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1.1 MOTIVATION 

With its unique ability to investigate tissue microstructure in vivo, diffusion MRI (dMRI) is one 
of the preferred approaches for investigating the brain’s structural connectivity. Based on the 
fundamental principle that water molecules randomly move due to thermal energy and that this 
so-called Brownian motion is modulated by tissue constituents, dMRI has been widely used in 
clinical and biomedical research applications to infer valuable information about the underlying 
microstructure. The immense potential of dMRI in clinical and scientific disciplines has already 
been recognized since its early days. Especially in acute stroke, dMRI has been shown to be 
very useful for identifying ischemic regions that could not be detected with the more 
conventional methods (Van Gelderen et al., 1994). With the advent of diffusion tensor imaging 
(DTI) (Basser et al., 1994), the anisotropic behavior of the diffusion process could now also be 
characterized unambiguously in a three-dimensional (3D) fashion. Furthermore, DTI allowed 
for the virtual reconstruction of pathways – a process called tractography – of the underlying 
fibrous tissues such as white matter. Considered to be a quantitative imaging approach, DTI 
was quickly adopted in a wide range of clinical research applications (e.g. Barnea-Goraly et al., 
2004; Lebel et al., 2008; Lim et al., 1999; Werring et al., 1999). However, DTI has some well-
known drawbacks in that it cannot resolve complex fiber configurations such as ‘crossing 
fibers’ and it relies on a Gaussian approximation of the diffusion process. 

Due to the ever growing interest in dMRI, the society has been continuously triggered to 
develop novel approaches beyond DTI to overcome its shortcomings. For example, diffusion 
kurtosis imaging (DKI) was proposed as an extension of DTI that can provide non-Gaussian 
diffusion measures (Jensen et al., 2005), and spherical deconvolution was introduced to deal 
with crossing fibers (Dell’Acqua et al., 2010; Tournier et al., 2007). Such new approaches have 
been accompanied by new developments in correction procedures for subject motion and image 
distortions, and in tractography, multi-subject group comparisons, and data visualization, 
amongst others. With the overwhelming amount of strategies currently available and still being 
developed, it is unfortunately not always evident to the end-users how dMRI can be optimally 
used to address their application. In addition, differences in processing strategies lead to 
ambiguities as to which conclusions can and cannot reliably be drawn from dMRI data, 
resulting in controversies in the field (e.g. Catani et al., 2012; Wedeen et al., 2012a; Wedeen et 
al., 2012b). Such issues hamper a smooth transition of dMRI processing strategies into useful 
tools for clinical and biomedical applications.  

This thesis contributes to reducing the confusion in diffusion MRI by scrutinizing different 
steps of the processing pipeline. The chapters in this thesis focus on making the topics 
accessible for a broad audience, and propose new methodology to make more intuitive and 
data-driven choices in dMRI data processing and to facilitate interpretation and visualization of 
dMRI data. The methodology developed in this thesis is furthermore used to investigate 
fundamental topics such as variability in characteristics of the dMRI signal and the geometrical 
organization of the brain pathways. Computer simulation- and real data evaluation frameworks 
play an important role throughout the thesis. 
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1.2 ORGANIZATION OF THE THESIS 

The dMRI processing pipeline is often lengthy and complex, and consists of numerous 
processing steps such as 1) artifact correction, 2) model selection, and 3) parameter estimation. 
Chapter 2 introduces these steps and reviews the most commonly used and current state-of-
the-art dMRI processing techniques with a focus on the brain. While it is by no means 
endeavored to cover all the literature on this topic, this chapter serves as a concise guide to 
what’s new in dMRI processing and may assist in choosing the optimal dMRI processing 
strategy for addressing a particular application. The use of equations and technical language is 
kept to a minimum to make this overview more approachable. To place the work in Chapters 3 
to 9 into context individually, each chapter is preceded by its own more specific introduction. 

Notwithstanding recent developments described in Chapter 2, optimizing the dMRI processing 
pipeline is still an active area of research. In this context, a comprehensive evaluation 
framework for novel diffusion processing techniques and for reliable comparisons between 
different approaches is highly desired. Chapter 3 describes the MASSIVE (Multiple 
Acquisitions for Standardization of Structural Imaging Validation and Evaluation) brain dataset 
containing multi-modal MR data and 8000 dMRI volumes of a single healthy subject acquired 
on a clinical 3 T scanner. All the datasets are designed to meet requirements for state-of-the-art 
processing strategies, and specifically acquired in a clinical setting to be in line with the current 
standards in acquisition protocols from routine examinations. As such, subsets of the 
MASSIVE dataset can serve as representative test beds for new developments in a wide range 
of dMRI data processing techniques. The dataset is used in several chapters in this thesis as an 
evaluation framework and is made publicly available to further facilitate dMRI processing 
development. 

Accurate and precise parameter estimation is an ongoing field of research as it is highly 
challenged by noise and other types of data deterioration such as outliers. Outliers can severely 
bias parameter estimates and as such make subsequent analyses unreliable. For example, the 
added information and benefits of DKI compared to DTI are potentially nullified in a clinical 
setting by the higher sensitivity of DKI to outliers due to its increased model complexity and 
higher acquisition demands. In Chapter 4 a robust estimation procedure is proposed coined 
REKINDLE (Robust Extraction of Kurtosis INDices with Linear Estimation). By means of fast 
linear estimation and an intuitive outlier detection criterion REKINDLE aims to identify and 
exclude outliers. The REKINDLE framework is by design also applicable to DTI and other 
dMRI models that can be linearized.  

Chapter 5 focuses on the estimation of the fiber orientation density function (fODF) that can 
better characterize complex fiber configurations than the diffusion tensor. Spherical 
deconvolution (SD) based techniques are gaining popularity since they provide a balanced 
trade-off between acquisition demands and the reliability of the reconstructed fODF. Like any 
deconvolution technique SD relies on the choice of an appropriate response function (RF) that 
represents the diffusion-weighted signal profile of a single fiber population (SFP). An 
inaccurate calibration of the RF can severely impact the estimated fODF and subsequent 
tractography. Currently, the computation of this RF still relies on the estimation of DTI, which 
is inaccurate at typical acquisition settings used for SD. In this chapter, a data-driven 
framework is proposed that recursively excludes voxels with crossing fibers. By means of an 
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intuitive parameter the algorithm localizes voxels with an SFP that can be used to define the 
RF. In Chapter 6, the recursive framework proposed in Chapter 5 is used to localize SFPs in 
multiple subjects. While a lot of attention has been given to crossing fibers, many fundamental 
questions on SFPs remain still unanswered. By fitting a range of dMRI models, e.g. DKI with 
REKINDLE from Chapter 4, the characteristics of the signals in the identified SFP voxels can 
be further explored. In addition, the variability of SFP properties can be investigated across 
datasets (where we use the MASSIVE dataset from Chapter 1), across subjects, and across 
tracts. The knowledge obtained in simpler configurations like SFPs can provide important 
information on tissue microstructure and aid in the design of simulation experiments, amongst 
others. 

With the advent of dMRI approaches that can model crossing fibers, the geometrical 
organization of pathways in the white matter can be investigated into more detail. Recently, 
Wedeen et al. (2012b) visually analyzed adjacency and crossing of pathways reconstructed with 
dMRI and tractography. The authors proposed that pathways cross each other orthogonally on 
surfaces somewhere along their trajectory: they form sheet structures in the brain. Furthermore, 
they found that no brain pathways were observed without sheet structure, and that these 
structures could have a relation to embryogenesis and axonal path finding. In a response, Catani 
et al. (2012) stated that this finding was likely an artifact introduced by the dMRI methodology 
used in Wedeen et al. (2012b). The dMRI technique used is less able to resolve fiber crossings 
at smaller angles than for example SD techniques. According to them, the low angular 
resolution creates a bias to orthogonal angles which makes a grid structure of interwoven sheets 
a very likely configuration. Wedeen et al. (2012a) rebutted these concerns and stated that there 
are no means known whereby this highly specific mathematical structure is created as an 
artifact. Importantly, Catani et al. (2012) also stated that Wedeen et al. (2012b) mainly showed 
qualitative results and that pathways reconstructed with dMRI and tractography cannot be 
equated to true axons. In Chapter 7, the mathematical theory behind sheet structure is 
recapitulated, and the condition for sheet structure and the role of orthogonal angles is 
discussed. The sheet probability index (SPI) is proposed as a measure to quantify the extent to 
which the data supports sheet structure. A method to calculate the SPI is presented that requires 
the reconstruction pathways with tractography. This method is extensively evaluated in 
simulations and real dMRI data, where we use the MASSIVE dataset and SD with the recursive 
framework from Chapter 5, amongst others. Chapter 8 proposes a conceptually different 
method to calculate the SPI that does not rely on tractography and is less computationally 
intensive. 

Another consequence of the ability to model crossing fibers is that the complexity of the fiber 
network as reconstructed with tractography increases tremendously. Many pathways 
interdigitate and overlap, which hampers an unequivocal 3D visualization of the network and 
impedes an efficient study of its organization. Chapter 9 proposes a novel fiber tractography 
visualization approach that interactively and selectively adapts the transparency rendering of 
fiber trajectories as a function of their local or global orientation. This allows for an improved 
3D visualization of the fiber network and the exploration of tissue configurations that would 
otherwise be largely covered by other pathways. This approach is used to efficiently extract 
fiber bundles and evaluated in a neurosurgical planning case, where the pathways were obtained 
with the technique presented in Chapter 5. 
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Chapter 10 discusses the findings in this thesis and sheds some light on what’s next in dMRI 
processing, gratefully inspired by both formal and informal discussions with many research 
colleagues in the field. 

1.3 SOFTWARE CONTRIBUTIONS 

The algorithms developed in this thesis are or will be integrated in the software tool 
ExploreDTI (Leemans et al., 2009). This MATLAB-based software tool for processing and 
analysis of dMRI data is freely available upon request (http://exploredti.com/). The recursive 
calibration for SD (Chapter 5) is available in Dipy (Garyfallidis et al., 2014). This open source 
software project for dMRI analysis is written in Python and can be downloaded at 
http://nipy.org/dipy/index.html. An interactive implementation of the orientation-dependent 
transparency rendering of tractography pathways (Chapter 9) is integrated in the Fibernavigator 
(Chamberland et al., 2014). This open source tool written in C++ is available at 
https://github.com/chamberm/fibernavigator. 
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ABSTRACT 
Recent advancements in diffusion MRI (dMRI) have offered exciting new avenues for 
investigating microstructural characteristics of fibrous tissue in vivo, contributing to the 
proliferation of dMRI studies in current literature. This growing interest for integrating dMRI in 
a wide range of clinical and scientific disciplines, in turn, has triggered the development of 
different strategies for processing and analyzing dMRI data. Since the pipeline is often lengthy 
and complex, and consists of numerous processing steps, it is unfortunately not always evident 
which particular approaches would be preferred to address a specific question. In this chapter, 
we review the most commonly used and current state-of-the-art dMRI processing techniques. 
While the majority of the presented methodology is generic, we will mainly focus here on using 
dMRI to study the human brain. 
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2.1 INTRODUCTION 

Diffusion MRI (dMRI) has the unique ability to investigate tissue microstructure in vivo, and 
has been widely used in clinical and biomedical research applications to infer valuable 
information about the underlying microstructure and the brain’s structural connectivity. dMRI 
is based on the fundamental principle that water molecules randomly move due to thermal 
energy and that this so-called Brownian motion is modulated by tissue structures. The 
principles of dMRI are not covered in great detail here as they already  have been explained 
previously in numerous excellent reviews (e.g. Basser and Jones, 2002; Deprez et al., 2013; 
Hagmann et al., 2006; Jones and Leemans, 2011; Le Bihan et al., 2001; Le Bihan and Johansen-
Berg, 2012; Mori and Zhang, 2006; Tournier et al., 2011) and reference books (e.g. Johansen-
Berg and Behrens, 2009; Jones, 2010b; Mori, 2007; Van Hecke et al., 2016). For those readers 
that would benefit from a refresher of dMRI – and, more specifically, DTI – we present a 
diffusion MRI 101 in Appendix A2. While we do provide the reader with mathematical 
descriptions of several common concepts in the appendices, we avoid the use of equations and 
technical language in the body of the chapter to make the topics accessible for a broad 
audience. 

Due to the ever growing interest in dMRI, the society has been continuously triggered to 
develop novel approaches to optimally process dMRI data. In this chapter, we will describe the 
necessary processing steps to ‘prepare’ the dMRI data for subsequent analysis and give an 
overview of commonly used and state-of-the-art processing methods. These processing steps 
include 1) checking and correcting the data for artifacts, 2) choosing an appropriate model or 
representation to extract useful features from the data, and 3) obtaining reliable parameter 
estimates for the chosen model, taking into account noise and outliers. Throughout the chapter, 
we take into account that the end-user often only has access to a ‘routinely-clinical’ type of 
acquisition: a (single-shot) echo-planar imaging (EPI) dMRI dataset acquired with multiple 
gradient directions and potentially multiple -values, along with one or several anatomical (e.g. 
T1- and /or T2-weighted) MR images which are often acquired as part of a more general 
protocol.  

In Section 2.2 we will discuss some common artifacts in dMRI that are often still present in the 
data despite regular scanner quality assurance (e.g. by imaging phantoms). Some of these 
artifacts are well-known and many software packages provide tools to correct for them; these 
corrections are more or less ‘standard’ in a dMRI pipeline. Other artifacts have largely gone 
unnoticed or have been ignored by the community. Section 2.3 gives a concise overview of 
different dMRI modelling and reconstruction techniques. There are many strategies that go 
beyond DTI, but the choice of model largely depends on the research question and the type of 
data that the end-user has access to. Section 2.4 focuses on how to reliably estimate diffusion 
parameters once a specific model is chosen.  

Note that there is no general consensus about the order in which data processing steps are 
applied and that these steps are often interwoven. Some artifacts, for example, can be corrected 
for during parameter estimation, or dMRI models can be used to spot and simultaneously 
correct for artifacts. In the following, we will often display image maps derived from DTI, such 
as the color-coded fractional anisotropy (FA) map, to evaluate the performance of the 
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processing tools. As most researchers are familiar with these maps, it will facilitate the 
interpretation of the results.  

2.2 CORRECTING FOR ARTIFACTS 

One of the first steps in dMRI processing after the data has been acquired is to check image 
quality and correct for potential artifacts (Andersson and Skare, 2010; Jones and Cercignani, 
2010; Jones and Leemans, 2011; Pierpaoli, 2010; Tax et al., 2016c; Tournier et al., 2011). 
Artifacts can be considered as errors in the measurements which can lead to misinterpretation of 
the data. In the dMRI processing pipeline, measurements from multiple acquisitions will be 
combined, e.g. from different diffusion images or from a T1-weighted image and a dMRI 
dataset. Consequently, both artifacts that occur in individual images, or that systematically 
occur across multiple images can have significant consequences on the reliability of subsequent 
analysis. For example, artifacts can cause the estimated FA values to deviate from their true 
values, affecting a quantitative comparison in group studies. Alternatively, errors in estimates 
of the diffusion tensor (DT) first eigenvector can negatively bias DTI-based tractography and 
might change tract geometry or cause pathways to terminate in different brain areas. This for 
example affects connectivity studies, or hampers correct interpretation in neurosurgical 
applications. 

A detailed inspection of dMRI data quality is often omitted since it is generally time 
consuming. Given its importance, however, we will discuss in Section 2.2.1 a few 
straightforward and efficient tools for dMRI data quality checks which can be performed prior 
and after artifact correction. Sections 2.2.2 to 2.2.5 will consider various types of artifacts and 
their correction strategies. Note that while there are many specialized data acquisition 
techniques for reducing artifacts (Andersson and Skare, 2010; Peterson and Bammer, 2016; 
Pierpaoli, 2010; Tax et al., 2016c), we will focus here on the processing techniques. Sections 
2.2.2 and 2.2.3 will discuss two artifacts that have been largely ignored in the diffusion 
community but which have gained attention recently: signal drift and Gibbs ringing. Whereas 
these artifacts are mainly acquisition-related, other artifacts are more subject-related: Section 
2.2.4 discusses motion related artifacts such as bulk motion, cardiac pulsation, and signal 
instability between slices. Section 2.2.5 considers two sources of artifacts resulting in geometric 
image distortions that become more pronounced because of the EPI readout: Eddy currents 
(Section 2.2.5.1) and susceptibility differences in tissues (Section 2.2.5.2).  

2.2.1 Data quality assessment 

Visual inspection of the individual diffusion images can reveal some artifacts (e.g. instabilities 
between slices (Fig. 2.1a), slice dropouts (Fig. 2.1b), signal decay due to vibration (Fig. 2.2c)), 
but others are hard to spot in these diffusion images. An efficient strategy for highlighting 
artifacts while avoiding a time-consuming and detailed slice-by-slice inspection of each dMRI 
data set is simply combining diffusion images in various ways (Heemskerk et al., 2013; Tax et 
al., 2016c; Tournier et al., 2011). For instance, quickly toggling between or looping through the 
same slice of different diffusion images can already reveal large signal dropouts, the presence 
of subject motion, and the magnitude of geometric distortions.  
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An image of the standard deviation of the non-diffusion weighted images (DWIs) can highlight 
motion resulting from cardiac pulsation (Fig. 2.1d), while an image of the standard deviation of 
the DWIs can reveal image misalignment due to subject motion and eddy-current distortions as 
indicated by the bright rim in Fig. 2.1e. With further inspection of the color-coded FA map one 
can also recognize other artifacts. Examples include bulk subject motion which leads to 
misalignment between images (Fig. 2.1f), vibration (Fig. 2.1g, which is the same slice as Fig. 
2.1c), eddy current distortions (Fig. 2.1h), and abnormally high and low FA values (Fig. 2.1i). 

 
Fig. 2.1: Examples of common dMRI artifacts. Some artifacts can be recognized in the diffusion images, such as 
instabilities between slices (a), slice dropout (b), and signal decay due to vibrations (c). Other artifacts can be more easily 
spotted with ‘standard-deviation’ maps, such as cardiac pulsation around the brainstem and ventricles (d), and motion 
and eddy current distortions (e); FA color-coded maps ((f) motion, (g) vibration, (h) eddy current distortions, (i) 
artificially high/low FA values, in the corpus callosum likely due to Gibbs ringing); and residual maps ((j) chemical shift, 
(k) vibration, (l) slice dropout). 

Residuals, which represent the difference between a measurement and the prediction of the 
signal according to a dMRI model (Appendix A2.3), can highlight artifacts that are not always 
clearly visible on individual DW images or DTI derived maps. An image of the average 
residual per voxel across DWIs should ideally be uniform. Large mean residuals either indicate 
that the chosen model is not optimal, or that artifacts are present (e.g. chemical shift artifacts 
(Fig. 2.1j), vibration artifacts (Fig. 2.1k, which is the same slice as Fig. 2.1c and g), or signal 
dropouts (Fig. 2.1l, which is the same slice as Fig. 2.1b)). Plotting the average residual per DW 
image across voxels can highlight problems in data along specific DW gradients. Finally, 
identifying and quantifying outliers, which are measurements that are ‘too’ distant from 
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expected observations, can identify data quality issues (Chang et al., 2005; Chang et al., 2012; 
Heemskerk et al., 2013; Pannek et al., 2012; Tax et al., 2015c, see also Section 2.4.4). 

In addition to manual inspection strategies, some automated pipelines for evaluating data 
quality have been developed. Such pipelines can be used to facilitate quality checking in large 
cohort studies. Liu et al. (2010) and Oguz et al. (2014) developed an open source software tool 
that aims to detect and reject volumes affected by inter-slice instabilities, residual motion 
artifacts, and vibration artifacts according to the method in Farzinfar et al. (2013). Roalf et al. 
(2016) compute quality metrics such as mean and maximum amount of intensity-based outliers, 
mean relative subject motion, and the signal-to-noise ratio (SNR) over time to classify data as 
being of poor, good, or excellent quality. A poor dataset is fully excluded from subsequent 
analysis. Although automated pipelines aim to improve the data fidelity, they are not always 
sensitive to artifacts (Berl et al., 2015) and should therefore be extensively validated against 
visual quality assessment. Despite being labor intensive, keeping a strong (visual) connection to 
the data is still of paramount importance to warrant the reliability of subsequent analyses. 

2.2.2 Signal drift 

The combination of the EPI readout and the rapid switching of diffusion gradients puts a high 
work load on the MRI system, resulting in heating and temporal instability of the scanner. 
Consequently, a decrease in global signal intensity can often be observed over time (Vos et al., 
2016b); see Fig. 2.2. This signal drift varies considerably in magnitude and temporal pattern 
when comparing scanners of different vendors. In addition, the exact underlying mechanism of 
signal drift is not always entirely clear. For example, heating may cause signal drift through 
drift in the main magnetic field (B0), or through an altered transmission energy and flip angle 
over time. Although the effect of signal drift has gone largely unnoticed until recently, it can 
cause significant non-trivial effects on diffusion metrics and fiber tractography. Especially 
when the diffusion images are acquired in an ordered fashion, e.g., from high to low -value, 
the systematic artificial signal decrease at the end of the acquisition can be interpreted as 
overestimated magnitude of diffusion. Alternatively, when all gradient directions at the end 
stage of the acquisition are primarily in one particular orientation, a systematic bias can occur 
along that orientation. Moreover, signal drift can also cause biases in acquisitions in which the 
diffusion directions and weighting are randomized.  

During acquisition, it is possible to specifically correct for B0 drift (e.g. Benner et al., 2006), 
but B0 drift is potentially only a partial cause of the total signal drift. However, dynamically 
updating the center frequency might not be an option on several clinical scanners and does not 
fully correct for signal drift. Vos et al. (2016) therefore proposed a complementary and 
straightforward method to correct for signal drift during processing. They suggest to acquire the 
non-DW image volumes interleaved (i.e. every nth image volume is a non-DW image volume). 
The global signal decrease can then be estimated from these non-DWIs over time within a brain 
mask (created for each non-DW image to take into account subject motion). From a quadratic 
fit on these average signal intensities, they obtain a global rescaling factor as a function of 
image number that can be applied to each individual image for correction of the artefactual 
signal decrease (Fig. 2.2).  
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Fig. 2.2: Global signal decrease as a 
function of dMRI scan number. The 
red dots represent the average signal of 
the non-DW images. The blue line is a 
quadratic fit through these signal 
intensities, and the blue dots represent 
the corrected average signal intensities 
for the non-DW images (the DWIs are 
corrected in a similar way). In this 
example, there was an estimated 4.9% 
signal loss from the first to the last 
image. 

2.2.3 Gibbs ringing 

MR images are typically reconstructed by applying an inverse Fourier transform to a set of 
sampled points in finite k-space (Appendix A2.1 and A2.2). Since k-space holds the spatial 
frequencies of the MR image, leaving out the outer peripheral regions of k-space thus means 
that high frequency information is lost. Such a truncation in k-space (or multiplication with a 
window function) is equivalent to the convolution with a sinc function in image space. The 
oscillating lobes of the sinc function, in turn, result in signal oscillations or ‘under- and 
overshoots’ around sharp intensity edges in the image (Fig. 2.3a). Although this Gibbs ringing 
is a well-known MRI artifact, it has gone largely unnoticed in dMRI processing. After the 
qualitative notion that Gibbs ringing has an effect on DTI derived measures (Barker et al., 
2001), its effect on dMRI has only recently been quantitatively assessed (Kellner et al., 2015; 
Perrone et al., 2015; Veraart et al., 2016). It was found that Gibbs ringing artifacts are more 
pronounced in the non-DW image because of the high intensity ‘jumps’, which can for example 
be observed at the interface of CSF and the corpus callosum (CC, Fig. 2.3a). The Gibbs 
oscillations can lead to physical implausible signals (PIS), i.e. a situation in which signals with 
a higher -value are higher than signals with a lower -value (whereas we expect that the signal 
decays with -value). Therefore, a PIS map can potentially identify Gibbs ringing artifacts (Fig. 
2.3b, Perrone et al., 2015; Tournier et al., 2011). The ringing effect is often amplified in maps 
of dMRI metrics (e.g. Fig. 2.1i) and can for example result in highly abnormal DTI features 
(Kellner et al., 2015; Perrone et al., 2015; Veraart et al., 2016).  

There are several ways to correct for Gibbs ringing artifacts in MRI, including filtering to 
smooth out oscillations (Bakir and Reeves, 2000), piecewise reconstruction of smooth regions 
while preserving edges (Archibald and Gelb, 2002), extrapolating k-space data constrained by 
total variation (TV) regularization (Sarra, 2006), and performing a local subvoxel-shift to 
specifically avoid sampling of the ringing extrema (Kellner et al., 2015). In the context of 
dMRI, TV regularization approaches have shown to be able to alleviate the issue of Gibbs 
ringing (Perrone et al., 2015; Veraart et al., 2016). Here, regularization refers to the 
introduction of additional information to better be able to solve such a complex problem (see 
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also Section 2.4). TV methods are based on the assumption that images with spurious detail 
have a high total variation: the sum of the absolute gradient of the image is high. In practice, 
TV correction comes down to finding an image that is much similar to the original image but 
has less total intensity difference in neighboring voxels (i.e. the functional that is minimized 
includes a term based on the residuals when comparing the original and predicted image, and a 
TV term multiplied by a regularization parameter). This approach can be extended to capture 
higher order variations of the image: in this case it is not expected that the image is piecewise 
constant, and e.g. linear variations in intensity are ‘allowed’. This can avoid the ‘staircase 
effect’ that might occur in corrected images (Veraart et al., 2016). A drawback of TV methods 
is that the regularization parameter has to be tuned for each application individually: the 
optimal value is dependent on the noise level of the image and the degree of Gibbs ringing. 
Generally, it was found that its value should be lower for larger ringing effects, and is close to 
the noise standard deviation (Perrone et al., 2015; Veraart et al., 2016). Kellner et al. (2015) 
reported that their approach, which is based on the resampling of the image such that the sinc 
function is sampled at its zero crossings, has advantages over TV in that it is more robust to 
parameter choices and independent of the noise ratio.  

    
Fig. 2.3: (a) signal oscillations (or ‘under- and overshoots’) around sharp intensity edges in the non-DW image at the 
interface of CSF and the CC. (b) PIS map indicating physically implausible signals where a DWI signal is larger than the 
non-DWI signal, overlaid on an FA image. 

2.2.4 Subject motion 

Because dMRI tries to infer information on the microscopic motion of particles, all other sorts 
of motion are important sources of artifacts and can severely impact subsequent analyses (e.g. 
Elhabian et al., 2014; Yendiki et al., 2013). This is one of the main reasons why single shot EPI 
(single readout of k-space) is still so popular: whereas multi-shot EPI (split readout of k-space) 
can reduce off-resonance artifacts, it elongates the scan time and further increases the risk of 
motion and motion-induced phase differences which can lead to considerable artifacts.  

The most straightforward type of subject motion is a slow rotation or translation of the head or 
slow bulk motion (Fig. 2.4a). Lying as still as possible during the scan might be challenging for 
some age groups or subjects with disorders, but also for healthy subjects for example due to 
discomfort, sound produced by the pulse sequences, or falling asleep. Consequently, such rigid 
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body motion artifacts are present in almost all dMRI datasets. We often assume that subject 
motion does minimally occur during the acquisition of an image, and that it solely results in 
image misalignment. This misalignment complicates the combination of different diffusion to 
investigate the tissue structure at every location in the brain.  

Prospective subject motion correction can be done during acquisition, but is not always feasible 
in a clinical setting. During processing, registration (i.e. realigning the images) is the method of 
choice to reduce the adverse effect of subject motion. Generally, each diffusion image is 
registered to the first non-DWI in the dataset, and misaligned images are interpolated to 
compute the intensities at the transformed voxel locations. An important choice in the 
registration process is the transformation model. For subject motion we expect that rigid 
transformations are sufficient (i.e. translations in x-, y-, and z-direction, and rotations along the 
x-, y-, and z-axis), leading to 6 parameters to estimate per image. It is essential to keep in mind 
that every DWI carries orientation information: the image was acquired with the diffusion 
weighting in a particular orientation. Therefore, when rotations are involved to align an image, 
the gradient direction (captured in the so-called B-matrix (Appendix A2.3)) should be rotated 
accordingly (Leemans and Jones, 2009).  

Another relevant choice in dMRI registration is the similarity measure (i.e. how to define the 
degree of similarity between intensity patterns in images). This is tricky in dMRI: images 
acquired with different directions and diffusion weighting are expected to look very different. 
For example, non-DWIs have a much higher CSF intensity than most DWIs, and each DWI has 
a unique contrast according to its diffusion orientation. Therefore the sum-of-squared-
differences (SSD), which is based on the subtraction of two images, might not be the best 
choice for some dMRI registration approaches. A further challenge is the registration of high -
value data: in images with a high -value the signal loss is much higher, the signal-to-noise 
ratio (SNR) is lower, and the brain outline is not well visible (Ben-Amitay et al., 2012; Nilsson 
et al., 2015). This significantly impacts the accuracy of the registration. Finally, the 
interpolation step involves choices that may impact subsequent analyses: it is generally advised 
to align and interpolate all the diffusion as opposed to only the images with the most motion 
(Elhabian et al., 2014). Different interpolation methods can be adopted such as nearest 
neighbor, trilinear, and sinc interpolation. Several investigations have tried to address the 
challenges in the registration of diffusion to correct for subject motion. This correction is 
commonly integrated with registration-based approaches to correction for eddy currents among 
other geometric distortion artifacts, thereby reducing the amount of interpolation steps. We will 
therefore discuss some literature on dMRI registration in Section 2.2.5.1. 

Subject motion that occurs during the generation of an image is somewhat harder to correct for 
in the processing stage. It can lead to a wide range of artifacts like signal dropout/attenuation, 
distortions, and blurring. For example, subject motion during the application of the diffusion-
encoding gradient or fast bulk motion can lead to artificial signal attenuation within a slice, 
which may be wrongly interpreted as increased diffusion. Alternatively, subject motion 
between the acquisition of different slices can result in inter-slice intensity instabilities, for 
example when the slices are acquired in an interleaved fashion (Fig. 2.1a). Severe subject 
motion artifacts can be ‘corrected’ by simply rejecting corrupted measurements: this can vary 
from excluding the whole image based on visual inspection, to removing a single slice, to 
discarding voxel-wise measurements by statistical robust estimation procedures (see Section 



Chapter 2: Introduction 

16 

2.4.4). It is important to keep in mind that removing measurements should not result in an 
imbalanced distribution of the diffusion gradients.   

Cardiac pulsation and respiration (also called physiological noise) occurs even when the 
subject lies perfectly still, and can cause non-rigid displacements in the order of 1 . 
Pulsation effects are the most prominent around the lateral ventricles and brainstem (Fig. 2.1d). 
The combination of diffusion acquired in different stages of the cardiac cycle will result in 
different local deformations, and therefore misalignment of local structures in successive 
images. In addition, cardiac pulsation can result in artificial signal loss in certain brain regions 
(e.g. Nunes et al., 2005). During acquisition, cardiac gating can be used to try to avoid pulsation 
artifacts. In this case the images are only acquired during particular phases of the cardiac cycle, 
at the cost of an increased scan time. During processing, corrupted images could be discarded 
upon visual inspection or when information of the cardiac cycle during the scan is available. In 
addition, measurements severely affected by pulsation artifacts can potentially be excluded 
during parameter estimation by using robust parameter estimation approaches (see Section 
2.4.4). 

Vibration of the subject table due to switching of the diffusion gradients can lead to artificial 
signal decay in a particular direction, mainly in parietal-occipital regions but also sometimes in 
frontal regions ((Berl et al., 2015; Gallichan et al., 2010; Hiltunen et al., 2006) Fig. 2.1c). This 
results in regions of spurious anisotropy which can be recognized as regions of ‘artificial hue’ 
in color-coded FA maps (red in Fig. 2.1g, indicating artificial decay in left-right direction). 
Despite extensive efforts by vendors to reduce this artifact, it still affects many studies 
depending on the protocol, vendor, and population (Berl et al., 2015). Ways to potentially 
alleviate the artifact during acquisition include adding weight, slightly rotating the head (Berl et 
al., 2015), or increasing k-space coverage (Gallichan et al., 2010), although the latter approach 
did not entirely solve the problem in Berl et al. (2015). Correcting for the artifact during 
processing turns out to be challenging: Gallichan et al. (2010) and Scherrer and Warfield (2012) 
show that their (robust) estimation approaches (see also Section 2.4.4), which take into account 
abnormal signal attenuation inconsistent with the tensor model, can deal with the vibration 
artifact; whereas the robust approach tested in Berl et al. (2015) did not entirely remove the 
artifact. 

2.2.5 Geometric distortions 

Some artifacts become more pronounced because of the EPI readout and manifest 
predominantly in the phase encoding direction. This is caused by the way EPI uses the gradients 
to spatially encode the signal, i.e. the single long ‘zig-zag-like’ readout (Appendix A2.1): the 
traversal in k-space is very slow in the phase encoding direction compared to the frequency 
encoding direction. In other words, the ‘effective gradient strength’  in /  in the phase 
encoding direction – obtained  by adding all the ‘blips’ and distributing this over the acquisition 
period – is much lower than in the frequency encoding direction, almost in the order of 
magnitude of field inhomogeneities (Andersson and Skare, 2010). Hence, when the true applied 
field is not the field that we think we apply (off-resonance field), this has an amplified effect in 
EPI typically along the phase encoding axis: the signal is reconstructed at the wrong location 
resulting in a geometrically distorted image.  
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Two important sources of off-resonance fields are eddy currents (Section 2.2.5.1) and 
susceptibility differences in tissues (Section 2.2.5.2). Other off-resonance sources, which can 
usually be reduced during acquisition and therefore not detailed here, are concomitant fields 
(higher order terms in the gradients for spatial encoding (Baron et al., 2012; Du et al., 2002)),  
incorrect shim, and local inhomogeneities in the field provided by the magnet (see e.g. Peterson 
and Bammer, 2016). Residual effects of concomitant fields can often be ‘captured’ by distortion 
correction during processing. Other common types of dMRI data artifacts that can be linked to 
or amplified by the EPI readout  are Nyquist ghosting (Buonocore and Gao, 1997; Zhang and 
Wehrli, 2004) and chemical shift artifacts (Sarlls et al., 2011). However, these are not discussed 
here as these artifacts are typically corrected at the data acquisition stage.  

2.2.5.1 Eddy currents 

Eddy currents are important sources of off-resonance fields that particularly affect DW 
acquisitions because of the additional diffusion gradients. To make an image diffusion weighted 
the gradients have to be switched on rapidly, remain on for a reasonable time to achieve the 
desired diffusion weighting, and switched off rapidly. Such rapid changes of a magnetic field 
cause so-called eddy currents in conductors of the MRI, which in turn induce additional 
magnetic gradient fields. This effect is more problematic in dMRI than in most other 
acquisitions because the gradients for diffusion encoding are on for a longer time than typical 
gradients for spatial encoding. In the latter case, the eddy currents from switching on and off 
may compensate each other (Jones and Cercignani, 2010). The off-resonance fields resulting 
from eddy currents cause geometric distortions in the phase encoding direction when they are 
constant over time during the EPI readout. However, they cause image blurring when they are 
time-varying, but this appears to be a minor issue (Andersson and Sotiropoulos, 2016). Finally, 
eddy currents can change the diffusion weighting in a non-trivial way, which affects subsequent 
modelling and is hard to correct for in a clinical setting. Acquisition techniques have been 
developed that reduce eddy currents (e.g., Reese et al., 2003) or that infer information on the 
eddy current off-resonance field at the cost of an increased scan time (e.g., Jezzard et al., 1998), 
see also Andersson and Skare (2010) for an overview). Instead, here we focus on processing 
techniques for the correction of the geometric distortions.  

Registration-based techniques can be used to correct for eddy-current induced distortion 
artifacts during processing. Similar to registration-based motion correction, an appropriate 
transformation model is required that can describe the deformations resulting from eddy 
currents. Importantly, the eddy current-induced distortions vary with the diffusion-encoding 
direction and -value, where high -value DWIs are affected more and non-DWIs remain 
unaffected since no diffusion gradients are applied (Fig. 2.4b). Proposed approaches vary in the 
degrees of freedom in their transformation model and whether they correct whole-brain or slice-
wise. For example, if the field resulting from eddy currents is spatially linear, the distortions are 
affine: in-plane shearing (from eddy currents along the read direction), in-plane scaling (from 
eddy currents along the phase encoding direction), and in-plane translation (from eddy currents 
along the slice selection direction) (Jezzard et al., 1998). Some software packages therefore use 
a whole-brain affine transformation per image to correct for both subject motion and eddy 
current distortions. This results in the estimation of 8 to 12 parameters per image, where the 
‘simplest’ case only takes into account the distortions mentioned before (e.g. Mohammadi et 
al., 2010). However, the distortions can vary dependent on the slice position, for example when 
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residual eddy current fields from a previous slice add up to those of the current slice. This 
cannot be captured by a whole-brain affine transformation (Jones and Cercignani, 2010). Slice-
by-slice correction for the in-plane residual distortions improves the accuracy of the registration 
(Mohammadi et al., 2010). Moreover, the assumption that eddy current fields are spatially 
linear is likely to be incorrect. Higher order terms play an important role since it cannot be 
expected that eddy currents only reside in the gradient coils and that gradient systems are 
perfectly linear (Andersson and Sotiropoulos, 2016; Rohde et al., 2004). Therefore, a quadratic 
model with 8 or 10 parameters (Andersson and Sotiropoulos, 2016; Rohde et al., 2004) or a 
cubic model with 16 or more parameters (Andersson and Sotiropoulos, 2016; Barnett et al., 
2014) can be adopted to correct for eddy currents. Simultaneous correction for subject motion 
(six parameters) and eddy currents assuming a quadratic model (eight parameters) thus requires 
14 parameters to be estimated per image. It is important to note that the volume of a voxel 
might change as a result of the registration, e.g. in the case of scaling or shearing. This has the 
consequence that the intensity of the voxel should be modulated proportional to the volumetric 
change (e.g. by multiplying by the Jacobian determinant). Ignoring this step can lead to a wrong 
interpretation of the rate of diffusion in a given voxel and direction (Jones, 2010c; Jones and 
Cercignani, 2010). 

Several registration-based methods have been proposed to correct for rigid subject motion 
and/or eddy current induced distortions. To be able to use the simple SSD similarity metric, 
however, it remains challenging to find a good reference image that is not heavily affected by 
eddy current distortions and has a similar contrast to DWIs. The non-DWI is free of eddy 
current distortions but is very different in contrast compared to the DWIs. Therefore, some 
studies proposed to acquire additional images with a more similar contrast, such as low -value 
DWIs (e.g.  = 300 /  (Haselgrove and Moore, 1996)) or a CSF suppressed non-DWI 
(Bastin, 2001). As the acquisition of additional images is not always possible in a clinical 
setting, we focus on registration-based methods that mostly rely on the acquired set of diffusion 
images. These methods can be broadly divided into conventional registration methods and 
prediction- or extrapolation-based registration methods (Nilsson et al., 2015).  

Conventional registration methods register the acquired images themselves. An approach that 
overcomes the problem of registering images with different contrast is the method of Rohde et 
al. (2004), which uses normalized mutual information (MI) as similarity metric (Studholme et 
al., 1999). Registration approaches based on MI have shown to accurately align diffusion 
images where all the images are generally registered to the first non-DWI, and are integrated in 
several diffusion MRI software packages (e.g. Leemans et al., 2009; Pierpaoli et al., 2010). 
Extrapolation-based methods register a predicted image from a model fit to the acquired set of 
diffusion images (Andersson and Skare, 2002; Bai and Alexander, 2008; Ben-Amitay et al., 
2012; Nilsson et al., 2015). These methods are therefore able to use similarity metrics such as 
SSD. Andersson and Skare (2002) developed ‘eddy_correct’, which is included in FSL (Smith 
et al., 2004). They first fit a DT to the raw distorted data and use the tensor fit to predict DWIs 
with the same gradient directions as those acquired. The acquired images are then registered to 
the corresponding simulated images using the SSD as similarity measure, from which a new 
tensor fit is obtained. This process is repeated. 

Registering high -value images may require a more targeted approach due to the more 
significant contrast differences, considerable signal attenuation, and undefined tissue-interfaces 
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compared with low -value images. The use of MI does not entirely solve these issues, and 
predictions of DW images from the DT are inaccurate at high -values. Mohammadi et al. 
(2014) register the DWIs to a median DW image per -value shell, and Zhuang et al. (2013) 
only registered high -value DWIs that are close in orientation. In addition, several 
extrapolation-based methods based on other models than the DT were recently proposed (see 
also Section 2.3). Ben-Amitay et al. (2012) register the high -value DW images in a multishell 
dMRI dataset by first rigidly registering the low -value images to the non-DW image using 
MI. Subsequently, they simulate DW images at high -value using the composite hindered and 
restricted model of diffusion (CHARMED (Assaf and Basser, 2005)), with the CHARMED 
parameters predicted from DT-derived indices obtained from the low -value data. The 
acquired high -value DWIs are then registered to the corresponding simulated DW images 
using MI and a global affine transformation. Nilsson et al. (2015) stated that this DT-based 
extrapolation may negatively impact the registration in regions of partial volume with CSF, and 
proposed to correct for this by separating the DT into a tissue and CSF component. In addition, 
they adjust for artificial diffusion anisotropy in grey matter (Nilsson et al., 2015). They used a 
stretched-exponential model (Bennett et al., 2003) to extrapolate the signal and found visible 
improvement of the registration over the CHARMED-based method. 

 Andersson and Sotiropoulos (2016) estimate the eddy current-induced field and predict 
estimates of undistorted DWIs based on Gaussian processes. Subsequently, they transform this 
prediction back to the distorted acquisition space to compare it with the acquired DW images. 
They thereby avoid transformation and interpolation of the original data at this stage. Based on 
the difference of the original and predicted image, the motion and eddy current distortion 
parameters are updated, and the whole process is repeated. This approach also has the option to 
simultaneously correct for susceptibility gradients ((Andersson et al., 2003), see also Section 
2.2.5.2), and is used in the Human Connectome Project (HCP) pipeline (Glasser et al., 2013; 
Sotiropoulos et al., 2013). Whereas most clinical acquisitions sample one half of -space 
(Appendix A2.2), the authors suggest that the performance of the method can be improved by 
acquiring measurements with opposing gradient sign (Bodammer et al., 2004), where the angle 
between the gradient axes is small. This will ‘negate’ the distortions and thus provide more 
information to drive the process. Alternatively, acquisition of gradient directions with opposite 
phase encoding directions holds valuable information on the distortions. This method (‘eddy’) 
is implemented in FSL and the authors report improved results over ‘eddy_correct’. 

2.2.5.2 Susceptibility gradients 

The magnetic susceptibility of a material refers to the degree of magnetization of an object 
when placing it in a magnetic field. Inside tissue, the magnetic field is slightly lower than the 
applied magnetic field because tissue is diamagnetic. This results in off-resonance fields (or 
macroscopic inhomogeneities) at the scale of the voxel size. These inhomogeneities are 
dependent on the composition and shape of the imaged body part and have a complex spatial 
distribution particularly at air/tissue interfaces. The distortions resulting from such a 
susceptibility-induced off-resonance field (also known as susceptibility- or EPI distortions) can 
be recognized as regions of signal ‘pile-up’ – where  the signal of several voxels is compressed 
into one voxel – or signal ‘smearing’ – where the signal from one voxel is stretched over 
several voxels – see Fig. 2.4c white arrow. Since the susceptibility distortions only depend on 
the properties of the subject, all diffusion images are distorted in the same manner if one 
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neglects subject motion. Susceptibility distortions would therefore not cause problems for local 
modelling per se, but they do affect tractography analyses (Irfanoglu et al., 2012; Jones and 
Cercignani, 2010), and introduce an extra source of intersubject variability. In addition, they 
cause a mismatch with anatomical images (Fig. 2.4c), which hampers a more complete picture 
of the structural organization of the brain. Therefore, even though EPI distortion correction is 
not standard in many dMRI software packages, it is advised be included in a typical dMRI 
processing pipeline. A few things to keep in mind when correcting for susceptibility distortions: 
1)  they are dominant along the phase encoding direction as discussed before, 2) resampling and 
interpolation of the images required for susceptibility distortion correction should ideally be 
combined with eddy current distortion-, motion-, and other corrections; 3) the intensity in a 
voxel could be modulated when volumetric changes occur during correction (Jezzard and 
Balaban, 1995), but this is not strictly necessary because the modulation is the same for each 
DW volume; and 4) this step should not be accompanied by a rotation of the B-matrix because 
orientation information on a voxel level is not affected by this artifact. 

Several approaches exist to reduce susceptibility distortions, generally requiring the acquisition 
of additional data. One method is to map the field inhomogeneity at every location. This can be 
achieved by considering the phase of two acquisitions (commonly gradient echo non-EPI, but 
other choices are also possible) with different echo times: one would expect that the 
accumulated phase is the same for the two acquisitions if no field inhomogeneities are present. 
Any phase difference between the acquisitions can thus be attributed to field inhomogeneities, 
and from the phase difference and the echo time difference we can compute the field 
inhomogeneity (Jezzard and Balaban, 1995). One way to correct for susceptibility distortions is 
to convert such a field map to a voxel displacement map in the phase encoding direction (e.g. 
Pintjens et al., 2008; Reber et al., 1998), and to create the undistorted image by referring to this 
displacement map how far the intensity of each voxel was displaced – a process that is also 
called unwarping. In practice, however, this approach does not entirely solve the problem since 
in the case of signal pile-up there is not enough information as to how to exactly redistribute the 
signal back to its correct positions; it is a many-to-one mapping problem (Jones and Cercignani, 
2010). It also faces other challenges (Holland et al., 2010), such as the risk of subject motion 
during the acquisition leading to errors in the field map, and the non-trivial process of 
unwrapping of the phase maps (i.e. correcting  for ‘phase jumps’ by adding multiples of 2  to 
the phase).  

Another correction strategy, which can potentially deal with the signal redistribution problem 
and was shown to perform better than field mapping, involves the acquisition of pairs of images 
with reversed and/or varying phase encoding directions (Bowtell et al., 1994; Chang and 
Fitzpatrick, 1992). In the case of reversed phase encoding direction (e.g. bottom-up vs. top-
down k-space traversal, see Appendix A2.1) the distortion direction is also reversed: regions of 
signal pile-up in one image correspond to regions of signal smearing in its corresponding 
image. The combination of these images provides enough information on the geometrical 
distortions and the redistribution of signals to create an undistorted image. Such approaches, 
often referred to as ‘blip-up blip-down’ methods, vary in the way they combine the images with 
different phase encoding directions. Morgan et al. (2004) and Bowtell et al. (1994) correct the 
distortions along every image line in phase encoding direction, assuming that corresponding 
points in two reversed phase encoding images are equidistant to the ‘true’ anatomical location. 
This 1D correction per line, however, assumes that the subject is in exactly the same position 
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with an identical phase encoding direction during the reversed scans, thereby ignoring subject 
motion. This can result in discontinuous displacement fields, and it is sensitive to noise. 
Andersson et al. (2003) developed the approach TOPUP, which operates in 3D and is integrated 
in FSL (Smith et al., 2004) and used for the HCP data (Sotiropoulos et al., 2013). The authors 
propose to estimate a field map and displacement field from reversed phase encoding images by 
modelling the image formation process of spin-echo EPI. Generally, they only use pairs of non-
DW images (either one pair at the beginning of the sequence, but ideally multiple pairs 
throughout the acquisition) to save acquisition time. However, the entire data (DWI and non-
DWI) can be used as wellif it is acquired in a reversed phase encoding fashion. Importantly, this 
approach takes into account subject motion between two images in a pair when determining the 
field. From the displacement field and the reversed images they can then reconstruct least 
squares estimates of the undistorted images, a step that is usually integrated with the eddy 
current correction tools in FSL (Andersson and Skare, 2002; Andersson and Sotiropoulos, 
2016). However, the displacement fields in this approach are modeled with a finite set of basis 
functions, which limits the spatial variation (i.e. the highest variation that can be described is 
limited by the highest frequency in the used cosine basis (Holland et al., 2010; Ruthotto et al., 
2012)). Holland et al. (2010) proposes an efficient and fast variational approach by smoothing 
the reversed phase encoding non-DW images so that they look rather similar, register them, and 
update the total deformation field according to the computed refinement. In the next iterations, 
the width of the smoothing kernel is decreased until there is no smoothing. This approach 
allows for more flexible (non-parametric) transformations. Ruthotto et al. (2012) extend this 
approach by introducing an additional nonlinear regularization term that guarantees 
diffeomorphic transformations (i.e. the mapping can be differentiated and its inverse as well, 
resulting in meaningful intensity modulations). However, both approaches do not incorporate 
the correction for subject motion and eddy currents. A critical note is that when only non-DWIs 
are used for correction, care must be taken that the correction is adequate in regions where the 
non-DWI has uniform contrast (i.e., there might not be enough local contrast information to 
‘drive’ the correction process). 

In a clinical routine, however, one often does not have access to more advanced acquisitions 
such as field maps and opposite phase encoding direction acquisitions, or there is not enough 
time to acquire the additional scans. In this case, registration of the dMRI data to a structural 
‘undistorted’ image can be used to correct for susceptibility distortions, as such images are 
often acquired as part of the protocol.  Registration methods have shown to perform similar (or 
better/worse depending on the region) to field mapping (Tao et al., 2009; Wu et al., 2008a). The 
transformation model for susceptibility correction typically includes non-rigid deformations 
only along the phase encoding orientation. Registration of dMRI data to anatomical scans is 
challenging because images often do not necessarily have the same spatial resolution and 
coverage (i.e., in T1 images, for instance, typically a larger field-of-view is taken compared to 
DW images). In addition, the choices of similarity measure (e.g. SSD, MI), target image (e.g. 
T1, T2) and source image (e.g. FA, non-DWI, mean of the DWIs) may all affect the registration 
performance. Different methods have been developed for registration of dMRI data to 
anatomical scans. Kybic et al. (2000) register the non-DWI to a T2 image using the mean-
squared-difference as similarity metric and a B-spline modeled deformation field. Tao et al. 
(2009) developed a variational approach to register the non-DWI to the T2, where the term that 
forces similarity between the images depends on the derivative of the squared difference 
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between the images. They find that modelling the displacement field with higher-order 
deformations (i.e. a dense displacement field) B-splines better accounts for the distortions 
present in EPI. In contrast to relying on the difference between images, Wu et al. (2008a) use 
MI as similarity metric combined with B-splines to register the non-DWI to the T2. The MI 
metric allows for registration of different dMRI quantities with different modalities, such as the 
FA, mean of the DWIs, and ‘anisotropic power maps’ (Dell’Acqua et al., 2014) to the T1, and 
has been implemented in various software tools (Leemans et al., 2009; Pierpaoli et al., 2010). 
Glodeck et al. (2016) use MI to estimate a dense displacement field for the registration of the 
non-DWI to the T1, and introduce additional anisotropic regularization to make the registration 
process more robust. 

 
Fig. 2.4: (a) Subject motion: a slow rigid bulk motion of the head (translations and rotations) results in misalignment of 
images that are acquired at two different time points in the sequence. Top: first non-DWI of the acquisition, with edges 
indicated in red. Bottom: a non-DWI later in the acquisition, the edges of the top-image are overlaid to indicate the 
misalignment. (b) Geometric distortions resuting from eddy currents. Top: non-DWI which is not affected by eddy 
current distortions, edges are outlined in red. Bottom left: edges of non-DWI overlaid on a DWI that is affected by eddy 
current distortions. Bottom right: Improved alignment of the non-DWI and DWI after eddy-current distortion correction 
using registration. (c) Geometric distortions resulting from susceptibility gradients. Left: non-DWI with edges indicated 
in red. The white arrow shows an example of signal ‘smearing’. Right: edges of non-DWI overlaid on an anatomical T1 
image. Green and blue squares indicate misalignments. 

Finally, hybrid approaches have been proposed that combine previously discussed methods. For 
example, Gholipour et al. (2011) use a field map to guide the registration of DW images to a T2 
image, where they used MI as similarity measure. This resulted in a better match between pairs 
of reversed phase encoding images and between EPI and T1 images, compared with correction 
based on either registration or on field maps alone. Irfanoglu et al. (2015) propose an approach 
called DR-BUDDI in which they combine information from blip-up blip-down non-DW 
images, DW images, and an anatomical undistorted T2 image to guide the registration. They 
use a deformation model capable to deal with very large distortions in EPI (the popular 
symmetric diffeomorphic time-varying velocity-based model in the ANTS software package 
(Avants et al., 2008)), and use an anisotropic regularization term with a cross-correlation 
similarity metric. In addition, they allow for incorporation of eddy current and motion 
correction transformations for the blip-up and blip-down dataset independently, and therefore 
they account for the possibility that the phase encoding direction in ‘reversed’ images is 
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inconsistent. The authors show that DR-BUDDI outperforms other methods (e.g. Andersson et 
al., 2003; Holland et al., 2010) in the presence of motion and large distortions. Even though the 
reversed diffusion images are averaged into a single dataset and thus provide no new diffusion 
information, the authors expect that the added benefit in distortion correction outweighs the 
increased scan time. 

2.3 DATA MODELLING AND FEATURE EXTRACTION 

After careful data inspection and correction for artifacts, we are now ready to capture relevant 
features of the measured dMRI signals. To this end, a dMRI reconstruction technique can be 
applied to the data. While many reconstruction techniques are available, DTI is still the most 
widely used one. It provides information on the primary direction of diffusion which is often 
assumed to coincide with the underlying fiber direction, and allows for the computation of the 
FA and MD (Appendix A2.3) which have been studied in a myriad of applications and 
pathologies. Although DTI is very popular, it suffers from well-known limitations. The famous 
‘crossing fiber’ problem ((Jeurissen et al., 2013) the inability to reconstruct multiple fiber 
directions in complex configurations such as crossing, kissing, bending, fanning, or diverging 
fibers) has driven the development of approaches that can resolve multiple fiber directions. In 
addition, the low specificity of measures such as FA, which is affected by many microstructural 
features at the same time, has heightened the need for approaches that capture more meaningful 
biophysical information.  

2.3.1 Diffusion MRI reconstruction techniques 

To place the overwhelming amount of reconstruction techniques beyond DTI somewhat in 
perspective, we will first discuss several common concepts. Generally speaking, a 
reconstruction technique estimates parameters from the data and subsequently derives relevant 
features from these parameters (in some cases, the parameters directly represent the useful 
features). Common features that we are ultimately interested in include the local directions of 
underlying fibers, and measures related to the diffusion process and/or tissue microstructure in a 
voxel or of a distinct fiber population. In the case of DTI, for example, the parameters to be 
estimated are the DT components (Eq. A2.2), from which we can derive features such as FA 
and the primary diffusion direction (Fig. A2.5). Other common features, which are higher-
dimensional, include the ensemble average propagator (EAP, sometimes also referred to as the 
spin displacement probability density function (PDF) or diffusion propagator), the diffusion 
orientation density function (dODF), and the fiber ODF (fODF, sometimes also referred to as 
the fiber orientation distribution (FOD)). The EAP provides information on the average 
probability of particles to have a particular displacement during a given diffusion time (Fig. 
2.5a, see also Appendix A2.3). It therefore captures the complete information on the diffusion 
process for a given diffusion time, and depends on the tissue architecture: the displacement of 
spins can for example be larger in the direction of fibers that cross orthogonally (Fig. 2.5a). The 
dODF summarizes the information of the EAP by a radial projection on the unit sphere. Note 
that there are some different definitions in the literature, see for example Assemlal et al. (2011) 
for an overview. The dODF contains information on the probability of diffusion in a particular 
direction regardless of the displacement (Fig. 2.5b). The lobes of the dODF are generally broad, 
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and when fiber populations cross in too shallow angles they will start to overlap which will 
hamper the detection of crossing fibers. In contrast, the fODF directly represents the 
distribution of fiber directions and thus represents different information than the dODF (Fig. 
2.5c). It can potentially also capture configurations like bending or fanning fibers within the 
broadness of the fODF lobes. While such higher order features can be visualized throughout the 
brain, they are often further simplified (e.g. to ‘peak directions’ or scalar measures) for 
subsequent analysis.  

Reconstruction methods are commonly classified based on what their parameters or features 
represent: reconstruction methods based on physical models try to extract microstructurally-
specific features, whereas other methods try to find coefficients of a (more abstract) 
mathematical representation of the signal1. In the latter case, an important aim is often to 
accurately describe the signal (e.g. by a set of basis functions) rather than a direct interpretation 
of the features in terms of microstructure. Nevertheless, these representations often allow for 
the extraction of an EAP, dODF, or fODF, and sometimes also of microstructurally-specific 
features by introducing certain assumptions. 

                                
Fig. 2.5: A 90° crossing fiber configuration in a voxel. (a) The ensemble average propagator (EAP) has a value at every 
point in 3D displacement space. This value represents the probability density of the average relative displacement of 
spins in a voxel, and integrating this function over a ‘small displacement interval’ gives the probability for a spin to make 
that displacement during the diffusion time that was set in the acquisition. Here, red indicates a high value (the 
probability density near the center is high) and purple/white a low density. The crossing can be recognized by the 
nonzero value of the EAP in the direction of the fibers. (b) The diffusion ODF (dODF) has a value for every direction in 
displacement space. It is often represented by a glyph object that is deformed in each direction according to the value of 
the function. The dODF value in each direction reflects the proportion of spins diffusing along that direction, and thus 
has no information on the magnitude of displacement. The dODF is a simplified version of the EAP: it can be obtained 
by taking the integral of the EAP along each direction (in this process, the weighting of each point can be varied to obtain 
sharper dODFs (see e.g. Assemlal et al. (2011) for an overview). (c) The fiber ODF (fODF) contains information on the 
proportion of fibers in each direction. 

Choosing an ‘optimal’ reconstruction method for a particular application is not straightforward. 
A systematical extensive evaluation and comparison of all reconstruction methods has not been 
performed thus far (although several works have contributed towards this end, e.g. Cheng et al. 
(2011); Daducci et al. (2014a); Ning et al. (2015); Rokem et al. (2015)). In practice, the choice 
of reconstruction method is often determined by multiple factors. An important factor is the aim 

                                                             

1 Sometimes these are also referred to as model-based and model-free methods. However, since 
a set of functions to describe the signal can also be regarded as a ‘model’, we instead choose to 
refer to the two classes of approaches as physical models and mathematical representations. 
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of the study; connectivity analysis for example requires tractography and thus a method that can 
resolve crossing fibers, whereas a quantitative voxel-wise comparison between groups requires 
a method that allows for the extraction of measures indicative of the phenomenon under 
investigation. Another factor is the data that is available: some reconstruction methods are more 
demanding in that they require multi-shell or Cartesian sampled data (Appendix A2.2), which is 
often not available in a clinical setting. Finally, the software and support that is available 
determines which approaches are feasible to use since not every software package supports all 
reconstruction methods and most software packages require a certain level of expertise. Table 
2.1 summarizes numerous current state-of-the-art reconstruction techniques, of which we will 
discuss several in more detail in the next sections: multi-compartment models, spherical 
deconvolution approaches, -space approaches, and diffusion kurtosis imaging. 

Reconstruction 
technique 

Typical 
acquisition 

Physical 
model/ 

Repr.  

Parameters Features References 

Diffusion tensor 
imaging (DTI) 

Single-shell/ 

Multi-shell 

Physical 
model/ 

Repr.* 

DT components FA,MD, AD ( ∥), 
RD ( ), DT 
eigenvectors, 
Westin measures 
( , , ) 

(Basser et al., 
1994; Basser, 
1995; Westin et 
al., 2002) 

Diffusion kurtosis 
imaging (DKI) 

Multi-shell Repr. DT-, KT 
components 

FA,MD, AD ( ∥), 
RD ( ), DT 
eigenvectors, 
Westin measures 
( , , ), 

MK, AK, RK, 
KA, dODF 

(Jensen et al., 
2005; Jensen and 
Helpern, 2010; 
Lazar et al., 
2008; Lu et al., 
2006; Neto 
Henriques et al., 
2015; Poot et al., 
2010; Tabesh et 
al., 2011a) 

Spherical 
deconvolution (SD) 

Single-shell/ 

Multi-shell 

Physical 
model/ 

Repr.* 

basis function 
coefficients/ 

fODF** 

fODF, AFD, 
HMOA 

(Cheng et al., 
2014; 
Dell’Acqua et 
al., 2013; 
Jeurissen et al., 
2014; Jian and 
Vemuri, 2007; 
Raffelt et al., 
2012; Tournier et 
al., 2007) 

Ball and stick 
model 

Single-shell/ 

Multi-shell 

Physical 
model 

*** Diffusivities (ball 
and stick), vf, 
axis 

(Behrens et al., 
2003) 

Composite hindered 
and restricted model 
of diffusion 
(CHARMED) 

Multi-shell Physical 
model 

*** Diffusivities 
(cylinders and 
tensors), radius or 
distribution of 
radii (cylinders), 
vf, axis 

(Assaf et al., 
2008; Assaf and 
Basser, 2005) 

White matter tract 
integrity (WMTI) 

Multi-shell Physical 
model 

DT-,KT 
components 

Diffusivities 
(stick and tensor), 
wf 

(Fieremans et al., 
2011) 
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Minimal model of 
white matter 
diffusion 
(MMWMD) 

Multi-shell Physical 
model 

*** Diffusivities 
(tensor, cylinder), 
radius (cylinder), 
vf, axis 

(Alexander et al., 
2010) 

Neurite orientation 
dispersion and 
density imaging 
(NODDI) 

Single-shell/ 

Multi-shell 

Physical 
model 

Diffusivities (ball 
and sticks), 
concentration 
parameter 
(Watson 
distributed 
sticks), vf, 
orientation *** 

ODI (Zhang et al., 
2012) 

Bingham NODDI Single-shell/ 
Multi-shell 

Physical 
model 

Diffusivities (ball 
and sticks), 
concentration 
parameters 
(Bingham 
distributed 
sticks), vf, 
orientation *** 

Different ODIs, 
DA  

(Tariq et al., 
2016) 

Ball and racket 
model 

Single-shell Physical 
model 

*** Diffusivities (ball 
and sticks), MF 
(Bingham 
distributed 
sticks), vf 

(Sotiropoulos et 
al., 2012) 

DIAMOND Multi-shell 
and Cartesian 

Physical 
model/ 
Repr* 

vf, distribution 
parameters 

dFA, cRD, cHEI, 
cMD 

(Scherrer et al., 
2015) 

Q-ball imaging 
(QBI) 

Single-shell Repr. dODF/ basis 
function 
coefficients ** 

dODF, GFA, GA (Descoteaux et 
al., 2007; Hess et 
al., 2006; 
Özarslan et al., 
2005; Tuch, 
2004)  

Constant solid angle 
QBI 

Single-shell/ 

Multi-shell 

Repr. basis function 
coefficients 

dODF, GFA, GA (Aganj et al., 
2010; Özarslan 
et al., 2005)  

Diffusion 
Orientation 
Transform (DOT) 

Single-shell/ 
Multi-shell 

Repr. basis function 
coefficients 

iso-radius EAP, 
dODF, GFA, GA 

(Canales-
Rodriguez et al., 
2010b; Özarslan 
et al., 2006) 

Diffusion spectrum 
imaging (DSI) 

Cartesian Repr. EAP EAP, dODF, 
RTOP, MSD 

(Wedeen et al., 
2005; Wu et al., 
2008b) 

GQI Single-shell/ 

Multi-shell/ 

Cartesian 

Repr. scaled dODF scaled dODF, QA (Yeh et al., 
2010) 

Radial DSI (RDSI) Multi-shell in 
radial lines 

Repr. dODF dODF, QA (Baete et al., 
2015) 

Spherical polar 
Fourier imaging 
(SPFI) 

Multi-shell Repr. basis function 
coefficients 

EAP, dODF, 
RTOP 

(Assemlal et al., 
2009; Cheng et 
al., 2010) 
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Diffusion 
propagator imaging 
(DPI) 

Multi-shell Repr. basis function 
coefficients 

EAP, dODF (Descoteaux et 
al., 2011) 

Simple harmonic 
oscillator based 
reconstruction and 
estimation 
(SHORE) 

Multi-shell Repr. basis function 
coefficients 

EAP, dODF, 
RTOP, RTAP, 
RTPP, MSD, 
NG, QIV 

(Cheng et al., 
2011; Fick et al., 
2016; Özarslan 
et al., 2009) 

Mean apparent 
propagator (MAP) 
MRI 

Multi-shell Repr. basis function 
coefficients 

EAP, dODF, 
RTOP, RTAP, 
RTPP, PA, NG, 
NG∥, NG , QIV 

(Avram et al., 
2016; Fick et al., 
2016; Özarslan 
et al., 2013) 

Table 2.1: Overview of numerous current state-of-the-art dMRI reconstruction techniques, their typical acquisition 
strategy, and some typical features that can be derived. Repr. = representation, DT = diffusion tensor, FA = fractional 
anisotropy, MD = mean diffusivity, AD = axial diffusivity, RD = radial diffusivity, KT = kurtosis tensor, MK = mean 
kurtosis, AK = axial kurtosis, RK = radial kurtosis, KA = kurtosis anisotropy, AFD = apparent fiber density, HMOA = 
hindrance modulated orientational anisotropy, GFA = generalized FA, GA = generalized anisotropy, MF = mean fiber 
fanning extent, dODF = diffusion ODF, fODF = fiber ODF, EAP = ensemble average propagator, RTOP = return-to-
origin probability, RTAP = return-to-axis probability, RTPP = return-to-plane probability, MSD = mean-squared 
displacement, PA = propagator anisotropy, NG = non-Gaussianity, vf = volume fraction(s), wf = water fraction, axis = 
primary direction(s) of diffusion, QA = quantitative anisotropy, QIV = -space inverse variance, c = compartment, HEI = 
heterogeneity, ODI = orientation dispersion index, DA = dispersion anisotropy. *Depends on the interpretation of the 
estimated parameters and derived features. ** Depends on the implementation. *** Features and parameters are the 
same, and some are fixed a priori during estimation. Here, multi-shell refers to at least two non-zero -values. 

