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Chapter 1 . Introduction

THE first issue of a ’magazine’ called Aspen was published in 1965 by Roaring
Fork Press, New York, and was named "The black box". It officially con-
tained nine items, the first of them being a black hinged box, printed with
a large letter A, that contained the other items. Among those are a 20-page

booklet with three perspectives on jazz. First, Dixieland woodwind player Freddie
Fisher criticises modern jazz for a lack of direction, musical sense and overuse of
imagery like wearing sunglasses and growing beards. In response, pianist Jon Hen-
dricks stands up for the modernists claiming that "they’re not ahead, we’re behind",
just as "it took us 300 years to get Bach into our brain". Finally, as there is apparently
so much to what the term "jazz" really comprises, Chuck Israels, bass player in Bill
Evans’ trio, takes it all apart in a scholarly essay.

What matters to this thesis is that one of the other items included in this first issue
of Aspen, was a record with on one side a Dixieland version of St James Infirmary
Blues, and on the other side a take off the tune Israel by the Bill Evans trio, featuring
the same Chuck Israels. It said: "With whom do you agree? Play our record and see.
One side is Dixieland; The other is wayoutland." Phyllis Johnson, Aspen’s publisher,
describes the magazine as "the first three-dimensional magazine", because each issue
came in a special box filled with items in varying formats such as booklets, records,
posters, postcards and super-8 footage. Each issue had a new designer and director,
and with contributions from some of the most interesting artists of the 20th century,
its ten issues now take an important place in art history.

Although Johnson described the magazine as three-dimensional, when the third is-
sue came out, the term multimedia emerged with it as well. This issue was de-
signed by Andy Warhol (see the figure at this chapter’s title page) and contained a
spin-off of his Exploding Plastic Inevitable series of multimedia events, which were
musical performances by The Velvet Underground with simultaneous dance perfor-
mances, screenings of Warhol’s movies, light shows and interactive elements such
as celebrities from Warhol’s social environment running around with microphones
asking confronting questions to the audience.

Of course, neither the Exploding Plastic Inevitable project nor Aspen magazine are
the first occurrences of synthesis of multiple kinds of media. In 1928, Walt Disney
created his famous ’Steamboat Willie’, the first cartoon with a fully synchronised
soundtrack. The idea of a soundtrack wasn’t new at that time either: silent film of-
ten came with organ or piano scores to be played during the screening, and even the
ancient Greeks composed music to accompany specific drama and theatre scenes.
However, the term multimedia is commonly believed to stem from this pop-art pe-
riod in the sixties, defining Andy Warhol’s projects and his Aspen issue. Literally,
it refers to multiple kinds of media that are to be perceived simultaneously. Since
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media is already plural, it would be pleonastic to let multi refer to multiple instances
of the same media, like multiple books or multiple photographs 1.

With the computer maturing in the second half of the twentieth century and with
what can be called a digital revolution, more and more multimedia applications
were developed. The first commercial computer game, Pong, was launched in 1972.
Nowadays, computer games deploy a very sophisticated integration of animation,
video, audio, text, still images and interactive components. In commercial and aca-
demic settings, slide show presentations that may contain any kind of media are
given on a daily basis. In 1973 the first ideas for the Internet were presented, and the
World Wide Web saw the light in 1990. The Web as we know it today easily contains
the same plurality of media as mentioned before in the context of computer games.

Devices that are capable of keeping up with all these applications are being devel-
oped equally rapidly. Bell invented the telephone in 1876 and in 1979 Sony produced
the first portable cassette player; a modern smartphone currently plays music, takes
pictures, sends emails, displays webpages and contains an agenda. Apart from that,
it can be used for making phone calls. The VHS video format, introduced by JVC in
1976 was followed by the DVD in 1996 and ten years later by the Blu-ray disc in 2006.
These discs are usually not played in a monolithic, dedicated player anymore, but
in versatile multimedia computers that can be used as gaming console, television or
Internet PC at the same time. Just as multimedia is the synthesis of various forms
of media, the current trend is to merge a large number of applications into a single
device.

Data storage costs have dropped enormously over the years, and content creation,
sharing and access is available cheaply to anyone nowadays. For example, with the
introduction of the digital camera, there is practically no restriction to the number
of pictures one can take. Moreover, with ever increasing bandwith, a huge amount
of these pictures is uploaded to the Internet on a daily basis. How do we keep this
manageable, how can we ever find anything we’re looking for? This demand for
search systems is not only raised from a personal, individual point of view. It is
raised within a large number of professional application domains where the data
heap continues to expand as well. Some examples include criminology (face and
fingerprint recognition), musicology (music information retrieval), trademark regis-
tration (automatic trademark retrieval), medicine (DNA fingerprinting), engineering
(3D model retrieval) and image or video retrieval on the web.

1In that respect, the title of this thesis is not entirely correct, because our experiments focus on indexing
collections that contain only a single kind of media: a collection of photographs for instance, or a collection
of 3D models. However, in chapter 3 we limit the melody length based on the lyrics, and in chapter 5 we
base our search both on textual annotations of the photographs and their visual characteristics.
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Chapter 1 . Introduction

Luckily, it is bred in our bones to organise things, as we have learnt over the years
that it is the only way of making progress without losing what we already possess.
People have categorised and ordered texts in libraries for centuries, but the organ-
isation of the multimedia objects is not so straightforward, let alone the automatic
organisation. Yet it is key to unlocking media collections for both dedicated profes-
sionals and the general public.

In this thesis, we concentrate on how to retrieve relevant information or items from
large collections, given an information need, a query, expressed by a user. One pos-
sible solution is to describe the objects in the collection textually, for instance to an-
notate each object with a set of keywords. Well known textual information retrieval
techniques can be used to address a user query. Unfortunately, this approach has
many limitations. First of all, it requires from the user to express his information
need textually, and does not support query by example ("Give me some objects that
look like this one"). Second, it is a very cumbersome and in some cases simply im-
possible task to annotate large datasets, that often require expert knowledge. Finally,
the representational power of natural language is usually not strong enough: a pho-
tograph has to be seen, a melody has to be heard to understand its meaning, beauty
or significance. The retrieval techniques discussed in this thesis are therefore content-
based.

Content-based multimedia retrieval is a discipline within several fields of computer
science that emerged in the early nineties of the twentieth century. In its entirety it
is somewhere in between pattern recognition, artificial intelligence, database tech-
nology, signal processing and computer vision. It is concerned with capturing the
characteristics of the objects in the collection (photographs, video footage, music, 3D
models etc.) in a digital form, such that they can be evaluated for similarity: the
system must compute to what extent two objects resemble each other and it must
base this computation on the content of the objects and not on associated meta data
like file names or descriptions. This process of similarity evaluation must coincide
with what humans perceive as similarity within the specific application domains.
Therein lies a serious challenge, that is often referred to as the semantic gap. Basing
on experience and knowledge of our surrounding world and using the possibility to
associate, humans are able to understand meaning that is perhaps not immediately
apparent. For instance, we instantly recognise a house in a drawing of a house even
in its simplest form. The semantic gap is defined in the context of image retrieval in
[107] as "the lack of coincidence between the information that one can extract from
the visual data and the interpretation that the same data have for a user in a given
situation". But there is more to our grasp of the things we see or hear. We understand
that the olympic logo is constructed by overlaying five circles rather than connecting
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1.1 . Application domains

individual curves. We distinguish the main melody from its variations in a trumpet
concerto. All these abilities are extremely hard to teach a computer, but essential to
a successful, generic retrieval system.

There is yet another challenge. Suppose we have succeeded in devising a system
that evaluates similarity between objects adequately. Many applications treat enor-
mous datasets, and comparing the query to every object in the collection would be
infeasible. In these cases, an indexing strategy can be deployed to effectively prune
the database: to make a preselection of candidate models with which to compare
the query. Basically, an indexing system is a system to find things more rapidly.
Some PhD-theses for instance contain an index at the very end, with all the impor-
tant terms and their corresponding pages. The object collection is in that case a set of
words, and their indexing signature consists of a series of page numbers. When an
interested reader wants to learn about a certain concept, he or she only has to con-
centrate on the pages that compose the indexing signature and the rest of the thesis
can be discarded. To make it even easier, the index itself is indexed too: the terms
are sorted in alphabetical order.

We largely focus on the indexing part of the multimedia retrieval problem in this
thesis. In chapter 2, we study a generic indexing approach that supports any dataset
or collection, as long as there is an appropriate similarity or distance measure defined
on the objects. In chapters 3 and 4, we specifically investigate how to index objects
when they can be represented by graphs. Finally in chapter 5, we broaden our scope
a little and present techniques to find results that are not only relevant to the query,
but diverse as well. The diversification of search results is also performed content-
based.

To motivate this work, we present in the following sections a more detailed descrip-
tion of the application domains that we study in this thesis. Furthermore, we de-
fine the indexing concept in more detail and discuss desirable properties. Several
measures are used throughout this thesis to assess the quality of the proposed and
existing techniques; these measures are also given in detail. Finally, we list the con-
tributions of this thesis.

1.1 Application domains

As multimedia retrieval lies on the crossing of so many research disciplines, research
papers can be found in many different journals and conferences. Luckily the field is
establishing its own platforms as well. For instance, the annual ACM workshop on
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Chapter 1 . Introduction

multimedia information retrieval (ACM MIR) was upgraded to a conference on its
tenth anniversary in 2008. In that year, the event had to be relocated last minute to a
conference room with double capacity because of the overwhelming number of par-
ticipants. The program contained blocks of presentations regarding various applica-
tion domains, such as image retrieval, video retrieval and concept detection, audio
retrieval, automatic summarization and multimedia browsing. We will study sev-
eral of these applications in this thesis, and in the following subsections we present
a short overview of them.

1.1.1 Image retrieval

Content-based image retrieval is perhaps the most researched and most famous ap-
plication of multimedia retrieval. As papers on the subject from before 1990 are rare
and of little impact today, it can be said that the work really started in 1992, when
the US National Science Foundation sponsored a workshop on Visual Information
Management Systems (VIMS) [65]. The goal of this workshop was "to identify ma-
jor research areas that should be addressed by researchers for VIMS that would
be useful in scientific, industrial, medical, environmental, educational, entertain-
ment, and other applications." The workshop’s major findings were that new tech-
niques were required in all aspects of databases, computer vision and knowledge
representation and management, and that these techniques were to be developed in
interdisciplinary research groups in the context of concrete, practical applications.
According to the workshop findings, computer vision researchers should identify
features required for interactive image understanding, that must be stored in both
symbolic and non-symbolic representations, and reasoning approaches that can deal
with such representations should be developed.

Whether a direct result of the workshop or not, publication rates on content-based
image retrieval increased quickly, and really took off after 1997. In 1998, an event
called Challenge of Image Retrieval was organised in Newcastle, UK, to "bridge the
gap between the different communities with an interest in image retrieval". It had
successors in 1999 and 2000. The video domain was soon taken into consideration
and the event was renamed Challenge of Image and Video retrieval. It 2003 it became
the Conference on Image and Video retrieval, which is nowadays an important ACM
conference where image and video retrieval practitioners exchange ideas on all re-
lated topics.

In 2002, many content-based image retrieval systems were surveyed by Veltkamp
and Tanase in [129]. These systems rarely used shape, but favoured colour features
instead. The authors conjecture that shape is found a too difficult feature to work
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1.1 . Application domains

with at the time. The early years of the field are further extensively surveyed in
2000 by Smeulders et al. [107]. Following [106], they categorise the applications
into two classes: those with a narrow scope and those with a broad scope. "A nar-
row domain has a limited and predictable variability in all relevant aspects of its
appearance", they state, whereas "a broad domain has unlimited and unpredictable
variability in its appearance even for he same semantic meaning". A set of pho-
tographs of cars, taken sideways from the same angle and with the same lighting in
the same studio against a white background is an example of a narrow domain; even
though the cars are dissimilar to some extent, there is strong expectancy about posi-
tion, geometry and shape. The domain is therefore constrained. On the other hand,
when the set consists of random car pictures taken outside, or provided by market-
ing departments, or even taken from video footage or other external sources, the
domain is much broader. This generally poses extra challenges such as occlusion,
noise, changes in illumination and difficult semantics. The broadest set of images
possible is the entire collection of images on the Internet. Most content-based image
retrieval applications are in between these two ends of the spectrum. The semantic
gap is generally larger in broad domains than in narrow domains. Additionally, the
sensory gap is usually wider in broad domains as well. The sensory gap is defined as
"the gap between the object in the world and the information in a (computational)
description derived from a recording of that scene" [107]. For instance, two different
physical (3D) objects may have the same 2D view, resulting in a sensory gap between
recording and object when recognition is based on the 2D views.

In the early years of content-based image retrieval, the emphasis has been on us-
ing low-level features such as colour, texture, edge information or orientation. Since
2000, the field has matured and the continuing interest is demonstrated by an exten-
sive and recent survey by Datta et al. [34]. The status on narrowing the semantic gap
is provided by Liu et al. in [71], where methods are classified according to the way
they handle high-level semantics. Some examples are the use of object ontologies,
the use of machine learning to associate high-level concepts with low-level features
or the use of relevance feedback to learn the user’s intention.

The World Wide Web is becoming an increasingly important application domain of
content-based image retrieval. A specific example are social media sites where users
have a network of friends and can upload their photos, such as Flickr or Picasa.
These photos are often tagged with keywords and additional descriptions, which
leads to an interesting fusion between textual and content-based search. Moreover,
the social character of these sites provides new interesting features, such as distance
in the friends network [142], geographic location, popularity or temporal data [136].

We perform several experiments with image data in this thesis. In chapter 2, both
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Chapter 1 . Introduction

colour histograms of photographs and curvature characteristics of silhouette images
form the input for a generic indexing scheme. We use several low level image fea-
tures of photographs in chapter 5 for content-based diversification of search results.

1.1.1.1 Trademark retrieval

An example of a rather narrow image retrieval domain is trademark retrieval [96].
Trademark infringement is one of the major issues in the intellectual property field.
Strong or famous trademarks have to be monitored constantly to avoid the situation
where a confusingly similar trademark is registered in the same market. Some exam-
ples of trademark infringement are given in figure 1.1. In these cases, the owner of
the infringed trademark can start legal action (opposition) against the owners of the
infringing trademarks. The monitoring of strong trademarks is sometimes called a
watch operation. On the other hand, when a trademark is designed for a product or
service, and the owner wants to avoid a costly legal dispute, he can order a search
operation to check for registered trademarks that are possibly confusingly similar.

The aforementioned operations can be performed by large trademark research com-
panies such as Thomson Compu-Mark (TCM), that have access to national trade-
mark registers. These registers are expanding with hundreds of trademarks each
day, for instance in 2006, there were 69,706 trademarks added to only the French
register. A special requirement of search and watch operations is the zero tolerance
for missed hits; e.g. Puma will not accept that one of the imitated trademarks of
figure 1.1 is not retrieved. The main paradigm for performing trademark retrieval
has been using textual coding schemes, that associate numerical codes to each trade-
mark. The most commonly used codification is the Vienna classification developed
by the World Intellectual Property Organisation. The codes reflect directly what
the trademark image is composed of. For instance, when a trademark has the code
3.5.9, it contains hedgehogs or porcupines, such as the OrangeHedgehog trademark
displayed in figure 1.2 (a). The Vienna classification also supports abstract shapes;
26.3.11 belongs for instance to "Triangles containing one or more quadrilaterals".

When a trademark search has to be performed, the Vienna codes are determined for
the query, and all trademarks with one or more similar Vienna codes are retrieved
from the trademark register. In the current trademark registration practice, all re-
trieved trademarks have to be inspected by a trademark expert for similarity: only a
very few of them are probably close enough to the query to pose a threat. Unfortu-
nately, this process of manual labelling and inspection is time consuming and error
prone. It is therefore worthwhile to deploy an automatic trademark retrieval system
for watch and search operations. Some of the first efforts in automatic trademark
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1.1 . Application domains

Figure 1.1: Examples of trademark infringement
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Chapter 1 . Introduction

Figure 1.2: (a) OrangeHedgehog trademark (b) Gestalt psychology in trademarks

(a) (b)

retrieval are due to Eakins et al. [41, 66] and Austin and Alwis [2, 3, 4].

Many difficulties of content-based image retrieval apply to automatic trademark re-
trieval as well. The semantic gap poses a serious challenge; it is easy for us to
recognise the hedgehog in figure 1.2 (a), but hard for a computer. Moreover, even
when automatic trademark retrieval is restricted to the class of geometric or ab-
stract shapes, where semantics play no significant role, similarity may be implicitly
present. See for instance figure 1.2 (b), where there are three Pacman-like shapes
explicitly present. By their organisation however, a triangle is implicitly outlined.
The way our brain is capable of such form-forming is studied in Gestalt psychology,
where the key question is how we see in the whole something that is different from
the sum of parts. In the case of trademark registration, the implicit triangle might
be crucial to the recognizability of the trademark and should be taken into account
by an automatic trademark retrieval system. An effective retrieval system should in
fact generate all possible views of a trademark.

These challenges were studied in the Profi project 2, funded by the European Com-
mission FP6 research program. The problem of applying Gestalt principles and other
perception theory during segmentation and matching of trademarks proved to be
particularly difficult indeed, and provides interesting research directions in both im-
age processing and shape matching. We study in chapter 3 of this thesis a subprob-
lem of trademark retrieval: trademark layout. The motivation for this work is that in
some specific cases, the way shapes or components of a trademark image are laid out
is more discriminative and representative for the trademark than the actual shapes
this trademark is composed of.

2Perceptually-relevant Retrieval of Figurative Images, http://profi.cs.uu.nl/
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1.1 . Application domains

Figure 1.3: A map of the music information retrieval field, due to Michael Fingerhut [45]

1.1.2 Music information retrieval

Like content-based image retrieval, music information retrieval emerged in the late
nineties. Its major event, the International Conference on Music Information Re-
trieval ISMIR 3 was organised for the first time in 2000, its 11th edition will be co-
hosted by Utrecht University in Utrecht in 2010. A schematic overview of the field is
given in figure 1.3, a figure due to Michael Fingerhut [45]. Music is in essence an art
form with sound organised in time as medium. With this medium, a composer or
performer is able to convey his message to an audience, a fascinating and sometimes
magical process. A musical message however is intricate and of complex nature,
and contains many layers of information. Figure 1.3 unravels this process to some
extent and shows several layers where musical information exists, when going from
music creator to audience, or ’user’. The arrows between these layers indicate the
actions required to extract or retrieve this information at intermediate stages: they
map directly to the research directions within this field.

3The S in the acronym stands for Symposium, which is how the event started, and was kept in the
acronym for sentimental reasons. On July 4th 2008 however, the International Society for Music Informa-
tion Retrieval was incorporated, and the S became relevant again.
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The first actors in this scheme (at the bottom in figure 1.3) are the creators of music:
the composer, the performer, the author. Their output is stored in physical or digital
form, such as in score, text or recordings: the above layer. The transition from paper
to digital symbolic score can be made with optical character recognition. Pitch and
voice extraction can bridge the gap between recordings and symbolic storage such
as text and score. Plain data are not yet information; characteristics and features
need to be extracted from the data to enter the next information layer. The simple
characteristics such as pitch, duration and timbre need be further studied and aggre-
gated into structural features to be meaningful. Not the notes themselves, but their
co-occurrence, sequence and interplay form the music in the end. The structural fea-
tures in turn reveal aspects that define the music from a music theory point of view:
melody, harmony, key etc. Finally, by analysing and interpreting these aspects, we
enter the level of musicology, before the message is considered to be delivered to the
audience.

Musicology is actually concerned with all the above stages. Music information re-
trieval can be seen, among many things, as a toolbox for musicologists. It provides
automatic methods for retrieving musical information at all the stages described
above and supports musicologists in their research. The word retrieval here refers
to revealing the message that is contained in the music. In this thesis however, the
word retrieval generally refers to retrieving objects or documents from a large col-
lection. Querying for music by measuring musical similarity is also a part of music
information retrieval, as can be seen from the side-track on the right in figure 1.3.
All the information that is revealed can be used to describe a piece of music, to form
a fingerprint for it, and these representations can be used in querying or retrieval
systems.

Among the many challenges music information retrieval poses, measuring musical
similarity is a significant one. There are many possible ways in which two pieces
of music may display similarity: melodic, harmonic, rhythmic, but also contextual,
conceptual, historic etc. Even when constrained to melodic similarity, which is what
we focus on in this thesis, many distance measures are possible. One of the main dif-
ficulties in devising a distance measure for melodic similarity is that the pure note-
to-note similarity (as measured for instance with the edit distance on two melodic
sequences) may not reflect the perceived similarity. The simplest example is a trans-
position of a melody into another key: all the notes are different, but the intervals
remain the same so the two melodies are perceived highly similar. Melodic similarity
should therefore take into account the framework of harmony, rhythm, polyphony
and instrumentation, provided by music theory. However necessary, this contextual
information also introduces many uncertainties and ambiguities. Despite its some-
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times strict and formal grammar, the true art in music lies in the creative process of
applying these rules to endless new combinations, that more often than not break
the rules as if they never existed.

In this thesis we will perform two sets of retrieval experiments (i.e. where retrieval
refers to finding relevant objects or documents in a collection given a query). In
chapter 2 we use a distance measure for melodic similarity as proposed by Typke
et al. [119]. This distance measure, that reflects the effort it takes to transform one
melody into the other, is used to demonstrate the effectiveness of new algorithms
regarding a generic indexing scheme. In chapter 3, we describe a new graph based
representation of music that we use for retrieval with the in that chapter proposed
framework.

1.1.3 3D object retrieval

In modern computer graphics, 3D object representations play a central role. They are
frequently used in computer aided design, the video game industry (see figure 1.4
(a)), the movie industry (figure 1.4 (b)), molecular biology (figure 1.4 (c)), medicine
and archives of cultural heritage. The models are obtained through intricate mod-
elling processes that may include scanning, alignment of these scans, reconstruction
based on 2D images, surface sampling and many other techniques. The advance-
ment in hardware (scanners, but also graphics processors and dedicated 3D hard-
ware) has made the creation, acquisition and manipulation of models much easier
and the body of available models continues to grow. It is therefore worthwhile to in-
vestigate content-based retrieval techniques for 3D models. Within computer vision
and pattern recognition, there has been a growing interest in 3D shape description
and invariant feature extraction for matching, retrieval and recognition. See [113] for
an extensive and recent survey on 3D shape retrieval methods.

In this thesis we perform experiments with 3D models in the graph domain; the
problem of 3D object retrieval is transformed into the problem of graph retrieval.
These experiments are described in chapters 3 and 4.

1.2 Index properties

An index makes a preselection of the dataset for a given user query, and does so
without inspecting the entire collection. For an (implementation of the) index or
indexing strategy to be successful in making this preselection, it should possess a
number of properties. First of all, as with many algorithms or software systems,
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Figure 1.4: Examples of 3D models or object representations

(a) (b) (c)

it should preferably be simple where possible: simple to implement and simple to
maintain. Furthermore, it must be dynamic. It should be able to adjust to changes
in the collection at any time; objects have to be removed or added without affecting
the retrieval quality. Consequently, the index has to be scalable in the sense that it
should perform equally well for a small collection as for a large collection. Another
design issue is efficiency: both in time and in space. Processing a query should not
take too long, as speeding up the query process is the whole purpose of using the
index. Generally more time is allowed to construct the index, sometimes referred to
as the offline process. Efficiency in terms of storage space is important as well: the
indexing signatures should be relatively compact.

The index implementation has to be concurrent: it must be possible to retrieve and
store multiple objects at the same time. Furthermore, there must be a seamless tran-
sition between memory types, if for instance both main and secondary memory are
used. One other important property is that the index has to be independent of the
input data and insertion sequence: the order of inserting the objects should not in-
fluence the index quality.

Finally, the index should support a number of essential operations. It must allow for
object insertion and deletion. The most important operation it should support is the
search operation. A possible categorisation of search operations defines three types:

14
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search by association, category search and aimed search. A search by association is
similar to how the World Wide Web is often used and is based on iterative refinement
of the search by inspecting search results and choosing a path to continue that seems
most interesting or relevant. It requires a highly interactive system that can process
different user commands and allows browsing through the collection. Category search
on the other hand aims to find one or more representatives of a certain class of objects
from the collection. The query formulation is often by example: the user provides
one or more objects and wants to find more objects from the same class. Finally,
with aimed search the user has a specific object in mind that should be retrieved from
the collection. In many cases the goal of this search is beyond checking whether the
object is present in the collection or not: the user aims to find objects that display
similarity with the query. We focus largely on this search operation, and distinguish
between two kinds: range query, where the number of retrieved objects may vary,
and k-nearest neighbour query, where the number of answers to the query is fixed.
For a collection of objects A with distance function d and a query object Aq , a range
query with range ε is defined as

retrieve Ai ∈ A|d(Aq, Ai) ≤ ε.

A k-nearest neighbour query on the other hand is defined as

retrieve A′ where |A′| = k and ∀Ai ∈ A,∀Aj ∈ A−A′|d(Aq, Ai) ≤ d(Aq, Aj).

1.3 Performance assessment

It is not trivial to assess the retrieval quality of an index by itself. Retrieval results
are formed by a difficult interplay between the descriptiveness of the representation,
the quality of the matching algorithm, the parameters of the query and the effec-
tiveness of the indexing strategy. It is therefore common to assess the quality of this
pipeline as a whole. Varying the indexing strategy and keeping all the other parts
fixed provides insight in the indexing quality, but only relatively. All experiments
in this thesis must therefore be considered in this light: the reported retrieval results
are not the optimal results that can be obtained for the various data sets and ap-
plications. The focus is always on improving the indexing strategy with respect to
existing indexing strategies within the boundaries of chosen algorithms for the rest
of the pipeline.

To evaluate the quality of a retrieval result, it is necessary to know what the correct
answer must be for that query. This is called a ground truth and has to be established
by hand, a time consuming procedure that requires specific domain knowledge. The
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ground truth must therefore be considered a subjective matter. Nevertheless it is es-
sential in distinguishing between correct retrieved objects and incorrect ones, and to
detect missing objects. Let A be the entire collection of objects and let P be the set
of retrieved images (the positives) for a certain query, possibly ranked in a list in de-
creasing order of similarity to the query. The number of objects in P is determined by
the scope; this can be a specific number of objects to retrieve, or a distance threshold.
Finally, let R be the set of relevant objects in the collection for that query according
to the ground truth. See figure 1.5 for an illustration of these sets of objects. In this
scenario we can now distinguish between four kinds of objects:

• True Positives (TP): P ∩R

• False Positives (FP): P −R

• False Negatives (FN): R− P

• True Negatives (TN): A− (P ∪R)

Figure 1.5: Illustration of a retrieval result. A is the entire collection of objects, P is returned
for a given user query: the positives. R are the relevant objects for this query in the collection.
All objects within the intersection of R and P are true positives.

We will now provide some performance measures based on these four object types
that are used throughout this thesis. These measures are usually evaluated for a large
number of queries to obtain a good indicator of the real performance. The simplest
measure is without a doubt the nearest neighbour check: is the object at the top rank
a true positive or not? In some cases the query is also part of the collection, which
makes the nearest neighbour measure an identity check. It is common to look for the
second item in the ranking then as well.
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Possibly the most famous performance measures are precision and recall, defined as
follows:

Precision : TP/(FP + TP)

Recall : TP/(TP + FN).

