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Abstract. In this paper we study the combined structure of the relations of

theory-extension and interpretability between theories for the case of finitely

axiomatised theories. We focus on two main questions.
The first is the matter of definability of salient notions in terms of the

structure. We show, for example, that local tolerance, locally faithful inter-

pretability and the finite model property are definable over the structure.
The second question is how to think about ‘good’ properties of theories

that are independent of implementation details and of ‘bad’ properties that

do depend on implementation details. Our degree structure is suitable to
study this contrast, since one of our basic relations, to wit theory-extension, is

dependent on implementation details and the other relation, interpretability,
is not. Nevertheless, we can define new good properties using bad ones. We

introduce a new notion of sameness of theories i-bisimilarity that is second-

order definable over our structure. We define a notion of goodness in terms of
this relation. We call this notion being fine. We illustrate that some intuitively

good properties, like being a complete theory, are not fine.

1. Introduction

The structure of extensions and interpretations combines two important struc-
tures: the structure of theory-extensions for finitely axiomatized theories, which
is a disjoint sum of Lindenbaum algebras. Lindenbaum and the degrees of inter-
pretability of finitely axiomatised theories. Sentence algebras are studied e.g. in
[Han75] and [Mye89]. The degrees of interpretability for are studied in e.g. [Šve78],
[Lin79], [Lin84b], [Lin84a], [Ben86], [Lin02], [Fri07], [Vis14a], [Vis14b].

The main reason for considering the double structure in this paper is our focus
on questions of concrete first- and second-order definability over the structure. We
are interested in the question of definability of such notions as sequentiality and
faithful interpretability.

We zoom in on the structure of consistent, finitely axiomatized theories with
as relations extension-in-the-same-language and parameter-free, multi-dimensional,
piecewise interpretability. As will become apparent from the paper, this structure
seems to be best suited to the treatment of local notions. We show, example, that
locally faithful interpretability, local tolerance and the finite model property are de-
finable in the structure. With respect to faithful interpretability and sequentiality,
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we have the partial negative result that they are not definable in a certain fragment
of the first-order language over the structure. The question of definability in the
full language remains open.

The study of interpretability is, in part, about the escape from the tyranny
of signature. Specific choices for the language are implementation artifacts intro-
duced because, after all is said an done, we have to do things one way or another.
Good mathematical properties of theories should be independent of these arbi-
trary choices. In this light, the study of the combined structures of extension and
interpretability seems to be a retrograde movement since the notions of extension-
in-the-same-language is implementation-dependent. Upon closer inspection, this
bug turns out to be a feature: precisely because we have both an implementation-
independent notion (interpretability) and an implementation-dependent notion (ex-
tension) in one framework, we can study how the implementation-dependent notion
can function as an auxiliary to define implementation-independent concepts.

To get a grip on implementation-independence, we need a notion of sameness
of theories. I think there is a best notion of sameness, to wit bi-interpretability.
This notion preserves many good mathematical properties of theories that are
as diverse as finite axiomatisability, decidability and κ-categoricity. To study bi-
interpretability in the context of our framework, however, is at this stage on bridge
too far. So, in the paper we replace bi-interpretability by a cruder notion, to
wit (local) i-bisimilarity. We study the concept of ‘good property’ derived from
i-bisimilarity. We call this idea of goodness: being fine. We illustrate what i-
bisimilarity in the context of our degree structure can and cannot do. E.g., we
show that the notions of complete theory, of sequential theory and of faithful inter-
pretability are not fine, where they are definitely good when measured by our best
notion of sameness: bi-interpretability.

2. Preliminaries

In this section, we give basic dfinitions and discuss some basic facts.

2.1. Signatures, Formulas, Theories. Signatures will be finite in this paper.
For any signature Σ, we take LΣ to be the set of sentences of that signature. We
assign a finitely axiomatized theory IΣ to Σ. This is the theory of identity for Σ
including the axiom ∃xx = x.

We will use A, B, C, . . . as variables ranging over consistent finitely axiomatized
theories of finite signature. We take the theory of identity IΣ as part of predicate
logic CQCΣ of signature Σ. Still we insist that IΣ is also syntactically present in a
theory. The reason for this somewhat strange stipulation is that we allow identity
to be translated to some other relation than identity. Hence, we need the axioms
of identity to be interpreted.1

We use φ, ψ as ranging over sentences. We suppose that theories and sentences
have built-in signature, so that we can read out the signature from the sentence. So,
e.g. ∃xP (x) is a different sentence depending on whether it occurs in a language

1The unnaturality is caused by the fact that, on the one hand, we treat identity as a logical

relation, and, on the other hand, unlike other logical relations, we do not translate it to itself.

The truly coherent way of proceeding would be to work without identity as part of the logic and
with a free logic. This way would greatly simplify things. In this paper, however, we stick to the

traditional framework and do the sometimes boring homework to treat identity.
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of signature with only the predicate symbol P or whether there is e.g. a second
binary predicate symbol Q.

A basic relation between theories is extension. By this we mean: extension-in-
the-same-language. More precisely B is an extension A when ΣA = ΣB and B ` A.
We write A ⊆ B for: B extends A in the same language.

A second basic relation is interpretability or �. We will explain this in Subsec-
tion 2.2 and in Appendix A.

A special theory we will consider is the arithmetical theory S1
2. See e.g. [Bus86]

or [HP93] for an explanation. The signature of the language of S1
2 is A.

2.2. Translations. A translation maps a language to a language. The basic idea is
very simple: the translation commutes with the logical connectives. In spite of the
apparent simplicity. there is some work to do to give a full and correct definition of
a translation. There are two reasons. The first is that we have to get nasty details
concerning renaming of variables out of the way. The second is that we want to
add a number of features. The idea in this paper is to ignore the problem of the
variables. It is clear that it can be taken care of in some appropriate way. We will
however have a lot to say in Appendix A about the extra features. The features
are these:

• Our translations do not necessarily translate identity to identity. Identity
may go to a formula that is intended to represent an equivalence relation.
• Our translations are relativised. We will relativise the translations of the

quantifiers to prespecified domains.
• Our translations are more dimensional. This means that one object in the

translated language may be represented as a sequence of objects in the
translating language.
• We allow piecewise translations. This means that our domains can be

built up from various pieces. These pieces may be of different dimensions.
Moreover, even if they are of the same dimension, a sequence of elements
shared by two pieces may, in the context of the first piece, represent a
different object of the translated language than the object represented by
the sequence in the context of the second piece.
• We may have parameters in our translations. The main development of the

paper is executed for the parameter-free case. In Appendix D, we sketch
how to adapt it for the case with parameters.

The notions of translation yields the notion of interpretation. If we have theories
A and B, then A interprets B or A�B if A ` Bτ .

We give many detail in Appendix A on how translations are defined and how
they work.

2.3. The Structure. We will study the structure EI of extension and interpretabil-
ity. Its objects are the finitely axiomatized consistent theories A, B, . . . The
structure has two relations ⊆ and �. Here ⊆ is a partial ordering, � is a partial
pre-ordering and ⊆ is a subrelation of �.

In the main body of the paper we take � to stand for: parameter-free, piecewise,
multi-dimensional interpretability. We discuss the matter of adapting the frame-
work to translations with parameters in Appendix D.
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We will be interested in properties P (A0, . . . , An−1) of finitely axiomatised consis-
tent theories that can be formulated in terms of the structure. In various ways these
properties can be divided in good and bad properties. Given a notion of sameness
for theories ∼ we say that P is ∼-invariant if P preserves ∼, in other words, if
A0 ∼ B0, . . . , An−1 ∼ Bn−1 and P (A0, . . . , An−1), then P (B0, . . . , Bn−1).

I believe in the intuitive thesis that the right notion of sameness between the-
ories is bi-interpretability. In other words, preservation of ∼bii is true goodness.
Bi-interpretability is more flexible than the very strict notion of synonymy, but
still preserves many mathematically interesting properties like categoricity and de-
cidability. There are two more salient notions iso-congruence and sentential or
elementary congruence. See Appendix A.7. All of these notions have an impor-
tant property that mutual interpretability and mutual faithful interpretability lack.
Suppose A ∼ B, where ∼ is synonymy or bi-interpretability or iso-congruence or
sentential congruence. Suppose we add a new axiom φ to A. Then, we can add a
matching axiom ψ to B such that (A + φ) ∼ (B + ψ).2 Of course, we also have a
converse: if we add a ψ to B, there is a matching φ for A. Thus ∼ is a bisimulation
with respect to ⊆. There is a crudest notion below mutual interpretability or ≡
that has this property, to wit i-bisimilarity.3

An i-bisimulation is a relation B on EI such that (i) B is a subrelation of ≡ and
(ii) B is a bisimulation w.r.t. ⊆. We remind the reader that B is a bisimulation
w.r.t. ⊆ iff, it has both the forward or zig property and the backward or zag
property: if A B B, then

zig: for all A′ ⊇ A, there is a B′ ⊇ B, such that A′ B B′;
zag: for all B′ ⊇ B, there is an A′ ⊇ A, such that A′ B B′.

A′ �
B - B′ A′ �

B - B′

zig zag

A

⊆

6

�
B
- B

⊆

6

A

⊆

6

�
B
- B

⊆

6

The theories A and B are i-bisimilar or A ≈ B iff, there an i-bisimulation B, such
that A B B. We note that ≈ is the maximal i-bisimulation. Since i-bisimulations
contain the identity relations and are closed under converse and composition, we
find that ≈ is an equivalence relation.

Warning: If we would consider the structure of arbitrary consistent theories with
our two relations, the notion of i-bisimularity would be different. It is easy to give
examples of two finitely axiomatized theories A and B that are i-bisimilar in the
sense of EI but not i-bisimilar in the sense of the corresponding structure with
possibly infinite theories.

We see that the notion of i-bisimularity has a Σ1
1-description over EI. We call

a property fine if it is ≈-invariant. We note that all fine properties are also ∼-
invariant where ∼ is synonymy, bi-interpretability, iso-congruence and sentential

2For a proof of this claim, see Appendix A.7.6.
3The notion should really be called: local i-bisimilarity. However, since this paper is about

local notions, we omit the ‘local’.
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equivalence. The converse does not hold: as we will see being a complete theory is
not fine but it is ∼-invariant for sentential congruence and, ipso facto, for all more
refined equivalence relations.

Open Question 2.1. We define A ≡0 B iff A ≡ B and A ≡n+1 B iff A ≡ B and,
for all A′ ⊇ A, there is a B′ ⊇ B, such that A′ ≡n B′, and for all B′ ⊇ B, there
is a A′ ⊇ A, such that A′ ≡n B′. Clearly, ≡n+1 is a subrelation of ≡n, and ≈ is a
subrelation of the intersection ≡ω of the ≡n. Are all these inclusions strict?

Remark 2.2. In stead of ⊆ we could take ( as the second relation of our frame-
work. Let the corresponding equivalence relation be ≈+. We can easily see that
≈+ is strictly contained in ≈.

We introduce a fragment P of first-order formulas over EI such that every formula
φ in P defines a fine property. We define ∃A′ ⊇A . . . by ∃A′ (A ⊇ A′ ∧ . . .) and we
define ∀A′ ⊇A . . . by the formula ∀A′ (A ⊇ A′ → . . .). Here we assume that A′ and
A are distinct variables. (Officially, we allow that A and A′ are the same. In this
case, we translate e.g. ∃A⊇A . . . to ∃A? (A? ⊇ A ∧ (. . .)[A := A?]), where A? is a
fresh variable.) We define the fragment F by:

• V ::= A | B | C | . . .
• F ::= ⊥ | > | V � V | ¬F | (F ∧ F ) | (F ∨ F ) | (F → F ) |

∀V F | ∃V F | ∀V ⊇V F | ∃V ⊇V F

We claim that every formula in F defines a fine relation. The proof is by induction
of the formulas in F . We treat the case of the reverse bounded existential quantifier.
Suppose φ(A, ~C ) defines a fine relation. Here the ~C cover all occurrences of free
variables in φ except A and A represents all occurrences of the free variable A.
We claim that the relation given by ∃A⊇B φ(A, ~C ) is also fine. Here B may be
one of the ~C. We assume that A and B are distinct. It is clearly sufficient to
consider the case where we replace one occurrence of D by D′ with D ≈ D′, since
more complicated replacements can be constructed as a number of such simpler
replacements. Each such replacement is unproblematic as long as we do not replace
the first occurrence of B. Suppose we replace the first occurrence of B by B′,
where B ≈ B′. For any A ⊇ B, we can find A′ ⊇ B′ with A ≈ A′. Hence, by
the induction hypothesis, φ(A, ~C) iff φ(A′, ~C). It follows that ∃A⊇B φ(A, ~C ) iff
∃A′ ⊇B′ φ(A′, ~C ) and by α-conversion, ∃A⊇B φ(A, ~C ) iff ∃A⊇B′ φ(A, ~C ).

Open Question 2.3. Is every fine property definable in F?

2.4. Salient Notions. We introduce a number of salient notions relevant to our
framework. These notions are generalisations and localisations of the notions in-
troduced by Per Lindström and Giorgi Japaridze for extensions of PA. See [JdJ98,
Section 11]. Because of our restriction to finitely axiomatized theories our frame-
work seems to be primarily suitable for the study of local versions of the various
notions. The first two concepts, to wit the logic ΛθA of A and admissible inference
over A, will play no essential role in this paper. We just add them to make our list
reasonably complete.

• ΛΘ
A := {φ ∈ LΘ | for all τ : Θ→ ΣA such that A ` IτΘ we have A ` φτ}.

ΛΘ
A is the logic of A for Θ.

