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Chapter 1

Introduction

1.1 Background

Groundwater is the water occurring in underground porous rocks or strata also
referred to as aquifers. The amount of freshwater found in the aquifers is far
more greater than that in surface water bodies such as rivers and lakes, making
it a crucial source of drinking water. While most groundwater is of good quality,
like any other freshwater resource it is vulnerable to pollution. Pollutants on the
ground surface can leak through the soil and rocks into the aquifers. Once a con-
taminant reaches the aquifer its impact will depend on a number of factors, such
as the type of pollutant, the distance between the point of contamination and the
point at which groundwater is extracted by e.g., a pumping well, or reaches the
surface again. Some contaminants can naturally degrade, others are of persistent
nature and have to be separated from the water before it can be used. Ground-
water ’plumes’ are a manifestation of this type of contamination. Figure 1.1 is
a schematics of a drinking water supply reached by a groundwater contaminant
plume.

In the last decade, extensive scientific research has been carried out to gain a
better understating of the biochemical and hydrological processes that control the
evolution of a contaminant plume. A special focus has been placed on studying
whether a plume can be remediated or attenuated by naturally-occurring pro-
cesses. This type of ’in-situ’ remediation relies on the combined ability of physical
and biochemical processes in the aquifer to degrade the contaminant over a cer-
tain period of time. By monitoring the groundwater remediation and predicting its
long-term behaviour, natural attenuation has become a (risk-based) remediation
strategy in its on right. When this type of remediation strategy involves the injec-
tion or emplacement of particular micro-organisms (i.e., bacteria) or chemicals into
the aquifer, the term ’enhanced’ natural attenuation is often used. However, in
order to implement such remediation strategies, the risks involved have to be quan-
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tified. A better quantification of this risk (and uncertainty) can only be achieved
through a thorough understanding of the fundamental processes governing natural
attenuation.

source
drinking water well

aquifer

water table

contaminant plume

confining layer

Figure 1.1: Schematics of a contaminant plume reaching a drinking water well.

Another type of groundwater pollution concern comes from the intrusion of
saltwater into freshwater aquifers. This environmental issue is usually found in
coastal aquifers where there is a natural boundary at which saline and freshwater
meet. When freshwater is pumped, this interface moves inwards and saltwater
is brought further into the aquifer. This situation can also happen inland when
groundwater abstraction by wells causes saltwater to be drawn up from deeper
aquifers containing brackish water (salt upconing). A schematics of this scenario
is shown in Figure 1.2. If intrusion of saltwater becomes significant, the quality of
the water quickly deteriorates making it no longer amenable for drinking purposes.
Although seawater intrusion is a common contamination problem in coastal areas,
in semi-arid and arid zones where water resources are scarce, its impact can be
of larger magnitudes. Especially, if dense population and economical development
are coupled with intense exploitation of groundwater. The dynamics of the con-
tact zone between salt and fresh waters plays a crucial role in understanding and
tackling practical seawater intrusion problems. An important characteristic is the
existence of density differences. While the density of seawater ranges between 1020
and 1030 kg/m3, brine densities can easily exceed 1200 kg/m3 when they occur
in deep formations. The existence of such high salt concentrations give rise to
large concentration gradients within the usually narrow interface. This zone can
be considered as a sharp interface (i.e., salt and fresh waters do not mix) or as a
dispersive mixing zone.

The assumption of a sharp interface has enabled the derivation of rather sim-
ple analytical and numerical solutions to characterise this zone. For instance,
the well-known Ghyben−Herzberg relationship, which relates the elevation of the
groundwater table to the elevation of the saltwater-freshwater interface assuming a
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interface
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confining layer

Figure 1.2: Schematics of saltwater upconing beneath a drinking water well.

hydrostatic equilibrium. However, assuming a dispersive mixing zone seems a more
realistic attribute especially if a better assessment of the salt concentration distri-
bution in the aquifer is desired. For this assumption, the effects of density differ-
ences and density-induced flows have to be taken into account. Density-dependent
dynamics are also relevant in other practical applications like thermally-induced
flow in deep geothermal energy systems, nuclear waste disposal facilities, and oil
recovery processes. Due to this practical importance, density-dependent trans-
port has received increased attention over the last years, aimed at better ways to
model flow and transport processes and a better understanding of the controlling
mechanisms.

1.1.1 Transverse dispersion

A common factor in the examples of natural attenuation of contaminant plumes
and seawater intrusion is the key role that hydrodynamic dispersion processes
play. In particular, dispersion occurring perpendicular to the main transport di-
rection, or transverse dispersion. Hydrodynamic dispersion is a transport mech-
anism by which fluid particles entering into the aquifer are spread, occupying an
ever-increasing volume as they at transported downgradient. This latter is the
result of two fundamental processes: molecular diffusion and mechanical disper-
sion. Molecular diffusion is driven by the existence of a concentration gradient,
i.e., fluid particles move from high-concentration areas to low-concentration areas.
The rate at which particles diffuse depends on the physical and chemical proper-
ties of the fluid. In contrast, mechanical dispersion is dependent on the structure
of the porous medium. Aspects that influence transverse dispersion processes in
porous media are the main focus of investigation in this thesis.

5



1.2 Outline and Objectives of the Thesis

This thesis consists of eight chapters and it is organised as follows: Chapter 2
gives an introduction to the main governing equations of flow and transport in
porous media. The topic of hydrodynamic dispersion is discussed from the con-
ceptual and theoretical point of view. Chapter 3 consists of an overview to the
subject of density-dependent dispersion. Previous experimental and theoretical
findings reported in the literature for longitudinal and transverse dispersion are
presented. Chapter 4 presents an experimental study on transverse dispersion
processes. For this purpose, a series of horizontal miscible-displacement experi-
ments are carried out in a two-dimensional flow-through tank. The effects of fluid
velocity and density differences on the transverse dispersion coefficient are sys-
tematically studied. In Chapter 5 the experimental results are compared with
numerical simulations and with theoretical predictions from two different density-
dependent mathematical models. The aim is to gain a better understanding of the
mechanics of transverse dispersion under high-concentration gradient conditions,
typically encountered in seawater intrusion problems.

The second part of this thesis deals with the interaction between transverse
dispersion and reactions. These two processes are regarded as competing with
each other, i.e, dispersion promoting spreading and dilution, and reaction pre-
venting further dispersion by consuming the fluid. In Chapter 6 a methodology
is presented to model analytically the combined effects of reaction and transport.
A numerical validation of this method is carried out. As direct application, the
behaviour of groundwater contaminant plumes under naturally attenuating con-
ditions is studied. An explicit expression is derived for the steady state size of
the plume. The relevance of transverse dispersion in controlling the plume extent
is determined. In Chapter 7 the same mathematical approach to account for
transport and reaction is again employed. However, here the focus is to relate the
size of the reactive mixing zone to the transverse dispersion coefficient and hence
transverse dispersivity. Highly-resolved vertical concentration profiles are used
to estimate the transverse dispersivity and then compared to previously-reported
values for the same field-problem. Chapter 8 summarises the thesis.
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Chapter 2

Dispersion in porous media:
basic equations and
description

In this Chapter the basic equations governing the flow and transport of solutes
in porous media are presented. Next, the topic of dispersion in porous media
is introduced, with a particular emphasis on transverse dispersion mechanisms.
Theoretical models as well as literature data are reviewed.

2.1 Basic Equations

In this thesis, three different transport system in homogeneous porous media are
considered: transport of non-reactive tracer, transport of brine, and reactive trans-
port. The systems are ’binary system’, i.e., a resident fluid (e.g., fresh water) and
an invading fluid that contains a dissolved solute (e.g., salt). Non-reactive tracer
transport occurs when the invading fluid contains dissolved matter in small quanti-
ties such that the density and viscosity are equal to that of the ambient fluid. Brine
transport occurs when the invading fluid is a highly-concentrated salt (e..g, NaCl)
solution such that density and viscosity are no longer the same as the resident
fluid. When the tracer is no longer passive and is affected by chemical reactions,
effects of destruction (or creation) of the tracer have to be imposed on transport.
The main equations governing these systems are those of balance of mass and
momentum.
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8 CHAPTER 2. DISPERSION IN POROUS MEDIA

2.1.1 Mass balance of the fluid and solute

The mass balance equation of the fluid in a non-deformable porous medium (i.e.,
constant porosity) reads

n
∂ρ

∂t
+∇ · (ρq) = 0, (2.1)

where n is the porosity of the medium, ρ is the density of the fluid, and q is the
Darcy velocity vector or specific discharge.
If the fluid is assumed incompressible (i.e., no volume effects), it can be assumed
that (∇ρ = 0) and

(
∂ρ
∂t = 0

)
, equation (2.1) reduces to,

∇ · q = 0. (2.2)

Equation (2.2) is also known as the continuity equation. The fluid velocity
vector, v, is given by

v =
q
n

. (2.3)

Next, the mass balance equation of the solute reads

n
∂C

∂t
+∇ · (Cq + J) = 0, (2.4)

where J denotes the dispersive mass flux vector and C is the solute concentration.
The dispersive mass flux J is typically given by the classical Fick’s law of diffusion,
which indicates that the dispersive mass flux is linearly proportional to the solute
mass fraction gradient,

J = −D · ∇C, (2.5)

where D is the the dispersion tensor. D is typically assumed independent of the
solute concentration and its gradient but it is dependent on the fluid velocity
(Scheidegger, 1961). The dispersion tensor and its functional form are discussed
below when hydrodynamic dispersion models are reviewed.

It is possible to rewrite (2.4) and (2.5) in terms of the mass fraction, ω. Re-
calling that ω = C/ρ, equations now yield,

n
∂ρω

∂t
+∇ · (ρωq + J) = 0, (2.6)

and

J = −ρD · ∇ω, (2.7)
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2.1.2 Darcy’s law

The momentum balance equation (also refereed to as Darcy’s law) for a non-
deformable porous medium reads

q = −K ∇h, (2.8)

where K is the hydraulic conductivity and ∇h is the hydraulic gradient. For an
isotropic medium K is considered a scalar and is related to the medium’s intrinsic
permeability and fluid’s properties following K = kρg/µ. This formulation of
Darcy’s law is usually employed when density and viscosity are considered invariant
(e.g., in tracer transport). An alternative formulation is usually employed when
density variations exists (density-dependent transport),

q = −k

µ
(∇p− ρg) , (2.9)

where k denotes the intrinsic permeability, µ is the fluid’s viscosity, p is the fluid’s
pressure, and g is the gravity acceleration vector. Darcy’s law is assumed valid
only for fluid flows with Reynolds numbers not higher than 10 (i.e., laminar flow).

2.1.3 Equation of state

The density and viscosity of the fluid are affected by changes in concentration,
temperature and to a lesser extent pressure. In this thesis, only concentration-
induced changes are considered. Thus, an equation of state is needed that relates
the fluid’s density to changes in solute mass fraction (or concentration). A common
empirical relationship is given by

ρ = ρf expγω, (2.10)

where ρf is the density of the fluid, and ω is a mass fraction coefficient. If fresh-
water is considered, ρf ≈ 1000 kg/m3. For salt (NaCl) dissolved in freshwater
γ ≈ ln(2).

Note that ω can also be seen as a scaled mass fraction ωc = ω/ωs where ωs

is the mass fraction of the solution (e.g., freshwater + saltwater). According to
Landman (2005), in density-dependent transport the difference between assuming
that the scale mass fraction is equivalent to a scaled concentration C = c/cs is
only small. In tracer transport ωc = C. Hence, (2.10) can also be written in terms
of scaled concentration by substituting C in the argument of the exponential,

ρ = ρf expγC , (2.11)

Relationship (2.11) is used in Chapter 4 to compute the fluid’s density during the
experimental runs.
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2.1.4 Oberbeck-Boussinesq approximation

In studies of density-dependent flow, it is common to adopt the Oberbeck-Boussinesq
(OB) approximation in order to simplify the system of governing equations. The
basic premises of this approximation are:

1. Density variations - induced by variations in solute concentration and/or
temperature - are neglected in all equations, except for the crucial buoyancy
term ρg which is retained in the momentum equation (2.9).

2. All other fluid properties (e.g., viscosity and molecular diffusivity) are as-
sumed constant.

3. Viscous dissipation is assumed negligible.

4. The equation of state is linearized.

The OB approximation is typically assumed valid for systems where density
variations are small. However, as density differences tend to zero, the governing
equations do not reduce to those used in the OB approximation — in this limit,
the gravity (buoyancy) term in the momentum balance equation also vanishes
(Landman, 2005). Neglecting the effects of gravity may not be appropriate in many
practical scenarios, in particular those where density-dependent flow processes may
play an important role, e.g., transport of dense pollutants and seawater intrusion
in fresh water aquifers.

The validity of the OB approximation has been studied using numerical ap-
proaches, see for instance Johannsen (2003). However, in a recent publication by
Landman & Schotting (2007), this limit was revisited using a different approach:
the authors derive formal limits for which the governing equations used in the
OB can be retained. In particular, explicit limits are derived for changes in fluid
volume (neglected in the OB approximation) that render the continuity equation
divergence-free, i.e., the fluid is incompressible, and hence ∇ · q = 0.

For isothermal brine transport, the following condition must be fulfilled in
order to retain the gravity term and neglect fluid volume changes,

NPe =
kgρx0

µDmol
À 1 (2.12)

where the Peclet number
(
Pe = x0q

Dmol

)
,
(
N = kqρ

µq

)
and x0 denotes a length scale

related to density variations. It is interesting to note that this limit is indepen-
dent of the density difference itself and the flow velocity (or specific discharge).
Although it may be expected that for freshwater-saltwater systems condition
NPE À 1 is easily fulfilled as Dmol of salt (NaCl) is very small, the characteristic
length scale (x0) may become an important parameter specially when dealing with
small-scales. This limit is recalled in Chapter 5 when examining the experimental
data of transverse brine transport.
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2.1.5 Density- and viscosity-induced flow

Whenever density differences exist gravitational forces act upon them generating
a rotational motion that can be clockwise or counter-clockwise. Rotational flow
can also occur as a result of viscosity variations. However in this thesis viscosity
variations are mainly disregarded. The phenomenon of rotational flow induced by
density and viscosity differences has been studied by a number of authors, see for
instance Hellström et al. (1988).

The strength of the rotational flow driven by density variations in comparison
to viscosity-driven flow was analysed in Landman (2005) for the case of stable
vertical flow. The author suggests that the latter effects can be disregarded if

qz <<
kgργp

µγu
(2.13)

where qz is the specific discharge in the main flow direction. If density and viscosity
variations with mass fractions are assumed to vary linearly, the right-hand side in
expression (2.13) reduces to the critical velocity (qc) defined in Hellström et al.
(1988). Considering only density changes,

qc =
kgρ∆ρ

µf
(2.14)

In this thesis, the effects of rotational flow on dispersion are considered with a
particular accent on horizontal and stable flow configuration, i.e, the heavier fluid
underlies the lighter fluid.

2.2 Dispersion in Porous Media

Many investigators in the past have studied dispersion in porous media from a
theoretical or an experimental view-point. A distinction is commonly made be-
tween dispersion occurring in the same direction as the main flow (longitudinal)
or perpendicular to it (transverse). As dispersion is not the equal in these two
directions, they are usually studied separately. In this thesis, transverse disper-
sion processes are the main focus of investigation. In the following, dispersion is
explained from two well-known situations: i) dispersion in a capillary tube, and ii)
hydrodynamic dispersion in porous media. The former is reviewed as the mech-
anisms occurring in a capillary tube are usually referred to in the description of
dispersion in porous media. Moreover, capillary mechanism are relatively well un-
derstood for capillaries and give interesting insights into the controlling variables.
In addition, the equations describing dispersion in capillary tubes are most of the
time of the same form as those for porous media.
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2.2.1 Dispersion in a capillary tube

When a fluid flows through a capillary, a velocity profile develops. This velocity
profile is not uniform over the cross-section of the capillary. At certain radial po-
sitions, the fluid flows faster than at others. Assuming that the flow is laminar
the velocity profile that develops has a parabolic shape. The matter present in
the fluid moves along with it and is therefore dispersed along the tube axis. Apart
from this purely convective dispersion, diffusion can also be of influence. Early ex-
perimental evidence by Griffiths (1911) showed that when a tracer is continuously
injected into a slowly moving water, it spreads out symmetrically from a point
which moves with the average velocity of the fluid in the capillary tube. In Figure
2.1 the development of the tracer front is show schematically.

t=0 t
1

t
2

t
3

t
4advection

radial diffusion

radial diffusion

Figure 2.1: Dispersion in a capillary tube (Modified from Bear, 1972).

Suppose that somewhere in the tube we have a small plug of fluid with a composi-
tion different from an otherwise similar bulk of fluid. The flow of the fluid causes
this plug to disperse, but it also induces radial composition gradients. This leads
to diffusive fluxes at the front and back sides of the plug. These fluxes become
important if the radial diffusive fluxes are roughly of the same order of magnitude
as the convective axial fluxes. This is the case when either the axial velocity is
very low, or when the radial distances are very small. When either condition is
satisfied, diffusion tends to keep the plug together, in contrast to what one might
intuitively expect. So, through the combined action of convection and diffusion,
the plug will leave the tube as a broadened, but still more or less compact plug.
To achieve this situation, Taylor dispersion experiments are usually carried out in
tubes with small diameters, also called capillaries. At sufficiently short times, the
shape of the front remains unchanged, i.e., a sharp front. At later times the tracer
front elongates at a faster rate due to advection than widens due to radial diffu-
sion. Under this condition, a radial concentration gradient develops and molecular
diffusion acts upon it by slowly equalizing the tracer concentration across the cap-
illary section. It must be pointed out that the tracer front does not exhibit the
same concentration value everywhere but attains a maximum at half-width. Tay-
lor (1953) shows that the concentration in the capillary tube can be described by
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a one-dimensional dispersion equation as follows:

∂C

∂t
= Def

∂2C

∂x2
(2.15)

where C is the tracer concentration at distance x and time t. Def is an effec-
tive dispersion coefficient that reflects the contribution of mechanical (convective)
dispersion and molecular diffusion. Equation (2.15) is also known as the Fick’s
second law of diffusion. It should be noted that this equation is only valid after a
sufficiently long time has lapsed from the injection of the tracer. The analytical
solution to describe the tracer distribution after at time t after injection is given
by

C

C0
=

1
2
√

πDef t
exp

(
− (x− vt)

4Def t

)
(2.16)

where C0 is the initial tracer concentration. If axial molecular diffusion is ne-
glected, Taylor gives the following explicit expression for Def

Def =
d2v2

48Dmol
=

Pe2
cDmol

192
(2.17)

where d is the capillary’s diameter, Dmol is the molecular diffusivity (diffusion
in aqueous solution), and Pec is the capillary Peclet number. In the later work
by Aris (1956) it was shown that if axial molecular diffusion is not left out, the
effective dispersion coefficient must contain an additive term as follows:

Def = Dmol +
d2v2

48Dmol
= Dmol +

Pe2
cDmol

192
. (2.18)

When the injection at the inlet changes from zero to C0, i.e., a step change.
The solution to (2.15) is now:

C

C0
=

1
2

(
1± erf

(x− vt)
2
√

Def t

)
(2.19)

where the point C/C0 = 0.5 moves with the velocity v. Neglecting the effects of
molecular diffusion, the analytical solution is reduced to:

C

C0
= 1− x2

4v2t2
(2.20)

An interesting feature of the breakthrough curves in the definition of a mixing
length Lm which is the distance where the tracer changes from 0 to 1 (or from 0.1
to 0.9 of the initial concentration). Based on the latter, the following expression
is proposed by Taylor (1953) to calculate Def in terms of a mixing length
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Def =
1
t

(
Lm

3.625

)2

. (2.21)

The concept of relating the dispersion coefficient to the value of a mixing length is
recalled in Chapter 7 where the size of a reactive mixing zone is used to extract the
value of the transverse dispersivity. It should be noted that in the work by Taylor
(1953) and Aris (1956) only longitudinal dispersion and axial molecular diffusion
are considered. Transverse dispersion is limited as lateral spreading is restricted
by the walls of the capillary tube. However, the analysis of a single capillary tube
can be adapted to study dispersion in porous media if the medium is regarded as
a ’network’ of capillaries, randomly orientated, connected to each other by pore
throats (e.g., De Josselin de Jong (1958)). The next section shows how this idea
was explored by several authors studying dispersion in porous media.

2.2.2 Hydrodynamic dispersion in porous media

The concept of hydrodynamic dispersion in porous media is shown schematically
in Figure 2.2. A given amount of tracer is injected into a homogeneous porous
medium. The tracer particles spread and occupy an ever-increasing volume of the
medium. The tracer tends to spread faster in direction of the main flow than
perpendicular to it. The two underlying mechanism causing this phenomenon are
(as in dispersion in capillaries) molecular diffusion and mechanical mixing.

Tracer concentration

distributionDirection of flow

Figure 2.2: The concept of hydrodynamic dispersion.

Dispersion is commonly divided into its longitudinal and transverse component
and characterised by their respective longitudinal dispersion coefficient, DL and
transverse dispersion coefficient, DT . Hence, in general terms a hydrodynamic
dispersion coefficient has two components, a diffusion coefficient and a mechanical
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mixing coefficient,
Di = Dm + Dmec (2.22)

The first mechanism, molecular diffusion, can be regarded as the outcome of ran-
dom motions of the fluid particles (Brownian motion) due to the presence of a
concentration gradient (Brown, 1828). Diffusion contributes to the overall disper-
sion by moving particles forward along the same streamline (axial diffusion) and
by moving particles from one streamline to another (radial diffusion). The former
mechanism is usually regarded weaker than the latter (Bear, 1969). The molecu-
lar diffusion coefficient Dm refers in fact to an ’effective’ coefficient. An effective
coefficient De has to be considered in order to account for the tortuous nature of
the pore space. That is, the existence of the porous media reduces the volume
over which particles can diffuse. This in turn increases the travel distance (path
length) of the particles and hinders solute diffusion. Note that the effective dif-
fusion coefficient defined here differs from that of effective diffusion in capillaries.
The effective diffusion coefficient can be defined as,

De =
Dmol

τ
(2.23)

where τ is the tortuosity factor (Bear, 1972). This factor is a function of the
porosity and tortuosity of the medium. In most practical cases porosity is the
only parameter that can be measured in a porous medium. Hence, it is common
to use empirical functions in terms of porosity alone,

De = Dmol ns (2.24)

where s in an empirical coefficient close to the unity (Grathwohl, 1998). Another
common approach is to extract De from the ratio De

Dmol
reported in dispersion

experiments. This ratio is in effect equal to 1
τ and a value of 2/3 has been observed

in experiments in unconsolidated media (Fried & Combarnous, 1971; Bear, 1972).
The second dispersive mechanism, mechanical mixing, arises from irregularities

of the pore space available for fluids to flow — it creates differences in the flow
path and in the flow velocity within the pores. Differences in flow paths allow
streamlines to diverge from the mean flow direction and consequently to a variety
of travel lengths or travel times. Differences in flow velocity are the result of
variations in the pore dimensions and orientation (see Figure 2.3).

2.3 Modelling Dispersion in Porous Media

A common starting point for modelling dispersion in porous media is the use of
the macro scale advection-dispersion equation (ADE). The ADE for a non-reactive
tracer results from inserting (2.5) into (2.4). Written for a three-dimensional
system under uniform velocity field in a homogenous isotropic medium yields,
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(a) (b)

Figure 2.3: Mechanical dispersion as a result of irregularities in the pore spaces.

∂C

∂t
+ v

∂C

∂x
= DL

∂2C

∂x2
+ DT

(
∂2C

∂y2
+

∂2C

∂z2

)
(2.25)

where DL and DT are the longitudinal and transverse dispersion coefficients re-
spectively. There is considerable variation among investigators in prescribing a
particular form for DL and DT . These coefficients are usually expressed as a
product of a dispersivity (a quantity function of the pore geometry) times the
fluid velocity, sometimes raised to some power and possibly some other function
(Bear, 1972). The obtained expressions vary according to the mathematical proce-
dure used and the assumptions made on the pore structure and on the interacting
mechanisms, e.g., molecular diffusion (Bear, 1972). Some of these theoretical mod-
els are briefly reviewed below.

2.4 Hydrodynamic Dispersion Models

In the past years a number of theoretical models for describing hydrodynamic
dispersion in porous media have been proposed. With a few exceptions like the
single capillary model by Taylor (1953) and Aris (1956), most of these models
employ statistical approaches to treat dispersion, coupled with a particular way of
visualising the porous media structure. From these statistical models, a distinction
can be made based on the averaging procedure used.

2.4.1 Statistical models using a continuum approach

Scheidegger (1954) suggested in his analysis of hydrodynamic dispersion in porous
media, that the relationship between the dispersion coefficient, D and velocity, v
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would depend on the role played by molecular diffusion. Two possibilities were
presented: i) D ∝ a′v2, where a′ is a constant of the porous medium (referred to as
dynamic dispersivity) and is the result of mixing taking place by molecular diffu-
sion at each flow channel; ii) D ∝ a′′v where a′′ is also a porous medium constant
(called geometric dispersivity) and is the result of not enough molecular diffusion
between streamlines. This can be seen in a more general way as the relationship
between D and vn where n varies between 1 and 2. Similar results were concluded
by Taylor (1953) for dispersion in capillary tubes. However, no distinction was yet
made between longitudinal and transverse dispersion — dispersion was assumed
isotropic.

In subsequent works by De Josselin de Jong (1958) and Saffman (1959), statis-
tical techniques are employed to obtain expressions for longitudinal and transversal
dispersion coefficients as separate, yet coupled, processes. Both authors based their
approach on a more realistic visualisation of the porous structure. For instance,
De Josselin de Jong (1958) visualises a porous medium as a series of interconnected
straight channels of equal length, uniformly distributed in all directions but ran-
domly orientated, in which average uniform flow takes place. A schematic of this
’random porous structure’ is given in Figure 2.4.

Ff

Qq

Figure 2.4: Schematics of flow through a random porous medium. Modified from
De Josselin de Jong, 1958.

The result of dispersion from the point injection is a Gaussian distribution
in three-dimensional space, from which standard deviations in the longitudinal
direction σL and transverse direction σT are obtained. The dispersion coefficients
are obtained from the standard deviations,
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DL =
σL

2

2To
=

vl(λ + 3
4 − ln γ)
6

, (2.26)

and

DT =
σT

2

2To
=

3vl

16
, (2.27)

where To is the arrival time of a maximum number of particles after a given time,
travelling in elementary channel of length l, λ is a function of the distance trav-
elled, i.e., the distance travelled in the direction of the mean flow. An interesting
observation from (2.26) and (2.27) is that although both coefficients are propor-
tional to the mean velocity only DL is dependent on the travel distance in the
direction of mean flow. DT is a function of the length l of the elementary channel.
This means that the ratio between DL and DT is not constant but should increase
with travel distance. In practice, it is common to assume a ratio of 1/10 between
coefficients.

2.4.2 Models based on volume-averaged techniques

In contrast to the work by Scheidegger (1954), Bear & Bachmat (1967) consid-
ered only the case where D is linearly related to v and suggested the following
expressions for DL and DT ,

DL = αLv (2.28)

and
DT = αT v (2.29)

where αL and αT are the longitudinal and transverse dispersivity, respectively.

2.5 Factors Influencing Hydrodynamic Dispersion

A number of factors can influence dispersion. For instance, interaction between
molecular diffusion and advection, porous media properties, and fluid properties.

