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Abstract Model studies suggest that semiarid ecosystems with patterned vegetation can respond in a
nonlinear way to climate change. This means that gradual changes can result in a rapid transition to a deser-
tified state. Previous model studies focused on the response of patterned semiarid ecosystems to changes
in mean annual rainfall. The intensity of rain events, however, is projected to change as well in the coming
decades. In this paper, we study the effect of changes in rainfall intensity on the functioning of patterned
semiarid ecosystems with a spatially explicit model that captures rainwater partitioning and runoff-runon
processes with simple event-based process descriptions. Analytical and numerical analyses of the model
revealed that rainfall intensity is a key parameter in explaining patterning of vegetation in semiarid ecosys-
tems as low mean rainfall intensities do not allow for vegetation patterning to occur. Surprisingly, we found
that, for a constant annual rainfall rate, both an increase and a decrease in mean rainfall intensity can trigger
desertification. An increase negatively affects productivity as a greater fraction of the rainwater is lost as
runoff. This can result in a shift to a bare desert state only if the mean rainfall intensity exceeds the infiltra-
tion capacity of bare soil. On the other hand, a decrease in mean rainfall intensity leads to an increased frac-
tion of rainwater infiltrating in bare soils, remaining unavailable to plants. Our findings suggest that
considering rainfall intensity as a variable may help in assessing the proximity to regime shifts in patterned
semiarid ecosystems and that monitoring losses of resource through runoff and bare soil infiltration could
be used to determine ecosystem resilience.

1. Introduction

In semiarid environments, plants can locally modulate their environment in a way that enables better access
to resources, such as nutrients and water, thereby acting as so-called ecosystem engineers [Jones et al.,
1994]. If the positive effect of plants on enhanced access to resources outweighs the negative effect of
increased resource uptake, this may result in a positive feedback loop: an increase in plant biomass results
in higher resource availability and consequently enhanced plant growth. This mechanism allows high plant
densities to be maintained under harsher conditions, but it can also result in bistability (or multistability) of
the ecosystem [Rietkerk et al., 1997], meaning that alternative stable system states exist under a given range
of external conditions [Lewontin, 1969]. Changes in external conditions can alter the stability and the num-
ber of system states. In the case of semiarid ecosystems, increasing grazing pressure or decreasing resource
input may push the system over a critical threshold, resulting in a sudden critical transition from a vegetated
state to a bare state [Noy-Meir, 1975; Rietkerk et al., 1997]. As such regime shifts are accompanied by signifi-
cant and irreversible losses in biological productivity, they are often related to the process of desertification
[e.g., K�efi et al., 2007; Von Hardenberg et al., 2001]. Note that formal definitions of desertification are more
complex and include changes in soil resources, soil geochemistry, and vegetation composition as pointed
out by Schlesinger et al. [1990] and D’Odorico et al. [2013].

Although it is generally hard to determine whether ecosystems will indeed respond in such a nonlinear way
to changing environmental conditions, model studies show that particular spatially periodic patterns may
be used as indicator for alternative stability [Rietkerk et al., 2004; K�efi et al., 2010]. This is the case if local facil-
itative interactions, responsible for nonlinear system behavior [DeAngelis et al., 1980], are linked to distal
competitive interactions that are responsible for pattern formation [Gierer and Meinhardt, 1972; Rietkerk and
van de Koppel, 2008]. In semiarid ecosystems such a link between local facilitative and distal competitive
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interactions exists and yields
so-called scale-dependent
feedbacks [Rietkerk and van de
Koppel, 2008]. More specifically,
in these ecosystems, plants can
locally enhance the infiltration
capacity of a soil by preventing
crust formation and changing
the soil structure. On sloped
terrain, surface water accumu-
lates on the barren or sparsely
vegetated impenetrable soils
during intense rain events, and
flows downhill to the more
densely vegetated soils where
it can infiltrate, resulting in
increased productivity. The
depletion of surface water by
vegetation uphill on the other
hand has a negative effect on
infiltration and plant growth
downhill. This particular scale-

dependent feedback, referred to as the resource concentration mechanism [Rietkerk et al., 2004], can result
in the formation of regularly spaced vegetation bands perpendicular to the slope separated by interbands
of bare soil (Figure 1) [Klausmeier, 1999; Rietkerk et al., 2002].

A large body of spatially explicit mechanistic models have been published that describe pattern formation
in semiarid ecosystems [see, for example, Lefever and Lejeune, 1997; Klausmeier, 1999; Von Hardenberg et al.,
2001; Rietkerk et al., 2002; Gilad et al., 2004; and for a review, Borgogno et al., 2009]. These models were suc-
cessful in identifying possible mechanisms driving pattern formation in semiarid ecosystems, such as the
resource concentration mechanism, and provided insights regarding the nonlinear response of these sys-
tems when subject to gradual changes in mean annual rainfall.

Changes in annual and seasonal rainfall volumes in arid and semiarid regions, as projected by global climate
models, are, however, subject to much uncertainty. Projections of changes in rainfall intensity in contrast,
show strong trends [Tebaldi et al., 2006; Solomon et al., 2007]. For the Sahel region and the Horn of Africa,
for example, a majority of the global climate models predicts significant elevations in rainfall intensity at the
end of this century with respect to the 1980s and 1990s [Tebaldi et al. 2006; Solomon et al. 2007].

Model studies show that spatiotemporal patterns in infiltration and soil moisture are to a large extent deter-
mined by rainfall intensity and storm size. Rodriguez-Iturbe et al. [1999] show that average soil moisture
increases with rainfall depth, and that there is bell-shaped relation between rainfall depth and variance. A
study by Thompson et al. [2011] shows that the spatial infiltration patterns in patchy arid ecosystems are
strongly controlled by rainfall intensity. During intense events, enhanced infiltration occurs for a large por-
tion of vegetated sites, whereas during low intensity events increased recharge occurs only at the edges of
vegetation patches. Although hydrological models show that rainfall intensity plays a key role in rainwater
partitioning and lateral surface water redistribution, it is unknown if and exactly how the projected changes
in rainfall intensity are going to affect the productivity and functioning of patterned semiarid ecosystems.

Modeling the effect of changes in rainfall intensity on these ecosystems requires the coupling of processes
that act on the time scale of a single rain event with processes, such as plant growth, that act on much lon-
ger time scales. The current spatially explicit models mostly capture rainfall in a continuous manner, and
thereby they do not explicitly deal with this issue [Konings et al., 2011]. These models, as well the few that
do consider rainfall to consist of separate events [Kletter et al., 2009; Ursino and Contarini, 2006], also assume
infiltration to depend on surface water depth [e.g., HilleRisLambers et al., 2001; Rietkerk et al., 2002; Gilad
et al., 2004; Meron et al., 2007], which is in contrast with conventional depth independent infiltration models
[e.g., Horton, 1939; Philip, 1957]. The study by Thompson et al. [2011] shows that this assumption leads to

Figure 1. Periodically banded vegetation in Sudan (11�170N, 28�130E, mean annual precipi-
tation: 450 mm yr21) [Deblauwe et al., 2008]. VC 2013 Google Earth. VC 2013 Cnes/Spot Image.
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insensitivity of surface water redistribution to changes in rainfall intensity. The use of depth-dependent infil-
tration models may therefore underestimate the potential effects such changes may have on ecosystem
functioning.

