ρ±, σ], which
reads in the planar geometry of interest

βΩ = A

∫ L

0
dz

{ ∑
α=±

ρα(z)
[
ln ρα(z)Λ3

α − 1− βµ̃α(z)
]

+ρw(z) [ln ρw(z)v − 1] + 1
2φ(z)q(z)

}
. (5.3)
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The first line is the ideal-gas grand potential of ions at electrochemical potential µ̃±, with
Λ± the ionic thermal wavelength. The first term of the second line captures steric hindrance
qualitatively and is based on a lattice-gas model of equal-sized solvent molecules and ions where
an upper limit 1/v is imposed on the local density (which cannot exceed close packing) via the
constraint [ρ+(z) + ρ−(z) + ρw(z)]v = 1 [58], with ρw the water density and v the hydrated
ionic volume. Finally, the last term in Eq. (5.3) is the mean-field electrostatic energy, with
q(z) = ρ+(z)−ρ−(z) +σ (δ(z)− δ(z − L)) the local unit charge density, and φ(z) = eψ(z)/kBT

the local dimensionless electrostatic potential, governed by Poisson’s law

ε0ε∂
2
zψ(z) = −e [ρ+(z)− ρ−(z)] , 0 < z < L. (5.4)

The boundary conditions βe∂zψ(z)|z=0,L = −4πλBσ imposed at the electrode surfaces follow
from Gauss’ law. From the Euler-Lagrange equations δΩ/δρ±(z) = 0 follows the electrochemical
potential

µ̃±(z) = kBT ln ρ±(z)Λ3
±

1− v[ρ+(z) + ρ−(z)] ± eψ(z), (5.5)

which for future reference we split up as µ̃± ≡ µ±±eψ into the chemical potentials µ±, including
contributions from all nonelectric interactions, and an electric contribution eψ. Demanding the
electrochemical potential µ̃±(z) to be a spatial constant in equilibrium, we can solve Eq. (5.5)
analytically for the potential dependence of the density profiles to find modified Boltzmann dis-
tributions. Equation (5.4) can then be closed yielding the so-called modified Poisson-Boltzmann
equation [52], which we solve at a set of temperatures and fixed σ to extract the temperature
dependence of the surface potential Ψ = ψ(z = 0). One then evaluates (∂Ψ/∂T )Q to solve
Eq. (5.2) for TH.

5.4 Dynamics

We turn the discussion to charging dynamics where a time-dependent surface potential Ψ(t)
drives the system out of equilibrium. As a result, the densities ρ±(z, t) and electrostatic potential
ψ(z, t) are now time dependent. Moreover, out of equilibrium, the electrochemical potential of
Eq. (5.5) is not a spatial constant. Consequently, the Poisson equation (which still holds because
the electromagnetic field responds instantaneously to “slow” ions) is no longer closed by the
Boltzmann weights. We use dynamical DFT to obtain the ion currents J± = −Dρ±β∂zµ̃± from
the electrochemical potentials. The diffusion constant D is assumed constant and identical
for cations and anions, and for brevity the argument (z, t) is dropped. The ion densities are
now determined by the continuity equation, to give the Nernst-Planck equation [170], ∂tρ± =
D∂z(ρ±β∂zµ̃±), with blocking boundary conditions J±|z=0,L = 0 at the electrodes. The ionic
conduction current I ≡ e (J+ − J−) amounts to

I =−De
{
∂zq + (ρ+ + ρ−)βe∂zψ + q∂z ln [1− v(ρ+ + ρ−)]

}
. (5.6)
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This equation shows that in bulk (q = 0) the electric field −∂zψ drives an ionic current I
subject to an ionic resistivity r = kBT/De

2(ρ+ + ρ−). Crucial to the reversible heat effect
is that the EDL (∂zq 6= 0) can support ionic currents that oppose the local electric field. To
find the temperature profiles T (z, t) we need to solve the heat equation (for a derivation see
Appendix 5.A)

%cp∂tT = κ∂2
zT + IE. (5.7)

Here, κ is the heat conductivity, and the source term IE ≡ q̇irr+q̇rev consists of the (ir)reversible
heating rates q̇irr = I2r and q̇rev = IrDe {∂zq + q∂z ln [1− v(ρ+ + ρ−)]}. Note that q̇rev only
has a nonzero contribution in the EDL, where q 6= 0. Moreover, within this region the ratio
q̇irr/q̇rev ∼ I/∂zq → 0 for slow charging (I → 0).

5.5 Results

Equations (5.4)-(5.6) and (5.7) form a closed set which we refer to as PNPh for Poisson, Nernst-
Planck, and heat. Numerical results for the (z, t)−dependence of φ, ρ±, q, J±, I, and T were
obtained for an (initially uncharged) EDLC of plate separation L = 50 nm at T = 20 ◦C,
filled with an aqueous NaCl electrolyte at ρs = 0.3 nm−3. We use the following parameter
set for this electrolyte: v = 0.16 nm3 (from [26]), D = 1.6 · 10−9 m2 s−1, κ = 0.599 W m−1

K−1, ε = 71, % = 998.3 kg m−3, cp = 4.182 kJ K−1 kg−1. We start with the uncharged
EDLC at TL = 20 ◦C and ramp the dimensionless electrode potential Φ ≡ φ(z = 0) linearly
from Φ = 0 to Φ = 10 during a time interval 10τ (Fig. 5.2(a), inset). For the slow charging
rates τ/τc = 5 and τ/τc = 100 considered, with time measured in units of the “RC-time”
τc = λDL/D, the temperature T (z, t) is practically homogenous throughout the cell. With
σ(t) and T (z, t) at hand we eliminate the time dependence of the latter. The black dotted
lines in Fig. 5.2(a) represent the measurement ∆T (σ) = T (z = 0, σ) − TL. We also plot the
adiabatic temperature rise as predicted by the thermodynamic identities Eq. (5.1) for both
Helmholtz and Gouy-Chapman adsorption (blue-dashed lines), and Eq. (5.2) (red line). For the
slow charging process at τ/τc = 100 we see a near-perfect agreement between the temperature
rise predictions of Eq. (5.2) and the PNPh equations. Equation (5.1) does not perform as
well. This is numerical evidence for our claim that Eq. (5.2) and not Eq. (5.1) captures the
thermodynamics of EDLCs. We ascribe the small adiabatic temperature rise at σ � σ̄ (here
σ̄ = 0.49 nm−2) to “ion-swapping”: at low potentials, surface charge is screened via both coion
repulsion and counterion attraction, yielding inefficient salt adsorption. Conversely, at higher
potentials, coions are depleted from the electrodes’ vicinity, such that each additional electron
(hole) attracts an additional counterion. Since the adiabatic temperature rise is driven by
the surface charge-induced electrolyte inhomogeneity, the nonlinear screening regime σ � σ̄

yields a higher differential temperature increase. Accordingly, NGC constitutes a considerable
improvement over NH for Eq. (5.1), since it incorporates this transition from NGC ∼ σ2/2σ̄ at
σ � σ̄, to NGC ∼ σ at σ � σ̄. For comparison, we also evaluated Eq. (5.2) for regular (v = 0)
Poisson-Boltzmann theory (green). See Appendix 5.B for an analytical approximation to this
result. The influence of ion size only shows at higher potentials, when packing constraints start
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Figure 5.2: (a) The temperature increase ∆T upon adiabatic charging of two electrodes separated by L =
50 nm, starting at uniform salt concentration ρs = 0.3 nm−3 and a low temperature T = 20 ◦C.
Plotted are data obtained from Eq. (5.1) (blue-dashed lines) with λ = λD for both Helmholtz
and Gouy-Chapman adsorption, Eq. (5.2) for v = 0.16 nm3 (red line) and v = 0 (green), as
well as the PNPh system (black dotted) with a linear voltage ramp (inset) of inverse slope
τ/τc = 5 and τ/τc = 100. (b) The total heating rate (line) within the immediate vicinity of
the electrode, halfway (t/τ = 5) through the τ/τc = 5 charging process of (a). The inset
shows the corresponding instantaneous anion (line), cation (dashed) and charge density profiles
(red dotted). The mirror discharging process at the same time and charging rate is also plotted
(dotted).
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to affect the electrochemical potential Eq. (5.5). The higher temperature variations predicted
at v = 0 indicate that incorporation of ionic volume lowers the entropic contribution to the
grand potential, which is in line with Refs. [46, 57].

In Fig. 5.2(b) we show the total heating rate IE halfway (t/τ = 5) through the charging
process with τ/τc = 5. The corresponding instantaneous anion (dotted), cation (dashed) and
charge density profiles (red) are shown in Fig. 5.2(b) (inset). For comparison we also consider
the reversed process, starting at an equilibrated state at Φ = 10 and discharging to Φ = 0
during 10τ with τ/τc = 5. The negative of the heating rate halfway through this discharging
process is indicated with a dotted line in Fig. 5.2(b). The heating rates IE exhibit a clear peak
associated with q̇rev in the EDL where the charge density q is nonvanishing. Towards the bulk
only the small contribution q̇irr persists. Upon decreasing the (dis)charging rates, this strictly
positive Joule heating gets progressively smaller, and the (dis)charging heating rates turn into
mirror images of one another (not shown).

5.6 Conclusion

This chapter discusses reversible heating in EDLCs from two different viewpoints. On the one
hand we considered the heat equation, which was derived decades ago for general settings [163].
Only recently [137] it was specified to the case of adiabatic EDLC charging, where particle
currents were found from Poisson-Nernst-Planck equations. In [137] this model was shown to
quantitatively reproduce the reversible temperature oscillation as observed in supercapacitors
[136]. Within this PNPh model cooling is understood as the consequence of ionic currents
following the gradient of electrochemical potential but opposing the local electric field. Since
this only occurs in the EDL, the reversible heating effect is highly localized (see Fig. 5.2(b)).
While the level of sophistication of the PNPh model sufficed for the purposes of the current
chapter (large plate separation, slow charging, hence, small spatial temperature variation),
when considering fast (dis)charging of nanoporous supercapacitors the adiabatic approximation
underlying dynamical DFT becomes less justifiable. Moreover, when spatial variations in the
diffusion constant and temperature become nonnegligible, the use of a free energy functional is
problematic, as in DFT the temperature enters as an externally imposed (spatially constant)
parameter. Future work could build on recent developments that address these problems [171–
174].

The other, thermodynamic, viewpoint, brought fourth two distinct identities (Eqs. (5.1) and
(5.2)) for the temperature change upon isentropic charging of EDLCs. Compared to the PNPh
model, the merits of Eq. (5.2) are twofold. Firstly, its simplicity facilitates easy interpre-
tation. Reversible temperature changes are controlled essentially by a small set of parame-
ters {σ, %cQ, L} together with a system-dependent derivative (∂Ψ/∂T )Q. The second merit of
Eq. (5.2) is that, as a thermodynamic identity, it does not rely on uncontrolled approximations,
and can be used as a reliable predictor for the lower bound of temperature variations. Approx-
imations enter the theory at the level of (∂Ψ/∂T )Q, so that more accurate estimates can be
found by systematically improving the grand potential Eq. (5.3), by including, for instance, sol-
vent polarizability [175], a better description of excluded volume interactions [68], and residual
ion correlations [169] (see also Appendix 5.C).
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Though oversimplified ideal-gas reasoning permeates the reversible heating literature [137,
146, 148, 151, 152], the main finding of this chapter is that the thermodynamic identity Eq. (5.2),
and not Eq. (5.1), constitutes the slow charging limit of the PNPh system. The kinetic and
thermodynamic viewpoints give complementary information that together allow for a more
complete understanding of reversible temperature variations in EDLCs. While structural tran-
sitions of the EDL in supercapacitors under isothermal conditions are the subject of intense
study [176–180], the findings of this chapter should form the basis for understanding heat effects
that such structural rearrangements undoubtedly induce in adiabatic setups. Adiabatic temper-
ature measurements as discussed here probe thermodynamic response that is not isothermally
accessible. The thermal response of adiabatically (dis)charged supercapacitors therefore carries
information that could deepen our understanding of the electric double layer.
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5.A Appendix: Derivation heat equation

To find the heat equation Eq. (5.7), we follow [163] and define the local specific internal energy
u ≡ U/%Vel as the energy associated with thermal agitation and all short ranged (nonelectro-
static) particle interactions. We can now write the internal energy balance as

%∂tu = −∂zJq + IE, (5.8)

or, similarly, the internal enthalpy balance,

%∂th = −∂zJq + ∂tp+ IE, (5.9)

where the local specific enthalpy h is defined via %h = %u + p. In these equations, the heat
flow Jq = −κ∂zT +∑i H̄iJi contains Fourier heat diffusion, and the partial molecular enthalpy
H̄i carried by particle currents. Note that we did not include a Dufour term ∼ ∇µ in Jq,
which is consistent with our disregarding Soret terms ∼ ∇T , the reciprocal phenomenon, in the
Nernst-Planck equation [181].

5.A.1 Partial molecular enthalpy

The partial molecular enthalpy H̄i of component i ∈ {+,−, sol} is defined for homogeneous
systems in terms of the enthalpy H(S, p,N±, Nsol) as

H̄i ≡
(
∂H

∂Ni

)
T,p,Ni′ 6=i

, (5.10)

which is related to the partial molar enthalpy (common in chemistry literature) by division by
Avogadro’s number. Above, we defined the internal energy as the kinetic energy and microscopic
interaction energy of the constituent particles without electric contributions, which is in line with
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[163–165]. With this choice, [163, 165, 182] argue that it is the chemical potential, and not the
electrochemical potential that enters the Gibbs relation. Therefore the total differential of the
enthalpy reads

dH = TdS + V dp+
∑
i

µidNi. (5.11)

Using the total differential of the entropy (employing a Maxwell identity and identifying the
heat capacity Cp),

dS = Cp
T
dT −

(
∂V

∂T

)
p,Ni

dp−
∑
i

(
∂µi
∂T

)
p,Ni

dNi, (5.12)

we eliminate dS in Eq. (5.11) in favor of dT to find

dH =CpdT +
[
V − T

(
∂V

∂T

)
p,Ni

]
dp+

∑
i

[
µi − T

(
∂µi
∂T

)
p,Ni

]
dNi. (5.13)

The partial molecular enthalpy Eq. (5.10) then reduces to the so-called partial Gibbs-Helmholtz
equation

H̄i = µi − T
(
∂µi
∂T

)
p,Ni′

= −T 2
(
∂µi/T

∂T

)
p,Ni′

, (5.14)

with i′ ∈ {+,−, sol}. Since our system of interest is not homogenous, one should instead consider
a subspace region of volume V, carrying entropy S and occupied by Ni particles of each of the
i species. This region should be small enough so that ρi = Ni/V is the locally homogenous
particle density. One could then repeat the above exercise to find the partial molecular enthalpy
H̄i ≡ (∂H/∂Ni)T,p,Ni′ 6=i , defined in terms of the enthalpy H(S, p,N±,Nsol) within this space
region, to find the same expression Eq. (5.14) in terms of the z-dependent chemical potential.
Inserting the ionic chemical potential (first part of Eq. (5.5)) into Eq. (5.14) then gives

H̄± =3
2kBT + kBT

1− v(ρ+ + ρ−)

(
∂ lnV
∂ lnT

)
p
. (5.15)

were we used that Λi ∼ 1/
√
T . Interestingly, the first term in Eq. (5.15) that appears is the

ideal-gas energy, and not the ideal-gas enthalpy. If all species i had been treated at the ideal-
gas-level (with v = 0), then one should have substituted ρi = p/kBT in Eq. (5.5), which would
have led to the ideal-gas enthalpy H̄i = 5kBT/2. However, adding ions (see Eq. (5.10)), the
volume they explore does not grow as an ideal gas at fixed pressure as V ∼ N±, instead V
stays roughly unaffected because it is primarily determined by the solvent molecules, which are
markedly nonideal.

In the second term of Eq. (5.15) we recognize (∂ lnV/∂ lnT )p = αT with α the volumetric
expansivity α ≡ (∂ ln %/∂T )p of the fluid at mass density %. In the bulk electrolyte, the vol-
ume V is predominantly occupied by water molecules, so that we can interpret the volumetric
expansivity of the fluid with that of pure water. At 20 ◦C this amounts to αT = 0.06 [183].
The second term in Eq. (5.15) therefore only gives a small correction to the first term, and is



5.A Appendix: Derivation heat equation 65

often disregarded [184]. As opposed to the dilute bulk, at high electric potentials Eq. (5.15)
is problematic in the EDL. Interpreting the coefficient of thermal expansivity α with that of
pure water does not hold here because of high local ion densities. Moreover, an artifact of the
lattice-gas free energy functional Eq. (5.3), the steric interactions are a-thermal (do not depend
on temperature). This is also reflected by the fixed lattice spacing v1/3 which erroneously always
gives (∂ lnV/∂ lnT )p = 0. Meanwhile, the vanishing of the term (∂ lnV/∂ lnT )p at high electric
potentials is accompanied by a divergence of its prefactor kBT/[1− v(ρ+ + ρ−)]. More explicit
solvent modeling might be necessary to get a better grip on the thermal expansivity term of H̄i

in the EDL region.

5.A.2 Internal enthalpy balance

With the partial molecular enthalpy at hand, we now set out to derive the heat equation,
which we do by finding an alternative expression for the l.h.s. of the internal enthalpy balance
Eq. (5.9). Similar treatments can be found in Refs. [163, 164, 185].

We write the total mass of component i as mi = NiMi, with Mi the molecular weight, such
that the total mass is m = m+ + m− + msol and the electrolyte mass density is % = m/Vel.
The enthalpy H(S, p,N±, Nsol) can then be written in terms of the total mass of the individual
components H(m+,m−,msol). Euler’s theorem then allows us to write the enthalpy in terms
mass fractions c± = m±/m as H(m+,m−,msol) = mh(c+, c−), with h the specific enthalpy
density, the total time derivative of which reads

%
dh

dt
=%

(
∂h

∂T

)
p,ck

dT

dt
+ %

(
∂h

∂p

)
T,ck

dp

dt
+
∑
k

%

(
∂h

∂ck

)
T,p,ck′ 6=k

dck
dt
, (5.16)

with k ∈ {+,−}. For the last term Ref. [163] (p. 458) and Ref. [185] (p. 609) provide alternative
derivations both yielding (

∂h

∂ck

)
T,p

= H̄k

Mk
− H̄sol
Msol

. (5.17)

The continuity equation for mass fluxes reads %(dci/dt) = −∂zji, in terms of the mass flux ji,
which is related to the particle flux as ji = MiJi. The absence of barycentric motion implies
that we can replace the material derivatives with partial derivatives, and also that the mass
fluxes obey ∑i ji = 0. The above considerations yield

∑
k

%

(
∂h

∂ck

)
T,p,ck′ 6=k

dck
dt

=
∑
i

H̄i∂zji. (5.18)

The first two partial derivatives in Eq. (5.16) can be easily identified in Eq. (5.13) to find

%∂th =%cp∂tT +
[
1−

(
∂ lnV
∂ lnT

)
p

]
∂tp−

∑
i

H̄i∂zJi, (5.19)

which is the alternative expression for the l.h.s. of the internal enthalpy balance Eq. (5.9) that
we referred to at the start of this subsection.
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5.A.3 Heat equation

Combination of Eqs. (5.9) and (5.19), and inserting the heat flow, Jq = −κ∂zT +∑i H̄iJi, then
gives

%cp∂tT = κ∂2
zT + IE + αT∂tp−

∑
i

Ji∂zH̄i. (5.20)

Here, the electric field is found via Eq. (7) as

E =Ir + rDe (∂zq + q∂z ln [1− v(ρ+ + ρ−)]) . (5.21)

with r = kBT/(De2(ρ++ρ−)). The term IE then gives the (ir)reversible heating rates q̇irr ≡ I2r

and q̇rev ≡ IrDe {∂zq + q∂z ln [1− v(ρ+ + ρ−)]}.
As discussed above, the term α ≡ (∂ ln %/∂T )p in Eq. (5.20) is the (usually small) volumetric

thermal expansivity of the electrolyte solution. Also ∂tp is small since our (incompressible)
liquid is isobaric throughout the cell, and from here on we therefore drop the term αT∂tp.