2.5.1 Interaction between molecular diffusion and advection

Although hydrodynamic dispersion is the outcome of two basic mechanisms, i.e.,
molecular diffusion and mechanical dispersion, experimental and numerical studies
suggest a much richer interaction depending on the prevailing mechanism. Black-
well (1959) first explained this phenomenon qualitatively by highlighting the role
played by molecular diffusion in transporting particles between streamlines. He
was in fact the first author to present experimental data in terms of the molecular
Peclet number, Pe, and the ratio of the dispersion coefficient (DL or DT ) to Dmol.
The molecular Peclet number represents the ratio between the time scale needed
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for particles to diffuse the length l, and the time scale needed for particles to travel
the same length scale by advection,

Pe =
td

tcon
=

l2

Dmol

l
v

=
vl

Dmol
. (2.30)

Thus, a small Pe translates into a diffusion-dominated spreading of the particles,
and a large Pe into an advective-dominated spreading. Another remark is the
choice of l as characteristic length of the porous medium. Although l is a measure
of the pore space (a pore length), in practice it is difficult to obtain accurate
measurements of the pore space. In the literature, a common practice is to replace
l by the grain diameter d, specially if data with different grain sizes and flow
velocities have to be compared. Experimental observations by De Josselin de Jong
(1958) also confirm that l is a function of the grain size distribution and in the
order of the average grain diameter d50. However, some authors argue that d10,
i.e. the effective grain diameter is a better representation of the pore space. In
this thesis, the molecular Peclet number is based on d50.

Based on experimental data by several authors five different correlations, or
dispersion regimes, have been inferred for longitudinal dispersion in terms of Pe
versus the ratio DL/Dmol. Figure 4.22 shows schematically this behaviour.

Figure 2.5: Dispersion regimes: behaviour of ratio DL/Dmol and DT /Dmol as
a function of the molecular Peclet number. Solid line corresponds to the ratio
DL/Dmol, and long-dashed curve corresponds to ratio DT /Dmol. Modified from
Bear (1972).

1. Region I. DL/Dmol ∼ 1/F . In this region molecular diffusion dominates the
dispersion process. The variable F is also known as the formation factor.
Its value has been found for packs of unconsolidated material to be about
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1.5. This means that the ratio DL/Dmol approaches about 0.67 instead
of the unity (Bear, 1972). This is a consequence of fact that Dmol is the
molecular diffusion coefficient in free solution and DL at Pe → 0 is in fact the
effective molecular diffusion coefficient De. For consolidated porous media,
e.g. sandstones, F has been found to be much higher than 1.5 (Brigham et
al., 1961).

2. Region II. (Pe ∼ 0.4 - 5). DL/Dmol ∼ not reported. In this region the effects
of mechanical dispersion already appear and are considered of the same order
of magnitude as molecular diffusion.

3. Region III. (Pe ∼ 5 - 300) DL/Dmol ∼ Peb (where 1 < b < 1.3). In this
power-law regime, mechanical dispersion is the predominant mechanism but
molecular diffusion effects are still visible.

4. Region IV. (Pe ∼ 300 - 105) DL/Dmol ∼ Pe. Here, pure convective or me-
chanical dispersion dominates the dispersion mechanisms and the dispersion
coefficient is linearly related to Pe.

5. Region V. (Pe > 105) In this region, turbulence effects appear on the dis-
persion process. The corresponding fluid velocities are rather large and fall
outside the validity of Darcy’s Law.

Fried & Combarnous (1971) suggest a similar behaviour for transverse disper-
sion, sifted however, to higher Pe values. This observation will be later corrobo-
rated in Chapter 4 where data collected from previous studies and this study are
classified in transverse dispersion regimes.

2.5.2 Porous media properties

Porous media properties may promote or limit dispersion (Bear, 1972). If the
intrinsic permeability, k, and the porosity, n, of a porous medium varies orders of
magnitude within the space domain considered, the medium is said to be macro-
scopically heterogeneous. Dispersion arising from this type of heterogeneity falls
outside the scope of this thesis. On the other hand, if k may be represented by
a single (mean) value for the whole domain, the medium may be described as
macroscopically homogeneous. It should be noted that the type of homogenous
medium considered here may also be regarded as microscopically heterogeneous.
This is because even at small-scale (e.g., lab-scale), it is almost impossible to con-
struct a perfectly homogenous medium. Hence, considered here is a medium with
a single average value of permeability and porosity but whose pore structure and
dimensions intrinsically contain micro-scale heterogeneities. Other porous media
characteristics that may influence dispersion are : i) average grain diameter (d50);
ii) grain shape (e.g. spherical) and iii) grain size distribution (characterised by the
uniformity coefficient, U).
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2.5.3 Fluid properties

The properties of the dispersing fluid may also play a role in limiting or promoting
dispersion. The most common approach to investigate dispersion processes is to
employ a fluid of similar physicochemical properties (e.g., nonabsorbing, nonre-
active) and similar density to that of the ambient fluid. The concentration has
to be small enough not to influence the density and/or viscosity of the fluid in
which the tracer is dissolved. When this is the case, ’tracer conditions’ are estab-
lished and the flow is assumed unaffected. However, when the concentration of
the tracer is higher, the fluid’s density and/or viscosity is affected and can induce
density-driven and viscosity-driven flow. As a result, a coupling between flow and
transport is established and the dispersion mechanisms are now also the result of
interaction with other forces such as gravity (Schotting et al., 1999). In this the-
sis, only variations in fluid’s density and their effect on dispersion are investigated.
Effects of viscosity variations are mostly disregarded. These property changes are
assumed to be only concentration-induced, i.e., temperature-induced changes are
not reviewed. Additionally, depending on the position of the denser fluid with
respect to the tracer fluid, two configurations can be defined: stable – denser fluid
displacing the lighter one, and unstable – denser fluid being displaced. Here only
the stable configuration-type of displacement is considered.

2.5.4 Reactivity

When tracer species undergo reaction, the governing ADE given by (2.25) is now
added a reaction rate term RC ,

∂C

∂t
+ v

∂C

∂t
= DL

∂2C

∂x2
+ DT

(
∂2C

∂y2
+

∂2C

∂z2

)
−RC . (2.31)

The reaction term can take many forms, in the context of this thesis two forms
are relevant. These are listed in Table 2.1 and are discussed below.

Type of reaction Reaction rate RC

First-order decay λC; λ = (ln 2)/t(1/2)

Instantaneous bimolecular reaction RAB = −RA = −RB

Table 2.1: Types of reaction and corresponding rate term for RC .

First-order decay

The first-order irreversible reaction rate term given in Table 2.1 represents the
decay of tracer mass from the dissolved phase, where λ is a first order reaction
rate for the dissolved phase and t(1/2) is the half-life of the reactive (or radioactive)
solute.
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Instantaneous bimolecular reaction

If two reactants A and B instantly react to form a product AB, rAB = −rA = −rB

expresses the rate of production of AB equal to the rate of consumption of each
reactant. The instantaneous reaction model is considered to be a good alternative
to more complex multispecies reactive models, e.g., Monod kinetics, when reaction
rates are sufficiently fast in relation to flow velocities (Ham et al., 2004).

2.6 Transverse Dispersivity

As reviewed, hydrodynamic dispersion is macroscopic outcome of the combined ef-
fects of molecular diffusion and mechanical dispersion. Most of the hydrodynamic
dispersion models have in common the use of a dispersion length (or dispersivity)
within the dispersion coefficient to quantify the mechanical component of disper-
sion, e.g., Scheidegger (1961); Bear (1972). In effect, transverse dispersivity or
transverse dispersion length (αT ) is defined as a measure of the lateral spread-
ing of a solute due the randomness and heterogeneity of the porous media. A
well-known formulation of the transverse dispersion coefficient is

DT = De + αT v, (2.32)

Rearranging for transverse dispersivity yields,

αT =
DT −De

v
(2.33)

If molecular diffusion is assumed negligible, αT is the ratio (linear) between
DT and v. De Josselin de Jong (1958) proposed αT to be equal to 3/16 of the
average grain size, d50. This result was to some extent validated by Grane &
Gardner (1961) in their tracer experiment using consolidated-type of porous me-
dia. Equally, experiments by Olsson (2005) demonstrated a positive correlation
of transverse dispersivity with average grain size. However, these experiments use
unconsolidate-type of porous medium (glass beads) and report dispersivity values
somewhat smaller than 3

16 · d50.

2.6.1 Effects of fluid velocity

A number of laboratory experiments have reported a decrease in transverse disper-
sivity with increasing fluid velocity, e.g., Huang (2002); Klenk & Grathwohl (2002).
The obtained coefficients seem to better fit a power function of the velocity, rather
than the expected linear dependence (see 2.32),

DT = De + αT vm (2.34)

where exponent m has been reported to vary between 0.6 to 0.8 (Olsson & Grath-
wohl, 2007). Matching the experimental data using a formulation like (2.34) is a
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rather empirical approach and does not necessarily explain the physics causing this
sub-linear dependence on the fluid velocity. Some attempts to clarify the causes of
this behaviour have been proposed by a number of authors, e.g., Klenk & Grath-
wohl (2002). In that study, the authors propose incomplete mixing at the pore
spaces to be the cause of such behaviour. In order to match their experimental
data, they introduce a ’correction factor’ for dispersivity based on the pore size
and the mean square displacement for velocities higher than 4 m/day (or equiv-
alent Pe > 128). Introducing this correction factor gives very good agreement
with experimental data, especially at high velocities. Olsson (2005) carried out a
comprehensive experimental study on the effects of grain size, fluid velocity and
scale on transverse dispersion. The author proposes an alternative formulation of
the dispersion coefficient in terms of the molecular Peclet number (Pe),

DT

Dmol
=

De

Dmol
+ 0.28 (Pe)0.72. (2.35)

Expression (2.35) is valid for non-reactive tracers and comparison with existing
literature data demonstrates that the expression holds for all investigated Peclet
numbers (from Pe ≈ 1 to 6307). Substituting expression(2.32) in (2.35) and
rearranging for αT yields,

αT = 0.28 (Pe)0.72 · Dmol

v
(2.36)

Equation (2.36) suggests that dispersivity is not only a function of porous media
properties such as grain size (contained within the Peclet number) but also of the
competition between advective and diffusive processes.

2.6.2 Effects of reactive mixing

There are many examples in the literature of modelling solute transport and re-
action in homogeneous porous media, e.g., Prommer et al. (2002). A common
practice in these modelling studies is to employ in the reactive modelling, pa-
rameters (like dispersivity) derived from non-reactive transport. Experimental
investigations by Gramling et al. (2002), and Huang (2002) suggested that this
approach could lead to erroneous estimates of reactive mixing. In the former, one-
dimensional experiments were performed in homogeneous porous media where
an instantaneous reaction occurred between two mixing solutes. Their results
showed that the dispersivity obtained from the conservative experiments had to
be decreased in order to match the reactive experiments. Conversely, experiments
by Huang (2002) using two-dimensional reactive plumes showed that dispersiv-
ity obtained from tracer experiments had to be increased in order to model the
reactive experiments. However, in a recent publication by Ham et al. (2007) two-
dimensional reactive plumes are successfully modelled using dispersivity values
derived from conservative experiments. Dispersivity is calculated from a similar
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equation to (2.36). This finding contradicts the previous observations. The dif-
ference may reside in that the modelling approach used by Gramling and Huang
assumed that the linear relationship between the dispersion coefficient and fluid
velocity holds, whilst Ham’s starting point is the assumption of a non-linear rela-
tionship (i.e, expression 2.34).

2.6.3 Effects of variable density

Another deviation from the classical Fickian theory is seen when the dispersive
process is affected by large concentration differences between the mixing fluids.
In effect, several authors investigating vertical brine transport have concluded
that the Fickian theory cannot adequately model the experimental results (Has-
sanizadeh & Leijnse, 1995; Schotting et al., 1999). In that case, two possibilities
have been investigated: the linear form of (2.5) and (2.32) remains valid but the
dispersivities are fitted for each experimental run. This implies that dispersivity
is not constant and is made function of the prevailing conditions at each experi-
ments in terms of density difference. Another possibility explored by Hassanizadeh
& Leijnse (1995) is that the linear relationship between dispersive mass flux and
concentration gradient is replaced by a nonlinear equation where additional terms
are introduced into (2.5). This topic will be further reviewed in Chapter 3.

2.6.4 Effects of scale and heterogeneity

A quick look at literature values on transverse dispersion shows that neither scale
(laboratory/field scale) nor heterogeneity seem to have a big impact on the trans-
verse dispersivity value. Table 2.2 lists some literature data on reported transverse
dispersivity for laboratory studies and field data.

Authors Description of medium d50 (mm) αT (mm)
Klenk and Grath-
wohl (2002)

Homogeneous, lab-scale tank
(1.5 m)

0.3 – 2 0.25 – 0.6

Olsson (2005) Homogeneous, lab-scale tank
(0.29m and 0.78 m)

0.1 – 2.3 0.02 – 0.3

Rahman et al
(2005)

Heterogeneous, medium-scale
tank (14 m)

0.1 – 3 0.06

Fiori and Dagan
(1999)

Field scale (Borden Site and
Cape Cod)

0.1 – 2 ≈ 0.5

Prommer et al
(2002)

Heterogenous, field scale – 0 – 4

Table 2.2: Examples of transverse dispersivity values from literature data.

This leads to values of transverse dispersivity for laboratory and field scale
varying between 0.02 - 4 mm for homogeneous and heterogeneous media. In con-
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trast, numerical studies typically adopt dispersivity values larger by two to three
orders of magnitude. This large discrepancy between measured values and adopted
modelling values could have an origin in the fact that the ratio αT = 1/10 · αL

is typically used. This ratio was first proposed by List and Brooks (1967) in
their review of lateral dispersion from laboratory data. Most of the data reviewed
consisted of experiments in homogeneous media, hence αL was not significantly
larger than αT . However, at field scale, αL may be in the range of metres (due to
permeability heterogeneity), hence adopted αT is large.

The observation that transverse dispersivity is not influenced by an increase
of scale is in accordance with the work of De Josselin de Jong (1958) (see section
2.4.1). The fact that an increase in heterogeneity does not substantially increase
the value of αT may be explained with the help of Figure 2.6. In this figure, a sim-
plified representation of an heterogeneous aquifer is shown where solute is released
at x=0 and travels in parcels (or stream-tubes). The resulting concentration dis-
tribution measures the combined effects of macro-dispersion and advection on the
solute spreading. This can result in a large longitudinal dispersivity value. How-
ever, as reviewed earlier, the mechanisms of transverse dispersion differ to those
of longitudinal dispersion. Mixing in the transverse direction implies that the
parcels of solute exchange stream tubes perpendicular to the main flow direction.
The processes responsible are micro-scale (pore-scale) dispersion and molecular
diffusion. Thus, despite a large value of longitudinal dispersivity, αT ¿ αL. Note
that micro-scale dispersion and molecular diffusion also contribute to longitudinal
dispersion. However, their net effect in the macrodispersion is considered small.
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Figure 2.6: Schematics of an heterogeneous aquifer and the effects of advection on
solute spreading.
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Olsson, Å.H., 2005. Investigation and modelling of dispersion-reaction processes
in natural attenuation groundwater. PhD thesis, Eberhard-Karls Universität of
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Olsson, Å.H., Grathwohl, P, 2007. Transverse dispersion of non-reactive tracers in
porous media: A new nonlinear relationship to predict dispersion coefficients.
J. Contam. Hydrol. 92, 149-161.

Perkins, T.K., and Johnston, Q.C., 1963. A review of diffusion and dispersion in
porous media. Soc. Petrol. Engrs. J. 3(1), 7086.

Prommer, H., Davis, G.B., Barry, D.A., 2002. Modelling of physical and reac-
tive processes during biodegradation of a hydrocarbon plume under transient
groundwater flow conditions. J. Cont. Hydrol., 59, 113-131.

Saffman, P.G., 1959. A theory of dispersion in a porous medium. J. Fluid Mech.
6(3), 321349.

Saffman, P.G., 1960. Dispersion due to molecular diffusion and macroscopic mixing
in flow through a network of capillaries. J. Fluid Mech. 7(2), 194-208.

Scheidegger, A.E., 1954. Statistical hydrodynamics in porous media. J. Appl. Phys.
25(8), 994-1001.

Scheidegger, A.E., 1961. General theory of dispersion in porous media. J. Geophys.
Res. 66(10), 3273-3278.

Schotting, R.J., Moser, H., Hassanizadeh, S.M., 1999. High-concentration-gradient
dispersion in porous media: experiments, analysis and approximations. Adv.
Water Resour. Res. 22(7), 665-680.

Taylor, G., 1953. Dispersion of soluble matter in solvent flowing slowly through a
tube. Proc. R. Soc. Ser. A 219, 186-203.

Watson, S.J., Barry, D.A., Schotting, R.J., and Hassanizadeh, S.M., 2002. Vali-
dation of classical density-dependent solute transport theory for stable, high-
concentration-gradient brine displacements in coarse and medium sands. Adv.
Water Resour. Res. 25, 611-635.





Chapter 3

Density-dependent
dispersion: overview

This Chapter summarises previous work and main findings concerning density-
dependent dispersion. Although this thesis is primarily concerned with transverse
dispersion, vertical brine transport is reviewed in order to draw general conclusions
on the main mechanisms affecting dispersion.

3.1 Background

Problems involving dispersion of a solute with variable density and/or viscosity are
commonly found when dealing with flow through porous media. Some examples
of which include the intrusion of seawater in exploited coastal aquifers, infiltration
of landfill leachate and in general brine transport of pollutants or radionuclides
released from a repository salt formations. In these circumstances, knowledge
is required of the mixing processes that occur between the fluids. In particular,
information should include the role of the density difference and the interplay with
porous media characteristics such as permeability and heterogeneity (Landman,
2005).

As discussed in Chapter 2, dispersive mixing is typically modelled using the
classical Fick’s Law of diffusion, which assumes the dispersive mass flux to be
proportional to the concentration gradient,

J = −D · ∇C, (3.1)

where J is the dispersive mass flux vector, and D is the dispersion tensor. Ac-
cording to this equation the dispersion tensor is assumed to be independent of the
solute concentration and its gradient. However, it is dependent of fluid velocity,
v, following, e.g., Scheidegger (1961),
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D = (De + αT v)I + (αL − αT )vv/|v|, (3.2)

where De is the (effective) molecular diffusion coefficient, αL and αT are the
medium constants longitudinal and transverse dispersivities, respectively, I is the
unit tensor, and |v| is the magnitude of the fluid velocity vector, v. For almost
homogeneous media and tracer conditions, the Fickian dispersion theory seems to
give satisfactory results when modelling hydrodynamic dispersion, though short-
comings have been observed. A notorious one is regarding the dependence of the
dispersion coefficient on fluid velocity. Analysis of experimental data on tracer
dispersion show that for a given range of Peclet values, the longitudinal dispersion
coefficient increases roughly linearly with velocity, whereas the transverse disper-
sion coefficient has a non-linear (< 1) dependence on velocity (Klenk & Grathwohl,
2002). Thus, the dispersivities (longitudinal and transverse) are no longer prop-
erty of the porous medium but are a function of the flow characteristics. However,
this deviation is considered small and often neglected for practical applications.
The effects of fluid velocity on transverse dispersivity are further discussed in next
Chapter.

Another deviation from the classical Fickian theory is seen when the dispersive
process is affected by large concentration differences between the mixing fluids. In
effect, several authors investigating vertical brine transport have concluded that
the Fickian theory cannot adequately model the experiments results and additional
fitting must be introduced (Watson et al., 2002). In this case, two possibilities
have been investigated: the linear form of (3.1) and (3.2) remains valid but the
dispersivities are fitted for each experimental run. The dispersivity is a function of
the density difference and fluid velocity for each experiment. Another possibility
explored by Hassanizadeh & Leijnse (1995) is a modified non-linear form of (3.1):

(1 + β |J|)J = −D · ∇C. (3.3)

In this expression, |J| is the magnitude of the dispersive mass flux, and β is a new
additional dispersion parameter. According to Hassanizadeh & Leijnse (1995) the
β parameter represents the resistance of the system to disperse the solute due to
the existence of a concentration gradient. The non-linear model (3.3) has been
validated by Schotting et al. (1999), and Watson et al. (2002) in their analysis of
experimental data of transport in vertical columns.

It should be noted that the kind of deviation from the classical Fick’s law im-
posed by the presence of a high-concentration gradient seems to be far greater
than that caused by the effects of fluid velocity and therefore, cannot be easily
neglected. As a general rule and for stable displacements, it has been observed
that the presence of a large density difference suppresses dispersive mixing. It
has also been shown that this behaviour is not caused solely the the presence of
a difference in density but also by the interaction with other variables, namely,
permeability heterogeneities, and flow velocity (Landman, 2005). In the follow-
ing, a brief recount of previous experimental and numerical work on vertical brine
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transport is given. The aim is to summarise main findings on the mechanisms
controlling high-concentration gradient dispersion. The focus is always on sta-
ble displacements. Then, prior work concerning transverse brine dispersion is
reviewed. This latter has been found to be limited in number and scope. How-
ever, main findings are reported in anticipation to the experimental programme
presented in a following chapter. The chapter closes with a review of theoretical
models for density-dependent dispersion.

3.2 Previous Work on Density-Dependent Disper-
sion

3.2.1 Longitudinal Dispersion

Several authors investigating the effects of increased density and/or viscosity on
vertical transport have concluded that when the displacement is stable, i.e., the
heavier fluid displaces the lighter fluid in upward flow, an increase in density leads
to a decrease in dispersive transport. Other flow configurations have also been
investigated, e.g., upward flow unstable displacement. Because this results in a
completely different behaviour, they lie outside the scope of this thesis and will
not be further reviewed.

Authors like Hassanizadeh et al. (1990); Watson et al. (2002) independently
performed vertical displacement experiments in homogenous columns in which
fresh water is displaced by a high-concentration salt solution (brine). For each
experimental programme the number and experimental aims varied. However,
they all show consisting results and complementary information could be gathered
from each study. In summary:

• The longitudinal dispersion coefficient (and dispersivity) decreases with in-
creasing concentration (density) difference.

• This decrease becomes less pronounced with increasing flow rate.

• If a brine displaces another brine of approximately the same density (dif-
ference in density is small), dispersion mechanisms are those of tracer dis-
persion. This suggests that it is the density difference and not the absolute
value of density (or concentration) that plays a role.

• Darcy’s Law remains valid for high-concentration transport.

• Fick’s Law (linear form) cannot accurately predict high-concentration trans-
port. A nonlinear behaviour becomes evident.

Though consisting general observations could be drawn from each of these ex-
periments, the physical explanation of the underlying mechanisms causing the
observed behaviour was not complete. Some initial insights were given by Perkins
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& Johnston (1963) and Fried & Combarnous (1971) in their classical reviews of
diffusion and dispersion in porous media. Both authors considered the influence
of density contrast on dispersion and stabilizing gravity forces are signalled as
the underlying physical mechanism. An alternative explanation of the observed
behaviour was presented by Hassanizadeh & Leijnse (1995) whom introduced a
nonlinear theory of high-concentration-gradient dispersion in porous media (see
expression 3.3), and supported by their experimental findings. With this new
theory, the authors were able to model the entire set of brine experiments using
a fixed (tracer) dispersivity value and the new dispersion parameter, i.e., β in
(3.3). It should be noted that although no velocity effects were reported, the ex-
periments were also limited in number and scope. With the introduction of the
parameter, β, the authors explain the suppression of dispersion as a result of an
increase in resistance to dispersion due to the increase in concentration gradient.
However, as stated in Schotting et al. (1999) that formulation, ’although formally
correct, is not directly linked to the main processes suppressing dispersion’. In a
qualitatively analysis of experimental data, Schotting shows the existence of two
time-scales during vertical transport, the advective time-scale associated with the
average flow in the column given by

tadv =
L

q
, (3.4)

where L is the column length. The second time-scale is associated with the action
of gravity given by

tg =
µα

∆ρgk
. (3.5)

The ratio of these two time-scales is also known as the Rayleigh number, Ra, and
is an indication of the significance of the gravity effect

Ra =
tc
tg

=
kg∆ρL

µαq
. (3.6)

Gravitational forces are present due to the existence of horizontal density gradients.
These density gradients are supported by the variations in local velocity which
in turn are the result of the inhomogeneities of the porous medium. Even in a
macroscopic homogeneous porous media like those of laboratory columns small
scale heterogeneities are bound to be present which support these local velocity
variations hence supporting mechanical dispersion. If gravity forces have enough
time to interact with these velocity fluctuations, the mechanical component of
hydrodynamic dispersion will be suppressed.

Whether the interaction between horizontal density gradients and gravity forces
is indeed the underlying mechanism causing the decrease in dispersion was a topic
of investigation in Landman (2005). In her research, high resolution numerical
experiments are carried out mimicking in detail a two-dimensional porous medium.
The porous medium used is not entirely homogenous and micro heterogeneities are
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introduced in order to recreate what actually occurs in laboratory columns. Figure
3.1 shows an example of a laboratory column system and the numerical set-up used
by Landman. Both systems consider stable upward displacement of fresh water
by a high-concentrated salt solution entering the medium from the bottom end of
the column.

Main flow 

direction

a)                                                                      b)

Figure 3.1: a) Schematic representation of a set-up used in vertical brine dis-
placement experiments. b) Set-up used in numerical experiments by Landman
recreating an homogenous laboratory column with local variations in permeabil-
ity. Modified from Landman (2005).

The set of plots in Figure 3.2 show the form of the dispersive front at the
scale of permeability variations. This is equivalent to ”zooming in” to a dispersive
front during laboratory experiments in homogeneous columns. Figure 3.2a shows
how a dispersive front looks like when there are no density differences, i.e., tracer
conditions. If the density is increased, Figure 3.2b shows that the actual shape and
size of the front does not vary. However, when gravity is incorporated like in Figure
3.2c there is an smoothing effect of the front to a more piston-like displacement.
The net effect is a reduction on the width of the mixing zone, i.e., the vertical
distance where concentration changes from 0 to 1 and therefore the dispersion
coefficient.

Landman identifies that the parameter controlling the size of the mixing zone is
the ratio between the density difference, ∆ρ, and and the mean specific discharge,
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(a) (b) ( c)

Figure 3.2: Concentration contours for: (a) tracer conditions, (b) increasing the
density difference but no gravity effect (i.e., g = 0), and (c) tensity differences
with gravity incorporated. Modified from Landman (2005).

q, or more specifically the gravity number, Ng,

Ng =
kg∆ρ

µq
. (3.7)

The gravity number expresses the relative strength of the gravity-induced flow to
convection. Note that Ng does not include a characteristic length scale. Keeping
k, and µ constant, a small gravity number implies that gravity forces do not have
enough time to smooth out the unevenness of the front because the travel velocity
is higher. A large gravity number implies a smaller travel velocity and a large
density contrast. The strength of the gravity forces may eliminate almost entirely
the front unevenness. This result is also supported when comparing the appar-
ent decrease in dispersivity reported in laboratory experiments and the apparent
decrease seen in the numerical simulations. Figure 3.3 is a plot of the laboratory-
determined dispersivities reported in various studies and the numerical results.
As a direct comparison with the absolute dispersivity value is not possible, a plot
of the apparent decrease seems more plausible. From Figure 3.3 some interest-
ing conclusions can be drawn: i) the apparent decreases shown by experimental
results from homogenous systems could be made function of the gravity number,
confirming observations in Landman (2005); ii) the apparent decrease for heteroge-
neous media is less pronounced compared to that of an homogenous medium. This
conclusion is also reported by Landman in her results for media with increasing
heterogeneity; iii) dispersivity becomes a function of the gravity number.