2.3.1.1 Multi-compartment models 

One class of reconstruction methods models the tissue as a sum of multiple compartments. If 
distinct assumptions are made about the tissue structure, these compartments can directly 
represent tissue constituents (Stanisz et al., 1997). The hope is that such models capture the 
most essential information of the tissue complexity in a reliable way. Generally, each 
compartment is weighted by a volume fraction which reflects how much each compartment 
contributes to the dMRI signal. The exchange of water molecules between compartments 
during the diffusion time is hereby often neglected.  

A straightforward extension of DTI is the multi-tensor model, which assumes that each single 
fiber population (SFP, i.e. configurations with pathways along one dominant orientation) in a 
voxel can be modeled by its own tensor (Tuch et al., 2002). In contrast to DTI, this model can 
thus potentially reveal crossing fiber configurations. Modeling multiple tensors, however, 
greatly increases the number of parameters to be estimated, and some assumptions therefore 
have to be made during fitting (see also Section 2.4.2). Another issue with this model is that the 
diffusion in an SFP is more complex than can be described by a single tensor. More 
specifically, the hindrance and restriction of diffusing molecules by tissue constituents makes 
the relation between the signal attenuation and the -value non-monoexponential. Especially at 
high -values, Eq. [A2.4] cannot describe the signal attenuation as a function of -value 
sufficiently well.  

Many representations and models have been proposed that focus on the characterization of 
signal attenuation in SFPs (Ferizi et al., 2014; Panagiotaki et al., 2012). A much investigated 
representation is the biexponential function, in which the signal attenuation is described by the 
sum of two monoexponential functions and thus two apparent diffusion coefficients (Niendorf 
et al., 1996), or more generally by two tensors with the same principal direction (Fieremans et 
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al., 2011; Panagiotaki et al., 2012). The two compartments could then be interpreted as a slow- 
and fast diffusing pool of water. However, assigning a true biophysical meaning to these pools 
(i.e. in this case the representation becomes a physical model) has been problematic: the slow- 
and fast water pools cannot be equated to intra- and extra-axonal components in a 
straightforward way (Ackerman and Neil, 2010; Le Bihan, 2010; Mulkern et al., 2009). 
Alternative biophysical models often explicitly model intra-axonal, extra-axonal, isotropic-
restricted, and/or CSF compartments. Examples include the ball-and-stick model ((Behrens et 
al., 2003) intra-axonal: tensor with zero radial diffusivity (‘stick’), extra-axonal: isotropic 
tensor), CHARMED ((Alexander, 2008; Assaf et al., 2008; Assaf and Basser, 2005) intra-
axonal: cylinder or distribution of cylinders with nonzero radius, extra-axonal: tensor), and the 
minimal model of white matter ((Alexander et al., 2010) intra-axonal: cylinder, extra-axonal: 
tensor, CSF: isotropic tensor, other small compartments: isotropic tensor with zero diffusivity 
(‘dot’)).  

Recently, physical models have emerged that explicitly try to model fiber incoherence or 
dispersion, which happens throughout the brain on a sub-voxel level. Neurite orientation 
dispersion and density imaging (NODDI) models a Watson distribution of intra-axonal sticks to 
derive an orientation dispersion index (Zhang et al., 2012), but cannot deal with crossing fiber 
configurations. The ball-and-racket and Bingham-NODDI models adopt a Bingham 
distribution, which can model more complex fanning configurations along different axes 
(Sotiropoulos et al., 2012; Tariq et al., 2016). The Distribution of Anisotropic Microstructural 
Environments in Diffusion-Compartment Imaging (DIAMOND) model combines physical- and 
statistical modelling, and the set of tissue compartments is modeled by a sum of unimodal 
continuous distributions of tensors. In this way they can calculate the microstructural 
heterogeneity per compartment, which can capture dispersion effects, amongst others. In 
addition, this model allows one to extract compartment specific DT features such as cFA and 
cMD (where the c stands for compartment (Scherrer et al., 2015)).  

Many of these models (with and without dispersion) are compared in the corpus callosum on 
different scanners with different acquisitions, in different species, and in- and ex-vivo (Ferizi et 
al., 2013; Ferizi et al., 2014; Ferizi et al., 2015; Panagiotaki et al., 2012). Some of these models 
that allow for more complex single-fiber population modelling have been applied successfully 
in crossing-fiber regions (e.g. CHARMED, DIAMOND). 

2.3.1.2 Spherical deconvolution approaches 

Multi-compartment models that explicitly model the signal in a voxel as a sum of multiple fiber 
populations often assume a fixed number of fiber populations. When we instead assume that 
there is a distribution of fiber orientations (described by the fODF) rather than a discrete 
number, we in fact increase the number of fiber populations to infinity and the summation 
becomes an integral. The DW signal can now be expressed as the spherical convolution of the 
fODF with a kernel or response function (RF) representing the DW signal of a single fiber 
population (Dell’Acqua et al., 2007; Jian and Vemuri, 2007; Tournier et al., 2004; Tournier et 
al., 2007). The fODF can then be resolved by the spherical deconvolution of the DW signal 
with the response function. This approach does thus not require a predefined number of 
underlying fibers, and it can often be solved efficiently without the need for computationally 
demanding nonlinear fitting, e.g. when representing the signal with spherical harmonics (SH) 



Less Confusion in Diffusion MRI 

  29 

(see Section 2.4.2.2). A typical -value for spherical deconvolution approaches based on a 
single-shell acquisition is  = 3000 /  (Tournier et al., 2013b). Alternatively, spherical 
deconvolution can be performed on the dODF to obtain an fODF (if the response function is 
equal to the dODF of a single fiber population) or a sharpened dODF (Canales-Rodriguez et al., 
2010a; Descoteaux et al., 2009). Spherical deconvolution on the dODF has shown to perform 
similar to direct deconvolution on the DW signal.  

Recent work has explored whether microstructurally-specific information of distinctly different 
fiber populations can be derived with spherical deconvolution (Dell’Acqua et al., 2013; Raffelt 
et al., 2012). It was found that the amplitude of each fODF lobe contains information on the 
density (apparent fiber density AFD (Raffelt et al., 2012), the space that is occupied by fibers) 
and diffusion properties (radial hindrance and anisotropy) of its corresponding underlying fiber 
population. Dell’Acqua et al. (2013) coined this same property the hindrance modulated 
orientational anisotropy (HMOA). Under the assumptions that 1) the radial diffusivity of the 
intra-axonal compartment is zero and that 2) the signal from the extra-axonal compartment at 
high -values is negligible, the fODF amplitude is approximately proportional to the AFD 
(Raffelt et al., 2012).  

2.3.1.3 -space approaches 

-space approaches exploit the Fourier relationship between the signal and the EAP (Appendix 
B2) to compute the EAP or features related to the EAP. Some approaches have focused on 
recovering only the angular dependence of the EAP with single-shell acquisitions. As it is not 
possible to perform the Fourier transform with only single-shell data, assumptions on the radial 
dependence of the dMRI signal (i.e. as a function of - or -value) are often made. Q-ball 
imaging (QBI) aims to approximate the dODF from the DW signals on a single shell. To this 
end, it uses the Funk-Radon transform: the estimate of the dODF in a particular direction can be 
obtained by integrating the signals over a circle in -space. In other words, we take a direction 
in which we want to approximate the dODF, identify a plane of which this direction is the 
normal, and sum all the signals along the ‘equator’, which lies in such a plane. High -values 
are generally required to obtain a reasonable angular contrast. Constant solid angle (CSA) QBI 
allows for the extraction of the mathematically correct dODF (previous QBI approaches 
computed a different version of the dODF) which is inherently sharper. This technique was also 
extended to handle multi-shell data. The diffusion orientation transform (DOT) allows for the 
computation of an iso-radius of the EAP (Özarslan et al., 2006). In other words, this feature 
represents the probability of a molecule displacing over a fixed distance for every direction, and 
is thus different from the dODF. Nevertheless, a dODF can be computed from the DOT 
modelling (e.g. Canales-Rodriguez et al., 2010b). This method can also be extended to multi-
shell acquisitions (Özarslan et al., 2006). Several scalar indices can be extracted from dODFs. 
The generalized fractional anisotropy (GFA) has a value of 0 for isotropic diffusion and 1 for 
anisotropic diffusion similar to FA (Tuch, 2004), and can be directly computed from the SH 
basis. The generalized anisotropy (GA) was proposed as an alternative generalization of the FA 
(Özarslan et al., 2005). In addition, a quantitative anisotropy (QA) can be computed for each 
estimated fiber direction by subtracting the minimum ODF value from the corresponding peak 
dODF value and multiplying with a global scaling factor (Yeh et al., 2010). 
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With the development of faster acquisition techniques and improved estimation methods, it 
becomes feasible to sample -space more extensively and to reconstruct the full EAP from 
dMRI data. Several EAP methods that do not rely on a physical model have been proposed. 
Diffusion spectrum imaging (DSI) reconstructs the EAP from a Cartesian sampled -space (Fig. 
A2.4c) with very high -values (up to  = 17000 / ) by applying the discrete Fourier 
transform (Wedeen et al., 2005). From the resulting EAP sampled on a Cartesian grid, the 
dODF can be computed by interpolating the values on radial lines and taking a (weighted) sum. 
Radial DSI (RDSI) computes the ODF more directly from multi-shell and radially sampled -
space using the Fourier slice theorem (Baete et al., 2015). This method can improve the angular 
resolution and accuracy of the dODF with fewer measurements and lower -values than DSI.  

It was proposed in recent work to fit appropriate (basis) functions to the dMRI signal that 
capture both its angular and radial properties. This allows for analytical computation of 
interesting features such as the EAP and dODF, and might facilitate robust reconstruction of the 
full EAP with fewer measurements (e.g. by using compressed sensing (Merlet and Deriche, 
2013)). These bases include the spherical polar Fourier (SPF) basis (Assemlal et al., 2009), the 
solid harmonic basis used in diffusion propagator imaging (DPI) (Descoteaux et al., 2011), the 
simple harmonic oscillator (SHO) basis used in SHORE (Özarslan et al., 2009), and the mean 
apparent propagator (MAP) MRI basis which is an anisotropic extension of the SHO basis 
(Özarslan et al., 2013). They have in common that they are so-called dual bases: once the 
coefficients have been computed for the fit to the dMRI signals, the same coefficients can be 
used in combination with the inverse Fourier transform of the basis to directly compute the 
EAP. In particular the SHORE and MAP-MRI bases have some theoretical advantages over 
other bases (Cheng et al., 2011; Fick et al., 2014) and can generate robust results within a 
reasonable scan time (Avram et al., 2016).   

Several scalar features related to the EAP have been proposed. The return-to-origin probability 
(RTOP, also called zero displacement probability) is defined as the EAP value at zero 
displacement (Assaf et al., 2000; Wu et al., 2008b; Wu and Alexander, 2007). If we assume that 
the diffusion time is sufficiently long and that the tissue consists of isolated compartments 
(pores) with arbitrary size, shape, and orientation, the RTOP is the reciprocal of the mean 
compartment volume (Özarslan et al., 2013). Since it can be defined equivalently as the integral 
of the whole 3D dMRI signal, it can be already computed from the raw signal without the 
reconstruction of an EAP. However, since the dMRI signal is truncated beyond a certain -
value, RTOP can also be computed numerically from the EAP (e.g. in the case of DSI) or 
analytically from the basis function estimation (e.g. in the case of SPF imaging, SHORE, and 
MAP-MRI). Özarslan et al. (2013) and Fick et al. (2016) give these analytical relationships and 
their interpretation, as well as relationships to calculate other features from the basis function 
coefficients like return-to-axis probability (RTAP), return-to-plane probability (RTPP), mean-
squared displacement (MSD), and q-space inverse variance (QIV). If the compartments are 
highly anisotropic, like in white matter, it makes sense to study the zero displacement 
probability in certain directions. The RTAP computes this property along the directions in 
which the diffusion is the most restricted. In case of a single coherent fiber population, for 
example, the RTAP can be calculated by integrating the dMRI signal on the plane that has the 
fiber direction as its normal. If the intra-axonal compartment is represented by restricted 
cylinders, the RTAP is the reciprocal of the mean cross-sectional area of the axons. The RTPP 
can in this case be computed by taking the integral of the dMRI signal along the fiber direction. 



Less Confusion in Diffusion MRI 

  31 

The RTPP is the reciprocal of the length of the cylinder, but as the condition of long diffusion 
time is hard to fulfill, its value is close to that of unrestricted diffusion. The MSD can be 
computed by integrating the EAP weighted by the squared displacement, and describes the 
average displacement within a voxel. It can be related to the MD by the Einstein diffusion 
equation (Wu et al., 2008b). The QIV can be interpreted as the inverse of the ‘variance’ of  
(the signal as function of  is not a probability density function, hence the quotation marks 
(Hosseinbor et al., 2013)). It is equivalent to the MSD in the case of Gaussian diffusion but 
deviates from the MSD in the case of non-Gaussian diffusion: the contrast between different 
tissue types has shown to be higher in QIV maps than in MSD maps (Hosseinbor et al., 2013; 
Wu et al., 2008b). Finally, the propagator anisotropy (PA) quantifies the dissimilarity of the 
EAP with its isotropic part, and the non-Gaussianity (NG) quantifies the dissimilarity of the 
EAP with its Gaussian part (i.e. the DT). NG can be computed in axial (NG∥) and in radial 
direction (NG ) (Özarslan et al., 2013). 

2.3.1.4 Diffusion kurtosis imaging 

In the previous paragraphs we have discussed some methods that try to capture deviations from 
Gaussian behavior. One approach that is increasingly being used, and therefore separately 
discussed here, is diffusion kurtosis imaging (DKI (Jensen et al., 2005; Jensen and Helpern, 
2010)). Kurtosis is a dimensionless descriptor of the shape of a probability distribution, 
measuring its ‘tailedness’. The kurtosis of a Gaussian distribution is 3, and the excess kurtosis is 
defined as the kurtosis minus 3 to compare a distribution with the Gaussian distribution. The 
excess kurtosis (hereafter shortened to kurtosis) therefore quantifies the ‘degree of non-
Gaussianity’ of a distribution: a positive kurtosis indicates a higher ‘peakedness’ of the 
distribution compared to a Gaussian, whereas a negative kurtosis indicates a distribution that is 
less ‘peaked’. For diffusion, the kurtosis would only become negative in the case of fully 
restricted spherical pores. In dMRI of biological tissue, which consists of multiple 
compartments with hindered and restricted diffusion, it is therefore generally assumed that the 
kurtosis is positive (De Santis et al., 2012b; Jensen et al., 2005). 

The diffusion kurtosis can be derived from dMRI data by using the Fourier relationship 
between the signal and the EAP. This form possesses a useful mathematical property, the so-
called cumulant expansion (Kiselev, 2010). This means that we can write the natural logarithm 
of the signal as a power series of the -value: the nth term in this sum is proportional to the nth 
power of  times the nth cumulant. The cumulants are quantities that can be computed from a 
probability distribution (‘features’ of the distribution) and that are often easier to interpret than 
moments of a probability distribution. To give an example: the first moment and cumulant are 
the same and simply represent the mean of the distribution, but the second moment depends on 
both the mean and the width of the distribution. We therefore often work with the second 
cumulant instead, better known as the variance. In dMRI, the variance is directly related to the 
ADC according to the Einstein equation. The fourth cumulant is related to the kurtosis: the 
kurtosis is defined as the fourth cumulant divided by the square of the second cumulant. In 
dMRI the underlying probability is unknown but, it is possible to try to estimate the cumulants 
as useful descriptors of the propagator without reconstructing the full EAP itself. This is in fact 
what DTI and DKI both pursue: DTI estimates the second cumulant (ADC) and DKI estimates 
both the second and the fourth cumulant (ADC and apparent kurtosis). 
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Similar to DTI, the directional dependence of the kurtosis is better represented by a tensor. The 
kurtosis tensor (KT) is a symmetric fourth order tensor with 15 unique parameters. To 
reconstruct the DT and KT with DKI, 21 parameters have to be estimated in total (22 if an 
estimate of the non-DW signal is also included). Estimating the DT in the DKI framework has 
its advantages: compared to ‘conventional’ DTI, the DT estimates are more accurate (Veraart et 
al., 2011a). Several scalar features can be computed from the KT that have shown to provide 
useful information in addition to DTI (Jensen et al., 2005). The mean kurtosis (MK) is the 
average apparent kurtosis over the sphere. The axial kurtosis (AK) is the apparent kurtosis 
along the principle diffusion direction as derived from the DT, whereas the radial kurtosis (RK) 
is the average apparent kurtosis over the plane spanned by the second and third eigenvector of 
the DT. The kurtosis anisotropy (KA) is defined as the standard deviation of the apparent 
kurtosis, in analogy with the FA. Since the computation of these features is more challenging 
than in DTI, multiple implementations exist for several of these features (e.g. Jensen and 
Helpern, 2010; Lu et al., 2006; Poot et al., 2010; Tabesh et al., 2011a). A drawback of KT 
features is that they are hard to interpret in terms of tissue microstructure. To provide a 
meaningful interpretation, these metrics are often considered in the context of physical models 
(De Santis et al., 2012b; Fieremans et al., 2011; Hui et al., 2015; Jensen and Helpern, 2010). 

The acquisition for DKI is more demanding than for DTI: a multi-shell scheme must consist of 
at least three -values (of which one can be zero). There is a theoretical upper bound to the 
highest -value of around 2500 to 3000 /  in the human brain (Jensen and Helpern, 2010; 
Lazar et al., 2008). To facilitate the acquisition and processing of DKI in a clinical setting, 
methods for fast acquisition and computation of MK were recently proposed (Hansen et al., 
2013; Hansen et al., 2015). 

2.4 PARAMETER ESTIMATION, REGULARIZATION, AND DENOISING 

Once we have agreed on a dMRI model or representation (in the following the term ‘model’ 
will refer to either of these), we are left with the important challenge of how to obtain precise 
and accurate estimates of the parameters from the acquired dMRI images. Here, precision refers 
to estimates being consistent when measurements are repeated many times, and accuracy to 
estimates having no systematic error. Solving such an inverse problem is, unfortunately, 
challenging because 1) a model is an approximation and never exactly fits the measurements, 2) 
measurements always contain measurement noise; 3) if an exact solution does exist it is not 
necessarily unique, that is, multiple (physically plausible) solutions can potentially result in the 
same predicted signals; and 4) the process of finding an inverse solution can be unstable: a 
small perturbation in the measurement can in some problems generate large changes in the 
estimates, this is called an ill-conditioned problem. Computations in our application domain are 
often ill-posed. Regularization, which refers to the introduction of additional information to 
solve an ill-posed problem or to prevent overfitting of the noise, can help to obtain more 
reliable and stable results. 

In Section 2.4.1 we discuss the phenomenon of noise and the type of noise that is typically 
present in dMRI images. In Section 2.4.2 we will review parameter estimation techniques that 
take noise into account. We give an overview of parameter estimation for several different 
dMRI reconstruction techniques. Section 2.4.3 discusses denoising techniques that can be 
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applied prior to dMRI reconstruction, and contextual processing techniques that can be applied 
after dMRI reconstruction to reduce the effect of noise and to emphasize coherent structures. In 
Section 2.4.4 we will discuss measurement errors beyond noise that are often present in dMRI 
data: outliers. 

2.4.1 Noise 

While we have discussed several sources of data quality deterioration in Section 2.2, we did not 
discuss one important source that affects all acquisitions: noise. Noise introduces a random 
scatter in the data causing the measured value to deviate from the true value. This can cause 
parameter estimates to be biased (i.e. there is a systematic deviation) and/or physically 
implausible. Here we will focus on thermal noise, which arises from random fluctuations in the 
receive coil electronics and the subject to be imaged. The noise in the complex image domain 
(Fig. A2.2a) is Gaussian for each receiving coil under certain assumptions (Aja-Fernández and 
Tristán-Vega, 2013; Henkelman, 1985). If we furthermore assume that a single coil fully 
samples k-space, the complex signal in image space is the sum of the true signal (i.e. the signal 
not contaminated by noise) and a complex additive white Gaussian noise term with zero mean 
and variance  ( 0, ). Hence, the measured signal has a mean that is equal to the true 
signal, and a variance .  

The magnitude image derived from the data in the complex image domain has a PDF 
corresponding to a Rician distribution with scale parameter  (Fig. A2.2b, this is the image we 
usually deal with). This distribution is more complicated than a Gaussian distribution: it has a 
mean that is not equal to the true signal value but also depends on , and a variance that in turn 
depends on the true signal value. Assuming a Gaussian distribution in the estimation process 
will thus bias the parameter estimates. Fortunately, in the case of high SNR (i.e. when the true 
signal is much larger than ), the distribution of the derived magnitude signal converges to a 
Gaussian distribution. The mean of this Rician distribution depends on the true signal value and 
an ‘offset’ related to  ((Gudbjartsson and Patz, 1995) Fig. 2.6a, right), and is sometimes 
referred to as an offset-Gaussian function. In the image background, which consists of air and 
where the true signal is thus zero, the Rician PDF reduces to that of a Rayleigh distribution 
(Fig. 2.6a, left). For nonzero  the mean of this distribution is also nonzero, which gives rise to 
a minimum signal measurable even if the true signal is zero (also called the rectified noise floor 
(Jones and Basser, 2004)). At low SNR this significantly affects DWI measurements and has a 
deleterious effect in Gaussian estimation procedures, see also Section 2.4.2. 

The Rician distribution is valid in the case of a single coil. However, the signal is typically 
acquired with multiple coils, and the composite magnitude signal is reconstructed by combining 
the signals from each coil. If the composite signal is calculated by taking the sum-of-squares of 
the signals, there is no correlation between the coils, and the variance of the noise is the same in 
each coil, the composite magnitude signal follows a noncentral chi distribution (Aja-Fernández 
and Tristán-Vega, 2013; Constantinides et al., 1997). This distribution is a more general case of 
the Rician distribution, and reduces to the Rician distribution for a single coil. If the acquired 
signals are correlated between coils, the number of ‘effective coils’ decreases and the 
noncentral chi distribution is an approximation of the real noise distribution. While several 
approaches can take the Rician distribution into account, not many approaches can be 
generalized to the noncentral chi distribution. 
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The Rician and noncentral chi distribution assumptions are valid when k-space is fully sampled. 
Parallel imaging approaches are frequently used to shorten the acquisition time by acquiring 
only a subsampled version of k-space and combining the information from different coils. Such 
techniques can change the distribution of the noise dependent on the reconstruction process of 
the image. Examples of parallel imaging techniques include generalized autocalibrated partially 
parallel acquisitions (GRAPPA (Griswold et al., 2002)), and sensitivity encoding (SENSE 
(Pruessmann et al., 1999)). In the case of GRAPPA, the noncentral-chi model does not hold but 
can be used as an approximation for the magnitude-signal distribution. In the case of SENSE, 
the magnitude-signal is Rician distributed, just as in single-coil acquisitions (Aja-Fernández and 
Tristán-Vega, 2013). 

In addition to acquisition with multiple coils and parallel imaging approaches, other acquisition 
and processing factors can influence the noise distribution. Importantly, some pre-processing 
steps that we discussed in Section 2.2 to correct for artifacts can also alter the noise distribution 
in a non-trivial way. For example, motion-, eddy current-, and susceptibility distortion 
correction require the interpolation of the noisy data. The combined effect of various artifact 
correction techniques on the noise distribution has not been extensively studied thus far. 

Having knowledge on the noise variance is useful in parameter estimation, denoising 
techniques, outlier detection, and tuning regularization parameters, and there are several 
methods that try to estimate it from the data (Aja-Fernandez et al., 2009). For example, the 
noise can be estimated from background areas of the image (e.g. Chang et al., 2005; 
Henkelman, 1985; Koay et al., 2009b; Sijbers et al., 2007), or from the image object (e.g. 
Chang et al., 2012; Coupé et al., 2010; Sijbers et al., 1998; Veraart et al., 2013a). The 
correlation between coils and the use of parallel imaging may result in signal distributions that 
are spatially varying. In this case there is thus not a single SNR or noise standard deviation that 
can be estimated for the image, but a standard deviation for every location. The spatial 
dependence of the noise distribution can be visualized in so-called noise maps. Several methods 
have been proposed to estimate spatially varying noise maps from the data (e.g. Aja-Fernandez 
et al., 2015; Glenn et al., 2015; Landman et al., 2009; Tabelow et al., 2015; Veraart et al., 
2013a; Veraart et al., 2015). Alternatively, noise maps can be obtained as part of the dMRI 
acquisition by switching of the RF power and gradients but keeping other acquisition 
parameters the same (e.g. Froeling et al., 2016). 

2.4.2 Dealing with noise during the estimation process 

Ideally, more measurements are performed than parameters to be estimated so that the system 
of equations is overdetermined. During parameter estimation we can then take into account the 
presence of noise in the measured data. Parameter estimation in dMRI is an active area of 
research: many approaches exist that vary in their underlying assumptions, incorporated prior 
information, and means of optimization (i.e. the method used to find a ‘best guess’) (Koay, 
2010). For example, some approaches explicitly take into account the Rician noise model and 
the noise floor associated with it. In addition, estimation approaches are mostly targeted 
towards a particular reconstruction approach. As such, it is difficult to unify the subject of 
estimation in dMRI, and we will concisely review common estimation techniques for some 
dMRI reconstruction methods in this section. 
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Fig. 2.6: (a) The measured magnitude signal (here denoted by ) follows a Rician distribution with parameters  
indicating the true signal and  indicating the standard deviation of the Normally distributed complex signal. When the 
true signal is zero, the distribution reduces to a Raleigh distribution (left). In the case of high SNR ( ≫ ) the 
distribution starts to approximate a Gaussian distribution. (b) The error distribution for a signal with 5 for different 

, for higher SNR this starts to look like a Gaussian. (c) The error distribution for a log-transformed signal with 5 for 
different , for SNR > 2 this starts approximate a Gaussian. 

2.4.2.1 DTI and DKI 

Parameter estimation in DTI has been intensively investigated since its proposal, but even for 
this relatively ‘straightforward’ case estimation remains challenging. For example, noise can 
cause the eigenvalues to become negative, which is physically implausible (note that the DT 
should be positive definite). The estimation approaches in DTI can be subdivided into 1) least 
squares, 2) maximum likelihood, and 3) Bayesian methods.  

Least squares (LS) approaches are particularly appealing because they have been extensively 
studied and can be fast (Koay, 2010; Tristan-Vega et al., 2012). They try to find a ‘best guess’ 
by minimizing an objective function based on the sum of squared residuals, where a residual 
represents the difference between the measurement and the model prediction. Here, we will 
discuss nonlinear LS, linear LS, and weighted linear LS. Since the DT has a nonlinear 
(exponential) relationship with the signal (Eqs. A2.4 and A2.5) the estimation process can be 
written as a nonlinear regression function, and nonlinear LS (NLS) can be employed to estimate 
the DT. The nonlinear regression problem can be solved with off-the-shelf optimization 
algorithms such as the Levenberg-Marquardt optimization strategy. However, NLS estimation 
faces some challenges. First, NLS has to find an optimum in a ‘nonlinear parameter landscape’ 
by gradually moving around and thus takes a long time. In addition, there exists a risk of getting 
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stuck in local optima; we therefore might not be entirely sure if the estimated parameters are 
also the ‘best guess’ globally. Finally, when writing the problem as a nonlinear regression 
function including an error term, it is assumed that this error term has zero mean and a given 
variance. It can be shown that in the case of Rician distributed measurements this is generally 
not true (Fig. 2.6b), and as a result the parameter estimates will be biased (i.e. they will have a 
systematic error). This problem becomes more severe for lower SNR. It can be ameliorated (but 
not entirely solved), for example, by applying NLS where the model prediction is replaced by 
its approximate expectation under a Rician PDF (Jones and Basser, 2004). More specifically, 
the objective function is not directly the sum of squared residuals, but an offset is added to the 
model prediction before calculating the residuals. This is sometimes referred to as the offset-
Gaussian objective function. Omitting this bias correction can result, for example, in an 
underestimation of the ADC.  

In addition to NLS, linear LS (LLS) can be adopted by linearizing Eq. A2.4 (i.e. taking the log-
transform of the measured data), which makes it much easier to implement and faster than NLS. 
Another advantage is that the error terms in the linear regression equation turn out to be 
normally distributed for each measurement when the SNR of the DWIs is at least 2 (Fig. 2.6c, 
(Koay, 2010; Salvador et al., 2005)). However, the variance is not equal for all error terms in 
this case: as a result of the log-transform it now depends on the magnitude of the true 
underlying signal. This phenomenon is called heteroscedasticity (homoscedasticity thus refers 
to equal variance across measurements). This means that LLS is not optimal in that it assigns an 
equal weight to each residual; we should instead assign a higher weight to those measurements 
with a lower variance. This can be achieved with a weighted LLS (WLLS) fit, where the weight 
of each measurement is equal to the square of the true underlying signal. WLLS estimation 
theoretically yields the best linear unbiased estimator (BLUE) with the highest precision within 
its class. However, here lies another problem: we only have the measured signals which are 
affected by noise and thus not optimal to determine the weight. Instead, an iterative WLLS 
(IWLLS) can be used: predictions of the true signals are generated from an initial (W)LLS fit, 
and these are in turn used as weights for the next iteration. In practice, IWLLS shows a high 
performance in terms of accuracy and precision and may even be preferred over NLS (Veraart 
et al., 2013b).  

Constrained versions of NLS, LLS, and WLLS exist to prevent that the DT eigenvalues become 
negative. In DTI this can be achieved quite elegantly: instead of the representation of the DT in 
its elements (Eq. A2.6), we can simply write it differently. The Cholesky representation, for 
example, implicitly constrains the eigenvalues to be positive (in fact, the well-known 
eigenvalue decomposition (Eq. A2.6) is yet another way to represent the DT). Instead of 
estimating the tensor elements directly, we can then estimate elements of this other 
representation using any LS approach and compute the tensor elements from them (Koay, 
2010). 

Maximum likelihood (ML) estimation maximizes the probability of measuring the observed 
data given a set of parameters and an assumed noise model. Here, we can thus explicitly 
incorporate the Rician distribution (ML reduces to LS when the noise model is Gaussian). Also 
in this framework the DT can be constrained to be positive definite by representing it in a 
different way (e.g. as a Log-Euclidean metric (Fillard et al., 2007)). Alternatively, when 
representing the DT using eigenvalue decomposition, the likelihood function can be multiplied 
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by a prior on the DT eigenvalues and the non-DWI signal to ensure positivity (Andersson, 
2008). In the latter case, we have entered the area of Bayesian statistics: maximum a posteriori 
(MAP) estimation maximizes the probability of the parameters given the data according to 
Bayes rule (which includes the term for ML estimation, a prior term, and a ‘data likelihood’ 
term that is usually constant). Including a Rician noise model using this framework was found 
to result in less biased estimates, but in a poorer precision of the estimates compared to a 
Gaussian noise model for very low SNR (Andersson, 2008). The authors suggest that in group 
studies the high precision may be more important, and Gaussian noise models could remain to 
be used. 

In addition to introducing priors to limit the possible range of the estimates, spatial 
regularization in the context of DTI can be performed. The purpose of spatial regularization is 
to suppress the influence of noise by, for instance, using neighborhood information, andto 
obtain a more ‘smooth’ appearance of the tensor field and derived features. Spatial priors can be 
introduced during the estimation process itself, which turns this into MAP estimation. For 
example, Fillard et al. (2007) include an anisotropic prior that preserves edges while smoothing 
homogeneous regions in an ML framework, and Liu et al. (2013) combine smoothness 
constraints with an NLS term. Both works enforce positive definiteness of the DT and show to 
be able to effectively deal with noise.  

Parameter estimation in DKI bears a resemblance to estimation in DTI since it can be written as 
a similar linear or nonlinear regression equation. For example, LS approaches have also been 
adopted for DKI estimation (e.g. Lu et al., 2006; Veraart et al., 2013b), where IWLLS shows 
high performance characteristics. In the context of DKI, however, the occurrence of physically 
implausible parameter estimates as a result of noise is an even bigger problem than in DTI. 
Specifically, the constraints that the kurtosis along any direction is likely positive in biological 
tissue and has a theoretical upper bound are often violated. Tabesh et al. (2011a) proposed an 
LLS approach with linear constraints only along the discrete imaging gradient directions, which 
can be solved by a computationally heavy algorithm or a faster heuristic algorithm that 
approximates the optimal solution. Ghosh et al. (2014) evaluated a WLS approach in which the 
DT and KT were reparameterized (Cholesky and ternary quartic, respectively) to fulfill the 
positivity constraints along all directions and thus not only the imaging directions. The 
maximum kurtosis constraint was applied explicitly along the imaging directions by using 
efficient sequential quadratic programming. Glenn et al. (2015) used WLLS with noise bias 
correction to account for bias in DKI estimates derived from measurements with low SNR. In 
addition to LS approaches, constrained ML approaches have been developed to properly 
account for the Rician noise, thereby avoiding overestimation of the kurtosis values (Ghosh et 
al., 2014; Veraart et al., 2011b). 

2.4.2.2 Spherical deconvolution approaches 

SD approaches rely on a response function as input. Choosing an incorrect response function 
can result for example in spurious lobes and angular deviations (Parker et al., 2013a). Even 
though being an over-simplification, it is generally assumed that there is a single response 
function throughout the whole brain. Several methods have been proposed to determine a 
suitable white matter RF. For example, it can be modeled by a tensor with predefined axial and 
radial diffusivities (Dell’Acqua et al., 2007; Tournier et al., 2004). However, at the -values 
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typically used for SD the mono-exponential assumption underlying the DT is not valid 
anymore. Such a DT-predicted single fiber response does thus not include the restriction effects 
that typically can be measured at this high -value. Instead, Tournier et al. (2007) proposed to 
estimate the response function from the data by selecting the 300 highest FA voxels, or only 
voxels with an FA exceeding a predefined FA threshold and averaging their signals. This 
method is still based on a DT fit to the data and it is not always straightforward which FA 
threshold to use, e.g. in ex-vivo-, spinal cord, or muscle dMRI data. Alternatively, a region-of-
interest can be drawn in single fiber regions such as the corpus callosum to estimate the single 
fiber response function. However, this method introduces a certain level of user-dependence. 
Tax et al. (2014c) proposed to recursively calibrate the response function from the data by 
iteratively removing voxels that exhibit more than one fODF peak with SD. This method aims 
to find single-fiber-population voxels using a more intuitive criterion than FA: a voxel is 
removed from calibration when the second peak exceeds a predefined peak ratio threshold 
compared to the first peak. The white matter response function is suboptimal in regions of 
partial volume effect with CSF and grey matter, which may result in an increase in the detection 
of false peaks and a decreased precision of the detected fiber orientations (Roine et al., 2014). 
Therefore, the RF can be modified e.g. based on tissue fractions estimated from anatomical data 
(Jeurissen et al., 2014; Roine et al., 2015). 

There are multiple implementations of the SD approach of which the majority can be cast in a 
unified deconvolution framework (Jian and Vemuri, 2007). In these approaches, the fODF is 
generally expressed as a linear combination of basis functions, where each basis function is 
multiplied by a weight. This allows the convolution problem to be written as a linear problem: 
the signal vector is a matrix multiplication of a coefficient vector with a design matrix which 
can analytically or numerically be computed from the response function and the basis functions. 
Estimation of the fODF then comes down to estimating the basis function coefficients. 
Regarding the choice of basis functions, SD methods can be classified into two groups (Cheng 
et al., 2014): 1) SD based on a continuous representation such as the SH basis (Tournier et al., 
2004; Tournier et al., 2007), and 2) SD based on a discrete representation – a mixture of rotated 
versions of the response in discrete directions (Dell’Acqua et al., 2007; Dell’Acqua et al., 2010; 
Ramirez-Manzanares et al., 2007). The latter representation holds a close connection to multi-
compartment models in which each compartment has a different orientation. In this case, the 
coefficients are the weights for each compartment. The drawback of this representation is that 
the angular resolution is limited by the amount of directions on the sphere along which the 
response function is rotated. Other examples of basis functions include higher order tensors 
(Feng et al., 2015; Weldeselassie et al., 2012), and Wisharts (Jian et al., 2007). 

Solving the linear SD problem faces some challenges. For example, if a weight has to be 
estimated for every compartment, then the number of parameters easily exceeds the number of 
measurements (the system is under-determined). In this case there exists no unique LS solution 
and the problem is ill-posed. In addition, the problem is often ill-conditioned: noise has a 
tremendous influence on the stability of SD approaches and can cause spurious lobes and 
physically implausible negative weights. Regularization and constraints are therefore 
commonly employed based on the assumptions that 1) only a few weights are non-zero ‒ a 
property called sparsity ‒, and 2) the fODF is a non-negative function.  
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A popular SD approach is constrained spherical deconvolution (CSD), in which the fODF is 
expressed in SH basis functions (Tournier et al., 2007). This method iteratively obtains an 
improved fODF estimate employing Tikhonov regularization, which has an analytical solution 
and is in fact a regularized LLS estimation. More specifically, the objective function consists of 
the sum of squared residuals and a sum of the squared negative and small weights below a 
certain threshold. The -norm regularization employed in CSD essentially drives negative and 
small values to zero while promoting large values, but it does neither guarantee positivity nor 
sparsity. This approach can be further extended with a correction for the Rician bias and spatial 
regularization (e.g. Tournier et al., 2013a).  

Another commonly used SD approach is Richardson-Lucy (RL) SD in which the solution can 
be constrained to be positive (Dell’Acqua et al., 2007). This method uses a set of diffusion 
tensors with predefined diffusivities oriented along many directions on the sphere as basis. The 
weight of each tensor is estimated in an iterative procedure. A damped version of this algorithm 
(dRL) can reduce the influence of isotropic partial volume effects from CSF or grey matter 
without adapting the white matter response function (Dell’Acqua et al., 2010). dRL is less 
sensitive to the choice of response function and causes less spurious peaks than CSD, but has a 
lower ability to resolve crossing fibers that have a low anisotropy (Parker et al., 2013a). The 
ability of solving fiber crossings was shown to be improved by including spatial regularization 
and Rician/noncentral-chi noise models (Canales-Rodriguez et al., 2015; Liu et al., 2015).  

Reconstructing a sparse fODF from a limited amount of measurements can also be obtained by 
using concepts from the theory of compressed sensing (Donoho, 2006) and convex 
optimization. Minimizing the -norm – equaling the number of nonzero entries – theoretically 
results in the sparsest solution. In practice, however, -minimization problems are difficult to 
solve and it is often proposed to minimize the -norm instead – which is the sum of the 
absolute coefficients – or a weighted version of the -norm, or a combination of the -norm 
and -norm (Daducci et al., 2014b; Feng et al., 2015; Jian and Vemuri, 2007; Landman et al., 
2012; Ramirez-Manzanares et al., 2007). These sparse regularizations can be accompanied by 
spatial regularization to promote spatial coherence of, for instance, fiber directions or weights 
(Auria et al., 2015; Ramirez-Manzanares et al., 2007; Ye et al., 2016). 

Non-negativity constraints are not always enforced in the previously discussed works. To this 
end, (Jian and Vemuri, 2007) propose to solve a non-negative LS problem using quadratic 
programming. Alternatively, Cheng et al. (2014) guarantee non-negativity over the whole 
sphere instead of discretized points on the sphere by representing the fODF differently: the 
square root of the fODF is written as a linear combination of SH basis functions.  

2.4.2.3 Multi-compartment models 

Non-linear estimation techniques are commonly adopted for parameter estimation of multi-
compartment models. Accurate and precise estimation with such routines is highly challenged 
by the large amount of parameters to be estimated. Therefore, simplifying assumptions are 
commonly made to reduce the amount of parameters and increase the precision of the estimates, 
e.g. equal diffusivities in different compartments (e.g. Zhang et al., 2012). Ferizi et al., 2014; 
Ferizi et al. (2015) and Panagiotaki et al. (2012) use a Levenberg-Marquardt algorithm for NLS 
fitting in single-fiber population voxels with an offset-Gaussian objective function (Jones and 
Basser, 2004). Alexander (2008), Alexander et al. (2010), Tariq et al. (2016), and Zhang et al. 
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(2012) use ML estimation with a Gauss-Newton optimization technique, sometimes followed 
by a Markov chain Monte Carlo (MCMC) procedure (Alexander et al., 2010). These estimation 
methods are computationally expensive and time-consuming, particularly in large cohort 
studies.  

To address the computational issue in multi-compartment model fitting, Daducci et al. (2015a) 
propose to decouple the estimation of the number and orientation of distinct fiber populations, 
and the assessment of microstructural properties per fiber population. When an estimate of the 
underlying fiber population direction(s) is obtained (e.g. from DTI or SD), they can express the 
multi-compartment model for each population as a linear system. This is based on a similar 
principle often used in SD optimization as discussed in the previous paragraph: the signal 
vector is a matrix multiplication of a coefficient vector with a design matrix or dictionary. In 
this case, the dictionary can be built from the expected signal attenuations at the measured -
space points for a range of parameter settings for each compartment. For example, in the case of 
NODDI, the dictionary is constructed from the signal attenuations corresponding to a range of 
intra-cellular volume fractions and orientation dispersions. This framework drastically 
accelerates the fitting and has shown to produce estimates that are in agreement with estimates 
from conventional fitting procedures.  

Some recent works aim to improve or facilitate the estimation of microstructural parameters by 
first fitting a more general representation. For example, Fieremans et al. (2011); Hui et al. 
(2015) derive biophysical parameters by first fitting the DKI model. The purpose is two-fold: it 
facilitates a clearer interpretation of the KT in terms of microstructure, and the multi-
compartment model estimation can benefit from advanced estimation methods that are already 
available for DKI. However, such approaches can only capture the information that is available 
in the DT and KT, and is not sensitive to microstructural features that affect higher order 
properties of the signal. Fieremans et al. (2011) derive analytical relationships between KT 
features and parameters of a physical model for a single fiber direction within a voxel. Hui et al. 
(2015) developed a framework that can be used with more general models (e.g. crossing fibers, 
grey matter), but that requires non-linear optimization of the parameters. Alternatively, Fick et 
al. (2016) first fit a regularized version of the MAP method (Özarslan et al., 2013) and then 
extrapolate the signal as a preprocessing step for the fitting of multi-compartment models. They 
show a reduced variance of the estimates of AxCaliber (Assaf et al., 2008) and NODDI (Zhang 
et al., 2012) after this preprocessing step. 

2.4.2.4 -space approaches 

In Q-ball imaging, integration over a circle in -space can be done by using interpolation 
(Tuch, 2004) or analytically by using SH (Descoteaux et al., 2007; Hess et al., 2006). In DSI, 
the truncation of -space beyond a certain value can lead to Gibbs ringing artifacts in the EAP 
when taking the discrete Fourier transform. Therefore, the -space data is typically first 
multiplied by a filter (e.g. Hanning filter) to enforce a smooth attenuation of the signal with -
value (Wedeen et al., 2005). The signal is assumed to be zero beyond a certain -value and is 
‘zero-padded’ before taking the Fourier transform. Only the real and non-negative parts of the 
resulting EAP are maintained. To compute the dODF, the EAP is typically radially integrated 
from zero up to a certain maximum radius. In practice, however, there is no consensus as to 
what the interval of integration should be to avoid propagation of ringing and other artifacts 
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into the dODF. Paquette et al. (2014) propose to integrate from a non-zero radius to a maximum 
radius dependent on the SNR. Tian et al. (2016) propose to use the unfiltered -space data and 
truncate the EAP beyond its ‘extent’, which was approximated by the mean displacement 
distance (as upper bound the ADC parallel to the corpus callosum was taken).  

Methods that are based on basis functions to reconstruct the EAP require a reliable estimation 
of the coefficients. The fitting of such bases is often sensitive to noise, and several 
regularization methods have been proposed. These methods generally enforce the reconstructed 
signal to be smooth (angularly and/or radially). Examples of regularizations include Laplace-
Beltrami regularization (solid harmonic basis (Descoteaux et al., 2011)) combined with a radial 
low-pass filter (SPF basis (Assemlal et al., 2009)), and Laplacian regularization (SPF basis 
(Caruyer and Deriche, 2012), SHORE and MAP-MRI bases (Fick et al., 2016)). Fick et al. 
(2016) use Laplacian regularization in an LS framework to fit the MAP basis, and show that 
their method outperforms a previously proposed method for MAP MRI fitting (Özarslan et al., 
2013) and Laplacian regularization of the SPF basis (Caruyer and Deriche, 2012) in terms of 
signal fitting and reconstruction of the EAP and dODF. 

2.4.3 Dealing with noise prior to or after the estimation process 

The effect of noise can also be reduced prior to parameter estimation by noise bias correction 
and denoising. The goal is to estimate or reconstruct the ‘true signal intensity image’ given the 
noisy image. Many approaches have been developed for denoising of MRI images in general 
(e.g., Aja-Fernandez et al. 2008; Manjon et al., 2010), or specifically for denoising in dMRI 
(e.g. Bao et al., 2013; Becker et al., 2014; Brion et al., 2013; Gramfort et al., 2014; Lam et al., 
2014; Manjon et al., 2013; St-Jean et al., 2016; Tristan-Vega and Aja-Fernandez, 2010). Some 
approaches estimate the true signal intensity and the noise variance simultaneously (e.g. Koay 
and Basser, 2006; Sijbers and den Dekker, 2004), while other approaches use noise estimates as 
input. Gudbjartsson and Patz (1995) propose to correct for the Rician noise bias by using the 
relationship between the mean magnitude signal and the true signal for high SNR (Fig. 2.6a 
right), and apply this also to low SNR data. Koay and Basser (2006) derive the analytically 
exact correction, and show that the correction in Gudbjartsson and Patz (1995) is a special case 
for high SNR. However, the corrected data are not Gaussian distributed after application of 
these methods. Koay et al. (2009a) aim to solve the noise-induced bias by transforming non-
central chi distributed signals to Gaussian-distributed signals. Nonlocal means filters (Buades et 
al., 2005) restore the intensity in a voxel by taking a weighted average of voxels in the image. 
These voxels do not necessarily have to be close in position, hence the term nonlocal. The 
weights of the voxels depend on how similar these voxels are to the target voxel. Manjon et al. 
(2010) extended this approach to deal with spatially varying Rician noise. Such approaches may 
increase the reliability of dMRI parameter estimates (e.g. Zhou et al., 2015). 

Denoising approaches specific to dMRI typically take advantage of the multiple acquired 
images in a dMRI dataset: they depict the same structure with different diffusion-weighting 
settings. Becker et al. (2014) proposed an approach that combines information from multiple 
shells to denoise dMRI data by using weighted means of neighboring points in imaging and -
space. By combining information from the ‘position-orientation’ space, that is, the voxel 
position and the diffusion sensitizing orientation, the algorithm benefits from the high-SNR and 
low-orientation contrast in the position space and low-SNR high-orientation contrast in the 
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orientation space. St-Jean et al. (2016) decompose the position-orientation space into ‘patches’ 
to capture the local spatial and angular structure of the signal. In this way, they can account for 
spatially varying noise. To denoise the image they find a local sparse representation by learning 
a dictionary instead of predefining it.  

Alternatively, contextual processing can be performed as a post-processing step after estimation 
to reduce the noise and enhance the structures present in dMRI data (e.g. Coulon et al., 2004; 
Westin et al., 2006). For example, dODFs can be sharpened by using the orientational context 
at each location (Descoteaux et al., 2009; Florack, 2008). Other approaches work on the joint 
space of positions and orientations to enhance coherent ODF lobes and suppress incoherent 
structures (Barmpoutis et al., 2008; Dela Haije et al., 2014; Duits and Franken, 2011; Portegies 
et al., 2015; Reisert and Skibbe, 2016). These techniques have shown to be promising in 
clinical applications (Prckovska et al., 2015; Tax et al., 2014b). 

2.4.4 Outliers 

In many practical situations, the data is not affected by thermal noise alone. Measurement 
artifacts that are not or insufficiently corrected for in the preprocessing stage can result in signal 
values that are very unlikely or even physically impossible, also called outliers. Examples 
include outliers resulting from vibration, cardiac pulsation, and system related artifacts such as 
temporal scanner instabilities, spike noise, and signal dropouts. Alternatively, outliers can result 
from insufficient correction for chemical shift, breathing and head motion, and eddy 
current/susceptibility distortions. Note that thermal noise can also result in outliers, and that it is 
difficult to disentangle these from outliers resulting from measurement artifacts. Some artifacts 
such as physiological noise are likely to result in signal dropouts (Chang et al., 2012), while 
other artifacts may lead to a signal increase. Outliers can significantly bias the estimates, and it 
is therefore important to minimize the effect of outliers before subsequent analysis. 

Robust methods aim at reducing the effect of outliers during model estimation. Various robust 
estimation procedures have been developed specifically for dMRI (Chang et al., 2005; Chang et 
al., 2012; Collier et al., 2015; Mangin et al., 2002; Pannek et al., 2012; Parker et al., 2013b; 
Scherrer and Warfield, 2012; Tax et al., 2015c; Tobisch et al., 2016; Zhou et al., 2011; Zwiers, 
2010). The Robust Estimation of Tensors by Outlier Rejection (RESTORE) algorithm has been 
widely used in DTI, and reduces the weight of outliers in an iterative procedure (Chang et al., 
2005). An adapted version of this algorithm, called informed RESTORE or iRESTORE, mostly 
targets signal dropouts and constraints the amount of data points that can be excluded as 
outliers (Chang et al., 2012). Both RESTORE and iRESTORE are based on a NLS in each 
iteration, and are thus computationally expensive. Other approaches have used iterative 
reweighted LLS (IRLLS) fitting to speed up the process, without significant reduction of 
accuracy and precision of the estimates (Collier et al., 2015; Tax et al., 2015c). The Robust 
Extraction of Kurtosis INDices with Linear Estimation (REKINDLE) approach is designed for 
robust estimation in DTI, DKI, and other models that can be linearized, and takes into account 
the heteroscedasticity of the data after linearization. Other methods use higher order models or 
representations to reduce the effect of outliers (Pannek et al., 2012; Tobisch et al., 2016). In 
general, care should be taken that rejecting outliers does not result in an ill-defined problem and 
that the fit is not biased by rejections of points clustered along certain directions (Chen et al., 
2015a). In such cases, results should be interpreted with extreme caution. 
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2.5 APPENDICES 

2.5.1 Appendix A2: Diffusion MRI 101 

2.5.1.1 Appendix A2.1 Basics of dMRI acquisition 

The most common acquisition technique in dMRI is a single-shot pulsed gradient spin-echo 
(PGSE) blipped echo-planar imaging (EPI) sequence. An EPI sequence can generate an entire 
2D image in a single excitation (hence the term single shot). Whereas an EPI image can also be 
acquired with multiple shots, single-shot EPI is still popular because it is fast and less sensitive 
to subject motion. The PGSE part specifically sensitizes the acquisition to diffusion. A typical 
(simplified) sequence diagram is shown in Fig. A2.1a, and we will briefly go through the 
different steps in the following paragraphs.  

The 90° RF pulse will bring the net magnetization vector in the transverse plane in a given 
slice, with all the spins being perfectly in phase. From there, the transversal magnetization 
component starts precessing around the z-axis with the Larmor frequency. We can write the 
transverse magnetization as a complex number that varies over time, with the x-component 
(sinusoidal) the real and the y-component (cosinusoidal) the imaginary part. However, due to 
the interactions of spins with surrounding spins (related to the T2) and microscopic 
inhomogeneities (related to T2’), each individual spin will precess with a slightly different 
frequency (dephasing), causing the magnitude of the transverse magnetization to decay 
exponentially according to the T2* relaxation time (combination of T2 and T2’).  

Then, a diffusion gradient is switched on in a particular unit gradient direction  by combining 
the spatial encoding gradients (in this example, the diffusion gradient is in the readout 
direction). The diffusion gradient has a strength  and a duration , and these acquisition 
settings are often captured with the so-called q-value: /2  or a vector , where 

 is a constant defining the gyromagnetic ratio. The typical maximum gradient strength of a 
clinical system is around 40 - 80  / . The gradient causes the total magnetic field to vary 
spatially: for a very short time, spins precess a bit slower or faster dependent on their position. 
At the end of the gradient pulse, the spins got a position-dependent phase shift (they 
‘dephased’, Fig. A2.1b, where we ignore relaxation). After the application of the diffusion 
gradient, all spins start to precess again with their ‘normal’ frequency.  

At time point TE/2 (with TE the echo time) a 180° pulse is applied, ‘flipping’ the phase of the 
spins. This pulse is part of the spin-echo sequence and has now started the correction for the 
effects contributing to the T2’ relaxation. This pulse will yield an echo at time TE, with the 
signal decay now solely originating from T2 decay if no diffusion occurs. Note that it also 
inverts the sign of the phase shift caused by the diffusion gradient.  

At diffusion time Δ after the start of the first diffusion gradient, a second diffusion gradient with 
the same duration  and strength  is applied which now tries to undo the phase shift caused by 
the first gradient. This is the essence of the diffusion encoding: when the molecules remain at 
the same location the effects of both pulses indeed cancel out, but when these molecules have 
diffused the effect of the first pulse cannot be undone. The net dephasing of a spin is 
proportional to the displacement in the direction of the diffusion gradient, , and . The 
displacement, in turn, depends on the diffusion time. This dephasing of spins will result in a 
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signal drop in addition to the T2 decay at time point TE. The sensitivity to diffusion of the 
sequence is often quantified with the b-value Δ /3 2 Δ /3 . 
Analogously to , one can define a -vector . We come back to the - and -value in 
Appendix A2.2. 

 
Fig. A2.1: (a) Sequence diagram of a single-shot (SS) pulsed gradient spin-echo (PGSE) echo-planar imaging (EPI) 
sequence. RF = radio frequency pulses,  denotes gradient magnitude in readout ( ), phase encoding ( ), and slice 
selection ( ) direction, and  represents the real or imaginary signal. (b) Illustration of the dephasing and rephrasing 
due to the diffusion gradients, and the loss of coherency when diffusion occurs. Note that we ignore relaxation here. The 
colored arrows denote the local magnetic field magnitude. (c) Zig-zag like sampling of k-space, corresponding to the 
sequence in (a). 

The last pulses are part of the EPI readout. In this part, k-space is filled by sampling the ‘train’ 
of echoes. Linear gradients are used to spatially encode the signal: they cause signals from 
different positions to be emitted at different frequencies. This linear relationship between 
position and frequency allows for an elegant way to reconstruct the image from the signal 
through the inverse Fourier transform. Note that field deviations from the intended linear 
gradient will ‘disturb’ this relationship and result in wrong location information. For example, 
the diffusion- and spatial encoding is obtained by the same gradients (Fig. A2.1a), and overlap 
in these gradients can lead to distortions. The combination of readout gradients and phase 
encoding ‘blips’ results in a zig-zag sampling of k-space (Fig. A2.1c, in this case a ‘blip up’ 
sequence). A quadrature detector, consisting of two receiver coils, detects both the real and 
imaginary component of the signal and stores this in 2D k-space. 

2.5.1.2 Appendix A2.2 k-space, -space, and -space 

The complex k-space holds the spatial frequencies of an image (Fig. A2.2a), and a complex 2D 
image can be computed by taking the inverse Fourier transform (Fig. A2.2b). From these 
images, the scanner typically computes the magnitude image by adding the squared imaginary 
and real image signal and taking the square root, and outputs this to the user. The phase image 
is mostly not provided automatically. 
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Fig. A2.2: (a) Complex k-space. (b) Complex image space, the scanner generally only outputs the magnitude image. EPI 
images simulated with JEMRIS (Stocker et al., 2010).  

A dMRI dataset consists of several magnitude images with different gradient directions  
and/or one or more diffusion weightings ( -values or -values). We will call the diffusion 
images with non-zero diffusion weighted images (DWIs), and images with zero diffusion 
weighting, the non-DWIs. Fig. A2.3a shows DW images with the same -value but different 
directions: regions of low signal intensity indicate a high rate of diffusion and vice versa. Fig. 
A2.3b shows diffusion images with different -values: the signal and therefore SNR decreases 
with -value. High -value data provides additional information on the tissue microstructure 
(e.g. on restricted diffusion effects by certain tissue constituents) and a better contrast-to-noise 
to detect crossing fibers. The low SNR, however, often has to be compensated by lowering the 
resolution or acquiring more data.  

 
Fig. A2.3: DW images with the same -value (1000 / ) but different gradient directions. (b) diffusion images (1 
non-DW and 4 DW images) with different -values. 
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dMRI sampling schemes can be represented in q-space or b-space, where each point (having 
location  or , respectively) corresponds to a diffusion volume (Fig. A2.4). Typical 
schemes include single-shell, multi-shell, or Cartesian sampling. Single-shell schemes capture 
angular information on the diffusion process, whereas multi-shell and Cartesian schemes also 
capture radial information. Fig. A2.4 shows sampling schemes that cover both the upper and 
lower half of -space. In practice, however, shell schemes often only sample one half of the 
hemisphere, since the diffusion information captured in images with  and  is the same for 
the same -value (although the distortions are different, see Section 2.2.5). Cartesian schemes 
are often sampled within a given sphere, leaving out the edges in Fig. A2.4c. 

          
Fig. A2.4: dMRI sampling schemes represented in -space and -space. (a) Single-shell, (b) Multi-shell, (c) Cartesian in 

-space. 

2.5.1.3 Appendix A2.3: From diffusion weighted imaging to diffusion tensor imaging 
(DTI) 

The diffusion images in Fig. A2.3 show a signal decay that is related to diffusion but not yet 
quantifies the diffusion process as such. Therefore, we need an approach that gives a 
relationship between the signal decay and the amount of diffusion. Assuming that the diffusion 
gradient pulses in Fig. A2.1 are infinitely short (such that we can ignore diffusion during the 
gradient pulses), the signal decay (i.e. the DW signal divided by the non-DW signal) as a 
function of  has a Fourier relationship (already the second time that this comes in handy!) with 
the so-called ensemble average propagator (EAP). The EAP describes the density of the 
average relative displacements of spins in a voxel, i.e. integrating it over a small ‘displacement 
interval’ gives the probability for a spin to make that displacement during a given diffusion 
time Δ. Hence if we would measure signal decays for a dense sampling of -space (e.g. such as 
in Fig. A2.4c), we could reconstruct the whole EAP for a given Δ  by taking the Fourier 
transform. 

If we assume that the diffusion process is Gaussian and the same in all directions (i.e. 
isotropic), this relationship becomes very simple and we do not need many measurements to 
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characterize the diffusion: we can derive one apparent diffusion coefficient (ADC) per voxel 
from one non-DW signal ( 0 ) and one DW signal ( ): 

0 ⟺ .  [A2.1] 

The term apparent here refers to the fact that the diffusion coefficient is a measured one 
obtained with certain acquisition parameters: the ADC is generally lower than the theoretical 
diffusion coefficient of water because water molecules are hindered and restricted by tissue 
constituents.   

However, the isotropy-assumption is often too simplistic: the diffusion process is known to be 
very anisotropic in white matter. We could already see this in Fig. A2.3a: in some voxels the 
signal decay depends on the gradient direction. In diffusion weighted imaging this issue is 
usually addressed by measuring the signal in three orthogonal gradient directions and 
calculating a mean ADC. When we relax the isotropy-constraint but still assume Gaussian 
diffusion, the process can be described by an apparent diffusion tensor (DT) : 

. 

[A2.2] 

The DT is symmetric and therefore only has six unique parameters. The diagonal values 
correspond to the diffusivities along the axes of the coordinate system that we have chosen, and 
the off-diagonal elements correspond to correlations between diffusivities along those axes. The 

ADC in a given unit direction 	 	  is given by 

2 2 2 .  [A2.3] 

By acquiring one non-DW image and at least six DW images, the components of the DT can be 
calculated (i.e. we have six equations and six unknowns): 

, 0 ⟺
,

.  [A2.4] 

In practice, more than six DW images and one non-DW image are acquired which makes the 
system overdetermined and the DT estimates more reliable. Under the assumption of Gaussian 
diffusion, DW images with one -value and different directions should be sufficient to 
determine  and a single-shell sampling scheme is therefore often adopted. Parameter 
estimation techniques are then used to find an estimate  of  that ‘fits’ all the data the best 
(see also Section 2.4). In other words, when plugging ‘guesses’  into Eq. [A2.4] we can 
compute what the corresponding predicted values for the signal ,  would be. These values 
should ideally lie as close as possible to the measured values. For parameter estimation we 
often compose the DT components and 0  in a vector 

log 0 					 , so that we can write efficiently: 



Chapter 2: Introduction 

48 

,		  with 
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, 

[A2.5] 

and , , ⋯ , ,  the  measured signal intensities.  is also sometimes 
referred to as the B-matrix. Note that in this case we thus also obtain an estimate for the non-
DW signal 0 . An alternative formulation is also possible in which  only contains the DT 
elements, but this only allows the use of one -value in addition to the non-DW image (i.e. a 
single shell acquisition (Kingsley, 2006)). 

Often, we also mention the simulation of signals (e.g. Section 2.2.1): we then just assume that 
we know the properties of the diffusion process and then generate the signals that correspond to 
this process. A very common way to do this is to use Eq. A2.4: we choose a particular , set 
0  to a constant value, and generate (noise-free) signals ,  for a given sampling scheme 

(e.g. a single shell sampling scheme consisting of 32 directions  on a hemisphere where each 
measurement has  = 1000 / ).  

Even though the DT elements capture all the information of the DT, they do not provide much 
intuition as to how the diffusion process is ‘oriented’. In other words, the , , or  axes are not 
necessarily chosen along the major direction of diffusion. The major axis of diffusion can be 
derived by simply representing the DT in a different way, i.e. with the eigen decomposition of 
the DT.  can be rewritten then as follows: 

0 0
0 0
0 0

. 
[A2.6] 

Here,  are the eigenvalues (where  is often also called the axial diffusivity (AD), 
and the mean of  and  the radial diffusivity (RD)), and , , and  the eigenvectors 
(where  is often called the primary diffusion direction), see Fig. A2.5a. From the eigenvalues, 
common features such as the fractional anisotropy (FA), and the mean diffusivity (MD) can be 
computed (Figs. A2.5b and c): 

, 

̅ .  [A2.7] 

For simulations, we often want to predefine a DT with a given FA and MD along a given axis 
 ( , and  can then be chosen perpendicular to this). If we assume , we can 
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compute the corresponding eigenvalues (Jones and Basser, 2004; Leemans et al., 2005) and 
generate  and  with Eq. [A2.6] and [A2.4], respectively: 

1 , 

1 .  [A2.8] 

 

 
Fig. A2.5: The three eigenvalues ,  and  (units in ) are shown in (a). Eigenvector is overlaid on  and 
colored according to the commonly used color scheme: left-right in red, inferior-superior in blue, and anterior-posterior 
in green. (b) Mean diffusivity (MD) map. (c) Fractional anisotropy (FA) map (left), and the same map color-coded 
according to the first eigenvector (right). 
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dataset: Multiple Acquisitions for Standardization of Structural Imaging Validation and 
Evaluation”, Magnetic Resonance in Medicine, (in press).  
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ABSTRACT 
In this chapter we present the MASSIVE (Multiple Acquisitions for Standardization of 
Structural Imaging Validation and Evaluation) brain dataset of a single healthy subject, which is 
intended to facilitate diffusion MRI (dMRI) modelling and methodology development. MRI 
data of one healthy subject (female, 25 y) were acquired on a clinical 3 T system (Philips 
Achieva) with an 8-channel head coil. In total, the subject was scanned on 18 different 
occasions with a total acquisition time of 22.5 hours. The dMRI data were acquired with an 
isotropic resolution of 2.5  and distributed over five shells with -values up to 4000 
/ 	 and two Cartesian grids with -values up to 9000 / . The final dataset consists of 

8000 dMRI volumes, corresponding B0 field maps and noise maps for subsets of the dMRI 
scans, and ten 3D FLAIR, T1-, and T2-weighted scans. The average signal-to-noise-ratio (SNR) 
of the non-diffusion-weighted images was roughly 35. This unique set of in vivo MRI data will 
provide a robust framework to evaluate novel diffusion processing techniques and to reliably 
compare different approaches for diffusion modelling. The MASSIVE dataset is made 
publically available (both unprocessed and processed) on www.massive-data.org. 
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3.1 INTRODUCTION 

Diffusion magnetic resonance imaging (dMRI) is used in a wide range of clinical and scientific 
disciplines for its ability to infer information about tissue architecture and microstructure in 
vivo (Assaf and Pasternak, 2008; Basser and Jones, 2002; Sundgren et al., 2004; Tournier et al., 
2011). Investigating brain tissue characteristics with dMRI, however, remains challenging 
mainly due to the presence of numerous artifacts during data acquisition and the high 
complexity of the diffusion-weighted (DW) signal for modelling purposes. Consequently, 
multiple processing steps have to be performed to be able to extract meaningful and reliable 
features from dMRI data. A variety of correction strategies have been developed that address 
data imperfections (e.g., eddy current induced distortions, susceptibility based deformations 
caused by magnetic field inhomogeneities, noise and physiological artifacts (Tax et al., 2016c; 
Tournier et al., 2011)) to minimize the presence of confounds that could convolute data 
interpretation. In addition, a wide range of dMRI models and reconstruction methods have been 
proposed that aim to extract tissue characteristics in a reliable way, including diffusion tensor 
imaging (DTI) (Basser et al., 1994), diffusion kurtosis imaging (DKI) (Jensen et al., 2005), 
diffusion spectrum imaging (DSI) (Wedeen et al., 2005), Q-ball imaging (QBI) (Tuch, 2004), 
spherical deconvolution (SD) (Dell’Acqua et al., 2007; Dell’Acqua et al., 2010; Tournier et al., 
2007), CHARMED (Assaf and Basser, 2005), and NODDI (Zhang et al., 2012). 