Recall is sometimes expressed with respect to tiers. Let c be the class size, or the
number of relevant items for a certain query. The first tier result refers to the recall
when the scope is set to c− 1 when the query is part of the class, otherwise when the
scope is set to c. The k-th tier refers to recall within the scope kc−1 or kc respectively.
The second tier is sometimes referred to as the Bull’s eye percentage. Furthermore,
there exists a particular interest in the interplay between precision and recall, that is
often visualised in a precision-recall graph. Two measures derived from recall and
precision are Average Dynamic Recall (ADR) and Average Dynamic Precision (ADP)
[120]:

ADR =
N∑
i=1

Recalli
i

ADP =
N∑
i=1

Precisioni
i

,

where Recalli and Precisioni are recall and precision values calculated when the
scope is set to i. When the scope is smaller than the class size, recall of 100% can
never obtained. In this however, Recalli is still defined as 100% when all i retrieved
objects are true positives. These measures take the ranking of the true positives into
account as well and the highest possible score is 1. In case of ADR, the maximum
score is obtained when all relevant items are retrieved and are on the top of the rank-
ing as well. In case of ADP, it is obtained when those relevant items that are indeed
retrieved, are on top of the ranking.

Sometimes some statistics on the ranking of the relevant items are provided. This
is particularly common when evaluating a matching algorithm, and when the com-
plete collection is ranked with respect to the query rather than retrieving a small
preselection. The reported statistics may include average or median rank, highest
rank, lowest rank etc. These rank statistics may be given directly, or transformed
into a performance score. An example is Lowest Place Rank (LPR), defined as

LPR = 1− Rank− c
N − c

where Rank is the rank of the lowest placed relevant item.
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1.4 Contribution of the thesis

The results in this thesis are presented in four chapters. In chapter 2, we study a
generic indexing scheme called vantage indexing. The performance of this scheme
can be improved by selecting good vantage objects. We therefore present two new
criteria to select vantage objects and show their soundness experimentally. We also
present a heuristic algorithm that actually selects the vantage objects according to
these criteria, and constructs the vantage index simultaneously. The performance
increase is demonstrated in many application domains [124, 125].

In chapter 3, we introduce a new method for indexing graphs, based on their Lapla-
cian spectra. Again, we show the effectiveness on a large number of domains [37, 36],
and present new graph representations for trademarks [121] and melody scores [88].
By applying our framework to the music domain, we introduce spectral retrieval to
the field of music information retrieval. Furthermore, we are, to our best knowl-
edge, the first to deploy spectral integral variation in an indexing framework. We
use this recently developed technique in graph theory to increase the efficiency of
our method.

In chapter 4 we overcome one of the limitations of the in chapter 3 proposed ap-
proach. We extend our graph representation and store additional properties in a
Hermitian matrix. We introduce the use of a specific eigenvector, the Fiedler vector,
as indexing signature and present an efficient framework for this purpose [123]. We
provide a graph representation in the domain of 3D object retrieval to instantiate the
framework. This graph representation contains additional, domain specific proper-
ties, that are both relevant in extending the representation and obey constraints that
are imposed by the spectral retrieval apparatus. A shape decomposition algorithm
forms an alternative to spectral integral variation.

The goal of a retrieval system is extended in chapter 5. We no longer merely aim
for relevant results, but demand that they are diverse as well. In the domain of
content-based image retrieval we present a new framework to diversify the search
results [122]. This method first determines dynamically which features are most
discriminative for a given result set, and uses these features to present a diversified
view of the results to the user. We show that the output of our method coincides
consistently with the results of a user study.
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Chapter 2

Selecting vantage objects for similarity
indexing
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Selecting Vantage Objects for Similarity Indexing
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19



Chapter 2 . Selecting vantage objects for similarity indexing

2.1 Introduction

PROBABLY every major road atlas contains a triangular table with distances
between major cities or landmarks. This device was invented in 1625 by the
English topographer John Norden, who published the first distance table to
facilitate navigation with a map of Hampshire he created 30 years before in

1595. It came with the following explanation (see also figure 2.1) [84]:

The use of this Table.
The Townes or places betweene which you desire to know, the
distance you may finde in the names of the Townes in the upper
part and in the side, and bring them in a square as the lines will
guide you: and in the square you shall finde the figures which
declare the distance of the miles.

And if you finde any place in the side which will not extend to
make a square with that above, then seeking that above which will
not extend to make a square, and see that in the upper, and the
other side, and it will showe you the distance. It is familiar and
easie.

Beare with defects, the use is necessarie.

– Invented by JOHN NORDEN. –

Simply put, to find the distance between two cities a and b, just read the number in
the table on position (a, b), or on position (b, a) should you end up outside the trian-
gle. Norden’s map of Hampshire did not have any roads yet, so the distances where
measured ’as the crow flies’. As crow flights are known to obey metric properties
(see for a definition section 2.2), it is possible that with this explanation, Norden pro-
vided the first algorithm for performing a search in a metric space. The algorithm
was according to his own account not only ’necessarie’, but ’familiar and easie’ as
well. However, in the light of modern algorithmic design, some criticism is in place.
Its main limitation is its running time; it is basically performing a sequential search
and thus its running time is linear in the number of cities. Suppose one wants to find
the closest city to Portlemouth (see figure 2.1), he or she has to scan the entire second
column to find that the answer is Fareham.

Of course, with current data structures and their corresponding point location algo-
rithms we can perform a faster search. For instance, we can store all the cities in a
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Figure 2.1: Triangular distance table of Hampshire by John Norden, 1625

well known kD-tree and report the closest city to Portlemouth in sublinear time [13].
Query time for retrieving all m cities within a certain range is then even bounded by
O(n1−1/d + m), something John Norden would probably have liked. For him, the
dimension d in this time bound would have been 2 (latitude and longitude), assum-
ing he did not take elevation into account while creating the table. In the context
of this chapter, we would say that he worked with a 2-dimensional object space. His
metric distance measure ’as the crow flies’, takes as input two objects that both have
two features and outputs a distance between them. However, in many modern ap-
plications the dimensionality is larger, certainly in the field of multimedia retrieval.
Suppose for instance that we want to create a distance table for colour photographs
that are all represented by a 64-bins colour histogram and the distance between two
photographs is calculated using the L2 norm. In that case, the dimensionality of the
object space is 64 and in practice searching using a kD-tree may take longer than a
simple sequential search. A space partitioning approach is in these cases not suc-
cessful and we need to turn our attention to different approaches, which is what we
do in this chapter.

The contents of this chapter are further motivated by an even more difficult scenario.
What if the dimensionality of the object space is unknown? Norden’s cities have two
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features in the above example, but what if the distance would be defined as the min-
imum number of horse and carriage trips it would take to relocate all the inhabitants
and their furnishings from one city to the other and vice versa? In this case, there
is no clear notion of the dimensionality of the object space. To give a multimedia
retrieval example, consider a dataset containing fragments of music notation, and as
distance between two of them the Proportional Transportation Distance [49], which
is a pseudo-metric version of the Earth Mover’s Distance [92]. All we have is the
dataset with n objects and a way of calculating a distance between two objects. In a
way, one could say that the features we have for each object are all its distances to
the other objects; its row in the n × n distance matrix would then be the object’s n-
dimensional feature vector. But with a collection of millions of objects, this is a com-
pletely impractical structure to work with and again space partitioning approaches
fail.

The music collection together with the proportional transportation distance is an
example of a general metric space. Rather than partitioning this space, it can be em-
bedded in a vector space for indexing purposes. Such an embedding is provided
by the vantage indexing algorithm [132]. In turn, the resulting vector space can be
partitioned by a space or data partitioning structure such as a kD-tree. In this chap-
ter we improve the quality of search systems that use vantage indexing, by selecting
good vantage objects.

2.1.1 Contributions

Firstly, we propose two criteria to assess the quality of vantage objects that are di-
rectly concerned with the retrieval performance, namely the reduction of the num-
ber of false positives in the returned sets. Secondly, we show how to select vantage
objects according to these criteria in such a way that each object in the database is
a candidate vantage object, no random pre-selection is made. Another attractive
property of the approach is that the selection of the vantage objects and the actual
construction of the index are handled at the same time. Thirdly, we have performed
extensive experimentation using three data sets of different modality and size: the
MPEG-7 CE-Shape-1 part B test set, consisting of 1,400 shape images, a set of the
50,000 colour photographs and a dataset containing 500,000 fragments of notated
music, of 5 notes each. We have compared our method to three other methods: ran-
dom selection, the loss-based selection method and the originally proposed MaxMin
method, which are outperformed by the proposed approach. These experiments
therefore show both the scalability and efficacy of the method [124, 125].
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2.2 Vantage indexing

Vantage indexing [132] is an embedding technique, that is used to map a dissimilar-
ity space (preferably metric) to a feature space in which querying takes place. To be
more specific, it requires a dataset A ⊂ U, where U is the universe of objects, and
a distance measure d : U × U → R. The distance measure d is called metric if the
following conditions hold:

1. Self-identity ∀x ∈ U, d(x, x) = 0

2. Positivity ∀x 6= y ∈ U, d(x, y) > 0

3. Symmetry ∀x, y ∈ U, d(x, y) = d(y, x)

4. Triangle inequality ∀x, y, z ∈ U, d(x, z) ≤ d(x, y) + d(y, z)

To embed the metric space in a vector space, a set of m objects A∗ = {A∗1, ...A∗m} is
selected, the so called vantage objects. The distance from each database object Ai
to each vantage object is computed, thus creating a point pi = (x1, ...xm), such that
xj = d(Ai, A∗j ). Each database object corresponds to a point in the m-dimensional
vantage space, let F (Ai) denote this mapping of an object Ai to a point in vantage
space.

A query on the database now translates to a range-search or a nearest-neighbour
search in this m-dimensional vantage space: compute the distance from the query
object q to each vantage object (i.e. position q in the vantage space) and retrieve
all objects within a certain range around q (in the case of a range query with range
of size ε), or retrieve the k nearest neighbours to q (in case of a nearest neighbour
query). The distance measure that is used to retrieve the nearest neighbours of q in
the vantage space is called δ, and defined as L∞. The complete process of retrieval
through vantage objects is described in algorithm 2.1.

Using one of several known solutions to implement the querying algorithm (for in-
stance [9], where approximate nearest neighbours are retrieved efficiently), a query
time of O(k log n) can be achieved after O(n log n) preprocessing time, where n is the
number of objects in the dataset and where k is the number of retrieved objects.

2.2.1 Performance assessment of a vantage index

A large variety of performance measures based on false and true positives and nega-
tives can be used to assess the quality of a retrieval system that employs vantage in-
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Algorithm 2.1 Retrieval through vantage indexing
Preprocessing:

1: for Each object Ai ∈ A do
2: for Each vantage object A∗j ∈ A∗ do
3: xj = d(A∗j , Ai)

4: pi = (x1, . . . , xm)

Querying:
5: let Aq be the query object
6: for Each vantage object A∗j ∈ A∗ do
7: yj = d(A∗j , Aq)

8: q = (y1, . . . , ym)
9: return {Ai ∈ A|δ(pi, q) < ε}

dexing. However, a ground truth is generally required to classify candidate matches
in false and true positives, and to detect whether there are still false negatives re-
siding in the database. Establishing a ground truth for large databases is a time
consuming and demanding task involving domain expertise, that can often only be
performed for a small number of queries.

In the case of embedding or mapping methods, there are other ways to assess the in-
dex quality, such as distortion [70], stress [68] or the Cluster Preserving Ratio (CPR)
[63] when a known clustering exists for the objects. The key idea behind these meth-
ods is the comparison between distances according to the original similarity measure
(i.e., the distances in object space) and the distances in the embedding space (e.g. the
vantage space). Distortion measures how much larger or smaller the distances are in
the embedding space than in the object space, whereas stress measures the overall
difference in distances. While these measures provide insight into how well (in terms
of distance preserving properties) the original space has been embedded in a space
more appropriate for querying, they are somewhat distant from the actual retrieval
application. Therefore, we propose to stretch the definition of false and true posi-
tives beyond the borders of a ground truth toward the comparison of distances, in
order to allow the use of performance measures designed for retrieval applications.

In the case of a range query, given ε > 0 (the range) and query Aq , object Ai is
included in the return set of Aq if and only if δ(F (Aq), F (Ai)) ≤ ε. A false positive
can now be defined as follows:
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Definition 1 False positive Ap is a false positive for query Aq if δ(F (Aq), F (Ap)) ≤ ε

and d(Aq, Ap) > ε.

Note that this definition is not limited to assessing the quality of range searching, it
can be applied to nearest neighbour or k-nearest neighbour searching as well. Al-
though there is no predefined, fixed range ε in these cases, the distance between the
query and the furthest of the nearest neighbours can be used as ε. This distance was
exactly the required range to retrieve the requested number of nearest neighbours,
and in that sense a correct yet strict threshold for determining whether the objects
are true or false positives. Furthermore, it may seem awkward to use the same ε for
both δ and d. However, recall that δ is L∞. Since the maximum difference of all dis-
tances is taken, and not a combination, d and δ are in the same domain, and therefore
the same ε can be used.

Along the same lines, we can define a false negative as follows:

Definition 2 False negative An is a false negative for query Aq if δ(F (An), F (Ap)) > ε

and d(Aq, Ap) ≤ ε.

However, if it is known that d is metric, 100 percent recall is guaranteed for a system
using vantage indexing [132]. The metric properties assure that vantage indexing
is a contractive embedding of the object space, i.e. ∀A1, A2 ∈ U, δ(F (A1), F (A2)) ≤
d(A1, A2). Contractive embeddings with respect toU always yield 100 percent recall
in similarity searches [58]. As pointed out before however, the accuracy of a retrieval
system is twofold; objects relevant to the query are to be included in the result, yet
objects irrelevant to the query should be excluded from the result as much as possi-
ble. In other words, precision is important as well, the number or percentage of false
positives must be kept small.

We claim that by choosing the right vantage objects, the precision can increase sig-
nificantly. In the next section, we present a strategy of selecting vantage objects that
is concerned with this issue of retrieval performance directly.

2.3 Related work

Given the enormous number of different indexing techniques that have been pro-
posed, developed, tested and deployed over the last decades, it comes as no surprise
that there exist many different categorisations of them as well. To correctly position
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vantage indexing and vantage object selection strategies, we will shortly review a
few of these categorisations.

Some strategies store their necessary data structures in main memory, while oth-
ers operate on secondary storage and optimise IO-costs. This difference induces a
memory-type categorisation, and vantage indexing falls under both categories. An-
other categorisation can be devised based on the access method that is deployed by
the indexing approach. Primary key access methods retrieve the objects directly on
their self-contained descriptor, which is the case for instance with hashing. When
the objects are not self-explanatory and there are multiple attributes or features as-
sociated to them, a secondary key access method such as a kD-tree can organise the
data. Spatial access methods, such as R-trees or space filling curves, locate objects
based on a specified window or range in the data structure. The vector space em-
bedding provided by vantage indexing can be implemented using a secondary key
access method or a spatial access method.

Indexing techniques can also be divided based on the input of their construction: is
it driven by data or by a hypothesis? A data driven index is built bottom up, it is
a fixed data structure that enables searching in an existing data set. On the other
hand, a hypothesis driven index can be seen as top down. A query operation is
characterised in a certain domain, e.g. with a decision tree, and data with similar
characterisations is returned. A vantage index is a data driven index.

The last categorisation we would like to make is most important when it comes to
separating vantage indexing from other methods. We focus here on the difference
between partitioning and mapping or embedding approaches. Note that vantage
indexing is mainly an embedding approach. However, after the general metric space
(or object space of very high dimensionality) has been embedded in a vector space,
that vector space can be indexed again using a partitioning approach. We therefore
briefly list some important partitioning approaches.

In the early years of content based multimedia retrieval, the main paradigm was
based on feature extraction. Objects are characterised by vectors that are composed
of numerical features, and distance between two objects is usually calculated as a
Minkowski metric between their corresponding vectors. In these cases, the general
type of indexing that is applied is a partitioning, whether it is a space based parti-
tioning or a data based partitioning. Examples of these partitioning strategies, that
are mostly stored in trees, are the kD-tree [13], R-tree [54] or variants such as the
R+-tree [98] or R∗-tree [12]. For a complete overview of these multidimensional
access methods see the survey by Gaede and Günther [47] and Samet’s extensive
textbook [94]. In general, these methods either partition the data space into disjoint
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cells of possibly varying size (kD-tree and related work), or associate a region with
each object in the data space (R-tree family).

Basically, this type of retrieval system is an instance of a more generic paradigm,
where a dataset of object models in whatever representation (feature vectors in the
above mentioned case) are matched using a model matching algorithm. In many
cases, objects are represented by other types of models than feature vectors, that
don’t allow a space or data partitioning so easily. Examples are weighted point sets
(possibly matched with the Earth Mover’s Distance [92]), polygonal curves (for in-
stance matched with turning angle functions [6] or the Fréchet distance [1]) or any
other type of higher level representation. All that is given in these cases is a dataset
containing the object models and a similarity measure that outputs a distance given
two models, that together span the object space. Tree-based space partitioning tech-
niques can still be used for indexing purposes, but they have to be built on different
grounds, since there is no feature space anymore. When the object space is met-
ric, exemplar or pivot objects, as vantage objects are also sometimes called, can be
stored in the tree nodes to guide the search. One of the first works in this field was by
Yianilos [143]. All database objects are divided into concentric rings around one or
multiple pivots and then stored in a tree. These example objects are often called van-
tage objects or vantage points. Other examples based on this strategy are the VP-tree
[21], the M-Tree [29] and the MVP-Tree [22]. These and other techniques for search-
ing in metric spaces are surveyed by Chavez et al. [42] and extensively described in
the book by Samet [94].

A powerful alternative for storing an object space (possibly metric) in a tree, is the
mapping or embedding approach. Here, the database objects are embedded again
in a feature space, even though they reside originally in a featureless space. In-
stead of dividing the database objects in concentric rings around pivots and storing
them in a tree, the pivots now function as feature descriptors; each database object
is characterised by distances it has to a set of pivots. Examples of these embedding
techniques are Vantage indexing [132], Fastmap [43], SparseMap [63] and MetricMap
[135]. These methods are surveyed by Hjaltason and Samet [58]. A big advantage of
these methods over tree-based indexing methods is that the required number of on-
line distance calculations is reduced to the dimensionality of the embedding. Once
the query has been positioned in the embedding space, all that is needed is a geo-
metric range query or a nearest neighbour query where no more complex distance
calculations are involved. To facilitate these searches, access methods as surveyed in
[47, 94] can be used again.

In this chapter, we will focus on the last type of indexing strategy, the mapping
approach. Although these methods may resemble dimensionality reductions such

27



Chapter 2 . Selecting vantage objects for similarity indexing

as Principle Component Analysis (PCA) or Multi Dimensional Scaling (MDS), they
have different starting points [68]. PCA and MDS reduce the dimensionality of a fea-
ture space, and actually make computations on this feature space. However, map-
ping approaches such as the ones mentioned before, don’t assume such a feature
space. The only possible feature space in this context is an n-dimensional space,
where n is the number of objects in the dataset. In practice, this would mean that the
distances to all objects in the database are used as feature descriptors, which would
make any computation infeasible. The retrieval performance of these embedding
techniques is influenced by the choice of the pivots, sometimes called reference ob-
jects, exemplars or vantage objects. We present an effective strategy to select good
vantage objects to improve the retrieval performance.

Pȩkalska et al. have investigated a related problem [86]. Their aim is to select a
proper set of prototype objects given a set of objects represented by dissimilarities
as well, however the set of prototypes is used for classifying new objects into prede-
fined classes rather than retrieving similar objects from the data set.

A strategy similar to the one proposed in this chapter, was proposed by Venkates-
waran et al. [131]. Not every database element is a candidate vantage object (or
reference, as they call them), in contrast to our method, where each element is a can-
didate. Furthermore, their selection criteria are based on variance of distance (rel-
evance) and distance between vantage objects (redundancy), whereas our selection
criteria are based on variance of spacing (relevance) and correlation between van-
tage objects (correlation). Finally, their criteria are evaluated over only a sample of
the database.

BoostMap, as proposed by Athitsos et al. [7], is a fundamentally different approach.
Using a popular machine learning technique, the AdaBoost framework, they com-
bine many 1-dimensional classifiers into a high-dimensional classifier. In this case, a
1-dimensional classifier corresponds to a vantage object that for a particular triplet
(q, p1, p2) decides whether p1 is closer to q than p2 or not. The goal is to provide a
combined high-dimensional classifier that outputs a similarity ranking for q that re-
flects the true ordering of the database with respect to q. The nature of the algorithms
(machine learning with intensive training rounds) and the fact that the embedding
is designed to produce a ranking that is order preserving rather than distance pre-
serving, make it fundamentally different from the proposed method.

The following methods have been implemented and compared to the proposed method,
see for experimental results section 2.5.

Bustos et al. [25] propose to maximize the mean of distances dµ between all objects in
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the embedded space or vantage space, in order to disperse the objects evenly. They
provide three algorithms implementing this criterion. As best performing algorithm,
they report a greedy approach, that iteratively selects as next vantage object the one
that produces the largest dµ given the vantage objects that were already selected.
We refer to this method as Maximum Mean Distance, (MMD). A large drawback
of MMD is the underlying assumption that the distribution of distances is uniform.
When this distribution is not uniform (e.g. when there are strong clusters), maximiz-
ing dµ does not necessarily produce an even spread of the objects in vantage space.
Moreover, only a small set of objects is candidate to be selected as vantage object,
and the selection criterion is evaluated only over a sample of distances.

Brisaboa et al. [23] assume the distribution of distances to be uniform as well. They
propose the following heuristic, called Sparse Spatial Selection (SSS): when a certain
database object has a large enough distance to all the currently selected vantage ob-
jects, it is added to the set of vantage objects. A large advantage of this approach
is that it doesn’t require a predefined vantage space dimensionality. In their exper-
iments, they show that the selected number of vantage objects reflects the intrinsic
dimensionality of the dataset. However, a drawback of this method is that it is only
concerned with the combined performance of vantage objects and not with their in-
dividual quality. Moreover, database objects that are inspected first have a larger
chance of becoming a vantage object. Finally, their selection criterion is based on the
assumption that the distribution of distances is uniform.

Henning and Latecki propose a loss-based strategy for selecting vantage objects [56].
The loss of a database object is defined as the real (object-space) distance between this
object and its nearest neighbour in vantage space. To compute the loss of a complete
vantage space, this distance is averaged over all database objects. The loss measure
is minimized in greedily during the selection of vantage objects, by choosing a new
vantage object such that the loss combined with other vantage objects is minimal.
Due to the computationally expensive nature of the algorithm, the loss measure is
evaluated over random subsamples of the database.

Originally, a MaxMin approach was proposed for the selection of vantage objects
[132]. The first vantage object is chosen at random, all further vantage objects are
chosen such that the minimum distance to the other vantage objects is maximized.
As we will see however, this property does not necessarily guarantee the best choice
of vantage objects.
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2.4 Selecting vantage objects

In this section, we present a novel technique for selecting vantage objects that is
based on two criteria that address the number of false positives (see Definition 1) in
the retrieval results directly. The first criterion, spacing, concerns the relevance of a
single vantage object. The second criterion, correlation, concerns the redundancy of
a vantage object with respect to the other vantage objects. We propose a random-
ized incremental construction algorithm that selects the vantage objects according to
these criteria, and builds the corresponding vantage space at the same time. We call
this method Spacing-correlation based selection.

The main idea of the proposed approach is to keep the number of candidates that
are returned for a query Aq and range ε as small as possible. Of course, a priori
the query object Aq is unknown, so its location in vantage space is unknown as well.
Furthermore, no prior knowledge is available on the size of the range query (ε), or the
number of nearest neighbours that will be requested. Good retrieval performance
(achieved by small return sets given a query Aq and range ε) should therefore be
obtained over all possible queries and over all possible ranges ε.

Small return sets are a result of dispersing the objects over the vantage space, in order
to avoid dense object clusters. This dispersion can only be achieved to a certain
extent, since real object clusters cannot be taken apart, assuming d is metric (see
section 2.2.1). Given the 100 percent recall guarantee, it is exactly the number of
false positives within a range around the query that is reduced by spreading out the
database over the vantage space as much as possible, since these are pushed outside
the borders of the range ε.

Another way of looking at this dispersion of the objects over the vantage space is
through the discriminative power of a set of vantage objects. In a vantage space, sim-
ilarity between database objects is interpreted as similarity in distance to the vantage
objects. In case many database objects have similar distances to the vantage objects,
the vantage space is limited in its discriminative power over the database. The dis-
criminative power of the vantage space is maximized by spreading out the objects
as much as possible (i.e., within the boundaries as posed by the specific dataset that
is to be embedded).

The following sections describe the two criteria (spacing and correlation) in more
detail, provide some insight into finding a proper vantage space dimensionality, and
present the selection algorithm and its computational complexity.
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Figure 2.2: Schematic representation of a vantage axis with object clusters (a) and a vantage
axis with dispersed objects (b).
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2.4.1 Spacing

In this section we will define a criterion for the relevance of a single vantage object
Vj . Suppose for one given vantage object, the distances to all items are marked on
a vantage axis. The discriminative power can then be measured by calculating how
evenly spaced the marks on this axis are. Our first criterion therefore concerns the
spacing between objects on a single vantage axis, which is defined as follows:

Definition 3 The spacing Si between two consecutive objects Aa and Ab on the vantage
axis of Vj is |d(Aa, Vj)− d(Ab, Vj)|.

Let µ be the average spacing. The variance of spacing σ2
sp is

σ2
sp =

1
n− 1

n−1∑
i=1

((|d(Aa, Vj)− d(Ab, Vj)|)− µ)2.

To ensure that the database objects are evenly spread in vantage space, the variance
of spacing has to be as small as possible. A vantage object with a small variance
of spacing has a high discriminative power over the database, and is said to be a
relevant vantage object.

The spacing criterion is illustrated by figure 2.2, where axes of two vantage objects
are displayed schematically. Figure 2.2 (a) displays a vantage axis with clustered
objects, resulting in a large variance of spacing compared to figure 2.2 (b), where
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Figure 2.3: Distance distributions for vantage objects with a high and low variance of spacing

a vantage axis with dispersed objects is displayed. The spacing criterion is further
illustrated by a real world example in figure 2.3, where distance distributions for two
vantage objects are visualised in a histogram, one with a low and one with a high
variance of spacing. It can be seen that the database objects have a wider variety of
distances to the vantage object with a low variance of spacing than to the vantage
object with a high variance of spacing.

In these histograms, the distances are binned; in practice, most of the distances are
unique. A large bin (e.g. around 27.5 histogram of high variance) therefore means
that there are a lot of distances within a certain range around this value. As a con-
sequence, the spacings of the distances within this bin must be small. Distances in
a smaller bin are ’less packed’, and thus have larger spacings in between. If the bin
heights vary a lot, there exist a lot of different spacing values, resulting in a higher
variance of spacing values.