These complementary observations have helped building a more complete pic-
ture of the specific mechanisms acting during vertical brine transport. It is antici-
pated that the latter effects, although of similar nature, be quantitatively different
for transverse dispersion. This because of the differences in magnitude and direc-
tion of the interacting forces.
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Figure 3.3: Apparent dispersivity decrease. Comparison between laboratory-
determined apparent decrease and numerical results from Landman. Solid markers
correspond to results from homogenous columns. Open markers correspond to re-
sults from heterogenous columns. Modified from Landman (2005).

3.3 Transverse Dispersion

3.3.1 Laboratory experiments

A search through the literature identified only few experimental studies with focus
on the effects of density differences on transverse dispersion for horizontal flow
conditions. The following briefly reviews these studies, and where possible, results
are plotted in terms of dispersivity decrease and Ng. Dispersivity is obtained,
unless otherwise stated, following the linear relationship

DT = De + αT v (3.8)

where De is obtained from De = Dmol ·n. It should be noted that these laboratory
studies assume that the governing mixing equations for experiments with density
contrasts are the same as those for tracer experiments. However, it has been
shown that the differences in density influence the degree of dispersion. Therefore
the obtained DT and hence αT will be an ”apparent” value. Equally, velocity
effects may play a role in the obtained values. When experimental parameters
needed were not directly reported, the appropriate assumptions made to obtain
such values are explained.
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Grane and Gardner, (1961)

These authors carried out a series of laboratory experiments in homogenous media
to investigate the effects of flow velocity and porous media characteristics on trans-
verse dispersion. For most of the experimental runs density differences between
fluids were kept low. However, for a set of experiments the density difference is
increased and a significant decrease in the amount of mixing is observed. The
authors concluded that density differences are important when the permeability
of the medium is large. These experiments consisted in keeping a constant fluid
velocity, v = 0.02 m/s and increasing the difference in density up to 10%. Poros-
ity is reported to be around 40% for an average grain diameter, d50 = 1.5 mm,
Dmol = 1.2 · 10−9 m2/s and µ = 1.38 · 10−3 Pa · s. Permeability is calculated
using the Carmen-Kozeny relationship yielding k = 2.2 · 10−9 m2. The dispersion
coefficient is extracted from Figure 3 in (Grane & Gardner, 1961). In Figure 3.4
the decrease in dispersivity with gravity number is plotted.
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Figure 3.4: Scaled transverse dispersivity as function of gravity number from Grane
and Gardner experiments.

Leroy et al, (1992)

Tracer dispersion experiments were carried out for stable and unstable upward flow
configurations. The effects of small density variations like those occurring during
tracer dispersion experiments was investigated using homogeneous and stratified
porous media. The authors reported that even when the difference in density is
low, extra velocity components appear inducing rotational flows which in turn
tend to smooth out the unevenness of the dispersive front. The flows induced by
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these small density differences are minute and will only be of significance when
the mean flow velocity is also small and if the medium is heterogeneous (Leroy et
al., 1992).

Starke and Koch, (2005)

The authors studied the interplay between porous media heterogeneities and den-
sity contrast on transverse macrodispersion. A series of intermediate-scale labo-
ratory experiments were carried out in which heterogeneities (in the permeability
field) are created using packed sand structures (see Figure 3.5). The fluid system
used is that of fresh water - salt water.
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Figure 3.5: Example of a stochastic realization of the hydraulic conductivity field
used in experiments by Starke (2005).

The flow configuration is always stable and the density difference is varied from
tracer conditions up to a ∆ρ = 65 kg/m3 for three different fluid velocities. The
same series of experiments are repeated using three different degrees of system
heterogeneity, referred to in their study as pack 1, pack 2 and pack 3 respectively.
Figure 3.6 shows the experimentally-determined dispersivity as a function of ve-
locity for pack 2 and pack 3 (see Starke & Koch (2006)). From these plots a
small increase in dispersivity with increasing heterogeneity is observed (σ2 equals
to 1 and 1.5 for pack 2 and pack 3 respectively). For a fixed velocity, both sys-
tems show a reduction in dispersivity with increasing density contrast. Another
apparent decrease is evident in both systems when the fluid velocity is increased
(similar behaviour than observed in homogenous media). However, it appears that
this velocity effect becomes less significant for increasing density differences.

Results are now plotted in terms of scaled dispersivity and gravity number
(Figure 3.7). Dispersivities, fluid velocities and density contrasts are obtained
from Starke (2005). Gravity numbers are calculated with the geometric mean of
the permeability using reported values k2 = 1.79e−10 m2 and k3 = 1.91e−10 m2,
and porosity values n2 = 44% and n3 = 38%, for pack 2 and pack 3, respectively.

In order to obtained the apparent decrease in dispersivity as a function of Ng
shown in Figure 3.7, the scaling used in Landman (2005) is also employed here:
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Figure 3.6: Variation of transverse macrodispersivity with fluid velocity for pack
2 and pack 3 systems. Modified from Starke (2005).

dispersivities obtained from brine experiments are scaled by the tracer dispersivity,
i.e., the dispersivity obtained from the experiment with the lowest gravity number
(see Figure 3.7a). Landman states that it is the apparent decrease that is of
interest and not the absolute dispersivity value. Indeed, and recalling Figure
3.3 this scaling was necessary in order to compare her numerical results and the
relative decrease seen in laboratory experiments. However, and as opposed to
longitudinal dispersion, transverse dispersion experiments have shown that there
already exists a relative decrease in dispersivity solely by virtue of increasing fluid
velocity (even if density differences are kept to the minimum). This implies that
if the scaling is done using the dispersivity from the lowest Ng experiment (i.e,
highest velocity), this dispersivity is at an already decreased value and the scaling
results in numbers larger that the unity and a larger data scatter as seen in Figure
3.7a. If now the scaling is done using the dispersivity corresponding to the tracer
experiment for a fixed velocity (see Figure 3.7b) there is a less scatter of the data
and a higher supression is observed. Figures 3.7a and 3.7b also show that an
increase in heterogeneity, i.e., increasing σ2 does not seem to play a role in the
apparent decrease.

3.3.2 Numerical Modelling

The benchmark experimental study ’saltpool’ problem was initially introduced in
Oswald (1999) and more recently in Oswald & Kinzelbach (2004). The experiments
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Figure 3.7: Comparison of dispersivity scaling for results from Starke (2005).

resemble the upconing of a saltwater-freshwater interface due to pumping. The
system is stable, i.e., the layer of salt is below the layer of freshwater, affected
by recharge and discharge of water at the top. Two cases were considered: a
low concentration case (ω = 1%) and a high concentration case (ω = 10%). A
schematics of the experimental set-up used is shown in Figure 3.8.

Figure 3.8: A schematic view of the saltpool experimental set-up. Image from
Oswald & Kinzelbach (2004).

Breakthrough curves are measured in the outlet of the box and nuclear mag-
netic resonance (NMR) techniques are used to map the salt concentration distri-
bution in the box, including its time-evolution. Results show that even for the
high-concentration case, the interface widens and forms in fact a transition zone
between freshwater and saltwater rather that a non-dispersive interface (Oswald
& Kinzelbach, 2004).
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The saltpool problem was recently modelled by Johannsen et al. (2002) using
the variable-density flow package d3f . Due to very small dispersivities and a
large density contrast, particularly for the high concentration case, a very high
spatial grid resolution was needed in order to better fit the breakthrough curves
(up to 16 million grid points with a mesh level up to l = 8). Using the Frolkovic-
Knabner algorithm for consistent velocity approximation proved essential in order
to better approximate the breakthrough curves. In addition, the authors find
that three other parameters have to be adjusted for both the low concentration
experiment and the high concentration experiment: permeability, porosity, and
transverse dispersivity. Concentration-induced changes in viscosity had to also be
considered. The main findings of this modelling study are:

1. The minimum mesh level required to model high-concentration gradient con-
ditions is l = 6.

2. The use of a consistent velocity approximation was fundamental in the suc-
cessful modelling of high-concentration case. Small inconsistencies in the
velocity field had significant impact in the computed results.

3. In order to achieve a better fit, three parameters had to be adjusted simul-
taneously for the saltpool 1 and saltpool 2 cases: permeability needed to be
increased, transverse dispersivity and porosity had to be reduced. In addi-
tion, concentration-induced viscosity variations had to be taken included.

4. The numerical code d3f used to model the experiments is based on the
linear forms of Darcy’s and Fick’s law as well as commonly used equation
of state for concentration-induced density and viscosity variations. This
implies that the use of a nonlinear models like in Hassanizadeh & Leijnse
(1995) or Schotting et al. (1999) did not have to be considered. On the other
hand, no attempt was made to model the experiments with the nonlinear
model. Thus, discrimination between approaches, i.e., classical linear model
vs. nonlinear models could not be concluded at this stage.

An important result from the numerical computations is the apparent decrease
in transverse dispersivity, in particular for the high-concentration case. The in-
terplay between high concentration gradients and hydrodynamic dispersion seems
to be one of the underlying mechanisms. Other factors could explain the need to
adjust the dispersivity values. The transverse dispersivity was in fact inferred from
the ratio αT = 1/10 · αL and not experimentally determined. The reported value
was αT = 0.12 mm. However, the flow velocity used in the saltpool experiments
had a relatively high value (v = 4.8 · 10−3m/s) for an equivalent Peclet number
(Pe = 412). If the nonlinear relation introduced in Chapter 2 is used to account
for the effects of velocity in the apparent dispersivity value (see Chapter 2), αT

yields a value of 0.062 mm. This is almost 50% decrease compared to the assumed
value in the saltpool experiments.
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3.3.3 Theoretical Studies

Non-linear model by Hassanizadeh and Leijnse, 1995

In this work, Hassanizadeh and Leijnse question the applicability of Fick’s law for
describing hydrodynamic dispersion processes under conditions of high-concentration
gradient between the mixing fluids. The authors argue that the assumption of a
linear dependency of the dispersive flux on the concentration gradient breaks down
when large concentration variations are encountered. As the authors explain, the
spreading of the salt from high concentration areas to low concentration areas is
opposed by some force, τ s, which represents the resistance of the porous medium
to disperse the salt. This force is assumed to be dependant on fluid flow, q and
may be represented by a Taylor series in terms of the dispersive mass flux, J.
Neglecting all terms higher that second order, τs is defined as

τ s = −Rs(β|J |+ 1)J (3.9)

where J is the magnitude of J, Rs is a second-order tensor accounting for the
porous medium resistance to solute dispersion, and β is a coefficient accounting
for the non-linear effects. Both R and β are considered to be independent of J
but may still be dependent on q. The resulting nonlinear dispersion equation is
given by

J(β|J |+ 1) = −Dρ ∇ω (3.10)

where β is a high-concentration coefficient which is porous-medium function and
may depend on the flow velocity, D is the dispersion tensor, and ω is the salt mass
fraction which is defined as the salt concentration divided by the fluid density.
Expression (3.10) is considered to be valid for a wide range of concentration and
concentration gradients. When the dispersive flux is small or when β is zero, (3.10)
reduces to the linear Fick’s Law.

In Hassanizadeh & Leijnse (1995) the authors supported the validity of equa-
tion (3.10) with findings from their series of stable vertical displacement experi-
ments in homogenous porous media. Their results show a consisting decrease of
the dispersivity with increasing density difference. Moreover, the authors show
that allowing the dispersivity to be a function of the salt concentration would not
exhibit a good agreement between simulated and measured profiles. Instead, a
single dispersivity value is obtained from the tracer experiments which is fixed
and later used to extract the value the parameter β from their brine experiments.
With this unique value of β all subsequent high-concentration experiments could
be modelled satisfactorily, independently of the concentration difference (or gra-
dient). However, due to the small number of experimental runs no statement
could be made on the dependence of β on flow velocity. This was later shown
in the experimental results by Moser (1995) and Watson (2002) and the analysis
by Schotting et al. (1999). Schotting shows that the relationship of β with the
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specific discharge q may be of the form

β = A q−b (3.11)

where A and b are determined experimentally. This velocity-dependency was ob-
tained by analysis of constant-density experiments in which the concentration
difference is kept constant and the flow velocity is varied. Results from these
experiment type show that as the flow rate increases, the difference between the
tracer dispersion coefficient and the brine dispersion coefficient decreases. That
is, the high-concentration dispersion coefficient approaches the value of the tracer
coefficient at higher flow rates. This suggests that the physical mechanisms under-
lying this behaviour are the result of an interplay between convective mechanisms
due to local velocity variations and gravity effects as a result of concentration gra-
dients. Moreover, it indicates the existence of two time-scales associated with the
former and latter mechanisms (Schotting et al., 1999). Hassanizadeh and Leijnse
emphasize that the observed nonlinear effects, i.e, deviations from the classical
linear Fick’s law, could not be related to the existence of heterogeneities as their
study involved the use of homogeneous column systems. However, and as shown
by Landman (2005), even in porous media essentially homogenous, small-scale in-
homogeneities are always present creating microscale velocity variations that are
affected by stabilizing gravity forces.

It should be noted that the proposed model, although in principle applicable
for two- or three-dimensional systems, has only been tested under one-dimensional
vertical flow conditions. It is one the objectives of this thesis to test the applicabil-
ity of the proposed nonlinear equation. For transverse dispersion, the experimental
observations should verify:

DT (B)

DT
=

2

1 +
√

1− 4βρDT
dω
dy

(3.12)

Solving for β and defining θ = DT (B)

DT
, the expression reads,

β =
1− (

2
θ − 1

)2

4ρDT
dω
dy

(3.13)

Thiele, 1997

The author derives a series of approximated analytical solutions to the transverse
mixing in homogeneous porous medium of two fluids flowing parallel to each other
varying only in concentration. Within the frames of the boundary layer theory
and assuming a constant fluid’s diffusion coefficient and constant dispersivity, both
stable and unstable flow conditions are analysed. As the latter falls outside the
scope of this thesis, it will not be further reviewed here. Moreover, the author
utilizes two common dispersion models, the ’Scheidegger’ model which assumes a
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linear relationship between mechanical dispersion and fluid velocity (Scheidegger,
1961), and a more complicated dispersion model proposed by Bear & Bachmat
(1967) which relates the dispersion coefficient to a more complex function of the
molecular Peclet number. Adopting the Boussinesq approximation (see Chapter
2) and using the Bear & Bachmat model, the solution for the normalized density-
dependent concentration, θ = C/C0 is given by the following series expansion

θ(ξ, η) =
1
2

(
1− erf

1
2
η

)
− β

4
√

π
exp

−η2

4 erf
1
2
η · ξ + .... (3.14)

note that the resulting concentration distribution is both a function of the so-called
nonsimilarity variable ξ, given by

ξ =
Rax

Pe
3/2
x

(3.15)

and the similarity variable η, given by

η =
z

x
Pe1/2

x (3.16)

where Rax and Pex are the x-dependent Rayleigh and Peclet numbers, respec-
tively. These dimensionless groups are defined as

Rax =
kgρ(δc)x

µDT
(3.17)

and

Pex =
qx

DT
(3.18)

The normalized concentration θ is also function of the factor β which represents
the mechanical dispersion contribution to the total dispersion. For the Bear &
Bachmat model β is given by

β =
αT q

Dmol + αT q
(3.19)

Similar to Hassanizadeh & Leijnse (1995), Thiele analyses the effects of density
on the transverse dispersion coefficient in terms of an apparent decrease of the
density-affected dispersion coefficient, DT∞ in relation to the tracer dispersion
coefficient, DT∞. This ratio is defined as

DT (ρ)
DT∞

=
[
η(θ = 0.8413)− η(θ = 0.1587)

2
√

2

]2

(3.20)

Equation (3.20) implies that the apparent decrease can be obtained directly from
the concentration profiles using the expression (3.14) for any value of the factor
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β and nonsimilarity variable ξ. Another implication of this result is that the
dispersion coefficient is obtained from the distance between two points, i.e., the
15.87% and 84.13% concentration isolines which also corresponds to twice the
standard deviation, σ. This suggests that the resulting density-dependent con-
centration profile should be rotation symmetrical around the 50% isoline. This
condition is observed in tracer experiments but that may not necessary hold for
high-concentration experiments, as shown by Landman (2005).

Figure 3.9 shows some of the results in terms of apparent decrease of the
coefficient as a function of β and Pex. From these plots it can be seen that the
density effect is visible for Pex values between the unity and 10. For values less
than the unity, i.e., in the pure molecular diffusion regime, density effects on the
mixing zone are no longer visible. The same seems to hold when Pex grows beyond
10 and into the pure mechanical dispersion regime. Again, the density effect on
the concentration distribution seem to diminish.

a) b)

Figure 3.9: Apparent decrease of the dispersion coefficient as a function of: a) β
and b) Pe

Homogenization Model of Demidov, 2005

Demidov employs the homogenization theory to analyse density-coupled flow and
transport in porous media. Stable vertical and horizontal flow configurations are
studied, but here only the horizontal stable situation is reviewed. The homogeniza-
tion theory consists of a clear separation of scales and is applied at the small-scale
(e.g., pore-scale) to derive a set of upscale equations that govern the macro-scale
behaviour (i.e., the observation scale). In the following, only the main results of
Demidov’s work are summarised. A detailed derivation of the equations can be
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found in Demidov (2005). In addition, in Chapter 5 a more extended analysis of
his results and comparison with experimental data is presented.

The pore structure of the medium considered by Demidov is shown schemati-
cally in Figure 3.10.

Figure 3.10: Mesh model of porous medium considered by Demidov.

The medium resembles a two-dimensional network of uniform, interconnected
pores. Due to the periodicity of the medium, the ’mesh model’ is solved only
for the section ABCD given in Figure 3.10. The result is a set of macro-scale
equations and coefficients containing already information on the microstructure of
the porous medium. These coefficients are the effective dispersion coefficient D⊥
and the filtration (permeability) coefficient K0. Each coefficient exhibits different
dependencies: the effective dispersion coefficient depends on the fluid velocity (and
hence the Peclet number) and permeability (typically assumed a constant) is made
function of the density gradient through the Rayleigh number. Both Peclet and
Rayleigh numbers are in fact local and defined as:

Pel =
vl

dm
(3.21)

and

Ral =
gl4

µdm

∂ρ

∂z
(3.22)

where dm denotes the molecular diffusion coefficient in free solution, and l refers
to a representative pore-scale length, e.g., the pore size. The dependency of D⊥
on Pel is given by

D⊥(Pel, 0) = ζ + D0
⊥(Pel); D0

⊥(0) = 0 (3.23)



48 CHAPTER 3. DENSITY-DEPENDENT DISPERSION: OVERVIEW

where ζ denotes the tortuosity coefficient and D0
⊥ is the tracer dispersion coeffi-

cient. It should be noted that D⊥, ζ and D0
⊥ are in fact scaled coefficients, the

scaling parameter being the molecular diffusivity dm. In reference to the termi-
nology used so far, ζ is equivalent to τ and D0

⊥ is the scaled mechanical dispersion
coefficient Dmec

Dmol

According to Demidov, density gradients affect both the effective dispersion
coefficient and the permeability coefficient. The general form of expression (3.23)
holds but in order to account for the density effects, ’correction factors’ fk and
f⊥ are introduced for each coefficient respectively. The permeability (filtration)
coefficient defined in terms of a correction factor reads,

K = K0 · fk (3.24)

where K0 is the value of permeability typically assumed constant, and K is the
corrected permeability. Next, the correction factor for the dispersion coefficient is
given by,

f⊥ =
D⊥ − ζ −D∞

⊥
D0
⊥ −D∞

⊥
(3.25)

where D∞
⊥ denotes the effective dispersion coefficient at Ra → ∞ and equals 1

2n
with n being the porosity.

Next, the effective dispersion coefficient is obtained as the weighted average
between limiting values,

D⊥(ρ) = ζ + D0
⊥ f⊥ + D∞

⊥ (1− f⊥). (3.26)

Note that (ρ) was added to D⊥ to distinguish from D⊥ given by expression (3.23).
Note also that in the limit of f⊥ → 0, the tracer dispersion coefficient vanishes and
D∞
⊥ tends to the constant value 1/2n. In this limit the only mixing mechanism is

molecular diffusion.
Demidov’s results show that it is in fact the interaction between gravity forces

and convective forces that affect the flow and transport at the pore-scale; molecular
diffusion does not play a primary role. Hence, the effects can be quantified in terms
of the local gravity number,

Gl =
Ral

Pel
=

gl3

µv

∂ρ

∂z
. (3.27)

Assuming ζ = 0.589, n = 0.36 and hence D∞
⊥ = 1.388 two approximation curves

for f⊥ and fk are as follow:

f⊥ =
1 + 0.1G̃l

1 + 0.25G̃l
3/2

(3.28)

and
fk =

1 + 0.08Gl

1 + 0.09Gl + 0.05G
3/2
l

(3.29)
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where G̃l is a scaled gravity number defined by G̃l = Gl/D0
⊥. According to

Demidov, this scaling was necessary in order to group all the results along the same
approximation curve. Equations (3.28) and (3.29) are in fact the main practical
results of Demidov’s work. In Chapter 5 results from laboratory experiments are
analysed to assess the applicability of the proposed formulas.

3.4 Summary and Conclusions

An overview of previous experimental, numerical and theoretical work concerning
density-dependent dispersion is presented in this Chapter. The main observations
reported for longitudinal dispersion are:

1. Whenever high-concentration-gradients are present, gravity forces, acting
at the small-scale, stabilise the the dispersion front. For an homogenous
media like that of a laboratory column, local micro-heterogeneities in the
permeability field cause perturbations (wiggles) in the front. These in turn
generate horizontal density gradients in which gravity forces act upon. The
result is a ’smoother’ dispersive front also reduced in size. As the dispersion
coefficient is related to the width of this front, this explains the observed
reduction of the dispersion coefficient reported in the brine experiments by
Hassanizadeh et al. (1990); Schotting et al. (1999); Watson et al. (2002)

2. Although it holds that for stable displacement, the higher the density dif-
ference between the fluids the stronger the stabilizing gravity effect, it also
holds that the smaller the flow velocity the larger the gravity effect. Hence,
stabilizing conditions are in effect an interplay between density difference
and flow velocity. These are represented by the gravity number, Ng.

This Chapter also reviewed previous experimental and theoretical work in the
context of density-dependent transverse dispersion. The former was found limited
in scope and number, hence supporting the need of additional experimental data.
In the following Chapter, transverse dispersion experiments are presented. Results
from these experiments are used in Chapter 5 to compare with predictions of two
theoretical models of density-dependent dispersion.
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Chapter 4

Transverse dispersion: tracer
and brine experiments

This Chapter presents the results of a laboratory investigation on transverse dis-
persion under tracer and high-concentration conditions. Mixing in the transverse
direction is studied using a two-dimensional flow-trough tank packed with a ho-
mogeneous porous medium. Transverse dispersion coefficients are calculated from
data obtained over a range of flow rates, for various density differences using two
different types of porous media. Experimental results reported here will be used
in Chapter 5 where the applicability of theoretical models on density-dependent
dispersion is investigated.

4.1 Introduction

In recent years numerous investigations have been carried out to evaluate the mix-
ing that occurs when a tracer, i.e., a fluid with equal density, equal viscosity to
that of the ambient fluid, flows through a homogeneous porous medium. These
investigations have helped improving the understanding of how the various mi-
croscopic mixing mechanisms can be characterised by the macroscopic dispersion
coefficients. However, when the invading fluid exhibits distinct density and/or vis-
cosity compared to the ambient fluid, these property differences can significantly
influence the flow and transport through the porous medium (Diersch & Kolditz,
2002). A number of authors have investigated longitudinal dispersion of brine
(and other concentrated solutions), see e.g., Hassanizadeh et al. (1990); Watson
et al. (2002). However, transverse dispersion of brine has only occasionally been
investigated. Chapter 3 gave a brief summary of some of the experimental studies
reported in the literature. It was identified that for homogenous porous media
complementary experimental results are needed in order to fully assess the effect
of flow velocity and variations in density on the transverse dispersion coefficient.
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Hence, the laboratory experiments presented here investigate transverse dis-
persion mechanisms under conditions of low-concentration gradient (tracer) and
high-concentration gradient (brine). The displacement is always stable, i.e., the
heavier fluid underlies the lighter fluid. Interaction between flow rate, porous me-
dia properties and density differences is investigated, and their effect on the trans-
verse dispersion coefficient is assessed. Following a description of the methodology
used, results from the experimental study are presented and analysed to provide
an empirical basis to describing tracer and brine dispersion under horizontal flow.
The specific physical mechanisms underlying the effects observed on transverse dis-
persion are not the main focus of this chapter. In Chapter 5, high-concentration
transverse dispersion is further discussed where the applicability of recently devel-
oped theoretical models of density-dependent transport is investigated.

4.1.1 Laboratory experiments

In order to investigate transverse dispersion mechanisms a series of stable miscible-
displacement laboratory experiments were conducted. The system considered here
is that of freshwater and a saltwater solution (NaCl). An increase in concentra-
tion leads to an increase in fluid’s density and viscosity (less significant). The two
fluids flow parallel to each other in a uniform horizontal flow field mixing through
transverse dispersion. Figure 4.1 depicts the dispersion scenario considered. The
porous medium is homogeneous such that it can be characterised by a single (av-
erage) value of porosity n, and intrinsic permeability k. In the real laboratory
system, this is only true to some extent as small-scale heterogeneities are inher-
ently present due to the type of porous media used and the method of packing.
Tracer conditions occur when ρsw ≈ ρfw, i.e., when density differences can be
disregarded. Brine conditions occur when ρsw À ρfw (subscripts sw and fw refer
to salt water and fresh water, respectively). The objectives of the experimental
programme are two fold:

• To gain a better understanding of transverse dispersion in homogeneous me-
dia and the effects of fluid velocity, variable density, and permeability on the
dispersion coefficient.

• To obtain a reliable data set for the purpose of testing developed theories on
density-dependent dispersion.

4.2 Materials and Methods

4.2.1 Experimental setup

In order to generate the flow and mixing conditions shown in Figure 4.1, a two
dimensional flow-through tank was constructed with inner dimensions of 150 cm
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Figure 4.1: Transverse dispersion scenario.

long, 40 cm hight and 1 cm wide, using 1 cm thick Plexiglas. A steel support
frame was fitted around the tank to avoid bending of the side walls. Figure 4.2
shows schematically the tank system and photographically in Figure 4.4.

salwater
reservoir

demiwater
reservoir

inlet pump

outlet pump

piezometers

Figure 4.2: Sketch of the experimental setup.

A more detailed plan of the tank dimensions and accessories is shown in the
Figure 4.3.

The tank was equipped with 24 inlet and outlet ports respectively, spaced
at 1.5 cm intervals. The ports were made with silicone stoppers protruded by
stainless steel capillaries. Flow in the tank was controlled by two peristaltic pumps
(ISMATEC IP-N 24-channels) that connected to the ports through pump tubing
at each end of the tank. In order to avoid possible blockage of the capillaries
by the grains, a highly permeable net was fitted in the outlet side of the tank.
Preliminary runs showed that this net did not disturbed the flow in the outlet
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Figure 4.3: Plan of the laboratory tank dimensions.
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of the tank. The experiments were carried out in a constant-temperature room
where the average temperature was 20◦C.

Figure 4.4: Side-view of the laboratory tank.

4.2.2 Porous media

Non-sorbing, chemically inert silica glass beads of three commercially available
size ranges (Sigmund-Lidner) were used as porous medium. These porous media
are denoted in the remaining of this thesis as PM1, PM2 and PM3. The average
grain diameters, d50, were 0.36 mm, 0.86 mm and 1.865 mm respectively, and the
uniformity coefficients, U , were 1.085, 1.09 and 1.092 respectively. Only results
from PM2 and PM3 are reported here. Experimental runs using PM1 were not
successful in creating a uniform flow along the tank and did not show reproducibil-
ity. This is believed to be due to the low permeability of the medium and the way
flow was established in the tank. They were abandoned in favour of porous media
with higher permeability. Figure 4.5 shows the grading curves for PM2 and PM3.