• B ∼A φ iff, ΣB = Σφ and, for all τ : ΣB → ΣA, if A ` Bτ , then A ` φτ .
The relation ∼A represents admissible inference over A.
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• A interprets B or A�B iff, for some τ , A ` Bτ .
• A weakly interprets B or A tolerates B or A � B iff, for some translation
τ , we have that A+Bτ is consistent.
• A is locally tolerant iff A � B, for each B.
• A is essentially locally tolerant iff, for each A′ ⊇ A, we have A′ � B, for

each B.
• A co-interprets B or A I B if, for some τ , for all φ, if B ` φτ , then A ` φ.4

• A locally co-interprets B or A Iloc B if, for all φ, there is a τ such that, if
B ` φτ , then A ` φ.
• A faithfully interprets B or A�faith B iff, there is a τ , such that, for all φ,

we have:
B ` φ iff A ` φτ .
• A locally faithfully interprets B or A�lofa B iff, for all φ with B 0 φ, there

is a τ such that A ` Bτ and A 0 φτ .

3. Characterisations

Our salient local notions have various characterisations. In this section we collect
those characterisations that are ‘theory-free’, i.e. for which we do not need results
like the Interpretation Existence Theorem. More theoretically involved characteri-
sations will be treated in Section 6.

3.1. The Logic of a Theory, Admissibility and Interpretability. We give
various characterisations of the logic of a theory, of admissible rules and of inter-
pretability. We repeat the relevant definitions.

• ΛΘ
A := {φ ∈ LΘ | for all τ : Θ→ ΣA such that A ` IτΘ we have A ` φτ}.

• B ∼A φ iff, ΣB = Σφ and, for all τ : ΣB → ΣA, if A ` Bτ , then A ` φτ .
• A interprets B iff, for some τ , A ` Bτ .

Theorem 3.1. We have:
1. ΛΘ

A = {φ ∈ LΘ | IΘ ∼ φ}.
2. φ ∈ ΛΘ

A iff, φ ∈ LΘ, and, for all τ : Θ→ ΣA, we have A ` (
∧
IΘ → φ)τ .

3. φ 6∈ ΛΘ
A iff A � (IΘ ∧ ¬φ).

Proof. Claim (1) is trivial.

We prove Claim (2). Suppose φ ∈ ΛΘ
A and τ : Θ → ΣA. Let τ0 : Θ → ΣA be

defined as follows. The translation τ0 is 1-dimensional, δτ (x) := >, and τ sends
any predicate symbol including identity to >.5 We define τ? := τ〈IτΘ〉τ0.6 Clearly,
A ` Iτ?Θ . Hence, A ` φτ? . We may conclude that A ` (

∧
IΘ → φ)τ . The converse

is immediate.

Claim (3) is immediate from Claim (2). 2

The characterisation of Theorem 3.1(2) is very useful. We will use it without
mentioning that we apply the theorem.

4In our formulations we will always implicitly assume that the φ we quantify over are of the

right signature. In this case the hidden assumption is that Σφ = ΣA.
5It would be more natural to use a 0-dimensional translation, but I wanted to avoid any

suspicion that our argument depends on some special etheric feature of the notion of translation.
6τ〈IτΘ〉τ0 is the translation that is τ if IτΘ and that is τ0 otherwise. See Appendices A.2 and

A.6 for the official definitions.
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Theorem 3.2. A�B iff B 6∼A ⊥.

Proof. We have:

B 6∼A ⊥ ⇔ ∃τ (A ` Bτ and A 0 ⊥τ )

⇔ A�B 2

Theorem 3.3. Suppose B and φ have signature Θ. We have:

B ∼Θ
A φ ⇔ (B ∼Θ

A ⊥ or B `ΛΘ
A
φ).

Proof. The right-to-left direction is trivial. We prove left-to-right. Suppose we have
B ∼Θ

A φ. In case we have B ∼Θ
A ⊥, we are done. Otherwise there is a τ0 such that

A ` Bτ0 . Consider any translation τ : Θ → ΣU . Let τ? := τ〈Bτ 〉τ0. We clearly
have A ` Bτ∗ and, hence, A ` φτ∗ . It follows that A+Bτ ` φτ . 2

3.2. Weak Interpretability and Local Cointerpretability. We first repeat
the definitions of weak interpretability and of local cointerpretability.

• A � B iff, for some translation τ , we have that A+Bτ is consistent.
• A Iloc B iff, for all φ, there is a τ such that, if B ` φτ , then A ` φ.

Theorem 3.4. A � B iff ∃C⊇A C �B.

Proof. Suppose A � B. Then for some τ , the theory A + Bτ is consistent. Hence
A ⊆ C := A+Bτ and C �B.

Conversely, suppose A ⊆ C and C � B. Let τ witness the interpretability of B
in C. Then certainly A+Bτ is consistent. 2

We note that the formula ∃C⊇A C �B is in F and hence weak interpretability is
a fine relation. Our next order of business is to show that local cointerpretability
can also be defined in the fragment F . Local cointerpretability is preservation of
the tolerated. Thus, local cointerpretability is a fine relation.

Theorem 3.5. A Iloc B iff, for all C, if A � C, then B � C.

Proof. Suppose A Iloc B. Consider any C and suppose A � C. Then, for some σ,
we have A 0 (¬C)σ. Taking φ := ¬Cσ in the definition of A Iloc B, we find, for
some τ , that B 0 (¬C)στ . It follows that B � C.

Suppose that, for all C, if A � C, then B � C. Consider any φ. We take C :=
(IΣA ∧ ¬φ). Suppose A 0 φ, then A 0 (IΣA → φ), since A ` IΣA . Hence, A � C.
It follows that B � C, so, for some τ , we have B 0 (IΣA → φ)τ , and, a fortiori,
B 0 φτ . 2

We can write Theorem 3.5 a bit differently. If we define [[A]] := {C | A � C}.
Then, A Iloc B iff [[A]] ⊆ [[B]] .

Here is another characterisation in F that is easy to remember.

Theorem 3.6. A Iloc B iff, for all A′ ⊇ A, there is a B′ ⊇ B, such that B′ �A′.

Proof. We use Theorem 3.5. Suppose that, for all C, if A � C, then B � C. Suppose
A′ ⊇ A. Then, the identity interpretation witnesses that A � A′. It follows that
B � A′. Hence, for some τ , we have B′ := B + (A′)τ is consistent. Clearly B′ ⊇ B
and B′ �A′.
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Conversely suppose that, for all A′ ⊇ A, there is a B′ ⊇ B, such that B′ � A′.
Suppose ρ witnesses that A � C. Then A′ := A+ Cρ is consistent. It follows that
there is a B′ ⊇ B such that B′ � A′. Suppose B′ � A′ is witnessed by σ. We may
conclude that B + Cρσ is consistent, so B � C. 2

We prove a number of further equivalents of cointerpretability.

Theorem 3.7. The following are equivalent:
1. A Iloc B.
2. For all Θ, we have: ΛΘ

B ⊆ ΛΘ
A.

3. ΛΣA
B ⊆ ΛΣA

A .
4. ΛΣA

B ⊆ A.

Proof. We prove: (1)⇒ (2). Suppose A Iloc B. Let Θ be any signature. Consider
any φ ∈ ΛΘ

B . So, for all σ : Θ → ΣB , B ` (IΘ → φ)σ. Consider any ρ : Θ → ΣA.
Let τ be the witness of A Iloc B for (IΘ → φ)ρ. We have (τ ◦ ρ) : Θ → ΣB and
hence B ` (IΘ → φ)ρτ . It follows that A ` (IΘ → φ)ρ. Thus, φ in ΛΘ

A.

We get (2)⇒ (3) by universal instantiation.

We get (3) to (4), since, trivially ΛΣA
A ⊆ A.

We prove (4)⇒ (1). Suppose ΛΣA
A ⊆ A. We note that A Iloc B iff, for all φ, if (for

all τ : ΣB → ΣA, we have B ` φτ ), then A ` φ.
Suppose, for all τ : ΣB → ΣA, we have B ` φτ . Then, a fortiori, for all

τ : ΣB → ΣA, we have B ` IΣB → φτ . Thus, φ ∈ ΛΣA
B . Hence, A ` φ. 2

Remark 3.8. We consider the following to notions.
• A Imod B iff, there is a τ such that, for every model M of A, there is a

model N of B, such that M is elementarily equivalent to τ̃(N ).
• A Ilomo B iff, for every model M of A, there is a τ and there is a model
N of B, such that M is elementarily equivalent to τ̃(N ).

It is easily seen that Imod coincides with I. Also, if A Ilomo B, then A Iloc B.
The converse direction, however, fails. We have, for example, EQ Iloc 1. On the
other hand, EQ 6Ilomo 1.

Finally, note that, if we replace elementary equivalence by isomorphism in the
above definitions we obtain two further notions that are prima facie different.

3.3. (Locally) Faithful Interpretability. We remind the reader that:
• A�lofa B iff,

for all φ such that B 0 φ, there is a τ , such that A ` Bτ and A 0 φτ .
We start with an immediate observation.

Theorem 3.9. A�lofa B iff, for all φ, if B ∼A φ, then B ` φ.

Proof. We have:

A�lofa B ⇔ ∀φ (B 0 φ⇒ ∃τ (A ` Bτ and A 0 φτ ))

⇔ ∀φ (∀τ (A ` Bτ ⇒ A ` φτ )⇒ B ` φ)

⇔ ∀φ (B ∼A φ⇒ B ` φ) 2

The following theorem shows that A�lofa B is definable in F .

Theorem 3.10. A�lofa B iff (A�B and B Iloc A).
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Proof. We use the characterisation of Theorem 3.6.
Suppose A �lofa B. By putting φ := ⊥ in the definition of �lofa, we see that

A�B.
Consider any B′ ⊇ B. Suppose B′ is axiomatized by φ. Since B′ is consistent,

it follows that B 0 ¬φ. So there is a τ such that A ` Bτ and A 0 (¬φ)τ . We may
conclude that A�B and that A′ := A+φτ is consistent. Clearly, A′�B′. We may
conclude B Iloc A.

Suppose A�B and B Iloc A. Let τ0 witness A�B. Suppose B 0 φ. If follows
that B′ := B + ¬φ is consistent. Then, for some A′ ⊇ A we have A′ � B′. Let τ
be the witness of A′ � B′. We take τ? := τ〈(B′)τ 〉τ0. Clearly, A ` Bτ? . Suppose
A ` φτ? . Then, (A+(B′)τ ) ` φτ , since under the assumption (B′)τ , the translations
τ and τ? coincide. On the other hand, (A + (B′)τ ) ` ¬φτ , so (A + (B′)τ ) ` ⊥.
But (A + (B′)τ ) ⊆ A′ and A′ is consistent. So we have a contradiction. Ergo,
A 0 φτ? . 2

We note that Theorem 3.10 in combination with the various characterisations of
Iloc gives us many alternate characterisations for �lofa.

The nice decoupling into interpretability and cointerpretability also works in the
non-local case —at least as long as the theories we consider are finite.

Theorem 3.11. We have A�faith B iff (A�B and B I A).

Proof. From-left-to-right is easy. We treat from-right-to-left. Suppose τ0 witnesses
A � B and τ1 witnesses B I A. Let τ? := τ1〈Bτ1〉τ0. Clearly A ` Bτ? . Suppose
A ` φτ? . Then A+Bτ1 ` φτ1 . It follows that B ` (B → φ), so B ` φ. 2

Remark 3.12. We pick up the thread of Remark 3.8. We define A �lomo B iff
A�B and B Ilomo A. We note that �faith is a sub-relation of �lomo and �lomo is a
sub-relation of �lofa.

On the other hand, we have EQ �lofa 1, but EQ 6�lomo 1. Let C be the theory
of linear dense orderings without endpoints. It is easy to see that EQ �lomo C. On
the other hand, since C is a complete theory, EQ 6�faith C.7 So both inclusions are
strict.

The notion of faithfulness one obtains by combining interpretability with model
theoretic cointerpretability with isomorphism was studied by Leslaw Szczerba in
[Szc76].

3.4. Local Tolerance. We remind the reader of two definitions.
• A is locally tolerant iff ∀B A � B.
• A is essentially locally tolerant iff ∀B⊇A ∀C B � C.

We give two important characterisations of local tolerance.

Theorem 3.13. The following are equivalent:
i. A is locally tolerant.

ii. For all B, if A�B, then A�lofa B.

7This insight is trivial since we do not work with parameters: parameter-free faithful inter-

pretability preserves completeness from the interpreting theory to the interpreted theory. The

insight still holds when we do allow parameters. In this case one uses that, in the unique count-
able model of C (modulo isomorphism), the parameters only have finitely many constellations

modulo automorphism.
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iii. A�lofa CQC2, where CQC2 is predicate logic for a binary relation symbol.

These characterisations are the local versions of well-known characterisations of
tolerance. See e.g. [Vis05]. In Section 6, we will add a further characterisation.

Proof. (i) ⇒ (ii). Suppose A is locally tolerant and A�B. Let τ0 witness A�B.
Suppose B 0 φ. Let B′ := B + ¬φ. We have A � B′. Let τ1 be the witness of
A � B′. We define τ? := τ1〈(B′)τ1〉τ0. Clearly, A ` Bτ? . Suppose A ` φτ? . In that
case, we must have A+ (B′)τ1 ` ⊥. Quod non.

(ii) ⇒ (iii). This is immediate from the fact that A� CQC2.

(iii) ⇒ (i). We can do this in two ways. First, we can use a theorem from [Hod93]
that any theory B is bi-interpretable with a theory B̃ in the signature of one binary
relation. Since CQC2 0 ¬B̃, it follows that A+ (B̃)τ is consistent, for some τ . So,
A � B̃, and, hence, A � B.