In this paper, we study the response of semiarid ecosystems to changes in rainfall intensity using a spa-
tially explicit version of the water limitation model by Rietkerk et al. [1997] that is coupled with a hydro-
logical hillslope model that explicitly describes depth independent infiltration and infiltration excess
(Hortonian) runoff generation on an event basis with simple conditional rules. The full model acknowl-
edges both the processes that operate on short temporal scales, such as rainwater partitioning and redis-
tribution, as well as processes that operate on longer temporal scales, such as plant growth. Temporal
upscaling of short-term processes and a minimalistic modeling approach enabled analytical analysis of
the model.

2. Model Description

To study the role of rainfall intensity in semiarid ecosystems, we need to account for relatively slow proc-
esses that operate on long temporal scales, such as plant growth, as well as fast processes that operate on
short temporal scales, such as the partitioning, and redistribution of rainwater during a rain event.

The slow long-term processes are modeled using a spatially extended version of the water-limitation model
by Rietkerk et al. [1997], which describes the essential dynamics of plant density and available soil moisture
in a minimalistic way [Rietkerk, 1998, pp. 4–5], thereby enabling detailed analytical analysis. Rainwater parti-
tioning and the runoff-runon processes are fast short-term processes that are modeled with event-based
descriptions in the form of simple conditional rules. Temporal upscaling of the obtained infiltration rates
yields a continuous formulation for infiltration, which is then used in the spatially extended version of the
water-limitation model by Rietkerk et al. [1997].

In sections 2.1 and 2.2, we will describe the water-limitation model. In section 2.3, infiltration for uniform
system states will be discussed and in section 2.4, we account for spatial heterogeneity by including runoff-
runon processes. The mechanism governing spatial patterning in this model is the resource concentration
mechanism mentioned earlier; however, spatial feedbacks in our model differ from previous models
because of the alternative modeling approach, as we will briefly discuss in section 2.5.

2.1. Soil Moisture Dynamics
Soil moisture dynamics comprise infiltration, plant uptake, soil evaporation and percolation losses, and lat-
eral soil water movement. The change in available soil water W (mm) over time t (year) at location x (m) on
the one-dimensional hillslope is modeled with equation (1):

@W
@t

5iag2u
W

W1k
P2rW1dW

@2W
@x2

(1)

Here iag is the mean aggregated infiltration rate of water into the soil (mm yr21), further discussed in sub-
sections 2.3 and 2.4. The second term represents the uptake of water by plants, which is assumed to
depend on local plant density. Here u is the maximum specific soil water uptake (mm m2 g21 yr21), P is
the plant density (g m22), and k is the half saturation constant of soil water uptake (mm). Losses in avail-
able soil water are modeled with the third term, in which r is the specific soil water loss due to soil evapo-
ration and percolation (yr21). The last term represents soil water movement, with dW being the diffusion
rate of soil water (m2 yr21) and x space (m). Note that soil water is assumed to diffuse in a linear way and
that also percolation and evaporation losses depend linearly on soil water availability [Rietkerk et al.,
2002].

2.2. Plant Growth
In the model, plant dynamics is captured by growth, mortality and grazing, and plant dispersion. The
change in plant density P is given by equation (2):
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The first term represents plant growth, which is linearly related to water uptake. Here c is the conversion of
water uptake by plants to plant growth (g mm21 m22). The second term covers both mortality and grazing
losses, with m being the specific plant loss due to mortality and herbivory (yr21). Plant dispersal is modeled
with the last term. Here dP is the dispersion rate of plants (m2 yr21).

2.3. Infiltration Neglecting Runon (for Uniform Case and Interbands)
In this section, we will solely consider the partitioning of rainwater into infiltration and runoff, and neglect
runon, which we define as the infiltration of runoff generated uphill. This assumption is valid for uniform
system states and interbands, as we will explain later.

The partitioning of rainwater into infiltration and runoff differs per rain event. In this model, the infiltration
rate during a given event iev (mm h21) is limited by either the infiltration capacity of the soil icap (mm h21)
or the intensity of the rain event pev (mm h21), which is considered to be a random variable. In the former
case not all rainwater infiltrates, but part is lost in the form of runoff. The infiltration rate iev for a rain event
with intensity pev in a soil with infiltration capacity icap is given by:

ievðx; pevÞ5
pev if pev < icapðxÞ

icapðxÞ pev � icapðxÞ

(
(3)

By using this relationship, we assume steady state infiltration conditions [Karssenberg, 2006]. In other words,
during the rain event iev, pev, and icap are constant over time. For soils with high sorptivity, this time inde-
pendency results in underestimation of infiltration during short events and overestimation during long
events. On average, however, the error will be negligible provided that rainfall intensity and event duration
are mutually independent. Notice that, although we consider infiltration to be independent of surface water
depth [Horton, 1939; Philip, 1957], there may be situations, including soil cracking and crusting, in which sur-
face water depth is important [Dunne et al., 1991; Fox et al., 1998; Novak et al., 2000].

The interarrival time between rain events is assumed to be sufficiently large, so that infiltration conditions,
which are affected by antecedent soil moisture content, are similar for all events. With this assumption, we
neglect possible interactions between storm events, which in allows analytical analysis of the model. Infiltra-
tion capacity icap increases with plant density P [van Wijngaarden, 1985; Rietkerk et al., 2000; Thompson et al.,
2010a] and is modeled with equation (4):

icapðxÞ5i01aPðxÞ (4)

Here i0 is the infiltration capacity of bare soil (mm h21), and a is the increase of infiltration capacity with
plant density (mm m2 h21 g21).

We assume rainfall intensity pev to be an exponentially distributed random variable with mean lpev
(mm

h21) [Hoogmoed, 1981] that is uniform in space. Its probability density function is given by equation (5):

f ðpevÞ5
1

lpev

e
2

pev
lpev (5)

The fact that pev is a random variable, makes iev a random variable (if icap> 0). In other words, the amount of
water that infiltrates is different for each rain event. Although we consider infiltration to be a random pro-
cess, the equilibrium analysis and model runs will be done using the expected value (or long-term average)
of iev. Thereby we assume the response of vegetation to individual rain events is slow. Working with the
expected infiltration rate makes the model deterministic and allows studying the system’s equilibria and
the effects of changes in mean rainfall intensity on the system. Note, however, that the obtained solutions
for P and W presented in section 3 only approximate the expected values of P and W at first order. This
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means that we neglect the effects of variance and higher order moments of infiltration rate on available soil
water and plant productivity.