Cleaning method

The glass beads were cleaned by letting them soak for 1 hour in a NaClO solution,
then thoroughly rinsed with tap water, boiled for another hour and finally rinsed
with distilled water. The cleaned glass beads were stored in plastic containers and
kept under wet conditions for the whole duration of the experiments.



60 CHAPTER 4. EXPERIMENTS ON TRANSVERSE DISPERSION

Figure 4.5: PM2 and PM3 grading curves.

4.2.3 Packing and homogeneity of the medium

The tank was wet-packed in 10 cm lifts by sprinkling the glass beads into the tank
ensuring the beads always stayed under the water level. This prevented trapping
of air bubbles. An air hammer was used to sort and compact the glass beads. This
process was repeated until the glass beads were about 1 cm from the top edge of
the tank and was proved reliable in creating a homogenous medium.
A homogeneous medium is such that properties like dispersivity, permeability and
porosity have only small variations along and across the tank. This can be achieved
by narrowing the grain size distribution (low uniformity coefficient) and by using
a reliable packing method. In these experiments the homogeneity of the medium
was checked in the following way. Colour plumes were created by injecting dye
fronts through some of the inlet ports. The development of the plumes as well
as the shape and size provided a good visual indication of the uniformity of the
packed tank. Figure 4.6 shows and example of dye plumes developing. If the dye
plumes show no visual differences in size and shape and it would appear that the
packing resulted in a fairly homogenous medium. The tank was repacked if visual
differences in the size and shape of the plumes existed. Once an homogenous
medium was archived, the tank remained packed until all the experimental runs
(preliminary and actual experiments) were completed.

4.2.4 Porosity

Porosity for each porous medium was estimated in two ways.

1. Injecting dye fronts through different inlet ports. The average advance rate
of the fluid front is a measure of the average fluid velocity, v, within the
tank. Since the specific discharge is known from volumetric measurements
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Figure 4.6: Visual confirmation of homogeneity of the porous medium.

then,
n =

v

q
(4.1)

The porosity was found to vary locally between 0.38 and 0.40 for both PM2
and PM3.

2. Gravimetrically, by saturating a known volume of porous media and knowing
the volume of water that saturated the medium, then,

n =
Vwater

VTotal
(4.2)

Results of the porosity measurements from this method gave an average
value of 0.38 and 0.39 for PM2 and PM3 respectively.

4.2.5 Intrinsic permeability

The tank was equipped with three vertically-spaced sampling ports, located at two
transects (6 ports in total) with a spacing of 50 cm between transects (see also
Figure 4.3). In these ports, piezometers were fitted to measure the hydraulic head
drop ∆h at a given specific discharge. For uniform flow, Darcy’s Law states that
the specific discharge, q, is given by

q = KI (4.3)

where K is the hydraulic conductivity and I is the hydraulic gradient given by
I = ∆h/L. To obtain K it is necessary to know the total flow rate, Q, and the
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Parameter Variable Units PM2 PM3
Average Grain Diameter d50 mm 0.86 1.865
Uniformity Coefficient U - 1.08 1.092

Porosity n - 0.38 0.39
Intrinsic Permeability k m2 5.8 · 10−10 3.1 · 10−9

Table 4.1: Experimental Parameters

head difference ∆h, between piezometers. If q is plotted against ∆h the slope of
the line should be constant and equal to K/L, where L is the distance between
piezometers. Results for PM2 and PM3 are given in Figures (4.7a) and (4.7b). The
plots show measurements of ∆h between the two middle ports for various specific
discharges, corresponding to tracer experiments reported in next section. Due to
the high permeability of PM3 (larger grain size) only three pressure drops could
be measured, corresponding to those runs with a high specific discharge. This is
because it was difficult to obtain accurate readings for ∆h < 1 mm corresponding
to lower specific discharges. The intrinsic permeability is calculated using

k =
Kµ

ρg
(4.4)

It should be noted that Figures 4.7a and 4.7b not only show that permeability
remained constant during the whole duration of the experiments for PM2 and PM3
but also confirms the validity of Darcy’s law for each of the tracer experiments.

A second method to determine the intrinsic permeability is using the well-
known Kozeny-Carman relationship, see Bear (1972). The calculated values are
kPM2 = 5.41 · 10−10 and kPM3 = 3.08 · 10−9. As expected for these media, i.e.,
unconsolidate media of uniform grain size, theoretical values closely match the
measured values above. Table 4.1 summarises the values used in the experiments
for each set of porous media.

4.2.6 Tracer and brine solutions

Tracer and brine solutions used for the experimental runs were prepared with
chemically pure NaCl and demineralised water. To prepare a tracer solution a
quantity between 2 - 4 g/l of NaCl was added to the demineralised water, thor-
oughly dissolved and left in the room to achieve an equilibrium temperature of
about 20◦C. The same procedure was used to prepare the brine solutions except
that dissolved quantities of NaCl varied between 25 g/l up to 200 g/l. Additionally,
both tracer and brine solutions contained a small amount of a non-conducting, non-
absorbable colour indicator (Reazurin) to allow for visual study of the behaviour
of the front and the fluid interface.
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Figure 4.7: Determination of intrinsic permeability for a) PM2 and, b) PM3.
Confirmation of Darcy’s Law for tracer runs.



64 CHAPTER 4. EXPERIMENTS ON TRANSVERSE DISPERSION

4.2.7 Flow regulation and measurement

Flow through the tank was controlled by two 24-channels peristaltic pumps lo-
cated at the inlet and outlet sides respectively, and connected to the tank through
tubing and capillaries. Two reservoirs were connected to the inlet pump. One
reservoir provided the freshwater and the other reservoir the saltwater fluid (NaCl
solutions) that varied for tracer experiments from 2 to 4 g/l, and for brine exper-
iments from 25 up to 200 g/l. This meant that the inlet pump injected with 11
channels demineralised water into the top half of the tank and 11 channels the
tracer solution into the bottom half. In contrast, at the outlet side the second
24-channel pump discharged with 23 channels into a common reservoir. The out-
let pump was adjusted to match the inlet flow rate. This procedure allowed an
unsaturated zone to exist near the top of the tank and was proven successful to
achieving a uniform and horizontal flow field along the tank. This is shown in
Figure 4.8 where dye plumes develop in horizontal uniform flow conditions. Due
to practical limitations on the pump delivery capacity it was necessary to use two
different sizes of tubing (1.02 mm and 3.17 mm id.) to generate the desire range
of flow rates. Additionally, for this pump model (IP-N) calibration curves needed
to be generated.

Figure 4.8: Dye plumes developing under conditions of uniform horizontal flow.

To ensure the prescribed initial and boundary conditions of constant and uni-
form flow rate in the inlet and outlet of the tank, the following series of tests were
carried out for both pumps and then compared against each other:

• Pump curve - relationship between RPM (revolutions per minute) v. flow
rate, for both inlet and outlet pumps. Two curves were generated for each
pump, one corresponding to tubing of 1.02 mm i.d. and another one corre-
sponding to tubing of 3.17 mm i.d. respectively.
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• Tubing performance assessed after days of use.

• Relationship between RPM and flow rate/per channel (salt water at different
mass fraction)

• Inlet and Outlet pumps working with the two fluids together.
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Figure 4.9: Pump tests: a)comparison of inlet and outlet pump curve (curve shown
for tubing 1.02 mm i.d.); b)tubing performance after weeks of usage; c)example of
flow rate delivered using demi-water only, a salt solution of up to 25 g/l and salt
solution containing up to 100 g/l; d) flow rate delivered by pump connected to two
reservoirs, one containing demi-water and the other containing a salt solution.

From the above-mentioned tests, the following could be concluded:

• Although same type of pump (model) and same type of tubing used, each
pump was run with its own individual calibration curve.

• The inlet and outlet pumps show no major differences in delivered flow when
working with half of the channels pumping demi-water and the remaining
channels pumping salt water.

• Tubing had to be replaced after two-weeks of continuous use in order to avoid
differences higher than 5% in flow rate delivered per channel.
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4.2.8 Fluid velocity

The average fluid velocity for each experiment was calculated by measuring volu-
metrically the total effluent fluid, Q, for a given time lapse and using the following
relationship:

v =
Q

As n
(4.5)

where As refers to the crossectional area of saturated flow at the outlet of the
tank. Because this saturated area varied between experiment depending on the
specific discharge and ∆h, As was measured for each individual experimental run.

4.2.9 Measurement of salt concentration profile

Electrical conductivity measurements were carried out using a Consort multi-
channel analyser (model R305) connected to a 3-pole conductivity electrode. Pre-
vious to the conductivity measurements a calibration curve for the conductivity
meter and probe was generated to allow determination of the salt concentration.
The calibration procedure was as follows: a number of salt solution samples were
prepared with known salt concentration ranging from 0.5 g/l to 200 g/l. To prepare
the sample a carefully-weighted amount of chemically pure NaCl was dissolved in
250 ml of demineralised water. The samples were left to achieve room temperature
(20◦C). Conductivity measurements were recorded and a plot of salt concentra-
tion vs. electrical conductivity was prepared (see Figure 4.10). The calibration
procedure was repeated in a number of occasions throughout the duration of the
experimental programme in order to check the stability of the instrumentation.
Figure 4.10 shows the calibration curve for the conductivity meter and probe
when first calibrated and the last calibration run. It can be seen that the meter
and probe remained fairly stable.

The tank outlet was the chosen location to determine a salt concentration
profile. The outlet profile was sampled by connecting glass sample vials to the
outlet ports (see Figure 4.11). Electrical conductivity readings were obtained by
inserting directly the conductivity probe into the vials.

4.2.10 Steady-state conditions

Preliminary runs were carried out for both tracer and brine experiments in order
to to determine when stationary conditions were achieved. Conductivity mea-
surements were obtained from the effluent stream at various pore volumes (PV),
namely at 1, 1.5, 2, 3, 4 and 5 PV. When constant values of conductivity were
observed, it was assumed that the steady state had been reached. For tracer exper-
iments this happened soon after 1 PV as subsequent pore volume measurements
showed no change in the conductivity readings. This was also corroborated by nu-
merical simulations of the experimental runs (Duijster, 2007). However, for brine
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experiments stationary conditions varied between 3 and 4 PV depending on the
flow rate and concentration difference between fluids.

4.2.11 Reproducibility of experiments

Reproducibility of the experimental method was tested by emptying the tank,
repacking and repeating an equal-velocity, equal-concentration experiment. Figure
4.12 is a plot of two experimental runs from the first and second tank packings,
respectively. The plot gives an example of a two tracer runs at a fluid velocity of 3.3
m/day using PM2 for the initial packing and after repacking the tank. The same
procedure was followed for PM3. In addition to the tracer runs, reproducibility
was also tested for brine experiments showing again a very good agreement.
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Figure 4.12: Concentration profiles generated with initial packing and after emp-
tying and repacking tank. The experiments correspond to a fluid velocity of 3.3
m/day

4.2.12 Experimental errors

Experimental errors can be associated with electrical conductivity measurements
and flow rate measurements. The error associated with conductivity measure-
ments and the obtained calibration curve have a direct effect on the obtained salt
concentration profile measured at the tank outlet. In Section 4.2.9 it was shown
that the calibration curves and conductivity meter used are reliable and cover the
full spectrum of salt concentrations used during the experiments. A maximum
total error associated with the salt concentration measurements was estimated to
ranged in ±0.5%

The errors associated with the flow rate have an effect on the flow field estab-
lished in the tank and the obtained fluid velocity. In Section 4.2.7 it was described
how the flow rate was regulated by using the same pump tubing no longer than
2 weeks and by visually monitoring the development of the injecting fluid. This
help to ensure a uniform and constant flow field in the tank. The maximum error
associated with the the flow rate measured at the tank outlet was in the range
±2.5%.

4.3 Experimental Results

The laboratory experiments assume that: i) the porous medium is homogenous
and can be characterised by a single (average) value of porosity, permeability and
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dispersivity; ii) the values of the transverse dispersion coefficients correspond to
asymptotic values as the length scale of the system is of meters and stationary
conditions are achieved before measuring the concentration profile; iii) for each
porous media (i.e., PM2 and PM3 ) the two varying parameters are initial salt
concentration, C0, and fluid velocity, v.

It should be noted that although the main difference between the two porous
media is the value of the average grain size, this sole condition allowed to inves-
tigate a wide range of Peclet numbers (which is function of the grain size), and
gravity numbers (which is function of permeability). Moreover, the Reynolds num-
ber in the experimental runs was kept between the Darcy’s law validity range, i.e.,
0≤ Re ≤ 1. The following gives a general description of the experiments carried
out for each porous media pack.

PM2 series. Seven tracer experiments with added salt ranging between between
2 g/l to 4 g/l and considered small enough not to cause any gravitational effects
due to density differences. Fluid velocities were varied between 2 m/day and 81
m/day. For each fluid velocity a corresponding brine or experiment was performed.
The salt concentration for these experiments ranged between 100 g/l to 200 g/l.
A total of 14 dispersion experiments were carried out with PM2.

PM3 series. Seven tracer experiments (similar to PM2 series) for which the fluid
velocity ranged between 1.4 m/day to 26 m/day. For the first four fluid velocities,
namely 1.4 m/day, 3.3 m/day, 5.5 m/day and 8.3 m/day, three subsequent brine
experiments were performed increasing the salt concentration from 20 g/l, up
to 110 g/l. For the remaining three fluid velocities only one subsequent brine
experiment was conducted for which the salt concentration was approximately '
110 g/l. A total of 22 dispersion experiments were performed using PM3.

The details of the experimental runs are given in Table 4.2; an explanation of
the different data columns is: Column 1 gives the run number of the experiment.
The first three letters refer to the porous media set, the fourth and fifth letters refer
to the fluid velocity used, and the T and B refer to a tracer or a brine experiment,
respectively. Column 2 gives the average fluid velocity through the saturated
porous medium and is the total flow rate through the tank divided by the cross-
sectional area measured at the outlet of the tank times the average porosity. It was
observed that measured outflow velocities for tracer experiments and subsequent
brine experiments showed discrepancies in value not higher than 2% in all cases
(this is in line with test runs described in Section 4.2.7). Thus, it is assumed that
all experimental runs can be classified as constant flow rate experiments in which
only the density is varied and the fluid velocity remains constant. Column 3 gives
the density difference between the mixing fluids, i.e., between freshwater and salt
water. Density is calculated using the relationship (2.10) as given in Chapter 2.
The salt concentration is obtained from conductivity measurements and using the
calibration curve shown in Figure 4.10.
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Experiment Fluid Density
Number Velocity (m/s) Difference (kg/m3)
PM2 Series
PM2V1T 2.39 · 10−5 1.8
PM2V1B 2.39 · 10−5 66
PM2V2T 5.75 · 10−5 2.2
PM2V2B 5.75 · 10−5 120
PM2V3T 1.29 · 10−4 2.1
PM2V3B 1.29 · 10−4 98
PM2V4T 3.2 · 10−4 2.2
PM2V4B 3.2 · 10−4 120
PM2V5T 3.76 · 10−4 2.4
PM2V5B 3.76 · 10−4 98
PM2V6T 6.44 · 10−4 2.1
PM2V6B 6.44 · 10−4 99
PM2V7T 9.41 · 10−4 2.2
PM2V7B 9.41 · 10−4 99
PM3 Series
PM3V1T 1.68 · 10−5 1.5
PM3V1B1 1.68 · 10−5 18
PM3V1B2 1.68 · 10−5 36
PM3V1B3 1.68 · 10−5 69
PM3V2T 3.81 · 10−5 2.2
PM3V2B1 3.81 · 10−5 19
PM3V2B2 3.81 · 10−5 35
PM3V2B3 3.81 · 10−5 70
PM3V3T 6.41 · 10−5 1.8
PM3V3B1 6.41 · 10−5 17.5
PM3V3B2 6.41 · 10−5 35
PM3V3B3 6.41 · 10−5 68
PM3V4T 9.61 · 10−5 1.8
PM3V4B1 9.61 · 10−5 18
PM3V4B2 9.61 · 10−5 36
PM3V4B3 9.61 · 10−5 68
PM3V5T 1.84 · 10−4 1.6
PM3V5B1 1.84 · 10−4 69
PM3V6T 2.41 · 10−4 1.7
PM3V6B1 2.41 · 10−4 70
PM3V7T 3.06 · 10−4 1.9

Table 4.2: Experimental Parameters
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4.3.1 Experimental profiles

Tracer experiments — PM2 and PM3 – series

First, experimental results are given for tracer experiments of both the PM2 and
PM3 series. Figures 4.13a through 4.14b show the experimentally-determined
concentration profiles across the fluid interface, i.e., where the scaled concentration
changes from C/C0 = 1 to C/C0 = 0. It is first plotted as a function of vertical
distance along the tank, and secondly, as a function of relative distance regarding
location of the 50% concentration isoline. Tracer profiles corresponding to both
PM2 and PM3 series show that the vertical position of the interface remained
fairly constant for each of the tracer runs (see Figures 4.13a and 4.14a). Another
behaviour visible from Figures 4.13b and 4.14b is the decrease of the interface
width with increasing fluid velocity for both experimental sets.

Brine experiments — PM2 series

Concentration profiles of PM2 brine experiments are presented in Figure 4.15.
The top panel shows the brine concentration profiles plotted as a function of the
vertical position along the tank. It can be seen that the location of interface
remained relatively constant in all cases. The bottom panel shows the same brine
experiments plotted together with the tracer experiments of the same series. A
slight shift of the vertical position with respect to the tracer runs can be observed
for all the brine experiments. This behaviour has also been reported in previous
experiments by Spitz (1985) and more recently by Starke (2005). Next, Figure
4.16 shows all the brine experiments plotted as a function of relative distance to
the 50% concentration isoline. There appears to be a reduction in the width of the
interface as velocity increases. However, this reduction could also be the result of
an increase in the salt concentration (hence density difference). As a consequence
a decreasing trend with increasing velocity is not as evident as in the tracer-only
experiments.

To better illustrate the effects of density difference, Figure 4.17 shows two pairs
of constant flow rate experiments, tracer and brine runs, corresponding to fluid
velocities of 2 m/day and 4.9 m/day, respectively. Both profiles show that the
profile becomes steeper with an increase in density. An interesting observation is
that the brine profile corresponding to the lowest velocity (PM2V1B) exhibits a
larger decrease (with respect to the tracer profile) than the brine run PM2V2B,
although the density difference was higher in the latter (∆ρ = 66 kg/m3) than
in the former (∆ρ = 120 kg/m3). The overall effect on the steepness of the
profile appears to be the result of an interplay between density differences and flow
velocity. Note from both brine runs, PM2V1B and PM2V2B, the concentration
profile is not symmetrical around C/C0 = 0.5, as opposed to what is observed in
tracer runs. The brine profiles tend to be steeper at the saltwater side where the
concentration is higher. These observations are further investigated in the PM3
experimental series.
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Figure 4.13: Experimentally obtained concentration profiles at the tank outlet
for PM2 series. (a) profiles of normalized concentration as a function of vertical
location along the tank. (b) profiles of normalized concentration as a function of
relative height.
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Figure 4.15: Concentration profiles of PM2 series experiments. (a) profiles of
normalized concentration plotted as a function of vertical location along the tank.
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Figure 4.17: Concentration profiles for pair of experiments, tracer and brine, for
fluid velocities V1= 2 m/day (LHS plot) and V2= 4.9 m/day (RHS plot), respec-
tively.
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Brine experiments — PM3 series

Profiles associated to some of the brine experiments from the PM3 series are
shown in Figures 4.18 and 4.19. These pairs of plots correspond to four constant
flow rate experiments for which the fluid velocity is kept constant and the salt
concentration is increased for a total of four experimental runs per fluid velocity.
LHS plots in Figures 4.18 and 4.19 show the vertical location of the interface along
the tank. Again, and as seen in runs from the PM2 series, the vertical position of
the interface for all the brine runs appears slightly shifted downward with respect
to the tracer case. However, no systematic sinking of the interface with increasing
salt concentration (hence density difference) is observed. The RHS plots show the
normalized concentration as a function of relative distance to C/C0 = 0.5. There
is a clear evidence that an increase in density leads to a steeper profile in each
set of constant velocity experiments. The previous remarks on the concentration
profiles are also observed here: brine profiles corresponding to the V1 set, i.e.,
PM3V1B1, PM3V1B2, PM3V1B3, are steeper that the tracer run of the same set,
i.e., PM3V1T. This reduction increases with increasing concentration. The same
holds in the V2, V3 and V4 experimental sets. The overall degree of reduction of
the interface zone appears again to be the result of the interplay between density
difference and fluid velocity as the decrease is not the same in all the experimental
sets even for similar density difference. Also, and as previously observed in Figure
4.17, brine profiles tend to be steeper in the high concentration side, hence non-
symmetrical around C/C0 = 0.5. This latter behaviour was also observed by
Landman (2005) in her numerical results of brine concentration profiles.

4.3.2 Determination of the transverse dispersion coefficient

As reviewed in Chapter 2, the transverse dispersion coefficient, DT , is commonly
determined by measuring the steady state concentration profile at a given transect,
xi, along the flow field. The dispersion problem in this study considers the mixing
of two horizontal streams flowing at the same velocity, v, in an infinite medium.
The corresponding initial conditions are C/C0 = 1 at x = 0 and C = 0 at x > 0.
The boundary conditions are C/C0 = 1 at z → −∞ and C/C0 = 0 at y →∞. At
steady state, the governing mixing equation of an ideal tracer is

∂C

∂x
=

∂

∂y

(
DT

∂C

∂y

)
(4.6)

The transverse dispersion coefficient can be determined by using an approximate
analytical solution to (4.6) given by

C

C0
=

1
2

erfc

(
z − z50√

4DT
x
v

)
(4.7)

where C is the solute concentration at a point with coordinates (x, z), C0 is the
initial tracer concentration at the inlet, and z50 is the z value at which C/C0 = 0.5.
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Figure 4.18: Concentration profiles for runs at fluid velocities V1=1.4 m/day (top
figures) and V2=3.3 m/day (bottom figures), respectively. PM3 series. LHS
figures correspond to plots of normalized concentration as function of vertical
location in the tank. RHS plots correspond to concentration as a function of
relative distance to C/C0 = 0.5
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Figure 4.19: Concentration profiles for runs at fluid velocities V3=5.5 m/day (top
figures) and V4=8.3 m/day (bottom figures), respectively. LHS figures corre-
spond to plots of normalized concentration as function of vertical location in the
tank. RHS plots corresponds to concentration as a function of relative distance to
C/C0 = 0.5.
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An optimization routine was used to determine the value of the DT , which best
fitted the experimental tracer data and (4.7). In obtaining the dispersion co-
efficient for brine experimental runs it was assumed that the governing mixing
equation (4.6) still holds and that DT can be determined by fitting the analytical
solution (4.7) through the concentration profile. However, density differences influ-
ence the degree of dispersion and therefore the obtained DT will be an ”apparent
coefficient” as is a bulk representation of the influence of brine properties on the
mixing. Additionally, an apparent value of the transverse dispersivity, αT was also
obtained. Dispersivity values are calculated following the linear combination of
effective diffusion and mechanical dispersion (see Chapter 2),

DT =
Dmol

τ
+ αT v (4.8)

assuming Dmol = 1.24 · 10−9 m2/s and τ =3/2 for the experimental conditions
encountered in this study (Bear, 1972). The computed dispersion coefficient and
dispersivity values are listed in Table 4.3.

4.4 Discussion

4.4.1 Transverse dispersion — effects of fluid velocity

Results of the tracer experiments are shown in Figure 4.20 in terms of the molec-
ular Peclet number and the ratio between the apparent dispersion coefficient DT

and the molecular diffusion coefficient Dmol. Here, the molecular Peclet number,
defined as

Pe =
d50v

Dmol
(4.9)

ranged between ≈ 17 to ≈ 650 for the PM2 experiments and between ≈ 25 to ≈
460 for the PM3 runs. Additionally, Figure 4.20 compares the tracer results with
literature data. A general observation from previous experimental studies is that
the commonly assumed linear dependence of the dispersion coefficient on the fluid
velocity, e.g., expression (4.8), does not hold for tracer experiments. Therefore it
is common to describe the experimental data by a relationship of the form

DT

Dmol
=

De

Dmol
+ b (Pe)m. (4.10)

where the ratio
(

De

Dmol

)
can be extracted from experimental data (indicated by

the arrow in Figure 4.20 and approximately equal to 2/3. Coefficients b and m
are determined experimentally. A curve fitting through the experimental tracer
data (plotted in Figure 4.20), reveals a similar dependency as given by expression
(4.10),



80 CHAPTER 4. EXPERIMENTS ON TRANSVERSE DISPERSION

Experiment DT αT

Number (mm2/s) (mm)
PM2 Series
PM2V1T 2.81 0.098
PM2V1B 2.59 0.085
PM2V2T 4.63 0.072
PM2V2B 3.88 0.055
PM2V3T 7.08 0.051
PM2V3B 6.83 0.048
PM2V4T 13.8 0.041
PM2V4B 11.1 0.033
PM2V5T 15.8 0.041
PM2V5B 13.5 0.031
PM2V6T 25.9 0.04
PM2V6B 16.9 0.025
PM2V7T 36.6 0.038
PM2V7B 22.8 0.024
PM3 Series
PM3V1T 2.71 0.133
PM3V1B1 1.2 0.043
PM3V1B2 1.03 0.033
PM3V1B3 0.837 0.001
PM3V2T 4.47 0.105
PM3V2B1 2.29 0.047
PM3V2B2 2.02 0.04
PM3V2B3 1.47 0.026
PM3V3T 6.29 0.092
PM3V3B1 3.92 0.055
PM3V3B2 2.97 0.04
PM3V3B3 2.12 0.027
PM3V4T 7.61 0.074
PM3V4B1 5.17 0.049
PM3V4B2 4.51 0.042
PM3V4B2 3.2 0.028
PM3V5T 12.7 0.066
PM3V5B1 4.78 0.023
PM3V6T 15.6 0.063
PM3V6B1 6.71 0.026
PM3V7T 19.8 0.063

Table 4.3: Computed values of apparent transverse dispersion coefficients and
transverse dispersivity.



4.4. DISCUSSION 81

Grane & Gardner (1961)

Harleman & Rumer (1963)

Olsson (2005)

All tracer data (this study)

Pe

Figure 4.20: Results from tracer experiments compared to reported data from
previous experimental studies.

DT

Dmol
=

De

Dmol
+ 0.26 (Pe)0.68. (4.11)

Similar values of the coefficients b and m have been reported by e.g., Harleman
& Rumer (1963); Olsson & Grathwohl (2007). The form of equation (4.11) sug-
gests that: i) the transverse dispersion coefficient exhibits a weaker (sub-linear)
dependence on the flow velocity; ii) molecular diffusion plays a stronger role in
transverse dispersion as DT varies inversely proportionally to Dmol

1.47 (assuming
m = 0.68). Data taken from Olsson (2005) corroborates the latter. Figure 4.21
shows experimental results using three tracer fluids (in the same porous medium),
namely, Fluorescein at room temperature, Fluorescein at 4◦C, and Bromide. The
reported molecular diffusion coefficients were 6.48 · 10−10 m2/s, 3.57 · 10−10 m2/s
and 2.08 · 10−9 m2/s, respectively. The range of fluid velocities was very similar
for the three experimental sets.