Alternatively, we can use the fact that we have an interpretation of S1
2 in adjunc-

tive set theory AS, which is a theory in one binary relation. Say this is witnessed
by ν. We want a Σ1-sound translation here: say, when we interpret AS in the
hereditarily finite sets, then ν gives us an isomorphic copy of the natural num-
bers. Consider any theory B. We easily show that A � (AS + (S1

2 + con(B))ν)
—noting that the theory that is tolerated is true in the hereditarily finite sets.
Since, (AS + (S1

2 + con(B))ν) � (S1
2 + con(B)). and (S1

2 + con(B)) � B, it follows
that A � B. 2

Remark 3.14. The above result matches precisely with what we know about
tolerance. A theory A is tolerant iff, for all infinite theories X, we have A � X.
Alternatively, A is tolerant iff it tolerates S1

2 plus all true Π1-sentences. We have:
The following are equivalent:

i. A is tolerant.
ii. For all B, if A�B, then A�faith B.

iii. A�faith CQC2.

The reader is referred to [Vis05] for explanation and proofs.

Finally, we remind the reader that A Jloc B iff [[A]] ⊇ [[B]] , where we define
[[C]] := {D | C � D}. Hence, a theory is locally tolerant iff it is minimal w.r.t. Jloc.
Thus, we have:

Theorem 3.15. A is locally tolerant iff, for all B, we have A Jloc B.

In Subsection 5.2, we will see a characterisation of the maximal elements of Jloc:
these are precisely the theories with the finite model property.

4. Disjoint Sum is a fine Operation

The disjoint sum of two theories is more or less what you expect it to be: make
the signatures disjoint, relativise both theories to newly introduced domains and
take the union. The disjoint sum is introduced and discussed in Appendix A.8. In
this section, we show that � preserves ≈.

Theorem 4.1. � is a fine operation.
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Proof. Suppose A0 ≈ B0 and A1 ≈ B1. We want to show that (A0 � A1) ≈
(B0 �B1).

We define C B D iff, for some φ00, · · · , φ0(k−1) in the language of A0, and
some φ10, · · · , φ1(k−1) in the language of A1, and some ψ00, · · · , ψ0(k−1) in the
language of B0, and some ψ10, · · · , ψ1(k−1) in the language of B1, we have C =
((A0 �A1) +

∨
i<k(φ0i ∧ φ1i)) and D = ((B0 �B1) +

∨
i<k(ψ0i ∧ ψ1i)) and, for all

j < 2 and i < k, we have (Aj + φji) ≈ (Bj + ψji).

We first show that (A0 ≈ B0) B (A1 ≈ B1). This is immediate from A0 ≈ B0 and
A1 ≈ B1, by taking k := 1 and φ00 := >, φ10 := >, ψ00 := > and ψ10 := >.

We check that C B D implies C ≡ D. Suppose C B D. We have witnessing φji

and ψji. We have (Aj + φji) ≈ (Bj + ψji), and, hence, (Aj + φji) ≡ (Bj + ψji).
Suppose τji witnesses (Aj + φji) � (Bj + ψji). Then τ?i := τ0i � τ1i witnesses

((A0 �A1) + (φ0i ∧ φ1i)) = ((A0 + φ0i)� (A1 + φ1i))
� ((B0 + ψ0i)� (B1 + φ1i))
= ((B0 �B1) + (ψ0i ∧ ψ1i))

Let:
ν := τ?0 〈φ00 ∧ φ10〉(τ?1 〈φ01 ∧ φ11〉(· · · 〈φ0(k−2) ∧ φ1(k−2)〉τ?k−1) · · · ).

Then ν witnesses:

C = ((A0 �A1) +
∨
i<k

(φ0i ∧ φ1i)) � ((B0 �B1) +
∨
i<k

(ψ0i ∧ ψ1i)) = D.

Similarly, in the other direction.

We check the forward property. The backward property is, of course, analogous.
Suppose C B D and let, as before φji and ψji be the witnessing formulas. Suppose
C ′ ⊇ C. Since C ′ ⊇ (A0 � A1), we have by Theorem A.6, that C = (A0 � A1) +∨
`<n(χ0` ∧ χ1`), where the χ0` are in the A0-language and the χ1` are in the

A1-language. Since,
∨
i<k(φ0i ∧ φ1i) is also in C, we have by propositional logic:

C ′ = (A0 �A1) +
∨

i<k,`<n

((φ0i ∧ χ0`) ∧ (φ1i ∧ χ1`)).

By our assumption, we have (Aj+φji) ≈ (Bj+ψji). Moreover, we have (Aj+φji) ⊆
(Aj + (φji ∧ χj`)). Hence, by the forward property for ≈, there is a ν1i` such that:

(Bj + ψji) ⊆ (Bj + νji`) and (Aj + (φji ∧ χj`)) ≈ (Bj + ν1i`).

Thus, we can take D′ := (B0 � B1) +
∨
i<k,`<n(ν0i` ∧ ν1i`). Clearly, we have

C ′ B D′. 2

5. Faithful Interpretability and Locally Faithful Interpretability

Locally faithful interpretability looks to me like a fairly natural notion. Still I
have not seen it formulated before. In the present section, we provide a few basic
insights concerning the new notion. We give a separating example to show that
locally faithful interpretability is different from faithful interpretability. Finally,
we briefly indicate the connection of faithful interpretability and locally faithful
interpretability with the forward property.
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5.1. Decidability. The relation �lofa preserves decidability, i.e., if A �lofa B and
A is decidable, then B is decidable. Suppose A �lofa B and A is decidable. Is φ a
theorem of B? On the positive side we enumerate the theorems of B until we find
a proof of φ; on the negative side we run through translations τi : ΣB → ΣA and
decide whether A ` Bτi and A 0 φτi . Eventually, one of the parallel processes must
yield an answer. We note that the argument also works when we allow parameters.

Unfortunately, our argument fails when we switch to infinitely axiomatised theo-
ries. So, in the infinite case, ordinary faithful interpretability seems to be in better
shape.

Open Question 5.1. Is there an example of U �lofa V (or even A�lofa V ), where
U is decidable and V is not?

We note that it follows that decidability is a fine property.

Open Question 5.2. Is decidability first-order or even second-order definable in
EI?

5.2. The Finite Model Property. A basic property of theories is the finite model
property or FMP. A theory A has the finite model property iff, for every φ with
A 0 φ, there is a finite model M such that M |= A and M |= ¬φ.

There are many theories with the finite model property that also have an infinite
model. The theory of pure identity EQ or CQC0 is one example of these. Another
example is the theory of discrete linear orderings with endpoints.

Theorem 5.3. The theory of discrete linear orderings with endpoints has the finite
model property.

The proof is given in Appendix C. For a similar result see [VS00].

Theorem 5.4. The following are equivalent.
i. A has the finite model property.

ii. 1 ≈ A.
iii. 1 ≡lofa A.
iv. 1 is mutually locally cointerpretable with A.

Proof. We need to simple observations. First, any A with the finite model property
is mutually interpretable with 1. Any theory interprets 1. Suppose M is a finite
model of A. Since, we allow piecewise interpretations, we can transform our finite
model into an interpretation of A in 1.

Secondly, the finite model property is preserved over ⊆. Suppose A has the
finite model property. Consider any B ⊇ A and suppose B 0 φ. Then, A 0 B → φ.
So there is a finite model M of A such that M |= ¬ (B → C), so M |= B and
M |= ¬φ. We may conclude that B has the finite model property.

(i) ⇒ (ii). We define D B E iff D = 1 and E ⊇ A. By the above observations, B is
a i-bisimulation. Hence 1 ≈ A.

(ii) ⇒ (iii). Since �lofa is a fine relation and �lofa is reflexive, it is immediate, from
1 ≈ A, that 1 ≡lofa A.

(iii) ⇒ (iv). From A ≡lofa 1, we have that A and 1 are mutually locally cointer-
pretable.

(iv) ⇒ (i). Suppose A Iloc 1. Suppose A 0 φ. Then A � (A+ ¬φ). It follows that
1 � (A+ ¬φ). Hence 1 + (A+ ¬φ)τ is consistent, for some τ . Since, 1 is complete
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it follows that 1 ` (A+¬φ)τ . Thus, τ defines a finite internal model of A+¬φ in
the unique model of 1. Thus, A has the finite model property. 2

It follows that the finite model property is a fine, F-definable, property.

Example 5.5. Let A := (∀x ∀y x = y ∨
∧

S1
2). We have 1 � A, but not 1 �lofa A,

since A is not decidable. This gives us a first separating example between �lofa and
�.

Example 5.6. The theory 1 is complete and the theory EQ is not complete and
1 ≈ EQ. Ergo, completeness is not a fine property. On the other hand, completeness
is preserved by sentential congruence and, a fortiori, by more refined notions of
sameness like bi-interpretability. Thus, the example of completeness shows us the
limitations of our framework: completeness is good but not fine. On the other
hand, the defect also comes with an advantage: the nice characterisation of the
finite model property.

We end this subsection with the observation that the theories with the finite model
property are precisely the theories that are maximal with respect to Jloc. So:

Theorem 5.7. A has the finite model property iff, for all B, we have A Iloc B.

5.3. Separating Examples. In this section, we provide separating examples be-
tween a number of salient notions

Example 5.8. i-Bisimilarity does not imply mutual faithful interpretability. We
have seen that 1 ≈ EQ. However, it is impossible that 1 �faith EQ, since for any τ
such that 1 ` Iτ0 , necessarily there is an n such that 1 proves the τ -translation of
there are at most n elements. So, faithful interpretability is not fine.

Open Question 5.9. Is faithful interpretability first-order or even second-order
definable over EI?

Remark 5.10. Picking up the thread of Remark 2.2, we note that Example 5.8
does not work for ≈+. So, one might hope that ≈+ does imply mutual faithful
interpretability. In Appendix C, we show, however, that the theory of discrete
linear orderings with endpoints does bear the relation ≈+ to EQ, but EQ does not
faithfully interpret the theory of discrete linear orderings with endpoints.

Example 5.11. Mutual faithful interpretability does not imply i-Bisimilarity. Let
A be sequential. It is easy to see that the theories A and A � A are mutually
faithfully interpretable and, a fortiori, mutually locally faithfully interpretable. By
Theorem 6.1, there are A0 ⊇ A and A1 ⊇ A such that A0 6� A1 and A1 6� A0. We
have: (A� A) ⊆ (A0 � A1). Suppose there were an A′ ⊇ A with A′ ≡ (A0 � A1).
Then, since A′ is sequential and, hence, connected,8 it follows that Ai � A′, for
some i. But this would give us: Ai � A′ � (A0 � A1) � A1−i. Quod non. We may
conclude that A 6≈ (A�A).

We show that mutual faithful interpretability is incomparable to ≈.

Example 5.12. Mutual faithful interpretability is not mutual locally faithful inter-
pretability and mutual locally faithful interpretability is not i-bisimilarity. We note
that both ≡faith and ≈ are subrelations of ≡lofa Hence, Example 5.8 also separates
≡lofa and ≡faith. Example 5.11 separates ≡lofa and ≈.

8See Section 7.
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Example 5.13. Interpretability does not imply locally faithful interpretability. Let
A be the theory of dense linear orderings without end-points and let B be CQCA,
i.e. predicate logic for the signature of arithmetic. Clearly, we have A�B. On the
other hand, for any interpretation τ such that A ` Bτ , we have A ` (¬

∧
Q)τ , where

Q is Robinson’s Arithmetic, since A is decidable and Q is essentially undecidable.
Thus, A 6�lofa B.

Example 5.14. Local faithful interpretability does not imply faithful interpretabil-
ity. We already showed that 1 �lofa EQ but 1 6�faith EQ.

It might be thought that our example leans on very specific features of piecewise
or many-dimensional interpretations. However, we can improve our example in
order to get the witnessing interpretations for A�lofaB one-dimensional and without
pieces. We take A the theory of a linear discrete ordering with an initial point, i.e.,
the theory of the ordering of the natural numbers. This is a complete theory.
We take B the theory of discrete linear order with endpoints. Clearly, A �lofa B
using only one-dimensional interpretations without parameters. However, since A
is complete, there can be no faithful interpretation of A in B.9

5.4. The Forward Property. Consider the following characterisation.
• A�lofaB iff A�B and, for all A′ ⊇ A, there is a B′ ⊇ B, such that A′�B′.

We note that this characterisation is reminiscent of the forward property. It is so
to speak the first step towards the forward property. It turns out that faithful
interpretability does have the forward property.

Theorem 5.15. The relation �faith has the forward property.

Proof. Suppose K : A �faith B and A ⊆ A′. We claim that A′ �faith (B + (A′)τK ).
Clearly, K ′ : A′�(B+(A′)τK ), where K ′ is based on τK . Suppose B+(A′)τK ` φτK .
Then by faithfulness: A′ = A+A′ ` φ. Hence, K ′ is faithful. We note that it also
follows that B + (A′)τK is consistent. So we can take B′ := (B + (A′)τK ). 2

We define the obvious analogues of ≡n and ≈ for the forward property.
• A relation S is an i-simulation iff (i) S is a subrelation of � and (ii) S has

the forward or zig property: if A S B and A′ ⊇ A, then, there is a B′ ⊇ B,
such that A S B.
• B simulates A, or A is simulated by B, or A - B iff, there is a simulation
S such that A S B.
• A ∼= B iff A - B and A % B.
• A �◦0 B iff A � B, and A �◦n+1 B iff A � B and, for all A′ ⊇ A, there is a
B′ ⊇ B, such that A′ �◦n B

′.
• A�◦ω B iff, for all n, we have A�◦n B.
• A ≡◦n B iff A�◦n B and A�◦n B.

Trivially all these notions are fine.

We note that ≈ is a subrelation of ∼=. In Section 7, we will provide an example that
∼= and ≈ do not coincide.