For the ionic contribution to the term Ji∇H̄i consider the gradient of Eq. (5.15). Firstly, the
term ∼ ∂zT vanishes in equilibrium. Meanwhile, Eq. (5.14) also contains a term proportional
to the thermal expansivity of the solvent ∼ ∂T lnV, the gradient of which vanishes in the bulk.
In equilibrium ∂zH̄sol = 0 because the solvent chemical potential is uniform though the cell.
All these terms vanishing in equilibrium implies that Ji∂zHi is proportional to ∼ J2

i (or higher
powers in Ji) and therefore vanishes faster than reversible contributions that go as q̇rev ∼ I.
We conclude that Ji∂zHi does not contribute to reversible heating. Moreover, we see that the
ratio (J+ +J−)∇kBT/q̇irr also goes to zero since for the system of interest both the neutral salt
current (J+ + J−) and temperature variations ∇T are very small. We therefore omit Ji∇H̄i

from Eq. (5.20) that now simplifies to the heat equation Eq. (5.7)

%cp∂tT = κ∂2
zT + q̇irr + q̇rev. (5.22)

Note that our derivation of this equation differs from the one presented in [137]. These authors
started from internal energy balance (similar to our Eq. (5.8) but) lacking the term IE, with
this term appearing in the heat equation via the partial molecular enthalpy that they claim to
be H̄i = µ̃i − T (∂µi/∂T ).

5.B Appendix: Analytical approximation to the adiabatic
temperature rise

For the case of vanishing ionic volume (v = 0) and no double-layer overlap, Gouy and Chapman
famously found an analytic solution to the Poisson-Boltzmann equation. The electrodes of our
model EDLC are sufficiently separated that the ionic density profiles can be considered to be
nonoverlapping. Consequently, we can approximate the adiabatic temperature rise predicted
within Poisson-Boltzmann theory (the green line in Fig. 5.2(a)) by inserting the Gouy-Chapman
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potential Ψ = (2kBT/e) sinh−1(σ/σ̄) into Eq. (5.2), which gives

1
T
dT = 4kB

%cQL

[
sinh−1 σ

′

σ̄
− σ√

σ̄2 + σ2
∂ ln σ̄
∂ lnT

]
dσ. (5.23)

Separation of variables in this equation is only possible for the special case where ∂T σ̄(T ) = 0,
which occurs if T · ε(T ) = cst (i.e., not the case considered in this chapter). In that case we find

ln TH
TL

= 4kB
%cQL

[
σ sinh−1 σ

σ̄
−
√
σ̄2 + σ2 + σ̄

]
, (5.24)

with TL the low initial temperature and TH the higher temperature after adiabatic charging.
For small temperature changes, ∆T = TH − TL, this equation simplifies to

∆T ≈ 4kBTL
%cQL

×


σ2

2σ̄ if σ � σ̄,

σ ln 2σ
σ̄ − σ if σ � σ̄.

(5.25)

While this special case of a T -independent σ̄ reveals the small- and large-σ scaling behavior,
neglecting the second term in Eq. (5.23) leads to an overestimation of the adiabatic temperature
rise predicted by Eq. (5.24) by about 40% w.r.t. the prediction of Eq. (5.23) for the parameters
chosen.

5.C Appendix: Excess correlations

Electrolytic partial molar enthalpy Eq. (5.14) is well-documented in the chemistry literature [20,
184] for the electro-neutral bulk. Instead of the term proportional to the thermal expansivity of
the solvent, discussed at length above, usually excess chemical potential due to ionic correlations
is considered, via Debye-Hückel (DH) theory, where βµexcDH(T, ρs) = −λB/2λD, or extensions
thereof that include for instance finite ion size (see Secs. 2.4 and 3.A.1). In the bulk, adding
µexcDH will not contribute to the reversible heating since both ∂zT and ∂zρs vanish in equilibrium.
Meanwhile, the assumptions underlying DH theory are strongly violated in the EDL where
same-sign counterions are at high density. We therefore expect the DH heating rates of [137],
with a significant nonzero contribution in the EDL (see Fig. (6) of [137]), to be unreliable.
This is substantiated by our Fig. 5.2(a) which shows that the solutions to the PNPh model
as formulated in this chapter for slow charging coincide with the adiabatic temperature rise as
predicted by the thermodynamic identity Eq. (5.2). Had we added ionic correlations via the
formulation of [137], that is, only in the partial molecular enthalpy to only affect the PNPh
equations, we would have found only the black dotted lines of Fig. 5.2(a) shifted, but not red
line of the thermodynamic results of Eq. (5.2). If first-principles modeling is desired, excess
ion correlations should be incorporated at the level of the grand potential functional Eq. (5.3),
to impact (via the electrochemical potential) both the EDL and the bulk, in as well as out of
equilibrium.
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Thermal energy is abundantly available, and especially low-grade heat is often wasted in industrial
processes as a by-product. Tapping into this vast energy reservoir with cost-attractive technologies
may become a key element for the transition to an energy-sustainable economy and society. We
propose a novel heat-to-current converter which is based on the temperature dependence of the cell
voltage of charged supercapacitors. Using a commercially available supercapacitor, our experimental
collaborators observed a thermal cell-voltage rise of around 0.6 mV K−1 over a temperature window
of 0 ◦C to 65 ◦C. Within our theoretical model, we show that this can be used to operate a Stirling-
like charge-voltage cycle whose efficiency is competitive to the most-efficient thermoelectric engines.
The proposed heat-to-current converter is built from cheap materials, contains no moving parts, and
could operate with a plethora of electrolytes which can be chosen for optimal performance at specific
working temperatures. Therefore, this heat-to-current converter could be interesting for small-scale,
domestic, and industrial applications.

6.1 Introduction

With ever-increasing worldwide energy demand, together with the depletion of fossil fuels, there
is an urgent call for innovative renewable energy sources [186]. One highly attractive candidate is
thermal energy, as it is abundantly available for instance in industry, power plants, data centers,
combustion engines, or as solar or geothermal heat in nature. Yet, the efficient conversion of
(low-grade) heat into electric energy is still a great technological challenge [187].

In a straightforward conversion, a heat engine converts heat into mechanical energy, which
is subsequently used to drive an electric generator. More direct heat-to-current converters
(HTCCs) avoid the intermediate mechanical step and directly convert thermal into electric en-
ergy. In recent years, continuous power-generating thermoelectric engines have been intensely
studied [188–191]. These devices work on the temperature difference between two heat reser-
voirs and they often exploit the Seebeck effect, the electro-motion of electrons subject to a
temperature gradient [188]. Other thermoelectric engines are based on the spin-Seebeck ef-
fect in spin caloritronics [192], on the temperature-dependence of electrochemical cells, called
the thermogalvanic effect [189], on the thermoionic and the thermoelectronic effect [190], and
recently even a thermoelectric engine with ultracold atoms attracted interest [191]. However,
thermoelectric engines are typically expensive and flawed with a poor efficiency [193].

Experiments were performed by Daniel Weingarth and Volker Presser. DFT calculations were performed by
Andreas Härtel. The thermodynamic derivations of Sec. 6.2 were performed by me. All authors participated
in the writing of Ref. [144]. I thoroughly rewrote that article for this thesis.
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Contrary to continuous power generation, the thermogalvanic effect has also been used in a
“thermally regenerative electrochemical cycle” [194], where the connection to only one of two
heat reservoirs at the same time is alternated in a cyclic fashion. The conversion of heat into
electricity while operating in the cyclic charging-cooling-discharging-heating mode can even be
performed without a membrane [195] or without external voltage source [196].

Recently, in two completely new HTCC designs, nanoporous carbon electrodes with an in-
ternal surface area exceeding 1000 m2 g−1 were used. In a first design, supercapacitors coated
with ion-exchange membranes exploit the so-called thermal membrane potential, the voltage
across an ion-exchange membrane subject to a temperature gradient [139]. A second design
used a thermally driven distiller to create a difference in salt concentration between two so-
lutions to subsequently feed them in a capacitive mixing (CAPMIX) engine [197, 198]. Such
capacitive devices perform a charging/discharging cycle to harvest the mixing free energy of
the involved solutions at different concentrations [15, 75] which would dissipate if both would
mix spontaneously. Crucial to the working of these CAPMIX engines, as we have seen in
Chapter 3 and 4, is the ion-concentration dependence of the electrostatic potential of an elec-
trified surface with an adjacent electrolyte. In particular, with decreasing salt concentration a
higher electrostatic potential is required to attract counterionic charges which form the elec-
tric double layer (EDL) and screen the charge on the electrode. Moreover, the electrostatic
potential also shows a near-linear increase with temperature, because a temperature rise leads
to increased thermal motion of the ions, which, at fixed electrode charge, again must be com-
pensated for by an increased cell potential. As was shown in Chapter 4, this thermal voltage
rise (TVR) can significantly enhance CAPMIX performance [123, 134]. In contrast to a po-
tential rise created via both a salt concentration and temperature variation, in this chapter
we show that the TVR can also be isolated to create a new HTCC for capacitive thermal
energy extraction (CTEE). In particular, we propose to convert thermal into electric energy
via a charging-heating-discharging-cooling cycle (depicted in Fig. 6.1) of a supercapacitor in
alternating contact with heat reservoirs at either high or low temperature. The essence of this
cycle is the surplus of energy harvested during discharging at high temperature (and associ-
ated high potentials) as compared to the energy invested during charging at lower temperature
(hence lower potentials). Despite the apparent similarity between charging cycles discussed in
Ref. [194] and the here proposed CTEE, there is an important difference. While CTEE is based
on increased thermal motion and a related entropic change in the EDL at higher temperatures,
the cycles in Ref. [194] are based on the thermogalvanic effect, which can also manifests itself
as a potential decrease upon heating. Accordingly, the charging cycle proposed in [194] follows
an inverted charging-cooling-discharging-heating sequence in order to harvest energy.

This chapter is organized as follows. We start with a general thermodynamic description
of the proposed thermocapacitive Stirling cycle, and identify a system- and cycle-dependent
figure of merit which characterizes the cycle efficiency. With a readily available commercial
supercapacitor, the thermal voltage rise is experimentally demonstrated (Sec. 6.3), and its
magnitude is determined. Using (classical) density functional theory [33], well established in
Chapter 2 and 3, we thereafter (Sec. 6.4) set up a theoretical model for our supercapacitor,
from which we find the charge and temperature-dependent electrode potential. Finally, theory
and experiment are compared in Sec. 6.5.
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Figure 6.1: Schematic drawing of the charging-heating-discharging-cooling cycle of the proposed heat-to-
current converter in the potential/charge (Ψ-Q) representation. The inset shows the superca-
pacitor immersed in hot water.

6.2 Thermodynamic description

We consider a capacitor consisting of two electrodes on which an imposed potential difference Ψ
leads to charges Q and −Q stored on each electrode. While the electrodes charge up, a positive
amount ΨdQ of work is done on the device by its surrounding, such that the work W delivered
by the engine is given by the differential dW = −ΨdQ. The first law of thermodynamics
now expresses the differential of the the internal energy U(S,Q) of this capacitive system at
temperature T as

dU = TdS + ΨdQ, (6.1)

where also the entropy S appears. The total amount of performed work in a closed cycle now
follows as

W =
∮
dW = −

∮
ΨdQ =

∮
TdS, (6.2)

where we use
∮
dU = 0. For the Stirling-like charging-heating-discharging-cooling cycle ABCDA

as depicted in Fig. 6.1, this amounts to

W = −
∮

ΨdQ =
∫ QC

QD
Ψ(Q,TH)dQ−

∫ QB

QA
Ψ(Q,TL)dQ. (6.3)

From this equation it is obvious that, in order for the new HTCC to perform positive work,
the electrostatic potential should rise with increasing temperature. This potential rise is char-
acterized by a pseudo-Seebeck coefficient S(Q,T ) ≡ (∂Ψ(Q,T )/∂T )Q, which, next to the tem-
perature T , depends on the charge Q and −Q stored on each electrode of the capacitive HTCC
device.



72 6 Capacitive thermal energy extraction

6.2.1 Efficiency of the Stirling-like cycle

To characterize the performance of this Stirling-like cycle,1 its efficiency η is defined as the
relation between the amount of delivered work and consumed heat,

η = W

QH
= QH −QL

QH
. (6.4)

In this cycle ABCDA, the consumed heat QH = QCD + QDA is the total heat flow from the
reservoir at temperature TH to the device and consists of the heat flows during the dissipative
heating step BC and the isothermal discharging step CD, as illustrated in Fig. 6.1(a). Likewise
for the heat flow towards the low temperature bath we write QL = QAB +QBC. We can rewrite
the internal energy (Eq. (6.1)) in terms of (T,Q) as

dU = CQdT +
[
Ψ− T

(
∂Ψ
∂T

)
Q

]
dQ, (6.5)

where the heat capacity at constant charge is defined as CQ = T (∂S/∂T )Q. The absorbed heat
dQ = dU + dW = dU −ΨdQ then follows as

dQ = CQdT − T
(
∂Ψ
∂T

)
Q
dQ. (6.6)

We find QAB and QCD by integrating this relation along an isothermal (dT = 0) charging path

QAB = −TL

∫ QB

QA

(
∂Ψ(Q,TL)

∂T

)
Q

dQ ; QCD = −TH

∫ QD

QC

(
∂Ψ(Q,TH)

∂T

)
Q

dQ. (6.7)

Likewise, we find the heat QBC (QDA) transported during constant charge (dQ = 0) heating
(cooling)

QBC =
∫ TH

TL
CQ(T,QB)dT ; QDA =

∫ TL

TH
CQ(T,QA)dT (6.8)

Putting all together, we find for the efficiency

η = W

QH
=

∫QC
QD

Ψ(Q,TH)dQ−
∫QB
QA

Ψ(Q,TL)dQ∫ TH
TL

CQ(T,QH)dT + TH
∫QC
QD

(
∂Ψ(Q,TH)

∂T

)
Q
dQ

, (6.9)

where, for reasons that will become apparent in the next subsection, we used Eq. (6.3) to express
the work output, and not the sum of heat flows as in the r.h.s. of Eq. (6.4).

Interestingly, the HTCC’s efficiency can be improved by recuperating heat from the cooling
process (mainly step DA) back to the heating process (inset of Fig. 6.1(b)). In this case, the
heat flow QBC into the engine is (partially) fed with a fraction ηrec of the heat flow QDA out of
the engine such that the amount of consumed heat from the reservoir diminishes by the amount
Qrec = ηrecQDA of recuperated heat. This positively affects the working efficiency in Eq. (6.4),
1 The derivation presented here is essentially the same as the one needed to find the efficiency of a heat engine

Stirling cycle.
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where the denominator must been replaced by QH−Qrec. Currently, ηrec = 80% can be realized
experimentally [194].

6.2.2 The figure of merit ξ

We can approximate the work output in Eq. (6.3) by Taylor expanding the potential Ψ (at an
intermediate temperature TL < T < TH) around TL:

Ψ(Q,T ) ≈ Ψ(Q,TL) + (T − TL)
(
∂Ψ(Q,T ′)

∂T ′

)
Q

∣∣∣∣
T ′=T

, i.e.,
(
∂2Ψ
∂T 2

)
Q

= 0, (6.10)

which turns out to be very accurate because of the near-perfect temperature-independence of
∂Ψ(Q,T )/∂T . Using this approximation we find

W ≈ TH

∫ QC

QD

(
∂Ψ(Q,TH)

∂T

)
Q
dQ− TL

∫ QB

QA

(
∂Ψ(Q,TL)

∂T

)
Q
dQ = QCD −QAB. (6.11)

Interestingly, we find that the approximation Eq. (6.10) results in the cancelation QDA−QBC =
0. This equivalence is traced back to the thermodynamic relation

(
∂CQ
∂Q

)
T

= −T
(
∂2Ψ
∂T 2

)
Q

, (6.12)

which follows from an off-diagonal double derivative of the exact differential dU (Eq. (6.5)). We
see that the vanishing of the right hand side of Eq. (6.12), a good approximation on the basis
of Fig. 6.5, thermodynamically implies that the heat capacity is independent of the charging
state Q. From Eq. (6.8) it is now obvious that QDA and QBC cancel.

Defining the charge-averaged pseudo-Seebeck coefficient 〈S(Q,T )〉Q ≡ 1
∆Q

∫QB
QA
S(Q,T )dQ,

where also the charge difference ∆Q = QB −QA appears, we rewrite the efficiency Eq. (6.9) to

η =
TH
∫QC
QD

∂Ψ(Q,TH)
∂T dQ− TL

∫QB
QA

∂Ψ(Q,TL)
∂T dQ∫ TH

TL
CQ(T,QH)dT + TH

∫QC
QD

(
∂Ψ(Q,TH)

∂T

)
Q
dQ

≈ η∗ = ∆T∆Q〈S(Q,T ∗)〉Q
∆TCQ(T ∗, QH) + TH∆Q〈S(Q,T ∗)〉Q

. (6.13)

In this approximate expression, both CQ(T ∗, QH) and 〈S(Q,T ∗)〉Q are evaluated at intermediate
temperature T ∗ = (TL + TH)/2. The latter approximation is justified because S, to a good
approximation, is temperature independent (see Fig. 6.5). The approximated efficiency η∗ can
be simplified to

η∗ = ηC

1 + ηC
CQ(T ∗,QH)

∆Q〈S(Q,T ∗)〉Q

≡ ηC
1 + ηCξ−1 , (6.14)

in terms of the Carnot efficiency ηC = 1−TL/TH and the dimensionless figure of merit ξ, which
is defined as

ξ ≡ C−1
Q ∆Q〈S(Q,T ∗)〉Q. (6.15)
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The figure of merit ξ is the ratio of the change in electrostatic energy due to varied temperature
and the heat capacity of the engine; it must be maximized in order to achieve a high efficiency.
Thus, it could be used as a selection guideline for materials with low heat capacity, high pseudo-
Seebeck sensitivity. Furthermore, the efficiency in Eq. (6.14) increases when the amount of
charge ∆Q involved in a cycle rises. For this reason, we have chosen points A and D in
Fig. 6.1(b) to be located at vanishing charge Q = 0. Yet, this is not expected to contribute to
ξ greatly due to the vanishing of (∂Ψ/∂T )Q in this regime (see Fig. 6.7, inset).

6.3 Experimental system

6.3.1 Materials and methods

While the previous section described thermocapacitive energy extraction from a completely
general thermodynamic perspective, we now turn to the experimental demonstration of the
thermal voltage rise for a specific supercapacitor.2 All measurements were done using a com-
mercially available 10 Farad supercapacitor (Fig. 6.2(e)). The experimental setup as shown in
Figs. 6.2(a)-(d) involves this supercapacitor immersed in reservoirs at different temperatures.
The cold bath consists of an ice/water mixture at constant temperature TL = 0 ◦C; the second
water bath was heated to a certain temperature TH using a laboratory heater. A Pt-100 temper-
ature sensor was attached to the supercapacitor and both parts were welded together in a piece
of plastic (Fig. 6.2(d)) to avoid any shortcut in the water bath for temperature regulation. To
gain insight into the supercapacitor, a scanning electron micrograph was recorded (Fig. 6.2(f))
which shows common activated carbon consolidated by polymer binder.

Isothermal nitrogen gas-sorption measurements were performed to analyze the porous struc-
ture of the supercapacitor used in the measurements. The resulting pore size distribution in
the range of 0.56 nm to 37.5 nm is plotted in Fig. 6.3. Analysis of this data leads to a pore
volume of about 0.56 cm3 g−1 and a mean overall surface of 1100− 1200 m2 g−1, resulting in a
mean pore size of 〈L〉 ≈ 0.93− 1.02 nm within a parallel-plate supercapacitor model (described
in the next section). To furthermore estimate the mass of the electrode, we use the specific
capacitance of 80−100 F g−1 for typical carbon electrodes, which results in a device capacitance
of 20− 25 F g−1 [199]. Thus, the 10 F supercapacitor must contain 400− 500 mg carbon. For
a carbon density of 0.45 cm3 g−1, this leads to a carbon volume VC of 0.18 − 0.225 cm3, and
the total electrode area follows as 440− 600 m2.

6.3.2 Experimental results

The cell was charged to 2.5 V cell voltage at a low temperature of TL = 0 ◦C for two days in
order to have a fully charged system. To avoid any degradation of the electrolyte at elevated
temperatures, a cell voltage of 2.5 V was taken well below the maximum specified as 2.7 V.
After fully charging the system to an equilibrium state at TL, the cell voltage of 2.5 V remained
essentially unchanged within 0.2 mV as seen from the open circuit potential measurement

2 Experiments were performed by Daniel Weingarth and Volker Presser at the Leibniz Institute for New Mate-
rials, Saarbrücken, Germany. Our original publication Ref. [144] contains more experimental details.
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a b

c d e f

Figure 6.2: Experimental setup with (a) the hot reservoir configuration, involving a laboratory heater, and
(b) the cold reservoir configuration, involving an ice bath. The supercapacitor (e) together with
a Pt-100 temperature sensor is welded in a piece of plastic (d) to avoid any shortcut while putting
it into one of the water baths (c) for temperature regulation. A scanning electron microscopy
picture (f) reveals the porous carbon structure of the device
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Figure 6.3: The pore-size distribution was determined with nitrogen gas-sorption measurements. The volu-
metric contribution by pores of pore widths between L and L+ dL is found by integrating this
distribution over the interval of interest. The total pore volume is found by integrating over all
pore widths.
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Figure 6.4: (a) Open circuit voltage (OCV) measurements when cycling the fully charged cell between 0 ◦C
and 65 ◦C. (b) Full half-cycle of exploiting the thermal increase in cell voltage (I→III) and
discharging to 0 V (III→V).

depicted in Fig. 6.4(a). This is a unique feature at low temperatures; a very different behavior
is observed at higher temperatures.