2.4.2 Correlation

It is not sufficient to just select relevant vantage objects, they also should be non-
redundant. A low variance of spacing for all vantage objects does not guarantee that
the database is well spread out in vantage space, since all the vantage objects may
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Figure 2.4: Scatterplot matrices for 5 randomly selected vantage objects. Vantage objects were
selected randomly in (a), and using the proposed method in (b)

(a) (b)

provide a similar view on the database. Two redundant vantage objects produce the
same reduction of the return set, and there is no point in using one in combination
with the other. This redundancy of a vantage object with respect to another can be
estimated by computing the linear correlation coefficient between the distribution of
database objects along their axes. Note that two vantage objects that have a large
distance to each other can still be redundant, since the distribution of distances all
objects have to these vantage objects may be similar.

To ensure no redundant vantage objects are selected, we compute linear correlation
coefficients for all pairs of vantage objects and make sure these coefficients do not
exceed a certain threshold. Figure 2.4 illustrates the correlation criterion in a real
world example. These scatterplots show how the distances of all objects in a database
of 500,000 elements to two vantage objects are correlated. The maximum correlation
results in a simple diagonal line, as can be seen on the diagonal of the matrices, where
each vantage object is compared to itself. The scatterplot matrix on the left displays
pairwise correlations for five vantage objects that where selected randomly, whereas
the five vantage objects in the scatterplot on the right were selected by the proposed
method, i.e. such that the correlation coefficient for every pair of vantage objects
is low. Clearly, random selection of vantage objects results in stronger correlated
vantage objects than the proposed method, since the objects in the right matrix are
dispersed over the space much better.
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2.4.3 The number of vantage objects

The dimensionality of the vantage space (defined by the number of vantage objects)
and the retrieval performance are closely related. In general, the more vantage ob-
jects, the smaller the number of false positives will be. A vantage object cannot de-
grade precision scores, at worst it won’t influence the precision at all and thus be
completely redundant. However, query times in a vantage space of higher dimen-
sionality are longer. Therefore, the number of vantage objects should be set to an
appropriate value given the needs of the application. In an interactive environment,
the allowed dimensionality is limited, whereas in offline applications where pre-
cision is crucial, more vantage objects can be used. In our experimental work we
evaluate the influence of the vantage space dimensionality on the retrieval results.

Although performance increases with a larger number of vantage objects, this in-
crease is not necessarily gradual or unlimited; adding one vantage object to a very
small set doesn’t make a great difference if the set is still too small to obtain good
results. On the other hand, at some point it will be hard to find more vantage ob-
jects that are non redundant and performance increase with extra vantage objects
will slow down. The best strategy for finding an appropriate number of vantage
objects given a specific dataset and considering the needs of the application there-
fore, is to perform some pilot selection runs to estimate the optimal vantage space
dimensionality under these constraints.

2.4.4 Algorithm

Spacing-correlation based selection selects a set of vantage objects according to the
criteria defined above with a randomised incremental algorithm. The key idea is to
add the database objects one by one to the index while inspecting the variance of
spacing and correlation properties of the vantage objects after each object has been
added. As soon as either the variance of spacing of one object or the correlation of a
pair of objects exceeds a certain threshold, a vantage object is replaced by a randomly
chosen new vantage object. These repair steps are typically necessary only at early
stages of execution of the algorithm. Since the database objects are added in random
order to the index, intermediate spacing and correlation properties of vantage objects
form a good estimator of the final properties once a sufficient number of database
objects has been added to the index. Redundancy or small discriminative power of
a vantage object can therefore be detected early on, keeping the amount of work that
has to be redone (reposition all the objects that are already added with respect to the
new vantage object) small. For details, see Algorithm 2.2.
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Algorithm 2.2 Spacing-correlation based selection
Input: Database A with objects A1, ..., An, d(A,A)→ R, thresholds εcorr and εsp
Output: Vantage Index with vantage objects V1, V2, ..., Vm

1: select initial V1, V2, ..., Vm randomly
2: for All objects Ai in random order do
3: include F (Ai) in the vantage space
4: for All vantage objects Vj do
5: if σ2

sp(Vj) > εsp then
6: remove Vj
7: select new vantage object Vnew randomly
8: reposition already added objects w.r.t Vnew

9: if ∃{Vk, Vl| Corr(Vk, Vl)> εcorr} then
10: if σ2

sp(Vk) > σ2
sp(Vl) then

11: remove Vk
12: else
13: remove Vl
14: select new vantage object randomly

2.4.5 Complexity

The complexity of our algorithm is expressed in terms of distance calculations, since
these are by far the most expensive part of the process. The running time complexity
is then O(

∑n
i=0 Pi × i+ (1− Pi)×m) where m is the (in our case constant) number

of vantage objects and Pi is the probability that at iteration i a vantage object has to
be replaced by a new one. This probability depends on the choice for εspac and εcorr.
There is a clear trade-off here: the stricter these threshold values are, the better the
selected vantage objects will perform but also the higher the probability a vantage
object has to be replaced, resulting in a longer running time. If we only look at
spacing and set εsp such that for instance Pi is (log n)/i, the running time would be
O(nlog n) since m is a small constant.

2.5 Experimental results

We implemented our algorithm and tested it on three data sets of different modality
and size: one data set of 1,400 shape contour images, one collection of 50,000 colour
photographs and a set of 500,000 fragments of music notation.
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Figure 2.5: Examples of the MPEG-7 data set.

An advantage of defining a false positive as in Definition 1, is that evaluating the
performance on these datasets does not require a ground truth. To measure per-
formance, the matching process is applied to the candidate matches as returned by
the range query on the index. After the exact distances between the query and all
candidate matches have been computed, the percentage of false positives within the
returned set can be calculated. This is our first evaluation criterion.

For some applications however, a shortcoming of just counting false positives is that
it does not take into account the ranking of the true positives in the return sets. For
this purpose, we have evaluated our results also by means of average precision: the
mean of the precision scores obtained after each true positive is retrieved [24]. A
maximum average precision score of 1.0 is obtained when all true positives are at
the top of the retrieval ranking.

During the music retrieval experiment we evaluated the results with yet another
performance measure, which we call the Average Distance Error (ADE), for the fol-
lowing reason. Recall that a false positive Afp is an object that lies within a range
of ε to the query Aq in vantage space, but has a real distance d(Afp, Aq)to the query
that is larger than ε. One may argue that a false positive with a real distance to the
query slightly larger than ε is not as bad as a false positive with a real distance ex-
ceeding ε by orders of magnitude. Therefore, instead of just calculating the precision
scores using this definition of a false positive, one may obtain more information by
addressing a weight to each false positive. This weight is defined as d(Afp, Aq) − ε,
i.e. the extent to which a false positive is actually a false positive. The Average Dis-
tance Error is average of all these false positive weights, taken over a large set of
queries.

2.5.1 Shape retrieval

As a first dataset, we used the MPEG-7 test set CE-Shape-1 part B, consisting of 1,400
shape images, contained in 70 classes of 20 images per class. A few examples are
given in figure 2.5.
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The distance measure used to calculate the distance between two of these shape im-
ages is the Curvature Scale Space (CSS) [81]. This technique matches two shapes
based on their CSS-image, which is constructed by iteratively convolving the con-
tour with a Gaussian smoothing kernel, until the shape is completely convex. When
at a certain iteration a curvature zero-crossing disappears due to the convolution
process, a peak is created in the CSS-image. A CSS-image reflects in a way the ef-
fort it takes to smooth all the concavities in the curve until the image has become
completely convex. Two shapes are now matched by comparing (the peaks in) their
CSS-images.

In this experiment, we compare Spacing-Correlation based selection to 4 existing
methods that were all described in section 2.3. These methods are called Sparse
Spatial Selection (SSS) [23], Maximum Mean Distance (MMD) [25], Loss based [56]
and MaxMin [132]. All methods were set to select 8 vantage objects, except for SSS,
that chooses its own number of vantage objects. Using the parameters reported in
[23], the method selected for this dataset only 2 vantage objects. Because this leads
to bad results, we reparametrized the method manually by trial and error such that
it selects 8 vantage objects as well.

The performance of these selection methods was evaluated by querying in their van-
tage spaces with all 1,400 objects. The number of nearest neighbours that was re-
trieved for each query object ranges from 20 to 100. The distance of the furthest
nearest neighbour functioned as ε, which was used to calculate the number of false
positives among these nearest neighbours, see definition 1. For each vantage index,
and all k-NN queries, k = 20, ..., 100, an average ratio of false positives was calcu-
lated over all 1,400 queries. The results are displayed in figure 2.6.

Although it may seem counter-intuitive that the ratio of false positives declines when
more nearest neighbours are retrieved, it is a natural consequence of the definition
of a false positive. This definition is dependent on ε, so the definition of a false posi-
tive may change when more nearest neighbours are retrieved. Specifically, since the
distance between the query and the furthest nearest neighbour that is retrieved de-
fines ε, the definition will become more tolerant when more nearest neighbours are
retrieved. As stated before, the advantage of this definition of a false positive pre-
cludes the need of a ground truth and makes performance comparison independent
of the quality of the matching algorithm.

This experiment clearly shows that Spacing-Correlation based selection outperforms
the other selection techniques. This is mainly because the method achieves a better
spread of the database objects in vantage space, since the selection criteria are not
assuming that the distances in object space are uniformly distributed. For example,
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Figure 2.6: Performance comparison of the proposed method with 4 existing methods: Sparse
Spatial Selection (SSS), Loss based, Maximum Mean Distance (MMD) and MaxMin. The figure
shows false positive ratios, averaged over all 1,400 queries from the MPEG-7 set (y-axis) with
respect to number of retrieved nearest neighbours (x-axis). In all cases the number of vantage
objects was 8, except for one automatic run of SSS (m=2). A lower false positive ratio indicates
a better retrieval result.

MMD may select the vantage objects such that there exist clusters in vantage space.
In this case, the spread is not even, but the mean distance between objects in vantage
space may still be high. Furthermore, Spacing-Correlation based selection selects
both relevant and non-redundant vantage objects, whereas SSS is only concerned
with non-redundancy.

Table 2.1 shows similar results, concentrated on 100-nearest neighbour queries: on
the left false positive ratios averaged over 1,400 queries, on the right average preci-
sion.

2.5.2 Colour based photo retrieval

The second dataset we used is significantly larger, it consists of 50,000 colour pho-
tographs. Colour histograms were constructed for these photographs, and normalised
histogram matching was used as a distance measure. In this experiment, we com-
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Table 2.1: False positive ratios and average precision for the MPEG-7 set

Method false positive average
(100 NN) ratio precision

SSS (m=2) 0.81 0.27
Loss based 0.48 0.47
MMD 0.46 0.49
SSS (m=8) 0.41 0.52
MaxMin 0.39 0.53
Spacing-correlation based 0.21 0.65

pared our strategy for selecting vantage objects to randomly selecting the vantage
objects and the MaxMin approach. Because the Loss-based method is computation-
ally expensive to evaluate, this method has not been tested on a dataset of this size.
All three strategies (Random, MaxMin and Spacing-correlation based) were applied
multiple times (several runs), since randomness in the methods may influence the
performance from one run to another. The performance for each run was measured
over the same set of 1,000 randomly chosen query objects, and is expressed in terms
of the average false positive ratio given a fixed range and dimensionality of the van-
tage space. Boxplots showing the results are presented in figure 2.7.

These results show that Spacing-correlation based selected vantage objects yield a
lower false positive ratio (notice that both the median, represented by the line within
the box, and the mean, represented by the diamond are lower). Furthermore, it
shows that the variability over a large number of runs for Spacing-correlation based
selection is lower. This means there is more reason to believe a specific set of Spacing-
correlation based selected vantage objects performs well, than there is for the other
selection methods, where random effects are influencing the performance wildly.

We also investigated the influence of the dimensionality of the vantage space on this
dataset. Again, the range for all queries in this experiment was fixed, however the
number of vantage objects that was used varied. For this experiment, we selected a
typical run for each of the selection strategy and queried with 1,000 random queries
on each index. The results are displayed in figure 2.8. These results show once more
that false positive ratios are smaller for Spacing-correlation based selected vantage
objects. In particular, they show that with well chosen objects, a vantage space of
smaller dimensionality can yield the same performance as a vantage space of higher
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Figure 2.7: Photographs: false positive ratios

dimensionality with randomly selected vantage objects for instance. Furthermore,
the higher the dimensionality of the vantage space, the larger the improvement in
performance gets. This means that with Spacing-correlation based selection, more
relevant and non-redundant objects can be found even though there are already a
number of objects selected, whereas the other methods select at this point more re-
dundant (and possibly less-relevant) vantage objects.

2.5.3 Music retrieval

We have compared Spacing-correlation based selection to random selection on a data
set of 500,000 incipits of 5 notes from a collection of notated music. This collection
is created by RISM, the Répertoire International des Sources Musicaux, and is called
RISM A/II. The notes in these incipits are represented as weighted points in a space
in which the pitch and onset time are the axes [119] and the duration denotes the
weight. The distance between two fragments is computed using a transportation
distance. These transportation distances measure minimum the effort it takes to
transform one weighted pointset into the other. In the case of the Earth Mover’s
Distance, a metaphor of transporting piles of earth (one pointset) to empty holes
(the other pointset) is used. The weight of the points corresponds to the mass of a
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Figure 2.8: Photographs: false positive ratios for different vantage space dimensionalities (k)

pile, or the capacity of a hole. Both point sets can arbitrarily serve the role of receiver
or supplier. A well known example of a transportation distance is the Earth Mover’s
Distance (EMD) [92]. However, for this EMD it is known that it does not obey the tri-
angle inequality, so for this experiment the Proportional Transportation Distance [49]
was used, which is a modified version of the EMD such that the triangle inequality
holds.

The results for this experiment are shown in figure 2.9. In vantage spaces of different
dimensionality k (multiple selection runs per dimensionality), false positive ratios
were computed over 1,000 randomly chosen queries. Again, Spacing-correlation
based selected vantage objects produce less false positives for all values of k than
randomly selected vantage objects.

Figure 2.10 shows Average Distance Error (ADE) values for our music dataset. This
experiment considers k = 5 and higher only, since smaller sets of vantage objects
produce almost only false positives. These results show that Spacing-correlation
based selection not only reduces the number of false positives; the extent to which
the false positives are false is reduced as well. One may therefore say that pairwise
distances are better preserved using Spacing-correlation based selection.
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Figure 2.9: Music: false positive ratios for different vantage space dimensionalities (k)

Figure 2.10: Music: average distance error for different vantage space dimensionalities (k)
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2.6 Concluding remarks

An object space is spanned by a set of object models and a similarity measure that
outputs a similarity or distance value for two given object models. Efficient query-
ing of this object space requires indexing, since otherwise the query will have to be
compared to every object in the dataset. When the object models are not feature
vectors, a direct space or data partitioning of the object space is not trivial, and em-
bedding or mapping methods are more appropriate. Every object model is mapped
to a point in a new feature space, that in turn can be partitioned using well known
access methods that facilitate range or nearest neighbour querying.

Vantage indexing is such a mapping technique, where the features of the mapped
object models correspond to distances they have to reference objects, called van-
tage objects. The selection of these vantage objects is crucial to the performance
of these systems. In this chapter, we have presented a new approach for selecting
good vantage objects. The method, called Spacing-correlation based selection, uses
two criteria that directly address the number of false positives. The first criterion is
concerned with the relevance of the vantage objects. This individual performance
of each vantage object is measured through the evenness of the distribution of dis-
tances all objects have to this vantage object. The second criterion is concerned with
the redundancy of the vantage objects. The combined performance of a pair of two
vantage objects is measured through the linear correlation coefficient of the distances
all objects have to these two vantage objects. We have shown a selection strategy that
chooses vantage objects according to these criteria, and at the same time constructs
the actual index.

The approach has been tested on three real-life datasets of different size and modal-
ity: 1,400 silhouettes, 50,000 photographs and 500,000 musical incipits. On all datasets,
Spacing-correlation based selected vantage objects produce significantly less false
positives than random selection or other known selection techniques. In addition,
we have shown that the variability in performance is smaller with Spacing-correlation
based selection, and that the pairwise distances are better preserved.
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3.1 Introduction

FEATURE vectors that describe objects come in many different forms. For ex-
ample, a vector with scalars for weight, roundness, curve and colour can be
used to describe physical objects numerically. A photograph can be repre-
sented by a histogram that contains the frequency distribution of the colours

that make up the image. Similarly, occurrence frequencies of terms can be used to
capture a document’s contents. All these feature vectors tell us something about the
object they describe, they provide information that even we can understand. We can
learn the size of an apple, the reddishness of a sunset picture or the relative occur-
rence of the word ’index’ in this thesis. Although it can be a comforting thought
to work with numerical representations of the objects that still make sense to us, it
is by no means a necessary requirement for a computer when it needs to perform
successful retrieval or recognition operations. All a computer needs is a digital rep-
resentation that, when deployed in combination with a sensible matching operation,
ensures that similar objects have similar representations and different objects have
different representations, preferably with a gradual transition from one to the other
that coincides with our notion of similarity. That this representation is unreadable
to humans is of no importance. Rather, it provides us with more freedom to choose
and calculate features, drawing on mathematical theorems to ensure their soundness
instead.

In this and the following chapter, we derive index signatures or feature vectors that
are quite distant from the original objects they describe. While going from original
object to digital representation, we must ask ourselves at all stages what the con-
sequences are for the descriptiveness of our representation. The first and probably
most influential step we take in this process, is the representation of the object by a
graph. A graph is a very flexible and intuitive structure, and its properties have been
studied extensively in centuries of graph theory 4. For recognition and retrieval pur-
poses, it is common to represent objects by graphs whose nodes correspond to object
features and whose edges indicate relations between these features. Both nodes and
edges may be labelled with attributes. We will present graph representations for
four different kinds of objects: 3D models, 2D shapes, fragments of music notation
and trademark images. The graph representations express many significant object
properties such as geometric or hierarchical structures. They come with a serious
challenge however: we have to deal with the difficult problem of (sub)graph match-
ing in order to design an indexing mechanism.

4Euler’s article on the Seven Bridges of Köningsberg from 1736 is commonly acknowledged as the first
work in graph theory
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3.1.1 Preliminaries

A graph G is a pair (V,E), where V is a finite set of vertices and E is a set of con-
nections (edges) between the vertices. The size of a graph is defined as the number
of vertices. An edge e = (u, v) connects two vertices such that u, v ∈ V . A graph
G = (V,E) is called edge-weighted if each edge e ∈ E has a weight w(e) ∈ R. Un-
weighted graphs are a special case of weighted graphs, where each of the edges has
weight 1. A graph is simple if it does not contain self loops or multiple edges and
thus its edge set consists of distinct pairs. All graphs considered in this chapter are
simple. Two graphs G1 = (V1, E1) and G2 = (V2, E2) are isomorphic, if there is a
bijection f : V1 → V2 such that for any vertex pair u and v ∈ V1, (u, v) ∈ E1 iff
(f(u), f(v)) ∈ E2.

The adjacency matrix A of a graph G is a |V | × |V |matrix whose element with row
index u and column index v is

A(u, v) =

{
w(e) if (u, v) ∈ E
0 Otherwise.

The degree matrix of a graph G is a diagonal matrix of vertex degrees with elements

D(u, u) =
∑
v∈V

A(u, v)

The matrix L(G) = D(G)−A(G) is called the Laplacianmatrix ofG 5. The Laplacian
matrix is a positive semidefinite and symmetric matrix with at least one zero eigen-
value. The multiplicity of the eigenvalue zero of L(G) is equal to the number of con-
nected components in the graph. This implies that the second smallest eigenvalue,
known as algebraic connectivity, is positive if and only if G is connected. There
exist many important theorems about Laplacian matrices and in many problems in
physics and chemistry they play a central role. The reader is referred to [79, 80, 75, 78]
for surveys on this topic.

The spectrum of a graph’s Laplacian matrix is obtained from its eigendecomposi-
tion. Specifically, the eigendecomposition of a Laplacian matrix is L(G) = PΛPT ,
where Λ = diag (λ1, λ2, . . . , λ|V |) is the diagonal matrix with the eigenvalues in in-
creasing order and P = (p1|p2| . . . |p|V |) is the matrix with the ordered eigenvectors

5The Laplacian matrix is also called Kirchhoff matrix or the matrix of admittance in the literature.
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as columns. The Laplacian spectrum is the set of eigenvalues {λ1, λ2, . . . , λ|V |}. The
spectrum is permutation-invariant, i.e., two isomorphic graphs have the same set
of sorted eigenvalues. However, the converse is not true, as two graphs that have
the same spectra are not necessarily isomorphic. When two graphs have the same
eigenvalues, they are called cospectral or isospectral.

3.1.2 Related work

Graph matching problems are often formulated as largest isomorphic subgraph prob-
lems, for which a rich body of research exists in the literature, such as pattern recog-
nition [72, 69], chemical structures [91], or computer vision [140, 62]. This problem
has been studied for both theoretical and practical interests. While it is an open ques-
tion whether the detection of graph isomorphism can be solved in polynomial time,
the problem of subgraph isomorphism is known to be NP-complete [48]. Although
(sub)graph isomorphism detection is computationally expensive, some graph iso-
morphism detection algorithms with polynomial-time complexity have been devel-
oped for specific graph classes, e.g., planar graphs [61]. It is also possible to derive
polynomial-time complexity algorithms for graphs with certain restrictions [60].

When working with graph structures, indexing is formulated as the problem of ef-
ficiently selecting a small set of database graphs, which share a subgraph with the
query. Several frameworks have been proposed to use (sub)graph isomorphism al-
gorithms with indexing methods. Shapiro and Haralick [100] proposed a method
to organise similar graphs in clusters where each cluster is indexed by a representa-
tive graph. Sossa and Horaud [110] used the coefficients of the d2-polynomial of the
Laplacian matrix of a graph to index into graph datasets. These coefficients, how-
ever, are only unique for small graphs with less than 12 vertices.

One important indexing method is a decision tree approach. Here, the goal is to
hierarchically partition the database so that the query is first matched to the root.
Depending on the result of this match, the query is then matched to either the right
or the left child of the root. This process is repeated recursively until a match is found
at an internal node (or leaf), or it exits with a failure indicating no database graphs
are isomorphic to the query. Messmer and Bunke [76] use this approach to organise
the set of all permutations of the adjacency matrix of database graphs in a decision
tree. At run time, the (sub)graph isomorphism from the query to the database graphs
is found by a decision tree traversal. A significant drawback of this method is its
space requirement. All permutations of the adjacency matrix have to be encoded in
decision trees, whose sizes grow exponentially with the size of the database graph.
A set of pruning techniques is discussed to cut down the space complexity.

48



3.1 . Introduction

So far, we have only considered the problem of (sub)graph isomorphism. How-
ever, due to noise, occlusion, or object misinterpretation such as segmentation er-
rors, (sub)graph isomorphism may not exist between the query and the database.
Furthermore, only a certain degree of similarity between two objects and thus be-
tween their graphs may be present. The indexing problem, therefore, is reformu-
lated as efficiently retrieving database graphs whose (sub)structure is similar to the
query. Although considerable research has been devoted to the problem of inexact
(or error-tolerant) graph matching, rather less attention has been paid to this type of
indexing based on graph structures.

Costa and Shapiro [31] present a graph-based indexing method, where small rela-
tional subgraphs are used to efficiently retrieve similar graphs from a large database.
An integrated framework related to the approach described in this chapter is that of
Shokoufandeh et al. [102]. This framework is designed especially for tree structures
in which the sum of the largest eigenvalues of the adjacency matrix for each sub-
tree of the root form the component of its δ−dimensional vector, where δ is the root
degree. To account for occlusion and local deformation, these vectors are also com-
puted for the root of each subtree. At indexing time, each non-leaf node of the query
is represented as such a vector, and a nearest neighbour search is performed for each
vector. Although effective, by summing up the largest eigenvalues one loses unique-
ness, resulting in less representative graphs in the vector space. In addition, it is not
clear how this approach can be extended to general graph structures.

One of the primary aspects of graph theory is to derive the principal properties and
structure of graphs from their graph spectra. It is well known that eigenvalues are
closely related to main invariants of a graph. In the computer vision and pattern
recognition communities, eigenvalue-based frameworks have been applied to vari-
ous problems including shape description and indexing. Sengupta and Boyer [99]
used eigenvalue-based feature representation of CAD models to capture their gross
characteristics. This representation is used to partition the database into structurally
homogeneous groups. Shapiro and Brady [101] used eigenvectors of proximity graphs
to compute the feature correspondences. Turk and Pentland [118] proposed an eigen-
face approach in which images were represented as linear combinations of a small
set of images computed from a large database. The algorithm was applied to face
recognition. Sclaroff and Pentland [97] computed the eigenmodels of 2D regions
and used the model coefficients in a linear search of 2D shapes. However, since the
characterisations in this approach are global, it is not clear how this method performs
for retrieving models with local similarities. Some other eigenvalue-based methods
consist of applications such as edge detection [115], motion estimation [52], and 3D
object representation as 2D images [27].
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3.1.3 Contributions

In this chapter, we propose a novel approach to the graph-based indexing problem
[37]. Instead of using the adjacency matrix for graph characterisation as done some
earlier work, we characterise our graphs based on the Laplacian spectrum, which is
more natural, more important, and more informative about the input graphs [78].
The definition of a Laplacian matrix along with other graph-theoretical concepts
used in this chapter are given in the next section. Given a graph G = (V,E), the
sorted eigenvalues of its Laplacian matrix become the components of its signature,
a |V |-dimensional vector. Since the Laplacian spectrum is used as a graph signature
without an approximation such as considering only largest eigenvalues, a high level
of uniqueness is maintained. We will discuss techniques to reduce the cost we pay
for computing such a signature in the framework.

Having established the signatures, the indexing now amounts to a nearest neigh-
bour search in a vector space. For a query graph and a large graph dataset, we
can, therefore, formulate the indexing problem as that of fast selection of candidate
graphs whose signatures are close to the query signature. This formulation alone
cannot support occlusion or segmentation errors as two graphs may share similar
structures only up to some level. To perform indexing locally and thus to encode the
topology of subgraphs in the framework, we adopt a technique analogous to that
used in the decision tree approach [76]. Given the Laplacian spectrum of a principal
submatrixB of matrixA, we draw on an important theorem from spectral graph the-
ory to show that our graph characterization can be used to retrieve similar graphs or
subgraphs from large database systems through a nearest neighbor search.

The local indexing method used in the framework is effective, but the signature
of each subgraph of a graph is computed individually. To overcome this, we use
recently-developed techniques in the domain of spectral integral variation. Specifi-
cally, given the Laplacian spectrum of graph G, we will explore an efficient method
to generate the Laplacian spectrum of graph G+ e, where G+ e is a graph obtained
by adding edge e to graphG. To our knowledge, the proposed framework is the first
framework that uses spectral integral variation in an indexing algorithm.