9We note that this argument does not work when we allow parameters. If we allow parameters

a possible example is that the successor part of Q locally faithfully interprets the theory of a
discrete ordering with endpoints but that the successor part of Q does not faithfully interpret the

theory of a discrete ordering with endpoints.
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Every �◦n+1 is a subrelation of �◦n. Also �◦1 is �lofa. The relation - is a subre-
lation of �◦ω.

Open Question 5.16. 1. Is the descending �◦n hierarchy strict?
2. Is �◦ω strictly contained in -?

We note that EQ - 1, but not EQ �faith 1. Hence, �faith is strictly contained in -.

In Appendix A.7.6 we show that faithful retractions in the categories INTi, for i ≤ 3,
have the forward property. So we could define A v B as the maximal simulation
that is a subrelation of ≡. This relation would contain the faithful retractions of
INT3 (and, a fortiori, the faithful retractions of INTi for i ≤ 3). We note that the
induced equivalence relation of v is precisely ≈.

6. Arithmetic

In the present section, we collect a number of characterisations and results con-
nected with the arithmetical theory S1

2.

6.1. Incomparable Theories. We need a sufficient store of incomparable exten-
sions of given finitely axiomatised theories. The following theorem provides these.

Theorem 6.1. Suppose A and B both tolerate S1
2. Then, there are A? ⊇ A and

B? ⊇ B, that are incomparable w.r.t. �, i.e., A? 6� B? and B? 6� A?.

Proof. Suppose τ witnesses that A tolerates S1
2 and ν witnesses that B tolerates S1

2.
We take A′ := A+ (S1

2)τ and B′ := B + (S1
2)ν . By the Gödel Fixed Point Lemma,

we find R such that:

EA ` R↔ ((A′ +Rτ ) � (B′ + ¬Rν)) ≤ ((B′ + ¬Rν) � (A′ +Rτ )).

We take A? := A′ +Rτ and B? := B′ + ¬Rν . Suppose A? �B?. It follows that R
or R⊥. In case we have R, we find, by Σ1-completeness, that A′ � ⊥. Quod non.
If we have R⊥, it follows by the fixed point equation that (B′+¬Rτ ) � (A′+Rν).
By Σ1-completeness, we have B′�⊥. Quod non. We may conclude that A? 6� B?.

The proof that B? 6� A? is similar. 2

6.2. Characterisations. We can connect our previous characterisations to arith-
metical ones using two basic insights:

I. (S1
2 + conn(A)) �A, where n ≥ ρ(A).

II. If A is sequential, then A� (S1
2 + conn(A)), where n ≥ ρ(A).

In (I) conn(A) refers to consistency for n-provability. We only allow n-proofs, i.e.
proofs involving formulas of complexity ≤ n. Our complexity measure is depth
of quantifier alternations. The translation that realises the interpretation is the
Henkin interpretation η.

We have the following basic insight.

Theorem 6.2. Suppose A is sequential. Then, A � B iff A � (S1
2 + conρ(B)(B)).

Proof. Suppose A is sequential and A � B. Then A + Bτ is consistent, for some
τ . But A + Bτ is sequential, hence it interprets S1

2 + conρ(B)(B). We can see this
by noting that for any n ≥ ρ(A + Bτ ), we have (A + Bτ ) � (S1

2 + conn(A + Bτ )).
On the other hand, for sufficiently large n, we have S1

2 ` 2B,ρ(B)⊥ → 2A+Bτ ,n⊥.
So it follows that (A + Bτ ) � (S1

2 + conρ(B)B). Thus, we may conclude that A �
(S1

2 + conρ(B)B).
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The other direction is immediate by Basic Insight (I). 2

If we are interested in local tolerance, we do not need the assumption of sequen-
tiality.

Theorem 6.3. A is locally tolerant iff, for all true Π1-sentences P , we have A �
(S1

2 + P ).

Proof. From-left-to-right is just specialisation. From-right-to-left, we may conclude
A � B, from the fact that A � (S1

2 + conn(B)). 2

We can characterise interpretability as local Π1-conservativity in case either the
target theory or the source theory is sequential.

Theorem 6.4. Suppose B is sequential. Then, A�B iff, for all Π1-sentences P ,
iff B � (S1

2 + P ), then A� (S1
2 + P ).

Proof. Suppose A � B. Then, trivially, for all Π1-sentences P , iff B � (S1
2 + P ),

then A� (S1
2 + P ).

Conversely, suppose, for all Π1-sentences P , iff B � (S1
2 + P ), then A� (S1

2 + P ).
Suppose B is sequential. Then B � (S1

2 + conρ(B)(B)) and, hence, A � (S1
2 +

conρ(B)(B)) �B. 2

We remind the reader of the Friedman Characterisation.

Theorem 6.5. Suppose A is sequential. Then,
A�B iff (EA + conρ(A)(A)) ⊇ (EA + conρ(B)(B)).

Here EA is Elementary Arithmetic or I∆0 + Exp. In the context of this paper the
following characterisation is relevant.

Theorem 6.6. Suppose A is sequential. The following are equivalent:
a. A�B.
b. For all n ≥ ρ(B), there is an m ≥ ρ(A), such that

(S1
2 + conm(A)) ⊇ (S1

2 + conn(B)).
c. There is an m ≥ ρ(A), such that (S1

2 + conm(A)) ⊇ (S1
2 + conρ(B)(B)).

Proof. (a) ⇒ (b). Suppose τ witnesses A � B. We can use τ to transform, in the
context of S1

2, an n-inconsistency proof of B into an m-inconsistency proof of A,
where m is roughly n + ρ(τ). Here ρ(τ) is the maximum of ρ(δτ ) and the ρ(Pτ ).
The main point is that ρ(φτ ) will be ρ(φ)+ρ(τ) plus some fixed standard overhead.

(b) ⇒ (c). This is just specialisation.

(c) ⇒ (a). We have: A� (S1
2 + conm(A)) ⊇ (S1

2 + conρ(B)(B)) �B. 2

6.3. Local (In)tolerance. We start with a question.

Open Question 6.7. Let’s say that a theory is self-confident iff it is mutually
interpretable with a sequential theory. Does every locally tolerant theory have a
self-confident extension? If not, does every tolerant theory have a self-confident
extension?

It is easy to give examples of theories that are locally intolerant. For example, every
decidable theory is locally intolerant since it does not tolerate S1

2. It is unknown
whether there is a theory that tolerates S1

2 but still is locally intolerant.
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Open Question 6.8. Is there a locally intolerant theory A with A � S1
2?

In this subsection, we take a small step in thinking about this question by showing
that, if a theory A is locally intolerant, then it has an extension B such that
S1

2 `ΛB 2B,ρ(B)⊥. So, B believes in its own restricted inconsistency in the strongest
possible way.

Suppose, A is locally intolerant. This tells us that there exists a false Σ1-sentence
S, such that, for all τ : A → ΣA, we have A+(S1

2)τ ` Sτ . In other words, S1
2 `ΛAA

S.
We show that there is a B ⊇ A, such that, for all τ : A → ΣA, we have

B + (S1
2)τ ` 2τ

B,ρ(B)⊥. In other words, S1
2 `ΛB 2B,ρ(B)⊥.

In case, S1
2 is not interpretable in A, we are easily done, taking B := A. Suppose

ν witnesses S1
2 � A. We find R such that S1

2 ` R ↔ S ≤ 2A,mR
ν . Here we take

m to be max(ρ(A), ρ(R)) + 1. We note that the complexity of R only depends on
the complexity of S plus some fixed constant derived from the complexity of the
provability predicate and the overhead of the fixed point construction.

Consider any τ : A → ΣA. We work in α := A + (S1
2)τ . We allow α to be

inconsistent. We take a cut I of τ , such that α ` ∀x ∈ I 22x ∈ δτ and α ` (T1
2)I .

We have, ex hypothesi, α ` SI . Hence, α ` (R ∨ R⊥)I . We have, by verifiable
Σ1-completeness, using that I is sufficiently ‘deep’, α ` RI → 2τ

A,mR
ν and, by the

fixed-point equation, α ` (R⊥)I → 2I
A,mR

ν . Hence, A+ (S1
2)τ ` 2τ

A,mR
ν .

We take B := A + ¬Rν . If B would be inconsistent, we would have A ` Rν .
Hence, by cut-elimination, A `m Rν . So, for some standard p, we may conclude
that A ` p wit 2ν

A,mR
ν . It follows that A `

∨
q≤p(q wit S)ν . Since ¬S, we have∧

q≤p ¬ q wit S, and, hence, by Σ1-completeness, A `
∧
q≤p(¬ q wit S)ν . So, A is

inconsistent. Quod non.
Clearly, for any τ , we have B + (S1

2)τ ` 2τ
B,ρ(B)⊥, noting that ρ(B) ≥ m.

Our result shows that a sequential A must be locally tolerant. If a sequential A
were locally intolerant, then there would be a sequential B that proves 2B,ρ(B)⊥
for all interpretations of S1

2 in B. But we know there is an interpretation of S1
2

on which we have conρ(B)(B).10 This is a weaker result than the result of Harvey
Friedman and, independently, Jan Kraj́ıček. See [Smo85], [Kra87] and [Vis05], but
the point of our exercise was not precisely reproving that earlier theorem.

7. Sequential Theories

In the present section we discuss a number of properties of sequential theories
visible over our framework. Suppose A is sequential. We have the following Basic
Insights.
a. For every B there is a sequential C with C �B.
b. If A ⊆ B, then B is sequential.
c. A is connected, i.e., suppose A�B � C, then A�B or A� C.
d. If A ≡ B, then B is tolerant, and, a fortiori, locally tolerant.
e. If B is sequential and A�B, then there is an A′ ⊇ A such that A′ ≡ B.
Ad Basic Insight (a): This can be seen in two ways. We can form C := seq(B)
as follows. We add a unary predicate 4 and a binary predicate ∈ to the language

10This argument does not work for self-confident theories, where a theory C is self-confident
if C � (S1

2 + conρ(C)(C)). So, one may wonder whether it can be adapted to accommodate these?
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of B. We relativise B to 4 and we add AS. Alternatively, we can take C :=
(S1

2 + conρ(B)(B)).

Ad Basic Insight (b): This is a triviality.

Ad Basic Insight (c): This is a non-trivial result. It was first proved by Pavel Pudlák
in [Pud83]. An essentially different proof was given by Alan Stern in [Ste89]. For
a discussion of the significance of this result: see [MPS90].

Ad Basic Insight (d): Tolerance simply means that for any possible infinite theory
X, there is a τ such that B+Xτ is consistent. Alternatively, tolerance means that
B faithfully interprets predicate logic in the language with one binary predicate.

The fact that any sequential theory is tolerant was proved by Harvey Friedman
(see [Smo85]) and, independently, Jan Kraj́ıček (see [Kra87]). The strengthening
involving mutual interpretablity was noted in [Vis05].

The property of being mutually interpretable with a sequential theory can be
given the following form. A theory A is self-confident if A � (S1

2 + conρ(A)(A)).
It is easy to see that the self-conident theories are precisely the theories that are
mutually interpretable with a sequential theory. (Warning: This last result holds
only in the finitely axiomatised case.) Thus, (d) tells us that all self-confident
theories are locally tolerant, and we even know that all such theories are tolerant.
We note that self-confidence is definitely a fine notion. Example 5.11 will illustrate
that, while sequentiality is upwards closed under ⊆, self-confidence is not upwards
closed under ⊆.

Ad Basic Insight (e). This insight is one of the central results of [Vis14b].

Basic Insight (e) can be connected to our framework in an interesting way.

Theorem 7.1. Suppose A and B are sequential, then A ≈ B iff A ≡ B.

Proof. From-left-to-right, is immediate, since ≡ is fine. We prove the right-to-left
direction. Let B be ≡ restricted to the sequential theories. Suppose A and B
are sequential and A ≡ B and A ⊆ A′. Then, A′ � B. Then, by (d), there is a
B′ ⊇ B such that A′ ≡ B′. Thus, we have the zig-property. Similarly, we have
the zag-property. Trivially, B is a subrelation of ≡. We may conclude that B is a
i-bisimulation. 2

Example 7.2. It is easily seen that, for any theory A, we have A ≈ (A�1). Since,
1 ≈ EQ, it follows that A ≈ (A � EQ). It is easy to see that A � EQ cannot be
sequential. Thus, we have, for sequential A, that A ≈ (A� EQ) and A� EQ is not
sequential. Hence, sequentiality is not fine.

Example 7.3. We note that, for sequential A, we have A ≡ (A � A). It follows
that A ≡faith (A � A).11 By Theorem 6.1, there are A0 and A1 extending A such
that A0 6� A1 and A1 6� A0. So, (A0 � A1) ⊇ (A � A), Since any A′ extending
A is sequential by (b), no such A′ can be mutually interpretable with (A0 � A1)
by (c). So, A 6≈ (A � A). Thus, there are theories B that are mutually faithfully
interpretable with a sequential theory A, but that are not i-bisimilar to it.

Open Question 7.4. Are the sequential theories closed under sentential congru-
ence? And, if not, are they closed under iso-congruence? We already know that
the sequential theories are closed under bi-interpretability.

11This is immediate by the Friedman-Kraj́ıček result (see [Smo85], [Kra87], [Vis05]).
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We have the following theorem.

Theorem 7.5. Suppose B is sequential. Then, A - B iff A�B.

Proof. We define C S D iff C � D and D is sequential. We show that S has the
forward property. Suppose C S D. Then C �D and D is sequential. Let C ′ ⊇ C.
Since B is locally tolerant, there is a B′ ⊇ B such that B′ � C ′.

Alternatively, we know by the results of [Vis05], that A � B iff A �faith B. Theo-
rem 5.15 tells us that �faith is a subrelation of -, which is in its turn a subrelation
of �. 2

We note that in the first proof of Theorem 7.5 we just used the fact that sequen-
tial theories are essentially locally tolerant. So, in fact, we have proved: if B is
essentially locally tolerant, then A - B iff A�B.