After charging, the system was put to open circuit potential mode and the cell voltage was
recorded while the cell was transferred to the heated reservoir. Most noticeably, when increasing
the temperature from 0 ◦C to 65 ◦C by placing the device in a hot water reservoir, the TVR
instantaneously sets in, reaching a maximum of +36 mV after 2 min. This increase, however,
does not reflect the maximum increase caused by thermal effects on the electric double-layer,
as we see a subsequent nearly linear decay (ca. −1.5 mV min−1) of the cell voltage over time
in the hot cell which builds up to an overall loss of 67 mV after ∼ 40 min. This decay of cell
voltage is well known in the supercapacitor community and is related to ion redistribution [200];
a more exponential rather than linear decay has been observed when the open circuit potential
is monitored for less well-charged systems [200]. Considering the period of ca. 2 min of heating,
the voltage decay lowers the TVR by around 3 mV such that a TVR of 39 mV seems to be
reasonable to assume for ∆T = 65 ◦C (when starting at 0 ◦C). The increase in cell voltage with
an increase of temperature is mirrored by a decrease in cell voltage when the system is cooled
again (Fig. 6.4(a)). Here, a 43 mV drop of the open circuit potential was measured. When
we correct for the 2 min cooling period again with the voltage decay of ca. −1.5 mV/min, we
obtain a TVR of ∼ 40 mV. This is in perfect agreement with the initial cell voltage increase
such that ∆Ψ65 ◦C→0 ◦C = ∆Ψ0 ◦C→65 ◦C.

In a follow-up experiment with a faster heating rate, shown in Fig. 6.4(b), a TVR of ∼ 40 mV
for ∆T = 65 ◦C was corroborated. Furthermore, Fig. 6.4(b) illustrates a half cycle BCD (see
Fig. 6.1) for capacitive thermal energy extraction: the system at ΨB = 2.5 V at 0 ◦C in point B
is rapidly heated to 65 ◦C in open circuit potential mode and then discharged to 0 V, minimizing
the time at 65 ◦C in the charged state “III” in Fig. 6.4(b).
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Figure 6.5: Thermal voltage rise (TVR) measured from increasing the temperature of the fully charged
supercapacitor from T = 0 ◦C at 2.5 V by a temperature difference ∆T . The linear fit through
the origin shows a coefficient of determination of 0.997904 and a slope of 0.615 mV K−1.

The TVR was measured as a function of the high temperature TH with a fixed TL = 0 ◦C.
The resulting data is plotted in Fig. 6.5, together with a linear fit to the data with a coefficient
of determination (“R squared”) of 0.997904. The slope of this linear fit is the a corresponding
pseudo-Seebeck coefficient S = 0.6 mV K−1.

6.3.3 A rough estimate of the extractable energy

Although complete cycles have not yet been performed with the experimental setup, we can
explore the amount of energy that can be extracted from the cycle ABCDA (Fig. (6.1)) with
Eq. (6.2) and the data at hand. In the following, we focus on the temperature dependence
of the integral capacitance C, ignoring the Q-dependence for the moment. The cycle consists
of four steps: charging at low temperature (high capacitance CH) from an uncharged state A
to QB = CHΨB, a temperature step towards a high temperature at fixed charge (QB = QC),
a discharging step at low capacitance CL from QC = CLΨC to an uncharged state D, and a
temperature step towards a low temperature. The work performed amounts to

W = −
∮

ΨdQ =
∫ QC

0

Q

CL
dQ−

∫ QB

0

Q

CH
dQ = − Q2

B
2CH

(
1− CH

CL

)
= −Ψ2

B
2 CH

(
1− 1

1 + ∆C
CH

)

= −Ψ2
B

2 ∆C +O
(

∆C2

C2
H

)
, (6.16)

where we defined ∆C = CL − CH. The latter can be approximated via

∆C = QB

( 1
ΨC
− 1

ΨB

)
= QB

ΨB

(
−1 + 1

1 + ∆Ψ
ΨB

)
= −CH

∆Ψ
ΨB

+O
(

∆Ψ2

Ψ2
B

)
, (6.17)

where we defined ∆Ψ = ΨC −ΨB. Combining both results gives

W = 1
2CHΨB∆Ψ +O

(
∆Ψ2

Ψ2
B

)
. (6.18)
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Considering the voltage change ∆Ψ of 40 mV, we estimate the energy-harvesting ability of the
commercial 10 F supercapacitor device to be 500 mJ which with the mass of the device (2.7 g)
results in 185 mJ g−1; here, CH = 10 F denotes the (high) capacitance at 0 ◦C. Accordingly,
the total energy density of the supercapacitor increases by ∼ 1.6% during heating.

6.4 Theoretical model

6.4.1 The model supercapacitor

We model the supercapacitor as two porous carbon electrodes that contain the electrolyte and
an additional electrolyte reservoir, as sketched in Fig. 6.6. The pores in each electrode are
modeled as a parallel plate capacitor with infinitely large plates, separated by a distance L
and kept at an electrostatic potential Ψ/2 in the anode and −Ψ/2 in the cathode. Given their
infinite extension, all extensive quantities must be defined as surface densities. For comparisons
with finite sized systems, we define a surface area Ael for each of the pore walls. In this
case the surface charge density ±eσ relates to the total charge Q of one pore (two plates) via
Q = ±2Aeleσ, neglecting edge effects. These edge effects on the capacitor are negligible, if the
pore size L is small compared to (the square root of) its surface Ael.

Ψ/2 −Ψ/2

Ael

electrode +Q electrode −Q

electrolyte
reservoir

Hres
1
2
HC H 1

2
HC

Figure 6.6: Sketch of the model supercapacitor. It consists of two electrodes, each modeled as a parallel
plate capacitor with two plates at the same electrostatic potential ±Ψ/2. The carbon plates
of one electrode carry the electrode charge ±Q which distributes over the total internal surface
2Ael. In addition to the electrodes, the model contains an electrolyte reservoir. The volume of
each part can be described by an effective width with respect to the area Ael.

In the setup sketched in Fig. 6.6, each of the two electrodes has a volume Vel = Vpore + VC =
Ael(L+ LC), where we have defined an effective length LC to account for the volume taken by
the carbon matrix. Based on the porosity data from gas-sorption measurements (discussed in
the previous section and shown in Fig. 6.3), we chose L = 1 nm and LC = LVC/Vpore = 0.79 nm.
We moreover ensured that the description with just one mean pore size approximates a more
detailed description with a set of differently sized pores within a few percent. Additionally, we
connect the pores to a finite-size reservoir of three times the total pore volume of the device
to take account of large pores and interelectrode space. For the aforementioned additional
electrolyte reservoir of volume Vres = LresAel we chose Lres = 6L.
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The electrolyte in the supercapacitor is tetraethylammonium tetrafluoroborate (TEA-BF4)
dissolved in acetonitrile (ACN) with an assumed concentration of ρs = 1 M [201]. The TEA+

and BF −4 ions are modeled within the so-called restricted primitive model as hard spheres
carrying unit charges ±e, which we access with classical density functional theory as discussed in
Chapter 2. For simplicity, we choose only one common ionic radius of R = 0.3 nm for both BF −4
and C8H20N+, ignoring the asymmetry of the ions in TEA-BF4. This radius lies in between the
effective radius of the bulk electrolyte and the pure ionic radii [201], since we aim to describe the
electrolyte in electric fields and confinement. In our model, we include the acetonitrile (ACN)
solvent as a dielectric background, described by a dielectric constant ε = 35.97 reported for
bulk ACN [201]. This dielectric constant is known to monotonously decrease with increasing
temperature [202]. From a fit to the data in [203] we found ε(T ) = 113.28− 0.367014(T/K) +
3.606 · 10−4(T/K)2. Moreover, nuclear magnetic resonance spectroscopy [202] shows that this
solvent can be (partially) repelled from the confining geometry of a porous material when an
external potential is applied. Accordingly, the dielectric constant is assumed to diminish in
some sense towards the dielectric constant of an ionic liquid. However, the exact properties of
this effect are unknown and we leave its investigation for future research.

For the determination of the figure of merit in the next subsection, we need an expression for
the heat capacity of our model supercapacitor. To this end, the heat capacity of the complete
capacitor can be split into contributions of the electrode and the reservoir such that CQ =
2%elcelVel + %ACNcACNVres. Here, we have approximated the volume specific heat capacity of
the TEA-BF4 electrolyte solvated in acetonitrile (ACN) via the volume specific heat capacity
of the bulk ACN solvent, %ACNcACN = 1.75562 · 103 J K−1 dm−3, and dropped the charge
and temperature dependence in all (possibly) dependent quantities. From the porosity of the
electrodes φ = Vpore/(Vpore +VC) = L/(L+LC) follows Vel = (L+LC)Ael = LAel/φ. Moreover
writing the specific heat capacity of the electrode as a porosity-weighed combination of cACN

and cC, as cel = φ%ACNcACN + (1− φ)%CcC, we find

CQ(T,QH)/Ael = 2 [%ACNcACN + (1/φ− 1)%CcC]L+ %ACNcACNLres. (6.19)

Here, for the carbon electrode material we use typical values for its mass density %C = 2.22 g cm−3,
and specific heat capacity cC = 0.709 J K−1 g−1.

6.4.2 Theoretical results

We calculate concentration profiles and the electrostatic potential Ψ(Q,T ) as a function of
temperature T and electrode charge ±Q within density functional theory, with same grand
potential functional Eq. (3.4) as discussed in Chapter 3. In particular, next to the long-range
Coulomb interactions between ions, this functional captures their short-range steric repulsions
within fundamental measure theory (Appendix 3.A.2), and moreover involves the mean spheri-
cal approximation to account for residual interactions (Appendix 3.A.1). To construct charging
curves Ψ(Q,N, T ), we fix the number of ions N at zero electrode potential and, for each given
potential Ψ, adjust the reference concentration ρs that enters our grand-canonical theory. The
solid lines in Fig. 6.7 represent the charging curves at fixed dielectric constant ε = 35 as calcu-
lated within our restricted primitive model. For comparison to this temperature-independent
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Figure 6.7: Canonical charging curves predicted by our theoretical model supercapacitor at different temper-
atures. Solid lines are obtained with a fixed dielectric constant ε = 35, where stroked lines are
obtained with a temperature-dependent dielectric constant ε(T ) (see text). The shaded (green)
area represents the amount of work that is available from a thermocapacitive charging cycle
ABCDA.

treatment, we also employed a temperature-dependent dielectric constant ε(T ) (whose specific
form was stated in the previous subsection) whose resulting charging curves are plotted with
dashed lines in Fig. 6.7. The observed temperature-dependent charging behavior Ψ(Q,T ) can be
exploited in the charging cycle ABCDA to perform work W (indicated with green stripes). The
temperature dependence of the electrostatic potential at fixed charge can be extracted from
the charge-potential curves, Interestingly, an almost linear dependence of the corresponding
pseudo-Seebeck coefficient S(Q,T ) = (∂Ψ/∂T )Q with temperature was observed (not shown).
This finding is in good agreement with measurements on the commercial supercapacitor device
(Fig. 6.5), measuring the thermal voltage rise (TVR) of the fully charged device by increasing
the temperature from T = 0 ◦C at 2.5 V to ∆T = 65 ◦C. Averaging over the same temperature
range 0 ◦C < T < 65 ◦C, we show the charge dependence of the pseudo-Seebeck coefficient in
Fig. 6.8(a). Here, the temperature-dependent dielectric constant leads to higher values, which
is also apparent from Fig. 6.7 and, moreover, in line with our findings in Chapter 4.

With Eq. (6.4) we can determine the efficiency of cycle ABCDA, shown in Fig. 6.8(b) (lines).
We can moreover determine the figure of merit associated to ABCDA, which amounts from
Eq. (6.15) to ξ = 0.066 for the parameters chosen. We calculate the approximated efficiency
using this figure of merit and Eq. (6.14) for several ηrec, and plot these in Fig. 6.8(b) (dotted).
From this figure we conclude that the approximative efficiency η∗ gives a good approximation.
Note that ξ is a quality factor which cannot be compared directly to the figure of merit ZT
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Figure 6.8: (a) The pseudo-Seebeck coefficient, temperature-averaged over the interval 0 ◦C < T < 65 ◦C,
increases with charge density σ. (b) The efficiency η (Eq. (6.4)) and the approximative effi-
ciency η∗ (Eq. (6.14)) of the cycle ABCDA for fixed TL = 0 ◦C and three different recuperation
efficiencies ηrec, together with the Carnot efficiency ηC

known from thermoelectric devices [204]. However, efficiencies are comparable and a ther-
mocapacitive engine with ξ = 0.066 reaches the same efficiency in the investigated range of
temperatures as a thermoelectric device with ZT ≈ 2 (ηrec = 0) or even ZT ≈ 20 (ηrec = 80%)
(see appendix 6.A).

Finally, the number of ions in our system is set by the total pore volume 2Vpore and the
volume Vres of the additional reservoir as sketched in Fig. 6.6. The reservoir has impact on the
maximum attainable charge density on the electrodes surface, because it contains additional
ionic charges to participate in the screening of electrode charges. At high potentials, when
the reservoir is depleted, the corresponding differential capacitance ∂Q/∂Ψ will vanish because
the maximum charge of the capacitor is reached. At the same time, ionic packing constraints
further affect this maximum charge via the choice of pore sizes [68]: for our model with a
pore size of L = 1.0 nm and ionic radii of 0.3 nm, the maximal packing fraction inside the
pores is 0.565 [120], corresponding to a close-packed configuration of 2.498 particles per nm2 of
surface. The obtained charge-potential curves in Fig. 6.7 are therefore sensitive to parameters
such as the pore size L, the chosen ionic radius R, and the available number of ionic charges,
but also to the treatment of the solvent in a dielectric constant ε, and specific ion-electrode
interactions. We conclude that this (model) supercapacitor is a complex but highly tunable
system. Naturally, all these parameters also influence the efficiency of the device and they are
conveniently captured in the figure of merit ξ.

6.5 Discussion and conclusion

In order to compare the experimental findings of Sec. 6.3 with our theoretical data as shown
in Fig. 6.8 we determine the electrode charge density of the charged 10 F supercapacitor at
2.5 V: charged with around 25 C (also measured from the integrated current during charging)
and with a surface area of 440− 600 m2, the surface charge density is 0.0417− 0.0568 C m−2 =
0.260− 0.355 e nm−2, a factor 7 lower than our theoretical model predicts. These values imply
an experimental figure of merit ξexp = 0.0039 (for a cycle between ΨA = 0 V and ΨB = 2.5 V),
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which is one order of magnitude lower than those of the theoretical model, ξmodel = 0.066,
obtained from a TVR of ∼ 1.8 mV K−1 (inset of Fig. 6.7). Thus, future research should
gain a deeper insight in the underlying physics, implementing for instance image charges [127]
or an explicit description of solvation shells [124, 125]. On the experimental side, the wide-
spread nitrogen gas-sorption method that was used to determine the internal surface area (our
publication Ref. [144] contains more experimental details) has recently received criticism [143,
205]. In particular, it is unclear whether the area accessible to the dinitrogen molecules gives
an accurate estimate for the area accessible to the TEA+ and BF −4 ions in the supercapacitor.

The main obstacle to overcome for the exploitation of the TVR will be cell design and
operation optimization. In particular, our data clearly establishes that the TVR can only
be maximized for a supercapacitor near charged equilibrium at given Q. Incidentally, having
the system initially at low temperatures with corresponding low ion mobility helps, since the
notorious issue of voltage decrease (“self-discharge”) is negligible at low temperature. Yet, the
target must be to rapidly heat and subsequently discharge the system because the voltage drop
over time rivals the TVR effect.

In the experimental section we presented evidence for the voltage rise of a charged commercial
supercapacitor subject to an increasing ambient temperature. We have shown with model
calculations that this behavior can be used to construct a new type of HTCC. The proposed
engine effectively isolates the “thermal voltage rise” (TVR), introduced in earlier work to boost
the work output of capacitive mixing engines [123, 134]. Compared to a method which combines
CAPMIX and a distiller [198], the present HTCC device has a less complex lay-out, since it
consists solely of the supercapacitor. The engines proposed in this study can work with (but are
not restricted to) very low-temperature heat, which makes them especially interesting for the
use of non-combustion waste heat of, e.g., data centers, geothermal reservoirs, bio-mass heat or
ocean thermal energy. Moreover, in our HTCC no solvents or electrolytes must be exchanged,
as necessary in CAPMIX [123]. Instead, the whole sealed device is alternately connected to
heat reservoirs at different temperatures.

Other thermoelectric HTCC engines operating in the low-grade heat regime typically reach
efficiencies not higher than a few percent [188–191, 193–196]. Even though in this first study
we are not yet able to surpass these values, the experimental figure of merit ξexp = 0.0039 leads
to an efficiency of the same order of magnitude with the possibility to be optimized in future
work; the efficiency would for instance benefit greatly from reducing the dead-space reservoir
volume which is heated and cooled without contributing to the performed work. In comparison
to the experimental one, the figure of merit extracted from the theoretical model (results shown
in Fig. 6.8) is a order of magnitude higher with ξmodel = 0.066 and has an associated efficiency
of η ≈ 5%. Note that an even higher efficiency of around 13% is possible if the heat flowing out
of the system during dissipative cooling is recuperated by 80%. Actually, even Carnot efficiency
could be achieved by construction, when instead of the dissipative heating step an adiabatic
heating-by-charging step is considered (see appendix 6.B). Finally, the TVR will also appear in
flow electrodes, which could provide continuous power generation [130, 131].

In summary, the proposed new HTCC operates without chemical reactions or moving parts
and can be optimized by choosing ideal and cheap electrode and electrolyte materials, including
sodium-chloride in water, organic solvents, lithium salts, multivalent ions, or ionic liquids. The
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system is therefore tunable to work within a wide range of different temperatures, including the
commercially interesting low-grade heat regime as well as temperatures around 200 ◦C [206].
Most importantly, the supercapacitor used in the experiments is cost-attractive and readily
available. Thus, upscaling this approach is straightforward. It is this simplicity, along with the
low cost of all components, that makes the thermal voltage rise-based heat-to-current converter
a candidate for a sustainable-energy future.

6.A Appendix: Comparison with thermoelectric devices

Our model engine harvests energy out of a difference in temperature between two baths. Its
driving mechanism is a change in entropy due to a microscopic rearrangement of the electric
double layers structure caused by a change in temperature. Besides currents due to the rear-
rangement, no currents are present, because temperature is changed in open circuit mode of
the device. This mechanism is to be contrasted to thermoelectric engines which also harvest
electrical energy out of thermal energy, but where a thermal gradient is present in the engine.
These devices are typically made from p- and n-junctions which exploit the Seebeck effect, the
generation of a potential difference ∆Ψ due to a gradient in temperature which causes different
electron mobilities. Adopting standard notation, their maximal efficiency [204],

η = ηC

√
1 + ZT − 1√

1 + ZT + TL
TH

, (6.20)

is characterized by the figure of merit ZT = S2T/κR, which is a combination of the Seebeck
coefficient S = ∆Ψ/∆T , the thermal conductivity κ, and the resistance R (all material prop-
erties), evaluated at intermediate temperature T ⇒ T ∗ = (TH + TL)/2. While the current
generation of thermoelectric devices reaches ZT ∼ 1, according to Ref. [193], a value ZT ∼ 4
is “ambitious”, and ZT ∼ 20 is “unlikely”. Equation (6.20) is typically derived from the ratio
of two powers, i.e., the harvested divided by the dissipated power. As an inherently nonstatic
quantity, it is rather different from our proposed thermocapacitive heat-to-current converter
(HTCC), whose efficiency is found in Eq. (6.4) as the ratio of two energies (work divided by a
heat flow). To determine the power available from our proposed engine, the cycle times must
be taken into account, which we have not yet optimized.

To draw a comparison between our proposed thermocapacitive and a thermoelectric device,
we have to compare their efficiencies; a direct comparison on the level of the respective figures
of merit is useless, because they are defined in different ways. We plot the efficiencies from
Eqs. (6.14) and (6.20) together in Fig. 6.9. For the given parameters, our figures of merit,
ξ = 0.066 (theoretical) and ξ = 0.0039 (first and not optimized experiment), would correspond
to figures of merit of a thermoelectric device of ZT = 1.63 and ZT = 0.075. Obviously, the
newly proposed thermocapacitive HTCC is much more efficient in the low-temperature regime
when compared to thermoelectric devices. When we assume a recuperation of 80%, it compares
to thermoelectric devices with ZT > 20. Without recuperation, it still reaches values of ZT & 2.
The efficiency of our measurements is approximately an order lower than our theory predicts.
As already discussed in Sec. 6.5, our measurement is just a first proof of principle on a cheap
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Figure 6.9: Efficiency η for a cycle of the newly proposed HTCC with a theoretical figure of merit ξ = 0.066
and an experimental one ξ = 0.0039. Data has been obtained from the approximated Eq. (6.14),
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for a fixed low temperature TL = 0 ◦C and three recuperation efficiencies ηrec together with the
Carnot efficiency ηC and efficiencies from Eq. (6.20) for thermoelectric devices of different ZT .

and readily available device which has not been optimized yet.