This approach is of particular interest to applications where the size of the database is
large, but the size of each graph is relatively small (less than around 24 vertices). Al-
though our method has a similar start-up to [76], it differs by a number of important
factors. First, we use the Laplacian rather than the adjacency matrix for graph char-
acterization. Second, since the permutation-similar matrices result in the same set
of sorted eigenvalues, we consider such Laplacian matrices once, avoiding the need
for a high-load compilation process described for this type of adjacency matrices
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in [76]. Third, probably the most important difference is that our method is intended
for retrieving similar database graphs, requiring no significant graph isomorphism,
although the framework can easily be modified to isomorphism detection.

3.2 Graph representations of objects

The first step in the process from object to index signature is the representation of the
object as a graph. The mapping from object to graph is of course different for each
retrieval application or domain. In this section, we describe the graph representa-
tions that we used in our experiments, see section 3.5 for descriptions of the datasets
and retrieval results. To underline the flexibility of the proposed framework, we
used four different kinds of objects: melody scores [88], trademark images [121], 2D
shapes (silhouette images) [36] and 3D models [37].

3.2.1 Melody graphs

Our goal is to provide a sufficiently abstract representation of a melodic line that
actually makes sense from a musical point of view. With this aim, we concentrate
on the pitches that make up the melody, ignoring the rhythm. Melodies are gener-
ally studied from a pitch sequence/contour point of view. Our approach is different:
we take as a starting point the interval structure, by which we mean the network
of connections between pitches. We remark that melodies use only a subset of all
possible connections, and with different frequencies. To model these relationships
between the pitches of the melody we use graphs. As such, the graph is a projection
of the time-dependent concept of melody to a time-independent concept of inter-
vallic structure. The next level of abstraction is to leave out pitch class information
so that only the ‘interval connectivity’ of the melody remains, and this means that
certain operations such as inversion, transposition, retrogradation, other kind of per-
mutations in the pitch class set and (some) shifting of fragments does not affect the
graph. In this perspective what we are modelling is a global, time-independent sig-
nature of the melody [89], [87]. Melodies that display a similar interval behaviour
have similar graphs, for example melodies in which there are one or two central
notes (with many connections) and a number of peripheral notes (few connections).

LetM be a melodic sequence of lengthm = |M | and consider the sequence of pitches
{pj}j∈I , I = {1, ...,m}. Then let V = Z12 be the (metric) space of pitches, or pitch
classes, in the 12-tone system. We define the graph G with vertex set VG = V and
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edge set whose elements are the edges aj such that

aj :

{
pj → pj+1 for every couple (pj , pj+1) ⊆M
pm → p1 for the couple (pm, p1)

where j = 1, . . . ,m− 1.

The arrow am : pm → p1 does not represent an actual interval in the melody in all
cases, but it can been added for symmetry reasons and in order to take into account
the relationship between the last and the first note as well, which otherwise would
not have been reflected in the representation. In the experiments we conduct in this
chapter, we consider single phrases of a melody. In many cases, these phrases are
repeated, so the relation between the last and the first note is preferably encoded.
The graph traversal that reproduces the original melody is not encoded, so the rep-
resentation is invariant under the aforementioned transformations.

As an example, consider the two melodies and their graph representations in figure
3.1. To improve readability of the graphs, the pitch classes are drawn as if they
were node labels, but these are not actually part of the representation. Furthermore,
multiple occurrences of the same transition are grouped and their multiplicity is
given as edge weights.

3.2.2 Trademark layout graphs

Given a query image, most automatic trademark retrieval systems aim to find images
with similar shapes without taking into account the spatial layout of the shapes.
Although retrieving images containing similar shapes may seem as the primary goal,
there are many cases where the layout similarity plays a more important role for
ensuring uniqueness. An example of this scenario is given in figure 3.2 in which the
layout of the shapes reveals a strong figure in itself. The three trademarks resemble
each other despite the dissimilarity between their individual shapes. In case these
three trademarks are to be registered in the same or in a closely related product group
or service category, a conflict of uniqueness arises.

Layout similarity between trademarks is also used to improve the quality of match-
ing based on shape similarities. Consider figure 3.3, where two candidates are re-
turned with the same similarity scores against a given query. Although they both
contain the same shapes, the middle candidate should be assigned a stronger simi-
larity value since its shapes are in a configuration similar to that of the query. Hence,
one may observe that applying layout similarity improves the overall quality of a
trademark retrieval system.
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Figure 3.1: Two instances of the folk song "In Frankrijk buiten de poorten" (a and c), together
with their melody graphs (b and d)

(a)

(b)

(c)

(d)
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Figure 3.2: Three trademarks resemble each other based on the layout of their shapes despite
the dissimilarity between their individual component shapes.

Figure 3.3: Three different configurations of 5 circles. Suppose the leftmost image, the
Olympic logo, is used as a query. Because of a similarity in layout,the middle image should
receive a higher vote than the rightmost image, despite the fact that pure shape similarity on
components is the same.

We use the graph-based representation here to facilitate efficient trademark retrieval
based on spatial relations between image shapes regardless of their mutual shape
similarities. To construct a graph for a trademark, we follow the ideas presented in
[59]. The trademark is first segmented into distinct shapes using a closed shape iden-
tification algorithm. A simple edge detector would not be sufficient as many images
in our test set are noisy and this noise causes small gaps in the shape boundaries so
these gaps need to be closed. In practice any closed shape identifier could be used
here, such as region growing [148] or watershed [14].

We use a simplified version of the algorithm presented in [59]. The simplified ver-
sion aims to find just the basic shapes present in an image, as these are the necessary
building blocks for the layout graph. The closed shape algorithm requires an under-
lying technique to identify the line segments within an image and to detect the rela-
tionships between those line segments. It then uses this output to identify the closed
shapes. Therefore, we initially find the edges in an image using the Sarkar & Boyer
[95] edge detection algorithm and subdivide these into constant curvature segments
using the Wuescher & Boyer [141] curve segmentation algorithm. The motivation
for using these methods comes from their successful application in the trademark
retrieval system developed by Alwis [2].

Each constant curvature segment that is obtained becomes a node in a temporary
graph that is used in the closed shape finding algorithm. Two nodes in this graph
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are connected if the endpoints of their respective segments are end-point proximal
within some range. The closed shape algorithm overlays this graph: it follows
Saund’s approach in managing the search of possible path continuations through
the segment graph [40]. From each endpoint (first and last) of each node, all possible
paths are followed. This effectively forms a search tree with paths through the tree
representing the paths of candidate shapes.

The search is managed through the use of local criteria (scores) for ranking possible
paths through junctions (crossroads, T-junctions etc). Saund derived the scores from
human observations. These scores prioritise which node to expand next. As each leaf
node in the tree is expanded, any new child nodes are compared with child nodes in
the opposite side of the tree. If they are end-point proximal then a closed path has
been identified and its nodes and pixels are added to the list of candidate paths. To
produce the set of shapes for the trademark image, we accept all candidate paths.
However, closed paths that are subsumed by other closed paths with higher scores
are discarded. Hence, each new closed path is compared to all existing stored paths.
If the new path is equivalent to an existing path but has lower score then the new
path is discarded. If the new path has higher score than the existing saved path then
the saved path is discarded.

When all shapes have been found, the layout in which they form the trademark im-
age is encoded in the final graph that we use in the indexing mechanism. The vertices
in the layout graphs correspond to the shapes in the trademark image, and the edges
between them carry relations between them. Foremost, we encode the directional in-
formation (in the form of both primary and secondary directions). Rotational invari-
ance can be achieved on demand, by neglecting for instance the difference between a
south-north edge and an east-west edge. Furthermore, we are interested in detecting
certain basic layout configurations that often occur in trademarks, such as triangular,
circular or square configurations. If one or more of these types of layout are present
in a trademark, they are encoded in the appropriate edges too.

To extract the layout of the shapes from the trademark image, the centroids (centres
of mass) of the shapes are used in the calculations. Each shape is connected to its
n nearest neighbours, where n is a user defined parameter. The first step is to cal-
culate the angle between the horizontal axis and a line connecting two centroids to
determine the directional label for this edge. In principle there are eight possible di-
rections (4 primary and 4 secondary, corresponding to the directions N, NE, E, SE, S,
SW, W and NW), however with undirected edges there are four possible directions.

The next step is to detect the special pattern ’square’. This is done by performing
a template match on the directional graph with a template representing a configu-
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Figure 3.4: Simple example of a layout graph with its corresponding trademark. Some of the
edges have dotted lines and their labels removed for readability

CI
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EW

SW

SE

ration of four shapes in a 2 × 2 square. Whenever this template is found, the edge
labels are updated accordingly from the directional information to the special edge
type square. Note that the square needs to be isolated to a certain extent; e.g. a grid
is not a large collection of squares according to this definition. The same kind of
template matching is performed for triangular and circular configurations. The de-
cision of triangularity depends on the angles between the possibly triangular edges.
Since every triplet of objects forms a triangle by definition, only the edges of a trian-
gle with three 60 degrees angles (or close to 60 degrees angles) are labelled with the
special triangle edge type. To detect circular configurations, the following circularity
criterion is evaluated on the convex hull of the shape centroids: 4πA�ρ2, where A
is the area and ρ is the perimeter of the convex hull. For a circle, the ratio is one; for
a square, it is π/4; for an infinitely long and narrow shape, it is zero. A threshold is
set on the outcome of this circularity criterion to determine whether the edges on the
convex hull need to be labelled with the special circular type or not.

To summarise, our graph construction strategy in the case of layout graphs consists
of the following steps: line segmentation, constant curvature segment aggregation,
closed shape finding, centre of mass computation, nearest neighbour finding and
layout feature extraction. An example layout graph is given with its corresponding
trademark in figure 3.4.

3.2.3 Reeb and Shock graphs

To show that the proposed framework can also be applied for shape retrieval, we
use it in combination with Shock graphs (for 2D shapes) and Reeb graphs (for 3D
shapes). These shape descriptors are graph-based descriptors that capture geometri-
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Figure 3.5: Left: a view of a bat. Right: the shock graph constructed from the medial axis and
superimposed on the left image.

cal and/or topological characteristics of the shape and resemble the shape’s skeleton
or medial axis.

For a given 2D shape, its silhouette is represented by an undirected shock graph [104].
The graph is constructed from the discrete skeleton using the method described
in [35]. To summarise this process, a shock point p on the discrete skeleton is labelled
by a 3-dimensional vector v(p) = (x, y, r), where (x, y) are the Euclidean coordinates
and r is the radius of the maximal bitangent circle centred at the point. Each shock
point becomes a node in the graph and edges connect nearby shock points. An il-
lustration of this procedure is given in figure 3.5, where the left portion shows an in-
put image taken from the database, while the right portion presents the constructed
shock graph superimposed on top of the image.

We also conduct our experiments in the domain of 3D object recognition. Research
in the field of shape description proposes different structures that can be used to
represent a 3D model in the retrieval process. These structures, called shape de-
scriptors, can capture different shape properties of a 3D model. For more informa-
tion about shape descriptors, see [17, 113]. We use Reeb graphs to represent the
3D models, that were proposed in the context of shape description and retrieval in
[19, 57, 73, 116, 117]. These graph representations allow for topological properties
to be represented in a coarse sense. Let f : S → R be a real-valued function on
surface S. The Reeb quotient space is defined by the equivalence relation ∼ given
by: (α, f(α)) ∼ (γ, f(γ)) for α, γ ∈ S iff f(α) = f(γ) and α, γ are in the same con-
nected component of f−1(f(α)). This means two points (α, f(α)) and (γ, f(γ)) are
represented as the same node in the Reeb graph if values of f are the same and they
belong to the same connected component of the inverse image of f(α) (or, equiva-
lently f(γ)). The Reeb quotient space is coded in a Reeb graph such that the vertices

57



Chapter 3 . Indexing through Laplacian spectra

Figure 3.6: The Reeb graph constructed for the object on the left is shown on the right.

represent critical points of function f , while the edges show the connections between
them. See [8, 57, 30, 16, 20] for details. The right of figure 3.6 shows a Reeb graph
constructed for the image shown in the left.

3.3 Indexing the graphs

In the previous section we have shown how to represent objects of different kinds
by graphs. However, this representation is still a geometric one. The next step in
the process from object to index signature is to associate an algebraic structure to
the graph. For a graph with vertex set V and edge set E, the most natural structure
for this purpose is a V × V matrix. The spectrum of this matrix (its sorted set of
eigenvalues), can then be used as index signature or final |V |-dimensional feature
vector.

A common choice to represent a graph is to the adjacency matrix. However, God-
sil and McKay [50] and more recently Haemers and Spence [55] have shown that
the Laplacian matrix has more representational power than the adjacency matrix,
in terms of cospectrality of non-isomorphic graphs. According to the results given
in [55], of more than a billion graphs with 11 vertices characterised by the adjacency
matrix, approximately 21% is cospectral, while this fraction is only 9% for the Lapla-
cian matrix. As specific graph classes, trees were also investigated for cospectrality
by Zhu and Wilson [139]. The authors report that out of more than two million trees
with 21 vertices, 21.3% of them do not have a unique adjacency spectrum. With
the Laplacian spectrum, this ratio decreases to 0.05%. Overall, these studies show
that the Laplacian spectrum is more representative and more informative than the
adjacency spectrum. Among other reasons, this motivates us to use the Laplacian
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spectrum to represent the graphs.

In our framework therefore, we compute the similarity between two graphs as the
Euclidean distance between their Laplacian spectra, which is inversely related to
the structural similarity of the graphs. For a given query, retrieving similar graphs
can then be reduced to a nearest neighbour search among a set of points. Note
that it is important to construct the signatures using the sorted eigenvalues, as the
kth smallest eigenvalue reflects specific information about the graph, e.g., the rela-
tion between the second smallest Laplacian eigenvalue λ2 and the diameter, mean
distance, minimum degree, and algebraic connectivity of the graph. See the pa-
pers [44, 85, 79, 80, 75, 78] for details about the relations between the Laplacian
spectrum and the graph structure. Furthermore, by sorting the set of eigenvalues,
the signature becomes invariant under reordering of the graph vertices.

Unfortunately, the above formulation cannot support occlusion or segmentation er-
rors: two graphs may share similar structures up to only some level. Although
adding or removing graph structure changes the Laplacian spectrum, the spectrum
of the subgraphs that survive such alteration will not be affected. Therefore, our
indexing mechanism cannot depend on the signature of the whole graph alone. In-
stead, we will combine the signatures of the subgraphs with signatures of the whole
graph.

3.3.1 Local Indexing

Let G = (V,E) be a graph and let G′ be a graph obtained from G by adding a new
edge e′ such that e′ /∈ E. Then the following theorem, known as the interlacing
theorem, relates the Laplacian spectrum of both graphs. This theorem is obtained by
Courant-Weyl [32], theorem 2.1, see also [53].

Theorem 1 The eigenvalues of G and G′ interlace:

0 = λ1(G) = λ1(G′) ≤ λ2(G) ≤ λ2(G′) ≤ . . . ≤ λn(G) ≤ λn(G′).

In addition, it is known that
∑n
i=1(λi(G′) − λi(G)) = 2, see [5]. Therefore, at least

one inequality is strict. Overall this theorem implies the following. Assume that we
are given a pair of isomorphic graphs g1 and g2. If we construct G1 and G2 out of g1
and g2 by adding different edges to each of them, one at a time, the Laplacian spectra
of G1 and G2 become proportionally less similar. As a result, the similarity between
the signatures of G1 and G2 may not reflect the similarity between the signatures of
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Figure 3.7: Retrieving similar graphs. For graphs given in Part (a), its subgraphs are con-
structed in Part (b). A signature is computed for each subgraph in Part (c). Given a signature,
retrieving its similar graphs from a large database is formulated as a nearest neighbour search
as shown in Part (d).
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their subgraphs g1 and g2. Therefore, constructing the indexing mechanism based
on graph signatures is too weak. An ideal indexing framework should, in fact, select
candidate database elements based on both local and global similarities. To account
for local as well as global information in our framework, we will adopt the following
method analogous to that used in the decision tree approach [76].

For a given database graphG, rather than storing its signature in the system only, we
compute the signatures of each subgraph of G in our algorithm. In this process, we
gradually increase the size of the subgraphs. Since the sorted eigenvalues are invari-
ant under consistent re-orderings of the graph’s vertices, it is sufficient to compute
the spectrum of permutation-similar matrices once. This property avoids the need
for a high-load compilation process described for adjacency matrices in the decision
tree approach.

Associated with each signature in the system is a pointer to the corresponding graph
or subgraph in the database. At runtime, we first generate the signature of each sub-
graph of the query. Given a query signature sq , we then retrieve its nearest neigh-
bours of the same size from the database through a nearest neighbour search (see
figure 3.7). Each neighbour of sq retrieved from the database gets a vote whose
value is inversely proportional to the distance from sq . Thus, as a result, each signa-
ture of the query generates a set of votes. Moreover, we weigh the votes according
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to the size of the subgraphs corresponding to the signatures, i.e., the bigger the size,
the more weight the vote receives. To collect these votes, we will use the following
strategy.

Let Sq = {sq1, . . . , sqm} be the set of query signatures. For a particular signature
sqi ∈ Sq , let Nsqi

= {n1, . . . , nk} be the set of elements returned by the nearest neigh-
bour search and let |sqi| denote the size of its corresponding subgraph. (|sqi| = |nj |
for j = {1, . . . , k}). We compute the weight of the vote between sqi and a signature
sdi corresponding to a database (sub)graph as follows:

Wsqisdi
=

{ |sqi|
1+||sqi−sdi||2 if sdi ∈ Nsqi

,

0 Otherwise.
(3.1)

Given a query Gq = (Vq, Eq) and a database graph Gd = (Vd, Ed) of size |Vq| and |Vd|
respectively, let Skq denote the set of signatures for subgraphs of size k of the query
graph, and let Skd be this set for the database graph. For a certain size k, the weight
of the votes based on Skq and Skd is computed using the directed Hausdorff distance
as follows:

h(Skq , S
k
d ) = max

sqi∈Sk
q

{ min
sdi∈Sk

d

{Wsqisdi
}}. (3.2)

However, since h(Skq , S
k
d ) is not symmetric, the average of h(Skq , S

k
d ) and h(Skd , S

k
q ) is

taken:
H(Skq , S

k
d ) = (h(Skq , S

k
d ) + h(Skd , S

k
q ))/2. (3.3)

The total weight of the votes accounting for both local and global similarities is then
computed as:

WSqSd
=

min(|Vq|,|Vd|)∑
j=1

H(Sjq , S
j
d). (3.4)

After performing a nearest neighbour search around the query signatures, we com-
pute the weights of the votes between the query and the database graphs having at
least one signature as the nearest neighbour of the query. We then sort the database
graphs based on these weights. In this process, we only add the sufficiently high-
support database graphs to the indexing hypothesis. Since a small number of struc-
turally different graphs may also share the same Laplacian spectrum, each graph
in the hypothesis should still be verified by some matching algorithm. Despite the
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fact that such graphs may exist in the indexing hypothesis, the number of them is
very small. In addition, based on Theorem 1, not only do isomorphic graphs share
the same signature, non-isomorphic but similar graphs or subgraphs have close sig-
natures in the vector space. The database, therefore, can be pruned without losing
structurally similar graphs. The complexity of algorithm is presented in the next
section.

3.3.2 Complexity Analysis

Let us first analyse the computational complexity of the signature generation for the
database graphs, which is a preprocessing step performed offline. Let nd denote the
maximum number of vertices in a database graph. Given a single graph, the total
number of its subgraphs of size k is O

((
nd

k

))
. Assume that there are m graphs in the

database, the total number of signatures generated by the framework is bounded by

m×
nd∑
k=0

(
nd
k

)
= O(m× 2nd).

Notice, however, that during the signature generation for database graphs, the ac-
tual number of subgraphs for which we compute signatures is strictly less than
m×

∑nd

k=0

(
nd

k

)
, since our signature is permutation invariant. In addition, subgraphs

of size 2 and 3 are considered too small to represent a significant part of the original
image. In the framework, we generate signatures of subgraphs starting from size 4.

On retrieval, we perform an approximate nearest neighbour search for each query
signature, using a balanced-box decomposition tree (BBD-tree) as introduced by [9].
Given any positive real ε, a signature is an (1 + ε)-approximate nearest neighbor
of the query signature sq if its distance from sq is within a factor of (1 + ε) of the
distance to the true nearest neighbor. In general, given an integer k ≥ 1, (1 + ε)-
approximations to the k nearest neighbours of sq can be found using a BBD-tree in
O(kd log n) time, where d is the dimension of the search space.

Thus, for a query subgraph of size nq , the total running time Tnq
of a k-nearest neigh-

bour search using is

Tnq = O

(
knq log

(
m×

(
nd
nq

)))
.

62



3.4 . Spectral integral variation

3.4 Spectral integral variation

The local indexing procedure described above requires individual computation of
the Laplacian spectrum for each subgraph. Although for database graphs known a
priori this process is performed offline, in applications where new database entries
are being inserted frequently, this step plays an important role in the efficiency of
the whole system. In this section, we draw on recently developed techniques from
the domain of spectral integral variation to avoid the individual computation of the
Laplacian spectrum for each subgraph. Specifically, we will study the effect on the
Laplacian spectrum when an edge is added into graph G = (V,E). Let G + e be
a graph obtained by adding an edge e = (u, v) into G such that {u, v} ∈ V and
e /∈ E. Our interest in this topic is motivated by its ability to identify the changed
eigenvalues of graph G, and therefore to generate the Laplacian spectrum of graph
G+ e without computing them. Before we focus on this topic, let us first reconsider
Theorem 1, which shows that when an edge is added into the graph, none of its
Laplacian eigenvalues can decrease, while the trace of the Laplacian matrix increases
by 2. This important observation implies that given the Laplacian spectrum of G,
one can estimate the ranges of eigenvalues for G+e. The concept of spectral integral
variation, on the other hand, provides more information.

It is shown in [108] that if an edge is added to a graph and the Laplacian spectrum
changes by integer quantities, there can only be two possibilities: either one eigen-
value increases by 2 (and n−1 eigenvalues remain fixed) or two eigenvalues increase
by 1 (and n−2 eigenvalues remain fixed). These two cases are called spectral integral
variation in one place and spectral integral variation in two places, respectively. The
following lemma characterises these two possible situations.

Lemma 1 LetG = (V,E) be a graph with |V | = n vertices and Γ(G) = (λ1, λ2, . . . , λn) be
its Laplacian spectrum. The spectral integral variation of G by adding an edge e /∈ E occurs
only in the following two cases:

1. The spectral integral variation occurs in one place, and thus

Γ(G+e) = (Γ(G) \ λk) ∪ {λk + 2},where k ∈ {1, 2, . . . , n}.

2. The spectral integral variation occurs in two places, and thus

Γ(G+e) = (Γ(G) \ {λk, λl}) ∪ {λk + 1, λl + 1},where k, l ∈ {1, 2, . . . , n} and
k 6= l.
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Figure 3.8: Spectral integral variation in one and two places are shown in Part (a) and (b),
respectively. Bottom graphs are formed by adding one edge to the graphs shown at the top.
The Laplacian spectrum is written below each graph. Observe that while only one eigenvalue
increases by 2 in part (a), two eigenvalues increase by 1 in part (b).

The proof for this lemma is given by Yizheng [144]. Part (a) and (b) of figure 3.8
show two graphs where adding an edge results in spectral integral variation in one
and two places, respectively.

In our framework, we will identify the changed eigenvalue(s) when spectral integral
variation occurs. This, in turn, will allow us to generate the Laplacian spectrum
of G + e given that of G. In a somewhat related direction, there exists some work
on characterizing graphs stating that when an edge is added, (one of) the changed
eigenvalue is the algebraic connectivity [67, 11]. Recall that the algebraic connectivity
of a graph is defined as the second smallest Laplacian eigenvalue.

Let G = (V,E) be a graph with |V | = n vertices. For u ∈ V , define N(u) = {v ∈
V : (u, v) ∈ E}. Assume that e = (u, v) is added to G = (V,E) such that e /∈ E. The
following theorems characterize and identify the changed Laplacian eigenvalue(s)
when spectral integral variation occurs in one and two places. Theorem 2 appears
in [108], while Theorem 3 is shown in [67].

Theorem 2 N(u) = N(v) if and only if the spectrum of L(G) overlaps the spectrum of
L(G + e) in n − 1 places. Moreover, the Laplacian eigenvalue of G that increases by 2 is
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given by the degree of vertex u (or, that of vertex v) in this case.

For the following theorem, suppose that the degrees of vertices u and v are shown
by du and dv , respectively, and let t denote the number of vertices that are adjacent
to both vertex u and vertex v. Without loss of generality, suppose also that du ≥ dv .
Furthermore, let 1x, 0x denote the x×1 matrices whose entries are all 1,0, respectively,
and let 1tx, 0tx denote their transposes.

Theorem 3 Let Laplacian matrix L of graph G be given by

L =



du 0 −1tx 0tx −1tx 0tx
0 dv 0tx −1tx −1tx 0tx
−1x 0x L11 L12 L13 L14

0x −1x L21 L22 L23 L24

−1x −1x L31 L32 L33 L34

0x 0x L41 L42 L43 L44


,

where the blocks l11, l33, l33, L44 are of sizes du − t, dv − 1, t, and n − 2 − du − dv +
t, respectively. Spectral integral variation occurs in two places if and only if the
following conditions hold:

L111x − L121x = (dv + 1)1x, (3.5)

L211x − L221x = −(du + 1)1x, (3.6)

L311x − L321x = −(du − dv)1x, (3.7)

L411x − L421x = 0. (3.8)
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In the case that conditions (3.5)-(3.8) are satisfied, then the two eigenvalues of L that
increase by 1 are

λ1 =
du + dv + 1−

√
(du + dv + 1)2− 4(dudv + t)

2
(3.9)

and

λ2 =
du + dv + 1 +

√
(du + dv + 1)2− 4(dudv + t)

2
. (3.10)

After identifying the changed Laplacian eigenvalues when spectral integral varia-
tion occurs, we perform the following process for each given database graph offline.
Suppose that the minimum number of edges in a subgraph for which we compute
the signature is k. Given a database graph G = (V,E), we first create its subgraph Ĝ
with |V | vertices and k edges and compute its Laplacian eigenvalues. Since the sec-
ond smallest Laplacian eigenvalue is positive if and only if the graph is connected
and the multiplicity of zero as a Laplacian eigenvalue reflects the number of con-
nected components, only the positive eigenvalues of Ĝ are used as the signature.
Next, when we add an edge to Ĝ, we check whether spectral integral variation oc-
curs and if so, we generate the eigenvalues using the theorems given above. We
then repeat this process and consider all distinct subgraphs until the whole graph is
constructed. At run time, we also apply the same procedure to construct the signa-
tures for query graphs. The algorithm is shown in figure 3.1. Although the above
formulation enables us to identify the changed Laplacian eigenvalues when they are
increased by integer quantities, our empirical results show that it speeds up the sig-
nature generation step for database with 1440 graphs known a priori by 6.47%. We
will present our report on this part in Section 3.5.