It is evident from Figure 4.21 that dispersion is greater for the fluid with the
largest diffusion coefficient (i.e., Bromide) compared to the fluid with the smallest
diffusion coefficient (Fluorescien at 4◦C). Although this behaviour may be intu-
itive, when longitudinal dispersion is considered, functional relationships of similar
form to Eq. (4.10) have been reported, e.g., Schotting et al. (1999). However, val-
ues of m range between 1.1 and 1.3. This means longitudinal dispersion coefficients
that are inversely proportional to Dmol

0.8 (assuming m = 1.2) which in turn means
that a larger molecular diffusivity suppresses longitudinal dispersion.
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Figure 4.21: Effects of molecular diffusion coefficient on transverse dispersion.
Experimental data taken from Olsson (2005) (d50= 0.18 mm).

The physical causes behind the non-linear relation of the transverse disper-
sion coefficient and Pe have been addressed by a number of authors, e.g., Perkins
& Johnston (1963); Klenk & Grathwohl (2002). In both publications incomplete
mixing at the pore spaces due to insufficient residence time is said to be the cause.
In a recent experimental investigation with pore networks, Gaganis et al. (2005)
confirms that transverse dispersion is indeed greatly affected by pore-scale phe-
nomena such as partial mixing at the pore junctions. Their results also exhibit an
apparent decrease in αT with increasing flow velocity (or Pe) already at the pore-
scale. Other authors such as Sahimi et al. (1986) and more recently Bijeljic and
Blunt (2007) have also demonstrated, using pore-network modelling approaches,
that the linear dependence of the dispersion coefficient on the fluid velocity is only
observed when complete mixing at the pore spaces is assumed. The nonlinearities
arise in the modelling when including velocity profiles in the pores and allow-
ing particles to ’jump’ between (and along) streamlines thus imitating to some
extent a molecular diffusion process. The main result appears to be incomplete
equalization of the concentration at the pore spaces as velocity increases.

This non-linear dependence had already been postulated in the early theoret-
ical work by Taylor (1953). Taylor shows that in the lower range of Pe (where
diffusion dominates) the dispersion coefficient is independent of fluid velocity. In
the upper Pe range where advection dominates dispersion mechanics the coeffi-
cient is linearly related to the fluid velocity. But at intermediate ranges of Pe,
i.e., when dispersion results from the interplay between molecular diffusion and
advection, the coefficient is a power function of the fluid velocity. The values of m
varies between 1 - 2. Longitudinal dispersion experiments in the intermediate Pe
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range have revealed a dependence in the order of ∼1.2 as opposed to the extreme
value of 2 suggested by Taylor. Although Taylor’s work was limited to longitudinal
dispersion in capillary tubes, a similar behaviour can be expected for dispersion
in the transverse direction in a porous medium. To verify this, Figure 4.22 repro-
duces the complete data sets as given in Figure 4.20 into subplots distinguishing
three ranges of Pe for describing the ratio DT /Dmol. The top panel shows the
lower Pe range where the ratio is linearly related to Pe. It can be seen that as
Pe decreases, the ratio tends to a constant value equal to the tortuosity factor, τ ,
and thus independent of the fluid velocity. In this lower range molecular diffusion
is the dominant dispersion mechanism. The middle panel shows an intermediate
range of Pe values varying between 10 and 300 where a non-linear dependency is
evident from the fitted curves. Values of coefficients b and m vary only slightly
in magnitude revealing a consisting sub-linear dependence on Pe. At this inter-
mediate Pe range, dispersion is the result of the interplay between diffusion and
advection. The bottom panel shows experimental data for a range of Pe > 300
where the ratio DT /Dmol appears to be proportional to Pe. Two curves fitted to
the experimental data yielded coefficients with no significant difference. This Pe
range corresponds to the purely mechanical dispersion regime.

It should be noted that the prescribed Pe ranges in these sub-plots are only
approximate values as they were derived experimentally. They do not necessarily
imply a universal distinction of the ratio DT /Dmol and may vary for other porous
media, e.g., consolidated media. The intention is to show a qualitative dispersion
behaviour that arises in a range of Pe values of practical interest and that differs
markedly from classical descriptions of transverse dispersion. If the experimental
observations at this intermediate Pe range are indeed caused by incomplete mixing
at pore spaces, this can be explained as follows:

in laminar flow (i.e., in the absence of turbulence) diffusion is the only mech-
anism acting towards mixing and equalizing concentration at the pores spaces.
When the velocity increases there is less residence time at the interstices and in-
sufficient time for diffusion to act. In transverse dispersion, these two mechanisms
can be regarded as competing processes, that is, advection acting along the main
flow direction and diffusion in the direction of the concentration gradient, i.e.,
perpendicular to flow. If incomplete mixing at the pore spaces occurs, it implies
that the solute moves onto subsequent pore spaces with only a fraction of the total
amount of possible mixing. Macroscopically, this results in a smaller mixing zone
which size is related to the dispersion coefficient.

Transverse dispersivity

Another feature arising from the form of Eq. (4.11) is that transverse dispersiv-
ity, typically given by the ratio between DT and v, is not constant but decreases
with Pe (i.e., velocity). Figure 4.23 shows the computed dispersivities (see Table
4.3) as a function of fluid velocity. Dispersivity increases with grain diameter but
decreases with fluid velocity. These two observations have also been reported in
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Figure 4.22: Transverse dispersion regimes inferred from experimental data.
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previous experimental studies (Olsson & Grathwohl, 2007). Theoretical descrip-
tions of transverse dispersivity approximate αT to ∼ 3/16 d50 (De Josselin de
Jong, 1958). However, this expression usually yields slightly larger dispersivity
values than those found in laboratory experiments and assumes that dispersivity
is independent of fluid velocity.
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Figure 4.23: Transverse dispersivity as function of fluid velocity obtained from
PM2 and PM3 tracer experiments. The average grain diameters are 0.86 mm and
1.86 mm for PM2 and PM3 respectively.

An additional observation from Figure 4.23 is that the apparent decrease in
dispersivity reaches a constant value for velocities higher than 10 m/day (or equiv-
alent Pe >200). Figure 4.24 compares tracer results with literature data plotted
in terms of apparent dispersivity decrease as a function of Pe. A similar trend of
decreasing dispersivity with increasing Pe is observed for all sets of tracer exper-
iments. Although the overall degree of reduction depends on the porous medium
type, there appears to be a critical value of Pe after which a constant dispersivity
value is attained. This critical value may be related to the onset of the purely me-
chanical dispersion regime and thus varies from porous medium to porous medium.
Note that the scaling shown in Figure 4.24 was obtained dividing by the largest
dispersivity value reported.

To account for the observed nonlinear dependence a modified form of the ap-
parent transverse dispersivity is obtained by substituting equation (4.8) in (4.11),
yielding an expression for dispersivity that depends on molecular diffusivity, fluid
velocity and grain size,

αT = 0.26(Pe)0.68 · Dmol

v
. (4.12)

The validity of expression (4.12) should be confined to a range of Peclet numbers
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Figure 4.24: Apparent decrease of transverse dispersivity as function of Peclet
number. Plotted data correspond to previous experiments and this study.

between ≈ 15 to ≈ 300 (in this study). For Pe > 300, a constant dispersivity as-
sumption (although at a reduced value) seems appropriate. The latter is consistent
with the observations arising from Figure 4.22.

4.4.2 Transverse dispersion — effects of density differences

Ideal tracer conditions

Tracer experiments are in fact carried out by adding a small amount of tracer and
properties of the fluid such as density or viscosity are not significantly altered.
However, Leroy et al. (1992) showed that in vertical transport, even if the density
differences are small, for low-enough flow rates additional velocity components be-
come significant leading to a suppression of dispersion. In order to investigate the
impact of small density differences on the transverse coefficient, Figure 4.25 shows
the ratio DT /Dmol as a function of the density difference. From this, the value
of the ratio DT /Dmol is extracted (indicated by the arrows). It is equivalent to
the asymptotic limit ∆ρ = 0. Data sets used correspond to the first 4 velocities of
the PM3-series. The estimated difference between the ratio DT /Dmol under ideal
tracer conditions and for the density differences used in the tracer experiments lies
between 3% and 5%. Thus, it can be concluded that the small ∆ρ imposed on the
tracer experiments does not affect the outcome of the experiments significantly.

Next, results from all the brine experiments from both PM2 and PM3 series
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Figure 4.25: Effect of density difference on DT /Dmol ratio. Results plotted corre-
spond to experiments from PM3-series. Arrows indicate the extrapolated value of
DT /Dmol at ∆ρ=0.

are plotted in Figure 4.26 in terms of the ratio DT /Dmol. While tracer data
is a function of Pe only (as seen in Figure 4.20), brine data does not correlate
exclusively with Pe. Moreover, the relation of DT /Dmol with Pe is not unique
for every imposed ∆ρ. To better explains this, selected brine runs from the PM3
series for three density differences and the corresponding tracer runs are plotted
in Figure 4.27 as a function of ratio DT /Dmol and Pe. Curve fitting through the
data is applied using the non-linear relationship between DT /Dmol and Pe given
by equation (4.11). It can be observed that the value of the coefficient m tends to
the unity with increasing density difference. Recalling that in the previous section
the lower value of the coefficient m was the result of the effects of fluid velocity
on DT /Dmol. It appears that the presence of a high density contrast counteracts
this nonlinear behaviour.

Next, in Figure 4.28 brine experimental data is plotted as function of the
gravity number, Ng,

Ng =
kg∆ρ

µq
, (4.13)

and it indicates the competition between gravity-induced flow (due to the exis-
tence of a ∆ρ) and forced convection (due to the fluid flow). It can be observed
that all brine data follows the same trend: for gravity number > 150 the ratio
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Figure 4.26: Ratio of computed apparent dispersion coefficient to the molecular
diffusion coefficient as a function of the Peclet number.

DT /Dmol decreases and appears to reach a constant value (hence independent
of Ng). This constant value is approximately equal to the tortuosity factor 2/3
which also corresponds to the ratio De

Dmol
when Pe → 0. This implies that when

gravity effects are large, it leads to a complete suppression of mechanical mixing.
At this point, molecular diffusion is the only mixing mechanism. To emphasize
this behaviour Figure 4.28 is now plotted on a semi-log scale with values of the
x-axis inverted.

Curve fitting the experimental data yields the following relationship,

DT

Dmol
=

De

Dmol
+ R · (Ng)p

. (4.14)

where the coefficients R and p take the value of 25 and 0.64 respectively. Note
that the gravity number can also be seen as the ratio between the critical vertical
velocity qc (defined in Chapter 2),

qc =
kq∆ρ

µf
. (4.15)

and the specific discharge q, i.e., Ng = qc/q. Or in terms of the fluid velocity
if vc = qc/n. With this definition, the gravity number represents competition
between a vertical velocity component induced by gravity and the horizontal ve-
locity component. The effect of this interaction appears to be the cause of the
suppression of dispersion observed in the experiments.
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Transverse dispersivity

Transverse dispersivity exhibits a decrease in value with increasing ∆ρ. However,
the decrease is not the same for all the constant-velocity experiments even if the
imposed density differences were approximately the same. It is possible to merge
all the curves if the apparent dispersivity decrease is plotted as a function of the
gravity number (see Figure 4.30). The scaling is done by diving the dispersivity
obtained from the brine experiments by the corresponding tracer dispersivity for
each imposed velocity. This scaling is necessary as transverse dispersivity from
tracer experiment exhibits a decrease with increasing velocity alone. If the scaling
is done as in Landman (2005), i.e., scaling all dispersivities by the lowest Ng
experiment, it will result in a large scatter of the data. Curve fitting through
the data yields a power-law function for the scaled dispersivity with the gravity
number:

αT (ρ)

αT
= S · (Ng)−a (4.16)

where αT (ρ) denotes the dispersivity corresponding to a brine experiment, αT

is the tracer dispersivity, and coefficients S and a have values of 2.5 and 0.47,
respectively. If the ratio αT (ρ)

αT
is used as a ’correction factor’ for the effects of

brine properties on the tracer dispersivity, substituting equation (4.16) in (4.12)
yields,
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αT = 0.65 (Pe)0.68 · Dmol

v
· 1
(Ng)0.47 (4.17)

This expression confirms that indeed dispersivity is not constant but depends
on both porous media properties and fluid properties. Comparing literature values
for longitudinal dispersivity with transverse dispersivity values, it is noticed that
the magnitude of the gravity number has to be substantially higher for αT than for
αL in order to observe a suppression effect. Taking for instance a gravity number
of 1.5, this would lead to a reduction of the longitudinal dispersivity of up to 80%
(see Landman (2005), Fig. 7.15). In comparison, transverse dispersivity would
only exhibit a reduction of around 2% of its initial (tracer) value.

4.5 Summary and Conclusions

This Chapter presented the results of laboratory experiments on transverse disper-
sion in homogeneous porous media. The effects of varying fluid velocity, density
differences and porous media characteristics on the transverse dispersion coeffi-
cient, DT and transverse dispersivity, αT were assessed. New empirical relation-
ships to describe the behaviour of DT and αT are proposed in terms of the Peclet
number, Pe and the gravity number, Ng. The main findings are summarised
below.
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values.

1. Results from the tracer experiments confirm previous experimental observa-
tions that the transverse dispersion coefficient has a non-linear relationship
with the Peclet number. This nonlinear relationship holds mainly in an in-
termediate range of Pe numbers, namely 300 > Pe > 10. In this range,
transverse dispersion is the result of the interplay between molecular diffu-
sion and advection.

2. Further comparison with literature values showed that two other dispersion
regimes could be inferred from the behaviour of DT with Pe. For Pe <<
10 the transverse dispersion coefficient is virtually independent of Pe and
tends to a constant value equivalent to the tortuosity factor, τ . This regime
is diffusion-dominated. For Pe > 300 a linear dependence of DT on Pe
was observed. This ranges corresponds to the purely mechanical dispersion
(advection-dominated) regime.

3. The cause of the non-linear behaviour in the intermediate Pe range may
be attributed to incomplete mixing at the pore-spaces due to insufficient
residence time. The observed sublinear function of DT with Pe indicates not
only that diffusion cannot effectively even out the concentration variations
within the interstices but also that dispersion is less than if complete mixing
is assumed.

4. The presence of a density difference between the mixing fluids leads also to
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Figure 4.30: Apparent decrease of transverse dispersivity as function of Gravity
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PM3-series experiments .

non-linearities in the dependence of DT on Pe. Results from the brine exper-
iments showed that an increase in the density difference yielded a reduction
in the transverse dispersion coefficient.

5. However, it is in fact the interaction between the density difference and the
fluid velocity that determines the net effect on DT . Hence, the behaviour of
DT in brine experiments can be directly related to the gravity number, Ng.

6. The relation between DT and Ng points at the physics underlying the re-
duction in transverse dispersion: competition between gravity forces and
advective forces.

7. Transverse dispersivity is also affected by changes in fluid velocity and den-
sity differences. These effects were quantified by means of an apparent de-
crease. Curve fitting of the experimental data yielded non-linear relation-
ships of αT with Pe for tracer conditions, and in terms of Ng for brine
conditions.

8. These empirical expressions show that transverse dispersivity cannot be con-
sidered a constant property of the porous medium but has to be made func-
tion of both the Peclet number and the gravity number for a better repre-
sentation of its behaviour.
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When looking at theoretical models of transverse dispersion (tracer), although
the obtained expressions vary according to the assumptions made on the geometry
of the porous medium and the interaction with the velocity field, the interaction of
molecular diffusion with mechanical mixing is overlooked. Complete mixing at the
pore space is always assumed. Though, this appears to be the cause of discrepan-
cies between the theoretical expression and experimental results. Specially in an
intermediate range of Peclet values varying between 10 and 300 as observed in the
experiments. Another interesting remark is that these theoretical models are often
given in terms of a constant property of the porous media, i.e., the dispersivity.
Hence, the analysis of experimental data focuses mainly on proving the existence
of dispersivity. However, there already exists a wealth of experimental evidence
showing that the classical definition of dispersivity as a medium constant fails to
hold. In the following Chapter, the experimental results are used to assess the
applicability of theoretical models on density-dependent transport.
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Chapter 5

Density-dependent
transverse dispersion:
comparison with theoretical
models

This Chapter compares the results of the laboratory investigation presented in
Chapter 4 with predictions of two theoretical models for density-dependent trans-
port. The models are assessed based on their ability and limitations to reproduce
the experimental observations.

5.1 Introduction

Saltwater intrusion is a widespread environmental problem in freshwater aquifers.
Intrusion of saltwater occurs primarily from seawater in coastal aquifers, but the
salinity may also come from other sources like deep saline aquifers, salt domes,
leaching of shallow salt deposits, and of course anthropogenic sources. The quan-
titative assessment and prediction of saltwater intrusion in many applications relies
on numerical modelling. However, modeling of density-dependent flow and trans-
port has proven to be particularly challenging (Johannsen et al., 2002). Changes
in fluid’s properties such as density or viscosity, e.g., induced by temperature of
concentration changes, creates non-linearities in the coupling between flow and
transport. In addition, the interaction with heterogeneities adds to the complex-
ity of the problem. These heterogeneities can exists even in assumed homogenous
system like laboratory columns (Landman, 2005).

Laboratory experiments on homogeneous vertical columns revealed that the
presence of density differences influences the degree of hydrodynamic dispersion.
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If the displacement is stable, a reduction of the longitudinal dispersion coefficient
has been observed (Hassanizadeh et al., 1990; Schotting et al., 1999; Watson et
al., 2002). The phenomenon causing this suppression has been explained as fol-
lows. In a homogeneous laboratory column heterogeneities are present at the small
scale. These micro-heterogeneities cause irregularities in the permeability distri-
bution of the porous medium. This causes, in turn, horizontal density gradients
in the displacing front. Gravity forces act on these density gradients, stabilizing
and reducing the width of the dispersive front. This leads to a reduction of the
dispersion coefficient.

Whether these phenomena are also observed for transport in the transverse
direction was one of the aims of the experimental study presented in Chapter
4. The laboratory results showed that transverse dispersion is indeed affected by
the presence of density differences between the resident fluid (fresh water) and
the invading fluid (salt water). For a stable displacement, a reduction of the
transverse dispersion coefficient is observed and depends not only on the density
difference but also on the flow velocity. In this Chapter the results from the
experimental investigation presented in Chapter 4 are compared with numerical
and theoretical predictions. First, results from a numerical investigation on the
effects of density variations on transverse dispersion are discussed. This is followed
by a comparison of the experimental observations with theoretical ones. Two
theoretical models of density-dependent transport are reviewed. The first model
is the nonlinear model by Hassanizadeh & Leijnse (1995), so far only tested for
longitudinal dispersion. The second model is an theoretical model by Demidov
(2005) derived from homogenization principles. Both models are assessed in their
abilities (and limitations) to reproduced the experimental observations.

5.2 Numerical study on transverse brine disper-
sion

In a recent publication by Nick et al. (2008) the effects of variable density on
transverse dispersion are numerically investigated. A series of high resolution
numerical simulations are conducted using the variable-density flow package d3f .
This code had previously been used in Johannsen (2003); Johannsen et al. (2002)
to model density-dependent flow problems, and in Landman (2005) to investigate
density-affected longitudinal dispersion.

5.2.1 Numerical experiments

Numerical experiments are carried out to investigate the effects of brine properties
on transverse dispersion. Equally, the effects of medium heterogeneity are also
studied. The model set-up is comparable to that of the laboratory experiments
presented in Chapter 4. The two fluids, fresh water and salt water, flow parallel to
each other in a uniform horizontal flow field mixing through transverse dispersion.



5.2. NUMERICAL STUDY ON TRANSVERSE BRINE DISPERSION 101

The displacement is miscible and stable. Figure 5.1 shows the dispersive zone that
develops between the fluids. Tracer conditions correspond to a gravity number,
Ng=0. The degree of heterogeneity is equal to σ2 =0.1.
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Figure 5.1: Computed mixing zone. Top panel: tracer conditions. Bottom panel:
brine conditions

The mixing zone width is defined by the vertical distance where the mass frac-
tion changes between 0 and 1. The perturbations (wiggles) in mixing zone are the
result of micro-scale heterogeneities. These heterogeneities generate local varia-
tions in velocity and horizontal density gradients. Gravitational forces act upon
them generating a smoother and smaller mixing zone. The transverse dispersion
coefficient (and hence the transverse dispersivity) is related to the width of this
mixing zone. Figure 5.1 illustrates that an increase in the gravity number results
in a reduction in the width of the mixing zone.

In order to quantify the degree of suppression of transverse dispersion, Nick
et al. (2008) plots de decrease of the apparent transverse dispersivity, i.e., the
ratio between the tracer dispersivity (Ng=0) and the dispersivity at a given Ng.
Note that for Ng >10 there is no further effect on the apparent decrease. This
means a maximum degree of reduction in the order of 10% for a medium with an
heterogeneity of σ2 =0.1. However, if the degree of heterogeneity is increased (i.e.,
a larger σ2) this leads to a higher reduction (for the same gravity number). This
is illustrated in Figure 5.2.

Some of the main findings of this modelling study are:

• Individual changes in flow rate, density difference and permeability cannot
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Ng

A /AT T,tracer

Figure 5.2: Scaled transverse dispersivity as a function of the gravity number
for different heterogeneities. (1) σ2 = 0.1.; (2) σ2 = 0.25; (3) σ2 = 0.5; (4)
k = 2 · 10−10 m2; (5) k = 4 · 10−10 m2. From (Nick et al., 2008)

be directly related to the reduction of dispersion. The controlling variable is
the gravity number which contains all those variables.

• The decrease of the apparent transverse dispersivity is hence the result of the
action of gravity forces which act upon the horizontal density gradients. This
reduces the width of the mixing zone and thus the transverse dispersivity.

• The amount of decrease in the apparent dispersivity is a function of the
heterogeneity of the medium. The more heterogeneous a medium is, the
higher the achievable reduction (for the same gravity number).

• For a medium with an heterogeneity comparable to that found in homoge-
neous laboratory models (i.e. σ2 = 0.1), the apparent decrease reached up
to 10%.

• When compared to observations for longitudinal dispersivity, the magnitude
of the gravity number has to be substantially higher for a decrease in the
transverse dispersivity to be observed.

5.2.2 Comparison with experimental observations

A feature arising from Figure 5.2 is that the stronger the heterogeneity the stronger
the gravity effect. Figure 5.3 compares the results from the experiments reported
in Chapter 4 corresponding to experiments in weakly heterogenous media with
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results from Starke (2005) corresponding to experiments in media with stronger
heterogeneity. This comparison confirms observations by Nick et al. (2008). In
effect, for a given Ng, the observed decrease in the apparent dispersivity is higher
in a medium with stronger heterogeneity.
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Figure 5.3: Scaled transverse dispersivity as a function of the medium hetero-
geneity. Solid symbols correspond to a medium with strong heterogeneity (Starke,
2005) and empty symbols correspond to a medium with weak heterogeneity (this
study).

It follows from Figure 5.2 that in a medium with a weak heterogeneity (equiv-
alent to homogeneous laboratory models) a maximum decrease in the apparent
dispersivity is around 10%. However, the laboratory experiments in this study
showed that transverse dispersivity is in fact suppressed up to 80% (as observed
in Figure 5.3). In order to explain the difference between numerical results and
laboratory results two possibilities may be explored: i) The computer code d3f
used in the numerical computations is based on the classical (linear) form of Fick’s
law and valid at the Darcy average scale. Consideration of other alternative forms
of the Fick’s Law like the nonlinear model by Hassanizadeh & Leijnse (1995) may
be able to better represent the observed experimental behaviour. ii) Other phys-
ical processes have to be taken into account. However, these mechanisms would
have to occur at a different scale, e.g., the scale of pores. The homogenization
model of Demidov is derived starting from the pore-scale level and the obtained
upscaled coefficients reflect the physical processes that occur at this scale. Note
the fact that transverse dispersion is strongly affected by mechanisms occurring
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at the pore scale has already been suggested in Chapter 4, i.e., incomplete mixing
at the pore spaces.

5.3 Non-linear model of Hassanizadeh and Lei-
jnse

As discussed in Chapter 2, dispersion in porous media is typically modelled us-
ing linear Fick’s Law of diffusion, which assumes the dispersive mass flux to be
proportional to the mass fraction gradient,

J = −ρD · ∇ω, (5.1)

where J is the dispersive mass flux vector, D is the dispersion tensor, and the
solute mass fraction ω, defined by ω = C/ρf . The symbols C and ρf denote the
solute concentration and fluid’s density respectively. According to equation (5.1),
the dispersion tensor is assumed to be independent of the solute mass fraction
and its gradient. However, it is dependent of fluid velocity, v, following, e.g.,
Scheidegger (1961),

D = (De + αT v)I + (αL − αT )vv/|v|, (5.2)

where De is the (effective) diffusion coefficient, αL and αT are the medium con-
stants longitudinal and transverse dispersivities, respectively. I is the unit tensor,
and |v| is the magnitude of the fluid velocity vector, v. For homogeneous media
and tracer conditions, the Fickian dispersion theory seems to give satisfactory re-
sults when modelling hydrodynamic dispersion. However, Hassanizadeh & Leijnse
(1995) argue that the applicability of linear Fick’s Law breaks down in the pres-
ence of high-concentration gradients. The experiments reported in (Hassanizadeh
et al., 1990) showed that dispersivity did not remain constant but decreased with
increasing density difference. That is, the apparent dispersivity became a function
of the salt concentration (or density difference between the fluids) and hence not a
porous media constant only. However, Hassanizadeh & Leijnse (1995) also showed
that adjusting the dispersivity value for each brine experiment would not match
fully the experimental curves. Instead the authors proposed a modified nonlinear
dispersion equation of the form

J(β|J |+ 1) = −ρD · ∇ω (5.3)

where β is a high-concentration dispersion coefficient which is porous-medium
function and may depend on the flow velocity. The applicability of (5.3) has been
confirmed for one-dimensional vertical columns in Schotting et al. (1999); Watson
et al. (2002). These conclusions were based on the modelling of the experimental
breakthrough curves and the subsequent determination of the non-linear coeffi-
cient β as a fitting parameter. In addition, complementary information of the
dependence of β on other parameters like flow rate has been presented.
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Here, the non-linear theory by Hassanizadeh & Leijnse (1995) is tested against
experimental data on transverse brine dispersion. However, instead of attempting
to model the experimental profiles, a simpler approach is presented. The starting
point is the assessment of the properties assigned for β in Hassanizadeh & Leijnse
(1995):

• β is independent of fluid properties.

• β is a function of the flow velocity.

• β is isotropic (independent of direction).

According to Hassanizadeh & Leijnse (1995) the significance of the non-linear
parameter β can be assessed by defining the reduction in the dispersion coefficient
in terms of an apparent decrease. For a two-dimensional horizontal flow domain,
the equation for dispersive flux in the transverse direction is given by

Jy = −ρDT (ρ)
∂ω

∂y
=
−1 +

√
1− 4βρDT

∂w
∂y

2β
(5.4)

where DT (ρ) denotes the apparent dispersion coefficient as it is a function of the
brine properties, and differs from the ’ideal’ or tracer dispersion coefficient given by
DT . The mass fraction gradient ∂w

∂y has to be negative so the square root results in
a real value. Next, the ratio between the apparent and the ideal coefficient defines
the apparent decrease as follows,

DT (ρ)

DT
=

2

1 +
√

1− 4βρDT
dω
dy

(5.5)

Solving for β and denoting the apparent decrease by θ = DT (ρ)

DT
the expression

reads,

β =
1− (

2
θ − 1

)2

4ρDT
dω
dy

(5.6)

Equation 5.6 shows that β can be inferred from experimental data on the mass
fraction gradient

(
dω
dy

)
and the observed reduction in the dispersion coefficient θ.