Example 7.6. Suppose A is sequential. We have already seen that A 6≈ (A� A).
On the other hand, we have A� (A�A), and, hence A % (A�A). It is clear that
the mapping A 7→ (A�A) has the forward property. Hence A ∼= (A�A).

Alternatively, we could simply note that, by Theorem 7.5, A ∼= B iff A ≡ B, for
sequential A. Moreover, by the results of [Vis05], we have that A ≡ B iff A ≡faith B,
for sequential A. So we can apply Example 7.3.

Let [A]∼ be the equivalence class of ∼. Let SEQ be the class of sequential theories.
Our knowledge at this point is summarised by the following theorem.

Theorem 7.7. Suppose A is sequential Then:

([A]≡ ∩ SEQ) = ([A]≈ ∩ SEQ) ( [A]≈ ( [A]∼= = [A]≡faith
= [A]≡lofa

= [A]≡.

Proof. Suppose A is sequential. Let’s number the claims of the theorem.

([A]≡ ∩ SEQ)
(1)
= ([A]≈ ∩ SEQ)

(2)

( [A]≈
(3)

( [A]∼=
(4)
= [A]≡faith

(5)
= [A]≡lofa

(6)
= [A]≡.

Claim 1 is Theorem 7.1. The non-identity in Claim 2 is Example 7.2. The non-
identity in Claim 3 is by Example 7.6. The identities 5 and 6 follow since by the
results of [Vis05], we have A ≡ B iff A ≡faith B in case A is sequential. Moreover,
≡lofa is between ≡faith and ≡. Finally, by Theorem 7.5 in combination with identities
5 and 6, we have identity 4. 2

Remark 7.8. We can do a bit of reverse meta-mathematics and rederive earlier
insights from Theorem 7.1.

We note that the fact that sequential theories are locally tolerant is immediate
from Theorem 7.1. Consider any sequential A. Our theory is mutually interpretable
with S1

2 + conρ(A)(A). Hence, A ≈ (S1
2 + conρ(A)(A)). By Theorem 6.3, it is clear

that S1
2 + conρ(A)(A) is locally tolerant. Since local tolerance is a fine property,

we find that A is locally tolerant. I do not see how we to derive (d) in full from
Theorem 7.1 without self-referential arguments.

We show that Basic Insight (e) follows from Theorem 7.1. Suppose A and B are
sequential and A�B. By Theorem 6.6, there is an m ≥ ρ(B), such that

(S1
2 + conm(B)) ⊇ (S1

2 + conρ(A)(A)).

Since A ≈ (S1
2 + conρ(A)(A)) and B ≈ (S1

2 + conm(B)), we are easily done.
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Appendix A. Basics

In this appendix, we provide detailed definitions of translations, interpretations
and morphisms between interpretations.

A.1. Theories and Provability. Theories in this paper are one-sorted theories
of first order predicate logic of finite relational signature. We take identity to be
a logical constant. Our official signatures are relational, however, via the term-
unwinding algorithm, we can also accommodate signatures with functions. For
most purposes in the present paper a theory can be identified with a deductively
closed set of sentences of the given language. The exception is the few places where
we use Rosser style arguments.

Our main focus will be on finitely axiomatised theories, but in this appendix, we
will develop the material also for the infiniltely axiomatised case.

We will sometimes use the modal notation 2Aφ for provA( pφq ). We will also
consider restricted provability. This is provability where we restrict the formulas
occurring in the proof to formulas of complexity n, for some given m. Our measure
of complexity is depth of quantifier alternations. This measure is defined officially
as follows: ρ := ρ∃, where:

• ρ∃(A) := ρ∀(A) = 1, if A is atomic.
• ρ∃(¬B) := ρ∀(B), ρ∀(¬B) := ρ∃(B).
• ρ∃(B ∧ C) := max(ρ∃(B), ρ∃(C)), ρ∀(B ∧ C) := max(ρ∀(B), ρ∀(C)).
• ρ∃(B ∨ C) := max(ρ∃(B), ρ∃(C)), ρ∀(B ∨ C) := max(ρ∀(B), ρ∀(C)).
• ρ∃(B → C) := max(ρ∀(B), ρ∃(C)), ρ∀(B → C) := max(ρ∃(B), ρ∀(C)).
• ρ∃(∃v B) := ρ∃(B), ρ∀(∃v B) := ρ∃(B) + 1.
• ρ∃(∀v B) := ρ∀(B) + 1, ρ∀(∀v B) := ρ∀(B).

We write 2A,nφ for provability restricted to formulas ψ with ρ(ψ) ≤ n.

A.2. Translations. Translations are the heart of our interpretations. In fact, they
are often confused with interpretations, but we will not do that officially. In practice
it is often convenient to conflate an interpretation and its underlying translation.

To formulate the notion of translation it is pleasant to allow in the target lan-
guage lambda terms of the form λx0 . . . xn−1 · φ(x0, . . . , xn−1), where A is a for-
mula. We will call a term of this form an n-term. We think of such terms modulo
α-conversion as is usual in λ-calculus.

As a start. we define more-dimensional, one-sorted, one-piece relative transla-
tions without parameters. We will later indicate how to modify the definition to get
two extra features: interpretations with parameters and piecewise interpretations.

Let Σ and Θ be one-sorted signatures. A translation τ : Σ → Θ is given by a
triple 〈m, δ, F 〉. Here δ will be a closed m-term. The mapping F associates to each
relation symbol R of Σ with arity n a closed m× n-term of signature Θ.
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We demand that predicate logic proves F (R)(~x0, . . . , ~xn−1)→ (δ(~x0)∧. . . δ(~xn−1)).
Of course, given any candidate m× n-term F (R) not satisfying the restriction, we
can obviously modify it to satisfy the restriction.

We translate Σ-formulas to Θ-formulas as follows.
• (R(x0, . . . , xn−1))τ := F (R)(~x0, . . . , ~xn−1).

Here we demand that the sequences ~xi are fully disjoint if the original
variables are xi are different.
The single variable xi of the source language needs to have no obvious connection with

the sequence of variables ~xi of the target language that represents it. We need some

conventions to properly handle the association xi 7→ ~xi.
12

• (·)τ commutes with the propositional connectives;
• (∀xφ)τ := ∀~x (δ(~x)→ φτ );
• (∃xφ)τ := ∃~x (δ(~x) ∧ φτ ).

Here are some convenient conventions and notations.
• We write δτ for ‘the δ of τ ’ and Fτ for ‘the F of τ ’.
• We write Rτ for Fτ (R).
• We write ~x ∈ δ for: δ(~x).

There are some natural operations on translations. The identity translation id :=
idΘ is one-dimensional and it is defined by:

• δid(x) := (x = x),
• Rid(~x) := R~x.

We can compose relative translations as follows. Suppose τ is an m-dimensional
translation from Σ to Θ, and ν is a k-dimensional translation from Θ to Ξ. We
define the m× k-dimensional interpretation τν or ν ◦ τ as follows.

• We suppose that with the variable x we associate under τ the sequence
x0, . . . , xm−1 and under ν we send xi to ~xi.
δτν(~x0, . . . , ~xm−1) := (δν(~x0) ∧ . . . ∧ δν(~xm−1) ∧ (δτ (x))ν),

• Let R be n-ary. Suppose that under τ we associate with xi the sequence
xi,0, . . . , xi,m−1 and that under ν we associate with xi,j the sequence ~xi,j .
We take:
Rτν(~x0,0, . . . ~xn−1,m−1) =

δτ (~x0,0) ∧ . . . ∧ δτ (~xn−1,m−1) ∧ (Rτ (x0,0, . . . xn−1,m−1))ν .
We can make a disjunctive interpretation as follows. Suppose τ and ν are transla-
tions from Σ to Θ. We assume that τ is k-dimensional and ν is m-dimensional. Let
φ be a Θ-sentence. We introduce a max(k,m)-dimensional interpretation τ〈φ〉ν.

We first ‘lift’ one of the interpretations by padding to get the dimensions equal.13

Suppose e.g. that k < m. Then we define:

12There are several ways of handling such conventions. First we can work with a fixed global
association beteen the xi and the ~xi. Secondly, we can make such an association local and carry
it around as an extra argument of the translation. Thirdly, we can throw away the mechanism

of using variable-names and work in a language that works with explicit links between places.
Fourthly, we can sidestep the problem by working in many-sorted languages and, for every k,

adding sequences of length k (of various sorts). This construction can be viewed as a representation
of more dimensional interpretations as arrows in a Kleisli category. Regrettably, each way of
proceeding needs some work and produces some awkwardness somewhere. We demand that the
~xi are fully disjoint when the xi are different. In this paper, we will assume that these details are

taken care of by one strategy or by another.
13As we will see the padding can be avoided by using piecewise interpretations.
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• δτ ′(~x~z) :↔ δτ (~x),
• Pτ ′(~x0~z0, · · · , ~xn−1~zn−1) :↔ Pτ (~x0, · · · , ~xn−1).

Here the dimension of the ~z is m− k.
Suppose the results of the padding operation are τ ′ and ν′, where, of course, in

case k < m, ν = ν′, etcetera. We define τ〈φ〉ν as follows:
• δτ〈φ〉ν(~x) := ((φ ∧ δτ ′(~x)) ∨ (¬φ ∧ δν′(~x))).
• Rτ〈φ〉ν(~x0, . . . , ~xn−1) :=

((φ ∧Rτ ′(~x0, . . . , ~xn−1)) ∨ (¬φ ∧Rν′(~x0, . . . , ~xn−1))).
Here the ~x are max(k,m)-dimensional.

An m-dimensional translation τ preserves identity if

~x =τ ~y :↔
∧
i<m

(δτ (xi) ∧ δτ (yi) ∧ xi = yi).

An m-dimensional translation τ is unrelativized if δτ (~x) = >. An m-dimensional
translation τ is direct if it is unrelativized and preserves identity. Note that all these
properties are preserved by composition (modulo provable equivalence in predicate
logic).

Consider a modelM with domain M of signature Σ and k-dimensional translation
τ : Σ → Θ. Let N := {~m ∈ Mk | M |= δτ ~m}. Suppose N is not empty. Let
E be the equivalence relation on N defined in M by =τ . Then τ specifies an
internal model N of M with domain N/E and with N |= R([~m0]E , . . . , [~mn−1]E)
iffM |= Rτ (~m0, . . . , ~mn−1). We will write τ̃(M) for the internal model ofM given
by τ . We treat the mapping τ,M 7→ τ̃M as a partial function that is defined
precisely if δMτ is non-empty. Let Mod or (̃·) be the function that maps τ to τ̃ . We
have:

Mod(τ ◦ ρ)(M) = (Mod(ρ) ◦Mod(τ))(M).

So, Mod behaves contravariantly.

A.3. Relative Interpretations. A translation τ supports a relative interpretation
of a theory U in a theory V , if, for all U -sentences φ, we have U ` φ ⇒ V ` φτ .
Note that this automatically takes care of the theory of identity and assures us that
δτ is inhabited. We will write K = 〈U, τ, V 〉 for the interpretation supported by τ .
We write K : U → V for: K is an interpretation of the form 〈U, τ, V 〉. If M is an
interpretation, τM will be its second component, so M = 〈U, τM , V 〉, for some U
and V .

Par abus de langage, we write ‘δK ’ for: δτK ; ‘RK ’ for: RτK ; ‘AK ’ for: AτK , etc.
Here are the definitions of three central operations on interpretations.

• Suppose U has signature Σ. We define:
IDU : U → U is 〈U, idΣ, U〉.

• Suppose K : U → V and M : V →W . We define:
M ◦K : U →W is 〈U, τM ◦ τK ,W 〉.

• Suppose K : U → (V + φ) and M : U → (V + ¬φ). We define:
K〈φ〉M : U → V is 〈U, τK〈φ〉τM , V 〉.

It is easy to see that we indeed correctly defined interpretations between the theories
specified.
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A.4. Global and Local Interpretability. We can view interpretability as a gen-
eralisation of provability. When we take this stand point, we write:

• U � V (or V � U) for: U interprets V (or V is interpretable in U).
• U ≡ V for: U and V are mutually interpretable.

A closely related notion is local interpretability. We define
• U locally interprets V or U�locV iff, for every finitely axiomatize subtheory
V0 of V we have U � V0.
• We write V �loc U and U ≡loc V with the obvious meanings.

If we want to stress the contrast between local and ordinary interpretability, we
often call ordinary interpretability global interpretability. We will write �glob,
etcetera. The degrees of local interpretability are DEGloc.

Example A.1. Let 2 be the theory in the language of identity that says that there
are precisely two elements. Let INF be the theory in the language of identity that
has for every n and axiom saying ‘there are at least n elements. Then 2 �loc INF
but 2 6�glob INF

A.5. Adding Parameters. We can add parameters in the obvious way. A transla-
tion τ with parameters is a tuple 〈k, α,m, δ, F 〉. Here α is a k-term, δ is a k+m-term
and F (P ) is a (k+m×n)-term for n-ary P . The term α represents a k-dimensional
parameter domain.

An interpretation with parameters is a tuple of the form 〈U, τ, V 〉, where we
demand that V ` ∃~z α(~z ) and, for all φ, if U ` φ, then V ` ∀~z (α(~z )→ φτ,~z).

When we compose two translations σ and τ , we see that αστ (~w, ~z0, · · · ~zk−1 ) is

ατ (~w) ∧
∧
i<kσ

δτ (~zi) ∧ ατ,~wσ (~z0, · · · , ~zkσ−1)

We note that, in the presence of parameters, the function K̃ associates a class of
models of U to a model of V .

In Appendix A.6, we will briefly indicate how to adapt our treatment of parameters
to the piecewise case.