The expected infiltration rate E(iev) is obtained by summing the infiltration rates (equation (3)) over all possi-
ble event intensities (pev> 0) while multiplying with the probability of occurrence of the events (equation
(5)). As shown in Appendix A this yields:

Eðievðx; pevÞÞ5lpev
12e

2
icapðxÞ
lpev

� �
(6)

If we assume the arrival of rain events to be a Poisson process [Bierkens and Puente, 1990] and the events to
have a mutually independent duration and intensity [Hoogmoed, 1981], then the mean rainfall rate aggre-
gated over a period of time pag (mm yr21) is given by the product of the mean frequency of the events k
(yr21), the mean duration of an event s (h), and the mean rainfall intensity lpev

(mm h21). The aggregated infil-
tration rate iagðxÞ (mm yr21), used in equation (1), can now be written as function of aggregated rainfall pag:

iagðxÞ5ksEðievðx; pevÞÞ5pag
Eðievðx; pevÞÞ

lpev

5pag 12e
2

icapðxÞ
lpev

� �
(7)

Similar to infiltration in the model by Rietkerk et al. [1997], the aggregated infiltration rate iagðxÞ increases
asymptotically to pag for P !1.

In this section, we neglected the infiltration of runoff produced uphill (runon). As mentioned, this assumption
is valid under particular conditions. For example, if plant density and infiltration capacity are spatially homoge-
neous, runoff is produced if icap(x) is exceeded (pev > icapðxÞ). However, if pev > icapðxÞ and if icap(x) is equal for
all x, runoff will not infiltrate downhill as the maximum infiltration rate icap(x) is already reached for all x. In the
case, that pev < icapðxÞ, no runoff is generated at any x, and therefore runon can be neglected as well. If plant
density is not uniform and infiltration capacity is spatially heterogeneous, still areas exist where runon does
not occur and infiltration is approximated by equation (7), as will be discussed in section 2.5.

2.4. Infiltration Including Runon (Nonuniform Case)
In this section, we will continue with the approach of section 2.3, but now we include the infiltration of runoff
produced uphill (runon). Runoff generation and its infiltration downhill are modeled similarly to Karssenberg
[2006], with the difference that we use a spatially continuous formulation, which allows to calculate the
expected infiltration rate as in the previous section. Runoff is generated where rainfall intensity pev exceeds infil-
tration capacity icap(x) and is transported downhill. Again two cases can be distinguished: (1) Infiltration rate ievð
xÞ equals infiltration capacity icap(x) in areas where runoff is generated (i.e., pev > icapðxÞ) and directly downhill
of these areas due to runon. (2) In areas that do no receive surface water (e.g., due to depletion uphill) infiltra-
tion rate equals the rainfall intensity. A critical rainfall intensity ~pevðxÞ separates the two cases (see Figure 2):

ievðx; pevÞ5
pev if pev < ~pevðxÞ

icapðxÞ pev � ~pevðxÞ

(
(8)

The critical rainfall intensity ~pevðxÞ in mm h21 is the minimum rainfall intensity required for surface water to
reach position x on the hillslope and can be derived as follows.

In order for surface water to reach site x, the cumulative rainfall intensity uphill of x needs to exceed the
cumulative infiltration capacity uphill of x. The cumulative infiltration capacity î cap (m mm h21) upslope of x
increases with distance l (m) from x.

î capðl; xÞ5
ðx

x2l

ðicapðx0ÞÞdx0 (9)

Since rainfall is assumed to be spatially uniform, the cumulative rainfall intensity between x – l and x, (p̂ev in
m mm h21) is independent of x and is given by:
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p̂evðl; pevÞ5lpev (10)

If p̂evðl; pevÞ exceeds î capðl; xÞ for any positive value of l, then surface water reaches x. The critical rainfall
intensity equals the minimum rainfall intensity for which p̂evðl; pevÞ5̂i capðl; xÞ for some value of l (with l> 0).
From equations (9) and (10) follows that the critical rainfall intensity is given by:

~pevðxÞ5 min
l>0

î capðl; xÞ
l

 !
(11)

Here min ðÞ takes the minimum value of a given function. Note that by allowing l to have any positive value,
we assume the hillslope to have an infinite length. If l tends to zero, then î capðl;xÞ

l tends to icap(x). Therefore, if
the minimum in equation (11) is located at l close to zero, then ~pevðxÞ5icapðxÞ. This is the case for some
areas on the hillslope depicted in Figure 2.

The expected infiltration rate E(iev) can again be obtained by summing the infiltration rates (equation (8))
over all possible event intensities (pev> 0) while multiplying with the probability of occurrence of the events
(equation (5)). As shown in Appendix A, this yields:

Eðievðx; pevÞÞ5lpev
1ðicapðxÞ2~pevðxÞ2lpev

Þe2
~p ev ðxÞ
lpev (12)

The aggregated infiltration rate iagðxÞ (mm yr21) used in equation (1) now becomes:

Figure 2. Infiltration capacity icap, critical rainfall intensity ~pev , and infiltration rates iev for rain events with intensities pev of (a) 20 mm h21

and (b) 30 mm h21 on a hillslope with an imposed periodic pattern in plant density (P ranges from 0 to 40 g m22). The critical rainfall
intensity ~pev is the minimum rainfall intensity required for a particular location on the hillslope to receive surface water. The arrows indi-
cate how the generated runoff is relocated. For some areas on the hillslope, ~p evðxÞ5icapðxÞ. Notice that the amount of runon is equal to
the amount of runoff that is generated and that surface water is transported further downhill during more intense rain events.
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iagðxÞ5pag1pag
icapðxÞ2~pevðxÞ

lpev

21

 !
e

2
~p ev ðxÞ
lpev (13)

The full model is described by equations (1), (2), and (13). In case of uniform infiltration conditions, ~pev5icap

meaning that equation (13) reduces to equation (7).

Infiltration and runoff/runon process are modeled in a simple parsimonious way. Notice, for example, that
hillslope gradient is not a parameter in equation (13). This is because we assume instantaneous surface
water redistribution: all runoff generated uphill infiltrates downhill as long as infiltration capacity is not met.
Models that, besides spatial infiltration contrasts, also incorporate contrasts in surface roughness and resist-
ance to flow, suggest that such sophisticated approaches are only required on terrains with a slope up to
around 0.1% [Thompson et al., 2011]. This supports our simplified approach, as the banded patterns we aim
to model can only be found on hillslopes with a gradient greater than 0.2–0.25% [Valentin et al., 1999;
Deblauwe et al., 2011]. Finally, the spatial infiltration patterns depicted in Figure 2 are comparable, though
less smooth, to those found by more advanced models [Thompson et al. 2011].

2.5. Competition for Surface Water and Spatial Feedbacks
The competition for surface water in this model is fundamentally different from other conceptual models
that describe pattern formation in semiarid ecosystems [e.g., HilleRisLambers et al., 2001; Rietkerk et al., 2002;
Gilad et al., 2004; Meron et al., 2007]. These models do not consider soils to have a finite capacity to take up
water. Instead, infiltration rate is considered to be a function of surface water depth which is modeled as a
separate state variable. Since surface water accumulates on the bare interbands and is depleted as it is
transported through the vegetation bands, bare areas positively affect infiltration in downhill vegetated
areas while vegetated areas have a negative effect on the infiltration rate in the bare interbands in these
models (see Appendix B). The positive effect enables patterned states to exist under harsher conditions
than would be the case if vegetation was uniformly distributed [Rietkerk et al., 2002; Sherratt and Lord,
2007], while the negative effect is responsible for the formation of patterns [Gierer and Meinhardt, 1972; van
de Koppel and Crain, 2006; Rietkerk and van de Koppel, 2008] and explains why bare areas emerge when uni-
form cover is still possible (i.e., Turing instability).