5.3.1 Comparison with experimental results

The experimental results presented in Table 5.1 correspond only to experiments
from the PM3-series. These experiments are of constant flow rate-type in which
for a fixed flow velocity three different density contrasts are imposed. The same
density difference was applied in subsequent experimental runs whilst varying the
flow velocity. In practice, there were slight differences in the density contrast
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Experiment q (m/s) θ φ ∆ρ (kg/m3) β (s m2/kg)

PM3V1T 6.54 · 10−6 1 1 1.5 0
PM3V1B1 6.54 · 10−6 0.44 0.32 18 35973
PM3V1B2 6.54 · 10−6 0.39 0.25 36 51131
PM3V1B3 6.54 · 10−6 0.3 0.16 69 73515
PM3V2T 1.48 · 10−5 1 1 2.2 0
PM3V2B1 1.48 · 10−5 0.51 0.45 19 13874
PM3V2B2 1.48 · 10−5 0.45 0.39 35 18644
PM3V2B3 1.48 · 10−5 0.33 0.25 70 33857
PM3V3T 2.45 · 10−5 1 1 1.8 0
PM3V3B1 2.45 · 10−5 0.62 0.59 17.5 5192
PM3V3B2 2.45 · 10−5 0.47 0.43 36 10935
PM3V3B3 2.45 · 10−5 0.35 0.3 68 20152
PM3V4T 3.74 · 10−5 1 1 1.8 0
PM3V4B1 3.74 · 10−5 0.68 0.66 18 2794
PM3V4B2 3.74 · 10−5 0.6 0.56 36 4438
PM3V4B2 3.74 · 10−5 0.42 0.38 69 10094
PM3V5T 7.2 · 10−5 1 1 1.6 0
PM3V5B1 7.2 · 10−5 0.37 0.35 69 7520
PM3V6T 9.4 · 10−5 1 1 1.7 0
PM3V6B1 9.4 · 10−5 0.42 0.41 70 4432

Table 5.1: Experimental parameters from PM3-series brine runs.

between experimental sets. However, this variation is only minor and therefore
assumed not to influence the analysis.

In order to obtain the β-values from each experimental profile, an optimization
routine was used to extract the value of

(
dω
dy

)
. The mass fraction gradient corre-

sponds to the experimental profile measured at the end of the experimental tank
described in Chapter 4, i.e., at x =1.5 m. The mass fraction gradient is not con-
stant over the whole profile and therefore for the calculations of β the maximum
slope was used (attained at ω/ω0 = 0.5). Table 5.1 lists the obtained β-values
from the brine experiments. Values of θ are obtained by scaling the brine disper-
sion coefficient with the corresponding tracer experiment. In addition, a similar
apparent decrease is defined for the transverse dispersivity given by φ = αT (ρ)/αT .
For the tracer experiments (experiments with a small ∆ρ) the β-value corresponds
to zero as θ equals 1.
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Dependence of β on density difference and flow rate

Table 5.1 shows that for a fixed flow rate, the higher the density contrast the larger
the value of β. This indicates that β is dependent on ∆ρ and a single value of the
parameter β cannot be obtained for the experimental runs. This is in disagreement
with reported behaviour of β in longitudinal dispersion experiments (Schotting et
al., 1999; Watson et al., 2002). However, when looking at the variation of β with
q, increasing the flow rate decreases the non-linear effects and hence the value of
β. This is in accordance with results from aforementioned studies.
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Figure 5.4: Experimental β-values as a function of flow rate. The three data sets
plotted correspond to:(¦) ∆ρ = 69 kg/m3, (4) ∆ρ = 36 kg/m3 and (◦) ∆ρ = 18
kg/m3. Dashed lines correspond to the least squares approximation.

The flow rate dependence of β is plotted in a log-log scale in Figure 5.4. For
the three data sets, a least square curve fitting yields an expression of the following
form,

β = A q−m (5.7)

where A and m are fitting coefficients. As observed in longitudinal dispersion
experiments, transverse dispersion experiments also show that the nonlinear effects
decrease with increasing flow rate. However, Figure 5.4 also reveals that it is in
fact an interplay between flow rate and density difference what determines the
nonlinear effects. The values obtained for m, 1.48, 1.34 and 1.03 suggest that an
increase in ∆ρ results in a weaker flow rate dependence of β. Dependence of β
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on ∆ρ suggests that in effect β cannot be considered as a property of the porous
medium but has to be made function of the density contrast. Conversely, the
dependence on q following expression (5.7) is in accordance with the premise that
β is a function of flow velocity.

Transverse dispersivity

The relationship between the non-linear term β and the transverse dispersivity is
assessed in terms of the apparent dispersivity decrease as defined by φ (see Table
5.1). This apparent decrease is plotted in Figure 5.5. The apparent decrease tends
to a constant value below which it is independent of β.
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Figure 5.5: Scaled transverse dispersivity (φ = αT (ρ)/αT ) as a function of experi-
mental β-values. Dashed line correspond to the approximation curve.

Dependence of β on J

Figure 5.6 compares the values of β for longitudinal dispersion and transverse dis-
persion experiments. The comparison is based using the data reported in Schotting
et al. (1999) and in Watson et al. (2002) for the constant density difference ex-
periments. The density difference in experiments by Schotting et al. (1999) was
∆ρ = 64 kg/m3 and in Watson et al. (2002) was ∆ρ = 200 kg/m3. The transverse
dispersion experiments plotted correspond to ∆ρ = 69 kg/m3,
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Figure 5.6: Behaviour of β as a function of flow rate for longitudinal and transverse
dispersion experiments.

Although the imposed ∆ρ is not the same for all the experimental data, the
comparison shown in Figure 5.6 may be regarded as only illustrative. However,
considering that for longitudinal dispersion β is not affected by ∆ρ but only by
q, the conclusions from this comparison are not necessarily only descriptive. The
β-values obtained from the transverse dispersion experiments are smaller than
those reported in longitudinal dispersion experiments. This means that β in fact
depends on the direction of the displacement (i.e., longitudinally or transversally
to the main flow direction) and cannot be considered an isotropic parameter. This
is a similar conclusion as reported in Nick et al. (2008)

5.3.2 Discussion

Coefficient β as a function of the gravity number

The form of expression (5.5) indicates that the apparent decrease in the dispersion
coefficient observed in the brine experiments is a function of the non-linear param-
eter β. Hassanizadeh & Leijnse (1995) explain that this parameter represents the
opposition of the porous medium to disperse a solute and that this resistance in-



110 CHAPTER 5. COMPARISON WITH THEORETICAL MODELS

creases when the density gradient is larger. This in turn causes the deviation from
the classical, linear Fick’s Law. Hence, β is assumed to be a medium’s property.

However, the observed dependencies of β on ∆ρ and q suggest differently. Not
only β is a function of the fluid properties but also an underlying physics can be
attributed to this coefficient. This is demonstrated as follows: it is possible to
group all the experimental points in Figure 5.4 into a single curve if β is plotted
as a function of Ng. The corresponding gravity numbers vary between 14 and 325.
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Figure 5.7: Experimental β-values as a function of the gravity number. The three
data sets correspond to :(¦) ∆ρ = 69 kg/m3; (4) ∆ρ = 36 kg/m3; (◦) ∆ρ =
18 kg/m3. Dashed line correspond to the least squares approximation.

A least square curve fitting of the experimental points yields the the following
linear relation (in a log-log scale) between β and Ng,

β = R ·Ng (5.8)

where R = 257. According to Hassanizadeh & Leijnse (1995), the presence of
large density gradients induces also a large dispersive mass flux (larger than in
tracer conditions). The opposition of the medium to disperse a fluid increases as
a consequence. The non-linear dispersion equation (5.3) has to be employed in
order to account for this effect. However, expression (5.8) shows that β can be
directly related to physical mechanisms such as gravitational forces.
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5.4 Homogenization Model of Demidov

As already introduced in Chapter 3, Demidov analyses density-coupled flow and
transport in porous media using the concepts of homogenization. Stable vertical
and horizontal flow configurations are studied, but here only the horizontal stable
situation is reviewed. The homogenization theory consists of a separation of scales
and is applied at the microscale to derive a set of upscaled equations that govern
the macro-scale behaviour. In Demidov’s analysis, the microscale corresponds to
the pore-scale and the macroscale corresponds to one scale above referred to as the
Darcy scale. Demidov’s results are thus applicable to e.g., laboratory experiments
in homogeneous porous media.

The resulting set of upscaled equations is used to describe the macroscale
characteristics of the porous medium. These characteristics are in turn taken into
account through dependencies of the coefficients in the various processes taking
place. Demidov’s analysis is given in terms of two coefficients: the permeability
(filtration) coefficient K, and the effective transverse dispersion coefficient D⊥. In
the classical models, the permeability coefficient is commonly considered a medium
constant. It is usually a function of a representative length of the pore space l
such as the pore size or the grain size (Bear, 1972). Hence,

K = K0 (5.9)

where K0 is constant the medium’s permeability coefficient. Equally, the trans-
verse dispersion coefficient D⊥ is commonly defined in terms of a dependency with
the Peclet number,

D⊥(Pel, 0) = ζ + D0
⊥(Pel) (5.10)

where ζ denotes the tortuosity coefficient and D0
⊥ is the tracer dispersion coeffi-

cient. Note that although D0
⊥ is explicitly a function of the Peclet number, its

functional form is not given. Note also that D⊥, ζ and D0
⊥ are in fact scaled

coefficients. The scaling parameter is the molecular diffusion coefficient Dmol.
Consistent with the terminology used in previous chapters, the scaled Eq. (5.10)
is equivalent to

DT

Dmol
=

1
τ

+
Dmec

Dmol
(5.11)

where Dmec denotes the mechanical mixing coefficient. However, Demidov’s anal-
ysis shows that not only D⊥ but also K are in fact depending on the local Peclet
and Rayleigh numbers, i.e., D⊥(Pel, Ral), and K (Pel, Ral). The local Peclet and
Rayleigh numbers defined by Demidov read,

Pel =
vl

Dmol
(5.12)
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and

Ral =
gl4

µDmol

∂ρ

∂z
. (5.13)

This implies that both, the permeability and dispersion coefficients are dependent
on the fluid velocity v, through the Peclet number, and the density gradient

(
∂ρ
∂z

)

through Ral.

5.4.1 Macroscopic coefficients

In order to determine the specific dependencies of K and D⊥ on Pel and Ral,
information of the microstructure of the porous medium has to be considered.
To analyse horizontal transport, Demidov constructs a two-dimensional model
referred to as the ’mesh model’. This model is shown schematically in Figure 5.8.

Figure 5.8: Mesh model of the porous medium considered by Demidov.

In the absence of density gradients (i.e., Ral = 0), the tracer coefficient D0
⊥(Pel, 0)

grows monotonically with Pe up to a constant value approximately equal to 16
when Pe →∞. Figure 5.9 shows the dependency of D0

⊥ on Pe.
Demidov explains that the behaviour D0

⊥(Pe) → constant is the result of a
stabilization of the density fields. This phenomenon is depicted in Figure 5.10
where concentration lines for Ra = 0 and small to large values of Pe are shown.
Figure 5.10 shows the concentration isolines through the pore junction bounded by
the area ABCD depicted in Figure 5.8. As the model is symmetrical, computations
are carried out for half of the domain.

It can be observed that the concentration lines at Pe = 10 start only to spread
over a part of the flow domain (left panel). With further growth of Pe (right panel)
these lines are already spread (and stabilised) over the whole domain, hence D0

⊥
comes to a constant value.
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Figure 5.9: Dependence of the tracer dispersion coefficient on Pe

Next, the effect of density gradients (i.e., Ra > 0) on the flow structure is
shown in Figure 5.11. It can be observed that under conditions of growing Ra
there appears a re-arranging of the flow lines creating a zone of vortices (returning
currents).

As these vortex cells grow, the area available for flow decreases. The conse-
quences are two-fold: i) the permeability of the porous medium is reduced and
thus no longer constant; ii) the diffusive exchange between the flow lines is also
lowered which in turn decreases the dispersive mixing. Another observation from
Figure 5.11 is that the evolution of the vortices zone is not only linked to changes
in the Ral number but also to the Pel number. This implies that it is in fact the
local gravity number Gl that controls this behaviour. Demidov defines the local
gravity number by,

Gl =
Ral

Pel
=

gl3

µv

∂ρ

∂z
. (5.14)

which reflects the competition between gravity forces (due to the existence of a
density gradient) and the advective forces (due to flow). With these interesting
results, Demidov makes a direct link to the physical processes underlying the
observed decrease of dispersion (and permeability): the appearance and evolution
of reversing currents (vortices) under the influence of gravity.

Correction for density effects

To account for the effect of density variations, Demidov introduces ’correction
factors’ for both the permeability and the dispersion coefficients. The general
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Figure 5.10: Concentration lines at Ra = 0 (lower-half in both panels)

form of equations (5.9) and (5.10) holds but the correction factors fk and f⊥ now
modify the coefficients. The permeability (filtration) coefficient defined in terms
of fk reads,

K = K0 · fk (5.15)

The scaled transverse dispersion coefficient in terms of the correction factor reads,

D⊥ = ζ + D0
⊥ f⊥ + D∞

⊥ (1− f⊥). (5.16)

where D∞
⊥ denotes the effective dispersion coefficient at Ra → ∞, equal to 1/2n

with n being the porosity. Note that in the limit of Ra →∞, the correction factor,
f⊥ tends to 0, hence D⊥ = ζ + 1/2n.

In this limit the only dispersion mechanism is molecular diffusion. If no den-
sity gradients are present and in the limit of mechanical mixing vanishing, D⊥
approaches ζ only. However, in the presence of density gradients, dispersion (of
diffusion) will always be higher. Rewriting equation (5.16) for the correction factor
f⊥ yields,

f⊥ =
D⊥ − ζ −D∞

⊥
D0
⊥ −D∞

⊥
(5.17)

Note that the correction factor varies between 1 and 0. This factor can also
be interpreted as the apparent decrease of the tracer dispersion coefficient due to
density effects. Figure 5.12 shows for various Pe numbers the dependence of fk

and f⊥ on the local gravity number and scaled gravity number, respectively. This
scaled gravity number is necessary in order to merge all the curves corresponding
to the different Pe into a single curve. To do this, Demidov normalizes Gl by the
tracer dispersion coefficient D0

⊥, that is G̃l = Gl/D0
⊥
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Figure 5.11: Flow lines with growth of Pe and Ra

The approximation curves shown in Figure 5.12 for fk and f⊥ obtained by
Demidov read

fk =
1 + 0.08Gl

1 + 0.09Gl + 0.05G
3/2
l

(5.18)

and

f⊥ =
1 + 0.1G̃l

1 + 0.25G̃l
3/2

(5.19)

In the next section the applicability of these formulas is compared with exper-
imental observation. As no experimental data is available to assess the effects on
the permeability coefficient, only the dispersion coefficient is assessed.
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(a) (b)

Figure 5.12: Dependence of the correction factors on the gravity number. (a)fk;
(b)f⊥.

5.4.2 Comparison with experimental results

Tracer coefficient

Demidov denotes D0
⊥ as the tracer dispersion coefficient. Recalling that D0

⊥ is in
fact a scaled coefficient with Dmol as the scaling variable. The tracer coefficient
is assumed to be linearly dependent on the Peclet number, i.e., D0

⊥(Pe). Figure
5.13 compares the dependence of D0

⊥ on Pe as predicted by the homogenization
model with tracer data from the PM2 and PM3 experiments. For this comparison
the Peclet number is denoted as,

Pe =
ql

Dmol
(5.20)

where q is the specific discharge and the representative length scale l was assumed
to be the average grain size. It can be observed that the homogenization model
predicts slightly higher tracer coefficients. However, this behaviour is mostly con-
fined to a range of Peclet values between approximately 10 and 200. In this range
the dependence of the tracer coefficient on Pe appears to follow a power-law func-
tion. Next, the results of the homogenization model are corrected with a function
following,

D0
⊥ = Pea (5.21)

where the value of the coefficient a was found to be 0.7. In Chapter 4 a similar
power-law dependence of the tracer dispersion coefficient on Pe was reported. Note
that differences between tracer data from PM2 and PM3 are only minor, suggesting
that the dependence on Pe is medium-independent. This also implies that the
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absolute value of the length-scale, l, does not play a role and the qualitative
results by the homogenization model compare to the observed behaviour in the
laboratory experiments.
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Figure 5.13: Dependence of the tracer dispersion coefficient on Pe and comparison
with experimental data.

Density effects

The effects of density variations can be assessed in terms of an apparent decrease.
That is, the dispersion coefficient obtained under brine conditions (∆ρ > 0) is
divided by the dispersion coefficient under tracer conditions (∆ρ = 0). The ap-
parent decrease of the effective dispersion coefficient (D⊥

D0
⊥

) is plotted as a function
of the gravity number. The results from the homogenization model are given in
Figure 5.14a. Note that the apparent decrease is virtually independent of the
Peclet number and reaches a minimum value of about 0.38 for Ng > 100. Next,
the apparent decrease obtained from the brine experiments is shown in Figure
5.14b. The experiments reveal an apparent decrease of the dispersion coefficient
which is also practically independent of the Pe. The apparent decrease reaches
a minimum of approximately 0.3 which is only slightly lower than the predicted
by the homogenization model. In addition, this minimum is also reached at Ng
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values higher than 100.
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Figure 5.14: Apparent decrease of the dispersion coefficient as predicted by (a)
the homogenization model and (b) experimentally observed.

Demidov introduces the correction factor f⊥ to account for the density effects
on the dispersion coefficient. This factor is defined in Eq. (5.17). A correction
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factor for density effects is extracted from the experimental which is defined as,

fexp =
D⊥ − ζ

D0
⊥

(5.22)

where the tortuosity factor ζ for the experiments was 0.667 (see Chapter 4). Note
that as oppose to Eq. (5.17), fexp does not contain the term D∞

⊥ . This is be-
cause the largest Ra number during the experiment is approximately 3200, hence
contribution of D∞

⊥ to correction factor can be neglected. In order to compare
the experimental results with the homogenization model, the gravity number is
normalized by the tracer dispersion coefficient and denoted as Ñg. Figure 5.15
compares the experimentally-determined correction factor fexp and results by the
homogenization model f⊥ as defined by expression (5.19). Although the qualita-
tive behaviour is similar, the homogenization model curve is shifted with reference
to the experiments. A possible explanation for this shift may be that the exper-
imental correction factor does not take into account the effects at Ra → ∞, i.e.,
D∞
⊥ . This can only me ascertained for experimental data at higher Ra numbers.

0

0.2

0.4

0.6

0.8

1

1.2

0.1 1 10 100 1000

fexp

Pe= 10

Pe= 20

Pe= 30

Pe= 47

Pe= 90

Pe= 117

~
Ng

Figure 5.15: Correction factor predicted by the experiments. Dashed line corre-
sponds to the approximation curve given by formula (5.19)
.
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Parameter Variable Units PM3
Grain size d50 (m) 1.86 · 10−3

Intrinsic permeability k (m2) 3.1 · 10−9

Reference viscosity µ (Pa/s) 0.001
Reference density ρ0 (kg/m3) 1000

Diffusion coefficient Dmol (m2/s) 1.24 · 10−9

Table 5.2: Experimental Parameters

5.5 Oberbeck-Boussinesq approximation

As reviewed in Chapter 2, density-dependent flow and transport problems are
classically modelled with a set of governing equations which include the continuity
equation, the solute mass conservation, Darcy’s Law, Fick’s Law and equations of
state. Additional simplifications such as the Oberbeck-Boussinesq (OB) approxi-
mation are commonly adopted in order to simplify these system of governing equa-
tions. One of the starting point in the homogenization model is the assumption
of the OB approximation at the pore-scale. In a recent publication by Landman
& Schotting (2007) the OB-approximation was revisited and formal limits were
derived for which the OB is applicable. For isothermal brine transport (condition
applicable to this study) the following criterion must be fulfilled in order to ensure
that continuity equation holds, i.e., fluid volume changes can be neglected. This
limit reads,

NPe =
kgρ0x0

µDmol
À 1 (5.23)

where x0 denotes a length scale related to density variations. Note that this limit
is independent of the density difference (only the reference density ρ0) and the flow
velocity. This criterion is now tested for the brine experiments of this study. The
experimental parameters are summarised in Table 5.2. With these experimental
values and substituting in Eq. (5.23) yields,

NPe = 2.45 · 107 · x0 (5.24)

The choice of characteristic length x0 is related to the length where density
changes occur (density gradient). At the scale of the laboratory experiments a
characteristic length can be defined for the width of the mixing zone. This width
is the vertical distance where the scaled concentration (or density) changes from
1 to 0. In Chapter 4 this mixing width was shown to be for brine experiments
as small as 0.04 m. However, and as Demidov shows, another length scale for
density changes also occurs at the pore-scale. In this case the pore size can be
considered as the characteristic length. In practice it is difficult to measure the
size of the pores. A common approach is to relate the pore size to a fraction
of the average grain size d50. In this case the pore size is obtained as (1/10) of
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the average grain size. This yields 1.865 · 10−4 m. Substituting both the lab-
scale and the pore-scale characteristic lengths into Eq. (5.24) yields values of
9.81 · 105 and 4573, respectively. This implies that the condition (5.23) is fulfilled
at both the experiment- and pore-scales. The volume effects which render the OB-
approximation not applicable for certain conditions, are in this case not important.
The OB-approximation applies to the experimental conditions.

5.6 Summary and Conclusions

In this Chapter the experimental results outlined in Chapter 4 are compared to
numerical and theoretical predictions for density-dependent transverse dispersion.
The numerical study presented in Nick et al. (2008) confirms experimental obser-
vations that the presence of density differences between the fluids affects transverse
dispersion. In addition, the numerical experiments also confirm that parameter
that controls this behaviour is the gravity number, Ng. The gravity number is
a relation between the strength of the density effect (gravity forces) opposed by
forced convection. The higher the gravity number the higher the action of stabiliz-
ing gravity forces. The gravity forces act on the perturbations in the mixing zone
which are caused by local velocity variations. When these perturbations (wiggles)
are eliminated the width of the mixing zone becomes smaller resulting in a smaller
transverse dispersion coefficient (and thus transverse dispersivity).

The apparent reduction in transverse dispersivity in the numerical simulations
shows that for a medium with heterogeneity equivalent to the laboratory experi-
ments (i.e., σ2=0.1) the decrease is of maximum 10%. In contrast, the laboratory
experiments show that it can be up to 80%. Two reasons for this discrepancy
may be: i) The computer code d3f used in the numerical computations is based
on the classical (linear) form of Fick’s law and valid at the Darcy average scale.
Consideration of other alternative forms of the Fick’s Law like the nonlinear model
by Hassanizadeh & Leijnse (1995) may be able to better represent the observed
experimental behaviour. ii) physical processes occurring at a different scale, e.g.,
the scale of pores have to be taken into account. The homogenization model of
Demidov is derived starting from the pore-scale level.

The theoretical model by Hassanizadeh and Leijnse for brine dispersion is based
on a modified, nonlinear form of Fick’s Law. An additional dispersion parameter
β is introduced in order to account for the effects of brine transport (e.g., high-
concentration gradients) on dispersion. This model has been previously tested
against longitudinal dispersion data but no comparison with experimental data
on transverse dispersion has been reported up to now. The comparison for with
transverse dispersion experiments reveals that the nonlinear dispersion parameter
β is non-unique and has to be related to: i) changes in density differences δρ, ii)
changes in flow velocity q and it is direction-dependent. The first two dependencies,
however, are linked to each other and can be represented as a single dependency
of β with Ng. With this dependence, the nonlinear effects can be attributed to the
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physical processes of stabilizing gravity forces, although not explicitly accounted
for in the nonlinear model.

However, in the homogenization model by Demidov the interaction between
density differences and flow velocity is explicitly accounted for already at the pore-
scale. This interaction re-structures the flow at the pore-space and causes a set of
reversing currents or vortices. These vortices in effect reduce the space available
for flow which in turn reduces the medium permeability (typically considered a
medium constant) and also hinders transverse dispersion. Only experimental data
for the latter is available to test these results. The behaviour of the transverse
dispersion coefficient predicted by the homogenization model confirms observa-
tions from the laboratory experiments. That is, the apparent decrease is virtually
independent of the Peclet number but dependent on the gravity number. Since
the Ng does not dependent on a characteristic length scale (as opposed to the
Peclet number), the observed behaviour appears to be medium-independent and
hence can also be found in other porous media. The mechanisms of suppression
of transverse dispersion due to the appearance and evolution of vortices at the
pore-scale under the influence of gravity may be regarded as generally applicable.
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Chapter 6

Analytical modelling of
fringe and core
biodegradation in
groundwater plumes 1

This chapter presents analytical approach to modelling contaminant plumes with
degradation occurring both at the fringe and at the core. The approach relies on
the use of readily available analytical solutions for solute transport. An approxi-
mate solution is derived for the maximum plume length in steady-state conditions.
This is verified through the use of a numerical solution.

6.1 Introduction

Monitored natural attenuation (MNA) can be an acceptable remediation method
for managing subsurface contamination, particularly, for organic pollutants (Wei-
demeier et al., 1999; Kao and Wang, 2000). However, there is a continued need
to understand natural attenuation processes and, moreover, apply new techniques
in predicting field-scale MNA scenarios (Wilson et al., 2004). Mathematical mod-
elling has, therefore, become an increasingly important tool to assist in analysing
natural attenuation and understanding environmental systems (Cirpka et al., 1999;
Mayer et al., 2001; Prommer et al., 2002). To this mean, a range of analytical and
numerical models exists that, when combined with field data, enable the prediction
of the fate of contamination plumes in groundwater (Barry et al., 2002).

1M. Gutierrez-Neri, P.A.S. Ham, R.J. Schotting, D.N. Lerner, 2009. Journal of Contaminant
Hydrology 107, 1-9.
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These modelling techniques have advantages and disadvantages. Typically,
analytical models use simplifying assumptions about an environmental system in
order to yield quick-to-implement explicit expressions of fate and transport. For
example, in the case where hydraulic parameters are assumed isotropic and homo-
geneous Ham et al. (2004) provide estimates of steady-state plume lengths for a
two-dimensional continuous point source where solutes undergo an instantaneous
reaction. In comparison, numerical models are better suited to cases when geo-
logical conditions are heterogeneous, or the natural attenuation process involves
complex chemical/biological interactions (Prommer et al., 2002, 2006), however
they generally require a deeper knowledge of the processes being modelled. Con-
sequently, analytical models can provide first-order estimates of plume character-
istics (e.g., plume lengths, concentration profiles) and may act as a pre-cursor for
more detailed numerical modelling exercise. Such models are therefore of partic-
ular relevance in the formulation and assessment of an MNA framework.

The effectiveness of natural attenuation relies heavily on naturally occurring
hydrological and biogeochemical processes. In terms of aquifer remediation, the
most important process is biodegradation. Biodegradation can be divided into
two categories depending on the location at which it occurs within the plume:
degradation occurring at the plume fringes, and degradation occurring in the in-
terior (core) of the plume (Lerner et al., 2005). Oxidisable organic contaminants
may undergo aerobic respiration, denitrification, and sulphate reduction at the
plume fringes (Davis et al., 1999; Van Breukelen et al., 2004). Dispersion causes
the contaminant species (electron donor) to mix with background groundwater-
containing electron acceptors species (i.e. dissolved oxygen, nitrate, and sulphate)
enabling reactions to occur (Davis et al., 1999; Van Breukelen et al., 2004; Tuxen
et al., 2006). The fast kinetics of these reactions implies that they are often con-
trolled by mechanisms of hydrodynamic dispersion (Cirpka et al., 1999; Klenk and
Grathwohl, 2002; Thornton et al., 2001a; Huang et al., 2003). Conversely, in the
plume core degradation is the result of anaerobic processes involving manganese
reduction, iron reduction (consumption of sediment-bound mineral oxides), sul-
phate reduction and fermentation processes (methanogenesis) (Christensen et al.,
2000; Essaid et al., 1995; Thornton et al., 2001b). Large content of such electron
acceptors compared to, e.g. dissolved oxygen, often causes anaerobic processes
to be important mechanisms for overall plume degradation (Lovley et al., 1989).
Typically a kinetic representation is used for these slow reactions (Van Breukelen
et al., 2004).