6.B Appendix: Thermocapacitive Carnot cycles

The adiabatic heating-by-charging phenomenon, introduced in Chapter 4 and discussed at
length in Chapter 5, puts us in position to consider a capacitive cycle that achieves Carnot
efficiency by construction. In contrast to the constant charge heating (BC) and cooling (DA)
steps of the Stirling-like cycle described in the current chapter, this cycle changes between a
low and high temperature (TL and T ′H) by adiabatic heating by charging (BC’) and cooling
by discharging (D’A) (see Fig. 6.10). Here, the order at which the different charging steps
must be performed follows from the relation Cd

T > Cd
S between isothermal and adiabatic dif-

ferential capacitances. This thermodynamic relation holds for any electrode-electrolyte system
described by the first law Eq. (6.1), and is the analogue of the well-known heat-engine rela-
tion κT > κS between isothermal and adiabatic compressibilities, and the blue-engine relation
Cd
µ > Cd

N between grand-canonical (µ) and canonical (N) differential capacitances (see page 39
and Ref. [112]).

The temperature rise along adiabatic charging paths follows the thermodynamic identity
Eq. (4.4) which we can write in slightly altered form as

CQdT = T

(
∂Ψ
∂T

)
Q
dQ. (6.21)

The resulting cycle ABC’D’A is rectangular in a T -S representation, signifying optimal Carnot-
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like heat-to-electric energy conversion. The second law of thermodynamics implies that this
cycle must operate at Carnot efficiency ηC independent of the specific electrode-electrolyte
system (with associated charging behavior Ψ(Q,T )). This is equivalent to the observation
that heat engines operate at Carnot efficiency irrespective of their working substance. In this
appendix we show that this can also be derived with an explicit calculation. While textbook
derivations of Carnot’s efficiency ηC = 1−TL/TH for heat engines are usually based on the ideal-
gas equation of state, for the more general case of an arbitrary equation of state of the working
substance one can also derive this result [207]. The following section follows the derivation
of Ref. [207], but now for the case of a thermal EDL engine. To start, note that the cycle
efficiency as defined in Eq. (6.4) still holds, but one should note that for adiabatic heating
QBC′ = QD′A = 0, so that QH = QC′D′ and QL = QAB. The heat transferred during the
isothermal steps is again found by integrating both sides of Eq. (6.6), which, using the definition
I[Q,T ] ≡

∫Q (∂Ψ(Q′, T )/∂T )Q′ dQ′, we write as

QAB = −TL [I(QB, TL)− I(QA, TL)] , QC′D′ = −TH
[
I(QD′ , T

′
H)− I(QC′ , T

′
H)
]
. (6.22)

For the efficiency we find

η = 1− QAB
QC′D′

= 1− TL|I(QB, TL)− I(QA, TL)|
TH|I(QD′ , T

′
H)− I(QC′ , T

′
H)| . (6.23)

It turns out that the terms I[Q,T ] appearing in Eq. (6.23) can be related via the adiabatic
charging steps BC ′ and D′A. From Eq. (6.12) we find an expression for the constant-charge
heat capacity

CQ = −T
∫ (

∂2Ψ
∂T 2

)
Q

dQ+ f(T ), (6.24)

where an integration constant f(T ) appears which can still depend on temperature. Multiplying
Eq. (6.21) with 1/T and inserting Eq. (6.24) we get− ∫ (∂2Ψ

∂T 2

)
Q

dQ+ f(T )
T

 dT − (∂Ψ
∂T

)
Q
dQ = 0. (6.25)
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The formal solution of this equation is a restrictive relation that has to be obeyed along any
adiabatic path

−
∫ (

∂Ψ
∂T

)
Q
dQ+

∫
f(T )
T

dT = cst (6.26)

as can be easily checked by calculating d
[
−
∫

(∂Ψ/∂T )Q dQ+
∫
f(T )/TdT

]
= d(cst) = 0.3

Defining g(T ) =
∫ T f(T ′)/T ′dT ′, we find for the thermal Carnot cycle ABC’D’A

I(QB, TL) + g(TL) = I(QC′ , T
′
H) + g(T ′H)

I(QD′ , T
′
H) + g(T ′H) = I(QA, TL) + g(TL), (6.27)

from which follows that I(QB, TL)−I(QA, TL) = I(QC′ , T
′
H)−I(QD′ , T

′
H). Inserting this result

into Eq. (6.23), we find the Carnot efficiency. Note that the dependence on equation of state
Ψ(Q,T ) drops out, so this results holds for any heat-to-work conversion, as could have been
expected on the basis of the general nature of the Carnot efficiency.

This thermocapacitive Carnot cycle seems to be a theoretical curiosity which currently cannot
be realized experimentally because the temperature steps possible by adiabatic heating and
cooling are tiny (probably not exceeding 1 K, see Chapters 5 and 7), and clouded by irreversible
Joule heating. We conclude this Appendix with a small beacon of hope, an observation that
relates the feasibility of such a Carnot cycle to a previous conclusion of the main text. We
identity f(T ) = CQ in Eq. (6.24), with the first term on the r.h.s. vanishing because the
capacitor of interest in this chapter

(
∂2Ψ/∂T 2)

Q = 0. The temperature change along an
adiabatic charging path then reads

∫ T ′H

TL
d lnT = 1

CQ

∫ QH

QL

(
∂Ψ
∂T

)
Q
dQ, (6.28)

where the right hand side is precisely the figure of merit ξ as defined in Eq. (6.15). Interest-
ingly, not only does the figure of merit characterize the Stirling cycle efficiency, it is also the
dimensionless number that the determines the magnitude of adiabatic temperature changes.
Our proposal to maximize the figure of merit to enhance Stirling efficiency, therefore has a
direct positive implication on the feasibility of thermocapacitive Carnot cycles.4

3 By performing a mapping Ψ, Q→ −p, V we can consider the case of an heat engine operating with N ideal-gas
particles. In this case, from Eq. (6.24) we determine f(T ) = Cideal

V = 3NkB/2 with the first term on the r.h.s.
vanishing because (∂2p/∂T )V = 0. Equation (6.26) in this case reads

∫
(∂p/∂T )V dV +

∫
Cideal
V /TdT = cst,

which results in the well-known relation TV 3/2 = cst for heating by compression along an adiabatic path
(Eq. 1.4).

4 Once more, there is an interesting heat-engine analogue. The efficiency of a Stirling heat engine, operating
between small and large volumes Vs and Vl, is similarly given by the r.h.s. of Eq. (6.14), but now containing the
figure of merit ξ̂(Vs, Vl) = C−1

V

∫ Vl
Vs

(∂p/∂T )V dV (which can be found with the same mapping Ψ, Q→ −p, V ).
This figure of merit also appears in the analysis of Carnot cycles; during an adiabatic compression of the gas
from volume V ′l to V ′s , the temperature increases from TL to TH according to

∫ TH
TL

d lnT = ξ̂(V ′l , V ′s ) (as follows
from the previous footnote).



7 Heat of electric double layer formation in
porous carbon electrodes

In this final chapter on temperature effects in electric double layer capacitors we present preliminary
data and a theoretical analysis of two different temperature-dependent experiments involving water-
immersed porous carbon electrodes. The first experiment involves the determination of the thermal
voltage rise (∂Ψ/∂T )Q, which was discussed at length in Chapters 4, 5, and 6. With (∂Ψ/∂T )Q at
hand, we determine the heat that is required to enter our electrolytic cell during isothermal charging
with a thermodynamic identity derived in Chapter 6. In the second experiment, we study the thermal
response to far-from-equilibrium double-layer formation. A calibration method that eliminates the
irreversible Joule heat allows us to predict the heat production of a quasistatic charging process.
Within Gouy-Chapman (GC) theory, we show that elegant expressions can be derived for all above
quantities. Despite the fact that GC theory poorly describes the capacitive behavior of our capacitor,
these expressions do aid the physical interpretation of the above experiments.

7.1 Introduction

Where surfaces of charged electrodes meet fluids that contain mobile ions, so-called electric
double layers (EDLs) form to screen the electric surface charge by a diffuse cloud of counterionic
charge in the fluid phase. This double layer has been intensively studied for over a century and
is of paramount importance to many processes in physical chemistry and soft matter, as well
as in electric double layer capacitors (EDLCs) used for energy storage. With the ongoing
development of nanomaterials, electrodes can nowadays be made from porous carbon with
huge internal surface areas that often exceed 1000 m2/g. The porous carbon electrodes can be
immersed in a variety of electrolyte solutions or ionic liquids. A so-called “supercapacitor” is
then formed, whose high capacitance makes it a prime candidate for capacitive energy storage,
water desalination [19, 28] and harvesting so-called “blue energy” from capacitive mixing of sea
and river water [15, 17, 134]. In these porous electrodes, hydrated ions have a size similar to their
confining geometry, hence a description must address both the electrostatics and the packing
of the ions. A wealth of phenomena has been identified in these materials [208], including
over-screening [88], ion desolvation (entropically favourable, but energetically costly) [87, 125],

Experiments were performed by Elian Griffioen and Ben Erné. Maarten Biesheuvel initiated the derivation of
Sec. 7.2.3. This chapter was written by me, except for Sec. 7.2.3 by Maarten Biesheuvel and me, Sec. 7.3 by
Ben Erné, and Sec. 7.4 by Ben Erné and me.



88 7 Heat of electric double layer formation in porous carbon electrodes

in-plane structural transitions [179], and layered packings of counterionic charge at high surface
potentials [68]. Relatedly, upon decreasing the pore width, implying increasingly restrictive
packing constraints, both theory and simulations [80, 209, 210] show oscillations in the EDL
capacitance, attributed to the expulsion of successive layers of counterionic charge.

Unfortunately, the gap between (in general computationally demanding) first-principles mod-
els and experimental measurements on the charging behavior of porous electrodes is far from
closed. While our understanding of the electric double layer is based mainly on isothermal
electric measurements, previous chapters have shown various manifestations of the interplay
between temperature, heat, and ionic entropy, and their combined influence on the properties
of electric double layer. In particular, in Chapter 4 we argued on the basis of a simple model
that the surface potential of an electrode with a fixed high surface charge should rise by about
1 mV K−1 with increasing temperature. This coupling between electrostatic potential and
temperature has various thermodynamic implications and, moreover, opens up possibilities for
(increased) energy harvesting via charging cycles of electric double layer capacitors (Chapters 4
and 6). As we argued in Chapter 5, the thermal response to adiabatic charging contains informa-
tion on EDL formation that has been largely unused: it probes the change in ionic configuration
entropy during EDL buildup. During isentropic charging, a decrease in the ions’ configurational
entropy must, on the basis of the second law, be compensated by an equal and opposite in-
crease in electrolyte solution entropy. The electrolyte solution can only achieve this by heating
up. The induced temperature variations follow a thermodynamic identity Eq. (4.4) that is the
capacitive analogue of the famous TV 3/2 = cst relation for adiabatatic heating by compression
of an ideal gas-filled cylinder. As reversible heating occurs only in the EDL (cf. Fig. 5.2(b)),
the temperature variations scale inversely with the average electrode plate separation. As such,
the development of high-surface-to-volume-ratio electrodes (i.e., supercapacitors) was required
before the small temperature variations were detected experimentally [136]. The temperature-
dependent phenomena mentioned above are (in principle) measurable, and therefore open up
new possibilities for experiments against which EDL theories can be tested. Accordingly, in
this final chapter on the temperature-dependent EDL we present preliminary data of two dif-
ferent experiments involving water-immersed porous carbon electrodes, which is an important
system for water desalination and blue-energy devices. Conceptually speaking, the two experi-
ments are each other’s “opposites”: while the first experiment involves a temperature-induced
charge variation (at fixed potential), the second experiment studies a charge-induced tempera-
ture variation. More specifically, in Experiment 1 we determine the thermal voltage rise, i.e.,
the effect of an imposed step in the electrolyte temperature on the capacitance. Hence, this
experiment is in the spirit of Chapter 6, but for an open, water-immersed capacitor, instead of
the nonaqueous supercapacitor of Chapter 6. Via a thermodynamic identity (Eq. (6.7)) we can
then relate the thermal voltage rise to the heat that is required to flow out of the cell during
isothermal charging. In the spirit of Chapter 5, Experiment 2 probes the thermal response of
the capacitor charging, but for a capacitor that is not thermally insulated, and in the case of
a sudden potential step. Via a calibration method that eliminates the irreversible Joule heat,
we then have experimental access to the reversible heat production (hence, entropic change)
during EDL formation.
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7.2 Theory for heat flow and production during EDL buildup

The classical understanding of the EDL is in terms of an ideally polarizable, flat electrode whose
charge is screened via a compact, salt-concentration independent Stern or Helmholtz layer within
ångströms of the surface, together with a Gouy-Chapman layer that extends into the solution
on the scale of the salt-concentration dependent Debye length. Although the charging behavior
of the water-immersed porous carbon electrodes is poorly described by Gouy-Chapman theory,
it allows for explicit expressions for the isothermal heat flow (Sec. 7.2.2) and heat production
(Sec. 7.2.3) during charging, aiding interpretation of the experiments to be discussed in Sec. 7.4.
To set the stage, we first discuss the equilibrium grand potential of Gouy-Chapman theory,
which was previously derived in Ref. [211].

7.2.1 The equilibrium grand potential of Gouy-Chapman theory

We consider a single electrode of area A, and an adjacent 1:1 electrolyte solution with a dielectric
constant ε, at temperature T and at a bulk salt concentration ρs. The electrode at potential
Ψ carries a charge Q, such that dU = ΨdQ + TdS is the differential of the internal energy U ,
involving the entropy S of the capacitive system. While the electrode charges up, a positive
amount ΨdQ of work is done on the device by its surrounding, such that the work W delivered
by the electrode is given by the differential dW = −ΨdQ. To screen the surface charge, an
inhomogeneous charge density profile develops in the electrolyte phase, characterized by the
cationic and anionic density profiles ρ+(z) and ρ−(z), respectively. Here, the z-coordinate is
defined as the direction out of the electrode into the solution, which runs from z = 0 at the
electrode to z =∞ far into the bulk, where the local electrostatic potential ψ(z) is zero and the
ion densities take their bulk values ρ+(∞) = ρ−(∞) = ρs. Chapter 2 introduced the classical
density functional theory (DFT) framework that we used throughout this thesis to characterize
the electric double layer. In particular, Poisson-Boltzmann theory can be derived within this
framework with an auxiliary functional ΩV consisting of an ideal-gas term and a mean-field
Coulomb interaction term,1

βΩV [ρ+, ρ−] = A

∫ ∞
0

dz

{∑
α=±

ρα(z)
[

ln
(
ρα(z)Λ3

α

)
− 1− βµα

]
+ 1

2q(z)φ(z)
}
, (7.1)

with β = 1/kBT the inverse temperature, kB Boltzmann’s constant, A the electrode surface
area, Λα the thermal wavelength, µα the ionic chemical potential, and φ(z) = eψ(z)/kBT the
local dimensionless electrostatic potential. Moreover, q(z) = σδ(z) + ρ+(z) − ρ−(z) is the
local unit charge density, with σ = Q/Ae the unit areal surface charge density. According
to Eq. (2.11), we find the grand potential βΩ(T, Vel, µ+, µ−, Q) = βΩV [ρeq

+ , ρ
eq
− ] by evaluating

the auxiliary functional at the equilibrium ion concentration profiles, with Vel the electrolyte
volume. The ion density profiles of Poisson-Boltzmann theory were derived in Eq. (2.31) and
amount to ρeq

± (z) = ρs exp [∓φ(z)]. Employing also the chemical potential µ± = kBT ln ρsΛ3
±,

1 For notational convenience, we adopt the choice of Ref. [38] and describe the charge-dependent grand potential
Ω(Q), instead of the potential-dependent Ω(Ψ)
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we find

βΩ = 2ρsA

∫ ∞
0

dz {φ(z) sinhφ(z)− coshφ(z) + 1}+ A

2

∫ ∞
0

dz [q(z)φ(z)]

≡ βΩent + βΩel, (7.2)

where we subtracted the bulk grand potential −pVel of the electrolyte with osmotic pressure
p = 2ρskBT . The term Ωent, the integrand of which goes to zero in the bulk, is associated with
the excess entropy of the double layer. For the electrostatic term Ωel in Eq. (7.2) one can insert
the Poisson-Boltzmann equation (2.25) which, after careful partial integration (see Ref. [211],
Eq. (5)), gives

βΩel = A

8πλB

∫ ∞
0

dz [∂zφ(z)]2 . (7.3)

With the Gouy-Chapman relation ∂zφ(z) = −2λ−1
D sinh(φ(z)/2) we can rewrite and solve the

above integrals,

βΩ(T, p, µ+, µ−, Q) = −ρsλDA

∫ 0

Φ
dφ

{
φ sinhφ− coshφ+ 1

sinhφ/2

}
+ A

8πλBλD

∫ 0

Φ
dφ

{
sinh φ2

}
= Aσ̄

[
Φ sinh Φ

2 − 3 cosh Φ
2 + 3

]
︸ ︷︷ ︸

βΩent

+Aσ̄

[
cosh Φ

2 − 1
]

︸ ︷︷ ︸
βΩel

(7.4)

= Aσ̄

[
2− 2 cosh Φ

2 + Φ sinh Φ
2

]
, (7.5)

with σ̄ = 1/(2πλBλD) = 4ρsλD =
√

2ρs/πλB the crossover surface charge density in terms of
the Debye length λD = (8πλBρs)−1/2, the Bjerrum length λB = βe2/(4πε0ε), the elementary
charge e, and the vacuum permittivity ε0. As noted by Overbeek [211], for low potentials Ωent

and Ωel contribute equally to Ω, while for high potentials Ωent is dominant. This finding for
pointlike ions is in stark contrast to later work that included finite ionic size [46, 57] (see also
Sec. 2.2.3). There, it was reported that the electrostatic energy Ωel actually gains in importance
at higher potentials, at the expense of a decrease in the importance of Ωent.

7.2.2 Isothermal heat flow

In Chapter 6 we derived (Eq. (6.7)) the amount of heat

QT = −T
∫ Q

0

(
∂Ψ(Q′, T )

∂T

)
Q′
dQ′ (7.6)

that is required to flow into an engine during isothermal (dT = 0) charging at temperature T
from an uncharged state to a charged state with charge Q and potential Ψ. The experiment in
Sec. 7.4.1 determines the thermal charge decrease (∂Q/∂T )Ψ, which is related to the thermal
voltage rise via the cyclic reciprocity relation(

∂Ψ
∂T

)
Q

= −
(
∂Ψ
∂Q

)
T

(
∂Q

∂T

)
Ψ

= − 1
Cd

(
∂Q

∂T

)
Ψ
, (7.7)
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with Cd the differential capacitance. Hence, we can equivalently express the isothermal heat
flow as

QT = T

∫ Ψ

0

(
∂Q(Ψ′, T )

∂T

)
Ψ′
dΨ′. (7.8)

Equation (7.6) implies a positive heat flow out of the engine during EDL buildup, because
(∂Ψ/∂T )Q > 0 in general. Inserting the Gouy-Chapman relation Eq. (2.36) between surface
charge σ = Q/(Ae) and the electrostatic potential Ψ given by

σ = σ̄ sinh Φ
2 ⇔ Ψ = 2kBT

e
sinh−1 σ

σ̄
, (7.9)

into Eq. (7.6) gives

QT = −2kBTA

∫ σ

0

∂

∂T

[
T sinh−1 σ

′

σ̄

]
dσ′ = −2kBTA

[
σ sinh−1 σ

σ̄
−
√
σ̄2 + σ2 + σ̄

]
, (7.10)

where we ignored the temperature dependence of σ̄. In terms of the dimensionless wall potential
Φ = eΨ/kBT this yields

QT =− kBTAσ̄

[
2− 2 cosh Φ

2 + Φ sinh Φ
2

]
. (7.11)

Hence, the heat that is required to flow into the engine is equal to (minus) the grand potential
change associated with the double layer buildup given in Eq. (7.5). Thermodynamically, this
equivalence is understood as follows. The differential dΩ = −SdT +ΨdQ of the grand potential
(at fixed µ± and Vel) of the electric double layer capacitor implies that the isothermal grand
potential change during charging is equal to (minus) the performed work, ∆Ω = −W =

∫
ΨdQ.