In our model, the positive effect is still active: runoff is generated on the bare interbands if rainfall intensity
exceeds the infiltration capacity of bare soil (i.e., pev > i0) and feeds the vegetation bands where the infiltra-
tion capacity is higher. However, the negative effect of the vegetation bands on the interbands is absent:
the infiltration in the interbands is not affected by uphill vegetation. This is because runoff is only generated
if pev > i0, meaning that bare areas receive surface water only if, due to local rainfall, infiltration already
occurs with a maximum rate of infiltration capacity. Consequently, additional infiltration due to runon does
not occur on bare soil, regardless of rainfall intensity or the depth of the surface water layer. This means
that for these areas equation (13) reduces to equation (7), meaning that infiltration in the interbands is inde-
pendent of infiltration capacity uphill.

Because of the absence of a negative effect of areas with high plant densities on areas with lower plant
densities, the behavior of our model can be expected to differ from that of the mentioned conceptual mod-
els. This will be discussed in section 3.

2.6. Parametrization and Analysis
We implemented the model in MATLAB (version R2012a – 7.14.0.739; The MathWorks, Inc.). The partial dif-
ferential equations are solved numerically using a time-explicit scheme with a constant time step Dt. A vec-
tor of n elements, with each element having a length of Dx, represents the one-dimensional hillslope.

The model can be analyzed along only one spatial dimension, as we assume all water to flow downhill and
neglect the exchange of surface water perpendicular to the hillslope. In models that do consider the
exchange of water in this direction found that vegetation bands may break up to form dashed patterns
[Von Hardenberg et al., 2001], which can also be found on imagery [Valentin et al., 1999]. These patterns are
not considered in our analysis.

In the model runs, equation (11) was evaluated for 0 < l � nDx only. Following Klausmeier [1999], Rietkerk
et al. [2002], Lejeune et al. [2004], Gilad et al. [2004], and Sherratt and Lord [2007], we run the model using
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periodic boundary conditions. Thereby we minimize the boundary effects, such as deviating pattern orien-
tation in proximity to ridges [McGrath et al., 2012] and increasing pattern wavelength close to streams
[Penny et al., 2013], which makes our results independent of site-specific properties, such as topography.
The use of periodic boundary conditions implies that we only consider the hillslope far from ridges and
streams. Notice, however, that it does not imply that surface water cannot escape from the modeled hill-
slope: it is either depleted along the hillslope (as in Figure 2) or discarded once infiltration capacity is
met along the entire hillslope.

We performed runs of the model to study the patterned steady states. The model runs were initiated with
random peaks in plant density in a fraction of the elements. To study the existence of stable patterned
steady states with a particular wavelength, the peaks in plant density were distributed in a periodic fashion.

If environmental conditions, such as mean rainfall intensity, change, patterned states may cease to exist.
The parameter range for which patterns with a particular wavelength exist was obtained using the bisection
method (or binary search method) [Burden and Faires, 2011].

We analytically derived the uniform steady states of the system (expressed in plant density and water avail-
ability), as well as a rainfall range for which (patterned) vegetation and a stable bare desert state coexist (as
discussed in Appendices C and D). This information, combined with runs of the model, allowed to examine
the response of the system to changes in aggregated rainfall rate pag and mean rainfall intensity lpev

. Table
1 gives an overview of the parameters used in the model.

3. Results

In this section, we first describe the competition for water and feedbacks in the model on a local scale (sec-
tion 3.1) in order to understand the global behavior of the model (section 3.2). In section 3.3, we will then
discuss how the model responds to changes in rainfall intensity.

3.1. Competition for Water Along the Hillslope
With the parameter values of Table 1, the model generates spatially periodic patterns in plant density along
the hillslope (Figure 3a). These periodic vegetation bands migrate in uphill direction: colonization occurs
directly uphill from the vegetation bands, while plant density slowly decays in the downhill part of the
bands. This is in line with observations [Worrall, 1959; Deblauwe et al., 2012] and modeling studies [Klausme-
ier, 1999], although fixed patterns have also been reported [Thompson and Katul, 2009; Dunkerley, 2013].
Available soil water is generally higher in the vegetation bands compared to the bare interbands; however,
a small depression in soil water availability can be found in the downhill part of the vegetation bands (Fig-
ure 3b).

Figure 3c shows the infiltration capacity icap(x) and critical rainfall intensity ~pevðxÞ in space. Expected infiltra-
tion rates (equation (12)) are high if the critical rainfall intensity is low and infiltration capacity is high. The

Table 1. Parameter Values, Units, and Meaninga

Parameter Description Value Unit References

k Half saturation constant of soil water uptake 5 mm Rietkerk et al. [2002]
u Maximum specific water uptake 18 mm m2 g21 yr21 Rietkerk et al. [1997]
r Specific soil water loss due to evaporation and percolation 36 yr21 Rietkerk et al. [1997]
m Specific loss of plant density due to mortality and grazing 126 yr21 Rietkerk et al. [1997]
c The conversion of water uptake by plants to plant growth 10 g mm21 m22 Rietkerk et al. [1997]
dP Dispersion rate of plants 36 m2 yr21 Rietkerk et al. [2002]
dW Diffusion rate of water 36 m2 yr21 Rietkerk et al. [2002]
pag Aggregated rainfall rate 600 mm yr21 Rietkerk et al. [2002]
lpev

Mean intensity of the rain events 20 mm h21 DeBlauwe et al. [2008]b

i0 Infiltration capacity of bare soil 10 mm h21 DeBlauwe et al. [2008]b

a Increase of the infiltration capacity with plant density 2 mm m2 h21 g21 DeBlauwe et al. [2008]b

Dt Time step size 531024 year
Dx Cell length 0.2 m
n Number of elements 4000

aThese parameter values are used throughout this work, unless indicated differently.
bParameters were calibrated to obtain patterns in a realistic rainfall range according to the mentioned study.
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infiltration capacity increases linearly with plant density, following equation (4), and is therefore higher for
more densely vegetated soils. In the vegetation bands, critical rainfall intensity increases in downhill direc-
tion. This means that a higher rainfall intensity is required for runon to occur in the downhill part as com-
pared to the upslope part. In the interbands, the critical rainfall intensity is equal to the infiltration capacity.
Here runon does not occur and the infiltration equation for the uniform case is valid (equation (6)).