With respect to analytical models, a number of them exist that consider
degradation processes using first-order kinetics, e.g., Bear (1972); Hunt (1978);
Domenico (1987). In those models, degradation processes are represented by a
first-order rate constant applied over the whole volume of the plume. Such a mod-
elling approach is referred to as the ’core-style degradation model’ in this paper.
Other models consider degradation as a process limited by electron acceptor mix-
ing, including, most recently, Ham et al. (2004); Cirpka et al. (2007); Liedl et al.
(2005); Chu et al. (2005). In those models, degradation is assumed to occur as
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an instantaneous reaction between the electron donor and the electron acceptor,
which is an appropriate assumption except (i) close to the contaminant source,
and (ii) when flow velocities are very high (Koussis et al., 2003). Here, this is
referred to as the ’fringe-style degradation model’.

Given that existing analytical solutions assume that biodegradation follows
either a core- or fringe-style degradation model, a different approach to NA mod-
elling is presented in this paper. A general analytical solution is derived that
accounts for the combined effects of degradation processes occurring both in the
core and at the fringe of the plume. Existing analytical solutions readily available
in the literature can be used for various initial and boundary conditions. A well-
known analytical solution from Domenico and Robbins (1985) is used to derive
an explicit solution for the steady-state plume length which allows to explore the
controlling factors on the plume size. Lastly, the applicability of the combined
model is demonstrated in a very well documented field case study.

6.2 Conceptual Model

In many cases where NA is occurring, the contaminant (e.g., an organic com-
pound) acts as the electron donor (ED). At time t = 0, the three-dimensional
domain Ω contains only the electron acceptor species (EA), which has a constant
concentration CEA

0 throughout the domain. ED species with a constant concen-
tration, CED

0, enters the flow domain. The flow field in Ω is considered steady
and uniform. As the plume develops, fringe degradation occurs as a result of mix-
ing with pristine groundwater containing the dissolved EA species such as oxygen
and nitrate (Borden and Bedient, 1986). Sulphate species (if occurring close to
the fringe) may also be considered as part of the fringe reactive species (Davis
et al., 1999). Experimental and numerical evidence suggests that in many cases
degradation at the plume edges progresses rapidly and as a mixing-limited pro-
cess, e.g., Huang et al. (2003). Therefore, in this paper an instantaneous reaction
between ED and EA is considered to occur at the plume fringe. In contrast, in-
side the plume, where dissolved oxygen is usually absent, anaerobic degradation
can occur as a result of interactions with metal oxides, e.g., manganese and iron
(Christensen et al., 2000), or as a result of sulphate reduction and methane fer-
mentation (Thornton et al., 2001b). A common approach to represent anaerobic
degradation is to simplify these biotransformations to first-order reactions (Lovley
et al., 1989). This approach is followed here, with the assumption that the EA
species are not exhausted. Figure 6.1 is a schematic representation of the problem
description.

For contaminants continuously injected into an aquifer, plume growth is ini-
tially time-dependent as the ED is transported downgradient of the source zone,
i.e. the injection point. However, when the combined effects of NA processes bal-
ance the ED influx, a steady-state condition is achieved and the maximum plume
length is attained. In terms of groundwater risk assessment this is of relevance, as
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Figure 6.1: Schematic representation of fringe and core processes occurring in a
contaminant plume emitted from a continuous source, adapted from Lerner et al.
(2005).

it is usually necessary to predict the maximum potential reach of a contaminant
plume. Therefore, the focus of this work is on continuously emitted sources. How-
ever, for completeness, instantaneous injection and exponentially decaying sources
are also discussed.

6.3 Analytical Approach

6.3.1 Non-reactive transport

Assuming an isotropic and homogenous porous medium, the three-dimensional
advection-dispersion equation (ADE) describing the transport of a non-sorbing,
conservative species, is given by (Bear, 1972)

∂C(k)
∂t

= αxv
∂2C(k)

∂x2
+ αyv

∂2C(k)
∂y2

+ αzv
∂2C(k)

∂z2
− v

∂C(k)
∂x

, (6.1)

where C denotes the concentration of species k, t is the time, v is the average fluid
velocity, αx, αy and αz are the longitudinal, transverse horizontal and transverse
vertical porous media dispersivities respectively. Two remarks are made on the
form of Eq. (6.1): i) the hydrodynamic dispersion coefficients (longitudinal and
transverse) assume that molecular diffusion is considerably small and therefore
neglected; dispersion is modelled as the product αi · v; and ii) the effects of sorp-
tion (or retardation) on transport are also neglected as it will be the steady-state
solution that is of interest here. For stationary conditions, it has been demon-
strated by e.g., Ham et al. (2004), that only the time-scales to reach steady-state
is affected.

Closed-form solution techniques can be employed to solve equation (6.1); these
solutions are usually written as the product of three one-dimensional solutions
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(Hunt, 1978; Domenico and Robbins, 1985),

CED
T (x, y, z, t) = S · F1(x, αx, t) · F2(αy, y) · F3(αz, z), (6.2)

where CED
T denotes the total aqueous concentration of species ED in domain Ω,

i.e. a conservative species (Ham et al., 2004). S denotes the source term, F1 is the
function in the x-direction that accounts for advection and longitudinal dispersion,
F2 and F3 are the solution functions in y- and z-directions that account for the
transverse dispersion effects.

It should be noted that the form of the source term S and functions F1, F2, and
F2 depends on the assumptions made and thus varies from solution to solution.
Some analytical solutions assume the aquifer to be finite, semi-infinite or infinite.
The source geometry can be a point, a line, or a plane. The source regime is
usually continuous but can also be instantaneous, or following a time function.

An example is presented using the analytical solution by Domenico and Rob-
bins (1985) for three-dimensional transport emitted from a continuous planar
source. Equation (6.2) now reads,

S =
CED

0

8
,

F1 =
[
erfc

(
x− vt

2
√

αxvt

)]
,

F2 =
[
erf

(
y + Y/2
2√αyx

)
− erf

(
y − Y/2
2√αyx

)]
,

F3 =
[
erf

(
z + Z/2
2
√

αzx

)
− erf

(
z − Z/2
2
√

αzx

)]
, (6.3)

where CED
0 is the species initial concentration, Y is the source width and Z

is the source height. Alternative solution forms can be obtained by replacing
Fi < i = 1, 2, 3 > and S with the appropriate values for different source condi-
tions. For example, if dispersion is neglected in the vertical direction, the resulting
two-dimensional expression is obtained by setting F3 = 2, i.e., erf(∞) → 1, and
adjusting the source term S, so that

CED
T (x, y, t) = S · F1(x, αx, t) · F2(αy, y), where

S =
CED

0

4
, (6.4)

and F1 and F2 are as previously defined in equation (6.3).
The steady-state condition, i.e. when t → ∞, is reached when the term F1 in

(6.2) equals 2. At steady-state, the three-dimensional solution reduces to

CED
T (x, y, z,∞) = S · F2(αy, y) · F3(αz, z), where

S =
CED

0

4
. (6.5)
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Equally, the two-dimensional steady-state solution takes the following general
form

CED
T (x, y,∞) = S · F2(αy, y), where

S =
CED

0

2
. (6.6)

6.3.2 Reactive transport

In the case of simultaneous transport and biodegradation, the addition of a reaction
term to the governing ADE, equation (6.1) now yields,

∂C(k)
∂t

= αxv
∂2C(k)

∂x2
+ αyv

∂2C(k)
∂y2

+ αzv
∂2C(k)

∂z2
− v

∂C(k)
∂x

− rC(k), (6.7)

where r is the reaction rate.

Core Degradation Model

If biodegradation is assumed to follow a first-order kinetic law (i.e., decay), r can
be written as

r = λ C(k), (6.8)

where λ is the decay constant of the biodegradable species. Analytical solutions
to the ADE, including species decay, may be generalised in the form

CED(x, y, z, t) = CED
T ·K(x, λ), (6.9)

where CED denotes the concentration of the ED species, and K is a function
that accounts for first-order decay. The analytical solution provided by Domenico
(1987) defines K as

K(λ) = exp

[(
x

2αx

) (
1−

√
1 +

4λαx

v

)]
. (6.10)

Other existing analytical solutions that consider species transport and decay in-
clude work by Hunt (1978); Bear (1972) and Domenico (1987) to list but a few.
In this paper, equation (6.9) is referred to as the ’core degradation model’.

Fringe Degradation Model

Under the assumption that biotransformations occur fast in comparison to trans-
port, Borden and Bedient (1986) introduced an instantaneous reaction model for
a bimolecular chemical reaction of the form

Y1ED + Y2EA → Y3P, (6.11)
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where Y1, Y2 and Y3 are stoichiometric coefficients. In that paper a superposition
method is used to compute the concentration distribution of the EA and ED
species. However, recently in a study by Ham et al. (2004), an explicit analytical
solution was derived for this type of reaction, applied to a continuous point source
in a two-dimensional model domain. Here, the analytical derivation outlined in
Ham et al. (2004) is adopted for the fringe degradation model. Assuming, for
simplicity, that the stoichiometric coefficients in the bimolecular reaction (6.11)
are all unity, i.e. Y1=Y2=Y3=1, without loss of generality, analytical solutions
incorporating the instantaneous reaction model take the form

CED(x, y, z, t) = CED
T ·

(
1 +

CEA
0

CED
0

)
− CEA

0. (6.12)

Equation (6.12) is referred to as the ’fringe degradation model’.

Combined Degradation Model

A solution to equation (6.7), where the reaction term accounts for both first-order
kinetics and the instantaneous reaction, is obtained through the combination of
the two independent solutions for core degradation and fringe degradation. It
follows that the combined degradation model can be mathematically represented
as

CED(x, y, z, t) = CED
T · K(x, λ) ·

(
1 +

CEA
0

CED
0

)
− CEA

0. (6.13)

The procedure proposed in equation (6.13) implies that the degradation of the
electron donor is two-fold, first occurring throughout the entire plume following a
first-order decay law, and subsequently as an instantaneous reaction at the plume
fringe with the species EA in the resident groundwater.

It follows from equation (6.10) that if λ = 0, equation (6.13) reduces to solution
for fringe degradation, i.e., (6.12). If CEA

0 is small, the solution is reduced to core
degradation, i.e., equation (6.9). In addition, if λ = 0 and CEA

0 is small, the
solution reduces to expression (6.2) for non-reactive transport.

An example is given below to illustrate the implementation of the combined
degradation model in available analytical solutions, using the two-dimensional
form of the original solution by Domenico (1987), equation (6.13) takes the form

CED(x, y, t) = S ·F1(x, αx, t) ·F2(αy, y) ·K(x, λ) ·
(

1 +
CEA

0

CED
0

)
−CEA

0, (6.14)

where S = CED
0

4 the other terms are as previously given.

Note on Multiple Species

So far, the bimolecular reaction (6.11) has been considered but it is possible to
handle multiple EAs and EDs with two simplifying assumptions. These are that
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there is no preferential order of reaction for the multiple species and that there
are no preferred pairings between EAs and EDs. If additional EAs need to be
considered in the fringe reaction, e.g., nitrate and/or sulphate, unit stoichiometry
can be retained if all units of mass of EA are converted to units of mmols electrons
per litre (mmol e/L). That is, when converted to (mmol e/L), the reactions have
unit stoichiometry, since one electron is donated and one electron is accepted
(Thornton et al., 2001a). Consequently, the sum of several EAs can be reacted
with the electron donor. A similar process can be applied to multiple EDs. Table
6.1 gives an example of the conversion to mmol e/L.

Units EA EA
Species Oxygen Nitrate
Molecular weight (g/mol) 62 32
Example concentration (mg/l) 10 8
Concentration in moles (mmol) 0.161 0.25
Electrons transfer in half reaction 5 4
Concentration (mmol e/L) 0.806 1

CEA
0 = 1.806

Table 6.1: Example of conversion of concentration in mg/l to mmol e/L for dis-
solved oxygen and nitrate

Alternative Source Regimes

In this section, additional source regimes such as an instantaneous pulse source
and a decaying source are considered, as an alternative to the continuous source
scenario. An exponentially decaying source term can be denoted as

Sdecay = S · exp−ξt, (6.15)

where ξ is the source term decay constant. Analytical solutions to exponentially
decaying input take the form

CED
T (x, y, z, t) = (S · exp−ξt) · F1(x, αx, t) · F2(αy, y) · F3(αz, z), (6.16)

with all the terms as previously defined.
If a pulse injection is considered, CED

T is similarly denoted as in equation
(6.2) except that the source term S is a function of the mass of the solute injected

Spulse =
M

V
, (6.17)

where M denotes the injected mass of solute over the volume V . Solutions con-
sidering instantaneous pulse sources take the form

CED
T (x, y, z, t) =

M

V
· F1(x, αx, t) · F2(αy, y) · F3(αz, z), (6.18)
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Parameter Value
Y 2 m
v 1 m/day
αx 1 m
αy 0.1 m

Table 6.2: Parameter values used in the two-dimensional modelling comparison

These forms of CED
T can be directly substituted into the combined model as

shown in equation (6.14), if the environmental conditions to be modelled better suit
an alternative source regime. It should be noted that for these source regimes only
the transient solutions can be used as steady-state conditions cannot be attained.

6.3.3 Numerical Validation of the Combined Degradation
Model

In order to validate equation (6.14), a comparison was undertaken with PHT3D
(Prommer et al., 2003), a verified multicomponent transport model for three-
dimensional reactive transport in saturated porous media. PHT3D combines
MT3DMS (Zheng and Wang, 1999) for the simulation of advective-dispersive
multi-species transport with the geochemical model PHREEQC-2 (Parkhurst and
Appelo, 1999) to simulate reactive processes, i.e., equilibrium and kinetic reactions.

A two-dimensional model grid was constructed, extending 75m in the x-direction
(i.e., the principal flow direction) and 30m in the y-direction. The model domain
consisted of 18618 grid cells with minimum and maximum spatial discretisation
as follows: ∆xmin = 0.25 m, ∆xmax = 1 m, ∆ymin = 0.125 m, ∆ymax = 2 m.
The values of the hydrological parameters used in the numerical model are shown
in Table 6.2. Steady-state flow was created using a Neumann boundary condition
at the upstream boundary and a Dirichlet boundary condition at the downstream
boundary.

In accordance with the initial and boundary conditions for the analytical solu-
tion, the concentration of species EA was selected to be CEA

0 = 1 mmol/l through-
out the domain. Constant concentration cells across at the upstream boundary of
the numerical model domain, with a concentration of CED

0 = 4 mmol/l over a 2
m wide strip, were used to simulate the continuous source injection of species ED.

The reaction (6.11) was included into the PHREEQC-2 database. This was
achieved by including the instantaneous (fringe) reaction as a complexation be-
tween EA and ED (log K =20), whilst core degradation was represented by a
simple first-order reaction, where λ = 0.01. The TVD scheme (Leonard, 1988)
was used to solve the advective transport problem and the model was run for a
simulation period of 80 days (∆t = 0.5 days), during which steady-state concentra-
tion profiles were reached. Figure 6.2 shows block-centered results obtained from
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the numerical simulations. Comparison of results for CED(x, 0,∞) shows good
agreement between the profiles generated by the numerical model and those pro-
duced by the analytical model, particularly in the downstream part of the plume
which is usually the most important for risk assessment. Numerical profiles show
plumes that are only marginally larger than those generated analytically, with
small discrepancies confined to the core of the plume.
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Figure 6.2: Comparison of numerical and analytical profiles for ED species along
the plume centreline.

6.3.4 Plume Length

As shown in Ham et al. (2004) and Liedl et al. (2005), the maximum stationary
plume length is given by the distance measured along the centreline of the plume
to where all of the electron donor species are completely exhausted, i.e., CED =
0. The same approach is used here. Taking the three-dimensional solution by
Domenico and Robbins (1985) for steady-state conditions (see Eqs. (6.3) and
(6.5)) and modifying it to account for fringe and core degradation, the stationary
plume length L can be obtained from solution to the following expression,

CEA
0

CED
0 + CEA

0 = erf

(
Y

4
√

αyL

)
erf

(
Z

4
√

αzL

)
exp

[
L

2αx

(
1−

√
1 +

4λαx

v

) ]
.

(6.19)
It is noted that an iterative numerical method has to be used to solve for the exact
value of L. However, as it will be shown below, simplifying assumptions can be
introduced to obtain an explicit expression for L. The following sections explore
the effects of the some of the variables on the maximum plume length.
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Influence of Longitudinal Dispersivity

In equation (6.19) the dimensionless group (αxλ/v) contained within the exponen-
tial term is a form of the Damkohler number and is defined as the (bio)degradation
rate relative to the advective transport

Da =
λαx

v
, (6.20)

with the longitudinal dispersion length, αx, as the characteristic length.
The exponential term can be recast as

exp
[

L

2αx

(
1−

√
1 + 4Da

)]
. (6.21)

Figure 6.3 is a plot of plume length, L, obtained from the exact solution, Equation
(6.19), for different values of Da when Y =5 m, Z =2 m, αz = 0.01 m, and the
rest of the parameter values as outlined in Section 6.3.3. It can be seen that for
increasing values of Da above the unity, the length of the plume reduces to a small
value. This behaviour can be explained as follows: a large value of Da implies
either a fast degradation rate or a low fluid velocity. This in turn means that
degradation dominates over transport and results in an almost total consumption
of the contaminant over a short travel distance. As Da increases further, the size
of the plume is already too small but cannot be zero as Da occurs within the
exponential function.
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Figure 6.3: Variation of plume length with value of Da.
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Therefore, if only values for Da ¿ 1, are considered to be of importance, the
exponential term can be simplified to

exp
(−L λ

v

)
, (6.22)

thus equation (6.19) reduces to

CEA
0

CED
0 + CEA

0 = erf

(
Y

4
√

αyL

)
erf

(
Z

4
√

αZL

)
exp

(−L λ

v

)
. (6.23)

Note that this approximation implies that plume length L is a function solely of
the transverse dispersivities αy and αz, i.e., independent of longitudinal disper-
sivity αx. This condition was previously observed in several experimental studies
(e.g.,Grathwohl et al. (2000))and demonstrated mathematically by Ham et al.
(2004) and Cirpka et al. (2007) when fringe degradation was the only degradation
process considered. It now appears that also under conditions of both fringe and
core degradation, the influence of αx on the plume size is minor. This is illustrated
in Figure 6.4, which shows a plot of the exact solution, i.e., Equation (6.19) for
the same parameter values outlined in Section 6.3.3 and αx values of 0.001 m and
100 m. The difference between computed plumes lengths is only marginal.

Figure 6.4: Centreline concentration profiles for species ED for values of αx = 0.001
m and 100 m.

An explicit expression for the plume length L can be obtained if the error
function and the exponential function are both approximated by their respective
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series expansion

erf(β) =
1√
π

(
2β − 2

3
β3 +

1
5
β5 − 1

21
β7...

)
, (6.24)

and

expγ = 1 +
γ

1!
+

γ2

2!
+

γ3

3!
+ .... (6.25)

If only the first term and the first two terms of both the series expansion
respectively are considered, a first approximation for the plume length L is

L ≈ Y Z

4π
√

αy αz CEA
0/

(
CED

0 + CEA
0
)

+ Y Z λ/v
. (6.26)

From Equation (6.26) it can be seen that the steady-state plume length is de-
pendent on (i) size of contaminant source, (ii) ratio of EA to ED, (iii) transversal
dispersivities, and (iv) the ratio between the degradation rate constant to velocity
λ/v. A comparison of the approximate solution (Equation 6.26) and the exact
solution (Equation 6.19) for different values of λ/v is shown in Figure 6.5. Plume
lengths predicted by the approximate solution, i.e. Equation (6.26), tend to be
shorter than those predicted by the exact solution. However, the difference be-
tween the results becomes barely visible as λ/v < 0.1.

Figure 6.5: Variation of plume length with values of λ/ν.

Equation (6.26) strongly resembles those solutions for fringe degradation re-
ported in Ham et al. (2004); Liedl et al. (2005); Cirpka et al. (2007); Chu et al.
(2005), if the exponential term within K(λ) equals 1, i.e., if core degradation is
neglected. However, the solution presented here is more general, and applies to a
broader range of NA scenarios.
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Relative Importance of Core/Fringe Degradation

In Figure 6.6 plume length predicted by Equation (6.19) is plotted against λ/v for
different values of the ratio CEA
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(
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0
)
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Figure 6.6: Variation of plume length with values of λ/v for different values of
ratio CEA

0/
(
CED

0 + CEA
0
)
. The solid lines denotes the combined model. The

upper dashed line denotes the limit where the combined model approximates the
result of the core degradation model. Below the lower dashed line the combined
degradation model approximates the fringe degradation model.

The relative importance of core degradation in the overall plume degradation
can be easily assessed from the value of λ/v. A small λ/v means that the half-
life (t1/2) of the ED increases, λ = ln(2)/t1/2 decreases, λ/ν decreases and in
turn the exponential term in equation (6.19) approaches the value of 1. In this
limit, the solution is similar to that of the fringe degradation model given by
Eq. (6.12). That is, a small λ/v value means the mass of ED in the plume core
is migrating fast relative to the decay rate making core degradation ineffective.
Conversely, for short half-lives λ is relatively large, implying that λ/v increase and
core degradation accounts for most of the contaminant depletion. Therefore the
mass of ED in the core of the plume decays faster than it is transported making
fringe degradation insignificant.

The fringe degradation model is independent of λ/v but dependant on the
ratio CEA

0/
(
CED

0 + CEA
0
)
. If this ratio equals 0.5 and for λ/v < 0.01, the

plume length predicted by the combined degradation model approximates the
fringe degradation model (see Fig. 6.6); core degradation becomes insignificant as
λ/v decreases. For the same ratio, and for λ/v > 0.001, the combined degradation
model should yield better predictions for plume length than the core degradation
model. However, if CEA

0/
(
CED

0 + CEA
0
)

decreases, results from the combined
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Parameter Measurement
Y 2.5m
v 0.06 m day−1

αx 1 m
αz 0.036 m
λ 0.00065 day−1

CED
0 10 mmol e/L

CEA
0 0.5 mmol e/L

Table 6.3: Parameter values and plume characteristics, obtained from Essaid et
al. (1995, 2003)

degradation model are comparable to the core degradation model. Figure 6.6 also
illustrates that the combined model is applicable within the region bounded by
the dashed lines.

6.4 Application to a Field-Scale Natural Attenu-
ation Study

In this section the combined degradation model is applied to a suitable field-
case. Moreover, the combined model is compared to the fringe and core models to
demonstrate the difference between the values predicted. The field-case, discussed
in detail in Essaid et al. (1995) and Essaid et al. (2003), relates to the attenuation
of a plume of petroleum hydrocarbons. In 1979 a buried oil pipeline located
in a pitted and dissected glacial outwash plain near Bemidji, Minnesota, spilled
approximately 11,000 barrels of crude oil resulting in the formation of a BTEX
plume. The plume developed anaerobic conditions in the interior and was subject
to aerobic degradation at the fringes due to mixing with oxygen in the ambient
groundwater. The plume has been extensively investigated, and two-dimensional
contour plots constructed from data analysis are available. Concentration, first-
order degradation rates for the individual BTEX compounds and dissolved oxygen
(DO), and transport parameters have been reported. The parameters values used
are listed in Table 6.3.

Essaid et al. (1995) indicates that it is necessary to consider both fringe and
core processes in order to accurately quantify the fate of the hydrocarbon plume.
A simple assessment is to check λ/v and CEA

0/
(
CED

0 + CEA
0
)

values. In this
case, the plume λ/v gives a value of 0.012 and the ratio CEA

0/
(
CED

0 + CEA
0
)

is
approximately 0.05. Figure 6.6 indicates that with these values the field site may
be better represented by the combined degradation model. In order to compare
available data, the modelling exercise is based on the two-dimensional combined
degradation model given by Equation (6.14), the core degradation model (for



140 CHAPTER 6. ANALYTICAL MODELLING OF REACTIVE MIXING

CEA
0 =0), and the fringe degradation model (for λ =0).

In Figure 6.7, centerline profiles are shown for the three models which allows
the determination of the plume length, i.e., at CED(L, 0,∞) = 0. Previous field
estimates and numerical modelling efforts indicate the length of the plume to be
approximately 195 m (Essaid et al., 1995, 2003).

Figure 6.7: BTEX plume centreline concentration as predicted by the three mod-
els. The long-dash line denotes the fringe degradation model, the doted line de-
notes the core degradation model, the solid line denotes the combined model.

In this case, the maximum plume length is given by benzene, which in this
particular case was the less attenuated compound. As illustrated in Figure 6.7, in
order to better match the reported plume length, consideration of both fringe and
core processes is necessary. If only fringe degradation, i.e., aerobic degradation, is
considered, the plume length is estimated to be approx 4km (not shown in plot).
Conversely, consideration of only core degradation, i.e., anaerobic degradation, is
not enough to account for the attenuation reported. However, it should account
for most of the plume degradation as shown in Figure 6.7. This behaviour agrees
with previous findings reported in Essaid et al. (1995) and with results from an
inverse modelling analysis on the controlling plume size variables by Essaid et al.
(2003).

6.5 Discussion

The degradation of a contaminant plume can be characterised by processes occur-
ring in the core and at the fringe. Within the context of NA, core degradation
is typically considered to be a slow anaerobic process, whilst fringe degradation
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can often be considered a fast (instantaneous) process whereby reactions between
EA and ED occur and new reaction products are formed. However, for relatively
high degradation rates and/or relatively low EA availability, it is necessary to ac-
count for both core and fringe degradation processes in order to better describe
the observed plume attenuation.

These processes were implemented into the well-known solution by Domenico
and Robbins (1985). This steady-state solution provides a first order approach to
evaluate risk at a particular site, in terms of the potential plume length, in cases
where both fringe and/or core degradation processes are important. The model
provides insight into the main variables controlling the maximum plume size. The
minor influence of αx upon plume length, suggested in this study, is in line with
previous findings by Ham et al. (2004); Chu et al. (2005) and Liedl et al. (2005).
As a result, it is the values of λ/v (which indicates the competition between decay
and transport) and not of the Da number (as defined by Equation 6.20), that
provides a quick check on the relative weights of transport to core degradation.
This parameter is extremely useful as it may be used to estimate the importance
of core degradation in the overall plume attenuation. The relative contribution
of fringe degradation (represented as an instantaneous reaction between ED and
EA) can be assessed by the ratio CEA

0/
(
CED

0 + CEA
0
)
.

Some of the assumptions made about reactions will affect the application of
the model to some field sites. Real pollution plumes often comprise a complex
mixture of pollutants, possibly with different loading histories. Not all electron
donors are equally degradable by all electron acceptors and there may be inhibi-
tions operating in the plume. Reduced compounds formed in the core of the plume
will migrate to the fringe where they may be reoxidated, consuming electron ac-
ceptors. These issues are beyond the scope of this, and other, analytical solutions
to solute transport and the model should only be applied within the bounds of
these assumptions. Indeed, a detailed evaluation of such processes, and their spa-
tial and temporal variability, is only feasible through numerical modelling studies,
e.g., (Prommer et al., 2006), or using high-resolution field sampling techniques as
shown by Tuxen et al. (2006). However, the strength of the approach lies in the
possibility of obtaining explicit mathematical expressions for plume characteristics
such as maximum plume length.