In retrospect, our encoding of a graph’s structure captures its local topology, thus
allowing for its use in the case of occlusion and segmentation errors. Furthermore,
the signature of a graph is invariant under the reordering of its vertices. This, in turn,
allows us to compare the signatures of a large number of graphs without solving the
computationally expensive correspondence problem between their vertices. Since
we generate signatures of each subgraph to account for the local topology, there is a
high computational complexity associated with the generation of the signatures for
the database graphs, as shown in the previous section. This complexity, however,
can be reduced by considering subgraphs starting from some predefined size and in
practice it is further lowered by employing the concept of spectral integral variation.

66



3.5 . Experimental results

Algorithm 3.1 Generate spectra
Input: G = (V,E), Ĝ = (V, Ê), and Γ(Ĝ)

Output: The Laplacian spectrum Γ(Ĝ) for every distinct subgraph Ĝ of G

1: if Ê == E then
2: terminate
3: for every distinct subgraph Ĝ of G, where Ê = Ê ∪ {e : e ∈ E, e /∈ E′} do
4: Ê = Ê ∪ {e : e ∈ E, e /∈ E′}
5: if spectral integral variation occurs in one place then
6: Γ(Ĝ) = generate Γ(Ĝ) according to Theorem 2
7: else if spectral integral variation occurs in two places then
8: Γ(Ĝ) = generate Γ(Ĝ) according to Theorem 3
9: else

10: Γ(Ĝ) = compute Γ(Ĝ)

11: call Generate Spectra (G = (V,E), Ĝ = (V, Ê), Γ(Ĝ))

3.5 Experimental results

In section 3.2, we have shown how different kinds of objects can be represented by
graphs and thus form input to the proposed framework. We now present experi-
mental results for each of them.

3.5.1 Music retrieval

A large number of Dutch folk songs is preserved in ’Onder de groene linde’[38].
This collection consists of more than 7300 songs recorded on tape. The songs in the
collection have been transferred orally for generations, often changing over time and
location. This resulted in the existence of many versions of the same songs, often
displaying variations. A large part of these melodies and songs has recently been
transcribed to music notation, documented and annotated in great detail.

We experimented on a subset of this resource that consists of 141 songs, of which we
used the first phrase. These songs have been classified in 18 classes or melody groups,
that relate to the concept of melody norms. At the Meertens Institute 6 (a research
institute for Dutch language and culture) the concept of melody norm, equivalent with
‘tune family’ and ‘Melodietyp’, is used to group historically or ‘genetically’ related,
orally transmitted melodies. Therefore, there exist some examples of melodies with

6www.meertens.knaw.nl
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the same melody norm that are somewhat different from a musical similarity point
of view as the process of oral transmission can change melodies beyond immediate
recognition.

Because the contents of folk song collections such as OGL are highly fragmented, it
is impossible to trace back the history of melodies and to find all variants that are de-
rived from a common ’ancestor’ melody. What can be done, is to find related groups
of melodies within the collection, based on both melodic similarity and available
meta data, and link them to melody norms. A search engine would speed up this
process of relating melodies considerably. As a ground truth in our experiments, we
used a classification of the melodies into melody groups, that serve as candidates for
the melody norms to be assigned in a later stage.

For all the melodies in our test corpus, a graph has been constructed as described in
section 3.2. It must be noted that we didn’t generate any subgraphs for the melody
graphs. Consequently, the spectral integral variation module has not been used in
these experiments. For melody graphs it would be semantically incorrect to gen-
erate subgraphs directly from the main graph, because it would create a structure
that doesn’t contain a path that actually recreates part of the melody. To support
partial matching in this domain, it would be more sensible to slide a window over
the melody and create graphs for parts of the melody, but we didn’t perform these
experiments.

We evaluated retrieval performance with these graphs using both the adjacency and
the Laplacian spectra. The results are summarised in table 3.1. For both experiments,
we computed three simple retrieval statistics: nearest neighbour, first and second
tiers, each averaged over all possible queries.

Although these performance figures show in general the efficacy of the method, there
are some interesting cases in particular we would like to point out here. In figure 3.9
there is a special case of an ‘almost false’ positive: for query OGL19205 (belonging to
“Heer Halewijn - 3rd version”), the nearest neighbour is OGL19107, that belongs to
the group “Heer Halewijn - 4th version”. However, the nearest neighbour is some-
how related to the query; coincidentally they share the same graph representation,
as is shown in figure 3.10. This example shows how two melodies can be identical
from the interval connectivity point of view but can also be perceptually quite differ-
ent. Ironically, they both belong to the tune family ’Heer Halewijn’, albeit to different
versions.

The second example (figure 3.11) shows the nearest neighbour for another query
song, OGL19406. Both examples may suggest also that in the case of folk songs
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CRITERIA NN 1st tier 2nd tier

LAPLACIAN 66% 44% 63%

ADJACENCY 58% 28% 48%

OPTI3 40% 39% 56%

EMD 64% 33% 50%

PTD 64% 30% 46%

Table 3.1: Nearest neighbour (NN), first tier and second tier results on the Onder de groene
linde collection, computed using Laplacian spectra (L) Adjacency spectra (A) of the graphs.
Performance values are averages over all possible queries. The results are compared to the
methods Opti3, EMD and PTD.

people tend to remember more the interval connectivity than the actual intervals of
the melody.

Figure 3.9: Example of false positive for the query song “Heer Halewijn” (3rd version)
OGL19205 (top chart) with its nearest neighbour, OGL19107 (bottom chart), instance of “Heer
Halewijn” (4th version).

Using the same test corpus and performance measures we compared our method
to the optimal distance measure that was established by Müellensiefen and Frieler
[83]. These results are also presented in Table 3.1, under the name Opti3. This dis-
tance measure is a weighted combination of three distance measures, each working
on different feature sets. These measures are harmcore (using harmonic correlation),
rhythfuzz (using fuzzified rhythm values) and ngrukkon (taking into account charac-
teristic motives). This combined distance measure was established empirically out
of 50 distance measure building blocks, by searching for a weighted combination
whose performance best reflected the results of an extensive human listening exper-
iment. Consequently, this method has been fitted to the data set at hand, probably
explaining why the results are not optimal in our experiment. We also compared
our method to the Earth Mover’s Distance (EMD) an the Proportional Transporta-
tion Distance (PTD). These distance measures take two weighted point sets as input,
and measure the minimum amount of work needed to transform one into the other
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Figure 3.10: Graph representation of the folk songs OGL19205 and OGL19107 (see figure 1).
The two letters in each circle represent the pitch classes respectively in the first and in the
second song.

Figure 3.11: Example of true positive for the query song “In Frankrijk buiten de poorten” (2nd

version) OGL19406 (top chart) with its nearest neighbour, OGL41709 (bottom chart).

by moving weight. However, since our method only takes into account the global
melodic structure, we projected the weighted points on the pitch axis prior to com-
puting the transportation distances. Our framework, that uses a spectral representa-
tion of the intervallic structure clearly outperforms these methods.

3.5.2 Trademark retrieval based on layout

In this section we evaluate our framework in the context of a trademark retrieval
experiment. We use a set of 450 trademark images from the UK PTO dataset used
in the Artisan project [41]. Figure 3.12 shows some trademark images used in the
experiments.

To check our segmentation and automatic graph construction procedures, the graph
representation process was also performed manually in our experimental setup. Specif-
ically, we manually selected shapes for each input trademark image, created a vertex
for each shape, and connected two vertices by an edge if the layout of the corre-
sponding shapes should be encoded in the graph based on the human perception. As
a result, two datasets have been generated: one with manually constructed graphs
and one with automatically constructed graphs. The performance of the proposed
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Figure 3.12: Some trademark images used in the experiments.

indexing algorithm was evaluated for both datasets.

In the experiments, the trademarks in our datasets are classified based on their lay-
outs, not on the shapes they consist of. This classification was used to measure the
retrieval performance. Since trademark retrieval and similarity are complex issues
involving specific knowledge of perception and trademark logic, we presented our
classification to a group of experts at Aktor Knowledge Technology, Antwerp, who
examine trademark similarity in commercial surroundings on a daily basis. It was
only after their concise inspection of our dataset and classification, that we could be
sure conducting our experiments and measuring performance are in correspondence
with the real trademark similarities.

According to the results (see also table 3.2), in 98.4% and 89.1% of the cases, the most
similar database graph belongs to the correct layout class for manually constructed
and automatically constructed datasets, respectively (nearest-neighbour performance).
In addition, the worst position of the first correct graph is 5 for manual graphs, while
this number is 9 for automatic graphs. These numbers show that 98% of the datasets
can be pruned by the indexing mechanism to determine the correct layout class for
a query. In the second experiment, the system’s performance was evaluated by com-
puting the total number of retrieved images that is necessary to retrieve the entire
query class (maximum minimal scope). Our results show that the first 71 of the
candidate return set always contains all the graphs belonging to the query class for
manual graphs; this number is 80 for automatic graphs. This indicates that for this
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METHOD MANUAL AUTOMATIC

GRAPHS GRAPHS

NN 98.4% 89.1%
NN worst 5 9
FN worst 71 80
1st tier 81.2% 86.3%
2nd tier 98.1% 91.7%

Table 3.2: Trademark retrieval results for using the manually created graphs and the automat-
ically created graphs. Criteria are nearest neighbour performance (NN), overall worst position
of NN, overall worst position of furthest neighbour (FN), first tier and second tier.

task our framework prunes more than 84% and 82% of the manual and automatic
graph datasets, respectively. In other words, the recall in each dataset is 100% if the
scope is set to the first 16% and 18% of the sorted candidate models for manual and
automatic graphs respectively. We also computed how many of the models in the
query’s class appear within the top K − 1 matches, where K is the size of the query
class (first tier). This number was 91.2% for manual graphs and 86.3% for automatic
graphs. Repeating the same experiment but considering the top 2 ×K − 1 matches
(second tier) covers 98.1% and 91.7% members of the layout classes for manual and
automatic graph datasets, respectively.

In figure 3.13, we have presented the matching results for a small subset of trademark
images whose graphs were generated automatically using our approach. The first
column of each row represents the query image; the remaining elements of each row
show the top 10 closest database trademarks retrieved by our indexing algorithm.
Squares are drawn around the wrong matches. In all but once case (row 5) the closest
trademark image belongs to the same layout class as the query. Although the closest
match for the query in row 5 was classified as a mismatch, one may notice that the
query consists of three sets of small squares on top of each other and each set has
the same layout as the mismatch. As another example, consider the query in row
8 of the left-right class and its first mismatch of the triangle class. Notice that three
small triangles in the mismatch have the same layout as the query. Overall, rather
than focusing on the mismatches that occur because of the result of a partial match,
we observed that the wrong selections happen mainly due to the poor segmentation
of the trademark. If different shapes in a trademark are connected, for instance, our
segmentation algorithm detects them as one shape. Thus, the layout within these
shapes are not encoded in the graphs.
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Query Top 10 Matched Images

Figure 3.13: Top matched models are sorted by the similarity to the query.
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Figure 3.14: Sample images of the MPEG-7 database are shown in the top row. The bottom
row represents a set of different shapes of a particular class from the database.

3.5.3 2D and 3D shape retrieval

We used the MPEG-7 dataset CE-Shape-1 part B in our 2D shape retrieval experi-
ments. This dataset consists of 70 classes and 20 shapes, silhouette images per class.
The top of figure 3.14 shows a few sample classes, while the bottom of the figure
presents different shapes taken from a particular class. A shock graph was gener-
ated for each image.

The 3D models for which Reeb graphs have been constructed, come from the McGill
3D Shape Benchmark [146]. It consists of 420 objects classified in 19 classes. Fig-
ure 3.15 shows representative views of objects from the database.

For each query, the database graphs are ranked in decreasing order of vote weights
in these experiments. Here, we consider the top highest-weight candidates. We say
that our indexing system is effective, if at least one graph belonging to the same class
as the query is among such candidates. A qualitative measure, therefore, should
be based on the smallest size of the candidate list containing one image from the
query class. According to the results of this experiment, in 37.3% of the cases, the
highest-weight database graph belongs to the correct shape class for shock graphs
and this ratio is 29.6% for Reeb graphs. Moreover, the average position of the closest
matching graph among the highest-weight candidates is 7.4 and 4.3 for shock and
Reeb graphs, respectively. In addition, the worst position of the closest matching
graph is 12 for shock graphs, while this number is 9 for Reeb graphs. These results
present that to determine the correct class of the query, more than 99% and 97% of
shock and Reeb graph datasets can be pruned by our indexing mechanism.

While the previous evaluation method is suitable for classification tasks, in some
retrieval applications, however, it is a prerequisite to retrieve all images from the
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Figure 3.15: Views of sample objects from the McGill 3D Shape Benchmark.

Figure 3.16: Percentage recall values for various top ranked highest-weight candidate graphs
for shock graphs of MPEG-7 and Reeb graphs of McGill datasets.
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database that belong to the query class. In the second experiment, the system’s per-
formance is evaluated by computing the total number of retrieved images that is
necessary to retrieve the entire query class (maximum minimal scope). Our results
show that the first 134 of the candidate return set always contains all the graphs
belonging to the query class for shock graphs; this number is 54 for Reeb graphs.
This indicates that for this task our framework prunes more than 90% and 87% of
the shock and Reeb graph datasets, respectively. In other words, the recall in each
dataset is 100% if the scope is set to the first 10% and 13% of the sorted candidate
models for shock and Reeb graphs respectively. In figure 3.16, we show percentage
recall values for various scopes for shock and Reeb graph datasets.

The experimental results presented above clearly show the efficiency of the pro-
posed indexing framework using different graph-based object representations. We
now compare the performance of our method to other indexing frameworks on the
same datasets. For this purpose, we first compare our results to that of an index-
ing system in which the graph signatures are generated using the eigenvalues for
adjacency matrices. The experiments are identical to the ones described above. The
results along with our scores are shown in Table 3.3, and reveal that our indexing
framework outperforms the indexing system with adjacency eigenvalues in all cri-
teria mentioned above. These results confirm that graph characterisations through
Laplacian matrices are more powerful and more informative than that of adjacency
matrices. Representing graphs by Laplacian eigenvalues, therefore, is more effective
than that by adjacency eigenvalues. Additionally, we also compare our indexing
framework to the one presented in [102]. This indexing algorithm was used in [146]
on a subset of the McGill dataset with the object parts represented by directed acyclic
graphs (DAG) through medial surfaces [103]. The subset of the McGill dataset used
in this experiment includes a total of 320 exemplars taken from several object classes
(hands, humans, teddy bears, glasses, pliers, tables, chairs, cups, airplanes, birds,
dolphins, dinosaurs, four-legged animals, and fish). To be consistent with the test
in [146], we also merge the categories “four-legged” and “dinosaurs” into a broader
class, “four-limbs”. The results reported in [146] indicate that on average 70% of the
models that are in the same class as the query are in the top 80 (25 % of 320). More-
over, for 9 out of these 13 object classes, all instances of the query are in the top 80.
Our results, on the other hand, show that 100% of the query classes are always in
the top 48 (15 % of 320). The improvement clearly demonstrates the better efficacy
obtained by the proposed indexing framework. We believe that the improvement
is due to 1) the more powerful representation of Laplacian matrices, 2) the more ef-
fective signature construction by our algorithm, i.e., low loss of uniqueness in the
signature, and, 3) the better way of encoding local topology.
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CRITERIA HW(%) AP WP MMS PC(%) PI(%)

SHOCK GRAPHS - LAPLACIAN 37.3% 7.4 12 137 99% 90%

REEB GRAPHS - LAPLACIAN 29.6% 4.3 9 54 97% 87%

SHOCK GRAPHS - ADJACENCY 18.02% 19.1 23 257 97% 82%

REEB GRAPHS - ADJACENCY 17.3% 10.2 22 92 94% 78%

Table 3.3: Results for indexing system constructed using eigenvalues for Laplacian and Adja-
cency matrices. HW: Percentage of highest-weighted graph belonging to the same class as the
query, AP: Average position of the closest matching graph from the query class, WP: Worst po-
sition of the closest matching graph from the query class, MSS: Maximum minimal scope, PC:
Percentage of database that can be pruned to determine the right query class, PI: Percentage
of database that can be pruned to retrieve all instances of the query.

Our next set of experiments deals with measuring the time efficiency of the indexing
framework when spectral integral variation is used during the signature generation
for database graphs. Although these signatures are computed offline, for dynamic
datasets where a new graph is likely to be added later, the time we spent in this
process plays an important role. For each of the datasets, we generate graph signa-
tures with and without spectral integral variation and measure the time taken in each
case. We should note here that involving spectral integral variation in the framework
does not change the effectiveness of the indexing system. According to the results,
we observe that 47.3 and 115.8 minutes were spent to generate all subgraphs to be
represented in the vector space for Reeb and Shock graph datasets on an Intel(R)
Pentium(R) 4 CPU 3.00GHz computer. After involving spectral integral variation in
the framework, the time we spent in this process decreases to 45.5 and 108.3 min-
utes, respectively. These results indicate that 1.8% and 6.47% time improvements are
gained with spectral integral variation for these two datasets. One would expect that
as the size of the database increases, the framework with spectral integral variation
would yield an improved time efficiency. While the database size is an important
factor, the number of Laplacian integral graphs (graphs whose Laplacian spectrum
consists entirely of integers) in the database also effects the overall efficiency of the
system using spectral integral variation. Balińska et al. [10] present an important
survey on integral (graphs whose adjacency spectrum consists entirely of integers)
and Laplacian integral graphs. The authors observe that such graphs can be found
in all classes of graphs and among graphs of all orders.

Finally, to evaluate the fitness of our approach for dealing with occlusion in im-
ages, we generated 14 occluded scenes, each with two images selected from differ-
ent classes in the MPEG-7 dataset. In each scene, one shape occludes the other to a
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certain extent. The percentage of the occlusion varies from 2% to 16%, with on av-
erage 6.0%. Each of these 14 new scenes was used as a query against the complete
database. We define our indexing schema to be effective if one of the shapes of the
query appears in the highest vote-weight candidates. The results of this experiment
is presented in figure 3.17, where the left column shows the occluded query images
and the top ten candidates sorted by weight from left to right appear in each row.
The average position of the closest shape belonging to the class of either of the query
shapes was recorded as 1.7 in this experiment. We should point out that our signa-
tures represent topological structures. Thus, images from different classes but with
similar topology may be assigned high weights. To give an example, consider the
top row, where the query consists of occluded shapes of a spoon and pencil. While
neither a spoon nor a pencil is similar to a butterfly, the current combination of them
in the query becomes similar to the butterfly retrieved as the highest rank. Shapes
belonging to different classes, therefore, may be ranked high in the candidate list.

3.6 Concluding remarks

In this chapter, we have proposed a novel, graph-based indexing method using
the eigenvalue characterisation of Laplacian matrices. The sorted eigenvalues of
the Laplacian matrix of a graph G = (V,E) become the components of an O(|V |)-
dimensional vector. A nearest neighbour search around this vector returns graphs
that are similar to G. This implies that no graph isomorphism is required; our
method retrieves those graphs that are similar in terms of their topology. To ac-
count for partial similarities, we create signatures for subgraphs ofG. We draw from
recently-developed techniques in the field of spectral integral variations to overcome
the problem of computing the Laplacian spectrum for every subgraph individually.

By using the Laplacian spectrum as a signature, we capture the graph topology to
a large extent. The signature of a graph is invariant under the reordering of its ver-
tices. This, in turn, allows us to compare the signatures of a large number of graphs
without solving the computationally expensive correspondence problem between
their vertices. Although determining graphs that can uniquely be defined by their
graph spectra is a difficult problem [33], we showed in this chapter that represent-
ing graphs by their Laplacian spectra is more discriminating than that by adjacency
spectra.

Our framework can index any multimedia database where objects can be repre-
sented as graphs. We have successfully evaluated the approach on several databases
using four different graph-based object representations. Moreover, the approach
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Figure 3.17: Results of occlusion experiments. The leftmost column shows the occluded query
scenes for each row, while the top ten ranked candidate models are shown on the right, in the
decreasing order of weight. An image inside a box indicates that it belongs to the class of one
of the query shapes. Images belonging to different classes but are topologically similar to the
query are ranked high in the candidate list.
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compares favourably to a leading indexing algorithm. We also demonstrated the
robustness of the proposed framework on a set of occlusion experiments.
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Fiedler vectors of Hermitian matrices for 3D
object retrieval
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4.1 Introduction

IN the previous chapter, we have derived index signatures that are reflecting the
topology of graphs that describe the objects. Although we have produced good
retrieval results in several experimental setups, we have also seen some difficult
cases in which dissimilar objects end up having similar or identical signatures.

One reason for this is the existence of cospectrality in our graphs. Non-isomorphic
graphs can have the same Laplacian spectrum, although it is much rarer than with
the adjacency spectrum, as we have argued. Another reason for unwanted identical
signatures, is simply that in some cases the graphs have similar topology, whilst
describing different objects. We have given examples of this case in the context of
music retrieval (two folk songs having the same intervallic structure) and 2D shape
retrieval (different semantics, yet a similar shock graph). For Reeb graphs of 3D
models we can observe similar behaviour. When the segmentation is carried out in
such a way that small details are not revealed, it is for instance difficult to distinguish
between a human and a Teddy bear based on merely the topology, see figure 4.1.

Figure 4.1: Teddy bear and human: similar topology of the graph in which a node represents
a body part

The above examples call for a more discriminative representation, an indexing signa-
ture that captures more object properties than the topology of a graph representation.
In this chapter, we will extend the graph representation with additional object mea-
surements. We will focus on 3D shape retrieval, because it is a well suited domain to
experiment with shape properties.

4.1.1 Contributions

First, we propose a new Reeb graph based shape descriptor that encodes both topo-
logical and geometrical features of the 3D model. Second, we propose to represent
this descriptor by the complex-valued Fiedler vector of a Hermitian property matrix.
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This specific eigenvector has not been used for indexing purposes before. The Her-
mitian property matrix is constructed to contain all the features that are stored in the
graph, while mimicking the Laplacian matrix from a spectral point of view. Third,
the calculated Fiedler vector is reused to partition the graph into non-overlapping,
meaningful subgraphs that are used for partial similarity and to overcome the prob-
lem of graphs of different size. We show that this enriched representation has the
ability to outperform adjacency matrix and Laplacian matrix based methods [123].

4.2 Segmentation and shape analysis

In this chapter we use an Extended Reeb Graph (ERG) to represent a 3D model.
Depending on the function which is used to construct the graph, it can possess the
properties of being invariant to the position of a model in space as well as to posture
variation. One of the most important advantages of the ERG based descriptor, is that
it represents the topological structure of a 3D model which can be additionally en-
riched with geometrical shape characteristics. As such, the ERG can give a complete
shape description. We now present the enriched ERG construction in detail.

First, we define a mapping function f which is used to represent the manifold of
a model; the results of the current work are obtained using the integral geodesic
distance function [57]. The values of the mapping function are computed for each
vertex of the triangular mesh of a model.

Second, we specify N levelsets f−1
i = {x|f(x) = fmin + i fmax−fmin

N+1 } for i = 1..N ,
and the intervals of the mapping function

⋃N
i=0[fi, fi+1]. These intervals define the

decomposition of the model into connected components (see figure 4.2a). All the
components can be divided into three groups, having one, two or more boundaries.
In this context, a boundary is a levelset f−1

i shared by two adjacent components. The
components with one boundary represent minimum or maximum regions, compo-
nents with two boundaries are regular regions, and components with more than two
boundaries correspond to saddle regions of the mapping function [18]. We call the
components with one and two boundaries simple because their shape can be further
characterised by several geometric features [82, 111].

Third, we merge the adjacent simple components into one segment. Figure 4.2b illus-
trates the result of merging. Finally, we construct the ERG. Each component obtained
after the previous segmentation and merging phases is represented by a node in the
ERG. There is an edge between two nodes if the corresponding components share a
boundary. Hereafter, we refer to the nodes of the ERG representing simple and sad-
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Figure 4.2: ERG construction. (a) Shape segmentation. (b) Merging simple adjacent compo-
nents. (c) ERG with edge attributes: shape index and segment weight.

dle components as simple and saddle nodes correspondingly. If two saddle nodes
are adjacent we insert an intermediate node between them. This node represents
a body part of a model. Figure 4.2c illustrates the ERG with an intermediate node
between two saddle nodes. Simple and intermediate nodes are connected only to
saddle nodes and vice versa. To enrich the topological structure of the ERG with ge-
ometric characteristics, we use a recently proposed, detailed shape analysis for the
components with one and two boundaries [111]. We now give a brief overview of
this shape classification.

We call the components with one and two boundaries cone- and cylinder-like respec-
tively. For these components, the barycenters of the boundaries define two unique
reference points. For the cone-like components the second reference point is the tip
point, where the mapping function reaches the maximum or minimum value. The
two reference points define a line which we use as the main axis for further shape
analysis. By intersecting a component with equally spaced planes perpendicular to
the main axis, we obtain a set of contours. We analyse two shape criteria of the
component while tracing the changes of these contours.

The first shape criterion is the change in area of the cross sections. We define seven
different shape classes according to this criterion: constant cross areas, smooth/sharp
increasing/decreasing, multiple cross area changes and flat components. If the area
of the cross sections is constant to the extent of a predefined threshold, the compo-
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nent belongs to the first type of the proposed classification. If the cross area changes
(increases or decreases) we calculate the apex angle of the cones induced from each
of the cross sections. The area of the cross sections is defined to change smoothly if
the apex angle of each cone is less than 90◦, and sharply otherwise. The apex angle
of a cone is less than 90◦ if ri

hi
< 1, where ri is the average radius of the i-th cross

section and hi is the height of the cone. If the alteration of cross area changes its
behaviour, e.g. increasing and then decreasing, we define the component as having
multiple cross area changes. If the main axis has almost zero length, the component
is classified as flat. Figure 4.3 illustrates these classes by prototype.

α1
β1

γ1

Figure 4.3: Examples of the first shape criterion: change in cross section area. From left to
right: constant, single change (smooth/sharp increasing, smooth/sharp decreasing, multiple
change

The second shape criterion we define is component bending. According to this crite-
rion, we define three types of shape classification: zero, single and multiple bending.
If the main axis passes through all the cross sections, the component is straight (with
zero bending). If the axis passes through the cross sections in the vicinity of the ref-
erence point but is outside in between then the component has single bending. In
the case when the axis is outside two or more sections while passing through the
sections located in between, the component has multiple bending. See figure 4.4 for
illustrations of this shape criterion.

The proposed shape classification defines 19 different shape types, that can be used
for rough shape description and approximation. We reserve an individual shape
type for the intermediate nodes that connect two saddle regions, in total we therefore
have 20 shape types. The indices that represent the shape types are mapped onto the
interval [0.04,1].
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αi = 0
βi γi

Figure 4.4: Examples of the second shape criterion: segment bending. From left to right:
straight, single bending, multiple bending

Figure 4.5: Segmentation of a model without saddle regions and its ERG.

Additionally, we calculate the relative size of each segment. This size is defined as
the ratio of the surface area of the segment to the surface area of the whole model

SizeSegm =
AreaSegm
AreaTotal

(4.1)

This value is used to adequately scale the influence of the segment on the whole
graph matching process. The index of the shape classification together with the seg-
ment size can be stored as attributes of the edge that connects the corresponding
simple node with a saddle node.