When considering the effect of single rain events on the system, three types of rain events can be distin-
guished. Low intensity events have an intensity lower than the lowest infiltration capacity on the hillslope.
These events do not trigger runoff generation, meaning that all rainwater infiltrates locally. Since the infiltra-
tion rate during such low intensity events is equal for every location along the hillslope, these events have a
homogenizing effect on the spatial distribution of soil water and consequently vegetation. During interme-
diate intensity events, runoff is generated on the bare interbands and is transported to the vegetation bands
where it is fully depleted. Since runon occurs in the uphill part of the vegetation bands and not in the
downhill part, spatial competition occurs: uphill vegetation negatively affects infiltration downhill. Such
negative spatial interactions are a requirement for regular pattern formation [Gierer and Meinhardt, 1972;
van de Koppel and Crain, 2006; Rietkerk and van de Koppel, 2008]. During high intensity events, the rainfall
intensity exceeds the maximum critical rainfall intensity on the hillslope. Now surface water reaches all loca-
tions on the hillslope and infiltration rate equals infiltration capacity for the entire hillslope. Plants may still

Figure 3. (a) Plant density P (g m22), (b) plant density P (g m22), and available soil water W (mm), and (c) infiltration capacity icap (mm h21)
and critical rainfall intensity ~pev (mm h21) along the hillslope. Notice that the minimum infiltration capacity on the hillslope—separating
low intensity events from intermediate intensity events—is equal to the infiltration capacity of bare soil i0. The maximum critical rainfall
intensity on the hillslope—separating intermediate intensity events from high intensity events—equals the mean infiltration capacity of
the hillslope. In Figure 3c, infiltration capacities above 100 mm h21 were cut off. The peak infiltration capacity in the vegetation bands is
about 1000 mm h21.
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benefit from runoff produced
uphill; however, since surface
water is not fully depleted on
its way through the vegetation
bands spatial competition does
not occur. In addition, not all
generated runoff is able to
infiltrate downhill, meaning
that some water flows through
the vegetation bands and is
eventually lost from the
system.

The categorization of rain
events as described above
helps in understanding the
response of the system when
subject to changes in mean
rainfall intensity, as discussed
in section 3.3.

3.2. Alternative Stable
System States
Apart from the patterned state
discussed so far, uniformly
vegetated states and/or a bare
desert state exist depending
on parameter setting. Figure 4a
shows a bifurcation diagram
with aggregated rainfall pag as
bifurcation parameter and with
a constant mean rainfall inten-
sity lpev

. For high rainfall val-
ues, only a uniformly
vegetated state is stable and
for very low rainfall values only
a stable bare desert state
exists. For intermediate aggre-
gated rainfall values, the sys-
tem has alternative stable
states: stable patterned states
or a stable uniformly vegetated
state coexist with a stable bare
state.

Notice that multiple stable pat-
terned states with different

pattern wavelengths can exist for a given parameter configuration. For high wavelength patterns, the plant
density in the vegetation bands is higher compared to low wavelength patterns (see Figure 5). This is
because high wavelengths come with a greater interband area, which enables plants to harvest more sur-
face water [Yizhaq et al., 2005]. We found that the plant density in the vegetation bands needs to be higher
than a certain threshold value in order for plants to grow and ultimately sustain themselves. This minimum
plant density depends on aggregated rainfall rate pag as shown in Figure 4b (see Appendix C for a deriva-
tion). Since plant density in the vegetation bands increases with wavelength and because the minimum
required plant density increases with aridity (Figure 4b), high wavelength patterns can persist under more
arid conditions. As rainfall decreases, an adaptation of pattern wavelength occurs once a patterned state

Figure 4. (a) The steady states of the system expressed in mean plant density P (g m22)
plotted against aggregated rainfall rate pag (mm yr21). The solid and dashed lines depict the
uniformly vegetated equilibria and can be written in terms of pag as shown in Appendix C.
For this parameter setting, a stable uniform bare state exists for pag< 1070 mm yr21 (equa-
tion (15)). The markers show the mean plant density for patterned states with different
wavelengths obtained with runs of the model. The red markers are obtained using the
bisection method and depict the mean plant density at which the stable patterned states
cease to exist. (b) The dashed line shows the minimum plant density in a vegetation band
required for plants to grow and ultimately sustain themselves (see Appendix C for a deriva-
tion). For pag< 210 mm yr21 (equation (14)), infinite plant density is required to accomplish
this. The arrows in Figures 4a and 4b indicate whether plant density increases or decreases
if the system is out of equilibrium.
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with a certain wavelength can
no longer be sustained [Sher-
ratt, 2013]. At low rainfall val-
ues (pag< 210 mm yr21 for the
current parameter setting), the
minimum required plant den-
sity tends to infinity. Here sta-
ble patterned system states
cannot exist. For our model, we
were able to derive this lower
rainfall limit at which patterned
system states cease to exist
(see Appendix D).

pag5
mlpev

e
i0

lpev

ca
(14)

This is the rainfall value at which desertification occurs: the transition from a vegetated (patterned) state to
a bare desert state.

The upper rainfall limit for which patterns exist is equal to the rainfall value at which uniformly vege-
tated states cease to exist (pag � 700 mm yr21 for the current parameter setting), meaning that stable
patterned states and stable uniformly vegetated states do not coexist in this model. This can be
explained by the absence of a negative effect of areas with high plant biomass on areas with lower plant
biomass, as discussed in section 2.5. Since no runon occurs in the interbands, equation (13) reduces to
equation (7), meaning these areas behave as if they are uniform system states. If no stable uniformly
vegetated state exists (pag< 700 mm yr21), plant density decays to zero in the interbands directly down-
hill of the vegetation bands, as in the case of the model run of Figure 3. If, however, a stable uniform
vegetated state does exist, plant density no longer decays in the interbands while the uphill parts of the
vegetation bands keep propagating in uphill direction. This eventually results in a uniformly vegetated
state.

A stable bare desert state exists for the entire parameter range in which patterns can be found. The desert
state remains stable up to a rainfall level of pag � 1070 mm yr21. This value, above which revegetation
occurs regardless of the amount of biomass introduced, can be obtained analytically (see Appendix D):

pag5
rW�

12e
2

i0
lpev

(15)

in which W* is the resource level at which plant growth equals plant losses [Tilman, 1982]: W�5 mk
cu2m.

Equations (14) and (15) give the aggregated rainfall rates between which the system can have alternative
stable states and where, respectively, desertification and revegetation can be expected to occur. However,
we found that desertification may as well occur at a much higher rainfall level than given by equation (14).
If the system is in a uniformly vegetated state and rainfall declines over time, a transition to a desert state
occurs where uniformly vegetated states cease to exist. Such a transition is not preceded by the formation
of vegetation patterns. This system behavior can be attributed to the fact that in our model the patterned
states are isolated from the uniform steady states. In most models, patterns arise from a uniformly vege-
tated state that becomes unstable to heterogeneous perturbations [Turing, 1953; Edelstein-Keshet, 1988]. As
a result, these models predict a sequence of uniform vegetation, patterned vegetation, and desert with
increasing aridity. In our model, in contrast, the uniformly vegetated state remains stable and patterns only
form if the desert state is perturbed by sufficiently large perturbations. Also notice that, although the bare
desert state is stable up to pag � 1070mm yr21, relatively small perturbations are required for revegetation
to occur as pag increases (Figure 4), meaning that bare desert states are unlikely to be observe at such high
rainfall values.