Notwithstanding recent developments in dMRI artifact correction and modelling, optimizing 
the dMRI processing pipeline is still an active area of research. For example, there is currently 
no consensus on the optimal dMRI model or representation to characterize the DW signal, or on 
the optimal sampling scheme for dMRI reconstruction techniques that use ´multi-shell´ 
acquisitions (i.e., gradient directions distributed over multiple -value shells). Moreover, these 
two issues may even depend on each other, i.e., optimal sampling might be different for 
different models. In parallel, many new artifact correction strategies are currently being 
developed (Perrone et al., 2015; Vos et al., 2016b). In this context, a comprehensive evaluation 
framework for such novel diffusion processing techniques and for a reliable comparison 
between different approaches is highly desired. 

Unbiased and reliable evaluations are, however, generally hampered by the lack of a genuine 
gold-standard, and there is an urgent need for a reliable framework that can facilitate the 
development of dMRI methodology. Hardware phantoms and simulations are very valuable 
because of their known ground truth, but are often too simplistic (Bach et al., 2014) or can be 
biased towards a specific model (Close et al., 2009; Leemans et al., 2005; Neher et al., 2014). 
Real data acquisitions can, despite their unknown ground-truth, serve as valuable references to 
complement phantom and simulated data in the validation and evaluation of new processing 
strategies. For this purpose, a comprehensive dMRI dataset is required. 

Data repositories and databases are becoming more readily available (Eickhoff et al., 2016), 
greatly facilitating the development of dMRI methods. Many of these repositories contain 
cross-sectional and/or longitudinal data allowing for research on normal brain development and 
function (Evans, 2006; Hodge et al., 2016; Karayanidis et al., 2016; Van Essen et al., 2013; 
Walker et al., 2016). Other databases aim to give insight into brain anatomy and resolve 
complex neuronal microarchitecture, either by deriving templates or atlases from data of a 
single subject or multiple subjects (Hsu et al., 2015; Mori et al., 2005; Varentsova et al., 2014; 
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Zhang et al., 2011), or using high resolution post mortem data (Calabrese et al., 2015a; 
Calabrese et al., 2015c; Dyrby et al., 2011). An example of a cross-sectional repository is the 
Human Connectome Project (HCP) database, which will contain dMRI data (among others) of 
1200 subjects acquired with maximum gradient strengths surpassing that of clinical scanners 
(Hodge et al., 2016; Van Essen et al., 2013). Although this database contains data acquired with 
multiple -values and more diffusion gradient directions than most acquisitions it is still limited 
in its sampling of -space (270 directions on three shells). More densely sampled -space data 
(512 directions) with higher -values (  = 10.000 / ) for a broader age range are also 
available (Fan et al., 2016). These datasets are acquired with innovative gradient systems and 
therefore not comparable to those typically acquired in a clinical setting in terms of resolution 
and SNR, among others. Another dMRI database is provided as part of the ‘MyConnectome 
Project’ (Poldrack et al., 2015). This database contains 19 (15 usable) repeated scans of a single 
subject acquired over the course of 18 months with the purpose of specifically investigating the 
dynamics of brain function, and the scans are thus identical in terms of acquisition parameters 
(i.e., -values and gradient orientations). Despite the availability of many excellent high quality 
repositories, for validation of processing methods and algorithms (Tax et al., 2014c; Vos et al., 
2013) in a clinical setting, typically, synthetic phantoms (Fillard et al., 2011; Neher et al., 2014; 
Poupon et al., 2008) or small clinical datasets (Pujol et al., 2015) are still used. 

In this chapter we present the MASSIVE (Multiple Acquisitions for Standardization of 
Structural Imaging Validation and Evaluation) brain dataset containing multi-modal MR data 
and 8000 dMRI volumes of a single healthy subject acquired on a clinical 3 T scanner. All the 
datasets were specifically acquired in a clinical setting, i.e., using single-shot echo-planar 
imaging (EPI), ‘conventional’ gradient strengths and hardware, no dedicated head fixation or 
advanced high density receive coil, to be in line with the current standards in acquisition 
protocols from routine examinations. As such, subsets of the MASSIVE dataset are comparable 
to data acquired in clinical studies, and can serve as representative test beds for new 
developments in a wide range of dMRI data correction strategies, image processing techniques, 
and microstructural modelling approaches. The MASSIVE dataset consists of 8000 dMRI 
volumes with -values up to 9000 s/mm2, sampled in configurations of five shells and two 
Cartesian grids. Data was acquired with echo-planar imaging (EPI) phase-encoding in both 
anterior-posterior (AP) and posterior-anterior (PA) directions, and with gradient directions both 
in positive and negative z-direction resulting in 2000 scans for each combination. In addition, 
the dataset contains B0 field maps, noise maps, and ten 3D fluid-attenuated inversion recovery 
(FLAIR), T1-, and T2-weighted datasets, which often play an important role in dMRI 
processing and analysis methods (e.g., Huang et al., 2008; Irfanoglu et al., 2012; Smith et al., 
2013) and can also be used independently for test-retest experiments and methodological 
evaluations and comparisons (e.g., De Bresser et al., 2011; Duning et al., 2005; Maclaren et al., 
2014). The MASSIVE dataset, which was first presented at the 22nd Scientific Annual Meeting 
of the ISMRM (Froeling et al., 2014), is made publicly available on www.massive-data.org.  
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3.2 METHODS 

3.2.1 Data acquisition 

All the MRI data of the healthy subject (female, 25 y) were acquired on a clinical 3 T system 
(Philips Achieva) with an 8-channel head coil. The subject gave informed consent to participate 
in this study under a protocol approved by the University Medical Center Utrecht ethics board. 
In total, the subject was scanned on 18 different occasions (total acquisition time: 22.5 h). A 
schematic overview of the protocol for a single session is shown in Fig. 3.1. Each of the 18 scan 
sessions consisted of four dMRI acquisition blocks of 15 minutes in which a unique subset of 
the 8000 DW volumes was acquired with B0-maps being acquired before and after each of these 
four dMRI acquisition blocks (Andersson et al., 2003; Jezzard and Balaban, 1995; Ruthotto et 
al., 2012). Additionally, noise maps were obtained at the end of each dMRI acquisition block 
by switching off the RF pulses and imaging gradients. Finally, ten 3D FLAIR, T1-, and T2-
weighted datasets were acquired in five of the eighteen sessions. In these sessions, two FLAIR, 
T1-, and T2-weighted datasets were acquired with a two hour pause in between. Positioning of 
the head in the coil and planning the field-of-view in each session was done manually, which 
resulted in small offsets in rotation and translation. The coronal positioning was intentionally 
varied between sessions to minimize the systematic effects of ghosting artifacts. The design of 
the diffusion and anatomical MRI acquisitions will be outlined in more detail in the next 
paragraphs (further acquisition details can be found in Table 3.1). 

Fig. 3.1: Schematic overview of the MRI acquisition protocol of 
a single session. 
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 FLAIR T1 T2 DWI B0 

Sequence 3D-IR-TSE 3D-TFE 3D-TSE 2D-SE-EPI 
Dual echo 
2D-FFE 

FOV [ / ] 
(AP/RL/IS) 

240×180×140 240×180×140 240×180×140 240×240 240×240 

Acquisition matrix 240×90×140 240×90×140 240×90×140 96×96 96×96 

Reconstruction 
matrix 

240×180×140 240×180×140 240×180×140 96×96 96×96 

Slice thickness 
[ ] 

- - - 2.5 2.5 

Voxel size [ ] 1×1×1 1×1×1 1×1×1 2.5×2.5×2.5 2.5×2.5×2.5 

Slices - - - 56 56 

SENSE: AP/RL: 2/2 2/2 2/2 2.5 (AP) - 

Flip angle [°] 90 8 90 90 20 

Partial Fourier - - - 1 / 0.77 *  

TSE/TFE/EPI 
factor 

182 122 124 
36 (24 ) /  
31 (25 ) * 

- 

Startup echo’s 6 4 6 - - 

TE [ ] 

Effective: 
300 
Equivalent: 
128 

1.25 
Effective: 213 
Equivalent: 92 

100 
First: 2 
Second: 4 

TR [ ] 4800 8000 2500 7000 / 7500 * 322 

TI [ ] 1650 - - - - 

Fat suppression SPIR none SPIR SPIR none 

BW frequency [ ] 1111 191 1111 3035/1991 * 2804 

BW EPI [ ] - - - 50/30 * - 

NSA 2 1 2 1 1 

Δ/δ/ζ [ ] - - - 51.6 / 32.8 / 0.9 - 

Gmax [ / ] - - - 61.7 - 

GD [ / ] 

(Diffusion-
weighting gradient 
strength  
along one  
gradient axis) 

- - - 

12.6 (b500) /  
17.8 (b1000) / 
25.2 (b2000 ) / 
30.9 (b3000) / 
35.6 (b4000) / 
27.0 (DSI8) /  
30.9 (DSI9) 

- 

Scan time [ : ] 3:45 3:46 2:47 
14:08 / 
13:10 * 

0:32 

* Settings for session 1-8 and (  3000 / ) and for session 9 to 18 ( 3000 /  and DSI grids) 
respectively. 

Table 3.1: Overview of the acquisition parameters. (Abbreviations: IR – inversion recovery, TSE – turbo spin echo, TFE 
– turbo field echo, SE – spin echo, EPI – echo planar imaging, FFE – fast field echo, FOV – field of view, AP – anterior 
posterior, RL – right left, IS – inferior superior, SENSE – sensitivity encoding, SPIR – spectral pre-saturation by 
inversion recovery, BW – bandwidth, NSA – number of signal averages, G – gradient strength, DSI – diffusion spectrum 
imaging) 
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3.2.1.1 Diffusion MRI 

The MASSIVE dataset comprises 8000 unique DW volumes, subdivided into four ‘sets’ with 
both positive and negative gradient directions, and with both AP and PA phase encoding 
directions (in the following referred to as AP+, AP-, PA+ and PA-). The acquisition of each set 
of 2000 DW volumes was divided in 18 sessions (see examples shown in Fig. 3.2) of which 
eight sessions contained 120 dMRI volumes and 10 sessions contained 104 dMRI volumes. The 
ordering of the diffusion gradient orientations and -values was randomized throughout every 
set to prevent an acquisition bias across sessions (Fig. 3.2d-f). The exact scan order can be 
found in the lookup table which can be downloaded from the website www.massive-data.org. 

The gradient directions are distributed over five shells and two Cartesian grids. The diffusion 
gradient orientations on the shells were generated using the approach described in Caruyer et al. 
(2013). In short, this approach uses static repulsion of particles to homogenize the gradient 
orientations on half a sphere (Caruyer et al., 2013; Cook et al., 2007; Jones et al., 1999). In this 
work, the solution was obtained by an iterative solver where in each iteration the particles repel 
each other and are subsequently back-projected onto the unit sphere until convergence is 
reached (see Supplementary Fig. S3.1). The software tool that was developed for computing 
these gradient orientations is also made available on the MASSIVE website. 

The five shells consisted of 125, 250, 250, 250 and 300 gradient orientations on the half sphere 
with a -value of 500, 1000, 2000, 3000 and 4000 / , respectively. The two Cartesian 
grids were evenly spaced in half a cube, one with an even (83/2 = 256) and one with an odd 
((93+1)/2 = 365) number of samples. The maximum -values along the axes were 2296 /  
(  = 0.038 -1) for the even grid and 3000 /  ( 	= 0.043	 ) for the uneven grid. The 
maximum -values for the corner points were 6890 /  ( 	= 0.066	 ) for the even grid 
and 9000 /  (  = 0.075 ) for the uneven grid. For the diffusion data with  > 
3000	 /  and for the Cartesian grids the EPI bandwidth was reduced from 50 to 30  
(keeping the TE,  and  constant) to maximize the SNR for the high -values and to be able to 
acquire the data in a feasible scan time given the system’s duty cycle limitations. Additionally, 
204  = 0 /  images were acquired, resulting in the 2000 dMRI volumes per set with 
approximately a 1:9 ratio between the non-DW and the DW volumes. These non-DW volumes 
were randomly interleaved throughout each dMRI acquisition to avoid any measurement bias 
and to allow for signal drift correction (Vos et al., 2016b; see also section 3.2.2). 

3.2.1.2 Anatomical MRI 

Ten anatomical MRI datasets (T1- and T2-weighted, and FLAIR) were acquired as they often 
support dMRI processing and analysis methods (facial features were removed for 
anonymization). For instance, T1-weighted data can be used for segmentation of grey and white 
matter regions, which can be used to improve fiber tractography (Kleinnijenhuis et al., 2012; 
Smith et al., 2013). Similarly, as T2-weighted data provide a comparable contrast with the non-
DW data, these can be used to correct for susceptibility induced distortions (Huang et al., 2008; 
Irfanoglu et al., 2012). The FLAIR data, which has a similar contrast to the T2-weighted data 
but with suppression of the signals originating from the cerebrospinal fluid, may be useful to 
investigate the contributions of partial volume effects (Concha et al., 2005; Metzler-Baddeley et 
al., 2012b). Details of the acquisition protocols for these anatomical MRI data are included in 
Table 3.1. 
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Fig. 3.2: Schematic representation of the encoding schemes in -space. (a) The 5 shells (  = 500, 1000, 2000, 3000 and 
4000 / ). (b) The two Cartesian DSI grids (DSI8: light grey, DSI9 dark grey). (c) The five shells and the two 
Cartesian grids combined. (d-e) Examples of the random selection of gradients for each session. The gradients defined 
along the positive direction are shown in color, whereas the mirrored gradient directions are shown in light grey. All the 
gradients are color-coded for their session. (f) The 18 sessions combined fill up half of the -space (2000 orientations) 
and by mirroring the gradients the -space is fully filled. 

3.2.2 Data processing 

In addition to the raw data, we provide further information on the acquired data, such as SNR 
estimates and the ‘true’ applied B-matrix for the raw data as derived from the scanner. In 
addition, we make available three processed datasets: 1) only the intensity-normalized data; 2) 
both intensity-normalized and signal-drift corrected data; and 3) data that has been intensity-
normalized and corrected for signal-drift, subject motion, eddy current distortions, and EPI 
deformations. Note that for each of these results conventional processing tools were used as 
described in the following subsections.  

3.2.2.1 Signal-to-noise-ratio (SNR) estimation 

Having knowledge of the image SNR is often important in dMRI modelling and processing 
(Anderson, 2001; Farrell et al., 2007; Jones, 2003; Jones, 2004; Landman et al., 2007a; Lu et 
al., 2006; Tournier et al., 2011; Veraart et al., 2013a). The SNR can be quantified in numerous 
ways, however, and may not be the same across different methods (Dietrich et al., 2007; 
Firbank et al., 1999; Kaufman et al., 1989; Polders et al., 2011; Reeder et al., 2005). Therefore, 
noise maps were obtained after each acquisition of a 15-minute diffusion block, by switching 
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off the gradients and RF power but leaving the acquisition channels open. The acquisition 
parameters of the noise map were equal to the dMRI acquisition parameters and, as such, an 
accurate noise measurement is obtained. To calculate a rough approximation for the global 
SNR, the average whole brain signal within a mask was computed for every DW volume and 
divided by the noise standard deviation within the same brain mask as derived from the noise 
map. 

3.2.2.2 Intensity normalization and signal drift correction 

Since the data were acquired in different sessions, intensity normalization between sessions is 
needed to be able to combine the DW volumes into a single data set (Jeurissen et al., 2013). To 
this end, the first volume of each 15-minute dMRI acquisition block, which was always a non-
DW volume, was used to normalize the signal intensities of all the other volumes within that 
acquisition block. 

In dMRI, the heavy duty cycle of the EPI-readout and the diffusion gradients can lead to 
temporal instability of the scanner. This instability typically causes a decrease in global signal 
intensity of the DW images over time, as explained in detail in Vos et al. (2016b). To correct 
for this so-called signal drift, the non-DW volumes, which were randomly interleaved 
throughout each dMRI acquisition block, were identified. Subsequently, the signal drift that 
occurred during this 15 minute time-window was characterized by a quadratic fit of the mean 
signal of the  = 0 /  volumes as a function of the scanned volume (Vos et al., 2016b), i.e. 

| 0	 / ∙ ∙ , [3.1] 

where  is the normalized measured signal,  the ordering number of the acquired volume,  
the signal offset at  = 0, and  and  describe the quadratic and linear signal drift per 
volume, respectively. The corrected signal of the nth volume, , is then given by: 

α	
∙ ∙

, [3.2] 

where the factor α is an arbitrary chosen signal scaling factor.  

3.2.2.3 True B-matrix calculation 

In addition to the DW pulsed field gradients, imaging gradients can also contribute to the 
diffusion-weighting. Therefore, the actual B-matrix was calculated in addition to the prescribed 
B-matrix (Mattiello et al., 1997; Mattiello et al., 1994). The amount of diffusion weighting ,  

along the coordinate axes , ,  and , ,  can be expressed as the time ( ) integral 
over the echo time (TE) of the zeroth-order (  = 0) moments ( ) of the gradients, i.e., 

, , , , [3.3] 

with 
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′ ′, [3.4] 

where  is the gyromagnetic ratio and  the gradient wave form.  

3.2.2.4 Correcting for subject motion, eddy current distortions, and EPI deformations 

dMRI acquisitions suffer from subject motion and eddy current induced distortions within an 
acquisition session (Jones and Cercignani, 2010; Tournier et al., 2011). In this study, the dataset 
was scanned in multiple sessions which caused an additional source of misalignment. As a 
result, the final gradient distribution will slightly differ from the applied one, because the B-
matrix needs to be rotated when correcting for subject motion (Leemans and Jones, 2009). For 
each session, the dMRI data was registered using ExploreDTI (Leemans et al., 2009) using an 
affine method with 12 degrees of freedom to also correct for eddy current induced distortions in 
the same step (Rohde et al., 2004). The first 	 = 0 /  image of each acquisition was 
chosen as a reference image. To correct for EPI distortions and subject motion between the 
different session, all data was transformed to a common T1-weighted anatomical target dataset 
using a rigid-registration for rough alignment, followed by a non-rigid b-spline registration to 
correct for susceptibility induced deformations (Irfanoglu et al., 2011; Irfanoglu et al., 2012; 
Vos et al., 2016a; Wu et al., 2008a). Here, only non-rigid deformations along the phase-
encoding axis of the dMRI data were allowed, as this is the axis along which susceptibility 
distortions occur. Note that the transformations from these two last steps are combined with the 
previous eddy current correction procedure to ensure that only one interpolation step is needed 
minimizing unwanted smoothing effects due to resampling All other anatomical datasets 
(FLAIR, T1-, and T2-weighted) were also transferred to the same T1-weighted target dataset 
using rigid registration. 

3.3 RESULTS 

Fig. 3.3 shows representative images of the acquired data. The top two rows (Fig. 3.3a-h) show 
images from the different shells and Cartesian grids. The FLAIR, T1-, and T2-weighted 
anatomical scans are shown in Fig. 3.3i-k and a B0 map is shown in Fig. 3.3l. 

3.3.1 Signal-to-noise-ratio (SNR) 

The noise as derived from the noise map is Rayleigh distributed (see Fig. 3.4a). The SNR 
estimates are presented in Fig. 3.4b. The average SNR was between 35 and 40 for the non-DW 
images and was in the same range across all sessions. The SNR of the data in sessions 9 to 18 
(  = 4000 /  shell and both DSI grids) was around 15 percent higher than for the shells 
with  ≤ 3000 / , which was to be expected with the lower bandwidth. The estimated 
SNR values per acquired volume can be found in the lookup table which can be downloaded 
from the website www.massive-data.org. 
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Fig. 3.3: Representative images of the acquired data (intensity windowing is adjusted for each image). Diffusion-
weighted images with an applied -value of: (a) 0 / , (b) 500 / , (c) 1000 / , (d) 2000 / , (e) 3000 
/ , (f) 4000 / , (g) 5500 / , (h) 9000 / . Anatomical images: (i) T1–weighted image, (j) T2–

weighted image, and (k) FLAIR. (l) B0 phase map. 

3.3.2 Intensity normalization and signal drift correction 

In Fig. 3.5, the mean signal of the non-DW volumes is shown as a function of the measurement 
number (red markers) for 24 randomly chosen acquisition blocks. The quadratic fit used to 
correct for signal drift is shown in black and the signal-drift corrected data are shown in blue. 
The mean signal drift during a 15 minute acquisition block was 9.3% with a standard deviation 
of 3.7% (range: 3.0 to 18.8%) with respect to the initial volume. The mean signal for all the 
8000 acquired volumes is shown in Figs. 3.6a and 3.6b. By comparing Fig. 3.6a with Fig. 3.6b, 
one can appreciate that the mean signal of the normalized and drift-corrected volumes across all 
sessions is more constant now. 
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Fig. 3.4: Method and result used for SNR calculation. (a) Schematic representation of the method used for SNR 
calculation. Using a whole-brain mask the average signal was estimated from the diffusion weighted volume. The noise 
standard deviation was estimated using the acquired noise map in which the noise is Rayleigh distributed as shown in the 
probability density histogram. (b) Estimated SNR using the acquired noise map. Black markers are for session 1 to 8 (  ≤ 
3000 / ) and blue markers are for session 9 to 18 (  > 3000 /  and DSI grids). The left image shows the SNR 
per session in the scanned order, the middle image shows the SNR per session sorted for the SNR, and the right image 
shows the SNR for all the volumes. The SNR levels of the different shells can clearly be identified. 

3.3.3 True B-matrix calculation 

Since the slice selection gradients are always in the orientation of the z-axis, the actual -value 
for the non-DW images, using Eqs. [3.3] and [3.4], is 0.25 /  instead of 0 / . The 
average value and the range of the actual -values of the five shells are listed in Table 3.2. For 
the DW images the actual -value differs up to 2% from the applied -value. The relative 
difference is largest for lower -values. The effect of these small differences is shown in Figs. 
3.6c and 3.6d, where the intensity-normalized mean signal (with and without signal-drift 
correction is plotted as a function of both the applied and the actual -value. The imaging 
gradients not only affect the -value, but also the gradient direction. However, the median 
change in orientation due to the slice selection gradients across all gradients was found to be 
only 0.004°. The applied and actual B-matrix values can be found in the lookup table which can 
be downloaded from the website www.massive-data.org. 
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Fig. 3.5: Original (red) and signal-drift corrected (blue) average signal of the non-diffusion-weighted volumes for 24 
acquisition blocks of 15 minutes. The black line describes the quadratic signal drift (see Eq. [3.1]) and the dashed line is 
the theoretically constant signal of 100%. 

 

Applied -value in 
units /  

Actual -value 
(mean ± SD) in units /  

Actual -value  
range in units /  

Percent deviation  
from applied -value 

500 500.3 ± 5.2 491.3 – 509.2 ± 1.8 

1000 1000.3 ± 7.3 987.6 – 1013.0 ± 1.3 

2000 2000.3 ± 10.4 1982.3 – 2018.2 ± 0.9 

3000 3000.3 ± 12.7 2978.3 – 3022.3 ± 0.7 

4000 4000.2 ± 15.1 3974.1 – 4026.4 ± 0.7 

Table 3.2: Mean values and range of the actual -values for the 5 acquired shells. 
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Fig. 3.6: (a-b) The mean signal per acquired volume of the drift-uncorrected volumes (top row - a) signal-drift corrected 
volumes (bottom row - b). The left column shows the signal per session in the scanned order, the middle column shows 
the mean signal for all sessions in the scanned order and the right column shows the signal for all the volumes sorted for 
the signal values. (c-d) The intensity-normalized mean signal per acquired volume as a function of the -value for all 
8000 volumes (top row) and a zoomed -value range (bottom row). The signal is plotted using a linear and a logarithmic 
scaling of the y-axes revealing the obvious non-exponential decay of the diffusion weighted signal. c) The normalized  
mean signal (but not corrected for signal drift) as a function of the predefined -value. d) The intensity-normalized and 
signal-drift corrected mean signal as function of the actual -value. The bottom row clearly shows how the ‘effective’ -
value causes a spread of the signal over the -value axes, that correctly follows the signal decay. 

3.3.4 Correcting for subject motion, eddy current distortions, and EPI deformations 

The average maximal translations over all individual sessions were 0.3 ± 3.3  (range -4.7 to 
4.6 ), 0.4 ± 1.2  (range -2.5 to 2.8 ), and -0.8 ± 1.3  (range -3.6 to 2.3 ) for 
the coronal, sagittals and axial directions, respectively. The average maximal rotations over all 
individual session were -0.6 ± 1.0° (range -2.5 to 2.9°), 0.2 ± 1.2° (range -2.9 to 2.6°), and -0.2 
± 1.1° (range -2.3 to 2.4°) along the coronal (roll), sagittal (pitch), and axial (yaw) axes, 
respectively. The maximal range of the rotations between and within the sessions was only ±5° 
with respect to the mean. The difference between the imposed gradient distribution and the 
gradient distribution after B-matrix correction for subject motion is shown for a subset of the 
data (  = 1000 /  and  = 3000 /  volumes) in Supplementary Fig. S3.2. 
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Fig. 3.7 shows the differences in image distortions between AP and PA phase encoding 
directions, on the one hand, and positive and negative diffusion weighting gradient directions, 
on the other hand (AP+, AP-, PA+, PA-). The differences in the distortions between the AP and 
PA phase-encoding directions can be appreciated most in the regions of the eyes, the temporal 
lobes, and the cerebellum. The difference in distortions between positive and negative gradient 
directions is reflected by the opposite eddy current distortions (e.g., compressions vs. stretches 
along the phase-encoding orientation). The color-coded FA map (Fig. 3.8a) and the T1-
weighted data (Fig. 3.8b) in anatomical space with a 1 × 1 × 1  voxel size are shown in 
Fig. 3.8. The alignment of both datasets after motion correction, eddy current distortion 
correction, and EPI distortion correction by registration to the T1-weighted image is illustrated 
in Fig. 3.8c. The registered data in the anatomical space is available with a 2.5 × 2.5 × 2.5  
(website) and a 1 × 1 × 1 mm3 voxel size (upon request, due to limited online storage capacity). 

 
Fig. 3.7: Representative images for the different phase encoding (AP+, AP-, PA+, PA-) directions. Axial (a and c) and 
sagittal (b and d) cross-sectional images of a non-diffusion-weighted (a and b,  = 0 / ) and a diffusion-weighted (c 
and d,  = 1000 / ) volume with the different phase encoding directions and gradient signs. The differences in the 
distortions between the AP and PA phase encoding directions can be appreciated most in the eyes (green arrows), 
temporal region (blue arrows), and the cerebellum (red arrows). 
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Fig. 3.8: Example DTI reconstruction of the MASSIVE data. (a) Color coded FA maps after applying all the correction 
procedures. (b) T1 weighted data, which were used here to correct for EPI deformations. (c) Color coded FA maps fused 
with T1 weighted data to appreciate the quality of the processing. 

3.4 DISCUSSION 

In this work, we have presented the MASSIVE brain dataset, which contains 8000 in vivo 
dMRI volumes of a healthy subject. Currently, the raw, intensity-normalized, signal-drift 
corrected, and subject motion / eddy current distortion / EPI distortion corrected dMRI data can 
be downloaded from www.massive-data.org. All the B0 field maps, noise maps, and the 
volumetric FLAIR, T1-, and T2-weighted datasets are also made available. 

We have established a platform through the MASSIVE website to share improvements of 
specific processing steps and updates of the processed data. Such methodological developments 
encompass novel subject motion and distortion correction methods, new microstructural 
modelling approaches, etc. Similarly, we anticipate that segmentations of the anatomical images 
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(e.g., T1- and T2-weighted images) using common brain atlases and processing tools will also 
become available. 

The purpose of MASSIVE is to serve as an extensive dataset to compare, evaluate, and validate 
existing or novel diffusion MRI methods, such as preprocessing steps, signal modelling, tissue 
characterization, and analysis strategies. While existing brain dMRI databases can provide data 
from many subjects with only moderate coverage of -space, none of these provide dMRI data 
from a single subject with as dense a -space sampling as provided in the MASSIVE database. 
MASSIVE is unique in consisting of 8000 DW volumes that are sampled on shells as well as 
two Cartesian grids. The data was acquired on a standard clinical system using coil and 
acquisition settings that are commonly available. This makes the data quality of each individual 
dMRI volume comparable to data typically acquired in most clinical studies, which means that 
subset of the data, e.g. containing 100 dMRI volumes with  = 1000 / , would closely 
resemble a clinical acquisition. As such, methods and models derived from this database can 
easily be transferred to other clinical and pre-clinical research workflows. 

Examples of research questions that have already been addressed using the MASSIVE brain 
database include characterizing signal drift in dMRI acquisitions (Vos et al., 2016b), 
investigating the in vivo trade-off between accuracy and precision of multi-fiber methods with 
respect to -value and number of gradient orientations (Vos et al., 2014), studying the 
difference between interpolation methods for transforming dMRI data between grids and shells 
(Tax et al., 2014e), and characterizing single fiber population signal profiles using a wide range 
of reconstruction strategies (Tax et al., 2015b). Furthermore, the MASSIVE dataset could be 
useful in investigating the optimality of different EPI distortion correction techniques, e.g. 
using field maps, registration to an anatomical image, or using opposite phase encoding images. 
Commonly used dMRI acquisition protocols sample either the upper or lower hemisphere in -
space. However, eddy current correction techniques might benefit from sampling on the whole 
sphere (Andersson and Sotiropoulos, 2016). In addition to correcting for image distortions, 
correction for subject motion remains an active field of research in which new methods (e.g. 
targeted to high -values) are constantly being developed and evaluated (Ben-Amitay et al., 
2012; Huizinga et al., 2016). Therefore, the optimal acquisition scheme to adequately correct 
for artifacts and motion remains an open question, and the MASSIVE dataset could be 
subsampled to investigate such issues. In addition, whereas there is a reasonable consensus of 
an ‘ideal’ single shell acquisition for diffusion tensor imaging (Jones and Leemans, 2011), 
optimal acquisition strategies for many of the other diffusion models are still being investigated 
and new models are constantly under development (Caruyer et al., 2013; De Santis et al., 2014; 
Hoy et al., 2015; Jelescu et al., 2016b; Jensen et al., 2016; Kuo et al., 2008; Zhang et al., 2012). 
The MASSIVE brain database, and in particular the unique dMRI dataset, which – to the best of 
our knowledge – represents the largest in vivo dMRI dataset of a single subject to date, will 
avert the need to continuously reacquire optimized data and boost new developments in 
diffusion modelling and processing.  

3.5 CONCLUSION 

We have presented the MASSIVE (Multiple Acquisitions for Standardization of Structural 
Imaging Validation and Evaluation) brain dataset, consisting of an unprecedented set of 8000 
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DW volumes of a single human subject. This unique set of in vivo MRI data will provide a 
robust framework to evaluate novel diffusion processing techniques and to reliably compare 
different approaches for diffusion modelling. All data is made publicly available on 
www.massive-data.org.  

3.6 SUPPLEMENTARY MATERIAL 

 
Fig. S3.1: (a) Iterative method of optimization, first all particles are repulsed (red) after which they are projected back on 
the unit sphere (blue). The resulting particles (green) are then used for the next iteration. (b) The percent change in 
entropy of the system over 1500 iterations for single- and multi-shell optimizations. (c) Time it takes to perform 1000 
iterations (Intel Core i5-2520M CPU, 2.5GHz) for shell ranging from 3 to 180 gradient orientations. 
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Fig. S3.2: Effect of subject motion on the imposed gradient orientations. The 500 gradient direction for  = 1000 /  
and  = 3000 /  as they were defined (a and b) and after registration with B-matrix correction (Leemans and Jones, 
2009) (c and d). The condition number of the  = 1000 /  and  = 3000 /  shells (1.5813 for both) changed to 
1.5826 and 1.5861, respectively. 
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Based on: 

C.M.W. Tax, W.M. Otte, M.A. Viergever, R.M. Dijkhuizen, A. Leemans, “REKINDLE: 
Robust Extraction of Kurtosis INDices with Linear Estimation”, Magnetic Resonance in 
Medicine, 2015, nr. 2, vol. 73, pp. 794-808  
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ABSTRACT 
Recent literature shows that diffusion tensor properties can be estimated more accurately with 
diffusion kurtosis imaging (DKI) than with diffusion tensor imaging (DTI). Furthermore, the 
additional non-Gaussian diffusion features from DKI can be sensitive markers for tissue 
characterization. Despite these benefits, DKI is more susceptible to data artifacts than DTI due 
to its increased model complexity, higher acquisition demands, and longer scanning times. To 
increase the reliability of diffusion tensor and kurtosis estimates, we propose a robust 
estimation procedure for DKI. We have developed a robust and linear estimation framework, 
coined REKINDLE (Robust Extraction of Kurtosis INDices with Linear Estimation), consisting 
of an iteratively reweighted linear least squares approach. Simulations are performed, in which 
REKINDLE is evaluated and compared with the widely used RESTORE (Robust EStimation of 
Tensors by Outlier REjection) method. Simulations demonstrate that in the presence of outliers, 
REKINDLE can estimate diffusion and kurtosis indices reliably and with a ten-fold reduction in 
computation time compared to RESTORE. We have presented and evaluated REKINDLE, a 
linear and robust estimation framework for DKI. While REKINDLE has been developed for 
DKI, it is by design also applicable to DTI and other diffusion models that can be linearized. 
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4.1 INTRODUCTION 

In diffusion MRI, microstructural properties of tissue are revealed by probing the local 
diffusion of water molecules, which can give useful insights into brain disorders (Carballedo et 
al., 2012; Langen et al., 2012; Reijmer et al., 2012; Verhoeven et al., 2012; Wang et al., 2012). 
For clinical applications, it is challenging to get an accurate and complete picture of diffusion 
characteristics within a limited acquisition time. Diffusion tensor imaging (DTI) (Basser et al., 
1994) is the most commonly used technique to extract microstructural features, such as 
fractional anisotropy (FA) and mean diffusivity (MD), from a set of diffusion weighted images 
(DWIs). To this end, a diffusion tensor (DT) with six parameters is fitted to the data. 

In addition to the metrics obtained with DTI, diffusion kurtosis imaging (DKI) (Jensen et al., 
2005) can provide non-Gaussian diffusion measures by means of the kurtosis tensor (KT). DKI 
has shown to be more sensitive to tissue microstructural changes in both normal and 
pathological neural tissue (e.g., Cheung et al., 2009), and kurtosis indices such as mean kurtosis 
(MK) (Poot et al., 2010) and other derived quantities (Hansen et al., 2013) can provide 
additional information in clinical applications (Gooijers et al., 2014; Van Cauter et al., 2012). 
Furthermore, DKI is able to estimate DTI measures such as FA more accurately (Veraart et al., 
2011a). In a clinical setting, however, these benefits are often nullified by numerous acquisition 
artifacts, such as signal dropouts due to subject motion or cardiac pulsation (Heemskerk et al., 
2013; Jones and Cercignani, 2010). Owing to its increased model complexity, higher 
acquisition demands, and longer scanning times, DKI is also more sensitive to data outliers than 
DTI. Though it would be best to avoid signal perturbations during acquisition, this is not always 
possible and outliers are often only detected during image processing. At this stage, tensor 
estimation procedures that can deal with such signal perturbations are crucial to ensure the 
reliability of subsequent tractography- or voxel-based analyses.  

There exist various approaches to estimate the DT and KT from the diffusion signal, like 
maximum likelihood, least squares, Bayesian, and robust approaches. These methods differ in 
parameterization, a priori information needed, and the incorporation of constraints, which 
makes tensor estimation an important ongoing field of research (Koay, 2010). Least-squares 
(LS) estimation approaches are generally adopted for tensor estimation (Koay et al., 2006). 
Unlike more advanced diffusion parameter estimators, e.g. the maximum likelihood (Veraart et 
al., 2011b) and maximum a posteriori (Andersson, 2008) estimators, LS methods do not depend 
on knowledge of the full data distribution. LS approaches are, however, based on certain 
assumptions, such as a normally distributed and additive error term. These assumptions are 
often invalidated by the occurrence of outliers and, consequently, parameter estimates become 
unreliable.  

Robust estimation procedures aim at reducing the influence of outliers on the eventual model 
estimates (Chang et al., 2005; Chang et al., 2012; Mangin et al., 2002; Pannek et al., 2012; 
Parker et al., 2013b; Zhou et al., 2011; Zwiers, 2010). The popular Robust Estimation of 
Tensors by Outlier Rejection (RESTORE) method improves DT estimation in the presence of 
artifacts and has been widely used in DTI (Chang et al., 2005). This method iteratively 
reweights each data point in nonlinear LS (NLS) regression to reduce the impact of outliers on 
the fit. Subsequently, potential outliers are identified based on the residuals and excluded from 
estimation.  
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In this chapter, we rekindle the RESTORE robust estimation procedure in the context of DKI. 
In addition to the extension of the conventional RESTORE approach to DKI, we propose an 
adapted linearized framework, coined REKINDLE (Robust Extraction of Kurtosis INDices 
with Linear Estimation). Linearized approaches have several strengths compared with nonlinear 
strategies: They are fast, not prone to getting stuck in local optima, and linear LS estimators are 
easy to compute (Veraart et al., 2013b). Owing to linearization, however, the standard deviation 
(SD) of the log transformed signal varies as a function of the signal intensity (Salvador et al., 
2005). REKINDLE takes into account this heteroscedasticity in robust estimation (Carroll and 
Ruppert, 1982; Giltinan et al., 1986; Maronna et al., 2006). Furthermore, REKINDLE does not 
require a predefined estimate of the signal SD to identify potential outliers. Many (robust) 
estimation methods require such an estimate and assume it to be constant throughout the 
volume. However, the assumption of spatially constant signal variance is invalid (Veraart et al., 
2013a), which may complicate outlier identification. REKINDLE, instead, uses an intuitive 
outlier detection criterion that allows the user to adjust for the desired sensitivity and 
specificity. Our results on simulations and real data demonstrate that REKINDLE is able to 
identify and exclude outliers and reduces computational cost drastically without any significant 
reduction in accuracy. Preliminary results of this work on REKINDLE have been presented at 
the 2013 ISMRM meeting in Salt Lake City, USA (Tax et al., 2013).  

4.2 METHODS 

REKINDLE uses iteratively reweighted LS regression (IRLS) to identify outliers. These 
outliers are subsequently excluded and a final fit is performed on the remaining data points. 
Before explaining the framework in detail, we first recapitulate the relation of the DT and KT 
with the signal attenuation and the corresponding regression analysis, both nonlinear and linear. 
We then elaborate on two types of estimators: LS estimators and robust estimators. Based on 
this, the REKINDLE framework is explained. 

4.2.1 Estimation framework 

4.2.1.1 The DKI model 

In DKI, the DT and KT can be computed from their relation with the signal attenuation as 
follows: 

, 0 exp
1
6

1
3

, 
[4.1] 

with ,  the noise-free DW signal along gradient direction , , ,  the diffusion 
weighting, 0  the non-DW signal, and  and  the DT and KT elements, respectively. 
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4.2.1.2 Regression analysis 

Since the DTI and DKI models are nonlinear, solving the NLS problem yields estimates of the 
diffusion parameters (Jones and Basser, 2004). Eq. [4.1] can be written as nonlinear regression 
function 

exp , [4.2] 

where  is a 1 column vector (  equals the number of measurements) with the observed 
signal intensities , , … , , , and the independent variable  a ‘B-matrix’ 
of size 22 that combines both DT and KT multiplication components: 

1 , [4.3] 

with 
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[4.5] 

In Eq. [4.2],  represents the parameters to be estimated, i.e. the DT and KT components, 
which can be written in a 22 1	matrix  

log 				  

			  

			  

        ,  [4.6] 

where . The term  in Eq. [4.2] is a 1 vector of random errors 
with 0 and . 
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Both DTI and DKI diffusion models are frequently linearized by the natural log transformation. 
The log-transformed signal intensity log , , … , log , log	  is a 
heteroscedastic random variable with the variance being dependent on the true signal intensity. 
The nonlinear model in Eq. [4.2] can be written as: 

∘ , [4.7] 

with ∘ denoting the entrywise product. Under the condition of high signal-to-noise ratio (SNR), 
the vector , ⋯ ,  includes scaling constants that express the heteroscedasticity of the 
linear model (Appendix A4) (Carroll and Ruppert, 1982; Giltinan et al., 1986; Salvador et al., 
2005).  The random error term  has variance  (scale equivariance: 

). When no replicated measurements are available to estimate , one often 
assumes a model , , where  thus depends on the values  (with  the ith row 
of ) and a vector parameter . For example, one could model the error scale as Bickel (1978); 
Maronna et al. (2006): 

, exp	 λ λ . [4.8] 

Under the condition that the DW data are Rician distributed and the SNR of the DW signals is 
greater than 2, the linear estimator is unbiased. Furthermore, Salvador et al. (2005) showed that  

Var ∘ ∝ , ,⋯ , , , [4.9] 

and thus ∝ , exp  (see also Appendix A4), which corresponds to taking 
 as some constant and 1 in Eq. [4.8]. If  is known, then the transformed variables 

∗ , ∗  [4.10] 

would follow the homoscedastic regression model. 

4.2.1.3 Least squares estimators 

The linear LS (LLS) approach minimizes the sum of squared residuals ∑ , with 
, where  represents the measured and  the predicted signal (Montgomery and Runger, 

2010). The parameter estimates can then be obtained by solving  

.  [4.11] 

To account for the differences in variance in the log-transformed signals, one should instead 
minimize the weighted residuals ∑  with ∝ ,  (corresponding to Eq. 
[4.9]) in weighted LLS (WLLS), obtaining: 

,  [4.12] 

and thus diag , ,⋯ , , 	  (Salvador et al., 2005; Veraart et al., 2013b). 
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4.2.1.4 Robust estimators 

Instead of minimizing ∑ , robust estimators try to reduce the effect of outliers by 
minimizing the sum of another symmetric, positive-definite function of the residuals  
(Meer et al., 1991). The minimization problem is converted into an IRLS problem, in which the 
weights are recalculated iteratively and depend on   (Holland and Welsch, 1977; Street et 
al., 1988) (see Appendix B4).  

Mangin et al. (2002) propose to use the Geman-McClure M-estimator /2/ 1 , 
where /  is the standardized residual, to reduce the influence of outliers in DTI 
estimation (Mangin et al., 2002). Compared with , which is driven by large 
residuals, this function cancels out the influence of residuals far beyond . The corresponding 
Geman-McClure weighting function, used for iterative reweighting, is (Appendix B4): 

.  
[4.13] 

Chang et al. (2005) use this approach only to identify potential outliers, and subsequently 
exclude them in the final fitting procedure (Chang et al., 2005). Their RESTORE approach uses 
the nonlinear relationship of Eq. [4.2] and performs a final nonlinear fit with constant weights. 

4.2.1.5 REKINDLE 

Similarly to the DTI based RESTORE (Chang et al., 2005) algorithm, we propose REKINDLE 
as robust linearized DKI estimation framework (Fig. 4.1). Since the log-transformed signal 
intensity is a heteroscedastic variable, we have to take this into account when detecting outliers. 
It is not trivial, however, how to combine the heteroscedasticity correction with the Geman 
McClure weights (Chang et al., 2005), since the measured signal intensities are influenced by 
noise and outliers. Therefore, the framework consists of a multistep procedure based on a 
method described in Maronna et al. (2006) to detect and exclude outliers (grey box in Fig. 4.1). 
More background on the motivation of the multistep nature of our method can be found in the 
Supplementary Information.  

Initialized by an LLS estimate (step 1), a robust estimate for homoscedastic regression is 
computed in step 2), assuming that the  are equal for all measurements at this stage. The 
variables  and  are subsequently transformed to ∗ and ∗ in step 3), and robust estimation 
for homoscedastic regression based on the transformed variables (which are now more likely to 
be ‘truly homoscedastic’) is performed in step 5) (Giltinan et al., 1986; Maronna et al., 2006). 
Robust homoscedastic regression was done using IRLS, constituting the ‘inner loops’ in steps 
2) and 5) of Fig. 4.1 (Chang et al., 2005; Holland and Welsch, 1977; Maronna et al., 2006). The 
framework was implemented in MATLAB (MathWorks, Natick, Massachusetts, U.S.A.): 

1) Perform an initial LLS fit (Eq. [4.11]). Note that we do not check for goodness of fit 
here, which prevents the need for estimating the signal SD a priori. 

2) Compute a robust estimate for homoscedastic regression using IRLS by doing the 
following steps for each voxel:  

a) Calculate the residuals  in the linear domain. 
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b) Obtain an estimate of the dispersion of the residuals  by calculating the median 
absolute deviation (MAD) (Chang et al., 2005; Maronna et al., 2006): 

1.4826 ∙ MAD 1.4826 ∙ Median | Median | .  [4.14] 

c) Recompute the weights according to Eq. [4.13]. 
d) Perform a WLLS fit with these new weights (Eq. [4.12]). 
e) Check if the estimated parameters  have not changed significantly with respect to the 

previous iteration in this inner loop 1  (check if all 

∙ max , , where we typically choose 10 ), or if the 

maximum number of iterations  has been reached (set to 5). In the very first iteration, 
 is compared to the initial LLS estimate from step 1). If convergence has been 

reached, continue with step 3). Otherwise, return to step a). 
3) Transform the variables according to Eq. [4.10] using the estimated parameters  

from step 2).  
4) Perform an initial LLS fit on the transformed parameters ∗ and ∗. 
5) Compute a robust estimate for homoscedastic regression based on the transformed 

variables using IRLS with ∗ ∗ ∗ , similar to steps 2a) through 2e). To check 
for convergence in the first iteration,  is compared to the initial LLS estimate from 

step 4). 
6) Steps 2) to 5) can be iterated (the ‘outer loop’ in Fig. 4.1) until convergence is 

reached. Here, the estimated parameters 	are compared to the estimates of the 
previous iteration in this outer loop  (maximum amount of iterations  set to 20). 

In the very first iteration,  is compared to the initial LLS estimates from step 1). If 
convergence has been reached, continue with step 7). Otherwise, return to step 2). The 
final improved fit  from step 5) is then used to recalculate the residuals and weights 
in step 2). 

7) Based on the residuals ∗ ∗ ∗ , accept points for final fit when | ∗| ∙
1.4826 ∙ MAD ∗ . Here,  is a trade-off parameter that balances the specificity and 
sensitivity of the outlier rejection step. When residuals lie outside this interval, we 
exclude them as outliers. Note that our outlier detection criterion does not involve 
prior knowledge on the SD of the data. 

8) Do the final fit on  and , only including the points selected in step 7). Here, we use 
the multistep WLLS approach in which the weights are initialized by preliminary 
estimates of , , as predicted by the LLS estimate of  and the weights are 

updated according to exp 2  (Veraart et al., 2013b) (checking for 
convergence is done as described in step 2e). This approach, which we will refer to as 
iteratively WLLS (IWLLS) in analogy to Veraart et al. (2013), was shown to have 
high accuracy and precision and can even be preferred over nonlinear estimation 
methods as it also circumvents the need to estimate the noise level (Veraart et al., 
2013b). 

In addition, we implemented a RESTORE-based extension using nonlinear fitting throughout 
IRLS, which we will refer to as RESTORE-DKI. Here, the residuals were observed in the 

nonlinear domain: exp , and the weights and outlier detection were based on these 
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residuals. For nonlinear fitting the Levenberg-Marquardt algorithm is used, initialized by the 
LLS estimates. 

Fig. 4.1: Flow diagram of the REKINDLE algorithm. 1) 
Initial LLS estimate. 2) Homoscedastic regression is 
performed on the log-transformed signal that includes 
outliers. Visually, the variance of the residuals 

 is higher for the on average lower DW signals of the 
high b-shell. Here,  represents the standard deviation 
of the error term and  the weights computed based 
on the residuals. After transformation of the variables  
and  to ∗ and ∗ (step 3), the residuals appear to have 
similar variance, independent of signal intensity (step 
5). 6) This process is iterated until convergence is 
reached. 7) Outliers are rejected based on the 
transformed variables. 8) Fit is performed on the 
remaining data points. 
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4.2.2 Simulation experiments 

We performed Monte Carlo simulations (10 000 trials) to evaluate the performance of outlier 
detection, and to investigate the influence of artifacts on the estimated DT and KT and their 
derived metrics. The DT and KT from a voxel of the corpus callosum (CC) and a deep grey 
matter (GM) nucleus were extracted from the real human dataset (Fig. 4.2, see Section Real 
data experiments). In the CC voxel, the FA, MD, MK, kurtosis anisotropy (KA), and radial 
kurtosis (RK) (Poot et al., 2010) were 0.78, 0.90	∙ 10 / , 1.1, 0.47, and 2.0 respectively, 
and in the GM voxel, these values were 0.14, 0.89 	∙ 10 / , 0.60, 0.086, and 0.55 
respectively. Two shells of diffusion signals were simulated based on these DT and KT data 
with -values 1200 and 2500 /  (60 isotropically distributed directions on the hemisphere 
for each shell), together with five 	 	0 images. To show the general applicability of our 
framework, we have additionally simulated a set consisting of 15 directions per shell and -
values ranging from 500 to 2500 /  in increments of 500 / , along with five 0 
images (the results for these simulations can be found in supplementary Figs. S4.4 and S4.5). 
Data points were corrupted by either decreasing, or increasing, or randomly decreasing and 
increasing the signal intensity with 50% ( 0 points excluded). Noise was added with SNR 
defined on the 	 	0 image, using the Rician data distribution. 

Fig. 4.2: Location of the CC voxel 
(a) and GM voxel (b) from which 
the DT and KT were selected for 
further use in simulations. 

4.2.2.1 Simulation experiment 1 

The sensitivity and specificity of the REKINDLE outlier detection step were evaluated for the 
CC voxel as a function of the parameter  for varying percentages of outliers. Here, sensitivity 
is defined as the number of true detected outliers (true positives) divided by the total simulated 
amount of outliers (true positives + false negatives), and specificity is defined as the number of 
true non-outliers (true negatives) divided by the total amount of non-outliers (true negatives + 
false positives). We added noise with an SNR of 35 (see simulation experiment 2 for the 
dependence on SNR). 
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4.2.2.2 Simulation experiment 2 

The sensitivity and specificity for the CC voxel were evaluated for varying SNR as a function 
of . 6.67% of the data points was corrupted (for the dependence on percentage of outliers see 
simulation experiment 1). 

4.2.2.3 Simulation experiment 3 

The median FA, MD, MK, KA and RK computed from the corrupted DT and KT tensors 
obtained with REKINDLE were evaluated as a function of 	  for varying percentages of 
outliers (SNR = 35).  

4.2.2.4 Simulation experiment 4 

We evaluated the distributions of FA, MD, MK, KA, and RK computed from the corrupted DT 
and KT tensors obtained with IWLLS, REKINDLE, and RESTORE-DKI approaches. For the 
robust approaches,  was set to 3. We varied the number of corrupted points (signal decrease), 
and added noise with an SNR of 35. 

4.2.3 Real data experiment 

4.2.3.1 Data acquisition 

A healthy volunteer (male, 25 y) was scanned on a 3.0 T Philips Achieva MR scanner (Philips, 
Best, NL) equipped with an 8-channel receiver head coil. The subject gave informed consent to 
participate in this study under a protocol approved by the University Medical Center Utrecht 
ethics board. 

DW images were acquired using a single-shot spin-echo echo planar imaging (EPI) sequence 
with an acquisition matrix of 112 × 112, field of view of 224 × 224	 ², and 70 slices with 
thickness 2	  resulting in isotropic voxels of 2 × 2 × 2	 ³. Other parameters were SENSE 
acceleration factor of 2 and TE/TR = 73/6718	 . Diffusion sensitizing gradients were applied 
in 60 directions uniformly distributed over the hemisphere (Jones et al., 1999) with a -value of 
1200 and 2500 /  (total of 120 DWIs, number of signal averages (NSA) = 1) along with 
one 	 	0 (NSA = 6, magnitude averaged on the scanner) image.  

The DW scans were corrected for subject motion and eddy current induced geometric 
distortions including the required B-matrix adjustments (Leemans and Jones, 2009). Processing 
and visualization was performed with ExploreDTI (Leemans et al., 2009). 

A ground-truth DWI dataset was created by anisotropic smoothing of the DW images (Full 
width at half maximum of 6 ) before using the IWLLS tensor estimation to obtain the DT 
and KT values. From the DT and KT tensors, the DW signals ,  were recalculated. 

4.2.3.2 Artifact simulation 

An interleaved motion artifact was simulated by decreasing the signal intensities in 10% of the 
DW images with 50%. Such an artifact is common when a subject moves during EPI, in which 
the even/uneven slices are collected sequentially. Rician distributed noise was added with SNR 
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35. The DT and KT were estimated from this corrupted dataset using IWLLS, REKINDLE, and 
RESTORE-DKI. 

4.3 RESULTS 

4.3.1 Simulation experiments 

4.3.1.1 Simulation experiment 1 

In Fig. 4.3, the sensitivity and specificity of the outlier detection step using REKINDLE is 
shown in the CC voxel as a function of 6, 4, 3, 2, 1, 0.5, 0.25 . The colored lines represent 
different percentages of simulated outliers. In general, at a lower value of , more and more 
points are excluded, leading to an increase of true positives and therefore sensitivity. However, 
when one is too strict in setting the value of , an increasing number of points is excluded 
wrongly (more false positives and decreasing specificity). With an increasing percentage of 
outliers, specificity and sensitivity both slightly drop. The outlier detection performs best in 
terms of sensitivity and specificity in the case of signal decrease. Supplementary Fig. S4.1 
shows the same results for the GM voxel. Fig. S4.4 shows results for the CC voxel, but now for 
the 15 direction, five shell protocol. 

4.3.1.2 Simulation experiment 2 

In Fig. 4.4, the sensitivity and specificity of the REKINDLE outlier detection step is shown for 
the CC voxel, as a function of 6, 4, 3, 2, 1, 0.5, 0.25  for different SNR values (colored 
lines). When the SNR drops, it becomes harder to detect outliers which results in lower 
specificity and sensitivity. The highest sensitivity and specificity can be obtained in the case of 
signal decrease only. Supplementary Fig. S4.2 shows the same results for the GM voxel. 

4.3.1.3 Simulation experiment 3 

In Fig. 4.5, the median MD, FA, MK, KA, and RK of the CC voxel are shown as a function of 
percentage corrupted points, for different 6, 3, 1, 0.25  (colored lines). The dashed lines 
represent the simulated values of the diffusion measures in absence of corrupted points. As the 
percentage of outliers increases, the median value starts to deviate from the true values. 
Computed values generally show the smallest deviation when 3. For a signal decrease, 
median DT indices show virtually no error up to 15% simulated outliers. In case of both 
decrease and increase, the deviation of the median value is negligible up to 25% simulated 
outliers. Median KT indices are in general less robust to outliers for either signal decrease or 
increase. The errors appear to be the smallest in case of outliers defined by randomly simulated 
signal increase/decrease. Supplementary Fig. S4.3 shows the same results for the GM voxel. 
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Fig. 4.3: Sensitivity and specificity of the outlier detection 
step using REKINDLE in the CC voxel, as a function of 

6, 4, 3, 2, 1, 0.5, 0.25 . The colored lines represent 
different percentages of simulated outliers (SNR = 35). We 
simulated signal decrease (top), increase (middle) and both 
decrease and increase randomly (bottom). 

Fig. 4.4: Sensitivity and specificity of the outlier detection 
step using REKINDLE in the CC voxel, as a function of 

6, 4, 3, 2, 1, 0.5, 0.25 . The colored lines represent 
different SNR values (% outliers = 6.67%). We simulated 
signal decrease (top), increase (middle) and both decrease 
and increase randomly (bottom). 

4.3.1.4 Simulation experiment 4 

Figs. 4.6 and 4.7 show distributions of FA, MD, MK, KA, and RK for the CC and GM voxels, 
respectively. The distributions were calculated with a varying number of corrupted data points 
(represented by the colored lines), using IWLLS, REKINDLE, and RESTORE-DKI fitting 
approaches. For the IWLLS approach, all DT and KT estimated indices are significantly biased 
in the presence of outliers. Both the REKINDLE and RESTORE-DKI approach are more robust 
in the presence of outliers, given that the number of corrupted points is not too high. For both 
the CC and the GM voxel, the curves for MD and FA are almost superimposed. The 
distributions of the KT indices look noisier and less symmetric than the DT indices. For the CC 
voxel (Fig. 4.6), the curves for KA and RK almost overlap up to 13.3% outliers. The 
distribution of MK appears to be most sensitive to outliers. For the GM voxel (Fig. 4.7), the 
curves for all kurtosis indices almost overlap up to 6.67% outliers. The kurtosis indices start to 
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get biased when the percentage of outliers is larger than 13.3%, this effect is more pronounced 
for the GM voxel then for the CC voxel. 

The distributions resulting from the robust approaches are broader with slightly lower number 
of occurrences at peak locations than for the IWLLS case. The specificity of outlier detection 
for the CC and GM voxels in the case of no simulated outliers is around 94% for 3 and 
SNR of 35 (Figs. 4.3 and S4.1). Consequently, there are a few false positives in the case of no 
simulated outliers, resulting in a slightly lower accuracy. Notice that this effect is more 
prominent in RESTORE-DKI than in REKINDLE. Fig S4.5 shows the distributions resulting 
from estimation with REKINDLE for the 15 direction, five shell protocol.  

 
Fig. 4.5: Median MD, FA, MK, KA, and RK as a function of percentage corrupted points in the CC voxel (SNR = 35), 
for different  (colored lines). The expected values of the median in absence of corrupted points are indicated by the 
dashed line. We simulated signal decrease (top), increase (middle) and both decrease and increase randomly (bottom).  
MD is given in units 10 . 

4.3.2 Real data experiment 

Fig. 4.8a displays a sagittal slice of the simulated direction-encoded color FA (DEC) map (top) 
and the interleaved artifact in the DW images with low (middle) and high (bottom) b-value. In 
Fig. 4.8b, the motion artifact is clearly visible for the FA, KA and RK maps using IWLLS 
(similar results were obtained for the other kurtosis/diffusion maps). Both RESTORE-DKI and 
REKINDLE are able to deal with the artifact by excluding the signal perturbations as outliers. 
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Fig. 4.6: Distributions of FA, MD, MK, KA, and RK for a varying number of corrupted data points (represented by the 
colored lines), using IWLLS (top), REKINDLE (middle), and RESTORE-DKI (bottom) fitting approaches for the CC 
voxel. MD is given in 10 . 

 
Fig. 4.7: Distributions of FA, MD, MK, KA, and RK for a varying number of corrupted data points (represented by the 
colored lines), using IWLLS (top), REKINDLE (middle), and RESTORE-DKI (bottom) fitting approaches for the GM 
voxel. MD is given in 10 . 
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Fig. 4.8: (a) Direction-encoded color FA map (top) and the simulated interleaved artifact in the DW images with low 
(middle) and high (bottom) b-value. (b) The artifact is clearly visible in the FA, KA and RK maps for the IWLLS 
approach. Both the REKINDLE and RESTORE-DKI approach are robust towards outliers. 

4.4 DISCUSSION 

In a clinical setting, artifacts in DW-MRI are common and may affect DKI measures even more 
than DTI metrics due to prolonged scanning times and higher -values. Although DKI will 
clearly benefit from robust estimation procedures, thorough investigations in this context have 
not been reported previously. REKINDLE is a linearized estimation framework that is robust to 
outliers. REKINDLE is also applicable to other linear diffusion models (spherical harmonic 
fitting) or models that can be linearized (DTI). The performance of our estimation framework 
will depend on the choice of model, for example the tensor  model is expected to perform worse 
in terms of outlier rejection at higher -values (Pannek et al., 2012). We will discuss the 
benefits and challenges of linearization, as well as the modifications with respect to the 
conventional RESTORE. 

4.4.1 Benefits of linearization 

The DTI and DKI models have in common that they can be written in the same form (Eq. 
[4.2]), which allows for direct extension of RESTORE to DKI. The long computations times, 
increased model complexity of DKI, and the potential strengths of linear estimators (Salvador et 
al., 2005; Veraart et al., 2013b) motivated us to develop a linearized version of the algorithm. 
REKINDLE is, compared with RESTORE-DKI, roughly ten times faster, and will thus be a 
valuable method if results have to be displayed shortly after acquisition, such as in a clinical 
setting. RESTORE-DKI uses NLS fitting throughout the pipeline, which is an iterative and 
computationally expensive procedure. In every iteration of the IRLS this NLS fitting is 
repeated, resulting in long computation times. It might even be beneficial, instead, to directly 
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solve the minimization problem associated with the robust estimator, that is, directly solve 

argmin ∑ . 

NLS fitting approaches are susceptible to local minima, leading to inaccurate parameter 
estimates. This problem may occur even more often in DKI because of the increased model 
complexity and lower effective SNR in the high -value shells. Chang et al. (2005) reported 
that they sometimes encountered such adverse effects in the periphery of the brain in DTI 
(Chang et al., 2005). 

For the final fit, we use the IWLLS estimation as it may be preferred over NLS, depending on 
the number of DW signals and the parameters to be estimated (Landman et al., 2007b; Veraart 
et al., 2013b). Linear estimators are unbiased under certain conditions and have potentially high 
accuracy and precision. The precision of WLLS estimators is increased by accounting for the 
heteroscedasticity after the log-transformation, preferably by updating the weights iteratively 
(Veraart et al., 2013b). 

4.4.2 Challenges of linearization 

It is well known that the variance of the log-transformed signal depends on the signal intensity. 
Fig. 4.1 step 2) shows that the dispersion of the residuals increases with decreasing signal 
intensity (in general, the average intensity of the high -shell is lower and the dispersion is 
larger). This has to be taken into account when detecting the outliers (see also the 
Supplementary Information). If we would have considered the data to fulfill homoscedasticity, 
and thus stop after step 2) in our pipeline, the robust estimate of  for outlier rejection as in Eq. 
[4.14] would be some average of the standard deviations of each residual. Consequently, the 
probability of wrongly excluding a measurement is larger for low signal intensities. The 
specificity of outlier detection in that case (at 0% simulated outliers) would be lower for 
comparable  (around 82% for a GM voxel, see Supplementary Information). In the current 
implementation, the assumption of homoscedasticity is only used to obtain a first robust fit in 
step 2) to transform the variables in step 3). The final detection of outliers is performed on these 
transformed variables in step 6) after robust fitting in step 5). For robust fitting we used IRLS. 
For the interested reader, we would like to refer to other implementations of robust regression 
in heteroscedastic linear models (Carroll and Ruppert, 1982; Giltinan et al., 1986; Hekimoglu 
and Berber, 2003). 

Transformation of the variables in this work was based on the theoretical relation between  
and the signal intensity , . This relation is valid on the condition that the SNR is high 
enough and that the data are Rician distributed. Owing to, inter alia, parallel imaging 
techniques, these conditions are not always fulfilled (Aja-Fernandez and Tristan-Vega, 2012). 
Alternatively, one could perform a robust fit to estimate the parameter  in the model for 

,  (Maronna et al., 2006). For computational reasons we did not implement this 
approach here. 
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4.4.3 Other modifications 

4.4.3.1 Weight function 

We used a slightly different weight function than RESTORE. We re-derived this function from 
the Geman-McClure M-estimator, which resulted in an additional square in the denominator 
(see Appendix B4). Although the weight function in Fig. A4.1 is slightly sharper than without 
square, this did not yield significant differences in the results. Though we have chosen to use 
this estimator to compare our work to previous work (Chang et al., 2005; Mangin et al., 2002), 
there are many robust estimators in the literature – each providing its own trade-off between 
sensitivity and specificity of outlier detection. 