Meanwhile, the isothermal heat Eq. (7.6) is equal and opposite, QT = −
∫

ΨdQ, if the charging
behavior is such that (∂Ψ/∂T )Q = Ψ/T , which is precisely what we assumed in this section by
neglecting ∂σ̄/∂T in Eq. (7.10).

7.2.3 The source term of the internal energy balance

We now consider an out-of-equilibrium charging process. Following De Groot [212] and Chap-
ter 5, the internal energy balance Eq. (5.8) is written as

%∂tu = −∇ · Jq + I ·E, (7.12)

with Jq the heat flux, % the electrolyte solution mass density and u ≡ U/%Vel the local specific
internal energy associated with thermal agitation and all short ranged (nonelectrostatic) particle
interactions. The local heating rate I · E that appears in Eq. (7.12) is the vector product of
ionic current density I and electric field E. In the one-dimensional setup of our interest it
simplifies to IE, with E = −∂zψ the local electric field, and I = eJch = e(J+ − J−) the ionic
current density (in A m−2). We rearrange terms and integrate this equation over the complete
electrolyte volume, and over a long time-span in which the electrode charges up quasistatically
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from an uncharged state to its final charged state,∫ ∞
0

dz

∫ ∞
0

dt∂zJq(z, t) =
∫ ∞

0
dz

∫ ∞
0

dtIE −
∫ ∞

0
dz

∫ ∞
0

dt%∂tu(z, t)⇒∫ ∞
0

dtJq(z, t)
∣∣∣
z∈∂Vel

=
∫ ∞

0
dz

∫ ∞
0

dtIE −
∫ ∞

0
dz%u(z, t)

∣∣∣t=∞
t=0

. (7.13)

The left-hand side is the total heat flow out of the boundaries ∂Vel of the EDLC, which, for
a quasistatic charging process must be equal to the isothermal heat QT /A as discussed in the
previous section. Moreover, from the same section it follows that this term is related to the
free-energy change during isothermal charging. The last term in Eq. (7.13) is the change in
internal energy between the final charged state and the initial uncharged state. The difference,
the spatially and temporally integrated source term,

QIE ≡ A
∫ ∞

0
dz

∫ ∞
0

dtIE, (7.14)

then has to be related to the entropic change during charge-induced double layer formation.
To test this hypothesis, we study Eq. (7.14) in the slow charging limit, where the temperature
T (z, t) is homogeneous through the electrolyte volume at each time t. In particular, we evaluate
Eq. (7.14) under the assumption that the instantaneous density profiles are given by Gouy-
Chapman theory. The time integral in Eq. (7.14) can be transformed into an integral over
surface charge density σ,

QIE = −kBTA

∫ σfinal

0

{∫ ∞
0

Jch
Jtot

∂φ

∂z
dz

}
dσ (7.15)

where we implemented
∂σ

∂t
= Jtot, (7.16)

with Jtot = Jch + JM the total current density, which is equal to the electronic current entering
the electrode. Here, Jtot, invariant with position in a Cartesian one-dimensional geometry,
includes the Maxwell or displacement current JM = −ε0ε∂t∂zψ, which is proportional to the
variation of the electric field in time [213]. As the Maxwell current vanishes in the charge neutral
bulk, Jtot is equal to the ionic current Jch far from the electrode. For capacitive charging of the
electrode, the ionic current Jch is zero at the electrode surface and increases with z to reach
Jtot outside the EDL. Thus, in general Jch is a fraction of Jtot, i.e., 0 < Jch/Jtot < 1. The ionic
current density Jch relates to the local accumulation of ionic charge according to the continuity
equation

∂Jch
∂z

= −∂q
∂t
, (7.17)

where q is the local ionic charge density. Within Gouy-Chapman theory we have q = −2ρs sinhφ
and thus Eqs. (7.16) and (7.17) yield

∂

∂z

(
Jch
Jtot

)
= 2ρs coshφ ∂φ

∂Φ
∂Φ
∂σ

. (7.18)
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We perform one partial integration in the bracketed integral in Eq. (7.15) and insert Eq. (7.18),
such that

QIE = −kBTA

∫ σfinal

0

{∫ ∞
0

∂

∂z

(
Jch
Jtot

)
φ dz

}
dσ

= −kBTA

∫ σfinal

0

{∫ ∞
0

2ρsφ coshφ ∂φ
∂Φ

∂Φ
∂σ

dz

}
dσ

= −2ρskBTA

∫ Φ

0

{∫ ∞
0

φ coshφ ∂φ
∂Φ dz

}
dΦ, (7.19)

where in the last step we took (∂Φ/∂σ) out of the spatial integral since it does not depend
on z. For the GC model, we have an analytical solution Eq. (2.33) for potential φ as function
of position z, wall potential Φ, and inverse Debye length, κ = λ−1

D ,

φ =4 tanh−1
(
e−κz tanh Φ

4

)
⇒ ∂φ

∂Φ = 1
cosh κz + cosh Φ

2 sinh κz
, (7.20)

which allows us to evaluate the bracketed integral in Eq. (7.19),∫ ∞
0

φ coshφ ∂φ
∂Φ dz = λD

(
Φ cosh Φ

2 − sinh Φ
2

)
. (7.21)

One then finds that

QIE = kBT σ̄A

(
3− 3 cosh Φ

2 + Φ sinh Φ
2

)
(7.22)

which is the same as the entropic term Ωent in Eq. (7.4), which was the hypothesis we set out to
test. For the Gouy-Chapman model, and for reversible (quasistatic) charging of the EDL, we
therefore derive the equivalence of the electric heating term (in quasistatic conditions) and the
entropic contribution to the free energy. This result is reassuring when viewed in light of the
findings of Chapter 5. Equation (7.22) relates the source term IE of the heat equation to the
entropic change in the double layer, and therefore, temperature variations in adiabatic EDLCs
are driven by these entropy changes. This is precisely what was found in Chapter 5, but viewed
from a fresh perspective.

7.3 Experimental methods

Experiments were performed2 using a homebuilt electrochemical cell submerged in a thermo-
static bath maintained at a computer-controlled nominal temperature of 25.00 ◦C. The cell,
depicted in Fig. 7.1(a), had in- and outlets for salt solution and a Pt100 temperature probe
that measured the temperature T1 in between two porous carbon electrodes. The temperature
difference ∆T was measured compared to a second Pt100 temperature probe (T2) immersed
directly in the thermostatic bath; its signal was corrected for a systematically 0.071 ◦C higher
reading. Due to a change in room temperature of about 2 ◦C between day and night (T3), the
2 Experiments were performed by Elian Griffioen and Ben Erné at the Van ’t Hoff Laboratory for Physical and

Colloid Chemistry, Debye Institute for Nanomaterials Science, Utrecht University.
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Figure 7.1: Experimental approach to measure heat produced by the (dis)charging of porous carbon elec-
trodes in NaCl solution (a)-(d). Schematic of the setup (a) and typical time-dependent measure-
ments (b,c) of the room temperature T3, thermostatic bath temperature T2, and cell solution
temperature T1 in the absence of electrochemical currents. The difference ∆T between T1 and
T2 is corrected (d) for a slight offset in the sensor signals. The baseline value of ∆T is constant
within a standard deviation of 0.007 ◦C. (e) The total charge Q(Ψcell) versus cell voltage Ψcell
at four different concentrations of NaCl: 1 mM (blue), 10 mM (green), 100 mM (orange), 1 M
(red). Error bars are based on two or more duplicate measurements.

bath temperature varied also, but the effect was weaker by about a factor of 100. Corrected for
the slight changes of the bath temperature, the cell temperature was constant within 0.007 ◦C
for extended periods of time, see Fig. 7.1(d). In the figure, the fluctuations of ∆T seem to be
smaller than the given standard deviation, but this is because for clarity it presents only a small
fraction of the points that were measured. The electrodes were disks of 25 mm in diameter cut
from sheets of porous carbon, which were prepared from activated carbon, polymer binder, and
carbon black, according to the methods described in Ref. [214]: 0.5 mm thick, with a density
of 0.58 g mL−1, a porosity of 65%, and a BET-area of 1330 m2 g−1 from nitrogen adsorption.
Thus, this implies a mass of about 0.18 g per electrode. The porous disks were glued with
conductive silver epoxy onto 0.2 mm thick 25 mm diameter flexible graphite disks, themselves
glued onto glass disks; through a central hole in the glass, a copper wire was glued to the
graphite disk using the same silver epoxy and finally sealed with nonconducting two-component
epoxy glue. In this geometry, the tip of the Pt100 probe was centered with respect to the two
concentric and parallel electrodes and floated halfway between the two electrodes, separated
from each other by 2.2 mm.
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7.4 Temperature-dependent experiments of EDL formation

We follow two independent ways to shed light on the coupling between temperature, heat, and
EDL formation. Experiment 1 relies on the determination of the temperature dependent
capacitance and equilibrium surface potential. With Eq. (7.6) we then find the isothermal
heat flow straightforwardly. Experiment 2 involves calorimetric measurements during far-
from-equilibrium charging. The reversible heat production follows from a calibration method
(described below) that subtracts the irreversible Joule heat.

Surface charge determination

In both experiments, at time t = t0 the cell voltage Ψcell was changed abruptly from 0 V to
different maximum values not exceeding 1 V (cf. Fig. 7.3(a)). After a waiting time of several
hours, the (charging) current has almost dropped to zero (cf. Fig. 7.3(b)). We find the total
charge on the electrodes’ surface from integration of the time-dependent (charging) current
I(Ψcell; t),

Q(Ψcell) =
∫ t1

t0
Idt. (7.23)

The resulting charge is plotted as a function of the cell voltage in Fig. 7.1(e). We observe a
clear variation of the capacitance with salt concentration. It is precisely this salt concentration
dependence that capacitive mixing engines exploit to harvest energy during charging cycles of
salt- or freshwater-immersed electrodes [15].

7.4.1 Thermal Experiment 1: Temperature-induced charge variation

In Experiment 1, after the initial voltage rise from 0 V to Ψcell and subsequent waiting pe-
riod, the temperature was alternated between two temperatures (temperature difference Tstep)
at fixed voltage, equilibrating for a few hours after each temperature change and determining
the excess current that flowed because of the temperature-dependent change in the electric
capacitance (Fig. 7.2(a)). The charge decrease ∆Q resulting from three different temperature
steps Tstep at different applied potentials Ψcell is shown in Fig. 7.2(b). Here, the charge dif-
ference is seen to increase both with Tstep and Ψcell. For the case of a temperature step from
25 ◦C to 27.5 ◦C at Ψcell = 1 V, the charge decreased from Q25 ◦C = 45 C g−1 by an amount of
∆Q = Q25 ◦C−Q27.5 ◦C = 52 mC g−1, hence an effect of about 0.05% K−1. Measurements up to
30 ◦C confirmed the results of the measurements up to 27.5 ◦C, within an error of about 10%.
Because the temperature-induced charge difference is tiny, it was not possible to determine it via
a more straightforward manner, e.g., similar to the procedure with which the salt-concentration
dependence of the capacitance was found. In that case one would apply a certain potential and
determine the total charge (Eq. (7.23)), repeat the same exercise at different solvent tempera-
tures and simply compare the results. In such an experiment the results would be clouded by
systematic errors and as such, unreliable. Obviously, larger temperature steps would enhance
this charge decrease, but we wish to keep the temperature difference as small as possible, be-
cause we are interested in (∂Q/∂T )Ψcell at a specific temperature, not in its average value over a
large T -interval. Moreover, initial experiments at temperatures up to 80 ◦C were unsuccessful,
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Figure 7.2: Experiment 1: (a) After a voltage rise from 0 V to Ψcell at t0, and 4 hours of subsequent equi-
libration, the temperature (black circles) is stepped back and forth between 25 ◦C and 27.5 ◦C,
with 105 minutes of equilibration after each temperature change. The current (blue circles)
initially exhibits a monotonous decay, onto which positive and negative peaks are superimposed
when the electrolyte temperature is decreased and increased. Plotted are data for ρs = 1 M,
Ψcell = 0.25 V and electrodes of 0.18 g each. The time-integrated current peaks are associated
with an average charge difference of 2.9± 0.2 mC, or 16.1± 1.1 mC/g per unit electrode mass.
(b) This procedure was repeated for different initial potential steps Ψcell and, starting around
25 ◦C, different temperature steps Tstep, to find the potential and temperature dependence of
the induced equilibrium charge difference ∆Q.

with irreversible changes in electrode capacitance ascribed to gas bubbles filling the cell.
For the temperature step of 2.5 ◦C, a linear fit to the data in Fig. 7.2(b) has a slope of

10.8 mC V−1. For the electrodes of 0.18 g each, this implies a thermal voltage decrease of
(∂Q/∂T )Ψcell

= αQΨcell with αQ = −24 mC g−1 V−1 K−1. Inserting this into Eq. (7.8) we find
a reversible heat

QT = T

∫ Ψcell

0

(
∂Q(Ψ′, T )

∂T

)
Ψ′
dΨ′ = 1

2TαQΨ2
cell, (7.24)

which yields QT = −3.6 J g−1 at 1V, whose negative value indicates that heat flows out of
the capacitor. Moreover, for the linear charging behavior of the electrodes the differential and
integral capacitances coincide, we found Cd = 45 F g−1. With Eq. (7.7) this yields a thermal
voltage rise that grows linearly with the applied voltage as (∂Ψ/∂T )Q = αΨΨ with αΨ =
0.54 mV K−1 V−1. This value for (∂Ψ/∂T )Q for salt water-immersed porous carbon electrodes
is of the same order of magnitude as our findings in Chapter 6 for a closed supercapacitor filled
with tetraethylammonium tetrafluoroborate dissolved in acetonitrile.

7.4.2 Thermal Experiment 2: Charge-induced temperature variation

As was the case for Experiment 1, Experiment 2 starts at time t = t0 with an abrupt cell
voltage increase from 0 V to different maximum values Ψcell (see Fig. 7.3). After a waiting time
of 4 hours, the (charging) current has almost dropped to zero. At t = t1 we then switched the
voltage back to zero and waited another 4 hours until t = t2. Because of the high currents, on
short time scales heat is produced faster than it is carried away and the cell thus effectively
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Figure 7.3: Experiment 2 (a) A cell voltage Ψcell was applied at t0 and 0 V was applied at t1. (b) The related
charging and discharging currents were measured. (c) Positive ∆T peaks were found, larger upon
charging than upon discharging. (d) The thermal dissipation constant K = 0.240 ± 0.006 J
K−1 s−1 is determined from the slope of the parametric plot of time-integrated ∆T peaks
against the Joule heat Qirr for several salt concentrations.

behaves as an adiabatic system. This causes a measurable temperature signal (Fig. 7.3(c)) that
receives contribution from the reversible heat as well as from the strictly positive Joule heat.
From the size of the temperature peaks, we see that exothermic Joule heat dominates in both
directions of charge transfer. Nevertheless, heat is more strongly exothermic upon charging
than upon discharging and the difference is ascribed to the reversible part of the heat exchange,
exothermic upon charging and endothermic upon discharging.

Calibration of the heat effects

The absolute amount of heat corresponding to a ∆T peak was determined by calibration with
the total amount of heat produced during a full charging/discharging cycle t0 → t2. The link
between total Joule heat for a cycle and surface areas of the ∆T peaks is made as follows. At
any moment in the charging cycle, the measured temperature difference ∆T between the cell
and the thermostatic bath changes when heat is added at another rate than heat is lost to the
environment. Heat flow to the environment is assumed to be linear with ∆T , as in Newton’s
law of cooling, so that the temperature difference ∆T is governed by

Cp
d∆T
dt

= Q̇tot −K∆T, (7.25)

where Cp is the heat capacity of the cell in J K−1, Q̇tot is the rate of heat production in J s−1,
and the thermal dissipation constant K in J K−1 s−1 characterizes the Fourier-type rate of heat
flow to the environment given a temperature difference ∆T . Equation (7.25) can be seen as the
result of a volume integration of a locally defined heat equation, see for instance Eq. (5.7) in
Chapter 5. As such, we implicitly performed the spatial integral over the complete electrolytic
cell, and assumed that the temperature probe sandwiched between the two electrodes gives
a representative measurement of the temperature of the whole cell: i.e., the temperature is
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assumed to be homogenous within the complete cell, with a steep drop of ∆T between the cell
and the thermostatic bath.

For a single full ∆T peak, starting and ending at ∆T = 0 ◦C, the integral of all time dependent
changes in ∆T is zero ∫ t1

t0

d∆T
dt

dt =
∫ t2

t1

d∆T
dt

dt = 0, (7.26)

both for the charging (t0 → t1) and discharging steps (t1 → t2). Obviously, for a full charging-
discharging cycle (t0 → t2), with two full ∆T peaks, we similarly find

∫ t2
t0

d∆T
dt dt = 0, so that,

integrating Eq. (7.25) over a full cycle, the two terms on the right hand side of Eq. (7.25) must
be equal to each other,

K

∫ t2

t0
∆Tdt =

∫ t2

t0
Q̇totdt ≡ Qtot = Qrev + Qirr. (7.27)

The total heat production Qtot = Qrev + Qirr consists of reversible (rev) and irreversible (irr)
contributions. For a full cycle of charging from 0 V up to Ψcell plus discharging back to 0 V, the
reversible heat Qdis

rev that is produced upon discharging will exactly cancel the reversible heat
Qch

rev produced upon charging, hence Qrev = Qch
rev + Qdis

rev = 0. (For the electrical double layer,
assuming that its charging is reversible, the net electrical work for a full cycle is zero too; its
electrical energy begins and ends with zero charge at 0 V.) As a consequence of the vanishing of
Qrev in Eq. (7.27), the only heat produced by a full cycle will be Joule heat dissipated from the
resistive parts of the system, which is exothermic regardless of the opposite signs of voltages and
currents during charging and discharging. To calculate this Joule heat, we can time-integrate
the dissipated power Q̇irr = I(t)ΨR(t) over the two time-intervals. Here I(t) is the measured
electrical current and ΨR(t) is the voltage drop across the resistive elements that dissipate
heat. We assume that ΨR(t) is given by the difference between applied voltage and the voltage
drop across the electrical double layer ΨR(t) = Ψcell(t) − ΨEDL(t); moreover, we assume that
ΨEDL(t) = Q(t)/C, where Q(t) is the charge in the electrical double layer as given in Eq. (7.23)
(zero at beginning and end of a cycle, calculated by integration of the current in between), and
C is assumed constant. Interestingly, we find that equal amounts of Joule heat are produced
during charging (Qch

irr) and discharging (Qdis
irr ), despite the difference in I(t) and ΨR(t) between

these two parts of the cycle. The dissipation constant K between absolute heat in joules and
total area of the ∆T peaks Fig. (7.3(c)) can now be calculated from Eq. (7.27). This is carried
out in Fig. 7.3(d), where measurements are plotted as Qirr =

∫ t2
t0
I(t)ΨR(t)dt versus

∫ t2
t0

∆Tdt
for a full cycle of charging and discharging. A straight line is obtained, whose slope corresponds
to K = 0.240 ± 0.006 J K−1 s−1. Considering only the data at 1 M, the linear fit has a slope
K = 0.250± 0.004 J K−1s−1, hence, K depends very weakly on the salt concentration and can
be regarded constant.

Alternative Calorimetry

Control experiments were carried out with the same cell but the electrodes replaced by heating
elements consisting of resistive wire glued as a flat spiral onto a glass disk (total resistance:
422 Ω). In accordance with Eq. (7.25), depending on the current I of up to 10 mA, differ-
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ent plateau values of ∆T were reached, below 1 ◦C and proportional to the heating power IΨR.
When the current was switched off, ∆T decreased exponentially to zero. The slope of IΨcell ver-
sus the plateau value of ∆Tmax agreed well with the slope of a plot of

∫
(IΨR)dt versus

∫
(∆T )dt,

from which we found K = 0.173 J s−1 K−1 for the air-filled cell and K = 0.179 J s−1 K−1 for
the water-filled cell. Once the applied current was switched off, ∆T decreased exponentially
with time; from Eq. (7.25) follows ∆T (t) = ∆T0 exp(−t/τ), where ∆T0 is the starting value of
∆T , t is time after the current is switched off, and τ = Cp/K is the characteristic time scale of
the decrease, with Cp the heat capacity of the cell. From the measured time scales τ = 33.0 s
for the air-filled cell and τ = 59.9 s for the water-filled cell, we calculate heat capacities of
Cp = Kτ = 5.7 J K−1 and 10.7 J K−1, respectively. The difference between the two Cp values
agrees within 10% with a cell volume of approximately 1.1 mL and the heat capacity of water,
4.2 J K−1 g−1. This consistency supports the validity of the heat quantities obtained via our
experimental approach. In the presence of carbon electrodes, the thermal dissipation constant
K is a bit higher (0.24 J K−1 s−1), in line with the better heat conductance of porous carbon
compared to the glass supports of the 413 Ω heating elements used in the control experiments
with heating elements.

