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Abstract

We study the problem of connecting two points on a
polyhedral terrain with a minimum-link chain, whose
vertices lie on the terrain and whose links go above the
terrain. This kind of problem arises, e.g., in free-space
optical communication technology, when a transmis-
sion channel has to be set up between two points that
do not directly see each other. We give hardness results
for several versions of the problem.

As a by-product, we resolve the open problem men-
tioned in the handbook [1] (see Chapter 27.5, Open
problem 3) and The Open Problems Project [2] (see
Problem 22): “What is the complexity of the minimum-
link path problem in 3-space?” Our results imply that
the problem is NP-hard.

Last, but not least, we give similar results for diffuse
reflection paths (paths that are allowed to bend only
on the boundary of the domain) for two-dimensional
polygonal domains with holes. Hardness of the prob-
lem has remained an open problem, despite a large
body of work on the paths, motivated by ray tracing
in graphics applications.

Introduction

Staged illumination. Link distance is intimately re-
lated to guarding and visibility: the set of points
reachable with 1 link from a point s is exactly the
set seen by s, and more generally, the region that can
be seen from the set reachable from s with k links,
is exactly the set reachable from s with k + 1 links
(for any k). This simple observation forms the basis
of “staged illumination” paradigm—the predominant
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technique for finding minlink paths; see Chapters 26.4
and 27.3 in the handbook [1]. Visibility in terrains
and general 3D scenes has been studied extensively
both in theory and in practice [3–7], and it is well
understood how to compute the area (volume) visible
by one or even multiple viewpoints [8].

An intriguing open question has been to see whether
the staged illumination works in higher dimensions:
finding minlink path in 3D has been mentioned as an
open problem in the handbook [1] (Chapter 27.5, Open
problem 3) and in The Open Problems Project [2] (see
Problem 22); the earliest reference to the problem
is, perhaps, the 1993 thesis [9] (Chapter 6). In this
paper we answer the question in the negative, showing
NP-hardness of computing minimum-link paths in 3D
(even when the obstacles are just a terrain).

Diffuse reflection. In a vanilla minlink path problem
the location of vertices (bends) of the path are un-
constrained, i.e., they can occur anywhere in the free
space. In the diffuse reflection model [10–14] the bends
are restricted to occur on the boundary of the domain.
Studying this kind of paths is motivated by ray tracing
in realistic rendering of 3D scenes in graphics, as light
sources that can reach a pixel with fewer reflections
make higher contributions to intensity of the pixel [15,
16]. Despite the 3D graphics motivation, all work on
diffuse reflection has been confined to 2D polygonal
domains, where the path bends are restricted to edges
of the domain. While there is evidence that in simple
polygons the problem can be solved in polynomial
time [12, 14], the complexity of the problem in polyg-
onal domains with holes has been open [10]. In this
paper we resolve the open question: we show that the
problem is NP-hard.

1 Settings

The input to the minimum-link path problem consists
of the environment and two points, s and t in it; the
goal is to connect s to t by a path with minimum
number of links. We use terms links and bends for
edges and vertices of the path, saving the terms edges
and vertices for those of the environment.

We consider various settings, which can be cate-
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FreeFlight Crawler DiffRefl
Polygon O(n)[17] O(n) O(n9)[14]
Full 2D O∗(n2)[18] O(n) NP-hard
Terrain O(1) NP-hard NP-hard
Full 3D NP-hard NP-hard NP-hard

Table 1: Complexity of minimum-link path in the different
environments and path types. Polynomial results are known or
trivial; hardness results are from this work.

gorized by two aspects. Firstly, the environment in
which we work can be, in order of increasing complex-
ity, a simple polygon in 2D, a general 2D polygonal
domain, a 3D terrain (xy-monotone surface), or a full
3D scene. Secondly, our minimum-link-path may be
allowed to go anywhere in the domain (free flight), to
stay on the boundary of the domain (crawler), or have
its bends on the boundary while allowing the links to
go anywhere in the domain (diffuse reflection). We
now survey these settings in more detail.

Environments One classical distinction between
working setups in 2D is simple polygons vs. polygonal
domains (polygons with holes). For many geometric
problems, more efficient algorithms are possible in
simple polygons. Similarly, terrains are an important
special case of full 3D scenes.