4.4.3.2 Outlier rejection criterion 

Robust estimation procedures such as RESTORE require knowledge of the signal variance. 
Correct estimation of this parameter is critical to their performance. There are various noise 
estimation methods (Aja-Fernandez et al., 2009), which use either background areas (Chang et 
al., 2005; Henkelman, 1985; Koay et al., 2009b; Sijbers et al., 2007), or the image object itself 
(Chang et al., 2012; Coupé et al., 2010; Koay and Basser, 2006; Landman et al., 2009; Manjón 
et al., 2010; Maximov et al., 2012; Sijbers et al., 1998; Veraart et al., 2013a). In addition to the 
potential inconsistency in noise variance estimates using different methods, noise estimation is 
often complicated by suppression of the background by the scanner, spatial variance of noise, 
movement of the subject, user subjectivity, parallel imaging techniques, and preprocessing 
techniques. The REKINDLE framework uses an outlier detection criterion that does not depend 
on the a priori determined signal variance. Instead, it uses the MAD as robust dispersion 
estimate of the random error in homoscedastic regression of the transformed parameters * and 
∗. This means that the threshold value for a residual to be classified as outlier differs for each 

individual voxel and is based only on the residuals in that voxel, potentially allowing spatial 
variation in signal variance since the criterion is not dependent on one a priori determined value 
for the signal SD. However, if a voxel has too many outliers, the MAD will eventually be 
biased (it can handle 50% incorrect observations before giving an incorrect result). Other 
dispersion measures exist (e.g. Rousseeuw and Croux, 1993) that are potentially more robust, 
efficient, or capable of handling non-symmetric distributions. Here, we have chosen the MAD 
for its ease of computation, and the fact that we expect the error term to approximate a Gaussian 
distribution at sufficiently high SNR values (Salvador et al., 2005). 

4.4.3.3 Goodness of fit criterion 

We do not perform a goodness-of-fit criterion prior to robust estimation for the reason that we 
prefer not to be biased to any a priori (ad hoc) criterion that potentially relies on invalid 
assumptions. The consequence is that all voxels are evaluated with the robust estimation 
framework, which increases computation time. 

4.4.3.4 User parameter  

The parameter  makes a trade-off between sensitivity and specificity. Lowering the value of  
will result in more points being excluded, which will lead to an increase of true positives and 
therefore sensitivity. However, if the value of  is set too low, an increasing number of points is 
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excluded incorrectly (decreasing specificity). In our experiments, we found that a value of 
	 	3 is a good trade-off between sensitivity and specificity both in WM and GM for the two 

shell protocol (Figs. 4.3-4.5 and S4.1-S4.3). REKINDLE is then robust to signal perturbations 
in up to 10% of the DWIs (Figs. 4.5 and S4.3). In real data, REKINDLE was able to deal with 
the interleaving artifact by excluding the signal perturbations as outliers with 	 	3 (Fig. 4.8).  

4.4.4 Limitations and potential future improvements 

The ROC curves show that the specificity of outlier detection is not 100% at 3, even when 
we simulate 0% outliers  (Figs. 4.3, S4.1, S4.4). One should note, however, that outliers may be 
a result of variability in the measurement or an experimental error, and that these are often 
mixed (Chang et al., 2005). In our algorithm we define an ‘outlier’ as a data point having a 
residual larger than ⋅ 1.4826 ⋅ MAD , but we do not distinguish between ‘outliers due to 
measurement variability’ (which we indicate here with outliers resulting from adding Rician 
noise), and ‘outliers due to experimental error’ (which are our simulated outliers). We only 
know the simulated outliers, whereas outliers that are caused by adding Rician noise may be 
counted as false positives in some cases. The effect of no 100% specificity at 0% outliers may 
thus be less pronounced than the ROC curves may suggest, but it is present: in fact, Figs. 4.6 
and 4.7 show that the distributions resulting from REKINDLE get slightly broader compared 
with the IWLLS distributions at 0% outliers, likely owing to the exclusion of good data points. 
If, for some reason, the user does not expect many outliers, the convergence criterion can be 
adapted or the value of κ can be adjusted to balance between sensitivity and specificity.  

The ability of REKINDLE to identify outliers depends on the type of outlier (signal 
decrease/increase), the percentage of outliers in the data (i.e., the ‘oversampling’ of good 
points) and the acquisition scheme, but also on SNR and the underlying tissue configuration. 
The method shows the least bias in DT and KT estimates with increasing percentage of outliers 
in case of combined artificial signal increase/decrease (Figs. 4.5 and S4.3). For a signal dropout 
in DW signals in a CC region, median DT indices show virtually no error up to 15% simulated 
outliers. Median KT indices are in general less robust to outliers (Fig. 4.5). The percentage of 
outliers that can be tolerated is dependent on the gradient sampling scheme (Chang et al., 2005), 
as the exclusion of too many points in a particular direction may result in an imbalanced B-
matrix. Figs. S4.4 and S4.5 show results for the protocol of 15 directions and -values ranging 
from 500 to 2500 /  in increments of 500 / , along with five 0 images. For a 
low percentage of outliers (< 13.3%), REKINDLE is still robust towards outliers when looking 
at the indices (Fig. S4.5), but with a slightly lower sensitivity (Fig. S4.4) compared to the 60 
direction, two shell protocol.  

The exclusion of too many points may result in an ill-defined B-matrix and could occur in 
acquisitions with only few DW gradient directions. In such cases, however, one could be less 
strict in defining the  parameter (i.e., increase the value of ), resulting in fitting on more data 
points (with the risk of including outliers). Recently, Chang et al. (2012) added constraints to 
their RESTORE algorithm, setting criteria for the exclusion of data points (Chang et al., 2012). 
These constraints could also be added to the REKINDLE framework in future work, which 
would be particularly relevant for low-redundancy DW datasets. Furthermore, Chang et al. also 
proposed an approach called informed RESTORE (iRESTORE) that uses the fact that 
physiological noise is more likely to result in signal dropouts (Chang et al., 2012). At the end of 



Chapter 4: REKINDLE: Robust Extraction of Kurtosis INDices with Linear Estimation 

90 

each iteration, they exclude the data point with the maximum negative residual, which would 
correspond to the largest signal dropout from what is expected based on the fit.  A signal 
dropout, however, can theoretically also result in positive residuals, for example when the fit is 
severely affected by this outlier. To keep our algorithm general to any type of outlier 
(decrease/increase), we did not include this approach. Cardiac pulsation and patient movement, 
for example, can result in signal dropout, while EPI distortions and eddy currents may lead to 
either signal dropout (stretch) or signal increase (pile up). Insufficient fat suppression can lead 
to a ghost resulting in a local signal increase. Residual errors in motion/eddy current/EPI 
distortion correction in post-processing can lead to artificial signal decreases or increases. 
Furthermore, there are system related artifacts, such as spike noise, temporal scanner 
instabilities, and thermal noise that can also result in signal increasing and decreasing outliers. 
As outlier detection and exclusion is performed voxel-wise, REKINDLE will be mainly 
beneficial in artifacts that cause a decrease or increase of signal which is inconsistent over the 
diffusion weighting volumes, e.g. subject motion, cardiac pulsation, eddy current distortions 
and noise. In future work, REKINDLE could be extended with the ideas of iRESTORE. 

Noise and artifacts may cause the tensor estimates and derived indices to be biologically or 
physically implausible. The signal ,  should be a monotonically decreasing function of -
value in biological tissues, and directional diffusivities and kurtoses should typically be positive 
and within a certain range (Jensen et al., 2005). In our real data set these implausible signals 
occur for example in the cerebellum, causing the ‘black spots’ in the RK map. These are 
indications of implausible signals rather than disease. To be able to deal with these implausible 
signals, constrained counterparts of LS approaches have been developed in DTI and DKI 
estimation (Koay et al., 2006; Tabesh et al., 2011a). Such a constraint approach could be 
incorporated in REKINDLE, for example in the final fit. 

4.4.5 Robust estimation in population analysis 

Artifacts that cause outliers will likely have an effect on the outcome of a population analysis, 
manifesting itself as increased population variability or bias in diffusion metrics. Though Habib 
et al. (2010) suggest that DWI artifacts from cardiac pulsation has negligible effects in DTI 
group studies, Walker et al. (2011) and Pannek et al. (2012) did observe changes in population 
mean and variability when outliers were not removed by means of a robust procedure, deeming 
artifact removal crucial in population studies. The results in population studies can be biased by 
artifacts owing to increased involuntary head motion or altered cardiac pulsatile motion in 
patient populations compared to healthy controls (Pannek et al., 2012). Outlier rejection 
probability (ORP) maps indicate regions that are often affected by outliers, such as regions 
prone to susceptibility artifacts and cardiac pulsation, and can be used to attribute potential 
population differences to outliers rather than to the disease investigated. These regions are, 
however, variable within the population, and robust procedures can help to reduce spurious 
findings due to artifacts in population analysis. Szczepankiewicz et al. (2013) suggest that 
between-individual variability dominates strongly over noise-induced variability in DKI group 
studies, but the statistical power is dependent on location and may be confounded by artifacts. 
Our simulation and real data experiments confirm that there is a bias in DT and KT indices in 
the presence of outliers when using non-robust approaches (Figs. 4.6 and 4.7). Though Fig. 
S4.3 suggests that REKINDLE potentially introduces a bias in the GM voxel, Fig. S4.6 shows 
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that other (non-robust) methods also introduce a bias for this GM voxel, even at 0% outliers. 
REKINDLE is the most robust approach when outliers are present. In future work, an additional 
validation study in a population can be done to evaluate the performance of REKINDLE in 
group studies. 

4.5 CONCLUSION 

DKI may provide new avenues for more complete tissue characterization within clinically 
feasible scanning times, but suffers from an increased sensitivity to artifacts due to increased 
model complexity and higher acquisition demands. We have investigated the performance of 
RESTORE-DKI and the linearized version REKINDLE in the presence of outliers. REKINDLE 
can estimate the diffusion and kurtosis tensors robustly at low computational cost, and will 
therefore be valuable for robust DKI tensor estimation in clinical applications. While 
REKINDLE has been developed for DKI, it is by design also applicable to DTI and other 
diffusion models that can be linearized. 
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4.6 APPENDICES 

4.6.1 Appendix A4: Modeling heteroscedasticity after linearization with scaling constants 
 

After applying the log-transform to Eq. [4.2], one obtains: 

log log exp
log exp 1 exp

log exp log 1 exp 	
log 1 exp

. [A4.1] 

Hence in general, the expression for  is 

. [A4.2] 

Under the condition of high SNR ( exp ≪ 1 ) and by expanding the logarithm 
(log 1 ) we have 
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exp . [A4.3] 

4.6.2 Appendix B4: Robust estimators and IRLS 

Regression M-estimates  are defined as solutions of the minimization problem 

argmin ∑ ,  [A4.4] 

where 	is a symmetric, positive definite function having a unique minimum at 0, and  
is a scale parameter. When differentiating with respect to  one finds the analog to the normal 
equations: 

∑ 0.  [A4.5] 

Here,  is the influence function, measuring the influence of a data point on the value 

of the parameter estimate. By defining a weight function / , Eq. [A4.5] becomes 

∑ 0.  [A4.6] 

This is equivalent to the minimization problem 

argmin ∑ ,  [A4.7] 

which can be solved by IRLS (Hogg, 1979; Holland and Welsch, 1977; Street et al., 1988). For 
LS regression one defines /2, , and 1, attributing equal weights to 
all residuals, see Fig. A4.1a. The scale  will only be reflected as a constant factor in Eqs. 
[A4.4] to [A4.7] in this case, and therefore it is sufficient to minimize .  

The Geman-McClure M-estimator 

⁄
  [A4.8] 

flattens out at large , see Fig. A4.1b. The influence and weight functions are, respectively: 

,  [A4.9] 

and  

.  [A4.10] 

See Fig. A4.1b for their shapes for different values of .  
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Fig. A4.1: (a) Least squares estimator and its influence and weight function. (b) Geman-McClure estimator and its 
influence and weight function for different values of . 
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4.7 SUPPLEMENTARY MATERIAL 

4.7.1 Supplementary figures 

 
Fig. S4.1: Sensitivity and specificity of the outlier 
detection step using REKINDLE in the GM voxel, as a 
function of 6, 4, 3, 2, 1, 0.5, 0.25 . The colored lines 
represent different percentages of simulated outliers (SNR 
= 35). We simulated signal decrease (top), increase 
(middle) and both decrease and increase randomly 
(bottom). 

Fig. S4.2: Sensitivity and specificity of the outlier 
detection step using REKINDLE in the GM voxel, as a 
function of 6, 4, 3, 2, 1, 0.5, 0.25 . The colored lines 
represent different SNR values (% outliers = 6.67%). We 
simulated signal decrease (top), increase (middle) and both 
decrease and increase randomly (bottom). 
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Fig. S4.3: Median MD, FA, MK, KA, and RK as a function of percentage corrupted points in the GM voxel (SNR = 35), 
for different  (colored lines). The expected values of the median in absence of corrupted points are indicated by the 
dashed line. We simulated signal decrease (top), increase (middle) and both decrease and increase randomly (bottom).  
MD is given in units 10 . 
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Fig. S4.4: Sensitivity and specificity of the outlier 
detection step using REKINDLE in the CC voxel 
for the 15 direction protocol, as a function of 

6, 4, 3, 2, 1, 0.5, 0.25 . The colored lines 
represent different percentages of simulated 
outliers (SNR = 35). We simulated signal 
decrease (top), increase (middle) and both 
decrease and increase randomly (bottom). 
 

 
Fig. S4.5: (a) Distributions of FA, MD, MK, KA, and RK for a varying number of corrupted data points (represented by 
the colored lines), using REKINDLE for the CC voxel for the 15 direction, five shell protocol ( 4). (b) Same 
distributions for the GM voxel. MD is given in 10 . 
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Fig. S4.6: (a) Median MD, FA, MK, KA, and RK as a function of percentage corrupted points in the GM voxel for the 60 
directions, two shell protocol (SNR = 35), for different estimation methods (colored lines). The expected values of the 
median in absence of corrupted points are indicated by the dashed line. We simulated signal decrease (top), increase 
(middle) and both decrease and increase randomly (bottom).  In case of a signal decrease, WLLS seems to be fairly 
robust, but this is due to the inherent low weights outliers get in case of signal decrease. REKINDLE is more robust than 
RESTORE-DKI. DT indices can be estimated robustly up to 15 – 20% outliers, and KT indices up to 10% outliers. All 
methods show a bias in FA and KA, even at 0% outliers. MD is given in units 10 . 

4.7.2 Supplementary information 

To see why it would make a difference that so many fits have to be performed in different 
domains and why one cannot stop and define outliers on the basis of the first step, we have 
compared the performance of the single step approach (where we stop after step 2) and do 
outlier rejection) and our proposed multistep approach based on Maronna et al. (2006) in Figs. 
S4.7 to S4.8 below. 

Since the log-transformed signal intensity is a heteroscedastic variable, we have to take this into 
account when detecting the outliers. From Salvador et al. (2005), we know that for a lower 
signal intensity, the variance increases inversely proportional to the true signal intensity. 
Empirically, this can be seen from the residual plots after initial LLS estimation, where the high 

-value signals appear to have greater variance (the outliers are encircled) as in Fig. S4.7a: 
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Fig. S4.7: (a) errors and outlier rejection without transformation (based on  and ) The horizontal dashed lines indicate 
⋅ 1.4826 ∗  with 3, all points outside the line would be excluded as outliers. Encircled points are true outliers. 

Vertical lines show separation between low -shell and high -shell. (b) errors and outlier rejection with the additional 
transformation (based on ∗ and ∗). 

If we would just calculate the MAD as a robust measure of signal variance, this would be some 
averaged value of the different (signal dependent) variances. This possibly results in more false 
positives, more likely in the high -shell (see dashed black lines). Therefore, heteroscedasticity 
should be taken into account before outlier exclusion. It is not recommended, however, to use 
the signal intensities directly to transform the data (or use them somehow as weights in the 
regression, but it is unclear how to combine this with the Geman McClure weights in a single 
iterative loop (Chang et al., 2005)) to correct for heteroscedasticity, since they are influenced by 
noise (Veraart et al., 2013b) and outliers. Instead, we want to transform both  and  based on 
a robust fit for the scaling constants . This robust fit is obtained in step 2) via the first iterative 
loop where we assume the signal to be homoscedastic. We thus estimate a single robust 
estimate of scale (the MAD) to incorporate in the Geman McClure weights Eq. [4.13], and 
update the weights iteratively. In the case of heteroscedastic variables, the regression equation 
is: 

⋮
⋯

⋮ ⋮ ⋮
⋯

⋮ ⋮ ⋮ ∘ ⋮ , 

which gives 

⋯ .	

Dividing both sides by σ  gives 

/ / ⋯ / .	

This	 is	why	we	need	 to	 transform	both	 	and	 .	After transformation (step 3)), the variable is 
closer to homoscedastic, and we do another homoscedastic robust fit via the second iterative 
loop in step 5) (now, the scale can be represented by a single robust estimate such as the MAD). 
The overarching iterative loop (from step 6) to step 2)) improves the transformation in step 3). 

Fig. S4.8a shows the ROC curve when we stop after step 2) and do outlier rejection, while in 
(b) the ROC curve obtained with our multistep method is shown (Fig. S4.1, GM voxel, 
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increase). While sensitivity remains approximately the same for a given specificity < 0.8 in 
both cases, one can see that if we require higher specificity (less false positives), this comes 
with a price of rapidly dropping sensitivity when we do not do the transformation and stop after 
step 2) (see (a)). 

 

Fig S4.8: ROC curves as a function of κ for a signal decrease (a) without transformation (based on  and ). (b) with 
transformation (based on ∗ and ∗). 

Fig. S4.9a Shows the distributions of the estimated indices if we stop after step 2) and do outlier 
rejection, while (b) shows the REKINDLE distributions of Fig. 4.6b (GM voxel, decrease). The 
distributions are significantly lower and slightly broader in (a) compared to (b), probably 
caused by the greater amount of false positives when not correcting for heteroscedasticity. This 
difference is the most prominent for the kurtosis measures. 

 

Fig S4.9: Diffusion and kurtosis indices distributions for a signal decrease (a) without transformation (based on  and ). 
(b) with transformation (based on ∗ and ∗). 
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5 RECURSIVE CALIBRATION OF THE 

FIBER RESPONSE FUNCTION FOR 

SPHERICAL DECONVOLUTION OF 

DIFFUSION MRI DATA 

 

 

 

 

 

 

 

 

 

 

Based on: 

C.M.W. Tax, B. Jeurissen, S.B. Vos, M.A. Viergever, A. Leemans, 2014. “Recursive 
calibration of the fiber response function for spherical deconvolution of diffusion MRI data”, 
NeuroImage vol. 86, pp. 67-80  
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ABSTRACT 
There is accumulating evidence that at current acquisition resolutions for diffusion-weighted 
(DW) MRI, the vast majority of white matter voxels contains ‘crossing fibers’, referring to 
complex fiber configurations in which multiple and distinctly differently oriented fiber 
populations exist. Spherical deconvolution based techniques are appealing to characterize this 
DW intra-voxel signal heterogeneity, as they provide a balanced trade-off between constraints 
on the required hardware performance and acquisition time on the one hand, and the reliability 
of the reconstructed fiber orientation distribution function (fODF) on the other hand. Recent 
findings, however, suggest that an inaccurate calibration of the response function (RF), which 
represents the DW signal profile of a single fiber orientation, can lead to the detection of 
spurious fODF peaks which, in turn, can have a severe impact on tractography results. 
Currently, the computation of this RF is either model-based or estimated from selected voxels 
that have a fractional anisotropy (FA) value above a predefined threshold. For both approaches, 
however, there are user-defined settings that affect the RF and, consequently, fODF estimation 
and tractography. Moreover, these settings still rely on the second-rank diffusion tensor, which 
may not be the appropriate model, especially at high -values. In this chapter, we circumvent 
these issues for RF calibration by excluding ‘crossing fibers’ voxels in a recursive framework. 
Our approach is evaluated with simulations and applied to in vivo and ex vivo data sets with 
different acquisition settings. The results demonstrate that with the proposed method the RF can 
be calibrated in a robust and automated way without needing to define ad-hoc FA threshold 
settings. Our framework facilitates the use of spherical deconvolution approaches in data sets in 
which it is not straightforward to define RF settings a priori.  
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5.1 INTRODUCTION 

Diffusion weighted MRI (DW-MRI) allows for non-invasive characterization of brain 
microstructure and the directional organization of neural fiber tissue in vivo (Basser et al., 
1994; Le Bihan et al., 1986; Le Bihan and Johansen-Berg, 2012; Moseley et al., 1990). The 
signal that is measured with DW-MRI is related to the amount of water diffusion and depends 
on several properties of the underlying tissue. Descriptive models that relate this signal to 
diffusion in fibrous tissue can provide markers of microstructural tissue organization. The most 
commonly used model to obtain such biomarkers is the second-rank diffusion tensor (Basser et 
al., 1994), which describes the signal adequately in case of aligned axons that hinder the 
diffusion. Measures derived from diffusion tensor imaging (DTI), like mean diffusivity (MD) 
and fractional anisotropy (FA), can be modulated by microstructural tissue components, such as 
myelination and cell membrane density (Beaulieu, 2002), and have already shown their value in 
a wide range of applications (Carballedo et al., 2012; De Groof et al., 2009; Langen et al., 2012; 
Lebel et al., 2008; Scholz et al., 2009; Verhoeven et al., 2012; Wang et al., 2012). 

It is well-known that DTI is unable to model multiple fiber populations within one voxel 
(Alexander et al., 2001; Frank, 2002; Tournier et al., 2011). The amount of white matter (WM) 
voxels that exhibits such a configuration with multiple fiber populations  has recently been 
estimated to be around 90% (Jeurissen et al., 2013), which makes this a significant problem for 
the validity of DTI and, consequently, DTI based tractography approaches. Several approaches 
have been developed to address this issue of multiple fiber directions within a voxel. 
Techniques such as Q-ball imaging (Descoteaux et al., 2007; Hess et al., 2006; Tuch, 2004) and 
diffusion spectrum imaging  (Wedeen et al., 2005) can reconstruct the diffusion orientation 
distribution function (dODF) that is related to water diffusion. Another category for dealing 
with ‘crossing fibers’ consists of the so-called spherical deconvolution (SD) techniques, which 
attempt to infer information about the fiber orientations themselves (Anderson, 2005; 
Dell’Acqua et al., 2007; Descoteaux et al., 2009; Tournier et al., 2004). Constrained SD (CSD), 
one of the more popular SD approaches (Emsell et al., 2013; McGrath et al., 2013; Metzler-
Baddeley et al., 2012a; Reijmer et al., 2012; Reijmer et al., 2013a; Reijmer et al., 2013b; Vos et 
al., 2012), can reconstruct the fiber orientation distribution function (fODF) in a robust way 
with scanning protocols that can be used in clinical practice (Tournier et al., 2007). The 
diffusion signal is then modeled by the convolution of the fODF with a kernel that represents 
the DW signal corresponding to a single fiber orientation. The fODF is then deconvolved from 
the DW signal (hence, spherical deconvolution) using this kernel, coined the response function 
(RF). 

There are several ways to construct the RF. For instance, it can be modeled by an axially 
symmetric tensor with a given FA and MD (Anderson, 2005; Descoteaux et al., 2009; Tournier 
et al., 2004), providing a good fit to the DW signal for a single fiber orientation at low -values. 
At high -values, however, the DW signal deviates significantly from its Gaussian distribution, 
even in single fiber populations (Clark and Le, 2000), due to restricted diffusion components 
(Assaf et al., 2004). In other work, the RF is estimated (also referred to as the ‘RF calibration’ 
step) from the DW signals in voxels with FA values that are typically larger than a user-defined 
threshold (Jeurissen et al., 2011; Jeurissen et al., 2013; Tournier et al., 2007). The reliability of 
the FA, however, is generally poor for high -value and low-SNR DW-MRI data (Jones and 
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Basser, 2004). In addition, high FA values can still be present in regions with ‘crossing fibers’ 
(e.g., in case of two fiber populations, of which one has a small volume fraction (VF)), 
violating the assumption that the corresponding DW signals represent the diffusion profile of a 
single fiber population. Irrespective of these concerns, prior knowledge to calibrate the RF is 
required to perform the SD step for estimating the fODF. Fig. 5.1 illustrates an example of the 
difference in resulting fODF peak orientations for two different FA thresholds for RF 
calibration. In this example, there is an angle difference between the main peak orientations. In 
addition, the fODF with FA threshold of 0.8 exhibits two peaks, whereas with an FA threshold 
of 0.7, there is only peak orientation. Although the sensitivity of such user-defined settings is 
typically considered to be insignificant, recent research by Parker et al. (2013) clearly 
demonstrates that inaccurate characterization of the RF can produce spurious peaks, angular 
deviations of fODF peaks, and poor estimations of volume fractions of the various fiber 
populations. 

In this chapter, we present a recursive framework to calibrate the RF which avoids the need of 
any user-defined settings related to DTI. After a coarse initialization of the RF, CSD is 
performed to identify and, subsequently, exclude voxels that contain multiple fODF peaks. 
From the remaining voxels the RF is updated and used for the next iteration. This procedure is 
repeated until only voxels with one fODF peak are left, thus, assuring that the final RF reflects 
the DW signal for a single fiber orientation. This framework is evaluated with simulated data to 
investigate its convergence properties and its robustness with respect to data noise. We also 
applied the proposed RF calibration approach to (i) conventional in vivo human brain data; (ii) 
ex vivo human brain data (Miller et al., 2011); and (iii) ex vivo data from the cervical spinal 
cord of the vervet monkey (Lundell et al., 2011), demonstrating the general applicability of our 
framework. 

 
Fig. 5.1: (a) Histogram of the angles between the dominant peaks of the fiber orientation distribution obtained with 
constrained spherical deconvolution and with FA thresholds of 0.7 and 0.8 for estimating the response function. The 
spatial distribution of this angular difference, illustrated for an axial slice, is shown enlarged in the top image in (b). The 
bottom image in (b) represents the fODF and its peak orientations for both FA thresholds in a single voxel in the corpus 
callosum. In this example, both the main peak orientations and the number of peaks differ between the two threshold 
settings. 
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5.2 METHODS 

5.2.1 fODF estimation using CSD 

SD techniques use high angular resolution diffusion imaging (HARDI) sampling schemes to 
enable an accurate angular characterization of the diffusion signal (Tuch et al., 2002). 
Typically, a single shell of the -space is sampled at a higher -value compared to DTI. The 
diffusion signal on this shell can then be modeled as the convolution of the RF with an fODF. If 
the RF is known, the fODF can be found by the deconvolution of the diffusion signals with this 
RF, a processing step that is generally ill-posed (Tournier et al., 2004). By using regularization, 
Tournier et al. further improved the SD approach, which is then referred to as constrained SD, 
drastically reducing its sensitivity to noise (Tournier et al., 2007). A maximum harmonic degree 
of 8 (i.e.,  = 8) is generally recommended for the spherical harmonics (SH) representations 
when performing CSD (Tournier et al., 2009). After a succinct description of the conventional 
way to obtain the RF (see Section 5.2.1.1), we outline our proposed recursive framework for RF 
calibration in Section 5.2.1.2. 

5.2.1.1 Conventional RF calibration 

In summary, voxels are identified that satisfy a predefined criterion, typically FA > 0.7, 
assuming that the corresponding DW signals represent diffusion profiles of a single fiber 
population. The DW signals in these selected voxels are then reoriented such that the first 
eigenvector of the diffusion tensor becomes aligned along a particular axis (usually the z-axis). 
Subsequently, the SH representations of the adjusted DW signals are averaged across these 
voxels to obtain a reliable estimate for the RF. During this step, only the SH coefficients with 
	 	0  are estimated (where  is the order of the spherical harmonic function), thereby 

constraining the RF to be an axially symmetric function (Tournier et al., 2007). In the 
following, we will refer to this conventional way of RF calibration as the ‘FA method’, given 
that the shape of the RF will be mainly determined by the FA threshold that is chosen.  

5.2.1.2 Recursive RF calibration 

Although there are slight variations in the conventional methodology to calibrate the RF, most 
approaches to date still rely on properties of the diffusion tensor (i.e., first eigenvector and FA). 
With the FA being an unreliable measure to differentiate between single and multiple fiber 
populations, it is desirable to avoid the diffusion tensor model for RF calibration altogether. 
Therefore, in this work, we propose a recursive framework to compute the RF, consisting of the 
following steps (for a schematic overview, see Fig. 5.2): 

1) Initialize the RF with a diffusion profile shape that is significantly less sharp than that 
of the expected (i.e., ‘true’) RF. With some abuse of terminology, this initial RF will 
be referred to as a fat RF. In practice, such a coarse initialization of the RF can be 
easily achieved by taking DW signal profiles that corresponds to a near-isotropic 
diffusion tensor (FA = 0.05). The only requirement at this stage is that this fat RF 
should still exhibit a dominant orientation, as CSD will produce degenerate fODFs 
otherwise. 
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2) For voxels that were selected from the previous iteration, calculate the fODF using 
CSD with the RF from the previous iteration. Obviously, if this is the first iteration, 
then the fat RF initialization from the previous step will be used and the selected 
voxels could be the entire brain parenchyma or could be constrained to a WM mask 
(e.g., derived from a T1 image) to shorten computation time. 

3) Calculate the direction and magnitude of the fODF peaks using a Newton 
optimization algorithm (Jeurissen et al., 2011). 

4) Select the voxels for which the second largest fODF peak is absent or sufficiently 
small (e.g., below the noise level) compared to the largest fODF peak. In other words, 
if the ratio of the second largest fODF peak magnitude to the largest fODF peak 
magnitude (in the following, this will be called the peak ratio – PR) drops below a 
specific PR threshold, the voxel will be assumed to contain only one genuine fODF 
peak and, therefore, will be included for RF estimation in the next iteration. Note that 
this PR threshold represents an elegant user-defined parameter for balancing between 
sensitivity and specificity given a specific noise level. For instance, if the PR 
threshold is chosen too small, noisy fODF peaks will be detected as being sufficiently 
large. As a result, voxels are excluded erroneously for computation of the RF in the 
next iteration (false-negatives). If, on the other hand, the PR threshold is set too high, 
voxels with multiple fODF peaks will be included in the next iteration (false-
positives).  

5) Reorient the DW signals in the voxels obtained in step 4) according to their main fiber 
direction, that is, the largest fODF peak. 

6) Calculate the new RF from the SH representations of the reoriented DW signals 
obtained from step 5) and constrain it to be axially symmetric. Continue with step 2) 
unless one of the following convergence criteria is met: (i) the maximum number of 
iterations is reached (set to 20, although the algorithm typically converged in nine 
iterations) or (ii) the RF shape did not change significantly compared to the previous 
iteration (e.g., less than 1% size difference for each of the SH coefficients). 

Note that by using an RF that is fatter than the true RF when performing CSD, the number of 
fODF peaks will be underestimated, providing an overestimation of the number of voxels 
containing only one dominant fiber orientation. As such, for a given PR threshold, convergence 
of the RF computation is always guaranteed. In the remainder of this manuscript, we will refer 
to our proposed approach as the ‘recursive method’. 

5.2.2 Simulations 

Noise free DW data were generated assuming axially symmetric diffusion tensor profiles for 
each fiber population (MD = 0.7 · 10-3 / ) (Leemans et al., 2005), using a typical 60 
direction sampling scheme (Jones et al., 1999) and -value of 2500 / . Three types of 
simulation data sets were generated to investigate (i) the occurrence of spurious peaks in single 
fiber simulations and the influence that PR threshold settings would have, (ii) the influence of 
fiber configuration on convergence of the recursive method, and (iii) the effect of the PR/FA 
threshold and SNR on the performance of the recursive/FA method. Details of these simulations 
are provided in the following sections. 
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Fig. 5.2: Schematic overview of 
the recursive framework for RF 
estimation. 

5.2.2.1 Simulation data set (i) 

In recent work by Parker et al. (2013), simulations have shown that spurious peaks may also 
occur for single fiber populations. Such simulations can be used to investigate the optimal PR 
threshold required in step 4) of the recursive RF calibration, to avoid wrong exclusion of true 
one-fiber voxels. In line with the parameters defined in Parker et al. (2013), we constructed the 
following simulation data set. A single fiber population aligned with the z-axis is defined, with 
varying FA values ranging from 0.1 to 0.9 (with steps of 0.1). Noisy data sets (using the Rician 
data distribution) are generated with SNR of 10, 15, 22, and 30 (defined on the non-DW signal), 
with 500 noisy realizations each. The resulting signal was deconvolved with an RF, also 
simulated as a tensor with chosen FA (same ranges). Peaks were extracted and the magnitude of 
the second peak was calculated as a fraction of the first peak’s magnitude.  The purpose of this 
simulated data set is to investigate the relative magnitude of spurious secondary peaks with 
respect to the main fODF peak for these parameter settings. Ideally, only the voxels containing 
a single fiber population should be selected for RF calibration.  

5.2.2.2 Simulation data set (ii) 

The second simulation set contains only one- and two-fiber populations, constructed from two 
prolate tensors with fixed FA value of 0.8. The ratio of voxels containing one-fiber versus two-
fiber populations was set to 1:9, given that approximately 90% of the WM voxels contain 
‘complex fiber configurations’ for common voxel sizes (Jeurissen et al., 2013). VF and inter-
fiber angle were the same for all the two-fiber voxels. Rician distributed noise was added to 
result in SNR = 22 for the  = 0 / ² signal, corresponding to the SNR of the in-vivo data 
(see Section 5.2.3.1). This simulation set was used to investigate convergence of our recursive 
RF calibration method. We created multiple data sets where we either varied VF or inter-fiber 
angle for all two-fiber populations. Ideally, the RF should converge to the DW profile of the 
predefined one-fiber population that was characterized by FA = 0.8. In other words, we expect 
that the final ‘FA of the RF’, estimated by fitting the diffusion tensor to the resulting RF, will 
approximate the FA value of the simulated single-fiber population. 
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5.2.2.3 Simulation data set (iii) 

To construct the DW signals for the third simulation data set, we incorporate realistic 
distributions of FA values for a single fiber population, VFs, and inter-fiber angles derived from 
in vivo human brain data as described in Jeurissen et al. (2013). Specifically, one-, two- and 
three-fiber populations were constructed with the ratio 10:45:45. The VFs of the two-fiber 
populations, i.e., VF1 and VF2, were characterized by a Normal distribution (denoted as N(μ,σ) 
with μ the mean and σ the standard deviation), with VF1 sampled from N(0.5, 0.15) and with 
VF2 = 1 - VF1. The VFs of the three-fiber populations are sampled from the standard uniform 
distribution (range between 0 and 1) and subsequently normalized. Inter-fiber angles were 
sampled from N(90, 30) (in degrees). The FA values for the single fiber populations were 
sampled from either N(0.6, 0.05) – then referred to as the ‘FA_s = 0.6’ simulation data set – or 
N(0.8, 0.05) – then called the ‘FA_s = 0.8’ simulation data set. The purpose of this simulation 
data set is to investigate differences in consistency of the resulting fODF peaks with the true 
simulated peaks, when performing CSD with the RF either calibrated from the recursive or FA 
method. An fODF peak is termed ‘true positive’ when it has an angle difference smaller than 5° 
with a true simulated fiber. We applied an fODF threshold of 0.1 normalized to the magnitude 
of the first peak, and set the algorithm to detect up to 4 fODF peaks. False positives fODF 
peaks were all remaining peaks that did not correspond to a true simulated peak. False negative 
peaks were, in turn, defined as all remaining true simulated fiber populations. 

5.2.3 Real data 

The majority of our experiments on real data were performed on an in vivo human brain data 
set  = 2500 s/mm2 typically used for CSD (  = 8). With this data set we compared the 
recursive method with the FA method and extended findings from simulations to real data to 
provide guidelines for practical use. To demonstrate the general applicability of our framework, 
we also applied it to ex vivo data sets with different acquisition settings.  

5.2.3.1 In vivo human brain data 

5.2.3.1.1 Data acquisition 

A healthy volunteer (male, 25 y) was scanned on a 3.0 T Philips Achieva MR scanner (Philips, 
Best, NL) equipped with an 8-channel receiver head coil. The subject gave informed consent to 
participate in this study under a protocol approved by the University Medical Center Utrecht 
ethics board. 

First, DW images were acquired using a single-shot spin-echo echo planar imaging sequence 
with the following settings: acquisition matrix of 112 × 112, FOV of 224 × 224 	 ², and 70 
slices with thickness 2  resulting in isotropic voxels of 2 × 2 × 2 ³. Other parameters 
were SENSE acceleration factor of 2 and TE/TR = 73/6718 . Diffusion sensitizing gradients 
were applied in 60 directions uniformly distributed over the hemisphere (Jones et al., 1999) 
with a -value of 2500 /  (NSA = 1) along with one  = 0 /  (NSA = 6) image. 
Total scan time was approximately 12 minutes. The SNR of the data set is 22, as estimated in 
WM regions of the  = 0 image (Sijbers and den Dekker, 2004). 
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Next, a T1 image was acquired to obtain a WM mask, used in step 2) of our framework to 
shorten computation time. A sagittal 3D turbo field echo sequence was used with an FOV (AP 
× LR × IS) of 240 × 160 × 240  and imaging matrix 240 × 160 × 240, reconstructed to 256 
× 160 × 256 matrix size with 0.94 × 1 × 0.94  voxel size. A SENSE acceleration factor of 
1.6 was used in both the AP and IS directions. A flip angle of 8° was used with TE/TR/TI = 
3.5/7.6/991 , for a total acquisition time of 200 . 

5.2.3.1.2 Image processing 

The DW scans were corrected for subject motion and eddy current induced geometric 
distortions including the required B-matrix adjustments (Leemans and Jones, 2009). Processing 
and visualization was performed with ExploreDTI (Leemans et al., 2009). 

WM voxels from the DW images were extracted using a T1 based WM mask as described 
previously (Jeurissen et al., 2013). In summary, a tissue probability map was estimated from the 
T1 image using the unified segmentation tool from SPM (Ashburner and Friston, 2005). Next, 
the T1 image was registered to the FA image using 3D nonrigid b-spline-based registration 
using Mattes mutual information (Klein et al., 2010). WM voxels in the DW image were then 
identified by warping the tissue probability map to the DW volume, and select voxels with WM 
probability higher than 95%. Finally, voxels with MD > median (MD) + 1.5 · IQR(MD)	were 
removed due to avoid remaining partial voluming with CSF (where IQR is the interquartile 
range over the mask). 

5.2.3.1.3 Fiber tractography 

We performed fODF streamline tractography (Jeurissen et al., 2011) to evaluate the influence 
of RF calibration with both methods on tract propagation. We set an fODF and angle threshold 
of 0.1 and 35°, respectively, and a step size of 1 . The corpus callosum (CC, commissural 
fibers) was reconstructed, using the guidelines in Wakana et al. (2007) for defining the regions 
of interest.  

5.2.3.2 Ex vivo data 

One human brain and one monkey spinal cord data set were used for analysis. The human brain 
data set was acquired in collaboration with K. Miller and consisted of 53 DWI images (NSA = 
3) with  = 4500 / , along with one  = 0 image with 1.2 × 1.2 × 1.2  voxel size. 
TE/TR = 20/35  with a flip angle of 35° was used. The monkey spinal cord data set 
consisted of 105 DWI images (  = 4525	 / ) and 25 non-DWI images, with axial in-plane 
resolution of 188 × 188 , and a slice thickness of 375  (Lundell et al., 2011). For more 
detailed acquisition parameters and image processing steps of the spinal cord and human brain 
data sets, the reader is referred to Lundell et al. (2011) and Miller et al. (2011), respectively. 

The RF was calibrated with the recursive method and subsequently used to perform CSD. 
Appropriate selection of FA thresholds is unintuitive for these ex vivo data sets due to the 
intrinsically lower FA values. As such, we compared the recursive method to the FA method 
using two conventional approaches: 1) Define the FA threshold based on the method from 
Tournier, 2004, in which the voxels with the 300 highest values of FA are selected to calculate 
the response function; 2) Set the FA threshold as the average of FA values in a region known to 
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have single fiber populations. For the latter approach, we have drawn ROIs in the corpus 
callosum of the ex vivo human brain data set, and in the WM located superior in the spinal cord 
of the ex vivo monkey data set. 

For the monkey spinal cord data we used  = 8; for the human brain data  = 6 was used. 
In theory, 53 DW images would allow us to fit SH coefficients up to degree 8. However, as the 
gradient orientations were not evenly distributed on the sphere, we could only capture the 
angular frequencies up to degree 6 in the human brain data set. 

On the human brain data set, we performed streamline tractography with fODF threshold 0.01 
and step size to 0.5  (which differ from the in vivo human brain data set due to the higher 
spatial resolution and generally smaller fODF peaks). Fiber tracts of the CC, CST, and superior 
longitudinal fasciculus (SLF) were reconstructed at the area where they are expected to 
intersect each other. For the monkey spinal cord data, we were specifically interested in 
detecting multiple fiber populations which can be used to study commissural fibers and 
complex features of the grey matter and white matter collaterals (Lundell et al., 2011). 

5.3 RESULTS 

5.3.1 Simulations 

In this section, the results of the experiments on simulation data sets (i), (ii), and (iii) are 
presented in Sections 5.3.1.1, 5.3.1.2, and 5.3.1.3, respectively. 

5.3.1.1 Spurious peaks in single fiber populations 

To illustrate the problem of spurious peaks, Fig. 5.3a shows the resulting fODF when a 
simulated single fiber population signal was deconvolved with the wrong (sharper) RF, in the 
case of infinite SNR (Parker et al., 2013). These spurious peaks result in erroneous tractography 
results, if they become too large. The median ratio of the second (spurious) peak with respect to 
the first peak and its upper and lower quartile ranges are shown in Fig. 5.3c in the ‘ideal’ case, 
i.e., when we would have chosen exactly the right RF for deconvolution of the simulated signal. 
This corresponds to the diagonals of the color graphs in Fig. 5.3b, which display the median 
ratio by a color (blue indicating a ratio of 0 and red represents a ratio of 1) for different 
combinations of simulated signal FA and RF FA ranging from 0.1 to 0.9, and for different SNR 
values. This can be used to make an informed decision regarding the PR threshold, where the 
‘ideal’ case in Fig. 5.3c can be used as a lower bound to avoid incorrect exclusion of one-fiber 
populations due to spurious peaks. In the case of SNR = 22, for example, a PR threshold of 0.05 
would be a reasonable choice, since 75% of the spurious peaks have a relative magnitude below 
this threshold and, therefore, can be considered ‘sufficiently small’. One can be even stricter in 
this threshold setting, as the RF calibration is initiated with a fat RF. Consequently, the 
magnitude of such spurious peaks will be even smaller. 
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5.3.1.2 Convergence of the recursive method 

Fig. 5.4 shows the FA of the RF as function of iteration for different VF values (a) and angles 
(b) of the included two-fiber populations, setting a PR threshold of 0.01. For all VFs (at angle 
90°), the recursive method correctly includes single fiber voxels for RF calibration, as the FA of 
the RF converges to 0.8 after approximately 2 – 4 iterations (Fig. 5.4a). Fig. 5.4b illustrates that 
the RF converges to the correct one for inter-fiber angles 60° and 90° in 2 – 9 iterations. For 
inter-fiber angles of 45° and smaller, one can see that the RF converges to FA values lower than 
0.8 (i.e., the calibrated RF is fatter than the true RF). This means that in the two-fiber voxels, 
with angles of 45° and smaller between the two fiber orientations, only one peak could be 
detected. Consequently, these voxels were not correctly excluded from RF calibration. 

5.3.1.3 Comparison of angular consistency between recursive and FA method 

Figs. 5.5ac and 5.5bd display the results for the simulation sets with FA_s = 0.8 and FA_s = 
0.6, respectively. In Figs. 5.5a and 5.5b, we plotted the sensitivity (ratio of true positive fODF 
peaks to the sum of true positive and false negative peaks) against the number of false positives 
as function of the threshold value (circled points). The colored lines represent different SNR 
values. The top plots in figures (a) and (b) show results for the FA method with FA threshold 
ranging from 0.1 to 0.9 in steps of 0.1 (in Fig. 5.5b FA ranged from 0.1 to 0.8, since there were 
no voxels with FA higher than 0.9 for the different SNR levels). The bottom plots show the 
results for the recursive method (with PR threshold values = [0.5, 0.2, 0.1, 0.05, 0.02, 0.01, 
0.005]). 

From Fig. 5.5a, one can see that for high SNR (15 to 30), the change in sensitivity and number 
of false positives for the recursive method is almost independent of the PR threshold, despite a 
100-fold increase (from 0.005 to 0.5). For the FA method, on the other hand, this is not the 
case. One can notice that for the FA method at high SNR, the amount of false positives is high 
at a low FA threshold, drops down, and subsequently increases again with increasing FA 
threshold. When using a fatter RF (and thus low FA threshold), angular deviation of fODF 
peaks with true peaks will be larger, which results in more false positives. An RF that is too 
sharp will result in spurious peaks, which will be counted as false positives. The graphs of the 
FA method and recursive method overlap for the same SNR, which implies that the same 
sensitivity and specificity can be reached with both methods. The recursive method, however, 
yields optimal sensitivity and specificity values that are less dependent on the PR threshold at 
high SNR.  

In Fig. 5.5b, there is an overall decrease of sensitivity and increase of false positives for this 
data set with lower FA for a single fiber population. One can again notice the higher robustness 
of the recursive method towards the PR threshold. The main result here is that the PR 
thresholds that yield the highest sensitivity and specificity in the recursive method are 
independent of the simulated fiber FA of the underlying data set, when comparing Fig. 5.5a to 
Fig. 5.5b. For instance, a peak threshold of 0.01 or 0.005 for SNR 22 would give a good trade-
off between sensitivity and number of false positives in both the FA_s = 0.8 and the FA_s = 0.6 
data sets, whereas one should use different FA thresholds (0.7 and 0.5, respectively) to obtain 
the same sensitivity and number of false positives with the FA method.  
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Fig. 5.3: Results of simulation set (i). (a) Illustration of spurious peaks occurring when the RF is not properly chosen. 
Here, the resulting fODF is shown for a simulated signal with FA = 0.5 (infinite SNR) and an RF with FA = 0.8. (b) CSD 
of a single fiber population simulated as a tensor with a particular FA (vertical axis) with an RF (also a tensor with 
chosen FA, horizontal axis) gives spurious peaks. Here the median relative magnitude of the second (spurious) peak 
compared to the first (true) peak is shown in color for all combinations of simulated signal- and RF-FA (Parker et al., 
2013a), for SNR = [10, 15, 22, 30]. (c) For the ideal case, where the RF has exactly the same shape as the simulated 
signal (same FA), the median relative magnitude of the spurious peak is visualized together with Q1 and Q3 for different 
FA. This corresponds to the diagonals of (b). 

  

Fig. 5.4: Results of simulation set (ii). FA of the RF 
over iteration for (a) different volume fractions with a 
90° angle, and (b) different angles with equal volume 
fractions for the included two-fiber voxels. Dashed 
line represents the simulated fiber population. We set 
PR threshold = 0.01. For the data sets that include 
only single fibers and crossings of 45° or 30°, one 
can see that the two-fiber voxels cannot be 
distinguished from one-fiber voxels and, therefore, 
will also be selected for RF estimation, which results 
in a fatter RF and thus lower FA of the RF. 
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Figs. 5.5c and 5.5d show histograms of the angle between the main fODF peak and its closest 
true simulated peak at an SNR of 22 for the FA_s = 0.8 and the FA_s = 0.6 data sets, 
respectively (top rows: FA method; bottom rows: recursive method). It can be observed that for 
the FA method, an FA threshold of 0.8 and 0.6 would result in the smallest median angle 
deviation for the FA_s = 0.8 and FA_s = 0.6 data sets, respectively. By contrast, a peak 
threshold of 0.005 yields the smallest median angle deviation for both simulation data sets 
(FA_s = 0.8 and FA_s = 0.6) using the recursive method. 

 
Fig. 5.5: Results of simulation set (iii).We used mean FA_s = 0.8 for the distribution of a single fiber population for Figs. 
(a) and (c), and FA_s = 0.6 for Figs. (b) and (d), respectively. (a) Top: Sensitivity of the FA threshold method against the 
number of false positives for FA threshold [0.1 - 0.9] in steps of 0.1, for different SNR values. The point with the lowest 
sensitivity corresponds to FA = 0.1. Bottom: Same graph for the recursive method with PR threshold values = [0.5, 0.2, 
0.1, 0.05, 0.02, 0.01, 0.005], the point with the lowest sensitivity corresponds to PR threshold = 0.5. (b) The recursive 
and FA methods for RF calibration are used on the data set with mean FA_s = 0.6 for a single fiber population. For SNR 
10, there were no voxels with FA > 0.8. (c) and (d) Histograms of the angle between the main fODF peak and its closest 
true simulated peak at SNR 22 for data sets FA_s = 0.8 and FA_s = 0.6, respectively, and for the FA (top row) and 
recursive (bottom row) methods, separately. 
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5.3.2 Real data 

5.3.2.1 In vivo human brain data 

In Fig. 5.6a, the method is illustrated on the in vivo human data for a PR threshold of 0.01. The 
graph represents the number of voxels included for RF calibration as function of iteration, 
convergence is reached after ten iterations. The resulting fODFs in the centrum semiovale are 
visualized for iteration one, two, and ten. We start off with a fat RF and all WM voxels derived 
from the T1, and the resulting fODFs show secondary peaks in voxels with crossing fiber 
populations of approximately equal volume fractions. These voxels will be discarded from RF 
calculation in the first iteration. For the second iteration, we end up with an RF that is flatter, 
and deconvolution yields secondary and tertiary peaks in voxels with multiple fiber populations 
of unequal VF. fODF peaks of single fiber populations become larger. After ten iterations, the 
algorithm has converged and the number of voxels used for RF calculation remains unchanged. 
Fig. 5.6b top shows which voxels are selected in each iteration (up to 10 iterations). The 
brightest voxels are used for final RF calculation, and comprise a range of FA values (0.3 – 1) 
with a mean of 0.67, as can be seen from the histogram in Fig. 5.6b bottom. Lower FA voxels 
are thus also selected, while some high FA voxels are discarded as can be seen by comparing 
the FA maps of Fig. 5.6b top and 5.6c.  

 
Fig. 5.6: Illustration of the method on real human data, using PR threshold = 0.01. (a) Number of voxels used for RF 
calibration, together with the used RF and the resulting fODFs, as function of iteration. (b) Top: Voxels selected in 
different iterations, visualized up to iteration 10. The brightest voxels are used for final RF calculation. Bottom: 
Histogram of the FA of the voxels used for final RF calculation. (c) FA > 0.7 map. 
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The recursive and FA method are compared in Fig. 5.7. The figure shows the angle differences 
between the main peak orientations, both in histograms (whole brain) and in color plots (ROI as 
indicated in Fig. 5.7a).  Fig. 5.7b shows the angle difference when comparing two different 
thresholds (0.01 and 0.05) within the recursive method. Fig. 5.7c shows the same figure for two 
different thresholds (0.7 and 0.8) within the FA method. Note that a five-fold increase of the 
peak threshold (from 0.01 to 0.05) yields a smaller median angle difference (median = 0.5°) 
than the median angle difference when comparing FA threshold 0.7 to 0.8 using the FA method 
(median = 0.7°, see Fig. 5.7c). This supports simulation results indicating increased robustness 
of the recursive method towards its PR threshold value. Figs. 5.7d-g compare different 
thresholds between methods. One can see that between the methods, fODF peaks obtained with 
PR threshold = 0.01 and FA threshold = 0.7 are the most comparable for this particular data set 
(median = 0.5° in Fig. 5.7d). 

Fig. 5.8 shows the results of fODF streamline tractography of the CC, for both the FA method 
(FA threshold = [0.7, 0.8]) and the recursive method (PR threshold = [0.01, 0.05]). The 
difference between both methods can be appreciated in the region of the centrum semiovale, 
where the lateral projections of the CC are delineated more completely using the recursive 
method. 

5.3.2.2 Ex vivo data 

Fig. 5.9 shows the results for the ex vivo human brain data set. In 5.9a, the fODFs reconstructed 
with the recursive method are shown in a region as indicated in Fig. 5.9b. Figs. 5.9c and 5.9e 
show the same region for the FA method, using the two different approaches: 1) The 300 
highest FA voxels and 2) the average FA value in a superior region of the WM. The FA 
thresholds for approach 1) and 2) were 0.67 and 0.48, respectively. Although differences in the 
fODFS are very subtle between Figs. 5.9a and 5.9c, the fODFs clearly differ in magnitude and 
direction compared to 5.9e. Differences become more prominent for the tractography results. 
We were able to track the CST, CC and SLF (see Fig. 5.9b for the recursive method, and 5.9d 
and 5.9f for the FA method, showing a coronal view left and a sagittal view right), despite the 
major challenges in these crossing fiber regions that are known to exist for ex vivo data (Miller 
et al., 2011). Using the recursive method, the lateral projections of the CC could be 
reconstructed with greater detail when comparing Fig. 5.9b left with Figs. 5.9d and 5.9f. 
Although the SLF pathways extend more anteriorly using the FA method, there are trajectories 
that deflect into other regions (see white arrows in right image in 5.9d and 5.9f) or there seem to 
be parts that are missing (see yellow arrow in right image in 5.9d and 5.9f).  

In Fig. 5.10, results for the ex vivo monkey spinal cord are displayed. For visualization 
purposes, we performed DTI streamline tractography (Basser et al., 2000; Lundell et al., 2011)  
as shown in Fig. 5.10a in a dorsal coronal view, with most fibers oriented inferiorly – 
superiorly. Figs. 5.10b and 5.10c show two transversal slices of interest for both the recursive 
and the FA method, one at the location of the cervical enlargement (bottom three) and one more 
superiorly (top three). For each slice, the recursive method is compared to the FA method 
where the FA threshold was determined using the two different approaches. The FA thresholds 
for approach 1) and 2) were 0.82 and 0.59, respectively. Fig. 5.10b shows the inferiorly-
superiorly oriented largest fODF peaks, whereas Fig. 5.10c shows both the second and third 
fODF peaks. The radial organization in the WM and commissural connections in the grey 
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matter can be appreciated in both slices for both the recursive and the FA method. In analogy to 
Lundell et al. (2011), we found that more crossing fibers could be found when moving closer to 
the cervical enlargement. Note the difference in crossing fibers for the FA method between the 
two different thresholds. It can also be seen in both slices that the FA method with threshold 
0.82 reveals more crossing fibers than both the FA method with the lower threshold and the 
recursive method. 

 
Fig. 5.7: Histograms of the angle difference d between the main peak orientations. ROIs in Figs. (b-g) are chosen as 
indicated in (a). (b) Comparison of main peak orientations for different thresholds using the recursive method. (c) Same 
as (b) for the FA method. (d-g) Comparison of both methods, different thresholds. 

 

 
Fig. 5.8: Tractography results of CC using RF estimation with both methods, for different FA and PR thresholds 
respectively. The recursive method reveals the lateral projections of the Corpus Callosum better (arrows). 
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Fig. 5.9: Results of CSD with the RF resulting from the recursive method (PR threshold = 0.01) compared to the FA 
method (two different threshold approaches) for the ex vivo human brain data. (a, c, e) fODFs visualized in the centrum 
semiovale, where the CC, CST and SLF pathways intersect each other. fODFs in (a) and (c) look similar, but in (e) they 
differ a lot in direction and magnitude. (b, d, f) Streamline tractography of the CC (red), CST (blue) and SLF (green), in a 
coronal (left) and sagittal (right) view. White arrows in the coronal view indicate difference in lateral projections of the 
CC. In the sagittal image, white arrows show false positive pathways of the SLF, whereas yellow arrows indicate missing 
areas. 
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Fig. 5.10: (a) Tractography of the ex vivo monkey spinal cord to highlight the location of the two transversal slices 
shown in (b) and (c). Results of CSD are visualized by means of the first peak (b) and the second and third peaks (c). 
Results are shown for both the recursive (PR threshold = 0.01) and FA method (with two different FA threshold 
approaches). In the middle row, the result when 300 highest voxels are chosen determined the FA threshold, whereas in 
the bottom row, the FA threshold was based on the ROI. 
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5.4 DISCUSSION 

Spherical deconvolution based techniques are appealing to tackle the crossing fiber problem, as 
they provide a balanced trade-off between constraints on the required hardware performance 
and acquisition time on the one hand, and the reliability of the reconstructed fODF on the other 
hand. The underlying assumption for most SD techniques is that there is a single appropriate RF 
throughout the whole brain, which is not known a priori. Although it is questionable whether 
there actually exists one RF for the whole brain (and not a distribution of one-fiber RFs 
instead), it provides computational advantages to assume so.  

Recent work has extensively investigated the effect of RF miscalibration on the resulting 
fODFs (Parker et al., 2013a). Besides angular deviations, an overestimation in RF anisotropy 
will lead to predictable spurious fODF peaks in true single fiber populations due to truncation 
of the SH series. Their work states that a more informed calibration might lead to vast 
improvements in results, for example in cases of WM degradation and other fibrous tissue, 
where it is difficult to make an assumption about the RF a priori. 

The RF could be modeled by axial symmetric tensors on a voxel-by-voxel basis (Anderson, 
2005), but it is well known that the DW signal deviates significantly from this model at high -
values, even in single fiber populations. The FA method therefore determines the RF from the 
signal itself, by averaging the signal in high FA voxels. We will discuss the drawbacks of this 
method in the following paragraphs, which the recursive method tries to address. 

5.4.1 Dependence on the diffusion tensor model 

Although CSD itself is not based on the tensor model, the calibration step for the FA method 
still is. It uses the FA to select voxels for RF calibration, and the first eigenvector of the 
diffusion tensor to rotate the DW signal before averaging. Besides the violation of the 
assumption of Gaussianity at high -values, the accuracy of FA and eigenvector estimates in 
this low SNR regime is poor. The choice of diffusion tensor estimation procedure (e.g., 
ordinary-, weighted-, and non-linear-least squares) may play a role, especially if gross artifacts 
are present (as data outliers may produce artificially high FA values), which will contaminate 
the RF estimation. Noteworthy is that the recursive framework presented in this work is 
completely independent of DTI based measures. 

5.4.2 Dependence on underlying data properties 

For the FA method, it is difficult to make an assumption about which FA to choose for RF 
calibration, especially in case of white matter degradation, neuro-development, or when other 
types of fiber tissue are investigated. Due to unknown anisotropy of underlying tissue, the 
results with the FA method are very dependent on the predefined FA threshold setting. In our 
framework, we can make a more informed decision by setting the PR threshold, and the method 
furthermore shows to be robust towards this threshold. 

By setting the PR threshold, we impose the relative magnitude of the secondary fODF peak 
compared to the first fODF peak that would still be allowed for a voxel being classified as one-
fiber voxel. For true single fiber populations, we approximately know what spurious peak-
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magnitudes to expect at given SNR (see Fig. 5.3), and adapt the PR threshold accordingly. A 
lower bound PR threshold may be set at which spurious peaks in one fiber populations can still 
be distinguished from true multiple-fiber voxels. For reasonable SNR levels (15 to 30), this 
minimal threshold is almost independent of the FA of underlying tissue (Figs. 5.3 and 5.5). For 
SNR 22, for example, a PR threshold of 0.01 would correctly select one-fiber voxels for RF 
estimation in case of a ‘perfectly’ chosen RF. In practice, however, we start off with a fat RF 
and spurious peaks will be smaller, so one could even be very strict in this threshold setting (for 
example, setting it to 0.005, see Fig. 5.5). 

We have shown that our recursive framework for RF estimation is more robust than the FA 
method towards differences in anisotropy of underlying tissues for high SNR (see Fig. 5.5). For 
both the FA_s = 0.6 and FA_s = 0.8 simulation data sets, the same PR threshold of 0.005 yields 
the minimal difference in angle between the main fODF peaks and the true simulated peaks. 
This is supported by our evaluations on real data. The ex vivo human brain data has 
intrinsically lower FA values than the in vivo data (0.32 in the CC according to previous work 
by Miller et al. (2011)), and the ex vivo spinal cord data has a mean FA of approximately 0.53 
in the WM as estimated by Lundell et al. (2011). Despite the difference in underlying diffusion 
properties between these data sets, we were able to generate plausible results with the recursive 
RF calibration using the same PR threshold of 0.01. As demonstrated in Figs. 5.9 and 5.10, 
such uniformity could not be realized by a single threshold setting for the FA. The results for 
the FA method show that selecting an FA threshold with two plausible approaches already 
gives very different results. Selecting the 300 highest FA voxels is still quite ad-hoc (Why 300, 
and how will this choice affect the results?) and selecting an ROI to determine the FA threshold 
can be very rater-dependent. 

In the ex vivo human brain data, tractography on the fODFs obtained with the FA method 
resulted in missing and deflecting tracts. If the FA threshold is taken too low, the fODFs are 
smaller in magnitude, the number of false negative peaks is larger, and the fODFs have a lower 
angular resolution. In the ex vivo monkey spinal cord data, a radial organization of the WM and 
commissural connections in the grey matter were found with both RF calibration methods. The 
highest number of fODF peaks could be found using the FA method with the highest FA 
threshold. Note, however, that one always needs to make a trade-off between sensitivity and 
specificity, which relies heavily on the choice of FA threshold. Though the sensitivity with this 
FA threshold appears to be higher compared to the recursive method in this case, the number of 
false positives (spurious or deflecting peaks) increases with a higher FA threshold. We thus 
argue that when no reliable assumption can be done on the underlying FA of the tissue, the 
recursive method should be the method of choice. 

For the FA method, sensitivity and number of false positive fODF peaks change significantly 
between different FA thresholds, even at the high SNR of 30 (see Fig. 5.5) and despite the 
relatively small change in FA threshold. When comparing this to the recursive method, 
sensitivity and number of false positives do not change a lot for a relatively large change in PR 
threshold. More specifically, at SNR = 22, sensitivity and number of false positives increase by 
0.01 and 637, respectively, when decreasing PR threshold from 0.05 to 0.01, which is a five-
fold decrease. This statement is also supported by experiments on human data, where the angle 
difference between the main fODF peaks is smaller for the recursive method when changing the 
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PR threshold from 0.05 to 0.01 than for the FA method when changing the FA threshold from 
0.7 to 0.8. For low SNR data, which is known to be difficult for SD methods (Fillard et al., 
2011; Tournier et al., 2013a), one should make an informed decision balancing between 
decreased specificity and increased number of false positives. 

5.4.3 Convergence 

Since the RF calibration in our proposed method is recursive, it is important to investigate its 
convergence properties. As shown by our simulation experiment in Fig. 5.4, the algorithm 
converges towards the predefined profile of a single fiber population after roughly nine 
iterations. For all VFs with fiber orientations crossing at an angle of 90°, the FA of the RF 
converges to 0.8 (see Fig. 5.4a). For equal VFs and inter-fiber angles of 60° and 90°, the RF 
converges also correctly, but for inter-fiber angles of 45° and smaller, one can see that the two-
fiber voxels were not correctly excluded from RF calibration, resulting in an FA value of the 
RF lower than 0.8 (i.e., a fatter RF than the true one – see Fig. 5.4b).  

The recursive method assumes that fODFs with a single significant peak are unambiguously 
associated with a single fiber orientation. However, it is well-known that for some 
configurations, like fanning and bending fibers as well as crossing fibers with low VF or small 
separation angle, only a single FOD peak can be detected, irrespective of the underlying true 
response function profile. As a result, inclusion of voxels with such configurations will affect 
the RF calibration in the sense that it will become fatter than the true RF, ultimately leading to a 
lower angular resolution (Parker et al., 2013). This effect becomes more apparent when 
relatively few ‘true single fiber populations’ are present in the data. Furthermore, Tournier et al. 
(2007) state that, under specific simulation conditions ( -value of 3000 / , SNR 20, 60 
directions and exact RF), CSD cannot resolve fiber populations separated by angles smaller 
than 40° in a reliable way. Regarding the simulations in Fig. 5.4b, given our simulation settings 
(with a lower -value of 2500 s/mm2, non-exact RF, and inclusion of 90% two-fiber voxels as 
described in Section 5.2.2.2), it is to be expected that angles below 45° cannot be distinguished 
correctly from a single fiber population. 

For the analyses on the in/ex vivo human brain data and the ex vivo spinal cord data, the 
recursive method converged after eight to ten iterations. For the human brain data, processing 
time for the RF calibration is in the order of five minutes. 

5.4.4 Voxels used for RF calibration 

For in vivo human data, the voxels that are eventually selected for RF calculation comprise FA 
values ranging from roughly 0.3 to 0.9 (see Fig. 5.6); hence, the final RF is not simply the 
average of high FA voxels. The FA values are approximately normally distributed with mean 
0.67 and standard deviation 0.10. This indicates that there are single fiber populations in voxels 
with FA values smaller than 0.7 (which was confirmed by visual inspection); voxels that would 
otherwise have been discarded from RF calibration. As the initial distribution of all WM voxels 
has mean FA 0.37 (± 0.17) and is slightly positively skewed, a large amount of low FA voxels 
are discarded from RF calculation. One has to keep in mind, however, that the reliability of FA 
estimates is low at high -values. In the WM, 25.2% of the FA > 0.7 voxels have a peak ratio 
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larger than 0.01, which is a significant amount and thus lends further support to the proposed 
method. 