A.6. Piecewise Translations. In this subsection we introduce piecewise trans-
lation. For more information on piecewise translations and interpretations see
[Vis14a].

Before explaining what piecewise translations are, we state some of their advan-
tages.

• Many constructions are conceptually cleaner when we use piecewise trans-
lations. Specifically, we avoid a lot of padding. As a consequence the
heuristics for a construction is usually easier to grasp.
• The unnatural difference between one-element and at-least-two-element do-

mains disappears.
We will show, in Appendix A.9, that, in case our interpreting theory proves that
there are at least two elements, piecewise translations can be simulated by transla-
tions without pieces.

The idea of piecewise translations is that we can build up the domain from a
number of pieces that may or may not be of the same dimension and that may or
may not overlap. We first treat the case without parameters.
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A piecewise translation is a tuple 〈X, f, δ, F 〉. Here X is a non-empty set of
pieces and f is a function from X to ω. The function f gives us the arity of the
domain associated to each piece. We use a, b, . . . to range over pieces.

The term δa is a fa-term. Suppose P is n-ary. Let g be a function from
{0, . . . , n− 1} to X. Then F g(P ) is a (fg0 + fg1 + · · ·+ fg(n− 1))-term.

Here are the clauses to lift our translation to the full language.
• Consider an n-ary predicate symbol P . Let j be a function from the set
{0, . . . , n − 1} to variables. Say j(i) = xi. Suppose h is a function from
{x0, . . . , xn−1} to X. (Here we allow that, for some i and j, the variables
xi and xj are the same.) We define:

(R(x0, . . . , xn−1))τ,h := Fh◦j(R)(~x0, . . . , ~xn−1).

Here ~xi has length fh(xi). We demand that the sequences ~xi are fully
disjoint if the original variables are xi are different.
• Suppose h is a function from the free variables of (φ ∧ ψ) to pieces. Then,

(φ ∧ ψ)τ,h = (φτ,h�FV(φ) ∧ ψτ,h�FV(ψ)).
Similarly, for the other propositional connectives.
• (∀xφ)τ,h :=

∧
a∈X ∀~x (δa(~x)→ φτ,h[x:=a]).

Similarly, for the existential quantifier.
We give three important examples of how piecewise interpretation works. A fourth
example is given in Appendix A.8.

Let U be any theory and let 2
+ be the theory of two named elements, say c and

d. We show that U � 2
+. We write a for the function that assigns a to 0 and we

write ab for the function that assigns a to 0 and b to 1. We write ε for the empty
sequence. We define:

• X := {0, 1},
• f(i) := 0,
• δi(ε) := >,
• F ij(=)(ε, ε) := >, if i = j
F ij(=)(ε, ε) := ⊥, otherwise,
• F 0(C)(ε) := >, F 1(C)(ε) := ⊥,
• F 0(D)(ε) := ⊥, F 1(D)(ε) := >,

We leave the easy verification that we did indeed define an interpretation of 2+ to
the reader. We see that our interpretation is, in a sense, entirely independent of
(the language of) U . We note that the interpretation would have worked even if we
had started from a free logic. Thus, piecewise interpretation truly makes creatio ex
nihilo possible.

We define the operation � on theories as follows. The signature of U0 � U1 is the
disjoint union of the signatures of U0 and U1, plus two new unary predicate 40 and
41. The axioms of U0 � U1 are:

• P (x0, . . . , xn−1)→
∧
j<n4i(xj), if P is derived from the signature of Ui,

• the axioms of Ui relativized to 4i,
• ∀x (40(x) ∨41(x)),
• ∀x¬ (40(x) ∧41(x)).

Suppose τ0 witnesses V � U0 and τ1 witnesses V � U1. We construct a translation
ν := [τ0, τ1] that witnesses V � (U0 � U1).

• Xν := Xτ0 ⊕Xτ1 := ({0} ×Xτ0) ∪ ({1} ×Xτ1),
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• δν,(i,a) := δτi,a,
• Suppose P is derived from an n-ary predicate of Ui. Then:
F ν,h(P ) := F τi,π1◦h if (π0 ◦ h)(k) = i, for all k < n,
F ν,h(P ) := λx0 · · ·xn−1 · ⊥, otherwise.

Finally, we define the operation ν := τ0〈φ〉τ1 using pieces.
• Xν := Xτ0 ⊕Xτ1 ,
• δν,(0,a)(~x) := (φ ∧ δτ0,a(~x)),
δν,(1,a)(~x) := (¬φ ∧ δτ1,a(~x)),
• Suppose P is derived from an n-ary predicate of Ui. Then:
F ν,h(P )(~x0, · · · , ~xn−1) := (φ ∧ Pπ1◦h

τ0 (~x0, · · · , ~xn−1)),
if (π0 ◦ h)(k) = 0, for all k < n,

F ν,h(P )(~x0, · · · , ~xn−1) := (¬φ ∧ Pπ1◦h
τ1 (~x0, · · · , ~xn−1)),

if (π0 ◦ h)(k) = 1, for all k < n,
F ν,h(P )(~x0, · · · , ~xn−1) := ⊥, otherwise.

The definition of direct for piecewise translations is simply that every piece has an
unrelativised domain and as identity the pointwise identity of the components of
the sequences representing the elements.

How to add parameters to piecewise translations. We can do it as follows. A
piecewise translation with parameters is a tuple 〈k, α,X, f, δ, F 〉. Here k is the
dimension of the parameter domain, α is the parameter domain, X is a non-empty
set of pieces and f is a function from X to ω. The function f gives us the arity
of the domain associated to each piece. The term δa is a fa + k-term. Suppose
P is n-ary. Let g be a function from {0, . . . , n − 1} to X. Then F g(P ) is a
(fg0 + fg1 + · · ·+ fg(n− 1) + k)-term. The rest of the development is entirely as
expected.

We could even go one better and also allow the parameter domain to be built
from pieces. Then a translation would look as follows 〈Y, g, α,X, f, δ, F 〉. This last
way of proceeding would cohere optimally with the treatment in Appendix A.9.

A.7. Five Categories. We do not automatically get a category of theories and
interpretations from the machinery we built up until now. For example, IDU ◦ IDU
will not be strictly speaking identical with IDU . We will obtain a category, when
we divide out a suitable equivalence among interpretations. Below we will consider
five kinds of equivalence that will give us five different categories. One important
point of the categories is that isomorphism in each of them defines a salient notion
of sameness of theories.

We treat our categories in the case where we do not have parameters nor pieces.
To add these features, we have to adapt our definitions a bit. We sketch the idea
of doing this via the co-Kleisli and the Kleisli construction in Appendix A.9.

A.7.1. Provable equivalence of Interpretations. Two interpretations are provably
equivalent when the target theory thinks they are the same. Specifically, two inter-
pretations K,M : U → V are provably equivalent if they have the same dimension,
say m, and:

• V ` ∀~x (δK(~x)↔ δM (~x)),
• V ` ∀~x0, . . . , ~xn−1∈δK (RK(~x0, . . . , ~xn−1)↔ RM (~x0, . . . , ~xn−1)).

Modulo this identification, the operations identity and composition give rise to
a category INT0, where the theories are objects and the interpretations arrows.
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Isomorphism in this category is synonymy or definitional equivalence. This is the
strictest notion of identity between theories in the literature. It was first introduced
by Karel de Bouvère in [dB65a] and [dB65b].

Let MOD be the category with as objects classes of models, where the models in each
class have the same signature, and as morphisms all functions between these classes.
We define Mod(U) as the class of all models of U . Suppose K : U → V . Then,
Mod(K) is the function from Mod(V ) to Mod(U) given by: M 7→ K̃(M) := τ̃K(M).
It is clear that Mod is a contravariant functor from INT0 to MOD.

A.7.2. Definable Isomorphism of Interpretations. For many applications provable
equivalence is too strict. A better notions is provable isomorphism or i-isomorphism.

Consider K,M : U → V . Suppose K is m-dimensional and M is k-dimensional.
An i-isomorphism between interpretations K,M : U → V is given by an m+k-term
F in the language of V . We demand that V verifies that “F is an isomorphism
between K and M”, or, equivalently, that, for each model M of V , the function
FM is an isomorphism between K̃(M) and M̃(M).

We spell out the syntactical definition of an i-isomorphism F : K ⇒M .
• V ` ~x F ~y → (~x ∈ δK ∧ ~y ∈ δM ).
• V ` (~x =K ~u ∧ ~u F ~v ∧ ~v =M ~y)→ ~x F ~y.
• V ` ∀~x ∈ δK ∃~y ∈ δM ~x F ~y.
• V ` (~x0F~y0 ∧ . . . ~xn−1F~yn−1)→ (RK(~x0, . . . , ~xn−1)↔ RM (~y0, . . . , ~yn−1)).

Here the last item includes identity in the role of R !
Two interpretationsK,M : U → V , are i-isomorphic iff there is an i-isomorphism

between K and M . Wilfrid Hodges calls this notion: homotopy. See [Hod93], p222.
We can also define the notion of being i-isomorphic semantically. The interpreta-

tions K,M : U → V , are i-isomorphic iff there is an F such that, for all V -models,
M, the relation FM is an isomorphism between K̃(M) and M̃(M).

The default in this paper is that theories have finite signature: In this case we
have a third characterisation. The interpretations K,M : U → V , are i-isomorphic
iff, for every V -model M, there is an M-definable isomorphism between K̃(M)
and M̃(M). This characterisation follows by a simple compactness argument.

Clearly, if K and M are provably equivalent in the sense of the previous sub-
subsection, they will be i-isomorphic. The notion of i-isomorphism give rise to a
category of interpretations modulo i-isomorphism. We call this category INT1.

Isomorphism in INT1 is bi-interpretability. Bi-interpretability is a very good
notion of sameness that preserves such diverse properties as finite axiomatisability
and κ-categoricity.

A.7.3. Isomorphism. Our third notion of sameness of the basic list is that K and
M are the same if, for all models M of V , the internal models K̃(M) and M̃(M)
are isomorphic. We will simply say that K and M are isomorphic. Clearly, i-
isomorphism implies isomorphism. We call the associated category INT2. Isomor-
phism in INT2 is iso-congruence.

A.7.4. Elementary Equivalence. The fourth notion is to say that two interpretations
K and M are the same if, for each M, the internal models K̃(M) and M̃(M) are
elementary equivalent. We will say that K and M are elementary equivalent.

By the Completeness Theorem, we easily see that this notion can be alternatively
defined by saying that K is elementary equivalent to M iff, for all U -sentences A, we
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have V ` AK ↔ AM . It is easy to see that isomorphism implies elementary equiv-
alence. We call the associated category INT3. Isomorphism in INT3 is elementary
congruence or sentential congruence.

A.7.5. Identity of Source and Target. Finally, we have the option of abstracting
away from the specific identity of interpretations completely, simply counting any
two interpretations K,M : U → V the same. The associated category is INT4.
This is the structure of degrees of (global) interpretability DEGglob. Isomorphism
in INT4 is mutual interpretability.

A.7.6. Sections, faithful Retractions and Isomorphisms. We remind the reader of
the following. Consider a category C. Suppose f : x → y and g : y → x and
g ◦ f = idx. In this case, we call f a section or split monomorphism. We call g a
retraction or split epimorphism. The object x is in this situation a retract of y.

We have:

Theorem A.2. Sections in INTi, for i = 0, 1, 2, 3 are faithful interpretations.

Proof. Since a section in INTi for i ≤ 3, is automatically a section in INT3. It is
sufficient to prove out claim for INT3. Suppose K : U → V is a section with inverse
M : V → U . We have:

V ` φτK ⇒ U ` φτKτM

⇒ U ` φ 2

The section relation has the forward or zig property w.r.t. theory-extension in INTi,
for i = 0, 1, 2, 3. This is illustrated by the following diagram.

U ′
section- V ′

U

⊆

6

section
- V

⊆

6

Theorem A.3. Let i ∈ {0, 1, 2, 3}. The section relation in INTi has the forward
or zig property with respect to theory extension.

Proof. Suppose K : U → V is a section in INTi. Let M be an inverse of K, so
M : V → U and M ◦K = IDU in INTi. Suppose U ⊆ U ′. We define

V ′ := {φ ∈ sentΣV | U ′ ` φτM }.
Clearly, we have an interpretation M ′ : V ′ → U ′ based on τM . We have:

U ′ ` ψ ⇒ U ′ ` ψτKτM

⇒ V ′ ` ψτK

Hence there is an interpretation K ′ based on τK such that K ′ : U ′ → V ′.

We note that the further properties needed to be a retraction in one of our cate-
gories are trivially upwards preserved from U,K,M, V to U ′,K ′,M ′, V ′, since the
corresponding interpretations are based on the same translations. E.g., in the case
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of INT2, suppose M is a model of U ′. Consider the inner model M∗ := τ̃K τ̃M (M)
Since M is a model of U , it follows that M∗ is isomorphic to M. 2

The above construction has an important disadvantage: it does not prima facie
preserve finite axiomatisation. Even if U , V and U ′ are finitely axiomatised, why
should V ′ be finitely axiomatised? The next result fares better in this respect:
faithful retractions also have the forward property and here finiteness is preserved.

Theorem A.4. Let i ∈ {0, 1, 2, 3}. The relation of being a faithful retraction in
INTi has the forward or zig property with respect to theory extension. Moreover,
the result is preserved when we restrict ourselves to finitely axiomatised theories.

Proof. Suppose K : U → V is a faithful retraction in INTi. Let M be an inverse of
K, so M : V → U and K ◦M = IDV in INTi. Suppose U ⊆ U ′. We define

V ′ := V + {φτK ∈ sentΣV | U ′ ` φ}.