Figure 5. Patterns in plant density P with different wavelengths K but with a fixed parame-
ter setting (Table 1). Notice that the plant density in the vegetation bands increases with
wavelength, enabling high wavelength patterns to persist in drier climates (Figure 4b).
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3.3. The Response of the
Model to Changes in Rainfall
Intensity
So far, we have seen that the
ability of plants to harvest
water depends on rainfall
intensity and that during
intense rain events an amount
of rainwater is lost from the
system in the form of runoff
(section 3.1). In addition, we
found that alternative stable
states can coexist, and that
the rainfall range for which
this occurs depends on mean
rainfall intensity (section 3.2).
Using equations (14) and (15),
we can now study the
response of the system to
changes in mean rainfall
intensity lpev

. Figure 6 shows
that an increase in mean rain-
fall intensity will widen the
rainfall range for which the
system has alternative stable
system states (this is the case
only if m

c 1 rka
i0
> u as derived in

Appendix D). At low mean
rainfall intensities, the system
does not have alternative sta-
ble states and also patterns
cannot exist. Short wave-

length patterns are most likely to be observed in regions with high mean rainfall intensity. Plants can per-
sist in very dry climates if the mean rainfall intensity is close to the infiltration capacity of bare soil i0
(lpev

5i0 is a minimum of equation (14), see Appendix D) and patterning is most likely to be observed
where mean rainfall intensity is higher than the infiltration capacity of bare soil lpev

> i0, which is consist-
ent with observations that link vegetation patterns low infiltrability of soils [Valentin et al., 1999].

The response of the system to changes in mean rainfall intensity is affected by model parameters that con-
trol infiltration into bare soil i0 and the impact of plants on soil structure a (Figure 7). The parameters i0 and
a are related to soil type and vegetation composition. The infiltration capacity of sandy soils is generally
higher than that of clayey soils, whereas vegetation composed of perennial grasses has a greater impact on
soil structure when compared to annual grasses [Kelly and Walker, 1976; Rietkerk et al., 2000]. Increasing
mean rainfall intensity causes a more pronounced widening of the rainfall range with alternative stable
states if the infiltration capacity of bare soil i0 is low and if the impact of plants on soil structure a is high.
Also notice that plants can persist into higher aridity if bare soil infiltration capacity is low and if the impact
of plants on soil structure is high.

As indicated by the arrows in Figure 6, changes in mean rainfall intensity can also induce a critical transi-
tion to a desert state or cause recovery from a desert state, even if aggregated rainfall rates remain
unchanged. If the system is in a patterned state, an increase in mean rainfall intensity can result in
desertification (arrow 1 in Figure 6). Such a transition is the result of an increased fraction of events that
lead to runoff losses from the hillslope (high intensity events, as defined in section 3.1) and is only possi-
ble if the mean rainfall intensity exceeds the infiltration capacity of bare soil. The likelihood that desertification
due to increasing mean rainfall intensity occurs is related to the slope of the lower rainfall limit, as given by

Figure 6. Regions in ðlpev
; pagÞ–space for which uniform vegetation, patterns, and/or desert

states exist. The markers show the lower rainfall limits of patterned states with the indicated
wavelengths and were obtained using the bisection method. The arrows indicate how
changes in aggregated rainfall rate (dashed) and mean rainfall intensity (solid) can result in
a transition to the desert state (black) or in recovery from a desert state (gray). The parame-
ter regions were obtained by plotting equations (14) and (15), as derived in Appendix D.
The border between uniform vegetation and patterned vegetation was obtained by finding
the minimum of equation (C5). Note that, since rainfall intensity lpev

can change while
aggregated rainfall pag remains constant 13, the interarrival time and/or event duration
change along the x axis, implying that the on the left end of this figure the rainfall is charac-
terized by continuous drizzle, whereas on the right-hand side rainfall consists of sporadic
intense events.
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equation (14), and decreases with impact of plants on soil structure a (see Figure 7). As discussed in the previous
section, a transition to a bare desert state can also occur if the system is in a uniformly vegetated state (arrow 2
in Figure 6).

Less intuitive is the fact that a transition to a desert state can result from a decrease in mean rainfall inten-
sity (arrow 3 in Figure 6). This is caused by the fact that a decrease in mean rainfall intensity does not only
lead to decreased runoff losses, but also to a lower fraction of events that are intense enough to trigger
redistribution of water (intermediate and high intensity events as defined in section 3.1). Consequently,
more rainwater infiltrates locally and a greater fraction of the rainwater infiltrates in the bare interbands. As
plants are absent in the interbands, this water is eventually lost due to soil evaporation and percolation.
Desertification as a result of decreasing rainfall intensity can only occur if the system is in a patterned state
(and if m

c 1 rka
i0ðe21Þ > u; see Appendix D). If the system is in the desert state, decreasing rainfall intensity can

also result in revegetation (if pag > rW�; arrow 4 in Figure 6).

4. Discussion and Conclusions

In the coming decades, global climate change may affect the functioning of ecosystems in a gradual
or sometimes drastic manner. Model studies addressed that semiarid ecosystems can respond in a
nonlinear way to changes in variables like grazing and mean annual rainfall [Noy-Meir, 1975; Rietkerk
et al., 1997]. This means that gradual changes can lead to a rapid and significant loss of biological
productivity, which is also referred to as desertification. While projections of global climate models
are subject to much uncertainty regarding changes in mean annual and seasonal rainfall in arid and
semiarid regions, strong trends in rainfall intensity have been reported [Tebaldi et al., 2006; Solomon
et al., 2007]. By combining an ecological model with a simple event based hydrological hillslope
model, we were able to study the response of patterned semiarid ecosystems to changes in rainfall
intensity.

From analysis of the model, we conclude that projected increases in rainfall intensity can induce and
enhance alternative stability of semiarid ecosystems. We found that periodically banded vegetation, result-
ing from surface water redistribution, cannot exist in regions with low mean rainfall intensity and that these
ecosystems are less likely to be alternatively stable. Finally, we found that under certain conditions both an
increase and a decrease in mean rainfall intensity can push the system over a critical threshold, resulting in
a regime shift to a bare desert state. This finding was attributed to the fact that water can be lost from the
system in two ways. During high intensity rain events, a fraction of the water flows through the vegetation

Figure 7. The parameter space as depicted in Figure 6, but now with different values for (a) bare soil infiltration capacity i0 (mm hr21) and
(b) the increase of infiltration capacity with plant density a (mm m2 h21 g21). In Figures 7a and 7b, the black solid curves are the parameter
spaces the original parameter values (Table 1). In Figure 7a, the blue dotted curves and the red-dashed curves depict parameter spaces for
i0 5 8 mm h21 and i0 5 12 mm h21, respectively (6 20% of the original value). In Figure 7b, the blue dotted curves and the red-dashed
curves depict parameter spaces for a 5 1.6 mm m2 h21 g21 and a 5 2.4 mm m2 h21 g21, respectively (6 20% of the original value).
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bands and is lost as runoff, while during low intensity events a large portion of the water infiltrates in the
bare interbands, where it is not available to plants and eventually lost due to soil evaporation and
percolation.

The categorization of rain events into low, intermediate, and high intensity events—as done in this
paper to explain the response of the system to changes in mean rainfall intensity—is analogous to
field observations by McDonald et al. [2009]. In their study on the ecohydrology of banded vegetation
patterns in the Chihuahuan Desert (USA), a threshold in storm size was identified above which a part
of the runoff from interbands flows through the vegetated bands. In section 3.1, we classified events
with an intensity above this threshold as high intensity events. After small rain events wetting depths
do not significantly differ between the vegetation bands and the interbands (low intensity events in
our classification) [McDonald et al., 2009], while during larger storms infiltration in the vegetated
bands was significantly higher (intermediate and high intensity events in our classification) [McDonald
et al., 2009].