5.4.5 Potential impact for group studies 

Selecting the correct RF is an important factor for SD approaches (Parker et al. 2013). 
Typically, most SD methods perform the RF calibration in a data driven way and for each data 
set separately. An alternative approach is to model the RF (e.g., defined as the DW signal 
profile that corresponds to an axially symmetric diffusion tensor with a specific FA and MD 
value) and keep it constant for each data set. With the advent of SD based quantitative 
measures, such as ‘apparent fiber density’ (Raffelt et al., 2012) and ‘hindrance modulated 
orientational anisotropy’ (Dell’Acqua et al., 2013), there are several factors related to the RF 
calibration step that could impact the validity of these new measures in group studies. 

It is, for instance, not clear how pathology or age-related changes would affect the RF 
calibration and, in turn, how that would drive the final estimates of the diffusion metrics. This 
concern raises the question whether the RF should be computed for each data set separately, at 
a group level, or even across groups. And if the latter, there are many ways to achieve an 
‘average RF’, adding more unknowns to the equation. Averaging, however, may not be optimal 
either, since the group RF could differ from the true RF for each subject. Alternatively, 
differences in diffusion properties between groups could even be reflected in the calibrated RF 
itself and, hence, comparing the RF between groups may provide us with useful information. 
Which RF calibration approach would be optimal for group studies remains an open question 
and would be an interesting topic for future investigations. Note that the above concerns are not 
specific to our proposed recursive framework for RF calibration, but more general to SD 
methods. 

5.4.6 Limitations and possible improvements 

Although our method has proven to overcome some of the limitations of FA method, there is 
room for improvement. The method still results in a single RF for the whole brain, which is 
likely an oversimplification. Theoretically, the recursive method could be applied on distinct 
brain regions to calibrate an individual RF that best ‘fits’ that particular region. In this way, we 
would not stick to one RF for the whole brain, but instead tune the RF for distinct brain regions. 
This would, however, result in a trade-off between spatial specificity and RF stability due to 
lower number of included WM voxels. More importantly, one may wonder whether the RF will 
vary only spatially, or whether it is more likely to vary from one to another fiber population in 
the same region.  

Although CSD is the method of choice for SD in this work, there are also other 
implementations for SD approaches (Alexander, 2005; Anderson, 2005; Dell'Acqua et al., 
2007; Dell'Acqua et al., 2010; Descoteaux et al., 2009). To demonstrate that our approach is 
more generally applicable, we performed an extra analysis in which the sharpening 
deconvolution transform (SDT) method of Descoteaux et al. (2009) was used. In contrast to the 
CSD method, where the RF represents the diffusion-weighted signal of a single fiber 
orientation, the SDT approach uses the dODF of a one-fiber profile as the RF. As such, our 
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algorithm was initialized with a dODF of a fat tensor (FA = 0.05, see Fig. 5.11a) and the PR 
threshold was set to 0.01. Spherical deconvolution of the Q-ball dODFs with the final calibrated 
RF then produces the fODFs (Fig. 5.11b). The framework can also be extended to non-SH-
based methods. The (damped) Richardson-Lucy (RL) SD (Dell’Acqua et al., 2007; Dell’Acqua 
et al., 2010), for instance, does not use a spherical harmonic basis. Choosing the RF for RL-
based SD may serve as a trade-off between angular resolution and noise stability with sharper 
RF profiles providing higher angular resolutions at the cost of lower stability (Parker et al., 
2013). Hence, the recursive RF calibration procedure proposed in this work could also offer a 
valuable fine-tuning for the RL-based SD method. 

 
Fig. 5.11: Q-ball dODF sharpening, where the RF is calibrated with our recursive approach. (a) Number of voxels used 
for RF calibration as a function of iteration number, showing convergence after roughly 8 iterations. The RF represents in 
this case the dODF of a one-fiber profile and is shown as function of iteration. (b) Left: Q-ball dODFs; right: sharpened 
fODFs after SDT. 

5.5 CONCLUSION 

In this paper, a novel RF calibration method for SD approaches was presented. This method 
was compared to the commonly used method of calculating a mean RF of selected voxels with 
a range of FA values. Our recursive method has proven to overcome some of the limitations of 
the previously mentioned FA method and is completely independent of the diffusion tensor 
model. Voxels are selected for RF calibration when their fODFs have a sufficiently small or 
absent second peak as defined by the PR threshold, which allows us to make an informed and 
balanced trade-off between sensitivity and specificity of the fODF peaks. The method is robust 
and for SNR levels around 20, we recommend a PR threshold of 0.01. We have shown that 
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CSD with the recursive RF calibration approach yields plausible results in a variety of imaging 
data sets, both in vivo and ex vivo. 
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ABSTRACT 
While a lot of efforts in diffusion MRI have been directed towards modelling of so-called 
‘crossing-fibers’ in the brain, many fundamental questions on the microstructure in ‘single-
fiber’ population (SFP) configurations still remain unanswered. For instance, studying SFPs can 
infer information on its fiber organization to distinguish different tissue compartments, on our 
ability to compute microstructural parameters like axon diameter, on the choice to define an 
appropriate response function for spherical deconvolution, and on realistic settings to design 
simulation experiments. Currently, however, most diffusion MRI methods define general 
properties of the SFP for the whole brain - typically derived from a region in the corpus 
callosum (CC) - and assume homogeneity in terms of diffusion profile characteristics across 
different fiber bundles. In this chapter, we challenge this assumption and investigate the spatial 
distribution of SFPs and their specific characteristics with diffusion MRI data from the HCP 
and MASSIVE databases. Our findings demonstrate that microstructural properties of the 
single-fiber diffusion profile vary significantly between tracts, where the inter-tract variability 
exceeds the inter-subject variability. 

  



Less Confusion in Diffusion MRI 

  129 

6.1 INTRODUCTION 

With diffusion MRI (dMRI), the diffusion process of water particles can be measured to infer 
information on tissue architecture and microstructure. A popular feature of dMRI is the ability 
to extract fiber orientations for tractography to investigate brain connectivity. Diffusion tensor 
imaging (DTI), for example, can give an estimate of the underlying fiber direction by means of 
the principal direction of diffusion (Basser et al., 1994). However, DTI is unable to reveal 
multiple distinctly differently oriented fiber populations in a voxel, and a myriad of studies 
have therefore focused on optimal ways to solve the so-called ‘crossing-fibers problem’ over 
the past fifteen years (e.g. Dell’Acqua et al., 2007; Descoteaux et al., 2007; Descoteaux et al., 
2009; Frank, 2002; Hess et al., 2006; Jeurissen et al., 2013; Ramirez-Manzanares et al., 2007; 
Tournier et al., 2004; Tournier et al., 2007; Tuch et al., 2002; Wedeen et al., 2005).  

While a lot of attention has been given to crossing fibers in the brain, many fundamental 
properties of the microstructure in single-fiber population (SFP) configurations are still 
unknown. Because common DTI features such as fractional anisotropy (FA) and mean 
diffusivity (MD) are not specific to SFP tissue microstructure, other dMRI approaches are being 
developed to infer more specific information. For example, dMRI has been used to infer 
information on the organization of SFPs into distinct fiber compartments (Ferizi et al., 2015; 
Fieremans et al., 2011; Panagiotaki et al., 2012), to investigate the amount of neurite dispersion 
(Ferizi et al., 2013; Tariq et al., 2016; Zhang et al., 2012), and to test the ability of measuring 
microstructural parameters like axon diameter (Assaf et al., 2008) and amount of myelin. While 
some approaches attempt to recover crossing fibers and fiber-specific microstructural 
information at the same time (e.g. Ankele and Schultz, 2015; Assaf and Basser, 2005; Zucchelli 
et al., 2016), there appears to be a limit to the amount of parameters that can be estimated 
reliably from dMRI data. Even in the case of relatively simple models of tissue microstructure, 
parameter estimation suffers from poor precision and multiple physically plausible solutions 
can exist (Jelescu et al., 2016a). The remedy to this problem is usually to separate the 
orientation and microstructure estimation parts or to fix parameters to a predefined value that is 
then assumed to be the same throughout the brain. This spatial homogeneity of parameter 
values, however, is often used to simplify computations, but may not necessarily reflect the 
underlying microstructural reality.  

In addition to studying tissue microstructure, there are other reasons why characterizing SFPs is 
useful. Information about the signal in SFPs can aid the design of an appropriate response 
function for spherical deconvolution (SD) approaches, a popular strategy to tackle crossing 
fibers (Dell’Acqua et al., 2010; Roine et al., 2015; Tax et al., 2014c; Tournier et al., 2004; 
Tournier et al., 2007). Furthermore, the development of dMRI methodology relies heavily on 
the appropriate design of simulation experiments. Incorporating reliable estimates of SFP signal 
characteristics as prior knowledge in such simulations is then crucial to predict and evaluate 
experimental findings in real tissue in an unambiguous way.  

In order to characterize SFPs, it is important to localize voxels in which the condition is 
fulfilled that fiber bundles are relatively parallel and straight at the length scale of the voxel 
dimensions. Furthermore, localizing SFPs could also be useful to spatially constrain modelling 
approaches that assume the presence of a single dominant fiber orientation in a voxel. Many 
studies that investigate characteristics of SFPs and take advantage of such constraints use the 
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corpus callosum (CC) in the midsagittal plane where the fibers run relatively parallel (Ferizi et 
al., 2014; Panagiotaki et al., 2012). However, there is increasing evidence that even CC 
pathways are not strictly parallel and exhibit a degree of curvature and dispersion that cannot be 
ignored (Kleinnijenhuis et al., 2015; Mikula et al., 2012; Ronen et al., 2014). In addition, 
focusing only on the CC only ignores the fact that SFP properties may vary throughout the 
brain (Assaf et al., 2008; Fieremans et al., 2010; Fieremans et al., 2011; Reisert et al., 2014). 
Several alternative approaches that have looked beyond the CC to identify SFPs have used DTI 
constraints, such as high fractional anisotropy (FA) (Tournier et al., 2007) or a high linearity 
coefficient (Fieremans et al., 2011; Vos et al., 2012; Westin et al., 2002). While identifying SFP 
voxels is a necessary step in these works, it remains unclear to what extent these thresholds on 
DTI indices can affect the results. For example, a high FA may still occur in voxels with 
crossing fibers - e.g. when the volume fraction of one fiber population is relatively low. As 
these principles cannot be extended easily to high -values due to assumption violations of the 
DT model and the introduction of estimation biases, it is desirable to avoid the diffusion tensor 
model for identifications of SFPs altogether (Tax et al., 2014c). 

In this chapter, we study the characteristics of SFPs and their spatial variability across different 
fiber tracts. We adopt an alternative definition of an SFP that is not based on the DT: a voxel 
contains an SFP if the fiber orientation density function (fODF) only exhibits a single 
significant peak. More specifically, we use a previously proposed framework to recursively 
exclude crossing fiber voxels with constrained spherical convolution (CSD) (Tax et al., 2014c). 
This allows us to create an SFP map in which the fODF exhibits a single peak across -values. 
We further localize the SFPs by intersecting the SFP map with tract masks of different bundles 
derived from tractography. By deriving features from a range of dMRI models, we investigate 
characteristics of SFPs between tracts and across subjects. The focus of this manuscript was not 
to compare different models or to discuss the validity of assumptions underlying these models, 
but to explore the features and their variability that can be derived from these models. 
Preliminary results of this work were presented at the ISMRM (Tax et al., 2015b). 

6.2 METHODS 

6.2.1 Data and processing  

In this work we used the MASSIVE dataset (Froeling et al., 2016) and ten Human Connectome 
Project datasets (Glasser et al., 2013; Sotiropoulos et al., 2013; Van Essen et al., 2013). The 
MASSIVE dataset has a very high angular resolution with 250, 500, 500, 500  directions on 
the spheres and includes -values of 500, 1000, 2000, and 3000 / , along with 170 

0	 /  images. The spatial resolution is 2.5	  isotropic. Images were corrected for 
signal drift, subject motion, eddy current distortions, and susceptibility induced deformations 
using ExploreDTI (Froeling et al., 2016; Leemans et al., 2009; Leemans and Jones, 2009; Vos 
et al., 2016b). The preprocessed HCP datasets have a higher spatial resolution of 1.25	  
isotropic, and 90 directions on the hemispheres with -values 1000, 2000, and 3000 / , 
along with 18 0	 /  images. A white matter (WM) mask was derived for each dataset 
from the T1-weighted image using FSL-Fast (Zhang et al., 2001).  
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6.2.2 SFP localization by recursive CSD on multiple shells 

The localization of SFPs in this work is done by recursively applying constrained SD (CSD). 
CSD is one of the preferred SD approaches to reconstruct the fODF from the data and a 
predefined response function (RF) (Tournier et al., 2007). Here, the RF was obtained with the 
recursive calibration approach described in Tax et al. (2014). In short, this recursive algorithm 
is initiated with a coarse RF (in this case a diffusion tensor with MD = 0.7 ⋅ 10 	 /  and 
FA = 0.2), and CSD with 8  is performed on voxels within a WM mask. In each 
iteration, an ‘improved’ RF is computed by taking the mean rotated signal of voxels that 
contain only one genuine fiber orientation distribution (fODF) peak. Specifically, voxels with 
peak ratio second fODF peak / first fODF peak smaller than a preset peak ratio threshold  
(here, 0.05) are considered to be SFP voxels. This process is repeated until the convergence 
criterion are met. An SFP map can be created by including voxels that are used to compute the 
final RF and still exhibit an SFP upon CSD with the final RF (Tax et al., 2014). To take into 
account the -value dependency, we used the recursive framework to create an SFP map for 
every shell. A final SFP map was created by taking the intersection of the SFP maps over all 
shells.  

To be able to extract more tract-specific information, SFP voxels were considered to belong to a 
particular tract if they intersected with the tract mask. The tract mask included every voxel 
through which a streamline of the corresponding tract passes. Deterministic tractography on the 
fODF resulting from CSD on the 3000	 /  shell was performed with the following 
parameters: fODF threshold 0.1, angle threshold 35°, step size 1  (Jeurissen et al., 2011). 
We defined regions of interest on the MASSIVE and one HCP dataset to reconstruct the 
cingulum (CG), corticospinal tract (CST), inferior fronto-occipital fasciculus (IFOF), superior 
longitudinal fasciculus (SLF), uncinate fasciculus (UNC), occipital projection of the corpus 
callosum (CCO), and frontal projection of the corpus callosum (CCF) using the guidelines in 
Wakana et al. (2007). These tracts were reconstructed for the remaining HCP subjects using 
atlas based tractography as described in Lebel et al. (2008), with the first HCP subject as 
template. Spurious pathways were manually removed. 

6.2.3 SFP characterization: raw signal 

The signals of all SFP voxels were rotated so that the fODF peak resulting from CSD on the 
3000	 /  shell (Tournier et al., 2013b) coincides with the z-axis. Signals were 

interpolated on each shell using spherical harmonics ( 8) to determine the signal decay 
in the direction parallel and the average signal perpendicular to the peak direction.  

6.2.4 SFP characterization: model features 

A wide range of dMRI models and representations is available to further characterize SFPs, and 
obtain more specific information on the diffusion process and tissue microstructure. To explore 
the characteristics of SFPs throughout the brain, we fit a subset of several popular models: 1) 
diffusion kurtosis imaging (DKI) model on the shells up to 2000	 /  using 
REKINDLE with 6  (Jensen et al., 2005; Tax et al., 2015c); 2) CSD on the 
3000	 /  shell with maximum spherical harmonics order 8  (Tax et al., 2014c; 
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Tournier et al., 2007); and 3) 3D simple harmonic oscillator based reconstruction and 
estimation (3D-SHORE) basis on all shells with maximum radial order 6  and 
Laplacian regularization with regularization parameter 0.2 (Fick et al., 2016; Garyfallidis et al., 
2014; Merlet and Deriche, 2013; Özarslan et al., 2009).  

We derive the following features and scalar maps: 1) diffusion tensor measures from the DKI 
fit, i.e. FA, mean diffusivity (MD), axial diffusivity (AD), and radial diffusivity (RD); 2) 
kurtosis tensor measures from the DKI fit, i.e. kurtosis anisotropy (KA), mean kurtosis (MK), 
axial kurtosis (AK), radial kurtosis (RK) (Poot et al., 2010); 3) white matter tract integrity 
(WMTI) measures from the DKI fit and a white matter model, i.e. axonal water fraction 
(AWF), axial extra-axonal diffusivity (AxEAD), radial extra-axonal diffusivity (radEAD), and 
tortuosity (Fieremans et al., 2011); 4) an fODF measure, i.e. peak apparent fiber density (AFD 
(Dell’Acqua et al., 2013; Raffelt et al., 2012)) from CSD; and 5) ensemble average propagator 
(EAP) measures, i.e. mean-squared displacement (MSD), -space inverse variance (QIV), 
return-to-origin probability (RTOP), return-to-axis probability (RTAP), and return-to-plane 
probability (RTPP) (Fick et al., 2016; Özarslan et al., 2013; Wu et al., 2008b) from the 3D-
SHORE fit. 

6.3 RESULTS 

6.3.1 SFP localization by recursive CSD calibration on multiple shells 

Fig. 6.1 shows the SFP map for every shell of the MASSIVE dataset overlaid on an FA map 
(left 4 columns). The number of voxels identified as SFP voxels slightly decreases with -value 
(also in the HCP data, results not shown), but overall the same areas could be found. Fig. 6.1 
right column shows the final SFP map. SFPs were located in the CC, optic radiation, cerebellar 
peduncle, fornix, and internal capsule, amongst others. Fig. 6.2 shows the final SFP maps for 
the ten HCP datasets. Overall, the SFP locations are consistent between HCP datasets and 
between the HCP and MASSIVE data. For the HCP data, the number of SFP voxels in the 
frontal part of the CC varies across subjects. 

6.3.2 SFP characterization: raw signal 

Fig. 6.3a shows the 3D mean signal decay over all SFP voxels for the MASSIVE dataset. Figs. 
6.3b and 6.3c show respectively the signal decays of each individual voxel in the direction 
parallel and perpendicular to the fiber. The thick line represents the mean signal decay for each 

-value. In both axial and radial directions, the signal decay is clearly non-monoexponential. 
Some axial signal decay curves of the HCP data show ‘bumps’ which indicates that the 
interpolated signal is not monotonically decreasing. 
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Fig. 6.1: Localization of SFPs in the MASSIVE data across -values in three slices. 

Fig. 6.4 shows results for SFPs located on different tracts. The reconstructed tracts are shown in 
Fig. 6.4a for the MASSIVE dataset and an HCP dataset. Fig. 6.4b displays signal decay curves 
for SFPs in the corresponding tracts for the MASSIVE dataset. Visual inspection already 
reveals a difference in the characteristics of decay curves such as spread, amount, and shape for 
different tracts. Fig. 6.4c shows the decay curves of SFPs intersecting with the CST tract mask 
for the MASSIVE dataset (left) and the ten HCP subjects (right). Curve characteristics are 
visually similar between HCP subjects, but slightly different from the MASSIVE dataset.  
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Fig. 6.2: SFP maps for ten HCP subjects in three slices. 

6.3.3 SFP characterization: model features 

Fig. 6.5 shows DTI (a) and DKI (b) features for different tracts (colors correspond to Fig. 6.4a). 
The left column shows median values only across the SFP voxels on the tract. As a comparison, 
the right column shows the median value across all the voxels in the tract mask. Mean or 
median tract values are often used in group studies to investigate pathology, but are less ‘tract-
specific’ since also voxels with crossing fibers are taken into account. Each point is the median 
value for a subject, where the asterisk represents the MASSIVE data and each circle represents 
an HCP subject. The plots in Fig. 6.5 show variation of the features between tracts, both for the 
SFPs and whole tract mask. The mean value and variability of the features across subjects is 
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different for different tracts. Overall, the variability between tracts already qualitatively appears 
larger than the variability between subjects. For example, the median AD for all subjects is 
higher in SFPs of the occipital part of the corpus callosum (CCO) than of the SLF, and the 
median RK for all subjects is higher in the CST than the uncinate fasciculus when considering 
the whole tract mask. The variability between subjects is roughly similar when considering only 
SFPs on a tract compared to considering the whole tract, even though the former involved fewer 
voxels. As an example, we tested whether there was an overall significant difference between 
tracts for the AD with a repeated measures analysis of variance. In both the SFP and whole tract 
scenarios there was a significant effect of tract (F(6,54) = 44.5, p = 3.6·10-19, effect size (partial 

) = 0.83 and F(6,54) = 108.2, p = 2.8·10-28, effect size = 0.92, respectively). The fingerprint 
of typical values for the tracts is, however, markedly different between the two scenarios: the 
FA, AD, MK, KA, and RK are generally lower for the whole tract mask whereas the RD was 
generally higher. MD showed the least difference between the two scenarios. The features are 
the most variable across subjects in the frontal part of the corpus callosum (CCF). Overall, the 
MASSIVE and HCP data features follow the same trend across tracts, but the AK is 
systematically lower for the MASSIVE data. 

 
Fig. 6.3: (a) 3D mean signal decay over all SFP voxels in the MASSIVE data as a function of -value. (b) Axial and 
radial signal decay for each individual SFP voxel (grey), and the average signal decay (black) in the MASSIVE data. (c) 
Signal decay for a HCP dataset. 
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Fig. 6.4: (a) Reconstructions of tracts for the MASSIVE (left) and one HCP dataset (right): cingulum (CG, red), 
corticospinal tract (CST, green), inferior fronto-occipital fasciculus (IFOF, dark blue), superior longitudinal fasciculus 
(SLF, grey), uncinate fasciculus (UNC, yellow), occipital projection of the corpus callosum (CCO, light blue), and 
frontal projection of the corpus callosum (CCF, purple). (b) Signal decay curves for the MASSIVE dataset of SFPs 
located on different tracts, colors correspond to (a). (c) Signal decay curves of SFPs intersecting with the CST mask, for 
the MASSIVE dataset (left) and the ten HCP datasets (right). 

Fig. 6.6 shows WMTI features (a), an fODF feature (b), and EAP features (c) for SFP voxels on 
different tracts in HCP subjects. These results confirm the finding that the difference of median 
features between tracts is in some cases higher than the inter-subject variability. As an example, 
we statistically confirmed that there was a significant effect of tract for the AFD with a repeated 
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measures analysis of variance (F(6,54) = 78.2, p = 7.7·10-25, effect size  = 0.90). Similar trends 
are observed for the other metrics. 

 
Fig. 6.5: Features derived from the DKI fit for different tracts, represented by different colors. Each point is the median 
value of the corresponding feature for a single subject, where the asterisk represents the MASSIVE data and the circles 
represent the HCP datasets. Left column: Median of SFP voxels on a given tract. Right column: Median of all voxels in 
the tract mask. (a) Features derived from the diffusion tensor. (b) Features derived from the kurtosis tensor. MD = mean 
diffusivity in / , FA = fractional anisotropy, AD = axial diffusivity in / , RD = radial diffusivity in / , 
MK = mean kurtosis, KA = kurtosis anisotropy, AK = axial kurtosis, RK = radial kurtosis. CG = cingulum, CST = 
corticospinal tract, IFOF = inferior fronto-occipital fasciculus, SLF = superior longitudinal fasciculus, UNC = uncinate 
fasciculus, CCO = occipital part of the corpus callosum, CCF = frontal part of the corpus callosum, all = median over all 
SFPs. 
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Fig. 6.6: Features for different tracts, represented by different colors. Each point is the median value of the corresponding 
feature for a single subject. (a) Features derived from white matter model of Fieremans et al. (2011). (b) Feature derived 
from the fODF. (c) Features derived from the EAP. AWF = axonal water fraction, EAD = extra-axonal diffusivity in 

/ , AFD = apparent fiber density, MSD = mean-squared displacement in , QIV = -space inverse variance in 
, RTOP = return-to-origin probability in , RTAP = return-to-axis probability in , RTPP = return-to-

plane probability in . CG = cingulum, CST = corticospinal tract, IFOF = inferior fronto-occipital fasciculus, SLF = 
superior longitudinal fasciculus, UNC = uncinate fasciculus, CCO = occipital part of the corpus callosum, CCF = frontal 
part of the corpus callosum, all = median over all SFPs. 

6.4 DISCUSSION 

In this work we have investigated the spatial distribution of SFPs and their specific 
characteristics with diffusion MRI data from the HCP and MASSIVE databases. We localized 
SFP voxels by excluding crossing fiber voxels with CSD on multiple -value shells. The signal 
in these SFP voxels can be further characterized by fitting any dMRI model or representation. 
Here, we have analyzed the variability of features from a subset of dMRI models throughout the 
brain. 
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6.4.1 Definition of a single fiber population 

We have explored the definition of an SFP as a voxel in which the fODF only exhibits one 
significant peak across -values. This definition is not based on manual localization of 
structures such as the CC, or on the DTI model. The idea is that the peak ratio threshold 
provides a more intuitive means to select SFP voxels than DTI indices, that it can be extended 
to higher -values, and that it can be tuned to take into account spurious peaks (Tax et al., 
2014c). However, the definition of SFPs that we used is open to discussion. The fODF in a 
voxel will have a single significant peak in a number of configurations other than straight 
parallel fibers. For example, in the case of bending and fanning fibers the fODF is expected to 
still exhibit a single peak which is broader than in the case of straight parallel fibers. In 
addition, fibers that cross or kiss will result in a single fODF peak when their angle is smaller 
than the resolving power of the dMRI technique used to obtain the fODF. For CSD as used here 
this is around 45° (Tournier et al., 2007). On the one hand, the definition of an SFP used in this 
work is thus not the same as the strict definition of an SFP as straight parallel fibers. On the 
other hand, it is questionable whether such strict SFP configurations actually exist in brain 
tissue at the scale investigated, since even the CC exhibits curvature and dispersion 
(Kleinnijenhuis et al., 2015; Mikula et al., 2012; Ronen et al., 2014). Therefore, relaxing the 
definition of an SFP to ‘relatively straight and parallel fibers’ in the context of brain dMRI at 
this spatial scale might be necessary, and the fODF then provides a more general way to capture 
such different configurations.  

Assuming that the fODF with a single significant peak can represent a range of fiber 
configurations, there are a number of ways in which these configurations could potentially be 
further disentangled. For example, in addition to a peak ratio threshold, an additional criterion 
could be imposed that only selects voxels with low fiber dispersion (e.g. based on the integral 
of the fODF and ratio of the peak amplitude). However, if one is interested in investigating 
fiber dispersion in SFPs, it is desirable to leave these voxels in the SFP map. Alternatively, 
neighborhood information can be used to infer information on the asymmetry of ODFs, 
potentially revealing configurations such as bending or fanning fibers (Barmpoutis et al., 2008; 
Bastiani et al., 2016; Cetin et al., 2015). Overall, the problem of not being able to distinguish 
different complex fiber configurations from each other is a problem general to the field, and 
further developments in this direction can also be beneficial for the framework presented here. 

6.4.2 Localization of single fiber populations 

In this work we have used CSD with the recursive calibration method to localize voxels with a 
single significant fODF peak across all -value shells (Tax et al., 2014c). In this algorithm, 
different choices for parameter settings and selection criteria can be made. The peak ratio 
threshold was proposed as an intuitive parameter to select SFPs based on the magnitude of the 
largest and second largest peak. If the value is set too low the algorithm might exclude true 
SFPs because of the presence of spurious peaks, and if the value is set too high the algorithm 
might include voxels with crossing fibers. In practice, the ‘optimal’ parameter setting might 
also depend on SNR and acquisition settings. We ran the algorithm with different peak ratio 
thresholds on the MASSIVE and HCP datasets, and visually inspected SFP maps across 
datasets and -values. For simplicity we here chose one parameter setting (0.05) that selected 
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the majority of the CC and other areas where SFPs are likely to be present (parts of the internal 
capsule and the optic radiation) for all datasets and -values. Alternative criteria for the 
selection of fODFs with a single peak are possible, for example by looking at absolute peak 
values or comparing the AFD of the largest peak to the sum of the AFDs of all other positive 
lobes (Smith, 2016). We found that the simpler peak ratio threshold combined with a WM mask 
performed good in our case, and other criteria might be further investigated in future work. 
Another setting involved the choice of initial response function. In analogy to previous work we 
used a near-isotropic response function corresponding to a diffusion tensor with low FA. Here 
we chose an initial FA of 0.2 to prevent CSD from producing degenerate fODFs at the largest 

-value shell of the HCP dataset. Based on visual inspection on lower -value shells of the 
HCP data and all shells of the MASSIVE dataset, the final SFP maps did not change 
significantly when this threshold was lowered. Alternative choices for the initial response 
function are possible, for example to better deal with the intensity scaling. However, as we used 
the ratio between peaks to select voxels for the next iteration, a scaling of the first-iteration 
fODFs resulting from the scaling of the initial response function theoretically does not 
influence the result. 

A final SFP map was created by taking the intersection of the SFP maps per shell to exploit the 
information present in multiple -shells. The number of SFP voxels found decreased with -
value, likely because of the increased ability to resolve crossing fibers at higher -value, but 
also due to the lower SNR at higher -values which may cause spurious peaks. For the HCP 
data this effect was more visible (results not shown) than for the MASSIVE dataset (Fig. 6.1): 
the increase of amount of directions for increasing -value in the MASSIVE dataset might have 
compensated for this effect. Alternative ways to obtain a final SFP map are possible. We 
compared our recursive exclusion of crossing fiber voxels, which does not reconsider a voxel 
once it is excluded, with a peak ratio threshold on all the voxels after final CSD and with an 
absolute peak threshold of 0.1 on all the voxels after final CSD. The results in Supplementary 
Fig. S6.1 show that the first two scenarios (recursive vs peak ratio threshold on all the voxels) 
result in the same SFP map both for the MASSIVE and HCP dataset. A relative versus absolute 
threshold results in a similar SFP map with the same structures. Other adaptations to the 
creation of the SFP map include a relaxation of the constraint that the fODF has to exhibit a 
single peak for all shells to a subset of the shells. Alternatively, multi-shell spherical 
deconvolution (Cheng et al., 2014; Jeurissen et al., 2014) can be performed to do recursive 
calibration on all shells simultaneously. These options can be explored in future work. 

SFP locations were visually consistent between subjects (Fig. 6.2). SFP locations found in the 
HCP data were mostly also found in the MASSIVE data. Due to the larger voxel size and 
corresponding partial volume effects some SFP locations were not found as extensively in the 
HCP data as in the MASSIVE data. An example is the frontal part of the CC, where the amount 
of SFP voxels also varied between HCP subjects. This could for example be caused by Gibbs 
ringing (Perrone et al., 2015; Veraart et al., 2016), CSF partial volume effects, a high curvature, 
or acquisition or processing imperfections. In addition, the MASSIVE and HCP datasets were 
acquired with a different phase encoding direction (i.e. anterior-posterior vs left-right), which 
might have attributed to the differences (Kennis et al., 2016). 
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To further localize an SFP voxel on a particular tract, we intersected the tract mask with the 
SPF mask. Using the tract mask to compute summary statistics of the corresponding tract (e.g. 
mean FA) is a common analysis strategy. Instead of considering all the voxels in the tract mask, 
we have here focused on features only of SFPs in different tracts. By computing mean indices 
only from SFPs in a tract instead of averaging over all voxels, the results are to a lesser extent 
biased by crossing fiber voxels and other partial volume effects. This can reveal potential 
between-tract or between-subject differences that might otherwise remain undetected. An SFP 
voxel is, however, not always tract specific: when pathways of multiple fiber tracts run more or 
less parallel through a voxel, one SFP voxel can be attributed to multiple tracts. 

6.4.3 Characterization of single fiber populations 

Figs. 6.3 and 6.4 show axial and radial signal decay curves for SFPs located on different tracts, 
and SFPs located on the same tract in different datasets. Here, we interpolated the signal decays 
in the respective directions from spherical harmonics fits on each shell. The signal decay both 
in the axial and radial direction appears to be non-monoexponential. To test whether this was 
not an effect solely of the noise floor, we determine the signal decay in the same directions after 
an attempt to adjust for the non-Gaussianity of the original signal. The non-central chi 
distributed signal is mapped to its equivalent value of a Gaussian distribution as described in 
Koay et al. (2009a); St-Jean et al. (2016). Although a slight change in the signals of individual 
SFP voxels could be observed (Supplementary Fig. S6.2), the curves still showed a non-
monoexponential behavior both in the radial and axial direction.  

Many attempts have been made to characterize decay curves and their non-monoexponential 
behavior (Mulkern et al., 2009). The fitting of biexponential curves has been much debated 
since it is highly challenging, and even though it fits the data well the assignment of the 
diffusivities to histological compartments seems impossible (Kiselev and Il'yasov, 2007; 
Mulkern et al., 2009; Niendorf et al., 1996). Several works, however, have found some 
experimental and theoretical justification for this model in WM: the slow compartment would 
correspond to the highly restricted water diffusion inside the axis and the fast compartment to 
the less hindered diffusion the extra-axonal space (Assaf and Basser, 2005; Fieremans et al., 
2010). Fig. S6.3 shows results of a biexponential fit on axial and radial decay curves of SFP 
voxels intersecting with the tract mask of the CST. Here we used a non-linear least squares fit 
(Levenberg-Marquardt) on the data of all SFPs on a tract simultaneously where the weights 
were determined by the reciprocal of the variance for each -value. We have tested other 
approaches to biexponential fitting, for example a fit for every individual voxel before taking 
the mean which was highly unstable and therefore not used, and a fit on the mean over all SFP 
voxels under consideration with different optimization options as in Fieremans et al. (2011); 
Kiselev and Il'yasov (2007). The results for these options were more or less the same as shown 
in Fig. S6.3. In this work we used a maximum -value close to Kiselev and Il'yasov (2007) but 
with fewer different -values and a smaller maximum -value and fewer different -values than 
in Fieremans et al. (2011).  

The numbers in each plot indicate parameter estimates for the slow and fast diffusing 
compartments (  and  respectively), with the volume fraction  corresponding to the slow 

diffusing compartment. The diffusion coefficients differ between compartments in a given 
direction. The parameter estimates were similar between HCP subjects and relatively similar 
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between the MASSIVE and HCP datasets. The largest discrepancy occurred in  for the axial 
signal decay and  for the radial signal decay. The estimates of the diffusion coefficients in the 

radial direction were in the same order of magnitude, but larger than the values reported in 
Fieremans et al. (2011). This could be attributed to a lower maximum -value in this work, a 
different tract under investigation, or other factors. The parameter estimates for the slow and 
fast diffusing compartments suggest that diffusion coefficients can differ between 
compartments in a given direction, contrary to some assumptions in literature (Panagiotaki et 
al., 2012; Zhang et al., 2012) . At this point, however, it is problematic to assign the slow and 
fast diffusing compartments to intra- and extra-axonal space since the estimated fractions of the 
decay curves are not consistent between both directions. 

We fitted different other dMRI models to the data in SFP voxels to get a feeling for the 
characteristics of SFPs and their variability throughout the brain. Figs. 6.5 and 6.6 show that the 
variability of most features is larger between various tracts than between subjects. When 
comparing median DTI and DKI features for SFP voxels located on a tract or for the whole 
tract mask, we can see that these values are significantly biased by crossing fibers (Fig. 6.5). As 
expected, FA, AD, and KA of SFPs only are much higher compared with the whole tract 
average, whereas RD is lower in this comparison. While most features are comparable between 
the MASSIVE and HCP datasets, the AK is not. This may be due to sensitivity of AK to noise 
as it is evaluated in a single direction (a similar effect as the noisier axial decay curves in Fig. 
6.4 compared to the radial decay curves), and the fact that this effect is different between 
different acquisitions. AD, RD, AK, and RK are directional features related to the direction of 
the first eigenvector of the tensor. Assuming that the first eigenvector better represents the 
direction of the underlying fiber configuration in SFP voxels compared to crossing fibers, the 
terms radial and axial have a less ambiguous interpretation in this context. 

The values in Fig. 6.6 roughly correspond to those presented in previous works (e.g. Fieremans 
et al. (2011) for WMTI values and Fick et al. (2016) for EAP values). The WMTI parameters in 
Fig. 6.6 are derived from the DKI fit and aim to give a more specific interpretation of DTI and 
DKI features in terms of tissue microstructure. The underlying white matter tissue model 
assumes that the intra-axonal space (IAS) and extra-axonal space (EAS) are two non-
exchanging compartments, and that the diffusion in the IAS and EAS can be modeled by 
compartment specific diffusion tensors (Fieremans et al., 2011). The assumptions underlying 
this model are valid when the crossing angle of two axonal bundles is smaller than 30°, which 
is slightly lower than the resolving power of CSD. The derived features are variable between 
tracts, in agreement with the maps in Fieremans et al. (2011). The axial EAD seems to be the 
most discriminative between tracts, taking into account the inter-subject variability. 

The AFD was derived in the peak direction of the fODF. The AFD measure is based on the 
assumption that intra-axonal radial diffusion is restricted and that the extra-axonal radial signal 
is strongly attenuated at -values typically used for CSD (Raffelt et al., 2012). Under these 
assumptions, the magnitude of the fODF provides a measure of apparent fiber density in that 
direction. Also here, the peak AFD was highly variable between tracts, while the inter-subject 
variability was relatively low. 

The EAP features derived from the SHORE basis also showed variability between tracts, which 
exceeds the inter-subject variability for most tracts. Of these features, the RTAP and RTTP 



Less Confusion in Diffusion MRI 

  143 

depend on the direction of the underlying first eigenvector of the diffusion tensor. Under the 
assumptions of parallel axons, infinitesimally small gradient pulse length, long enough 
diffusion times, and that the signal only originates from the intra-axonal compartment, the 
RTAP is related to the mean diameter of the axons (Özarslan et al., 2013). However, these 
conditions are hard to fulfill in real tissue, where dispersion almost always occurs and the 
diffusion signal also originates from the extra-axonal compartment.  

Fig. S6.4 shows a plot where the median value of each tract of each HCP subject is visualized 
as a point in 3D space according to its axial EAD, AK, and AFD. We have chosen these 
features here based on a visual inspection of variability between tracts in Figs. 6.5 and 6.6. 
Different clouds of points can be recognized, visually confirming that tracts have a ‘fingerprint’ 
in terms of the features of their SFPs that is relatively consistent between subjects.  

The computed indices can be used as reference for simulation studies. In future work a wider 
range of models and descriptive features can be estimated from the diffusion profiles of these 
SFPs. For example, an interesting feature not investigated in this work is the degree of neurite 
dispersion (Zhang et al., 2012). The MASSIVE decay curves and signals in SFPs and SFPs per 
tract will be made available to the community at http://massive-data.org/.  

6.5 CONCLUSION 

In this work we have studied characteristics of SFPs and their variability throughout the brain. 
We did this by recursively excluding crossing fiber voxels with CSD on multiple -value shells. 
The signal in these SFP voxels was subsequently further characterized by fitting various dMRI 
models. Our results show that features derived from different models show already qualitatively 
a consistent variability between tracts, which exceeds the inter-subject variability. This was 
confirmed statistically for several measures. The proposed framework and identified SFP 
signals will be made publically available to facilitate further characterization of SFPs. In 
addition to providing useful microstructural information, these findings could for example be 
used in the design of simulation experiments. 
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6.6 SUPPLEMENTARY MATERIAL 

 
Fig. S6.1: Comparison of different options to create an SFP map for the MASSIVE (a) and one HCP (b) dataset. The 
recursive CSD is the approach used throughout the manuscript. whole brain (WB) relative refers to a peak ratio threshold 
on all the voxels after final CSD. WB absolute refers to an absolute threshold of 0.1 on all the voxels after final CSD. 
 

 
Fig. S6.2: Decay curves prior (a) and after (b,c) noise bias correction. In (b) the same SFP map is used as in (a), whereas 
in (c) we repeated the creation of the SPF mask on the actual noise corrected data. 
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Fig. S6.3: Biexponential fit on the axial (top) and radial (bottom) decay curves for the MASSIVE (left) and HCP (right) 
datasets. 

 
Fig. S6.4: Each point represents a tract (colored according to Fig. 4a) of one HCP subject as a function of its peak AFD, 
axial EAD, and AK. 
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7 SHEET PROBABILITY INDEX (SPI): 
CHARACTERIZING THE 

GEOMETRICAL ORGANIZATION OF 
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Based on:  

C.M.W. Tax, T.C.J. Dela Haije, A. Fuster, C.F. Westin, M.A. Viergever, L.M.J. Florack, A. 
Leemans, “Sheet Probability Index (SPI): Characterizing the geometrical organization of the 
white matter with diffusion MRI”, NeuroImage (in press)  
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ABSTRACT 
The question whether our brain pathways adhere to a geometric grid structure has been a 
popular topic of debate in the diffusion imaging and neuroscience society. Wedeen et al. 
(2012ab) proposed that the brain’s white matter is organized like parallel sheets of interwoven 
pathways. Catani et al. (2012) concluded that this grid pattern is most likely an artifact, 
resulting from methodological biases that cause the tractography pathways to cross in 
orthogonal angles. To date, ambiguities in the mathematical conditions for a sheet structure to 
exist (e.g. its relation to orthogonal angles) combined with the lack of extensive quantitative 
evidence have prevented wide acceptance of the hypothesis. In this chapter, we formalize the 
relevant terminology and recapitulate the condition for a sheet structure to exist. Note that this 
condition is not related to the presence or absence of orthogonal crossing fibers, and that sheet 
structure is defined formally as a surface formed by two sets of interwoven pathways 
intersecting at arbitrary angles within the surface. To quantify the existence of sheet structure, 
we present a novel framework to compute the sheet probability index (SPI), which reflects the 
presence of sheet structure in discrete orientation data (e.g. fiber peaks derived from diffusion 
MRI). With simulation experiments we investigate the effect of spatial resolution, curvature of 
the fiber pathways, and measurement noise on the ability to detect sheet structure. In real 
diffusion MRI data experiments we can identify various regions where the data supports sheet 
structure (high SPI values), but also areas where the data does not support sheet structure (low 
SPI values) or where no reliable conclusion can be drawn. Several areas with high SPI values 
were found to be consistent across subjects, across multiple data sets obtained with different 
scanners, resolutions, and degrees of diffusion weighting, and across various modelling 
techniques. Under the strong assumption that the diffusion MRI peaks reflect true axons, our 
results would therefore indicate that pathways do not form sheet structures at every crossing 
fiber region but instead at well-defined locations in the brain. With this framework, sheet 
structure location, extent, and orientation could potentially serve as new structural features of 
brain tissue. The proposed method can be extended to quantify sheet structure in directional 
data obtained with techniques other than diffusion MRI, which is essential for further 
validation.  
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7.1 INTRODUCTION 

A three-dimensional Manhattan street grid or the intricate streets of Victorian London, which 
configuration reflects our brain’s organization best? This debate added three Science 
publications to the list of diffusion MRI (dMRI) literature (Catani et al., 2012; Wedeen et al., 
2012a; Wedeen et al., 2012b). Wedeen et al. (2012b) analyzed adjacency and crossings between 
cerebral fiber pathways of the brain using dMRI and found that the pathways form a 3D grid 
structure. More specifically, the authors used diffusion spectrum imaging (DSI (Callaghan et 
al., 1990; Wedeen et al., 2005)), which infers information on the diffusion probability density 
function (PDF) by extensively sampling -space in a Cartesian fashion, to reconstruct a so-
called path neighborhood with tractography. This path neighborhood can be computed by 
tracking pathways from a small seed region, and subsequently computing the paths incident on 
these paths. It was found that the pathways in such a neighborhood cross nearly orthogonally in 
2D grid- or sheet-like structures (similar to the “warp and weft of a fabric”) that are layered in 
3D space “like pages of a book” (Wedeen et al., 2012a; Wedeen et al., 2012b). This sheet 
structure was consistently recognized across species and scales, and throughout the white 
matter.  

Catani et al. (2012) suggested that the observed grid pattern is most likely an artifact, attributed 
to the limitations of DSI used in Wedeen et al. (2012b). The authors showed that diffusion 
orientation distribution functions (dODFs) as derived from the DSI-PDFs have inherently low 
angular resolution, and therefore have a limited ability to resolve crossing fibers with small 
angles. They concluded that this bias towards orthogonal angles negatively impacts the 
tractography results in Wedeen et al. (2012b) and inadvertently makes “the grid structure of 
interwoven sheets a very likely configuration” (Catani et al., 2012). By using another dMRI 
technique called spherical deconvolution (SD) (Dell’Acqua et al., 2007; Dell’Acqua et al., 
2010; Tournier et al., 2007), which has a higher angular resolution through the direct 
reconstruction of the fiber ODF (fODF), they were able to show that non-orthogonal crossings 
represent a large percentage of the total crossings in white matter (> 88% in a group study of 10 
subjects). In addition, Catani et al. noted that the results in Wedeen et al. (2012b) are mainly 
qualitative and that dMRI-based pathways cannot be equated to true axons. 

Wedeen et al. (2012a) rebutted the technical concerns regarding DSI and claimed to find further 
support for the sheet-structure theory in classic degeneration studies. In addition, they agreed 
that non-orthogonal angle crossings do exist, and stated that Catani et al. did not address the 
main finding of their study: the existence of sheet structure. This structure “does not depend on 
fiber orthogonality or the absence thereof” and the authors stated that “there are no mechanisms 
known whereby technical limitations will create it as an artifact” (Wedeen et al., 2012a). 

This debate has gained a lot of attention from the diffusion and neuroscience communities. 
While still considered controversial by many, the existence of sheet structure could have 
significant impact on models of structural and functional brain connectivity, embryogenesis, 
and development. It could for example play an important role in axonal path-finding during 
embryogenesis by guiding growing fibers, thereby greatly reducing the complexity of such 
processes (Wedeen et al., 2012b). The prevalence and geometry of sheet structures in the brain 
can potentially also be a novel feature to characterize brain structure, complementing the wide 
range of existing microstructural and geometrical measures (e.g. Assaf et al., 2008; Astola et 
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al., 2011; Dell’Acqua et al., 2013; Fieremans et al., 2011; Leemans et al., 2006; Raffelt et al., 
2012; Savadjiev et al., 2012; Tax et al., 2012; Zhang et al., 2012). 

To date, however, there is no general consensus on the degree to which sheet structure is 
present in the brain. The lack of a clear exposition of the relevant mathematical concepts may 
have contributed to this ongoing debate. In particular, there still exist ambiguities regarding the 
exact definition of a sheet structure, the conditions for it to exist, and its relation to orthogonal 
angles. In addition, the evidence for the existence of sheet structure was mainly qualitative, and 
no extensive quantitative analysis was performed so far. In this work, we first formalize the 
terminology to clarify the definition of sheet structure as proposed by Wedeen et al. (2012b) 
and the condition for its existence; this is done in Section 7.2. Subsequently, we propose a 
robust method to compute a sheet probability index (SPI), which indicates to what extent the 
data supports a sheet structure, in Section 7.3.1 and 7.3.2. An intuitive way to visualize the SPI 
throughout the brain is described in Section 7.3.3. We evaluate this method with simulations 
and real dMRI data sets as described in Sections 7.3.4 and 7.4. Finally, we use the proposed 
method to investigate and discuss some of the claims made in Wedeen et al. (2012ab) and 
Catani et al. (2012) in Sections 7.4 and 7.5. Note that even though we use dMRI data here to 
investigate the existence of sheet structure, our approach can be extended to compute the SPI in 
other types of directional data such as polarized-light imaging data (Axer et al., 2001). 
Preliminary results of this work have been presented at the ISMRM (Tax et al., 2014a; Tax et 
al., 2016a) and the BASP workshop (Tax et al., 2015a).  

7.2 THEORY 

In this section, we present the theoretical background that is required to understand some of the 
key mathematical concepts in relation to the investigation of the brain’s sheet structure. In 
Section 7.2.1, we present a definition of sheet structure in terms of integral curves of vector 
fields, and in Section 7.2.2, we discuss the relevant measure used to assess the presence of this 
sheet structure, i.e. the Lie bracket. In Section 7.2.3, we explain the Frobenius theorem, which 
formalizes the necessary and sufficient condition for the sheet structure to exist. Note that we 
adopt a rather informal mathematical language and omit technical definitions and proofs to 
make the main concepts accessible to a broader audience. We refer to Appendix A7 for a list of 
symbols and Appendix B7 for a more formal summary. 

7.2.1 Definition of sheet structure 

Several definitions and interpretations of ‘sheets’ in the brain exist in the literature (Kindlmann 
et al., 2007; Schultz et al., 2010; Vilanova et al., 2004; Yushkevich et al., 2008; Zhang et al., 
2003). Some major white matter tracts resemble a thin sheet-like structure by itself: well-known 
examples are the corona radiata and the corpus callosum. Such single-fiber-direction sheets 
have typically been represented by a sheet-like skeleton (Smith et al., 2006) or a surface 
(Yushkevich et al., 2008). In contrast, crossing or intertwining-fiber sheets as proposed by 
Wedeen et al. (2012b) (hereafter shortened to sheets) are not segregated structures, but are 
composed of two tracts that cross each other on the same surface in certain regions along their 
trajectories. As a result, tubular-shaped tracts can in theory still form sheets at locations where 
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they intersect with other structures. Here, we focus on the latter definition of sheet structure and 
on how such sheets can be detected in directional data where two structures cross. 

Consider a set of vectors at each position of the brain ⊂ , which can for example be 
obtained from the dODF or fODF using any dMRI reconstruction technique. With streamline 
tractography one integrates a smooth three dimensional vector field  defined on a subset 

⊂ , generating streamlines (or integral curves) Φ ,  1 (with  denoting arc length and 
0,  the initial spatial position), such that for all ∈  the following integrability 

holds (Fig. 7.1a): 

Φ , . [7.1] 

Here, ∈  denotes the vector at position . This idea of integrability can potentially be 

extended to two vector fields  and : an integral surface ⊂ ∩  called the sheet 
structure is defined as the surface  whose tangent plane at  is parallel to the plane spanned by 

 and  for all ∈ , see Fig. 7.1b. The requirements for such a surface to exist are 

formalized in the Frobenius theorem, which states that the vector fields  and  should interact 
in a ‘nice’ way according to their Lie bracket.  

 
Fig. 7.1: (a) An example set of fiber ODFs (semi-transparent) along with their peak directions (arrows), which form the 
vector fields  (red) and  (blue). By integrating these vector fields, one can reconstruct at each initial position p the 
integral curves Φ ,  (red curve) and Φ ,  (blue curve) where  denotes arc length parameterization. (b) The 
tangent plane of an integral surface  at any point ∈  is parallel to the plane spanned by  and  (indicated by the 

dashed squares annotated on S . 

7.2.2 The Lie bracket 

The Lie bracket, a mathematical concept from differential topology, is a bilinear operator on 
two vector fields  and  and defines a third vector field denoted by , . Intuitively, the 
Lie bracket at a given location  can be understood as the deviation from  when trying to 

                                                             

1  Here we adopt the flow operator notation Φ  to represent the streamlines, which has 
advantages over traditional notation in the remaining Theory sections. 
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move around in a small loop along the integral curves of  and  with  as the starting 
position (Fig. 7.2). Such a loop consists of four ‘legs’ (i.e., a quadrilateral) and starts at point  
by following the integral curve Φ  1 along  for some distance . After arriving at point 
Φ  (the end point of the first leg of the loop), one continues along the vector field  for the 
same distance . From the resulting end point of this second leg Φ ∘ Φ , where ∘ is the 
symbol used to indicate the concatenation operation, one moves ‘backwards’, along the integral 
curves of  and  in order, again along each leg with the same distance . The end point of 
this loop is then written as Φ ∘ Φ ∘ Φ ∘ Φ  or with the following shorthand 
notation 

≔	 Φ ∘ Φ ∘ Φ ∘ Φ .  [7.2] 

In other words,  is the curve that comprises the end points of all loops starting in the point  

(see Fig. 7.2a for a schematic overview). For a specific value of , the difference vector  

(also called the closure) is then defined as 

≔ .  [7.3] 

The formal definition of the Lie bracket (Misner et al., 1973; Spivak, 1979) in , , , 

follows from the Taylor expansion 0 0 1 2⁄ 0  (where 

0  and 0 0 , and where prime denotes differentiation with respect to ) and 

taking the limit 

lim
→

1
2

0 : , .  [7.4] 

See Appendix B7 for details. At this point we remark that by choosing  sufficiently small, 
there is a linear relationship between the Lie bracket and the closure (we will use this relation in 
Section 7.3.1.3). 

7.2.3 The Frobenius theorem  

The requirement for a sheet structure to exist can be understood intuitively by following the line 
of thinking in the previous section, and is depicted in Fig. 7.2c and d. The Lie bracket was 
introduced as the local deviation from  after a small flow over  and , and if these vector 
fields are tangent to a sheet in a neighborhood of  then the end point  of this flow must 

lie on the sheet structure as well (Fig. 7.2c). In the limit of smaller and smaller loop sizes this 
leads to the Frobenius theorem (Lang, 1995; Spivak, 1979), which tells us that two vector fields 

                                                             

1 For notational convenience, we use the flow operator Φ ≡ Φ ,  if we are considering 
streamlines of a fixed arc length . 
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 and  form a sheet structure in a neighborhood of point  if and only if the Lie bracket 
,  lies in the plane spanned by  and , cf. Fig. 7.2d. As a comparison, Fig. 7.2b shows 

the case (corresponding to Fig. 7.2a) in which the vector fields  and  do not form a sheet 
structure. 

In practice we can check this condition by examining the component of ,  normal to  

and , the normal component of the Lie bracket (Wedeen et al., 2012b). We do this by 

computing the orthogonal projection of the vector ,  onto the outer product  

(normalized): 

, ≔ , ⋅ .  [7.5] 

The sheet structure  is then given by the set of all points ∈ ∩  where , 0. 

Note that this condition does not involve the presence of orthogonal angles. 

 
Fig. 7.2: (a) A loop composed of integral curves of  (red arrows) and  (blue arrows) with  as the starting position.  

is the curve formed by the end points of all loops (by varying the distance ) starting in the point . ,  is the Lie 

bracket at point , and has a relation with the difference vector ≔  according to Eq. [7.4]. In this 

scenario, the vector fields  and  cannot be integrated to form a sheet structure.  (b) The Lie bracket from (a) does not 
lie in the plane spanned by  and  (grey). Hence the normal component of the Lie bracket ,  defined in Eq. 
[7.5] is non-zero (green arrow), and the vector fields cannot be integrated to form a sheet structure. The vertical black 
line is perpendicular to the plane spanned by  and . (c) A loop in a scenario where the vector fields  (red arrows) 

and  (blue arrows) do form a sheet structure. In this case  is (locally) a curve on the sheet structure. (d) The Lie 

bracket ,  from (c) lies in the plane spanned by the vectors at , so that the normal component is zero and the 

vector fields  and  can be integrated to form a two-dimensional sheet. 
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7.3 MATERIALS AND METHODS 

We can examine the existence of sheet structure by 1) estimating the integral curves and loops 
in Eq. [7.2], 2) estimating the Lie bracket based on Eq. [7.4], and 3) extracting the normal 
component of the estimated Lie bracket (Eq. [7.5]) as an indicator of sheet structure. Note that 
we can perform these computations for every pair of vector fields in a neighborhood. However, 
the definitions in Section 7.2 assume separate, continuous, and smooth unit vector fields, while 
our input data is a (possibly incomplete) set of unsorted vectors per discrete position, perturbed 
by noise and generally without consistent sign attributes (e.g. when derived from the dODF or 
fODF). These issues greatly challenge the actual computation of a Lie bracket. 

In Section 7.3.1 we describe the approach to compute the discrete Lie bracket, inspired by the 
qualitative reconstruction of path neighborhoods in Wedeen et al. (2012b). Our method can deal 
with noisy vector fields and addresses the problem of sorting vectors in a neighborhood of a 
point . In Section 7.3.2 we further address the issue of noise by deriving a sheet probability 
index (SPI) from multiple computations of the discrete Lie bracket of a pair of vector fields per 
point. In Section 7.3.3 we define the sheet tensor, which allows us to visualize the Lie bracket 
for every pair of vector fields. Finally, in Section 7.3.4 we describe the simulated and acquired 
MRI data used for the experiments. 

7.3.1 The discrete Lie bracket 

We propose here to calculate a discrete Lie bracket by approximating the integral curves in Eq. 
[7.2] with tractography (Tax et al., 2015a; Tax et al., 2014a; Wedeen et al., 2014), and  by 
computing a large number of loops with configurations as in Fig. 7.2. The tractography process 
and averaging of multiple loop configurations implicitly and partially deals with noise in the 
Lie bracket computation. 

Similar to conventional tractography, we have to make the assertion that each vector is an 
element of a smooth vector field. Whereas conventional tractography looks for the vector that 
aligns most with the incoming direction to propagate a tract, here we have to keep track of the 
whole frame of vectors (defined as all vectors at a point) during tracking to be able to switch 
between different vector fields in a loop. In Section 7.3.1.1 we describe the clustering of frames 
(the process of assigning vectors to specific vector fields), which takes care of both the sorting 
and of possible sign inconsistencies in the vector data. In Section 7.3.1.2 we outline the frame 
tractography that performs clustering during tract propagation. Finally, the estimation of the 
Lie bracket is discussed in Section 7.3.1.3. 

7.3.1.1 Clustering of frames 

The purpose of frame clustering is to assign each vector of a frame at a given position to a 
vector field (Fig. 7.3). To this end, the frame is compared to an already clustered frame (an 
ordered set of vectors) at a nearby position. The vectors of the non-clustered frame are matched 
(permuted) such that the total angle between pairs of vectors is minimized. The frame clustering 
algorithm can be found in Appendix C7.1. 
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Fig. 7.3: Example of the clustering of frames. We have an 
ordered set of vectors , ,  at a position , and 3 vectors 

, ,  in some point  near . We assume that they are 
assigned to the vector fields , , and  as follows: 

, , and . Frame clustering yields the ordered set 

, , . 

7.3.1.2 Frame tractography 

Given a step size Δ  and a discrete distance  (assuming arc length parameterization), we can 
approximate the flow along a vector field ∈ , , …  with streamline tractography (Mori and 
van Zijl, 2002). The algorithm explained in Appendix C7.2 is similar to other deterministic 
tractography algorithms, but keeps track of the vector fields defined in the neighborhood. Note 
that we use nearest neighbor interpolation unless stated otherwise. From here on, 
approximations are marked by a circumflex, i.e., Φ  denotes the approximate flow along  for 
a distance , corresponding to the true flow Φ . 

7.3.1.3 The closure and the Lie bracket 

To calculate the discrete Lie bracket we reconstruct approximate flow loops, which can be used 
to obtain estimates 	of the difference vectors . In practice, we will compute difference 
vectors for a large number of loops with several configurations (i.e., variations on Eq. [7.2], see 
Appendix B7). More concretely, given a point  we will consider the set of difference vector 
estimates , ,  resulting from the following loop configurations (Fig. 7.4): 

≔	 Φ ∘ Φ ∘ Φ ∘ Φ ,  

≔ 	 Φ ∘ Φ ∘ Φ ∘ Φ , [7.6] 

≔	 Φ ∘ Φ Φ ∘ Φ .  

Here,  and  are the flow distances along the integral curves of  and , respectively. We 
choose , ∈ , Δ , 2Δ , … , Δ , Δ , … , , where  is the 
maximum distance (a parameter in our algorithm). Note that we thus sample all four 
‘quadrants’ surrounding point . The reconstruction of a loop for computation of the difference 
vector estimate  in Eq. [7.2] (the other difference vectors are computed in a similar manner) 
is described by the algorithm outlined in Appendix C7.3.  
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Fig. 7.4: Loops that lead to ≔ Φ ∘ Φ ∘ Φ ∘ Φ , ≔ Φ ∘ Φ ∘ Φ ∘ Φ  and 

≔	 Φ ∘ Φ Φ ∘ Φ . 

When all difference vectors are estimated, we can compute an estimate of the Lie bracket 

,  with a simple linear least squares fit corresponding to Eq. [7.4] 

.  [7.7] 

Here,  is a 3 matrix with the difference vectors ,  is a 1 matrix with the products 
of the used  and  for the corresponding difference vector,  is a	1 3 matrix with the Lie 

bracket components , , and  is a 3 matrix with errors, where  is the total number 

of difference vectors. The errors  are assumed to be normally distributed. The normal 
component of the estimated Lie bracket follows from Eq. [7.5]. In practice, we only compute 

,  when the number of successfully estimated loops and corresponding difference vectors 

exceeds a minimum threshold. 

7.3.2 Sheet probability index 

The algorithm described in Section 7.3.1 allows us to compute estimates of the Lie bracket 

normal component ⋅,⋅  for every combination of vectors at every position in the brain, and 
according to the Frobenius theorem (Section 7.2.3) a combination of vector fields supports the 

sheet conjecture if ⋅,⋅ 0. Due to the occurrence of noise, however, the sheet-constraint is 
rarely exactly fulfilled, and a single estimate does not provide information on its variability. 
This makes it difficult to quantify to what degree the local structure effectively resembles a 
sheet.  

Ideally, repeated MRI acquisitions could be used to approximate the variance of the estimated 
Lie bracket normal component. By assuming a normal distribution (in practice verified using a 
Shapiro-Wilks test) with data-derived mean  and standard deviation , we can calculate the 

integral probability  inside the region – ,  (where we can tune the parameter ) for the 

estimated distribution , .  produces a value that lies between 0 and 1 which we coin 
the sheet probability index (SPI) of the local sheet structure. Choosing a higher value for  
means the SPI is less sensitive to small deviations from zero. In practice it is often difficult to 
acquire a large number of repeated dMRI sets, so we consider residual bootstraps as an 
alternative (see Section 7.3.4.2.3). 
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The introduction of the SPI does not only address the issue of noise, but it also makes the 
interpretation of the Lie bracket normal component much more intuitive. A high value for the 
SPI corresponds to a high likelihood of sheet structure ( ⋅,⋅  is likely close to 0), while a low 

value indicates that there are significant deviations from sheet structure ( ⋅,⋅  likely differs 

significantly from 0). 

7.3.3 Sheet tensors 

Investigation of consistent sheet structures in a spatial neighborhood asks for an appropriate 
way to visualize the SPI throughout the brain. The SPI can be computed for every pair of vector 

fields, i.e.,  vector fields generate 2  SPI’s. In this work we propose to visualize the local 

sheet structure throughout the brain by means of a sheet tensor. Given a pair of vector fields  
and , the sheet tensor at location  is defined as 

⨂ ⨂ .  [7.8] 

Here  denotes the largest eigenvalue of the tensor  and ⨂	denotes tensor 
product. The sheet tensor can then be represented by an ellipsoid whose third eigenvector is 
normal to the span of  and , and which defines the color of the ellipsoid in the well-known 
RGB scheme (normal in left-right direction gives a red tensor, normal in inferior-superior 
direction gives a blue tensor, and normal in anterior-posterior direction gives a green tensor) 
(Zhang et al., 2006b). Furthermore, the size of the ellipsoid is determined by the SPI, where a 
larger SPI gives larger ellipsoids, and the division by  fixes the largest semi-axis of the 
ellipsoid for a given SPI. The shape represents the angle between  and . Fig. 7.5 shows 
sheet tensors for different angles and different SPI. The sheet tensor allows us to visualize the 
SPI for every pair of vector fields at a given location, and can thus also reveal crossing sheets. 

Fig. 7.5: (a) Sheet tensors 
with a normal direction 
pointing towards the 
reader, for different angles 
between  and  and 
different sheet 
probabilities. Here,  is 
always oriented in left-
right direction. (b) Sheet 
tensors with different 
orientations are colored 
according to their third 
eigenvector. AP is the 
anterior-posterior direction, 
IS is inferior-superior, and 
LR is left-right. 
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7.3.4 Data 

We will evaluate our framework with different types of data: analytical vector fields, dMRI 
simulations, and real dMRI data. These test data sets increase in degree of complexity, allowing 
us to investigate different aspects of the implemented methodology. 

7.3.4.1 Analytical vector field simulations 

We define three vector fields that are tangent to a sphere with radius  (  and  are tangent to 
the upper hemisphere,  is tangent to the lower hemisphere, see Fig. 7.6a):  

sin , cos cos , cos sin ,  

cos cos , sin , cos sin ,  

cos cos , sin , cos sin .  

 

[7.9] 

Here tan ⁄  and cos ⁄  (with 1,2 ), and 
, ,  denotes Cartesian coordinates. The integral curves of these vector fields have 

constant curvature 1/ . 

Vector fields  and  form a sheet, so that , 0	∀	 ∈ ∈ | ,
.  and  generally do not form a sheet, and the normal component of the Lie bracket 

,  at ∈ ∈ | , 0, 0 	is given by 

, . [7.10] 

A plot of ,  as a function of  and  is shown in Fig. 7.6b, where we take  so 

that ,  is generally larger than zero. By evaluating Lie bracket estimates along these lines 

 for fixed curvature , we can evaluate the performance of the algorithm as a function 
of the magnitude of the Lie bracket normal component. By varying  we can similarly evaluate 
our Lie bracket estimates as a function of the curvature of the integral curves. Note that these 
combinations of vector fields generally cross in non-orthogonal angles. 