If there is no saddle region revealed after segmentation, there is a minimum area that
is directly connected to a maximum area. In this case we insert an intermediate node
to the ERG which interconnects two simple nodes. The shape index and segment
weight of the maximum and minimum areas are stored as the attributes of the edges
incident to the corresponding nodes. Figure 4.5 illustrates the segmentation of a 3D
model without saddle regions and its ERG.
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4.3 Graph property matrices

After segmentation, each model is represented by a graph as described in section
4.2. To perform efficient computations and similarity evaluations, it is necessary to
associate an algebraic structure with each graph. In this section, details are given
on our graph property matrix, which is a Hermitian matrix. A more popular and
well-studied matrix, however, is the Laplacian matrix. We therefore take a weighted
Laplacian as our starting point, and show how this matrix can be extended to a
Hermitian matrix to contain more information, without losing the validity of known
theorems.

4.3.1 Weighted Laplacian matrices

In chapter 3, we have associated to each graph a Laplacian matrix, defined as L(G) =
D(G)−A(G), whereD(G) is the diagonal matrix containing node degrees, andA(G)
is the adjacency matrix; the entryAi,j is the number of edges that connect i and j. As
a result, for all rows in L(G) the sum of the entries is 0. The spectrum of the Lapla-
cian matrix can be used as a signature representation for the graph, and thus for the
model that is represented by the graph. As we have seen, this signature representa-
tion can be used for efficient retrieval purposes (indexing). One of the main reasons
for this is that many graph properties and invariants are reflected by the Laplacian
spectrum [78]. Moreover, cospectrality for non-isomorphic graphs tends to be rare
[139] and similar Laplacian matrices have similar spectra due to the interlacing the-
orem for two graphs where one is a slightly modified version of the other [75]. See
section 3.3 for more details on these properties.

In the case of a weighted graph, Lw(G) = Dw(G) − Aw(G) can be obtained. Here,
Dw(G) is a diagonal matrix containing for each node the sum of the weights of its
incident edges. Correspondingly, in the adjacency matrix the entry Ai,j represents
the weight associated with the edge between nodes i and j. Ai,j is 0 if there is no
connecting edge between i and j. Therefore, all information about the graph’s con-
nectivity is still present in Lw(G), since every non-zero entry indicates the existence
of an edge between the corresponding nodes. In order to preserve the useful prop-
erties of a normal Laplacian spectrum, every edge weight wa,b should satisfy the
following conditions:
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Wa,b = Wb,a, where a, b ∈ V, (4.2)

Wa,b ≥ 0, where a, b ∈ V, (4.3)

Wa,b 6= 0, iff a and b are adjacent in G. (4.4)

Equation (4.2) ensures a symmetric matrix, whereas equation (4.4) ensures that the
connectivity of the graph remains unchanged after weighting the edges. It can be ob-
served that using the number of connections between two adjacent nodes as weights,
as we have done in chapter 3, obeys these conditions.

Unfortunately, it is not possible to store more information in a Laplacian matrix than
the graph’s connectivity together with the edge weights. Consequently, a spectral
representation using this matrix will suffer in most cases from significant informa-
tion loss, since other graph characteristics such as node locations (planar graphs, 3D
graphs) or additional edge measurements are not encoded.

4.3.2 Hermitian matrices

In order to encode more information about the graph in a matrix, we follow the
ideas of [138] and use a Hermitian matrix to store graph characteristics. By imposing
several constraints on the elements of the Hermitian matrix, the authors of [138]
claim to mimic the spectral behaviour of the Laplacian matrix. However, in order
to make a Hermitian matrix to possess all spectral properties of the Laplacian, we
add two more constraints which we discuss after a brief theoretical introduction to
Hermitian matrices.

A Hermitian matrix H (or self-adjoint matrix) is a square matrix with complex entries
that is equal to its own conjugate transpose. In other words, Hi,j is equal to the
complex conjugate of Hj,i. Every Hermitian matrix has a real valued spectrum. The
corresponding eigenvectors however contain complex entries. By adding several
additional constraints to the construction of H, we can mimic the spectral behaviour
of a Laplacian matrix.

Therefore, off-diagonal elements of H are complex numbers written in polar form
using Euler’s formula, defined as:

Ha,b = −Wa,be
iya,b , (4.5)

where each edge has the pair of properties (Wa,b, ya,b). The first property, Wa,b, is
used as the magnitude of the entry and should satisfy conditions (4.2)-(4.4). The
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second property, used as the phase of the complex matrix entry, must satisfy the
following conditions:

ya,b = −yb,a, (4.6)

−π < ya,b < π. (4.7)

The first condition (4.6) ensures that H is equal to its own conjugate transposed ma-
trix. By obeying the second constraint (4.7), phase wrapping can be avoided.

The real-valued on-diagonal entries are defined as

Haa =
∑
b6=a

Wa,b. (4.8)

In this way, the entries in each row of the matrix sum up to zero. We would like
to stress that this is a necessary property to correctly mimic the spectral behaviour
of Laplacian matrices, contrary to the Hermitian matrix that is used in [138] (where
additional node measurements on the diagonal are allowed). Furthermore, edge
weights (magnitudes of the complex entries) should be calculated in such a way
that an edge between two nodes can never be weighted 0, for it would destroy the
connectivity of the graph.

As was described in section 4.2, an edge in the graph connects a saddle node and
a simple node. As a consequence, the calculated shape index and the weight of the
simple segment can be stored as the attributes of the edge incident to the correspond-
ing simple node.

Mapping the shape indices to the interval (0; 1] allows their use as magnitudes of
complex entries of the Hermitian matrix. The positive shape index of the segment is
invariant to edge direction thus satisfying the constraints (4.2)-(4.4).

We choose the values of shape indices based on visual shape similarity as well as
on the alteration of one or both criteria used for shape analysis. Table 4.1 illustrates
the list of all possible shape types and corresponding indices. As it can be seen
from the table, the variation of the cross area criterion has a greater influence on the
difference in shape index than the bending criterion. This choice can be explained by
the fact that semantically equivalent sub parts of articulated models frequently have
different bending properties, e.g. straight and bent arms.

The relative size of a segment (equation 4.1) can be used as the phase value yab for
the entries of the Hermitian matrix. To obey the anti symmetric condition (4.6) we

89



Chapter 4 . Fiedler vectors of Hermitian matrices for 3D object retrieval

Cross Area Bending Shape Index

constant zero 0.04
constant single 0.06
constant multiple 0.08

alteration zero 0.12
alteration single 0.14
alteration multiple 0.16

smoothly decreasing zero 0.24
smoothly decreasing single 0.26
smoothly decreasing multiple 0.28
smoothly increasing zero 0.32
smoothly increasing single 0.34
smoothly increasing multiple 0.36

flat 0.64
sharply decreasing zero 0.68
sharply decreasing single 0.7
sharply decreasing multiple 0.72
sharply increasing zero 0.76
sharply increasing single 0.78
sharply increasing multiple 0.8

body 1

Table 4.1: Shape indices.

set yab as:

yab =

{
SizeSab

, if degree(a) > degree(b)
−SizeSab

, if degree(a) < degree(b).

The value of SizeSab
is bounded by the interval (0; 1]. Scaling this interval up to (0;π]

and using the above definition of yab we satisfy the constraint (4.7) for the phase
value of the complex entries of the Hermitian matrix.
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4.3.3 Fiedler vectors

The Hermitian matrix for a graph, with edge attributes calculated in this way, mim-
ics spectral behaviour of a Laplacian. More specifically, the spectrum is equal to the
spectrum of a weighted Laplacian matrix, for which the edge weights are equal to
the magnitudes of the entries in the Hermitian matrix (shape classifications). Un-
fortunately, in the real valued spectrum of this Hermitian matrix, the influence of
the phase (segment weight) is lost. However, the eigenvectors of the matrix contain
complex entries, where phase influence is preserved. We therefore propose to base
retrieval not on spectra, but on eigenvectors of the Hermitian matrix. Specifically,
we propose to use the eigenvector associated to the second smallest eigenvalue as
a signature for the graphs. The second smallest Laplacian eigenvalue (i.e., the first
non-zero eigenvalue) carries probably the most important information contained in
the spectrum of a graph. It is also known as the Fiedler value, its corresponding
eigenvector is called the Fiedler vector. The Fiedler vector and the Fiedler value are
very well studied concepts, that reflect many graph properties and invariants, for
which we refer to an extensive survey [78]. Known applications of these concepts in-
clude graph partitioning and optimal labelling problems (e.g. bandwidth problems,
min-sum problem, vertex ordering).

Therefore, by first mimicking spectral behaviour of Laplacian matrices through the
use of Hermitian matrices, and by extracting their Fiedler vectors, we obtain a strong
and representative signature that can be used for retrieval purposes.

4.4 Retrieval through Fiedler vectors

The Fiedler vector of the Hermitian property matrix is used as a signature represen-
tation for each model. This vector is of dimension n, where n is the number of nodes
in the graph. There exists a correspondence between the graph nodes and the en-
tries of the Fiedler vector. Specifically, the node represented by the first column of
the Hermitian matrix corresponds to the first entry in the Fiedler vector. This means
that, in order to preserve permutation invariance of the representation, the entries of
the Fiedler vector need to be sorted. Therefore, before evaluating the similarity be-
tween two n-dimensional Fiedler vectors, they are first sorted lexicographically (first
based on the real part, then on the imaginary part) and interlaced in the following
manner:
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ak + ibk

al + ibl
...

an + ibn

→



al

bl

ak

bk
...
an

bn


,

if al < ak, or ak = al and bl ≤ bk.

The similarity between two models that are represented by graphs with n nodes, can
then be defined as the Euclidean distance between their interlaced and sorted Fiedler
vectors. In practice however, models are often represented by graphs of different
sizes. Furthermore, partial similarity is not taken into account by this approach.
We propose to base retrieval both on complete and partial graphs. The following
sections provide details on how to match complete graphs of different size, and how
to match them partially using small, meaningful subgraphs.

4.4.1 Retrieval of complete graphs

One of the challenges of retrieval using spectra or eigenvectors, is handling graphs of
different sizes. A common solution that has been proposed in the domain of spectral
matching is padding with zeros: enlarge the smaller spectrum to the size of the larger
spectrum by inserting zeros. This is a semantically sensible approach, since it means
that the smaller graph is enlarged by inserting isolated nodes. In the context of a
given database, the model with the largest graph of size n needs to be found. All
the other graphs are brought up to this size by inserting isolated dummy nodes.
When all Fiedler vectors are of the same dimension, a simple range search or nearest
neighbour search among these vectors produces a set of similar objects to a query.
The distance between two graphs g1 and g2 (based on the complete graphs) is then
defined as the Euclidean distance

dfull(g1, g2) =

√√√√ 2n∑
i=1

(F1(i)− F2(i))2, (4.9)

where F1 and F2 are the sorted, interlaced complex Fiedler vectors of graphs g1 and
g2 respectively.
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Although this is semantically correct, it can possibly distort the retrieval results. Sup-
pose two similar graphs are of different size as a consequence of a different level of
detail that was revealed during segmentation. When dummy nodes are inserted in
the coarsely segmented graph simply to enlarge the dimension of its Fiedler vector, a
larger distance to the finer segmented graph is found as a consequence of matching
entries related to dummy nodes with entries related to real nodes. Despite this phe-
nomenon, the approach still produces good results in some of the cases. We therefore
propose to use it, but in combination with a method for retrieving database models
based on parts of the graphs. This method is described in the following section.

4.4.2 Graph decomposition

Evaluating similarity of subgraphs is used to account for partial similarity. It also
helps in solving the problem of handling graphs of different sizes, because combin-
ing similarity of parts may reduce the influence of a finer segmented region. Only
subgraphs of the same size are used for similarity evaluation. The problem that
remains, is to find subgraphs that are appropriate for this purpose. In chapter 3,
we proposed to extract all possible subgraphs of all possible sizes, and match only
subgraphs of the same size. We proposed exploiting spectral integral variation to
decrease the computational complexity.

Here we present an alternative to this approach: instead of generating all possible
subgraphs, we decompose the original graph into small, non-overlapping meaning-
ful subgraphs, following ideas from [90]. An attractive feature of the proposed parti-
tioning approach is that it reuses valuable information that is already calculated, i.e.
the complex Fiedler vector. The partitioning approach is given in detail by algorithm
4.1. The main idea is to select nodes that become the centre node of a subgraph; a
node can be a centre node if it has a higher score than its neighbours. This score of
a node is based on its degree and on its position in the sorted Fiedler vector. It is
possible to keep track of the position of a node in the Fiedler vector, since the order
in which the nodes form the Hermitian matrix induces a relation between entries
of the Fiedler vector and the nodes. A subgraph then consists of a centre node and
(some of) its adjacent nodes. This decomposition is given in detail by lines 1-12 of
algorithm 4.1.

For an example, see figure 4.6, where a segmented model of a goat is displayed, to-
gether with a view of its 3D graph and extracted subgraphs. The first extracted sub-
graph corresponds to the back (tail and back legs), the second subgraph corresponds
to the middle part (body, neck and fore legs) and the third subgraph corresponds to
the front part (head, nose and ears).
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To be even more robust against small alterations in the graph structure that are
caused by segmentation and/or analysis differences, the subgraphs are decomposed
even further by lines 13-15 of algorithm 4.1.

Algorithm 4.1 Decompose graph
Input: G = (V,E), Fiedler vector F of G, balancing factors α and β
Output: collection Gwith subgraphs of G

1: Sort F in decreasing order(∗)

2: for each node i ∈ V do
3: let rank(i) be the corresponding position of i in the sorted Fiedler vector
4: calculate score(i) = α× degree(i) + β/rank(i)
5: while V,E are not empty do
6: for each node i ∈ V do
7: if score(i) > score(j) for all nodes j that i is connected to then
8: let G′ = (V ′, E′) be a new subgraph with centre c(G′) = i, add i to V ′

9: for all (i, j) ∈ E do
10: add (i, j) to E′, remove (i, j) from E

11: add j to V ′, remove j from V

12: add G′ to G
13: for every subgraph G′ = (V ′, E′) resulting from lines 1-12 do
14: for s is 2 to |V ′| do
15: add to G each subgraph G′′ = (V ′′, E′′) of G′ of size s where c(G′) ∈ V ′′

(*) the sort function defined on the entries is lexicographical: first based on the
real parts, if the real parts are equal, based on the imaginary parts.

To calculate the subgraph-based distance between two graphs g1 and g2, all their
subgraphs are represented by their Fiedler vectors as described in the beginning of
section 4.4. The distance between g1 and g2, based on their subgraphs, is then defined
as the normalized and weighted sum of all pairwise subgraph distances, where the
distance between two subgraphs is calculated only if they are of the same size. For a
given subgraph size d, the average is taken of all pairwise distances of subgraphs of
this size:

dsg_d =
1

n×m

n∑
i=1

m∑
j=1

dfull(gi1, g
j
2) (4.10)

where gi1 and gj2 are the i − th and j − th subgraphs of size d of graphs g1 and g2,
and where n and m are the number of subgraphs of size d that were extracted from
g1 and g2. For a definition of dfull, see equation 4.9.
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Figure 4.6: Subgraph decomposition of a model of a goat.

A subgraph distance contributes more to the total similarity if the size of the sub-
graphs is larger. The total distance between graphs g1 and g2 based on their sub-
graphs is defined as

dsg(g1, g2) =
1

MaxS× (|g1|+ |g2|)

MaxS∑
s=1

s× dsg_d (4.11)

where |g1| and |g2| are the number of nodes in g1 and g2 respectively, where s is the
size of the subgraphs and where MaxS is the smallest maximal subgraph that could
be decomposed from either g1 or g2. See equation 4.10 for a definition of dsg_d.

Using this distance function, a ranked list of all the database objects can be produced
for a given query. Together with the ranked list based on the comparison of com-
plete graphs (see section 4.4.1), two complementary ranked lists are produced for
one query. To provide the user one set of results for a given query, these ranked lists
need to be combined into one.
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4.4.3 Rank aggregation

The distance functions (4.9) and (4.11) each produce a ranked list of the database
for a given query. These ranked lists are usually highly complementary, i.e. correctly
retrieved models that occur at the top of one ranked list are often positioned at lower
ranks in the other and vice versa. Therefore, in order to combine these ranked lists
and benefit maximally from both, it is necessary to emphasise models that occur at
the top of the rankings, and damp their influence when they are ranked at lower
positions. Furthermore, the range of distances of the two distance functions can
be very different. During combination of the two ranked lists, we therefore don’t
consider distances anymore, but ranks.

Specifically, a score value for each database object is calculated based on its position
in the two rankings. This score is then used to re-order the database into a new rank-
ing that reflects both original rankings. The score of a database object i is calculated
as score(i) = log(rsg(i)) + log(rfull(i)), where rsg(i) and rfull(i) are the ranks of object
i in the ranked lists according to subgraph matching and complete matching respec-
tively. By taking the logarithm of the ranks, the influence of lower ranks is damped
and the top of the rankings is emphasised.

4.5 Experimental results

We implemented our framework in C++, using an implementation of the ALGLIB
project (www.alglib.net) to solve the Hermitian eigenproblem. It has been tested on
the dataset that was used in the Watertight 3D Models track of the SHape REtrieval
Contest 2007 (SHREC ’07) [130]. This dataset consists of 400 models, divided over
20 classes of 20 models each. All models were preprocessed using the described
segmentation and shape analysis software. After preprocessing, the implemented
framework ranks the complete database of 400 models with respect to one query in
around 0.2 seconds on a 3.00 Ghz Intel Xeon processor. Each model was used as
a query once; the goal is to to see the complete class of the query at the top of the
ranking.

However, before running the experiments on the whole dataset, we investigated the
ability of the approach to discriminate between topologically similar, but geomet-
rically and semantically different models. To this end, we have chosen the class of
human and the class of Teddy bear models. Figure 4.7 shows retrieval results for
some sample queries when only this subset of 40 models is considered. As can be
seen from these results, the Teddy bears can be separated from the topologically sim-
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Figure 4.7: Retrieval results when only the subset of human and Teddy bear models is consid-
ered: top 20 retrieved items are displayed. Colored border means successful hit.

ilar humans, by means of the encoded shape analysis.

To be able to compare the results to other participants of this contest, the same per-
formance measures are used. These are:

• Precision and recall rates when the scope is set to 20, 40, 60 or 80 items, i.e. first
until fourth tiers,

• Average Dynamic Recall ADR = 1
20

∑20
i=1

RI(i)
i , where RI(i) is the number of

relevant retrieved items in the top i of the ranking. ADR ∈ [0, 1], where 1 is the
best retrieval result,

• success rates for the first item (PS1) and second item (PS2),

• Average Ranking AVG of all class members and Last Place Ranking LPR =
1 − Rank−20

380 , where Rank is the rank of the last relevant item. LPR ∈ [0, 1],
where 1 is the ideal retrieval result.
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Table 4.2: Performance comparison of the proposed approach (CFV), using Laplacian matrices
(Lapl), using adjacency matrices (Adj) and the approach by Tung et al. Measures P1 to P4
represent precision in the first to fourth tiers, R1 to R4 represent recall in the first to fourth
tiers, PS1 represents the success rate for the first item, PS2 represents the success rate for the
second item, ADR represents Average Dynamic Recall, AVG represents the Average Rank of
all class members and LPR represents the Last Place Ranking.

Measure CFV Lapl Adj Tung Measure CFV Lapl. Adj. Tung

P1 0.42 0.22 0.20 0.71 R1 0.42 0.22 0.20 0.71
P2 0.29 0.16 0.16 0.41 R2 0.57 0.33 0.31 0.83
P3 0.22 0.14 0.14 0.29 R3 0.66 0.43 0.41 0.87
P4 0.18 0.12 0.12 0.23 R4 0.72 0.50 0.48 0.90
PS1 1 1 1 1 ADR 0.58 0.36 0.31 0.86
PS2 0.65 0.33 0.17 0.98 AVG 77 125 132 31

LPR 0.48 0.25 0.17 0.74

Table 4.2 displays the above performance values for our method (abbreviated as
CFV, for Complex Fiedler Vectors) and the method that performed best in SHREC
2007, a multi resolution graph matching method by Tung et al. [117]. At this point we
would like to emphasise that our method is an indexing method rather than a match-
ing method; all participating methods in SHREC are matching methods encoding a
large amount of shape information. This means that with our method, parts of the
database can be discarded upon querying time, whereas the matching methods need
an exhaustive search through the database to obtain the ranking. Our method does
improve with respect to other spectral based indexing methods; we compared it to
using the Fiedler vectors of adjacency and Laplacian matrices.

The table shows that precision and recall values for small scopes (first and second
tiers) are almost twice as high for the proposed approach compared to using adja-
cency matrices and Laplacian matrices. In the third and fourth tier, the difference
is slightly smaller but still significant. All methods score a success rate of 1 for the
first item; this means that each method finds an object from the correct class on top
of the ranking. This is usually the query itself. It is therefore interesting to look at
the performance for the second item on the ranking: in 65% of the cases this is a
true positive when using the proposed approach. For adjacency matrices, Laplacian
matrices and Tung’s approach the values are 33%, 17% and 98% respectively. The
relative performance of the four methods stays more or less consistent according to
the other methods, Average Dynamic Recall, Average Rank and Last Place Ranking.
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4.6 Concluding remarks

We have presented a new shape retrieval method using complex Fiedler vectors of
Hermitian property matrices. In these matrices, the topology of a graph that repre-
sents the shape is stored, together with two additional properties per edge. Several
constraints are imposed on these properties, such that this Hermitian matrix mimics
the well known Laplacian matrix from a spectral point of view. Therefore, known
theorems about the important second smallest eigenvalue, and its associated eigen-
vector, the Fiedler vector, extend to the Hermitian case.

Using a recently proposed shape segmentation and analysis schema, we adopted the
framework to the retrieval of watertight 3D models. Extended Reeb Graphs were at-
tributed with shape classification labels and weights related to segment size, obeying
the constraints necessary to mimic the Laplacian matrix. The approach was tested on
a benchmark of 400 models, that was subject to a recent contest: the watertight mod-
els track in the 2007 SHape Retrieval Contest (SHREC). By combining partial and
complete retrieval, the framework shows strong performance on this benchmark of
400 watertight 3D models.
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Chapter 5

Visual diversification of image search results

Relevant publications:

R.H. van Leuken, L. Garcia, X. Olivares, R. van Zwol
Visual diversification of image search results
In Proc. of the World Wide Web conference, 2009
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5.1 Introduction

IN the previous chapters, we have investigated techniques for content-based re-
trieval of multimedia, either by graph based methods or by vector space em-
beddings of a dissimilarity space. The main goal so far has been to retrieve
similar objects for a given query. We obtained strong retrieval performance by

maintaining a highly discriminant representation of the objects throughout the dif-
ferent retrieval pipelines that have been described. In this chapter, the goal will be
slightly different. We will now extend our interest toward obtaining diverse results.
Not only should the results be relevant, the top of the ranking should in fact reflect
the diversity of the relevant objects that are present in the collection. We will study
techniques within the context of image search on the world wide web.

The common modality used for image search on the web is text, used both in indices
of large search engines or in a more restricted environment such as social media
sites like Flickr. Although not without its flaws, the assumption that a relevant im-
age resides on a web page surrounded by text that matches the query is reasonable.
Along the same lines, tags and textual descriptions of photos prove to be powerful
ways to describe and retrieve images that are uploaded daily in massive quantities
to dedicated sharing sites. The retrieval models deployed on the Web and by these
photo sharing sites rely heavily on search paradigms developed within the field In-
formation Retrieval. This way, image retrieval can benefit from years of research
experience, and the better this textual metadata captures the content of the image,
the better the retrieval performance will be.

On the other hand however, it is commonly acknowledged that a picture has to be
seen to fully understand its meaning, significance, beauty, or context, simply because
it conveys information that words cannot capture, or at least not in any practical set-
ting. This explains the large number of papers on content-based image retrieval
(CBIR) that have been published since 1990, the breathtaking publication rates since
1997 [107], and the continuing interest in the field [34]. Moving on from simple low-
level features to more discriminative descriptions, the field has come a long way
in narrowing down the semantic gap by using high-level semantics [71]. Unfortu-
nately, CBIR-methods using higher level semantics usually require extensive train-
ing, intricate object ontologies or expensive construction of a visual dictionary, and
their performance remains unfit for use in large scale online applications such as the
aforementioned search engines or websites. Consequently, retrieval models operat-
ing in the textual metadata domain are deployed here.

In these applications, image search results are usually displayed in a ranked list. This
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ranking reflects the similarity of the image’s metadata to the textual query, according
to the textual retrieval model of choice. There may exist two problems with this
ranking.

First, it may be lacking visual diversity. For instance, when a specific type or brand of
car is issued as query, it may very well be that the top of this ranking displays many
times the same picture that was released by the marketing division of the company.
Similarly, pictures of a popular holiday destination tend to show the same tourist hot
spot, often taken from the same angle and distance. This absence of visual diversity
is due to the nature of the image annotation, which does not allow or motivate people
to adequately describe the visual content of an image.

Second, the query may have several aspects to it that are not sufficiently covered
by the ranking. Perhaps the user is interested in a particular aspect of the query,
but doesn’t know how to express this explicitly and issues a broader, more general
query. It could also be that a query yields so many different results, that it’s hard to
get an overview of the collection of relevant images in the database.

We propose to create a visually diverse ranking of the image search results, through
clustering of the images based on their visual characteristics. To organise the display
of the image search results, a cluster representative is shown to the user. Depending
on the interest of the user in one of the representatives, he can then explore the other
images in that cluster. This approach guarantees that the user will be presented a
visually diverse set of images.

An example clustering of one of our algorithms is given in Figure 5.1. The example
uses the ambiguous query "jaguar". The image search result is not only ambiguous
from a topical point of view (car, mammal), but also from a visual point of view. The
algorithm separates mammals with a tiger print from black mammals and mammals
behind bars. It also groups pictures from a new car model at an expo from cars in the
street, and groups the accidentally found pictures of a lady at a car expo. The cluster
representatives together form a diverse set of image search results.

5.1.1 Contributions

In this chapter we introduce new methods to diversify image search results [122].
Given a user query, we first determine dynamically appropriate weights of visual
features, to best capture the discriminative aspects of the resulting set of images that
is retrieved. These weights are used in a dynamic ranking function that is deployed
in a lightweight clustering technique (i.e. easy to implement, efficient to run, for
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(a) Tiger print mammal

(b) New model at expo

(c) Behind bars

(d) Oldtimer in street (e) Lady at expo (f) Black mammal

Figure 5.1: Example clustering: output of the reciprocal election algorithm for query jaguar.
Cluster representatives are indicated by a red border.
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example with no training required) to obtain a diverse ranking based on cluster rep-
resentatives. We propose three clustering algorithms that are both effective and effi-
cient, called folding, maxmin and reciprocal election. In the case of folding, the original
ranking is respected by preferring higher ranked items as representatives over lower
ranked items. Maxmin on the other hand discards this original ranking and aims
for maximal visual diversity of the representatives. The key idea behind reciprocal
election is to let each image cast votes for other images that it is best represented
by: a strategy close to the intuition behind a clustering. We have implemented the
methods and performed a performance evaluation in a user-study using 75 topics of
both an ambiguous and non-ambiguous nature.