Our model differs from other conceptual models in that a (Turing unstable) uniformly vegetated system
state and patterned system states do not coexist in our model. This means that patterns cannot form
out of uniform vegetation and that if the system is subject to change, a regime shift from a vegetated
state to a desert state can occur without a warning in the form of vegetation patterns. We attribute this
difference in model behavior to model assumptions that lead to the absence of a negative effect of
uphill vegetation on infiltration in the interbands. While we considered infiltration to be limited by the
infiltration capacity of a soil, other conceptual models [HilleRisLambers et al., 2001; Rietkerk et al., 2002;
Gilad et al., 2004; Meron et al., 2007] assume infiltration rates to be controlled by the depth of the surface
water layer. Both infiltration models can be justified depending on the type system that is being consid-
ered; however, our study indicates that during model development infiltration models should be
selected with care, as this choice can fundamentally affect the global behavior of pattern formation
models.

The minimalistic modeling approach used in this study enabled us to derive expressions for which the
system exhibits alternative stable states and allowed us to derive the conditions required for the
occurrence of critical transitions induced by changes in rainfall intensity. However, the choice for an
analytically tractable and simplified model may have affected the presented findings in a number of
ways.

First, although the model captures the processes of infiltration and surface water redistribution in a
hydrologically sensible way, it does not consider the possible interactions between rain events induced
by antecedent soil moisture. If the interarrival time between rain events is short, i.e., in climates with fre-
quent rain events (on the left side of Figure 6), soils may be moist at the onset of a rain event leading to
decreased infiltration capacities and possibly to enhanced runoff generation. A study by Baudena et al.
[2007] shows similar mechanisms can lead to decreased productivity of drylands for interarrival times
smaller than 3 days. In climates with infrequent high intensity events on the other hand, rainfall induced
seal formation may significantly affect soil drying and consequently infiltration [Assouline and Mualem,
1997, 2002, 2003].

A second shortcoming of the model is that it does not fully account for the intermittent nature of rainfall, as
it does not consider dry down periods and associated vegetation dynamics between rain events. In climates
with sporadic high intensity rain events (on the right side of Figure 6), the length of these dry periods may
have a great impact on plant mortality, while the effect of infiltration rates on plant growth is of less impor-
tance. Model studies show that models that do not consider the intermittent properties of rainfall systemati-
cally underestimate the productivity of semiarid ecosystems [Baudena et al., 2007; Baudena and Provenzale,
2008; Kletter et al., 2009]. This underestimation is less pronounced if spatial feedbacks, such as resource
redistribution due to infiltration contrasts, govern the system as in our model [Kletter et al., 2009; Baudena
and Provenzale, 2008]. Nonetheless, these effects may still be important if soil water uptake is nonlinear
[Kletter et al., 2009].

A third issue not accounted for in this study is the fact that the magnitude of variability imposed on the
system changes with rainfall intensity. Variability in infiltration rates (see equation (A3) in Appendix A)
and soil moisture [see Rodriguez-Iturbe et al., 1999] are especially high at intermediate intensities.
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Variability in environmental conditions can affect model outcome in various ways. It can cause conver-
gence of the system to a stochastically stable state between the two deterministically stable states
[D’Odorico et al., 2005], it can result in a shrinkage of the region of bistability [Guttal and Jayaprakash,
2007], or it may induce the formation of patterns where one would expect uniform vegetation cover
[D’Odorico et al., 2006].

Finally, microtopography can play an important role in infiltration and runoff generation. The hydrological
part of our model is valid for sheet flow conditions, i.e., the surface water layer is deep compared to the
depth of microtopographic depressions. This assumption is justified for sufficiently intense events, but for
less intense events surface storage in depressions delays runoff initiation and increases infiltration locally
[Thompson et al., 2010b]. High intensity events on the other hand, may a trigger changes in geomorphol-
ogy. This may cause changes in flow patterns and infiltration, and may eventually affect vegetation pattern-
ing [Saco et al., 2007]. We believe that studying such processes could be done by extending the framework
presented here.

Future studies could attempt to verify our findings using areal images. For example, our model suggests
that regular patterning only occurs in climatic regions with high mean rainfall intensities. If mean rainfall
intensity is indeed a key parameter in explaining regular patterning, it can be used to further improve
empirical predictive models such as the one by Deblauwe et al. [2008]. Our study also suggests that changes
in rainfall intensity may lead to increased resource losses, due to bare soil infiltration and runoff, and that
these losses can potentially trigger desertification. Field data could be used to assess the rainfall intensities
that separate the different event types as identified in our model study. These values, combined with the
frequency distribution of rainfall intensity, can be used to estimate the fractional loss of water from the sys-
tem in current and future climates, and may thereby help in assessing the proximity of semiarid ecosystems
to critical thresholds.

Appendix A: Derivation of First- and Second-Order Moments of Infiltration Rate

Equation (6) is the expected infiltration rate when neglecting runon and is based on equations (3) and (5).
The expected infiltration rate can be derived as follows:
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The expected infiltration rate including runon (equation (12)) is based on equations (5) and (8):
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The variance in infiltration rate is related to the mean rainfall intensity lpev
as shown in equation (A3):
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For 0 < lpev
� icap, the variance increases quadratically with lpev

. The variance in infiltration rate reaches a
maximum at lpev

� 0:89icap, after which it slowly declines with increasing rainfall intensity. A similar
response can be found in soil moisture variance [Rodriguez-Iturbe et al., 1999] which is not only determined
by the mean rainfall depth (the product of rainfall intensity and duration) but also by the interarrival time or
frequency of the rain events and soil water losses.

Appendix B: Feedbacks Between Vegetation Bands and Interbands if Infiltration Is
Depth Dependent

In the model presented in this paper, the infiltration rate is independent of surface water depth. In most
models that generate patterns and that account for a surface water-related pattern forming mechanism,
infiltration rate is (linearly) related to surface water depth. An equation commonly used in conceptual mod-
els is given by HilleRisLambers et al. [2001], Rietkerk et al. [2002], Gilad et al. [2004], and Meron et al. [2007]:

IðO; PÞ5aO
P1kW0

P1k
(B1)

Here I is the infiltration rate, a is the maximum infiltration rate, O is the surface water depth, P is the plant
density, k is a half saturation constant, and W0 is the fraction of water that infiltrates in absence of plants.