Clearly, we have an interpretation K ′ : U ′ → V ′ based on τK . Moreover, suppose
V ′ ` φτK . Then, for some χ, we have U ` χ and V +χτK ` φτK . By the faithfulness
of K, we find: U + χ ` φ. Ergo U ′ ` φ. So K ′ is faithful.

Suppose V ′ ` ψ. Then, V + φτK ` ψ, for some φ such that U ′ ` φ. It follows
that V + φτK ` ψτMτK , since we are in INTi with i ≤ 3. By the faithfulness of K,
we have U + φ ` ψτM . Hence, U ′ ` ψτM . So there is an interpretation M ′ based
on τM such that M ′ : V ′ → U ′.

We note that the further properties needed to be a retraction in one of our categories
are upwards preserved from U,K,M, V to U ′,K ′,M ′, V ′, since the corresponding
interpretations are based on the same translations.

Finally, if V and U ′ are finite, then, so is V ′. Specifically, if B := V and A′ := U ′,
then B′ := V ′ := B + (A′)τK . 2

Theorem A.5. Let i ∈ {0, 1, 2, 3}. The relation of being isomorphic in INTi is
a bisimulation with respect to theory extension. Moreover, the result is preserved
when we restrict ourselves to finitely axiomatised theories.

Proof. We note that all relevant arrows are sections in INT3 and, hence, faithful. We
can use the proof of the previous theorem to prove the zig and the zag property. To
see that the pairs of interpretations we found do indeed form isomorphisms, we note
that the further properties needed to be an isomorphism in one of our categories
are upwards preserved from U,K,M, V to U ′,K ′,M ′, V ′, since the corresponding
interpretations are based on the same translations. 2

A.8. Sums. We define the operation � on theories as follows. The signature of
U0 � U1 is the disjoint union of the signatures of U0 and U1, plus two new unary
predicate 40 and 41. The axioms of U0 � U1 are:

• P (x0, . . . , xn−1)→
∧
i<n4j(xi), if P is derived from the signature of Uj ,

• the axioms of Uj relativized to 4j ,
• ∀x (40(x) ∨41(x)),
• ∀x¬ (40(x) ∧41(x)).

We treat identity as outside of the signature here. We have the ordinary theory of
identity.
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We note that U0 � U1 is synonymous with U1 � U0 and (U0 � U1) � U2 is
synonymous with U0 � (U1 � U2) and that both are synonymous with the ternary
sum �(U0, U1, U2) which is defined in the obvious way using 40, 41 and 42.

We show that � is the sum in the categories INTi for 1 ≤ i ≤ 4. We remind the
reader of the sum diagram.

W

U0
in0

-

K0

-

U0 � U1

[K0,K1]

6

�
in1

U1

K1

�

The arrows inj interprets Uj in U0 � U1 by relativisation to 4j . We note that,
by our conventions we should take x =inj y iff 4j(x) ∧ 4j(y) ∧ x = y. The other
predicate symbols do not need this addition.

Suppose K0 : U → W and K1 : V → W . We define M := [K0,K − 1] :
(U0 � U1)→W . (This is one of those examples where piecewise interpretability is
far more natural than the piece-free case.) We define:

• XτM := XτK0
⊕XτK1

. To simplify in essentially we assume that XτK0
and

XτK1
are already disjoint and we just take the union.

• Suppose a ∈ XτKj
. Then, fτM (a) = fτKj (a).

• Suppose a ∈ XτKj
. Then, δa

τM := δa
τKj

.
• Suppose P is an n-ary predicate derived from an Uj-predicate that we

also call P . Suppose h is a function from {0, · · · , n − 1} to XτM . Then,
PhτM := PhτKj

, in case h(s) ∈ XτKj
, for all s < n, PhτM := λ~x0 · · · ~xn−1 · ⊥,

otherwise. (For identity we need a slightly modified definition: it is the
union of the two identities defined in the style of PhτM .)

• 4a
j,τM

= δa
τKj

if a ∈ XτKj
; 4a

j,τM
= λ~x · ⊥, otherwise.

Now we have defined [K0,K1], it remains to verify commutation and uniqueness.
We leave that to the reader.

There is an alternative construction of a sum U0 ⊕ U1 in [MPS90] or [Ste89].
This alternative construction is for many purposes more convenient.
We have the following basic theorem.

Theorem A.6. Consider the theory W := U � V . Consider any formula A~x~y in
the language of W . Then, there are formulas Bi~x in the language of U and formulas
Cj~y in the language of V , such that A~x~y is equivalent to a boolean combination of
Bin0
i ~x and C in1

j ~y in the theory W +
∧
k xk : 40 +

∧
` y` : 41.

Proof. The proof of the theorem is by a simple induction on A. 2

An important notion that is defined in terms of the notion of sum is connectedness.
We say that a theory W is connected if, for any theories U and V , if (U�V )�locW ,
then U �loc W or V �loc W . The following fundamental theorem is due to Pavel
Pudlák in [Pud83]. It was reproved with a markedly different proof by Alan Stern
in [Ste89]. For more context, see also [MPS90].

Theorem A.7. Every sequential theory is connected.

The notions of sequentiality is introduced in Appendix B.
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A.9. Parameters and Piecewise Interpretations Revisited. Many features
of interpretations can be added via the Kleisli and the co-Kleisli construction. See
[Mac71]. We could, for example, start with a category for 1-dimensional direct inter-
pretations and use the co-Kleisli construction to add domains, non-trivial identity
and parameters. We can use the Kleisli construction to add more-dimensionality
for each dimension m and to add the effect of piecewise interpretations.

Regrettably, the above idea has never been carefully worked out. Also, it is
outside the scope of this appendix. We will restrict ourselves to specifying the
functors between the relevant categories needed for the adjunctions that give rise to
the co-Kleisli and Kleisli constructions. Then, we can reverse the conceptual order
and start with the relevant endofunctor and natural transformations to obtain the
enriched category.

A.9.1. Parameters. Let INTnpar
1 be INT1 for interpretations without parameters.

Let INTpar
1 be INT1 for interpretations with parameters. Two interpretations with

parameters K : U → V and M : U → V are isomorphic iff, there is, in V , a
total and surjective relation G between the parameter domains αK and αM , and a
relation F such that V proves that, whenever ~z G ~w, then we have ~x F~z ~w ~y is an
isomorphism between K~z and M ~w.

We define the functor Φ : INTpar → INTnpar
1 as follows. The signature of Φ(U)

consists of all predicate symbols of the signature of U with their arities raised by 1
plus two unary predicate symbols 40 and 41. Here 40 represents the parameter
domain and 41 represents the object domain. We translate the language of U as
follows into the new language:

• P ◦(~x) := P (z, ~x). Here z is a fixed variable that is distinct from the x’s.
• (·)◦ commutes with the propositional connectives.
• (∀xφ)◦ := ∀x (41(x)→ φ◦).

Similarly, for ∃.
The axioms of Φ(U) are:

• ` ∀z (40(z)→ φ◦(z)), where φ is an axiom of U .
• ` ∃z40(z).
• ` ∀u (40(u) ∨41(u)).
• ` ∀u¬ (40(u) ∧41(u)).

Suppose K : U → V is an interpretation with parameters. We specify Φ(K).
• XΦ(K) := XK ∪ {∗}, where ∗ 6∈ XK .
• fΦ(K)(a) = fK(a) + kK , if a ∈ XK ,
fΦ(K)(∗) = kK .

• δa
Φ(K)(~z, ~x ) := (α(~z ) ∧

∧
i<fK(a)41(xi) ∧ δa,◦

Φ(K)(~z, ~x )), if a ∈ XK ,
δ∗Φ(K)(~z ) := α(~z ).

• Let P be an n-ary U -predicate. Let h′(j) := h(j + 1), for j < n.
PhΦ(K)(~z, ~x0, · · · , ~xn−1 ) := (

∧
j<n+1 δ

h(j)
Φ(K)(~z, ~xj ) ∧ Ph

′,◦
K (~z, ~x0, · · · , ~xn−1 )),

in case h(0) = ∗ and h(j) ∈ XK , for j > 0.
PhΦ(K)(~z, ~x0, · · · , ~xn−1 ) := ⊥, otherwise.

• 4h0 (~z ) := α(~z) if h(0) = ∗,
4h0 (~z ) := ⊥, otherwise.

• 4h1 (~z, ~x ) := δa
Φ(K)(~z, ~x ), if h0 = ∗ and h1 = a ∈ XK ,

4h1 (~z, ~x ) := ⊥, otherwise.
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We define the embedding functor emb from INTnpar
1 to INTpar

1 as follows. Suppose
K : U → V is an interpretations without parameters. We take emb(U) := U .
Moreover emb(K) will be given by 〈0,>, XK , fK , δK , FK〉. We now have that Φ is
the left adjoint of emb.

The idea of the co-Kleisli construction is that we have an isomorphic copy of
INTpar

1 inside INTnpar
1 by considering arrows Φ(U)→ V .

A.9.2. Pieces. To simplify our sketch, we will treat the parameter-free case. Let
2

+ be the theory of two named elements. Let’s say the named elements are 0 and
1. We define a functor Ψ : INTpiece

1 → INTnpiece
1 . We take Ψ(U) := U �2

+. Suppose
K is a piecewise interpretation. We define Ψ(K) as follows.

• Let s be the minimum number such that 2s ≥ |XK |. We take mΨK :=
max({fK(a) | a ∈ XK}) + s.
• The domain δΨ(K) is specified as follows. We first number the pieces in
XK starting the count with 0. We represent each piece by a binary string
of length s corresponding to its associated number. Say this string is σ(a).
Let ζ(a) be a sequence of mΨ(K) − fK(a) − s − 1 zero’s. For each piece a
in XK , we add elements to the domain of the following form:

(

σ(a)︷ ︸︸ ︷
0, 1, · · · , 1, 0,

element of δa
K︷ ︸︸ ︷

d0, · · · , dfK(a)−1,

ζ(a)︷ ︸︸ ︷
0, 0 · · · , 0, 0).

• PK(~x0, · · · , ~xn−1), whenever each ~xi is of the form σ(ai)~di~ζ(ai), where ~di
is in δai

K and PhK(~d0, · · · , ~dn−1), where h(i) := ai.
We note that our translation is not uniquely specified since it depends on the choice
of the numbering of XK . However, on the level of interpretations in INTnpiece

1 , this
choice is ‘erased’, since all choices give i-isomorphic interpretations.

In the other direction we define the functor π. We take π(U) := U . More-
over, π(K) will be given by: Xπ(K) := {0}, fπ(K)(0) := mK , δ0

π(K)(~x) := δK(~x),
Phπ(K)(~x0, · · · , ~xn−1) := PK(~x0, · · · , ~xn−1).

We find that Ψ is a right adjoint of π. The Kleisli construction allows us to
define an isomorphic copy of INTpiece

1 inside INTnpiece
1 by taking as arrows piece-free

interpretations K : U → Ψ(V ).
We note that if U proves that there are at least two elements, then U is bi-

interpretable with U � 2
+. This means that as soon as the interpreting theory

proves that there are at least two elements, piecewise interpretations contribute, in
a sense, nothing new.

Appendix B. Sequential Theories

Sequential theories are theories of sequences where the possible length of the
sequence is internally determined. The presence of sequences provides many good
properties for such theories. For example, sequential theories are locally reflexive
due to the presence of partial satisfaction predicates. We refer the reader to [Vis13]
for more information about sequential and poly-sequential theories.

Even if the basic idea of sequentiality involves sequences and ipso facto numbers,
sequentiality has a surprisingly simple definition. The theory AS is given by:
AS1. ` ∃x ∀y y 6∈ x
AS2. ` ∃z ∀u (u ∈ z ↔ (u ∈ x ∨ u = y))
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A theory is poly-sequential if it directly interprets AS. A theory is a sequential if it
directly interprets AS via a 1-dimensional interpretation. Using these definitions,
one may obtain the desired numbers and sequences by a substantial bootstrap.

Since direct interpretations are closed under composition, each theory that di-
rectly interprets a (poly-)sequential theory is itself a poly-sequential theory. Obvi-
ously, the identical embedding of a theory in an extension-in-the-same-language is
direct. Ergo, being a (poly-)sequential theory is preserved under extension-in-the-
same-language. Poly-sequentiality is also preserved under INT1-retractions.

Theorem B.1. Let U be a poly-sequential theory and suppose that V is a retraction
in INT1 of U . Then, V is a poly-sequential theory.

Appendix C. Linear Discrete Orderings with Endpoints

We prove Theorem 5.3 that the theory of linear discrete orderings with endpoints
has the finite model property.

Proof. Consider any models A and B of the theory of linear discrete orderings with
endpoints. Say the minimal elements of our models are respectively a◦ and b◦ and
the maximal elements are a? and b?. Let:

d(a, a′) := |{a′′ | a ≤ a′′ < a′ or a′ ≤ a′′ < a}|.