A common assumption in work on 3D scenes is that
faces of the environment are triangles. For shortest
paths planning and some other applications such an
assumption can be made w.l.o.g., since all faces can
be triangulated in linear time and adjacent coplanar
triangles can be perturbed to break the coplanarity—
this will not change the answer to the problem. On
the contrary, for link distance computation (as well as,
e.g., for visibility) coplanarity breaking may be fatal:
we allow (and in some versions actually require) the
links to stay on the surface of a face and span multiple
coplanar triangles with a single link. Therefore in
our problem formulation we will assume that faces
are triangles, but allow degenerate inputs in which
adjacent triangles may be coplanar. Similarly, for the
diffuse reflection path problem in a 2D domain, we will
assume that the domain is triangulated. Note that in
the 2D setting, the restriction to bend on the domain
boundary is equivalent to the restriction to bend on
the domain edges (in diffuse reflection studies it is
assumed that no reflection happens from the vertices
[10]).

Path types We consider three different versions of
minimum-link paths, depending on where the links
and bends of the paths are allowed to be.

FreeFlight: The path may go anywhere through the
free space in the environment. This model is standard
for 2D path planning, as well as some applications in
3D.

Crawler: The path must stay on the boundary of
the environment. This model is the standard for path
planning on polyhedral surfaces or terrains. For full
3D scenes this model makes sense only if there is a
single 3D obstacle, in which case it reduces to the case
of a single polyhedral surface. In 2D scenes, the path
is fully determined.

DiffuseReflection: The path’s vertices (bends) must
belong to the environment boundary, but the path’s
edges (links) may go anywhere through the free space.
This model is motivated from diffuse reflection.

The different environments and path types can be
combined into many different problems, some of which
are trivial. Table 1 shows an overview of the possible
combinations.

For minimum-link paths, O(n)-time algorithms are
known for simple polygons in the realRAM model
(standard in computational geometry) [17, 19], the bit
complexity of the path’s vertices may be quadratic [20].
For polygonal domains with holes the fastest known
algorithm for minlink path runs in nearly quadratic
time [18], which may be close to optimal due to 3SUM-
hardness of the problem [21]. The Crawler model
in 2D comes down to following the boundary of the
domain, which is silly and can be done in linear time.

The state-of-the-art of link distance problems in
3D is much duller: complexity of no version has been
known before. For FreeFlight paths on terrains, the
problem is not interesting: any two points can be
connected via a path with just a single bend. In this
paper, we show that all other versions are NP-hard.

2 Hardness

We prove that all versions, defined above, of minlink
problems in 3D are NP-hard. We worked out a single
reduction idea that works for all the problems, and we
believe the idea can work to give hardness results for
other problems as well: as a demonstration, we apply
it to prove the NP-hardness of the diffuse reflection
path problem in 2D polygonal domains with holes.

We reduce from the 2-Partition problem: Given a set
of integers A = {a1, . . . , am}, is there a subset A′ ⊆ A
whose sum is equal to half the sum of all numbers. One
feature of our hardness proof is that essentially the
same reduction works for all our problems, including
the 2D diffuse reflection path. For concreteness we
present the reduction for Terrain-Crawler-e (path must
stay on the terrain and bend only on edges); the
modifications for the other problems are given next.

The terrain in the reduction consists of a creased
rectangle, on which fences, with two slits in each fence,
are installed between consecutive creases; the rectan-
gle does not depend on the instance of 2-Partition,
while the fences do (more precisely, the location of
one of the slits in each fence is instance-dependent)—
see Figure 1 for the overall construction. All creases
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Figure 1: The first 6 creases; the important creases are dashed.
The locations on `i that are reachable with 2i−1 links correspond
to sums formed by all possible subsets of {a1, . . . , ai}. The
flipped-over numbers on intermediate creases are just labels
(not coordinates of the points) showing the positions from which
the corresponding locations on the following important creases
are obtained by mirroring in the slits (the labels are flipped to
emphasize that they are mirror images). Bottom left corner
shows the view of our construction from the top when the
creased rectangle is unfolded (i.e., creases are straightened).
The important and intermediate creases are dashed and dotted
resp. For the fences, only their top ridges are shown (blue).