Figure B1. (a and b) Surface water O (mm), soil water W (mm), and plant density P (g m22) along a hillslope generated using a one-dimensional version of the model by Rietkerk et al.
[2002] with mortality rate d 5 0.25 d21, downhill flow rate v 5 10 m d21, and surface water diffusion DO 5 0 m2 d21. In Figure B1a, rainfall rate R 5 1.2 mm d21 and in Figure B1b
R 5 0.8 mm d21. Surface water flows from left to right. (c and d) Infiltration rate I (mm d21) for the patterned states of Figures B1a and B1b (solid line) and for uniform states (dashed
line).
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Modeling infiltration with surface water depth dependence, as in equation (B1), results in a negative effect
of the vegetation bands on the bare interbands because surface water is depleted in the vegetation bands
and consequently surface water depth is lower downhill of vegetation bands (see Figures B1a and B1b). As
a result, infiltration rate in the interbands is lower than in absence of vegetation bands as shown in Figures
B1c and B1d.

Appendix C: Bifurcation Diagram

The equilibria shown in Figure 4 can be derived by setting equations (1) and (2) to zero and neglecting
diffusion terms dW
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Solving gives:

@W
@t

50 at :

W5
iag2uP2rk6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðuP1rk2iagÞ214rkiag

q
2r

(C3)

@P
@t

50 at :

P50 and W�5
mk

cu2m

(C4)

By plotting solutions (C3) and (C4) with ~pev5icap, we obtain the phase planes for the homogeneous system
shown in Figure C1. The stability and the number of system states change with aggregated rainfall rate pag.
The behavior of the system is very similar to the original model by Rietkerk et al. [1997]. The isocline of soil
water availability losses its humped shape if rainfall intensity is low, meaning that the transition from and to
a bare desert state becomes supercritical (see Figure 6).

The uniform steady states depicted in Figure 4a were obtained by writing aggregated rainfall as a function
of plant density:

Figure C1. Phase planes with (a) pag 5 1200, (b) pag 5 840, and (c) pag 5 600 mm yr21 for uniform conditions (dW
@2 W
@x2 5dP

@2 P
@x2 50 and ~pev 5icap). In blue, the isocline of available soil water

(dW
dt 50, equation (C3)). In green, the isoclines of plant density (dP

dt 50, equation (C4)). The system is in equilibrium if dW
dt 5 dP

dt 50, i.e., where the isoclines intersect. Open circles indicate
unstable equilibria and closed circles indicate stable equilibria. The vectors show the direction of change if the system is out of equilibrium.
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pag5
m
c P1rW�

12e
2

i01aP
lpev

(C5)

The minimum plant density needed for plants to grow or sustain in Figure 4b is basically an unstable
equilibrium above which the plant density in a vegetation band on an infinitely long bare hillslope
increases. The soil uphill of the vegetation band is bare; therefore, runon will occur if pev > i0, meaning
that the critical rainfall intensity ~pev can be assumed to equal the infiltration capacity of bare soil i0. Since
the hillslope is assumed to be infinitely long, runon occurs along the full width of the vegetation band.
We again need to neglect losses of soil water and plant density due to diffusion dW

@2W
@x2 5dP

@2 P
@x2 50, mean-

ing that the vegetation band needs to be sufficiently wide so that in its center diffusion losses approach
zero. The phase planes depicted in Figure C2 can again be obtained by plotting solutions (C3) and (C4),
but now with ~pev5i0.

The curve of minimum plant density required for recovery as depicted in Figure 4 was obtained by writing
aggregated rainfall as a function of plant density:

pag5
m
c P1rW�

11ð aP
lpev

21Þe2
i0

lpev

(C6)

Appendix D : Region With Alternative Stable System States
D1. Upper Rainfall Limit

Equation (D1) (equation (15) in main text) gives the highest value of pag for which the system has multiple
stable system states (upper line in Figure 6b). Here the bare desert state changes stability: the isoclines for
available soil water and plant density intersect at P 5 0. Equation (D1) can be obtained by filling in P 5 0 in
equation (C5):

pag5
rW�

12e
2

i0
lpev

(D1)

The derivative of equation (D1) with respect to mean rainfall intensity lpev
is given by:

dpag

dlpev

5
i0rW�e

i0
lpev

l2
pev
ðe

i0
lpev 21Þ2

(D2)

Given that W� > 0 and that all parameter values are positive, dpag

dlpev
> 0. This means that the aggregated rain-

fall required for recovery from the desert state increases with rainfall intensity.

Figure C2. See caption of Figure C1 but with (a) pag 5 1200, (b) pag 5 240, and (c) pag 5 180 mm yr21. Now ~pev 5i0 and P reflects the plant density in a vegetation band. Notice that plant
density either decreases to zero or increases to infinity. The latter is due to the fact that we neglect diffusion losses dW

@2 W
@x2 5dP

@2 P
@x2 50

� �
that, in the full model, would slow down plant

growth as plant density increases.
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As the mean rainfall intensity lpev
increases, equation (D1) approaches a asymptote with a constant slope:

dpag

dlpev

���
lpev!1

5
rW�

i0
(D3)

D2. Lower Rainfall Limit
Assuming that stable (patterned) states exists as long as the plant density required to recover from the bare
state is finite, the lower limit of the region with alternative stable system states is given by equation (D4)
(equation (14) in main text). This is the aggregated rainfall rate pag that is approached as
P!1 in equation (C6):

pag5
mlpev

e
i0

lpev

ca
(D4)

The derivative of equation (D4) with respect to mean rainfall intensity lpev
is given by:

dpag

dlpev

5
mðlpev

2i0Þe
i0

lpev

calpev

(D5)

Equation (D5) is positive if lpev
> i0 and negative if lpev

< i0. A minimum of equation (D4) can be found at
lpev

5i0. As the rainfall intensity lpev
increases, equation (D4) approaches an asymptote with slope:

dpag

dlpev

���
lpev!1

5
m
ca

(D6)

D3. Robustness of the Presented Model Results
In the main text (section 3.3), we state that if the aggregated rainfall rate remains unchanged, then both an
increase and a decrease in mean rainfall intensity can result in desertification. In addition, we claim that the
width of the bistable region, in terms of aggregated rainfall, increases with mean rainfall intensity. These
findings hold for the parameter combination listed in Table 1 as shown in Figure 6. Here we study the
robustness of these findings: what are parameter combinations are required for these findings to be valid?

Assuming that the transition from a patterned state to a desert state occurs at an aggregated rainfall rate
given by equation (D4), both an increase and a decrease in mean rainfall intensity can result in desertifica-
tion, only if the second derivative of equation (D4) with respect to lpev

in lpev
5i0 is positive:

d2pag

dl2
pev

���
lpev 5i0

5
me
i0ac

> 0 (D7)

This is always true since all parameter values are positive. Desertification induced by declining mean rainfall
intensity can only occur if the desert state is stable at this minimum. Filling in lpev

5i0 in equations (D1) and
(D4) results in the following condition:

rW�

12e21
>

mi0e
ca

(D8)

Rewriting gives:

m
c

1
rka

i0ðe21Þ > u (D9)

The region of bistability, in terms of aggregated rainfall, increases with mean rainfall intensity. This is always
true for lpev

� i0, since here the slope of the lower rainfall limit (equation (D5)) is negative while the slope
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of the upper rainfall limit is positive (equation (D2)). From equations (D3) and (D6) follows that for high val-
ues of mean rainfall intensity, the bistable region increases with mean rainfall intensity if:

rW�

i0
>

m
ca

(D10)

Rewriting yields:

m
c

1
rka
i0
> u (D11)
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