5.1.2 Related work

In the context of the general task of this chapter, we discuss the related work by first
discussing the state of the art in image clustering, and then by focusing on related
work in diversifying search results.

5.1.2.1 Image clustering

Most image clustering techniques are not dynamic, and therefore not suitable for
clustering image search results. To begin with, we are only interested in unsuper-
vised clustering techniques, which makes techniques such as presented in [64] un-
suitable for our task. Furthermore, clustering techniques often partition the entire
database in static clusters to facilitate faster browsing and retrieval [51].

In [77] a method for extracting meaningful and representative clusters is presented
that is based on a shared nearest neighbours (SNN) approach that treats both content-
based features and textual descriptions (tags). They describe, discuss and evaluate
the SNN method for image clustering and present some experimental results using
the Flickr collections showing that their approach extracts representative informa-
tion of an image set. Such techniques are often effective, but require a lot of pro-
cessing power to produce a final clustering. When clustering image search results,
the input varies depending on the user’s query and it is essential that the clustering
technique is not only effective, but the results can be efficiently computed.

In our case, we want the approach to be dynamic such that it best captures the par-
ticular context of the user’s query. We’ll therefore rely on a dynamic ranking strat-
egy, which allows us to dynamically weight the importance of the visual dimensions
such as colour, shape an texture, in combination with lightweight clustering strate-
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gies. Although not incorporated in the current implementation, we can easily extend
the dynamic ranking strategy to include a textual modality as is used in the afore-
mentioned related work.

In Cai et al. [26] the problem of clustering Web image search results is studied, by
organising the results into different semantic clusters that facilitates users’ brows-
ing. They propose a hierarchical clustering method using visual, textual and link
analysis that is mainly targeted at clustering the search results of ambiguous targets.
However they do not report the effectiveness of their approach, and illustrate the
performance through a single example. In a related work by Wang et al. [134], a dif-
ferent approach named IGroup is evaluated, for semantic clustering of image search
results, based on a textual analysis of the search results. Through a user study they
report a significant improvement in terms of efficiency, coverage, and satisfaction.

5.1.2.2 Diversity in search results

In some prior work, diversification of image search results was studied in two dif-
ferent contexts. In [136], a method is presented for detecting and resolving the am-
biguity of a query based on the textual features of the image collection. If a query
has an ambiguous nature, this ambiguity should be reflected in the diversity of the
result set. Furthermore, in [127] it is investigated how the topical (textual) diver-
sity of image search results can be achieved through the choice of the right retrieval
model. The focus in the current chapter is on visual diversity of the search results.
Our solution for the visual diversity builds upon the results of these two works, as it
takes as input the ranked list of images produced by the retrieval models for topical
diversity.

In Zhang et al. [145] diversity of search results is examined in the context of Web
search. They propose a novel ranking scheme named Affinity Ranking to re-rank
search results by optimising two metrics: diversity and information richness. More
recently, Song et al. [109] also acknowledge the need for diversity in search results for
image retrieval. They propose a re-ranking method based on topic richness analysis
to enrich topic coverage in retrieval results, while maintaining acceptable retrieval
performance.

Zeigler [147] studied topic diversification to balance and diversify personalised rec-
ommendation lists in order to reflect the user’s complete spectrum of interests. Al-
though their system is detrimental to average accuracy, they show that the method
improves user satisfaction with recommendation lists, in particular for lists gener-
ated using the common item-based collaborative filtering algorithm. They intro-
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duced an intra-list similarity metric to assess the topical diversity of recommenda-
tion lists and the topic diversification approach for decreasing the intra-list similarity.

In a different setting, Yahia et al. [128] propose a method to return a set of answers
that represent diverse results proportional to their frequency in the collection. Their
algorithm operates on structured data, with explicitly defined relations, which dif-
fers from our setting, as we aim to diversify through visual content based on a dy-
namic ranking strategy, rather than using predetermined fractions.

5.2 Image similarity

One of the key elements to any clustering algorithm or retrieval system, is a simi-
larity measure between the objects. In content-based image retrieval or clustering,
it is common to use several features simultaneously while calculating the similar-
ity between images. These features represent different aspects of the image, such
as colour features, edge features, texture features, or alternatively concept detec-
tors [93]. Each feature has its own representation (e.g. a scalar, a vector, a histogram)
and a corresponding matching method (e.g. Euclidean distance, hamming metric,
earth mover’s distance).

The fusion of different modalities into a single ranking is not trivial. Various tech-
niques have been proposed to effectively fuse multiple-modalities into a single rank-
ing, using a simple linear weighting, principle component analysis [126], or by using
a weighted schema for aggregating features based on document scores [137].

In this chapter we introduce a dynamic ranking strategy that weights the importance
of the different features based on the (normalised) variance of the similarities of all
images in the results set. In our case, the similarity measure defined on the images
has to reflect visual similarity, but the clustering algorithms presented in this chapter
work with any distance measure between two images.

In this section we first describe the dynamic feature weighting function that imple-
ments the ranking strategy, followed by a short description of the 6 well-known vi-
sual image features that we have adopted for our experiments.

5.2.1 Dynamic feature weighting

Based on the features described below, the similarity between two images can be
expressed in 6 similarity values. These values, that may be of entire different range
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and distribution, need to be aggregated into one value for use in the clustering al-
gorithm. Moreover, it is a priori unclear what the relative importance is of these
features within the context of a specific set of image search results.

One assumption we make, is that the images retrieved by the textual retrieval model
are topically relevant to the query. For each feature, we then calculate the variance
over all image similarities within the set of image results. This variance is used as a
weighting and normalising factor at the same time. The image similarity according
to a certain feature is divided by the variance of that feature in the result set. This
brings image similarities according to different features in a similar range, and as-
signs a larger weight to features that are a good discriminator for the results that are
presented to the user. The rationale is that when the variance of a certain feature is
small, the images in the result set resemble each other in terms of that feature closely
and thus it is a striking feature for this specific set.

More formally, the similarity between two images a and b is calculated as follows:

d(a, b) =
1
f

f∑
i=0

1
σ2
i

di(a, b),

where f is the total number of features, di(a, b) is the similarity between a and b in
terms of the i-th feature and σ2

i is the variance of all image similarities according to
the i-th feature within this set of image search results.

5.2.2 Features

For our experiment we have extracted 6 visual features from each image to capture
the different characteristics such as the colour, shape and texture of an image. Below
follows a short description.

Colour histogram. A colour histogram describes the global colour distribution in
an image. To compute the colour histogram, we define a discretization of the
RGB colour space into 64 colour bins. Each bin contains the number of pixels in
the image that belong to that colour range. Two colour histograms are matched
using the Bhattacharrya Distance [15], defined on histograms H1 and H2, both
with n bins, as

bhattacharrya(H1, H2) =
n∑
i=1

√
H1i
·H2i
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where H1i and H2i are the sizes of the i-th bins in H1 and H2 respectively.

Colour layout. Colour layout is a resolution invariant compact descriptor of colours
used for high-speed image retrieval [93]. Colour layout captures the spatial
distribution of the representative colours in an image. The image is divided
into 64 blocks. For each block a representative colour is obtained using the av-
erage of the pixel colours. Every colour component (Y CbCr) is transformed
by a 8x8 DCT (discrete cosine transformation) obtaining a set of 64 coefficients,
which are zigzag-scanned and the first coefficients are non linearly quantized.
The distance between two colour layout descriptors is calculated using the L2-
norm.

Scalable colour. Scalable colour can be interpreted as a Haar-transform applied to
a colour histogram in the HSV colour space [93]. First, the histogram values
(256 bins) are extracted, normalised and non linearly mapped to a 4-bit integer
representation. Afterwards, the Haar transform is applied across the histogram
bins to obtain a smaller descriptor allowing a more scalable representation.
Two feature vectors are matched using a standard L1-norm.

CEDD. The colour and edge directivity descriptor (CEDD) incorporates both colour
and texture features in a histogram [28]. It is limited to 54 bytes per image mak-
ing this descriptor suitable for large image databases. First, the image is split in
a preset number of blocks; a colour histogram is computed over the HSV colour
space. Several rules are applied to obtain for every block a 24-bins histogram
(representing different colours). Then 5 filters are used to extract the texture
information related to the edges presented in the image and classified in ver-
tical, horizontal, 45-degree diagonal, 135-degree diagonal and non-directional
edges. The whole process results in a descriptor in vector format. Two de-
scriptors A and B are matched using the Tanimoto coefficient [114], which is
an extension of the cosine similarity metric, defined as

T (A,B) =
A ·B

||A||2 + ||B||2 −A ·B
.

Edge histogram. The edge histogram represents a local edge distribution of the im-
age [93]. First, the image is divided in a 4×4 grid. Edge detection is performed
to each block and the edges are grouped into 5 types: vertical, horizontal, 45
degrees diagonal, 135 degrees diagonal and non-directional edges. The feature
therefore consists of 16× 5 = 80 coefficients. For matching two feature vectors
the standard L1− norm is used.

Tamura features Tamura et al. [112] identified properties of the images that play
an important role in describing textures based on human visual perception.
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They defined six textural features (coarseness, contrast, directionality, line-
likeness, regularity and roughness). We used 3 Tamura features to build a tex-
ture histogram: coarseness, contrast and directionality. The Tamura features
are matched using the standard L2-norm.

5.3 Clustering algorithms

In this section we present the clustering algorithms, called folding, maxmin and re-
ciprocal election. First, we introduce some notation. A set of image search results I
contains n images. I can be stored either in a ranked list L = L1, L2, . . . , Ln, sorted
in decreasing degree of relevance to the query, where L1, . . . , Ln are the images. Al-
ternatively, I can be stored in a set S = S1, S2, . . . , Sn, where there is no particular
ordering of the images S1, . . . , Sn. The input to a clustering algorithm can be either
L or S, and its output is a clustering C: a partitioning of I . In C, all the images are
divided over K clusters C1, C2, . . . , Ck such that Ck

⋂
Cl = ∅ for all l, k ∈ K and⋃K

k=1 Ck = I . The number of images in cluster Ck is nk, so
∑K
k=1 nk = n, and in

each cluster Ck one image is declared representative, called Rk. All the representa-
tives together form the set R. Note that K is not fixed and may be different for each
clustering.

The three clustering algorithms differ from each other in viewpoint. The folding al-
gorithm considers the original ranking of the search results as returned by the textual
retrieval model. Images higher in the ranking have a larger probability as being se-
lected as a cluster representative. In one linear pass the representatives are selected,
the clusters are then formed around them. The maxmin approach also performs
representative selection prior to cluster formation, but discards the original ranking
and finds representatives that are visually different from each other. Reciprocal elec-
tion lets all the images cast votes for other images that they are best represented by.
Strong voters are then assigned to their corresponding representatives, and taken
off the list of candidates. This process is repeated as long as there exist unclustered
images.

The number of clusters is never fixed, because it is impossible to predict a priori what
a good value is. This should always be dynamically set for a specific clustering. We
now present the algorithms in more detail.
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5.3.1 Folding

In some cases, it is important to take the original ranking of the image search results
into account while performing the clustering. For example, it might be that the query
is very specific and only the top of the ranking is sufficiently topically relevant. It
might also be that retrieval speed is valued over accuracy, and the uncertainty about
topical relevance of the retrieved items decreases quickly while going through the
ranking. Folding (see algorithm 5.1) is an approach that appreciates the original
ranking, by assigning a larger probability of being a representative to higher ranked
images.

The first step of the approach is to select the representative images, while travers-
ing through the ranking L from top to bottom. The first image in the ranking, L1

is always selected as representative. While going down the ranked list, each image
is compared to the set of already selected representatives. When an image is suffi-
ciently dissimilar to all the selected representatives in R, it is added to R. After this
pass through the ranking, clusters are formed around each representative using a
nearest neighbour rule: each image in L is assigned to the closest representative.

Key to this approach is the definition of sufficiently dissimilar while selecting the can-
didates. This parameter is set automatically and dynamically as well. It is defined as
the mean distance all images in I have to the average features. The average features
do not form a real image, but are synthetic features that only exists in feature space
and are constructed by aggregating for each feature all the images into one canonical
feature. Since all features are histogram-like features, this aggregation step follows
from their definition. It would be also possible to select a canonical image from I

using a heuristic, e.g. the image with the smallest mean distance to all the other
images.

5.3.2 Maxmin

The maxmin approach (see algorithm 5.2) doesn’t take the original ranking into ac-
count like folding does. It rather tries to get as visually diverse representatives as
possible. To achieve this, it uses a maxmin heuristic on the distances between clus-
ter representatives. The algorithm takes as input I stored as unordered set S, and
the first representative R1 is selected at random. The second representative R2 is
the image of S with the largest distance to R1. For each following representative,
the image is selected that has the largest minimum distance to all the other selected
representatives. This process is continued until this maximum minimal distance is
smaller than ε, which is again defined as the mean distance all images have to the
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Algorithm 5.1 Folding
Input: Ranked list L of I
Output: Clustering C

1: Let the image L1 be the first representative R1

2: for Each image Li do
3: if d(Li, Rj) > ε for all representatives Rj ∈ R, where ε is the mean distance

all images have to the average feature then
4: add Li to the set of representatives R

5: for Each image Li /∈ R do
6: Find representative Rj ∈ R that is closest to Li
7: Assign Li to the cluster of Rj

average image.

When the representatives are selected using this heuristic, cluster formation is again
carried out using a nearest neighbour rule. Each image is assigned to the closest
representative.

Algorithm 5.2 Maxmin
Input: Set S containing I
Output: Clustering C

1: Select the first representative R1 randomly
2: while All pairwise distances in R > ε do
3: for Each image Li /∈ R do
4: Let di be arg min

d(Li,Rj),Rj∈R

5: Add to R the image with arg max
di

6: for Each image Si /∈ R do
7: Find representative Rj ∈ R that is closest to Si
8: Assign Si to the cluster of Rj

5.3.3 Reciprocal election

In contrast to folding and maxmin, the reciprocal election approach interleaves the
processes of representative selection and cluster formation. The key idea behind
this approach (see algorithm 5.3 and figure 5.2) is that every image in I decides by
which image (besides itself) it is best represented. They all cast votes for the other
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images, and all the votes an image receives determine its chances of being elected
as representative. This process of voting is based on calculating reciprocal ranks in
rankings of I . For each image Si, the whole set of image search results I is ranked
into Li based on visual similarity to Si. The image Si then casts its highest vote
for the image that appears at the top of that ranking (excluding itself), its second
highest vote to the number two of that list etcetera. More specifically, each image in
Li receives as a vote from Si its reciprocal rank, i.e. 1/r where r is its rank in Li.

When all the images have cast their votes, the image with the highest number of
votes is selected as first representative R1. Immediately, the cluster around R1 is
formed, by inserting those images that have R1 in the top-m of their ranking, where
m is a user defined parameter 7. The rationale is that because R1 appears so high
in their ranking, they are sufficiently well represented by R1. After cluster C1 has
been formed, its members and its representative are excluded from the list of candi-
date representatives, and the process is repeated until every image has been either
selected as representative or assigned to a cluster.

Figure 5.2: Overview of the reciprocal election algorithm

5.4 Experimental setup and results

Our test corpus consists of a pool of 75 topics that were randomly selected from the
Flickr search logs. Based on the method for resolving query ambiguity as presented
in [136], we have divided our pool in 25 textually ambiguous queries, and 50 textu-
ally non-ambiguous queries. This method measures how well a query can appear
in two different contexts. Specifically, within a proposed probabilistic framework, it
looks at the KL-divergence of different keywords that are commonly associated with
the query. Take for instance the query jaguar: the tags "mammal" and "jaguar" come

7Alternatively, the threshold determining the scope in which to search for R1 can be defined by a
maximum distance.
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Algorithm 5.3 Reciprocal election
Input: Set S containing I , parameter m
Output: Clustering C

1: Initialise Votes map V [0, . . . , n] = 0, . . . , 0
2: for Each image Si in S do
3: Rank S into Li based on visual similarity to Si
4: for Each image Sj in Li do
5: V [j]+ = 1/r, where r is the rank of Sj in Li
6: while V is not empty do
7: Let Ri be the item with the highest score in V
8: Remove Ri from V

9: Initialise new cluster C with representative Ri
10: for All items s in V do
11: if Ri is in top-m of Ls then
12: add s to cluster C
13: remove s from V

often with the query jaguar, but these rarely appear in the same context. This suggest
a high level of ambiguity. See figure 5.3 for an illustration of this example. There are
more kinds of ambiguity than just this word sense ambiguity. Some examples are
spatial ambiguity (e.g. there is a "Cambridge" both in Massachusetts and in the UK),
temporal ambiguity (e.g. "World War" may refer to the first or second) and language
ambiguity (e.g. "handy" means convenient for use or skillful with the hands in En-
glish, whereas the Germans use it to refer to a mobile phone). Using this method
for measuring tag ambiguity allows us to investigate the difference in performance
of the visual clustering methods on both types of queries. For each query we have
retrieved the top 50 results from a slice of 8.5 Million photos on Flickr.

To retrieve a list of 50 results for the non-ambiguous queries we have used a dual
index relevance model that produces a focused result set. To obtain the top 50 re-
sults of the ambiguous queries, we have used a tags-only index relevance model
that produces a balanced list of diverse results. The details of both retrieval models
are described in [127]. The intuition behind these choices is simple. If the terms
in a query are textually diverse, then we want to produce a diverse set of images
that embodies many possible interpretations of the user’s query. Consider again the
example query "jaguar", which carries at least three different word-senses that are
present in the Flickr collection: the mammal, the car, and the operating system. On
the other hand, if a query is textually non-ambiguous, e.g it has a clear dominant
sense, the precision can be improved by returning more focused results. The query
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Figure 5.3: Measuring query ambiguity: the two keywords that are often associated with the
query "jaguar" have a high KL-divergence

"jaguar x-type" serves as an example for a non-ambiguous query. In both cases, the
result sets produced contain visually diverse images on which we will test our meth-
ods.

To evaluate the performance of the proposed algorithms, we compare their output
to clusterings that were created by human assessors. The following sections present
details on the establishment of the ground truth, the evaluation criteria and the ex-
perimental results.

5.4.1 Human assessments

To establish a ground truth, we divided the 75 topics over 8 independent, unbiased
assessors and we asked them to cluster the images based on their visual characteris-
tics. We implemented the following procedure.

1. Select a topic, and inspect the top 50 results during at least one minute. This
allows the assessors to get an overall impression of the images in the result set,
to get a rough idea of how many clusters will be needed, and of their level of
inter cluster dissimilarity. At any point in the assessment, the assessor could
switch to this overview.

2. Form image clusters by assigning each image to a cluster pool by entering the
cluster id. In total the assessor could create 20 clusters, and he/she could undo
the last assignment if needed to correct for errors. See Figure 5.4 for an example
of this interface.

3. Once all images in the results were assigned to a cluster, the assessor was asked
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to label each cluster and to identify one image in each cluster that could serve
as a cluster representative.

In total we obtained 200 topic clusterings created by the assessors, because each topic
was assigned to multiple assessors. We are therefore able to calculate inter assessor
variability, that provides us with a base line during the performance evaluation of
the algorithms.

Figure 5.4: Example of the clustering interface used by the assessors.

5.4.2 Evaluation criteria

Comparing two clusterings of the same data set is an interesting problem itself, for
which many different measures have been proposed. We adopt two clustering com-
parison measures that appreciate different properties. In this subsection we describe
them briefly.

One popular category of comparison measures is based on counting pairs. Given a
result set I and two clusterings C and C ′, all possible image pairs based on I are
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divided over the following four classes:

• N11 : image pairs in the same cluster both under C and C ′

• N00 : image pairs in a different cluster both under C and C ′

• N10 : image pairs in the same cluster under C but not under C ′

• N01 : image pairs in the same cluster under C ′ but not under C

From now on, we will refer to the cardinality of these classes simply by its class name.
These cardinalities are input to the comparison measures. The first clustering com-
parison measure we use is the Folwkes-Mallows index [46] that can be seen as the
clustering equivalent of precision and recall. A high score of the Folwkes-Mallows
index indicates that the two clusterings are similar. It is based on two asymmetric
criteria proposed by Wallace [133]:

WI(C,C ′) =
N11

N11 +N01

WII(C,C ′) =
N11

N11 +N10

The Folwkes-Mallows index is the geometric mean of these two, making it a sym-
metric criterion:

FM(C,C ′) =
√
WI(C,C ′)WII(C,C ′)

Another class of comparison measures is based on a structure called the contingency
table or confusion matrix. The contingency table of two clusterings is a K×K ′ matrix,
where the kk′-th element is the number of points in the intersection of clusters Ck
of C and C ′k′ of C ′. Our second clustering comparison measure is the variation of
information criterion, V I(C,C ′), as introduced by Meilă [74]. Variation of information
uses the contingency table, and is based on the concept of conditional entropy.

Given a clusteringC, the probability that a randomly picked image belongs to cluster
k with cardinality nk, is

P (k) =
nk
n

117



Chapter 5 . Visual diversification of image search results

.

This defines a random variable takingK values. The uncertainty about which cluster
an image is belonging to is therefore equal to the entropy of this random variable:

H(C) = −
K∑
k=1

P (k) logP (k).

The mutual information I(C,C ′), the information one clustering has about the other,
can be defined similarly. First, the probability that a randomly picked image belongs
to cluster k in C and to cluster k′ in C ′, is

P (k, k′) =
|Ck

⋂
C ′k′ |

n
.

Then, the mutual information I(C,C ′) is defined as the sum of the corresponding
entropies taken over all possible pairs of clusters:

I(C,C ′) =
K∑
k=1

K′∑
k′=1

P (k, k′)log
P (k, k′)

P (k)P ′(k′)
.

The mutual information coefficient can be seen intuitively as a reduction of uncer-
tainty from one clustering to the other. For a random image, the uncertainty about
its cluster in C ′ is measured by H(C ′). Suppose now that it is given which cluster in
C the image belongs to; how much does this reduce the uncertainty about C ′? This
reduction, averaged over all images, is equal to I(C,C ′).

Finally, the variation of information is defined as the sum of the two conditional en-
tropies H(C,C ′) and H(C ′, C). The first measures the amount of information about
C that we loose, while the second measures the amount of information about C ′ that
we gain, when going from clustering C to C ′. It can be written as

V I(C,C ′) = [H(C)− I(C,C ′)] + [H(C ′)− I(C,C ′)].

The variation of information coefficient focuses on the relationship between a point
and its cluster. It measures the difference in this relationship, averaged over all
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points, between the two clusterings, hence a low variation of information score indi-
cates that two clusterings are similar.

5.4.3 Results

All 200 clusterings of the 75 topics that were obtained as a result of the human as-
sessments are compared to the clusterings generated by the different techniques. Us-
ing the described comparison measures, variation of information and the Folwkes-
Mallows index, performance is evaluated. In this section, results are presented for
ambiguous topics separately, non-ambiguous topics separately and all topics to-
gether.

Interassessor variability and random clustering

As a base line for the performance we use the inter assessor variability. A technique
cannot be expected to produce clusterings that resemble on average the human cre-
ated clusterings better than the assessors agree among themselves. To put a bound
on expected performance on the other end as well, we compare the human created
clusterings with randomly generated clusterings. For this purpose, for each topic
a random number (between 2 and 20) of clusters was generated. Every image was
clustered randomly into one of the clusters, all random distributions were uniform.
We expect that the performance of each of the three methods to lay within these two
performance bounds.

Results on Fowlkes-Mallows Index

The best performing method according to the Fowlkes-Mallows index is folding, fol-
lowed by reciprocal election and maxmin. Mean values and first and third quartiles
are given in Figure 5.5 for both ambiguous and non-ambiguous topics. The boxes
show the average and the first and third quartiles for all comparisons, i.e. 50% of
the 200 clustering comparisons fall within the box. The figure is showing the per-
formance of reciprocal election, folding and maxmin; it is also showing the compar-
ison results of a randomly generated clustering and the inter-assessor agreements
according to the same comparison measure. Please note that a higher FM -index cor-
responds to better performance, as it indicates more agreement between the method
and the assessors on point pairs that fall in the same cluster. Table 5.1 presents perfor-
mance of the methods averaged over all topics, and with an FM -index of 0.282 fold-
ing outperforms again reciprocal election (FM = 0.250) and maxmin (FM = 0.214).
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Figure 5.5: Performance of the three methods on the Fowlkes-Mallows index, compared to
human assessments and the random baseline.

To test these claims for significance, we calculated p-values of two tailed t-Tests. The
null-hypothesis that all methods perform equally well is rejected both times, with
p = 0.006 for reciprocal election and p = 2.3×10−9 for maxmin. Moreover, Figure 5.6
shows per topic the FM -index for folding against the FM -index for reciprocal elec-
tion and maxmin. For every topic under the equality line y = x, folding outperforms
the other method. With respect to reciprocal election, folding outperforms 58% of
the topics, and for maxmin this value is even 73%.

The Fowlkes-Mallows index measures the degree of agreement on point pairs that
fall in the same cluster under both clusterings. This measure is therefore rather sen-
sitive to the number of clusters. The folding approach benefits from its strong mech-
anism to automatically and dynamically select a proper number of clusters.
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Inter-assessor Random Reciprocal Folding Max-

variability election min

FM 0.419 0.139 0.250 0.282 0.214

V I 1.463 2.513 1.975 2.081 2.129

Table 5.1: Average performance over all topics and assessors.

Results on Variation of Information Metric

A different relative performance is given by the variation of information criterion.
According to this measure, reciprocal election outperforms folding and maxmin.
Mean, first and third quartile performance is given in Figure 5.7, while Table 5.1
presents the performance averaged over all topics. In this case, a lower variation of
information indicates a better performance. It denotes that there is less change in
cluster membership while going from one clustering to the other.

Significance tests (two tailed t-Test) support the superiority of reciprocal election.
The null hypothesis of all methods performing equally well is rejected with p = 0.002
for folding and with p = 7.3× 10−7 for maxmin. Figure 5.8 presents relative perfor-
mance comparisons per topic. It shows that the majority of folding and maxmin
clusterings have a larger variation of information coefficient than reciprocal election,
respectively 63% and 70%. In this figure, for every topic under the line reciprocal
election achieves a better performance.

Rather than counting image pairs that fall in the same cluster under both cluster-
ings, variation of information focuses on the relationship between an image and its
cluster. It measures the difference in this relationship, averaged over all images, be-
tween the two clusterings. As this is a more general and less sensitive measure than
counting successfully clustered image pairs, reciprocal election has a better overall
performance. We conjecture that this is due to how the approach follows the intu-
ition behind a cluster. Images in a cluster should all be well represented by that
cluster, a notion that translates directly to how the reciprocal ranks are used as votes.