The vector fields are discretized by sampling them on a Cartesian grid with period  
(corresponding to the voxel size). We add noise to the discrete vector fields (  noise 
iterations) by drawing random samples of a Watson distribution (Chen et al., 2015b; Mardia 
and Jupp, 2009) with probability density function 

; | , , , ⋅ . [7.11] 

Here, 1 2⁄ , 3 2⁄ ,⋅  is the Kummer function (Mardia and Jupp, 2009),  denotes the 

perturbed vector at location , and 0 is a concentration parameter (here referred to as the 
‘SNR level’, higher  results in lower perturbation). 
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Fig. 7.6: (a) Vector fields  (red),  (blue), and  (green), where  and  form a sheet and  and  do not. The left 
column shows a subset of integral curves, and vectors sampled on the upper hemisphere are shown on the right. This 
pattern of vector fields is repeated in the vertical direction. (b) Plot of ,  as a function of  and , with . 

7.3.4.2 Diffusion MRI data 

7.3.4.2.1 Simulations 

dMRI signals were simulated using a ZeppelinStickDot model (Ferizi et al., 2014) with the 
fiber direction defined by the noise free vector fields described in the previous section.  noise 
iterations were generated using the Rician distribution. We simulate two types of datasets: 
single shell datasets with 90 directions and 3000	 /  suitable for SD, and Cartesian 
sampled datasets with 514 directions (maximum -value of 10000	 / ) and one 
0	 /  point suitable for DSI (protocol corresponds to the MGH HCP DSI data, see section 
7.3.4.2.2). 

7.3.4.2.2 Real data 

We use different dMRI data sets with varying spatial and angular resolutions, diffusion 
weightings, and sampling schemes to investigate our framework: 1) the 3000	 /  shell 
with 90 diffusion directions of three subjects of the WU-Minn Human Connectome Project 
(HCP) with an isotropic voxel size of 1.25	  (Glasser et al., 2013; Sotiropoulos et al., 2013; 
Van Essen et al., 2013); 2) the 3000	 /  shell with 500 diffusion directions of the 
MASSIVE database with an isotropic voxel size of 2.5	  (Froeling et al., 2016); 3) the 
separate shells ( 1000, 3000, 5000, 10000 	 /  with 64, 64, 128, 256} directions) of 
one subject of the MGH HCP with an isotropic voxel size of 1.5	  (Setsompop et al., 2013); 
and 4) a Cartesian sampled data set (514 directions) with -values up to 10000	 /  of the 
MGH-USC HCP with an isotropic voxel size of 2	  
(http://www.humanconnectomeproject.org/data/inventory/). 

7.3.4.2.3 Processing 

Data sampled on a single shell was processed using constrained spherical deconvolution (CSD, 
8) (Tournier et al., 2007) in ExploreDTI (Leemans et al., 2009). The response function 

for the simulated data was generated from the ZeppelinStickDot model, and the response 
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function for real data was computed using recursive calibration (Tax et al., 2014c). Peaks were 
extracted using a Newton optimization algorithm (Jeurissen et al., 2011) with an fODF peak 
threshold of 0.1, and a maximum number of 3	peaks. To compute the SPI, we used the  noise 
iterations for simulated data, and generated  residual bootstrap realizations for simulated and 
real dMRI data from a single set of noisy measurements (Jeurissen et al., 2011). The peaks 
extracted from the different bootstrap realizations were clustered using the method described in 
Section 7.3.1.1, taking the peaks extracted from the original data as reference frames.  

Cartesian sampled data was analyzed using the DSI model (Wedeen et al., 2005), which was 
reconstructed with Diffusion ToolKit (DTK) using default settings (Wang et al., 2007). The 
algorithm readily provides a set of peaks at each position, obtained from the local maxima of a 
roughly uniform sampling (181 points) of a hemisphere, from which we take at most 3 vectors 
per position based on the dODF magnitude. No bootstrapping could be performed, so in this 
case only one Lie bracket was computed for every pair of vector fields. 

7.4 RESULTS 

The results for analytical vector field simulations are presented in Section 7.4.1, for dMRI 
simulations in Section 7.4.2, and for real dMRI data in Section 7.4.3.  

7.4.1 Analytical vector field simulations 

With the analytical vector fields we will systematically investigate different aspects of the Lie 
bracket implementation: the influence of discretization (the finite voxel size ), the noise 
(different settings of the concentration parameter ), the curvature  (by varying ), and the Lie 
bracket magnitude. We use nearest-neighbor interpolation of the vector fields and  = 50 
noise iterations here. 

7.4.1.1 The influence of spatial resolution and noise 

Fig. 7.7 shows results for different voxel sizes 0.5, 1, 2 	  (a-c), different settings for 
 (rows) and different SNR levels  (the concentration parameter in Eq. [7.11], higher  

indicates lower perturbation). Here we consider a relatively simple case: since we know which 
vector belongs to which vector field, we skip the clustering step and show results that are not 
affected by clustering errors. We set the curvature 1/ 1/26	  and estimate the 
normal component of the Lie bracket at 10, 10,0  to have a Lie bracket magnitude 
significantly deviating from zero for the given radius . 

Each plot shows the mean and range of the estimates ⋅,⋅  in the case of sheet (grey, ,
0	 ) and non-sheet (black, , 0.031	 ). The range becomes smaller with 

higher  (the noiseless case ∞ is also plotted) in all cases. The precision of the estimates 
increases with increasing  (smaller error bars), and the accuracy increases for 
3	  compared to 1	 , but remains similar when further increasing to 

5	 . We can see that 1	  is generally too low to obtain a reasonable 
accuracy and precision, and to distinguish sheet from non-sheet. The precision is similar for 
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approximately the same  in  (see for example the approximately equal error bars in the 
cases 3	 , 1	  and 5	 , 0.5	 ). 

 
Fig. 7.7: ⋅,⋅  for different voxel sizes 0.5, 1, 2  (a-c, columns) and different settings for 

1, 3, 5 	  (the corresponding  in  is noted above each plot). Each plot shows the mean and range 
of the estimates in the case of sheet (grey, , 0 indicated by the dashed line) and non-sheet (black, ,
0.031) for different SNR levels (i.e. the concentration parameter , higher  means a lower perturbation of the vectors). 
We used 50 noise iterations, 1/ 1/26 , and 10, 10,0 .  

7.4.1.2 The influence of the Lie bracket normal component magnitude 

Fig. 7.8a shows the mean and range of the estimates ⋅,⋅  for different points , , 0 , 

where the Lie bracket normal component magnitude ,  (non-sheet) varies while the 

curvature remains constant at 1/26	 . ,  (sheet) is evaluated at the same points 

for reference. We set 350, 1	 , and 5	 . Here and in further analyses, 
we apply clustering of the vector fields as described in Section 7.3.1.1 (using the known vector 
fields as prior information gave similar results, not shown here). 

 
Fig. 7.8: (a) Mean and range of ⋅,⋅  for different points , , 0  to vary the Lie bracket normal component 

magnitude ,  ( 1/26 ). (b) Mean and range of ⋅,⋅  is shown for different curvatures 1/
8, 13, 18, 23, 28, 33 . Different curvatures were achieved by changing ρ in Eq. [7.9], and ,  was kept constant 

using Eq. [7.10] by adapting the point of evaluation . In both experiments, ,  (dashed lines) is evaluated at 

the same points for reference and 350, 1 , 5 .  
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The estimates ⋅,⋅  correspond very well to the true ⋅,⋅  for all  in both the sheet and non-

sheet case. The range of the estimates remains relatively constant for all cases. The sheet-case 
can be distinguished from the non-sheet-case for , ≳ 0.015	 . 

7.4.1.3 The influence of curvature  

Fig. 7.8b shows the mean and range of the estimates ⋅,⋅  for different curvatures 

8, 13, 18, 23, 28, 33 , where we keep the Lie bracket normal component magnitude ,  

(non-sheet) constant by evaluating at different points , , 0  (obtained by solving Eq. 
[7.10]). ,  (sheet) is evaluated at the same points for reference. We set 350, 

1	 , and 5 . 

The accuracy and precision of the estimates do not seem to depend heavily on the curvature at 
the considered SNR level and scale, since both the mean and range of the estimates remain 
relatively constant. We evaluated radii as small as 8	 , which starts to approximate cortical 
folding radii. We note here that to detect even smaller radii, a smaller voxel size is required in 
order to have enough neighborhood information to probe the structure. 

7.4.2 Diffusion MRI simulations 

With the diffusion MRI simulations we will investigate more realistic noise scenarios (i.e. we 
can simulate realistic noise on the actual dMRI images instead of perturbing vectors), the 
influence of the interpolation technique (nearest neighbor vs fODF interpolation), and the 
influence of dMRI reconstruction technique (CSD vs DSI). In addition, we will explore the 
effect of using bootstraps instead of real noise iterations for the calculation of the sheet 
probability index. We use  = 50 noise iterations/bootstrap realizations here. 

7.4.2.1 The influence of noise and interpolation 

Here, we extract fODFs and peak directions using CSD from the single shell simulated data. 
Fig. 7.9a shows the mean and range of the normal component of the Lie bracket for different 
settings of  (rows) and different SNR. We set the curvature 1/ 1/26	 , voxel 

size 1	 , and evaluate ⋅,⋅  at 10, 10,0 . We use nearest-neighbor interpolation 

here, supplemental Fig. S7.1 shows the same results with linear interpolation on the fODF 
spherical harmonic coefficients.  

Similar to the vector field simulations in Fig. 7.7, the range of the estimates becomes smaller 
with higher SNR (the noiseless case	 is also plotted) and the precision increases with increasing 

. Nearest neighbor interpolation and fODF interpolation give similar results in terms of 
both the accuracy and precision of the estimates for higher SNR (≥ 20). We hypothesize that a 
large number of loops reduces the influence of error propagation along a tract, and ‘smooth out’ 
some interpolation errors. For an SNR of 10, however, we found that 1 or 2 outliers cause the 
large range in Fig. 7.9a at 	 	3	 . This does not occur when using fODF 
interpolation (Fig. S7.1), but the mean of the estimates still corresponds very well to the true 
value in both cases. For the sake of computational time and cost we use nearest neighbor 
interpolation in the following. 
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Fig. 7.9: Mean and range of ⋅,⋅  for different settings of  (rows) and different SNR. We set the curvature 

1/ 1/26	 , voxel size 1  (giving 3, 5  3, 5 ), and evaluate ⋅,⋅  at 

10, 10,0 . Dashed lines indicate the true Lie bracket normal component. (a) Peaks extracted from single shell data 
using CSD. (b) Peaks extracted from Cartesian sampled data using DSI. 

7.4.2.2 The influence of dMRI technique: CSD vs DSI 

In Fig. 7.9b, we extracted diffusion ODFs and peak directions using DSI from the Cartesian 

sampled simulated data. It shows the mean and range of ⋅,⋅  for different settings of  

(rows) and different SNR. We set the curvature 1/ 1/26	 , voxel size 1	 , 

and evaluate ⋅,⋅  at	 10, 10,0 .  

The mean of the estimates with DSI is in good agreement with the true values. For SNR > 10, 
the Lie bracket estimates from CSD are more precise than the estimates resulting from DSI 
(smaller error bars, most obvious at 3	 ), even though the simulated CSD 
datasets have over five times fewer measurements (90 vs 514) and a lower diffusion weighting 
(maximum	 3000	 /  compared to 10000	 / ). 

7.4.2.3 Sheet probability index 

Here, we used the peak directions resulting from CSD on the single shell simulated data. Fig. 

7.10 shows the mean and range of the estimates ⋅,⋅  and the SPI  for different points 

, , 0  to vary the Lie bracket normal component magnitude , . ,  is 

evaluated at the same points for reference. We set SNR = 20, 1	 , 1/26	  and 
5	 .  

The estimates ⋅,⋅  reflect the true ⋅,⋅  well for all  in both the sheet- and the non-sheet case 

for the noise iterations. At 11 the paths start to come in the vicinity of the vector field 
edge where the vector fields of the non-sheet pair make angles much smaller than the resolving 
power of CSD, this has a stronger effect on the bootstraps than on the noise iterations (hence 
the deviation). Overall the bootstraps prove good alternatives to real noise iterations.  
decreases in the non-sheet case when the true ⋅,⋅  deviates more from zero. 
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Fig. 7.10: Mean and range of ⋅,⋅  and the SPI  for different points , , 0  to vary the Lie bracket normal 

component magnitude , . ,  is evaluated at the same points for reference. We set SNR = 20, 1	 , 

5	 , and 1/26 .  

7.4.3 Diffusion MRI real data 

In this section we present SPI and sheet tensor maps for real diffusion MRI data (we use 
20 bootstrap realizations if not mentioned otherwise). In Section 7.4.3.1 we explain the 

interpretation of these maps and their relation to the Lie bracket by means of an example data 
set, and in Section 7.4.3.2 we investigate inter-subject variability. In the remaining Sections 
7.4.3.3, 7.4.3.4, and 7.4.3.5, we consider the influence spatial resolution, diffusion weighting, 
and dMRI technique, respectively. 

7.4.3.1 Sheet probability index 

Fig. 7.11a (left) shows Lie bracket normal component estimates of the two largest fODF peaks 
in a single slice of a WU-Minn HCP dataset. An FA color map of the same slice is shown for 

reference in Fig. 7.11b. Dark blue areas indicate ⋅,⋅ ≪ 0, red areas ⋅,⋅ ≫ 0, and light 

blue/green/yellow areas ⋅,⋅  close to zero. The order of magnitude of ⋅,⋅  is in agreement 

with our simulations. Three areas are highlighted with arrows. The areas indicated by the green 
and blue arrow look spatially continuous, whereas the area indicated by the grey arrow looks 
noisy. The two largest fODF peaks (used to create this image) in neighboring voxels do not 
necessarily belong to the same vector fields, we therefore have to consider the Lie bracket 
normal component for every pair of vector fields in each voxel. This further clarifies our 
motivation to use sheet tensors for visualization in the following since multiple sheet tensors 
can be visualized in each voxel. Histograms of the normal component for the bootstraps at these 

locations are shown in Fig. 7.11a on the right: high SPI (green arrow, ⋅,⋅  concentrated around 

zero), ‘medium’ SPI (grey arrow, ⋅,⋅  spread), and low SPI (blue arrow, ⋅,⋅  concentrated but 

not around zero). The histograms illustrate that the normality assumption used to calculate the 
SPI is reasonable. Figs. 7.11c and d show SPI maps for the largest fODF peaks. 
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Fig. 7.11: (a) A single bootstrap of the Lie bracket normal component (two largest fODF peaks) in a single slice, together 
with histograms of the normal component at the indicated locations in (high- (green arrow), medium- (grey arrow), and 
low-sheet probability (blue arrow) area). (b) A direction color-encoded FA map of the slice shown in (a) provided for 
reference. (c) The corresponding SPI map (maximum per voxel) with 0.008. The green voxels only contain one peak 
and thus no Lie bracket can be computed. (d) The high- (red, 0.5) and low-sheet probability areas (blue, 0.1) 
shown as an overlay on an anatomical scan.  

Fig. 7.12a shows for one HCP subject sheet tensors on different coronal (top), sagittal (middle), 
and axial (bottom) slices. Here, 5	  is used, and sheet tensors with 0.2 are 
not shown. When navigating through the brain slice-by-slice, these high-sheet probability areas 
seem to form continuous structures throughout the brain (see Supplementary Video S7.2). Fig. 
S7.3 shows similar results for 3 , where we can recognize the same sheet areas 
(sometimes slightly less pronounced). Two high-SPI areas (green rectangle on coronal slice and 
red rectangle on sagittal slice) are detailed in Figs. 7.12b and c. The streamlines shown are a 
subset of the paths reconstructed to compute the Lie bracket in a voxel in the center of the high-
SPI area (the paths Φ ∘ Φ  and Φ ∘ Φ , to be specific). Fig. 7.12b shows a 

sheet formed by the corpus callosum (CC) and the corticospinal tract (CST) in the left 
hemisphere (see also Supplementary Video S7.4). In addition, the white arrow highlights an 
area in which crossing sheets are found. Fig. 7.12c shows a more medial and sagittally oriented 
sheet structure, formed by parts of the CC/CST and anterior-posterior oriented association 
fibers. Details of a low SPI area (cyan rectangle on axial slice in Fig. 7.12a) are shown in Fig. 
7.12d. This case highlights an important potential pitfall when using only visual and qualitative 
analysis to investigate sheet structures: Even though this structure much looks like a sheet from 
a superior point of view, it is clearly not a sheet from a lateral and posterior point of view (the 
fibers ‘diverge’ from each other and are not located on a surface, as can be seen in the views (1) 
and (2)). Our quantitative method indeed finds a low SPI in this area. Several high SPI areas in 
the brainstem could also be recognized, e.g. on the fourth coronal slice from the left in Fig. 
7.12a. 
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Fig. 7.12: (a) Sheet tensors ( 0.008) on different coronal (top), sagittal (middle), and axial (bottom) slices. Ellipsoids 
with 0.2 are not shown for clarity, and the sheet tensors are colored according to Fig. 7.5b.. (b) High-SPI area with 

streamlines (paths Φ ∘ Φ  and Φ ∘ Φ  with 5	 	used to compute the Lie bracket in a 

voxel marked by a white asterisk) of the CC and the CST in the left hemisphere. Non-orthogonal angles can be 
recognized, and the white arrow indicates crossing sheets. (c) A medial and sagittally oriented sheet structure, formed by 
parts of the CC/CST and anterior-posterior oriented association fibers. (d) A low SPI area in which the fibers look like a 
sheet from a superior view, but clearly diverge when inspecting other viewpoints (1) and (2). 
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7.4.3.2 Inter-subject variability 

Fig. 7.13 shows results for 3 HCP subjects (first three rows, 5	 6.25	 ) and 
the MASSIVE dataset (last row, 2.5	 6.25	 ). For each subject, 
corresponding coronal, sagittal, and axial slices are shown in the different columns (two 
different slices per viewpoint). The arrows highlight examples of high-SPI areas that visually 
appear consistent across subjects. 

7.4.3.3 The effect of spatial resolution 

Fig. 7.13 compares the MASSIVE dataset (2.5	  isotropic voxels) with the HCP datasets 
(1.25	  isotropic voxels), where we kept the maximum distance 	constant at 6.25	 . 
In the MASSIVE dataset the same high-SPI areas can be recognized as in the HCP data.  

Supplementary Fig. S7.5 shows results for the same subject as in Fig. 7.12 (voxel size 
1.25	 , 5	 6.25	 ) and Fig. S7.3 (voxel size 1.25	 ,
3	 3.75	 ), but now we downsampled the data spatially (voxel size 
2.5	 , 2.5	 6.25	 ). The same sheet structures can still be recognized, 
but some finer scale structures get lost. 

7.4.3.4 The effect of diffusion weighting 

Fig. 7.14 shows maps of the SPI for different diffusion weightings 
( 1000, 3000, 5000, 10000 	 / ) of the MGH HCP data set, where we use CSD to 
extract the fODF peaks for every shell separately ( 5	 ). At 1000	 /  the 
SPI was significantly lower, which is the direct consequence of the decreased ability to resolve 
crossing fibers. 10000	 /  results in the most extensive high-SPI areas, although most 
of these regions could already be recognized at a -value of 3000	 / . 

7.4.3.5 The effect of dMRI technique: CSD vs DSI 

Fig. 7.15a shows results of a single Lie bracket computation in tissue on the MGH DSI dataset 

( 3	 6	 ). Here, we visualize a tensor if ⋅,⋅ 0.008 (all tensors have 

the same size), and we color the voxel red if the minimum ⋅,⋅  in that voxel is larger than 

0.025 (which would indicate that there is likely no sheet structure locally, see e.g. Fig. 7.10). 
The arrows indicate high-SPI areas that could also be identified in the previous experiments. 

Many high ⋅,⋅  estimates are found in the grey matter, but the rectangles indicate example 
areas in the white matter where most likely no sheet exists. The paths in these areas are 
visualized in Figs. 7.15b and c. 
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Fig. 7.13: Visual comparison of sheet structures between subjects and spatial scales (tensors with 0.2 are not shown 
for clarity, colors according to Fig. 7.5b, and we set 0.008). Examples of visually similar sheet structures are 
indicated by the arrows. 
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Fig. 7.14: The detection of sheet structure with different diffusion weightings in the MGH HCP data set, overlaid on the 
FA of the 1000 /  shell (tensors with 0.2 are not shown for clarity, colors according to Fig. 7.5b, and we 
set 0.008). 

7.5 DISCUSSION 

The hypothesis that brain pathways cross nearly orthogonally forming two-dimensional sheet-
like structures is an active topic of debate (Catani et al., 2012; Wedeen et al., 2012a; Wedeen et 
al., 2012b). To date, there is no consensus on the large-scale existence of sheet structure, partly 
because the conditions for sheet structure are unclear (e.g., whether or not it depends on 
orthogonal angles), and, more importantly, because extensive quantitative proof is still lacking. 
In this work, we have focused on the definition of sheet structure defined as a surface formed 
by interwoven pathways, which does not depend on the angle of crossing fibers (see also Fig. 
S7.6 for a plot of the angle against the SPI). We have recapitulated the Frobenius theorem and 
investigated the discrete Lie bracket as a quantitative indicator of sheet structure. We performed 
extensive validation of the resulting algorithm by quantifying the effects of different settings 
and parameters. Finally we presented an investigation into the extent of sheet structure presence 
in the human brain for different spatial resolutions, dMRI models, and other acquisition 
parameters. 

 



Chapter 7: Sheet Probability Index (SPI): Characterizing the Geometrical Organization of the 
White Matter with Diffusion MRI 

170 

 
Fig. 7.15: (a) A map of ⋅,⋅  for the MGH DSI dataset ( 3). A tensor is visualized if ⋅,⋅ 0.008  with 
colors according to Fig. 7.5b (tensors have the same size, arrows indicate example areas), and we color the voxel red if 

the minimum ⋅,⋅  in that voxel is larger than 0.025. Rectangles show spatially continuous example areas of high 

minimal ⋅,⋅ , the corresponding paths for the voxel marked by a white asterisk are visualized in (b) and (c). The 
pathways clearly do not form a sheet but instead ‘diverge’ from the plane when inspecting them from a rotated view 
(orientation indicated by arrows). 

7.5.1 Sheet or no sheet? Consistency with previous work 

The first question that comes to mind is whether we can now prove or disprove the ubiquitous 
existence of sheet structure in the brain. Our simple simulations show that the discrete Lie 
bracket can distinguish between vector fields that do and do not form a sheet structure (Figs. 7.7 
and 7.8). Also in the case of vector fields derived from diffusion MRI simulations, the method is 
able to correctly identify data representing a sheet structure (Figs. 7.9 and 7.10). We found that 
the performance was dependent on factors such as noise, voxel size, curvature, true Lie bracket 
normal component magnitude, and the chosen dMRI technique, which we discuss in the 
following sections. To be able to extend the findings from our simulations to the brain, 
however, we need to make the strong assumption that the vectors (or ODF peak directions) 
represent true underlying fiber directions, and that tractography correctly reconstructs true 
underlying bundles. Although these assumptions are often considered to be more or less valid in 
many connectivity studies, it is well-known that tractography is subject to many limitations and 
challenges (Jones, 2010a), also a concern raised by Catani et al. (2012).  

Based on our results from real dMRI data (Figs. 7.10 – 7.15), we can only state that the data 
supports the existence of sheet structures at several locations in the brain at the investigated 
scales, with the SPI indicating the likelihood. Tractography pathways at locations with high SPI 
values were visually confirmed to form a sheet by reconstructing the path neighborhood as in 
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Wedeen et al. (2012b) (Fig. 7.12bc). Relying only on visual inspection of (layers of) pathways, 
however, holds an important pitfall: where paths seem to form a sheet from a particular point of 
view (since a grid pattern is easy to recognize by the human eye), they may not be an actual 
sheet, which becomes more apparent when the view is rotated (Fig. 7.12d and 7.15bc). This 
discrepancy clearly shows the added value of quantitative analysis in the investigation of such 
structures in the brain. Whereas Wedeen et al. (2012ab) state that “no brain pathways were 
observed without sheet structure”, our results indicate that this is not the case: crossing fiber 
regions with very low SPI could be identified at this scale (Figs. 7.10-15). At some locations no 
reliable conclusion can be drawn on the existence of sheet structure for various reasons (e.g. 
only one fiber population could be reconstructed, the normality condition of the different 
bootstraps was not fulfilled, or the SPI was not clearly ‘high’ or ‘low’ (Fig. 7.11c) e.g. due to a 
high standard deviation in the Lie bracket normal component estimates). 

Certain areas with high SPI values were found to be qualitatively consistent across subjects 
(Fig. 7.13), indicating that our framework provides reproducible results. In agreement with 
Wedeen et al. (2012ab), we found high SPI values in crossing regions of the corpus callosum 
with the cingulum (see supplementary video S7.2) and SLF 1-3 (e.g. Fig. 7.12c), and observed 
the continuous (grid) character of these major longitudinal pathways (as opposed to them being 
clearly distinct). We also found high SPI values in crossing regions of the corpus callosum and 
the corticospinal tract (Fig. 7.12b). The existence of this sheet structure has been much debated, 
and here we find that the data supports sheet structure at the location where these pathways 
cross (Wedeen et al., 2012a) with non-orthogonal angles (Catani et al., 2012). However, we did 
not find a high SPI at crossings between callosal pathways and the fornix due to a high standard 
deviation of the Lie bracket normal component estimates. We could therefore not draw a 
reliable conclusion whether or not the data supports sheet structure at this location. Further 
extensive localization of sheet structures and investigation of the involved pathways is subject 
to future work. 

Is the sheet structure something that can be trivially found in the brain, or is it a ‘special’ 
configuration? Wedeen et al. (2015a) remarked that the sheet structure “is mathematically 
specific and highly atypical, having prior probability ≈ 0”, and that “there are no mechanisms 
known whereby technical limitations will create it as an artifact”. Indeed, most configurations 
of vector fields do not form a sheet structure, and in this sense the sheet structure is thus special. 
On the other hand, one configuration in which two thicker bundles trivially form sheets is when 
they are both straight. Even though this may approximately occur in some regions (e.g. in the 
cingulum/corpus callosum), tracts exhibit a significant curvature at the scale we have 
investigated, and the results we have obtained also show high SPI in regions with high 
curvature in the streamlines of both vector fields (e.g. Fig. 7.12b). At this point, we cannot 
ascribe this phenomenon to a more straightforward alternative geometry. 

We did not further investigate the issue of pathways making sharp turns (Wedeen et al., 2012a), 
which we consider a separate topic; it cannot easily be addressed by current tractography 
algorithms or by the frame tractography used here because of necessary smoothness constraints. 
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7.5.2 The issue of scale 

The discrete Lie bracket, and thus the derived SPI and sheet tensor maps, are locally defined in 
terms of the surrounding structure. The term ‘local’ here implies that spatial scale is an 
important factor in the method. The flow distance  (that determines the extent to which the 
neighborhood is taken into account), the voxel size , and the curvature of the streamlines 
affect the performance of the algorithm in different but related ways.  

In Fig. 7.7 we show that for a fixed voxel size and fixed curvature, an increase in  
improves the accuracy and precision of the method. This is likely a result of the corresponding 
increase of the number of data points in the least squares fit (Eq. [7.7], where  is determined 
by  and the fixed step size Δ /2). This also motivates the incorporation of multiple 
loop configurations and the exploration of all four ‘quadrants’ surrounding point  (Section 
7.3.1.3). Though increasing  generally has a positive effect, its value is naturally limited by 
the domain of definition of the vector fields. If a significant number of the loops extend beyond 
this domain, the accuracy and precision can be expected to drop. This means we should not 
choose the value of  to be much greater than the expected size of the sheet structure, which 
leads to the interpretation of  as a sheet structure scale parameter:  serves as an 
approximate lower bound to the size of the sheet structures that can be detected with the 
algorithm. Note that taking 1	  does not lead to reliable estimates of the Lie 
bracket (Fig. 7.7), so the voxel size  is, not unexpectedly, a hard limit on the size of detectable 
sheet structures. Related to the note that “grid structure was maintained at all scales, from the 
single voxel, to the lobe, to the hemisphere” (Wedeen et al., 2012b), we can thus conclude that 
it is only possible to reliably detect sheet structures larger than the voxel scale. 

Fig. 7.7 furthermore shows that the accuracy and precision varies with the voxel size  and with 
 in voxels, but remains relatively constant when  is defined in millimeters (the 

product of the former two) at the scales considered. This gives the definition of  as a sheet 
structure scale parameter a more intuitive physical interpretation. In our real data experiments, 
we kept  constant at 6 – 7 . The optimal detection of a given sheet structure then 
involves tuning of these parameters: for example smaller or highly curved sheet structures 
require smaller voxel sizes (to be able to set 1	 ) at the cost of a lower precision 
when keeping  in voxels constant, or at the cost of higher computational demands when 
calculating more paths for a higher  in millimeters. This lower precision at smaller voxel 
sizes (Fig. 7.7) occurs because the tractography error in terms of voxels remains more or less 
constant for a given SNR and  in voxels. Deviations in the Lie bracket, having units 

, will thus be larger for a smaller voxel size in terms of millimeters. This implies that the 
normal component of the Lie bracket should be larger in order to still be able to distinguish 
sheet from non-sheet for a given SNR and  in voxels at a smaller voxel size. The physical 
limits of detecting sheets at particular scales have to be examined further in future work. At the 
scale investigated in our work, curvature does not have a significant effect (Fig. 7.8b). 

The angle threshold is another parameter that can be varied in our algorithm. In this work, we 
have set a constant angle threshold of 35° for the whole brain. In tractography, however, a 
single threshold might not be optimal for all brain pathways and should be adapted to the 
curvature of the tract relative to the voxel size and the SNR of the data, amongst others 
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(Chamberland et al., 2014). This reasoning can be extended to the frame tractography used in 
our algorithm: the angle threshold being set too low might result in suboptimal Lie bracket 
normal component estimates and a failure to detect curved sheets (Fig. S7.7). Conversely, if the 
angle threshold is set too high, this might result in tracts taking a wrong turn, outliers, and a 
lower accuracy and precision. 

7.5.3 The impact of diffusion weighting and dMRI method 

The impact of the dMRI method, using DSI versus e.g. SD, has also been a big part of the 
debate (Catani et al., 2012; Wedeen et al., 2012a). This discussion centers on the ability of these 
models to accurately resolve the orientations of fiber populations. Although the initial concern 
was that DSI “does not allow separation of fibers that cross at non-orthogonal angles, thus 
making a grid structure of interwoven sheets a very likely configuration” (Catani et al., 2012), 
we find instead that the ability to robustly detect fiber populations mainly influences the 
precision and accuracy of the Lie bracket estimates (and thus the SPI), but it does not 
necessarily promote sheet structure.  

The first factor of importance is the ability to detect crossing fibers, since 1) the Lie bracket 
cannot be computed in voxels with a single fiber population, and 2) paths end prematurely if 
peaks of a vector field are missing, reducing the number of difference vectors  and thus 
potentially reducing the accuracy and precision (a similar effect as shown in Fig. 7.7, where a 
lower  in voxels equals a lower amount of reconstructed paths). We visually confirmed 
that in the DSI experiment (Fig. 7.15) a lower amount of crossing fibers was detected than in a 
CSD experiment with similar or lower spatial resolution (e.g. MASSIVE data in Fig. 7.13), 
resulting in a lower amount of voxels where the Lie bracket could be computed. This is in 
agreement with Catani et al. (2012), where it was stated that DSI likely has a lower angular 
resolution. A second criterion that is of importance here is robustness to noise, or the accuracy 
and precision of the peak estimates. We investigated this effect using simulated dMRI data 
(based on the best scoring model of experiments in Ferizi et al. (2014), which also included 
high -values). The results shown in Fig. 7.9 suggest that the performance of DSI and CSD is 
comparable for a broad range of SNR with CSD having a higher precision, contradicting the 
statement in Wedeen et al. (2012a) that “DSI should present the lower risk of bias”. 

A comparison between the CSD results of the MASSIVE data with voxel size 2.5	  
(Fig. 7.13, bottom row) and the MGH DSI data with 2	  (Fig. 7.15) reveals similar large 
scale high-SPI areas. These sheet areas could also be observed in the Wu-Minn HCP subjects 
(Fig. 7.13, first three rows). Neither CSD nor DSI results in the detection of sheet structure at 
every crossing fiber location in the brain. Based on our findings, we conclude that DSI has no 
bias towards detecting sheet structure, and also reveals non-sheet areas (Fig. 7.15). 

A higher diffusion weighting generally causes an increase in the number of voxels with a 
significantly high SPI value (Fig. 7.14). Using CSD we find very little high-SPI areas in the 

1000	 /  shell of the MGH HCP data set, while for higher -values the percentage of 
voxels that are likely to form sheet structures increases. This is consistent with the fact that the 
angular resolution increases with higher -values, confirming the importance of a reasonable 
“diffusion resolution” (Wedeen et al., 2012a). Increased diffusion weighting, however, also 
comes at the cost of a lower SNR. Generally, a -value of 3000	 /  is used for CSD, and 
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the vast majority of the sheets detected at this  are retained when moving to higher diffusion 
weighting.  

With the ever increasing amount of proposed diffusion models, the reliable extraction of fiber 
directions is still an active area of research. To assess the presence of sheet structure in dMRI 
data, one requires a robust and reliable means to determine these peak directions. Our method is 
general and not limited to a particular dMRI technique or acquisition scheme, and we therefore 
believe that its performance can be improved with ongoing technical developments in the field. 

7.5.4 Further methodological considerations and potential improvements 

The error term  in Eq. [7.7] includes errors due to the approximation of Eq. [7.4], and errors in 
the streamline tractography. The approximation errors depend on  and  and on the 
underlying vector fields. These errors are small and turn out to be negligible compared to other 
sources of errors. The tractography errors result from measurement noise, interpolation, 
curvature of the tracts, and step size Δ  (which is linked to the voxel size in our case), among 
others. Our experiments indicate that noise has the largest effect; in the case of infinite SNR the 
estimate is accurate. Regarding interpolation, we opted for simple nearest neighbor 
interpolation of the vector fields for reasons of speed and computational efficiency (both for 
DSI and for CSD). In the case of CSD we performed additional experiments using fODF 
interpolation (strictly speaking the actual diffusion measurements would have to be 
interpolated), which is more precise (Fig. 7.9a and Fig. S7.1) but also more computationally 
intensive because peak extraction has to be performed at every step. In future work, more 
advanced tractography algorithms could be used to reconstruct the loops and estimate the Lie 
bracket (e.g. using more complex integration schemes or combining model fitting and 
tractography (e.g. Daducci et al., 2015b; Reisert et al., 2014)). The question of whether the 
added benefit outweighs the additional computation time (the streamlines computed in the 
algorithm are fairly short) remains to be answered. 

To estimate the Lie bracket and its normal component at point  we reconstruct multiple loop 
configurations, in all quadrants surrounding point , and with a range of walking distances. 
Currently we do a simple linear least squares fit (Eq. [7.7]) on the difference vectors of these 
loops. We do not take into account the variance of the measurements or potential outliers that 
arise, for example, when the tractography takes a wrong path during the reconstruction of a 
loop. This can potentially be improved by doing a (robust) iteratively weighted least squares fit, 
with the weight dependent on the variance of the values for a given  from corresponding 
loops. In addition, the variance of the difference vectors from single loops potentially holds 
information on the sheet probability; however, it does not give information on the uncertainty 
of the underlying peaks. 

To compute the SPI maps in the case of CSD we use residual bootstrapping, since the 
acquisition of repeated dMRI data sets is mostly not feasible. In Fig. 7.10 we show comparable 
results between the SPI obtained with residual bootstrapping and the SPI obtained with true 
noise iterations (in the case of simulations). To the best of our knowledge no bootstrapping 
method exists for DSI, so the reported DSI results are based on a single noise iteration. This 
makes the quantification and investigation of sheet structure more difficult since the choice of 
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threshold has a hard effect on the visualization of the sheet tensors, sometimes resulting in 
regions with noisy (isolated) sheet tensors and high Lie bracket normal components (Fig. 7.15). 
This further illustrates the necessity of more extensive evaluation of measurement variance (i.e., 
the computation of the SPI as opposed to considering only a single measurement) for reliable 
quantification of sheet structure. 

When computation of the SPI was possible (in the case of CSD), we set 0.008 and we 
excluded the small percentage of voxels that did not have normally distributed Lie bracket 
normal components over the bootstrap iterations. In future work, the distribution of normal 
components per voxel and the optimal way to extract an SPI from this (e.g. detection of 
outliers, fitting, threshold settings) could be investigated more thoroughly. In this work, the 
value for  was chosen based on the variability in simulation experiments, and the used setting 
resulted in regions of smoothly varying SPI with sheet tensors of a similar orientation (i.e. 
normal) in a certain neighborhood. This suggests that continuous sheet structures could perhaps 
be better visualized as actual surfaces; tractography could be extended to sheetography by 
means of a surface propagation process. There are examples of surface reconstruction 
approaches for DTI data, e.g. Vilanova et al. (2004); Zhang et al. (2003), which compute 
streamsurfaces at points where the DTI tensor has a high planarity coefficient  (Westin et al., 

2002). We found points in the data where the SPI and the  were both high, and where the 
reconstructed surfaces corresponded well with the information represented by the sheet tensor. 
This is however no strict prerequisite for the presence of sheet structure. There are places with a 
high  without sheet structure (i.e., low SPI due to spatial incoherence of the data), and places 

with a low  that do show evidence of sheet structure (i.e., high SPI, for example in the case of 

several sheet structures crossing in a voxel). A comparison between the SPI and different DTI 
shape measures is included in the supplementary materials (Fig. S7.8). 

In this manuscript we view the Lie bracket in terms of the integral curves of vector fields (Eq. 
[7.4]), which is equivalent to a combination of differential operators on the vector fields known 
as the commutator (see Eq. [A7.2] in Appendix B7 for details). This raises the question of 
whether there might be an alternative way to calculate the Lie bracket that does not require the 
reconstruction of many loops, which is computationally expensive. A direct discretization of 
Eq. [A7.2] would involve the computation of vector field derivatives, which is a complicated 
operation. A finite difference implementation does not give stable results in the case of noise. A 
very recently proposed method to estimate the Lie bracket for diffeomorphic registration 
purposes computes central difference Jacobians of discrete vector fields by considering them as 
bandlimited signals in the Fourier domain (i.e. truncating the high frequency components) 
(Zhang and Fletcher, 2015). However, in addition to discretization and noise, our application 
has other major challenges: 1) all peaks in a certain neighborhood would have to be clustered 
into distinct vector fields to be able to compute the Jacobian; 2) there are potential sign 
inconsistencies between neighboring peaks; and 3) there is no guarantee that all peaks of a 
vector field exist in a certain neighborhood. The first two challenges are addressed in our 
algorithm by clustering the peaks into vector fields ‘on the fly’ during the proposed frame 
tractography. The third challenge still affects our method: In the case of missing peaks the path 
is terminated, resulting in fewer difference vectors to compute the Lie bracket. This has an 
important influence on the precision of the estimates (see e.g. the experiments for different 

 in Fig. 7.7). Future work will be directed towards investigating whether the alternative 
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definition of the Lie bracket in terms of the Jacobians can be used to obtain an estimate of the 
SPI, omitting the computationally expensive reconstruction of many paths per voxel required 
for the current method. 

7.5.5 Future perspectives 

Our results indicate that areas with high SPI values are relatively consistent between healthy 
subjects, and we therefore hypothesize that they could be used as new structural features of the 
brain. The extensiveness, orientation, and spatial distribution of sheet structures could be 
altered in the case of pathology. For example, if these sheets truly occur in the brain like “the 
warp and weft of fabric” (Wedeen et al., 2012a), it might be the case that space occupying 
lesions could dislocate the whole sheet structure as opposed to individual pathways. Another 
interesting feature could be the angle between pathways that form sheets through the shape of 
sheet tensors; it was shown that there was a significant crossing-angle difference in the frontal 
connections between a schizophrenia and healthy control group (Pasternak et al., 2012). The 
hypothesis that sheet structures have a close connection to development, axonal path finding, 
and the chemotactic gradients of early embryogenesis (Wedeen et al., 2012b) can now be 
investigated in a quantitative fashion. Whereas we only visually confirmed the consistency of 
areas with high SPI values between subjects in this work, a quantitative evaluation should be 
performed in future work. Such an inter-subject or inter-group evaluation would require a way 
to register these structures towards each other. Preliminary results of a quantitative comparison 
in which we registered the FA images of HCP subjects and calculated the overlap of 
thresholded maximum SPI maps indicated only a moderate overlap (Fig. S9). However, in 
analogy to recent insights in tract-based analyses, it is likely not optimal to work in voxel 
coordinate space and register scalar volumes such as FA, since such methods can for example 
not distinguish  between nearby but differently oriented tracts (O'Donnell et al., 2009). Instead, 
point correspondences should be found ‘in the space of sheet structures’. Ongoing 
developments in registration of tensor fields (e.g. Zhang et al. (2006a), which could potentially 
be applied to sheet tensors), ODFs and multi-fascicle models (e.g. Raffelt et al., 2011; Taquet et 
al., 2014), and tractography data (e.g. Garyfallidis et al., 2015; O'Donnell et al., 2012) could 
contribute towards this end. 

Although we find that the dMRI data investigated in this work supports the existence of sheet-
like structures at certain locations in the brain, it should be noted that the dMRI data reflects 
just a few aspects of the true underlying structure and its derived tracts do not correspond to 
true axons. Ideally, the existence of sheet structure should also be validated with a ‘gold 
standard’, such as histology, and quantified with other techniques that can map brain structure 
orientations. Exciting new technologies such as CLARITY (Chung et al., 2013) and polarized 
light imaging (Axer et al., 2001) could provide more insight into the existence of sheet 
structures and the scale on which they exist. Our method can be used in combination with such 
techniques: the Lie bracket computation is based on vector fields and could therefore be 
extended to directional data derived from these other techniques. 
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7.6 CONCLUSION 

The extensive presence of sheet structures in the brain has been debated since its proposal, 
mainly due to its unclear relation to orthogonal angles and a lack of quantitative 
characterization. In this work we have explored the necessary and sufficient condition for a 
sheet structure to exist, which involves the computation of the Lie bracket of vector fields. We 
have proposed a method to compute the Lie bracket throughout the brain taking into account 
challenges such as discretization, noise, and clustering of vector fields. We have proposed a 
novel metric based on the Lie bracket, the sheet probability index (SPI), which indicates the 
extent to which the data supports sheet structure. In simple vector field and diffusion MRI 
simulations the method is able to quantitatively distinguish sheet from non-sheet structure, with 
spatial resolution and SNR being important factors that influence the accuracy and precision. 
Real diffusion MRI data experiments reveal a high SPI at various locations in the brain at the 
investigated scale, but also low SPI areas were found. Several high SPI areas could consistently 
be recognized across subjects, scanners, diffusion MRI techniques (i.e. CSD vs DSI), and 
spatial resolutions. Neither CSD nor DSI finds a high SPI at every location in the brain, and we 
find no bias towards sheet structure for DSI. Since tractography pathways do not represent true 
axons, validation of sheet structure with other technologies is necessary, and the proposed 
method can be extended to quantify sheet structure in other directional data. We hypothesize 
that sheet structure location, extent, and orientation could serve as new and important structural 
features of the brain. 
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7.7 APPENDICES 

7.7.1 Appendix A7: List of symbols 

, , , , , , … 

Vector fields, where a 
field  is defined on 

⊂   

The cosine similarity 
between the -th and -th 
vector in an ordered set 

, ∈ ⊂ 	 Positions in the brain   
Discrete flow distance 
along an integral curve 

  Vector  at point  Δ  
Step size in a discrete 
flow 

⊂   Sheet structure  
The maximum distance 
in a discrete flow 

Φ , , Φ  
The flow operator, along 

 for a distance  and 
with initial position   

, , ,   Matrices 

 

The vector given by the 
deviation from  after 
specific flows, called the 
closure 

 
The sheet probability 
index with parameter  

,  Lie bracket of  and  
at point  

,  
Normal distribution with 
mean  and standard 
deviation  

,  
Normal component of 
,   Cartesian coordinates 

Φ  
Discrete approximation 
to the flow Φ  

 Sheet tensor at  

,  
Discrete Lie bracket of  
and  at point  

⨂ ,  
Tensor product between 
two identical vectors  

  Estimated closure ,  
The curvature , and its 
reciprocal  

, , …  Ordered set of elements  Voxel size 

 
A permutation of an 
ordered set ,  

The number of noise or 
bootstrap iterations 

 Similarity energy  The -value 

7.7.2 Appendix B7: Mathematical background 

There are three concepts that are explained or mentioned in the main text, which we feel might 
benefit from a more detailed exposition. These are the formal definition of the Lie bracket and 
its relation to the definition in terms of flows along vector fields (Section 7.3.1.2), the relation 
between the Lie bracket and the sheet structure (Sections 7.3.1.1 and 7.3.1.3), and the definition 
of three-dimensional grid structure (e.g. Section 7.1). In this appendix we discuss these more in-
depth. 
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7.7.2.1 Appendix B.1 The Lie bracket and its relation to flow 

In a differentiable manifold , a tangent vector  at ∈  is identified with the directional 

derivative (denoted by ) of any suitably differentiable function : → . Hence we can 

write ∑ , given the components , ,  of  relative to the 

coordinates , ,  on . Let  denote the space of all tangent vectors at ∈ , and let 

the tangent bundle  represent the union 	 	 ∈ , i.e., the set of all tangent vectors in 

. A vector field  is now defined as the smooth mapping : → : ↦ . The Lie 

bracket of two (non-zero) vector fields  and  on  is defined by its action on smooth 
functions : 

, . [A7.1] 

The Lie bracket satisfies the defining properties of a derivative (linearity and Leibniz’ product 
rule), and so ,  can be regarded as a directional derivative, i.e. an element of the vector 

space . If one is interested specifically in the Lie bracket ,  in terms of the vector 

fields  and , Eq. [A7.1] can be used to obtain 

, , [A7.2] 

which is commonly known as the commutator of the vector fields, and where  denotes the 
derivative of  along . 

To relate the Lie bracket to flows Φ : → : ↦ Φ  we write, using Taylor’s theorem, 

Φ
!

Φ
1
2

. 
[A7.3] 

Note that because Φ  for any suitably differentiable  (compare this to 

the definition Φ  used in the main text) it follows that . 

Taking  this gives 

Φ ∘ Φ Φ
1
2

1
2

1
2

, 

[A7.4] 

where we repeatedly apply Eq. [A7.3], such that 
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Φ ∘ Φ
1
2

. [A7.5] 

Continuing this process to compute Φ ∘ Φ ∘ Φ  and Φ ∘ Φ ∘ Φ ∘ Φ , 

we then find 

Φ ∘ Φ ∘ Φ ∘ Φ
, , 

[A7.6] 

after which Eq. [7.4] follows readily. Validity of the alternative definitions in Eq. [7.6] can be 
derived analogously. If  and  are defined on subsets  and  of  as in the main text, 
then the Lie bracket is only defined on the intersection ∩ . In the remaining sections of 
this appendix we will continue with  and  defined on the whole of . 

7.7.2.2 Appendix B.2 Sheet structure and the Lie bracket 

The flow Φ  defines a curve ↦ Φ . The curves obtained when varying  form the 
leaves of a one-dimensional foliation of ; they are disjoint immersed submanifolds that 
partition , which are tangent to  for all  and . The existence of such a one-dimensional 
foliation given  is ensured by smoothness of , but for higher-order foliations that are tangent 
to multiple vector fields there are additional constraints. These are summarily provided by the 
Lie bracket, which guarantees the existence of a foliation if the set of all vector fields that are 
locally tangent to the sheet, is closed under the Lie bracket.  

For the existence of a two-dimensional foliation given two locally non-collinear vector fields  
and , it is sufficient if for all ∈  we have , ∈ span , ⊂ , which is 

equivalent to the requirement , 0 used in the main text. The fact that , 0 is a 
necessary and sufficient condition for the existence of a foliation (with leaves that are locally 
perpendicular to both  and ) is known as the Frobenius theorem (Lang, 1995; Spivak, 1979). 
If  and  form a foliation, then all points on a leaf can be connected with a flow along these 
vector fields. The two-dimensional foliation of (a subset) of  is called the sheet structure. 

7.7.2.3 Appendix B.3 Grid structure 

Grid structure as introduced by Wedeen et al. (2012b) is finally defined as three independent 
two-dimensional foliations, which form a three-dimensional foliation. Given three independent 
vector fields , , and  on , a sufficient condition for the existence of this structure is that 
the Lie bracket normal component of each pair of vector fields is zero. As was the case with 
sheet structure, grid structure ensures that any two points on the leaves of this foliation can be 
connected with a flow along the vector fields. In the considered case of , this means that any 
two points in the entire space can be connected by means of such a flow: the flows along , , 
and  are coordinates lines.	
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7.7.3 Appendix C7: Algorithms 

7.7.3.1 Appendix C7.1 Clustering of frames 

Consider an ordered set of  vectors , … ,  at a position , and  vectors , … ,  in 
some point  near  1. The ordered set , … ,  serves as a reference frame, i.e., we assume 
that  vector fields , , … are present in the local neighborhood of  that satisfy ,
, …. The aim of the clustering algorithm is to find a permutation of the frame (an ordered set 
, … , , 0, … ) that corresponds to the reference frame, so that we can take ,
, …	 for some permutation  of 1,… ,  (see Fig. 3 for a schematic example). Here,  

denotes the index given by the  element of , and 0 implies that no matching vector 

was found.  

Clustering is done by maximizing (over all permutations ) a similarity measure  that 
represents the total element-wise similarity between the frames , … ,  and , … , . In 

the algorithm below we will use the ‘total cosine similarity’ for , which is defined as the sum 
of the cosines of the angles between corresponding vectors. The steps of our algorithm are as 
follows: 

Algorithm for the clustering of frame , … ,  given an ordered frame , … ,  

1) Compute the cosine similarity  between  and  for all ∈ 1, . . , , ∈ 1, . . ,  

(recall that  and  are unit or zero vectors): 

⋅ . [A7.7] 

2) For every -permutation  of 1,… ,  (e.g. for 2  and 3  these are the 
permutations 1,2 , 2,1 , 1,3 , 3,1 , 2,3 , and 3,2 ), compute the similarity energy 
of the permutation by: 

∑    [A7.8] 

(e.g. for 2,3  in the example above, which associates  to  and  to , we have 
). Note that taking the sum (as opposed to the mean) favors the assignment of 

more vectors. 

3) Determine the permutation  for which  is maximal, and define the reordered set of 
vectors [ , … , .  

4) If ⋅  has a negative sign, set to .  

                                                             

1 If , we append  zero-vectors to the list , … , , so in the following we can 
take . 
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5) Apply an angle threshold on . If ⋅  (here set to acos 35° ) for some 

threshold ∈ , set 	to	0. 

6) Return [ , … , . 

7.7.3.2 Appendix C7.2 Frame tractography 

Algorithm for the approximate flow Φ  along vector field  from point  

1) While the number of taken steps  is less than or equal to a preset number of steps 
/Δ  (where 	  denotes the floor function), do the following:  

a) Move from the current position  in the direction  with step size Δ . The 

new position  is given by 

Δ ⋅ .  [A7.9] 

b) Identify the frame , … ,  at location .  
c) Determine , , …  from , … ,  with the algorithm described in 

Section 7.3.1.1, using , , …  as a reference frame. If 0, i.e., if  

is not defined at the new location, the propagation is terminated.  
2) Return Φ  and the corresponding frame , , … . 

7.7.3.3 Appendix C7.3 The closure and the Lie bracket 

Algorithm for the reconstruction of difference vector  at point  

1) Identify the frame [ , … ,  at , and set , ,… In practice, 

determining , … ,  involves some kind of interpolation (e.g., nearest neighbor, 
trilinear) and potentially the computation of peak directions from dMRI data if one 
does not start from a set of pre-extracted peaks (see Section 7.3.4.2.3 for details). 
Here, we stick to a general formulation and assume that the frame [ , … ,  is given 
or can be calculated.  

2) Select two vectors  and  from , , … 	for the computation of the Lie bracket, 

which could be, for example, peaks along two predefined tracts. Here, we take the 
example ∈  and ∈ . 

3) Starting from , compute the end point of the first leg Φ  and the 

corresponding frame using the algorithm described in Section 7.3.1.2. If the tracking 
algorithm fails, the reconstruction algorithm is terminated. 

4) Repeat step 3 with Φ  to compute the end point of the second leg Φ ∘

Φ . 

5) Repeat step 3 with Φ ∘ Φ  to compute the end point of the third leg 

Φ ∘ Φ ∘ Φ . 

6) Repeat step 3 with Φ ∘ Φ ∘ Φ  to compute the end point of the final 

leg Φ ∘ Φ ∘ Φ ∘ Φ . 

7) Return 	 Φ ∘ Φ ∘ Φ ∘ Φ . 
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When computing  for all  and , (parts of) paths are taken multiple times. The positions  
and the corresponding frames for each path are therefore stored in a lookup table. 

7.8 SUPPLEMENTARY MATERIAL 

                                 
Fig. S7.1: Mean and range of ⋅,⋅  for different settings of  (rows) and different SNR. We set the curvature 

1/ 1/26	 , voxel size 1 , and evaluate ⋅,⋅  at 10, 10,0 . Here we used trilinear interpolation of 
the fODF spherical harmonics coefficients and extracted the peaks during tractography. This is in contrast to Fig. 7.9, 
where peaks were pre-extracted and nearest neighbor interpolation was used. Dashed lines indicate the true Lie bracket 
normal component. 
 
Vid. S7.2: Sheet tensor visualization on all (sagittal) slices of a data set of the HCP, showing large regions with 
consistent sheet structures. 	 	5	 , and sheet tensors with 0.2 ( 0.008) are not shown. Link to the 
video: https://www.dropbox.com/s/jwal6lstb0oy8pq/S7_2.wmv?dl=0. 
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Fig. S7.3: Sheet tensors (satisfying 0.2, 0.008) on different coronal (top), sagittal (middle), and axial (bottom) 
slices, computed with 3 .  
 
Vid. S7.4: The path neighborhood of a sheet formed by the CC and the CST in the left hemisphere, in a data set of the 
HCP. Link to the video: https://www.dropbox.com/s/upro8fkowgxm4xx/S7_4.mp4?dl=0. 
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Fig. S7.5: Sheet tensors (satisfying 0.2, 0.008) on different coronal (top), sagittal (middle), and axial (bottom) 
slices, computed with 2.5  on a sub-sampled data set.  
 

                                            
Fig. S7.6: SPI plotted against angle for an HCP dataset. High SPI can be encountered for angles ranging from 40-90°, 
which is in the range of the angular resolution of the used reconstruction technique. There are only slightly more voxels 
with high SPI for angles closer to 90°. 
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Fig. S7.7: SPI for an HCP dataset for different angle thresholds. A too low angle threshold (15°) might result in failure to 
detect curved sheets or spurious high SPI values because of early termination of paths (white arrows). 
 

 
Fig. S7.8: Scatter plots of the SPI and three DTI measures linear coefficient  (a), planar coefficient  (b), and spherical 

coefficient  (c) for an HCP dataset.  
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Fig. S9: Preliminary results of a quantitative comparison between three HCP subjects. (a) An FA map for one subject 
before (left) and after (right) registration to the FMRIB58 template (middle) using Elastix (Klein et al., 2010) with the 
Oxford-optimized settings described in De Groot et al. (2013). (b) Registered FA maps for the three HCP data sets used 
in the manuscript. (c) The voxel-wise maximum-SPI maps corresponding to (a). (d) The binarized maps ( 	0.2) 
corresponding to (b) and (c) used in similarity computations. The mean Dice similarity between the three data sets is 
approximately 0.28. 
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Florack, A. Leemans, “Quantifying the brain’s sheet structure with normalized convolution” 
(submitted)  
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ABSTRACT 
The hypothesis that brain pathways form 2D sheet-like structures layered in 3D as “pages of a 
book” has been a topic of debate in the recent literature. This hypothesis was mainly supported 
by a qualitative evaluation of “path neighborhoods” reconstructed with diffusion MRI (dMRI) 
tractography. Notwithstanding the potentially important implications of the sheet structure 
hypothesis for our understanding of brain structure and development, it is still considered 
controversial by many for lack of quantitative analysis. A means to quantify sheet structure is 
therefore necessary to reliably investigate its occurrence in the brain. Previous work has 
proposed the Lie bracket as a quantitative indicator of sheet structure, which could be computed 
by reconstructing path neighborhoods from the peak orientations of dMRI orientation density 
functions. Robust estimation of the Lie bracket, however, is challenging due to high noise 
levels and missing peak orientations. We propose a novel method to estimate the Lie bracket 
that does not involve the reconstruction of path neighborhoods with tractography. This method 
requires the computation of derivatives of the fiber peak orientations, for which we adopt an 
approach called normalized convolution. With simulations and experimental data we show that 
the new approach is more robust with respect to missing peaks and noise. We also demonstrate 
that the method is able to quantify to what extent sheet structure is supported for dMRI data of 
different species, acquired with different scanners, diffusion weightings, dMRI sampling 
schemes, and spatial resolutions. The proposed method can also be used with directional data 
derived from other techniques than dMRI, which will facilitate further validation of the 
existence of sheet structure. 
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8.1 INTRODUCTION 

A recent debate on the existence of ‘sheet structures’ in the brain has gained much attention 
from the neuroscience and diffusion MRI (dMRI) communities (Catani et al., 2012; Wedeen et 
al., 2012a; Wedeen et al., 2012b). While the term sheets had already been suggested in several 
contexts before (Kindlmann et al., 2007; Schultz et al., 2010; Smith et al., 2006; Vilanova et al., 
2004; Yushkevich et al., 2008; Zhang et al., 2003), Wedeen et al. (2012b) proposed a different 
and specific definition of brain sheet structure: a composition of two sets of tracts that locally 
cross each other on the same surface. Such crossing-fiber sheets should not be confused with 
white matter tracts that approximate thin single-fiber sheets by themselves (e.g. parts of the 
corpus callosum and the corona radiata). According to Wedeen et al. this geometric structure 
was, although “mathematically specific and highly atypical”, deemed to be “characteristic of 
the brain pathways”, “not unfathomable but unlimited”, and “consistent with embryogenesis” 
(Wedeen et al., 2012a; Wedeen et al., 2012b). 

To support the sheet structure hypothesis, Wedeen et al. (2012b) reconstructed so-called path 
neighborhoods with dMRI tractography: pathways were tracked from a seed point, and paths 
incident on these pathways were subsequently computed. With this method, sheet structures 
were observed pervasively in white matter and found consistently across species and scales. In 
a response to this finding, Catani et al. (2012) suggested that the observed “grid pattern is most 
likely an artifact attributable to the limitations of their method”. These limitations included the 
lower angular resolution of the dMRI method used in Wedeen et al. (2012b), which has a 
negative impact on the tractography reconstructions of path neighborhoods. In addition, Catani 
et al. (2012) emphasized that dMRI reconstructions of pathways cannot be equated to true 
axons. Finally, they stated that comprehensive quantitative analysis is necessary to reliably 
assess the occurrence of sheet structure in the brain and in different individuals. This would 
allow the investigation of sheet structure extent, location, and orientation as novel quantitative 
features of brain structure. 

Quantitative analysis of sheet structure requires a measure that is specific to the existence of 
this geometry. Previous work has shown that the Lie bracket, a mathematical concept from 
differential geometry, captures information on the existence of sheet structure (Tax et al., 
2015a; Tax et al., 2014a; Wedeen et al., 2012b; Wedeen et al., 2014). Specifically, the Lie 
bracket can be computed from two vector fields, and is a vector field itself. If the two 
constituent vector fields are tangent to the orientations of two associated tracts, then the Lie 
bracket is an indicator of sheet structure between these tracts. In dMRI, such vector fields can 
be derived, for example, from the peak directions of diffusion or fiber orientation density 
functions (dODFs or fODFs). 

Estimating a Lie bracket from dMRI peak directions is greatly challenged by the sensitivity of 
dMRI to noise and the inherent spatial discretization. In addition, dMRI peaks are not clustered 
into distinct vector fields a priori. In previous work we have proposed to compute the Lie 
bracket by reconstructing an extensive amount of path neighborhoods (Tax et al., 2015a; Tax et 
al., 2014a), inspired by the qualitative reconstructions in Wedeen et al. (2012b). More 
specifically, by taking small ‘loops’ along the tractography pathways of two vector fields, we 
could obtain an estimate of the Lie bracket. In this so-called flows-and-limits approach, dMRI 
peaks were clustered into distinct vector fields during tractography. By computing the Lie 
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bracket for repeated dMRI measurements or for different bootstraps of a single measurement, 
we were able to derive a sheet probability index (SPI) (Tax et al., 2016a). SPI values close to 1 
indicate that the underlying vector fields are highly supportive of sheet structure. 

The previously proposed flows-and-limits approach for estimating the Lie bracket suffers from 
several limitations. First, it relies on tractography and storage of a large amount of loops, and is 
thus computationally very expensive. Second, computing the Lie bracket with this method 
suffers from the same intrinsic limitations as tractography, notably its sensitivity to parameter 
settings (e.g., step size). Finally, because the algorithm has to keep track of the assignment of 
peaks to vector fields during tractography, it is unclear how to proceed when peaks are missing 
(e.g. as a result of noise or of modelling imperfections). The unwanted termination of loops in 
such cases may severely impact the accuracy and precision of the Lie bracket estimates.  

In this chapter we propose to examine the existence of sheet structure based on a conceptually 
different but equivalent approach to defining the Lie bracket. Instead of using the flows-and-
limits approach, we here use the fact that the vector fields are defined on subsets of the 3D 
Euclidean space. The Lie bracket can thus be expressed in terms of derivatives of the vector 
fields with respect to the three spatial variables (which we will henceforth denote by ‘the 
coordinate approach’). Taking derivatives of vector fields is, however, complicated: a 
straightforward finite difference implementation is far from stable for our purpose. Therefore, 
we adopt a method called normalized convolution (Knutsson and Westin, 1993) to calculate 
vector field derivatives and subsequently the Lie bracket. This approach was designed to cope 
with noise and uncertainty in data, and is thus more robust with respect to missing peaks. 

This chapter is organized as follows. In Section 8.2 we will first briefly recapitulate the 
mathematical condition for the existence of sheet structure, involving the Lie bracket of vector 
fields (Tax et al., 2015a; Tax et al., 2014a; Wedeen et al., 2012b; Wedeen et al., 2014). In 
addition, we will present the flows-and-limits and coordinate definitions in more detail, and 
discuss their implementations. For the coordinate approach, this involves the implementation of 
normalized convolution and the clustering of vector fields in a spatial neighborhood. Finally, 
we will present the experiments on vector field simulations, dMRI simulations, and real data. In 
Sections 8.3 and 8.4, we will describe and discuss the corresponding results. Preliminary results 
of this work have been presented at the ISMRM (Tax et al., 2016b). 

8.2 METHODS 

Section 8.2.1 explains which condition two vector fields have to fulfill in order to form sheet 
structures. Section 8.2.2 describes the two definitions of the Lie bracket and their corresponding 
algorithms (i.e., the flows-and-limits and coordinate approaches). The computation of vector 
field derivatives with normalized convolution is outlined in Section 8.2.2.2.1 and the approach 
for clustering of vector fields in a spatial neighborhood is presented in Section 8.2.2.2.2. 

8.2.1 The Lie Bracket as an indicator of sheet structure 

Consider the set of directions (or vectors) at each position of the brain	 ⊂ , which we 
assume to be representative of the underlying local fiber architecture. Tractography processes 
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then assume that in a specific part of the brain ⊂  there exists a smooth 3D vector field  
that can be integrated into integral curves (or streamlines) Φ , . Here,  denotes the starting 

position,  the arc length, and Φ ,  the vector at location . Similarly, two 

smooth vector fields  and   in a brain region ∩  can potentially be integrated into 
integral surfaces or sheet structures. 

The Lie bracket of two vector fields  and  defines a third vector field ,  that holds 
information on the presence of sheet structure. More specifically, to investigate whether two 
vector fields locally form a sheet structure we compute the normal component of the Lie 
bracket at a point  which is then perpendicular to both  and  (Fig 8.1a): 

, ≔ , ⋅
‖ ‖

. [8.1] 

According to the Frobenius theorem (Lang, 1995; Spivak, 1979), the condition for sheet 
structure is then fulfilled at all points ∈ ∩  where , 0 (Tax et al., 2015a; 
Tax et al., 2014a; Wedeen et al., 2012b). In other words, the Lie bracket ,  must lie in 
the plane spanned by  and . Note that we will use shorthand notations ⋅,⋅
⋅,⋅  and ⋅,⋅ ⋅,⋅ . 

8.2.2 Computation of the Lie bracket 

In this Section, we explain the two definitions of the Lie bracket and their corresponding 
implementations.  

8.2.2.1 Flows-and-limits definition 

In previous work, we have used the definition of the Lie bracket as the deviation from , or 
closure , ,  (with  the components) when trying to move around in an 
infinitesimal loop along the integral curves of  and  (Fig. 8.1b) (Tax et al., 2015a; Tax et al., 
2014a; Wedeen et al., 2012b; Wedeen et al., 2014). With streamline tractography, loop 
configurations can be reconstructed to estimate their corresponding closures: 

 ≔ Φ ∘ Φ ∘ Φ ∘ Φ  

 ≔ 	 Φ ∘ Φ ∘ Φ ∘ Φ  

 ≔ Φ ∘ Φ Φ ∘ Φ . 