are parallel to two sides, `0 and `m, of the creased
rectangle; abusing the notation, `0 and `m are also
called creases (they can be turned into real creases by
attaching an extra rectangular piece to each of `0, `m).
Overall there are 2m creases, and the even creases
are named `1, `2, . . . , `m; we call them (and the first
crease, `0) the important creases. The other creases,
`′1, `

′
2, . . . , `

′
m−1, are called intermediate. We envision

that each of the important creases is a real line, and
that the 0s on all important creases are aligned; in par-
ticular, by location of point p on an important crease
we will understand the (signed) distance from 0 to p
(i.e., the coordinate of p on the crease). The points s
and t are put on the creases `0 and `m at locations 0
and

∑
ai/2 resp.

Fences run parallel to the creases, exactly in the
middle of the face between the consecutive creases.
Any fence is just a wall of small height (the reason for
making the height small is to make sure that the path
would not benefit from jumping onto fences—this is
important in other versions). The two slits on the fence
between creases `i−1 and `′i−1 correspond to values 0
and ai. And the two slits on the fence between creases
`′i−1 and `i restores the order of locations between `′i−1
and `i (see Figure 1).

Starting from a point at any location a on an im-
portant crease `i−1, one can reach the same location
a on the important crease `i in 2 links (straddling
through the 0-slits in the two fences that separate the
creases), or the location a + ai (going through the

ai-slits). Reaching any other point b 6= a or a + ai
on `i requires more than 2 links since any path must
bend on every crease.

To avoid leakage from 0-slits to ai-slits (or back) be-
tween consecutive important creases, additional fences,
serving as curtains, are installed perpendicularly to
the fences, between the slits, in faces between creases
`′i−1 and `i. This way, in order to reach `i from `i−1,
any path must either use the two 0-slits in the fences
between the creases (which brings the path to the
same location and corresponds to not taking ai into
the subset) or use the two ai-slits (which shifts the
location by ai and corresponds to picking ai to the
subset). Overall our construction possesses the fol-
lowing crucial property: the locations on the crease
`i that can be reached from s with 2i − 1 links are
exactly the sums of all possible subsets of the first i
numbers in A. In particular, t, the point at location∑

ai/2 on `m can be reached with 2m− 1 links iff the
instance of 2-Partition is feasible.

Theorem 1 Terrain-Crawler-e is NP-hard.

Our reduction directly works to show hardness also
of Terrain-Crawler (path must stay on the terrain but
can bend anywhere), Terrain-DiffRefl (path can go
anywhere through the free space but can bend only on
the surface of the terrain) and Terrain-DiffRefl-e (path
can go anywhere through the free space but can bend
only on the edges of the terrain) because bending in
the interior of faces and/or lifting the links from the
terrain surface does not reduce link distance between s
and t (to make jumping onto the fences useless, make
the fences low in height, so that fences situated on
different faces of the creased rectangle do not see each
other). The 3D versions are more general than the
terrain ones; to see this put a copy of the terrain,
without the fences, slightly above the original terrain
(so that the only free space is the thin layer between
the terrains): if the layer is thin enough, the ability
to take off from the terrain does not help decreasing
the link distance from s to t.

Corollary 2 All versions of the minlink problem in
3D settings defined in Section 1 are NP-hard.

Diffuse reflection in 2D. We can “flatten” our con-
struction and turn the faces of the creased rectangle
into “corridors”, while turning the creases into edges
of a “zigzag” polygon; the fences are turned into ob-
stacles within the corresponding corridors, and slits
remain slits—the only free space through which it is
possible to go with one link between the edges that
correspond to consecutive creases of the terrain (Fig-
ure 2). This retains the crucial property of our terrain
construction: locations reachable with fewest links
on the edges correspond to sums of numbers in the
subsets of A.
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Figure 2: There exists an s-t diffuse reflection path with 2m−1
links iff 2-Partition instance is feasible.

Theorem 3 The Diffuse reflection path problem in a
2D polygonal domain with holes is NP-hard.

Overall our reduction bears resemblance to the clas-
sical path encoding scheme [22] used to prove hardness
of 3D shortest path and other path planning problems,
as we also repeatedly double the number of path homo-
topy types; however, since we reduce from 2-Partition
(and not from 3SAT, as is common with path encod-
ing), our proof(s) are much less involved than a typical
path-encoding one.
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