Calorimetry Results

Having determined K, we can consider the charging and discharging processes separately. Tak-
ing the time-integral of Eq. (7.25) over the charging process t0 → t1 we find

Qch
tot ≡ Qch

irr + Qch
rev = K

∫ t1

t0
∆T (t)dt, (7.28)

where we again used Eq. (7.26) (the vanishing
∫
d∆T integrated over a single peak). Likewise

for the discharging process t1 → t2 we write

Qdis
tot ≡ Qdis

irr + Qdis
rev = K

∫ t2

t1
∆T (t)dt. (7.29)

The above two quantities are plotted as a function of the cell voltage for different salt con-
centrations in Fig. 7.4(a). We observe that salt concentration has a minor effect; results at 1
mM NaCl did not differ very much from those at 1 M NaCl. Apparently the Joule heat was
hardly produced in the electrolyte solution, since changing its specific electrical conductivity by
a factor of 1000 had almost no effect. The irreversible part of the heat was probably produced
at the electrical contacts between the porous carbon electrodes and the external circuit [214].
Subtracting the irreversible contribution (equal magnitude for both charging and discharging)
we can evaluate the reversible heat, whose dependence on Ψ2

cell we show in Fig. 7.4(b). The
plotted data are fairly well described by a quadratic fit, although more data are needed to make
conclusive statements on this matter. For adiabatic charging of EDLCs we found (Secs. 5.5 and
5.B) a transition from a low-charge “ion-swapping” regime, to a high-charge regime of efficient
salt adsorption, with different scaling of the charge-induced temperature rise in both regimes.
It would be particularly interesting to look for a similar transition in the current setup, al-
though, admittedly, this transition should then also be present in the (differential) capacitance
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voltage squared was measured at ρs = 1 M.

(Fig. 7.1(e)), from which it seems absent.

7.5 Discussion and conclusion

In this final chapter on temperature effects in electric double layer capacitors we presented
two different temperature-dependent experiments involving water-immersed porous carbon elec-
trodes. In Experiment 1 we found a thermal voltage increase of (∂Ψ/∂T )Q = 0.54 mV K−1 at
1V for this setup. With an expression derived in Chapter 6 (and repeated here in Eq. (7.6)),
(∂Ψ/∂T )Q can be related to the heat QT that is required to flow into the cell during isothermal
charging. For the above-mentioned water-immersed capacitor we found QT = −3.6 J g−1 during
quasistatic charging to 1V. This implies that a positive amount of heat should flow out of the
capacitor during charging, while an equal amount of heat should flow into the capacitor during
the mirror discharging process. This finding for QT is about 16% of the total electric energy
input W = −

∫
ΨdQ = −∆Ω, with an error on the order of 10%. A better estimate of the error

requires further measurements, for instance at different magnitudes of the temperature step. At
the end of Sec. 7.2.2 we argued that, for EDLCs for which (∂Ψ/∂T )Q = Ψ/T holds, the grand
potential change is opposite to the isothermal heat flow, ∆Ω = −QT . With the thermal voltage
rise of 0.535 mV K−1 at 1V, we see that (∂Ψ/∂T )Q ≈ 0.16Ψ/T , in line with our other observa-
tion. This suggests that Gouy-Chapman theory fails to capture essential aspects of our electrode
system—which comes as no surprise—for instance its porous geometry and its finite-size ions.
Moreover, the charging behavior of the water-immersed electrodes could be affected by chemical
reactions between the carbon surface and the solvent [215]. Accordingly, next to electrostatic
and entropic contributions to the grand potential Eq. (7.1), Refs. [158, 211] include a chemical
free energy term Fchem that describes (nonelectrostatic) binding to an electrode surface. Via
a field-theoretical description the authors of Ref. [158] then conclude that entropy increases
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upon applying a potential, which implies a thermal voltage decrease ((∂Ψ/∂T )Q < 0). Clearly,
the experimental findings of this chapter point towards (at most) subdominant importance of
such a chemical free energy term compared to the ionic entropy contributions that we consider
here. Nevertheless, including such a term could lead to more accurate model predictions for the
thermal voltage rise of the water-immersed porous carbon electrodes of our setup.

In Experiment 2, the thermal response to a sudden potential step was measured. Here, the
reversible (Qrev) and irreversible (Qirr) parts of the source term of the heat equation (7.25)
were separated, starting from the premise that the reversible heat is path-independent and the
irreversible heat depends on the rate at which the cell voltage is applied. Via a calibration
method we eliminated the irreversible Joule heating, which allowed us to determine a reversible
heat production of Qrev = 6.9 ± 0.3 J g−1 at 1V. The derivation in Sec. 7.2.3 suggests that
we should interpret Qrev as a probe for the ionic entropy change during electric double layer
buildup, which, as far as we know, has not previously been measured experimentally. However,
at this stage it remains unclear whether the calibration procedure is entirely trustworthy. In the
experimental setup the temperature probe was placed halfway between the two electrodes, where
the reversible heat was produced, whereas the irreversible heat was produced at the electrical
contacts, hence further away from the temperature probe (see Fig. 7.1(a)). This could mean
that our temperature probe is too sensitive to the reversible heat, and that we overestimate its
value. This hypothesis is supported by the findings in Sec. 7.4.2 where we found lower K-values
for the cell in which the carbon electrodes were replaced by resistive wires. In that case, all
heat was produced at the same location, the location of the electrodes, hence on average closer
to temperature probe. Resolving this calibration uncertainty poses an experimental challenge,
which might require additional experiments with alternative setups or charging procedures.
For instance, instead of a sudden voltage step, the cell potential Ψcell could be applied more
gradually, which will change the relative importance of the irreversible heating (∼ I2) compared
to the reversible heating (∼ I).

In conclusion, the numerical values of the isothermal heat flow QT (Experiment 1) and the
heat production Qrev (Experiment 2) are of the same order of magnitude and both values are
less than the electrical energy input. Moreover, both experiments point toward exothermic
heating (heat flowing out the cell) during quasistatic EDL formation and the opposite effect
during discharging. Based on general thermodynamic reasoning, and model calculations within
a simple EDL model, we propose that Experiment 2, unlike Experiment 1, probes the ionic
entropy change associated with electric double layer formation. Our present results clearly
provide food for thought for both theorists and experimentalists alike.





8 Harvesting vibrational energy with
liquid-bridged electrodes

We theoretically study a vibrating pair of parallel electrodes bridged by a (deformed) liquid droplet,
which is a recently developed microfluidic device to harvest vibrational energy. The device can oper-
ate with various liquids, including liquid metals, electrolytes, as well as ionic liquids. We numerically
solve the Young-Laplace equation for all droplet shapes during a vibration period, from which the
time-dependent capacitance follows that serves as input for an equivalent circuit model. We first
investigate two existing energy harvesters (with a constant and a vanishing bias potential), for which
we explain an open issue related to their optimal electrode separations, which is as small as possible
or as large as possible in the two cases, respectively. Then we propose a new engine with a time-
dependent bias voltage, with which the harvested work and the power can be increased by orders
of magnitude at low vibration frequencies and by factors 2-5 at high frequencies, where frequencies
are to be compared to the inverse RC-time of the circuit.

8.1 Introduction

Small-amplitude oscillations are ubiquitous. Not only devices like fans, laundry machines and
speakers vibrate, pretty much everything around us does. Converting these mechanical vibra-
tions into electric energy could provide a valuable alternative to batteries in portable electronic
devices which require only modest amounts of electric power [217]. Moreover, powering remote
sensors with vibrations could relieve the requirement of connection to the electricity grid. Un-
fortunately, engines based on induction [218] or piezoelectricity [219] are not well suited for these
small-scale applications since their power performance rarely surpasses the 0.1 W range [220].
In search of a promising alternative, variable-capacitance engines have received considerable
interest in recent years [221, 222].

Variable-capacitance engines operate by cyclically (dis)charging electrodes at alternating high
(low) capacitance. Net electric energy is harvested during a cycle because the charging stroke
occurs at a lower potential than the discharging stroke. The change in capacitance can be
caused by a mechanical stimulus as in the case of vibrational-energy harvesters, but also by a
change in the properties of the dielectric or electrolyte material. Examples of the latter include
electrolyte-filled nanoporous supercapacitors where variable capacitance is achieved by changing

Ben Werkhoven wrote the code with which the Young-Laplace equation (8.1) was solved. Other calculations
were performed by me. All authors participated in the writing of Ref. [216]
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Figure 8.1: (a) Liquid bridges between electrodes separated over L = 0.5lc, 1.25lc, lc (1, 2, 3) as found using
the Young-Laplace Eq. (8.1). Here, lc is the capillary length, typically in the mm regime. The
droplets have a volume V = 2πl3c/3 and equal contact angles θb/t = 70◦ (1, 2) and unequal
contact angles θb = 70◦, θt = 105◦ (3). (b) The plate separation L dependence of the bottom
and top contact areas Ab, At, for a droplet of the same volume, and θb/t = 70◦ (lines), and
θb = 70◦, θt = 105◦ (dashed). (c) Equivalent circuit model of a liquid-bridge vibrational energy
harvester.

electrolyte concentration (in capacitive mixing) [15, 75], or temperature (in capacitive thermal
energy extraction) [144], or combinations thereof [123, 134].

Variable-capacitance engines driven by mechanical energy typically consist of air-filled parallel-
plate capacitors connected to a battery, where the capacitance is modified either by varying
the plate separation or the lateral plate overlap [223]. A key new development in these en-
gines was recently realized by Krupenkin and Taylor [220] who suggested to inject an array of
small liquid droplets (Mercury and Galinstan) between the electrodes. Charge on the capaci-
tor’s plates is now balanced by the polarization of a dielectric film whose thickness is orders of
magnitudes smaller than the plate separation (see Fig. 8.1). This leads to significantly larger
capacitances and therefore to higher power densities of the order of 103 W m−2. Due to the
difference in permittivity between air and most liquids, most charges will accumulate at the
droplet-electrode interface. When the liquid bridges are cyclically compressed and stretched by
a varying electrode separation, the change in droplet shape leads to a different contact area and
hence capacitance, which, at a constant bias potential, directly drives a current.

To increase the suitability for practical applications, a simpler circuitry without the need
for an external power source was subsequently proposed by Moon et al. [128]. Instead of an
imposed bias potential, in this setup the symmetry between the two planar electrodes is broken
by a difference in contact angles at the liquid-air-electrode three-phase contact lines. Because
electrode-specific surface reactions will always lead to finite (but small) charge densities on
the electrodes, a current will flow when the plates are oscillating. However, the small charge
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densities lead to a low power production of the order of 10−3 W m−2. An additional problem
facing this setup is that the water droplets used in this study tend to vaporize after a few
oscillations, requiring a continuous injection. This problem was overcome by Kong et al. [224]
who investigated five imidazolium ionic liquids which, due to their low volatility and toxicity,
do not require an airtight space. Since the properties of the ionic liquids can be adjusted
by choosing different ions, they are “designable materials” that allow one to tailor-make the
droplets to fit any desired application. For example, operation outside the liquid temperature
range of water is now accessible.

To the best of our knowledge, no systematic optimization study of the different engines w.r.t.
to the mechanical driving has been performed so far. While both Moon et al. [128] and Kong et
al. [224] showed that work output increases with increasing oscillation amplitude, the average
plate separation was fixed in both studies. Note that with increasing amplitude of the plate
oscillations, at some point the assumptions underlying the theoretical analysis of the mentioned
works will break down. More specifically, in Ref. [220] it was assumed that a sinusoidal driving
of the plate separation leads to a sinusoidally varying droplet-surface contact area A and hence
capacitance. Conversely, the droplet engines with asymmetric contact angles [128, 224] have a
sinusoidally varying capacitance only on the hydrophobic surface, since the contact line on the
hydrophilic surface was assumed to be perfectly pinned. The pinning can for instance be due
to surface heterogeneities but, as hypothesized by the authors, can also be attributable to the
difference in contact angles. Regardless of its physical nature, pinning of the contact line will
have to break down when the droplet is strongly compressed by large-amplitude oscillations
(especially on low-hysteresis surfaces).

To access the regime of large-amplitude oscillations, of special interest when optimizing the
delivered power, in this chapter we go beyond the previous analysis by explicitly solving the
Young-Laplace equation that describes the droplet shape, assuming that droplets perfectly
conform to Young’s law at the contact line. The droplet profiles obtained serve as input for an
equivalent circuit model, whose solutions can conveniently be displayed in the potential/charge
representation. Since these are conjugate thermodynamic variables, the enclosed area during an
operation cycle represents the work delivered in one oscillation period. We will show that the
engine with bias potential thrives in the small plate-separation regime, due to a large relative
variable capacitance. Conversely, the asymmetric plate engine will be found to thrive at large
plate separation, because the hydrophilic plate contact area, which contributes negatively to
the performed work, is “effectively” pinned. The mentioned pinning is not related to surface
heterogeneities, but is actually emerging in our idealized model. Decreasing the plate separation
breaks the pinning, and hence breaks the asymmetry between the plates.

Having confirmed and explained the results of Refs. [128, 220, 224], we then propose a new
engine with a time-varying bias potential. At the cost of introducing an increased complexity
in the circuitry, we show that this engine harvests substantially more electric energy than the
droplet engines considered so far. While the enhancement is quantitative in the high-frequency
domain, in the regime of low oscillation frequency we find a qualitative difference, attributed
to the now finite work per cycle performed in this regime.
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8.2 Setup

Consider two parallel electrode plates separated by a distance L, bridged by a droplet of volume
V as visualized in Fig. 8.1(a). The bottom plate is located in the plane z = 0 and the top plate
in z = L, with z anti-aligned with the direction of gravity. The shape of the cylindrically
symmetric droplet as described by the unit normal n̂ to the fluid-air interface is determined by
the Young-Laplace equation [225], together with the boundary conditions set by Young’s law
at the droplet-plate interface,

γ~∇ · n̂ = ∆p− g∆%z, (8.1)
γlg cos θb/t = γsl − γsg, (8.2)

in terms of a pressure drop ∆p that acts as a Lagrange multiplier for V, gravitational acceleration
g, droplet-air mass density difference ∆%, and surface tensions γ between gas (g), liquid (l) and
solid (s). By choosing different dielectric coatings one can access different surface tensions γsl

and γsg on either electrode plates, leading to different contact angles θb/t at the bottom and
top plate. Note that throughout this chapter the subscripts (b/t) refer to quantities associated
to the bottom and the top plate, respectively.

Hydrodynamic effects, which at typical parameters start to become important when the
electrodes oscillate at frequencies above f ∼ 50 Hz, are ignored [128, 224].

Typical droplet profiles resultant of Eq. (8.1)-(8.2) are shown in Fig. 8.1(a). Varying the
plate separation at fixed V, for each droplet profile one measures the contact areas Ab/t of
the droplet with the bottom and top plate. In this way we obtain the relation between plate
separation and the respective contact areas. This relation is shown in Fig. 8.1(b) in units of the
capillary length, lc =

√
γlg/g∆%, which is the typical length scale of the problem (lc = 2.7 mm

for water and air at room temperature). For small plate separation L � lc (configuration 1
in Fig. 8.1(a)) the droplet is essentially a pancake-shaped cylinder such that Ab ' At ' V/L.
When the plate separation is increased to the order of the capillary length L ∼ lc (details depend
on relative contact angles), the droplet starts to cave in under the influence of gravity, such that
Ab levels off while At shrinks much faster than ∼ L−1 (configuration 2 and 3 in Fig. 8.1(a)). In
Fig. 8.1(b) where we plot Ab and At as a function of L, we observe that small variations of the
plate separation can affect At by an order of magnitude, while Ab remains roughly constant.
This effective pinning of the hydrophilic bottom plate contact area, as mentioned in [128, 224],
is emerging rather than imposed. It is attributable both to the difference in contact angles and
the effect of gravity. Gravity alone is in principle enough to observe this effect, but in the case
of equal contact angles it shifts to larger plate separations (Fig. 8.1(b)).

8.3 Thermodynamics

A liquid-bridge variable-capacitance engine is constructed by connecting the electrodes to a
battery at potential Ψbat(t) and a load of resistance RL over which the harvested energy will be
dissipated (see Fig. 8.1(c)). The electrodes, both coated with a dielectric layer of microscopic
thickness d and dielectric constant εd, will acquire net charges qb/t(t). These charges are a
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combination of induced charges ∓q(t), together with fixed charges Qb/t, such that we write
qb(t) = Qb − q(t) and qt(t) = Qt + q(t). The fixed charges, due for instance to surface-specific
reactions [128], are typically small, such that any nonzero bias-potential effectively leads to a
dominance of the induced charges |q(t)| � Qb/t.

The capacitance Cb/t on each electrode is an in-series connection of a dielectric capacitor
with an electric double-layer (EDL) capacitor. Within the Helmholtz picture of the EDL the
resultant harmonic mean reads

Cb/t = ε0Ab/t[L]
(
d

εd
+ λD

εl

)−1
, (8.3)

where the Debye screening length λD sets the typical width of the EDL of ions dissolved in
the droplet of dielectric constant εl. In the absence of a dielectric layer one can resort to
more accurate descriptions of the EDL, which are well established [60, 68]. The capacitor is
driven mechanically; we focus on a sinusoidal oscillation in the plate separation L(t) = L0 +
∆L sinωt, with average plate separation L0, oscillation amplitude ∆L, and oscillation frequency
ω. Consequently, the surface areas Ab/t[L], found through the Young-Laplace equation (8.1),
are time varying, leading on the basis of Eq. (8.3) to a time-varying capacitance. We find the
potential of each of the electrodes in terms of the net charges and capacitances with Ψb/t ≡
qb/t/Cb/t. This definition in terms of the charges present on the electrode plates requires an
additional minus sign when splitting the capacitor potential Ψcap = −Ψb + Ψt. Kirchoff’s
voltage law now gives the following governing equation

R
dq(t)
dt
− Qb − q(t)

Cb(t) + Qt + q(t)
Ct(t)

= Ψbat(t), (8.4)

q(0)
Ctot(0) = Ψbat(0), (8.5)

where with R = (RL +RF) we included an internal fluid resistance RF in the capacitor due to
viscous energy losses associated with ion currents within the fluid. Here, we also defined the
total capacitance as Ctot(t)−1 ≡ Cb(t)−1 + Ct(t)−1.

The work delivered to the load WL and average power 〈P 〉 performed during one oscillation
can be found by integrating the instantaneous power P (t) = RL (dq(t)/dt)2 over one oscillation
period T = 2πω−1,

WL = 〈P 〉T =
∫ T

0
dtP (t) =

∫ T

0
dtRL

(
dq(t)
dt

)2
. (8.6)

Interestingly, this is easily connected to thermodynamics, where delivered work is related to
areas enclosed by cycles in planes of conjugate thermodynamical variables. Rewriting the
integral in Eq. (8.6) as

∫ T
0 dt(..) =

∮
dq dtdq (..), we can split off the energy dissipated over the

internal droplet resistance RF and insert Kirchoff’s law in the remaining terms,

WL =
∮
dqΨbat −

∮
dqΨcap −

∮
dqRF

dq

dt
, (8.7)

≡ Wbat +Whar +Wlost. (8.8)
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The term Wlost represents viscous and/or Ohmic losses associated with the ion current within
the droplet, which in general will be small because for most systems RF � RL. The differential
of the free energy F (q, L, T ) of the system at fixed temperature T follows from the first law
as dF = −FdL+ Ψdq, with F the force between the plates. The last term is the electrostatic
work δW ≡ −Ψdq performed by the capacitor. We can thus interpret the work delivered to the
load as found in Eq. (8.7) as a combination of work performed by the battery Wbat, together
with energy harvested from the conversion of mechanical to electric energy Whar. It is the latter
term, and not the total dissipated energy over the load WL, that should be optimized for the
purpose of energy harvesting.