Ambiguous Topics vs. Non-ambiguous Topics

One more interesting result can be observed. Both figure 5.5 and 5.7 clearly show that
the assessors agree more on ambiguous topics than on non-ambiguous topics. This
is probably due to the fact that a more generally accepted clustering exists for topics
that produce semantically different clusters. On non-ambiguous topics the assessors
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Figure 5.6: Performance evaluation per topic comparison. The plots show the performance
of folding on the x-axis for each clustering comparison, with respect to the performance of
the reciprocal election and maxmin on the y-axis. For every topic under the line, folding
outperforms the corresponding other method.

may choose more different criteria to base their clustering on. This behaviour is also
visible in the performance of the methods; the performance on ambiguous topics is
significantly better than on non-ambiguous topics. This indicates the existence of
clear visual dissimilarity between semantically different images.

Parameter sensitivity of the algorithms

Both folding and maxmin are parameter-free approaches. The number of clusters
is determined automatically based on threshold ε, for which the appropriate value
is calculated given a set of image search results. The image similarity measure or
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Figure 5.7: Performance of the three methods on the variation of information metric, compared
to human assessments and the random baseline.

ranking function is also dynamic: weights for the visual features are established
automatically for each set of image results.

Reciprocal election requires only parameterm, that determines the window size with
which the ranked lists are inspected to decide upon cluster membership after a new
representative has been found. We experimented with several values for this pa-
rameter m, and found more or less consistent performance for values between 3 and
8. The best performance was obtained using m = 4. With 5 ≤ m ≤ 8, the vari-
ation of information increases slightly, but the method still outperforms the other
approaches. Relative performance according to the Fowlkes-Mallows index did not
change significantly either. Withm ≥ 9, performance degrades quickly, because then
the images are assigned to a representative too easily and clusters become too large.
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Figure 5.8: Performance evaluation per topic comparison. The plots show the performance
of reciprocal election on the x-axis for each clustering comparison, with respect to the perfor-
mance of the folding and maxmin on the y-axis. For every topic above the line, reciprocal
election outperforms the corresponding other method.

5.5 Concluding remarks

Image search engines on the Web still rely heavily on textual metadata, causing a
lack of visual diversity in image search results. Still, diversity is a highly desired
feature of search results, no less in image search than in other search applications. In
this chapter, we present new methods to visually diversify image search results that
deploy lightweight clustering techniques. These methods are effective, efficient and
require no training nor parameter tuning. Given a user query, they adapt automati-
cally to the set of image search results. The weights for visual features in a dynamic
ranking function are computed on the fly to emphasise highly discriminant features
for this set of results, and the number of clusters is adaptive as well.
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The folding strategy respects the ranking order and picks the cluster representa-
tives accordingly, while Reciprocal election aims to optimise the clustering and the
(s)election of cluster representatives by a voting strategy where each image deter-
mines a list of candidate images that it would best represented by. After performing
a large user-study to establish a ground truth and a baseline, we measure perfor-
mance of all methods.

Folding shows a better performance according to the Folwkes-Mallows index, a per-
formance measure that focuses on image pairs that can be formed with images from
the same cluster. This indicates that the folding approach benefits from its strong
mechanism to automatically and dynamically select a proper number of clusters.
On the other hand, reciprocal election significantly outperforms the other methods
in terms of variation of information, a more general performance measure. The selec-
tion of candidates and the decision on cluster membership both follow an intuitive
notion behind a clustering. We conjecture that this is rewarded by means of a low
variation of information, and therefore conclude that reciprocal election achieves the
strongest overall performance.
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Chapter 6

Conclusion and future research

...this is my dilemma. I’m a guy who makes things up as I go along
so nothing is ever finished-there are so many layers. So when you
solo, yeah, you might get into one thing, but then, hey, everything
has implications! You can hear the next level. That’s how I
feel-there’s always another level.

– Sonny Rollins (1930-) –
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We started in chapter 2 with a study of vantage indexing. A vantage index is basi-
cally a vector space embedding of a general metric space. The performance of this
embedding can be improved by a proper choice of vantage objects; they correspond
to the axes of the vector space. As false negatives are (under metric restrictions) not
possible when using vantage indexing, the goal is to avoid as many false positives
as possible. We introduced two quality criteria for vantage objects that are directly
concerned with false positives: a criterion for the relevance of a single vantage object
(spacing) and a criterion for the redundancy of a vantage object with respect to other
vantage objects (correlation). To select vantage objects according to these criteria
and to build the vantage index simultaneously, we proposed a heuristic algorithm.
Vantage objects that are selected using this algorithm outperform vantage objects
that are selected using other, existing techniques, on a large variety of application
domains and dataset sizes.

One other aspect influencing the performance of vantage indexing is the number
of vantage objects. We investigated the difference in performance using different
numbers, but did not propose an automatic way of setting this parameter. A concept
that is closely related to an appropriate number of vantage objects is the intrinsic
dimensionality ρ of the dataset. Given an object Ai from a dataset A consisting of n
objects and a metric defined on these objects, one can say that n features are known
for Ai: its distances to all other objects. This specific dataset therefore spans an n-
dimensional space. However, without loss of information, i.e. while preserving the
pair-wise distances, this database can probably be embedded in a space of a lower
dimensionality d. This value d is closely related to the intrinsic dimensionality ρ of
the dataset, which can be estimated with ρ = µ2/2σ2 [42], where µ denotes the mean
and σ2 the variance of the distances. It is a promising idea to translate a definition of
intrinsic dimensionality to a function with which an appropriate number of vantage
objects can be estimated. A possible drawback of the definition given above would
be its dependency on a normal distribution: the definition is based on the behaviour
of uniformly distributed vector spaces under Minkowski metrics. In many practical
cases however, the object space is not uniformly distributed, and the underlying
distance function is not a Minkowski metric. It is interesting to see how much the
estimation would suffer from this discrepancy, or how the approach can be relieved
from the strong assumption of normality.

A possible limitation of the vantage indexing scheme is that it requires the under-
lying distance measure to be metric. The triangle inequality is a particularly strong
constraint. In many application domains the human perception does not satisfy the
triangle inequality, and therefore a distance measure should ideally not be limited
by this constraint either. One reason for violating the triangle inequality is the sup-
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Figure 6.1: Examples of how through partial matching the triangle inequality is violated: the
distance between man and horse is larger than the distance between man and man-horse plus
the distance between man-horse and horse.

port for partial matching. Figure 6.1 illustrates how through partial matching the
triangle inequality no longer holds: the distance between the man and the horse
is larger than the distance between man and man-horse plus the distance between
man-horse and horse. Future work could include relieving vantage indexing from
the metric constraint, since it would make the method significantly wider applica-
ble. An interesting idea to bridge the gap between non-metric distance measures
and metric spaces is presented by Skopal [105]. Based on samples of the database,
an order-preserving function is constructed that transforms the distances such that
the triangle inequality is satisfied. Order preserving means that the order of the
database objects, when sorted based on distance with respect to a certain object, is
not altered by the function. Their distances do change, and for the triplets of ob-
jects in the sample, the triangle inequality will hold. As a consequence, the intrinsic
dimensionality may increase and this makes it harder to embed the space in a vec-
tor space. Future research could include a investigation of how this idea combines
with vantage indexing, and how it influences the performance of the vantage object
selection approach.

In chapter 3, we studied a more restricted class of indexing strategies: those that
handle objects that are represented by graphs. We introduced indexing through
Laplacian spectra, which essentially embeds the graphs in a vector space that can
be queried efficiently. We presented a framework that supports both partial and
complete similarity. Many subgraphs are considered to account for partial similar-
ity, and we proposed to use spectral integral variation to speed up the computation
of indexing signatures of these subgraphs. There is some art involved in finding a
good graph representation for objects. We performed experiments on 2D silhouette
images and 3D models for which we both used existing graph representations. In
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the domain of trademark images and melody scores we introduced two new graph
representations. The framework displays strong performance on all these graph rep-
resentations.

A possible limitation of indexing through Laplacian spectra is overcome in chapter
4. Two graphs that have the same topology end up having the same indexing sig-
nature, while the objects they represent may be different. The graph representation
is therefore enriched with additional object properties that are stored in a Hermitian
matrix, that is constructed such that it mimics the Laplacian matrix from a spectral
point of view. The additional properties are reflected in the Fiedler vector, that is
used as indexing signature. Again we use subgraphs to account for partial simi-
larity. In this case we reuse the Fiedler vector to partition the graph in meaningful
subgraphs and thereby limit the number of subgraphs to consider, thus increasing
the efficiency of the framework.

Finding good graph representations poses a challenge yet another time, particularly
because of the additional constraints the Hermitian matrix imposes. We show how
the representation of 3D models can be extended to the new situation; we enrich
it with shape properties. Experiments show indeed the increased performance of
the new representation. Finding more graph representations, possibly also in other
domains, remains an interesting future research challenge.

The in chapters 3 and 4 proposed frameworks compute similarity between graph
pairs for indexing purposes, based on topology and in the case of chapter 4 also
based on additional object properties. Future research could be to design a matching
approach based on a similar idea. Such an algorithm would not merely compute a
similarity value between graphs, but would try to establish node correspondences
using both topology and object characterisations, as encoded in the spectral or vec-
torial representation. This in turn could guide the similarity computation and could
make the frameworks more accurate.

Accuracy, in terms of both precision and recall, is together with efficiency the main
evaluation criterion for an indexing framework. In chapter 5 we add diversity to
the wish list: search results should not only be relevant, but diverse as well. Ideally,
they should reflect the diversity of objects that is present in the collection for a given
query. To this end, we proposed a method that dynamically determines the discrim-
inating features for a given set of results, and uses these features in unsupervised
clustering algorithms to present diverse results to the user.

The proposed approach provides more perspectives. For instance, the dynamic rank-
ing function based on the feature analysis could lead to a better understanding of the
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usefulness of the individual features. But of particular interest would be the evalu-
ation of the quality of the cluster representatives and their suitability to serve as
visually disambiguated query expansion. In this case the cluster representative is
used as a query itself, and its results can be fused with the original result set using
rank aggregation strategies such as proposed in [39]. This would diversify the image
search results beyond the scope of an initially returned set of images. Finally, as we
have done throughout this thesis, other domains should be investigated as well to
further study the intricate equilibrium between accuracy and diversity within the
context of both the proposed methods and new techniques.
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Summary

The demand for efficient systems that facilitate searching in multimedia databases
and collections is vastly increasing. This demand is raised within a large number of
application domains, including criminology (face and fingerprint recognition), mu-
sicology (music information retrieval), trademark registration (automatic trademark
retrieval), medicine (DNA fingerprinting) and image or video retrieval on the web.
This thesis discusses content-based retrieval techniques that can be applied on these
databases. The most important operation to support is query-by-example: retrieve
items that are to some extent similar to a given query.

A common, high-level paradigm for this operation consists of the following steps.
First, a digital representation is built for all the objects in the collections, that char-
acterises the object’s most important features. This representation can take different
forms, for example vectors, graphs, point sets. To find a similarity or dissimilarity
value between two objects, their representations need to be compared by a matching
algorithm. The query can then be compared with every object in the collection to
find similar objects. To speed up this computationally expensive process, this thesis
presents a number of indexing strategies that can be deployed to prune the database.

In chapter 2 we study a specific indexing strategy called vantage indexing. This
is a generic approach, not limited to a specific domain, because it only requires a
(preferably metric) way of calculating a distance between the objects. With vantage
indexing, objects are no longer compared directly, but it is investigated how similar
their resemblance is to a set of reference objects: the vantage objects. In a sense, van-
tage indexing provides an embedding of a general metric space into a vector space.
We focus particularly on the selection of vantage objects, since a good choice of van-
tage objects increases retrieval performance. We develop two criteria that are directly
concerned with the retrieval performance, and present a heuristic algorithm that se-
lects vantage objects according to these criteria and builds the vantage index simul-
taneously. Experiments with datasets of different size and modality demonstrate the
scalability and show that the proposed strategy improves on existing methods.

In many applications, it is possible to represent the objects by graphs. For example,
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a 3D model can be represented by a graph that resembles its skeleton, and a melody
can be transformed into a graph whose nodes represent pitch classes that are con-
nected when they occur consecutively in the melody. In chapter 3 we propose a
specific indexing strategy for these scenarios. The assumption is that the graph’s
topology can be used to describe the underlying object. This topology is stored in a
square matrix called the Laplacian matrix, and the sorted set of eigenvalues (spec-
trum) of this matrix is used as an indexing signature. To account for partial similarity,
the difference in spectra of many subgraphs is considered as well. Both theory and
experimental work support the claim that similarity in Laplacian spectrum predicts
similarity between the original objects. The proposed representation outperforms
existing methods in various application domains.

A possible limitation of the approach presented in chapter 3 is that two graphs with
the same topology share the same representation, while the underlying objects may
be different. In chapter 4, we enrich the graph representation therefore by storing
additional object properties, that have to be reflected in the spectral representation
as well. We develop a complex-valued analogue of the Laplacian matrix, a Hermi-
tian matrix, and use its eigenvector associated to the second smallest eigenvalue as
indexing signature. This eigenvector is known to be informative about the graph,
and reflects the information stored in the matrix. Moreover, it can be reused to parti-
tion the graph into meaningful subgraphs, resulting in less subgraphs to compare for
partial similarity. We provide an instance of this framework within the context of 3D
object retrieval. We find that the enriched representation generally outperforms the
previous one, and show in a specific example the added benefit of the enrichment.

In chapter 5 we extend the objective of a content-based retrieval system slightly. With
content-based image retrieval on the web as example application, we claim that good
retrieval results are not only relevant to the query, they should in fact reflect the di-
versity of the relevant objects that are present in the collection as well. First we
retrieve images from a large collection based on their metadata: textual annotations
and descriptions. The resulting images are topically relevant, but not necessarily
visually diverse. We propose to cluster the retrieved images based on their visual
characteristics and to show the most important image(s) from each cluster. This clus-
tering should be query-dependent and unsupervised. Given a user query, we first
dynamically determine appropriate weights of visual features, to capture the dis-
criminative aspects of the resulting set of images that is retrieved. These weights are
used in a dynamic ranking function that is deployed in a clustering technique to ob-
tain a diverse ranking based on cluster representatives. We provide three lightweight
and efficient clustering algorithms, and show that the algorithmic output coincides
consistently with the results of a user study.
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Samenvatting

De vraag naar efficiente systemen die het mogelijk maken te zoeken in multime-
diale databanken neemt toe. Er zijn vele toepassingsgebieden waar deze syste-
men gewenst of noodzakelijk zijn, waaronder criminologie (gezichts- en vingeraf-
drukherkenning), musicologie (music information retrieval), handelsmerk registratie
(automatische logoherkenning) en beeld- en videoherkenning op het Web. Dit proef-
schrift bespreekt inhoudsgebaseerde herkenningstechnieken die kunnen worden toe-
gepast op dergelijke databanken. De belangrijkste operatie die moet worden onder-
steund is zoeken op basis van een voorbeeld: vind objecten die tot op zekere hoogte
gelijkenis vertonen met een gegeven object als zoekopdracht.

Een veelgebruikt, algemeen paradigma voor deze operatie bestaat uit de volgende
stappen. eerst dient er een digitale representatie gevormd te worden voor elk ob-
ject in de databank, die de belangrijkste kenmerken van dat object weergeeft. Deze
representatie kan vele vormen aanneemen, zoals vectoren, grafen, punten sets en-
zovoorts. Om een gelijkheidsscore of afstand te berekenen tussen twee objecten,
dienen hun representaties vergeleken te worden door een vergelijkingsalgoritme.
Voor een voorbeeldobject als zoekopdracht kan op deze manier ook een represen-
tatie gebouwd worden, en deze kan worden vergeleken met alle objecten in de col-
lectie om gelijkende objecten te vinden. In dit proefschrift bestuderen we index-
eringstechnieken, die dit rekenintensieve proces kunnen versnellen. Hierdoor hoeft
de zoekopdracht niet met elk object in de collectie te worden vergeleken, maar wordt
er automatisch al een snelle voorselectie gemaakt en kan een groot deel van de col-
lectie buiten beschouwing worden gelaten.

In hoofdstuk 2 bestuderen we een specifieke indexeringstechniek, genaamd vantage
indexing. Dit is een generieke aanpak, niet gebonden aan een specifiek domein,
aangezien het alleen een (bij voorkeur metrische) afstandsmaat nodig heeft die ge-
lijkheid tussen objecten uitdrukt. Bij gebruikmaking van vantage indexing worden
objecten niet meer rechtstreeks met elkaar vergeleken, maar er wordt gekeken naar
het verschil in gelijkheid ten opzichte van een set referentie objecten: de vantage ob-
jecten. In zekere zin genereert vantage indexing zo een inbedding van een generieke
metrische ruimte in een vector ruimte. We concentreren ons op de selectie van van-
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tage objecten, aangezien een goede keuze van vantage objecten de kwaliteit van het
zoekresultaat verbetert. We definiëren twee criteria waaraan goede vantage objecten
voldoen, die rechtstreeks betrekking hebben op de kwaliteit van het zoekresultaat.
Tevens presenteren we een heuristisch algoritme dat vantage objecten uitkiest op
basis van deze criteria, en tegelijkertijd de vantage index bouwt. Experimenten met
dataset van verschillende grootte en aard tonen de schaalbaarheid van de methode
aan, en laten zien dat de gepresenteerde selectiemethode tot beter resultaat leidt dan
bestaande selectiemethoden.

Het is in veel toepassingsgebieden mogelijk om de objecten te representeren door
grafen. Een 3D model kan bijvoorbeeld worden gerepresenteerd door een graaf-
model van het skelet, en een melodie kan worden getransformeerd tot een graaf
waarin de knopen de 12 tonen uit het octaaf voorstellen die verbonden worden door
kanten indien ze opeenvolgend voorkomen in de melodie. In hoofdstuk 3 presen-
teren we een specifieke indexeringstechniek voor deze scenario’s. De aanname is
dat de topologie van de graaf gebruikt kan worden om het onderliggende object
te beschrijven. Deze topologie is opgeslagen in een vierkante matrix genaamde de
Laplaciaan matrix, en de gesorteerde eigenwaarden (het spectrum) van deze matrix
kunnen worden gebruikt als indexeringssignatuur. De gelijkheid in spectra is dan
een voorspeller geworden voor de gelijkheid van de objecten. Om ook gelijkheid
in delen van het object mee te laten wegen, wordt het verschil in spectra van vele
subgrafen ook berekend. Zowel theorie als experimenten tonen aan dat spectrale
ge-lijkheid inderdaad een goede gelijkheidsvoorspeller is. De techniek geeft een
beter zoekresultaat dan bestaande andere technieken in verschillende toepassings-
gebieden.

Een mogelijke beperking van de techniek gepresenteerd in hoofdstuk 3, is dat twee
grafen met dezelfde topologie dezelfde indexeringssignatuur krijgen, terwijl de on-
derliggende objecten zeer verschillend kunnen zijn. In hoofdstuk 4 verrijken we
daarom de graafrepresentatie met additionele objecteigenschappen. Deze eigen-
schappen dienen ook terug te komen in de spectrale representatie. We definiëren een
analoog van de Laplaciaan matrix in het complexe domein, een Hermitsche matrix,
en gebruiken de eigenvector die hoort bij de op één na kleinste eigenwaarde als in-
dexeringssignatuur. Deze eigenvector staat erom bekend verschillende eigenschap-
pen en invarianten van de graaf te reflecteren en bevat de aan de matrix toegevoegde
objecteigenschappen. Bovendien kan deze eigenvector efficiënt worden hergebruikt
om de graaf te partitioneren in betekenisvolle subgrafen, waardoor er in totaal min-
der subgrafen vergeleken hoeven te worden. We geven invulling aan de Hermitse
matrix in de context van 3D object herkenning. We concluderen op basis van resul-
taten dat in zijn algemeenheid de nieuwe representatie beter presteert, en illustreren
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met een specifiek voorbeeld de verrijking van de representatie.

In hoofdstuk 5 verbreden we de doelstelling van een inhoudsgebaseerd zoeksys-
teem. Met inhoudsgebaseerde fotoherkenning op het Web als voorbeeldapplicatie,
stellen we dat goede zoekresultaten niet alleen relevant zijn ten opzichte van de
zoekopdracht, ze dienen ook de diversiteit van de in de collectie aanwezige relevante
objecten te reflecteren. We presenteren een techniek die de zoekresultaten groepeert
in clusters, en van elk cluster de belangrijkste foto(’s) weergeeft. Deze clustering
moet daarom zoekopdracht-onafhankelijk zijn en volledig automatisch. We bepalen
gegeven een zoekopdracht eerst juiste gewichten voor verschillende visuele eigen-
schappen, om de onderscheidende karakteristieken van de set zoekresultaten te vin-
den. Deze gewichten worden dan gebruikt in een dynamische rankschikkingsfunctie
die wordt toegepast in een clusteringtechniek om een gediversificeerde rankschikking
te verkrijgen. We presenteren drie lichtgewicht en efficiënte clusteringstechnieken,
en laten op basis van een gebruikersexperiment zien dat de resultaten van deze al-
goritmen overeenkomen met de menselijke perceptie.

149





Curriculum vitae

Reinier Henricus van Leuken was born in Leidschendam, The Netherlands, on Septem-
ber 18th 1981. He received his preparatory education at the Allfrink College in
Zoetermeer from 1993 to 1999. In 1999 he studied Computer Science at Utrecht Uni-
versity, passing the propaedeutic exam in 2000 cum laude and receiving the MSc de-
gree in 2005. His Master’s thesis, entitled "Segmenting the human bronchial tree in
multislice CT images of the lungs" was completed at the Image Sciences Institute
located in the University Medical Centre Utrecht. The research for this thesis was
carried out from 2005 to 2009 under the supervision of prof. dr. Remco Veltkamp,
and was further supported by a visit to Yahoo! Research Barcelona during the sum-
mer of 2008.

151





Acknowledgements

First and foremost I would like to thank my advisor Remco Veltkamp. Remco, I
greatly admire your clear mind that never loses track of the aspects that really matter.
Whenever I got stuck, you managed to get me going again in no-time after a short,
keen analysis of the problem at hand simply by asking me a few key questions.
Never have I heard from you that you were too busy to discuss whatever issue.
Thank you for the confidence you have always expressed in me, and for giving me
so much freedom in my research while keeping a reassuring close eye on me at the
same.

During the course of my PhD I have worked together with many people, a fact for
which I consider myself to be lucky. I want to thank all my coauthors, and in partic-
ular Fatih Demirci and Olga Symonova who have both been important in the devel-
opment of this thesis. Fatih, it was you who introduced me to the field of spectral
methods when we started to work on trademark layout. Thank you for providing
me with this solid base for future research, that has given me many interesting re-
sults and insights beyond trademarks. Olga, the effortlessness of our collaboration
still amazes me. We’ve come a long way shaping the research that now spans the
fourth chapter of this thesis, carrying out some very difficult and involved experi-
ments. You stayed motivated and never lost hope, even when everything seemed to
be lost. Thank you for being so persevering during our absorbing work together.

I’m also greatly indebted to Roelof van Zwol for inviting me to Yahoo! Research
during the summer of 2008. I’ve had a terrific time in Barcelona, both during and
after work, where I found a motivating and inspiring research environment. I thank
you and all the others who received me with such great hospitality, for giving me
the opportunity to share the Yahoo!/Barcelona experience during those months.

153



A word of thanks goes to all the members of the reading committee, prof. dr. H. Alt,
prof. dr. ir. R.L. Lagendijk, prof. dr. Th. Gevers, prof. dr. A.P.J.M. Siebes and prof.
dr. J. Austin, for helpful suggestions and comments.

I’m thankful to all my colleagues from the Multimedia and Geometry and Games and
Virtual Worlds groups at the ICS department. Frank ter Haar, I have enjoyed the years
during which we shared A203 a lot. Thanks for all the good advice, fun and strange-
noise-tolerance. You were the perfect office mate in all respects. Thank you: Geert-
Jan for all the good laughs and the programming advice; Arno for taking beautiful
pictures (both of my bands and for my thesis cover) and for always beating me at
Foosball; Dennis for always loosing with me at Foosball from Arno and for all the
good times we had (and continue to have!); both Esther Moet and Frank van der
Stappen for all the discussions we had that usually moved swiftly from very fun
to very serious things and back; Martijn for still making me smile when I think of
your wisecracks on the smaller and bigger things in life, I have always regretted
(but understood) your decision to move on / abroad; Bas for being the other jazz
enthusiast in the group and thank you to all the other people from the groups: in the
end, you make a working environment into a pleasant place to be.

I’m proud to have Rodrigo Silveira and Reinier Meerwaldt as paranymphs during
the defence of this thesis. Rodrigo, you’ve been a terrific colleague. When I was
really stuck or really tired or really disappointed or really excited about results, you
were always there for a talk, that more often than not ended up taking all afternoon.
More importantly, you have become a dear friend outside work and I hold great
memories to the trips we made. Reinier, I think one has to search hard and long
to find two people who studied more intensively together than we did in the years
1999-2004. It makes great sense to me that you are a paranymph during the defence.
You’re one of the most intelligent, honest and positively insane guys I have ever met.

I want to express my gratitude to my parents and my sister Renske for their un-
conditional love, wine supply, dvd supply and all other kinds of support that kept
me going the last four years. Besides, I would not have finished this thesis without
having some of my father’s drive in me, combined with my mother’s calmness and
sense of reality.

Every thesis needs a muse, every acknowledgement a finale. Marjolein, you have
inspired me during these years beyond words, while working on this thesis and in
every aspect of life. I look forward to all the years to come.

154










	Introduction
	Application domains
	Image retrieval
	Music information retrieval
	3D object retrieval

	Index properties
	Performance assessment
	Contribution of the thesis

	Selecting vantage objects for similarity indexing
	Introduction
	Contributions

	Vantage indexing
	Performance assessment of a vantage index

	Related work
	Selecting vantage objects
	Spacing
	Correlation
	The number of vantage objects
	Algorithm
	Complexity

	Experimental results
	Shape retrieval
	Colour based photo retrieval
	Music retrieval

	Concluding remarks

	Indexing through Laplacian spectra
	Introduction
	Preliminaries
	Related work
	Contributions

	Graph representations of objects
	Melody graphs
	Trademark layout graphs
	Reeb and Shock graphs

	Indexing the graphs
	Local Indexing
	Complexity Analysis

	Spectral integral variation
	Experimental results
	Music retrieval
	Trademark retrieval based on layout
	2D and 3D shape retrieval

	Concluding remarks

	Fiedler vectors of Hermitian matrices for 3D object retrieval
	Introduction
	Contributions

	Segmentation and shape analysis
	Graph property matrices
	Weighted Laplacian matrices
	Hermitian matrices
	Fiedler vectors

	Retrieval through Fiedler vectors
	Retrieval of complete graphs
	Graph decomposition
	Rank aggregation

	Experimental results
	Concluding remarks

	Visual diversification of image search results
	Introduction
	Contributions
	Related work

	Image similarity
	Dynamic feature weighting
	Features

	Clustering algorithms
	Folding
	Maxmin
	Reciprocal election

	Experimental setup and results
	Human assessments
	Evaluation criteria
	Results

	Concluding remarks

	Conclusion and future research
	Bibliography
	Summary
	Samenvatting
	Curriculum vitae
	Acknowledgements