6.6 Conclusions

The analytical approach presented in this paper couples fringe and core degrada-
tion (referred to as the ’combined degradation model’) and overcomes the previous
limitation of available analytical solutions considering either fringe degradation or
core degradation. In addition, the approach was shown to be readily used with
existing analytical solutions of lower or higher dimensionality, different source ge-
ometry, and for different source regimes. The model is able to reproduce the plume
length of a field case study.
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Interpretation of the analytical solution shows that:

1. At the steady state transverse dispersion controls the plume length;

2. the value of λ/v (which indicates the competition between decay and trans-
port) and not of the Da number (as defined by Equation 6.20), provides a
quick check on the relative weights of transport to core degradation;

3. the relative contribution of fringe degradation can be assessed by the ratio
CEA

0/
(
CED

0 + CEA
0
)
.

Analytical solutions are based on simplifying assumptions which limit their
application but enable rapid evaluation. As well as the standard assumptions of
a simple flow field, this model has assumptions about reactions. For example, it
is assumed that electron acceptors are not depleted in the core of the plume and
that multiple EAs and EDs can be lumped. The model is therefore most suitable
for use as as a screening tool rather than for detailed and precise calculations of
plume behavior.
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Chapter 7

Effects of biodegradation on
the apparent transverse
dispersivity

This Chapter explores the effects of biodegradation on the transverse dispersivity.
Given simplifying assumptions, an explicit expression is presented that relates the
size of the reactive mixing zone to the apparent dispersivity. This relationship is
applied to a field problem for which high-resolution sampling data is available.

7.1 Introduction

Risk-based strategies for managing the widespread pollution of groundwater re-
sources by for instance organic contaminant rely on naturally occurring processes.
From these natural attenuation (NA) processes, dispersion and biodegradation
appear to be the main mechanisms for aquifer remediation (Lerner et al., 2005).
Biodegradation reactions can be broadly divided into two categories, those re-
quiring one single substrate (e.g., fermentation processes) and those requiring the
presence of electron donor (ED) species and electron acceptor (EA) species. In
the former case, biodegradation rates are slow compared to transport and become
the controlling mechanism. When the latter is the case, biodegradation rates are
usually fast compared to transport and the controlling mechanism is dispersive
mixing (Koussis et al., 2003).

These key NA processes take place in the transition zone between the contam-
inant plume and surrounding clean groundwater, i.e., the plume fringe. In this
reactive mixing zone (RMZ), electron donor and electron acceptor species mix
and react. The RMZ width is the result of an interplay between hydrodynamic
dispersion and biodegradation, i.e., dispersion acting towards the widening of the
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RMZ and biodegradation shrinking its size. Indeed, Chu et al. (2005) showed that
even if the overall plume spreading is controlled by transverse dispersion, the actual
size of the RMZ is strongly influenced by degradation rates. That is, depending
on the degradation rate, the plume fringe narrows or expands. Hence, for fast
degradation rates it is common to find relatively narrow RMZ widths compared
to the rest of the plume body. For instance, Thornton et al. (2001a) showed that
aerobic and nitrate-reduction degradation were the main processes acting in a 2
m fringe accounting for most of the degradation of a 20 m thick plume of phenolic
compounds. An additional observation is that for fast redox reactions the concen-
tration gradients at the plume fringe are steep and almost non-overlapping. This
means that high quality field data is required in order to capture the steep concen-
tration distribution at the plume fringe. However, if the sampling resolution is too
large, the fringe thickness can be poorly captured and the actual size of the plume
fringe is overestimated. Therefore, predictions of plume behaviour by numerical
(or analytical) models based on plume fringe estimates can result in erroneous
calculations (Thornton et al., 2001a). Using the analytical approach shown in
Chapter 6 to account for biodegradation reactions, an approximated expression
for the transverse dispersivity is given when knowledge of the width of RMZ is
available. This dispersivity is in fact an effective value as it represents the inter-
action between plume spreading and reaction. This approach applies to naturally
degrading plumes with fringe degradation-only, with additional contribution of
core degradation if present. Plumes with core degradation-only are not considered
here. A case study is presented where data from a well-documented contamination
site for which highly-resolved vertical profiles are available. The obtained values
are compared to those previously reported for the same field-problem.

7.1.1 Problem Statement

Consider the case of a steady plume from a continuously emitted ED source in a
homogeneous uniform flow field. At the plume fringe biodegradation takes place
as an instantaneous reaction limited only by transverse mixing. Whilst, in the core
of the plume, biodegradation follows a first-order reaction. This is schematically
shown in Figure 7.1.

7.2 Analytical Approach

The analytical approach is based on the methodology outlined in Chapter 6 re-
peated here for convenience.

7.2.1 Non-reactive transport

Assuming an isotropic and homogenous porous medium, the three-dimensional
advection-dispersion equation (ADE) describing the transport of a non-sorbing,
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Figure 7.1: Steady state ED plume with fringe and core degradation.

conservative species, is given by (Bear, 1972)

∂C(k)
∂t

+ v
∂C(k)

∂x
= DL

∂2C(k)
∂x2

+ DT

(
∂2C(k)

∂y2
+

∂2C(k)
∂z2

)
(7.1)

where C denotes the concentration of species k, t is the time, v is the average
fluid velocity, where DL and DT are the longitudinal and transverse dispersion
coefficients respectively. Here, the species k involved are electron donors (ED) and
electron acceptors (EA). It is noted that in equation (7.1) the effects of sorption
(or retardation) on transport are neglected as it will be the steady-state solution
that is of interest here. For stationary conditions, it has been demonstrated by
e.g., Ham et al. (2004), that only the time-scales to reach steady-state is affected.

Closed-form solutions are employed to analytically solve equation (7.1). These
solutions are often written as the product of one-dimensional solutions (Domenico
and Robbins, 1985). The three-dimensional form written in terms of ED species
reads,

CED
T (x, y, z, t) = S · F1(x,DL, t) · F2(DT , y) · F3(DT , z), (7.2)

where CED
T denotes the total aqueous concentration of species ED in domain

Ω, i.e. a conservative species. S denotes the source term, F1 is the function in
the x-direction that accounts for advection and longitudinal dispersion, F2 and F3

are the solution functions in y- and z-directions that account for the transverse
dispersion effects. Note that the form of the source term S and functions F1, F2,
and F2 depends on the assumptions made with respect to dimensionality, source
geometry and source regime (see also Chapter 6).
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7.2.2 Reactive transport

In the case of simultaneous transport and biodegradation, the addition of a reaction
term to the governing ADE (7.1) now yields,

∂C(k)
∂t

+ v
∂C(k)

∂x
= DL

∂2C(k)
∂x2

+ DT

(
∂2C(k)

∂y2
+

∂2C(k)
∂z2

)
− rC(k), (7.3)

where r is the reaction rate.

Core Degradation- First Order Decay Model

Biodegradation that follows a first-order kinetic law (i.e., decay), r can be written
as,

r = λ C(k), (7.4)

where λ is the decay constant of the biodegradable species. Analytical solutions
to the ADE, including species decay, may be generalised in the form

CED(x, y, z, t) = CED
T ·K(x, λ), (7.5)

where CED denotes the concentration of the ED species, and K is a function that
accounts for first-order decay. The function K may be defined as

K(λ) = exp
(
−λ

x

v

)
(7.6)

where x/v is the travel time to the x-location.

Fringe degradation - Instantaneous Reaction Model

Under the assumption that biodegradation occurs fast in comparison to transport,
an instantaneous reaction model for a bimolecular chemical reaction of the form

Y1ED + Y2EA → Y3P, (7.7)

where Y1, Y2 and Y3 are stoichiometric coefficients. Assuming, for simplicity, that
the stoichiometric coefficients in the bimolecular reaction (7.7) are all unity, i.e.
Y1=Y2=Y3=1, analytical solutions incorporating the instantaneous reaction model
take the form

CED(x, y, z, t) = CED
T ·

(
1 +

CEA
0

CED
0

)
− CEA

0 (7.8)

where CEA
0 is the initial concentration of EA species.
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Combined Degradation

Combining the effects of core degradation (equation 7.5) and fringe degradation
(equation 7.8) yields,

CED(x, y, z, t) = CED
T · K(x, λ) ·

(
1 +

CEA
0

CED
0

)
− CEA

0. (7.9)

The form of equation (7.9) implies that the degradation of the ED plume is
two-fold, first the concentration of ED decays following a first-order kinetic law,
and subsequently this decayed ED reacts instantaneously at the plume fringe with
the species EA in the background groundwater. From equation (7.9) it follows that
if core degradation is negligible (i.e., λ → 0), equation (7.9) reduces to solution
(7.8) for fringe degradation-only. If λ = 0 and CEA

0 is small, the solution reduces
to that of conservative transport.

7.3 Symmetrical problem

The governing ADE equation for the two-dimensional problem outline in Figure 7.1
for stationary conditions where longitudinal dispersion can be omitted is written
as,

v
∂C(k)

∂x
= DT

∂2C(k)
∂y2

(7.10)

written as the product of one-dimensional solutions and in terms of ED species,
the ADE equation yields,

CED
T (y) = S · F2(DT , y), (7.11)

The problem schematically outlined in Figure 7.1 can in fact be regarded as
symmetrical (w.r.t. the dashed line) which then simplifies the analysis to half of
the domain only. Moreover, away from the source, the problem can be treated as
one-dimensional flow with transverse dispersion. The analytical solution for this
scenario reads,

CED
T (y) = S · F2(DT , y),

S =
CED

0

2
,

F2 = erfc

(
y

2
√

DT x/v

)
(7.12)

where CED
0 is the ED species initial concentration. Next, equation (7.12) is

modified to include core and fringe degradation following procedure outlined (7.9),

CED(y) =
CED

0

2
· erfc

(
y

2
√

DT x/v

)
· exp

(
−λ

x

v

)(
1 +

CEA
0

CED
0

)
−CEA

0. (7.13)
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7.3.1 Mixing zone thickness

If the plume is conservative, i.e., no reaction with the ambient fluid, the concentra-
tion profiles developing transverse to the axis of the plume are illustrated for the
non-reactive species EDT and EAT in Figure 7.2a. Here, the only mechanism is
dispersive mixing. If there exists reaction between ED and EA the concentration
profiles that develop are given in Figure 7.2b. Here, the interacting mechanisms
are dispersive mixing and biodegradation.

(a) (b)

C/Co0 1

MZ

C/Co0 1

RMZ

y
ED

EA

y

EAT

EDT

Figure 7.2: Schematics of the mixing zone. (a) vertical profile of a conservative
species; (b) the vertical profile of reacting species.

Figure 7.2 shows schematically the depth-orientated concentration profiles for
non-reactive and reactive species. The size of the mixing zone for conservative
species is denoted by (MZ) and for reactive species is denoted by (RMZ). Note
that in both cases, the size of the mixing zone is delineated as the vertical distance
where the scaled concentration C/C0 changes from 1 to 0. For the conservative
scenario (i.e., only dispersive mixing), an S-shaped concentration profile is com-
monly observed and the profiles overlap each other. In practice, typical MZ profiles
may not be easily delineated between the scaled concentration limits of 0 and 1.
The MZ limits can also be taken as the 0.1 and 0.9 of scaled concentration. How-
ever, when reaction occurs the mixing zone the profiles no longer overlap and the
mixing zone reduces in size. Note also that the scaled concentration profiles of
the non-reactive and reactive species are in fact symmetrical with respect to the
x-axis. Because of this symmetry either of the species profiles can be chosen to
delineate size of MZ or RMZ. Here, the top profile is used to delineate the mixing
zone and it is assumed to correspond to the ED species.

The maximum width of the mixing zone is in both scenarios attained at
C/C0=0, i.e., when y-value is at maximum. Rewriting equation (7.13) when
CED/CED

0=0, and rearranging the terms yields,
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CEA
0

CED
0 + CEA
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1
2

erfc

(
y

2
√

DT x/v

)
· exp
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−λ

x

v

)
(7.14)

The complementary error function can be recast in terms of the error function
(i.e.,1− erf) which in turn can also be given in terms of series expansion,

erf(β) =
1√
π

(
2β − 2

3
β3 +

1
5
β5 − 1

21
β7...

)
, (7.15)

Equally, the exponential function can be recast using the series expansions,

expγ = 1 +
γ

1!
+

γ2

2!
+

γ3

3!
+ .... (7.16)

Considering the first term and first two terms of both series expansion respec-
tively, i.e., the first-order approximation, expression (7.14) can be simplified to,

CEA
0

CED
0 + CEA

0 =

(
1− y√

πDT x/v

)
·
(

1− λ x

v

)
(7.17)

By solving for y in expression (7.17) and denoting z = CEA
0

CED
0+CEA

0 , RMZ
yields,

RMZc =
√

πDT x/v · (1− χ) (7.18)

where the suffix c denotes combined degradation, and χ = 2z
1−λx/v . However, if

only fringe degradation is taken into account (i.e., λ=0), expression (7.17) now
reads,

2 ·z = 1− y√
πDT x/v

(7.19)

solving for y yields RMZ influenced only by fringe degradation

RMZf =
√

πDT x/v (1− 2z) (7.20)

where the suffix f denotes fringe degradation. It is noted that in both expres-
sions for RMZ (7.18) and (7.20) the term in the square root

√
πDT x/v is in fact

equivalent to the characteristic mass transfer length in a classical one-dimensional
diffusion problem. The term in parenthesis can be regarded as a ’correction factor’
due to the effects of biodegradation. The correction factor thus ranges between
1 and 0 which indicates that biodegradation reduces the size of the mixing zone.
This is an expected behaviour considering that dispersion acts towards widening
the mixing zone and biodegradation towards shrinking it.
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7.3.2 Apparent transverse dispersivity

An estimation of the transverse dispersivity from the size of RMZ can be obtained
if the transverse dispersion coefficient is defined as the product of velocity and
dispersivity αT · v and if molecular diffusion is assumed negligible. Equations
(7.18) and (7.20) are now rewritten in terms of transverse dispersivity,

RMZc =
√

παT x · (1− χ) (7.21)

and
RMZf =

√
παT x (1− 2z) (7.22)

where x is the distance from the origin. This indicates that the growth of RMZ
is dependent to travel distance. Next, solving for transverse dispersivity in both
expressions yields,

αT =
1

πx

(
RMZc

1− χ

)2

(7.23)

and

αT =
1

πx

(
RMZf

1− 2z

)2

(7.24)

The obtained explicit expression for transverse dispersivity, although a first-
order approximation, show that with knowledge of the size of the reactive mix-
ing zone, and additional parameters such as initial concentration of ED and EA
and decay rate constant, a representative transverse dispersivity can be obtained.
However, this also indicates that an accurate prediction of the width of RMZ is of
paramount importance.

7.4 Determination of field-scale transverse disper-
sivity

Equation (7.24) is used to extract a transverse dispersivity value from a well-
documented field study. The 500 m long phenolics plume has been the subject of
extensive research aimed at characterising the naturally-occurring attenuation pro-
cesses. Fringe degradation is believed to be the only biodegradation mechanisms
as the concentration level in the plume core is too high inhibiting any biodegra-
dation activity. Concentration profiles have been obtained using high-resolution
vertical sampling techniques. This methods ensures that the sampling resolution
at discrete depths is high enough to better capture the true profiles. More details
on this phenolics plume, as well as the relevant transport and reactive parameters
can be found in (Thornton et al., 2001a,b). Table 7.1 gives the values used to
compute the transverse dispersivity. These values were measured at a sampling
port located at 350m from the source zone.
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Parameter Value
ED0 900 mmol e/L
EA0 6 mmol e/L
RMZ 1 -2 m

x 350 m

Table 7.1: Parameters obtained from the phenolics plume.

The actual size of RMZ is estimated in a range of 1 to 2m. Substitution of
the values listed in Table 7.1 into expression (7.24) gives a transverse dispersivity
that varies in range between 0.001 - 0.003m. Previous estimates of the field-scale
transverse dispersivity were in the order of 0.001 - 0.004m (Huang, 2002).

7.5 Summary and Conclusions

The mathematical approach outlined in Chapter 6 to model analytically trans-
port and biodegradation (in the fringe and core) is employed here. A first order
approximation is obtained for the width of the reactive mixing zone (RMZ). The
width (or size) of the mixing zone is in fact a measure of the transverse dispersion
length or dispersivity. An explicit expression that relates RMZ to the transverse
dispersivity is presented. Ensuring a good estimate of the size of RMZ is thus a key
issue. High-resolution sampling techniques can be employed to more accurately
capture the size of the mixing zone. A transverse dispersivity value obtained from
a direct measure of RMZ can prove a better indication of the actual plume-scale
dispersivity. A case study was presented where data from a well-documented con-
tamination site is analysed. The estimates of transverse dispersivity (although
first-order) agree well with previously reported dispersivity values.

Commonly employed techniques to obtain transport parameters are usually
based on the analysis of conservative (non-reactive) species. At the field-scale
the concentration profile of a nonreactive solute reflects the combined effects of
spreading and mixing. As is if often difficult to account separately for these effects,
the resulting transport parameters are usually an overestimation. By using the
concentration profiles of reactive species two advantages can be named: i) the
reactive profiles show a distinctive pattern of steep gradients where almost no
overlapping between species is observed, ii) the profile of a reactive species is the
result of the true mixing that occurs between species. Mixing is the mechanism
that brings species together for reaction. Hence, the resulting dispersivity is a
measure of the true mixing length. This is of practical relevance if predictions of the
natural attenuation of a contaminant plume are based on estimates of transverse
dispersion parameters.
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Chapter 8

Summary

In many cases concerning the natural attenuation of organic plumes as well as in
density-dependent problems such as seawater intrusion, hydrodynamic transverse
dispersion appears to be a controlling mechanism. This thesis deals with some
aspects of transverse dispersion in porous media and the interplay of flow and
transport processes that affect dispersion. In the context of this thesis, dispersion
is analysed from three view-points: 1) ideal tracer conditions where the tracer
is considered to be a non-reactive species and the concentration is small enough
not to change the density or viscosity of the fluid in which the tracer is dissolved
and hence its flow behaviour, 2) brine conditions where the tracer concentration
is high enough to induce density-driven flow and to affect the flow and transport
behaviour, and 3) reactive mixing where the dispersion of the tracer is affected
by reaction. For this particular case, no density and/or viscosity effects on the
transport are considered.

Accordingly, this thesis is organised as follows: Chapter 2 reviews the main
governing equations of flow and transport in porous media focussing on the topic
of hydrodynamic dispersion discussed from the conceptual and theoretical point
of view. Chapter 3 gives an overview of previous experimental and theoretical
findings reported in the literature for the case of vertical brine transport. The
latter is included for the purposes of reviewing the main controlling parameters in
density-dependent dispersion. Published experimental studies on transverse dis-
persion investigating density-dependent dispersion are also reviewed and found to
be limited in number and scope. However, the main observations are summarised
in anticipation of the experimental program presented in the next chapter. Hence,
Chapter 4 presents an experimental study on transverse dispersion processes un-
der tracer and brine conditions. For this purpose, a series of horizontal miscible-
displacement experiments were carried out in a two-dimensional flow-through tank.
Homogenous porous media were created using two choices of grain sizes. In addi-
tion to exploring the effects of density variations on the dispersion coefficient, the
effects of fluid velocity were also analysed. Results from these experiments pro-
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vide new empirical representations of the behaviour of the transverse dispersion
coefficient and the transverse dispersivity with variations in fluid velocity, density
differences and porous media characteristics. The fact that transverse dispersiv-
ity was found to be dependent on fluid velocity and density difference contradicts
the premise that dispersivity is a porous medium constant. Chapter 5 aims at
gaining better understanding of the mechanics of transverse dispersion under the
presence of high-concentration gradients, typical of brine transport. First, results
from a numerical investigations on transverse dispersion under brine conditions
are compared to experimental results. Next, theoretical predictions from two dif-
ferent models, namely Hassanizadeh and Leijnse (1995) and Demidov (2005) are
compared to experimental results. Although each theoretical model follows a dif-
ferent mathematical derivation, conclusions can be drawn from each comparison
to help building a more complete picture of the underlying mechanisms controlling
density-dependent transverse dispersion. In general, it is concluded that the pres-
ence of density differences between the fluids affects transverse dispersion. The
higher the density difference the higher the degree of suppression of the transverse
dispersion coefficient. This apparent decrease is shown to be virtually independent
of the Peclet number but dependent of the gravity number. Since the gravity num-
ber does not dependent on a characteristic length scale, as opposed to the Peclet
number, the observed behaviour can also be found in other media. The mecha-
nism of suppression of transverse dispersion due to the appearance and evolution
of local rotational flow (vortices) at the pore-scale under influence of gravity can
be inferred as universally applicable.

The second part of this thesis deals with the interaction between transverse
mixing and reactions. These two processes are regarded as competing with each
other, i.e, dispersion promoting spreading and dilution, and reaction preventing
further dispersion by consuming the solute. These two relevant processes occur
at the mixing zone of a contaminant plume (plume fringe). The combined ef-
fects reflect in the width of the mixing zone which in turn is a direct measure
of the effective dispersion coefficient. In Chapter 6 a mathematical methodol-
ogy is presented to account for the combined effects of kinetics-controlled and
mixing-controlled reactions on transport. The advantage of the procedure is that
the resulting governing equations are given in terms of conservative transport for
which readily available analytical solutions can be employed. A comparison be-
tween a numerical model of the full problem, i.e., transport and reaction, and the
analytical model shows very good agreement, validating the proposed method. As
direct application, the behaviour of groundwater contaminant plumes under nat-
urally attenuating conditions is studied. This results in an explicit expression for
the stationary plume size. The relevance of transverse dispersion as one of the
controlling mechanism of the plume extent is confirmed. In Chapter 7 the same
mathematical approach to account for reaction and transport is again employed.
However, here the focus is to derive an expression for the size of the reactive mix-
ing zone (RMZ). The size (or width) is in fact a direct measure of the transverse
dispersion length or dispersivity. In terms of field-scale problems, this gives a bet-
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ter representative value of the local (or plume-scale) dispersivity. Obtaining good
estimates of aquifer-scale dispersivity is shown to be possible when combined with
high-resolution sampling techniques. Commonly employed techniques to obtain
transport parameters are usually based on analysis of conservative transport. In
this case an alternative form is proposed using vertical concentration profiles of
reactive species. Instant reactive profiles show a distinctive pattern of steep con-
centration gradients where almost no overlapping between species is seen. This
allows a good inference of the actual RMZ, and thus better plume-scale disper-
sivity estimates. A case study was presented where data from a well-documented
contamination site is analysed. The first order estimates of transverse dispersivity
agree well with previously reported dispersivity values.





Samenvatting

In veel gevallen waarbij natuurlijke processen een verspreiding van een stofcon-
centratie veroorzaken, of processen waarbij dichtheidsstroming een rol speelt (bv
zeewaterintrusie) lijk de hydrodynamische transversale dispersie een belangrijke
rol te spelen. Voor dit proefschrift zijn bepaalde aspecten van de transversale
dispersie in poreuze media en het samenspel van stroming en transport dat de
dispersie benvloed geanalyseerd. Deze analyse heeft plaats gevonden vanuit drie
gezichtspunten: i) Ideale tracer. In dit geval is de tracer beschouwd als een niet-
reactief deeltje met een concentratie die te klein is om de dichtheid of de viscositeit
van de vloeistof waarin de tracer is opgelost te veranderen. De stromings- en
transporteigenschappen van de vloeistof veranderen niet. ii) Brine condities. In
deze situatie is de concentratie van de tracer hoog genoeg om de dichtheid van de
vloeistof te veranderen, waardoor dichtheidsstroming optreedt en de stromings- en
transporteigenschappen van de vloeistof veranderen. ii) Menging met reacties. In
het laatste geval is bekeken hoe de dispersie benvloed wordt door reacties van de
tracer. Effecten van de dichtheid en/of de viscositeit op het transport zijn buiten
beschouwing gelaten.

In Hoofdstuk 2 wordt een beschouwing gegeven van de meest gebruikte stromings-
en transportvergelijkingen die het proces van hydrodynamisch dispersie vanuit een
conceptueel en theoretisch oogpunt beschrijven. Hoofdstuk 3 geeft een overzicht
van reeds uitgevoerde experimenten en theoretische studies op het gebied van
dichtheidsstroming. Dit overzicht is gemaakt om te achterhalen welke parameters
het meest van invloed zijn op de dichtheidsafhankelijke dispersie. De belangrijkste
conclusies en resultaten van de reeds uitgevoerde onderzoeken zijn samengevat en
hebben als vergelijking gediend voor de nieuwe experimenten. Deze zijn beschreven
in het volgende hoofdstuk. In Hoofdstuk 4 worden de opzet en resultaten van ver-
schillende experimenten beschreven ten einde de effecten van transversale disper-
sie onder tracer (1) en brine condities (2) te onderzoeken. Uit de experimenten is
gebleken dat transversale dispersie afhankelijk is van de stromingssnelheid en het
dichtheidsverschil. Deze resultaten zijn tegenstrijdig met de algemene aanname
dat de dispersiviteit van een poreus medium een constante is. Hoofdstuk 5 richt
zich op het verkrijgen van een beter begrip van de werking van transversale disper-
sie bij vloeistoffen met een hoge concentratie gradint. In het algemeen kan gecon-
cludeerd worden dat de aanwezigheid van een dichtheidsverschil tussen vloeistoffen
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de transversale dispersie benvloed. Hoe groter het dichtheidsverschil, hoe lager de
transversale dispersie cofficint. Deze verlaging is nagenoeg onafhankelijk van het
Peclet-getal, maar is wel afhankelijk van het gravitatie-getal. Het mechanisme van
de onderdrukking van de transversale dispersie als gevolg van de aanwezigheid en
ontwikkeling van locale draaikolkachtige stroming op porie schaal onder de invloed
van de zwaartekracht, wordt in het algemeen als acceptabel beschouwd.

Het tweede deel van dit proefschrift beschrijft de interactie tussen de transver-
sale menging waarbij reacties optreden (3). Deze twee processen werken elkaar
tegen. Als gevolg van dispersie treedt verspreiding en verdunning van een stof
op. Reacties van deze stof voorkomen echter een verdere dispersie. Deze twee
processen treden op in de zone van een verontreinigspluim waar mening optreedt.
Het gecombineerde effect van beide processen benvloed de breedte van mengzone,
welke een directe maatstaf is voor de effectieve dispersie cofficint. Hoofdstuk 6
geeft een mathematische methodiek om het gecombineerde effect van kinetisch-
gecontroleerde en mening-gecontroleerde op het transport mee te nemen. Als vali-
datie van de voorgestelde methode is een vergelijking uitgevoerd met een numeriek
model. De resultaten van beide modellen kwamen goed met elkaar overeen. Als
directe toepassing is het gedrag van een verontreinigingspluim met een natuurlijke
verspreiding bestudeerd. Dit heeft geresulteerd in expliciete uitdrukking voor de
stationaire grootte van de verontreinigingspluim. De relevantie van de transversale
dispersie als een van de controlerende processen voor de grootte van een pluim is
hiermee bevestigd. In Hoofdstuk 7 is dezelfde mathematisch methodiek nogmaals
toegepast. Hier was het doel om een vergelijking af te leiden om de grootte van
de reactive mengzone mee te bepalen. De grootte (of breedte) is in feite een di-
recte maat voor de transversale dispersie lengte. Het is aangetoond dat verkrijgen
van een goede schatting van een dispersiviteit op aquifer-schaal met hoge resolutie
meettechnieken mogelijk is. Een case studie is uitgevoerd waarbij de data van
een zeer goed gedocumenteerde verontreinigingslocatie is gebruikt. De eerste orde
schattingen van de transversale dispersiviteit kwamen goed overeen met de eerder
gerapporteerde waardes van de dispersiviteit.
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