In the remainder of this chapter we study the steady-state solutions of Eq. (8.4) in three
specific cases: case 1 a constant bias potential Ψbat(t) = Ψ0 with vanishing fixed charges
Qb/t = 0 [220]; case 2 no external battery power, with fixed charges Qb/t 6= 0; and case 3 a
time-varying battery potential Ψbat(t) with vanishing fixed charges Qb/t = 0. When calculating
quantities with physical dimensions, we use the following values: RL = 106 Ω; a (Teflon)
dielectric coating of d = 400 nm and εd = 2.1; a (ionic) liquid droplet εl = 11, λD = 0.05 nm,
RF = 40 Ω, γlg = 72 mN m−1, and % = 0.997 g cm−3, such that lc = 2.7 mm [224]. Note
that, with λD smaller than typical ionic radii [226], electrostatic interactions beyond the mean-
field (cf. Eq. (2.20)) cannot be ignored in a reasonable description of the EDL in ionic liquids
[31, 88, 227]. However, the precise EDL structure is not important for the system of interest,
since the harmonic mean in Eq. (8.3) is always dominated by the capacitance of the dielectric
layer, d/εd � λD/εl. This inequality also holds for a waterlike droplet with a Debye length in the
nm regime (much lower salt concentration) and larger dielectric constant. Moreover, for these
parameters, Lippman corrections γeff = γlg − CΨ2

cap/2A to the contact angles can be ignored
[228, 229] provided that the bias voltage is smaller than Ψcap �

√
2AγlgC−1 ≈ 58 V. Even

though the EDL structure and electrowetting phenomena are of subdominant importance to
the capacitance at most parameter settings, some article titles could have caused unnecessary
confusion by suggesting the opposite. If we define capacity and capacitance analogously to
resistivity (intrinsic) and resistance (extensive), the essence of charging cycles is the variable
capacitance (∼ A), and not a varying capacity (∼ λ−1

D ) which “Electrical power generation by
mechanically modulating electrical double layers” [128] seems to imply. Ironically, even though
the title “Reverse electrowetting (REWOD) as a new approach to high-power energy harvesting”
suggests otherwise, the authors of Ref. [220] understood that “In the simplest approximation, we
can neglect the intricacy of the wetting-dewetting process associated with the motion of liquid
droplets during the REWOD process and treat each droplet simply as a variable capacitor.”

Using our Young-Laplace results, typical solutions to Eq. (8.4) in case 1 are displayed in the
plane of conjugate capacitor potential/charge variables (q,Ψcap) in Fig. 8.2(a). For L0/lc = 0.25
and ∆L/L0 = 0.2 we show cycles for three angular frequencies ωRC1 = 0.1, 1, 10 denoted with
A, B, and C, respectively. Here, the angular frequencies ω of the mechanical driving of L(t)
are made dimensionless with the average RC-time as defined by a generalized mean:

RCn =
[

1
T

∫ T

0
dt(RCtot)n

]1/n

. (8.9)
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Figure 8.2: (a) Parametric plot of a full cycle (case 1) in the capacitor potential/charge representation,
at average plate separation for L0/lc = 0.25, for three different driving frequencies ωRC1 =
0.1, 1, 10 (A, B, C) at oscillation amplitude ∆L/L0 = 0.2, and ωRC1 = 1 at ∆L/L0 = 0.4
(D). (b) Performed work WL at L0/lc = 0.25 for ∆L/L0 = 0.2, 0.4, 0.6, 0.8, 0.95 (from bottom
to top). The frequency domain was rescaled with RC1 (dotted) and RC4 (lines). The four
cycles A, B, C, and D of part (a) are also indicated in part (b).
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This definition with n = 1 was introduced in Ref. [128] and sets the typical response time of
the electronic system. Note that in this case Wbat = Ψ0

∮
dq = 0 and therefore drops out of

Eq. (8.7) such that WL = Whar in this case (this equality was also checked numerically). At
the low frequency of ωRC1 = 0.1 (cycle A) the electronic system is nearly relaxed throughout
the mechanical driving process, such that a small potential over the load only slightly affects
the potential over the capacitor with respect to the bias potential. Conversely, at the high
frequency ωRC1 = 10 (cycle C) when the electronic system cannot relax in response to the
mechanical driving, there is a large spread in capacitor potential, with high currents but little
charge is flowing between the capacitor plates. In between these eccentric frequencies lies an
optimal “resonance” frequency ωRC1 ∼ 1 (cycle B) for which the enclosed area in the Ψcap-q
representation is maximal. We furthermore show a cycle D at the resonance frequency but at
a larger plate amplitude ∆L/L0 = 0.4. This cycle clearly encloses more area and hence harvests
more energy. These conclusions are supported by Fig. 8.2(b) where we show the ω-dependence
of the work WL for a variety of amplitudes ∆L/L0, where ω is rescaled with RC1 (dotted)
and RC4 (full lines). Interestingly, this figure shows a remarkable resemblance to the Bode
magnitude plot of a traditional RC-circuit, especially for the generalized mean in Eq. (8.9) with
n = 4 (see also Fig. 8.5(a) in Appendix 8.A). The generalized mean with n = 1 performs well
for ∆L/L0 � 1, but deviates appreciably when this ratio becomes of order unity, where the
variance RC2

2 −RC
2
1 also increases significantly. From Fig. 8.2(b) we furthermore see that this

engine delivers more work for increasing ∆L/L0. In the limit ∆L/L0 → 1, the contact area
diverges when L(t)→ 0 during a part of the cycle, leading to high values (and variation) of the
capacitance.

In a setup with no external power source, Ψbat ≡ 0 (case 2), electrode-specific reactions of
the electrolyte absorbing to the plates can yet lead to net (equilibrium) charges Qb and Qt on
the plates [128]. The initial condition Eq. (8.5) reduces to the relation between the equilibrium
charges Qb/Cb(0) = Qt/Ct(0), which ensures that the Kirchoff law is satisfied in mechanical
equilibrium (no driving). We can thus rewrite Eq. (8.4) to

R
dq(t)
dt

+ q(t)
Ctot(t)

= Qb

( 1
Cb(t) −

Ct(0)
Cb(0)Ct(t)

)
. (8.10)

In the absence of an imposed bias potential, the r.h.s. of this equation, linear in the fixed
charge Qb, takes the role of an effective “time-varying voltage source”. To investigate the
relative contributions of both plates to the energy harvesting, in Fig. 8.3 we show the cyclic
charging state of each electrode separately: in (a) for a relatively small electrode separation
of L0 = 0.5lc, and in (b) for L0 = 0.9lc. In the absence of an external voltage source, the
variables are now made dimensionless with the initial charge on the bottom capacitor Qb (see
Appendix 8.B). In Eq. (8.7) we separate the contributions of each of the electrodes to find
(ignoring viscous losses over RF),

Whar =
∮

Ψbdq −
∮

Ψtdq. (8.11)

Figures 8.3(a) and (b) clearly show that the net charge is dominated by initial charges Qb/t �
|q(t)| ⇒ qb/t(t) ≈ Qb/t for this case, such that the potentials Ψb/t appearing in Eq. (8.11) have
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Figure 8.3: (a,b) Parametric plots in the potential/charge plane of the charging state of the oscillating
liquid bridges (case 2) for ∆L/lc = 0.05, f = 20 Hz, Rl = 30 MΩ, fixed charges density
σ ≡ Qb(0)/Ab(0) = 4.18 · 10−5 C m−2, with Ψb (dashed) and Ψt (lines). Increasing the plate
separation from L0 = 0.5lc (a) to L0 = 0.9lc (b) induces an effective pinning of the bottom plate
and narrows the area enclosed by the inner line. (c) L0 dependence of the performed work per
cycle at oscillation frequency f = 20 Hz and amplitudes ∆L/lc = 0.05, 0.1 (lines, dashed), for
asymmetric plates without bias voltage (case 2) for Rl = 30 MΩ (black) and symmetric plates
with bias voltage (case 1) and Rl = 1 MΩ (red).
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the same sign. An extra minus sign due to the anti-clockwise nature of the charging cycles in
the Ψcap-q representation leads to the conclusion that the bottom plate does negative work. It
then follows from Eq. (8.11) that the grey shaded area in Fig. 8.3(a) and (b) represents the
harvested work Whar. This is to be contrasted with case 1 for which qb/t(t) = ∓q(t) such that
both (comparable) contributions of the electrodes to the harvested work add up.

As was mentioned in Ref. [128], decreasing the average plate separation has an adverse effect
on the harvested work. Within our model this can be interpreted on the basis of the asymmetry
between bottom and top plate. This asymmetry, induced both by gravity and the different con-
tact angles, is stronger for larger electrode separations (Fig. 8.1(b)). At large plate separations
L ∼ lc small variations of L only affect the surface area of the hydrophobic top plate. The
bottom plate, subject to an “effective pinning”, has a (roughly) constant contact area hence
capacitance, and therefore the first term on the r.h.s. of Eq. (8.11) vanishes. Conversely, de-
creasing L0 will lift the asymmetry between the bottom and the top plate: the contact areas
will now be similarly affected by variation of L. The advent of variable capacitance on the
bottom plate is observed in Fig. 8.3(a) as the “opening up” of the white area enclosed by the
dashed line, when compared to Fig. 8.3(b) where the bottom electrode does not contribute.
Due to the relative minus sign in Eq. (8.11), the now finite contribution of the bottom plate
has a detrimental effect on the harvested power, which is seen in Fig. 8.3(a) as a decrease in
the grey shaded area. In Fig. 8.3(c) we summarize (on a log-scale that spans many decades)
the two opposing trends of decreasing/increasing work-output in case1/case2 upon increasing
the average spacing L0.

The introduction of a time-dependent bias potential Ψbat(t) (case 3) in principle could improve
the performance of the droplet engine, for example when the capacitor potential Ψcap is lowered
when the electrodes are charging and increased when electrodes discharge. Note that in this
case Eq. (8.7) picks up a finite contribution from the battery (

∮
dqΨbat 6= 0). We consider a

square-wave bias potential Ψbat(t) = Ψsq(t) ≡ Ψ0 + limξ→∞∆Ψ tanh (ξ sin (ωt+ δ)) (we use
ξ = 30), at the same angular frequency ω as the mechanical driving. The variable voltage
source Ψsq(t) is not only characterized by an average potential Ψ0 and an amplitude ∆Ψ, but
also by a phase difference δ between the imposed mechanical vibration L(t) and the applied
potential Ψbat(t), with respect to which we will optimize.

In Fig. 8.4(a) we show the steady state of the charging/discharging cycle of the capacitor in
the voltage/charge (Ψcap-q) representation for a set of frequencies ωRC1 = 0.01, 0.1, 1, 10, 100
(denoted with A-E), each evaluated at their respective δmax, the value of δ for which Whar

is maximized. The voltages are rescaled with the root-mean-square bias potential Ψ2
rms =

limT→∞
1
T

∫ T
0 Ψbat(t)2dt, which for square wave driving amounts to Ψrms =

√
Ψ2

0 + ∆Ψ2. Fig-
ure 8.4(a) shows a roughly constant enclosed area in A, B and C, i.e., for ωRC ≤ 1. Increasing
ωRC beyond unity (D and E) decreases the enclosed area, and hence decreases the harvested
work Whar. The inset of Fig. 8.4(a) shows that the phase shift δmax that maximizes Whar

at a given ω changes gradually from π/2 to π upon increasing ωRC1. This is qualitatively
similar to the standard (sinusoidally-driven) RC-circuit which shows an opposite −π/2 phase
shift between the load potential ΨL and Ψbat upon increasing the angular frequency (see Ap-
pendix 8.A). In the quasistatic ω → 0 limit where δmax = π/2, the capacitor goes through
four successive steps in which the droplet is compressed at low Ψcap, charged (quickly) at small
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Figure 8.4: (a) Charging cycles evaluated at their respective optimal phase differences δmax (inset) in the
potential/charge representation for the square wave bias potential (case 3), for ∆Ψ/Ψ0 = 0.1
at L0/lc = 0.25 and ∆L/lc = 0.05. We show ωRC1 = 0.01, 0.1, 1, 10, 100 (A-E). (b) The
cycle-averaged dimensionless harvested work as a function of ωRC1, for several ∆Ψ/Ψ0 =
0, 0.001, 0.01, 0.1, 1 (black, from bottom to top) and ∆Ψ/Ψ0 = 2 (green, dotted). Note that
∆Ψ/Ψ0 = 0 is case 1. Cycles A-E are indicated as dots on the dashed line. (c) The cycle-
averaged dimensionless power as a function of ωRC1 for the same parameters.
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plate separation separation L0 −∆L, stretched at high Ψcap, followed by a (quick) discharging
at maximal separation L0 + ∆L.

There is an interesting analogy to be drawn between this quasistatic cycle and those performed
by classic heat engines. The latter have an internal energy U(S, V ) whose differential reads
dU = T dS − pdV , in terms of the entropy S and volume V of a piston at pressure p. A
mapping of thermodynamic variables F ⇔ U , −F ⇔ T , L ⇔ S, Ψcap ⇔ −p and Q ⇔ V ,
very much in the spirit of Refs. [16, 112] where similar reasoning was employed to capacitive
mixing processes, shows that the charging cycle is thermodynamically equivalent to an adiabatic
compression-isobaric heating-adiabatic expansion-isobaric cooling “Brayton” cycle [230].

The frequency dependence of the harvested work per cycle is shown in Fig. 8.4(b) for several
∆Ψ/Ψ0. For all oscillation frequencies the introduction of the time-dependent bias poten-
tial notably increases the harvested work during a cycle. This effect is most dramatic at low
frequencies where square-wave driving results in a finite harvested work, contrary to the con-
stant Ψbat(t) = Ψ0 for which Whar vanishes for decreasing ω. This can also be observed from
Fig. 8.4(a), where the cycles A and B enclose a finite area in the potential/charge represen-
tation even though ωRC1 � 1. The square-wave driving then leads to an enclosed area of
trapezoidal shape, which can be expressed analytically in terms of the charging state Ψbat(q) at
the extremal points of each of the strokes (see Appendix 8.C). The resulting expression for the
work, Eq. (8.23), increases monotonic with ∆L/L0, and is maximal for ∆Ψ/Ψ0 = 1. Increasing
∆Ψ/Ψ0 beyond this value leads to a time interval during this cycle where V (t) is negative. The
engine delivers negative work in this time interval, because the path, that encloses a finite area
in the potential/charge representation reverses its order from anti-clockwise to clockwise. This
is supported by Fig. 8.4(b) where the green dotted line at ∆Ψ/Ψ0 = 2 achieves lower work for
all frequencies than the black line at ∆Ψ/Ψ0 = 1. As shown in Fig. 8.4(b), for high oscillation
frequencies the work delivered per cycle vanishes. However, the harvested power Phar ≡Whar/T

(Fig. 8.4(c)) reaches a maximum plateau value in this high-frequency regime. At low frequen-
cies, for which we saw a nonvanishing work output for the electrically driven (∆Ψ > 0) systems,
the delivered power per cycle decreases with a smaller slope than the ∆Ψ = 0 curve. For
typical parameters, L0 = 0.4 mm, and ∆L = 0.2 mm, the peak in performed work per cycle
at ωRC1 ∼ 1 corresponds to a frequency f ∼ 50 Hz. The plateau of the delivered power is
reached ωRC1 ∼ 10, corresponding to f ∼ 500 Hz, a frequency at which hydrodynamic effects
will undoubtedly be eminent [128]. Notice, however, that there are several ways to increase
ωRC1 without changing f . Instead of considering a single droplet, using an array of droplets
would increase RC1. Moreover, using a larger resistance, or using large amplitude oscillations
∆L/L0 → 1 similarly increases RC1.

8.4 Conclusion

In conclusion, as a first step towards a more realistic treatment of the capacitance of oscillating
electrode plates, we determined the droplet profiles of liquid bridges by numerically solving
the Young-Laplace equation. In this chapter we furthermore showed that the area enclosed in
the voltage/charge (Ψcap-q) representation during the steady state of the charging-discharging
cycle equals the work harvested by the engine. This gives a graphical interpretation to work
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maximization, where the optimal operating regime of the engine is characterized by the largest
enclosed areas in this representation.

Varying the average plate separation we found two opposing trends: the engine without
external battery power [128, 224] thrives at large average plate separation, to be contrasted with
the externally-driven droplet engine of Ref. [220] which thrives at small average plate separation.
We found that both engines benefit from a large oscillation amplitude, in accordance with
the experimental findings of Refs. [128, 224]. Explicitly treating surface roughness, to impose
pinning of the contact line, is apparently nonessential, since the symmetry between top and
bottom electrode can also be broken by gravity and different contact angles rather than different
surface heterogeneities. However, further work could still include a more systematic treatment
of these heterogeneities, to investigate for example the slipping of the contact line. Also, the
onset of hydrodynamic effects at high frequency oscillations remains poorly understood.

Our main finding however is that the work and power output of the engine benefit substan-
tially from imposing a time-dependent bias potential. More specifically, a square-wave battery
driving, with an appropriate phase shift with respect to the mechanical driving, leads to quan-
titative enhancement (by a factor of order 2-5) at high oscillation frequencies, and even to a
qualitative enhancement (by several orders of magnitude) at low frequencies, with a nonvan-
ishing work output in this low-frequency regime. We found that a sinusoidal applied potential
leads to similar conclusions. Moreover, an optimum was found at ∆Ψ/Ψ0 = 1, an analytic
result that is supported by numerics. We hope that this inspires new experiments to further
explore the enhanced conversion of vibrational energy into electric work by a suitably tuned
driving.
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8.A Appendix: Traditional RC-circuit

For comparison, we quickly recap some elementary results for traditional RC-circuits. The
formal solution to Eq. (8.4) reads

q(t) = q0 exp
[
−
∫ t

0
dt′

1
RCtot(t′)

]
+ exp

[
−
∫ t

0
dt′

1
RCtot(t′)

] ∫ t

0
dt′

Ψbat(t′)
R

exp
[∫ t′

0
dt′′

1
RCtot(t′′)

]
, (8.12)

with q0 ≡ q(0), which can for instance be found with variation of constants. A traditional
RC-circuit has a constant capacitance Ctot(t) = C, such that Eq. (8.4) becomes a first order
linear time-invariant theory, for which Eq. (8.12) simplifies to the well-known expression

q(t) = q0 exp
[
− t

RC

]
+
∫ t

0
dt′

Ψbat(t′)
R

exp
[
t′ − t
RC

]
. (8.13)
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Figure 8.5: (a) The work and power performed over a load resistor in a traditional RC-circuit. (b) The
charging cycle A of Fig. 8.4 with ωRC1 = 0.01. For a quasistatic cycle with ωRC1 → 0, the
state-points 1-4 are defined as the corners of the trapezoid.

In the case of a sinusoidal driving Ψbat(t) = Ψ0 sinωt, we then find the potential over the load

ΨL = RCiω

1 +RCiω
Ψ0. (8.14)

The phase angle between ΨL and Ψ0 amounts to φL = tan−1 (1/ωRC), from which we see that
that there is a π/2 phase shift when increasing ω from ω → 0 (φL = π/2) to ω →∞ (φL = 0).
In Fig. 8.5(a) we show the power P = |ΨL|2/R dissipated over the resistor and relatedly, the
energy W = P · T dissipated over the load during one cycle. The power drops to its half-value
at the cut-off angular frequency ωRC = 1. Relatedly, the work is seen to have a maximum
W (ω = 1/RC) = CΨ2

0/2 located at the same frequency.

Variable capacitance RC-circuit

The analytic solution Krupenkin and Taylor present (in the supplemental material of Ref. [220])
for the case of constant potential Ψbat(t) = Ψ0 with a sinusoidally varying capacitance Cb/t(t) =
C0(1 + cosωt), can be found by plugging in into Eq. (8.12). However, for the liquid bridge
engine we are interested in, this expression for the capacitance is not correct since a vanishing
capacitance would imply a broken bridge.