 

[8.2] 

Here, Φ  denotes the flow along  for some fixed time or distance  (with arc length 
parameterization), Φ  the estimate of the flow as approximated by tractography, ∘ indicates 
function composition, and  and  are the walking distances along the integral curves of  
and , respectively. 
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Fig. 8.1: (a) To investigate the existence of sheet structure, we consider the relation of the Lie bracket ,  (black 
arrow) to the plane spanned by vectors  (red arrow) and  (blue arrow). More specifically, we evaluate the 
normal component of the Lie bracket ,  (green arrow). When it is zero, sheet structure exists. (b) Definition of 
the Lie bracket as the closure  when trying to move around in an infinitesimal loop along the integral curves of  
and . Here, the loop corresponding to the closure  is displayed (Eq. [8.2]). 

We choose , ∈ , Δ , 2Δ , … , Δ , Δ , … ,  with  the 
maximum walking distance and Δ  a step size, resulting in  difference vectors (1200 for 

5 voxel size and Δ 0.5 voxel size, where we hereafter shorten voxel size to voxels).  

If  and  are sufficiently small, there exists an approximately linear relationship between the 
product  and a difference vector component  ( ∈ 1,2,3 ), with the corresponding 
component of the Lie bracket ,  being the steepness of the line: 

, .  [8.3] 

We can compute an estimate of the Lie bracket ,  with a simple linear least squares fit  

.  [8.4] 

Here,  is a 3  matrix with the estimated closures ,  is a 1  matrix with the 
products of the used  and  for the corresponding difference vector,  is a	1 3 matrix with 
the Lie bracket components ,  , and  is a 3 matrix with normally distributed errors. 

8.2.2.2 Coordinate definition 

The Lie bracket can also be computed with respect to a coordinate system. In our case,  and 
 are vector fields on a subset of the 3D Euclidean space (i.e., ⊂ ) and can therefore each 

be represented by a vector-valued function in standard Cartesian coordinates ( , , ). The 
Lie bracket is then given by 

 , 	 ⋅ ⋅ ,  [8.5] 

where  is the Jacobian matrix of the vector-valued function , , : 
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. 

[8.6] 

⋅  can be interpreted as the directional derivative or ‘rate of change’ of  in the direction 
of . The Lie bracket indicates the difference of the rate of change of	  in the direction of  
and the rate of change of  in the direction of , hence its definition as the commutator of 
vector fields. 

To compute the Lie bracket we thus need an approximation of the Jacobians   and  of the 
vector fields. Differentiation of discretized and noisy vector fields is, however, a notoriously 
unreliable operation. A straightforward finite differences implementation amplifies high 
frequency noise, and does not provide a stable solution in our case. More importantly, for our 
application it is not guaranteed that a vector field has a vector at every location within a 
neighborhood of the point of operation, because of noise or modelling imperfections. 
Interpreting such a missing vector as a vector with zero magnitude will introduce severe errors. 
We therefore adopt the normalized convolution approach (Knutsson and Westin, 1993) which is 
able to cope with noisy, discretized, and missing data and automatically takes care of 
normalization during convolution. In the next subsections, we will explain this approach in 
detail and outline the implementation for our application. 

8.2.2.2.1 Normalized convolution 

The problem of ill-posed differentiation can be addressed by convolution (Florack, 2013; 
Koenderink and Van Doorn, 1990). General convolution can be defined as  

	⨂	 ≔ ∑ ⨂ ,   [8.7] 

where  denotes a real linear filter basis, ⨂ is the tensor product, a tilde 	 ̃above the operator 

(e.g. ⨂) denotes convolution with that operator, and  is the local spatial coordinate.  

8.2.2.2.1.1 Normalization and connection to linear least squares 

One problem with directly applying Eq. [8.7] is that the result is scaled when the basis is not 
orthonormal. For example, applying a Gaussian derivative basis function, the value resulting 
from the operation will depend on the standard deviation of the Gaussian unless the basis 
function is normalized appropriately. In our application, the actual value of the normal 
component of the Lie bracket is important, and we thus have to take into account a 
normalization factor. A normalized version of Eq. [8.7] is 

	⨂	 ⨂ ⨂ ,  [8.8] 

where -1 denotes the inverse.  
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Intuitively, convolution obtains a new description of the original representation of a 
neighborhood in terms of a new set of basis functions. Here, the original representation is a 
vector for each voxel accompanied by a basis of impulse functions at each voxel location. 
Ideally, the new set of basis functions is chosen in such a way that the neighborhood can be 
better understood. In fact, Eq. [8.8] obtains such a representation that is optimal in the least 
square sense: it produces the linear least squares (LLS) estimates for the coefficients 
corresponding to the new basis . To clarify this, we will explicitly write out Eq. [8.8] for our 
application. 

To estimate the first order derivatives in the Jacobian of a vector field  we choose 

1

 , which gives  	 ⨂

1

. 

[8.9] 

This holds a close connection to calculating derivatives of a ‘smoothed’ signal by fitting low-
degree polynomials to every component  of  in a neighborhood of  (Savitzky and Golay, 
1964). In this case, each polynomial includes only terms up to first order, i.e. Υ

. We now write this problem as a regression equation 

,  [8.10] 

where,  is an 3 matrix with the vectors  in a neighborhood of  with size , 
 is a 4 matrix with the basis  evaluated in each point of the neighborhood of ,  is 

a	4 3 matrix with the coefficients for every polynomial Υ , and  is an 3 matrix with 
normally distributed errors. The least squares solution for the coefficients  can then be 
obtained by solving the normal equations, yielding 

,  [8.11] 

which corresponds to Eq. [8.8]. We can now see that the result of convolution with the basis in 
Eq. [8.9] is a regularized vector and an estimate of the Jacobian at the point  ( 0 ), 

calculated from the fitted polynomials ( Υ 0 ,	 ):	 

	⨂	  . 

[8.12] 
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8.2.2.2.1.2 Normalized convolution and connection to weighted linear least squares 

Knutsson and Westin (1993) considered a more general case of Eq. [8.8], and proposed to 
assign a scalar component to both the data and the operator that represents their certainty. More 
specifically, the vector field  is accompanied by a non-negative scalar function  representing 
its certainty, and the operator filter basis  is accompanied by a non-negative scalar function  
representing its applicability (the operator equivalent to certainty). If we view  and  as 
additional independent variables, a generalized version of normalized convolution can be 
expressed (by abuse of notation) as 

	⨂	 ⨂ ⋅̃ ⨂ ,  [8.13] 

Here ⋅  denotes the scalar product and ⋅̃ convolution with the scalar product (Knutsson and 
Westin, 1993). Explicitly writing out the terms for our application gives: 

	⨂	   

⋅̃ ⋅̃
⋅̃ ⋅̃

⋅̃ ⋅̃
⋅̃ ⋅̃

⋅̃ ⋅̃
⋅̃ ⋅̃

⋅̃ ⋅̃
⋅̃ ⋅̃

⋅̃ ⋅̃ ⋅̃
⋅̃ ⋅̃ ⋅̃
⋅̃ ⋅̃ ⋅̃
⋅̃ ⋅̃ ⋅̃

. 

For the certainty and applicability functions we choose  

1					if	 0,0,0
0					if	 0,0,0

 , 
[8.14] 

cos if

0 otherwise
.  [8.15] 

Here, ∈ , and the certainty  is thus set to zero when a vector is missing. Furthermore,  is 
the distance to the neighborhood center, and  is shown in Fig. 8.2 for different  and , 
which determine the ‘weight’ of data points in the neighborhood. Here,  determines the power 
or the ‘sharpness’ of the function. In practice, we set 0. 5 , with  and  the kernel 
and voxel sizes, respectively. 

Normalized convolution obtains a new description of the original representation, but now the 
original basis is accompanied by a strength or certainty . A missing vector can then be 
interpreted as a missing basis impulse function (i.e. by setting the certainty to zero), rather than 
a vector with zero magnitude. Normalized convolution obtains a description in the new basis 
such that the local weighted mean square error is minimal, corresponding to a weighted linear 
least squares approach (WLLS): 

.  [8.16] 

The weights in the diagonal matrix  are then given by 
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,  [8.17] 

where the subscript  refers to the th local spatial coordinate in the  neighborhood. 
To summarize, the result of normalized convolution (Eq. [8.12]) in an  spatial 
neighborhood of a point  is a WLLS estimate of the vector and Jacobian at point . These 
estimates can be directly substituted into Eq. [8.5] to obtain an estimate of the Lie bracket.  

Fig. 8.2: Applicability function  for 
different  and  (Eq. [8.15]). 

8.2.2.2.2 Clustering of peaks in a spatial neighborhood 

In the computation of the Lie bracket we have thus far assumed that two vector fields exist in a 
neighborhood of the point of operation that can be derived from dMRI data. However, dMRI 
data typically allow the extraction of a variable number of peaks per voxel without a notion to 
which local vector field (or fiber population) they belong. We will call the set of peaks at a 
spatial location a frame, and the frames in a spatial neighborhood thus have to be clustered. We 
match each vector of a frame at a point in the spatial neighborhood to the frame of the center 
voxel (the reference frame). In this work, we cluster the frames in an  spatial 
neighborhood using a front-propagation approach that starts from the center of the 
neighborhood (Jbabdi et al., 2010). As the similarity measure we use the total cosine similarity, 
i.e. we find the configuration for which the total angle difference with a previously clustered 
frame at a nearby location is minimal. We set an angle threshold to constrain the maximum 
angle between corresponding vectors of frames. The clustering algorithm is detailed in 
Appendix A8. 
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8.2.3 Evaluation of sheet structure 

Once the Lie bracket of a pair of vector fields has been computed with the flows-and-limits 
method or the coordinate method, we can examine the existence of sheet structure by extracting 
the normal component of the estimated Lie bracket (Eq. [8.1]) and determine whether it is 
‘sufficiently close’ to zero. This condition is hard to evaluate, however, since a single noisy 
estimate of the Lie bracket normal component does not provide information on its variability. If 
we assume repeated MRI measurements that yield multiple Lie bracket estimates, a sheet 
probability index (SPI) can be calculated (Tax et al., 2016a). This index was introduced to 
address the issue of noise and to provide an intuitive sheet indicator. In short, the estimates are 
checked for normality using a Shapiro-Wilks test and the mean  and standard deviation  are 

estimated. Subsequently, the integral probability  inside the region – ,  can be calculated 

for the estimated distribution , . We can tune the parameter  where a higher value for  
will allow larger deviations from zero. An SPI value close to 1 corresponds to a high likelihood 
of sheet structure, whereas an SPI close to 0 indicates that there are significant deviations from 
sheet structure. In practice, if only one dataset is acquired, we generate residual bootstraps to 
calculate the SPI (see Section 8.2.4.2.3). 

The SPI can be visualized for pairs of vector fields throughout the brain by means of a sheet 
tensor. Given a pair of vector fields  and , the sheet tensor at location  is defined as 

⨂ ⨂ . [8.18] 

Here  denotes the largest eigenvalue of the tensor ⨂ ⨂	 . The sheet 
tensor can then be represented by an ellipsoid, of which the third eigenvector is normal to the 
span of  and . The ellipsoid is colored according to the third eigenvector by using the well-
known diffusion tensor imaging (DTI) coloring scheme of Zhang et al. (2006b). The SPI 
divided by  determines the size of the ellipsoid (a larger SPI results in a tensor with a larger 
semi-axis) and the angle between  and  determines its shape (a lower angle results in a more 
anisotropic sheet tensor).  

8.2.4 Data 

We evaluated the two proposed methods on different types of data: analytical vector fields, 
dMRI simulations, and real dMRI data.  

8.2.4.1 Analytical vector field simulations 

We defined three vector fields that are tangent to a sphere with radius  (  and  are tangent to 
the upper hemisphere,  is tangent to the lower hemisphere, see Appendix B8). Vector fields  
and  form sheets (i.e. , 0), whereas  and  do not form a sheet except at 

0, 0. The normal component of the Lie bracket ,  is dependent on the radius  and 

the spatial coordinates. These simulations allowed us to evaluate the methods for Lie bracket 
calculation as a function of curvature 1/  and non-commutativity of the pair  and . 
The vector fields were discretized on a Cartesian grid with voxel size  and noise was added by 
drawing random samples of a Watson distribution (Chen et al., 2015b; Mardia and Jupp, 2009) 
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with concentration parameter 0 (‘SNR level’, higher  results in smaller perturbations). 
We generated 50 noise iterations in the experiments. 

8.2.4.2 Diffusion MRI data 

8.2.4.2.1 Simulations 

dMRI signals were simulated using a ZeppelinStickDot model (Ferizi et al., 2014) with the 
fiber direction defined by the noise-free vector fields described in the previous section. We 
simulate single-shell datasets with 90 directions and 3000	 / . Noise was added 
according to a Rician distribution. 

8.2.4.2.2 Real data 

We used the following dMRI data sets: 1) the 3000	 /  shell with 90  diffusion 
directions of a subject of the WU-Minn Human Connectome Project (HCP) with an isotropic 
voxel size of 1.25	  (Sotiropoulos et al., 2013; Van Essen et al., 2013); and 2) two ex-vivo 
monkey brain datasets of the same brain with 4000	 / , one dataset had an isotropic 
voxel size of 0.3	  and 60 diffusion directions, while the other dataset had an isotropic voxel 
size of 0.4	  and 120 diffusion directions (Calabrese et al., 2015b). The SNR of both datasets 
was measured in the cortex on the 0 image, and was 131 for the 0.4	  and 96 for the 
0.3	  datasets, respectively. 

8.2.4.2.3 Processing 

The monkey brain datasets were corrected for motion and eddy current distortions using 
ExploreDTI (Leemans et al., 2009; Leemans and Jones, 2009). All datasets were processed 
using constrained spherical deconvolution (CSD, 8 ) (Tournier et al., 2007). The 
response function for the simulated data was generated from the ZeppelinStickDot model, and 
the response function for real data was computed using recursive calibration (Tax et al., 2014c). 
Peaks were extracted using a Newton optimization algorithm (Jeurissen et al., 2011) with a 
maximum number of 3	peaks and an fODF peak threshold of 0.1. To compute the SPI, we 
generated 50 noise iterations for simulated data, and 20 residual bootstrap realizations for real 
dMRI data from a single set of noisy measurements (Jeurissen et al., 2011). The peaks extracted 
from the different bootstrap realizations were clustered using the method described in Section 
8.2.2.2.2, with the peaks extracted from the original data representing the reference frames. The 
SPI was calculated within a white matter mask dilated by one voxel. For the HCP data the mask 
was derived from the T1-weighted image using FSL-Fast (Zhang et al., 2001), and for the 
monkey brain datasets it was derived from the FA and MD images since no T1-weighted image 
was available (FA > 0.4 or FA > 0.15 with MD < 2.5 ⋅ 10 	 /  adapted for ex-vivo data 
(Sherbondy et al., 2008)). 

8.3 RESULTS 

Section 8.3.1 presents the results for analytical vector field simulations, Section 8.3.2 for dMRI 
simulations, and Section 8.3.3 for real data.  
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8.3.1 Analytical vector field simulations 

With the analytical vector fields we will first investigate the influence of the parameters in the 
coordinate implementation (kernel size  and ) on the accuracy and precision of the Lie 
bracket normal component estimates. Subsequently, we will compare the coordinate and flows-
and-limits implementations for varying voxel sizes, SNR levels, and peak dropout fractions. 
These experiments all use the predefined clustering of vector fields, i.e. the vector fields as they 
were simulated. We will also investigate the performance of the clustering method, which is 
described in Section 8.2.2.2.2 and Appendix A8.  

8.3.1.1 Coordinate implementation: Influence of spatial resolution and parameter settings 

Fig. 8.3 shows the mean absolute error (upper row) and the range (maximum value minus 
minimum value, bottom row) of the Lie bracket normal component estimated values for the 
non-sheet vector field pair  and  (see Section 8.2.4.1 and Appendix B8). The columns a-c 
show the results for different voxel sizes 0.5,1,2 	 . Each color plot shows the results 
for different settings of kernel size  and . The following settings were used: curvature 

1/ 1/26	 , ‘SNR level’ 250, and 10, 10,0  yielding a non-zero Lie 
bracket normal component , 0.031	 .  

The mean absolute error and range of the estimates generally decrease for 1) increasing voxel 
size at a given parameter setting, 2) increasing kernel size , and 3) decreasing . This means 
that incorporating neighborhood information over a larger scale in  is generally beneficial 
for the accuracy and precision of the Lie bracket normal component estimate. There is a limit to 
this, however: at 2, 11, 1	 the mean absolute error of the estimates starts to 
increase again. In the remainder of the simulation experiments, where we simulate 1, we 
will use 1. 

 
Fig. 8.3: Mean absolute error (first row) and range (second row) of estimates ,  for different voxel sizes 

0.5, 1, 2 	  (a-c, columns). Each color plot shows the results for different choices for the kernel size  (indicated in 
 on the left side of each graph and in  on the right side of each graph) and different settings for . We used 
1/ 1/26	 , 250, and 10, 10,0 .  
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8.3.1.2 Coordinate vs. flows-and-limits implementation: Influence of spatial resolution and 
noise 

Fig. 8.4 shows results for different voxel sizes 0.5, 1, 2 	  (a-c), for the coordinate 
implementation (top row, 11	voxels and 1) and the flows-and-limits implementation 
(bottom row, 5	  and Δ 0.5	 ). Each plot shows the range and mean for 
different SNR levels  for the sheet pair (  and , grey) and the non-sheet pair (  and , 
black) defined in Section 8.2.4.1 and Appendix B. The ground truth value is indicated by the 
dashed line. We set the curvature 1/ 1/26	  and evaluate at point 
10, 10,0 . 

The range of the estimates becomes smaller with 1) increasing SNR level  and 2) increasing 
voxel size for both implementations. In all cases, the coordinate implementation has a higher 
precision (lower variability) than the flows-and-limits implementation. This indicates that it 
potentially has a higher power to distinguish sheet configurations from non-sheet 
configurations. At a voxel size of 2	 , the estimates start to be slightly biased (i.e. start 
deviating from their true value) for both implementations and the used parameter settings. 

 
Fig. 8.4: Mean (asterisks) and range (error bars) of ⋅,⋅  for different voxel sizes 0.5, 1, 2  (a-c, columns) and 

the two different implementations (rows). We used 11  and 1, and 5  and Δ 0.5	  
(the corresponding values in  are given above each plot). Each plot shows the estimates in the case of sheet (grey, 
, 0 indicated by the dashed line) and non-sheet (black, , 0.031) for different SNR levels . We set 

1/ 1/26	 , and 10, 10,0 . 

8.3.1.3 Coordinate vs. flows-and-limits implementation: Influence of dropouts and 
parameter settings 

Fig. 8.5 shows the mean and range of the estimates ⋅,⋅  as a function of the dropout fraction: 
For every noise iteration we randomly remove a certain fraction of peaks of each vector field. 
The rows show the results for the coordinate implementation (top, 1) and the flows-and-
limits implementation (bottom) for different parameter settings of each method (columns). We 
used 1/ 1/26	 , 10, 10,0 , 1	 , and 250. 

It becomes immediately apparent that the flows-and-limits implementation is much more 
sensitive to dropouts than the coordinate implementation: the range of the estimates is much 
larger for the former method. While for a limited use of spatial neighborhood information 
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( 3 or 1	 ) neither method is able to distinguish sheets from non-sheets, the 
coordinate implementation performs markedly better at higher  even for high dropout 
fractions. In fact, in this case the dropout fraction does not affect the precision and mean of the 
estimates (up to the tested fraction). For the flows-and-limits implementation the precision of 
the estimates decreases with dropout fraction, while the mean remains close to the true value. 

 
Fig. 8.5: Mean and range of ⋅,⋅  for different ‘spatial neighborhood settings’ (a-c, columns):  3,7,11 	  with 

1 for the coordinate implementation (top row) and 1,3,5  with Δ 0.5  for the flows-and-
limits implementation (the corresponding values in  are noted above each plot). Each plot shows the estimates in the 
case of sheet (grey) and non-sheet (black) for different dropout fractions. We set 1/ 1/26 , 250, and 

10, 10,0 . 

8.3.1.4 Coordinate implementation: Evaluation of clustering of frames in a spatial 
neighborhood 

The results presented so far use the predefined clustering of the vector fields and are thus not 
affected by clustering errors. Here, we evaluate the clustering algorithm presented in Section 
8.2.2.2.2 and Appendix A8 on non-sheet vector field pairs  and  with different radii 
( 5, 15, 25 	 ) and a third constant vector field in the z-direction. For each radius we 
generated 50 noise instances with 50, 150, 250, 350, 450,∞  and different dropout 
fractions 0, 0.01, 0.02, 0.05, 0.1,0.2 ). We count the number of peaks that were not clustered 
correctly, where we distinguish between peaks that did not get a label at all and peaks that got 
an incorrect label. 

Supplementary Fig. S8.1 shows the peak clustering error as a fraction of the total number of 
peaks simulated and for different angle threshold settings. In all erroneous cases the algorithm 
failed to assign the peaks to a vector field; a wrong assignment to a vector field did not occur in 
the evaluated cases. The number of non-clustered peaks generally increased with dropout 
fraction. In fact, this led to a larger fraction of dropouts than initially simulated, but did not 
have a significant effect on the Lie bracket estimates in analogy with Fig. 8.5 upper row (results 
not shown). 
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8.3.2 Diffusion MRI simulations 

In this Section we present a comparison of the two methods for dMRI simulated data. Sections 
8.3.2.1 to 8.3.2.3 outline the influence of SNR, curvature, and commutativity of the non-sheet 
vector field on the Lie bracket normal component estimates. 

8.3.2.1 Coordinate vs. flows-and-limits implementation: Influence of SNR 

Fig. 8.6a shows the results for different SNR levels for the coordinate (top, 1 and 
11	 ) and flows-and-limits (bottom, 5	 ) implementations. We  used 

1/ 1/26	 , 10, 10,0 , and voxel size 1	 . 

Higher SNR increases the precision of the estimates for both methods. For an SNR of 10-20 the 
estimates were more precise for the coordinate implementation, while for higher SNR this 
effect is less pronounced. The mean of the estimates was close to the true value in all cases.  

8.3.2.2 Coordinate vs. flows-and-limits implementation: The influence of curvature 

Fig. 8.6b presents the mean and precision of the Lie bracket normal component estimates ⋅,⋅  

as a function of curvature  of the integral curves ( 8, 13, 18, 23, 28, 33 	 ). 
Results are shown for the coordinate (top, 1 and 11	 ) and flows-and-limits 
(bottom, 5	 ) implementations. We simulated an SNR of 20 and a voxel size 

1	 . We evaluated the Lie bracket normal component at different points  for the 
different curvatures to keep the magnitude of the Lie bracket constant (i.e. 0 and 0.031 for the 
sheet and non-sheet vector field pairs, respectively). Note that for each curvature the point of 
evaluation was the same for the sheet and non-sheet vector field pairs. 

The precision of the estimates was higher for the coordinate implementation in all cases. For a 
radius larger than 23	 , the mean of the estimates is in line with the true value. For a radius 
smaller than 23	  in the non-sheet case, the mean of the estimates is only slightly off for the 
coordinate implementation, while it significantly deviates from the true value for the flows-and-
limits implementation.  

8.3.2.3 Coordinate vs. flows-and-limits implementation: The influence of commutativity 

Fig. 8.6c shows the results for different points , , 0 , where the Lie bracket normal 
component magnitude of the non-sheet vector field pair (i.e. its ‘non-commutativity’) varies 
while the curvature remains constant at 1/26	 . Here, 1, 3, 5, 7, 9, 11 	 . 
The Lie bracket was evaluated at the same points for the sheet vector field pair as a reference. 
Results are shown for the coordinate (top, 1 and 11	 ) and flows-and-limits 
(bottom, 5	 ) implementations. We used an SNR of 20 and voxel size 1	 . 

In all cases, the estimates have a higher precision for the coordinate implementation than for the 
flows-and-limits implementation. The mean of the estimates corresponds well to the true value 
in all cases.  
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Fig. 8.6: Mean and range of ⋅,⋅  for the coordinate implementation (top row 11 , 1) and the flows-and-

limits implementation (bottom row 5 , Δ 0.5 ) in the case of sheet (grey) and non-sheet (black). 
In every experiment, we vary one factor while keeping others constant: (a) varying SNR, constant 1/
1/26	 , 10, 10,0 , 1 ; (b) varying curvature and , constant ⋅,⋅ , SNR = 20, 1	 ; (c) 

varying  and ,  (non-sheet case), constant SNR = 20, 1/ 1/26 , 1 . 

8.3.3 Diffusion MRI real data 

8.3.3.1 In vivo HCP data 

We first evaluated the performance of the clustering algorithm with real dMRI data. 
Supplementary Fig. S8.2 shows the peak clustering of an 11 11 11 neighborhood at three 
different anatomical locations, where we used an angle threshold of 35°. Overall the clustering 
looks plausible, and the integral curves corresponding to these vector fields would exhibit 
significant curvature at this scale (integral curves are not shown, with some abuse of 
terminology we will say that the vector fields exhibit curvature). However, at some locations 
the clustering appeared to be challenging: near the edges of the neighborhood, discontinuities 
occurred in a few occasions. Since the operator applicability reduces towards the edges, the 
effect of such wrongly clustered peaks generally stays limited. 

Fig. 8.7 displays results of the Lie bracket normal component and SPI estimation for the HCP 
data, where we compare the flows-and-limits ( 5	 ) and coordinate ( 1,
11	 ) implementations. Fig. 8.7a shows maps of the standard deviation of ⋅,⋅  over the 

20 bootstraps for both methods (two largest peaks in the WM). Overall, the flows-and-limits 
approach maps look brighter, which indicates that the standard deviation of the estimates is 
higher. We used these standard deviation maps to find an appropriate value for  in the SPI 
calculation (see Section 8.2.3). To this end, we identified spatially continuous regions with a 
Lie bracket normal component close to zero and a low standard deviation (an example area is 
indicated with yellow arrows in Fig. 8.7a). We chose  to be approximately two times the 
standard deviation in such areas, i.e. 0.008. We observed that in these areas, the standard 
deviation is relatively similar between the flows-and-limits and coordinate approaches. Note 
that areas in which only a single fiber population can be identified, have a standard deviation of 
zero since no Lie bracket calculation was possible. 
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Fig. 8.7: Lie bracket and SPI computation on real in vivo HCP data: a comparison between the flows-and-limits and 
coordinate methods. (a) Standard deviation of the Lie bracket normal component estimates. Yellow arrows indicate areas 
where the mean is close to zero and the standard deviation is spatially uniform and low. The values in these areas were 
used to find an appropriate value for . (b) Sheet tensors on coronal, sagittal, and axial slices, for the flows-and-limits and 
coordinate implementations ( 0.008, sheet tensors with SPI < 0.2 are not shown for clarity). White arrow: crossing 
sheets found with the coordinate implementation, but not with the flows-and-limits method; blue arrow: crossing sheets 
found with the flows-and-limits method; red arrow: high SPI between the cingulum and the corpus callosum. 

Fig. 8.7b shows sheet tensors on different coronal, sagittal, and axial slices. We compare the 
flows-and-limits method (two top rows) with the coordinate implementation (two bottom rows). 
In most cases, high SPI areas that could be found with the flows-and-limits method were also 
identified with the coordinate method. An example is the high SPI area highlighted with a green 
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rectangle on a coronal slice and the enlarged image below. The green sheet tensors indicate a 
high SPI between pathways of the corpus callosum and the corticospinal tract. On a coarse scale 
these regions look similar, but the enlarged image shows some subtle differences. The white 
arrow indicates a location where all three crossing fiber populations have a high SPI with the 
coordinate method: they form crossing sheets. These regions did not have a high SPI for each 
pair of fiber populations when using the flows-and-limits implementation. In turn, the crossing 
sheets that were identified with the flows-and-limits method (more inferior, indicated with the 
blue arrow) were not identified with the coordinate method: the SPI was significantly lower or 
the Lie bracket normal component estimates for the corresponding fiber populations were not 
always normally distributed and therefore no SPI was calculated. Finally, the red arrow 
indicates a high SPI in a region where the cingulum and corpus callosum cross. This high SPI 
region is consistently found with both methods. 

Several high SPI areas that are found with both methods are more ‘extensive’ when using the 
coordinate implementation. Examples are the areas indicated with the red and purple rectangles 
in the sagittal slices of Fig. 8.7b. The area highlighted in the red box shows a high SPI which 
likely occurs between pathways of the arcuate fasciculus and association pathways. The purple 
box in the coordinate case highlights a high SPI area in which the sheet tensors seem to be 
layered. While this layering appears fairly continuous for the coordinate implementation, it is 
not obviously present for the flows-and-limits implementation. 

Some high SPI areas are exclusively found with the coordinate method. Examples are the 
region in the brainstem on the coronal slice and the area highlighted by the blue box in the axial 
slice (see Fig. 8.7b). A zoom of this area is also depicted below the axial slices, and shows a 
region where parts of the corpus callosum and the fornix pathways cross. The coordinate 
implementation finds a high SPI coherently over a number of voxels, whereas the flows-and-
limits implementation hardly finds any high SPI voxels.  

8.3.4 Ex vivo animal data 

Fig. 8.8 shows SPI maps for the ex vivo monkey datasets: the 0.4  voxel size data in Fig. 
8.8a and the 0.3  voxel size data in Fig. 8.8b. Here, we used the coordinate approach to 
estimate the Lie bracket. For each dataset, sheet tensors on coronal (top), sagittal (middle) and 
axial (bottom) slices are displayed. Here, we set  in  the same for both datasets, i.e. 

0.5 ⋅ 11 ⋅ 0.3	  based on 11 for the 0.3  dataset. The standard deviation of 
the estimated Lie bracket normal components was generally larger for the 0.3  than for the 
0.4  dataset (results not shown). An appropriate value for  was obtained in a similar 
manner as described in Section 8.3.3.1 ( 0.015 for the 0.3  dataset and 0.020 for 
the 0.4  dataset). Many high-SPI areas can consistently be recognized in both datasets. The 
0.3  dataset shows more discontinuous high-SPI areas, likely because the normality 
condition is not fulfilled locally.  
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Fig. 8.8: SPI maps for the ex vivo monkey brain. (a) Dataset with a voxel size of 0.4  isotropic and 120 directions 
( 0.015). (b) Dataset with a voxel size of 0.3  isotropic and 60 directions ( 0.020). Sheet tensors with 

0.2 are not shown for clarity.  

8.4 DISCUSSION 

The existence of sheet structure at multiple scales throughout the brain is an ongoing topic of 
debate, mainly because obtaining proof with reliable quantification is challenging. Previous 
work has proposed the SPI as a novel quantitative measure to investigate the extent at which 
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directional data support sheet structure (Tax et al., 2015a; Tax et al., 2014a). The SPI is based 
on the calculation of the Lie bracket of two vector fields. In this work, we proposed the 
coordinate method to calculate the Lie bracket, which can be applied to directional data such as 
peaks resulting from dMRI. We compared this method to the previously proposed flows-and-
limits approach on the basis of vector field simulations, dMRI simulations, and real dMRI data. 
We have shown results of SPI calculations on various datasets of different species, scanners, 
spatial resolutions, and acquisition settings. In the following sections, we will discuss the 
different choices we made for the clustering of peaks and the calculation of derivatives with 
normalized convolution. We will also compare the flows-and-limits and coordinate approaches 
in terms of performance and implementation/computation considerations. Finally, we will 
discuss several remaining challenges and outline potential avenues for future work. 

8.4.1 Clustering of vector fields 

Calculation of the Lie bracket requires the frames in voxels to be clustered into distinct vector 
fields, which poses a challenging sorting problem in dMRI. The clustering of peaks is also an 
issue in most tractography algorithms: a tract is propagated along a direction that has the 
smallest angle with the incoming direction. However, tractography algorithms generally do not 
take into account the entire frame at the current and previous locations. In the flows-and-limits 
implementation this is taken into account, that is, the vectors of a frame are clustered into vector 
fields during the tractography process. The angle threshold on the peaks that are followed can 
be interpreted directly as a constraint on the curvature of the tract.  Sorting peaks along a tract 
seems a more natural way of clustering than directly comparing peaks in nearby voxels, which 
mostly do not lie along the same pathway. This comparison of nearby voxels is done in the 
front-propagation approach for the coordinate implementation. We have observed that the 
approach of clustering peaks along tracts has fewer problems to recognize the edge (i.e., the 
domain of definition) of a vector field than the front-propagation approach. For example, at the 
white-grey matter boundary, we found that the flows-and-limits reconstruction of loops 
terminated more often naturally because, for instance, peaks were missing or the angle between 
the peaks was too large. The peaks in grey matter are less reliable because we used a single 
white matter response function for CSD throughout the brain. A solution to this would be the 
use of a tissue-specific response function (Jeurissen et al., 2014; Roine et al., 2015). Instead, we 
used a mask here to take into account only the peaks within the white matter. On the other hand, 
the front-propagation approach has the advantage that it suffers less from missing peaks 
resulting from modelling imperfections or noise. Where the loop reconstruction in the flows-
and-limits approach terminates in this case, the front-propagation approach can use the 
information from more than one six-connected voxel to cluster the peaks in a given voxel.  

We opted for a front-propagation clustering approach for the coordinate implementation 
because a direct comparison of all voxels in the  neighborhood with the center voxel 
could give errors in the case of strong curvature of the vector fields. An angle threshold of 35° 
seemed to be a good trade-off between including incorrect peaks into a vector field and 
excluding correct peaks from the vector field in the configurations investigated (e.g. see Fig. 
S8.1 for excluding peaks). However, we still observed some discontinuities of clustered vectors 
towards the edges of the spatial neighborhood in real data (Fig. S8.2). In future work this angle 
threshold could be made dependent on the voxel size and the expected curvature of the vector 
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fields, and it could be investigated in a wider range of configurations. The influence of 
incorrectly clustered peaks towards the edges is minimized by the decreasing applicability of 
the filter basis as the distance from the center voxel increases.  Overall, the sorting of peaks is 
an interesting and challenging problem by itself. Future work could be directed to improve this 
process, for example by exploiting the use of tractography clustering in this context (e.g. 
O'Donnell and Westin, 2007), or by taking into account microstructural information for each 
population and assuming that this is continuous along trajectories (e.g. Girard et al., 2015).  

8.4.2 Coordinate implementation: Parameter choices 

The normalized convolution approach requires a choice of applicability function (including 
parameter settings for   or  and ), certainty function, and filter basis. For the 
applicability function we chose a power of the cosine function with a period of 4 . We 
chose the cosine function because it is zero at  and thus has no truncation jumps, but other 
choices could be explored in future work. Fig. 8.3 shows that a lower value for  decreases the 
mean absolute error and improves the precision of the estimates up to a certain point. We 
generally scaled  according to the kernel size  and the voxel size  (i.e. 0.5 ), 
because adding extra zeros at the edges would only increase the computation time. Increasing  
for a given voxel size leads to a higher precision (Figs. 8.3 and 8.5), but comes at the cost of a 
lower accuracy beyond a given point (Fig. 8.3). Also, increasing  beyond the domain of 
definition of one of the vector fields might increase the risk of clustering errors (see also 
Section 8.4.1). In the monkey brain datasets, we chose the same  in  for the two spatial 
resolutions. This means that the effective kernel size  in voxels used for the 0.4  dataset is 
smaller, which is expected to come with a decrease in precision (Fig. 8.3) of the estimates for a 
given SNR. However, the SNR of the 0.4  dataset is larger than that of the 0.3  dataset 
(131 vs 96 on the 0 images), and the number of acquired directions was higher (120 vs 60), 
which in fact increased the precision of the estimates for the 0.4  dataset (see Section 
8.3.3.2). This motivates the data-driven way to defining the  parameter for SPI calculation. 

We currently set the certainty of a vector either to zero or to one depending on whether it is 
absent or present. However, theoretically it can take any value between zero and one, and 
could, for example, be based on the angle with its six-connected neighbors. So instead of setting 
a hard threshold on the angle that two vectors in neighboring voxels are allowed to make in 
order to belong to the same vector field, the certainty could be defined as a function of this 
angle. Other factors such as peak magnitude and SNR could also be used to tune the certainty of 
vectors.  

In practice, the filter basis in Eq. [8.9] is sufficient to calculate the first order derivatives of the 
vector fields and can be extended to calculate higher-order derivatives. Future work could 
explore the effect of fitting higher-order polynomials on the accuracy and precision of the 
estimated Jacobians and vectors at the center of the neighborhood. 

8.4.3 Flows-and-limits vs. coordinate implementation: Performance 

We have investigated the effect of different factors on the performance of the flows-and-limits 
and coordinate methods, viz. spatial neighborhood, spatial resolution, missing peaks, SNR, 
curvature, and commutativity. 
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Our results show that the precision of the Lie bracket normal component estimates (Figs. 8.3 to 
8.7) is consistently higher for the coordinate implementation than for the flows-and-limits 
implementation, which can be attributed mainly to the higher degree of neighborhood 
information used in the former. In our experiments we aim to allow both methods to probe 
neighborhood information at a similar distance from the center voxel: an 	of 5 voxels 
would result in a total walking distance of 11 voxels along one vector field if it was perfectly 
parallel to the discretization grid (hence, we compare to a kernel size of 11	voxels). 
However, the vector fields are generally curved and the flows-and-limits approach only probes 
vectors that are on the same pathway, whereas the coordinate approach can utilize information 
of the whole  neighborhood.  The results with a given 	and 2 1 for 
the respective methods can thus not strictly be compared one-to-one. Further increasing  
might lead to a higher precision, but it comes at the cost of increased computational demands 
(since more pathways have to be stored), a lower accuracy beyond a given point (similar to e.g. 
Fig. 8.3 for the coordinate implementation), and the increased risk of clustering errors when 

extends beyond the domain of definition of one of the vector fields (see Section 8.4.1). 
Another explanation for the better performance of the coordinate implementation is that it gives 
regularized versions of the vectors at location  where the Lie bracket is to be computed. This 
is expected to reduce the influence of noise on the computation of the Lie bracket normal 
component, as seen e.g. in Fig. 8.4. In contrast, the flows-and-limits implementation uses the 
original (noisy) vectors at point  to compute the Lie bracket normal component. We note that 
for the real data in Fig. 8.7 the estimated standard deviation was approximately the same 
between the two methods in the spatially continuous region indicated with yellow arrows. 
Hence, we used the same  for the SPI computation. 

Figs. 8.3 and 8.4 indicate that the precision of the Lie bracket normal component estimates 
decreases for smaller voxel size while keeping SNR and spatial neighborhood in voxels 
constant. Because the extent of the spatial neighborhood in millimeters then decreases, the 
perturbation of the vectors becomes more significant relative to the quantity that we aim to 
measure, the rate of change of one vector field along the other vector field. This perturbation is 
more or less independent of the voxel size. This effect is more prominent for the flows-and-
limits approach than for the coordinate implementation.  

Curvature and commutativity did not affect the precision of the estimates (Fig. 8.6). A higher 
curvature, however, did influence the accuracy of the flows-and-limits non-sheet estimates. We 
observed that this was a combined effect of 1) the design of the vector field, 2) the ability of the 
used dMRI technique (CSD in this case) to resolve crossing fibers at small angles, and 3) the 
sensitivity of the flows-and-limits implementation to what we call edge effects. At a radius as 
small as 8	 , the edge of the spatial neighborhood for the Lie bracket estimation starts to 
come in the vicinity of the edge of the simulated vector fields (see Appendix B8). At this edge, 
the vectors of the non-sheet pair have a crossing angle beyond the angular resolution of CSD. 
As such, only one peak can be found and many paths are terminated. This effect is larger in one 
side of the neighborhood, to wit the side near the edge of the vector field, where ⋅,⋅  becomes 

larger. As each path is weighted equally in the LLS fit in Eq. [8.10], the result is more 
determined by the paths in the direction away from the edge (where ⋅,⋅  becomes smaller). 
This effect does not occur in the same simulations with analytical vector fields (results not 
shown), and is thus not caused by the flows-and-limits method alone: the method is just more 
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sensitive to these missing peaks at the edge. In Fig. 8.6c, for 11 edge effects will also start 
to play a role in the flows-and-limits implementation (results not shown).While it remains the 
question whether the edges of our simulated vector fields are representative of a scenario that 
truly occurs in the brain, it shows that the coordinate implementation is more robust to these 
effects. Missing peaks also affect the accuracy and precision of the flows-and-limits estimates 
significantly. We note that missing peaks do not only have an effect on the quantification of 
sheet structure with the flows-and-limits method, but they also make visual examination 
challenging because pathways will terminate prematurely.  

8.4.4 Flows-and-limits vs. coordinate implementation: Computational issues 

The flows-and-limits and coordinate methods are two conceptually different but equivalent 
approaches to defining the Lie bracket. They do differ greatly in implementation: whereas the 
flows-and-limits approach is based on tractography, the coordinate implementation works 
directly on the vector fields. The flows-and-limits approach requires the reconstruction and 
storage of points and clustered directions of many loops, and it is therefore demanding in terms 
of memory if many voxels are processed simultaneously. The coordinate approach based on 
normalized convolution is easier to implement, but has to be performed voxel-by-voxel because 
the vector fields have to be clustered in each neighborhood. In this work, the computation speed 
of the coordinate approach was increased tremendously by making use of multi-core processing 
capabilities. 

8.4.5 Further improvements and future work 

The computation and visualization of the SPI involves multiple steps, and this manuscript 
specifically focused on the estimation of the Lie bracket. We already discussed potential 
improvements for the clustering of vector fields, but other steps in the pipeline could also be 
improved. Future work could focus on finding alternatives for the normality condition, which 
might be relaxed, and on automatic tuning of the value of . In addition, within a voxel, all 
peaks from the different bootstraps are currently clustered towards the peaks of the original 
(non-bootstrapped) data. This clustering procedure could be potentially improved by an 
iterative scheme that tries to update the mean of the clusters, such as with a k-means clustering 
principle with k the number of peaks within a voxel. Furthermore, visualization of the sheet 
tensors is currently based on the original (noisy) vectors, whereas instead the regularized 
vectors obtained with the coordinate implementation could be used. This could potentially 
circumvent the presence of unexpected shapes of sheet tensors with high SPI such as those 
originating from the crossing between the fornix and corpus callosum pathways (see Fig. 8.7). 
Whereas nearly orthogonal crossings in this region were expected to result in circular flat sheet 
tensors, some sheet tensors had a more ellipsoidal profile. This was likely caused by spurious 
peaks resulting from partial volume effects with CSF. Finally, future work could be directed 
towards trying to avoid the peak extraction altogether, and calculate a sheetness indicator more 
directly from the ODFs. 
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8.5 CONCLUSION 

Reliable quantification of the brain’s sheet structure is needed to assess its presence and 
configurational properties such as extent and location across individuals (Catani et al., 2012). In 
this chapter, we have proposed the coordinate implementation to estimate the normal 
component of the Lie bracket, which is an indicator of sheet structure between two vector 
fields. We have compared this method to the previously proposed flows-and-limits approach by 
performing simulations and experiments with real data. We show that the coordinate approach 
can achieve a higher precision of the Lie bracket normal component estimates. It is more robust 
against missing peaks resulting from noise or modelling imperfections, increasing the accuracy. 
Our results demonstrate that the SPI can be quantified with the proposed approach for datasets 
from different species, scanners, voxel sizes, and diffusion gradient sampling schemes, and in 
both in vivo and ex vivo datasets.  

8.6 APPENDICES 

8.6.1 Appendix A8: Clustering of frames in an  spatial neighborhood 

We will first describe the algorithm to cluster two frames based on their total cosine similarity, 
and subsequently the front-propagation approach to cluster frames in a spatial neighborhood. 
We consider an ordered set of  vectors , … ,  at a position , and  vectors1 , … ,  
in some point  close to . The ordered set , … ,  defines the reference frame, i.e., it is 
assumed that  vector fields , , …  are present in the spatial neighborhood of  satisfying 

, , …. The clustering algorithm aims to find a permutation of the frame (an 
ordered set , … , ) that corresponds to the reference frame, so that we can set 

, , …	for some permutation  of 1,… , . Here,  denotes the index given by the 

 element of , and 0 implies that no matching vector was found.  

Algorithm for the clustering of frames , … ,  given an ordered frame , … ,  

1) Compute the cosine similarity  between  and  for all ∈ 1, . . , , ∈ 1, . . ,  

(recall that  and  are unit or zero vectors): 

⋅ . [A8.1] 

2) For every -permutation  of 1,… , , compute the similarity energy of the 
permutation by: 

                                                             

1 If , we append  zero-vectors to the list , … , , so in the following we can 
take . 
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∑ .   [A8.2] 

3) Determine the permutation  for which  is maximum, and define the reordered set 
of vectors [ , … , .  

4) If ⋅  has a negative sign, set to .  

5) Apply an angle threshold on . If ⋅  for some threshold ∈ , set 

	to	0. 

6) Return [ , … , . 

Algorithm for the clustering of frames in	an	 	spatial	neighborhood	of	point	 	 

1) Start from point p with ordered frame	 , … , 	satisfying , , ….	
2) While there are still non-clustered frames in the neighborhood, do the following for 

each of the  voxels clustered in the previous iteration (denoted by its location , 
∈ 1,… , , for the first iteration ): 

a) Identify the 6-connected voxels denoted by their locations , … , .  
b) Keep the  voxels that have not been visited before and that fall within the  

	spatial neighborhood of point	 ,	i.e. voxels	 , … , . 
c) For every voxel , ∈ 1,… , , calculate the cosine similarities for each 

pair of vectors of the frames , , …  and 	, … ,  with 
Eq. [A8.2]. 

d) If voxel  is a 6-connected neighbor of more than one previously clustered 
voxel (we take as an example here two voxels  and  with ), 

take the mean of the cosine similarities with the frames , , …  

and , , … . This corresponds to taking the cosine similarity 

with the ‘mean frame’ , , … , , … /2. 

e) Cluster the frame 	, … ,  to this ‘mean frame’ using the 
algorithm for clustering of two frames described previously. 

3) Return , , … 

8.6.2 Appendix B8: Analytical vector field simulations 

We define three vector fields , , and , where  and  are tangent to the upper hemisphere 
with radius  and   is tangent to the lower hemisphere with radius  (see Fig. A8.1 (Tax et 
al., 2016a; Tax et al., 2016b)):  

sin , cos cos , cos sin ,  

cos cos , sin , cos sin ,  

cos cos , sin , cos sin .  

 

[A8.3] 

Here tan  and cos  (with 1,2). The integral curves of these 

vector fields have constant curvature 1/ . 
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Vector fields  and  form a sheet, so that , 0	∀	 ∈ ∈ | ,
.  and  generally do not form a sheet, and the normal component of the Lie bracket 

,  at ∈ ∈ | , 0, 0 	is given by 

, . [A8.4] 

 
Fig. A8.1: Integral curves and sampled vectors of pair  and  that form a sheet (a), and pair  and  that do not form a 
sheet (b). 

8.7 SUPPLEMENTARY MATERIAL 

 
Fig. S8.1: Percentage of non-correctly clustered peaks for different angle thresholds (columns) and radii of vector fields 

 and  (rows). 
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Fig. S8.2: Clustering of vector fields in an 11 11 11 spatial neighborhood at three different locations in the HCP 
data (rows). The first (red), second (green), and third (blue) peaks are visualized together (second column) and separately 
(third to fifth column). Arrows indicate example areas where clustering appeared challenging, mostly at the edges. 
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9 SEEING MORE BY SHOWING LESS: 
ORIENTATION-DEPENDENT 

TRANSPARENCY RENDERING FOR 

FIBER TRACTOGRAPHY 

VISUALIZATION 

 

 

 

 

 

 

 

 

Based on:  

C.M.W. Tax, M. Chamberland, M. van Stralen, M.A. Viergever, K. Whittingstall, D. Fortin, M. 
Descoteaux, A. Leemans, "Seeing more by showing less: Orientation-dependent transparency 
rendering for fiber tractography visualization", PLoS One, 2015, nr. 10, vol. 10, p. e0139434 
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ABSTRACT 
Fiber tractography plays an important role in exploring the architectural organization of fiber 
trajectories, both in fundamental neuroscience and in clinical applications. With the advent of 
diffusion MRI (dMRI) approaches that can also model ‘crossing fibers’, the complexity of the 
fiber network as reconstructed with tractography has increased tremendously. Many pathways 
interdigitate and overlap, which hampers an unequivocal 3D visualization of the network and 
impedes an efficient study of its organization. We propose a novel fiber tractography 
visualization approach that interactively and selectively adapts the transparency rendering of 
fiber trajectories as a function of their orientation to enhance the visibility of the spatial context. 
More specifically, pathways that are oriented (locally or globally) along a user-specified 
opacity axis can be made more transparent or opaque. This substantially improves the 3D 
visualization of the fiber network and the exploration of tissue configurations that would 
otherwise be largely covered by other pathways. We present examples of fiber bundle 
extraction and neurosurgical planning cases where the added benefit of our new visualization 
scheme is demonstrated over conventional fiber visualization approaches. 
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9.1 INTRODUCTION 

Diffusion magnetic resonance imaging (dMRI) is a unique technique that can infer information 
about the architectural organization of tissue in vivo (Johansen-Berg and Behrens, 2009; Jones, 
2010b). It works by sensitizing the MRI sequence to the random motion of water molecules in a 
particular direction. Each variation in measurement direction, degree of sensitivity to diffusion, 
and diffusion time yields an individual image that contains unique information. These images 
can be combined to obtain a more complete picture of the diffusion properties, generally 
resulting in a complex high-dimensional dataset.  

The high dimensionality of dMRI data challenges not only image interpretation, but also its 
visualization (Leemans, 2010; Margulies et al., 2013). Therefore, dMRI reconstruction methods 
generally attempt to reduce the amount of data to meaningful features that can subsequently be 
visualized. One example of such a feature is the fiber orientation distribution function (fODF), 
which gives the probability of a fiber population in each direction. fODFs can be visualized at 
every location as spherical ‘glyph’ representations that have a magnitude proportional to the 
probability in every direction (Fig. 9.1a, right) (Vaillancourt et al., 2015). Whereas these glyph 
representations only contain local information, fiber tractography provides a way to visualize 
large-scale structures by virtually reconstructing trajectories, thereby further simplifying the 
data on a more global scale. Tractography visualizations are increasingly used in clinical 
applications, for example in neurosurgical procedures (Girard et al., 2012; Tax et al., 2014b) 
and in brain connectivity studies. However, in contrast to conventional 2-dimensional (2D) 
slice-visualizations that are often used in clinical practice, tractography visualizations provide 
3D information that might be hard to interpret due to streamlines that are running in the 
direction of the viewing axis or ‘out of the plane’ (e.g. the geometry of the corticospinal tract 
(CST), which runs in inferior-superior orientation, is hard to interpret from a 2D axial slice-
visualization). Therefore, several methods have been presented that focus on the 3D 
visualization of reconstructed fiber pathways; these are based on geometric principles like 
streamlines (Conturo et al., 1999), streamtubes (Zhang et al., 2003), hyperstreamlines (Jones et 
al., 2005; Reina et al., 2006; Vos et al., 2013), tuboids (Petrovic et al., 2007), triangle strips 
(Merhof et al., 2006), and streamribbons (Atkinson et al., 2008). In addition to these different 
geometric principles, the visualization methods also apply shadowing (Eichelbaum et al., 
2013a), lighting (Peeters et al., 2006), and coloring.  

Notwithstanding all the efforts to improve tractography visualization, displaying large 
tractography datasets remains highly challenging (Margulies et al., 2013; Presseau et al., 2015). 
Such visualizations are often cluttered due to overlapping pathways in 3D views and the ability 
to resolve ‘crossing fibers’ at a voxel level (Fig. 9.1a and Fig. 9.1b, left) (Descoteaux et al., 
2009; Jeurissen et al., 2013). Therefore, it is desirable to even further focus on the relevant 
information available in tractography datasets. One approach is to strategically place seed 
regions to only extract bundles of interest (Chamberland et al., 2014). While these 
visualizations provide greater detail, they often lose important contextual information. Other 
approaches have been developed that try to address the challenge of visualizing both detail and 
context of streamlines (Margulies et al., 2013). Schurade et al. (2010) proposed a cutting 
surface to select pathways of interest based on their interaction with this surface, somewhat 
similar to real anatomical dissections. Some methods use light exchange between streamlines to 
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show more detail in a contextual visualization (Eichelbaum et al., 2013a; Everts et al., 2009). 
Calamante et al. (2012) (Calamante et al., 2010) proposed a technique to generate 2D ‘super 
resolved’ track density maps based on the intersection between dense tractography streamlines 
and a user-defined sub-milimeter grid. 

In this chapter, we propose a new visualization approach that interactively and selectively 
visualizes pathways based on their orientation by applying orientation-dependent transparency 
rendering (Tax et al., 2014d). This approach renders pathways more opaque or transparent if 
they run parallel to a predefined opacity axis (Fig. 9.1b, right). In this way, a more surveyable 
picture of the 3D architectural organization of these trajectories can be obtained. The proposed 
approach allows us to better explore the underlying tissue configurations that would be covered 
when using conventional visualization approaches. We explore different aspects of the method, 
such as local vs. global transparency rendering and choice of opacity function, and show 
example applications. A real-time software tool is made available that allows interactive 
orientation-dependent transparency rendering in large tractography datasets. 

 
Fig. 9.1: Cluttered fiber tractography visualizations due to the ability to resolve ‘crossing fibers’ at a voxel level and the 
great overlap of pathways. (a) At the location of the square in the anatomical T1-weighted image (left), the dODFs 
(visualized as spherical ‘glyph’ representations overlaid on a fractional anisotropy map in the magnified box on the right) 
reveal fiber crossings at the voxel level. (b) Left hemisphere: pathways greatly overlap, resulting in a cluttered view 
(superior) in which underlying pathway configurations are hidden. The square indicates the same location as in (a). Right 
hemisphere: orientation-dependent transparency rendering in which all streamline segments that run in the direction of 
the viewing axis are rendered transparent. In this way, the underlying structures are revealed and can be explored. 

9.2 MATERIALS AND METHODS 

9.2.1 Orientation-dependent transparency rendering 

In this work, each streamline was rendered with an opacity related to its orientation (either on a 
local or global scale) with respect to a predefined opacity axis. We will first describe our 
definitions of local and global streamline orientation, and subsequently propose useful opacity 
functions for transparency rendering in different scenarios.  
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9.2.1.1 Local vs. global streamline orientation 

A streamline is a curve : → , ↦ , ,  with , , and  its 

components at position , and denoted as . Tractography methods yield a finite 
sequence of points ∈ , ,…,  to represent a streamline (Conturo et al., 1999; Mori et al., 

1999), where short notation , ,  is used. From this sequence of points we 
can compute the local and global orientations of a streamline. 

Locally, streamline orientation  at a point  was approximated by the normalized vector 
connecting its neighbors (Fig. 9.2a): 

‖ ‖
, ∈ 2, … , 1

‖ ‖
1

‖ ‖
.

 

[9.1] 

Globally, streamline orientation was approximated in two different ways: 1) by calculating the 
normalized vector that connects the endpoints of a streamline (Fig. 9.2b, left): 

‖ ‖
, [9.2] 

and 2) by calculating the scatter matrix , which is the average of the dyadics of all local 
orientations  within a streamline: 

1
. 

[9.3] 

In the latter case, the first eigenvector of , i.e., , approximates the global streamline 
orientation: 

.  [9.4] 

This is similar to considering the vectors  as samples of a 3-dimensional bipolar Watson 
distribution on the unit sphere  (Fig. 9.2b right), with | ∈ , ‖ ‖ 1  (Appendix 
A) (Mardia and Jupp, 2009). The maximum likelihood estimate of the mean axis  of the 
Watson distribution is the first eigenvector  of . 

In addition, the eigenvalues , ,  of  can provide useful information on the shape of the 
data (Mardia and Jupp, 2009). When  is significantly larger than  and , the data is well 
described by a bipolar/bimodal distribution, and we can consider  to be a reasonable estimate 
of the streamline orientation. To investigate whether this assumption holds, one could look at 
the linear coefficient  
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,  [9.5] 

which ranges from 0 to 1, and is close to 1 in the case of ≫ ≅  (Westin et al., 2002). 
The  measure can be computed for each streamline, and can be used as an extra tuning 
parameter for global transparency rendering (see Section 9.2.1.3). 

                            
Fig. 9.2: Definitions of local (a) and global (b) streamline orientation. (a) Locally, streamline orientation  at a point  
was approximated by the normalized vector connecting its neighbors. (b) Globally, streamline orientation was 
approximated by 1) calculating the normalized vector that connects the endpoints of a streamline ( , left), and 2) 

calculating the first eigenvector  of the scatter matrix , which is the maximum likelihood estimate of the mean axis of 
a 3-dimensional bipolar Watson distribution on the unit sphere ( , right). 

9.2.1.2 Opacity functions 

The opacity ( ) at a point  lies in the interval [0, 1], where an  value of 1 signifies fully 
opaque, and a value of 0 signifies fully transparent. In this study, the opacity is considered a 
function of the streamline orientation  (with  in the local and  or 

 in the global case) and an opacity axis . We propose two kinds of opacity 
function (Fig. 9.3): 1) the opacity is decreasing when the streamline orientation is increasingly 
parallel to the opacity axis (i.e. when the inner product | ⋅ | increases, or the angle  between 

 and  decreases, Fig. 9.3a): 

1 | ⋅ | ; [9.6] 

or 2) the opacity is increasing when the streamline orientation is increasingly parallel to the 
opacity axis (Fig. 9.3b): 

| ⋅ | . [9.7] 

Here,  is a constant that tunes the ‘steepness’ of the curve and the ‘cut-off’ value of | ⋅ | 
where the opacity starts to approach 0.  

To motivate our choices of opacity function, we distinguish two scenarios: 1) the opacity axis 
coincides with the viewing axis , which is the axis normal to the screen ( ∥ ), and 2) the 
opacity axis does not coincide with the viewing axis ( ∦ ). In the first case, streamlines that 
run parallel to the viewing axis do not provide any additional information to the user but 
obscure underlying streamlines instead. Therefore, it is useful to render such streamlines less 
opaque (using ) since the 2D projection of such a line results in a single point. In the 
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second case, it is useful to visualize streamlines that run in a particular direction and render the 
other ones transparent (using either  or ). In this case, the opacity axis is 

fixed in a predefined direction and the rendered streamlines can be viewed from different 
angles.  

 
Fig. 9.3: Two opacity functions and the influence of tuning constant . (a) : the opacity is decreasing when the 

streamline orientation is increasingly parallel to the opacity axis (i.e. when the inner product | ⋅ | is increasing, or the 
angle  between  and  is decreasing), and (b) : the opacity is increasing when the streamline orientation is 

increasingly parallel to the opacity axis. 

9.2.1.3 Streamline dispersion in global transparency rendering 

In the global case, the  measure indicates how ‘dispersed’ the pathway is (i.e., a low value of 
 indicates that the streamline does not run in one dominant direction). When a pathway travels 

in many different directions, rendering the streamline opaque might be desired to be able to see 
it in all views. Therefore, we investigated the influence of a ‘  threshold’  on the opacity 

function: If the  of a pathway is below the threshold, render the current pathway opaque (i.e., 
1); otherwise, apply the opacity function  or . 

9.2.1.4 Real-time implementation 

An interactive implementation of the orientation-dependent transparency rendering method is 
made available in the Fibernavigator (www.github.com/chamberm/fibernavigator) 
(Chamberland et al., 2014). This software allows real-time visualization of whole brain fiber 
tractography datasets, as well as instantaneous segmentation of user-defined bundles. The 
computation is done in C++ while the rendering is done with calls to OpenGL and GLSL 
shaders. 

For real-time orientation-dependent transparency rendering, the line segments of the 
streamlines are first ordered according to their mean distance from the point of observation to 
prevent rendering artifacts. As the viewing axis changes, this ordering is recalculated on the fly, 
which makes the efficiency of the method proportional to the number of line segments that 
needs be sorted. To accelerate this depth-sorting step, tractography datasets were compressed 
by removing redundant points in regions where a streamline is almost linear (tolerance error of 
0.01  was used) (Presseau et al., 2015). Finally, an opacity value is attributed to each point 
according to Eq. [9.6] or Eq. [9.7]. 
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9.2.2 Data acquisition and processing 

To illustrate our method, two tractography datasets were used. The first dataset was a Human 
Connectome Project (HCP) dMRI dataset with an isotropic voxel size of 1.25  
(Sotiropoulos et al., 2013; Van Essen et al., 2013). Only the  = 3000 /  shell with 90 
diffusion directions was used. Whole brain deterministic tractography was performed with 
ExploreDTI (Jeurissen et al., 2011; Leemans et al., 2009) using constrained spherical 
deconvolution (CSD,  = 8 (Tournier et al., 2007)) and recursive calibration of the response 
function (Tax et al., 2014c). The second dataset was from a tumor patient (42 year old, male) 
with an oligoastrocytoma anaplastic tumor (Grade III, WHO) located in the left prefrontal 
cortex. The study was approved by the Internal Review Board of the Centre Hospitalier 
Universitaire de Sherbrooke (CHUS) and performed according to their guidelines. Written 
informed consent was obtained from the patient for the use of anonymized data. Acquisition 
parameters were: voxel size 2 × 2 × 2 ,  = 1000 / , 64 directions (further details 
have been previously described in Bernier et al. (2014)). 

9.3 RESULTS 

This section is organized according to the scenarios we have considered previously: either the 
opacity axis coincides with the viewing axis, or the opacity axis does not coincide with the 
viewing axis. We use these scenarios to show different aspects of orientation-dependent 
transparency rendering, including local vs global streamline orientation, choice of opacity 
function, and the role of streamline dispersion. Table 9.1 shows an overview of the different 
options, of which we will show some in this section (references to the corresponding figures 
can be found in Table 9.1). The possibility to interactively rotate the opacity and viewing axes 
and switch between different settings can be appreciated in the supplementary video available 
online (https://www.youtube.com/watch?v=IzJ537KNpR0). 

  Opacity function Relation of viewing and opacity axis 

∥  ∦  

   
   

 S
ca

le
 

Local  Fig. 9.4b  

   

Global  Fig. 9.5 Fig. 9.6a 

  Fig. 9.6b 

Table 9.1: Overview of the different options in orientation-dependent transparency rendering. We investigated different 
scales (either local or global transparency rendering), different opacity functions (either decreasing or increasing with 
increasing inner product of streamline orientation and opacity axis | ⋅ |), and different relationships between opacity 
axis  and viewing axis  (either ∥  or ∦ ). We show some of these combinations in the referred figures. 
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9.3.1 Opacity axis coincides with viewing axis 

9.3.1.1 Local streamline orientation 

Fig. 9.4 compares conventional streamline rendering (a) with local orientation-dependent 
transparency rendering (b) where the opacity axis coincides with the viewing axis ( , 

Eq. [9.6]). Pathway segments that are more aligned with the viewing axis are rendered more 
transparent. This greatly improves the visualization of the underlying tissue configuration 
oriented perpendicular to the viewing axis. The middle and bottom rows show results for 
different tuning constants ( 3 and 7 . When increasing the tuning constant from 3 
to 7, more streamline segments are rendered transparent due to the increased ‘steepness’ 
and lower | ⋅ | ‘cut-off’ value of the opacity function ( , see also Fig. 9.3a). 

 
Fig. 9.4: Comparison of conventional streamline rendering (a) with local orientation-dependent transparency rendering 
(b). Here, the opacity axis coincides with the viewing axis and  is applied. The middle and bottom rows show 

results for different tuning constants ( 3 and 7 . 
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9.3.1.2 Global streamline orientation 

The results of global transparent streamline rendering are shown in Fig. 9.5. Whereas for local 
transparency rendering the opacity is different for every line segment (Fig. 9.4b), for global 
transparency rendering the opacity is the same along the whole streamline. The latter better 
preserves the continuous character of a streamline. For example, the whole cingulum (Cg) 
bundle is visible with global transparency rendering (Fig. 9.5b, yellow square in axial view), 
whereas parts that run in inferior-superior direction are rendered transparent with local 
transparency rendering (Fig. 9.4b, same location). Figs. 9.5a and b compare the two different 
methods to obtain the global streamline orientation, based on the endpoints ( , Eq. 

[9.2]) and based on the scatter matrix ( , Eq. [9.4]), respectively. The main difference 
between the methods can be observed in the transparent rendering of U-shaped streamlines (e.g. 
in the corpus callosum (CC) and in the middle cerebellar peduncle, indicated with white squares 
in axial views and coronal views, respectively). In the CC, for example, the global orientation 
of the streamlines is left-right when only looking at the endpoints, whereas it is inferior-
superior when looking at the first eigenvector of the scatter matrix (i.e., more line segments are 
oriented along inferior-superior direction). This explains why the U-shaped CC streamlines are 
still visible in Fig. 9.5a (blue streamline segments in the white squares), whereas they are 
rendered transparent in Fig. 9.5b (and thus do not ‘obscure’ other bundles). These scenarios 
already indicate that there might not be a well-defined global direction for such fibers, which 
we will investigate further in Section 9.3.2.2. 