Similarly, for d(b, b′).
Let ~a and ~b be sequences of elements of A, respectively B. We write these

sequences a1 · · · an−1 (they may be empty). We standardly add a0 := a◦ and
an := a?. Similarly, for ~b. We define ~a ∼n ~b iff

i. ~a and ~b have the same length;
ii. ai < aj iff bi < bj ;

iii. min(d(ai, aj), 3n) = min(d(bi, bj), 3n).
Here i and j range over 0, · · · , n. We define ~a ≺ ~a′ iff ~a′ is the result of inserting
one new element in ~a, so ~a is of the form a1 · · · ai−1ai · · · ak−1 and ~a′ is of the form
a1 · · · ai−1a

′ai · · · ak−1. Similarly, for ~b ≺ ~b′.
We show that ∼n is a bounded bisimulation w.r.t. ≺. This means that whenever

~a ≺ ~a′ and ~a ∼n+1
~b, then there is a ~b′, such that ~b ≺ ~b′ and ~a′ ∼n ~b′ (zig-property),

and, vice versa, whenever ~b ≺ ~b′ and ~a ∼n+1
~b, then there is a ~a′, such that ~a ≺ ~a′

and ~a′ ∼n ~b′ (zag-property).
We prove the zig-property. Suppose ~a ≺ ~a′ and ~a ∼n+1

~b. In case a′ is one of
the ai, this is trivial. So suppose a′ is distinct from the ai. In this case, there are
i and j such that ai < a′ < aj and, for no as, we have ai < as < aj . (Here i, j, s
range over 0, . . . , n.) If d(ai, aj) ≤ 3n+1, we take b′ with bi < b′ and d(bi, b′) =
d(ai, a′). Suppose d(ai, aj) > 3n+1. In case d(ai, a′) < 3n, we choose b′ > bi with
d(bi, b′) = d(ai, a′). In case d(a′, aj) < 3n, we choose b′ < bj with d(b′, bj) =
d(a′, aj). Otherwise, we choose b′ > ai such that d(bi, b′) = 3n (or any other b′ such
that bi < b′ < bj and d(bi, b′) ≥ 3n and d(b′, bj) ≥ 3n). It is easy to see that b′ as
chosen satisfies the zig-property. By symmetry, we also have the zag-property.

Let ν(φ) be the quantifier depth of φ. Using the above fact, is is easy to show
that if ν(φ) ≤ n and ~a ∼n ~b that A |= φ iff B |= φ.

Now suppose the theory of linear discrete orderings with endpoints does not
prove ψ, where ψ is a sentence with ν(ψ) = `. Then, there is a model A of the
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theory of linear discrete orderings with endpoints with A 6|= ψ. If this model is
finite we are done. Suppose A is infinite. Let B be the finite model given by the
ordinal 3` + 1. Now εB ∼` εA. Hence B is a model of the theory of linear discrete
orderings with endpoints and B 6|= ψ. So, we have the finite model property for the
theory of linear discrete orderings with endpoints. 2

We proceed to provide the promised separating example between ≈+ and ≡faith.
This picks up the thread of Remarks 2.2 and 5.10.

Theorem C.1. Let A be the theory of linear discrete orderings with endpoints.
Then, EQ 6�faith A.

Proof. Suppose, to obtain a contradiction that τ is a translation that witnesses that
EQ �faith A. We define:

↑ n := ∃x0 · · · ∃xn−1

∧
i<j<n

xi 6= xj .

Then, clearly, for fresh constants ~c,

U := EQ + ατ (~c ) + {(↑ n)τ,~c | n ∈ ω}
is a consistent theory. Let M be a model of U . Since our model is infinite, we can
replace τ modulo i-isomorphism by a piece-less m-dimensional translation τ∗.

A type is a pair (f,E), where f is a function from m = {0, · · · ,m − 1} to the
parameters ai and a fresh element ∗, and where E is an equivalence relation E on
m. We demand that if f(j) = ci, for any parameter ci, then jEj′ iff f(j′) = ci. An
m-sequence ~d has type (f,E) iff whenever f(j) = ci, then dj = ci, and dj = dj′ iff
f(j)Ef(j′).

Consider two elements ~a and ~b of type (f,E) in δ~cτ∗ . Since our domain is infinite
there is a third element ~d of the same type such that the non-parameters in ~d

are disjoint from both the non-parameters in ~a and in ~b. There are involutive
automorphisms α and β that fix the parameters such that α(~a ) = ~d = β(~b ).
Suppose ~a <~cτ∗ ~d. Then, ~d = α(~a ) <~cτ∗ α(~d ) = ~a. Quod impossibile. So ~a =~c

τ∗
~d.

Similarly, ~b =~c
τ∗

~d. Ergo, ~a =~c
τ∗
~b. It follows that, if ~a is in δ~cτ∗ , then all elements

of its type are equal in the sense of =~c
τ∗ . But there are clearly only finitely many

types. A contradiction. 2

Theorem C.2. Let A be the theory of a discrete ordering with endpoints. Then,
A ≈+ EQ.

Proof. Consider any sentence in the language of A. Suppose ν(A) = k. Consider
the model of A given by the ordinal k? := 3k + 1. By the methods of the proof of
theorem 5.3, we have: if k? |= φ, then each model of cardinality ≥ k? models φ; if
k? 6|= φ, then each model of cardinality ≥ k? does not model φ. It follows that φ
is equivalent with a statement purely in the language of identity. We define B B C
iff, for some ψ in the language of identity B = (A + ψ) and C = (EQ + ψ). It is
easily seen that B is an i-bisimulation for (. 2

Appendix D. Extension meets Interpretability-with-Parameters

In this appendix, we show how to develop or framework using parameters. At
some points we will want to compare the concepts with parameters with those
without them. We will use e.g. �∗ to designate the parameter-free version.
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Remark D.1. In this appendix we are concerned with finitely axiomatised theories.
For these theories a different treatment of parameters is possible. We do have a
dimension for the parameters but no parameter domain. A theory B is interpretable
in A, if, for some τ , we have A ` ∃~z Bτ,~z. This is the treatment of parameters in e.g.
[MPS90]. We can easily see that we can transform a translation τ with parameters
in the sense of [MPS90] to a translation τ? in our sense by adding ατ?(~z ) := Bτ,~z

to τ .
I have two reasons not to follow the style of [MPS90]. First, it is easier to see how

to generalise the present treatment to the infinitely axiomatised case. Secondly, the
reduction given above shows that A�B in the sense of [MPS90] iff A�B in the sense
of our paper, but does the same work out also for e.g. faithful interpretability and
other translation based notions? A closer look at these things would be needed.14

Open Question D.2. Do translations in the sense of [MPS90] give us the same
notions of faithful and locally faithful interpretability?

The following abbreviation is useful:
• [φ]τ := (∃~z ατ (~z ) ∧ ∀~z (ατ (~z )→ φτ,~z)).

We have:

Theorem D.3. [[φ]τ ]ν ` [φ]τν .

The proof is by patiently writing things out. We give extended definitions of a
number of fundamental notions.

• A�B iff, for some τ , we have A ` [B]τ .
• A � B iff, for some translation τ , we have that A+ [B]τ is consistent.
• A is locally tolerant iff A � B, for each B.
• A is essentially locally tolerant iff, for each A′ ⊇ A, we have A′ � B, for

each B.
• A Iloc B iff, for all ψ, if A + ψ is consistent, then, there is a τ such that
B + [ψ]τ is consistent.
• A�faith B iff, there is a τ , such that, for all φ, B ` φ iff A ` [φ]τ .
• A �lofa B iff, for all φ with B 0 φ, there is a τ such that A ` [B]τ and
A 0 [φ]τ .

We start with an elementary fact. Let Φ be the functor of Appendix A.9.1.

Theorem D.4. i. A�∗ Φ(A).
ii. Φ(A) �faith A.

Proof. Claim (i) is trivial by taking 40 to contain precisely one element. Let the
interpretation we constructed in this way be Q0 based on translation η0.

For Claim (ii), we use the 40 as parameter set, 41 as domain and translate P (~x)
as (

∧
41(xi) ∧ P (z, ~x)). Let the interpretation we constructed by Q1 based on η1.

We confuse Q0 and η0 with there counterparts in the category of interpretations
with parameters. Now it is clear that Q1 is a section in INTpar

1 with inverse Q0.
Hence Q1 is faithful. 2

Theorem D.5. We have:

14The attentive reader will see, from the proof of Theorem D.10, that the ghost of the treatment
of [MPS90] is still lingering.
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1. If A�∗ B, then A�B.
2. A�B iff A�∗ Φ(B).
3. If A �∗ B, then A � B.
4. A � B iff A �∗ Φ(B).
5. If A is locally tolerant without parameters, then A is locally tolerant.
6. If A is essentially locally tolerant without parameters, then A is essentially locally

tolerant.
7. If A I∗loc B, then A Iloc B.
8. If Φ(A) I∗loc B, then A Iloc B.
9. If A�∗faith B, then A�faith B.

10. If A�∗faith Φ(B), then A�faith B.
11. If A�∗lofa B, then A�lofa B.
12. If A�∗lofa Φ(B), then A�lofa B.

Proof. All these claims are more or less trivial. We prove (7). Suppose Φ(A) I∗loc B.
It follows that Φ(A) Iloc B. On the other hand, we have Φ(A) �faith A and, hence,
A Iloc Φ(A). It follows that A Iloc B. 2

Open Question D.6. Are there counterexamples to the converses of Theorem D.5
(3) and (5)–(12)?

We turn to the characterisation of toleration.

Theorem D.7. A � B iff ∃C⊇A C �B.

Proof. Suppose A � B. Then for some τ , the theory C := A + [B]τ is consistent.
Hence A ⊆ C �B.

Conversely, suppose A ⊆ C and C � B. Let τ witness the interpretability of B
in C. Then certainly A+ [B]τ is consistent. 2

We show that in our new context, local cointerpretability still is preservation of the
tolerated.

Theorem D.8. A Iloc B iff, for all C, if A � C, then B � C.

Proof. We will do the proof for the case without pieces. With pieces it is similar,
but slightly more complicated.

Suppose A Iloc B. Consider any C and suppose A � C. This tells us that, for some
σ, the theory A+Cσ is consistent. It follows that, for some τ , the theory B+[Cσ]τ

is consistent. It follows that B + [C]στ is consistent and, hence B � C.

Suppose that, for all C, if A � C, then B � C. Consider any ψ such that A+ ψ is
consistent. We take C := A + ψ. Trivially, A � C. It follows that B � C, so, for
some τ , we have that B + [ψ]τ is consistent. 2

As before we can reformulate our previous insight to: A Iloc B iff [[A]] ⊆ [[B]] .

We turn to our second characterisation.

Theorem D.9. A Iloc B iff, for all A′ ⊇ A, there is a B′ ⊇ B, such that B′�A′.

Proof. We use Theorem D.8. Suppose that, for all C, if A � C, then B � C. Suppose
A′ ⊇ A. Then, the identity interpretation witnesses that A � A′. It follows that
B � A′. Hence, for some τ , we have B′ := B + [A]τ is consistent. Clearly B′ ⊇ B
and B′ �A′.
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Conversely suppose that, for all A′ ⊇ A, there is a B′ ⊇ B, such that B′ � A′.
Suppose ρ witnesses that A � C. Then, A′ := A+ [C]ρ is consistent. It follows that
there is a B′ ⊇ B such that B′ � A′. Suppose B′ � A′ is witnessed by σ. We may
conclude that B+ [[C]ρ]σ is consistent, and, hence that B+ [C]ρσ is consistent. So,
B � C. 2

We turn to the matter of local faith. We remind the reader that:
• A �lofa B iff, for all φ with B 0 φ, there is a τ such that A ` [B]τ and
A 0 [φ]τ .

Theorem D.10. A�lofa B iff (A�B and B Iloc A).

Proof. We use the characterisation of Theorem D.9.

Suppose A�lofa B. By putting φ := ⊥ in the definition of �lofa, we see that A�B.
Consider any B′ ⊇ B. Suppose B′ is axiomatized by φ. Since B′ is consistent, it

follows that B 0 ¬φ. So, there is a τ such that A ` [B]τ and A 0 [¬φ]τ . We may
now take A′ := A+∃~z (ατ (~z )∧φτ,~z) or, equivalently, A′ := A+¬ [¬φ]τ . We take τ ′

that is completely the same as τ but for the fact that ατ ′(~z ) := (ατ (~z )∧φτ,~z). We
find: A′ ` [B ∧ φ]τ

′
. Thus, τ ′ witnesses that A′ �B′. We may conclude B Iloc A.

Suppose A � B and B Iloc A. Let τ0 witness A � B. Suppose B 0 φ. If follows
that B′ := B + ¬φ is consistent. Then, for some A′ ⊇ A we have A′ � B′. Let τ
be the witness of A′ �B′. We take τ? := τ〈[B′]τ 〉τ0. We note that the disjunctive
parameter domain of τ? needs to have as dimension the maximum of the dimensions
of τ0 and τ . We can obtain the desired effect by padding. Clearly, A ` [B]τ

?

.
Suppose A ` [φ]τ

?

. Then, A + [B′]τ ` [φ]τ , since under the assumption [B′]τ ,
the translations τ and τ? coincide. On the other hand, A + [B′]τ ` [¬φ]τ , so
A + [B′]τ ` [⊥]τ . It follows that A + [B′]τ ` ⊥. But (A + [B′]τ ) ⊆ A′ and A′ is
consistent. So we have a contradiction. Ergo, A 0 [φ]τ

?

. 2

We treat the characterisations of local tolerance.

Theorem D.11. The following are equivalent:
i. A is locally tolerant.

ii. For all B, if A�B, then A�lofa B.
iii. A�lofa CQC2, where CQC2 is predicate logic for a binary relation symbol.

Proof. (i) ⇒ (ii). Suppose A is locally tolerant and A�B. Let τ0 witness A�B.
Suppose B 0 φ. Let B′ := B + ¬φ. We have A � B′. Let τ1 be the witness of
A � B′. We define τ? := τ1〈[B′]τ1〉τ0. Clearly, A ` [B]τ

?

. Suppose A ` [φ]τ
?

. In
that case, we must have A+ [B′]τ1 ` [⊥]τ1 , and, hence A+ [B′]τ1 ` ⊥. Quod non.

(ii) ⇒ (iii). This is immediate from the fact that A� CQC2.

(iii) ⇒ (i). We use a theorem from [Hod93] that any theory B is bi-interpretable
with a theory B̃ in the signature of one binary relation. Since CQC2 0 ¬B̃, it
follows that A+ [B̃]τ is consistent, for some τ . So, A � B̃, and, hence, A � B. 2

We note that also in the new setting we have:

Theorem D.12. A is locally tolerant iff, for all B, we have A Jloc B.
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