8.B Appendix: Dimensionless equations

The Kirchoff equation Eq. (8.4) is brought in dimensionless form by writing q(t) = q̂(t̂)Ψ0C0,
t = t̂ω−1, Cb/t(t) = Cb/t(0)Ĉb/t(t) and Ctot = C0Ĉtot, and Ψbat(t) = Ψ0Ψ̂bat(t). The choice
of C0 ≡ Ctot(0) fixes Ĉ−1

tot = Ĉ−1
b (1 + Cb(0)/Ct(0))−1 + Ĉ−1

t (1 + Ct(0)/Cb(0))−1. Defining
α = ωRC0, the Kirchoff equation reads

α
dq̂(t)
dt̂

+ q̂(t̂)
Ĉtot(t̂)

= Ψ̂bat(t), (8.15)

q̂(0) = 1. (8.16)
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The energy harvested over the load, written in terms of the dimensionless variables, reads

WL =
∫ t̂(T )

0
dt̂
dq̂(t̂)
dt̂

(Ψ̂bat(t)−
q̂(t̂)
Ĉtot

)Ψ2
0C0. (8.17)

In a setup without external power source (case 2 ), the natural voltage scale is set by Qb/Cb(0).
The Kirchoff equation (8.4) is brought in dimensionless form by writing q(t) = q̂(t̂)Qb, t = t̂ω−1,
Ctot = C0Ĉtot, and Cb/t(t) = Cb/t(0)Ĉb/t(t) which gives

α
dq̂(t̂)
dt̂

+ q̂(t̂)
Ĉtot(t̂)

= C0
Cb(0)

(
1

Ĉb(t̂)
− 1
Ĉt(t̂)

)
. (8.18)

8.C Appendix: Static limit of square wave driving

For low frequencies ωRC → 0, square wave driving of the battery leads to a charging cycle
1-2-3-4 of trapezoidal shape (Fig. 8.5(b)) in the potential/charge representation. The harvested
work during this cycle amounts to

Wω→0 = ((Q2 −Q1) + (Q3 −Q4)) ∆Ψ. (8.19)

The charges can be expressed as Q1 = ΨlCl, Q2 = ΨlCh, Q3 = ΨhCh, and Q4 = ΨhCh, where
the subscripts l and h stand for low and high, respectively. Combining gives

Wω→0 = (Ψl (Ch − Cl) + Ψh (Ch − Cl)) ∆Ψ. (8.20)

With ∆C ≡ Ch − Cl, Ψl = Ψ0 − ∆Ψ, and Ψh = Ψ0 + ∆Ψ, we find Wω→0 = 2∆CΨ0∆Ψ.
Normalizing this to C0Ψ2

rms gives

Wω→0
C0Ψ2

rms
= 2∆C

C0

∆Ψ
Ψ0

1 +
(

∆Ψ
Ψ0

)2 , (8.21)

which is maximal at ∆Ψ/Ψ0 = 1. For L� lc we can use that A ∼ 1/L together with Eq. (8.3)
to find

∆C
C0

= 2
∆L
L0

1−
(

∆L
L0

)2 , (8.22)

which gives the final result

Wω→0
C0Ψ2

rms
= 4

∆L
L0

1−
(

∆L
L0

)2

∆Ψ
Ψ0

1 +
(

∆Ψ
Ψ0

)2 . (8.23)
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[43] H. Löwen, P. A. Madden, and J.-P. Hansen, Phys. Rev. Lett. 68, 1081 (1992).
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[129] C. Péan, C. Merlet, B. Rotenberg, P. A. Madden, P.-L. Taberna, B. Daffos, M. Salanne,

and P. Simon, ACS Nano 8, 1576 (2014).
[130] S.-i. Jeon, H.-r. Park, J.-g. Yeo, S. Yang, C. H. Cho, M. H. Han, and D. K. Kim, Energy

Environ. Sci. 6, 1471 (2013).
[131] S. Porada, D. Weingarth, H. V. M. Hamelers, M. Bryjak, V. Presser, and P. M. Biesheuvel,

J. Mater. Chem. A 2, 9313 (2014).
[132] R. Roth, R. Evans, A. Lang, and G. Kahl, J. Phys. Condens. Matter 14, 12063 (2002).
[133] P. Tarazona, Phys. Rev. Lett. 84, 694 (2000).
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Samenvatting

De ontwikkeling van de stoommachine was één van de aanjagers van de industriële revolutie,
maar vormde tevens de inspiratie voor de ontwikkeling van een van de meest diepgewortelde
theorieën van de natuurkunde: thermodynamica. Waar deze theorie zich in eerste instantie
vooral bezighield met de beschrijving van warmtemotoren en het verbeteren van de efficiëntie
daarvan, bleek later een veel bredere toepasbaarheid. In dit proefschrift wordt de klassieke ther-
modynamica van warmtemotoren veelvuldig als inspiratiebron gebruikt voor de beschrijving en
toepassing van zogenaamde elektrochemische dubbellaagcondensatoren. Deze condensatoren,
gebouwd met nanoporeuze koolstofelektroden, kunnen ladings-/ontladingscycli doorlopen die
het elektrochemische analogon vormen van de expansie-/compressiecycli van warmtemotoren.
Door tijdens een ladingscyclus de capaciteit van de condensator te variëren kan energie opgewekt
worden uit verschillende bronnen die ook in Nederland overvloedig aanwezig zijn. Zowel ther-
mische restwarmte uit industriële installaties als ‘blauwe’ energie uit het mengen van rivier- en
zeewater kunnen zo omgezet worden in elektrische energie.

De ladingscyclus van een plaatcondensator

Het principe van deze energieopwekking is inzichtelijk te maken met een ladingscyclus van een
condensator waarvan de plaatafstand door mechanische trillingen gevarieerd wordt. In het
simpelste geval bestaat zo’n condensator uit twee parallelle geleidende platen met een luchtlaag
van dikte d ertussen. De verhouding tussen de potentiaal Ψ (in volt) over de platen en de
ladingen Q en −Q (in coulomb) op de platen wordt gekarakteriseerd door de capaciteit C ≡
Q/Ψ. Voor de plaatcondensator geldt dat deze capaciteit omgekeerd evenredig schaalt met
de plaatafstand: C ∼ 1/d. Beschouw nu de ladingscyclus ABCA (Fig. S1(a)). We verbinden
een initieel ongeladen condensator met een hoge capaciteit Choog met een batterij totdat de
lading op de condensator platen Q en −Q bedraagt (AB). De batterij levert hierbij een energie
Elaag = Q2/(2Choog). Door bij vaste lading op de platen de plaatafstand te vergroten, verlagen
we vervolgens de capaciteit tot Claag; de potentiaal schiet omhoog (BC) en de energie van de
condensator neemt toe tot Ehoog = Q2/(2Claag). Tijdens het ontladen van de condensator
wordt deze elektrische energie gewonnen. Zodra de condensator ongeladen is, verkleinen we
de plaatafstand en keren we terug in de begintoestand A. De essentie van deze cyclus is dat
een mechanische stimulus de capaciteit op een dusdanige wijze varieert, dat meer elektrische
energie gewonnen wordt tijdens het ontladen dan geïnvesteerd wordt tijdens het opladen door de
batterij: mechanische energie is omgezet in elektrische energie. Voor praktische toepassingen
levert deze condensator echter te weinig vermogen. Dit kan worden verbeterd door kleine
vloeistofdruppels tussen de condensatorplaten te injecteren (zie hoofdstuk 8). Het opladen van
onze draagbare elektronica tijdens een rondje joggen komt op die manier binnen handbereik.
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Figuur S1: (a) De ladingscyclus ABCA van een plaatcondensator, weergegeven in de potentiaal/lading (Ψ-Q)
representatie. (b) De Stirlingcyclus van een warmtemachine, weergegeven in druk/volume (p-V )
representatie.

Thermodynamica

De condensatorcyclus vertoont een verbazingwekkende gelijkenis met de cycli van ‘klassieke’
warmtemachines. In zulke machines wordt een met gas gevulde cilinder steeds samengedrukt
en geëxpandeerd in afwisselend thermisch contact met twee warmtebaden van ongelijke tem-
peratuur. Figuur S1(b) toont een zogenaamde Stirlingcyclus in de p− V representatie, waarbij
p de gasdruk is en V het volume van de cilinder. Tijdens deze cyclus wordt de temperatuur
van het gas tussen de expansie- en compressieslagen veranderd door het (bij vast volume) in
thermisch contact te brengen met het warmtebad van de gewenste andere temperatuur. De
warmtemachine levert netto mechanische arbeid omdat de compressiestap bij lage temperatuur
minder energie kost dan wat er gewonnen wordt tijdens de expansiestap bij hoge temperatuur.
Uit de eerste hoofdwet van de thermodynamica volgt dat de oppervlakte die wordt ingesloten
door de cyclus (Fig. S1(b)) weergeeft hoeveel warmte in mechanische arbeid is omgezet. De
warmtestroom die spontaan op gang komt wanneer de twee warmtebaden in thermisch contact
worden gebracht, wordt door de warmtemachine onderschept en gecontroleerd uitgevoerd.

Net zoals als de thermodynamische druk- en volumevariabelen, verschijnen elektrische span-
ning en lading paarsgewijs in de eerste hoofdwet van de thermodynamica. De thermodynamische
beschrijving van de ladingscyclus van de plaatcondensator gaat dan ook analoog: het oppervlak
ingesloten door cyclus ABCA (Fig. S1(a)) is gelijk aan de elektrische energie die geoogst is.
Om expliciete uitdrukkingen te vinden voor de verrichte arbeid, is een toestandsvergelijking
vereist. In het geval van de warmtemachine is dat de relatie tussen de druk, het volume en
de temperatuur, in het geval van de plaatcondensator is dat de relatie tussen de potentiaal en
de lading voor gegeven plaatafstand: de capaciteit. De condensatoren beschreven in dit proef-
schrift zijn niet de met lucht gevulde plaatcondensatoren, maar nanoporeuze elektroden die zijn
ondergedompeld in zoutoplossingen.

De elektrochemische dubbellaag

Zodra een elektrode die in contact staat met een zoutoplossing onder spanning wordt gezet,
zal een elektrisch veld de geladen ionen in beweging brengen. Dit proces stopt zodra de lad-
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Figuur S2: (a) Twee tegengesteld geladen elektroden in een zoutoplossing vormen dubbellagen aan het op-
pervlak van de poreuze koolstof. (b) Iondichtheidsprofielen loodrecht op het positief geladen
koolstofoppervlak (op z = 0) van een acht nanometer wijde porie laten een verhoogde relatieve
dichtheid ρ−/ρs van negatieve ionen aan het oppervlak zien. Lijnen in verschillende kleuren zijn
voorspellingen van verschillende modellen. Dichtheidsfunctionaaltheorieën (zwart en rood) komen
het best overeen met simulaties (stippen) en vertonen twee dichtheidspieken, wat duidt op een
gelaagde stapeling van ionen.

ing op het oppervlak van de elektrode volledig is afgeschermd door ionen van tegengestelde
lading. De gevormde dubbellaag van ionen in de oplossing en elektronen op de plaat is in
feite een plaatcondensator met microscopische afmetingen. De effectieve ‘plaatafstand’ van
deze dubbellaag is echter groter dan de ionstraal. Door de aanwezige thermische energie zit
de laag ionen niet volledig tegen de elektrode vastgeplakt, maar heeft de eigenlijke dubbel-
laag een meer geleidelijk verloop. De capaciteit schaalt nu met de typische lengteschaal λD

als C ∼ 1/λD. Deze lengteschaal, vernoemd naar de Nederlands-Amerikaanse fysisch chemicus
Peter Debye, is afhankelijk van de zoutconcentratie en neemt voor natriumchloride in water
waarden aan tussen 1 ångström (bijna verzadigd) en 1 micrometer (gedemineraliseerd water).
Onderzoek naar nieuwe materialen heeft geleid tot de ontwikkeling van poreuze elektroden
die een gigantisch intern oppervlak bevatten. Poreuze koolstof bijvoorbeeld, koppelt een hoog
geleidingsvermogen aan een oppervlak van meer dan 1000 vierkante meter per gram.

Zodra de koolstof, ondergedompeld in een zoutoplossing, als elektrode wordt gebruikt in een
elektrische schakeling, zal de dubbellaag overal aan het interne oppervlak vormen (Fig. S2(a)).
De kleinste poriën van de elektrode, typisch slechts één nanometer wijd, vullen zich daarbij
met ionen die, omringd door een wolk gepolariseerde watermoleculen, al snel een effectieve
diameter van een halve nanometer hebben. Wat resulteert is een gecombineerd pakkings- en
elektrostaticaprobleem. In hoofdstuk 2 en 3 worden hiervoor verschillende modellen bespro-
ken: van klassieke dubbellaag theorieën die ionen als puntladingen beschouwen, tot moderne
dichtheidsfunctionaaltheorieën. Typische resulterende iondichtheidsprofielen van deze theoriën
zijn in Fig. S2(b) weergegeven met verschillende lijnen, die vergeleken kunnen worden met de
zwarte punten die volgen uit simulaties. Hoewel deze dichtheidsprofielen sterk verschillen, blijkt
de zoutconcentratieafhankelijkheid van de capaciteit kwalitatief vergelijkbaar voor de verschil-
lende dubbellaagmodellen (Fig. 3.3(c)). De capaciteit kan daarom zodanig gevarieerd worden
dat tijdens een ladingscyclus van de elektroden energie opgewekt wordt uit twee reservoirs met
ongelijke zoutconcentraties. Op een soortgelijke wijze waarop een warmtemachine mechanische
energie opwekt door het onderscheppen van een spontane warmtestroom, wordt dan elektrische
energie opgewekt uit het nabootsen van de spontane deeltjesstroom die op gang komt wanneer
de twee reservoirs worden samengebracht.
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Blauwe energie

Waar rivieren de zee in stromen vindt zo’n spontaan proces plaats. Wanneer een liter rivierwa-
ter mengt met een overvloed aan zeewater neemt de ionentropie toe. De vrije energie van dit
water neemt hierdoor af met twee kilojoule, wat equivalent is aan de potentiële energie afname
van water dat van een tweehonderd meter hoge waterval af valt. De energie die geoogst kan wor-
den door dit mengproces gecontroleerd uit te voeren, wordt ook wel ‘blauwe’ energie genoemd.
Dat deze energie opgewekt kan worden met behulp van membranen was al langer bekend. In
eerder werk werd het osmotische drukverschil tussen twee oplossingen omgezet in een mecha-
nisch drukverschil (in het geval van waterdoorlatende membranen), of in twee tegenovergestelde
ionstromen (in het geval van een schakeling van iondoorlatende membranen). Recentelijk werd
aangetoond dat blauwe energie ook opgewekt kan worden met de ladingscyclus van in water
gedompelde koolstofelektroden [15]. Tijdens de ladingscyclus ABCDA (Fig. S3(a)), worden
de elektroden achtereenvolgens opgeladen in zeewater (AB), gespoeld met rivierwater (BC),
ontladen in contact met rivierwater (CD) en vervolgens gespoeld met zeewater (DA). Tijdens
de spoelstappen verandert de Debyelengte en daarmee de capaciteit van de elektroden. Hier-
door levert de batterij tijdens het laden bij hoge zoutconcencentratie minder energie dan de
hoeveelheid die tijdens het ontladen bij lage zoutconcentratie in een andere batterij opgeslagen
kan worden. Het energieverschil, het oppervlak ingesloten door ABCDA, is de netto blauwe
energie die gewonnen wordt tijdens een cyclus. De elektroden fungeren hierbij in feite als een
stofzuiger die ionen uit de zee opzuigt en loslaat in de rivier.1 Omdat de geoogste energie
schaalt met het aantal ionen dat op deze manier wordt overgebracht, zijn de koolstofelektroden
een uitstekende keuze. Door het gigantische oppervlak worden grote hoeveelheden ionen in de
dubbellagen opgevangen en losgelaten. Hoewel deze techniek nog in de kinderschoenen staat,
hebben kleinschalige experimenten het principe en potentieel van deze ladingscyclus bevestigd.
De poreuze koolstofelektroden vormen daarmee een goedkoop en veelbelovend alternatief voor
de reeds verder ontwikkelde technieken gebaseerd op (duurdere) membranen.

(B)lauwe energie

Uit modelberekingen blijkt dat de capaciteit van de elektrochemische dubbellaagcondensatoren
naast de zoutconcentratie ook afhankelijk is van de watertemperatuur (hoofdstuk 4). Bij een
hogere temperatuur zijn de ionen in de dubbellaag beweeglijker en blijkt er een hogere potentiaal
nodig om eenzelfde plaatlading af te schermen. Deze temperatuursafhankelijkheid werd ook ex-
perimenteel bevestigd (hoofdstuk 7). De watertemperatuur presenteert zich daarmee, naast
de zoutconcentratie, als een nieuwe thermodynamische ‘knop’ waaraan gedraaid kan worden
ter vergroting van de geleverde arbeid in een ladingscyclus. Door de elektroden te ontladen
in warmer rivierwater vindt de stap CD bij een hogere potentiaal plaats (Fig. S3(a), rode en
gele stippellijnen). Bij een maximaal temperatuurverschil van 100◦C tussen zee- en rivierwater
wordt daarmee drie keer zoveel oppervlak ingesloten en dus drie keer zoveel arbeid geleverd.
Het water opwarmen met fossiele brandstoffen is niet nodig. Met deze techniek, bevestigd in
1 Net zoals een warmtemachine die een omgekeerde cyclus doorloopt fungeert als een koelkast, kan een omge-

keerde blauwe machine voor efficiënte ontzilting van water worden ingezet.
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Figuur S3: (a) De ladingscyclus ABCDA van een blauwe machine in termen van de potentiaal Ψ en lad-
ingdichtheid Q/A (in eenheden van elektronladingen per vierkante nanometer) met A het interne
oppervlak van de elektroden. Bij toenemende rivierwatertemperatuur (stippellijnen) neemt de
geleverde arbeid tot een factor drie toe. (b) De ladingscyclus van een condensatorwarmtemachine.
De foto toont de supercondensator ondergedompeld in een warmtebad.

experimenten [123], kan namelijk een nuttige besteding gevonden worden voor de restwarmte
beschikbaar uit industrie en datacenters. In feite combineren we hiermee twee energiebron-
nen: een verschil in zoutconcentratie en een verschil in watertemperatuur. Het effect van
temperatuur op de capaciteit van een condensator kan echter ook afzonderlijk benut worden.
Het gebruikte zout (NaCl) en oplosmiddel (water) zijn daarbij niet essentieel; een soortgelijke
toename van de potentiaal bij toenemende omgevingstemperatuur is ook gezien voor een com-
mercieel verkrijgbare ‘supercondensator’ gevuld met een ander zout in acetonitril (hoofdstuk
6). Door een lading-/opwarming-/ontlading-/afkoelingscyclus (Fig. S3(b)) uit te voeren wordt
deze nanoporeuze dubbellaagcondensator een ‘condensatorwarmtemachine’ – de elektrochemis-
che tegenhanger van de eerder besproken klassieke warmtemachines – die elektrische energie wint
uit een temperatuursverschil. Met modelberekingen onderzochten wij de hoeveelheid energie
die daarbij gewonnen kan worden, en de efficiëntie waarmee dat gebeurt (hoofdstuk 6).

Optimale efficiëntie

De cyclus in Fig. S3(b) bevat stappen waarin de condensator wordt opgewarmd in het warmte-
bad op hoge temperatuur en afgekoeld in het warmtebad op lage temperatuur. Een deel van de
netto warmtestroom tussen deze twee baden staat dus niet ter beschikking voor energieconversie,
maar heeft als enige doel de condensator op te warmen en af te koelen. Hetzelfde geldt overigens
voor de opwarming en afkoeling tijdens de Stirlingcyclus van Fig. S1(b). Voor klassieke warmte-
motoren is het echter bekend dat de suboptimale efficiëntie van de Stirlingcyclus verbeterd kan
worden. Een gas dat snel uitzet koelt af (denk aan een deodorant spray); voor snelle compressie
geldt het omgekeerde. Door zogenaamde adiabatische compressie en expansie kan het gas in een
warmtemotor dus opgewarmd en afgekoeld worden zonder bijkomende warmtestroom. In 1824
bewees Sadi Carnot dat een cyclus met deze adiabatische stappen de theoretisch hoogst mogelijk
efficiëntie bereikt. Voor de dubbellaagcondensatoren blijkt eenzelfde verbetering mogelijk. Net
zoals de temperatuur van een gas verandert door een snelle verandering van het volume, kan
de temperatuur van een thermisch gëısoleerde dubbellaagcondensator gevarieërd worden door
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adiabatisch op- of ontladen. De (geringe) grootte van dit adiabatische temperatuureffect volgt
uit een thermodynamische identiteit die wij in hoofdstuk 4 afleidden en in hoofdstuk 5 verder
bestudeerden. Uit deze identiteit wordt meteen duidelijk waarom het adiabatische temperatu-
ureffect pas recentelijk experimenteel gevonden werd: het schaalt omgekeerd evenredig met de
dikte van de poriën in de elektroden. Voor een waarneembare temperatuurverandering dienen
de poriën erg klein te zijn, wat pas mogelijk werd door de ontwikkeling van de nanoporeuze
koolstof. De cyclus van Fig. S3(b) kan dus veranderd worden in een cyclus met adiabatische
koeling en opwarming, die (per definitie) Carnot efficiëntie bereikt. Echter, deze cyclus zal pas
praktisch interessant worden wanneer de haalbare adiabatische temperatuurrespons vergroot is.
Om dat te bereiken zal de poriegrootte nog verder omlaag moeten.

Slotwoord

De ontwikkeling van de thermodynamica werd voortgestuwd door de zoektocht naar efficiëntere
warmtemachines. Op een soortgelijke wijze vraagt de voortgang in de bouw van nanoporeuze
koolstofelektroden om een fundamenteel begrip van de elektrochemische dubbellaag op de
nanoschaal. Met modelberekeningen toonden wij een duidelijke zoutconcentratie- en temperatu-
urafhankelijkheid aan in de dubbellaagcapaciteit van elektroden van poreuze koolstof, die ook
kwalitatief bevestigd wordt in experimenten. Met ladingscycli kunnen deze elektroden daarom
energie winnen uit zowel temperatuurs- als zoutconcentratieverschillen. Door de lage kosten
van koolstof zijn de voorgestelde machines aantrekkelijke kandidaten om een bijdrage te leveren
aan energieopwekking uit overvloedig beschikbare duurzame bronnen.
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Het plezier om theoretische ideeën tot leven te zien komen in een experimentele opstelling was
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