 
Fig. 9.5: Global transparent streamline rendering ( 3, , in which the opacity is the same along the whole 

streamline (yellow square shows that the whole Cg bundle is visible). In (a) the mean direction of each streamline is 
based on the endpoints ( , Eq. [9.2]), whereas in (b) the mean direction is calculated from the scatter matrix 

( , Eq. [9.4]). The white squares indicate differences between both methods.  
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9.3.2 Opacity axis does not coincide with viewing axis 

9.3.2.1 Opacity functions 

Fig. 9.6 shows an oblique view in which the opacity axis does not coincide with the viewing 
axis but is defined along the left-right (left), inferior-superior (middle), and antero-posterior 
(right) axes. Figs. 9.6a and 9.6b illustrate the difference between the two opacity functions 

 (Eq. [9.6]) and  (Eq. [9.7]) on global transparency rendering, respectively. 

When applying , streamlines that increasingly coincide with the opacity axis are 

rendered more opaque. This can be used to only show pathways that run in a particular direction 
(Fig. 9.6a). On the other hand, when applying , streamlines that increasingly coincide 

with the opacity axis are rendered more transparent. This can be used to only eliminate 
pathways that run in a particular direction (Fig. 9.6b).   

 
Fig. 9.6: Opacity axis is not aligned with the viewing axis, but fixed along the left-right (left), inferior-superior (middle), 
or antero-posterior (right) axis. Frames (a) and (b) illustrate the difference between the two opacity functions  

(Eq. [9.6]) and  (Eq. [9.7]) on global transparency rendering ( , 10), respectively. Streamlines can 

either be rendered opaque (a) or transparent (b) along a specific axis.  

9.3.2.2  Streamline dispersion in global transparency rendering 

Strongly dispersed streamlines do not have a single and well-defined global direction, and it 
might therefore be beneficial to render them opaque to be able to see them in all views (see also 
Fig. 9.5). Fig. 9.7 shows the results for taking into account streamline dispersion on a set of 
(both curved and straight) streamlines of the left inferior fronto-occipital fasciculus (iFOF), left 
corticospinal tract (CST), CC, and left fornix. Fig. 9.7a shows conventional rendering (no 
transparency) of these bundles in a sagittal, coronal, and axial view, respectively. Fig. 9.7b 
shows global orientation-dependent transparency rendering. Straight streamlines that have a 
global orientation along the viewing axis are rendered transparent (lateral projections of the CC, 
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IFOF, and CST in respectively the sagittal, coronal, and axial view), but also curved streamlines 
of the fornix are rendered (almost) transparent in both views, and the U-shaped streamlines of 
the CC are rendered transparent in the axial view. Fig. 9.7c shows global transparency 
rendering, but now we do take into account the dispersion of the streamlines. With this option, 
the curved fibers (fornix and U-fibers of the CC) remain visible in each view. 

Fig. S9.1 illustrates the influence of  on the visualization of streamlines in the CC and the 

Cg. Streamlines of the CC and the Cg are relatively curved, so the orientational distribution of 
their line segments will be more ‘dispersed’. The parameter  can for example determine to 

what extent the fanning of the CC is visualized (Fig. S9.1a).  

9.3.3 Applications 

In the previous sections, we have shown that orientation-dependent transparency rendering 
greatly contributes to exploring underlying tissue configurations that would otherwise be 
covered by other pathways. In this section, we present two applications in which orientation-
dependent transparency rendering is useful: the extraction of fiber bundles, and the combined 
visualization of streamlines with space occupying regions such as tumors.  

9.3.3.1 Bundle localization and extraction 

Fig. 9.8a shows a conventional whole brain fiber tractography rendering, in which the more 
superficial streamlines obscure the deeply located streamlines. In this view, it is for example 
difficult to accurately localize the inferior fronto-occipital fasciculus (iFOF). When using 
orientation-dependent transparency rendering, only streamlines running parallel to the opacity 
axis (in this case antero-posteriorly) will be maintained, and as a result, the iFOF is clearly 
identifiable (Fig. 9.8b).  By interactively positioning regions of interest (ROIs) at the stem (Hau 
et al., 2014) of the iFOF and in V1  (Fig. 9.8c), the bundle of interest can be extracted. 

9.3.3.2 Visualization of space occupying regions: Neurosurgical application 

Fig. 9.9 shows a neurosurgical application of the orientation-dependent transparency rendering 
method. The left column shows the tumor location on an anatomical T1-weighted image, the 
middle column shows conventional streamline rendering, and the right column shows 
orientation-dependent transparency rendering. The superior (a), anterior (b) and lateral (c) 
views show that in conventional rendering, the tumor is largely covered by the massive amount 
of streamlines that are running parallel to the viewing axis. In contrast, orientation-dependent 
transparency rendering enables clearer visualization of the tumor mass by rendering streamlines 
that are running towards the viewing axis more transparent. Fig. 9.9d shows only the 
streamlines that touch the segmented tumor volume. By fixing the opacity axis along the 
antero-posterior direction, one can only render Cg streamlines opaque. The resulting view 
shows that the Cg pathway infiltrates the tumor area, which would otherwise have been covered 
by the superior projections of the CC. 
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Fig. 9.7: The effect of taking into account streamline dispersion on a set of extracted bundles: left iFOF, left CST, CC, 
and left fornix. (a) Conventional rendering in a sagittal, coronal, and axial view, respectively. (b) Global orientation-
dependent transparency rendering (opacity axis coincides with the viewing axis with , 3, and ). (c) 

Global transparency rendering (same settings as in (b)) taking into account the dispersion of the streamlines ( 0.29). 

White squares highlight streamlines that are rendered transparent when not taking into account streamline dispersion, but 
are visible when applying a  threshold.  
 

 
Fig. 9.8: Bundle extraction with orientation-dependent transparency rendering. (a) Conventional whole brain fiber 
tractography rendering. Using orientation-dependent transparency rendering, streamlines that are running parallel to the 
antero-posterior axis can easily be visualized (b,  with 7). From this visualization, one can easily extract 

the iFOF by positioning two ROIs (red boxes, stem and V1 area). 
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Fig. 9.9: Neurosurgical application of the orientation-dependent transparency rendering method. The left column shows a 
high resolution T1-weighted image for anatomical reference. The middle column shows conventional streamline 
rendering, where the tumor (grey) is largely covered by the massive amount of streamlines. The right column shows that 
orientation-dependent transparency rendering (  with 4) allows for in-depth visualization of a tumor mass 

by rendering streamlines that are running towards the viewing axis transparent. Figs. (a), (b) and (c) show superior, 
anterior, and lateral views, respectively. In (d), the tumor volume is used as an ROI for the selection of relevant 
streamlines. By fixing the opacity axis along the antero-posterior direction (  with 4), one can render Cg 

streamlines opaque, showing that they penetrate the tumor area.  
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9.4 DISCUSSION 

We propose a new visualization approach to interactively and selectively visualize pathways 
based on their orientation, resulting in a less cluttered and obscure picture of the 3D 
architectural organization of streamline trajectories. While other software packages have the 
possibility to attribute coloring and/or opacity levels to streamlines (e.g., Fedorov et al., 2012; 
Leemans et al., 2009; Tournier et al., 2012), we have explored different aspects of real-time 
orientation-dependent transparency rendering such as local vs global transparency, choice of 
opacity function, and the role of streamline-dispersion. In addition, we have shown two 
example applications. Below, we will discuss the limitations, potential improvements, and 
future perspectives of the method. 

9.4.1 Methodology 

9.4.1.1 Local vs. global streamline orientation 

We have shown results for both local and global transparency rendering (Fig. 9.3b and Fig. 9.4, 
respectively). The advantage of global rendering is that the opacity is the same along the 
pathway, which better preserves its continuous character. The drawback is that globally opaque 
streamlines can still largely obscure underlying pathways. In addition, it can be challenging to 
define a robust and representative global orientation of a streamline, especially in the case of 
highly curved and dispersed fibers. We have investigated two approaches to define global 
pathway orientation (Fig. 9.5): either based on the endpoints, or based on the scatter matrix of 
the line segments of a pathway. The endpoints-approach gives useful information as to what 
parts of the brain are connected by a particular pathway, and is often used in dMRI 
(visualization) packages to define the global color of a pathway (e.g. Chamberland et al., 2014; 
Eichelbaum et al., 2013b). However, the location of the endpoint can be heavily influenced by 
accumulated errors in streamline propagation (e.g. due to noise), in which case it might be 
beneficial to use the scatter-approach. The endpoints- and scatter-approaches give different 
results in the case of curved U fibers (see Fig. 9.5). The scatter approach can give an indication 
of the dispersion/linearity of a pathway, which can be used as an extra parameter to tune 
opacity and to reduce the risk of hiding important neuroanatomical details (Fig. 9.7). Here, we 
have used the  measure, but there are other (dispersion) measures that can be used as an 
indicator of the shape of the distribution (e.g., Basser and Pajevic, 2000; Westin et al., 2002). 
More general, the opacity can be a function of the opacity axis  and the eigenvectors and 
eigenvalues of the scatter matrix . In this way, not only the linearity of a pathway can be 
characterized, but for example also its planarity. By interactively switching between local and 
global transparency rendering, the different methods for global streamline orientation, and 
different values for 

	
, one can adapt the visualization to the demands of a specific application. 

9.4.1.2 Opacity functions 

The opacity functions in this work are based on power functions, in which the exponent  (here 
we choose 1) can be used to tune the relationship between | ⋅ | and opacity . While this 
opacity function is intuitive and elegant as it only has a single parameter and lies between 0 and 
1 for | ⋅ | ∈ 0,1 , it might be too simplistic and ad hoc. For example, increasing the exponent 
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 determines at the same time the ‘steepness’ of the curve and the ‘cut-off’ value of | ⋅ | 
where the opacity starts to approach 0. Other functions with more parameters can be used 
instead, such as sinusoidal functions or a linear function. A linear function ( ) 
might be more useful than sinusoidal functions since it has the freedom to easily tune the 
steepness and cut-off value while constraining the minimum and maximum  to be 0 and 1, 
respectively. Supplementary Fig. S9.2 shows an example of local transparency rendering with  
a linear function of the angle acos| ⋅ |, for different values of  and . The cut-off value 
of | ⋅ | appears to have the largest influence on the visualization. 

Instead of using predefined opacity functions and exploring the influence of their parameters on 
the visualization, one could also make a more informed decision about the preferred shape of 
the opacity function. To this end, one could inspect histograms of | ⋅ | as a function of the 
opacity axis to get an impression of the distribution of | ⋅ |. Supplementary Fig. S9.3 shows 
such histograms for locally (a) and globally (b) defined orientations, for opacity axis in left-
right (left), antero-posterior (middle), inferior-superior (right) direction. The opacity function 
could then be adapted interactively (e.g. by defining it as a piecewise linear function from user 
defined points) to emphasize or eliminate streamlines or streamline segments with particular 
orientations.  

9.4.1.3 Real-time implementation 

While the static images presented in this paper give a good impression of the usefulness of 
orientation-dependent transparency rendering, the method comes to its full justice when 
interactively rotating the view and exploring different settings. To this end, we have developed 
a real-time implementation which is made freely available in the Fibernavigator (Chamberland 
et al., 2014). Over 3·106 line segments (over 1·106 compressed) could be ordered and rendered 
real-time with an acceptable frame rate of over 20 frames-per-second. We found that 
transparency renderings were the most useful when the number of overlapping line segments 
was not too high (i.e., the tractography dataset was not too dense), hence we subsampled the 
first dataset from ~ 8·105 streamlines to ~ 4·105 streamlines. A possible improvement to the 
interactive method presented here is to accelerate the line segment depth-sorting step, enabling 
even smoother interaction with larger tractography datasets. Additionally, tube rendering 
(Zhang et al., 2003) can provide more perceptual depth, since lightning techniques can be more 
easily applied to tuboïds than to thin lines. Future developments will include an upgraded 
version of the opacity-rendering method which will be implemented in MI-Brain 
(www.imeka.ca/mi-brain), a streamline-visualization and interaction tool based on the MITK 
platform (www.mitk.org). 

9.4.2 Applications 

9.4.2.1 Bundle localization and extraction 

The extraction of streamline bundles is most commonly done by placing ROIs (Leemans et al., 
2009; Tournier et al., 2012) on a reference image (e.g. T1, T2, direction encoded color FA, etc.) 
based on anatomical knowledge. This method has the disadvantage of not showing streamlines 
on the fly, and thus segmentation is often done in a ‘blind’ manner. In contrast, the ability to 
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interactively position 3D ROIs and real-time tractography allows for fast extraction of specific 
pathways and direct interaction with streamlines (Chamberland et al., 2014). Nevertheless, it 
can still be a complex task to place such ROIs when the streamline bundle of interest is 
obscured by other bundles. With orientation-dependent transparency rendering, one can 
generate a more efficient view of the current dataset, which can greatly help in ROI positioning.  
For example, the iFOF is a bundle that predominantly runs in the antero-posterior direction, and 
is often hidden by more superficial streamlines (Fig. 9.8). Using this a priori knowledge, it is 
possible to render streamlines that run in this particular direction more opaque. This greatly 
reduces the amount of streamlines displayed, while exposing large parts of the iFOF, and thus 
eases the ROI positioning process. In addition, orientation-dependent transparency rendering 
clearly reveals a recently reported new pathway in the orbitofrontal / prefrontal cortex 
(Heemskerk et al., 2015) (see e.g. Fig. 9.5, sagittal view). This pathway has previously been 
undocumented because of the complex ‘crossing fiber’ architecture in this area. New 
visualization techniques, such as transparency rendering, along with progress in acquisition and 
data processing aid in localization and identification of such previously undocumented 
structures.  

9.4.2.2 Visualization of space occupying regions 

In some applications, tractography results are visualized together with volume renderings. 
These volume renderings can become largely covered by the large amount of streamlines in 
tractography datasets. Combining volume renderings with orientation-dependent transparency 
rendering of streamlines gives a less cluttered view and allows for better exploration of the data, 
especially in the case of volume renderings that are located deeply in the brain. Here, we 
discuss two potential applications in which transparency rendering might be beneficial: a 
neurosurgical application (see also Fig. 9.9), and combined dMRI and functional MRI 
visualization.  

Neurosurgical planning requires a generalized view of deviating and infiltrating streamlines in 
proximity of the tumor. We found that global transparency rendering was the most appropriate 
in this case, since the whole streamline has the same opacity (Fig. 9.9). Local transparency 
rendering might lead to misinterpretation in this case (e.g. local line segments interpreted as 
streamlines that terminate in the white matter). Furthermore, the ability to interact in real-time 
with the view and settings is necessary in pre-operative planning applications. More 
specifically, a neurosurgeon should be able to easily switch between conventional and opacity 
rendering at any time, so that no relevant pathways can be missed.  

Traditional ways of coupling functional MRI (fMRI) and dMRI often come down to displaying 
fiber pathways that interconnect distant fMRI activation regions (Bernier et al., 2014; 
Chamberland et al., 2015; Tax et al., 2014b; Whittingstall et al., 2014) (i.e. brain networks). 
This provides a clear and simple view of the current network of interest. However, one may be 
interested in looking at a more extensive (whole brain) tractogram together with fMRI clusters, 
to see more contextual information. Therefore, it can become challenging to spot deeply-located 
fMRI regions (e.g. sub-cortical activations) that are surrounded by many streamlines. To 
overcome this problem, orientation-dependent transparency rendering can be applied. By 
rendering streamlines that are running parallel to the viewing axis more transparent, an 
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uncluttered view can be achieved for the 3D exploration of such deep fMRI regions while 
maintaining contextual information.  

9.4.3 Recommendations and future perspectives 

In a nutshell, orientation-dependent transparency rendering can be used to simplify the 
visualization of dense streamline datasets. We have proposed different opacity functions and 
opacity axes settings that can be combined to achieve a particular visualization. While we 
believe that the power of the method lies in the possibility to interact in real-time with these 
different views and settings, we found transparency rendering particularly useful in two 
scenarios. 1) The user has a priori knowledge on the general direction of a bundle of interest 
and wants to identify and extract this bundle. In this case, one can use  (Eq. [9.7]) 

with ∦  to inspect the bundle from different viewpoints. Global transparency rendering gives 
the most intuitive visualization here, since the opacity is the same along the whole streamline. 
2) The user wants to do a global or more local (e.g. only the centrum semiovale) exploration of 
the streamline network and wants to eliminate streamlines (or segments) that run in the line of 
view and obscure underlying configurations. In this case, one can use  (Eq. [9.6]) 

with ∥  and local or global opacity rendering to remove clutter. In the case of combined 
visualization of streamlines with volume renderings (such as tumors), we found both scenario 
1) and 2) useful: the user can inspect whether a particular bundle intersects with the tumor 
volume, and the user can remove cluttering pathways in the line of view to obtain a more clear 
view of the streamlines in proximity of the tumor. While this work focuses on the presentation 
of the method and showcasing its different aspects, future work will further assess the (clinical) 
usefulness of this method in the form of a survey among highly qualified clinicians. In addition, 
the proposed rendering method will be integrated as part of neuronavigation software used for 
surgical interventions where neurosurgeons explore the wiring of the brain interactively with 
the tip of their neurotracking tool. 

As fiber tractography yields complex 3D structural information (Fig. 9.10a), it is challenging to 
combine such information with conventional 2D slice-visualizations that are currently used in 
clinical practice. One way is to visualize 2D track density maps (Fig. 9.10b) (Calamante et al., 
2010), which show the intersection of tractography streamlines with a particular slice. While 
this method results in striking high-resolution images, it abandons part of the 3D depth 
information, and the user still has to scroll through the slices to get a 3D overview. Orientation-
dependent transparency rendering with  (Eq. [9.6]) and ∥  (Fig. 9.10c) can in a 

way be interpreted as a trade-off between conventional visualization and track density slice 
visualization: On the one hand it shows a less cluttered view by removing pathways (or 
segments) that run along the viewing axis, while on the other hand it maintains information on 
the 3D architecture of streamlines. 
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Fig. 9.10: Visual comparison between three streamline rendering techniques. (a) Conventional whole brain streamline 
rendering in which pathways greatly overlap and clutter the view. (b) Track density imaging (Calamante et al., 2010) in 
which only streamlines crossing a user-defined plane (in this case a coronal slice) are shown. (c) Orientation-dependent 
transparency rendering in which all pathways that run in the direction of the viewing axis are rendered transparent. 
Underlay: directionally-encoded fractional anisotropy map. 

9.5 CONCLUSIONS 

Orientation-dependent transparency rendering of streamlines as presented in this work avoids 
cluttered and obscure visualizations, and provides a way to interactively explore the 3D 
architectural organization of streamlines. We have explored global and local transparency 
rendering, different opacity functions, different settings for the opacity axis, and the role of 
streamline dispersion. Using orientation-dependent transparency rendering, streamlines that are 
oriented along the viewing axis can be rendered more transparent, thereby not obscuring 
underlying pathways. Alternatively, exclusively bundles that are oriented along particular axes 
can be visualized, virtually eliminating all other pathways. We have shown that the method is 
particularly useful in applications like bundle extraction and combined visualization with 
volume renderings such as tumors in neurosurgical planning. 
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9.6 APPENDICES 

9.6.1 Appendix A9 

The Watson distribution is a fundamental spherical distribution for axial data. The probability 
density function of a Watson distribution on  is (Mardia and Jupp, 2009) 

; ,
1
2
,
3
2
, . 

[A9.1] 
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Here, 1 2⁄ , 3 2⁄ ,⋅  is the Kummer function (Mardia and Jupp, 2009),  (‖ ‖ 1) is the 
population mean axis, and  is a concentration parameter. For 0, the distribution is bipolar 
and  characterizes how strongly the unit vectors are concentrated around the mean orientation 
(larger  means more concentrated around ).  

9.7 SUPPLEMENTARY INFORMATION 

 
Fig. S9.1: Influence of  on a set of three extracted bundles: the CC, the Cg, and the CST. In (a), the opacity axis is left-

right oriented, which renders pathways with a global left-right direction (e.g. the lateral (fanning) projections of the CC) 
transparent. When applying a  threshold, streamlines that both have a left-right orientation and a high dispersion (i.e., 
low ) are rendered opaque. When increasing  (towards the right), streamlines with an increasingly high  are 

rendered opaque. In (b), the opacity axis is antero-posterior oriented. Increasing  results in the display of a larger 

amount of curved Cg streamlines. Opacity function  with 3 was used in all figures. 
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Fig. S9.2: Local transparency rendering with a piecewise linear function  if / 		 ∧ 		 1
/ , 1 if 1 / , and 0 if / , with acos| ⋅ | ∈ 0, /2 , the opacity increases 

when the angle increases. Graphs of the opacity function and the corresponding renderings are shown for different values 
of  and . Parameter  appears to have the largest influence on the visualization, whereas  only smoothens the 
transitions between transparent and opaque streamline segments (see subtle differences highlighted by the white squares). 
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Fig. S9.3: Histograms of | ⋅ | as a function of the opacity axis (left-right (left), antero-posterior (middle), inferior-
superior (right) direction). (a) Locally and (b) Globally defined orientations. 
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Handbook, pp. 127-150.  

C.M.W. Tax, A. Leemans, “What’s new and what’s next in diffusion MRI processing” (to be 
submitted soon)  
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With dMRI data being high-dimensional and the processing pipeline being lengthy and 
complex, analyzing dMRI data for a particular application has become highly challenging for 
an end-user without extensive background in the field. In addition, numerous different 
processing strategies become available almost on a weekly basis without an extensive 
comparison to existing tools, making it difficult to choose the optimal approach for a given 
research question.  

In this thesis, we have developed methodology and addressed fundamental questions with the 
aim to not further increase the confusion in diffusion MRI. We have given an overview of the 
dMRI pipeline (Chapter 2), and have presented a data evaluation framework to test new 
methodology (Chapter 3). In addition, we have developed methodology that can improve the 
performance of existing techniques such as DKI and SD that have already proven to be useful 
in various applications (Chapters 4 and 5), provided a way to quantitatively instead of 
qualitatively assess fundamental characteristics of the dMRI signal (Chapter 6) and brain 
geometry (Chapters 7 and 8), and developed a method to improve the visualization of dMRI 
tractography data (Chapter 9). 

To improve the usability of our methods, we have designed the algorithms to make use of the 
underlying data; the outlier rejection with REKINDLE, recursive RF calibration, computation 
of the SPI, and orientation-transparency all rely on features of the data (i.e. residuals, fODF 
peak magnitudes, peak directions, and local or global tract directions, respectively). We aimed 
at avoiding ad-hoc algorithm parameters and instead introduced intuitive algorithm parameters 
that allow making a balanced trade-off between sensitivity and specificity (i.e.  for 
REKINDLE, peak ratio threshold  for recursive calibration, scale parameters  or  for 
SPI computation, and opacity parameter  and dispersion threshold  for the orientation-

dependent opacity rendering). In addition, we have extensively used simulation and real data 
evaluation frameworks such as the MASSIVE data to investigate the performance of our 
methods. In the next paragraphs, we discuss our work in the light of new developments, 
highlight possible improvements, and give potential directions to future developments in dMRI 
processing. 

10.1 EVALUATION OF DIFFUSION MRI METHODOLOGY 

A comprehensive framework for evaluating novel processing techniques and for an extensive 
comparison between such techniques is highly desired. Unfortunately, it is to date still 
challenging to validate dMRI and tractography. All evaluation and validation methodologies 
that are available have their own advantages and disadvantages. In Chapter 3 we have 
presented the MASSIVE database as an in vivo real data evaluation framework that can be used 
to mimic acquisition scenarios in a clinical setting. With 8000 diffusion images accompanied by 
structural images, field maps, and noise maps, MASSIVE contains – to the best of our 
knowledge – the largest publicly available in vivo diffusion MRI dataset of a single subject. It 
complements other in vivo data repositories and databases, such as the Human Connectome 
Project (HCP) database which contains data of more subjects acquired with higher gradient 
performance but less densely sampled -space (Van Essen et al., 2013), and the 
MyConnectome Project which contains repeated scans of a single subject over the course of 18 
months (Poldrack et al., 2015). Real datasets and subsets thereof are paramount when 
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evaluating factors such as the precision, reproducibility, and stability of new data processing 
methodology. The drawback of real in vivo data is obviously that a ground-truth is lacking. 
Results on subsets of the data can at best be compared to the full dataset (a ‘silver standard’). 

Alternatives exist to evaluate dMRI methodology. Ex vivo imaging of intact organs involves 
fewer restrictions regarding the scan time and can therefore potentially achieve a higher spatial 
and/or angular resolution than in vivo imaging. Many animal (e.g. Calabrese et al., 2014; 
Calabrese et al., 2015b; Lundell et al., 2011) and some human (e.g. Miller et al., 2011) 
specimens have been scanned with dMRI sequences and serve as useful references for in vivo 
studies. However, the diffusion properties in post mortem tissue are different than in in vivo 
tissue, and a ground truth regarding the tissue architecture is still lacking.  

Physical phantoms are suitable for validation of diffusion measures and fiber tractography 
results (Côté et al., 2013; Fillard et al., 2011; Pullens et al., 2010; Teipel et al., 2011; Walker et 
al., 2012). Biological phantoms such as vegetables (Boujraf et al., 2001) or animal nerve 
structures like rat spinal cord, garfish or lobster nerves (Beaulieu, 2002; Campbell et al., 2005) 
are sometimes used. However, in such organic matter it is more difficult to manipulate the 
natural geometry of the tissue in order to reflect more complex microstructural configurations 
(i.e. interdigitated crossing fibers), and the diffusion properties of such organic material may 
change over time. Hardware phantoms made of anisotropic media (e.g. capillaries or artificial 
fibers) can be tuned to resemble human white matter. Glass capillaries or PTFE (Teflon) 
capillaries (Lin et al., 2003) and are rigid, while for example hydrophobic fiber materials (with 
high FA, (Lorenz et al., 2008)) can be adapted to the desired geometry to create artificial fiber 
phantoms. Even though hardware phantoms are very valuable because of their known ground 
truth, they are often too simplistic. 

Software phantoms are widely used because the ground truth is known. The generation of the 
signal is often based on the modelling of the diffusion process in a single fiber population. 
Crossing fibers can then be simulated by rotating the signals and taking a linear combination. 
Simulations can focus on generating the signal for a single voxel or for image volumes 
containing geometric structures that mimic fiber architecture (Leemans et al., 2005; Neher et 
al., 2014; Perrone et al., 2016). The knowledge to design such software phantoms comes from 
measurements in real data. Investigating the characteristics of single fiber populations and the 
geometry of the white matter is therefore important to make such simulations as realistic as 
possible. The findings in Chapter 6 can be used to more realistically simulate single fiber 
populations. In addition, the geometry of future software phantoms could include sheet 
structures in line with our simulations in Chapters 7 and 8. 

Other invasive methods are available to trace the white matter architecture and evaluate dMRI 
(see Axer (2010) for an overview). For example, Klingler dissections (Klingler, 1935) can be 
performed on fixed brains to follow single tracts of fibers, but it is difficult to map the 3D 
course of tracts and to investigate crossing fiber tracts. Tract tracing is based on cellular 
transport mechanisms between nerve cells. Manganese is a promising tracer since it can be 
detected with MRI (Pautler et al., 1998). Confocal laser scanning microscopy can provide high 
resolution 3D reconstructions of small specimens. Polarized light imaging (PLI) can selectively 
visualize anisotropic structures that have birefringent properties (e.g. the myelin sheaths) with 
polarized light (Axer et al., 2001). Slices of specimens can be scanned to recover fiber 
directions even down to single fiber dimensions. The resolution in the slice direction is, 
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however, much lower and in the order of 100	 . A further challenge is the registration 
between consecutive slices. CLARITY is a novel method to make brain tissue transparent and 
allows studying the structure of organs when combined with antibody or gene-labeling (Chung 
and Deisseroth, 2013). 

Ideally, the previously discussed methods are combined to get a more complete picture of the 
performance of a new method. In this thesis, we used software phantoms to evaluate the 
outcome of our methods in relation to the simulated ground truth, and we often tested both on in 
vivo and ex vivo data to show their general applicability. In future work, the methods proposed 
in this thesis can be evaluated in a wider range of possible scenarios, which will be discussed 
into more detail for each method in the following sections.  

10.2 MINIMIZING THE ADVERSE EFFECTS OF ARTIFACTS IN DIFFUSION 
MRI 

It is of major importance to check data quality after acquisition and correct for artifacts during 
acquisition and image processing to ensure the reliability of all subsequent analyses. Artifacts 
can have serious implications for further analysis such as quantification in a multi-subject 
comparison and tractography. Quantitative measures can be compared between different groups 
with ROI-based analyses and voxel-based analyses (VBA) to reveal associations with clinical 
parameters, which has been the focus of a large amount of studies. Artifacts can affect the 
diffusion measures, as shown in Fig. 10.1a, where FA values (top two rows), and MD values 
(bottom row) are locally altered. Furthermore, artifacts can complicate proper analyses in 
particular areas. It is well-known that structures in the orbitofrontal cortex, for example, are 
prone to susceptibility artifacts, which makes these white matter areas less accessible to study. 
This might attribute to the fact that larger white matter tracts with densely packed neuronal 
fibers tend to be studied more than less prominent pathways. For example, the corpus callosum 
(CC) is a pathway that can readily be identified, which makes this pathway better suited for 
investigation in quantitative studies (White et al., 2008). One should be aware, however, that 
structures such as the CC can also be corrupted by artifacts, such as susceptibility distortions, 
Gibbs ringing, and interleave artifacts. Several artifacts cause difficulties in the registration of 
individual DWIs, which will eventually affect any subsequent analysis.  

In addition to affecting quantitative measures, data artifacts and lack of proper correction tools 
can severely confound local fiber configurations and therefore fiber tractography results. Fig. 
10.1b shows examples of the influence of bad quality data on tractography results using a 
deterministic algorithm, for different artifacts. The results clearly show the deviation in the 
reconstructed pathways when proper correction methods are not taken into account. Tracts can 
have a different geometry, and may even terminate in other brain areas.  



Less Confusion in Diffusion MRI 

  247 

 
Fig. 10.1: (a) Effects of bad quality data on quantitative measures (FA top two rows, MD bottom row), showing (i) 
vibration artifact, (ii) Gibbs ringing, (iii) Susceptibility distortions anterior, (iv) Motion and eddy current distortions, (v) 
interleave artifacts. (b) Effects of bad quality data on tractography results. (1) Tractography of the uncinate fasciculus 
before (red) and after (yellow) motion and eddy current distortion. (2) Corticospinal tract in a set where we simulated an 
interleave artifact (red) and in the ‘ground truth’ set (yellow). The artifact results in clearly artificial tracts. (3) Frontal 
projections of the corpus callosum in a dataset with susceptibility distortions (red) and the corrected dataset (yellow). (4) 
Occipital projections of the corpus callosum. Artifactual parietal fibers connect the two hemispheres due to a vibration 
artifact (red), whereas this is not the case when the artifact is corrected (yellow). 

Several of the artifacts discussed in Chapter 2 can be corrected for at the processing stage. As 
such, they do not limit the analyses of dMRI data per se, but rather force the user to consciously 
consider the processing steps prior to the analyses. Most software packages available to date 
provide users with adequate options to do these correction steps. Robust estimation procedures 
can be used to further reduce the influence of defective images on model estimates. In Chapter 
4, REKINDLE was proposed as a robust estimation framework to reduce the effect of outliers. 
REKINDLE has successfully been applied in a range of studies (e.g. Kennis et al., 2016; Odish 
et al., 2015a; Odish et al., 2015b; Roze et al., 2015). A recent comparison of REKINDLE with 
other DKI fitting using different methods showed that REKINDLE performed the best in terms 
of accuracy for a variety of metrics (MD, FA, MK, AK, RK) at high SNR, and for the majority 
of the metrics at lower SNR (Olson et al., 2015). In addition to the methods compared in their 
work (unconstrained singular value distribution (SVD), directional weighting and regularization 
(DWAR (Kuder et al., 2012)), and estimation with a sparsity constraint (Tabesh et al., 2011b), 
and the ones compared in our work, other robust estimation procedures have been recently 
proposed. Tobisch et al. (2016) combine the SHORE basis with iterative reweighting based on 
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the Geman-McClure M-estimator and  regularization. They find in simulation studies that 
REKINDLE performs better in terms of sensitivity and specificity for an outlier percentage up 
to 10% in a crossing fiber configuration. They find an improved performance of their algorithm 
in case of a low number of acquired DW images, likely due to the sparsifying SHORE basis and 
L1-regularized fit. Collier et al. (2015) propose a linear iteratively reweighted linear least 
squares framework somewhat similar to REKINDLE. Differences include for example the 
reweighting for heteroscedasticity correction and reweighting based on the Geman-McClure 
function: this is not performed separately (i.e. the different loops in the REKINDLE algorithm), 
but in one step. Specifically, they compute the standardized residual in Eq. [4.13] by an 
estimate of the standard deviation based on the estimated signal and the MAD, rather than 
based on the MAD alone (Eq. [4.14]). While this may be faster, errors can be introduced if the 
estimated signal is influenced by outliers itself. To this end, we have introduced the two-step 
procedure to try to disentangle this effect. A close comparison of these methods is not 
performed thus far and is subject to future work. 

Dealing with outliers is a highly challenging problem and it consists of different steps that can 
all be approached differently: 1) choice of model or representation, 2) performing a goodness of 
fit check to identify voxels which likely have outliers, 3) the reweighting process and 
reweighting function, 4) the outlier detection criterion, 5) rejection of outliers, 6) final fit. 
REKINDLE uses DKI as model for detection of outliers, and can be directly extended to use 
DTI. Other works use for example spherical harmonics (Pannek et al., 2012), or the SHORE 
basis (Tobisch et al., 2016). The requirement for the model is that it can adequately be fit by the 
data available (e.g. single shell vs multi shell). REKINDLE does not perform an a priori 
goodness of fit check, but this can be included if one has a reliable estimate signal variance a 
priori. The goodness of fit can be evaluated in multiple ways, e.g. checking whether the 
residuals are not larger than 3 times the signal variance (Chang et al., 2005). The reweighting is 
generally based on the residuals in the previous iteration, which can either be in linear- or 
nonlinear space for models that can be linearized. Most works use the Geman-McClure function 
to assign weights to different data points, but other weighting functions could be investigated in 
future work. The outlier detection criterion is mostly based on an estimate of the standard 
deviation of the error term. REKINDLE introduces the  parameter here to balance between 
sensitivity and specificity of the outlier detection, but also an absolute threshold on the residuals 
can be used (Tobisch et al., 2016). An appropriate value for parameter  can be determined by 
performing simulation experiments as in Chapter 4, or by visually inspecting outlier- or DKI 
feature maps. Future work can be directed towards investigating the influence of  in a wider 
range of datasets, and how its optimal value is dependent on SNR and acquisition settings. 
When points are identified as outliers, they can either be rejected or replaced by predicted 
values before the final fit. The latter approach has shown to be beneficial in several works (e.g. 
Sharman et al., 2011; Tobisch et al., 2016). We have tested this approach in combination with 
REKINDLE and DTI, where we replaced the rejected points by an estimate of the robustly 
fitted DT, to be able to perform CSD afterwards. This approach scored well in the ISMRM 
Tractography challenge (results not shown here (Neher et al., 2016)). The final dMRI model or 
fitting approach can be chosen independently from the outlier detection procedure. 

Outlier detection methods should be carefully evaluated in cases where the ground truth is 
known. For example, the REKINDLE framework was tested on simulated outliers involving an 
artificial signal increase or decrease of 50%. However, a signal perturbation can be defined in 
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different ways, and artifacts might cause various types of signal perturbations. These issues can 
be further addressed by using evaluation frameworks that simulate outliers arising from 
different types of artifacts (Graham et al., 2015; Perrone et al., 2016). In real data, robust 
methods have been proven useful to cope with a range of artifacts, including cardiac pulsation 
(Chang et al., 2005; Chang et al., 2012), artifacts in neonatal data (Collier et al., 2015), 
vibration artifacts (Scherrer and Warfield, 2012), subject motion, inter-slice instabilities, and 
other dropouts (Tax et al., 2015c). In the case of vibration artifacts, however, robust procedures 
do not seem to help in all cases (Berl et al., 2015). In the case of corruption of a large part of the 
image, e.g. due to interleaved artifacts, misregistration of the images might hide some of the 
outliers (Tax et al., 2016c). Even though voxels are not classified as outliers, they are 
potentially also unreliable because they provide diffusion information about different spatial 
locations. Misregistration of voxels within the WM might not provide a strong enough contrast 
difference to be classified as artifact. Even though not the whole volume is classified as an 
outlier, looking at the percentage outliers per DW image might still reveal this issue, and the 
volume can be removed for further analysis. In any case, the user should always remain critical 
when employing correction methods.  

Even though there are various ways to reduce the influence of artifacts, it is of major 
importance to check quality requirements before acquiring data on clinical or research subjects, 
by using quality assurance (QA) tests. QA is concerned with the implementation of activities to 
fulfill quality requirements, such as comparison to a gold standard. Standard QA tests consist of 
gradient calibration (including linearity, uniformity, and amplitude), field mapping to minimize 
B0 inhomogeneities and eddy current compensation (De Santis et al., 2012a). This is most 
commonly done by imaging phantoms with different gradient directions and -values, as they 
are suitable for validation of acquisition parameters. Hardware phantoms made of isotropic 
media (e.g. liquids of known diffusivity such as Dodecane) can for example be used to calibrate 
absolute gradient power.  

10.3 MODELING AND PARAMETER ESTIMATION IN DIFFUSION MRI 

While diffusion weighted imaging (DWI) is well established for some clinical applications, DTI 
has yet to be widely accepted in clinical practice. At the same time, the research community is 
already debating whether “DTI is ready for retirement” as we know that DTI has limitations in 
the case of crossing fibers or non-Gaussian effects. An incredible amount of alternative models 
and representations are being ‘prepared’ to take its place (Chapter 2 and Fig. 10.2). However, 
the ever growing amount of options to model the diffusion signal comes at the expense of being 
able to extensively compare them. Of the available methods, DKI and SD are particularly 
appealing because 1) their acquisition protocol is not as demanding as for some other dMRI 
techniques (e.g. DSI, Wedeen et al. (2005)), 2) various works have investigated how to reliably 
fit these models, 3) they have no or few assumptions on de underlying tissue structure, 4) they 
allow for the extraction of scalar measures beyond DTI measures and fiber direction estimates 
in the case of crossing fibers, 5) many software packages support them. Several studies have 
related changes in DKI or SD features to clinical parameters. The AFD derived from SD 
highlighted changes in the case of Motor Neurone Disease (Raffelt et al., 2012), while DKI has 
shown to provide valuable information in case of stroke (Jensen et al., 2011), attention-deficit 
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hyperactivity disorder (ADHD) (Helpern et al., 2011), gliomas (Van Cauter et al., 2012), 
epilepsy (Gao et al., 2012), and multiple sclerosis (Raz et al., 2013), amongst others. The 
increasing interest in these techniques is furthermore confirmed by the recent efforts to relate 
their measures to microstructural specific features (De Santis et al., 2012b; Fieremans et al., 
2011; Hui et al., 2015), and to obtain them in a clinically feasible scan time (Hansen et al., 
2013; Hansen et al., 2015). 

Fig. 10.2: Poster presented at the 21st 
meeting of the ISMRM in 2013 during 
a debate on DTI versus higher order 
models. 

In Chapters 4 and 5 we have proposed methodological improvements in the estimation of DKI 
(also discussed in the previous section) and SD. Chapter 6 further investigates which voxels 
are selected as SFP voxels with the recursive calibration from Chapter 5. An important question 
that remains unanswered is how the RF should be calibrated in group studies. For quantitative 
analysis of the AFD the RF is generally chosen constant across groups, but it is unclear if this is 
optimal for tractography studies. An extensive investigation of the influence of RF shape on 
angular deviations of the fODF is therefore subject of ongoing work (Guo et al., 2016). 
Estimation in the context of SD is a fast moving field. In addition to the techniques described in 
Chapter 2 that extended the estimation fODF to multi-tissue and multi-shell by adapting the RF 
accordingly, recent works try to calibrate the RF in each voxel or per tissue type automatically. 
Anderson (2005) already estimated a different RF for each voxel by equating the MD of the 
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SFP to the MD of the whole voxel. However, it is known that the MD is lower in the case of 
crossing fibers (Vos et al., 2012), and this approach showed a reduced ability to solve crossing 
fibers. Schultz and Groeschel (2013) select the axially symmetric tensor kernel that reduces 
spurious peaks through an extra sparsity constraint. Such methods have the potential to reflect 
spatial variability of SFP properties in the RF, thereby extending ideas of Chapter 6. However, 
by design it is not possible to match the RF to properties of individual populations in a crossing 
fiber configuration, as only one kernel per voxel can be defined. Christiaens et al. (2015) and 
Jeurissen et al. (2015) use non-negative matrix factorization, which is a popular data-driven 
approach to find the hidden constituent parts of the data, to segment tissue into WM, GM, and 
CSF based on dMRI data only, and to compute a tissue-specific RF. 

Other exciting new opportunities and challenges in the area of modelling and estimation include 
the characterization of time-dependent diffusion, the usage of other diffusion sequences beyond 
the ‘conventional’ single diffusion encoding, and the combination of diffusion measurements 
with MRI techniques beyond dMRI. It becomes increasingly apparent that a standard DTI 
sequence – which samples -space on a single shell and thus is 5D (three dimensions for 
position and two for orientation) – gives an incomplete part of the picture. Multi-shell data 
(6D), generally obtained by varying the gradient strength while keeping the diffusion time 
constant, also provides information on the signal decay and can be used to derive the EAP and 
its features. When also the diffusion time is varied this adds yet another dimension. Studying 
time-dependent diffusion can provide new information on the fiber geometry at the micrometer 
scale (e.g. Baron and Beaulieu, 2014; Burcaw et al., 2015; De Santis et al., 2016b; Fick et al., 
2015; Fieremans et al., 2016; Novikov et al., 2014). Advanced diffusion encoding methods, 
including multiple pairs of pulsed field gradients (e.g. Mitra, 1995; Ozarslan and Basser, 2008), 
oscillating gradients (e.g. Does et al., 2003), and -space trajectory imaging (Westin et al., 
2016), can potentially improve tissue characterization. In addition, combining dMRI with other 
microstructural techniques such as susceptibility imaging (Kleinnijenhuis et al., 2012), and 
relaxometry (De Santis et al., 2016a), might reveal additional and complementary information 
of the tissue microstructure. With these new measurements, the development of new modelling 
techniques and targeted estimation procedures is necessary. 

10.4 INVESTIGATING THE BRAIN’S GEOMETRICAL ORGANIZATION WITH 
DIFFUSION MRI AND TRACTOGRAPHY 

In addition to describing a structure or tract in terms of various diffusion measures as done in 
Chapter 6, its geometry may hold important additional information. Structures have a 
characteristic shape that varies across the healthy population and can be indicative of 
neurodevelopmental or neurodegenerative disorders. Examples of geometrical properties of 
tracts include length, curvature, torsion, dispersion, and orientation (Batchelor et al., 2006; 
Leemans et al., 2006; Savadjiev et al., 2012; Tax et al., 2012). Such features have for example 
been shown to correlate with clinical markers and genetic risk for schizophrenia (Savadjiev et 
al., 2016). Parker et al. (2016) furthermore showed that white matter tract shapes uniquely 
identifies individuals, also called structural fingerprinting. Shape features can also be used for 
the clustering of tracts. 
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In Chapters 7 and 8 we investigate another geometrical feature of the brain: the occurrence 
sheet structure. Such structures only occur if the condition of zero Lie bracket component is 
fulfilled. Features such as the extent, orientation, and curvature of sheet structures can serve as 
new geometrical features to ‘fingerprint’ the brain. Qualitatively, the same high SPI areas could 
be found across individuals. In Chapter 9 we also use geometrical features of tracts for 
visualization: their (local and global) orientation, and a measure for global tract dispersion. 
These features could for example be included in tract clustering or fingerprinting approaches. 

Clear visualization of brain structures is highly challenging. In Chapters 7 and 8 we propose 
the sheet tensor as a means to visualize the SPI. SPI-scalar maps are less informative as only the 
SPI of one pair of peaks can be shown (or a summary statistic of all SPI’s in a voxel), and the 
information on the orientation of the local surface is lost. While the sheet tensor provides useful 
information on a voxel-wise basis, the global 3D structure is hard to derive from such images. 
A surface propagation process – similar to the propagation of local peaks in tractography – will 
improve the investigation of such sheet-like structures in future work. In Chapter 9 we have 
proposed a visualization method for improved exploration of tissue configurations that would 
otherwise be largely covered by other pathways. This approach was used to efficiently extract 
fiber bundles and provide a less cluttered visualization in a neurosurgical planning case. In our 
own experience, the method is very useful to quickly and interactively highlight different 
structures without the need for manual removal of streamlines that obscure others. This 
approach further facilitates the investigation of a potentially new fiber pathway (Heemskerk et 
al., 2015). In future work, the usefulness of this approach should be more extensively evaluated 
in a clinical context. 

With dMRI we do not measure fibers or fiber bundles directly, but instead infer information on 
the maximum directions of diffusion at discrete positions in the brain that are assumed to 
coincide with the underlying fiber directions. As such, ‘vector fields’ in the brain do not 
actually exist (Chapters 7 and 8), but are derived from the data that is measured. dMRI 
tractography and methods based on tractography rely on directional data, and can be severely 
affected by factors such as noise and erroneous tract propagation. One famous problem is the 
crossing vs. kissing configuration: based on orientations alone such situations cannot be 
disentangled and the algorithm will generally reconstruct a crossing configuration by design. 
Tractography thus can easily generate false-positive tracts that do not correspond to histology. 
The extent of this problem was recently emphasized by Descoteaux et al. (2016). 
Microstructure-informed tractography methods, which rely on the assumption that 
microstructural features such as axon diameter are relatively constant along a tract, can provide 
necessary information to propagate or evaluate tracts beyond their orientation alone (Daducci et 
al., 2015b; Girard et al., 2015). Such methods could also be integrated into the computation of 
the SPI, where the clustering of peaks is currently only based on orientation. Microstructure-
informed tractography is, however, not without challenges: it is for example hard to reliably fit 
microstructural models in crossing fiber configurations (Daducci et al., 2016; Chapter 6). In any 
case, validation of tractography and other derivatives of local peak directions (e.g. sheet 
structures) is crucial.  
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10.5 CONCLUSIONS 

Overall, diffusion MRI is a rapidly evolving field with a lot of potential in clinical and 
biomedical research and applications. However, the dMRI processing pipeline is lengthy and 
complex, with numerous approaches available to tackle every step. While the development of 
new processing approaches is of paramount importance to improve the reliability of dMRI, we 
should not head in a direction where dMRI is only understandable and approachable to the 
methods developers themselves. Publically available evaluation frameworks, well-substantiated 
and evaluated algorithms, and intuitive guidelines are essential to aid the translation of dMRI 
processing methods into useful tools for applications. 
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SAMENVATTING 
ACHTERGROND 

Met magnetische kernspinresonantiebeeldvorming (magnetic resonance imaging, MRI) kunnen 
zachte weefsels in het lichaam afgebeeld worden op een niet-invasieve manier. MRI is daardoor 
onmisbaar bij de diagnose van veel ziektes. Veel zachte lichaamsweefsels zijn opgebouwd uit 
vezelachtige structuren, denk daarbij bijvoorbeeld aan zenuwvezels in de witte stof van de 
hersenen en spiervezels. Conventionele MRI technieken kunnen deze typen weefsels wel 
afbeelden, maar geven geen informatie over de onderliggende architectuur van de weefsels. De 
witte stof in de hersenen, bijvoorbeeld, wordt door deze technieken afgebeeld als één massa, 
waarbij elke informatie over de loop van de zenuwvezels ontbreekt. Diffusie MRI (dMRI) kan 
in tegenstelling tot conventionele MRI technieken ook informatie verschaffen over de 
configuratie van onderliggende vezelstructuren. Hiertoe wordt de MRI sequentie gevoelig 
gemaakt voor de willekeurige beweging van deeltjes (diffusie). dMRI is bijvoorbeeld bijzonder 
bruikbaar om gebieden getroffen door een acute beroerte te herkennen die niet zonder meer 
gedetecteerd kunnen worden op conventionele MRI scans.  

Diffusie of Brownse beweging is de willekeurige beweging van moleculen ten gevolge van de 
thermische energie die ze bezitten. De relatie tussen de tijd die moleculen hebben om te 
diffunderen en hun gemiddelde verplaatsing kan beschreven worden met behulp van de 
diffusiecoëfficiënt. Deze is onder andere afhankelijk van de temperatuur, de grootte van de 
moleculen en het medium waarin diffusie plaatsvindt. De structuren die aanwezig zijn in 
weefsels, zoals celmembranen en myeline rond zenuwvezels, hebben invloed op de grootte van 
diffusie. De watermoleculen bewegen nog steeds op willekeurige wijze, maar worden 
gehinderd door verschillende microstructuren. Moleculen kunnen door deze hindering 
bijvoorbeeld meer bewegen in de richting parallel aan vezelstructuren dan loodrecht daarop. 
Deze anisotrope diffusie kan niet meer beschreven worden met één enkele diffusiecoëfficiënt. 
Door te kijken naar de grootte van diffusie in verschillende richtingen kan informatie verkregen 
worden over de onderliggende vezelstructuur.  

Om MRI gevoelig te maken voor diffusie, wordt een extra magnetisch gradiëntveld toegepast. 
Door de richting van deze gradiënt te variëren, kan informatie verkregen worden over de 
richtingsafhankelijkheid van de diffusie. Om het MRI signaal te relateren aan het diffusie-
proces of de weefsel configuratie worden vaak modellen gebruikt. Het meest eenvoudige model 
dat het drie-dimensionale signaal relateert aan diffusie is een directe extensie van de 
diffusiecoëfficiënt naar drie dimensies, namelijk de diffusietensor. In diffusietensor imaging 
(DTI) wordt een dergelijke diffusietensor geschat op elke locatie, en vaak afgebeeld als een 
ellipsoïde. Belangrijke maten die uit de diffusietensor afgeleid kunnen worden zijn de 
fractionele anisotropie (FA) en de gemiddelde diffusiviteit (mean diffusivity, MD). Een FA 
dicht bij 1 beschrijft een ellipsoïde met een sigaarvorm, terwijl een lage FA overeenkomt met 
een bolvormige ellipsoïde. De FA en MD zijn gevoelige markers voor veranderingen in het 
weefsel als resultaat van verschillende ziektes.  
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Naast het in kaart brengen van microstructurele eigenschappen, biedt dMRI de unieke 
mogelijkheid om de structurele connectiviteit van weefsel te bestuderen. De reconstructie en 
visualisatie van dergelijke vezelstructuren met behulp van dMRI wordt tractografie genoemd. 
Tractografie wordt het meest toegepast in de hersenen, maar kan ook in andere delen van het 
lichaam toegepast worden. 

CONFUSIE IN DIFFUSIE MRI 

De potentie van dMRI in een klinische en wetenschappelijke context werd al in een vroeg 
stadium erkend, en vandaag de dag groeit de interesse in het gebruik van diffusie MRI in 
klinisch en neurowetenschappelijk onderzoek nog steeds exponentieel. Dit heeft onderzoekers 
gemotiveerd om steeds nieuwe methodes te ontwikkelen om dMRI data te analyseren. Deze 
nieuwe ontwikkelingen richten zich bijvoorbeeld op het beter modelleren van het diffusie-
proces. Een limitatie van DTI is dat de diffusietensor geen informatie kan geven over kruisende 
of splitsende vezels. In deze situaties wordt de ellipsoïde bol- of pannekoek-vormig, en is het 
voor een tractografie-algoritme moeilijk om de richting van de onderliggende vezel te kunnen 
bepalen. Sferische deconvolutie (SD) is één van de methoden die dergelijke meer ingewikkelde 
constructies beter kunnen oplossen door het schatten van de vezel oriëntatie-distributie functie 
(fiber orientation distribution function, fODF). Een andere limitatie van DTI is de 
onderliggende Gaussische benadering van het diffusie proces, waaraan niet altijd voldaan 
wordt. Diffusie kurtosis imaging (DKI) is voorgesteld als een extensie van DTI waarmee ook 
niet-Gaussische diffusiematen berekend kunnen worden. Naast deze twee modellen, waarvan al 
is aangetoond dat ze bruikbaar zijn in verschillende toepassingen, bestaan er wel meer dan 
honderd alternatieve dMRI modellen. 

Geavanceerde diffusie modellen maken vaak gebruik van meer en veeleisendere MRI 
acquisities, wat de kans op artefacten vergroot. Het onderzoek naar nieuwe diffusie modellen 
gaat dan ook hand in hand met nieuwe ontwikkelingen in correctie strategieën voor onder 
andere beweging van de proefpersoon en geometrische vervormingen van het beeld. De 
toenemende complexiteit van deze modellen vraagt ook om nieuwe methoden op het gebied 
van tractografie, kwantitatieve vergelijking in groepsstudies, en visualisatie. 

Door het alsmaar toenemende aanbod aan analyse-strategieën is het niet altijd duidelijk voor 
eindgebruikers hoe dMRI optimaal gebruikt kan worden om een vraagstuk te bestuderen, en 
welke conclusies er nu wel en niet betrouwbaar getrokken kunnen worden uit dMRI data. Dit 
leidt soms zelfs tot controverses in het onderzoeksveld, zoals een recent debat in het 
wetenschappelijke tijdschrift Science over het wel of niet bestaan van zogenaamde ‘sheet-
structuren’ in de hersenen. Zulke onduidelijkheden compliceren de translatie van nieuw 
ontwikkelde methodologie naar bruikbare instrumenten in klinische en biomedische 
toepassingen.  

In dit proefschrift worden verschillende dMRI analyse stappen onder de loep genomen, met als 
doel om de confusie in diffusie MRI niet verder te vergroten en de vertaalslag naar 
neurowetenschappelijke en klinische toepassingen te faciliteren. De hoofdstukken in dit 
proefschrift focussen op het meer toegankelijk maken van dMRI analyse, en beschrijven 
nieuwe methodologie om intuitivere en datagestuurde keuzes te kunnen maken en om 
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interpretatie en visualisatie van dMRI data te faciliteren. De methodologie ontwikkeld in dit 
proefschrift wordt verder gebruikt om fundamentele vraagstukken te onderzoeken, zoals de 
variabiliteit en karakteristieken van het dMRI signaal en de geometrische organisatie van de 
hersenen. Computer simulaties en evaluaties op echte data spelen een belangrijke rol. 

EVALUATIE VAN DIFFUSIE MRI METHODOLOGIE 

De beeldverwerkingspipeline voor dMRI data is vaak lang en gecompliceerd. Voor 
betrouwbaar gebruik van de data zijn veel verschillende stappen nodig, zoals 1) correctie voor 
artefacten, 2) het selecteren van een model, en 3) parameter schatting. Hoofdstuk 2 beschrijft 
deze stappen en geeft een overzicht van de meest gebruikte en een aantal nieuwe dMRI 
technieken, met een focus op de hersenen. Dit overzicht kan helpen bij het kiezen van een 
optimale dMRI analyse strategie voor een bepaalde applicatie. Om de inhoud toegankelijk te 
maken voor een breder publiek, wordt er minimaal gebruikt gemaakt van vergelijkingen en 
technisch jargon. 

Ondanks de ontwikkelingen op het gebied van dMRI beeldverwerking beschreven in hoofdstuk 
2 blijft het optimaliseren van de beeldverwerkingspipeline nog steeds een actief 
onderzoeksgebied. Een omvangrijke evaluatie speelt daarom een belangrijke rol in het bereiken 
van een consensus over bepaalde keuzes voor de beeldverwerking. Hoofdstuk 3 beschrijft de 
Multiple Acquisitions for Standardization of Structural Imaging Validation and Evaluation 
(MASSIVE) database voor het evalueren en vergelijken van nieuwe en bestaande MRI 
beeldverwerkingstechnieken. Deze unieke database bevat 8000 verschillende dMRI scans, het 
grootste aantal in vivo diffusie MRI scans van het brein van één persoon. Daarnaast bevat de 
database 10 T1-gewogen, 10 T2-gewogen, 10 fluid-attenuated inversion recovery (FLAIR) 
MRI scans, herhaalde ruis metingen, en herhaalde magnetische inhomogeniteitsmetingen. Door 
het samenstellen van deelverzamelingen uit de uitgebreide MASSIVE database kan 
bijvoorbeeld de invloed van het diffusie MRI protocol getest worden, de rol van andere MRI 
modaliteiten zoals T1 en T2-gewogen scans bestudeerd worden, en data-artefact 
correctiestrategieën ontwikkeld en vergeleken worden. Hoewel er andere databases beschikbaar 
zijn voor dergelijke doelen, zijn deze vaak gelimiteerd in het aantal diffusie MRI scans van 
eenzelfde persoon. In tegenstelling tot andere databases kan MASSIVE gebruikt worden om 
methoden uit elke mogelijk gewenste stap van de processing pipeline te evalueren. Bovendien 
is de MASSIVE database zo ontworpen dat resultaten op deelverzamelingen van de data goed 
te vertalen zijn naar acquisities die haalbaar zijn in een klinische setting. De data wordt gebruikt 
in verschillende hoofdstukken in dit proefschrift en is vrij beschikbaar op http://massive-
data.org/ 

MODEL- EN PARAMETERSCHATTING IN DIFFUSIE MRI 

Er wordt nog altijd veel onderzoek gedaan naar het nauwkeurig schatten van parameters in 
dMRI. Een betrouwbare schatting wordt vaak bemoeilijkt door ruis en andere problemen zoals 
uitbijters. Uitbijters kunnen ervoor zorgen dat de geschatte waardes ernstig afwijken, waardoor 
analyses die hierop gebaseerd zijn onbetrouwbaar worden. De extra informatie die DKI geeft 
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ten opzichte van DTI kan bijvoorbeeld onbruikbaar worden in een klinische setting, omdat de 
schatting van DKI gevoeliger is voor uitbijters vanwege de hogere acquisitie-eisen en model 
complexiteit. In Hoofdstuk 4 wordt een methode gepresenteerd voor robuuste parameter 
schatting in DKI, REKINDLE genaamd (Robust Extraction of Kurtosis INDices with Linear 
Estimation). REKINDLE heeft als doel uitbijters the identificeren en excluderen, en gebruikt 
daarvoor recursieve snelle lineaire schatting en een intuïtief detectie criterium voor uitbijters. 
REKINDLE is direct toe te passen op DTI en andere dMRI modellen die gelineariseerd kunnen 
worden. 

Hoofdstuk 5 focust op de schatting van de fODF met SD. SD technieken zijn populair omdat 
ze een betrouwbare fODF kunnen schatten zonder al te hoge eisen te stellen aan de acquisitie. 
De juistheid van de resulterende fODF is afhankelijk van de keuze van een geschikte respons 
functie (RF), die het diffusiegewogen signaal profiel van een éénvezelpopulatie (single fiber 
population, SFP) representeert. Een onnauwkeurige calibratie van de RF kan sterke invloed 
hebben op de geschatte fODF en tractografie. Huidige methoden modelleren de RF met een 
diffusietensor of baseren de RF op voxels met een hoge FA na een DTI parameter schatting. 
Echter, het DTI model is onnauwkeurig bij typische acquisities gebruikt voor SD omdat ook 
niet-Gaussische effecten optreden. In Hoofdstuk 5 wordt een methode voorgesteld om de RF te 
calibreren uit de data, door recursief voxels met kruisende vezels te excluderen. Het algoritme 
localiseert zo voxels met éénvezelpopulaties, waarbij een alternatief intuïtiever selectiecriterium 
wordt voorgesteld dan de FA. 

In Hoofdstuk 6 wordt de recursieve calibratie uit hoofdstuk 5 gebuikt voor het localiseren van 
SFPs in dMRI data van verschillende proefpersonen. Er is in de laatste jaren veel aandacht 
besteed aan het oplossen van kruisende vezels, terwijl er nog veel onbekend is over de 
fundamentele eigenschappen van SFPs. In hoofdstuk 6 worden de signaal karakteristieken van 
SFPs verder bestudeerd door het schatten van verschillende dMRI modellen (waaronder DKI 
met REKINDLE en SD), en het uitrekenen van maten gerelateerd aan deze modellen. Ook 
wordt gekeken naar de variabiliteit van SFP eigenschappen tussen verschillende datasets, 
proefpersonen, en vezelbundels. Hierbij wordt gevonden dat de variabiliteit in signaal 
karakteristieken tussen verschillende bundels vaak groter is dan de variabiliteit tussen 
verschillende proefpersonen per bundel. De kennis over karakteristieken in simpelere 
configuraties zoals SFPs kan belangrijk zijn voor het beter begrijpen van de weefsel 
microstructuur en het ontwerpen van realistische simulatie experimenten. 

ONDERZOEK NAAR DE GEOMETRISCHE ORGANISATIE VAN DE 
HERSENEN MET DIFFUSIE MRI EN TRACTOGRAFIE 

Door de opkomst van dMRI technieken die kruisende vezels nauwkeuriger kunnen modelleren, 
kan de geometrische organisatie van banen in de witte materie beter bestudeerd worden. In een 
recente publicatie analyseren Wedeen et al. (2012) visueel de kruising, nabijheid, en ligging van 
vezelbanen gereconstrueerd met dMRI en tractografie. De auteurs ontdekten dat vezelbanen 
elkaar orthogonaal kruisen op oppervlakken. Ze vonden geen hersenbanen zonder een 
dergelijke ‘sheet structuur’, en suggereerden dat deze structuren een relatie kunnen hebben met 
embryogenese en de groei van axonen. In een reactie hierop stellen Catani et al. (2012) dat de 
bevinding zeer waarschijnlijk een artefact is, gecreëerd door de methodologie die gebruikt is 
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voor het reconstrueren van de vezelpaden. Deze methode kan minder goed vezels reconstrueren 
die kruisen met kleinere hoeken dan bijvoorbeeld de SD technieken. Volgens hen draagt deze 
lage angulaire resolutie bij aan het reconstrueren van vezels die kruisen met alleen maar 
orthogonale hoeken. Dit maakt op zijn beurt een geweven sheet-structuur een voor de hand 
liggende maar foutieve configuratie. Wedeen et al. (2012a) weerleggen deze kritieken en stellen 
dat er geen mechanismen bekend zijn die artificieel een dergelijke mathematisch zeer 
uitzonderlijke configuratie zouden creëren. Catani et al. (2012) geven ook aan dat Wedeen et al. 
(2012b) vooral qualitatieve resultaten laten zien, en dat paden gereconstrueerd met tractografie 
niet zonder meer gelijkgesteld kunnen worden aan echte axonen. 

In Hoofdstuk 7 van dit proefschrift wordt de confusie over de conditie voor het bestaan van 
sheet structuren weggenomen door de mathematische theorie die hieraan ten grondslag ligt te 
resumeren. Er wordt een methode voorgesteld om de sheet waarschijnlijkheidsindex (sheet 
probability index, SPI) te berekenen, die kwantificeert hoezeer de data het bestaan van sheet 
structuren onderbouwt. Deze methode is gebaseerd op het reconstrueren van vele paden met 
tractografie, en wordt veelvuldig geëvalueerd in simulaties en echte data, waarbij gebruikt 
wordt gemaakt van het werk gepresenteerd in eerdere hoofdstukken. Hoofdstuk 8 beschrijft 
een alternatieve methode voor het berekenen van de SPI die niet afhangt van tractografie-
resultaten en minder rekenintensief is. 

Een andere consequentie van de opkomst van modellen die kruisende vezels kunnen modelleren 
is de toenemende complexiteit van het vezelnetwerk dat gereconstrueerd kan worden met 
tractografie. Door de grote overlap van paden is het een uitdaging om een duidelijke 3D 
visualisatie te maken voor het bestuderen van de organisatie van het netwerk. In Hoofdstuk 9 
wordt een nieuwe visualisatiemethode voorgesteld voor tractografie resultaten, waarbij de 
transparantie van paden bepaald wordt door diens lokale of globale oriëntatie. Dit leidt tot een 
verbeterde 3D weergave, waarbij structuren verkend kunnen worden die anders bedekt zouden 
zijn door meer oppervlakkige paden. Deze methode wordt gebruikt voor het efficiënt 
localiseren van vezelbundels. Verder wordt de visualisatie geëvalueerd in een 
neurochirurgische context. 

TOEKOMSTPERSPECTIEF 

Diffusie MRI is een snel ontwikkelend onderzoekdsveld met veel potentie in klinisch en 
biomedisch onderzoek en applicaties. De dMRI beeldverwerkingspipeline is echter lang en 
complex, en veel verschillende strategieën zijn beschikbaar voor elke stap in het proces. Het 
ontwikkelen van nieuwe methoden voor dMRI analyse is van groot belang om de 
betrouwbaarheid van dMRI te verbeteren. Tegelijkertijd is het essentieel om te waarborgen dat 
dMRI niet alleen te gebruiken en begrijpen is voor onderzoekers die de methoden ontwerpen. 
Openbaar beschikbare evaluatie databases, goed onderbouwde en geëvalueerde algoritmes, en 
zo intuitief mogelijke richtlijnen zijn van belang om de translatie van dMRI methoden naar 
bruikbare instrumenten voor applicaties te faciliteren. 
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vruchten hebben afgeworpen ;). Na een gezellige tijd op de TU/e en tijdens de 
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